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Abstract. Stochastic optimization naturally appear in many application areas, including ma-3
chine learning. Our goal is to go further in the analysis of the Stochastic Average Gradient Acceler-4
ated (SAGA) algorithm. To achieve this, we introduce a new λ-SAGA algorithm which interpolates5
between the Stochastic Gradient Descent (λ = 0) and the SAGA algorithm (λ = 1). Firstly, we6
investigate the almost sure convergence of this new algorithm with decreasing step which allows us7
to avoid the restrictive strong convexity and Lipschitz gradient hypotheses associated to the objec-8
tive function. Secondly, we establish a central limit theorem for the λ-SAGA algorithm. Finally, we9
provide the non-asymptotic Lp rates of convergence.10
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1. Introduction. Our goal is to solve the classical optimization problem in Rd14

which can be written as15

(P) min
x∈Rd

f(x),16

where f is the average of many functions,17

(1.1) f(x) =
1

N

N∑
k=1

fk(x).18

This type of problem is frequently encountered in statistical learning and a standard19

way to solve (P) is to make use of the Gradient Descent algorithm. However, in a20

large N context, this approach has a very high computational cost. This limitation21

has led to the development of many stochastic algorithms for optimization [8, 26].22

These new methods have taken a major role in recent advances of the neural23

networks. Our goal is to go further in the analysis of the Stochastic Gradient Descent24

(SGD) algorithm [33] and the SAGA algorithm [12]. The standard SGD algorithm is25

given for all n ⩾ 1, by26

(SGD) Xn+1 = Xn − γn∇fUn+1(Xn) = Xn − γn(∇f(Xn) + εn+1),27

where the initial state X1 is a squared integrable random vector of Rd which can be28

arbitrarily chosen, ∇f(Xn) is the gradient of the function f calculated at the valueXn,29

εn+1 = ∇fUn+1(Xn)−∇f(Xn) and (Un) is a sequence of independent and identically30

distributed random variables, with uniform distribution on {1, 2, . . . , N}, which is31

also independent from the sequence (Xn). Moreover, (γn) is a positive deterministic32

sequence decreasing towards zero and satisfying the standard conditions33

(1.2)

∞∑
n=1

γn = +∞ and

∞∑
n=1

γ2
n < +∞.34
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bordeaux.fr, luis.fredes@math.u-bordeaux.fr, thierry-emeric.gbaguidi@math.u-bordeaux.fr).

1

This manuscript is for review purposes only.

mailto:bernard.bercu@math.u-bordeaux.fr
mailto:bernard.bercu@math.u-bordeaux.fr
mailto:luis.fredes@math.u-bordeaux.fr
mailto:thierry-emeric.gbaguidi@math.u-bordeaux.fr


2 B. BERCU, L. FREDES, AND E. GBAGUIDI

We clearly have from (1.1) that (εn) is a martingale difference sequence adapted to35

the filtration (Fn) where Fn = σ(X1, . . . , Xn).36

The SAGA algorithm is a stochastic variance reduction algorithm which was proposed37

ten years ago in the pioneering work of [12]. It slightly differs from the SGD algorithm38

as it is given, for all n ⩾ 1, by39

(SAGA) Xn+1 = Xn − γn

(
∇fUn+1

(Xn)− gn,Un+1
+

1

N

N∑
k=1

gn,k

)
,40

where the initial states X0 and X1 are squared integrable random vectors of Rd41

which can be arbitrarily chosen, the initial value g1,k is given, for any k = 1, . . . , N ,42

by g1,k = ∇fk(X0). Moreover, the sequence (gn,k) is updated, for all n ⩾ 1 and43

1 ⩽ k ⩽ N , as44

(1.3) gn+1,k =

{
∇fk(Xn) if Un+1 = k,

gn,k otherwise.
45

One can observe that in most of all papers dealing with the SAGA algorithm,46

the step size is a fixed value γ which depends on the strong convexity constant µ47

and the Lipschitz gradient constant L associated with f . This will not be the case48

here at all as the benefit of decreasing step algorithms has been recently investigated49

in [23]. Our work aims to investigate the almost sure convergence as well as the50

asymptotic normality of the SGD and SAGA algorithms with decreasing step sequence51

(γn) satisfying (1.2).52

Our contributions. The goal of this paper is to answer to several natural questions.53

(a) Is it possible to study the convergence of the SAGA algorithm with decreasing54

step ?55

(b) Can we relax the strong convexity and the Lipschitz gradient assumptions ?56

(c) Can we prove a central limit theorem for our new version of the SAGA algo-57

rithm ?58

(d) Is it possible to provide non-asymptoticLp bounds for the SAGA algorithm?59

We shall propose positive answers to all these questions by extending [12] in several60

directions.61

The paper is structured as follows. Section 2 is devoted to the state of the art62

concerning the SGD and SAGA algorithms. In Section 3, we present our new version63

of the SAGA algorithm which we shall call the λ-SAGA algorithm. Section 4 deals64

with the main results of the paper. We establish the asymptotic properties of our λ-65

SAGA algorithm such as the almost sure convergence and the asymptotic normality.66

Non-asymptotic Lp rates of convergence are also provided. In Section 5, we illustrate67

our theoretical results by some numerical experiments on real dataset. All technical68

proofs are postponed to the appendices.69

2. Related work. The stochastic approximations, initiated by [33] and [20],70

have taken a major role in optimization issues. The SGD algorithm, often known71

as a special case of the Robbins-Monro algorithm, is probably the most standard72

stochastic algorithm used in machine learning. The properties of this algorithm were73

investigated in several studies. The almost sure convergence results were established74

in [7, 8, 13, 22, 34, 35, 37]. The convergence rates were proven in [21, 25, 26, 28]. The75
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ON THE SAGA ALGORITHM WITH DECREASING STEP 3

study of the asymptotic normality of stochastic approximations also appear in several76

works such that [13, 14, 29, 36, 40, 41].77

In a high-dimensional context, many accelerated algorithms were proposed in78

literature in order to improve the Robbins-Monro algorithm performances [1, 30, 15,79

12, 38, 24]. In this paper, we will focus on the SAGA algorithm first introduced by80

[12] for the minimization of the average of many functions and which is a well-known81

variance reduction method. This algorithm is a variant of the Stochastic Average82

Gradient (SAG) method proposed earlier in [35, 37]. It uses the concept of covariates83

to make an unbiased variant of the SAG method that has similar performances but84

is easier to implement [17]. The idea behind the SAGA algorithm, is to make use85

of the control variates, a well-known technique in Monte-Carlo simulation designed86

to reduce the variance of the SGD algorithm in order to accelerate its convergence.87

This algorithm incorporates knowledge about gradients on all previous data points88

rather than only using the gradient for the sampled data point [12, 27]. This method89

requires a storage linear in N [16]. Several works have studied the convergence of the90

SAGA algorithm, which is undoubtedly one of the most celebrated variance reduction91

algorithms.92

Defazio et al. [12] established that the SAGA algorithm converges in L2 at ex-93

ponential rate. This result has been shown by assuming that the function f is µ-94

strongly convex and with L-Lipschitz gradient and by considering a fixed constant95

step γ which tightly depends on the unknown values µ and L. The almost sure con-96

vergence of the SAGA algorithm was not investigated in [12]. More recently, it was97

shown by [31] that for a fixed constant step γ = 1/(3L), f(Xn) and Xn both converge98

almost surely to f(x∗) and x∗ respectively, where x∗ is the unique point of Rd such99

that ∇f(x∗) = 0. This algorithm has been also investigated in [11, 16, 27, 32] and100

there are now many variations on the original SAGA algorithm of [12]. For example,101

[32] proposed a variant of the SAGA algorithm that includes arbitrary importance102

sampling and minibatching schemes.103

Despite a decade of research, several issues remain open on the SAGA algorithm.104

The choice of the step γn is clearly one of them. The vast majority of the theory for105

the SAGA algorithm relies on a fixed constant step γ depending on the values µ and106

L [12, 11, 27, 16, 31, 17]. However, from a practical point of view, the values µ and107

L are unknown and there is no guarantee on the convergence results established for108

this algorithm. We shall propose here to make use of decreasing step sequence (γn)109

which allows us to avoid these constraints and relax some classic assumptions such110

that the µ-strong convexity. Moreover, to the best of our knowledge, no result about111

the asymptotic normality of the SAGA algorithm is available in the literature so far.112

3. The λ-SAGA algorithm. We introduce in this section the λ-SAGA algo-113

rithm which can be seen as a generalization of the SAGA algorithm. We recall below114

the general principle of the Monte Carlo method that gave birth to the λ-SAGA al-115

gorithm. Suppose that we would like to estimate the expectation E[X] of a square116

integrable real random variable X. Let us also consider another square integrable117

real random variable Y strongly positively correlated to X and for which we know118

how to compute the expectation E[Y ]. Then, it is possible to find a reduced variance119

estimator of E[X], given by Zλ = X − λ(Y −E[Y ]) with λ in [0, 1] (see, e.g., [9, 12]).120

One can obviously see that E[Zλ] = E[X], which means that Zλ is an unbiased esti-121

mator of E[X]. Moreover, V[Zλ] = V[X] + λ2V[Y ] − 2λCov(X,Y ). Hence, as soon122

as Cov(X,Y ) > 0, we can choose λ in [0, 1] such that V[Zλ] ⩽ V[X]. Now, using this123

This manuscript is for review purposes only.



