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Abstract

We propose realized variance disagreement as a nonparametric measure of segmentation
between equity and options markets over a fixed time interval. Defined as the aggregate
difference between diffusive variance components of high-frequency asset returns and their
risk-neutral conditional short-term expectations recovered from options expiring at the end
of the trading day, this statistic captures realized violations of the fundamental no-arbitrage
condition that diffusive variance coincides under the physical and risk-neutral probability
measures. We derive a central limit theorem that enables feasible inference on integrated
variance disagreement between equity and options markets. We further develop market
integration tests that can detect spot and integrated variance disagreements. Empirically,
we find evidence for episodes of disagreement between equity and options markets. These

periods exhibit mild persistence and differ in magnitude across assets.
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1 Introduction

Under the standard full-information rational expectations hypothesis, agents in financial markets
are assumed to know the data-generating process of security prices and its input parameters,
see e.g., Hansen (2007, 2014) and references therein. In reality, when agents only have imperfect
knowledge about models and limited information, asset prices may not always reflect forecasts
based on the full information set. This paper investigates to which degree conditional expecta-
tions implied by equity and option prices are compatible with the assumption of integrated and
arbitrage-free markets.

Options provide important and unique information about the pricing of risks. For example,

the conditional risk-neutral return distribution is fully determined in a model-free way by prices
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of a continuum of options written on the underlying asset. Although the risk-neutral and
physical return distributions can differ significantly due to compensation for risks, important
restrictions apply when investors have access to a continuous record of the true asset price as
commonly assumed in prior work. A key restriction concerns diffusive variance, the variance in
asset returns due to continuous price movements. Because these moves are frequent and small,
their variance can be inferred without error from continuous price observations in a frictionless
setting. As a result, when equity and options markets are fully integrated, investors in both
markets must agree about diffusive variance.! Otherwise, cross-market arbitrage opportunities
would arise in the absence of frictions.

In this paper, we conduct inference on the integrated variance disagreement (IVD) between
equity and options markets, which is defined as the integrated difference over a trading day
between the diffusive variance of asset returns under the risk-neutral distribution, embedded in
options, and the physical one. In order to measure IVD, we introduce a statistic called realized
variance disagreement (RVD), which is constructed from intraday high-frequency asset returns
and prices of zero-date options written on the asset expiring at the end of the trading day.”

RVD is formed in three steps. We first employ empirical characteristic functions of high-
frequency log-returns to estimate the diffusive variance of the physical return distribution. By
choosing increasing values of the characteristic exponent, we isolate diffusive return components
and remove contributions due to large asset price moves. Next, we construct a corresponding
estimate of diffusive variance under the risk-neutral distribution from ratios of conditional char-
acteristic functions recovered from high-frequency options data. In a final step, RVD is obtained
as the difference between the option- and the return-based estimates of diffusive variance. The
use of high-frequency options data ensures that biases in the risk-neutral and physical variance
measures due to nuisance features of the asset price such as jumps and volatility dynamics are
asymptotically the same and, therefore, approximately cancel out when forming RVD.

We establish a stable central limit theorem for RVD in a joint asymptotic regime where
both the high-frequency sampling interval and the time-to-maturity of the options tend to zero.
We exhibit a consistent estimator of the asymptotic variance that enables feasible inference
on IVD. The asymptotic distribution of RVD is derived under very weak assumptions on the
data-generating process, which cover all continuous-time asset pricing models used in prior
work. In particular, we allow for jumps of arbitrary activity and time-varying jump intensities.
Similarly, our assumptions on diffusive variance allow for volatility jumps, arbitrary smoothness
of volatility paths and time-varying intraday volatility patterns.

We further develop market integration tests based on RVD. We show that a test statistic de-

!This does not preclude them, however, from disagreeing about the model driving the asset price dynamics.
In this sense, market integration is a weaker assumption than the rational expectations hypothesis.

2Trading in zero-date options, which expire on the same day they are traded, has significantly increased in
the last few years. In 2024, zero-date options account for more than 50% of the S&P 500 index options volume.
Option trading as a whole also surpassed trading of the underlying shares for the first time in 2020. See the
Bloomberg article “Zero-Day Options Are Most Popular on S&P 500 as Dominance Grows” from January 3, 2025,
and the Quartz article “Options trading is poised to overtake the stock market” from November 22, 2021.



fined as the ratio of RVD and an estimator of its asymptotic standard error will be asymptotically
standard normal if IVD is zero and diverge in absolute value to infinity if IVD is different from
zero. The corresponding test will therefore have an asymptotic power of one against alternatives
with nonzero integrated variance disagreement. In order to have power against spot variance
disagreement, we propose a modified test statistic based on a weighted version of RVD. Under
the null hypothesis of no spot variance disagreement, we derive a functional central limit theorem
with a mixed Gaussian limit for our weighted test statistic as a function of the weights used in its
construction. Under the alternative hypothesis, we show that the modified test statistic diverges
to infinity. In order to construct a test of fixed asymptotic size, we develop an easy-to-implement
wild bootstrap. The use of high-frequency return data and options close to expiration leads to
an asymptotic framework that renders our inference procedures fully nonparametric.

In our empirical application, we use equity and options data for two individual stocks (Ama-
zon and Tesla) and two exchange-traded funds (ETFs) tracking stock market indices (S&P 500
and NASDAQ 100) over the period 2020-2024. Our test detects a nontrivial number of days on
which there is significant evidence for market segmentation. This evidence is strongest for Tesla,
with the empirical rejection rates for this stock being notably above the nominal size of the test.
The average relative size of variance disagreement, quoted in units of volatility, is estimated to
be at around 6-7% for the two market indices, and at around 10% and 13% for Amazon and
Tesla, respectively. We further detect mild persistence in variance disagreement that can last
for several days.

What are the economic implications of these empirical findings? First, equity and options
markets do not always operate in tandem and diffusive variance realized in the equity market can
be different from the options market’s short-term expectations about it. This is true even for the
most liquid stocks and market indices. We identify periods of both under- and overestimation
of physical volatility by options investors.

Second, even if occasional episodes of market segmentation cannot be exploited due to limits
to arbitrage, they have to be accounted for on a theoretical level when trying to explain the
joint behavior of equity and options markets within equilibrium or reduced-form models. For
example, when markets are segmented, there is no pricing kernel, or stochastic discount factor
(SDF), that can rationalize both equity and option prices. This is because rational investors
facing no trading frictions can exploit arbitrage opportunities during these periods.

Third, market segmentation restricts how one can use options data for risk management
purposes. For example, in the absence of market segmentation, options near expiry provide
optimal forecasts of future short-term diffusive variance. These estimates are typically much
more efficient than return-based counterparts. The SPOTVOL Index recently launched by
the Chicago Board Options Exchange builds on exactly this idea. During periods of market
segmentation, however, our results show that option-based estimates of diffusive variance can
become biased and noisy, which needs to be accounted for by the econometrician and possibly

by the investor as well.



Related Literature

The assumption of rational expectations and the closely related efficient market hypothesis have
been subject to intensive empirical examination. When violations are detected, one strand of the
literature aims to identify frameworks under which their occurrence can be explained or studied
(see e.g., Thaler (2016) for the behavioral approach and Hansen (2014) for the model uncertainty
perspective). Another strand investigates why such violations persist. In financial markets,
limits to arbitrage (Shleifer and Vishny (1997)) that prevent arbitrageurs from disciplining the
market play a key role in this regard. We refer to De Long et al. (1990), Pontiff (1996), Lamont
and Thaler (2003), Garleanu and Pedersen (2011) and Da et al. (2024) for various forms in
which limits to arbitrage can appear. Our work differs from this literature in that our focus is
on measuring the degree of arbitrage violations in equity and options markets and on developing
a nonparametric inference procedure based on realized variance disagreement. Our empirical
finding that moderate levels of market segmentation exist occasionally is consistent with Chong
and Todorov (2025b)’s result that arbitrage strategies aimed at exploiting them are unprofitable
on average due to limits to arbitrage such as transaction costs and information uncertainty.

Tests for the integration between equity and options markets have been proposed in work
related to ours. Ait-Sahalia et al. (2001) propose market integration tests by comparing state-
price densities inferred from options and returns. They reject a joint hypothesis that the market
index follows a one-factor diffusion and that a valid SDF can jointly price the index and options
written on it. As Ait-Sahalia et al. (2001) point out, this finding hinges on the strong assumption
that the underlying process follows a Markov diffusion, which rules out well-documented features
in asset prices such as jumps and stochastic volatility. In more recent work, Augenblick and
Lazarus (2025) test rational expectations in the options market by examining violations of
variance bounds on investors’ belief updates (cf. also Augenblick and Rabin (2021)). They
refute a joint hypothesis that index options are rationally priced and that the SDF satisfies a
conditional transition independence assumption. As Augenblick and Lazarus (2025) remark,
this assumption rules out stochastic volatility and other non-Markovian asset price features.

By contrast, the assumptions underlying our theoretical results are general enough to cover
all asset pricing models considered in previous empirical work. Importantly, we allow for spec-
ifications in which option prices reflect compensation for both jumps and stochastic volatility,
which is well documented in the literature. We achieve this level of generality by studying the
pricing of diffusive variance risk. While investors might demand risk premia for disaster risk or
the time-variation of diffusive variance, a key insight this paper rests on is that no risk premium
can be accorded to the level of diffusive variance by investors with full-information rational
expectations.

A large literature has studied how to extract information about pricing kernels and SDFs
from asset price data. We refer to the foundational work of Hansen and Jagannathan (1991),
who derive SDF bounds, and to Alvarez and Jermann (2005) and Hansen and Scheinkman

(2009), who analyze the dynamical properties of SDFs. Option prices, more specifically, are



known to carry valuable information about risks and the pricing of risks (Bodie and Merton
(1995)). Among others, Bakshi and Madan (2000) and Carr and Madan (2001) show that
option prices determine the risk-neutral return distribution in a model-free way; Broadie et al.
(2007), Bollerslev et al. (2009), Bollerslev and Todorov (2011) and Gabaix (2012) discuss the
pricing of variance and jump risks implicit in options; Andersen et al. (2015) and Todorov (2019)
estimate physical return dynamics such as diffusive variance using options data.

All the aforementioned papers assume the existence of an SDF that can rationalize the
observed security prices. Our paper tests whether such an SDF exists in the first place. We
further use variance disagreement to measure the distance between the physical and risk-neutral
return distributions in case such an SDF fails to exist. Previous distances based on relative
entropy and its generalizations (see e.g., Stutzer (1995), Hansen (2014) and Almeida and Freire
(2022)) are infinite in the absence of a valid SDF. Our measure, therefore, provides a notion
of distance between physical and risk-neutral distributions precisely when existing measures
explode.

Our paper also contributes both theoretically and empirically to previous research docu-
menting puzzling empirical patterns in option prices that are hard to rationalize within stan-
dard asset pricing models (Bates (2022)). These include the expensiveness of deep out-of-the-
money (OTM) options (see e.g., Coval and Shumway (2001), Bollen and Whaley (2004) and
Bondarenko (2014)), the so-called U-shape pricing kernel puzzle (see e.g., Ait-Sahalia and Lo
(2000), Jackwerth (2000) and Rosenberg and Engle (2002)) and an inconsistent term structure
of option-implied volatility (see e.g., Stein (1989) and Giglio and Kelly (2018)). Theoretically,
we develop market integration tests that take the absence of arbitrage (or, equivalently, the exis-
tence of an SDF rationalizing both equity and options prices) as the null hypothesis. These tests
are fully nonparametric and make no assumptions about investor preferences. Empirically, we
reject the hypothesis that equity and options markets are perfectly integrated by documenting
sporadic periods in which the two markets are segmented and no SDF can jointly rationalize

the observed equity and option prices.

Outline

The rest of the paper is organized as follows. We begin in Section 2 with formally defining
the notion of equity and options market integration. Section 3 develops our realized variance
disagreement measure and derives its asymptotic distribution. In Section 4 we propose market
integration tests building on the realized variance disagreement measure. We conduct a Monte
Carlo study to assess the finite-sample behavior of our inference procedures in Section 5. In Sec-
tion 6, we empirically investigate the integration between equity and options markets. Section 7
concludes. The Appendix contains definitions of option-implied measures used in our inference
procedures (Section A), the assumptions behind our main theorems (Section B), explicit for-
mulas for the asymptotic variances of our statistics (Section C), results concerning estimating

variance disagreement over several days (Section D) and proofs (Section E).



2 Asset Price Dynamics in Equity and Options Markets

The price X of the underlying asset is defined on a standard filtered probability space (2, F,F =

(Ft)t>0,P) and evolves as a semimartingale process with dynamics given by

dry = af dt + oy AW + / Z[p(dt, dz) — vf (dz)dt], (2.1)
R

where z; = log(X;) is the log-price, W¥ is a Brownian motion and p is an integer-valued
random measure on R, x R counting the jumps in X, with compensator v} (dz)dt. We use
the superscript P to highlight the fact that these quantities are for the dynamics of x under
the physical probability measure P. Formal assumptions for the various processes appearing in
(2.1) are given in Assumption 1 in the Appendix. The semimartingale assumption is standard
in continuous-time econometrics and equivalent to the absence of arbitrage in the equity market
by the fundamental theorem of asset pricing.?

In this paper, we investigate whether arbitrage opportunities exist between the equity and
options markets. As we only consider short horizons, without loss of generality, we assume that
the risk-free interest rate is zero and that the asset does not pay dividends. In this case, both the
asset price and the price of options written the asset are determined as conditional expectations

of their terminal payoffs under a risk-neutral pricing measure Q:
X; =E¥ X7 | /), Cir(K)=E((Xr—K)"|F), Pr(K)=EY((K-Xr)"|F), (2.2)

where Cy7(K) and P 7 (K) are the prices at time ¢ of a European call and put option on the
asset, respectively, with strike K and expiration at time T'. Allowing for incomplete markets, we
do not assume that the risk-neutral measure is unique. Hence, there can be multiple measures
Q that generate the prices of the underlying asset and the observed options according to (2.2).
Under Q, the log-price dynamics of the asset are given by

dry = agdt + U;QthQ + / z[p(dt,dz) — l/;@(dz)dt], (2.3)
R
where W@ is a Q-Brownian motion and 1/;@ (dz)dt is the compensator of ;4 under Q.*
We are interested in the relationship between P and Q. We say that the equity and options
markets are integrated on [0, T if there is a strictly positive aggregate pricing kernel, denoted by

My, that can rationalize the observed equity and options prices in such a way that for t € [0, 7],

Xy =E{(DyrXr), Cir(K)=E;(Dir(Xr—K)V), Pr(K)=E (Dyr(K —Xr)"), (2.4)

3Some recent work by Christensen et al. (2022) and Andersen et al. (2025) suggest that stock prices might
exhibit explosive drifts over very short time intervals, which might constitute a violation of the semimartingale
assumption for the underlying process. We do not consider this situation formally here but we do note that the
statistics proposed in this paper are robust to such locally explosive drifts in the asset price.

“By (2.2), X is a martingale and therefore has no drift under Q. By It&’s formula, this implies that af =
—L(oD)? — (e — 1 - 2)f(d2).



where Dy = My /M, is the associated SDF and E}(-) denotes Fy-conditional P-expectation.
Otherwise, the two markets are segmented. The integration of the equity and options markets
is thus equivalent to the existence of a risk-neutral measure Q that is locally equivalent to P on
[0,T], with M; being the Radon—Nikodym derivative of Q|z, with respect to P|r,. In a sense
made precise in Chong and Todorov (2025b), market integration is equivalent to the absence of
arbitrage between the equity and options markets.

The local equivalence of P and Q implies that they agree about events with probability
zero, which in turn are related to the small and frequent moves in asset prices. In particular,

Girsanov’s theorem implies that the diffusion coefficients of x; under P and Q must be equal:
Q_ P
o =0y, te][0,T]. (2.5)

Rational investors who participate in both the equity and options markets and know about the
diffusive volatility of the underlying asset, ¢*, will thus determine fair prices of options that are
consistent with a risk-neutral diffusive volatility equal to oF. In particular, there will be no risk
compensation for variance due to diffusive asset price movements. It is important to note that
the absence of arbitrage allows for gaps between the jump compensators v (dz) and Vé@(dz),
reflecting risk premia, or disagreement, due to large or intermediate disaster risk (see e.g., Barro
(2006), Chen et al. (2010), Gabaix (2012) and Beason and Schreindorfer (2022)). Similarly, the
drift coefficients of and a? can differ significantly between P and Q, with the gap reflecting the
instantaneous equity risk premium.’

