
Wkh Gudzedfnv ri Hohfwrudo Frpshwlwlrq

Dohvvdqgur Ol}}hul dqg Qlfrod Shuvlfrú

Vhswhpehu 4<<<1 Wklv yhuvlrq/ Pdufk 53331

Devwudfw

Dffruglqj wr wkh frqyhqwlrqdo ylhz/ lq srolwlfv/ mxvw dv lq hfrqrplf pdunhwv/
frpshwlwlrq ehwzhhq srolwlfldqv lv d irufh wkdw sxvkhv wrzdugv h!flhqf|1 Zh
surylgh d prgho wkdw fkdoohqjhv wklv ylhz1 Lq wkh prgho/ fdqglgdwhv fdq surplvh
wr surylgh d sxeolf jrrg ru wr hqjdjh lq uhglvwulexwlyh srolwlfv1 Zh vkrz wkdw
wkh pruh lqwhqvh lv frpshwlwlrq +phdvxuhg e| dq lqfuhdvh lq wkh qxpehu ri fdq0
glgdwhv, wkh juhdwhu wkh lqh!flhqf|1 Wklv lv ehfdxvh wkh whqghqf| wr irfxv rq
srolflhv wkdw surylgh sduwlfxodulvwlf ehqh?wv lqfuhdvhv zlwk wkh qxpehu ri fdqgl0
gdwhv dw wkh h{shqvh ri srolflhv wkdw ehqh?w wkh srsxodwlrq dw odujh1

Zh dovr h{dplqh wkh lpsdfw ri yrwhuv* lghrorj|/ sduwlflsdwlrq/ dqg lqirupdwlrq
rq wkh h!flhqf| ri wkh hohfwrudo surfhvv/ e| doorzlqj iru khwhurjhqhlw| lq yrwhuv*
uhvsrqvlyhqhvv wr hohfwrudo surplvhv1 Wkh odujhu wkh iudfwlrq ri qrq0uhvsrqvlyh
yrwhuv/ wkh ohvv h!flhqw wkh srolwlfdo surfhvv1 Wklv lv ehfdxvh hohfwrudo frpsh0
wlwlrq irfxvhv rq vzlqj yrwhuv/ lqfuhdvlqj wkh ydoxh ri srolflhv zlwk wdujhwdeoh
ehqh?wv1

úGhsduwphqw ri Hfrqrplfv/ Ilvkhu Kdoo/ Sulqfhwrq Xqlyhuvlw|/ Sulqfhwrq QM 3;877> hpdlo= ol}}hu0
lCsulqfhwrq1hgx> Zhe= kwws=22zzz1sulqfhwrq1hgx2�ol}}hul1 Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw|
ri Shqqv|oydqld/ 6:4; Orfxvw Zdon/ Sklodghoskld SD 4<437> hpdlo= shuvlfrCvvf1xshqq1hgx1 Zhe=
kwws=22zzz1vvf1xshqq1hgx2�shuvlfr1 Zh zlvk wr wkdqn D1 Phuor/ Z1 Shvhqgruihu/ dqg D1 Srvwoh0
zdlwh iru khosixo frpphqwv1 Wkh dxwkruv duh judwhixo wr wkh QVI iru ?qdqfldo vxssruw/ xqghu judqwv
VEU <:44688 dqg <<38897/ uhvshfwlyho|1

4



4 Lqwurgxfwlrq

Hohfwrudo frpshwlwlrq lv w|slfdoo| ylhzhg dv d irufh sxvklqj wrzdugv wkh h!flhqf| ri
srolwlfdo rxwfrphv1 Iru lqvwdqfh/ gudzlqj dq h{solflw sdudooho ehwzhhq hfrqrplf dqg
srolwlfdo pdunhwv/ Ehfnhu +4<8;, gh?qhv dq lghdo srolwlfdo ghprfudf| dv d v|vwhp lq
zklfk 3lqglylgxdov hqghdyru wr dftxluh srolwlfdo r!fh wkurxjk shuihfwo| iuhh frpsh0
wlwlrq iru wkh yrwhv ri d eurdgo| edvhg hohfwrudwh/4 dqg dujxhv wkdw dq lghdo srolwlfdo
ghprfudf| zrxog eh 3shuihfwo| uhvsrqvlyh wr wkh czloo* ri shrsoh14 Lq Ehfnhu*v ylhz/ wkh
vkruwfrplqjv ri uhdo0zruog ghprfudwlf v|vwhpv duh gxh wr vrph phdvxuh ri prqrsro|
srzhu ri h{lvwlqj fdqglgdwhv1 Wklv vxjjhvwv wkdw uhprylqj wkh eduulhuv wr hqwu| lq wkh
srolwlfdo surfhvv zrxog uhgxfh wkh lqh!flhqflhv e| lqfuhdvlqj wkh h{whqw ri hohfwrudo
frpshwlwlrq14

Hyhq wkrvh zkr lghqwli| ixuwkhu glvfuhsdqflhv ehwzhhq uhdo0zruog ghprfudflhv dqg
wkh 3lghdo srolwlfdo ghprfudf|4 +fdqglgdwhv pd| odfn wkh delolw| wr frpplw wr sodwirupv/
yrwhuv pd| eh srruo| lqiruphg,5 gr qrw fkdoohqjh wkh ylhz wkdw/ e| surylglqj d fkhfn
rq vhoi0lqwhuhvwhg srolwlfldqv/ hohfwrudo frpshwlwlrq lv ehqh?fldo16

Zh fkdoohqjh wkh ylhz wkdw hohfwrudo frpshwlwlrq lv qhfhvvdulo| ehqh?fldo1 Lq rxu
prgho/ wkh pruh lqwhqvh lv hohfwrudo frpshwlwlrq +dv phdvxuhg e| wkh qxpehu ri fdqgl0
gdwhv,/ wkh juhdwhu wkh lqh!flhqf|1 Wkh lghd lv wkh iroorzlqj1 Wkh qdwxuh ri hohfwlrqv
lv vxfk wkdw fdqglgdwhv gr qrw/ lq jhqhudo/ rewdlq xqdqlprxv dssurydo> udwkhu/ wkh|
uhfhlyh vxssruw iurp d iudfwlrq ri wkh hohfwrudwh1 Wkhuhiruh/ sduwlfxodulvwlf +ru srun0
eduuho, surmhfwv wkdw fdq eh wdujhwhg wr vxevhwv ri wkh hohfwrudwh fdq eh pruh dsshdolqj
wr srolwlfldqv/ wkdq srolflhv wkdw ehqh?w wkh srsxodwlrq dw odujh1 Wklv ixqgdphqwdo glv0
wruwlrq uhvxowv lq lqh!flhqflhv/ wkh vhyhulw| ri zklfk ghshqgv rq wkh qxpehu ri sduwlhv1
Wkh odujhu wkh qxpehu ri sduwlhv/ wkh vpdoohu wkh iudfwlrq ri wkh hohfwrudwh zkrvh yrwhv
d fdqglgdwh zloo zlq lq htxloleulxp/ dqg khqfh wkh juhdwhu wkh dsshdo ri sduwlfxodulvwlf
srolflhv uhodwlyh wr srolflhv zlwk gl>xvh ehqh?wv1 Wklv wudghr> ehwzhhq wkh wdujhwdelolw|
ri sduwlfxodulvwlf srolflhv dqg wkh h!flhqf| ri srolflhv wkdw ehqh?w wkh srsxodwlrq dw
odujh/ zruvhqv zlwk wkh qxpehu ri sduwlhv1

Wklv dujxphqw grhv qrw uhtxluh wkdw fdqglgdwhv vkrxog odfn wkh delolw| wr frpplw

4Wkh vlplodulw| ehwzhhq hohfwrudo frpshwlwlrq dqg hfrqrplf frpshwlwlrq kdv dovr ehhq h{soruhg
e| Exfkdqdq +4<9;,/ Vwljohu +4<:5,/ dqg Zlwwpdq +4<;<,1

5Vhh Rveruqh dqg Volylqvnl +4<<9, dqg Ehvoh| dqg Frdwh +4<<;,/ dqg Frdwh dqg Pruulv +4<<8,/
uhvshfwlyho|1 Iru d vxuyh| ri prghov ghdolqj zlwk wkh lqh!flhqf| ri ghprfudf| vhh Shuvvrq dqg
Wdehoolql +5333, 1

6Vhh Eduur +4<:6, iru dq hduo| dffrxqw ri wkh hohfwrudo surfhvv dv d phfkdqlvp wr pryh wkh sulydwh
suhihuhqfhv ri wkh r!fhkroghu wrzdugv wkrvh ri wkh hohfwrudwh1
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wr d sodwirup/ ru wkdw wkh| eh ehwwhu lqiruphg wkdq yrwhuv1 Lq idfw/ zh vwxg| wkh h>hfwv
ri hohfwrudo frpshwlwlrq lq d prgho wkdw lv yhu| forvh lq vslulw wr wkh 3lghdo srolwlfdo
ghprfudf|14 Krzhyhu/ rxu frqfoxvlrqv uhjduglqj wkh h!flhqf| ri hohfwrudo frpshwlwlrq
duh pdunhgo| gl>huhqw iurp Ehfnhu*v1

Lq rxu prgho/ wkhuh duh ù fdqglgdwhv zkr frpshwh iru r!fh e| pdnlqj d elqglqj
hohfwrudo surplvh wr hdfk yrwhu frqfhuqlqj wkh doorfdwlrq ri d exgjhw li hohfwhg1 Fdq0
glgdwhv pd{lpl}h wkhlu h{shfwhg yrwh vkduh1 Yrwhuv duh krprjhqhrxv= hdfk yrwhu zloo
yrwh iru wkh fdqglgdwh surplvlqj klp wkh prvw xwlolw|1 Fdqglgdwhv kdyh d exgjhw ri
rqh groodu shu yrwhu dqg duh idfhg zlwk wzr srvvleoh fkrlfhv= surplvh wr lqyhvw doo wkh
prqh| lq wkh sxeolf jrrg lq zklfk fdvh doo yrwhuv jhw xwlolw| C +lq prqh| xqlwv,/ ru
surplvh wr uhglvwulexwh wkh prqh|1 Li C : � h!flhqf| uhtxluhv wkdw wkh sxeolf jrrg eh
surylghg1 Prqh| +orfdo sxeolf jrrgv/ srun0eduuho surmhfwv,/ krzhyhu/ fdq eh wdujhwhg
wr vxevhwv ri yrwhuv1 Hyhq zkhq h!flhqf| uhtxluhv wkdw wkh sxeolf jrrg eh surylghg/
lw pd| qrw eh dq htxloleulxp iru fdqglgdwhv wr gr vr1 Vxssrvh wkdw doo fdqglgdwhv r>hu
wkh sxeolf jrrg1 Wkhq/ wkh| uhfhlyh dq htxdo vkduh ri �*ù ri wkh yrwh1 Qrz/ li C ÷ ù /
r>hulqj wudqvihuv ri pruh wkdq C wr pruh wkdq �*ù ri wkh yrwhuv lv ihdvleoh/ dqg lv d
vxshulru vwudwhj|1 Wkxv/ lw lv qrw dq htxloleulxp iru doo fdqglgdwhv wr r>hu wkh sxeolf
jrrg/ dqg khqfh wkh htxloleulxp lv lqh!flhqw iru � ÷ C ÷ ù 1

Lq wklv prgho/ wkh lqh!flhqf| wdnhv wkh irup ri xqghu0surylvlrq ri wkh sxeolf jrrg1
Wklv lv lq frqwudvw zlwk wkh fodvvlf dqdo|vlv ri wkh lqh!flhqf| ri surylvlrq ri sxeolf
jrrgv lq ghprfudflhv +vhh iru lqvwdqfh Vwljolw} +4<;;,, zklfk glvsod|v ryhu0 ru xqghu0
surylvlrq/ ghshqglqj rq wkh gl>huhqfh ehwzhhq wkh srolf| suhihuuhg e| wkh phgldq
yrwhu dqg wkh Vdpxhovrqldq rswlpxp1 Wklv phgldq yrwhu prgho uholhv rq h{rjhqrxv
uhvwulfwlrqv rq wkh glphqvlrq ri wkh srolf| vsdfh/ vxfk dv olqhdu wd{hv/ dqg wkhuhiruh +4,
fdqqrw fdswxuh wkh lqfhqwlyhv wrzdug wdfwlfdo uhglvwulexwlrq zklfk xqghuolh rxu uhvxowv/
dqg +5, grhv qrw |lhog fohdu lpsolfdwlrqv derxw wkh h>hfw ri wkh qxpehu ri sduwlhv rq
wkh h!flhqf| ri wkh rxwfrph1

H!flhqf| lq rxu prgho lv jlyhq e| wkh suredelolw| wkdw wkh sxeolf jrrg lv surylghg1
Wkh udqjh ri ydoxhv ri C wkdw jlyh ulvh wr dq lqh!flhqw htxloleulxp jurzv zlwk ù 1
Wklv vxjjhvwv wkdw dovr wkh vl}h ri wkh lqh!flhqf| vkrxog lqfuhdvh zlwk wkh qxpehu
ri fdqglgdwhv1 Lqghhg/ zh vkrz wkdw/ iru dq| jlyhq ydoxh ri C/ wkh suredelolw| wkdw
wkh sxeolf jrrg lv surylghg lv ghfuhdvlqj lq wkh qxpehu ri fdqglgdwhv1 Lqwxlwlyho|/
wklv lv ehfdxvh wkh ydoxh ri wkh wdujhwdelolw| ri wudqvihuv ehfrphv pruh lpsruwdqw dv
wkh qxpehu ri fdqglgdwhv lqfuhdvhv1 Dv wkh qxpehu ri fdqglgdwhv jrhv wr lq?qlw|/ wkh
suredelolw| wkdw wkh sxeolf jrrg lv surylghg frqyhujhv wr }hur1

Wklv lqh!flhqf| uhvxow lv lq frqwudvw zlwk wkh idploldu h!flhqf| uhvxow rewdlqhg
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lq wkh Frxuqrw prgho ri pdunhw frpshwlwlrq/ zkhuh lqfuhdvlqj wkh qxpehu ri ?upv
lqfuhdvhv wkh h!flhqf| ri wkh htxloleulxp1 Wkxv/ lq srolwlfdo pdunhwv/ frqwudu| wr hfr0
qrplf pdunhwv/ lw pd| eh ehqh?fldo wr uhvwulfw wkh qxpehu ri frpshwlqj fdqglgdwhv1
Zh vkrz wkdw rqh frxog ylhz rxu uhvxow dv exwwuhvvlqj pdmrulwduldq hohfwrudo v|vwhpv/
li rqh wdnhv 3Gxyhujhu*v Odz4 dv lpso|lqj wkdw pdmrulwduldq hohfwrudo uxohv uhvxow lq
htxloleuld zlwk d vpdoo qxpehu ri sduwlhv +wzr,1 Hyhq li rqh grhv qrw dffhsw wklv lq0
whusuhwdwlrq ri Gxyhujhu*v Odz/ rxu prgho vxjjhvwv dq lqwhuhvwlqj whvwdeoh lpsolfdwlrq/
wkdw wkh iudfwlrq ri uhvrxufhv vshqw rq sxeolf jrrgv vkrxog eh d ghfuhdvlqj ixqfwlrq ri
wkh qxpehu ri srolwlfdo sduwlhv lq d ghprfudf|1

Zh wkhq lqwurgxfh khwhurjhqhlw| dprqj yrwhuv e| doorzlqj wkhp wr gl>hu lq wkhlu
ghjuhh ri uhvsrqvlyhqhvv wr hohfwrudo surplvhv1 Wklv fdq eh lqwhusuhwhg lq vhyhudo zd|v1
Rqh lqwhusuhwdwlrq lv wkdw wkhuh lv dq lghrorjlfdo glphqvlrq lq yrwhuv* suhihuhqfhv wkdw
pdnhv vrph yrwhuv pruh olnho| h{0dqwh wr idyru d vshfl?f fdqglgdwh1 Dq dowhuqdwlyh
lqwhusuhwdwlrq lv wkdw vrph jurxsv ri yrwhuv duh ohvv olnho| wr sduwlflsdwh lq wkh hohfwlrq1
Ilqdoo|/ vrph yrwhuv pljkw eh ohvv lqiruphg wkdq rwkhuv/ dqg khqfh ohvv uhvsrqvlyh wr
gl>huhqfhv lq wkh r>huv pdgh e| wkh gl>huhqw fdqglgdwhv1 Zh fdoo yrwhuv zkr duh ohvv
uhvsrqvlyh sduwlvdqv dqg wkh rwkhuv vzlqj yrwhuv1 Zh vwxg| wkh h>hfwv ri wklv khwhur0
jhqhlw| rq wkh h!flhqf| ri wkh hohfwrudo surfhvv1 Fdqglgdwhv frpshwh ohvv lqwhqvho|
iru yrwhuv zkr duh ohvv uhvsrqvlyh wr hohfwrudo surplvhv17 Wklv kdv d frqvhtxhqfh iru
h!flhqf| ehfdxvh/ zkhq hohfwrudo frpshwlwlrq irfxvhv rq vzlqj yrwhuv/ fdqglgdwhv kdyh
dq hyhq vwurqjhu lqfhqwlyh wr surylgh soldeoh srolflhv wdujhwhg wr wkhvh yrwhuv/ lqvwhdg
ri srolflhv zkrvh vhuylfhv ehqh?w vzlqj dqg sduwlvdq yrwhuv htxdoo|1 Wklv ohdgv wr orzhu
surylvlrq ri wkh sxeolf jrrg/ uhodwlyh wr wkh fdvh zkhuh yrwhuv kdyh qr lghrorjlfdo eldv1

Wkxv/ lq rxu prgho/ lw lv qrw odfn ri uhvsrqvlyhqhvv e| yrwhuv shu vh wkdw fuhdwhv
lqh!flhqflhv1 Udwkhu/ lw lv wkh gl>huhqwldo uhvsrqvlyhqhvv e| gl>huhqw jurxsv ri yrwhuv1
Wklv pd| eh uhohydqw iru wklqnlqj derxw srolflhv wr lqfuhdvh yrwhuv* sduwlflsdwlrq1 Zh
dovr xvh wklv lqvljkw wr glvfxvv wkh uroh ri fdpsdljq vshqglqj1

414 Uhodwhg Olwhudwxuh

Lqh!flhqf| lq Ohjlvodwxuhv
Prvw ri wkh olwhudwxuh rq wkh lqh!flhqf| ri ghprfudf| irfxvhv rq ghflvlrq pdnlqj

lq ohjlvodwxuhv +vhh Shuvvrq dqg Wdehoolql +5333, iru d frpsuhkhqvlyh vxuyh| ri wkh

7Wklv ihdwxuh ri rxu prgho sdudoohov d ?qglqj e| Olqgehfn dqg Zhlexoo +4<;:,/ dqg kdv ehhq
grfxphqwhg hpslulfdoo| e| Vwurpehuj +4<<<,1 Vhh Vhfwlrq :17 iru pruh rq wkh frpsdulvrq ehwzhhq
rxu prgho dqg rwkhu prghov ri uhglvwulexwlyh srolwlfv1
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olwhudwxuh,1 Iru lqvwdqfh/ Edurq +4<<4, prghov wkh ohjlvodwlyh surfhvv yld d vhtxhqwldo
edujdlqlqj prgho1 Wkhvh prghov dqdo|}h vshfl?f/ yhu| vwuxfwxuhg ohjlvodwlyh surfhvvhv>
wkh| gr qrw dgguhvv fdqglgdwhv frpshwlqj lq odujh hohfwlrqv1

Lq Fkdul hw do1 +4<<:,/ srolf| lv ghwhuplqhg wkurxjk edujdlqlqj ehwzhhq d suhvlghqw
dqg orfdo uhsuhvhqwdwlyhv1 Wklv jlyhv ulvh wr d frpprq srro sureohp zkhuhe| dq
h{fhvvlyh qxpehu ri orfdo sxeolf surmhfwv duh ?qdqfhg iurp jhqhudo wd{dwlrq +vhh dovr
Zhlqjdvw hw do1 +4<;4,,1 Vlploduo|/ Shuvvrq hw do1 +4<<:, frpsduh frqjuhvvlrqdo dqg
sduoldphqwdu| v|vwhpv1 Lq wkhlu prgho/ wkh srolwlfldq fkrrvlqj wkh ohyho ri sxeolf jrrg
surylvlrq kdv wkh rswlrq ri iruhjrlqj wkh sxeolf jrrg dqg dssursuldwlqj wkh prqh|
iru klv rzq glvwulfw> djdlq/ d frpprq srro sureohp dulvhv1 Rxu vhwxs gl>huv iurp
wkhvh prghov lq wkh iroorzlqj hvvhqwldo zd|1 Lqfuhdvlqj wkh qxpehu ri glvwulfwv grhv qrw
lqfuhdvh wkh h{whqw ri frpshwlwlrq/ dv ohjlvodwruv uhsuhvhqwv lqglylgxdo glvwulfwv dqg gr
qrw frpshwh lq wkh vdph duhqd1 Lq frqwudvw/ zh irfxv rq qdwlrqdo fdqglgdwhv zkr gr
qrw uhsuhvhqw dq| vshfl?f glvwulfw= zkhq sursrvlqj wr lqfuhdvh wudqvihuv wr d glvwulfw/
rxu fdqglgdwhv wdnh lqwr dffrxqw wkh orvv ri dqrwkhu glvwulfw1 Wkxv/ wkh frpprq srro
sureohp lv orjlfdoo| gl>huhqw iurp wkh lqfhqwlyhv jhqhudwhg e| hohfwrudo frpshwlwlrq1
Wkh frpprq srro lqh!flhqf| dulvhv rqo| ehfdxvh ohjlvodwruv duh dvvljqhg wr glvwulfwv1
Lqh!flhqf| lq Hohfwlrqv
Ol}}hul dqg Shuvlfr +4<<;, frpsduh zlqqhu0wdnh0doo zlwk sursruwlrqdo v|vwhpv/ dqg

frqvlghu wkh h>hfwv ri wkh pdjqlwxgh ri glvwulfwv/ lq whupv ri sxeolf jrrg surylvlrq1
Wkdw sdshu rqo| frqvlghuv wzr0fdqglgdwh hohfwlrqv1 Wkh pdlq srlqw ri wkdw sdshu lv
wkdw/ hyhq zlwk wzr fdqglgdwhv wkhvh v|vwhpv ohdg wr gl>huhqw rxwfrphv1 Wkh fxuuhqw
sdshu irfxvhv rq rqh hohfwrudo v|vwhp rqo| wr ghdo zlwk wkh lvvxh ri wkh uroh ri hohfwrudo
frpshwlwlrq1

