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Abstract

Over the last decade, a wave of research has characterized the exact asymptotic risk of many high-
dimensional models in the proportional regime. Two foundational results have driven this progress:
Gaussian universality, which shows that the asymptotic risk of estimators trained on non-Gaussian
and Gaussian data is equivalent, and the convex Gaussian min-max theorem (CGMT), which char-
acterizes the risk under Gaussian settings. However, these results rely on the assumption that
the data consists of independent random vectors—an assumption that significantly limit its appli-
cability to many practical setups. In this paper, we address this limitation by generalizing both
results to the dependent setting. More precisely, we prove that Gaussian universality still holds for
high-dimensional logistic regression under block dependence, m-dependence and special cases of
B-mixing, and establish a novel CGMT framework that accommodates for correlation across both
the covariates and observations. Using these results, we establish the impact of data augmentation,
a widespread practice in deep learning, on the asymptotic risk.

Keywords: universality, logistic regression, high dimensions, CGMT, binary classification, block
dependence, m-dependence, mixing, proportional asymptotics

1. Introduction

Over the past decade, landmark results such as Gaussian universality and the convex Gaussian min-
max theorem (CGMT) have been extended and applied to analyze the asymptotic risk of various
high-dimensional feature models. They have led to a deeper understanding of matters such as the
impact of regularization and hyperparameters on the risk (Salehi et al., 2019; Deng et al., 2022) and
the double descent phenomenon (Mei and Montanari, 2022; Hastie et al., 2022; Belkin et al., 2019).

Broadly speaking, Gaussian universality is the observation that the risk of many high dimen-
sional estimators depends on the data distribution only through its first two moments (Montanari
and Saeed, 2022; Montanari et al., 2023; Dandi et al., 2024; Gerace et al., 2024; Korada and Mon-
tanari, 2011; Han and Shen, 2023; Hu and Lu, 2022). Consequently, for these estimators, their risks
can be studied by analyzing the risk for Gaussian data with matching mean and variance. This un-
locks the many useful tools developed for the Gaussian case, including Approximate Message Pass-
ing (Donoho et al., 2009), the Cavity Method (Opper et al., 2001) and the CGMT (Gordon, 1985;
Thrampoulidis et al., 2014). Among them, the CGMT is a framework that converts a complex op-
timization problem on Gaussian data to a much more analytically tractable auxiliary problem. The
auxiliary optimization is often further simplified into a deterministic equation involving only a few
scalars, and under the CGMT, its solution completely characterizes that of the original problem.

A general pipeline of analysis built on universality and the CGMT entails the following:
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(i) Consider a high-dimensional model, such as generalized linear regression or random feature
models, with data following some pre-specified distribution;
(i) Equate our estimation problem to that of the same model on Gaussian data via universality;
(iii) Simplify the Gaussian optimization problem via the CGMT into a format that can be more
readily solved, either analytically or computationally.

One substantial limitation of existing Gaussian universality and CGMT analyses is that the data
must consist of independent—and often also identically distributed—vectors, which is not realistic
for many applications. Several forms of dependence are commonly observed in practice:

* Block dependence. An important example of dependence in machine learning is found in data
augmentation', a technique that synthetically expands a training dataset by applying random
transformations to existing data and incorporating the transformed data back into the dataset
(Taqi et al., 2018; Shorten et al., 2021; Volkova, 2024). In machine learning practice, data
augmentation has become one of the most widely adopted methods, especially in the presence
of invariance (e.g. symmetries) or an underlying structure (e.g sparsity) (Lyle et al., 2019).
Theoretically, however, the dependence arising from multiple transformed copies of the same
observation makes the effect of data augmentation challenging to analyze.

* m-dependence. Another common form of dependence manifests through a finite dependency
neighborhood: Under spatial moving average models (Cressie, 1993), the observation at a
given point is dependent on a local neighborhood of observations but no further. Similar exam-
ples are ubiquitous in time series, graph and spatial analysis (Cryer, 1986; Brock et al., 1992;
Schweinberger and Handcock, 2015; Wackernagel, 2003);

* B-mixing. Data can also depend on infinitely many variables, with strong short-range depen-
dence and decaying long-range dependence. This is typically described by mixing conditions
(Billingsley, 1995; Bradley, 2005), and is also found in many common time series and spatial
models (Deo, 1973; Tuan and Lanh, 1985; Tsay, 2005; Gelfand et al., 2010).