4 B. BERCU, L. FREDES, AND E. GBAGUIDI

principle of variance reduction, the λ-SAGA algorithm is defined, for all n ⩾ 1, by124

(λ-SAGA) Xn+1 = Xn − γn

(
∇fUn+1

(Xn)− λ

(
gn,Un+1

− 1

N

N∑
k=1

gn,k

))
,125

where the initial states X0 and X1 are squared integrable random vectors of Rd126

which can be arbitrarily chosen, the parameter λ belongs to [0, 1], and (γn) is a127

positive deterministic sequence decreasing towards zero and satisfying (1.2).128

One can establish a link between the SGD, SAGA and λ-SAGA algorithms. Indeed,129

the λ-SAGA algorithm with λ = 0 corresponds to the absence of variance reduction130

and reduces to the SGD algorithm. Furthermore, one can easily see that we find131

again the SAGA algorithm by choosing λ = 1. The motivation to introduce and132

study the λ-SAGA algorithm comes from our desire to propose a unified convergence133

analysis for the SGD and SAGA algorithms and to investigate what happens in the134

intermediate cases 0 < λ < 1. We shall now state the general assumptions which we135

will use in all the sequel.136

Assumption 3.1. Assume that function f is continuously differentiable with a137

unique equilibrium point x∗ in Rd such that ∇f(x∗) = 0.138

Assumption 3.2. Suppose that for all x ∈ Rd with x ̸= x∗,139

⟨x− x∗,∇f(x)⟩ > 0.140

Assumption 3.3. Assume there exists a positive constant L such that, for all141

x ∈ Rd,142

1

N

N∑
k=1

∥∇fk(x)−∇fk(x
∗)∥2 ⩽ L∥x− x∗∥2.143

These assumptions are not really restrictive and they are fulfilled in many appli-144

cations. One can observe that Assumption 3.2 is obviously weaker than the standard145

hypothesis that each function fk for 1 ⩽ k ⩽ N is µ-strongly convex with µ > 0. Note146

also that Assumption 3.3 ensures that at x∗, the gradient of all functions fk for any147

1 ⩽ k ⩽ N , does not change arbitrarily with respect to the vector x ∈ Rd. Such an148

assumption is essential for convergence of most gradient-based algorithms; without149

it, the gradient would not provide a good indicator of how far to move to decrease f .150

One can also observe that if each function fk has Lipschitz continuous gradient with151

constant
√
Lk, then Assumption 3.3 is satisfied by taking L as the average value of152

all Lk. The most interesting improvement here is that both conditions are local in x∗153

and sufficient for all of our analysis.154

4. Main results. In this section, we present the main results of the paper. First155

of all, we provide an almost sure convergence analysis for the λ-SAGA algorithm with156

decreasing step. After that, we establish its asymptotic normality. Lastly, we conclude157

this section by focusing on non-asymptotic Lp rates of convergence of this stochastic158

algorithm.159

4.1. Almost sure convergence. Our first result deals with the almost sure160

convergence of the λ-SAGA algorithm.161
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ON THE SAGA ALGORITHM WITH DECREASING STEP 5

Theorem 4.1. Consider a fixed λ ∈ [0, 1]. Assume that (Xn) is the sequence162

generated by the λ-SAGA algorithm with decreasing step sequence (γn) satisfying (1.2).163

In addition, suppose that Assumptions 3.1, 3.2 and 3.3 are satisfied. Then, we have164

(4.1) lim
n→+∞

Xn = x∗ a.s.165

and166

(4.2) lim
n→+∞

f(Xn) = f(x∗) a.s.167

Proof. Recall that for all n ⩾ 1,168

Xn+1 = Xn − γn

(
∇fUn+1(Xn)− λ

(
gn,Un+1 −

1

N

N∑
k=1

gn,k

))
.169

Hence, the λ-SAGA algorithm can be rewritten as170

(4.3) Xn+1 = Xn − γn (Yn+1 − λZn+1) ,171

where172 
Yn+1 = ∇fUn+1

(Xn),

Zn+1 = ∇fUn+1(ϕn,Un+1)−
1

N

N∑
k=1

∇fk(ϕn,k),
173

and ϕn,k is the point such that gn,k = ∇fk(ϕn,k). As Fn = σ(X1, . . . , Xn) and the174

sequence (Un) is independent of the sequence (Xn), we clearly have from (1.1) that175

(4.4) E[Yn+1|Fn] = ∇f(Xn) and E[Zn+1|Fn] = 0 a.s.176

As a consequence, (Zn) is a martingale difference sequence adapted to the filtration177

(Fn).178

Hereafter, define for all n ⩾ 1,179

Vn = ∥Xn − x∗∥2.180

We obtain from (4.3) that for all n ⩾ 1,181

Vn+1 = ∥Xn+1 − x∗∥2,182

= ∥Xn − x∗ − γn(Yn+1 − λZn+1)∥2,183

= Vn − 2γn⟨Xn − x∗, Yn+1 − λZn+1⟩+ γ2
n∥Yn+1 − λZn+1∥2.184

Moreover, we have from Jensen’s inequality and the fact that λ belongs to [0, 1] that185

E[∥Yn+1 − λZn+1∥2|Fn]

= E[∥(Yn+1 −∇fUn+1
(x∗))− λ(Zn+1 −∇fUn+1

(x∗)) + (1− λ)∇fUn+1
(x∗)∥2|Fn]

⩽ 2E[∥Yn+1 −∇fUn+1(x
∗)∥2|Fn] + 2E[∥Zn+1 −∇fUn+1(x

∗)∥2|Fn]

+ 2E[∥∇fUn+1
(x∗)∥2|Fn].

(4.5)

186
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6 B. BERCU, L. FREDES, AND E. GBAGUIDI

First of all, we clearly have187

(4.6) E[∥∇fUn+1
(x∗)∥2|Fn] =

1

N

N∑
k=1

∥∇fk(x
∗)∥2 a.s.188

In addition, denote189

An =
1

N

N∑
k=1

∥∇fk(ϕn,k)−∇fk(x
∗)∥2 and Σn =

1

N

N∑
k=1

∇fk(ϕn,k).190

Since ∇f(x∗) = 0, we obtain by expanding the norm that191

(4.7) E[∥Zn+1 −∇fUn+1(x
∗)∥2|Fn] = An − ∥Σn∥2 a.s.192

Furthermore, define for all x ∈ Rd,193

τ2(x) =
1

N

N∑
k=1

∥∇fk(x)−∇fk(x
∗)∥2.194

One can observe that195

(4.8) E[∥Yn+1 −∇fUn+1
(x∗)∥2|Fn] = τ2(Xn) a.s.196

Putting together the three contributions (4.6), (4.7) and (4.8), we deduce from (4.5)197

that198

(4.9) E[∥Yn+1 − λZn+1∥2|Fn] ⩽ 2(τ2(Xn) +An + θ∗) a.s.199

where200

θ∗ =
1

N

N∑
k=1

∥∇fk(x
∗)∥2.201

Consequently, it follows from (4.4) and (4.9) that for all n ≥ 1,202

(4.10) E[Vn+1|Fn] ⩽ Vn − 2γn⟨Xn − x∗,∇f(Xn)⟩+ 2γ2
n(τ

2(Xn) +An + θ∗) a.s.203

Furthermore, let (Tn) be the sequence of Lyapunov functions defined, for all n ⩾ 2,204

by205

Tn = Vn + 2Nγ2
n−1An.(4.11)206

It follows from the very definition of the sequence (ϕn,k) associated with (1.3) that207