Shuvvrq dqg Wdehoolql +4<<<, glvfxvv d wzr0fdqglgdwhv prgho uhodwhg wr Ol}}hul dqg
Shuvlfr +4<<;, dqg dovr surylgh vrph hpslulfdo hylghqfh rq wkh surylvlrq ri sxeolf
jrrgv lq gl>huhqw srolwlfdo v|vwhpv1

Frdwh dqg Pruulv +4<<8, irfxv rq yrwhuv* lpshuihfw lqirupdwlrq rq wkh h>hfwv ri
jryhuqphqw srolf|1 Ehvoh| dqg Frdwh +4<<;, glvfxvv wkh h!flhqf| ri uhsuhvhqwdwlyh
ghprfudf| zkhuh fdqglgdwhv duh flwl}hqv zkr/ li hohfwhg/ lpsohphqw wkhlu idyrulwh srol0
flhv1 Wkhluv lv d prgho ri uhshdwhg hohfwlrqv/ dqg wkh lqh!flhqf| ghshqgv rq wkh
g|qdplf qdwxuh ri wkh prgho1
Qxpehu ri Fdqglgdwhv
P|huvrq +4<<6, frpsduhv hohfwrudo v|vwhpv lq whupv ri wkh lqhtxdolw| ri uhglvwule0

xwlrq lq d prgho zlwk ù fdqglgdwhv1 Rxu sdshu eruurzv wkh prgho ri uhglvwulexwlrq
iurp P|huvrq/ dqg dggv d sxeolf jrrg1 Wkh suhvhqfh ri wkh sxeolf jrrg lqwurgxfhv
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wkh wudghr> ehwzhhq h!flhqf| dqg wdujhwdelolw| zklfk lv wkh irfxv ri rxu dqdo|vlv/ dqg
d>rugv h!flhqf| uhvxowv zklfk duh devhqw lq P|huvrq*v sdshu1

Wkh h>hfw ri wkh qxpehu ri fdqglgdwhv rq srolwlfdo frpshwlwlrq kdv ehhq h{soruhg
lq wkh vhwwlqj ri vsdwldo frpshwlwlrq +vhh/ iru lqvwdqfh/ Sdoiuh| +4<;7,/ Dxvwhq0Vplwk
dqg Edqnv +4<;;,,1 Wkh vsdwldo prgho lv qrw qdwxudoo| vxlwhg wr glvfxvv h!flhqf|
+qr wzr srlqwv lq wkh srolf| vsdfh duh Sduhwr0frpsdudeoh,> vhh Vkhsvoh +4<<4, iru
d uhylhz ri wklv vwudqg ri wkh olwhudwxuh1 Ehvoh| dqg Frdwh +4<<:, dqg Rveruqh dqg
Volylqvnl +4<<9, surylgh d gl>huhqw prgho ri pxowl0fdqglgdwh hohfwlrqv zlwk hqgrjhqrxv
hqwu| e| flwl}hq0fdqglgdwhv zkr kdyh srolf| suhihuhqfhv dqg gr qrw frpplw wr hohfwrudo
sodwirupv1
Khwhurjhqhlw| lq wkh Uhvsrqvlyhqhvv ri Yrwhuv
Olqgehfn dqg Zhlexoo +4<;:, dqg Gl{lw dqg Orqguhjdq +4<<8/ 4<<;, duh prghov ri

uhglvwulexwlyh srolwlfv zlwk lghrorjlfdo yrwhuv1 Iru d ghwdlohg glvfxvvlrq ri wkh uhodwlrq0
vkls ehwzhhq rxu prgho dqg wklv vwudqg ri wkh olwhudwxuh/ vhh Vhfwlrq :171

Dohvlqd/ Edtlu/ dqg Hdvwhuo| +4<<<, glvfxvv wkh surylvlrq ri sxeolf jrrgv lq uhodwlrq
wr hwkqlf glylvlrqv1 Wkhlu dqdo|vlv ri X1V1 orfdo sxeolf jrrgv vkrzv wkdw wkh vkduhv
ri vshqglqj rq sxeolf jrrgv lv lqyhuvho| uhodwhg wr hwkqlf iudjphqwdwlrq1 Wr h{sodlq
wklv skhqrphqrq/ wkh| surylgh d prgho ri wzr0vwdjh exgjhwlqj surfhgxuh/ zkhuh ?uvw
yrwlqj wdnhv sodfh rq wkh vl}h ri wkh exgjhw/ dqg lq d vhfrqg vwdjh rq lwv frpsrvlwlrq1
Rxu prgho ri Vhfwlrq 9 surylghv dq dowhuqdwlyh h{sodqdwlrq iru wklv skhqrphqrq1

415 Rxwolqh ri wkh Sdshu

Vhfwlrq 5 ghvfulehv wkh prgho1 Vhfwlrq 6 suhvhqwv wkh nh| whfkqlfdo vwhs wkdw doorzv
xv wr vroyh iru wkh htxloleuld lq wkh sdshu1 Wklv lv d qhfhvvdu| frqglwlrq ri olqhdulw| ri
wkh sd|r> ri fdqglgdwhv/ wkdw pxvw krog lq htxloleulxp uhjdugohvv ri sdudphwhuv vxfk
dv wkh qxpehu ri fdqglgdwhv/ ru wkh ghjuhh ri lghrorjlfdo khwhurjhqhlw| ri yrwhuv1 Wklv
frqglwlrq lv dssolhg odwhu lq d ydulhw| ri vhwwlqjv/ wr |lhog d frpsohwh fkdudfwhul}dwlrq
ri htxloleulxp1 Vhfwlrq 7 lv wkh fhqwudo sduw ri wkh sdshu> lw ghvfulehv wkh htxloleulxp
zlwk htxdo +h{0dqwh, wuhdwphqw ri yrwhuv/ dqg surylghv wkh frpsdudwlyh vwdwlfv uhvxow
zlwk uhvshfw wr wkh qxpehu ri fdqglgdwhv1 Vhfwlrq 9 lqwurgxfhv lghrorj|1 Vhfwlrq :
glvfxvvhv d qxpehu ri lpsolfdwlrqv ri wkh prgho1 Vhfwlrq ; frqfoxghv1

9



5 Prgho

514 Hfrqrp| dqg Djhqwv

Wkhuh duh ù fdqglgdwhv1 Wkhuh lv d frqwlqxxp ri yrwhuv zlwk phdvxuh rqh1 Wkh vhw ri
yrwhuv lv ghqrwhg e| T 1 Wkhuh duh wzr jrrgv/ prqh| dqg d sxeolf jrrg1 Wkh sxeolf
jrrg fdq rqo| eh surgxfhg e| xvlqj doo wkh prqh| lq wkh hfrqrp|18

Hdfk yrwhu kdv dq hqgrzphqw ri rqh xqlw ri prqh|1 Wkh sxeolf jrrg |lhogv d
xwlolw| ri C wr hdfk yrwhu1 Yrwhuv kdyh qr d sulrul suhihuhqfh iru hlwkhu fdqglgdwh/ dqg
kdyh olqhdu xwlolw| ryhu jrrgv19

Fdqglgdwhv pdnh elqglqj surplvhv wr hdfk yrwhu frqfhuqlqj wkh srolf| li hohfwhg1 D
fdqglgdwh fdq r>hu wr surylgh wkh sxeolf jrrg +wr doo yrwhuv,> dowhuqdwlyho|/ kh fdq r>hu
gl>huhqw wd{hv dqg wudqvihuv wr gl>huhqw yrwhuv1 Hdfk yrwhu yrwhv iru wkh fdqglgdwh zkr
surplvhv khu wkh juhdwhvw xwlolw|1 Fdqglgdwhv pd{lpl}h wkhlu h{shfwhg yrwh vkduh1 Wklv
dvvxpswlrq rq fdqglgdwhv* remhfwlyh fdq eh lqwhusuhwhg dv ghvfulelqj d sursruwlrqdo
v|vwhp zkhuh wkh vsrlov ri r!fh +vhdwv lq dq dvvhpeo|, duh glylghg sursruwlrqdoo| wr
wkh vkduh ri wkh yrwh1

515 Jdph

D sxuh vwudwhj| iru d fdqglgdwh vshfl?hv zkhwkhu kh fkrrvhv wr r>hu wkh sxeolf jrrg
ru wudqvihuv +kh fdqqrw r>hu erwk,1 Lq wkh hyhqw kh fkrrvhv wudqvihuv/ d sxuh vwudwhj|
vshfl?hv d surplvh ri d wudqvihu wr hdfk yrwhu1 Irupdoo|/ d sxuh vwudwhj| lv d ixqfwlrq
x G T $ dfcn4ä/ zkhuh xEñä uhsuhvhqwv wkh frqvxpswlrq surplvhg wr yrwhu ñ1 Wkh
ixqfwlrq x vdwlv?hv rqh ri wzr frqglwlrqv= hlwkhu xEñä ' C iru doo ñ*v/ vljqli|lqj wkdw
wkh fdqglgdwh r>huv wkh sxeolf jrrg> ru/

U
T
xEñä_ñ ' �/ zklfk lv wkh edodqfhg exgjhw

frqglwlrq zkhq d fdqglgdwh r>huv wudqvihuv1 Lq wkh odwwhu fdvh/ xEñäý � uhsuhvhqwv wkh
wudqvihu +ru wd{/ li qhjdwlyh, surplvhg wr yrwhu ñ1

Wkhuh duh wzr vwdjhv ri wkh jdph=
Vwdjh 4 Fdqglgdwhv fkrrvh r>huv wr yrwhuv vlpxowdqhrxvo| dqg lqghshqghqwo|1
Vwdjh 5 Hdfk yrwhu ñ jhwv r>huv Ex�Eñäc é é é cxù Eñää iurp fdqglgdwhv1 Diwhu revhuy0

lqj wkh r>huv/ yrwhu ñ yrwhv iru fdqglgdwh ð li/ iru doo æ 9' ð/ xðEñä : xæEñä1 Wlhv duh

8Wklv dvvxpswlrq fdq eh uhod{hg1 Vhh Ol}}hul dqg Shuvlfr +4<<;, iru rqh zd| wr gr vr lq wkh fdvh
ri wzr fdqglgdwhv1

9Wklv dvvxpswlrq lv pdgh vroho| wr vlpsoli| wkh qrwdwlrq dqg suhvhqwdwlrq ri wkh uhvxowv> doo wkh
uhvxowv krog iru dq| lqfuhdvlqj xwlolw| ixqfwlrq1 Wkxv/ lq Vhfwlrq 8 zh zloo h{whqg rxu dqdo|vlv wr wkh
fdvh lq zklfk yrwhuv duh ulvn dyhuvh1

:



uhvroyhg e| udqgrpl}lqj zlwk htxdo suredelolw|1
Yrwhuv* ehkdylru fdq eh pdgh ixoo| frqvlvwhqw zlwk wkh xvxdo udwlrqdolw| dvvxpswlrqv

+vwudwhjlf yrwlqj,1 Dvvxph wkdw wkh suredelolw| wkdw wkh srolf| sursrvhg e| dq| jlyhq
fdqglgdwh lv lpsohphqwhg lv htxdo wr wklv fdqglgdwh*v vkduh ri wkh yrwh> wkhq/ lw lv d
grplqdqw vwudwhj| iru d yrwhu wr yrwh iru wkh fdqglgdwh zkr sursrvhv wkh srolf| wkdw
lv ehvw iru khu1 Wklv lqwhusuhwdwlrq ri srolf| lpsohphqwdwlrq lv wkh rqh wkdw zh zloo
dgrsw zkhq frpsxwlqj wkh suredelolw| ri surylvlrq ri wkh sxeolf jrrg1

Iru ydoxhv ri C vpdoohu wkdq ù wkhuh lv qr htxloleulxp lq sxuh vwudwhjlhv1 Wr vhh
wklv/ frqvlghu iru lqvwdqfh wkh fdvh ri wzr fdqglgdwhv1 Vxssrvh fdqglgdwh 4*v vwudwhj|
zdv x�1 Li x�Eñä ' C iru doo ñ/ l1h1 fdqglgdwh � surplvhv hdfk yrwhu wkh sxeolf jrrg/
wkhq fdqglgdwh 2 fdq fkrrvh wr surplvh pruh wkdq C wr pruh wkdq 83 shufhqw ri wkh
yrwhuv dqg rewdlq pruh wkdq 83 shufhqw ri wkh yrwhv1 Wklv lv lpsrvvleoh lq htxloleulxp1
Vxssrvh wkhq wkdw fdqglgdwh � fkrrvhv wr r>hu prqh|1 Qrz fdqglgdwh 2 frxog wdnh
d vhw ri yrwhuv T� zlwk vpdoo srvlwlyh phdvxuh vxfk wkdw x�Eñä : f iru ñ 5 T�/ r>hu
}hur wr wkhvh yrwhuv dqg xvh wkh vdyhg prqh| wr ?qdqfh r>huv ri x�Eñä n " wr doo rwkhu
yrwhuv1 Wkh vhw T� dqg wkh " fdq eh fkrvhq vr wkdw fdqglgdwh 2 zlqv zlwk d vkduh ri wkh
yrwh duelwudulo| forvh wr rqh kxqguhg shufhqw1 Wkxv/ dw htxloleulxp erwk fdqglgdwhv
zloo eh hpsor|lqj pl{hg vwudwhjlhv1

D pl{hg vwudwhj| lq wklv jdph frxog eh d yhu| frpsolfdwhg remhfw/ vlqfh wkh vsdfh ri
sxuh vwudwhjlhv lv odujh1 Zh glvfxvv wkh fdvh zkhuh xðEñä/ wkh r>hu pdgh e| fdqglgdwh
ð wr yrwhu ñ/ lv d uhdol}dwlrq iurp d udqgrp yduldeoh zlwk f1g1i1 8 ñð G ?n $ dfc �o1:

Qrwh wkdw/ hyhq zkhq fdqglgdwhv xvh pl{hg vwudwhjlhv/ hdfk yrwhu revhuyhv khu uhdol}hg
surplvhv ehiruh yrwlqj/ qrw udqgrp yduldeohv1

Zh frqfhqwudwh rq wkh fdvh ri htxdo wuhdwphqw/ zkhuh/ lq htxloleulxp/ fdqglgdwhv
wuhdw doo yrwhuv lghqwlfdoo| h{0dqwh1 Lw wxuqv rxw wkdw zh rqo| qhhg wr orrn dw 3vlp0
soh4 vwudwhjlhv ri wkh iroorzlqj irup= fdqglgdwh ð fkrrvhv wr surplvh wkh sxeolf jrrg
zlwk suredelolw| qð dqg surplvh prqh| zlwk suredelolw| �ý qð1 Zkhq fdqglgdwhv uh0
glvwulexwh/ wkh| gudz surplvhv wr doo yrwhuv iurp wkh vdph 8ð +qrwlfh wkh devhqfh ri
wkh vxshuvfulsw ñ,1; Wkh hpslulfdo glvwulexwlrq ri wudqvihuv e| fdqglgdwh ð wr yrwhuv
lv 8ð> khqfh/ 8ðE%ä lv wkh iudfwlrq ri vxssruwhuv zkr uhfhlyh surplvhv ehorz % iurp
fdqglgdwh ð1 E| pdqlsxodwlqj 8ð/ fdqglgdwh ð lv deoh wr wdujhw wudqvihuv wr vhfwlrqv
ri wkh hohfwrudwh1 Zh zdqw wr vwuhvv wkdw wkhuh lv d qdwxudo lqwhusuhwdwlrq iru wkhvh
pl{hg vwudwhjlhv= fkrrvlqj 8ð fdq eh wkrxjkw ri dv fkrrvlqj wkh Oruhq} fxuyh lq wkh

:Zh uxoh rxw fruuhodwlrq ehwzhhq r>huv wr gl>huhqw yrwhuv1
;Ri frxuvh/ wkh idfw wkdw r>huv duh uhdol}dwlrqv ri wkh vdph udqgrp yduldeoh grhv qrw phdq wkdw

hdfk yrwhu jhwv wkh vdph r>hu1

;



srsxodwlrq1<

6 Wkh Olqhdulw| ri Uhwxuqv wr Wudqvihuv

Lq wklv vhfwlrq zh fkdudfwhul}h wkh ixqfwlrq MW E%ä/ wkh htxloleulxp suredelolw| ri zlq0
qlqj d yrwhu zlwk dq r>hu ri %1 Wklv ixqfwlrq vxppdul}hv doo wkh lqirupdwlrq derxw
wkh rssrqhqwv* ehkdylru wkdw lv uhohydqw iru d fdqglgdwh1 Uhjdugohvv ri wkh qxpehu ri
fdqglgdwhv dqg ri wkh lghrorjlfdo suhihuhqfhv ri yrwhuv/ MW E%ä wxuqv rxw wr eh slhfhzlvh
olqhdu1 Wklv fuxfldo surshuw| lv xvhg lq wkh qh{w vhfwlrqv wr rewdlq d frpsohwh fkdudf0
whul}dwlrq ri wkh htxloleulxp vwudwhjlhv/ l1h1/ wkh suredelolw| ri surylvlrq ri wkh sxeolf
jrrg dqg wkh glvwulexwlrq ri wudqvihuv1

Ohw 8 W ghqrwh wkh htxloleulxp glvwulexwlrq ri wudqvihuv1 Zh qrz vkrz wkdwMW E%ä '
%*ù zkhqhyhu % ehorqjv wr wkh vxssruw ri 8 W +dqg % 9' C,/ dqg MW E%ä é %*ù

rwkhuzlvh143 Fdqglgdwh 4*v sureohp lv wr fkrrvh d f1g1i1 8 wr pd{lpl}h klv h{shfwhg
yrwh vkduh vxemhfw wr wkh exgjhw frqvwudlqw1 Li wkh fdqglgdwh r>huv % wr d yrwhu/ wkh
suredelolw| ri zlqqlqj klv yrwh lv MW E%ä> li wkh fdqglgdwh fkrrvhv r>huv dffruglqj wr
8 / klv h{shfwhg yrwh vkduh lv

U
MW E%ä _8 E%ä1 Ehorz/ zh zloo suryh wkdw wkh plq ri wkh

vxssruw ri MW lv }hur/ dqg wkh pd{ lv ù 1 Vr/ wkh fdqglgdwh vroyhv

4@ 
8

] ù

f

MW E%ä _8 E%ä v1w1
] ù

f

%_8 E%ä é �é

Wkh dvvrfldwhg Odjudqjhdq lv

O '

] ù

f

dMW E%ä n b E�ý %äo _8 E%ä é

Ohw ø ghqrwh wkh vxssruw ri 8 W/ dqg bW eh wkh rswlpdo ydoxh ri wkh Odjudqjh pxowlsolhu1
Vlqfh 8 W pd{lpl}hv wkh Odjudqjhdq/ lw pxvw eh wkdw MW E%ä ý bW% lv pd{lpdo/ dqg
frqvwdqw/ rq ø1 Vlqfh 3 lv wkh lqi ri ø/ lw pxvw eh wkdw SJ?r| ' MW Efä ý bW ü f ' f1
Vlqfh ù lv wkh vxs ri ø/ zh kdyh f ' MW Eùä ý bW ü ù ' � ý ùbW1 Wklv vkrzv
wkdw bW ' �*ù 1 Vlqfh MW E%ä ý bW% lv pd{lpdo/ dqg htxdo wr }hur/ rq ø/ zh kdyh
MW E%ä ' %*ù iru % lq ø/ dqg MW E%äý %*ù é f rxwvlgh ri ø1

<Jlyhq d srxodwlrq zlwk phdq lqfrph ç dqg lqfrph glvwulexwlrq ghvfulehg e| d f1g1i1 I +{,/ wkh
Oruhq} fxuyh lv wkh judsk ri wkh iudfwlrq ri wrwdo lqfrph rzqhg e| wkh srruhvw x0wk iudfwlrq ri wkh
srsxodwlrq/ dqg lv jlyhq e| O +x, @ +4@ç, ü U x

3
Iý4 +v, gv1

43Qrwlfh wkdw Kú +{, lv glvfrqwlqxrxv dw { @ J zkhqhyhu wkh sxeolf jrrg lv r>huhg zlwk srvlwlyh
suredelolw|1

<
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Iljxuh 4= Uhwxuqv wr wudqvihuv duh olqhdu lq htxloleulxp1

Zh qrz yhuli| wkdw wkh plqlpxp ri wkh vxssruw ri MW lv }hur/ dqg wkh pd{lpxp lv
ù 1 Iluvw/ 8 W lv frqwlqxrxv144 Vxssrvh wkhq wkdw wkh plqlpxp ri ø lv 6 : f1 Ehfdxvh
ri wkh exgjhw frqvwudlqw/ 6 ÷ C> wkhuhiruh/ ehfdxvh 8 W lv frqwlqxrxv/ wkh suredelolw|
ri zlqqlqj d yrwh e| r>hulqj 6 htxdov }hur1 Exw wkhq d fdqglgdwh lv sd|lqj 6 wr
rewdlq }hur yrwhv/ zklfk fdqqrw eh rswlpdo1