This paper, for the first time, extends the Gaussian universality principle beyond the independence
assumption to encompass dependent vectors (X;) in the context of high-dimensional logistic re-
gression. Universality results are provided for block dependence, m-dependence, as well as specific
B-mixing processes. Moreover, we develop a novel CGMT framework, accommodating dependence
both between covariates and observations under a certain “low-rank” assumption. Leveraging these
two new tools, we precisely characterize the impact of data augmentation on the risk. We notably
investigate the effectiveness of data augmentation when the invariance or structure of the problem
is only partially known, as is often the case in practice (Benton et al., 2020; Yang et al., 2023).

1.1. Model Overview

We observe high-dimensional data (X;, y;)!, with covariates X; € R” and labels y; = y:(X;) € {0, 1}.
We consider the proportional regime, where the signal dimension p grows linearly with the sample
size n. In our main universality result (Section 3), which is used for analyzing data augmentation,
the data X := (X;);<, — not assumed to be identically distributed — are block dependent:

Xioy) 1L (Xjy)) if j & Bi= (kL + 1. kL + k). (1)

1. The definition of data augmentation in machine learning differs from its use in statistics. In the latter, data augmen-
tation often refers to the introduction of latent variables to the model, e.g. in the EM algorithm.
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Figure 1: Universality of risks of a logistic regressor, trained with different number and amount of
random permutations. See Section 6 and Section C for the detailed setup.

We also consider data that satisfy m-dependence and S-mixing; see Section 4 for the precise defini-
tions. To relate the labels to their covariates, we assume there is a true signal 8* € R? such that

Py;=11X)=0c(X78"), o@®:=>0+e"" (2)

The signal is estimated via a penalized and weighted logistic regression:

PN . 1 T A

BX) = argmingez, ~ > wi(log(1+ %) - y,XTB) + Z-IIBI, (3)
where (w;) € [0,1]" are deterministic weights. If the weights are all set as 1, (3) recovers the
traditional penalized logistic regression. More generally, w;’s can be chosen to be different to ac-
commodate potential heterogeneity such as heteroskedasticity (e.g., Shalizi (2019)), or unique cases
like data augmentation (Section 6). Examples of setups that can be handled by this model include:

* Dependent (X;) and conditionally independent (y;): Dependent covariates commonly arise
in various applications. For instance, in biological experiments on mice, the littermate effect
introduces dependence between the behaviors of mice from the same litter (Haseman and Kup-
per, 1979). Similarly, local dependence is prevalent in genomic data (Yu and Bien, 2017). In
those settings, while the covariates are dependent, each response variable y; has direct depen-
dence only on X; and not on the other covariates.

* Block Dependent (X;) and (y;). In many other practical settings, the response variable y;
can depend on a set of multiple covariates {X; : j € $B;}. In ICU settings, for example,
predicting 24-hour mortality is improved by incorporating past data on the same patient (Plate
et al., 2019). To model these setups, we can assume that there exists a matrix A € R™" that
models the dependencies between observations, so that y; depends on the linear combination
Zi=3 jes; 4i,jXj of predictors in the same block (Wu and Ware, 1979). In this case, (Z;, y;) is
still a block dependent process that satisfies all the assumptions of our setup.

* Data Augmentation. If the original dataset (Z;) are independent, then the augmented data will
exhibit block dependence within each set of augmented copies of X;, whereas the response y;
typically depends only on the original variable Z;; more details in Section 6.

Remark 1 [In (3), the logistic regression is performed on the same variables that y; depends on.
We have chosen this presentation for simplicity. Section B.3 includes a more general model, which
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allows for the label to depend on the entire block {X; : j € B;} while X; is regressed only on
a subset of those observations. This hence allows for the regression to be misspecified. Data
augmentation, for example, implicitly assumes that the label of the transformed data depends only
on the untransformed data, which makes this generalization necessary.

Detailed assumptions on our data-generating process and model are presented in Sections 2 and 3.

1.2. Summary of Results

The main contributions of our paper are as follows:

(i) Universality. Under mild conditions, we prove a set of dependent Gaussian universality results
for the training and test risks, which address block dependence (Theorem 2 in Section 3),
m-dependence, and specific S-mixing processes (Theorem 3 in Section 4). To the best of
our knowledge, this constitutes the first results demonstrating that universality holds in the
proportional regime for estimators trained with dependent observations. A key consequence
is that if the data is uncorrelated, even if dependent, the asymptotic risk is the same as in the
independent setting. Hence previously derived results for logistic regression still hold (see
Section 7). To tackle the case where the data is correlated, we propose a novel CGMT result.