Condition (2.5) allows us to quantify the degree of market segmentation between the equity
and options markets, or equivalently the extent to which arbitrage violations exist in those

markets, by considering the integrated variance disagreement

T
VD7 = [ ((0P)? - (oF Pl (2.6)
0

IVD can be viewed as a (signed) distance measure between P and Q. Existing measures in
the literature (see e.g., Stutzer (1995), Hansen (2014) and Almeida and Freire (2022)) gauge
the discrepancy of P and Q through differences between o) and 049 (and between v} and Vi@),
assuming that IVD is zero. When IVD is nonzero, these measures are typically not defined
or equal to infinity. By contrast, IVD is nonzero only if P and Q violate the no-arbitrage
restriction (2.5). IVD, therefore, measures the degree of segmentation between the equity and

options markets.

®Mathematically, (2.5) is a necessary condition for the integration of equity and options markets. It is also a
sufficient condition in the standard case with finite activity jumps. When jumps are of infinite activity, the local
equivalence of P and Q also imposes restrictions on the difference between v} (dz) and v2(dz) concerning the small
jumps in asset prices. These restrictions are of higher-order and we leave their analysis, which is mostly technical
in nature, to future work.



3 Inference on Integrated Variance Disagreement

We now construct a realized measure of variance disagreement. The idea is to look at statistics
that depend predominantly on the small and frequent moves in asset prices, which P and Q
should agree about when equity and options markets are fully integrated. One such statistic
is the characteristic function of an asset return over a short interval (cf. Todorov and Tauchen
(2012) and Jacod and Todorov (2014)). For S =P, Q, let us denote

L3 () =EF (eMmemm)) 0 <t <ty <T. (3.1)

If u increases as T' shrinks, we can approximate

u? [t u?
L5, (u) =B e 2 S @8] oy o= (7)) (12 —10) (3.2)

and this statement is made formal in the proofs. Therefore, the characteristic function with
asymptotically increasing values of the characteristic exponent separates information about dif-
fusive variance, which P and Q must agree about in the absence of arbitrage, from information
about jump distributions, which may be different between P and Q even in fully integrated
equity and options markets. As a consequence, if P and Q are related through an SDF, we have

£gt2 (u) ~ L}, +,(w) and E%Q (u) is approximately the optimal forecast of e?*(®t2=%t1),

3.1 Realized Variance Disagreement

In analogy to (2.6), we define the realized variance disagreement between the equity and options
markets as
RVD% = VQ; — VDy, (3.3)

where \//T’; and \/76; are estimators of integrated diffusive variance under the physical and risk-
neutral probability measures, respectively. These two estimators are constructed from high-
frequency price observations of the underlying asset and of options with maturity 7" at the
following time points:
tr=(>G—-1)A, & =>0G-1DA+A, i=1,... k, (3.4)
where 0 < A, < T, Al, = pA,, for some ¢ € (0,1) and k, is a positive integer such that
knA, = 0T for some 0 € (0,1). We consider an asymptotic setup where T'— 0, A,,/T — 0 and
k, — oo. Figure 1 illustrates the time points at which equity and option prices are sampled for
the construction of RVD.
In our application, we make use of so-called zero-date options, or ODTESs for short. This
means that 7" will be the end of a trading day, and the interval [0, 7] will be one trading day.
The reason for using Al < A, is to ensure that the summands defining \7@; (see (3.8) below)

do not use the same options data. Everything that follows will go through with A! = A,, but in



Figure 1: Illustration of the Sampling Scheme. RVD is constructed based on high-frequency
observations of equity and option prices sampled at a distance of A] within [0, 7], with a gap
of A, — A, between consecutive high-frequency intervals. All options expire at time 7" and
sampling stops prior to that, at time 07'.

that case our estimate of the asymptotic variance of RVD?. will need to be modified slightly. The
reason for choosing 6 < 1 is to ensure that there is a sufficient strike coverage in the available
options data (recall that all available options expire at T').

The choice of A, Al and k,, is determined by the econometrician and the availability of
data. For example, in one of the settings considered in the Monte Carlo and the empirical
sections, A, is six minutes, A} is five minutes and k, = 59. This corresponds to computing
five-minute returns with one-minute gaps in between and stopping half an hour before market
close. One can also consider constructing the statistic on part of the trading day only.

As an estimator of P-diffusive variance we choose®

. 2 .
P iu —
VPT = E t"t An), Wwhere Vi (u) = 2 §R(e @y =2ey) _ 1). (3.5)

The characteristic exponents 4y are chosen in an adaptive way such that
L g«

u

VT —t
We detail our choice of 4y in (5.7) in the Monte Carlo section. By assumption, @, is of the

order 1/v/T and we have A,/T — 0 and k, — co. Therefore, using (3.2) and a first-order

approximation, we see that

P S 2 30iaya, ()P AL
VPr ~ ZE [ o 2)%)} ~ Z = (e R 1)
kn

~ A;Z(ag)?

=2

for some constants 0 < u < u < oo and t € [0,7T). (3.6)

;

(3.7)

As a result, @; consistently estimates integrated diffusive variance under P.

SWe write R(z) and I(z) for the real and imaginary part of a complex number z, respectively.



As an estimator of Q-diffusive variance, we choose

—n 5Q - 50 2 E%,T(U)
VQr = Z Vﬂj? (U(i—2)a,), where Vi° (u) = —@% m —-1]). (3.8)
=2 to, T

This statistic aims to mimic its P-counterpart defined in (3.5) as much as possible. Ideally, we

would like to choose 5
5Q,infeasibl
V;(?itl;l easi e(u) = —E%(z\g’m (U) — 1), (39)

where ng (u) is an option-based estimate of ng (u). In practice, however, options have
a fixed maturity schedule. In particular, there are no exchange-traded options with intraday
expiry, and (3.9) remains infeasible in applications. Instead, we observe at different intraday
time points ¢ prices of options expiring at time 7', the end of the trading day. Using classical
option spanning formulas, which we detail in Appendix A, we can then construct option-based

estimates Z’?T(u) of ﬁ?T(u). As we show in the proofs, we have

L2, ()~ w3 8 T—0. (3.10)

The approximation in (3.10) becomes exact in the case where the characteristics of = under
Q (volatility and jump compensator) are Fy-measurable. This covers, in particular, locally
deterministic intraday patterns in volatility, which are well-known to be present in real financial
data. By (3.2), (3.8) and (3.10), we have

kn
VQr =~ Z <—A22> %(ﬁgﬁ (U(i—2)a,) — 1)

i=2 Ui-2)A,

En _1~2 ch 2 A7
o Z(_AQ 2 ) (¢ Flmann S ) (3.11)
i=2 i

i—2)A,
kn,

~ ALY (o)
i=2
Equations (3.7) and (3.11) imply that RVD’. is a realized measure of variance disagreement.
In the following, we also consider
n —_—<n
RVDy  VQp

I“RVDn = T—=n — —n
VP;  VP;

1 (3.12)

as an estimator of the relative integrated variance disagreement between the equity and options

markets,
oT oT
VD — S (022 = (o)dt _ b (02)2dt 1 (3.13)
o (oF)2dt St (oF)2dt
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Remark 1. Using (3.7), (3.10) and (3.11), we have

En
RVD7} ~ Z(Eg [‘733] - ‘Z?gf) (3'14)

£
1=2

The full-information rational expectations forecast at time ¢}' of ‘Zﬁ m 18 Ef. [17£ . While P-
1 Y =1 ,irr (3

and Q-forecasts can be very different for general random variables, condition (2.5) implies that

we must have .
t; t; ~
Ein [V ] & / (oF)2ds = / (09)2615@133[@;%], (3.15)

230V n n

n

if equity and options markets are integrated. Therefore, RVD7} measures the divergence of short-
term volatility forecasts between investors in the equity and options markets. When the two
markets are integrated, RVD’ is approximately a martingale sum and, as we show below, mixed
normally distributed around zero. Otherwise, RVD7. will be significantly different from zero,
and the options market either over- or underestimates the diffusive volatility of the underlying

asset.

Remark 2. What if investors (in the options market) have only access to a restricted information
set F/ C F; in the spirit of Hansen (2007, 2014)?" That is, suppose (2.2) holds with F; replaced
with F]. Since in this case option prices are determined as JF}-conditional expectations of their
EPT(U) will be an

estimate of L’:‘/Q}(u) = EtQ [er(@T=21)] where E;Q denotes conditional Q-expectation given F;. As

terminal payoffs, the option-spanning result from Appendix A shows that

a consequence, we have

kn
RVD} ~ A, > [(0R)? - (oF)?] + FE} + RP, (3.16)
=2
where
kn kn
FEF = A, Y {ERI05)2) - (082}, RPE = ALY {ERI03)%) - B [(05)}.  (3.17)
=2 =2

The first term, FE7, is the aggregate forecast error in estimating Q-diffusive variance based on
the limited information set F;. The second term, RP%., is an aggregate risk premium demanded
by investors due to uncertainty about Q-diffusive variance.

The magnitude of FE}. and RP%. depends on how close F] is to F;. Under the standard

assumption that F; contains a discrete price record up to time ¢ of the underlying asset at

/
ns

frequency Al investors can employ classical spot volatility estimators to infer (051)2 from the
price data. As long as investors have access to an estimator o, that satisfies (67,)% = (0n)? +

0p(1/v/'ky) (which will be true for standard spot volatility estimators under the assumptions on

"Related to this, Duffie and Lando (2001) study the implications for the term structure of credit spreads of
corporate bond holders who have access to imperfect information only.

11



k, and A], we impose in Assumption 5), both FE%. and RP7. will be negligible for the inference
procedures we propose below in the case where condition (2.5) is satisfied. If (2.5) is violated,
then RVD7. estimates integrated variance disagreement plus a forecast error and a risk premium
term, that is,

VD). = IVDy + FEr + RP7, (3.18)

where
T T
FEr = /0 (EF((02)?] = (0f)?)dt, RPrp = /0 (B2 [(0)?] — B (o)) . (3.19)

Remark 3. The RVD measure defined in (3.3) stands in contrast to a point-in-time (static)

estimator of integrated variance disagreement given by
RVD*e = v 2 — yf, (3.20)

which compares V:ﬁ ’P, a nonparametric estimate of the integrated diffusive variance fOT (o})2dt
constructed from high-frequency returns in the interval [0, 7], and V:;Q, a nonparametric estimate
of fOT(UéQ)th from options observed at time ¢t = 0 and expiring at time ¢ = 7. The two
nonparametric volatility estimates V' * and V%Q are constructed over different frequencies: the
option-based one uses conditional moments of returns over the entire interval [0, 7], while the
return-based one makes use of high-frequency returns within [0, 7] of length A,,, with T/A,, —
oo. This mismatch of frequencies leads to biases of different asymptotic orders in V' P and
V%Q due to nuisance features in the return dynamics such as jumps, stochastic volatility as
well as intraday deterministic patterns in volatility. By contrast, these biases approximately
cancel out in the construction of RVD’.. This is because the estimates of P- and QQ-variance,
T

m
LA

the same characteristic exponents. To achieve this bias reduction and robustness to the above-

(u(i—2)a,) and 175’%? (U(i—2)a, ), are formed over the same high-frequency intervals and use

mentioned nuisance features in the asset dynamics, RVD? requires high-frequency option data,

as opposed to RVD%’Static which only uses static option data at one point in time.

3.2 The Asymptotic Distribution of Realized Variance Disagreement

The main theoretical result of this paper, stated in the next theorem, determines the asymptotic
distribution of realized variance disagreement. Below, (Q,F,P) denotes an extension of the
original probability space that supports the option observation errors. It is formally introduced
in (A.2) in Appendix A.

Theorem 1. Suppose that Assumptions 1-5 from Appendiz B hold and that the characteristic
exponent Uy satisfies (3.6) and (B.2). Then

D% — oIVD .
RVD? — ¢1VDor £25 N(0,1), (3.21)
V kal(AL)?AVars. 4 6T3/2AVar Y]
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where AVary, = % OGT(UtP)"‘dt and AVarg is defined in (C.3) in Appendiz C. If £, is an integer
sequence satisfying £, — oo and Ly /k, — 0 and

kn

Vi = Z(Z;?,E? (Ugi-2)a,))?,
i=2
N e /] R R , it R (3.22)
M=ty Y (Mjn(Ua_ga,)® with Mia(u)=— > Zpp(w),
j=1 " i=(—1)ln+1
where foru >0 and 0 <t <ty < T,
Ztl,t2 (U) = W?itg (u) - ‘/Iflf,tg ('LL), (323)

then m(ﬁ% - //\/\l%) is a consistent estimator of the asymptotic F-conditional variance and

D2 — oIVDgr £
RV r ‘pz T £25 N (0, 1). (3.24)
\V Vi — My

Several comments are in order. First, the convergence in distribution in (3.21) is stable,

see Chapter 2.2.1 of Jacod and Protter (2012), which is important for valid inference when the
F-conditional asymptotic variance is random. It ensures that studentization by a consistent
estimator of the F-conditional variance results in convergence to a standard normal limit in
(3.24). Moreover, the statistic in (3.24) is of self-normalized type, which implies that it is
scale-free.

Second, the statistic is built over a given interval of length §7 and uses k, increments of
length A! sampled at frequency A,. These quantities, as mentioned earlier, are picked by
the econometrician. In applications using zero-date options, the maturity 7' of the options is
usually fixed, but 6 can be selected based on the econometrician’s interval of interest and the
availability of strikes in the option data satisfying the conditions of the theorem. For example,
in the Monte Carlo and empirical sections, we compute RVD’: up to half an hour before market
close. Because there are time gaps between consecutive returns in RVD7., the constant ¢ appears
in (3.21). Taking RVD7 /¢ yields a consistent estimator of IVDgrp.

Third, the rate of convergence of RVD7. is naturally determined by the number of terms in
the statistic, k,. The permissible order of k, in turn depends on the degree of jump activity
and the smoothness of volatility and the jump intensity (see Assumptions 1-3). Our theorem
sets k, in a way that does not assume prior knowledge about these features, enabling robust
inference on integrated variance disagreement under very general specifications including infinite
variation jumps and rough volatility (Gatheral et al. (2018), Chong and Todorov (2025¢)). If,
however, the econometrician possesses additional information (e.g., an estimate of jump activity
and volatility smoothness from high-frequency return data), then k,, can be chosen adaptively

to increase the rate of convergence in the theorem. For simplicity, we do not consider such
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extensions here.

Fourth, the current choice (3.6) makes the diffusive asset price component more prominent
relative to asset price jumps. This allows us to conduct inference on integrated variance dis-
agreement in a jump-robust way without making (semi)parametric assumptions on the jump
distribution. If, on the other hand, one is interested in the no-arbitrage restrictions concerning
infinite activity price jumps, then one needs a larger rate of growth of the characteristic exponent
than the one we are currently using. We leave the exploration of this for future work.

Fifth, there are mainly two sources of error that drive the asymptotic variance of RVD7.
On the one hand, the component AVarIJPL captures the high-frequency variation of the terms
‘//\’t?f? (u) —Egl [‘Z?f? (u)] (i.e., the approximation error in the first step in (3.7)). This component
is identical to the asymptotic variance of the classical realized variance estimator (Barndorff-
Nielsen and Shephard (2002)). On the other hand, the component AVarg captures variance
due to option observation errors, which render E?T(u) a noisy estimate of ,CST(U). The relative
the
mesh of the strike grid of the available options, §, and the maturity of the options, 7. The

size of these two errors depends on the length of the high-frequency return intervals, A,
precise definition of ¢ is given in Assumption 4 in Appendix B. We note that Theorem 1 applies
regardless of whether the first, the second, or both errors play an asymptotic role in the limiting
distribution.

Finally, the result in Theorem 1 is related to Jacod and Todorov (2014) and Todorov (2019),
with important differences between these papers and the current work. Jacod and Todorov
(2014) estimate integrated volatility from nonlinear transforms of local empirical characteristic
functions of returns over shrinking blocks. By contrast, here we avoid making nonlinear trans-
formations of local statistics (and avoid the associated asymptotic biases resulting from this) by
choosing suitable characteristic exponents. Todorov (2019) derives a CLT for an option-based
estimator of volatility given by —2log |E?T(ﬂt) |/u2, for fixed t. By contrast, here we use ratios of
option-implied characteristic functions integrated over high-frequency intervals, whose asymp-
totic behavior is quite different from that of the option-based volatility estimator of Todorov
(2019). In addition, Theorem 1 is a joint asymptotic result for return- and option-based volatil-
ity estimators in which asymptotic biases in the two measures cancel out. Hence, the asymptotic
behavior of our statistic is established under significantly weaker conditions on the volatility dy-
namics and the jumps than those required in Jacod and Todorov (2014) and Todorov (2019). For
example, Jacod and Todorov (2014) and Todorov (2019) place much stronger upper bounds on
the jump activity in asset prices and lower bounds on the smoothness of volatility than Assump-
tions 1-3. In contrast to Jacod and Todorov (2014), we do not need to make semiparametric
assumptions on the distribution of asset price jumps.