Ghqrwh zlwk � wkh pd{lpxp ri ø1 Dw htxloleulxp/ � kdv wr htxdo ù 1 Lqghhg/
vxssrvh lw zdv vpdoohu wkdq ù 1 Wkhq/ d sod|hu frxog ghyldwh dqg jlyh ù ý 0 wr pruh
wkdq �*ù ri wkh yrwhuv1 Wklv jxdudqwhhv d yrwh vkduh odujhu wkdq �*ù / frqwudglfwlqj
htxloleulxp1 Vxssrvh wkhq wkdw � zdv odujhu wkdq ù 1 Ehfdxvh }hur dqg � duh lq wkh
vxssruw ri 8 / rqh rswlpdo vwudwhj| lv wr r>hu forvh wr� wr �*� ri wkh hohfwrudwh/ dqg
}hur wr wkh uhvw1 Krzhyhu/ wklv vwudwhj| |lhogv d yrwh vkduh vpdoohu wkdq �*ù li � lv
juhdwhu wkdq ù 1 Wkxv/ � ' ù 1

Ilqdoo|/ zh vkrz wkdw wkh vxssruw ri MW lv wkh xqlrq ri wzr lqwhuydov/ dfc &o dqg
dCcù o/ iru vrph srvlwlyh & ÷ C1 Lq rwkhu zrugv/ zh vkrz wkdw wkh rqo| lqwhuydo zkhuh 8
fdq eh  dw lv d&cCo1 Vxssrvh wkdw wkhuh lv dq lqwhuydo E@c Kä vxfk wkdwMWEKäýMWE@ä ' fc

MWECä : MWEKä/ dqg vxfk wkdw @ dqg K duh lq wkh vxssruw ri MW1 Wklv phdqv wkdw

44Vxssrvh I lv glvfrqwlqxrxv dw e{1 Wkhq/ d iudfwlrq s A 3 ri yrwhuv duh r>huhg e{1 Exw wklv fdqqrw
eh rswlpdo1 Fdqglgdwh 4 jdlqv e| r>hulqj voljkwo| pruh wkdq e{ wr sý % ri wkhvh yrwhuv/ ?qdqflqj wklv
ghyldwlrq e| r>hulqj }hur wr wkh uhpdlqlqj %1 Wklv ghyldwlrq sur?wdeo| euhdnv wkh wlh dw e{1
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wkh suredelolw| ri rewdlqlqj d yrwh e| r>hulqj K lv wkh vdph dv e| r>hulqj @1 Krzhyhu/
r>hulqj K lv pruh frvwo|1 Wkxv/ r>hulqj K fdqqrw eh rswlpdo1 D vlplodu orjlf dssolhv wr
wkh lqwhuydo dCcù o1

Wkhuh lv d vlpsoh lqwxlwlrq ehklqg wkh olqhdulw| ri MW E%ä1 MWE%ä uhsuhvhqwv wkh
h{shfwhg ehqh?w iurp vshqglqj %1 Dw dq rswlpxp/ wkh ehqh?w wr d fdqglgdwh kdv wr
htxdo wkh vkdgrz frvw ri %1 Wkh frvw ri vshqglqj % lv wkh vkdgrz frvw ri wkh exgjhw
frqvwudlqw/ l1h1/ wkh rssruwxqlw| frvw ri ixqgv iru d fdqglgdwh1 Wklv rssruwxqlw| frvw
lqfuhdvhv olqhduo| zlwk %1 Wkhuhiruh/ MWE%ä pxvw eh olqhdu lq %1

7 Htxloleulxp

Ohw xv ?uvw frqvlghu wkh jdph ri sxuh uhglvwulexwlrq1 P|huvrq +4<<6, surylghv dq
dqdo|vlv ri wkh jdph zkhuh wkhuh lv qr sxeolf jrrg1 Zh dgdsw wkh iroorzlqj uhvxow iurp
klv sdshu145

Wkhruhp 4 +P|huvrq, Li C ÷ � wkhuh lv d xqltxh htxloleulxp zlwk htxdo wuhdwphqw1
Wkh sxeolf jrrg lv qrw surylghg/ dqg fdqglgdwhv fkrrvh wudqvihuv dffruglqj wr wkh glv0

wulexwlrq 'ù jlyhq e| 'ùE%ä '
ý
%
ù

ü �
ù3� iru % lq dfc ù o1

Wr vhh zk| wklv lv dq htxloleulxp/ revhuyh wkdw wkh suredelolw| ri zlqqlqj d yrwh
zlwk dq r>hu ri % lv MWE%ä ' d'ùE%äo

ù3�1 Zh vkrzhg lq Vhfwlrq 6 wkdw MWE%ä ' %*ù 1
Vroylqj iru 'ù E%ä frqfoxghv wkh dujxphqw1

Zh qrz frqvlghu wkh fdvh zkhuh C : �1 Lq wklv fdvh wkh sxeolf jrrg pxvw eh
surylghg zlwk srvlwlyh suredelolw| lq htxloleulxp1 Wr vhh wklv/ vxssrvh wkdw fdqglgdwhv
2c ééécù ehkdyh dffruglqj wr wkh htxloleulxp ghvfulehg lq Wkhruhp 41 Wkhq/ li fdqglgdwh
4 r>huv wkh sxeolf jrrg/ kh uhfhlyhv d vkduh ri wkh yrwh ri C*ù : �*ù iru C : �1

Ixuwkhupruh/ li C ÷ ù wkhuh lv qr htxloleulxp zkhuh wkh sxeolf jrrg lv surylghg
zlwk suredelolw| rqh> li doo fdqglgdwhv r>hu wkh sxeolf jrrg/ r>hulqj wudqvihuv deryh C
wr pruh wkdq rqh ùwk ri wkh yrwhuv lv ihdvleoh dqg lv d sur?wdeoh ghyldwlrq1 Wkxv/ lq
wkh uhjlrq zkhuh � ÷ C ÷ ùc fdqglgdwhv udqgrpl}h ehwzhhq surplvlqj wudqvihuv dqg
r>hulqj wkh sxeolf jrrg1

Wkhruhp 5 Wkhuh lv d xqltxh htxloleulxp zlwk htxdo wuhdwphqw1 Iru � ÷ C ÷ ù / wkh
htxloleulxp lv fkdudfwhul}hg e| d suredelolw| q ri surylglqj wkh sxeolf jrrg dqg d glvwule0
xwlrq ri wudqvihuv 8 W zlwk vxssruw dfc &o^dCcù o1 Wkh qxpehu & lv wkh xqltxh vroxwlrq lq

45P|huvrq suryhv d pruh jhqhudo uhvxow wkdw wuhdwv dq| udqn0vfrulqj uxoh1
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Efc �ä wr wkh htxdwlrq
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Wkh suredelolw| q lv lqfuhdvlqj lq C1 Iru C : ù wkh sxeolf jrrg lv surylghg zlwk
suredelolw| rqh1

Surri= Lq ylhz ri wkh glvfxvvlrq lq Vhfwlrq 6/ lq htxloleulxp lw pxvw eh wkdw MW E%ä '
%*ù rq dfc &o ^ dCcù o1 Zkhq MW kdv wklv irup/ wkh sd|r> ri d fdqglgdwh zkr uhglv0
wulexwhv dffruglqj wr 8 lv ] "

f

MW E%ä _8 E%ä

é
] "

f

%

ù
_8 E%ä '

�

ù
c

dqg wkh vwulfw lqhtxdolw| krogv rqo| li 8 kdv d odujhu vxssruw wkdq MW1
Qrz/ ohw xv wxuq rxu nqrzohgjh ri MW lqwr d fkdudfwhul}dwlrq ri 8 W1 Wkh suredelolw|

ri zlqqlqj d yrwh zlwk dq r>hu ri % lq dfc &o lv

MW E%ä ' dE�ý qä8 W E%äoù3� é

Htxdwlqj wr %*ù dqg vroylqj iru 8 W |lhogv

8 W E%ä '
�

�ý q
í %
ù

ì �
ù3�

iru % 5 Efc &ä é +4,

Wkh suredelolw| ri zlqqlqj d yrwh zlwk dq r>hu ri % lq ECcù o lv

MW E%ä ' dE�ý qä8 W E%ä n qoù3� é

Htxdwlqj wr %*ù dqg vroylqj iru 8 W |lhogv

8 W E%ä '
�

�ý q
éí %
ù

ì �
ù3� ý q

è
iru % 5 ECcùä é +5,

Wr frpsohwh wkh fkdudfwhul}dwlrq ri 8 W zh orrn iru frqglwlrqv wr slq grzq q dqg &1
Wkh ?uvw frqglwlrq lv jlyhq e| wkh frqwlqxlw| ri 8 W/ zklfk uhtxluhv 8 W E&ä ' 8 W ECä1
Vxevwlwxwlqj iurp +4, dqg +5,/ zh jhw

q '

ë
C

ù

ê �
ù3�

ý
ë
&

ù

ê �
ù3�

é +6,
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Wkh vhfrqg frqglwlrq lv jlyhq e| wkh exgjhw frqvwudlqw/ l1h1/
U &
f
%s E%ä _%n

U ù
C
%s E%ä _% '

�1 Wr frpsxwh wkh exgjhw frqvwudlqw/ revhuyh wkdw/ rq dfc &o ^ dCcù o/

s W E%ä '
�

�ý q
ë
�

ù

ê �
ù3� �

ù ý �
%
23ù
ù3� c

dqg wkhuhiruh] K

@

%s W E%ä _% '
�

�ý q
ë
�

ù

ê �
ù3� �

ù ý �

%
ù

ù3�

ù
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@

'
�

�ý q
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ù

ì ù
ù3�
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@
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Xvlqj wklv htxdwlrq/ wkh exgjhw frqvwudlqw fdq eh h{suhvvhg dv

�

�ý q

%ë
&

ù

ê ù
ù3�

n �ý
ë
C

ù

ê ù
ù3�
&
' �c

ru

q '

ë
C

ù

ê ù
ù3�

ý
ë
&

ù

ê ù
ù3�

é +7,

Htxdwlrqv +6, dqg +7, irup d v|vwhp ri wzr htxdwlrqv lq wkh xqnqrzqv & dqg q1
Lw lv srvvleoh wr vroyh iru &1 Lqghhg/ iurp +6, dqg +7,/ & pxvw vroyhë

C

ù

ê �
ù3�

ý
ë
&

ù

ê �
ù3�

'

ë
C

ù

ê ù
ù3�

ý
ë
&

ù

ê ù
ù3�

c

ru ë
C

ù

ê �
ù3�

ë
�ý C

ù

ê
'

ë
&

ù

ê �
ù3�

ë
�ý &

ù

ê
é +8,

Wkh ixqfwlrq û E5ä '
ý
5
ù

ü �
ù3�

ý
�ý 5

ù

ü
lv vlqjoh0shdnhg rq dfc4ä/ kdv d pd{lpxp dw

5 ' �/ dqg kdv ydoxh }hur dw 5 ' f dqg 5 ' ù 1 Ehfdxvh û lv vlqjoh shdnhg/ htxdwlrq
+8, rqo| kdv wzr vroxwlrqv= rqh lv & ' C> wkh rwkhu lv &W ECcùä ' û3� ECä/ zkhuh û3�

ghqrwh wkh lqyhuvh ri û rq wkh lqwhuydo dfc �o1 Rqo| wkh vhfrqg vroxwlrq fdq eh sduw ri dq
htxloleulxp/ vlqfh wkh ?uvw vroxwlrq uhtxluhv wkdw q htxdov }hur/ dqg wklv lv lpsrvvleoh
zkhq � ÷ C ÷ ù 1 Vroylqj iru q lv dffrpsolvkhg e| vxevwlwxwlqj &W ECä lqwr htxdwlrq
+6,/ wr rewdlq qW ECcùä1

Revhuyh wkdw &W ECcùä lv ghfuhdvlqj lq C vlqfh û E5ä lv lqfuhdvlqj rq Efc �ä dqg gh0
fuhdvlqj rq E�c ùä1 Wkhuhiruh/ qW ECcùä ' EC*ùä

�
ù3�ýE&W ECcùä *ùä

�
ù3� lv lqfuhdvlqj

lq C1
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Wr yhuli| wkdw wkh sdlu qW ECcùä dqg &W ECcùä lqghhg irupv dq htxloleulxp/ zh
qhhg wr fkhfn wkdw wkh h{shfwhg yrwh vkduh iurp r>hulqj wkh sxeolf jrrg/ 7C/ lv htxdo
wr �*ùc

7C '
ù3�[
æ'f

�

æ n �

ë
ù ý �

æ

ê
dE�ý qä8 W ECäoù3�3æ qæ ' �

ù
é

Xvlqj wkh idfw wkdw
Sù3�

æ'f
�
æn�

ý
ù3�
æ

ü
^ù3�3æRæ '

k
E^ n Räù ý ^ù

l
*Rù / zh uhzulwh wkh

deryh htxdwlrq dv

dE�ý qä8 W ECä n qoù ý dE�ý qä8 W ECäoù
qù

'
�

ù
é +9,

Vlqfh 8 W ECä ' 8 W E&ä zh fdq uhzulwh wklv dv

dE�ý qä8 W ECä n qoù ý dE�ý qä8 W E&äoù
qù

'
�

ù
c

dqg diwhu vxevwlwxwlqj iurp +4, dqg +5,/ zh rewdlqû
C
ù

ú ù
ù3� ý û &

ù

ú ù
ù3�

qù
'

�

ù
é

Wklv htxdwlrq lv wkh vdph dv htxdwlrq +7,1 Wkxv/ zkhq q ' qW ECcùä c & ' &W ECcùä/
lw lv lqghhg wkh fdvh wkdw 7C ' �*ù 1 Wklv vkrzv wkdw wkh sdlu qW ECcùä c &W ECcùä

irupv dq htxloleulxp1
Xqltxhqhvv iroorzv iurp wkh glvfxvvlrq lq Vhfwlrq 6 wrjhwkhu zlwk wkh xqltxhqhvv

ri wkh vroxwlrqv ri q dqg &1

Wkh dqdo|vlv ri Wkhruhp 5 uhgxfhv wkh fkdudfwhul}dwlrq ri wkh htxloleulxp wr ?qglqj
wzr sdudphwhuv & dqg q1 Wkhvh sdudphwhuv fdq eh hdvlo| rewdlqhg e| ?uvw ?qglqj wkh

xqltxh & 9' C wkdw vroyhv wkh htxdwlrq
ý
&
ù

ü �
ù3�

ý
�ý &

ù

ü
'
ý
C
ù

ü �
ù3�

ý
�ý C

ù

ü
1 Jlyhq &/ q

lv hdvlo| frpsxwhg iurp q '
ý
C
ù

ü �
ù3� ý ý &

ù

ü �
ù3� 1 Lw lv wkxv vwudljkwiruzdug wr frpsxwh

wkhvh sdudphwhuv dqg yhuli| qxphulfdoo| wkdw wkh suredelolw| ri surylvlrq ri wkh sxeolf
jrrg ghfolqhv zlwk wkh qxpehu ri fdqglgdwhv iru hyhu| ydoxh ri C1 Lq wkh Dsshqgl{
zh suhvhqw wkh htxloleulxp ydoxhv ri q dqg & iru gl>huhqw sdluv Ccù 1 Iru jlyhq ydoxh
ri C/ qW ECcùä ghfolqhv zlwk ù 1 Iljxuh 5 ehorz uhsruwv wkh ixqfwlrqv qW ECcùä iru
ù ' 2c éééc S1

Lq dgglwlrq wr wkh qxphulfdo uhvxowv/ lw lv srvvleoh wr vkrz dqdo|wlfdoo| wkdw dv
wkh qxpehu ri fdqglgdwhv frqyhujhv wr lq?qlw| wkh suredelolw| wkdw wkh sxeolf jrrg lv
surylghg frqyhujhv wr }hur1
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Iljxuh 5= Suredelolw| ri sxeolf jrrg surylvlrq zlwk ù fdqglgdwhv1

Fruroodu| 4 Iru dq| jlyhq C : �/ wkh suredelolw| qW ECcùä wkdw wkh sxeolf jrrg lv
surylghg frqyhujhv wr }hur dv wkh qxpehu ri fdqglgdwhv ù frqyhujhv wr lq?qlw|1

Surri= Iluvw/ uhfdoo iurp wkh surri ri Wkhruhp 5 wkdw &W ECcùä 5 Efc �ä/ dqg wkhuhiruhí
�ý &WECcùä

ù

ì
$ �1 Vlqfh &W ECcùä vroyhv

ý
C
ù

ü �
ù3�

ý
�ý C

ù

ü
'
ý
&
ù

ü �
ù3�

ý
�ý &

ù

ü
dqg wkh

ohiw kdqg vlgh frqyhujhv wr 4 dv ù $4/ lw pxvw eh wkdw
í
&WECcùä

ù

ì �
ù3� $ �1 Qrwlflqj

wkdw qW ECcùä '
ý
C
ù

ü �
ù3� ý

í
&WECcùä

ù

ì �
ù3�

dqg
ý
C
ù

ü �
ù3� $ � |lhogv wkh frqfoxvlrq1

Vxssrvh qrz wkdw wkh zlqqlqj fdqglgdwh lpsohphqwv uhglvwulexwlrq dffruglqj wr
wkh htxloleulxp vwudwhj|/ wkh f1g1i1 8 W E%ä1 Wklv fdq eh lqwhusuhwhg dv wkh Oruhq} fxuyh
+hpslulfdo glvwulexwlrq ri wudqvihuv, lq wkh srsxodwlrq1 Dv wkh qxpehu ri fdqglgdwhv
lqfuhdvhv wklv glvwulexwlrq whqgv wr ehfrph pruh xqhtxdo1 Wklv lv ehfdxvh wkh vxssruw
ri wkh glvwulexwlrq lv dfc &W ECcùäo

V
dCcù o1 Dv ù lqfuhdvhv/ wkh ydoxh ri wkh kljk0

hvw wudqvihuv pdgh wr yrwhuv jrhv xs1 Ixuwkhupruh/ wkh ydoxh ri &W ECcùä zdv vkrzq
qxphulfdoo| wr ghfolqh zlwk ù 1 D pruh irupdo glvfxvvlrq ri wkh zd| wkh ryhudoo glvwul0
exwlrq ri frqvxpswlrq fkdqjhv zlwk wkh qxpehu ri fdqglgdwhv lv wkh wrslf ri wkh qh{w
vhfwlrq1
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8 H!flhqf|

Li yrwhuv duh ulvn qhxwudo/ wkh rqo| uhohydqw phdvxuh ri h!flhqf| lv wkh suredelolw| wkdw
wkh sxeolf jrrg lv surylghg lq htxloleulxp1 Wkh h>hfw ri wkh qxpehu ri fdqglgdwhv rq
wklv suredelolw| kdv ehhq glvfxvvhg deryh1 Khuh/ zh frqvlghu wkh zhoiduh h>hfwv ri wkh
qxpehu ri fdqglgdwhv lq wkh jhqhudo fdvh zkhuh yrwhuv pd| eh ulvn dyhuvh1 Lq wklv fdvh/
yrwhuv fduh qrw rqo| derxw wkh suredelolw| ri sxeolf jrrg surylvlrq/ exw dovr derxw wkh
glvwulexwlrq ri wudqvihuv dw htxloleulxp1 Zh vkrz wkdw dq| ulvn dyhuvh yrwhu suhihuv d
vpdoohu qxpehu ri fdqglgdwhv1

Lw lv lpsruwdqw wr glvwlqjxlvk ehwzhhq h{ dqwh dqg h{ srvw Sduhwr h!flhqf|1 Wklv
lv ehfdxvh fdqglgdwhv* vwudwhjlhv lqyroyh udqgrpl}dwlrq/ dqg wkxv wkhuh duh wzr qrwlrqv
ri doorfdwlrq/ rqh ehiruh dqg rqh diwhu wkh xqfhuwdlqw| lv uhdol}hg1 Zh frqvlghu wkh
shuvshfwlyh ri d yrwhu h{0dqwh/ ehiruh wkh uhvroxwlrq ri wkh xqfhuwdlqw| jhqhudwhg e|
fdqglgdwhv* udqgrpl}hg vwudwhjlhv1 Ehiruh hohfwrudo surplvhv duh pdgh/ doorfdwlrqv duh
orwwhulhv ryhu frqvxpswlrq1 H{ dqwh Sduhwr h!flhqf| udqnv vxfk doorfdwlrqv/ wdnlqj
wkh srlqw ri ylhz ri d yrwhu zkr frqvlghuv wkh h{shfwhg xwlolw| ri wkh rxwfrph ri wkh
hohfwlrq ehiruh uhfhlylqj dq hohfwrudo surplvh1

Zh eholhyh wkdw wkh h{0dqwh shuvshfwlyh lv pruh dssursuldwh iru hydoxdwlqj wkh
h>hfwv ri frpshwlwlrq dqg iru wklqnlqj derxw lvvxhv ri frqvwlwxwlrqdo ghvljq1 Wklv
fruuhvsrqgv wr hydoxdwlqj wkh dowhuqdwlyhv ehklqg d Udzovldq yhlo ri ljqrudqfh1 Dq
dowhuqdwlyh ylhzsrlqw lv wkh h{0srvw rqh/ zklfk frpsduhv ?qdo doorfdwlrqv +diwhu wkh
xqfhuwdlqw| lv uhvroyhg,1 Diwhu wkh zlqqlqj srolf| lv lpsohphqwhg/ dq doorfdwlrq lv
d frqvxpswlrq yhfwru wkdw vshfl?hv krz pxfk hdfk yrwhu frqvxphv1 H{ srvw Sduhwr
h!flhqf| udqnv vxfk doorfdwlrqv/ iurp wkh ylhzsrlqw ri d yrwhu zkr kdv douhdg| uhfhlyhg
wklv frqvxpswlrq1 Lq wkh frqwh{w ri uhglvwulexwlyh srolwlfv doprvw doo rxwfrphv duh
erxqg wr eh h{0srvw Sduhwr h!flhqw/ dqg wkxv lq rxu frqwh{w wklv frqfhsw vhhpv ohvv
lqwhuhvwlqj1