(i1)) CGMT. We introduce a novel extension of the CGMT for Gaussian matrices with a “low-
rank” dependence structure (Theorem 5) in Section 5. In particular, this result accommodates
dependence across both columns and rows. This significantly broadens the applicability of the
CGMT approach, which, until now, required either the rows or the columns to be independent.

(iii) Data Augmentation. Using our universality result and the dependent CGMT, we exactly char-
acterize the asymptotic risks of logistic regression under different forms of data augmentation,
such as random permutations when the covariates are partially exchangeable and sign flipping
when S* is sparse. We observe that when the structure of the problem is fully known, data
augmentation significantly decreases the test risk. However, when it is only partially known,
the effect of data augmentation can be negligible. See Section 6.

The remainder of the paper consists of a literature overview in Section 7, an overview of proof
techniques in Section 8, and a discussion of future directions in Section 9.

2. Definitions

In this section, we define various quantities that will be used throughout the paper. We first define
the empirical risk of an estimator as

A T A
RiB:X) = 5 3, wi(log(1+ €%) - yix7B) + 18I

The performance of our estimator is then evaluated on a new observation Xy, which we do not
assume to have the same observation as any of the training points. The test risk is hence defined as

Riest(BX)) = E[liest(XnewBX), XpewB*) | BX)]

where the expectation is taken over the mean-zero random vector X,y that is independent of the
trained estimator B = ,B(X), and where . is a generic locally Lipschitz function. For our simula-
tions, {5t Will be the 0-1 loss, for which we also verify our results (see Section G). To compare the
distribution of training risk on Gaussian and non-Gaussian data, we use the metric given by
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dp(X,Y) = supjep E[h(X) - h(Y)],

where H is the set of differentiable functions 4 with Lipschitz derivative satisfying ||/]|co, ||#']|0 < 1;
see Montanari and Saeed (2022) for why this distance metrizes convergence in distribution.

We shall establish universality with respect to the Gaussian surrogates G; ~ N (0, Var(X;)),
where each block (G)) jeg; is jointly normal. The corresponding dataset (G;, yi(Gi)):’: | satisfies the

same assumptions as (X,-,yi(X,-));?:1 in Section 3. We also write the Gaussian counterpart of the

A

test I‘iSk Rtest as Rgst(B(G)) = E[ftest(GrIeW:B(G)’ Grrewﬂ*) |B(G)], where Gnew ~ N(O, z:new) fOI‘
Zhew = Var(Xyew) 1s a substitute for Xjew-

In our proofs, we will restrict our minimization problem to a particular set of the form
u
Sy = {BeR Bl < Lyp. 1Bl < Lp'*') )

for fixed constants L > 0 and r € (0, %). This can be viewed as the set of parameter vectors 8 which
cannot align too strongly with a particular direction to ensure pointwise normality, and is widely
used in proving universality results (e.g., Lahiry and Sur (2024); Han and Shen (2023); Montanari
and Saeed (2022)). This restriction becomes equivalent to the unconstrained minimization when
one proves that 8 € S, with high probability, which can be done on a case-by-case basis. See
Appendix D.1 for a more detailed discussion on the set S,,.

3. Universality of the Risks Under Block Dependence

We first state the various assumptions we place on our data generating process and the model. We
postpone the discussion of those assumptions to Section 3.1 after the result is stated.

Assumption 1 (Block-dependence) There exists k > 1 such that (X;,y;) is independent of (X;, )
whenever j ¢ B; = {kl_%l +1,... ,kL%J + k}-

Assumption 2 (Logistic Model) The labels are generated as yi(X;) = I(XB* — & > 0), where
each g; ~ Logistic(0, 1).

Assumption 3 (Scaling & Sub-Gaussianity) E[X;] = 0 and E[X,-Xl.T] = X;. Moreover, each X; is
sub-Gaussian, and there exists Ky > 0 such that sup,_;, IXilly, < Kx/ \n, where || « Ily, denotes the
sub-Gaussian norm.

Assumption 4 (Signal Size) B € S, as in (4), and there exists k € (0, o) such that § =

Assumption 5 (Gaussian Approximation) For the hypersphere S*! := {(x e R* : ||x|l» = 1},

sup  sup sup |E[f( Z];ZI Qer.TH,B,) - f( Zf:] 6,G, r)]

fEF B1...SreS, 68K i<n—k

- 0,

where = {f : R > R| f € C1,||flleo < 00, [10f]lo < 1}.