The delta method yields the asymptotic distribution of rRVD7.

Theorem 2. Under the same assumptions as in Theorem 1, we have

RVD? — tIVDgr £
M T DV 0T L8 (o, 1), (3.25)
AVar(rRVD?Z)
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where

(¥ (a2)2dt)?
09T ¢ " AVarh. + k,67°%/?

AVar(tRVD%) = k,(A])?
WRVPE) = Bl ) o o o

Q
( OGT(af)th)QAvarT. (3.26)

Moreover, if we define

— VO 2___pn ——Q,n
AVar(rRVD}) = gﬁﬁ,{ ;4 AVary + (ﬁ)ln)QAVar? : (3.27)
T T
where
——Pn 1 kin =P R =p N 2
AVary = 9 Z(Vz?ﬁ (Ui-2)a,) = ‘Qgﬁl,gyfl(u(if:zmn)) ) (3.28)
=3
k
——Qn 15/~ N ~ R 2
AVary =5 Z(V;ggn (Ui-2)a,) = ‘/;%1,2?_1(“(1'—3)%)) ; (3.29)
i=3

then we have the following feasible central limit theorem:

D2 — rTVDgr £
rRV/i HVDor 225 n(o,1). (3.30)
AVar(rRVD?)

In Appendix D, we present an extension of Theorem 2 that covers inference on relative IVD
over multiple days. The main additional challenge consists in identifying bias terms that are of
higher order in (3.25) but may no longer be so under time aggregation. On a single day, the

results of Appendix D constitute finite-sample improvements over Theorem 2.

4 Testing Market Integration

4.1 A Market Integration Test for Integrated Variance Disagreement

Thanks to the no-arbitrage condition (2.5), Theorem 1 immediately yields a market integration
test based on whether integrated variance disagreement is zero or not. The associated market

integration test statistic is given by
RVD7.
VY — M2

where RVDY is the realized variance disagreement measure defined in (3.3) and 17% and X/l\% are
defined in (3.22).

The no-arbitrage condition (2.5) implies that the variance disagreement between integrated

MITY = (4.1)

equity and options markets is zero. In this case, the terms Z n 7 (Ui—2)a,) in (3.3) form an

approximate martingale difference sequence and the market integration test statistic is approx-
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imately normally distributed by (3.24). By contrast, if the integrated variance disagreement
between the two markets is different from zero, (3.24) implies that the absolute value of MIT7
diverges to infinity.

The formal description of the null and alternative hypotheses requires care due to the shrink-
ing horizon of the economy. Recognizing that even on short horizons such as one day, volatility
can exhibit strong deterministic time-of-day patterns, which may in addition vary from day to

day (Andersen et al. (2024)), we model diffusive variance under P and Q as
(0f)> = E(t/T)st, (07)° = (of)> +C(t/T)pe, ¢ €[0,T). (4.2)

Here, £ is a deterministic function capturing the time-of-day pattern of diffusive variance under
P, while ¢ denotes its stochastic component. Similarly, ¢ and p describe the deterministic and
random components in the potential gap between diffusive P- and Q-variance.® While ¢ and ¢
are nonnegative, there are no restrictions on the sign of ¢ and p, so Q can potentially over- or
undervalue diffusive variance. Without loss of generality, we assume py # 0 almost surely, so
that condition (2.5) corresponds to ¢ = 0. Additional regularity assumptions are stated in the

Appendix.?

Theorem 3. Consider MIT7: from (4.1) as a test statistic to discriminate between the following

two hypotheses:
0 6
Hy : /0 C(u)du =0, Hi - /0 C(u)du # 0. (4.3)

If the assumptions of Theorem 1 are satisfied and (A])?/[(A])? + §T3/?] converges to a strictly
positive number, then
MIT?% £25 N(0,1) under Hy, )
|MIT?| L, o at rate Vkn under Hy. .
The hypotheses in Theorem 3 concern the disagreement between P and Q, as represented by
¢, about the time-of-day effect of volatility. This deterministic pattern, on average, constitutes
the main feature of volatility in intraday asset returns. The market integration test statistic
from (4.1) is able to detect differences in the integrated time-of-day effect between P and Q.
No difference, however, does not mean that integrated variance disagreement, IVDgr, is exactly
zero. We can have a situation where fOGC(u)du = 0 but IVDyp = —fOGC(u)pquu # 0 due
to the variation generated by p over the interval [0,07]. Nevertheless, this variation is of
higher order, i.e., we have IVDyr = —po fOQC(u)du + 0p(1) = 0p(1) as T | 0, so integrated

variance disagreement is approximately zero in this case. The assumption of a positive limit of

8The subsequent results clearly extend to the case where & and ¢ are random but Fop-measurable. This is
important if we aggregate the market integration test statistic over multiple days. In this case, £ and ( are
allowed to vary randomly from one day to another.

9Modeling spot variance via (4.2) formally assumes that we consider sequences of physical measures Py and
risk-neutral measures Qr under which we have (2.1)—(2.3) but with P and Q replaced by Pz and Qr, respectively.
To keep notation simple, we omit the subscript 7. For instance, we continue to write P = Pr, Q = Qr, of = crfT
and o = g7 .
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(A")2/[(A!)? 4 6T3/2] ensures that option observation errors do not dominate the test statistic,
which would lead to a loss of power under the alternative hypothesis.

If the equity and options markets disagree about diffusive variance at specific time points
but agree about integrated variance over the whole day, the power of a test based on (4.1) will
not exceed the nominal size of the test. Next, we develop a test that holds an asymptotic power

of 1 even against such short periods of variance disagreement.

4.2 A Market Integration Test for Spot Variance Disagreement

We design a modified market integration test that can detect disagreement between the equity
and options markets about spot variance. Because of (2.5), it is also a test for the existence of
an SDF relating P and Q. We introduce the weighted statistic

kn
RVD7(n) = Zw (Tl>Zt"t (U(i-2)a,) (4.5)

24 0%
=2

where (wy),ep0,27) 18 a family of weight functions, and consider the supremum test statistic

MITH sup |RVDZ(n)|. (4.6)
\% An n€l0,2x]
The weight functions w,, are chosen in such a way that any deviation of P- and QQ-spot variance
results in an abnormally large value of the test statistic. We follow Bierens and Ploberger (1997)
and choose
wy(t) = sin(nt) + cos(nt).

The next theorem shows that the test statistic (4.6) is able to distinguish between
Hj:(=0on|0,0], H{:(#0on|0,0], (4.7)

where ( is defined in (4.2) and determines whether there is a P-Q gap in diffusive variance. In
order to determine the critical region of the test, we apply a wild bootstrap procedure. We fix an
integer B, the number of bootstrap samples, and consider a sequence (X;p)ip>1 of independent
standard normal random variables defined on a very good extension ((~2, F, IF) of (Q,F,P). For
b=1,...,B, we define

*nb
RVD” an kl (Ui—2)a, )X

and let @E (p) be the p-quantile of the sample {FA’ SUP,e(0,27 [RVD 7" “m)|:b=1,...,B}.
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Theorem 4. Suppose that the assumptions behind Theorem 3 are valid. Under Hj,

MITS 555 Ziax = sup |Z, (4.8)
n€l0,27]

where Z = (Zy)ne[o,2x] 15 an F-conditional Gaussian process, defined on a very good extension
Y, F' P of (Q,F,P), with mean 0 and F-conditional covariance function given in (C.4).
Under HY, we have

MIT;" — oo (4.9)
In particular, for any a € (0,1),
) - ~p a under Hf,
lim  lim ]P’(MIT*T” > Q) r(l— a)) = (4.10)
n—00,T—0 B—oo ’

1 under HY.

5 Monte Carlo Study

We now evaluate the finite-sample performance of the newly developed inference procedures in

empirically realistic settings.

5.1 Setup

We use the following model for the dynamics of X under S =P, Q in the Monte Carlo study:

dX
Gt =l o WE [ (€ =D Pt dz), VE = (o)
t— R
AVE = k(0 — VE)dt + o/ VE(pdWE + /1 — p2dWP), (5.1)

—)S _S

VS(dt7 dZ) — ‘/t]P <C_‘Z|1+al{z<0} =+ C_A,_‘z|1+al{z>0}> dtdz,

where WS and WS are two independent Brownian motions and p is an integer-valued random
measure, counting the jumps in the log-price, with compensator ©° under S. Parameters that
might differ under the two probability measures are indicated by a superscript.

Diffusive volatility follows a Heston model while the jumps in the model follow a time-
changed tempered stable process, with the time change being diffusive variance. We calibrate
the parameters of the model to roughly match key empirical features of market index dynamics

and options written on it. In particular, we set the scale parameters c_ and cy as

(AF )20 (A2)2-
_=01x —— d =0.1x ———. 5.2
c XF(Q—@) and ¢y XF(Q—a) (5.2)
This implies that jump variance is 20% of diffusive variance. Setting A\ = )\11, we further

P

have that the jump compensator v* is symmetric around zero. This is roughly consistent with
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empirical evidence reported in earlier work about the statistical jump distribution. We consider
different values for the parameter «;, which controls the jump activity. In particular, we consider
both finite and infinite activity jumps. The drift under P is b” = 0.05, while we have b2 = 0
because of the first identity in (2.2).

To keeps things simple, in the case of no arbitrage, the compensation for variance risk, known
as the variance risk premium, is generated by a compensation for negative jump risk only and
without any compensation for the time variation in diffusive variance. This is why, in the case of
no arbitrage, i.e., when V;Q = VtP , these identical processes have the same dynamics (expressed

by k and 6) under P and Q. The risk premium for negative jumps is generated by setting

2—«
AP 01+02x1.2 g p

In this case, the variance risk premium is 20% of the variance risk in the specifications without
arbitrage. This is similar to earlier estimates reported for market index options.
Finally, we set
a;@ = AW x o;, for some constant AW > 0. (5.4)

Hence, AW =1 corresponds to integrated equity and options markets satisfying (2.5), AW > 1
to the case where the options market overvalues diffusive volatility and AW < 1 to the case
where the options market undervalues diffusive volatility. The parameters for all specifications
are given in Table 1. We consider situations with both small and large disagreement about

diffusive volatility.

Table 1: Parameter Setting for the Monte Carlo

Case Variance Parameters Jump Parameters

AW 0 Kk o p a )Y )\[i )\g c-  cy
NA-J1 1.0 0.02 8 0.2 -0.9 —0.5 100 61 100 100 7523 7523
NA-J2 1.0 0.02 8 0.2 —-0.9 0.5 100 44 100 100 113 113
AL1-J1 0.9 0.02 8 02 -09 —0.5 100 100 100 100 7523 7523
AL1-J2 0.9 0.02 8 0.2 -09 0.5 100 100 100 100 113 113
AL2-J1 0.8 0.02 8 0.2 -09 —0.5 100 100 100 100 7523 7523
AL2-J2 0.8 0.02 8 02 -0.9 0.5 100 100 100 100 113 113
AHI-J1 1.1 0.02 8 0.2 -0.9 —0.5 100 100 100 100 7523 7523
AH1-J2 1.1 0.02 8 0.2 —-0.9 0.5 100 100 100 100 113 113
AH2-J1 1.2 002 8 0.2 -0.9 —0.5 100 100 100 100 7523 7523
AH2-J2 1.2 002 8 0.2 —-0.9 0.5 100 100 100 100 113 113
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5.2 Observation Scheme and Choice of Tuning Parameters

We set Xy = 5,000 and draw VO]P from its stationary distribution. Options are observed on
the interval [0,7], with T" = 1/252 corresponding to one business day. We consider sampling
between 5 minutes after market open until 30 minutes prior to market close. We consider two
values for Al: Al = (1/252) x (1/78), which corresponds to a 5-minute sampling frequency,
and Al = (1/252) x (1/390), which corresponds to a 1-minute sampling frequency in a trading
day of 6.5 hours. We create 1-minute gaps between intervals over which the summands in the
statistic are computed by setting A, to 6 minutes in the first and to 2 minutes in the second
case. In the 5-minute (1-minute) sampling case, this leads to k, = 59 (k, = 178).

At each observation time, out-of-the-money options on the underlying asset are generated
on a strike grid given by multiples of 5, resulting in a gap of 5 between strikes. The highest and
lowest strikes are the highest and lowest values on the strike grid for which the true option price
is above 0.075. This option observation scheme mimics roughly ones available in real data. The
option mid-quote is the true option price plus an error that equals 0.025 times a standard normal
random variable multiplied by the true option price. The observation errors are F-conditionally
independent across time and across strikes.

The characteristic exponent from (3.6) is chosen in an adaptive data-driven way. First,

denote

—21 2

(RV v (T =)o) AT — )T

for some finite constants 0 < v < ¥ < oo and where RV ST is a measure of risk-neutral conditional
return variance over the interval [t, T] that is given in Appendix A. In all applications, we set
v = 0.001 and v = 0.5, which provide lower and upper bounds on annualized risk-neutral

variance. We further let

4 = inf{u >0 L3 (w)] < 0.2} (5.6)
and define
= argmin{|29T(u)| cue 1,9 A a§2>]}. (5.7)

This choice of u; aims at using characteristic exponents for which \EPT(U)| is approximately 0.2.

In assessing the market integration test based on spot variance disagreement, we consider

aggregation of the test statistic to a single day and five consecutive days of observations. More-
*n,b

over, we approximate sup, o 2] [RVD7(n)| and sup; i 2./ RVD7""(n)| by taking the maximum

over an equidistant grid of eleven points covering the interval [0, 27].

5.3 Results

We start with evaluating the finite-sample behavior of confidence intervals for rIVDp, con-
structed using the result in Theorem 2. The Monte Carlo results are reported in Table 2. They

show that the constructed confidence intervals based on the asymptotic limit result exhibit a
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slight undercoverage. This effect is more pronounced for the coarser sampling frequency of five
minutes. One reason is that for moderate sizes of k,, the left-hand side of (3.24) is closer in

distribution to

2521(21‘2 -1 7 iid. N(0,1),
V(22 - 1) — (Tl (22 - 1))k

which has longer tails than the standard normal distribution. A bootstrap approach, similar to

the one employed for the test in Section 4.2, can correct for this finite-sample distortion.

Table 2: Monte Carlo Results: Confidence Intervals for rIVDp

Case 5-minute frequency 1-minute frequency
v=090 =095 =090 ~v=0.95
NA-J1 0.8796 0.9328 0.8782 0.9324
NA-J2 0.8618 0.9154 0.8740 0.9332

AL1-J1 | 0.8786 0.9324 0.8900 0.9450

AL1-J2 | 0.8730 0.9250 0.8828 0.9322

AL2-J1 | 0.8762 0.9360 0.8800 0.9366

AL2-J2 | 0.8750 0.9304 0.8790 0.9386

AH1-J1 | 0.8542 0.9130 0.8746 0.9312

AH1-J2 | 0.8358 0.9012 0.8662 0.9212

AH2-J1 | 0.8656 0.9186 0.8790 0.9308

AH2-J2 | 0.8322 0.8952 0.8660 0.9204
Note: Reported results are empirical coverage rates of two-sided confidence intervals for rIVDp
with confidence level of v based on 1,000 replications.

We proceed next with the Monte Carlo results for the market integration test from Sec-
tion 4.2. They are reported in Table 3. These results show that the test has overall good
behavior under the null hypothesis. This holds true for both considered sampling schemes and
for both levels of jump activity.

As expected, the power of the test depends on the size of the disagreement between the equity
and options markets about diffusive spot volatility and the level of aggregation. In particular,
when option-implied spot diffusive volatility is 10% below or above its underlying asset-based
counterpart and the level of aggregation is one day, the power is quite low. The power increases
significantly when the difference between o] and 09 is 20% and/or when we aggregate over five
consecutive days.

Higher jump activity tends to result in a small decrease in the power of the test as it makes
the statistic somewhat noisier. This effect is of higher asymptotic order but it is nevertheless
noticeable in finite samples. Finally, the increase of the sampling frequency leads to some loss in
power of the test. This is most noticeable in the scenarios in which 09 is above o} . The reason for
this loss of power when the sampling frequency increases is the option observation error. When

we increase the sampling frequency, VQ; gets noisier while the precision of \//TD; improves. In
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our Monte Carlo experiment, the first effect dominates the second one when switching from
five-minute to one-minute sampling.'” Overall, the reported Monte Carlo results indicate good

finite-sample behavior of the test in empirically realistic scenarios.