E[An+1|Fn] =
1

N

N∑
k=1

E[∥∇fk(ϕn+1,k)−∇fk(x
∗)∥2|Fn],208

=
1

N

N∑
k=1

(
1

N
∥∇fk(Xn)−∇fk(x

∗)∥2 +
(
1− 1

N

)
∥∇fk(ϕn,k)−∇fk(x

∗)∥2
)
,209

=
1

N
τ2(Xn) +

(
1− 1

N

)
An,

(4.12)

210
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ON THE SAGA ALGORITHM WITH DECREASING STEP 7

almost surely. Hence, we obtain from (4.10) and (4.12) that211

E[Tn+1|Fn] = E[Vn+1|Fn] + 2Nγ2
nE[An+1|Fn],212

⩽ Vn − 2γn⟨Xn − x∗,∇f(Xn)⟩+ 2γ2
n(τ

2(Xn) +An + θ∗) + 2Nγ2
nE[An+1|Fn]213

= Vn + 2Nγ2
nAn − 2γn⟨Xn − x∗,∇f(Xn)⟩+ 2γ2

n(2τ
2(Xn) + θ∗),214

⩽ Vn + 2Nγ2
n−1An − 2γn⟨Xn − x∗,∇f(Xn)⟩+ 2γ2

n(2τ
2(Xn) + θ∗),215

⩽ Tn − 2γn⟨Xn − x∗,∇f(Xn)⟩+ 2γ2
n(2τ

2(Xn) + θ∗).

(4.13)

216

Additionally, we clearly have Vn ⩽ Tn almost surely and it follows from Assumption217

3.3 that218

τ2(Xn) ⩽ LVn ⩽ LTn.219

Finally, we deduce from (4.13) that220

(4.14) E[Tn+1|Fn] ⩽ (1 + 4Lγ2
n)Tn − 2γn⟨Xn − x∗,∇f(Xn)⟩+ 2γ2

nθ
∗ a.s.,221

which can be rewritten as222

E[Tn+1|Fn] ⩽ (1 + an)Tn +An − Bn a.s.223

where an = 4Lγ2
n, An = 2γ2

nθ
∗ and Bn = 2γn⟨Xn − x∗,∇f(Xn)⟩. The four sequences224

(Tn), (an), (An) and (Bn) are positive sequences of random variables adapted to (Fn).225

We clearly have from (1.2) that226

∞∑
n=1

an < +∞ and

∞∑
n=1

An < +∞.227

Then, it follows from the Robbins-Siegmund Theorem [34] given by Theorem A.1 that228

(Tn) converges a.s. towards a finite random variable T and the series229

(4.15)

∞∑
n=1

Bn < +∞ a.s.230

Consequently, (Vn) also converges a.s. to a finite random variable V . It only remains231

to show that V = 0 almost surely. Assume by contradiction that V > 0. For some232

positive constants a < b, denote by Ω the annulus of Rd,233

Ω = {x ∈ Rd, 0 < a < ∥x− x∗∥2 < b}.234

Let F be the function defined, for all x ∈ Rd, by235

F (x) = ⟨x− x∗,∇f(x)⟩.236

We have from Assumption 3.1 that F is a continuous function in Ω compact. It implies237

that there exists a positive constant c such that F (x) > c for all x ∈ Ω. However, for n238

large enough, Xn ∈ Ω, which ensures that γn⟨Xn−x∗,∇f(Xn)⟩ > cγn. Consequently,239

it follows from (4.15) that240
∞∑

n=1

γn < +∞.241
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8 B. BERCU, L. FREDES, AND E. GBAGUIDI

This is of course in contradiction with assumption (1.2). Finally, we obtain that V = 0242

almost surely, leading to243

lim
n→+∞

Xn = x∗ a.s.244

By continuity of the function f , we also have (4.2), which completes the proof of245

Theorem 4.1.246

4.2. Asymptotic normality. We now focus our attention on the asymptotic247

normality of the λ-SAGA algorithm with decreasing step. In this subsection, we248

assume that f is twice differentiable and we denote by H = ∇2f(x∗) the Hessian249

matrix of f at the point x∗.250

Assumption 4.2. Suppose that f is twice differentiable with a unique equilibrium251

point x∗ in Rd such that ∇f(x∗) = 0. Denote by ρ = λmin(H) the minimum eigen-252

value of H. We assume that ρ > 1/2.253

The central limit theorem for the λ-SAGA algorithm is as follows.254

Theorem 4.3. Consider a fixed λ ∈ [0, 1]. Let (Xn) be the sequence generated by255

the λ-SAGA algorithm with decreasing step γn = 1/n. Suppose that Assumption 4.2256

is satisfied. Assume also that257

(4.16) lim
n→+∞

Xn = x∗ a.s.258

Then, we have the asymptotic normality259

(4.17)
√
n(Xn − x∗)

L−→
n→+∞

Nd(0,Σ)260

where the asymptotic covariance matrix is given by261

Σ = (1− λ)2
∫ ∞

0

(e−(H−Id/2)u)TΓe−(H−Id/2)udu,262

with263

Γ =
1

N

N∑
k=1

∇fk(x
∗) (∇fk(x

∗))
T
.264

Proof. The proof of Theorem 4.3 can be found in Appendix B.265

Remark 4.4. It was proven in Theorem 4.1 that the almost sure convergence (4.16)266

holds under Assumptions 3.1, 3.2 and 3.3. It is obvious to see that Assumption 4.2267

implies Assumption 3.1. Consequently, Theorem 4.3 is also true when replacing (4.16)268

by Assumptions 3.2 and 3.3.269

Many conclusions can be drawn from Theorem 4.3. First of all, if we assume270

that Γ is a positive definite matrix, we obtain that our λ-SAGA algorithm with271

0 ⩽ λ < 1, converges towards a centered normal distribution with positive definite272

variance. However, as soon as λ = 1, the limit distribution becomes a centered273

normal with variance Σ = 0, in other words a Dirac measure. Thus, the asymptotic274

distribution of the SAGA algorithm has zero variance and one can therefore try to275

understand it. In fact, the conditional variances of the two terms of the martingale276

difference (εn) extracted from this algorithm, converge almost surely to exactly the277

same matrix. Therefore, the conditional variance of (εn) vanishes which explains278

the final result for the SAGA algorithm. Moreover, Theorem 4.3 clearly shows the279
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asymptotic variance reduction effect. Indeed, when λ grows to 1, we observe that280

the variance Σ decreases and converges towards 0. Hence, for statistical inference281

purposes such that hypothesis test and confidence interval, we can take λ just a little282

smaller than 1 to reduce the variance with respect to SGD, but without canceling it.283

4.3. Non-asymptotic convergence rates. In the same vein as [4] for the284

Robbins-Monro algorithm, we shall now establish non-asymptotic Lp convergence285

rates. Hence, our goal is to investigate, for all integer p ⩾ 1, the convergence rate of286

E[∥Xn − x∗∥2p] for the λ-SAGA algorithm where the decreasing step is defined, for287

all n ⩾ 1 by,288

(4.18) γn =
c

nα
,289

for some positive constant c and 1/2 < α ⩽ 1. First of all, we focus our attention290

on the standard case p = 1 by analyzing our algorithm with a little more stringent291

condition than Assumption 3.2.292

Assumption 4.5. Assume there exists a positive constant µ such that for all x ∈293

Rd with x ̸= x∗,294

⟨x− x∗,∇f(x)⟩ ⩾ µ∥x− x∗∥2.295

Although this is a strengthened version of Assumption 3.2, it is still weaker than the296

usual µ−strong convexity assumption on the function f . This condition is sometimes297

called in the literature the Restricted Secant Inequality [18, 19, 39].298

Theorem 4.6. Consider a fixed λ ∈ [0, 1]. Let (Xn) be the sequence generated by299

the λ-SAGA algorithm with decreasing step sequence (γn) defined by (4.18). Suppose300

that Assumptions 3.1, 3.3 and 4.5 are satisfied with 2cµ ⩽ 2α and 2cµ > 1 if α = 1.301