Assumptions 1-5 are used to establish universality of the training risk. For universality of the
test risk, we require two additional assumptions: one on the distribution of X, and one on the
geometry of the training risk. Below, we denote ¥ := {f : R> 5> R | f € C1, ||flleo < 0, l0f]leo < 1}.
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Assumption 6 (Gaussian Approximation of X,.yw) We have

Supfe‘f_ SupﬁeSp |E[f(XI{eWﬁ’ Xr?ewﬁ*) - f(GgeWﬁ’ Ggewﬁ*)]| - 0.

Assumption 7 There exist constants ¥, x > 0 such that for every fixed € > 0,

]P( min R,(8;G) > minR,(B; G)) - 1 and BB = X2
,BES,, 5 |(:6T2ncwﬁ)l/2 —XI>€ ﬂESp

Under these assumptions, the following theorem holds:

Theorem 2 (Block Dependent Universality) Let (X;,yi(X))i_, and (G;,yi(G))._, be generated

i=1

under Assumptions 1-5, where each G; ~ N (0, Var(X;)). Then
dy(ming R, (8; X), ming R, (8; G)) — 0. 5)

Moreover, if Assumptions 6 and 7 also hold, then

| RescBX) = RELBG) | = 0. ©)

The proof of Theorem 2 is deferred to Section D and G, with a proof sketch given in Section 8.
This result allows us to better understand the properties of the risk—notably, we observe that it only
depends on the distribution of the data through its first two moments. Consequently, the dependence
among the observations influences the risk only via the covariance, rather than through a more intri-
cate relationship. In other words, even if the data exhibits dependence, as long as it is uncorrelated,
the asymptotic behavior of the risk is the same as the independent case, and allows it to be analyzed
using the existing extensive literature. In scenarios where the data is not uncorrelated, the risk of
B(X) still simplifies to the risk of B(G), and such cases can be studied using our novel dependent
CGMT approach (see Section 5), as long as a “low rank” dependence assumption holds.

3.1. Discussion of Assumptions

Assumptions 2—4 are standard in high-dimensional settings. Assumptions 5—7 are mirror conditions
required to establish universality of the risk in the independent case (e.g. Montanari and Saeed
(2022); Han and Shen (2023)). In particular, our Assumption 5 is closely related to Assumption 5 of
Montanari and Saeed (2022). However, ours is slightly stronger, as it requires the joint convergence
of (X[ B1,...,X] ) to a Gaussian limit for all B1,....B8 € S,. This is a direct consequence of
Assumption 1, which relaxes the independence assumption to block dependence. It can hence be
seen as a multivariate version of the pointwise normality assumption in Montanari and Saeed (2022).

To establish the Gaussian universality of the testing risk, in addition to the training risk, it
is necessary to introduce further assumptions, specifically Assumptions 6 and 7. Assumption 6
closely resembles Assumption 5, but applies to Xpew rather than our original data. Note that we
did not require Xy, to share the same distribution as any of the (X;). Assumption 7 is a stronger
condition: informally, it states that in the Gaussian case, the optimizer should be concentrated on a
small subset of S,. However, since this assumption pertains to the Gaussian data rather than X, it
can be proven via our dependent CGMT framework, provided that Assumption 10 is satisfied. In
the independent setting this is notably established in Salehi et al. (2019, Eq. 92), Dhifallah and Lu
(2021, Eq. 74) and Thrampoulidis (2016, Eq. B.11). Montanari and Saeed (2022) does not impose
such a condition, but instead studied a modified notion of the test risk. More formally Montanari
and Saeed (2022) proved the universality of minﬁE 3% Riest(B) where S(X) C S, is a subset defined
using the empirical risk (see Theorem 2 of Montanari and Saeed (2022)).
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4. Extension to m-dependent and Specific S-Mixing Processes

In this section, we show that the universality result of Theorem 2 also extends to data with m-
dependence and specific S-mixing processes. In the definition of mixing, we shall temporarily
make the dimension dependence explicit in the data (X;,y;) = (Xgp ), yf.p )) and X = X®. Following

Bradley (2005), for every p € N, we define the 8-mixing coefficient of (Xf[J ) , y?p ))ieN as

1
Buix(N) = supsup — sup 5 >0 o> [PANB) - PAPRB),
pEN teN ﬂepg)’gep(ﬂ)

>t+N

where Pg) is the set of all finite partitions of cr((XEp ), ygp "1i < 1) and P(Z’;)Jr v 18 the set of all finite

partitions of o'((Xfp ), ygp )) |i >t + N). We use this definition to state our S-mixing requirement for
the triangular array (X;p ), ygp )),-, pent below in Assumption 8 (7).
Assumption 8 (m-dependence or specific S-mixing processes) One of the following holds:

(i) (Xi,y;) is independent of (X}, y;) whenever |i — j| > m;

(ii) There exists some r € (0, 1) such that 3,72, Bmix(I)" < co. Moreover, there exists a process

(ZEP ))i, pent of centered independent random vectors with bounded sub-Gaussian norms such
that, for every i, p € N, we can express

(p) _ (P) ~(p)
X" = ZjeNci,j Z

for some constants (cgl;.)). We also assume that there exists an universal constant ¢ > 0 such

that \/ﬁﬂmin(Var(Z;.p ) ) =cforall jpeN.

Assumption 8§ substitutes the block-dependence Assumption 1. Assumption 8(ii) is restrictive,
but already covers important S-mixing processes of practical interests: For example, any autore-
gressive model (Tsay, 2005; Gelfand et al., 2010) can be expressed in the form of Assumption 8(ii).

Assumption 9 (Strong Gaussian Approximation) Forall d € N, we have

sup  sup sup |E[f( Zle H,XZ.TH,B,) - f( Zle 6,G, ,)]

fEF Bi,fa€S, 6081 i<n—d

where = {f : R 5> R| f € C1,|Iflleo < 00, [10f]lo < 1}.

- 0,

Assumption 9 is a stronger form of Assumption 5: Instead of requiring the Gaussian approx-
imation to hold for k-many vectors, where & is the dependency block size, we now require this to
hold for every fixed d € N. Note however that we do not require d to grow with #; it suffices that for
every fixed d, the convergence holds as n — oo. By replacing Assumptions 1 & 5 by Assumptions 8
& 9, we may state our extended universality result for m-dependence and specific mixing processes.

Theorem 3 (Universality under m-dependence or mixing) Let (X, yi(X,-));’: , and (G, yi(Gi))f’zl
be generated under Assumptions 2-4, where each G; ~ N (0, Var(X;)). Assume in addition that
Assumptions 8 and 9 hold. Then

dy¢(ming R,(8; X), ming R,(8; G)) — 0. (7
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Moreover, if Assumptions 6 and 7 also hold, then

IRest(BX)) = RE(BG)] = 0. )

The proof of Theorem 3 is an adaptation of the block-dependent case of Theorem 2, and is in-
cluded in Sections E and F. To give an overview, the first step of the proof is to apply the classical
technique of representing the data as an alternating sequence of big blocks and small blocks of ran-
dom vectors, where the small blocks are then ignored (Bernstein, 1927; Ibragimov, 1975; Davidson,
1992). In the m-dependent case, the big blocks become independent provided that each small block
is of size at least m, and the block-dependent result of Theorem 2 applies directly. In the mixing
case, the big blocks are only approximately independent and, hence, Theorem 2 does not directly
apply. To be able to use the results we derived in the independent case, we use the embedding result
of Yu (1994). This result allows one to compare the expectation of functions of S-mixing block
with that of exactly independent random variables. However, a difficulty is that in our setting, the
sizes of the blocks are not allowed to depend on n, and the number of blocks that can be approxi-
mated by independent ones cannot depend on n. Hence, we cannot apply the embedding result of
Yu (1994) directly to the risk. We instead use Yu (1994) to bound how much the risk changes along
the path of interpolation between G and X. Finally, note that a key ingredient of the proof is being
able to control the largest eigenvalue of X’ X. The proof relies on being able to prove a Bernstein
inequality for 7 1(XT,B)2 for all 8 € S,,. Under the mixing setting, Assumption 8(ii) allows us to
do so by rewriting Zf:l(XlT,B)2 as a quadratlc form over the independent process (Z;). In general,
this assumption — that (X;) can be rewritten as an infinite sum of independent processes — can be
weakened to processes for which one can control the moments of Amax (X7 X).

5. Dependent CGMT

Under general conditions, Theorems 2 and 3 allows us to study the risk of 3(X) via that of 5(G).
When X;’s are isotropic and uncorrelated, G = (G;)i<, can be viewed as an R”" matrix with
1.1.d. standard Gaussian entries. In this case, the risk of ﬁ(G) can be studied via the CGMT method.
Broadly speaking, the classical CGMT method first relates ming R,(8; G) to the optimization

Ys, s, = minges, max,cs, Ly(w,u) with Ly(w,u) = wTHu + f(w,u) , )

where S,, ¢ R” and S, ¢ R" are compact and convex, f : S,, X S, — R is a convex-concave func-
tion, and H is typically a suitably projected version of G. The main result of CGMT is that ¥, s,
is equivalent to a simpler optimization involving only two Gaussian vectors (see Section B.2).