Table 3: Monte Carlo Results: Test for Spot Variance Disagreement

Case Aggregation: 1 day Aggregation: 5 days

5-minute frequency 1l-minute frequency 5-minute frequency 1-minute frequency

a=010 a=005 a=010 a=00 a=010 a=005 a=010 «o=0.05

NA-J1 0.0972 0.0458 0.0986 0.0502 0.0910 0.0420 0.1080 0.0510
NA-J2 0.0998 0.0452 0.0912 0.0418 0.1040 0.0420 0.1140 0.0520
AL1-J1 | 0.1384 0.0694 0.1220 0.0580 0.4070 0.2710 0.2380 0.1640
AL1-J2 | 0.1284 0.0610 0.1174 0.0636 0.4310 0.2870 0.2680 0.1630
AL2-J1 | 0.3728 0.2312 0.2214 0.1356 0.9420 0.8930 0.6410 0.5340
AL2-J2 | 0.3154 0.1950 0.2022 0.1200 0.9140 0.8530 0.5810 0.4530
AH1-J1 | 0.1710 0.0994 0.1052 0.0532 0.3030 0.2120 0.1120 0.0590
AH1-J2 | 0.1534 0.0898 0.1078 0.0540 0.2200 0.1500 0.1030 0.0550
AH2-J1 | 0.2892 0.1948 0.1196 0.0594 0.6750 0.5990 0.1910 0.1040
AH2-J2 | 0.2586 0.1754 0.1114 0.0584 0.5500 0.4600 0.1650 0.0960

Note: Reported results are empirical rejection rates of the test based on 1,000 replications with
size a.

6 Empirical Assessment of Market Integration

6.1 Data

We examine the integration of equity and options markets for the following underlying assets:
SPY (an ETF tracking the S&P 500 market index), QQQ (an ETF tracking the NASDAQ 100
index), Amazon and Tesla.!! The data covers the period 2020-2024. Zero-date options for SPY
and QQQ for the first part of the sample were available on Mondays, Wednesdays and Fridays,
and on every trading day for the rest of the sample. Zero-date options for Amazon and Tesla

are available only on Fridays throughout the sample.

10T fact, for a given level of option observation error and physical diffusive variance, there is an optimal
sampling frequency for realized variance disagreement that achieves the lowest asymptotic variance. To keep
things simple, we do not present this result here.

" The options considered in the empirical analysis are of American style, which allow their holders to exercise
them before the expiration date. While our theory builds on European-style options, it continues to apply when
options are of American style. In particular, in absence of dividends (which is always the case for the zero-date
options that we work with), it is never optimal to exercise early, see e.g., Merton (1973). For deep in-the-money
puts, it can be optimal to exercise them early in order to gain the interest on the strike. But if the interest
rate is zero, then it is also never optimal to exercise puts before expiration, see e.g., Schroder (2015). Even if
interest rates are different from zero, one can show that the early exercise premium for out-of-the-money options is
asymptotically negligible. As existing evidence suggests that the impact of the early exercise premium on volatility
estimation is rather small empirically (Carr and Figa-Talamanca (2020)), we do not show this formally. As a
further confirmation of the negligible role of the early exercise premium for our results, an analysis of S&P 500
index options, which are European style, yields very similar results to what we find for SPY options.
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We apply standard filters to the options data and remove strikes with zero bids for out-of-
the-money options. We remove days on which the minimum number of available strikes with
nonzero bids for out-of-the-money options at any sampling point during the trading day is below
five. Similarly, we discard days for which at any sampling point there are fewer than two out-
of-the-money calls or puts. The moneyness of the options is with respect to implied forward
extracted via put—call parity from the three available strikes with minimum put—call spread. We
take the median of these three implied forward estimates. Finally, we remove from the sample
days in which there are more than 20% of zero five-minute returns for the underlying asset.
This filter discards mostly days with partial trading around holidays. We also remove days with
FOMC announcements.

We sample the equity and options data on each day from 8:35 CST until 14:30 CST for
SPY and QQQ and from 8:35 CST until 13:30 CST for Amazon and Tesla. The reason for
stopping slightly earlier in the day for the two individual stocks is to guarantee better strike
coverage, which is more of an issue towards market close for individual name options than for
ETF options.

6.2 Test Results

We implement the market integration test from Section 4.2 on the data at one-minute and five-
minute frequencies, aggregated to one and five consecutive days. When forming the statistic,
the characteristic exponent is set exactly as in the Monte Carlo. Table 4 reports a summary of

the daily rejection frequencies of the test at a nominal size of 5% or 10%.

Table 4: Empirical Test Rejection Rates

Asset Aggregation: 1 day Aggregation: 5 days

5-minute frequency 1-minute frequency 5-minute frequency 1-minute frequency

a=010 a=005 a=010 a=005 a=010 a=005 a=010 a=0.05
Amazon | 0.1590 0.0872 0.1587 0.0847 0.2051 0.1282 0.3514 0.2973

QQQ 0.1638 0.1034 0.1376 0.0763 0.2416 0.1544 0.1918 0.1096
SPY 0.1427 0.0796 0.1240 0.0648 0.2056 0.1389 0.1732 0.1117
Tesla 0.2259 0.1213 0.1681 0.0924 0.3191 0.2340 0.4043 0.2979

As seen from the reported results, the empirical rejection rates are above the nominal size
of the test across all assets. Exactly as in the Monte Carlo, the rejection frequencies increase as
we increase aggregation from one day to five days. This suggests that there is some persistence
in market segmentation. We observe the highest rejection rates across the various test configu-
rations for Tesla, with rejection rates for this asset that are significantly above the nominal size
of the test. On the other hand, the lowest rejection rates across the various test configurations
are for SPY. Nevertheless, even for SPY, the rejection rates of the test when implemented on

five consecutive days appear high.
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In Figure 2, we plot the time series of the p-values of the test for aggregation to one day. The
figure reveals that the violations of the null hypothesis of market integration appear randomly
scattered across the sample period. That said, we note some persistence in low p-values, which

is consistent with the higher rejection rates of the test when implemented on five consecutive

days.
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Figure 2: Empirical Test Results (1-Day Aggregation).

6.3 Examples of Variance Disagreement

We next illustrate the violations of the market integration null hypothesis with two examples.
We use the SPY data for this purpose and pick two days when the test statistic has a low
p-value—one day on which the options market overestimates volatility and one day on which
it underestimates volatility. In Figure 3, we display the realized integrated diffusive variance
implied by the options market against its counterpart constructed from high-frequency returns
of the underlying asset. More specifically, recalling the approximations in (3.7) and (3.11), we
plot

VPZT - Z tnt ] Q)A ) a‘nd VQZT Z tnt ] Q)A ) 1’: 2""7kn' (61)

On the first of the two days (January 31, 2020), the disagreement between the equity and
options markets about spot diffusive variance lasted for approximately the first half of the trad-
ing day and afterwards the two markets were largely in agreement. The Q-integrated variance
estimate on this day appears rather choppy, which suggests a lot of revisions in volatility expec-
tations by the SPY options traders. On this day, the US declared COVID-19 a public health
emergency. This triggered moves in the stock markets, with the S&P 500 index falling by around
1.6% during the course of the trading day.
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Figure 3: SPY Integrated Variance on Days with Large Disagreements between Eq-
uity and Options Mark/qi% On each of the two left plots, the black line corresponds to
VP, 1 and the blue line to VQ, - over the interval 8:35-14:30 CST and computed at one-minute
frequency.

The second day with large disagreement between equity and options markets about volatility
is February 9, 2024. On this day, the equity and options markets were assessing the impact of
the highly anticipated seasonal revision to inflation data by the Bureau of Labor Statistics as
this can often provide a clue about future FOMC decisions. The news was viewed favorably by
investors, with the S&P 500 index gaining around 0.5% during the course of the trading day.
Our evidence suggests that the options market was consistently overestimating the volatility

throughout this trading day. The relative gap between the P- and Q-volatility estimates shrinks
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towards market close but remains nontrivial.

The two examples show diverse types of situations in which equity and options markets
disagree about volatility. A common observation is that much of the variance disagreement is
realized in the morning hours of the trading day, with variance forecasts of the two markets
converging in the afternoon. This finding is consistent with DeCanio (1979), who shows that

economic agents have the ability to achieve rational expectations through learning.

6.4 The Magnitude of Variance Disagreement

How big is the gap between the estimates of diffusive variance under P and Q? We can use the
value of our measure of relative realized variance disagreement, rRVD?., to answer this question.
In Figure 4, we plot 90% confidence intervals for daily rIVD7 using the result in Theorem 2. As
seen from the figure, the confidence intervals are in general wide, which reflects the difficulty of
the inference problem. For all assets, there are occasional spikes in the length of the confidence
bands. This is primarily due to instances in which the quality of the options data is relatively
poor. The plot also reveals a degree of commonality between the disagreement measures across
different assets. For example, over the period spanning the second half of 2021 and first half of
2022, the options markets were undervaluing volatility while the opposite was true towards the
end of 2022.

The estimates of the asymptotic variance AVar(rRVD’.) defined in (3.26) at the five-minute
sampling frequency have median values in the range 0.37-0.43 for the four different assets. This
means that only bigger disagreements (in relative terms) can be detected using the daily values
of rRVD?: while one needs to aggregate across days in order to learn about smaller in magnitude
disagreements. For this reason, we make use of the result in Theorem 2* from Appendix D to
infer the average value and size of rIVD7 over the sample period. In particular, our goal is to
provide estimates of EF (rTVDr) and {/EP(rTVDZ).

By Theorem 2, we have

rRVDy ~ rIVDy + Z,, (6.2)

where Z; is F-conditionally normal with mean 0 and variance AVar(rRVD,) and independent
for different days. We use the subscript d to indicate quantities computed on day d and we omit
n and T from the notation. Taking sample averages allows us to gauge the average magnitude

of relative variance disagreement. We define
D D

VD = & ;rRVDd and S?(rIVD) = 5 ;rRVDfl. (6.3)

Because AVar(rRVDy) shrinks to zero in the asymptotic approximation (6.2), rIVD and §2(rIVD)
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Figure 4: Confidence Intervals for Daily rIVD. The statistics are computed using a five-
minute sampling frequency.

are estimators of

D D
1 1
VD = — d§_1 1TVDy and S?(xIVD) = ) d§_1 rTVD?, (6.4)

respectively. Furthermore, because Z; is independent across days, the autocorrelation of rRVDy
can be used to study the persistence of the variance disagreement between P and Q.

It is evident, however, that approximation errors in (6.2) lead to biases in the estimators
defined in (6.3), especially when aggregated over multiple days. The results below are therefore
based on bias-corrected versions of rIVD and S2(rIVD), which are formally defined in (D.5)
and (D.6) of Appendix D. Since the bias corrections require a higher frequency for more precise
estimation, we use a one-minute sampling frequency for computing IVD and §2(rIVD).

In Table 5, we report estimates for the size and persistence of relative variance disagreement.
We draw several conclusions from the results. First, for all considered assets, there are periods
when the options markets over- and underestimate diffusive spot volatility, with the time-series
average of the relative variance disagreement, ﬁ, being in general small. Second, consistent
with our test results reported in Table 4, the size of the P—(Q variance gap appears bigger for the
individual stocks and smaller for the ETFs. Indeed, the relative P-Q variance gap for QQQ and
SPY is in the range 13-15% on average, while it is much bigger for Amazon and Tesla, at 22%
and 27%, respectively. In volatility terms, these numbers correspond to gaps of around 6-7% for
QQQ and SPY and around 10% and 13% for Amazon and Tesla, respectively. One should keep
in mind, however, that these are average numbers. They can be realized either through small
and frequent deviations or via rare big episodes of disagreements (like the ones illustrated in
the previous section). Indeed, the large standard errors for §(rIVD) for QQQ and SPY suggest

that these estimates are driven in part by large outliers. Finally, the gap between estimates of
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Table 5: Empirical Estimates of the Relative P—QQ Variance Gap

Asset rIVD S(rIVD) P-values of AC Test
Lags 1-5  Lags 6-10
Amazon | -0.1603 (0.0382) 0.2151 (0.0755) 0.25 0.25
QQQ 0.0806 (0.0208)  0.1204 (0.1253) 0.02 0.48
SPY 0.0823 (0.0224)  0.1522 (0.0878) 0.03 0.04
Tesla -0.0473 (0.0331) 0.2722 (0.0520) 0.03 0.05

Note: The quantities are computed using one-minute sampling frequency and the bias-corrected
estimators defined in (D.5) and (D.6) of Appendix D. Numbers in parentheses in the second and
third column are long-run standard error estimates. The autocorrelation test is based on sums of
squared autocorrelation coefficients multiplied by the number of observations used in computing
the autocorrelations. The p-values are computed on the basis of the limiting distribution of these
statistics under the null of no serial correlation in the time series, which is x?(k) where k denotes
the number of autocorrelations entering the summation. For the two individual stocks Amazon
and Tesla, data is available only at weekly frequency and therefore only autocorrelations at lags
5 and 10 are computed.

P- and Q-variance appears to have some mild positive persistence, with the evidence being the
strongest for SPY, QQQ and Tesla.

The reported estimates of average gaps between P- and QQ-variance can be compared to the
transaction costs investors face when trading options. The option portfolio behind E?T(u) as-
signs most weight to around-the-money options. In our sample, the average relative bid—ask
spread for at-the-money options equals 13.9% for Amazon, 5.1% for QQQ, 3.9% for SPY and
7.8% for Tesla. With the exception of Amazon, these estimates are small and indicate that the
options markets are highly liquid. As shown in Proposition 5 of Chong and Todorov (2025b),
one half of the relative bid—ask spread for around-the-money options provides an estimate for
the relative transaction costs associated with trading options that exploit discrepancies between
P- and Q-spot volatility. For all tickers, the reported average size of the gaps between P- and
Q-volatility exceeds the average transaction costs associated with portfolios aimed at exploiting
them. This shows that in addition to transaction costs, there are other factors that make elim-
inating these P—Q variance gaps difficult. One such factor appears to be of econometric nature:
the arbitrageur needs to decide ex ante whether the options market over- or underestimates
diffusive volatility. As Figure 4 shows, this is even a difficult econometric task ex post. As a
result, arbitrageurs who do not have perfect knowledge about the underlying asset dynamics
face significant estimation risk at the time when they need to decide whether to engage in a

costly arbitrage strategy or not.

6.5 Economic Implications

Our empirical results challenge the belief that investors in equity and options markets always

have full-information rational expectations. The econometric methods we develop to identify
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and measure market segmentation can be combined with additional data to better understand
its economic origin.

One plausible explanation for the existence of market segmentation relates to uncertainty
about volatility. In a setting where investors are econometricians and need to learn from past
discrete returns about future volatility (see Chen and Epstein (2002), Hansen (2007, 2014) and
Epstein and Ji (2013)), there is a nontrivial estimation risk concerning the existence, direction
and magnitude of P-Q variance gaps. If asset prices were observed continuously, investors
would be able to know the value of P-diffusive variance without error. In practice, asset prices
are only observed discretely and if one samples at very high frequency, then the observed price
is contaminated by significant market microstructure noise. There is a large body of work,
starting with Barndorff-Nielsen and Shephard (2002, 2004) and Andersen et al. (2003), that
studies feasible inference about integrated volatility from high-frequency returns. The estimation
problem becomes significantly more complicated when trying to infer spot volatility from high-
frequency returns due to the presence of a nontrivial intraday volatility pattern that can change
between trading days. Thus, even when using the most efficient estimators of volatility, investors
are likely to face significant statistical uncertainty about P-diffusive variance. As we noted in
Remark 2, if the gap between the full information set F; and the information set available to
the investors Fj is large, this can introduce realized variance disagreement due to uncertainty
generated by the reduced knowledge about diffusive variance.

Market segmentation may also be driven by the large percentage of retail investors in the
options market (Bryzgalova et al. (2023)), who act as noise traders (De Long et al. (1990)) and
create price pressure on option prices (Garleanu et al. (2009)). When combined with constrained
financial intermediaries (as argued for by Garleanu and Pedersen (2011) and Bates (2022)) and
nontrivial transaction costs, temporary arbitrage opportunities may be hard to take advantage
of due to the aforementioned limits to arbitrage. This view is consistent with the empirical
findings of Chong and Todorov (2025b).

Even if gaps between P- and Q-volatility cannot be arbitraged away due to limits to arbitrage,
the existence of episodes with such deviations has to be accounted for when conducting integrated
analysis of equity and options market data. For example, Alvarez and Jermann (2005), Hansen
and Scheinkman (2009), Christensen (2017) and Qin and Linetsky (2017) decompose the SDF
into permanent and transitory components. As we show, such an SDF does not exist at all times
for equity and option prices. Thus, our results call for studying the singular component of the
risk-neutral measure which cannot be related to the physical measure through a valid pricing
kernel.