Yrwhu ñ* suhihuhqfhv duh qrz uhsuhvhqwhg e| d prqrwrqlf/ frqfdyh xwlolw| ixqfwlrq
üñ E%ä gh?qhg ryhu frqvxpswlrq1 Wkxv/ zkhq wkh sxeolf jrrg lv surylghg wklv yrwhu
h{shulhqfhv d xwlolw| üñ ECä/ dqg zkhq kh uhfhlyhv d frqvxpswlrq +hqgrzphqw soxv
wudqvihuv, ri %/ kh h{shulhqfhv d xwlolw| üñ E%ä1

Zkhq wkh sxeolf jrrg lv surylghg/ ghqrwh wkh glvwulexwlrq ri surplvhv lq frqvxps0
wlrq whupv e| LE3"cCä E%ä +wkh uljkw0frqwlqxrxv vwhs ixqfwlrq wkdw lv }hur zkhq % ÷ C
dqg lv rqh zkhq % è C,1 Wkhq/ wkh h{shfwhg f1g1i1 ri hohfwrudo surplvhv +lq frqvxps0
wlrq whupv, lv

aù E%ä ' qLE3"cCä E%ä n E�ý qä8 W E%ä é
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Vlqfh lq htxloleulxp doo fdqglgdwhv kdyh wkh vdph suredelolw| ri zlqqlqj/ aù lv wkh
h{shfwhg glvwulexwlrq ri hohfwrudo surplvhv pdgh e| dq| fdqglgdwh1

Vxevwlwxwlqj iru 8 W E%ä iurp +4, dqg +5, |lhogv

aù E%ä '

;AAA?AAA=
ý
%
ù

ü �
ù3� iru % 5 dfc &W ECcùääí

&WECcùä
ù

ì �
ù3�

iru % 5 d&W ECcùä c Cäý
%
ù

ü �
ù3� iru % 5 dCcù o

Ghqrwh

'ù E%ä '
í %
ù

ì �
ù3�

é

Wkhq/ aù E%ä ' 'ù E%ä rq dfc &W ECcùää ^ dCcù o1 Zh qrz vkrz wkdw wkh ixqfwlrqv
'ù E%ä dqg 'ùn� E%ä rqo| furvv rqfh rq Efc ù n �ä/ dqg wkh| furvv dw d srlqw juhdwhu
wkdq �1

Ohppd 4 Jlyhq dq| ù è 2 wkhuh lv d xqltxh h%ù 5 E�cùä zlwk wkh surshuw| wkdw
'ù E%ä : 'ùn� E%ä li dqg rqo| li % : h%ù 1
Surri=

'ù E%äý'ùn� E%ä '
í %
ù

ì �
ù3� ý

ë
%

ù n �

ê �
ù

' %
�
ù

%
%

�
ùEù3�ä

ë
�

ù

ê �
ù3�

ý
ë

�

ù n �

ê �
ù

&

Wkh h{suhvvlrq lq eudfnhwv lv lqfuhdvlqj lq %/ lv qhjdwlyh iru ydoxhv ri % forvh wr }hur dqg
srvlwlyh iru % ' ù 1 Wkhuhiruh/ wkhuh h{lvwv d xqltxh h%ù dw zklfk 'ù E%ä ý 'ùn� E%ä
htxdov }hur1 Wr yhuli| wkdw h%ù : �/ revhuyh wkdw zkhq % ' � wkh h{suhvvlrq lq eudfnhwv

htxdov
ý
�
ù

ü �
ù3� ý ý �

ùn�

ü �
ù zklfk lv qhjdwlyh ehfdxvh

ý
�
ù

ü �
ù3� lv dq lqfuhdvlqj ixqfwlrq

ri ù 1

Fruroodu| 5 Jlyhq dq| ù è 2 dqg C ÷ �/ doo ulvn dyhuvh yrwhuv suhihu dq hohfwlrq
zlwk ù fdqglgdwhv wr dq hohfwlrq zlwk ù n � fdqglgdwhv1

Surri= E| Wkhruhp 4/ 'ù E%ä lv wkh htxloleulxp glvwulexwlrq ri wudqvihuv zkhq C ÷ �1
Ohppd 4 vkrzv wkdw'ù E%ä grplqdwhv 'ùn� E%ä lq wkh vhqvh ri vhfrqg0rughu vwrfkdvwlf
grplqdqfh1
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Zh qrz vkrz wkdw doo yrwhuv suhihu hohfwlrqv zlwk ihzhu fdqglgdwhv1 Wkh surri xvhv
wkh surshuw| wkdw qECcùä ÷ qECcù n �ä1 Lq wkh dsshqgl{ zh vkrz qxphulfdoo| wkdw
wklv dvvxpswlrq krogv iru ù ehwzhhq 5 dqg 431

Sursrvlwlrq 4 Jlyhq dq| ù è 2 dqg C vxfk wkdw � ÷ C ÷ ù n �/ doo ulvn dyhuvh
yrwhuv zlwk prqrwrqlf suhihuhqfhv suhihu dq hohfwlrq zlwk ù fdqglgdwhv wr dq hohfwlrq
zlwk ù n � fdqglgdwhv1

Surri= Zh vkrz wkdw aù E%ä grplqdwhv aùn� E%ä lq wkh vhqvh ri vhfrqg0rughu vwrfkdvwlf
prqrwrqlf grplqdqfh +vhh Kxdqj dqg Olw}hqehujhu +4<;;,,1 Wklv uhtxluhv surylqj wkdw=
+l, wkh h{shfwhg frqvxpswlrq +wudqvihuv ru sxeolf jrrg, lv qr vpdoohu xqghu aù E%ä wkdq
xqghu aùn� E%ä> dqg +ll, wkdw 7 E5ä G'

U 5
f
daù E%äý aùn� E%äo _% é f iru doo 5 è f1 Sduw

+l, lv vwudljkwiruzdug jlyhq wkh idfw wkdw qW ECcùä lv ghfuhdvlqj lqù 1 Zh suryh sduw +ll,
e| vkrzlqj wkdw aù E%ä furvvhv aùn� E%ä rqo| rqfh/ dqg iurp ehorz/ iru % 5 Efc ù n �ä1
Zh glylgh wkh surri lqwr wzr vxefdvhv1

41 C ÷ h%ù 1
Lq wklv fdvh/ lq ylhz ri Ohppd 4/ aù E%ä furvvhv aùn� E%ä h{dfwo| rqfh/ dqg iurp
ehorz/ rq % 5 ECcù n �ä1 Wkhuhiruh/ zh pxvw fkhfn wkdw/ iru % 5 Efc Cä aù E%ä lv
vpdoohu wkdq aùn� E%ä1 Iru dq| ? è 2/ wkh ixqfwlrq a? E%ä lv frqvwdqw dqg htxdo
wr '? ECä ý qW ECc ?ä rq E&W ECc?ä c Cä1 Vlqfh e| dvvxpswlrq C ÷ h%ù / zh kdyh
'ù ECä ÷ 'ùn� ECä1 Uhfdoolqj wkdw q

W ECcùä : qW ECcù n �ä/ zh frqfoxgh wkdw
aù E%ä ÷ aùn� E%ä iru ydoxhv ri % ehwzhhq 4@ i&W ECcùä c &W ECcù n �äj dqg C1
Iru ydoxhv ri % vpdoohu wkdq 4@ i&W ECcùä c &W ECcù n �äj lw lv hdvlo| yhul?hg
wkdw aù E%ä ÷ aùn� E%ä ehfdxvh 'ù E%ä ÷ 'ùn� E%ä +vhh Iljxuh 6,1

51 C : h%ù 1
Lq wklv fdvh/ lq ylhz ri Ohppd 4/ aù E%ä lv dozd|v juhdwhu wkdq aùn� E%ä rq
% 5 ECcù n �ä1 Vr/ lw vx!fhv wr fkhfn wkdw aù E%ä furvvhv aùn� E%ä dw prvw
rqfh/ dqg wkhq iurp ehorz/ rq Efc Cä1 Wr wklv hqg/ revhuyh wkdw li aù E%ä furvvhv
aùn� E%ä rq Efc Cä/ dq| furvvlqj pxvw kdsshq rq Efc �ä ehfdxvh iru doo ?/ a? E%ä
lv frqvwdqw rq E&W ECc?ä c Cä dqg &W ECc ?ä ÷ �1 Qrz/ wdnh wkh vpdoohvw srlqw e%
lq Efc �ä dw zklfk aù E%ä furvvhv aùn� E%ä1 Rq Efc �ä/ zh kdyh 'ùn� E%ä : 'ù E%ä

+lqghhg/ h%? : � iru doo ? e| Ohppd 4,1 Wkhuhiruh/ e%pxvw eh vxfk wkdw aùn� Ee%ä ÷
'ùn� Ee%ä/ wkdw lv/ aùn� E%ä lv frqvwdqw iru % ehwzhhq e% dqg C1 Exw wkhq wkhuh
fdq eh qr ixuwkhu furvvlqjv ehwzhhq aù E%ä dqg aùn� E%ä rq Ee%cCä/ zklfk suryhv
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Iljxuh 6= Fdvh C ÷ h%ù 1
xqltxhqhvv ri wkh furvvlqj1 Wr vkrz wkdw wkh furvvlqj lv iurp ehorz/ qrwlfh wkdwe% lv/ e| frqvwuxfwlrq/ wkh vpdoohvw srlqw dw zklfk wkh wzr ixqfwlrqv furvv/ dqg/
iru % vpdoo hqrxjk/ aùn� E%ä ' 'ùn� E%ä : 'ù E%ä ' aù E%ä1

9 Wkh H>hfw ri Gl>huhqwldo Uhvsrqvlyhqhvv

Zh qrz doorz yrwhuv wr gl>hu lq wkhlu ghjuhh ri uhvsrqvlyhqhvv wr hohfwrudo surplvhv1
Wklv khwhurjhqhlw| fdq eh lqwhusuhwhg lq vhyhudo zd|v1 Rqh lqwhusuhwdwlrq lv wkdw wkhuh
lv dq lghrorjlfdo glphqvlrq lq yrwhuv* suhihuhqfhv wkdw pdnhv vrph yrwhuv pruh olnho|
h{0dqwh wr idyru d vshfl?f fdqglgdwh1 Dq dowhuqdwlyh lqwhusuhwdwlrq lv wkdw vrph jurxsv
ri yrwhuv duh ohvv olnho| wr sduwlflsdwh lq wkh hohfwlrq1 Ilqdoo|/ vrph yrwhuv pljkw eh
ohvv lqiruphg wkdq rwkhuv/ dqg khqfh ohvv uhvsrqvlyh wr gl>huhqfhv lq wkh r>huv pdgh
e| wkh gl>huhqw fdqglgdwhv1

Iluvw/ zh dgguhvv uhglvwulexwlrqdo lvvxhv= zh vkrz wkdw ohvv uhvsrqvlyh yrwhuv whqg wr
eh glvdgydqwdjhg lq wkh surfhvv ri uhglvwulexwlyh srolwlfv +Wkhruhp 6,1 Wklv lv ehfdxvh
frpshwlwlrq iru wkrvh yrwhuv lv ohvv lqwhqvh1

Qh{w/ zh vkrz wkdw wklv khwhurjhqhlw| lq uhvsrqvlyhqhvv lv d vrxufh ri lqh!flhqf|
lq rxu prgho +Wkhruhp 7,1 Wkh idfw wkdw hohfwrudo frpshwlwlrq irfxvhv rq vzlqj yrw0
huv/ fuhdwhv dq hyhq vwurqjhu lqfhqwlyh iru fdqglgdwhv wr r>hu uhglvwulexwlyh sodwirupv
wdujhwhg wr wkhvh yrwhuv/ lqvwhdg ri d sxeolf jrrg zkrvh vhuylfhv ehqh?w uhvsrqvlyh dq
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qrq uhvsrqvlyh yrwhuv htxdoo|1 Wklv ohdgv wr orzhu surylvlrq ri wkh sxeolf jrrg/ uhodwlyh
wr wkh fdvh zkhuh yrwhuv duh krprjhqhrxv1

Zh ?uvw glvfxvv wkh fdvh zkhuh yrwhuv pd| yrwh lghrorjlfdoo|1 Wkhq zh vkrz wkdw
wkh prgho fdq dovr eh lqwhusuhwhg dv rqh ri gl>huhqwldo sduwlflsdwlrq ru lqirupdwlrq1

Wkhuh duh ù n � jurxsv ri yrwhuv= T7c T�c éééc Tù c zkhuh T7 lv ri vl}h � ý )c dqg
hdfk Tð lv ri vl}h )*ù iru ð ' �c éééc ù 1 Yrwhuv lq Tð duh sduwlvdq iru fdqglgdwh ð= zlwk
suredelolw| R wkh| yrwh lghrorjlfdoo|/ l1h1/ wkh| ljqruh hohfwrudo surplvhv dqg yrwh iru
fdqglgdwh ð> zlwk suredelolw| �ý R wkh| yrwh iru wkh fdqglgdwh zkr pdnhv wkh kljkhu
surplvh1 Yrwhuv lq T7 duh vzlqj yrwhuv= wkh| kdyh qr lghrorjlfdo suhihuhqfh/ wkh|
dozd|v yrwh iru wkh fdqglgdwh pdnlqj wkh kljkhu surplvh1

Wklv zd| ri prgholqj lghrorj| doorzv iru wkh srvvlelolw| wkdw wkhuh lv dqrwkhu gl0
phqvlrq ri wkh srolf| vsdfh +vxfk dv zdu dqg shdfh/ deruwlrq uljkwv 1 1 1 , wkdw pdwwhuv
wr vrph yrwhuv pruh wkdq wr rwkhuv/ dqg rq zklfk fdqglgdwhv kdyh glvwlqfw srvlwlrqv1
Wkh prgho fdq eh uhdglo| h{whqghg wr wuhdw vhyhudo ghjuhhv ri sduwlvdqvkls e| doorzlqj
iru jurxsv zlwk gl>huhqw suredelolwlhv Rð ri yrwlqj lghrorjlfdoo|1

Wkhruhp 6 Dvvxph wkdw/ iru hdfk ri wkh ù fdqglgdwhv/ wkhuh lv d iudfwlrq )*ù ri
sduwlvdq yrwhuv zkr zlwk suredelolw| R yrwh lghrorjlfdoo|> wkh uhpdlqlqj E�ý )ä duh
vzlqj yrwhuv1 Dvvxph ixuwkhu wkdw C E�ý )ä ÷ �1 Wkhq/ wkh iroorzlqj lv dq htxloleulxp1
Hdfk fdqglgdwh fkrrvhv wudqvihuv dffruglqj wr d sdlu ri glvwulexwlrqv= r>huv wr sduwlvdq
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Surri= Ghqrwh e| g7 dqg gå wkh pd{lpxp ri wkh vxssruw ri wkh wudqvihuv wr vzlqj
dqg sduwlvdq yrwhuv/ uhvshfwlyho|1 Lq htxloleulxp/ d8 W7 E%äo
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Lw uhpdlqv wr vroyh iru g7 dqg gå 1 Wr wklv hqg/ zh ?uvw qrwh wkdw fdqglgdwhv pxvw
uhfhlyh wkh vdph h{shfwhg uhwxuq iurp r>hulqj % wr vzlqj dqg sduwlvdq yrwhuv/ khqfh
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Wkhruhp 6 vkrzv wkdw ohvv uhvsrqvlyh yrwhuv duh glvdgydqwdjhg lq wkh surfhvv ri
uhglvwulexwlyh srolwlfv1 Lw dovr vkrzv wkdw lq htxloleulxp doo sduwlvdq yrwhuv duh wuhdwhg
htxdoo| e| doo fdqglgdwhv1 Lw grhv qrw pdwwhu zkhwkhu d yrwhu lv sduwlvdq lq idyru ri
fdqglgdwh ð ru æ1 Doo wkdw pdwwhuv lv wkh fdqglgdwh*v ghjuhh ri uhvsrqvlyhqhvv wr hohfwrudo
surplvhv1 Wkxv/ wkh dqdo|vlv zrxog eh wkh vdph li zh froohfwhg doo sduwlvdq yrwhuv lqwr
rqh jurxs ri 3xquhvsrqvlyh yrwhuv14 Wkh uhvxow zrxog vwloo krog li zlwk suredelolw| R
wkhvh yrwhuv glg qrw khdu wkh surplvhv/ l1h1 wkh| zhuh ohvv lqiruphg1 Dqdorjrxvo|/ lw
zrxog vwloo krog li zlwk suredelolw| R wkhvh yrwhuv glg qrw yrwh1

Lq wkh qh{w wkhruhp zh vkrz wkdw wkh lqh!flhqf| lq rxu prgho lv sursruwlrqdo wr wkh
iudfwlrq ri xquhvsrqvlyh yrwhuv lq wkh hohfwrudwh1 Wr wklv hqg/ zh pdnh wkh vlpsoli|lqj
dvvxpswlrq wkdw wkhvh yrwhuv duh frpsohwho| xquhvsrqvlyh wr hohfwrudo surplvhv/ l1h1/
R ' �1 Zh duh wkhq deoh wr vkrz wkdw/ zkhq d iudfwlrq ) ri wkh hohfwrudwh lv sduwlvdq/
wkh suredelolw| ri sxeolf jrrg surylvlrq fruuhvsrqgv wr wkh suredelolw| lq d prgho zkhuh
qr yrwhu lv sduwlvdq/ dqg wkh sxeolf jrrg kdv ydoxh C E�ý )ä1 Wkxv/ wkh suredelolw|
wkdw wkh sxeolf jrrg lv surylghg lv ghfuhdvlqj lq wkh iudfwlrq ri sduwlvdq yrwhuv1

Wkh lqwxlwlrq lv wkh iroorzlqj= zkhq wkhuh duh ) sduwlvdq yrwhuv dqg R ' �/ lq
htxloleulxp sduwlvdqv uhfhlyh }hur wudqvihuv/ wkxv iuhhlqj xs uhvrxufhv iru fdqglgdwhv
wr frpshwh iru vzlqj yrwhuv1 Wkhq/ fdqglgdwhv fdq doorfdwh wudqvihuv ri �* E�ý )ä
shu vzlqj yrwhu1 Wklv lv pruh prqh| shu fdslwd wkdq zdv dydlodeoh lq wkh fdvh ri qr
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sduwlvdqv1 Qrupdol}lqj wkh shu fdslwd prqh| wr 4 uhtxluhv qrupdol}lqj wkh ydoxh ri
wkh sxeolf jrrg wr C E�ý )ä1 Diwhu wklv qrupdol}dwlrq/ wkh htxloleulxp fdq eh ghulyhg
iurp Wkhruhp 51

Wkhruhp 7 Dvvxph wkdw/ iru hdfk ri wkh ù fdqglgdwhv/ wkhuh lv d iudfwlrq )*ù ri
sduwlvdq yrwhuv zkr zlwk suredelolw| R ' � yrwh lghrorjlfdoo| iru wkdw fdqglgdwh> wkh
uhpdlqlqj E�ý )ä duh vzlqj yrwhuv1 Wkhq/ wkh iroorzlqj lv dq htxloleulxp1 Sduwlvdq
yrwhuv qhyhu uhfhlyh dq| wudvqihuv1 Iru � ÷ C E�ý )ä ÷ ù / wkh htxloleulxp lv fkdu0
dfwhul}hg e| d suredelolw| q ri surylglqj wkh sxeolf jrrg dqg d glvwulexwlrq ri wudqvihuv

8 W7 zlwk vxssruw dfc ço ^ dCcù* E�ý )äo/ zkhuh ç vroyhv
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wkh sxeolf jrrg lv surylghg zlwk suredelolw| rqh1

Surri= Wkh surri lv rplwwhg/ dv lw lv dq lpphgldwh h{whqvlrq ri wkh surri ri Wkhruhp
51 Zh uhihu wkh uhdghu wr Ol}}hul dqg Shuvlfr +5333+d,,1

: Glvfxvvlrq

:14 Frqwudvw Zlwk Wzr0Fdqglgdwhv Zlqqhu0Wdnh0Doo

Lq zlqqhu0wdnh0doo v|vwhpv/ fdqglgdwhv pd{lpl}h wkh suredelolw| ri zlqqlqj wkh hohfwlrq
dqg qrw wkh h{shfwhg yrwh vkduh1 Wkhvh duh v|vwhp zlwk d vwurqj pdmrulwduldq eldv/
zkhuh prvw ri wkh srzhuv ri srolf| vhwwlqj duh ghohjdwhg wr wkh sduw| zlwk d pdmrulw|
ri yrwhv/ dqg zkhuh plqrulw| sduwlhv gr qrw kdyh pxfk lq xhqfh1 D zlqqhu0wdnh0doo
v|vwhp ri hohfwrudo lqfhqwlyhv dovr suhydlov lq wkh gluhfw hohfwlrq ri d suhplhu/ zkhuh
wkh fdqglgdwh zlwk wkh kljkhvw qxpehu ri yrwhv uhfhlyhv doo wkh vsrlov ri r!fh1