Then, there exists a positive constant K such that for all n ⩾ 1,302

(4.19) E
[
∥Xn − x∗∥2

]
⩽

K

nα
.303

Proof. The proof of Theorem 4.6 can be found in Appendix C.304

Next, we carry out our analysis in the general case p ⩾ 1. It requires a strengthened305

version of Assumption 3.3 given as follows.306

Assumption 4.7. Assume that for some integer p ⩾ 1, there exists a positive307

constant Lp such that for all x ∈ Rd,308

1

N

N∑
k=1

∥∇fk(x)−∇fk(x
∗)∥2p ⩽ Lp∥x− x∗∥2p.309

Theorem 4.8. Consider a fixed λ ∈ [0, 1]. Let (Xn) be the sequence generated by310

the λ-SAGA algorithm with decreasing step sequence (γn) defined by (4.18) and such311

that the initial state X1 belongs to L2p. Suppose that Assumptions 3.1, 4.5 and 4.7312

are satisfied with pcµ ⩽ 2α and cµ > 1 if α = 1. Then, there exists a positive constant313

Kp such that for all n ⩾ 1,314

(4.20) E
[
∥Xn − x∗∥2p

]
⩽

Kp

npα
.315

Proof. The proof of Theorem 4.8 can be found in Appendix D.316
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Remark 4.9. It is easy to see that Assumption 4.7 also implies that for all x ∈ Rd,317

318

(4.21) (f(x)− f(x∗))p ⩽

√
Lp

2p
∥x− x∗∥2p.319

Then, it follows from Theorem 4.8 together with inequality (4.21) that there exists a320

positive constant Mp = 2−pKp

√
Lp such that for all n ⩾ 1,321

(4.22) E
[
(f(Xn)− f(x∗))p

]
⩽

Mp

npα
.322

5. Numerical experiments. Consider the logistic regression model (see, e.g.,323

[3, 6]) associated with the classical minimization problem (P) of the convex function324

f given, for all x ∈ Rd, by325

f(x) =
1

N

N∑
k=1

fk(x) =
1

N

N∑
k=1

(log(1 + exp(⟨x,wk⟩))− yk⟨x,wk⟩) ,326

where x ∈ Rd is a vector of unknown parameters, wk ∈ Rd is a vector of features327

and the binary output yk ∈ {0, 1}. As stated, this problem is equivalent to the log-328

likelihood maximization problem, where the aim is to find the parameter x∗ that329

maximizes the probability of a given sample ((w1, y1), . . . , (wN , yN )), which follows a330

model depending only on the unknown parameter x. To be more precise, our model331

has a Bernoulli probability with parameter pk(x) following a logistic function for each332

k,333

pk(x) =
exp(⟨x,wk⟩)

1 + exp(⟨x,wk⟩)
.334

It is easy to see that f is twice differentiable and its Hessian matrix is given by335

∇2f(x) =
1

N

N∑
k=1

pk(x)(1− pk(x))wkw
T
k .336

Consequently, f has an unique equilibrium point x∗ and if we assume that the min-337

imum eigenvalue of H = ∇2f(x∗) is greater than 1/2, Assumption 4.2 will be au-338

tomatically satisfied, and therefore Assumption 3.1 too. Moreover, one can observe339

that Assumptions 3.3 and 4.7 hold with340

Lp =
1

4pN

N∑
k=1

||wk||4p.341

We conducted experiments on the MNIST dataset in order to present a visualisation342

of the almost sure convergence in Theorem 4.1, the asymptotic normality in Theorem343

4.3 and the L2 bound in Theorem 4.6. For the almost sure convergence, the training344

database considered here includes N = 60000 images in gray-scale format and size345

28 × 28. Each image wk is therefore a vector of dimension d = 28 × 28 = 784. Each346

of these images is identified with a number from 0 to 9 and we divide it into a binary347

classification so that yk = 0 if {0, 1, 2, 3, 4} and yk = 1 if {5, 6, 7, 8, 9}. The results348
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concerning the convergence of the estimator Xn of x∗ are illustrated in Figure 1. The349

convergence is ordered from slowest to fastest in an increasing order with respect to350

λ ∈ {0, 0.5, 0.9, 1}.351

Fig. 1: Convergence with γn = 1/n for 1.2M of iterations. Here we put “Gradient
evaluations” since instead of using ∥∇f(Xn)∥, we use the norm of the mean associated

to the lines in the matrix gn, ∥
∑N

k=1 gn,k∥/N . This quantity keeps track of the
convergence since it also converges to 0 and its lines converge to the gradients of the
functions fk, that is for each 1 ⩽ k ⩽ N , lim gn,k = ∇fk(x

∗) as n goes to infinity.

Moreover, to illustrate the asymptotic normality result, we use N = 100, the first352

100 images in the MNIST dataset, and the distributional convergence353

lim
n→∞

E(h(
√
n(Xn − x∗)))) = E(h(Nd(0,Σ))),354

where h is defined, for all x ∈ Rd, by h(x) =

d∑
i=1

xi. It follows from Theorem 4.3 that355

h(
√
n(Xn − x∗)))

L−→
n→+∞

N (0, σ2(λ)).356

As the equilibrium point x∗ and the asymptotic variance σ2(λ) are unknown, we357

use estimators from the standard Monte Carlo procedure. We denote for each fixed358

lambda σ̂ 2
n (λ) the estimator of σ2(λ). Given the form of our function h, we deduce359

that the limiting variances should be related as (1 − λ)2σ2(0) = σ2(λ). The results360

are shown in Figure 2.361
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12 B. BERCU, L. FREDES, AND E. GBAGUIDI

(a) SGD (λ = 0), where σ2
n(0) ≈ 743.11 (b) 0.5-SAGA, where σ2

n(0.5) ≈ 5

(c) 0.9-SAGA, where σ2
n(0.9) ≈ 0.884 (d) SAGA (λ = 1), where σ2

n(1) ≈ 0.98

Fig. 2: We used 1000 samples, where each one was obtained by running the associated
algorithm for n = 500000 iterations.

The main purpose of this plot is to represent the decreasing behavior of the362

variance with respect to the parameter λ. Even though for the SAGA (λ = 1)363

we know that its variance converges to zero, for finite n we can only see that it is364

shrinking with respect to n to obtain at the limit a Dirac mass at 0. Here, the sample365

variances satisfy σ̂2
n(0.9) < σ̂2

n(1). Nevertheless, they are still very close in the scale366

of the sample variance σ̂2
n(0) of the SGD. We explain this as a consequence of the367

approximations and the fact that the models λ = 0.9 and λ = 1 are intimately related.368

Finally, we present approximate results of the mean squared error E[∥Xn−x∗∥2].369

For that purpose, we suppose that Assumption 4.5 is satisfied so that Theorem 4.6370

holds. We run each algorithm for 100 epochs, where each epoch consists of 1000371

iterations. In order to approximate the expectation, we apply the standard Monte372

Carlo procedure with 1000 samples. Here, the approximation of x∗ is the result of373

running the SAGA algorithm for 40M iterations. The results are illustrated in Figure374

3. The plot just gives an intuition on the behavior of the mean squared error, since375

the constant K in Theorem 4.6 is unknown.376
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Fig. 3: Mean squared error with respect to epochs. We confirm the decreasing order
of the mean squared error of Xn − x∗ with respect to λ and n.