Another implication of our results pertains to the use of options data for econometric pur-
poses. Most existing studies including Renault (1997), Gagliardini et al. (2011), Andersen et al.
(2015), Todorov (2019) and Chong and Todorov (2025a) take integrated equity and options
markets as a premise. For example, in the absence of arbitrage, the optimal forecast of volatility
on a given day is a weighted average of an option-based and a returns-based volatility estimator,

with weights determined by the precision of the two volatility estimators (Todorov (2019)). In
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practice, the option-based volatility estimate is assigned higher weights, as it is significantly
more efficient than its returns-based counterpart. On days with market segmentation, however,
variance disagreement introduces a bias in the option-based volatility estimator. Thus, the
weighting scheme has to be modified according to a bias—variance analysis. Our measures of

disagreement can be used for such analysis.

7 Conclusion

In this paper, we conduct inference on the disagreement of the equity and options markets about
diffusive variance. We introduce a novel measure which we call realized variance disagreement
and which uses high-frequency data of an underlying asset and zero-date options written on the
asset. We prove a stable central limit theorem that enables feasible inference in an asymptotic
regime where both the high-frequency sampling interval and the time-to-expiration of the options
tend to zero.

We further develop market integration tests based on the insight that integration between
equity and options markets is equivalent to no diffusive variance disagreement between the statis-
tical and risk-neutral probability measures. Unlike previous literature, our inference procedures
are fully nonparametric and essentially model-free. In particular, we allow for arbitrary activity
of jumps, arbitrary volatility dynamics and intraday volatility patterns that may change from
day to day, both under the physical and the risk-neutral measure. We also make no assumptions
about investors’ risk preferences.

Empirically, we document periods of segmentation between equity and options markets, with
their frequency and magnitude varying across assets. The degree of variance disagreement also
shows mild time-series persistence. Likely explanations for such periods of market segmentation

include transactions costs, uncertainty about volatility and active retail trading.

A Option-Implied Measures

Given our interest in zero-date options, we assume that the risk-free rate is zero and that there
are no dividend payments during the trading day. These simplifications have no bearing on
the asymptotics but somewhat simplify the exposition. Recall from Section 2 that P 7 (K)
and Cyr(K) denote the prices at time ¢ of European call and put options, respectively, with
strike price K and maturity 7. We let Oy 7(K) = min{P; 7(K), Ct,7(K)} denote the price of
the associated OTM option. We assume an observation scheme where OTM option prices are

observed at high-frequency time points ¢ on a time-dependent discrete strike grid:

O<Kt,1<Kt,2<"'<Kt,Nt7 Ny € Ny.
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Options are observed with error. More specifically, the option mid-quote is given by
Our(Kij) = Ovr(Kej) + eer(Kej), j=1,..., Ny, (A1)

where €; 7(K} ;) is an observation error. We assume that the observations errors are defined on

an extended probability space given by

a=axo, F=rer® F=(FeF", Pldw dw")=P(dw)P" (w,dw), (A.2)

s>t

where (Q), F, (}"t(l))tzo) is an auxiliary filtered space and PM) (w, dw®) is a transition prob-
ability from €, the probability space on which the asset price is defined, to Q).

A classical option-spanning result by Bakshi and Madan (2000) and Carr and Madan (2001)
implies that the risk-neutral conditional characteristic function of price increments as defined in

(3.1) can be recovered from OTM option prices via

LI () =1 — (u? +iu) /R etutk=20)=k0, 1. (k) dk (A.3)

in a model-free way. As a feasible counterpart, we follow Todorov (2019) and use

Ny
Lip(w) =1 (u +iu) Y a1 =0 Rt Oy (Kyj1) (ke — kejo1), (A4)
j=2

where k; ; = log(K; ;) is the log-strike. The sum is a Riemann approximation of the integral in
(A.3). To improve on the quality of the Riemann sum approximation, we generate option prices
on an equidistant strike grid at increments of 0.1 using linear interpolation in Black—Scholes
implied volatility space from the available options data'? and compute Z’?T(u) from the option
prices on the finer strike grid.

The selection of the characteristic exponent @; in (5.5)—(5.7) uses option-implied second

moments of log-returns (see e.g., Bakshi and Madan (2000)), defined formally as

Ny

/\Q _ ) ~

RVyp =23 e ®i-t(1 = (kujo1 — 20))Opr(Kej1) (ke — kej1). (A.5)
=2

We note that T%T/?T is an estimate of EX[(zr — 2)2).

12We refer to Gagliardini et al. (2011) for a different interpolation method.
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B Assumptions

Because z is an 1t6 semimartingale, it admits a Grigelionis representation under S € {P, Q} (see
Theorem 2.1.2 in Jacod and Protter (2012)):

t t t
xt:x0+/ a§d5+/ a§dW§+/ /wg(s,z)(pg(dt,dz)—th(dz)), (B.1)
0 0 0 JR

where pS is an S-Poisson random measure on R xR with Lévy measure F and 75 : QxR xR —
R is a predictable function that determines the jump sizes and jump intensity of . Note that
in the Grigelionis representation of z, the Lévy measure F' can be fixed to be the same under
P and Q, while p° and 7° now depend on the probability measure S. Our assumptions on the
dynamics of x are formulated in terms of the coefficients of x in the Grigelionis representation.
Assumption 1. ForS € {P,Q}, the diffusive spot variance of x is given by (4.2). The processes
o, ¢, 7' and p are locally bounded. The function € : [0,1] — R is cadlag, positive and
bounded away from zero, ¢ : [0,1] — R is cadlag and ¢* + p; supyeo,1)/C(w)|/§(u) is locally
bounded away from zero. One can find a localizing sequence (Tp)n>1 of stopping times, some
constant € (1,2) and deterministic constants C,, € (0,00) such that for each n, we have
Je(W2(t,2)]° A1)F(dz) < Cy for t < 7,. The characteristic exponents Uy are F-measurable

random variables and satisfy (3.6) and
E[(uVT — t —v1)%] = o(1) (B.2)

uniformly for all t € [0,0T], where 0 is the constant introduced after (3.4) and the process v is

adapted, cadlag and mean-square continuous.

These assumptions are mild and standard in high-frequency econometrics. The assumption
on 45 becomes weaker for larger values of 3. Because the maximal value of 3 is 2 (see e.g.,
Jacod and Protter (2012)), the restriction on the degree of jump activity in the asset price is
very weak. In particular, Assumption 1 allows for jumps of infinite variation in the price and is
satisfied by virtually all parametric models used in applied work.

The conditions on ¢!, & and ¢? + p;sup,e(,1)/¢(w)|/€(u) imply that both (6™)2 and (0©)?
are locally bounded away from zero. We could have introduced an intraday pattern not only in
volatility but also in the drift o or the jump function 5. Because we show later that these
coefficients do not asymptotically affect the statistics considered in this paper, we refrain from
doing so for simplicity. The local boundedness of the drift, however, does exclude explosive drifts
as considered by Christensen et al. (2022) and Andersen et al. (2025). Since in these cases the
equity market itself allows for arbitrage, and we are interested in market segmentation between
the equity and options markets, we do not consider such a setting here.

The assumptions on the characteristic exponents imply that #; can be chosen in an adaptive
data-dependent way Properties (3.6) and (B.2) imply that @y is of the order 1/v/T and is

locally mean-square continuous. Note that 7, in general, is only F;-measurable because it can
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depend on the observed option prices which are contaminated by errors defined on the extended
probability space given in (A.2).
In the next two assumptions, we denote the spot log-characteristic function of the jump part

of x by
uBw) = [ ()~ 1= i) F(:), S {P.Q). (B:3)
R

Assumption 2. For any compact subset U C (0,00), we assume that there is a localizing
sequence (Ty)n>1 of stopping times together with nonnegative constants Cy, and some o > 0 and
B € (1,2) such that for alln>1,0<s<t<T andu € U, we have

EP(|a]fArn - O‘f/\rn R ‘9&2/\7,1 - gsz/\‘rnP + |ptnr — ps/\7'n’2 | .7:5) < Cylt — 5‘2(17 (B.4)
EF < / (vp(t AT, 2) — ’)/P(S A Tn, z))2F(dz) ‘ ]:s> < Cylt — 5]20‘, (B.5)

R
E” (Jtbtar, (1) = Yorr, (W) | Fe) < Crlul®|t — s|**. (B.6)

Moreover, the function ¢ has a finite S-variation, that is,
n
SUP{ZK(W:) —C(up—1)P 1 0<ug < <up <1ne N} < 0. (B.7)
k=1

Assumption 3. For any compact subset U C (0,00), we assume that there are o > 0, € (1,2)
and a cadlag adapted process C such that the following holds for all0 < s <t <T andu € U:

EQ(M? - O‘(s@|2 + |§t2 - §52|2 + |pt — Ps|2 | }—S) < Cslt — 5|2a> (B.8)

EQ</(7Q(t, 2) — 75, 2))PF(d2)) | }"S) <t — s, (B.9)
R

E (|9 (u) — w3 (@)* | Fs) < Colul |t — sf>*. (B.10)

We assume without loss of generality that «, 8 and 7, are common to the previous three
assumptions. The last two assumptions concern the conditional smoothness in mean square
of the coefficients of the asset price process, with a being a lower bound on the regularity.
Since these assumptions involve conditional expectations, they do not rule out jumps. When
the coefficients of = are themselves It6 semimartingales, which is true in many models used
in applied work, then Assumptions 2 and 3 are satisfied with @ = 1/2. But since « can be
arbitrarily low, they also cover rough volatility models as studied by Gatheral et al. (2018) and
Chong and Todorov (2025c).

We now detail the observation scheme of the option prices and use the shorthand notation
k; = ki1 and ky = ki N, -

Assumption 4. The observed option prices 6t,T(Kt7j) from (A.1) are defined on (Q, F,P) and
there is an F-adapted cadlag process Cy such that the following holds:
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1. Forall0<t<u<T,

4
EP |a9|4 + |09|6 + edleel (/ (63I’y@(u,z)| —1— 3|7Q(u’ z)|)F(dz)> ] <,
R

2. The number of strikes Ny and the log-strike grid {kt7j}§y:t1 are Fi-measurable and
Cil6 < kyj—kyj1 < G, J=2,..., Ny,
for a deterministic sequence § = 0(T). Furthermore,

sup  sup  [(kej — kej—1)/0 — Ke(kej—1 — 21)| = 0p(1)
tE[O,T]j:Ui’t,j—l‘ﬂSl

where

ka(k) = R(t/T; R)Fe(k) (B.11)

and R(t; k) is a family of deterministic measurable time-of-day functions and t — Ki(k),
for each k, is F-adapted and cadlag. Moreover, &(t; k) (ki(k)) is continuous (mean-square
continuous) at k = 0, uniformly in t, ®(t) = &(t;0) has a finite B-variation and Ky = k(0)

1S mean-square continuous.

3. We have ' _ _
infimq, e, ([Egn | A [k | A g | A |kge])

log(6/v/T)|

4. Fort >0 and j=1,..., Ny, we have

e 7(Kt ) = M(kej — 2¢)Opr(Ky j)es s (B.12)

where € ; is ft(l)—measumble, independent of F under P, i.i.d. as j and t vary and satisfies

Effe,; | F] =0, EF[(e,)?|Fl=1, Ef[[e;"|F]<oo forallp>2.  (B.13)
The option error intensity process M\i(k) is of the form
M) = Nt/ T k) (), (B.14)

where \(t; k) is a family of deterministic measurable time-of-day functions and t Xt(k),
for each k, is F-adapted and cadlag. Moreover, A(t; k) (M(k)) is continuous (mean-square
continuous) at k = 0, uniformly in t, X(t) = X(t;0) has a finite B-variation and N, = X (0)

1S mean-square continuous.

Assumption 4 concerns the option prices, the option strike grid and the option observation

errors and is adopted from Chong and Todorov (2025a). In particular, for characterizing the
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quality of the option-based estimator of the characteristic function, we need certain integrability
conditions. We note that we require existence of conditional moments over shrinking time
intervals, and therefore these moment conditions are relatively weak. In addition to the existence
of conditional moments, we also require an asymptotically shrinking mesh of the log-strike
grid covering the whole interval (0,00). The requirement for the strike range can be further
weakened because we are interested in EPT(u) for large u, and for such values of the characteristic
exponent only options with strikes in the vicinity of the current stock price matter asymptotically.
Condition (B.12) implies multiplicative option observation errors, where \; 7 (k) are adapted
scaling factors and € ; are centered error variables that are independent of the information set
F, which includes the asset price. In contrast to Chong and Todorov (2025a), we allow for
time-of-day variation in both the asymptotic mesh size of the strike grid, x¢r(k), and in the

intensity process of the option observation errors, A¢ 7 (k).

Assumption 5. We have T | 0, A, [ 0, Al, | 0 and k,, — 00 in such a way that Al, = pA,, for
some @ € (0,1), kA, = 0T for some 0 € (0,1), (AL)2/[(A!)? + 6T3/2) = q for some q € [0,1],
k2> T=1/210g(1/T) — 0, kpT* — 0 for all . > 0, k7 log(1/T) — 0.

Assumption 5 gathers rate conditions involving mainly the observation interval T', the sam-
pling frequency A, the number of terms in our statistics, kj, and the bound on the mesh size
of the strike grid, §. The number ¢ signifies the relative importance of P- and Q-contributions
to the asymptotic variance of RVD (see Appendix C for more details). If ¢ =0 (¢ = 1), option
observation errors dominate (are negligible) for the asymptotic variance. If 0 < ¢ < 1, both the
high-frequency variation of diffusive asset price moves and option observation errors contribute
to the asymptotic variance. Assumption 5 restricts k, to be slower than any polynomial of
T. As discussed after Theorem 1, this can be weakened with a priori information about, or an

estimate of, the jump activity in the asset price and the smoothness of volatility.

C Asymptotic Variances

We are now in the position to state the asymptotic variances of the various statistics introduced

in the paper. The asymptotic variance of RVD7. is given by

AVary = gAVary + (1 — q)AVarg (C.1)
where
P 2 or P\4
AVarh = 2 /0 (0P Y, (C.2)
1 oT 2 1 T/ Q2 -
AVard = /0 [&e% rh JO$s (1 3232, /R cos2(vta?k)q>(k)dk] it (C.3)
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In (C.3), ®(k) = o(k)+|k|®(|k|) and ¢ and ® are the probability density function and cumulative
distribution function of the standard normal distribution, respectively.

The first term, AVargl, is due to high-frequency variation in the underlying asset returns
and identical (up to a normalizing factor) to the asymptotic variance of the realized variance
estimator (Barndorff-Nielsen and Shephard (2002)). The second term comprises variance due
to option observation errors which enter RVD’. through the option-based characteristic function
estimator in (A.4). The constant ¢, introduced in Assumption 5, denotes the proportion of
the asymptotic variance of RVD?}: due to AVar%);. Importantly, in Theorem 1, ¢ can be any
number within [0, 1]. In the extreme cases, the asymptotic variance of RVD? is asymptotically
dominated by return variation (¢ = 1) or option observation errors (¢ = 0).

The asymptotic variance of RVD%:(n) from (4.5), viewed as a process in 7, is captured by
a process (Zy)ne[0,2r] Which appears first in Theorem 4. Tt is defined on a very good extension
(Y, F',P) of (Q,F,P) and an F-conditional Gaussian process with mean 0 and F-conditional

covariance function given by

E'[Zn, Zy, | F)

1 ~ _
— / Wy (W) wh, (1) lgqggg(guf +8(1 = ¢)d )\ggoev%(l—ﬁu) 162 [ &)dvtpo [, ¢(u)du) c4)
0 .

X (1 — 0u)32€(0u)3/>X(0u)*R (0u) / cos? (vosoé (Bu) k) D (k)?dk | du
R
for mi,ma € [0, 27].
If 71 = n2, the term fol 263€(0u)%du is a small-T approximation of AVar. in the case where

o satisfies (4.2). Similarly, the second term given by
1
/ BB N2Ro eV (1=00) ™ (53 fy E)dv-+po [y, C(u)dw)
0

x (1— 0u)3/2§(9u)3/2)\(Gu)zﬁ(Gu)/ cos? (vosoé (Bu) k) D (k)2 dkdu
R
is a small-T" approximation of AVarg in the case where 0@ also satisfies (4.2). Since most
information about Q-diffusive variance is contained in around-the-money options as the time-
to-maturity of the options shrinks to zero, only the intraday patterns of at-the-money option

characteristics, A and %, enter (C.4).

D Variance Disagreement over Multiple Days

We consider estimation of relative IVD based on D days of data, where D can potentially
increase to infinity at a slow speed. In this case, higher-order terms in (3.25) may no longer
be negligible and require bias correction, which we detail in this section. If D is fixed (e.g., if

D = 1), the corrected estimators below can be viewed as finite-sample improvements of rRVD’}.
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We use a subscript d to signify quantities computed on day d. To simplify notation, we omit
reference to n and 7T'. For example, TRVD, signifies rRVD’: computed on day d. We also recall
from (6.3) and (6.4) the definitions

D D

1 e~ 1
VD = Y 1IVD,, 1IVD = 5 Y rRVD,
d=1 d=1
1 & 1 &
2 _ 2 a2 _ 2
S°(1VD) = & d§_1 VD3, $2GIVD) = & d§_1 rRVD2.