Gxyhujhu*v Odz vwdwhv wkdw zlqqhu0wdnh0doo hohfwrudo v|vwhpv duh dvvrfldwhg zlwk
rqo| wzr frpshwlqj sduwlhv/ zkloh sursruwlrqdo v|vwhpv duh dvvrfldwhg zlwk d odujhu
qxpehu ri sduwlhv1 D 3vwurqj yhuvlrq4 ri Gxyhujhu*v Odz lv wkdw zlqqhu0wdnh0doo hohf0
wrudo uxohv uhvxow lq htxloleuld zlwk rqo| wzr sduwlhv/ ehfdxvh yrwhuv frruglqdwh rq wkh
wzr sduwlhv prvw olnho| wr eh hohfwhg/ dqg dyrlg zdvwlqj wkhlu yrwh rq rwkhu sduwlhv1 D
3zhdn yhuvlrq4 ri Gxyhujhu*v Odz vlpso| uhfrugv wkh hpslulfdo uhjxodulw| wkdw hohfwrudo
v|vwhpv zlwk d kljkhu 3ghjuhh ri sursruwlrqdolw|4 whqg wr eh dvvrfldwhg zlwk d odujhu
qxpehu ri sduwlhv +vhh/ h1j1/ Fr{ +4<<:,,1 Zklfkhyhu yhuvlrq ri Gxyhujhu*v Odz zh
eholhyh lq/ lw lv lqwhuhvwlqj wr frpsduh pxowl0fdqglgdwh hohfwlrqv xqghu wkh sursruwlrqdo
v|vwhp zlwk wzr0fdqglgdwh hohfwlrqv xqghu d pdmrulwduldq v|vwhp1

55



Dffruglqjo|/ zh frpsduh wkh uhvxowv lq Vhfwlrq 7 wr wkh htxloleulxp lq d wzr0
fdqglgdwhv hohfwlrq zlwk d zlqqhu0wdnh0doo uxoh1 Lq wklv/ zh iroorz Dxvwhq0Vplwk dqg
Edqnv +4<;;,/ zkr frpsduh wkh htxloleulxp lq d sursruwlrqdo v|vwhp zlwk wkuhh fdq0
glgdwhv zlwk wkh htxloleulxp ri d zlqqhu0wdnh0doo v|vwhp zlwk wzr fdqglgdwhv146 Lq rxu
prgho/ wkh frpsdulvrq uhvwv rq wkh iroorzlqj wkhruhp/ suryhg lq Ol}}hul dqg Shuvlfr
+4<<;,1

Wkhruhp 8 Vxssrvh ù ' 2/ dqg � ÷ C ÷ 21 Xqghu wkh zlqqhu0wdnh0doo v|vwhp/ lq
wkh xqltxh htxloleulxp zlwk htxdo wuhdwphqw erwk fdqglgdwhv r>hu wkh sxeolf jrrg zlwk
suredelolw| �*2 iru C 5 E�c 2äé Fdqglgdwhv r>hu wkh sxeolf jrrg zlwk suredelolw| }hur
li C ÷ � dqg zlwk suredelolw| rqh li C : 21

Frpsdulqj wklv htxloleulxp zlwk wkh dqdo|vlv lq Vhfwlrq 7 vkrzv wkdw wkh sursru0
wlrqdo v|vwhp lv jhqhudoo| pruh lqh!flhqw wkdq d zlqqhu0wdnh0doo v|vwhp1 Wkh sured0
elolw| ri sxeolf jrrg surylvlrq lv odujhu lq wkh wzr0fdqglgdwhv zlqqhu0wdnh0doo hohfwlrq
uhodwlyh wr wkh htxloleulxp zlwk ù fdqglgdwhv lq wkh sursruwlrqdo v|vwhp/ xqohvv ù ' 2

dqg C ÷ ô*2/ ru ù ' ô dqg C lv ehwzhhq 41<96 dqg 51
Wklv frpsdulvrq vxjjhvwv wkdw wzr0fdqglgdwh zlqqhu0wdnh0doo hohfwlrqv ohdg wr pruh

h!flhqw rxwfrphv wkdq hohfwlrqv xqghu wkh sursruwlrqdo v|vwhp zlwk pruh wkdq 5
fdqglgdwhv1 Li zh wdnh Gxyhujhu*v Odz dv lpso|lqj wkdw zlqqhu0wdnh0doo v|vwhpv duh
lqfrpsdwleoh zlwk pruh wkdq wzr sduwlhv/ wkhq rxu ?qglqjv frxog eh frqvwuxfwhg dv dq
dujxphqw lq idyru ri zlqqhu0wdnh0doo v|vwhpv ryhu sursruwlrqdo v|vwhpv1

:15 Fdpsdljq Vshqglqj

Zh qrz exlog rq wkh dqdo|vlv ri Vhfwlrq 9 wr glvfxvv wkh uroh ri fdpsdljq vshqglqj1 Rxu
prgho ohqgv lwvhoi wr d glvfxvvlrq ri wkh h!flhqf| frqvhtxhqfhv ri fdpsdljq vshqglqj1
Wkh pdlq lghd lv wkh iroorzlqj1 Dv zdv vkrzq lq Vhfwlrq 9/ wkh suhvhqfh ri sduwlvdq
yrwhuv kdv qhjdwlyh frqvhtxhqfhv iru wkh surylvlrq ri sxeolf jrrgv1 Rqh srvvleoh ylhz
ri fdpsdljq vshqglqj lv wkdw lw fuhdwhv sduwlvdqv rxw ri qrq0frpplwwhg yrwhuv1 Wklv
ylhz sdudoohov wkh lghd/ idploldu lq lqgxvwuldo hfrqrplfv/ ri dgyhuwlvlqj wr uhod{ sulfh
frpshwlwlrq +vhh Wluroh +4<;;,,1 Li wklv lv wkh rxwfrph ri fdpsdljq vshqglqj/ wkhq rxu
prgho vxjjhvwv wkdw fdpsdljq vshqglqj kdv qhjdwlyh zhoiduh h>hfwv147

46Dxvwhq0Vplwk dqg Edqnv +4<;;, dqdo|}h sursruwlrqdo uhsuhvhqwdwlrq lq d wkuhh0fdqglgdwh prgho
ri vsdwldo frpshwlwlrq wkdw lqwhjudwhv wkh hohfwrudo dqg ohjlvodwlyh surfhvvhv1 Wkh srvvlelolw| ri xvlqj
wkhlu dqdo|vlv iru d glvfxvvlrq ri h!flhqf| lv olplwhg e| wkhlu xvh ri wkh vsdwldo prgho1

47Qrwlfh wkdw lq rxu prgho/ fdpsdljq vshqglqj glvwruwv srolf| rxwfrphv/ wkxv/ wkh qhjdwlyh h>hfw
ri fdpsdljq vshqglqj lv suhvhqw hyhq ehiruh wdnlqj lqwr dffrxqw wkh uhvrxufh frvw ri wklv vshqglqj1
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Dq dowhuqdwlyh ylhz lv wkdw fdpsdljq vshqglqj kdv dq lqirupdwlyh uroh1 Dffruglqj
wr wklv ylhz wkh qxpehu ri sduwlvdq yrwhuv lv uhgxfhg e| dgyhuwlvlqj/ dv yrwhuv ehfrph
pruh uhvsrqvlyh wr fdpsdljq surplvhv/ dqg ohvv sduwlvdq1 Wklv dovr kdv d sdudooho lq
lqgxvwuldo hfrqrplfv/ lq wkh lghd ri lqirupdwlyh dgyhuwlvlqj1 Lq wklv fdvh/ fdpsdljq
vshqglqj zloo kdyh srvlwlyh zhoiduh h>hfwv1

Zh qrz suhvhqw d yhu| vw|ol}hg prgho ri dgyhuwlvlqj wkdw fdswxuhv wklv gxdo uroh ri
dgyhuwlvlqj1

Dvvxph wkdw wkhuh duh rqo| wzr fdqglgdwhv dqg irxu jurxsv ri yrwhuv= mxvw dv lq
Vhfwlrq 9/ wkh ?uvw rqh lv wkh vhw ri lqlwldo sduwlvdqv iru fdqglgdwh 4/ lw lv ghqrwhg e| å f� /
dqg kdv pdvv )*2é Wkh vhfrqg lv wkh vhw ri lqlwldo sduwlvdqv iru fdqglgdwh 5 lv ghqrwhg
e| å f2 1 Phpehuv ri å fð duh suhglvsrvhg lq idyru ri fdqglgdwh ð lq d vhqvh wkdw zloo eh
pdgh suhflvh ehorz1 Wkh wklug dqg irxuwk vhwv ri yrwhuv duh lqlwldo vzlqj yrwhuv 7fð
dqg hdfk kdv pdvv E�ý )ä *2é Wkh uhdvrq zh vsolw wkh vhw ri vzlqj yrwhuv lq wzr zloo
ehfrph fohdu1

Wkhuh duh wzr shulrgv1 Dw wkh ehjlqqlqj ri shulrg 4/ hdfk fdqglgdwh lv hqgrzhg
zlwk d exgjhw î1 Fdqglgdwh 4 fdq xvh wklv exgjhw lq wzr zd|v= vshqg lw rq phpehuv
ri 7f� wr fuhdwh pruh sduwlvdqv lq idyru ri klpvhoi/ ru vshqg lw rq phpehuv ri å f2 dqg
pdnh wkhp lqwr vzlqj yrwhuv1 Fdqglgdwh wzr idfhv wkh vdph sureohp1 Vxssrvh wkdw
wkh ?uvw nlqg ri shuvxdvlrq frvwv ä7 shu yrwhu/ dqg wkh vhfrqg frvwv äå shu yrwhu1

Ghqrwh e| å �ð wkh vhw ri yrwhuv zkr duh sduwlvdqv lq idyru ri fdqglgdwh ð dw wkh
hqg ri shulrg rqh1 Wkhvh yrwhuv yrwh iru fdqglgdwh ð luuhvshfwlyh ri hohfwrudo surplvhv1
Ghqrwh e| 7� wkh vhw ri vzlqj yrwhuv dw wkh hqg shulrg 41 Wkhvh yrwhuv yrwh iru wkh
fdqglgdwh zkr r>huv wkh kljkhu xwlolw|1

Lq shulrg 5 fdqglgdwhv revhuyh wkh qxpehu ri sduwlvdq yrwhuv dqg wkhlu doohjldqfh/
dqg wkh jdph ghvfulehg lq Vhfwlrq 9 wdnhv sodfh1

Wkh iroorzlqj idfw lv lpphgldwh1
Idfw 4 Li ä7 : äå / lq htxloleulxp fdqglgdwh ð rqo| dgyhuwlvhv wr phpehuv ri å fæ 1

Li ä7 ÷ äå / lq htxloleulxp fdqglgdwh ð rqo| dgyhuwlvhv wr phpehuv ri 7fð 1
Wkh lpsruwdqw lpsolfdwlrq ri Idfw 4 lv wkdw/ li ä7 : äå / dgyhuwlvlqj uhgxfhv wkh

qxpehu ri vzlqj yrwhuv uhodwlyh wr wkh lqlwldo vlwxdwlrq1 Lq oljkw ri Wkhruhp 7/ lq wklv
fdvh/ dgyhuwlvlqj kdv qhjdwlyh frqvhtxhqfhv iru wkh surylvlrq ri wkh sxeolf jrrg1 Lq
frqwudvw/ zkhq ä7 ÷ äå / dgyhuwlvlqj kdv srvlwlyh frqvhtxhqfhv iru h!flhqf|1
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:16 Wkh Vl}h ri Jryhuqphqw

Dv wkh qxpehu ri fdqglgdwhv lqfuhdvhv/ wkh vl}h ri jryhuqphqw lv d>hfwhg e| wzr frq0
wudvwlqj irufhv= +l, wkh suredelolw| wkdw wkh sxeolf jrrg lv surylghg ghfuhdvhv/ lpso|lqj
d vpdoohu vl}h ri jryhuqphqw> exw dovr +ll, wkh glvwulexwlrq ri wudqvihuv ehfrphv pruh
xqhtxdo dqg wkh h{whqw ri uhglvwulexwlrq lqfuhdvhv/ lqfuhdvlqj wkh vl}h ri jryhuqphqw1
Zh qrz vkrz wkdw lq rxu prgho wkh frpelqhg h>hfw ri wkhvh wzr irufhv lv dpeljxrxv1
Wklv lpsolhv wkdw wkhuh lv qr gluhfw uhodwlrq ehwzhhq wkh vl}h ri jryhuqphqw dqg wkh
h!flhqf| ri wkh htxloleulxp rxwfrph1 Wklv lv ri lqwhuhvw lq uhodwlrq wr wkh olwhudwxuh
ghdolqj zlwk wkh ghwhuplqdqwv ri wkh vl}h ri jryhuqphqw +vhh Shuvvrq dqg Wdehoolql
+5333, iru d uhylhz,1 Lq Plohvl0Ihuuhwwl hw do1 +5333,/ wkh h>hfwlyh qxpehu ri sduwlhv
dsshduv wr kdyh dpeljxrxv h>hfw +vrphwlphv srvlwlyh dqg vrphwlphv qhjdwlyh/ exw
qhyhu vwdwlvwlfdoo| vljql?fdqw, rq wkh wrwdo vl}h ri jryhuqphqw h{shqglwxuh1

Zh gh?qh wkh vl}h ri jryhuqphqw dv wkh djjuhjdwh dprxqw ri wd{hv ohylhg e| wkh
zlqqlqj fdqglgdwh lq htxloleulxp1 Uhfdoo wkdw rxu prgho dssolhv wr dq hfrqrp| zkhuh
yrwhuv kdyh dq hqgrzphqw ri rqh xqlw ri prqh|/ dqg fdqglgdwhv qhhg wr wd{ yrwhuv li
wkh| zdqw wr surylgh wkh sxeolf jrrg ru wr r>hu wudqvihuv wr rwkhu yrwhuv1 Li wkh sxeolf
jrrg lv surylghg/ wkh vl}h ri jryhuqphqw lv pd{lpdo/ ehfdxvh yrwhuv duh wd{hg wkh ixoo
dprxqw1 Li wudqvihuv ri xEñä duh surylghg wr yrwhu ñ/ wkh vl}h ri wkh wd{ rq wkdw yrwhu
lv 4@ i�ý xEñä c fj1 Zkhq wudqvihuv duh glvwulexwhg wr wkh hohfwrudwh dffruglqj wr
8 W E%ä/ wkh wrwdo vl}h ri jryhuqphqw lv jlyhq e|

U �
f
E�ý %ä _8 WE%ä1

Dv zh vdz lq Vhfwlrq 7/ dv wkh qxpehu ri fdqglgdwhv lqfuhdvhv/ wkh suredelolw| wkdw
wkh sxeolf jrrg lv surylghg ghfuhdvhv1 Wklv h>hfw lv lq wkh gluhfwlrq ri orzhu vl}h ri
jryhuqphqw dv wkh qxpehu ri fdqglgdwhv lqfuhdvhv1 Zkhq C lv odujh uhodwlyh wr ù / wklv
h>hfw lpsolhv wkdw wkh vl}h ri jryhuqphqw ghfuhdvhv zlwk wkh qxpehu ri fdqglgdwhv1 Iru
h{dpsoh/ ?{ C dw 5181 Wkhq/ li ù ' 2 wkh sxeolf jrrg lv surylghg iru vxuh dqg wkh vl}h
ri jryhuphqw lv pd{lpdo/ zkloh li ù ' ô wkh zlqqlqj fdqglgdwh r>huv wudqvihuv zlwk
suredelolw| 3157/ uhvxowlqj lq d vpdoohu h{shfwhg vl}h ri jryhuqphqw1

Rq wkh rwkhu kdqg/ wkh glvwulexwlrq ri wudqvihuv whqgv wr ehfrph pruh xqhtxdo dv
wkh qxpehu ri fdqglgdwhv lqfuhdvhv1 Wkxv/ pruh uhvrxufhv duh xvhg iru uhglvwulexwlrq/
lqfuhdvlqj wkh vl}h ri jryhuqphqw1 Wr vhh wklv/ frqvlghu wkh fdvh zkhuh C ÷ �1 Lq

wklv fdvh/ wkh sxeolf jrrg lv qhyhu surylghg dqg 8 W E%ä lv htxdo wr 'ù E%ä '
ý
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e| Wkhruhp 4/ khqfh wkh vl}h ri jryhuqphqw
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/ zklfk lv lqfuhdvlqj lq ù 1 D frqwlqxlw| dujxphqw vkrzv wkdw wkh

h{shfwhg vl}h ri jryhuqphqw lv dovr lqfuhdvlqj lq ù iru C eljjhu wkdq/ exw forvh wr/ 41
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:17 Rwkhu prghov ri Uhglvwulexwlyh Srolwlfv

Olqgehfn dqg Zhlexoo*v +4<;:, lq xhqwldo sdshu surylghv wkh ?uvw prgho ri uhglvwulex0
wlyh srolwlfv edvhg rq xwlolw|0pd{lpl}lqj yrwhuv1 Olqgehfn dqgZhlexoo vkrz wkdw yrwhuv
zkr duh pruh uhvsrqvlyh wr hohfwrudo surplvhv duh wuhdwhg idyrudeo| e| wkh srolwlfdo
surfhvv1 Wkdw prgho lv kdug wr h{whqg eh|rqg wkh wzr0fdqglgdwhv fdvh> lq frqwudvw/ rxu
prgho ohqgv lwvhoi wr wuhdwlqj wkh pxowl0fdqglgdwhv fdvh1 Qrqhwkhohvv/ wkh zd| zh prgho
khwhurjhqhrxv uhvsrqvlyhqhvv lv vlplodu lq vslulw wr Olqgehfn dqg Zhlexoo*v lghrorj|/
dqg wkh  dyru ri rxu Wkhruhp 6 lv dovr forvh1

Wkh wzr prghov gl>hu lq wkhlu suhglfwlrqv frqfhuqlqj h!flhqf|1 Li zh lqwurgxfh d
sxeolf jrrg lq wkh Olqgehfn0Zhlexoo prgho/ wkhuh lv dq h!flhqw htxloleulxp li jurxsv
duh krprjhqhrxv148 Wklv lv d frqvhtxhqfh ri dvvxpswlrqv rq wkh lqwhusod| ehwzhhq d
vwrfkdvwlf lghrorj| frpsrqhqw dqg wkh fxuydwxuh ri yrwhuv* xwlolw| ixqfwlrqv/ zklfk duh
lpsrvhg wr hqvxuh frqfdylw| ri wkh fdqglgdwhv* sd|r> ixqfwlrqv/ dqg khqfh wkh h{lvwhqfh
ri d sxuh vwudwhj| htxloleulxp1 Dv d uhvxow ri wkhvh dvvxpswlrqv/ wkh lqfhqwlyhv wr wdujhw
yrwhuv duh sxuho| d ixqfwlrq ri lghrorjlfdo ru xwlolw| gl>huhqfhv ehwzhhq jurxsv1 Wkxv/
zkhq jurxsv duh krprjhqhrxv/ fdqglgdwhv orvh wkh lqfhqwlyh wr wdujhw vxejurxsv ri wkh
srsxodwlrq> lq rxu whuplqrorj|/ wkh| gr qrw jdlq e| r>hulqj pruh wkdq C wr pruh wkdq
�*ù 0wk ri wkh hohfwrudwh1 Wkhuhiruh/ wkh wudghr> ehwzhhq wdujhwdelolw| dqg h!flhqf|
glvdsshduv dqg wkh sxeolf jrrg lv surylghg h!flhqwo|1

Wkh surshqvlw| wrzdugv h!flhqf| ri wkh Olqgehfn0Zhlexoo prgho uhvxowv iurp wkh
dvvxpswlrqv rq wkh glvwulexwlrqv ri lghrorj| dqg rq wkh fxuydwxuh ri wkh xwlolw| ixqfwlrq1
Lw vhhpv ghvludeoh wr orjlfdoo| vhsdudwh wkh h>hfwv ri lghrorj| iurp wkh lqfhqwlyh wr
wdujhw vxe0jurxsv1 Rxu sdshu vkrzv wkdw wkhvh lqfhqwlyhv kdyh lpsruwdqw dqg ulfk
h!flhqf| frqvhtxhqfhv/ lqghshqghqwo| ri wkh h>hfw ri lghrorjlfdo gl>huhqfhv dfurvv
jurxsv zklfk duh wkh irfxv ri Olqgehfn dqg Zhlexoo/ dqg zklfk zh dgguhvv lq Vhfwlrq
91

; Frqfoxvlrq

Wkh lghd wkdw hfrqrplf frpshwlwlrq lv ehqh?fldo kdv vrolg wkhruhwlfdo xqghuslqqlqjv/
iru lqvwdqfh lq wkh dqdo|vlv ri wkh Frxuqrw prgho/ zkhuh wkh rxwfrph ehfrphv pruh
h!flhqw zlwk wkh qxpehu ri ?upv ù dqg dssurdfkhv wkh shuihfwo| frpshwlwlyh rxwfrph
dv ù $ 41 Lq frqwudvw/ wkh ylhz wkdw hohfwrudo frpshwlwlrq lv ehqh?fldo kdv ehhq

48Vhh Ol}}hul dqg Shuvlfr +5333+e,,1
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dujxhg rqo| lqirupdoo|/ wkurxjk wkh dqdorj| ehwzhhq frpshwlwlrq lq pdunhwv dqg lq
hohfwlrqv1

Zh kdyh surylghg d wudfwdeoh prgho ri ù0fdqglgdwhv hohfwrudo frpshwlwlrq zkhuh
fdqglgdwhv fkrrvh zkhwkhu wr r>hu wr surylgh d sxeolf jrrg ru wr wdujhw wudqvihuv wr
vxe0jurxsv ri wkh srsxodwlrq1 Zh kdyh vkrzq wkdw wkh lqfhqwlyh wr r>hu sduwlfxodulvwlf
sodwirupv lqfuhdvhv zlwk wkh qxpehu ri fdqglgdwhv/ dqg wkdw/ wkhuhiruh/ lq htxloleulxp
wkh suredelolw| wkdw wkh sxeolf jrrg lv surylghg ghfuhdvhv zlwk ù 1 Lq idfw/ dv ù $4/
wkh sxeolf jrrg lv qhyhu surylghg/ qr pdwwhu krz h!flhqw lw lv1 Yrwhuv vwdqglqj ehklqg
d Udzovldq 3yhlo ri ljqrudqfh4 suhihu hohfwlrqv zlwk vpdoohu qxpehuv ri fdqglgdwhv1