6. Conclusion. Stochastic optimization is one of the main challenges of ma-377

chine learning touching almost every aspect of the discipline. Thus, in order to meet378

expectations, the SGD algorithm has been studied at length. However, the advent of379

Big Data for model learning led to the development of more sophisticated stochastic380

methods. In our study, we therefore highlight the properties of the new λ-SAGA al-381

gorithm which is a generalization of the SAGA algorithm. We were able to establish382

the almost sure convergence and the asymptotic normality of this novel algorithm383

by using a decreasing step and without the strong convexity and Lipschitz gradient384

assumptions. The other major contribution of our paper concerns the convergence385

rates in Lp of the λ-SAGA algorithm. Finally, stochastic algorithms offer multiple386

guarantees in terms of convergence and certainly promise to continue to have profound387

impacts on the fast development of the machine learning field.388

Appendix A. Some useful existing results. We first recall the well-known389

Robbins-Siegmund Theorem [34].390

Theorem A.1 (Robbins-Siegmund theorem). Let (Vn), (an), (An), (Bn) be four391

positive sequences of random variables adapted to a filtration (Fn) such that392

E[Vn+1|Fn] ⩽ (1 + an)Vn +An − Bn,393

where394
∞∑

n=1

an < +∞ and

∞∑
n=1

An < +∞ a.s.395

Then, (Vn) converges almost surely towards a finite random variable V and396

∞∑
n=1

Bn < +∞ a.s.397
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14 B. BERCU, L. FREDES, AND E. GBAGUIDI

The next two lemma provide very useful inequality for non-asymptotic convergence398

rates. The first lemma is given by Lemma A.3 in supplementary material of [5], see399

also Theorem 1 in [4].400

Lemma A.2. [5]. Let (Zn) be a sequence of positive real numbers satisfying, for401

all n ⩾ 1, the recursive inequality402

(A.1) Zn+1 ⩽

(
1− a

(n+ 1)α

)
Zn +

b

(n+ 1)β
,403

where a, b, α and β are positive constants satisfying a ⩽ 2α, α ⩽ 1, 1 < β < 2 and404

β ⩽ 2α with β < a+ 1 in the special case where α = 1. Then, there exists a positive405

constant C such that, for any n ⩾ 1,406

(A.2) Zn ⩽
C

nβ−α
.407

The second lemma is given without proof in [10] in the special case p ∈ (0, 2], see408

Lemma B.3 as well as the seminal paper [2]. We extend it to the case p even and we409

propose a short proof for the sake of completeness.410

Lemma A.3. Let p be a positive even integer. There exist two positive constant411

Cp and Dp such that for any a, b ∈ Rd,412

(A.3) ∥a+ b∥2+p ⩽ ∥a∥2+p + (2 + p)⟨a, b⟩∥a∥p + Cp∥a∥p∥b∥2 +Dp∥b∥2+p.413

Proof. We prove Lemma A.3 by induction. For the base case p = 2, we have414

∥a+ b∥4 =
(
∥a∥2 + 2⟨a, b⟩+ ∥b∥2

)2
415

= ∥a∥4 + 4(⟨a, b⟩)2 + ∥b∥4 + 4⟨a, b⟩∥a∥2 + 4⟨a, b⟩∥b∥2 + 2∥a∥2∥b∥2.416

It follows from Cauchy–Schwarz inequality that (⟨a, b⟩)2 ⩽ ∥a∥2∥b∥2. Moreover, we417

also have 2⟨a, b⟩ ⩽ ∥a∥2 + ∥b∥2 which implies that 4⟨a, b⟩∥b∥2 ⩽ 2∥a∥2∥b∥2 + 2∥b∥4.418

Hence, we obtain from these two inequalities that419

∥a+ b∥4 ⩽ ∥a∥4 + 4⟨a, b⟩∥a∥2 + 8∥a∥2∥b∥2 + 3∥b∥4,420

which leads to C2 = 8 and D2 = 3. Hereafter, assume that inequality (A.3) holds up421

to q ≥ 2 and let p = 2 + q. We have by induction422

∥a+ b∥2+p = ∥a+ b∥2∥a+ b∥p = ∥a+ b∥2∥a+ b∥2+q
423

⩽
(
∥a∥2 + 2⟨a, b⟩+ ∥b∥2

)(
∥a∥2+q + (2 + q)⟨a, b⟩∥a∥q + Cq∥a∥q∥b∥2 +Dq∥b∥2+q

)
424

⩽ ∥a∥2+p + (2 + p)⟨a, b⟩∥a∥p + (Cq + 2p+ 1)∥a∥p∥b∥2 + (2Cq + p)∥a∥q+1∥b∥3425

+Dq∥a∥2∥b∥p + Cq∥a∥q∥b∥4 + 2Dq∥a∥∥b∥p+1 +Dq∥b∥2+p
426

where the last inequality is the result of applying Cauchy-Schwarz inequality ⟨a, b⟩ ≤427

∥a∥∥b∥ for all the terms multiplied by ⟨a, b⟩ but the ones isolated in the second term.428
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Furthermore, it follows from Young’s inequality for products that429

∥a∥q+1∥b∥3 = ∥a∥q+1∥b∥2(q+1)/p × ∥b∥3−2(q+1)/p ≤ ∥a∥p∥b∥2

p/(p− 1)
+

∥b∥p+2

p
,430

∥a∥2∥b∥p = ∥a∥2∥b∥4/p × ∥b∥p−4/p ≤ ∥a∥p∥b∥2

p/2
+

∥b∥p+2

p/q
,431

∥a∥q∥b∥4 = ∥a∥q∥b∥2q/p × ∥b∥4−2q/p ≤ ∥a∥p∥b∥2

p/q
+

∥b∥p+2

p/2
,432

∥a∥∥b∥p+1 = ∥a∥∥b∥2/p × ∥b∥p+1−2/p ≤ ∥a∥p∥b∥2

p
+

∥b∥p+2

p/(p− 1)
.433

Finally, we obtain (A.3) with Cp and Dp satisfying the system defined, for p ⩾ 4, by434 
Cp = 3p+

4

p

(
(p− 1)Cp−2 +Dp−2

)
Dp = 1 +

4

p

(
Cp−2 + (p− 1)Dp−2

)435

with initial values C2 = 8 and D2 = 3, which achieves the proof of Lemma A.3.436

Remark A.4. One can easily compute C4 = 39 and D4 = 18. Moreover, one can437

observe that we always have Dp ⩽ Cp. Consequently, we can make use of (A.3) with438

Cp instead of Dp.439

Appendix B. Proof of Theorem 4.3.440

Proof. The λ-SAGA algorithm can be rewritten as441

Xn+1 = Xn − γn(∇f(Xn) + εn+1),442

where εn+1 = Yn+1 − λZn+1 with443 
Yn+1 = ∇fUn+1(Xn)−∇f(Xn),

Zn+1 = ∇fUn+1
(ϕn,Un+1

)− 1

N

N∑
k=1

∇fk(ϕn,k).
444

We already saw that (εn) is a martingale difference adapted to the filtration (Fn).445

Moreover,446

E[εn+1ε
T
n+1|Fn] = E[Yn+1YT

n+1|Fn]− λE[Yn+1Z
T
n+1|Fn]− λE[Zn+1YT

n+1|Fn]447

+ λ2E[Zn+1Z
T
n+1|Fn].448

In addition, we clearly have that almost surely449

E[Yn+1YT
n+1|Fn] =

1

N

N∑
k=1

∇fk(Xn) (∇fk(Xn))
T −∇f(Xn) (∇f(Xn))

T
,450

E[Zn+1Z
T
n+1|Fn] =

1

N

N∑
k=1

∇fk(ϕn,k) (∇fk(ϕn,k))
T − 1

N2

(
N∑

k=1

∇fk(ϕn,k)

)(
N∑

k=1

(∇fk(ϕn,k))
T

)
,451

E[Zn+1YT
n+1|Fn] =

1

N

N∑
k=1

∇fk(ϕn,k) (∇fk(Xn))
T − 1

N

N∑
k=1

∇fk(ϕn,k) (∇f(Xn))
T
.452
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We now claim that for all 1 ⩽ k ⩽ N453