Our aim is to conduct inference on rIVD, the average relative IVD across D days, and S(rIVD),
the root mean square of relative IVD within the same sample period, using the realized counter-
parts rIVD and §(rIVD). Note that rIVD, can change signs from one day to another. Therefore,
S(rIVD) measures the typical magnitude (of either sign) of relative IVD, while rIVD is the av-
erage size of relative IVD (with possible cancellation between days).

In order to identify bias terms in rTIVD and S(rIVD), we consider a bias-variance decompo-

sition of the estimators of P- and Q-diffusive variance. To this end, we define

k
- ~ 2 tu(xzn —Tyn
VP = Vi), Vi) = —SE[R(E"CTT) 1) | Fy),
=2

kn

ﬁT - Z(‘/}Z]?)n(alzil) - ‘/Z']})n(agil)),
i=2
3 £5 +(u)

2 o
=S v --Sa(2 ),
Z'Z—; ) 1 ) U2 [,%L’T(u)

kn RLL (G )
—n 2 T (7 - N
VQT = — — { 7 — % Zﬁ“,T(”ﬁ?f )

zz; g | 1L ()P ( & ! )

RLE (T ))RLS (T |))?

~iz - 70 1= L -
— 1 Q éR(Ztn T(Ut” 1)) ,
t;

=2 iifl

Ry (g IR(Cq ()
T R(BE 7@ )) ¢
"Ci?,T(ui?A”

Q
2 /
VQ//n — _ — )
I

where ZfT(u) and RfT(u) are defined in (E.1). Then the estimators of P- and Q-diffusive
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variance from (3.5) and (3.8) satisfy
VP = Z (i ) = VPR + VP, (D.1)
and

VQ = Z L (G ) = VQ} + VQrp + VQJ + VQJ + higher-order terms. (D.2)

In (D.1) and (D.2), VP and VQ7} are the estimands, ﬁ; and %Z are variance terms, and
VQ7T and VQ7" are bias terms. The following theorem identifies the leading bias terms in the
estimation of rTIVD and S(rIVD). We give a proof at the end of Section E.3.

Theorem 2*. Suppose that the assumptions of Theorem 1 are satisfied on [0, DT]. Further
suppose that D = O(\/ky,). Then

—~ 2
VQ, + VQ) VQdVPd>
TVD — 1IVD — — +
: : D ;( VP, vey ) L
= £75 N(0,1), (D.3)

D
1
hE > AVar(rRVDy)

where AVar(rRVDy) is the expression in (3.26) computed on day d. Furthermore,

V@d‘f‘ (VQy 4+ VQ))?

D
S?(rIVD) — S2(xIVD) 12

42 = VP?
— Y 1IVD2AVar(rRVD,)
D2 ; d (D.4)
—~ 2
A% VP vQ,+VvQ, VvQ,VP s
QU —=d—d | 211VD, < Qu+VQg | VQ . d) £7$ N(0,1).

Our feasible implementation of Theorem 2* uses the following bias-corrected estimators of
rIVD and S?(rIVD):

D — e
—corr 1 A
VD™ = = S rRVDY, rRVDS™ = rRVD, — <Y9d + VQ‘L\;ard>, (D.5)
D _ VPd VPd
~ AVar AVar
82 (rIVD)corr _ S ( IVD) Z Vard + (VQd) VQd Vard
D& T VP, 5
v VQ, AVar, (D0
n 2rRVDd< Qd n QL 3ard) ’
VPy VP,
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where

(D.7)

—P — —~ — —
and AVar,, AVarS, VP4, VQ, and VQ; denote the quantities in (3.28), (3.29), (D.1), (D.2)
and (D.7) computed on day d. We further propose the following estimators of the asymptotic

variances in (D.3) and (D.4):

D
T2 Z AVar(rRVDy) ~ Z AVar(rRVDy),
d=1 d=1
D D
Z (tRVDS™)2AVar (rRVDy) ~ Z rIVD2AVar(rRVDy),

d=1

where A/V\ar(rRVDd) is the day d version of (3.27). In the Monte Carlo experiment as well as
in the empirical application, we account for the bias due to VQ/ by linearly interpolating the
available strikes in Black—Scholes implied volatility space before computing the Riemann sum

approximation in (A.4) (see Appendix A for further details).

E Proofs

E.1 Notation and Decomposition of Terms

For S € {P,Q}, t,t1,t2 € [0,7] and u > 0, we define (¥ =0, (? = ¢ and
1U(Tty —X -5
ﬁtsl,tg ('LL) = ]Etsl (e ( ‘2 tl))’ ﬁtl,tQ (U) = exp(\I/i’h (U)),

2 t2 to
W) = inaf (2~ ) = 5 ([ e@mar g [/ ) 4 of, e - ),
t1 t1

where ¢ (u) was introduced in (B.3). We also make the following bias-variance decomposition

of the option-based characteristic function estimator:

L2 (u) = L2p(w) = ZEp(u) + Rfp(w), (E.1)
where
Ny A
Zip(u) = —(u® +iu) Y e me TR te g (K o) (ke — kego1) (E-2)
j=2
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and

ke
Rip(u) = (u* + iu Z/ e Emm07RO, p(e) — etkrirmr) ki1 0y (K 1)) dk

kt] 1
E.3
Mol e k k ik k k =
— (u? + iu) </ etulk—at)— O¢r(e )dk—i—/ etulk—at)— O¢r(e )dk)
—0o0 kt,Nt

With this notation, we decompose Zl,tQ (u) into six terms:

Zivia () = =R(Z 1, (0) + B, 1, (w) + 231, (w) + RE 1, () + BY 1, (1) + Dy (W), (B4)

where
ZIP _ _E w(xtQ —mtl) Y B]P _ 2 EP . ZIP E
t1,ta ('LL) - ’LLZ( tl,tg( ))7 t1,t2 (U) - uQ( tl,tQ( ) t1,t2 (U)), ( 5)
22, ()= -2 <£S,T(u) ZE () th’T(u)> -
, — T2\ a0 g %tT -0 ) :
ot w\ L2 p(u)2” " L2 (u)
R -2 (L3 p(w) = £ 1 () (L 1 (u) = L 7 (w))
u? L2 (W)L (u)
’ ’ (E.7)
2 LWL (W) ~ £57(w) 2 (c?i,T<u> ‘ w Rg,T<u>>
T ol A0 S o U, T - 0 ., -~ |
u? L2 ()L p(u) LP (w2 " L2 1 (u)

Q
B2 0 =~ 2 (22 ) - T by ) =~ B ) - L2 ). (B3)
t1,to Y t1,t2 ,CQ T(u) ) t1,t2\U) = 2 \Ttute u t1,t2 : :

t27

In what follows, we use the shorthand notation

Xin(u) = Xﬁ,i?(u), i=1,...,kn, (E.9)
for X € {Z,7° R, B%, D} and S = P,Q.

The signal term is Dy, ¢, (u) and converges, when aggregated over the trading day, to in-
tegrated variance disagreement. It captures the P-Q difference in diffusive variance over the
interval [¢1, t2], extracted from conditional characteristic functions after freezing the coefficients
of the asset price at the beginning of the interval, ¢;. The terms BEtQ (u) and ng (u) contain
the biases due to this discretization. Their magnitudes are mainly depend on the smoothness
parameter of the coefficient processes, a. The approximation error in (3.10) is also part of
B2, (u).

There are two variance terms, ZE,tg (u) and ng(u). The former accounts for variation
in estimating P-diffusive variance by VF. The terms Zgw (u) and Rg’m (u) both arise from
estimating EgT(u) by its feasible counterpart EgT(u), where ¢ = 1,2. While ng (u) is a

centered noise term, Rg ,(w) is a remainder term of higher asymptotic order.
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E.2 Preliminary Bounds

A classical localization argument (cf. Jacod and Protter (2012)) shows that in the subsequent
results, there is no loss of generality if we assume that all locally bounded processes are uniformly
bounded by a fixed constant and that the localizing sequence in the assumptions is 7,, = oo.
The first lemma quantifies the error incurred by freezing coefficients at the beginning of a high-

frequency interval.

Lemma 1. Suppose Assumptions 1-3 hold. For 0 <ty <ty <T,u >0 and S € {P,Q},
=S
L5, 10 (1) = Ly, 1, ()| < Clulta — 1]/, (E.10)

where C is a constant that does not depend on u, t1 and to.
The next two lemmas contain bounds on ngn(u) and Rgn(u), respectively.

Lemma 2. Suppose Assumptions 1-4 hold. If k,A, < T, k,T* — 0 for any ¢ > 0 and u;
satisfies (3.6), then there exists a constant C > 0 such that

an (GHR(ZE, (U -2)a,)) = Op(V/ 0k T?2), (E.11)
an (1) R(Z2, (F—2)a,))* = Op(0kn T?), (E.12)
an L 2R(ZE (i) 8,))R(ZE, (Ai2),)) = Op(V/6TO2A,), (E.13)
Znw(%)?%wmmm>>%<Z§%<a@,mn>> = 0,(VoT32A,,), (B.14)
1=2
uniformly in n € [0, 27].

Lemma 3. Suppose Assumptions 14 hold. If k,A, < T, §log(1/T)%/VT — 0, k,6/T? = 0,
k 7" — 0 for any v > 0 and u; satisfies (3.6), then we have

kn
D IR(RE (-2)a,))| = Op(0kn VT log(1/T)), (E.15)
=2
kn
SRR, (@—ya))|* = 0p(0%kaTlog?(1/T)), (E.16)
1=2
kn
> (IR(ZE, (W—aya)| + [R(Din (G—2)a,)) ) [R(RE, (@—2ya,)| = Op(6T%? log(1/T)).
1=2

(E.17)
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We continue with bounds on the bias terms Bgf o (w), Bi@n(u) as well as results about the

signal term D; ,,(u).

Lemma 4. Suppose Assumptions 1 and 2 hold. If kA, < T and u; satisfies (3.6), then

o Fon
S IRBL(G-2a,))] = Op(VETAR), Y |R(BL(G-2a,))]” = Op(T?A2). (E18)
=2 =2

Lemma 5. Suppose Assumptions 1-3 hold. If k,A, = 0T and u; satisfies (3.6), then

Fon Fon
S IRBE @-2)a,))| = Op(kaT), 3" [R(BE, (A—2a,))|* = Op(kaT?2).  (E.19)
i—2 i=2

Lemma 6. Suppose that Assumptions 1 and 2 hold. If k,A, = 0T, Al = oA, and U, satisfies
(3.6), then

kn
Z w(‘5H) Din(ti-2)a,)
=2 (E.20)

1
= —HcpT/ wy(uw)C(Ou) pugrdu + Op(T A} + T2 P12 L A, + Tk;l/ﬁ),
0

kn 1
S wy (N2 R(Di(@-9ya,))? = GT A, /O wy(w)2¢(0u)p2grdu + 0)(TA,),  (E.21)
1=2

b
> w () R(ZE, (W -2a, ) )R(Din(-2)a,)) = Op(VTAY? + TN, (B.22)
1=2

uniformly in n € [0, 27].

In the case n = 0, (4.2) shows that

1 or
QQOT/O C(Ou) pugrdu = <p/0 C(t/T)pedt = pIVDgrp. (E.23)

E.3 Proof of Main Theorems

Recall (4.5) and define, for n € [0, 27],
~ kn ~
Vi) =Y wg (52 (Zin(-2)a,))*
i=2
If (3.6) and Assumptions 1-5 hold, we first use the preliminary bounds above to show that

kn
RVDR(n) = =Y wy((EHR[(ZF, + Z2, + Din)(Wi—gya,)] + 0p(v/TA), (E.24)
1=2
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kn

yn i— ~ 2

Vr(n) = an(T:)Qm[(ZEn + Zgn + Dip)(Wi—2)a,)]” + 0p(TAR), (E.25)
i=2

1
= HQOTA%/O P2orC(0u)?du + 0,(TA,,). (E.26)

The starting point in all three cases is the decomposition (E.4). For (E.24), note that
|wy(u)] < 2, so the contributions of R(gn(u), Bgn(u) and Bi@n(u) (with u = U _9)a, ) to RVDZ(n)
are Op(8k,VTlog(1/T)), Op(VE,TAL) and Op(k,T'+) by Lemmas 3, 4 and 5, respectively.
Since k,A,, = 0T, we have

Op(VEnTAY) = Op(VTAL (R, T)' ™) (with 1 = /(1 = a)),
Op(6kn VT log(1/T)) = Op(vV/TALSKY T~ 1/?10g(1/T)),
Op(knTHHY) = O, (/TA, (kT2 (with o = 200/3).

Assumption 5 implies that these terms are o,(v/TA,,), proving (E.24).

Equation (E.25) is proved in a similar fashion. Viewing ZE T Din as asingle term, expanding
the square in (E.4) results in 25 expressions, out of which only quadratic terms involving ZZIP: n T
D;, and Zgn are kept in (E.25). To verify that the remaining products are negligible, we
observe that the sums involving squares of Rgn, BE ,, and Bgn are O, (6%k, Tlog?(1/T)+T? A2 +
knT?2%) = 0,(TA,) by (E.16), (E.18), (E.19) and the rate conditions of Assumption 5. The
Cauchy—Schwarz inequality implies that also product terms involving only R?n, BF: ,, and Bgn
have 0,(T'Ay,) contributions. Using (E.17), one can also show that the product of ZE’ n+Din and
Rgn is 0,(T'Ay). By (E.12), (E.16), (E.18), (E.19) and the Cauchy-Schwarz inequality, the same
is true for the products of Zgn with Rgn, B}Tn and Bgn. The products of ngn—l—Dm with B]i}fn and
Bgn also have 0,(T'A,,) contributions, which can be shown by combining the Cauchy-Schwarz

inequality with (E.18), (E.19), (E.21) and the fact that

kn,
i— ~ 2
an(ﬁl)m(zgn(u(iﬂmn)) = Op(A,T). (E.27)
i=2
This estimate in turn follows by combining (E.30) below with (E.21) and (E.22).
To prove (F.26), we observe that D;,(Ug_2)a,) is the dominating term in ]\//.E,n(ﬂ(l-,Q)An):
1 Jln
Mjn(Ui-2)a,) = =5~ > R(Din(l-2a,)) + op(An)

"= —1)ln+1 (E.28)

0 T ]gn/kn
S prc@udu+ o),
n JG=1)n/kn

where the second line is obtained analogously to (E.20). An analysis similar to the proof of
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(E.21) now shows that

g2y R/l o 2
M = i 3 ( / pugTC(Qu)du> +0,(TA,)
n j=1 (G=1ln/kn

[kn/bn ]

B 02 <p2T2
= kn

jln/k
/( p2orC(0u)du + 0, (TA,)

j=1 J—n/kn

1
=0T, [ pyrGlowidut o,(TA,),
0

which is (E.26).
Having completed the proof of (E.24)—(E.26), we characterize in the next two lemmas the
limiting behavior of the leading terms of RVD’:(n) and ]7%

Lemma 7. Suppose Assumptions 1-5 hold and that k, A, = 0T and Al, = pA,,. If u; satisfies
(3.6) and (B.2) and k,T" — 0 for all v > 0, then

kn

1 i—1 P Q L=s
an(ﬁ)%(zﬁ n(UG-2)A,) + 275, (UG 2)A,L))> = Z. (E.29)
(\/k 2+ 5T3/2] n€el0,2x]

Lemma 8. Suppose Assumptions 1-5 hold and that k,A,, = 0T and A!, = pA,,. If U, satisfies
(3.6) and k,T" — 0 for all v > 0, we have

kn

1 i—1\2 P Q -~ 2
Y w2 RU(Zin + 275 + Din) (@-2)a,))]
kn[(A;’L)Z + 6T3/2] i=2

1 ~,
- /0 wy (u)? [2%35(9“)2 + qoRC(0u)? + 8(1 — )i \3Rge 81007 (S Jou E)dvpo o, CCu)dw)

X (1 — 0u)®2€(0u) > X(0u) *% (Ou) /R cos?(vgso& (Bu) k) D (k)2dk | du + 0,(1). (E.30)

Proof of Theorem 1. By (E.24), (E.20) (with n = 0) and (E.23),

k
RVDZ — oIVDyy 1 Z" P~ Q -
ViDL + 0T \Jkal(A])? + 0T372] = Bin(S-nan) + 2l & o)

Lemma 7 implies that (k,[(A])? 4 6T7%/2])~Y/2(RVD% — ¢IVDgr) converges stably in law to a

centered normal distribution with F-conditional variance given by
1 1
0

x (1 — 0u)®/2¢(0u)3 > X(0u) >R (0u) / cos? (vosoé (Bu) k) D (k)% dk | du.
R
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The first assertion of the theorem, (3.21), now follows by observing that AVarp from (C.1)
converges in probability to AVarg by the continuity properties of the involved coefficients. The

second assertion of the theorem, (3.24), is a consequence of the first one and the fact that

1
kn[(A7)? + 0T3/2]

(Vp — M) -5 AVarg (E.31)

by (E.25), (E.26) and (E.30). O

Proof of Theorem 2. The proof of Lemmas 6 and 7 shows that

1 NAANN S OGT( oF)2dt
VEl(A)2 + 67372 \ kN, \VQr ) \ G Jy " (o)t

is asymptotically mixed normal with mean 0 and F-conditional covariance matrix

qAVar, 0
0 (1-— q)AVarg '

We derive Theorem 2 from this result and the delta method. O

Proof of Theorem 3. The identity (E.23), property (B.4) and the rate condition k,7* — 0 for
all © > 0 imply that under Hy,

1
PVDr = 09Ty [ C(Ou)du + Op(T) = 0,1 = 0,(V/E ).
0

Therefore, by (3.24),

RVD? — ¢IVD .
MITE = ——L 2200 4 (1) 555 N(0,1), (E.32)

which shows the first part of (4.4). For the second part, note that

’MIT o RVD} — ¢IVDgr | @IVDor | | 64T fO C(0u) pugrdu o)
\/ V kn \/m /9&@ _ M\n k,, \/ A/ —|— 5T3/2\/ AVar
C(Ou)d
P, Valro Jo ¢(0w) ul (E.33)
v/ AVarg
by (E.23), (B.4) and (E.31). By assumption, pg # 0 almost surely and ¢ > 0, which proves the
second part of (4.4). O

Proof of Theorem /. Similarly to how we obtained (E.32) in the previous proof, we can write
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the left-hand side of (4.8) under Hj as

k
Lo L
sup g 2 —%Zinui, n —|—Z2nuli . +o,(1).
n€[0,2m] FA”@ 2 (k"> ( ’ (( Q)A) 7<( 2)A )) p()

Hence, (4.8) follows from Lemma 7, the assumption ¢ > 0, the continuous mapping theorem
and the fact that taking the supremum is a continuous functional on C([0,27]) equipped with
the uniform topology.