Li zh vxevfuleh wr d 3vwurqj yhuvlrq4 ri Gxyhujhu*v odz/ l1h1/ wkdw hohfwrudo v|vwhpv
zlwk d vwurqj pdmrulwduldq +zlqqhu0wdnh0doo, frpsrqhqw ohdg wr wzr0sduw| frpshwlwlrq/
zkloh sursruwlrqdo v|vwhpv duh frqvlvwhqw zlwk d odujhu qxpehu ri sduwlhv/ wkhq rxu
dqdo|vlv fdq eh lqwhusuhwhg dv vxssruwlqj zlqqhu0wdnh0doo v|vwhpv ryhu sursruwlrqdo
v|vwhpv1

Dq hpslulfdo lpsolfdwlrq ri wkh dqdo|vlv lv wkdw wkh iudfwlrq ri wkh sxeolf vhfwru
exgjhw ghyrwhg wr uhglvwulexwlrq vkrxog eh odujhu lq ghprfudflhv zlwk d odujh qxpehu
ri sduwlhv1 Krzhyhu/ wkh lpsolfdwlrqv frqfhuqlqj wkh vl}h ri jryhuqphqw +wrwdo vl}h ri
wkh exgjhw, duh dpeljxrxv1 Plohvl0Ihuuhwwl/ Shurwwl/ dqg Urvwdjqr +5333, suhvhqw vrph
hylghqfh eurdgo| frqvlvwhqw zlwk wkhvh suhglfwlrqv149

Zh wkhq glvfxvvhg wkh uroh ri wkh uhvsrqvlyhqhvv ri yrwhuv wr hohfwrudo surplvhv/ dqg
vkrzhg wkdw wkh odujhu wkh jurxs ri suh0frpplwwhg yrwhuv/ wkh ohvv h!flhqw wkh srolwlfdo
surfhvv lq whupv ri surylvlrq ri sxeolf jrrgv1 Rqh zd| wr lqwhusuhw suh0frpplwphqw lv
dv lghrorj|= yrwhuv zkr duh lghrorjlfdoo| eldvhg wrzdugv rqh fdqglgdwh duh ohvv olnho| wr
eh uhvsrqvlyh wr hohfwrudo surplvhv1 Lq wklv vhqvh/ wkh ghjuhh ri lghrorjlfdo srodulvdwlrq
ri dq hohfwlrq lv qhjdwlyho| uhodwhg wr h!flhqf|1 Lqwhuhvwlqjo|/ Dohvlqd/ Edtlu/ dqg
Hdvwhuo| +4<<<, vkrz wkdw wkh ohyho ri surylvlrq ri sxeolf jrrgv lq orfdo mxulvglfwlrq lq
wkh XV lv lqyhuvho| uhodwhg wr wkhlu hwkqlf iudjphqwdwlrq1 Li zh eholhyh wkdw wkh ghjuhh
ri hwkqlf iudjphqwdwlrq lv srvlwlyho| uhodwhg wr wkh ghjuhh ri lghrorjlfdo eldv ri yrwhuv
lq d glvwulfw/ rxu prgho surylghv dq dowhuqdwlyh h{sodqdwlrq iru wkhlu hpslulfdo ?qglqjv1

Dqrwkhu zd| wr lqwhusuhw uhvsrqvlyhqhvv lv dv 3lqirupdwlrq=4 yrwhuv zkr duh qrw
zhoo0lqiruphg derxw sodwirupv duh ohvv uhvsrqvlyh wr hohfwrudo surplvhv1 Wkxv/ wkh
odujhu wkh iudfwlrq ri xqlqiruphg yrwhuv lq wkh srsxodwlrq/ wkh odujhu wkh lqh!flhqf|1
Wklv lv lqwhuhvwlqj lq uhodwlrq wr wkh uroh ri hohfwrudo dgyhuwlvlqj lq rxu prgho1 Ghshqg0

49Wkhlu dqdo|vlv irfxvvhv rq wkh h>hfwv ri wkh ghjuhh ri sursruwlrqdolw| ri wkh hohfwrudo v|vwhp rq
wkh frpsrvlwlrq ri sxeolf vshqglqj1 Krzhyhu/ wkh qxpehu ri sduwlhv kdv d +zhdn, srvlwlyh h>hfw rq
wkh iudfwlrq ri wudqvihuv1
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lqj rq lwv qdwxuh/ dgyhuwlvlqj fdq eh d vrxufh ri h!flhqf| +li lw lv lqirupdwlyh, ru ri
lqh!flhqf| +li lw lqfuhdvhv wkh iudfwlrq ri lghrorjlfdoo| frpplwhg yrwhuv,1

Wkh gudzedfn ri hohfwrudo frpshwlwlrq lghqwl?hg lq wklv sdshu uhvxowv iurp d irufh
lqkhuhqw wr wkh hohfwrudo phfkdqlvp1 Zh eholhyh wkdw wklv irufh vkrxog eh wdnhq lqwr
dffrxqw lq dq| glvfxvvlrq ri wkh phulwv ri hohfwrudo frpshwlwlrq1 Ri frxuvh rxu prgho
lv vw|ol}hg/ dqg devwudfwv iurp vrph lpsruwdqw lvvxhv1 Rqh ri wkhvh lv fruuxswlrq1 Hohf0
wrudo frpshwlwlrq pd| kdyh wkh h>hfw ri uhgxflqj fruuxswlrq14: D frpsohwh hydoxdwlrq
ri wkh uroh ri hohfwrudo frpshwlwlrq vkrxog wdnh lqwr dffrxqw wkh frqvhtxhqfhv ri fruuxs0
wlrq dv zhoo dv wkrvh glvfxvvhg lq wkh suhvhqw sdshu1 Dqrwkhu hohphqw wkdw rxu dqdo|vlv
kdv devwudfwhg iurp lv wkh uroh ri jryhuqphqw frdolwlrqv1 Lw zrxog eh ghvludeoh wr kdyh
d ulfkhu prgho wkdw lqfrusrudwhv srvw0hohfwrudo frdolwlrqdo edujdlqlqj1 Zh eholhyh wkdw
wkh pdlq hohphqwv ri rxu dqdo|vlv zrxog eh urexvw wr vxfk frqvlghudwlrqv1

4:Vhh P|huvrq +4<<6, iru d prgho ri pxowlfdqglgdwh hohfwrudo frpshwlwlrq wkdw vwxglhv wkh shuiru0
pdqfh ri hohfwrudo v|vwhpv lq wkh suhvhqfh ri fruuxsw fdqglgdwhv1
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Dsshqgl{

D Qxphulfdo Vroxwlrq ri q dqg &

Lq wklv dsshqgl{ zh uhsruw wkh vroxwlrqv wr wkh v|vwhp ri htxdwlrqv+ ý
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wkdw fkdudfwhul}h q dqg & +vhh Wkhruhp 5,1 Wkh iroorzlqj wzr wdeohv uhsruw wkh ydoxhv
ri q dqg & uhvshfwlyho|/ dv d ixqfwlrq ri C +urzv, dqg ù +froxpqv,1
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beta 2 3 4 5 6 7 8 9 1 0
1 . 0 5 0 . 0 5 0 . 0 2 8 6 3 3 7 6 6 0 . 0 2 0 7 7 2 2 7 2 0 . 0 1 6 5 1 5 8 4 6 0 . 0 1 3 7 9 5 8 9 5 0 . 0 1 1 8 8 8 1 3 6 0 . 0 1 0 4 6 7 3 2 3 0 . 0 0 9 3 6 3 7 5 6 0 . 0 0 8 4 7 9 4

1 . 1 0 . 1 0 . 0 5 6 8 2 5 7 8 8 0 . 0 4 1 1 1 7 6 9 1 0 . 0 3 2 6 5 0 0 7 7 0 . 0 2 7 2 5 1 8 7 7 0 . 0 2 3 4 7 1 2 2 3 0 . 0 2 0 6 5 8 4 2 2 0 . 0 1 8 4 7 5 2 9 0 . 0 1 6 7 2 6 9
1 . 2 0 . 2 0 . 1 1 2 0 2 3 2 7 0 . 0 8 0 6 6 6 4 0 4 0 . 0 6 3 8 9 9 5 0 4 0 . 0 5 3 2 5 7 2 7 3 0 . 0 4 5 8 2 4 4 8 3 0 . 0 4 0 3 0 4 9 5 7 0 . 0 3 6 0 2 6 9 2 3 0 . 0 3 2 6 0 4 4
1 . 3 0 . 3 0 . 1 6 5 8 3 7 0 5 0 . 1 1 8 8 8 7 2 4 0 . 0 9 3 9 6 6 1 7 2 0 . 0 7 8 2 1 1 5 7 7 0 . 0 6 7 2 3 5 9 3 1 0 . 0 5 9 0 9 9 6 4 1 0 . 0 5 2 8 0 1 3 9 2 0 . 0 4 7 7 6 7 5
1 . 4 0 . 4 0 . 2 1 8 4 6 9 3 0 . 1 5 5 9 7 5 0 8 0 . 1 2 3 0 2 4 5 2 0 . 1 0 2 2 7 0 3 9 0 . 0 8 7 8 4 5 3 7 6 0 . 0 7 7 1 6 9 1 9 5 0 . 0 6 8 9 1 4 5 0 1 0 . 0 6 2 3 2 2 8
1 . 5 0 . 5 0 . 2 7 0 0 9 0 7 6 0 . 1 9 2 0 9 0 5 1 0 . 1 5 1 2 1 6 8 7 0 . 1 2 5 5 5 9 9 7 0 . 1 0 7 7 6 5 8 8 0 . 0 9 4 6 1 5 8 6 5 0 . 0 8 4 4 5 9 5 2 8 0 . 0 7 6 3 5 6
1 . 6 0 . 6 0 . 3 2 0 8 4 8 4 5 0 . 2 2 7 3 6 8 1 2 0 . 1 7 8 6 6 1 2 3 0 . 1 4 8 1 8 4 4 3 0 . 1 2 7 0 9 0 3 8 0 . 1 1 1 5 2 3 4 9 0 . 0 9 9 5 1 2 8 3 6 0 . 0 8 9 9 3 7 4
1 . 7 0 . 7 0 . 3 7 0 8 7 1 4 3 0 . 2 6 1 9 2 2 4 5 0 . 2 0 5 4 5 6 9 0 . 1 7 0 2 3 0 8 8 0 . 1 4 5 8 9 6 3 0 . 1 2 7 9 6 1 7 8 0 . 1 1 4 1 3 7 8 1 0 . 1 0 3 1 2 4
1 . 8 0 . 8 0 . 4 2 0 2 7 5 1 6 0 . 2 9 5 8 5 2 3 2 0 . 2 3 1 6 8 8 4 9 0 . 1 9 1 7 7 3 0 7 0 . 1 6 4 2 4 9 0 3 0 . 1 4 3 9 8 9 4 3 0 . 1 2 8 3 8 7 7 2 0 . 1 1 5 9 6 7
1 . 9 0 . 9 0 . 4 6 9 1 6 4 8 0 . 3 2 9 2 4 4 1 3 0 . 2 5 7 4 2 8 9 4 0 . 2 1 2 8 7 4 1 7 0 . 1 8 2 2 0 4 2 9 0 . 1 5 9 6 5 6 3 6 0 . 1 4 2 3 0 7 8 1 0 . 1 2 8 5 0 6

2 1 0 . 5 1 7 6 3 8 0 9 0 . 3 6 2 1 7 4 2 7 0 . 2 8 2 7 4 1 8 1 0 . 2 3 3 5 8 8 8 1 0 . 1 9 9 8 1 0 1 1 0 . 1 7 5 0 0 5 4 8 0 . 1 5 5 9 3 6 8 7 0 . 1 4 0 7 7 6
2 . 1 1 0 . 5 6 5 7 8 7 6 0 . 3 9 4 7 1 1 0 9 0 . 3 0 7 6 8 2 9 5 0 . 2 5 3 9 6 4 6 5 0 . 2 1 7 1 0 8 2 2 0 . 1 9 0 0 7 3 9 5 0 . 1 6 9 3 0 8 4 8 0 . 1 5 2 8 0 9
2 . 2 1 0 . 6 1 3 7 0 2 8 6 0 . 4 2 6 9 1 6 3 6 0 . 3 3 2 3 0 1 9 4 0 . 2 7 4 0 4 3 6 3 0 . 2 3 4 1 3 5 1 5 0 . 2 0 4 8 9 4 2 4 0 . 1 8 2 4 5 1 8 7 0 . 1 6 4 6 3 1
2 . 3 1 0 . 6 6 1 4 7 2 3 1 0 . 4 5 8 8 4 6 4 9 0 . 3 5 6 6 4 3 0 8 0 . 2 9 3 8 6 2 9 2 0 . 2 5 0 9 2 3 1 2 0 . 2 1 9 4 9 4 8 8 0 . 1 9 5 3 9 2 7 1 0 . 1 7 6 2 6 6
2 . 4 1 0 . 7 0 9 1 8 5 2 5 0 . 4 9 0 5 5 3 4 3 0 . 3 8 0 7 4 6 2 8 0 . 3 1 3 4 5 5 6 5 0 . 2 6 7 5 0 0 7 4 0 . 2 3 3 9 0 1 1 2 0 . 2 0 8 1 5 3 6 4 0 . 1 8 7 7 3 3
2 . 5 1 0 . 7 5 6 9 3 3 9 6 0 . 5 2 2 0 8 5 5 1 0 . 4 0 4 6 4 7 7 1 0 . 3 3 2 8 5 1 5 6 0 . 2 8 3 8 9 3 5 0 . 2 4 8 1 3 5 4 2 0 . 2 2 0 7 5 4 7 9 0 . 1 9 9 0 5
2 . 6 1 0 . 8 0 4 8 1 6 0 3 0 . 5 5 3 4 8 7 9 8 0 . 4 2 8 3 8 0 3 6 0 . 3 5 2 0 7 7 4 8 0 . 3 0 0 1 2 4 3 1 0 . 2 6 2 2 1 7 8 5 0 . 2 3 3 2 1 4 0 9 0 . 2 1 0 2 3 7
2 . 7 1 0 . 8 5 2 9 3 7 2 3 0 . 5 8 4 8 0 3 5 5 0 . 4 5 1 9 7 4 4 4 0 . 3 7 1 1 5 7 7 1 0 . 3 1 6 2 1 3 7 8 0 . 2 7 6 1 6 6 4 6 0 . 2 4 5 5 4 7 6 2 0 . 2 2 1 3 0 5
2 . 8 1 0 . 9 0 1 4 1 5 1 2 0 . 6 1 6 0 7 2 7 4 0 . 4 7 5 4 5 7 7 9 0 . 3 9 0 1 1 4 3 6 0 . 3 3 2 1 8 0 5 6 0 . 2 8 9 9 9 7 4 8 0 . 2 5 7 7 6 9 8 3 0 . 2 3 2 2 6 8
2 . 9 1 0 . 9 5 0 3 8 3 7 0 . 6 4 7 3 3 4 2 1 0 . 4 9 8 8 5 6 1 1 0 . 4 0 8 9 6 7 6 2 0 . 3 4 8 0 4 1 5 9 0 . 3 0 3 7 2 5 6 2 0 . 2 6 9 8 9 3 7 8 0 . 2 4 3 1 3 8

3 1 1 0 . 6 7 8 6 2 4 9 6 0 . 5 2 2 1 9 3 2 2 0 . 4 2 7 7 3 5 9 7 0 . 3 6 3 8 1 2 2 7 0 . 3 1 7 3 6 4 2 2 0 . 2 8 1 9 3 1 2 7 0 . 2 5 3 9 2 5
3 . 1 1 1 0 . 7 0 9 9 8 0 4 0 . 5 4 5 4 9 1 2 4 0 . 4 4 6 4 3 6 3 8 0 . 3 7 9 5 0 6 6 6 0 . 3 3 0 9 2 5 4 0 . 2 9 3 8 9 3 0 3 0 . 2 6 4 6 4 0
3 . 2 1 1 0 . 7 4 1 4 3 4 4 3 0 . 5 6 8 7 7 0 7 3 0 . 4 6 5 0 8 4 4 4 0 . 3 9 5 1 3 7 6 2 0 . 3 4 4 4 2 0 2 1 0 . 3 0 5 7 8 8 8 0 . 2 7 5 2 9 0
3 . 3 1 1 0 . 7 7 3 0 1 9 3 4 0 . 5 9 2 0 5 0 7 6 0 . 4 8 3 6 9 4 4 6 0 . 4 1 0 7 1 6 9 0 . 3 5 7 8 5 8 7 4 0 . 3 1 7 6 2 7 4 7 0 . 2 8 5 8 8 3
3 . 4 1 1 0 . 8 0 4 7 6 5 6 3 0 . 6 1 5 3 4 9 0 7 0 . 5 0 2 2 7 9 6 5 0 . 4 2 6 2 5 5 2 6 0 . 3 7 1 2 5 0 2 0 . 3 2 9 4 1 7 1 4 0 . 2 9 6 4 2 8
3 . 5 1 1 0 . 8 3 6 7 0 1 6 6 0 . 6 3 8 6 8 2 0 2 0 . 5 2 0 8 5 2 1 3 0 . 4 4 1 7 6 2 5 9 0 . 3 8 4 6 0 3 0 2 0 . 3 4 1 1 6 5 2 1 0 . 3 0 6 9 3 1
3 . 6 1 1 0 . 8 6 8 8 5 3 2 4 0 . 6 6 2 0 6 4 7 1 0 . 5 3 9 4 2 3 0 . 4 5 7 2 4 7 9 1 0 . 3 9 7 9 2 4 8 9 0 . 3 5 2 8 7 8 4 3 0 . 3 1 7 3 9 7
3 . 7 1 1 0 . 9 0 1 2 4 2 9 5 0 . 6 8 5 5 1 0 9 5 0 . 5 5 8 0 0 2 4 7 0 . 4 7 2 7 1 9 4 8 0 . 4 1 1 2 2 2 8 6 0 . 3 6 4 5 6 2 9 9 0 . 3 2 7 8 3 2
3 . 8 1 1 0 . 9 3 3 8 8 9 3 5 0 . 7 0 9 0 3 3 2 4 0 . 5 7 6 5 9 9 8 2 0 . 4 8 8 1 8 4 8 6 0 . 4 2 4 5 0 3 3 7 0 . 3 7 6 2 2 4 5 3 0 . 3 3 8 2 4 2
3 . 9 1 1 0 . 9 6 6 8 0 5 9 6 0 . 7 3 2 6 4 2 8 3 0 . 5 9 5 2 2 3 5 0 . 5 0 3 6 5 0 9 2 0 . 4 3 7 7 7 2 2 8 0 . 3 8 7 8 6 8 1 9 0 . 3 4 8 6 3 0

4 1 1 1 0 . 7 5 6 3 4 9 6 1 0 . 6 1 3 8 8 1 1 3 0 . 5 1 9 1 2 3 9 2 0 . 4 5 1 0 3 4 9 4 0 . 3 9 9 4 9 8 6 8 0 . 3 5 9 0 0 2
4 . 1 1 1 1 0 . 7 8 0 1 6 2 1 7 0 . 6 3 2 5 7 9 5 6 0 . 5 3 4 6 0 9 5 2 0 . 4 6 4 2 9 6 2 1 0 . 4 1 1 1 2 0 2 8 0 . 3 6 9 3 6 0
4 . 2 1 1 1 0 . 8 0 4 0 8 7 7 4 0 . 6 5 1 3 2 4 8 5 0 . 5 5 0 1 1 2 8 1 0 . 4 7 7 5 6 0 4 9 0 . 4 2 2 7 3 6 8 8 0 . 3 7 9 7 0 9
4 . 3 1 1 1 0 . 8 2 8 1 3 2 1 9 0 . 6 7 0 1 2 2 3 8 0 . 5 6 5 6 3 8 3 7 0 . 4 9 0 8 3 1 7 7 0 . 4 3 4 3 5 2 0 2 0 . 3 9 0 0 5 2
4 . 4 1 1 1 0 . 8 5 2 3 0 0 0 7 0 . 6 8 8 9 7 6 7 7 0 . 5 8 1 1 9 0 2 7 0 . 5 0 4 1 1 3 6 3 0 . 4 4 5 9 6 8 8 8 0 . 4 0 0 3 9 1
4 . 5 1 1 1 0 . 8 7 6 5 9 4 6 0 . 7 0 7 8 9 2 0 . 5 9 6 7 7 2 1 1 0 . 5 1 7 4 0 9 2 8 0 . 4 5 7 5 9 0 3 6 0 . 4 1 0 7 2 9
4 . 6 1 1 1 0 . 9 0 1 0 1 7 7 8 0 . 7 2 6 8 7 1 4 0 . 6 1 2 3 8 7 0 5 0 . 5 3 0 7 2 1 5 7 0 . 4 6 9 2 1 9 0 4 0 . 4 2 1 0 6
4 . 7 1 1 1 0 . 9 2 5 5 7 0 4 5 0 . 7 4 5 9 1 7 6 7 0 . 6 2 8 0 3 7 8 1 0 . 5 4 4 0 5 3 0 5 0 . 4 8 0 8 5 7 2 5 0 . 4 3 1 4 1
4 . 8 1 1 1 0 . 9 5 0 2 5 2 4 5 0 . 7 6 5 0 3 2 9 6 0 . 6 4 3 7 2 6 7 5 0 . 5 5 7 4 0 5 9 4 0 . 4 9 2 5 0 7 0 5 0 . 4 4 1 7 6 0
4 . 9 1 1 1 0 . 9 7 5 0 6 2 8 1 0 . 7 8 4 2 1 8 8 7 0 . 6 5 9 4 5 5 8 3 0 . 5 7 0 7 8 2 1 8 0 . 5 0 4 1 7 0 2 8 0 . 4 5 2 1 1 6