(B.1) lim
n→+∞

ϕn,k = x∗ a.s.454

As a matter of fact, for a fixed value 1 ⩽ k ⩽ N , the probability that Un = k occurs455

for infinitely many n. Consequently, (ϕn,k) is a sub-sequence of (Xn), since ϕn,k is456

updated to Xn each time {Un = k}. Hence, the almost sure convergence (B.1) follows457

from (4.16). Combining the almost sure convergence of (Xn) and (ϕn,k) towards x∗458

with the continuity of ∇f given by Assumption 4.2, it follows that almost surely459 

lim
n→+∞

E[Yn+1YT
n+1|Fn] = Γ,

lim
n→+∞

E[Yn+1Z
T
n+1|Fn] = Γ,

lim
n→+∞

E[Zn+1YT
n+1|Fn] = Γ,

lim
n→+∞

E[Zn+1Z
T
n+1|Fn] = Γ,

460

where461

Γ =
1

N

N∑
k=1

∇fk(x
∗) (∇fk(x

∗))
T
,462

which leads to463

lim
n→+∞

E[εn+1ε
T
n+1|Fn] = (1− λ)2Γ a.s.464

Therefore, we obtain from Toeplitz’s lemma that465

lim
n→+∞

1

n

n∑
k=1

E[εkε
T
k |Fk−1] = (1− λ)2Γ a.s.466

In addition, we have for all n ⩾ 1467

(B.2) ∥εn+1∥ ⩽ 2

(
max

k=1,...,N
∥∇fk(Xn)∥+ λ max

k=1,...,N
∥∇fk(ϕn,k)∥

)
.468

Hence, it follows from (B.2) that469

(B.3) ∥εn+1∥4 ⩽ 128

(
max

k=1,...,N
∥∇fk(Xn)∥4 + λ4 max

k=1,...,N
∥∇fk(ϕn,k)∥4

)
.470

However, for all k = 1, ..., N , we have471

∥∇fk(Xn)∥2 ⩽ 2∥∇fk(Xn)−∇fk(x
∗)∥2 + 2∥∇fk(x

∗)∥2,472

which implies that473

max
k=1,...,N

∥∇fk(Xn)∥2 ⩽ 2N
(
τ2(Xn) + θ∗

)
.474

Consequently,475

(B.4) max
k=1,...,N

∥∇fk(Xn)∥4 ⩽ 4N2
(
τ2(Xn) + θ∗

)2
.476
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By the same token,477

(B.5) max
k=1,...,N

∥∇fk(ϕn,k)∥4 ⩽ 4N2
(
An + θ∗

)2
.478

Hence, we obtain from (B.3), (B.4) and (B.5) that479

∥εn+1∥4 ⩽ 512N2

((
τ2(Xn) + θ∗

)2
+ λ4

(
An + θ∗

)2)
,480

which immediately implies that481

(B.6) E[∥εn+1∥4|Fn] ⩽ 512N2

((
τ2(Xn) + θ∗

)2
+ λ4

(
An + θ∗

)2)
a.s.482

Moreover, since Xn converges towards x∗, it follows that τ2(Xn) converges to 0 almost483

surely. Combining this result with the almost sure convergence of An towards 0 and484

(B.6), we find that485

sup
n⩾1

E[∥εn+1∥4|Fn] < +∞,486

which implies that for all ϵ > 0,487

lim
n→+∞

1

n

n∑
k=1

E
[
∥εk∥21{∥εk∥⩾ϵ

√
n}|Fk−1

]
= 0 a.s.488

Finally, it follows from the central limit theorem for stochastic algorithms given by489

Theorem 2.3 in [41] that490

√
n(Xn − x∗)

L−→
n→+∞

Nd(0,Σ),491

where492

Σ = (1− λ)2
∫ ∞

0

(e−(H−Id/2)u)TΓe−(H−Id/2)udu,493

which completes the proof of Theorem 4.3.494

Appendix C. Proof of Theorem 4.6.495

Proof. We already saw in (4.10) that for all n ≥ 1,496

E[Vn+1|Fn] ⩽ Vn − 2γn⟨Xn − x∗,∇f(Xn)⟩+ 2γ2
n

(
τ2(Xn) +An + θ∗

)
a.s.497

Hence, it follows from Assumption 4.5 that ⟨Xn−x∗,∇f(Xn)⟩ ⩾ µVn, which leads to498

E[Vn+1|Fn] ⩽ (1− 2µγn)Vn + 2γ2
n

(
τ2(Xn) +An + θ∗

)
a.s.499

By taking the expectation on both side of this inequality, we obtain that for all n ≥ 1,500

501

(C.1) E[Vn+1] ⩽ (1− 2µγn)E[Vn] + 2γ2
n

(
E[τ2(Xn)] + E[An] + θ∗

)
.502

Furthermore, we deduce from Corollary E.2 in Appendix E below that there exist503

positive constants b1 and b2 such that, for all n ⩾ 1, E[τ2(Xn)] ⩽ b1 and E[An] ⩽ b2.504

Consequently, (C.1) immediately leads, for all n ⩾ 1, to505

E[Vn+1] ⩽

(
1− a

(n+ 1)α

)
E[Vn] +

b

(n+ 1)2α
506
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where a = 2µc and b = c222α+1(b1 + b2 + θ∗). Finally, we can conclude from Lemma507

A.2 that there exists a positive constant K such that for any n ⩾ 1,508

E[∥Xn − x∗∥2] ⩽ K

nα
,509

which completes the proof of Theorem 4.6.510

Appendix D. Proof of Theorem 4.8.511

Proof. First of all, Theorem 4.8 follows from Theorem 4.6 in the special case512

p = 1. Hence, we are going to prove Theorem 4.8 by induction on n ⩾ 1 for some513

integer p ⩾ 2 satisfying Assumption 4.7. As the initial state X1 belongs to L2p, the514

base case is immediately true. Next, assume by induction that for some integer m515

which will be fixed soon, there exists a positive constant Kp such that for all n ⩽ m,516

(D.1) E[∥Xn − x∗∥2p] ⩽ Kp

npα
.517

We have from (4.3) together with Lemma A.3 that it exists a positive constant Cp518

such that for all n ⩾ 1,519

V p
n+1 = ∥Xn+1 − x∗∥2p,520

= ∥Xn − x∗ − γn(Yn+1 − λZn+1)∥2p,521

⩽ V p
n − 2pγnV

p−1
n ⟨Xn − x∗, Yn+1 − λZn+1⟩+ Cpγ

2
nV

p−1
n ∥Yn+1 − λZn+1∥2522

+ Cpγ
2p
n ∥Yn+1 − λZn+1∥2p.523

Hence, it follows from (4.4) that524

E[V p
n+1|Fn] ⩽ V p

n − 2pγnV
p−1
n ⟨Xn − x∗,∇f(Xn)⟩

(D.2)

525

+ Cpγ
2
nV

p−1
n E[∥Yn+1 − λZn+1∥2|Fn] + Cpγ

2p
n E[∥Yn+1 − λZn+1∥2p|Fn].526

We already saw from (4.9) that527

E[∥Yn+1 − λZn+1∥2|Fn] ⩽ 2
(
τ2(Xn) +An + θ∗

)
a.s.528

which leads, via Assumption 4.7, to529

E[∥Yn+1 − λZn+1∥2|Fn] ⩽ 2
(
L1/p
p Vn +An + θ∗

)
a.s.530

Moreover, as in the proof of (4.5), we deduce from Jensen’s inequality that531

E[∥Yn+1 − λZn+1∥2p|Fn] ⩽ 32p−1E[∥Yn+1 −∇fUn+1
(x∗)∥2p|Fn](D.3)532

+ 32p−1E[∥Zn+1 −∇fUn+1
(x∗)∥2p|Fn] + 32p−1E[∥∇fUn+1

(x∗)∥2p|Fn].533

Hereafter, we clearly have534

(D.4) E[∥∇fUn+1(x
∗)∥2p|Fn] =

1

N

N∑
k=1

∥∇fk(x
∗)∥2p a.s.535

Moreover, denote536

Ap,n =
1

N

N∑
k=1

∥∇fk(ϕn,k)−∇fk(x
∗)∥2p and Σn =

1

N

N∑
k=1

∇fk(ϕn,k).537
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It follows once again from Jensen’s inequality that538