Under H7, similarly to (E.33), we have

+0p(vkn) = |polv/kn sup

n€0,27]

+0p(\/E)-

sup
n€el0,2x]

1
| ntuctouan
0

Vk / wy (uw)C(Ou) pugrdu

Because ( is not identically zero and cadlag, it is nonzero on a subset of [0, 6] with positive
Lebesgue measure under the alternative hypothesis. The supremum term on the right-hand side
of the previous line is therefore positive by Theorem 1 of Bierens and Ploberger (1997). By
assumption, pg # 0 almost surely, and (4.9) follows.

Conditionally on F, the random variables MT f A7 SUPpep, on] [RVD" ®(n)| are inde-
pendent and identically distributed as b varies and normal. So if we denote by F, 7 the F-
conditional distribution function of M;’l, then F,, 7 is strictly increasing by Theorem 11.11 of
Lifshits (1995). A standard result about sample quantiles (see e.g., Theorem 5.9 of Shao (2003))
shows that @ﬁT(p) — Fn*%(p) in probability as B — oo for all p € (0,1). In particular,

BlgnOOP<MIT > QB (1 - a)) < ﬁ(MITi}” > Fih(l-a) - 5)
for any 6 > 0. Note that Fﬁ1 7(1 — ) is the (1 — a)-quantile of M;’b, which converges in
distribution to Zmax. Under Hg, we know from the first part of the theorem that MIT7" — £
Zmax, which has a density by Theorem 11.11 of Lifshits (1995). Therefore, for any e > 0, there
exists a choice of § > 0 such that

lim  lim IP’(MIT > @fiT(l - a)) <a+te

n—o00,T—0 B—oo

A similar argument shows that the left-hand side is larger than a — e. The claim under H
follows by letting € — 0. Under H7, the same arguments apply except that we use the fact that
MITH? 4 50 in this case. ]

Proof of Theorem 2*. We first derive a higher-order expansion of rRVDY. as defined in (3.12).
By (3.8),

V;,n(u)__ﬁ - /\sz 9 A(é 9 = —1
u %(ﬁi?,T(u)) + %(,CE?,T(U))



We now apply a second-order Taylor expansion. If u is of the order 1/v/T, then %(ﬁgT(u)) or
S(Lg r(u)) are of the order Op(T") with ¢ = a A (1 — 3/2) by Assumptions 1 and 3. Moreover,
u—m(@@:@j(u) - ch(u)) and u_QS(E%’T(u) - L%T(u)) are O,(V0T3/2) (see the proof of

Lemma 2). Therefore,

_ R(Li 1 (w))
V4 () = V3 (w) - 2{‘5(@;),%(2@ () = £ 1 (w))

- R(Lg W)R(LG p(w)?
L p ()]t

R(Lp ()P R(L: 7 (w) > 2
‘E%T(U)‘ﬁ <%<E%T(u> B ﬁ%,T(u)) B J('E%T(u) B E%T(u)) )
R(LE. ()
— g R( LG () — L5 () R(ED ()~ £F ()
Lo () 1 Z B a
R(Lp p(w))?

Lo Lo

1 )l 3(Efhr) = £5:0)3(Z: —ﬁ%,T<u>)}

+ O (TN 6T3/2 + 532714,

Next, we sum over i¢. Using (E.1), the bounds ZfT(u) = 0,(6Y2/T"*) and Rth(u) =
O, (6T~1/210g T~1) (see the proof of Lemma 3) and the fact that ZfT(u) is F-conditionally

centered and independent as t varies, we obtain
VQr = VQ} + VQr + VQE 4+ VI + Op(kn TV 6T3/2 + kp8*/*TV* + /k,T5).  (E.34)

We note that the O,(v/k,T6)-term in (E.34) is uncorrelated across different days. Moreover,
VQ3 = 0,(T), VQr = Op(Vkn6T3/2), VQI = O,(kn6v/T) and VQI' = Op(kndv/Tlog TL).
Similarly, in (D.1), we have VP}. = O,(T") and \ﬁ’; = Op(VEnAy).
By Taylor’s theorem, the previous bounds and the rate conditions k,T* = O(1/v/k,) and
73/25/\/T = O(1), it follows that

RvDh_ YQr | _VQF | VOr + VO +VQJ'  VQjVPr , VQI(VPr)’
VPr VPE VPt (VPR T VRRP
\71-5” v\—/n V m Vv /m :
- YPrd QT(%H(“;T VO L 0,5/ (kN T) + VB INT).
T

Aggregating over multiple days, we obtain

D D D —~ 2
VD = — Dy = — Id_q) 4=
v D;rRV d D;<VPd )+D;< vp, VP3
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1 VQ, VQuVP4 ~1/2
+D <Vpd VP )—i—op((knD) (141/k26/VT)),

which implies (D.3). For the second step in the previous display, we used the assumption
D = o(k2) and the fact that the O,(v/%,6/vT)-term in (E.35) is centered and uncorrelated on
different days.

Taylor expansion of the function (z/y — 1)? yields

VQs N\, 2 (VQi  \on
D2 = - 1 P / "
2VQ, (VQd > - (VQq + VQ, + VQy)?
2 (vp, 1) VPa+ 2

2(VP4 — 2V ~
S IRV, + Vg + V)

vVQ,(3VQ, — 2VP VP
n Qa( Qi/PA: d) 4O,k 3/2(1+W VEnd/NVT).

Because the O, (v/k,0/v/T)-term is uncorrelated on different days, it follows that

D D
1 1 VQq VQ,+VQ,
— RVD2 = — 1VD 1) ——<
b2 D; ”DZ<VP¢ ) VP,

1 &VQ,+ (VQ, +VQ1? 1 & VQ(3VQ, — 2VP) VP,
+BZ d d d +BZ d d d d

2 4
= VP = VP,

2 & VQ, VQ,VP _
+D2rIVDd(VPj - VdP2 d) + 0p((kn D) Y2(1 41/ k25/VT))

7

1 VQ +(VQ,+VQY)) VQ VP
= IVD2 + — d d d¥td
D VDG + D ( VP2 VP!
vaQ, + VQd VQdVPd

2
2N VD, T TR rIVD
D ;r VP, D Z VP3

D .
2 VQ;  VQ,VPq 12 5
+5 ;rIVDd(VPd vez ) 0p((kn D)2 (1 4/ k25/VT)),

which implies (D.4). O

E.4 Proof of Preliminary Lemmas

Recall that all locally bounded processes can be assumed to be uniformly bounded thanks to a

classical localization argument.
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Proof of Lemma 1. By the Lévy—Khintchine formula, Et | #,(1) is the characteristic function of

to
oS, = of (ty— / 2 E(s/T) + puC(s/T)AWS

/tt2 / (t1, 2) (6 (dt, d=) — dtF(d2)).

Using the basic inequality |e® — e%¥| < |z — y|, valid for z,y € R, we get

)

5, (| [ (VSRe06/T) 4 0 T) — R/ T) + /)

S
T JulES, (

By Assumption 1 and a classical localization argument, we can assume that there is a constant

(E.36)

—=S
,0a0) = T n (0] < s, (| [ - o)

) (E.37)

/ 07612 =70 257, dz) — dsF ) ).

¢ > 0 such that the two expressions under the square root sign are larger than ¢ almost surely.
Therefore, an application of Jensen’s inequality, [t6’s isometry, the mean value theorem and
Assumptions 2 and 3 yields (E.10). O

Proof of Lemma 2. Because of the first property in (B.13), we have
E°(Z2 (1-3)a,) | F) = 0. (E.38)

Furthermore, by Assumption 2 and (3.6), we have

12 <1,
ﬁQ T _ o 3%—2)An (2 ftl (t/T) dt+pof ¢(t/T)dt)+o(1) E.39
L4 1 (Ui2)a, )| = € o~ FEEHpld) ol (E.39)

where £ = SUPte(o,1] £(t), ¢ =
t1, to, © and n. Therefore, by Assumption 4, we have for sufficiently small T" that

(t)| and the o(1)-term and C € (0, 00) are uniform in w,

— . C — . — .
EP(\ZZ%(U(FQ)AJ’Q | F) < T(EP(\Z&T(U(F@AJ’Q | F) +EP(’Z§T(U(¢72)AH)\2 ‘ f))
Ui-2)a
Npn

N Ok
<C8Y e I O (K i) (kn j — Kn 1)
j=2

: 2hin
—i—CdZe O T(KE?,j—l)Q(kE?,j — kg 1)
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By Lemma 8.1 of Chong and Todorov (2025a), we have

Our(e®) < Cy(Te F 1y oy +TE™1 gy

T

(E.40)
+ ml{ﬁﬁlk—mg} + ﬁl{lk—mgﬁ})v

where C' is an adapted process that by localization can be assumed to be bounded. By Riemann

approximation, we deduce the bound
B (|22, (i-2a,)* | F) < C(T = (i — 1)An)*2, (E.41)

for some constant C' that does not depend on T, i, A,, and 0. This implies (E.11) and (E.12).
Next, note that

—=S u? ftn (<tn€ t/T)+meS(t/T))dt+§R(w o (u)A

R(L; ,,(u) = cos(uafn A7, + (g (u)) A7 e
We have assumed without loss of generality that the random variables in the previous line are

uniformly bounded. Therefore, there exists a constant C' > 0 such that

2
u2

[R(Din(u)] <

(RZ () - 1)‘ ¥

2 (R w) - 1)‘ <A
As a result,
EP (|R(Dsn(@-2a,)) ) < CAZ, (E.42)

which together with (E.38), (E.41) and the Cauchy—Schwarz inequality yields (E.14).
In order to show (E.13), we write the left-hand side as

an,% (ZF,(g—a)a,))R(ZE, (U-2a,)

Fon
+ 3wy () (R(Z, (U-2)a,)) = RZE, (W-2)a,)) RIZE, (W-2)a,),

1=2

(E.43)

where
pr)n(u) = —% (exp <z . gs\/WdW[P) ; 1)An [exp <zu t:? cs\/Wde>]>.
As |cos(z) — 1] < 322, it is easy to see that
Epe (IR(ZF,(W-2)a,)) ) < CAZ, (E.44)

which together with (E.38) and (E.41) shows that the first term on the right-hand side of (E.43)
is Op(VEn A VT3/25) = O,(\/ ApdT?/2). Regarding the second term, we use the basic inequality
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|cos(z) — cos(y)| < C(Jz — y| A1) as well as Assumptions 1 and 2 and condition (3.6) for the

characteristic exponent to derive

By (IR(ZF, (—2),)) — R(ZE, (G—2)a,))?)

_ i 2
< 06632)%@”[(/ afds) ]+CAB B [/ / (s,2)(p" (ds, dz) — dsF(dz))‘ ]
1 E? ¢

< CTA? + CT* P2, (E.45)

Because k,T* — 0 for all © > 0, it follows that the second term in (E.43) is of the order
Op(\/kn(TAZ + T2-5/27,)T3/26) = 0,(/A,6T5/2), which completes the proof of (E.13). [

Proof of Lemma 3. We start with establishing some bounds for RfT(u) and Zlg’fT(u). By (E.3),

kt,j
|REr(u)] < C(u? V) Z/ w(k — ke j_1)e " Opr(e®) + e i1 (k — ky j_1)Op ()

kt] 1

+ eikt’jfl ‘OLT(ek) — Ot,T(ekt‘jfl)’} dk

kt71 [e.@]
+ (u* V u) / e O (M) dk + (u? v u)/ e *O (M) dk.

—0o0 Et, Ny

By Lemma 8.1 of Chong and Todorov (2025a), we have

T A T
(kg — .'L‘t)4 (]{72 — xt)Q

r@ﬂwwowwmsg[ A%w_&y (E.46)

for all k1, ko € R, where C' has the same properties as in (E.40). In combination with Assump-
tion 4, (3.6) and (E.40), we thus obtain

|Rip(u)] < C(u? VU)M/R(TGQ"“'lﬂkbl} + T/ Ik[1 ypcipy<ny + VT cyry b

+C(u? v u)(s/R(lﬂkKﬁ} + T/ rcpgcry + T/K Lgws1y)dk

E.47
3 llog(s/v'T)| 00 ( )
+ Cu? vV u)T ( / ek dk + / e‘2kdk:>
—00 3 llog(8/V'T)|
< C(u® VvV u)dVT(1 4 uVT|log T)).
Because of (B.13) and (E.2), the same arguments leading to (E.41) show that
— Nt

B (1ZEp(u)]? | F) < (ut vu?)s ) e 10y p(Kyjo1) (ke — ke j-1)

= (E.48)

< C(ut v u2)dT3/2,

As to the fourth moment, classical martingale inequalities, the previous bound and (E.40) show
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that

_ Nt 2
EX(1ZEr(w)|* | F) < C(u® v u') [(52 e M0y p(Kyj1)? (ke — km‘—l))
j=2
N (E.49)
+6% Y e 10, (K1) (kryy — ki)
j=2

< C(ud v uh)[§2T3 + 63T°%) < C(u® v u*)§*T?,

where the last step uses the assumption 6(log7)?/v'T — 0.
Next, define n = ieféﬁ(gg&lpo‘o. Then by (E.47) and (E.48), we have

kn
P(U{"E%,T(a(iﬂ)&n) - E%T(a(i—z)an)\ > 77})

=2
kn

<y’ Z EF “E%’,T(ﬁ(idmn) - E%T(a(iﬂ)ﬁn) ‘2]
1=2

< Ckp 6T /2,

which tends to 0 by assumption. Therefore, we can assume without loss of generality that
\E%lvT(ﬂ(i,g)An) - ,C%T(@(FQ)A”)] < n and therefore, by (E.39), \EA%I’T@(Z-,Q)A”)\ > 2n for all
i=2,..., k. In this case, if Tu? is bounded, straightforward calculations together with (I£.39)

yield the following estimate:

. K . . .
!Rian(U(Fz)An)! < ﬁ(\ng,T(U(iﬁ)An)’Z + ‘R{%lyT(u(ifQ)An)’Z + \Zf;.L,T(U(zez)Anﬂ2

(E.50)
125 @y, )P+ [RE 2 (0)] + [BE 1 (w)]).

Because 6(log T)%/v/T — 0 and 1 satisfies (3.6), we obtain from the previous bounds that

EF(|R2, (@ _aya,)| | F) < COVT(1 4 [log T|) < C6VT log(1/T),

7,m

E@(\R&(a@_mn)\? | F) < C8°T (1 + [log T|*) < C6*Tlog?(1/T).