5 1 1 1 0 . 9 9 9 9 9 9 4 6 0 . 8 0 3 4 7 6 5 2 0 . 6 7 5 2 2 6 6 9 0 . 5 8 4 1 8 3 4 6 0 . 5 1 5 8 4 8 5 4 0 . 4 6 2 4 8 0
5 . 1 1 1 1 1 0 . 8 2 2 8 0 6 5 9 0 . 6 9 1 0 4 0 6 4 0 . 5 9 7 6 1 1 2 0 . 5 2 7 5 4 3 2 6 0 . 4 7 2 8 5 5
5 . 2 1 1 1 1 0 . 8 4 2 2 0 9 3 7 0 . 7 0 6 8 9 8 7 0 . 6 1 1 0 6 6 6 1 0 . 5 3 9 2 5 5 6 6 0 . 4 8 3 2 4 1
5 . 3 1 1 1 1 0 . 8 6 1 6 8 4 8 3 0 . 7 2 2 8 0 1 6 5 0 . 6 2 4 5 5 0 7 0 . 5 5 0 9 8 6 7 9 0 . 4 9 3 6 3
5 . 4 1 1 1 1 0 . 8 8 1 2 3 2 6 4 0 . 7 3 8 7 5 0 0 2 0 . 6 3 8 0 6 4 2 7 0 . 5 6 2 7 3 7 5 4 0 . 5 0 4 0 5 1
5 . 5 1 1 1 1 0 . 9 0 0 8 5 2 2 8 0 . 7 5 4 7 4 4 1 3 0 . 6 5 1 6 0 7 9 6 0 . 5 7 4 5 0 8 6 7 0 . 5 1 4 4 7 6
5 . 6 1 1 1 1 0 . 9 2 0 5 4 3 0 3 0 . 7 7 0 7 8 4 1 2 0 . 6 6 5 1 8 2 2 6 0 . 5 8 6 3 0 0 7 9 0 . 5 2 4 9 1 6
5 . 7 1 1 1 1 0 . 9 4 0 3 0 4 0 8 0 . 7 8 6 8 6 9 9 8 0 . 6 7 8 7 8 7 5 1 0 . 5 9 8 1 1 4 4 1 0 . 5 3 5 3 7 2
5 . 8 1 1 1 1 0 . 9 6 0 1 3 4 5 4 0 . 8 0 3 0 0 1 5 6 0 . 6 9 2 4 2 3 9 5 0 . 6 0 9 9 4 9 9 1 0 . 5 4 5 8 4 3
5 . 9 1 1 1 1 0 . 9 8 0 0 3 3 4 8 0 . 8 1 9 1 7 8 6 1 0 . 7 0 6 0 9 1 6 7 0 . 6 2 1 8 0 7 5 9 0 . 5 5 6 3 3

6 1 1 1 1 0 . 9 9 9 9 9 1 9 2 0 . 8 3 5 4 0 0 8 0 . 7 1 9 7 9 0 7 2 0 . 6 3 3 6 8 7 6 6 0 . 5 6 6 8 3 3
6 . 1 1 1 1 1 1 0 . 8 5 1 6 6 7 7 0 . 7 3 3 5 2 1 0 3 0 . 6 4 5 5 9 0 2 6 0 . 5 7 7 3 5 4
6 . 2 1 1 1 1 1 0 . 8 6 7 9 7 8 8 6 0 . 7 4 7 2 8 2 4 9 0 . 6 5 7 5 1 5 4 5 0 . 5 8 7 8 9 0
6 . 3 1 1 1 1 1 0 . 8 8 4 3 3 3 7 9 0 . 7 6 1 0 7 4 9 2 0 . 6 6 9 4 6 3 2 5 0 . 5 9 8 4 4 4
6 . 4 1 1 1 1 1 0 . 9 0 0 7 3 1 9 6 0 . 7 7 4 8 9 8 0 8 0 . 6 8 1 4 3 3 6 2 0 . 6 0 9 0 1 5
6 . 5 1 1 1 1 1 0 . 9 1 7 1 7 2 8 7 0 . 7 8 8 7 5 1 7 4 0 . 6 9 3 4 2 6 4 9 0 . 6 1 9 6 0 3
6 . 6 1 1 1 1 1 0 . 9 3 3 6 5 5 9 7 0 . 8 0 2 6 3 5 6 0 . 7 0 5 4 4 1 7 2 0 . 6 3 0 2 0 8
6 . 7 1 1 1 1 1 0 . 9 5 0 1 8 0 7 4 0 . 8 1 6 5 4 9 3 5 0 . 7 1 7 4 7 9 1 9 0 . 6 4 0 8 3 0
6 . 8 1 1 1 1 1 0 . 9 6 6 7 4 6 6 7 0 . 8 3 0 4 9 2 6 7 0 . 7 2 9 5 3 8 7 3 0 . 6 5 1 4 6 9
6 . 9 1 1 1 1 1 0 . 9 8 3 3 5 3 2 5 0 . 8 4 4 4 6 5 2 4 0 . 7 4 1 6 2 0 1 4 0 . 6 6 2 1 2 4

7 1 1 1 1 1 1 0 . 8 5 8 4 6 6 7 2 0 . 7 5 3 7 2 3 2 3 0 . 6 7 2 7 9 7
7 . 1 1 1 1 1 1 1 0 . 8 7 2 4 9 6 7 8 0 . 7 6 5 8 4 7 7 8 0 . 6 8 3 4 8 6
7 . 2 1 1 1 1 1 1 0 . 8 8 6 5 5 5 0 8 0 . 7 7 7 9 9 3 5 8 0 . 6 9 4 1 9 1
7 . 3 1 1 1 1 1 1 0 . 9 0 0 6 4 1 2 9 0 . 7 9 0 1 6 0 4 0 . 7 0 4 9 1 3
7 . 4 1 1 1 1 1 1 0 . 9 1 4 7 5 5 0 9 0 . 8 0 2 3 4 8 0 2 0 . 7 1 5 6 5 1
7 . 5 1 1 1 1 1 1 0 . 9 2 8 8 9 6 1 7 0 . 8 1 4 5 5 6 2 0 . 7 2 6 4 0
7 . 6 1 1 1 1 1 1 0 . 9 4 3 0 6 4 2 1 0 . 8 2 6 7 8 4 7 3 0 . 7 3 7 1 7 4
7 . 7 1 1 1 1 1 1 0 . 9 5 7 3 0 6 0 8 0 . 8 3 9 0 3 3 3 6 0 . 7 4 7 9 6 0
7 . 8 1 1 1 1 1 1 0 . 9 7 1 4 7 9 9 6 0 . 8 5 1 3 0 1 8 9 0 . 7 5 8 7 6
7 . 9 1 1 1 1 1 1 0 . 9 8 5 7 2 7 0 9 0 . 8 6 3 5 9 0 0 9 0 . 7 6 9 5 7

8 1 1 1 1 1 1 1 0 . 8 7 5 8 9 7 7 5 0 . 7 8 0 4 0 8
8 . 1 1 1 1 1 1 1 1 0 . 8 8 8 2 2 4 6 5 0 . 7 9 1 2 5 5
8 . 2 1 1 1 1 1 1 1 0 . 9 0 0 5 7 0 5 9 0 . 8 0 2 1 1 6
8 . 3 1 1 1 1 1 1 1 0 . 9 1 2 9 3 5 3 6 0 . 8 1 2 9 9 2
8 . 4 1 1 1 1 1 1 1 0 . 9 2 5 3 1 8 7 7 0 . 8 2 3 8 8 3
8 . 5 1 1 1 1 1 1 1 0 . 9 3 7 7 2 0 6 2 0 . 8 3 4 7 8 8
8 . 6 1 1 1 1 1 1 1 0 . 9 5 0 1 4 0 7 3 0 . 8 4 5 7 0 8
8 . 7 1 1 1 1 1 1 1 0 . 9 6 2 5 7 8 9 0 . 8 5 6 6 4 1
8 . 8 1 1 1 1 1 1 1 0 . 9 7 5 0 3 4 9 5 0 . 8 6 7 5 8 9
8 . 9 1 1 1 1 1 1 1 0 . 9 8 7 5 0 8 7 1 0 . 8 7 8 5 5 0

9 1 1 1 1 1 1 1 1 0 . 8 8 9 5 2 5
9 . 1 1 1 1 1 1 1 1 1 0 . 9 0 0 5 1 3
9 . 2 1 1 1 1 1 1 1 1 0 . 9 1 1 5 1 5
9 . 3 1 1 1 1 1 1 1 1 0 . 9 2 2 5 3 1
9 . 4 1 1 1 1 1 1 1 1 0 . 9 3 3 5 5 9
9 . 5 1 1 1 1 1 1 1 1 0 . 9 4 4 6 0 1
9 . 6 1 1 1 1 1 1 1 1 0 . 9 5 5 6 5 5
9 . 7 1 1 1 1 1 1 1 1 0 . 9 6 6 7 2 2
9 . 8 1 1 1 1 1 1 1 1 0 . 9 7 7 8 0 2
9 . 9 1 1 1 1 1 1 1 1 0 . 9 8 8 8 9 5
1 0 1 1 1 1 1 1 1 1 0 . 9 9 8 4 8 7
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k 2 3 4 5 6 7 8 9 1 0
1 . 0 5 0 . 9 5 0 . 9 5 0 8 1 9 8 9 0 . 9 5 1 0 8 7 1 8 0 . 9 5 1 2 1 9 7 3 0 . 9 5 1 2 9 8 9 1 0 . 9 5 1 3 5 1 6 0 . 9 5 1 3 8 9 0 9 0 . 9 5 1 4 1 7 2 0 . 9 5 1 4 3 9 0

1 . 1 0 . 9 0 . 9 0 3 2 2 9 1 7 0 . 9 0 4 2 5 8 7 0 . 9 0 4 7 6 5 1 5 0 . 9 0 5 0 6 6 4 2 0 . 9 0 5 2 6 6 2 0 . 9 0 5 4 0 8 3 7 0 . 9 0 5 5 1 4 7 2 0 . 9 0 5 5 9 7 2
1 . 2 0 . 8 0 . 8 1 2 5 4 9 2 1 0 . 8 1 6 3 7 4 3 8 0 . 8 1 8 2 2 7 0 8 0 . 8 1 9 3 2 0 3 5 0 . 8 2 0 0 4 1 7 0 . 8 2 0 5 5 3 3 8 0 . 8 2 0 9 3 5 1 8 0 . 8 2 1 2 3 0 9
1 . 3 0 . 7 0 . 7 2 7 5 0 1 9 3 0 . 7 3 5 5 1 0 1 8 0 . 7 3 9 3 3 1 8 2 0 . 7 4 1 5 7 0 0 3 0 . 7 4 3 0 4 0 1 0 . 7 4 4 0 7 9 6 3 0 . 7 4 4 8 5 3 5 7 0 . 7 4 5 4 5 2 1
1 . 4 0 . 6 0 . 6 4 7 7 2 8 8 4 0 . 6 6 0 9 9 0 1 2 0 . 6 6 7 2 2 9 7 3 0 . 6 7 0 8 5 8 5 3 0 . 6 7 3 2 3 2 0 . 6 7 4 9 0 5 4 8 0 . 6 7 6 1 4 8 9 3 0 . 6 7 7 1 0 9 2
1 . 5 0 . 5 0 . 5 7 2 9 4 9 0 2 0 . 5 9 2 2 5 8 6 5 0 . 6 0 1 2 2 3 2 1 0 . 6 0 6 4 0 3 0 6 0 . 6 0 9 7 7 7 9 0 . 6 1 2 1 5 1 4 0 . 6 1 3 9 1 1 7 3 0 . 6 1 5 2 6 9 3
1 . 6 0 . 4 0 . 5 0 2 9 4 3 7 3 0 . 5 2 8 8 5 2 3 7 0 . 5 4 0 7 3 0 2 7 0 . 5 4 7 5 5 2 8 4 0 . 5 5 1 9 8 2 5 0 . 5 5 5 0 9 0 6 2 0 . 5 5 7 3 9 2 0 3 0 . 5 5 9 1 6 4 7
1 . 7 0 . 3 0 . 4 3 7 5 4 5 6 2 0 . 4 7 0 3 7 9 5 1 0 . 4 8 5 2 5 8 4 5 0 . 4 9 3 7 5 9 2 0 . 4 9 9 2 6 1 3 0 . 5 0 3 1 1 4 0 4 0 . 5 0 5 9 6 2 6 8 0 . 5 0 8 1 5 4 5
1 . 8 0 . 2 0 . 3 7 6 6 3 1 2 1 0 . 4 1 6 5 0 4 8 8 0 . 4 3 4 3 8 5 7 3 0 . 4 4 4 5 5 3 6 3 0 . 4 5 1 1 1 7 0 . 4 5 5 7 0 4 8 3 0 . 4 5 9 0 9 2 7 4 0 . 4 6 1 6 9 7 1
1 . 9 0 . 1 0 . 3 2 0 1 1 5 6 1 0 . 3 6 6 9 3 8 4 5 0 . 3 8 7 7 4 6 2 5 0 . 3 9 9 5 3 1 5 9 0 . 4 0 7 1 2 1 8 0 . 4 1 2 4 1 9 6 1 0 . 4 1 6 3 2 7 7 8 0 . 4 1 9 3 2 9 8

2 0 0 . 2 6 7 9 4 9 1 9 0 . 3 2 1 4 2 6 4 9 0 . 3 4 5 0 1 9 4 0 . 3 5 8 3 4 0 1 4 0 . 3 6 6 9 0 3 9 0 . 3 7 2 8 7 4 2 6 0 . 3 7 7 2 7 5 0 . 3 8 0 6 5 3 4
2 . 1 0 0 . 2 2 0 1 1 5 6 1 0 . 2 7 9 7 4 4 7 0 . 3 0 5 9 2 1 4 0 . 3 2 0 6 6 8 4 3 0 . 3 3 0 1 3 7 1 0 . 3 3 6 7 3 2 9 9 0 . 3 4 1 5 9 1 9 5 0 . 3 4 5 3 2 0 5
2 . 2 0 0 . 1 7 6 6 3 1 2 1 0 . 2 4 1 6 9 2 5 6 0 . 2 7 0 1 9 8 6 7 0 . 2 8 6 2 4 0 3 2 0 . 2 9 6 5 3 3 2 0 . 3 0 3 6 9 9 9 3 0 . 3 0 8 9 7 7 6 3 0 . 3 1 3 0 2 6 4
2 . 3 0 0 . 1 3 7 5 4 5 6 2 0 . 2 0 7 0 8 8 7 8 0 . 2 3 7 6 2 2 5 4 0 . 2 5 4 8 0 8 5 0 . 2 6 5 8 3 5 2 0 . 2 7 3 5 1 2 4 2 0 . 2 7 9 1 6 5 6 3 0 . 2 8 3 5 0 2 3
2 . 4 0 0 . 1 0 2 9 4 3 7 3 0 . 1 7 5 7 6 7 3 8 0 . 2 0 7 9 8 4 9 7 0 . 2 2 6 1 4 9 7 9 0 . 2 3 7 8 1 2 7 0 . 2 4 5 9 3 5 7 5 0 . 2 5 1 9 1 8 5 8 0 . 2 5 6 5 0 8 7
2 . 5 0 0 . 0 7 2 9 4 9 0 1 7 0 . 1 4 7 5 7 4 3 9 0 . 1 8 1 0 9 5 0 6 0 . 2 0 0 0 6 1 3 7 0 . 2 1 2 2 5 7 4 0 . 2 2 0 7 5 8 8 9 0 . 2 2 7 0 2 3 7 1 0 . 2 3 1 8 3 1 9
2 . 6 0 0 . 0 4 7 7 2 8 8 3 6 0 . 1 2 2 3 6 4 8 3 0 . 1 5 6 7 7 6 2 1 0 . 1 7 6 3 5 7 7 2 0 . 1 8 8 9 8 0 3 0 . 1 9 7 7 9 1 0 5 0 . 2 0 4 2 8 9 3 2 0 . 2 0 9 2 7 9 6
2 . 7 0 0 . 0 2 7 5 0 1 9 2 6 0 . 1 0 . 1 3 4 8 6 3 7 0 . 1 5 4 8 6 8 0 6 0 . 1 6 7 8 0 8 7 0 . 1 7 6 8 5 8 8 0 . 1 8 3 5 4 1 7 8 0 . 1 8 8 6 7 8 2
2 . 8 0 0 . 0 1 2 5 4 9 2 1 3 0 . 0 8 0 3 4 4 8 7 9 0 . 1 1 5 2 0 2 6 7 0 . 1 3 5 4 3 4 2 9 0 . 1 4 8 5 8 3 9 0 . 1 5 7 8 0 3 8 2 0 . 1 6 4 6 2 3 1 6 0 . 1 6 9 8 7 0 2
2 . 9 0 0 . 0 0 3 2 2 9 1 7 0 . 0 6 3 2 6 5 6 1 2 0 . 0 9 7 6 4 6 5 0 . 1 1 7 9 0 9 2 5 0 . 1 3 1 1 5 9 8 0 . 1 4 0 4 8 0 9 5 0 . 1 4 7 3 8 9 2 2 0 . 1 5 2 7 1 2 0

3 0 2 . 0 6 7 9 5 E - 2 5 0 . 0 4 8 6 2 6 9 6 4 0 . 0 8 2 0 5 5 3 0 7 0 . 1 0 2 1 5 5 2 9 0 . 1 1 5 4 0 0 9 0 . 1 2 4 7 5 6 5 5 0 . 1 3 1 7 0 7 7 3 0 . 1 3 7 0 7 2 7
3 . 1 0 0 0 . 0 3 6 2 8 9 7 1 1 0 . 0 6 8 2 9 4 8 0 5 0 . 0 8 8 0 4 3 1 1 30 . 1 0 1 1 8 1 5 0 . 1 1 0 5 0 7 2 3 0 . 1 1 7 4 5 7 1 0 . 1 2 2 8 3 2 0
3 . 2 0 0 0 . 0 2 6 1 0 7 8 8 7 0 . 0 5 6 2 3 5 2 7 5 0 . 0 7 5 4 5 0 7 5 10 . 0 8 8 3 8 4 1 0 . 0 9 7 6 1 8 6 3 9 0 . 1 0 4 5 2 5 1 6 0 . 1 0 9 8 7 9 3
3 . 3 0 0 0 . 0 1 7 9 2 5 8 6 1 0 . 0 4 5 7 5 0 7 5 0 . 0 6 4 2 6 2 7 6 80 . 0 7 6 8 9 8 9 0 . 0 8 5 9 8 4 6 0 7 0 . 0 9 2 8 0 8 2 0 1 0 . 0 9 8 1 1 2 7 3
3 . 4 0 0 0 . 0 1 1 5 7 5 1 9 8 0 . 0 3 6 7 1 8 3 5 1 0 . 0 5 4 3 6 9 5 9 70 . 0 6 6 6 2 3 1 0 . 0 7 5 5 0 6 2 7 7 0 . 0 8 2 2 1 0 1 1 4 0 . 0 8 7 4 3 8 1 9
3 . 5 0 0 0 . 0 0 6 8 7 1 2 8 8 0 . 0 2 9 0 1 7 7 8 4 0 . 0 4 5 6 6 7 0 0 1 0 . 0 5 7 4 6 0 . 0 6 6 0 9 1 4 5 5 0 . 0 7 2 6 4 1 6 7 1 0 . 0 7 7 7 6 8 5 6
3 . 6 0 0 0 . 0 0 3 6 0 9 7 6 4 0 . 0 2 2 5 3 0 9 9 6 0 . 0 3 8 0 5 5 6 4 80 . 0 4 9 3 1 8 7 0 . 0 5 7 6 5 4 0 2 4 0 . 0 6 4 0 1 9 9 0 7 0 . 0 6 9 0 2 3 1
3 . 7 0 0 0 . 0 0 1 5 6 2 7 6 8 0 . 0 1 7 1 4 1 9 8 4 0 . 0 3 1 4 4 0 7 8 40 . 0 4 2 1 1 3 5 0 . 0 5 0 1 1 3 4 6 1 0 . 0 5 6 2 6 7 5 8 9 0 . 0 6 1 1 2 6 8 9
3 . 8 0 0 0 . 0 0 0 4 7 5 1 6 9 0 . 0 1 2 7 3 6 7 7 3 0 . 0 2 5 7 3 1 9 9 70 . 0 3 5 7 6 3 7 0 . 0 4 3 3 9 4 4 1 3 0 . 0 4 9 3 1 2 7 5 8 0 . 0 5 4 0 1 0 3 2
3 . 9 0 0 6 . 0 9 4 0 3 E - 0 5 0 . 0 0 9 2 0 3 5 6 2 0 . 0 2 0 8 4 3 0 5 20 . 0 3 0 1 9 3 3 0 . 0 3 7 4 2 6 3 4 0 . 0 4 3 0 8 8 3 3 2 0 . 0 4 7 6 0 8 6 7