(D.5) E[∥Zn+1 −∇fUn+1
(x∗)∥2p|Fn] ⩽ 22p−1

(
Ap,n + ∥Σn∥2p

)
a.s.539

However, we obtain from Holder’s inequality that ∥Σn∥2p ⩽ Ap,n. Consequently,540

inequality (D.5) immediately leads to541

(D.6) E[∥Zn+1 −∇fUn+1
(x∗)∥2p|Fn] ⩽ 4pAp,n a.s.542

Furthermore, define for all x ∈ Rd,543

τ2p(x) =
1

N

N∑
k=1

∥∇fk(x)−∇fk(x
∗)∥2p.544

As in the proof of Theorem 4.1, one can observe that545

(D.7) E[∥Yn+1 −∇fUn+1(x
∗)∥2p|Fn] = τ2p(Xn) a.s.546

Putting together the three contributions (D.4), (D.6) and (D.7), we obtain from (D.3)547

that548

(D.8) E[∥Yn+1 − λZn+1∥2p|Fn] ⩽ 32p−1(τ2p(Xn) + 4pAp,n + θ∗p) a.s.549

where550

θ∗p =
1

N

N∑
k=1

∥∇fk(x
∗)∥2p.551

Hence, Assumption 4.7 implies that552

(D.9) E[∥Yn+1 − λZn+1∥2p|Fn] ⩽ 32p−1(LpV
p
n + 4pAp,n + θ∗p) a.s.553

Therefore, we deduce from (D.2) and (D.9) that for all n ⩾ 1,554

E[V p
n+1|Fn] ⩽

(
1 + 2L1/p

p Cpγ
2
n + 32p−1LpCpγ

2p
n

)
V p
n555

− 2pγnV
p−1
n ⟨Xn − x∗,∇f(Xn)⟩+ 2Cpγ

2
nV

p−1
n (An + θ∗)556

+ 32p−1Cpγ
2p
n (4pAp,n + θ∗p) a.s.557

Furthermore, it follows from Assumption 4.5 that ⟨Xn − x∗,∇f(Xn)⟩ ⩾ µVn, which558

leads to559

E[V p
n+1|Fn] ⩽

(
1 + 2L1/p

p Cpγ
2
n + 32p−1LpCpγ

2p
n − 2µpγn

)
V p
n560

+ 2Cpγ
2
nV

p−1
n (An + θ∗) + 32p−1Cpγ

2p
n (4pAp,n + θ∗p) a.s.(D.10)561

By taking the expectation on both side of this inequality, we obtain that for all n ≥ 1,562

E[V p
n+1] ⩽

(
1 + 2L1/p

p Cpγ
2
n + 32p−1LpCpγ

2p
n − 2µpγn

)
E[V p

n ] + 2Cpγ
2
nE[AnV

p−1
n ]563

+ 2Cpγ
2
nθ

∗E[V p−1
n ] + 32p−1Cpγ

2p
n (4pE[Ap,n] + θ∗p)(D.11)564

We deduce from Corollary F.2 in Appendix F below that there exists a positive con-565

stant dp such that for all n ⩾ 1, E[Ap,n] ⩽ dp. The main difficulty arising here is566
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to find a sharp upper bound for the crossing term E[AnV
p−1
n ]. By using once again567

Holder’s inequality, we have for all n ⩾ 1,568

(D.12) E[AnV
p−1
n ] ≤

(
E[Ap

n]
) 1

p
(
E[V p

n ]
) p−1

p

and E[V p−1
n ] ≤

(
E[V p

n ]
) p−1

p

.569

Hence, it is necessary to compute an upper bound for E[Ap
n]. Nevertheless, one can570

observe from Jensen’s inequality that we always have Ap
n ⩽ Ap,n, which leads that571

E[Ap
n] ⩽ dp. Therefore, it follows from the induction hypothesis (D.1) together with572

(D.11) and (D.12) that573

(D.13) E[V p
n+1] ⩽

(
1 + ξn − 2µpγn

)
E[V p

n ] +
b

(n+ 1)α(p+1)
574

where ξn = 2L
1/p
p Cpγ

2
n + 32p−1LpCpγ

2p
n and

b = 2α(p+1)c2Cp

(
2K(p−1)/p

p

(
d1/pp + θ∗

)
+ cp−132p−1

(
4pdp + θ∗p

))
.

Hereafter, denote by m the integer part of the real number(cCp

µp

)1/α(
2L1/p

p + 32p−1Lp

)1/α
.

One can easily check that as soon as n ⩾ m, ξn ≤ µpγn. Consequently, we find from575

(D.13) that as soon as n ⩾ m,576

(D.14) E[V p
n+1] ⩽

(
1− a

(n+ 1)α

)
E[V p

n ] +
b

(n+ 1)α(p+1)
577

where a = pµc. Finally, we deduce from Lemma A.2 that there exists a positive578

constant Kp such that for all n ⩾ 1,579

E[∥Xn+1 − x∗∥2p] ⩽ Kp

(n+ 1)αp
,580

which achieves the induction on n and completes the proof of Theorem 4.8.581

Appendix E. Additional asymptotic result on the convergence in L2.582

The goal of this appendix is to provide additional asymptotic properties of the λ-583

SAGA algorithm that will be useful in the proofs of our main results. First of all, we584

recall that Vn = ∥Xn − x∗∥2,585

An =
1

N

N∑
k=1

∥∇fk(ϕn,k)−∇fk(x
∗)∥2 and τ2(x) =

1

N

N∑
k=1

∥∇fk(x)−∇fk(x
∗)∥2.586

Theorem E.1. Consider a fixed λ ∈ [0, 1]. Let (Xn) be the sequence generated by587

the λ-SAGA algorithm with decreasing step sequence (γn) satisfying (1.2). Suppose588

that Assumptions 3.1, 3.3 and 4.5 are satisfied. Then, we have almost surely589

(E.1)

∞∑
n=1

γnVn < +∞,

∞∑
n=1

γnAn < +∞,

∞∑
n=1

γnτ
2(Xn) < +∞.590

In addition, we also have591

(E.2)

∞∑
n=1

γnE[Vn] < +∞,

∞∑
n=1

γnE[An] < +∞,

∞∑
n=1

γnE[τ
2(Xn)] < +∞.592
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Proof. Let us consider the same Lyapounov function used in the proof of Theorem593

4.1 and given by (4.11). We recall from inequality (4.14) that for all n ⩾ 1,594

(E.3) E[Tn+1|Fn] ⩽ (1 + 4Lγ2
n)Tn − 2γn⟨Xn − x∗,∇f(Xn)⟩+ 2θ∗γ2

n a.s.595

Let (Tn) be the sequence of Lyapunov functions defined, for all n ⩾ 2, by Tn = bnTn596

where597

bn =

n−1∏
k=1

(
1 + 4Lγ2

k

)−1
.598

Since bn = bn+1(1 + 4Lγ2
n), we obtain from (E.3) that for all n ⩾ 1,599

E[Tn+1|Fn] ⩽ Tn − 2γnbn+1⟨Xn − x∗,∇f(Xn)⟩+ 2θ∗bn+1γ
2
n a.s.600

Hence, it follows from Assumption 4.5 that for all n ⩾ 1,601

(E.4) E[Tn+1|Fn] ⩽ Tn − 2µγnbn+1Vn + 2θ∗bn+1γ
2
n a.s.602

Moreover, we clearly have from the right-hand side of (1.2) that (bn) converges to a603

positive real number b, which implies that604

(E.5)

∞∑
n=1

bn+1γ
2
n < +∞.605

Therefore, we deduce from the Robbins-Siegmund Theorem [34] given by Theorem606

A.1 that (Tn) converges almost surely towards a finite random variable T and the607

series608

∞∑
n=2

γnbn+1Vn < +∞ a.s.609

which leads to610

(E.6)

∞∑
n=1

γnVn < +∞ a.s.611

We also obtain from relation (E.6) and Assumption 3.3 that612

(E.7)

∞∑
n=1

γnτ
2(Xn) < +∞ a.s.613

In addition, by taking the expectation of both sides of (E.4) and using a standard614

telescoping argument, we find that615

(E.8) 2µ

∞∑
n=2

γnbn+1E[Vn] ⩽ E[T2] + 2θ∗
∞∑

n=2

bn+1γ
2
n.616

Then, it follows from (E.5) and (E.8) that617

∞∑
n=2

γnbn+1E[Vn] < +∞,618
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which implies that619
∞∑

n=1

γnE[Vn] < +∞.620

Consequently, we get from Assumption 3.3 that621

(E.9)