From here, the first two results of the lemma follow. For the last result of the lemma, we apply
the above bound for EP(\REQR(E(Z-,Q)A”)] | F) as well as (E.42), (E.44) and (E.45). O

Proof of Lemma 4. The lemma immediately follows from Lemma 1 and (3.6). O
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Proof of Lemma 5. We start with the first part of the lemma. By Lemma 1 and (E.39), we have

LY () + (L2 (w) = L2 ()
Bg 1o (U) = — 2 (=t ) _ Pt T\ 0. T
| Uz( ?ET( )+ (59 T( Z?; (u))) (E.51)

— _%e(tz—tl)‘l’% (u) (1 _ 6—(T—t2)(‘1’%(“ (u) ) + O(|u|~ 1T1/2+a)

U
where the constant in the O-term does not depend on w, u, t1, to and 1. Because
Cu?|(02)? — ()]
2 ()~ U2 ()] < Clullo — of | + Cluw) — v ()| + {77 1on
Cu([st, = sty | + |ty = pral)

for some constant C' > 0 that does not depend on wu, t; and 2, Assumption 3 implies that if
satisfies (3.6), then

EL$(|B;~Q,3”(@(¢72)A”)|) < C(TAY + T, EE(‘Bgn(a(i—mAn)‘Q) < C(T?AY +T7%9).

This proves (E.19). O

Proof of Lemma 6. Isolating the leading-order term in the bias term D;,(u) defined in (E.8),

we can bound

Dt + o [ et/

L4
2 | =P _1u2<2nfn E(t/T)dt 2 —1y2 ffg(éng(t/T)er WCH T 0
< $‘£§?7t?(u)—e 27 Stn Jy ’—i_ﬁ e 2 Ly L, Et" f"(u)’ (E.52)
2 -3 nJgn T —zu? n n T n T
+ = e 5u’s] ft §t/Tydt _ —gu ft (SEn€(t/T) oy (t/T))dE 7u ptn/ C(/T) dt‘
u

Z

Because |e? — 1 — z| < 222 and

3 S e/ T by <S(t/T>)dt‘

=S
125 g1 () < C(ALlul+ AL ul®) < CA(ul +]ul?), S € {,Q),

by Assumption 1, it follows that

&

‘Dm(u) + ppn C(t/T)dt‘ < O(ul ' Ay + [ulP2A, + u?A2) < C(JulP2A, + u?A2),

o

for some constant C' > 0 that does not depend on u and A,. This implies that

i
Z“’" (EDini-25,) an ooy [ /)it + 0,17+ A,
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kn
Z%(%F%(Di,n( —2)A,)) an k—l ptn (/ ¢ t/T)dt> +0,(T* BI2N, + A2).
=2

Changing variables, using (B.4) and applying (B.7) and Lemma 9 twice, we obtain

1
anr in(U(i-2)A,)
i— 1+«P

_ _9TZ / ) W paorC(Bu)du + Oy (T> P2 1 A, + TA?)

0T < - i - @ -
= == Wy ()P oGO + Op(T* P12 4 Ay + TAG + Thy %)

k
noi=2

1
= —0pT / Wy (1) pupr (Ou)du + Oy (T* P12 + A, + TAY + Tk YP).
0

This shows (E.20).
To show (E.21), again change variables and use (B.4) to obtain

1 ) 020272 kn k, % 2
an T ”L(u(i—z)An)) 2 Z(‘P ﬁ_l wn(u)pUOTC(‘gU)du> + op(TAp).
n i=2 Fn
We claim that
kn i ) 292T2 kn i kl;w ,
S g (FLPR(Din (i 2)a, ) = fn / 20207C(0u)?du + 0,(TAy).
i=2

To see this, realize that the difference between the terms on the right-hand side of the previous

two lines is

20272 kn -
o > Var(wy (5L + Un)pu,orC(00,)), (E.53)
n =2

where U, is uniformly distributed on [0, %], independent of all other variables and Var signifies
taking variance only with respect to U,,. Clearly, U,, converges in distribution to 0. Because wy,,
p and ¢ are all uniformly bounded and continuous almost everywhere (recall that ¢ is cadlag and
therefore continuous outside a set of measure zero), the continuous mapping theorem together
with the dominated convergence theorem implies that \72111“(1077(%11 + Un)pu,orC(0U,)) — 0
for every i. Next, write (k, — 1)~1 2k, %(wn(% + Un)pu,or€(0Uy)) = IE[fn,T(Vn)}, where

V,, is uniformly distributed on {é, R k’,;j}, independent of all other variables, E signifies

expectation with respect to V;, only and f,, 7(v) = %(wn(v + Un)pu,0rC(0U,)). We have just
established that f, r(v) — 0 for all v € [0,1]. Since V;, converges in distribution to a uniform
distribution on [0, 1], the continuous mapping theorem implies that K[ far(Vi)] = 0. As aresult,
we have shown that (E.53) is 0,(T?/k,) = 0,(TA,,), which yields the claimed equation and, by

Riemann integration and Lemma 9, Equation (E.21).
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Lastly, observe that
EY(Z;,(@i-2a,) | Fi-na,) = 0.

Since Dj(Ugi—2)a,) i F(i—1)a,-measurable, we have
EPR(ZE, (—2)a,))R(Din(@-2a,)) | Finya,) = 0.

Moreover, using Assumption 1 and the basic inequality |cos(z) — 1| < C(|z| A 1)?, we derive the
bound

B [R(Z] (Ui—2a,))? | Flimna,) < CAL+ CU(_y 0 An

for some constant C' > 0 that does not depend on u and A,,. Therefore,

B [R(Z] (U1-28,)) R(Din (Ai—2)a,)) | Fi—pya,] < CAL+ CUl Ty 5 A3,

and we obtain (E.22) using (3.6). O
The following analytical lemma is used in the proof of Lemma 6.

Lemma 9. If f: [0

, 1] = R is of finite p-variation, then f is Riemann integrable and for any
choice of u € =1, L], we have

~ [ ] =

More generally, for any ¢ € [0,1], we have

O(n=4/P). (E.54)

i—1l+tep

wa Z/ln f(u)du
=1

n

= O(n~Y/P). (E.55)

Proof. Taking ¢ = 1 in (E.55) yields (E.54), so it suffices to prove the former. By assumption,
we have V,,(f;[0,1]) < oo, where

1/
V([ la, —sup{<2|f tj) — f(t- 1)!”> p:a:to<---<tk:b, keN} (E.56)

for0<a<b<1. Let [; = [%, %] and bound

i— 1+<P

iiﬁﬂ Z/ u)du

Z/l Lo w] i) = fu)ldu < i;%(f;li),

where the last step is obtained by choosing the partition {1, u, u?, £} and bounding | f(u}) —
fw)| < Vu(f; ). If p =1, note that >, Vi(f; ;) < Vi(f;[0,1]) and we are done. If p > 1,
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use Holder’s inequality to bound

*ZV fi1) (ZV £iL) ) "tV < Uy 0,1).

The last bound holds because (37, V;,(f; I;)P)'/P is equal to the supremum in (E.56) restricted

to partitions where each % is a grid point. O

E.5 Proof of Lemma 7 and Lemma 8

Proof of Lemma 7. We first prove finite-dimensional convergence and compute asymptotic vari-
ances and covariances. For the error term under P, we carry out a few preliminary approxima-
tions. We have

—P

Efy [Zipn(A(i—Q)An) — Z; »(to)] = 0,

where

Z; () = —32 <exp (zuoq) /tn VE/T)awf ) Eyr [exp <Zu0§0 /t” VE/T)dWy )])

By Assumption 2, (E.45) and (B.2), we have

~ =P o _
EELO%(ZE}?%(U(ZfQ)A ) = R(Z; ,(Ug—oya,))?) < CTY2A, + CTAL + CT* P24,
and
—P .
Er (1R(Z; 1 (W-2)a,)) = R(Z; 0 (@0) %) = 0p(As)
Therefore,

kn
> un(ER(ZEn @im,) i ia,)) = OV En( T34 Bt VT A TV B
1=2

and

an Tl ( (U(Z Q)A ) Zipjn(ao)) = Op(\/EAn)

Since k,T* — 0 for all © > 0 and A}, = @A,,, the previous two lines are o,(v/k,A},), which
implies that it suffices to show (E.29) with Z?n(ﬂo) instead of an(ﬁ(i,zmn).

Direct calculations show that

Eﬁ(é}{(?ﬂm 2(1 — exp(—<3u ft" t/T)dt))

z,n(aO))2) = Ué ) (E57)

so a first-order Taylor expansion and an argument similar to the proof of (E.21) (cf. (E.53)) and
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applied to & imply that for 11,72 € [0, 27], we have

§<t/T>dt) L 0ukY) (E.58)

& 2§§ /1 Wy (u)wm (u)€2 (Ou)du
0

Next, we identify the asymptotic variance due to option observation errors. Similarly to

(E.39), we have L 1 (@i-2)a,) = exp(=3@% (s} Jiciya, §E/TYdt + piy [(_ya, CE/T)dD) +
op(1) by (B.2). Therefore, by (B.2) and (E. G) (cf. also (E.48)),

— v2 _ny—1¢.2 77"1 o 17“1
EF(R(Z, (fi—na, ) | F) = e B (1107 iy ST Jg €0/
t’n

Zi—1

x EF(R(ZE (@ ))? + R(ZE 1l )2 | F) + 0p(5T).

By (E.2) and Assumption 4, we have

Nyn
— ~1
EP(R(ZE (i ) | F) =the e > cos? (U (yp jo1 — my))e e
e (Ut > i, (ke ¢
j=2

kyn
X Agp (kep g1 — 240 O (€757 (kep g — ey j—1)° + 0p(8/VT).
As in Lemmas 1 and 2 in Todorov (2019), we have

O, (e~ Ik=alT if [k — 2| > log 771,
6_(k_$t)0t,T(6k) _ P(e ) 1 | xt‘ g (E59)
Op(VT/logT™Y) if VTlogT ! < |k — a4 <log T~}

and, for |k — x| < VTlogT™,

Orr(k) —e*'oy PT = 1® <Tx>‘ = 0,(VT), (E.60)

where the O)- and op-terms in (E.59) and (E.60) are uniformly in k and ¢. As a result, Riemann
integration together with Assumption 1 (concerning ;) and Assumption 4 (concerning x and
A) yields

~4 P \2 2/~ —2(kn j_1—T4n)
= U (0n)"0(T — &) > cos” (ugy , (kyp j—1 —xgp))e —H770 Th
j¢|k§?,j71*$gl|ﬁﬁ|logﬂ
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=~ k’tﬂ, j—1 — Tn 2
X A (ke j—1 — xt?)Q‘I’( - — ) ko (b g1 — @) (kg j — ke j—1) + 0p(6/VT)

GZM/T—QL

_ 90 v (b )2/f10gT| cos? (v Rk e\ (k)2D __k 2/<; (k)dk
STt R gy b T—1 L ofur/T — 17 8
+ 0,(6/VT)
0 4

= \/Tjtnvﬁ l(af;)?’)\t?(O)?Ht?(o)/ cos® (v o k) @ (k)2 dk + 0,(6/VT).
—t i— ) R i;

A similar expansion holds for EF (R(Z4 tL (@i-2)a,))* | F). Therefore,

P 'U ny—t n Jin n fin
EF(R(ZE, (@ )2 | F) = 40(T — )32 7H) (Sip Ji €4/ T)dttop fyn C(1/T)a)
x [(atn) A (0)2rn (0) / cos (v o k) @ (k) dk
R =1

—|—(O’fn)3)\tn(0)2:‘£t?(0)/COSQ(UZZLUELk)(AIS(k)zdk + 0, (6T%/?).
R k2

7 (2

By (B.2), (B.11), (B.14), the rate conditions A,,/T = 6/k,, Al, = ¢A,, and Lemma 9, we have
s Z i (52, (DR (R(ZE, (210,)°)
Z wy, ( Tl Y, ( Tl) W (L=0(i=1)/kn) (3 [o(s—1) 1o, E@)F0+00 [35_ 11 /1, C(0) )

X (1— gizL)3? [ggxggog(ai,;j)3/2A(9i;:)2n(9i,;;) /R cos” (voso€ (032 ) k) B (k)2 dk (F.61)

+ OATROE (O 23N (02 2R (0 =) / cos” (vos (0 72) k)@ (k)2 dk | + 0p(1)
R
1
55 83 A2Ro / Wi, (W), (u)e 500 Jou€@)dvtpo fp, C(u)du)
0

x (1 — 0u)3/2¢(0u)> > X(0u)*R (u) /R cos? (voso (Bu) k) @ (k)2 dkdu.

Since the option observation errors are F-conditionally centered, the covariance terms are iden-

tically zero:
Ep (R(Z, (i _aya,)JR(ZE, (W _2)a,))) = 0. (E.62)

As a consequence, we deduce (C.4).

For any p > 2, we have

Ep (IR(Z,, () [P) < CEL (I(APWF)2P) < CAL, (E.63)

o8



and therefore,

kn -
> g () PEE (IR(Z; . (@0))[P) < ChalAl, = o(kE/2(AL)P). (E.64)
=2

Similarly, for p = 4, conditions (E.6), (E.39) and (E.49) imply that
(50 'ER (IR(Z2, (1 ) < Ckn8®T? = o(k26°T?
len T | B (IR(Z250,(U-2)a,))") < CRnd™T" = o(kp67T7).

An argument similar to the proof of Lemma 13.3.15 in Jacod and Protter (2012) shows finite-
dimensional stable convergence in law in (E.29).

It remains to verify tightness in the space C([0, 1]). By the Arzela—Ascoli theorem, it suffices
to show that

kn
(wm(%) - wm(%))%((zp + ZQ

supE
neN

sup
Im —mn2|<e

VEn[(A])2 + 6T3/2) =

as € — 0. By definition, d,w,(t) = nw_y,(t). Therefore, writing wm(k—l) - wm(
8 wn( L)dn, we can bound the expectation in (E.65) by

n1Vn2
sup /
Im —mn2|<e Jn1An2

1

S el
kn

(&

=2

kn
77 i ~
e o DR + 280G o]

niVn2 1/2
sup ( / n2dn>
[n1—n2|<e \In1An2

’ 2\ 1/2
won(FHR((Z0, + Z&)@(m%))) dn) ]

E

VEn|(

(271.)3/2 1/2 1/2

- \/k )2 4 0T3/2] 776027r]

(Z won(FR(Zi + Zgn)@(i—z)An)))Q]

=2
The previous arguments show that this is O(e'/2), uniformly in n, which shows (E.65). O]
Proof of Lemma 8. We use the same notation Z]En (u) as in the proof of Lemma 7 and decompose

R(Z5,(-2)a,)” = R(Z o (@6-2)a,))’

— (R(ZRulie-28)) ~ R(Zn (s 20,))
+2(§R(Z w(Ui—2)a,)) — %(ijn(a(i—@An)))%(Z?:n(a(i—Q)An))'
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Using (3.6), Assumptions 1 and 2 and a similar estimate to (E.45), we obtain

B/2
(A T Zwﬂ Tl Zipn(/\( 2)An)) - %(Z?n(a(z—%An)))z) ]

2 - P P (E.66)
S AT STE[IR(ZE@i-aa,) — R(Zin(-2a,)|’]
n i=2

< Chn(AST) PRPTO2(TBAL2 4 AP 4 A).

If uy satisfies (3.6) and k,T* — 0 for all ¢ > 0, this is o(1). Similarly, if we use Holder’s inequality
and the estimate IE[|§R(71§:”(17(¢_2)A"))|p}1/p < CA,,, which is valid for all p > 0, we obtain

kn
| s Y R 18.)) ~ RZ18,) R |

< Chn(AnT) I TV2TAY? 4+ A, + AVAA,,

(E.67)

which is o(1) under the same set of assumptions.

Using the inequality |cos(x) — 1| < |z|?/2, we further have

i
> wy(5L)? [%(Zﬁn(ﬁ(i—mm)f - EEJ)A”(%(75n(@(i—2)An))2)] = 0,(VknAL)  (E.68)

=2

an ) [ 7(1an( U 2)An))2_E]5—1)A (%(ZQ( Ugi-2)A,) )2)} = Op(\Vkn0T??).  (E.69)

The statement of the lemma now follows by expanding the square on the left-hand side of (E.30)
and applying (E.21) to derive the limit of the squared D-term, (E.14) and (E.22) to show that
cross-terms involving the D-term are negligible, (E.58) and (E.66)—(E.68) to derive the limit of
the squared ZP-term, (E.61) and (E.69) to derive the limit of the squared Z%-term and (E.62)
to show that the product term involving ZF and Z© is negligible. O
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