4 0 0 0 0 . 0 0 6 4 3 3 0 4 3 0 . 0 1 6 6 9 1 7 9 70 . 0 2 5 3 3 0 6 0 . 0 3 2 1 4 3 2 1 4 0 . 0 3 7 5 3 1 7 6 5 0 . 0 4 1 8 6 1 8
4 . 1 0 0 0 0 . 0 0 4 3 1 8 9 1 9 0 . 0 1 3 2 0 0 1 2 80 . 0 2 1 1 0 8 3 0 . 0 2 7 4 8 3 2 4 6 0 . 0 3 2 5 8 4 7 3 9 0 . 0 3 6 7 1 3 7 2
4 . 2 0 0 0 0 . 0 0 2 7 5 8 5 9 5 0 . 0 1 0 2 9 4 0 0 3 0 . 0 1 7 4 6 3 0 . 0 2 3 3 8 8 6 6 6 0 . 0 2 8 1 9 2 9 0 1 0 . 0 3 2 1 1 2 4 2
4 . 3 0 0 0 0 . 0 0 1 6 5 4 0 7 6 0 . 0 0 7 9 0 3 4 9 30 . 0 1 4 3 3 5 2 0 . 0 1 9 8 0 5 5 1 8 0 . 0 2 4 3 0 5 6 2 9 0 . 0 2 8 0 0 9 5 0
4 . 4 0 0 0 0 . 0 0 0 9 1 3 0 5 1 0 . 0 0 5 9 6 2 8 7 10 . 0 1 1 6 6 9 5 0 . 0 1 6 6 8 3 4 8 4 0 . 0 2 0 8 7 5 8 1 8 0 . 0 2 4 3 6 0 0 4
4 . 5 0 0 0 0 . 0 0 0 4 5 0 1 6 2 0 . 0 0 4 4 1 0 7 2 0 . 0 0 9 4 1 3 9 0 . 0 1 3 9 7 5 7 2 8 0 . 0 1 7 8 5 9 6 9 1 0 . 0 2 1 1 2 2 3 1
4 . 6 0 0 0 0 . 0 0 0 1 8 8 4 4 4 0 . 0 0 3 1 9 0 0 4 30 . 0 0 7 5 2 0 3 0 . 0 1 1 6 3 8 7 5 1 0 . 0 1 5 2 1 6 6 2 6 0 . 0 1 8 2 5 7 6 3
4 . 7 0 0 0 6 . 0 9 1 5 E - 0 5 0 . 0 0 2 2 4 8 3 9 30 . 0 0 5 9 4 4 2 0 . 0 0 9 6 3 2 2 5 7 0 . 0 1 2 9 0 8 9 9 4 0 . 0 1 5 7 3 0 1 8
4 . 8 0 0 0 1 . 2 2 8 8 1 E - 0 5 0 . 0 0 1 5 3 7 9 7 0 . 0 0 4 6 4 4 3 0 . 0 0 7 9 1 9 0 3 0 . 0 1 0 9 0 2 0 1 2 0 . 0 1 3 5 0 6 8 5
4 . 9 0 0 0 7 . 8 4 E - 0 7 0 . 0 0 1 0 1 5 7 1 30 . 0 0 3 5 8 3 1 0 . 0 0 6 4 6 4 8 0 9 0 . 0 0 9 1 6 3 6 0 1 0 . 0 1 1 5 5 7 0 6

5 0 0 0 4 . 1 3 5 9 E - 2 5 0 . 0 0 0 6 4 3 3 4 90 . 0 0 2 7 2 6 3 0 . 0 0 5 2 3 8 1 7 6 0 . 0 0 7 6 6 4 2 5 3 0 . 0 0 9 8 5 2 6 4
5 . 1 0 0 0 0 0 . 0 0 0 3 8 7 4 0 6 0 . 0 0 2 0 4 3 0 . 0 0 4 2 1 0 4 3 2 0 . 0 0 6 3 7 6 8 9 9 0 . 0 0 8 3 6 7 7 1
5 . 2 0 0 0 0 0 . 0 0 0 2 1 9 1 6 80 . 0 0 1 5 0 5 3 0 . 0 0 3 3 5 5 4 8 3 0 . 0 0 5 2 7 6 7 8 9 0 . 0 0 7 0 7 8 5 1
5 . 3 0 0 0 0 0 . 0 0 0 1 1 4 5 6 50 . 0 0 1 0 8 8 4 0 . 0 0 2 6 4 9 7 1 6 0 . 0 0 4 3 4 1 3 6 1 0 . 0 0 5 9 6 3 3
5 . 4 0 0 0 0 5 . 4 0 0 2 4 E - 0 5 0 . 0 0 0 7 7 0 6 0 . 0 0 2 0 7 1 8 8 1 0 . 0 0 3 5 5 0 1 3 2 0 . 0 0 5 0 0 2 3 0
5 . 5 0 0 0 0 2 . 2 1 0 3 7 E - 0 5 0 . 0 0 0 5 3 2 7 0 . 0 0 1 6 0 2 9 5 8 0 . 0 0 2 8 8 4 5 6 8 0 . 0 0 4 1 7 7 4 2
5 . 6 0 0 0 0 7 . 3 7 4 5 3 E - 0 6 0 . 0 0 0 3 5 8 5 0 . 0 0 1 2 2 6 0 3 5 0 . 0 0 2 3 2 7 9 7 4 0 . 0 0 3 4 7 2 3 1
5 . 7 0 0 0 0 1 . 7 8 1 2 5 E - 0 6 0 . 0 0 0 2 3 3 9 0 . 0 0 0 9 2 6 1 7 2 0 . 0 0 1 8 6 5 3 7 6 0 . 0 0 2 8 7 2 1 9
5 . 8 0 0 0 0 2 . 3 8 6 8 3 E - 0 7 0 . 0 0 0 1 4 7 2 0 . 0 0 0 6 9 0 2 7 0 . 0 0 1 4 8 3 4 0 7 0 . 0 0 2 3 6 3 7 1
5 . 9 0 0 0 0 7 . 5 8 7 4 5 E - 0 9 8 . 8 8 E - 0 5 0 . 0 0 0 5 0 6 9 3 2 0 . 0 0 1 1 7 0 1 9 2 0 . 0 0 1 9 3 4 9

6 0 0 0 0 2 . 0 6 7 9 5 E - 2 5 5 . 1 0 E - 0 5 0 . 0 0 0 3 6 6 3 2 8 0 . 0 0 0 9 1 5 2 3 9 0 . 0 0 1 5 7 5 0 9
6 . 1 0 0 0 0 0 2 . 7 6 E - 0 5 0 . 0 0 0 2 6 0 0 6 0 . 0 0 0 7 0 9 3 2 9 0 . 0 0 1 2 7 4 7 0
6 . 2 0 0 0 0 0 1 . 3 8 E - 0 5 0 . 0 0 0 1 8 1 0 2 5 0 . 0 0 0 5 4 4 4 1 0 . 0 0 1 0 2 5 2 8
6 . 3 0 0 0 0 0 6 . 3 0 E - 0 6 0 . 0 0 0 1 2 3 2 8 2 0 . 0 0 0 4 1 3 4 9 5 0 . 0 0 0 8 1 9 3 6
6 . 4 0 0 0 0 0 2 . 5 4 E - 0 6 8 . 1 9 2 5 9 E - 0 5 0 . 0 0 0 3 1 0 5 6 1 0 . 0 0 0 6 5 0 3 6
6 . 5 0 0 0 0 0 8 . 6 3 E - 0 7 5 . 2 9 5 9 3 E - 0 5 0 . 0 0 0 2 3 0 4 5 3 0 . 0 0 0 5 1 2 5 3
6 . 6 0 0 0 0 0 2 . 3 0 E - 0 7 3 . 3 1 7 5 9 E - 0 5 0 . 0 0 0 1 6 8 7 9 5 0 . 0 0 0 4 0 0 8 7
6 . 7 0 0 0 0 0 4 . 1 5 E - 0 8 2 . 0 0 4 7 3 E - 0 5 0 . 0 0 0 1 2 1 9 0 . 0 0 0 3 1 1 0 4
6 . 8 0 0 0 0 0 3 . 7 0 E - 0 9 1 . 1 6 1 8 6 E - 0 5 8 . 6 6 9 2 9 E - 0 5 0 . 0 0 0 2 3 9 3 0
6 . 9 0 0 0 0 0 5 . 8 6 E - 1 1 6 . 4 1 1 6 6 E - 0 6 6 . 0 6 2 9 9 E - 0 5 0 . 0 0 0 1 8 2 4 6

7 0 0 0 0 0 2 . 0 0 E - 3 3 3 . 3 3 7 8 7 E - 0 6 4 . 1 6 3 0 7 E - 0 5 0 . 0 0 0 1 3 7 7 9
7 . 1 0 0 0 0 0 0 1 . 6 1 9 3 E - 0 6 2 . 8 0 1 2 9 E - 0 5 0 . 0 0 0 1 0 3 0
7 . 2 0 0 0 0 0 0 7 . 2 E - 0 7 1 . 8 4 3 2 3 E - 0 5 7 . 6 1 7 0 1 E - 0 5
7 . 3 0 0 0 0 0 0 2 . 8 6 6 6 8 E - 0 7 1 . 1 8 2 9 8 E - 0 5 5 . 5 6 6 9 7 E - 0 5
7 . 4 0 0 0 0 0 0 9 . 8 7 7 8 1 E - 0 8 7 . 3 8 3 3 7 E - 0 6 4 . 0 1 7 9 8 E - 0 5
7 . 5 0 0 0 0 0 0 2 . 7 9 3 9 7 E - 0 8 4 . 4 6 5 3 2 E - 0 6 2 . 8 6 1 1 E - 0 5
7 . 6 0 0 0 0 0 0 5 . 9 3 7 5 E - 0 9 2 . 6 0 5 5 5 E - 0 6 2 . 0 0 7 8 1 E - 0 5
7 . 7 0 0 0 0 0 0 7 . 9 5 9 0 7 E - 1 0 1 . 4 5 9 1 4 E - 0 6 1 . 3 8 6 9 E - 0 5
7 . 8 0 0 0 0 0 0 4 . 7 6 0 7 4 E - 1 1 7 . 7 9 1 2 1 E - 0 7 9 . 4 1 6 7 8 E - 0 6
7 . 9 0 0 0 0 0 0 3 . 7 6 7 0 1 E - 1 3 3 . 9 3 3 9 5 E - 0 7 6 . 2 7 4 8 5 E - 0 6

8 0 0 0 0 0 0 0 1 . 8 5 8 4 5 E - 0 7 4 . 0 9 6 0 2 E - 0 6
8 . 1 0 0 0 0 0 0 0 8 . 1 E - 0 8 2 . 6 1 3 7 8 E - 0 6
8 . 2 0 0 0 0 0 0 0 3 . 1 9 5 9 E - 0 8 1 . 6 2 6 5 5 E - 0 6
8 . 3 0 0 0 0 0 0 0 1 . 1 1 1 5 3 E - 0 8 9 . 8 4 2 8 E - 0 7
8 . 4 0 0 0 0 0 0 0 3 . 2 7 7 5 5 E - 0 9 5 . 7 7 2 4 4 E - 0 7
8 . 5 0 0 0 0 0 0 0 7 . 7 1 3 2 8 E - 1 0 3 . 2 6 7 6 9 E - 0 7
8 . 6 0 0 0 0 0 0 0 1 . 3 0 9 3 E - 1 0 1 . 7 7 6 8 5 E - 0 7
8 . 7 0 0 0 0 0 0 0 1 . 8 3 9 2 9 E - 1 0 9 . 2 2 5 9 2 E - 0 8
8 . 8 0 0 0 0 0 0 0 5 . 2 3 3 3 8 E - 1 3 4 . 5 4 0 6 1 E - 0 8
8 . 9 0 0 0 0 0 0 0 2 . 0 6 7 5 2 E - 1 5 2 . 0 9 8 5 7 E - 0 8

9 0 0 0 0 0 0 0 0 9 E - 0 9
9 . 1 0 0 0 0 0 0 0 0 3 . 5 2 5 5 3 E - 0 9
9 . 2 0 0 0 0 0 0 0 0 1 . 2 3 4 8 E - 0 9
9 . 3 0 0 0 0 0 0 0 0 3 . 7 5 2 8 9 E - 1 0
9 . 4 0 0 0 0 0 0 0 0 9 . 4 7 3 0 3 E - 1 1
9 . 5 0 0 0 0 0 0 0 0 1 . 8 5 5 4 7 E - 1 1
9 . 6 0 0 0 0 0 0 0 0 2 . 5 1 6 5 8 E - 1 2
9 . 7 0 0 0 0 0 0 0 0 1 . 9 0 9 2 5 E - 1 3
9 . 8 0 0 0 0 0 0 0 0 5 . 0 1 7 6 E - 1 5
9 . 9 0 0 0 0 0 0 0 0 9 . 9 E - 1 8
1 0 0 0 0 0 0 0 0 0 4 . 1 3 5 9 E - 2 5
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Uhihuhqfhv
Dohvlqd/ Doehuwr/ Uh}d Edtlu/ dqg Zlooldp Hdvwhuo| 3 Sxeolf Jrrgv dqg Hwkqlf Gl0

ylvlrqv14 Txduwhuo| Mrxuqdo ri Hfrqrplfv1 Qryhpehu 4<<< Yro1 447/ 7 ss1
4576045;71

Dxvwhq0Vplwk/ Gdylg dqg Edqnv/ Mh>uh|1 3Hohfwlrqv/ Frdolwlrqv/ dqg Ohjlvodwlyh Rxw0
frphv14 Dphulfdq Srolwlfdo Vflhqfh Uhylhz 4<;;/ Yro1 ;5/ ss1 73807551

Eduur/ Urehuw M1 3Wkh Frqwuro ri Srolwlfldqv= dq Hfrqrplf Prgho14 Sxeolf Fkrlfh
[LY +Vsulqj 4<:6,= 4<0751

Ehfnhu/ Jdu| V1 3Frpshwlwlrq dqg Ghprfudf|14 Mrxuqdo ri Odz dqg Hfrqrplfv 4
+Rfwrehu 4<8;,= ss1 438043<1

Ehvoh|/ Wlprwk| dqg Vwhskhq Frdwh/ +4<<:, 3Dq Hfrqrplf Prgho ri Uhsuhvhqwdwlyh
Ghprfudf|4 Txduwhuo| Mrxuqdo ri Hfrqrplfv 445+4,/ s1 ;804471

Ehvoh|/ Wlprwk| dqg Frdwh/ Vwhskhq 3Vrxufhv ri Lqh!flhqf| lq d Uhsuhvhqwdwlyh
Ghprfudf|= d G|qdplf Dqdo|vlv14 Dphulfdq Hfrqrplf Uhylhz/ Pdufk 4<<;/
;; +4,/ ss1 46<0891

Exfkdqdq/ Mdphv P1 3Ghprfudf| dqg Gxrsro|= D Frpsdulvrq ri Dqdo|wlfdo Prg0
hov14 Wkh Dphulfdq Hfrqrplf Uhylhz Pd| 4<9;/ 8; +5, ss1 6550641

Fkdul/ Y1Y1 Mrqhv/ Oduu| dqg Pdulprq/ Udprq 3Wkh Hfrqrplfv ri Vsolw0wlfnhw yrwlqj
lq Uhsuhvhqwdwlyh Ghprfudflhv/4 Wkh Dphulfdq Hfrqrplf Uhylhz +4<<:, Yro1 ;:
Qr1 81

Frdwh/ Vwhskhq dqg Pruulv/ Vwhskhq1 3Rq wkh Irup ri Wudqvihuv wr Vshfldo Lqwhuhvwv14
Mrxuqdo ri Srolwlfdo Hfrqrp|/ Ghfhpehu 4<<8/ 436 +9,/ ss145430681

Fr{/ Jdu| Z1 Pdnlqj Yrwhv Frxqw= Vwudwhjlf Frruglqdwlrq lq wkh Zruog*v Hohfwrudo
V|vwhpv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<<:1

Gl{lw/ Dylqdvk dqg Orqguhjdq/ Mrkq1 3Wkh Ghwhuplqdqwv ri Vxffhvv ri Vshfldo Lqwhu0
hvwv lq Uhglvwulexwlyh Srolwlfv14 Wkh Mrxuqdo ri Srolwlfv/ Qryhpehu 4<<9/ 8; +7,/
ss1 44650881

65



Gl{lw/ Dylqdvk dqg Mrkq Orqguhjdq1 3Lghrorj|/ Wdfwlfv/ dqg H!flhqf| lq Uhglvwule0
xwlyh Srolwlfv14 Wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv Pd| 4<<;/ 446 +5,/ ss1
7<:085<1

Kxdqj/ Fkl0ix dqg Urehuw Olw}hqehujhu1 Irxqgdwlrqv iru Ilqdqfldo Hfrqrplfv1 Suhqwlfh0
Kdoo/ Hqjohzrrg Fol>v/ Qhz Mhuvh|/ 4<;;1

Olqgehfn/ Dvvdu dqg Zhlexoo/ Mxujhq1 3Edodqfhg0Exgjhw Uhglvwulexwlrq dv wkh Rxw0
frph ri Srolwlfdo Frpshwlwlrq14 Sxeolf Fkrlfh 4<;: 85/ ss1 5:605<:1

Ol}}hul/ Dohvvdqgur dqg Shuvlfr/ Qlfrod1 3Wkh Surylvlrq ri Sxeolf Jrrgv Xqghu Do0
whuqdwlyh Hohfwrudo Lqfhqwlyhv14 FDUHVV Zrunlqj Sdshu & <;03;/ Xqlyhuvlw| ri
Shqqvoydqld/ 4<<;1 Iruwkfrplqj/ Wkh Dphulfdq Hfrqrplf Uhylhz1

Ol}}hul/ Dohvvdqgur dqg Shuvlfr/ Qlfrod1 3Wkh Gudzedfnv ri Hohfwrudo Frpshwlwlrq14
FDUHVV Zrunlqj Sdshu & 33035/ Xqlyhuvlw| ri Shqqvoydqld/ 5333+d,1

Ol}}hul/ Dohvvdqgur/ dqg Shuvlfr/ Qlfrod1 3Djjuhjdwh Xqfhuwdlqw|/ H{fhvvlyh Vdph0
qhvv/ dqg Hohfwrudo Lqfhqwlyhv14 Plphr/ 5333+e,1

Plohvl0Ihuuhwwl/ Jldq Pduld> Shurwwl/ Urehuwr/ dqg Urvwdjqr/ Pdvvlpr1 3Hohfwrudo
V|vwhpv dqg Sxeolf Vshqglqj/4 Iheuxdu| 5333/ Froxpeld Xqlyhuvlw|/ plphr1

P|huvrq/ Urjhu1 E1 3Lqfhqwlyhv wr Fxowlydwh Idyruhg Plqrulwlhv Xqghu Dowhuqdwlyh
Hohfwrudo V|vwhpv4/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz 4<<6 = Yro1 ;:/ Qr1 71

P|huvrq/ Urjhu E1 3H>hfwlyhqhvv ri Hohfwrudo V|vwhpv iru Uhgxflqj Jryhuqphqw Fru0
uxswlrq= D Jdph0Wkhruhwlf Dqdo|vlv14 Jdphv ) Hfrqrplf Ehkdylru Mdqxdu|
4<<6 8 +4, s 44;0651

Rveruqh/ Pduwlq dqg Do Volylqvnl/ +4<<9, 3D Prgho ri Srolwlfdo Frpshwlwlrq zlwk
Flwl}hq0Fdqglgdwhv4 Txduwhuo| Mrxuqdo ri Hfrqrplfv 444+4, s1 980<91

Sdoiuh|/ Wkrpdv U1 3Vsdwldo Htxloleulxp zlwk Hqwu|14 Wkh Uhylhz ri Hfrqrplf
Vwxglhv/ Mdqxdu| 4<;7/ 84 +4,/ ss1 46<04891

Shuvvrq/ Wruvwhq dqg Wdehoolql/ Jxlgr1 Doiuhg Pduvkdoo Ohfwxuh 3Wkh Vl}h dqg Vfrsh
ri Jryhuqphqw= Frpsdudwlyh Srolwlfv zlwk Udwlrqdo Srolwlfldqv14 Hxurshdq Hfr0
qrplf Uhylhz Dsulo 4<<</ 76 +709,/ ss1 9<<0:681

9999991 Srolwlfdo Hfrqrplfv1 5333/ PLW Suhvv/ Fdpeulgjh/ PD/ iruwkfrplqj1
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Vkhsvoh/ Nhqqhwk D1 Prghov ri Pxowlsduw| Hohfwrudo Frpshwlwlrq +Ixqgdphqwdov ri
Sxuh dqg Dssolhg Hfrqrplfv1 Srolwlfdo Vflhqfh dqg Hfrqrplfv Vhfwlrq/ Yro 78,
Kduzrrg Dfdghplf Sxeolvkhuv/ 4<<41

Vwljohu/ Jhrujh 3Hfrqrplf Frpshwlwlrq dqg Srolwlfdo Frpshwlwlrq14 Sxeolf Fkrlfh
[LLL +4<:5,/ ss1 <404391

Vwljolw}/ Mrvhsk H1 Hfrqrplfv ri wkh Sxeolf Vhfwru1 Qhz \run= Qruwrq 4<;; +5qg hg1,1

Vwurpehuj/ Gdylg1 3Udglr*v Lpsdfw rq Qhz Ghdo Vshqglqj14 Plphr/ Lqvwlwxwh ri
Lqwhuqdwlrqdo Hfrqrplf Vwxglhv/ Vwrfnkrop Xqlyhuvlw| 4<<<1

Wdjhhshud/ Uhlq dqg Vkxjduw/ Pdwwkhz V1 Vhdwv dqg Yrwhv= Wkh H>hfwv dqg Ghwhu0
plqdqwv ri Hohfwrudo V|vwhpv1 \doh Xqlyhuvlw| Suhvv Qhz Kdyhq 4<;<1

Wluroh/ Mhdq1 +4<;;, Wkh Wkhru| ri Lqgxvwuldo Rujdq}ldwlrq1 Fdpeulgjh/ PLW Suhvv1

Zhlqjdvw/ Eduu|/ Vkhsvoh/ Nhqqhwk/ dqg Mrkqvhq/ Fulvwrskhu 3Wkh Srolwlfdo Hfrqrp|
ri Ehqh?wv dqg Frvwv= D Qhrfodvvlfdo Dssurdfk wr Glvwulexwlyh Srolwlfv14 Mrxuqdo
ri Srolwlfdo Hfrqrp| Dxjxvw 4<;4/ ;</ ss1 9750971

Zlwwpdq/ Grqdog 3Zk| Ghprfudflhv Surgxfh H!flhqw Uhvxowv14 Mrxuqdo ri Srolwlfdo
Hfrqrp| Ghfhpehu 4<;</ <: +9,/ ss1 46<8047571
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