∞∑
n=1

γnE[τ
2(Xn)] < +∞.622

Furthermore, we already saw from (4.12) that for all n ⩾ 1,623

(E.10) E[An+1|Fn] =
1

N
τ2(Xn) +

(
1− 1

N

)
An a.s.624

For all n ⩾ 1, denote An = γnAn. Since γn+1 ⩽ γn, we obtain from (E.10) that for625

all n ⩾ 1,626

(E.11) E[An+1|Fn] ⩽ An +
1

N
γnτ

2(Xn)−
1

N
γnAn a.s.627

By considering the almost sure convergence (E.7), it follows once again from the628

Robbins-Siegmund Theorem [34] given by Theorem A.1 that (An) converges almost629

surely towards a finite random variable A and the series630

∞∑
n=1

γnAn < +∞ a.s.631

Moreover, by taking the expectation of both sides of (E.11) and using a standard632

telescoping argument, we obtain that633

(E.12)

∞∑
n=1

γnE[An] ⩽ NE[A1] +

∞∑
n=1

γnE[τ
2(Xn)].634

Finally, we deduce from (E.9) and (E.12) that635

∞∑
n=1

γnE[An] < +∞,636

which completes the proof of Theorem E.1.637

A straightforward application of Theorem E.1, using the left-hand side of (1.2), is as638

follows.639

Corollary E.2. Assume that the conditions of Theorem E.1 hold. Then, we640

have641

lim
n→+∞

Vn = lim
n→+∞

An = lim
n→+∞

τ2(Xn) = 0 a.s.642

Moreover, we also have643

lim
n→+∞

E[Vn] = lim
n→+∞

E[An] = lim
n→+∞

E[τ2(Xn)] = 0.644
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Appendix F. Additional asymptotic result on the convergence in Lp.645

As in the previous Appendix, our purpose is to establish additional asymptotic646

properties of the λ-SAGA algorithm that will be useful in the proofs of our main647

results. First of all, we recall that V p
n = ∥Xn − x∗∥2p,648

Ap,n =
1

N

N∑
k=1

∥∇fk(ϕn,k)−∇fk(x
∗)∥2p and τ2p(x) =

1

N

N∑
k=1

∥∇fk(x)−∇fk(x
∗)∥2p.649

650

Theorem F.1. Consider a fixed λ ∈ [0, 1]. Let (Xn) be the sequence generated651

by the λ-SAGA algorithm with decreasing step γn satisfying (1.2). Suppose that As-652

sumptions 3.1, 4.5 and 4.7 are satisfied. Then, we have almost surely653

(F.1)

∞∑
n=1

γnV
p
n < +∞,

∞∑
n=1

γnAp,n < +∞,

∞∑
n=1

γnτ
2p(Xn) < +∞.654

In addition, we also have655

(F.2)

∞∑
n=1

γnE[V
p
n ] < +∞,

∞∑
n=1

γnE[Ap,n] < +∞,

∞∑
n=1

γnE[τ
2p(Xn)] < +∞.656

Proof. We are going to prove Theorem F.1 by induction on p ⩾ 1. First of all,657

Theorem F.1 follows from Theorem E.1 in the special case p = 1. Hence, the base658

case is immediately true. Next, assume by induction that Theorem F.1 holds for some659

integer p − 1 with p ⩾ 2. We recall from inequality (D.10) in the proof of Theorem660

4.8 that for all n ⩾ 1,661

E[V p
n+1|Fn] ⩽

(
1 + 2L1/p

p Cpγ
2
n + 32p−1LpCpγ

2p
n − 2µpγn

)
V p
n662

+ 2Cpγ
2
nV

p−1
n (An + θ∗) + 32p−1Cpγ

2p
n (4pAp,n + θ∗p) a.s.(F.3)663

However, it follows from Young’s inequality for products that almost surely664

(F.4) V p−1
n An ⩽

Ap
n

p
+

(p− 1)V p
n

p
.665

Moreover, one can observe from Jensen’s inequality that Ap
n ⩽ Ap,n almost surely.666

Combining the previous inequality with (F.4), it implies that667

(F.5) V p−1
n An ⩽

Ap,n

p
+

(p− 1)V p
n

p
.668

Furthermore, by putting together the inequalities (F.3) and (F.5), we obtain that669

E[V p
n+1|Fn] ⩽

(
1 + 2

(
L1/p
p + p−1(p− 1)

)
Cpγ

2
n + 32p−1LpCpγ

2p
n

)
V p
n − 2µpγnV

p
n670

+ 2Cpθ
∗γ2

nV
p−1
n +

(
32p−14p + 2p−1

)
Cpγ

2
nAp,n + 32p−1Cpγ

2p
n θ∗p a.s.(F.6)671

Let (Tp,n) be the sequence of Lyapunov functions defined, for all n ⩾ 2, by672

(F.7) Tp,n = V p
n +Nepγ

2
n−1Ap,n,673

This manuscript is for review purposes only.



24 B. BERCU, L. FREDES, AND E. GBAGUIDI

where ep = Cp

(
32p−14p + 2p−1

)
. By the definition (F.7), we have674

(F.8) E[Tp,n+1|Fn] = E[V
p
n+1|Fn] +Nepγ

2
nE[Ap,n+1|Fn] a.s.675

However, we deduce by the same arguments as in (4.12) that676

(F.9) E[Ap,n+1|Fn] =
1

N
τ2p(Xn) +

(
1− 1

N

)
Ap,n a.s.677

Hence, it follows from (F.6), (F.8) and (F.9) that678

E[Tp,n+1|Fn] ⩽ Tp,n + Cp

(
2
(
L1/p
p + p−1(p− 1)

)
γ2
n + 32p−1Lpγ

2p
n

)
V p
n − 2µpγnV

p
n679

+ epγ
2
nτ

2p(Xn) + 2Cpθ
∗γ2

nV
p−1
n + 32p−1Cpγ

2p
n θ∗p a.s.(F.10)680

Additionally, we clearly have V p
n ⩽ Tp,n and Assumption 4.7 leads to681

τ2p(Xn) ⩽ LpV
p
n ⩽ LpTp,n.682

Finally, we obtain from (F.10) that683

(F.11) E[Tp,n+1|Fn] ⩽ (1 + an)Tp,n +∆n − 2µpγnV
p
n a.s.,684

where ∆n = 2Cpθ
∗γ2

nV
p−1
n + 32p−1Cpγ

2p
n θ∗p and685

an = epLpγ
2
n + 2Cp

(
L1/p
p + p−1(p− 1)

)
γ2
n + 32p−1LpCpγ

2p
n .686

Since the sequence (γn) satisfies (1.2), it is easy to see that687

∞∑
n=1

an < +∞.688

Moreover, by the induction hypothesis, we have that689

(F.12)



∞∑
n=1

γnV
p−1
n < +∞ a.s.,

∞∑
n=1

γnE[V
p−1
n ] < +∞.

690

From (F.12), one can immediately deduce that691

(F.13)



∞∑
n=1

∆n < +∞ a.s.,

∞∑
n=1

E[∆n] < +∞.

692

Therefore, one uses exactly the same lines as in the proof of Theorem E.1 and the693

Robbins-Siegmund Theorem [34] given by Theorem A.1 to show that694

(F.14)



∞∑
n=1

γnV
p
n < +∞ a.s.,

∞∑
n=1

γnE[V
p
n ] < +∞.

695
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Hence, combining (F.14) with Assumption 4.7, one immediately deduces that696

(F.15)



∞∑
n=1

γnτ
2p(Xn) < +∞ a.s.,

∞∑
n=1

γnE[τ
2p(Xn)] < +∞.

697

Finally, using once again the same arguments as in the proof of Theorem E.1, we698

obtain that699

(F.16)



∞∑
n=1

γnAp,n < +∞ a.s.,

∞∑
n=1

γnE[Ap,n] < +∞.

,700

which achieves the proof of Theorem F.1.701

A useful consequence of Theorem F.1, using the left-hand side of (1.2), is as follows.702

Corollary F.2. Assume that the conditions of Theorem F.1 hold. Then, for all703

p ⩾ 1, we have704

lim
n→+∞

V p
n = lim

n→+∞
Ap,n = lim

n→+∞
τ2p(Xn) = 0 a.s.,705

and706

lim
n→+∞

E[V p
n ] = lim

n→+∞
E[Ap,n] = lim

n→+∞
E[τ2p(Xn)] = 0.707
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