In the dependent setting, however, H can exhibit both correlated columns and rows, and the
standard CGMT framework is generally not applicable. To address this, we develop a more general
CGMT framework that accommodates a “low-rank assumption” on the dependence structure of H.

Assumption 10 (Low-rank Dependence) Let H be an RP*" Gaussian matrix. There exist M € N
and symmetric positive semi-definite matrices (X, 2D)<pr, with O € RPXP and £ e R, s.1.

Cov[H;;, Hj;] Zl 1 (“ z‘“ foralli,i’ <nandj,j <p.

Remark 4 For M = 1, Assumption 10 is equivalent to the assumption that H = TVH'EW for some
Gaussian matrix H' with i.i.d. standard normal entries. For M > 1, this says that the dependence is
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captured by some sum of covariance matrices that “factorise”. In Section B.4, we discuss how this
is a natural assumption for the dependence structure that arises in data augmentation.

Denote ||vllsy = VvTX’v. Under Assumption 10, we shall compare ¥, s, to the risk

= min max Ly(w,u),
lﬁSW’Su weS,, uesS, v

M ~
where  Ly(w,u) = Y " {Iwllzohf E®)2u+wi() Pglluliso} + for.w) . (10)

(hy, g1)i<m are independent standard Gaussians respectively in R” and R”. Our next result formalizes
the equivalence of ¥, s, and s, s,, and additionally controls Wy € S, the minimizer of ¥, s, .

Theorem 5 (Dependent CGMT) Suppose S,, and S, are compact and convex, and f is continu-
ous and convex-concave on S,, X S,,. Under Assumption 10, the following statements hold:

(i) Forall c € R,
P(¥s,s, <o) <2MP(ys,s, <) and  P(¥s,s, >c¢) < 2YP(ys,s, 20 ;

(it) Let A, be an arbitrary open subset of S,, and A, := Sy, \ A. If there exist constants és,,

¢, and n, € > 0 such that Yz, 2 s, + 30, PWs,s, <¥s,+n) 2 1 —€ andPWa,s, 2
Yas —m) 21— € then

PWwy € A,) > 1-4e.
Remark 6 Convexity is not required for the first bound of (i); see Theorem 13 for the full theorem.
Notably, Theorem 5 implies an asymptotic concentration result for the minimizer Wy in A),:

Corollary 7 (Asymptotic CGMT) Let A, be an arbitrary open subset of S, and A;, = S, \ Ap.

. - - P - P -
If there exists constants < Y such that ys,,.s, = ¥ and Y z; s, — Y, then
Py € Ap) — 1.

Theorem 5 and Corollary 7 have several important implications:

Simplifying the analysis of R,(8; G). Theorem 5 reduces the analysis of R,(3; G), which involves a
high-dimensional and correlated Gaussian matrix, to a loss involving only Gaussian vectors. This
substantially simplifies the analysis of the asymptotic risk, as one can avoid invoking random matrix
theory. Indeed in the isotropic case, the conversion of /s, s, into a deterministic, low-dimensional
problem has been performed in many models through algebraic calculations and the min-max the-
orem (Thrampoulidis, 2016; Salehi et al., 2019; Dhifallah and Lu, 2021). In our case, the terms in
¥s,.s, depend on the 2M covariance matrices, and the complexity of these calculations grows with
M. We present the calculations for special cases of data augmentation in Section 6 and Section B.

Pipeline of analysis for dependent data. Together with our dependent universality result (Theo-
rems 2 and 3), Theorem 5 extends the pipeline of analysis discussed in Section 1 to dependent data
in logistic regression. Since Theorem 5 is model-independent, we also expect it to be valuable to
other setups, provided that an analogous dependent universality result is established.
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Universality of test risk. Our CGMT also helps with verifying Assumption 7, required for the
universality of test risk in Theorems 2 and 3. To see this, let us identify A, in Theorem 5(ii) as the
set{B €S, | (BT Znewf3)? = %1 < €,}. Under this notation, Assumption 7 is a comparison between
the training risks of two optimizations on S,, \ A, and S,, respectively. Theorem 5 allows us to
perform this comparison on the simpler auxiliary optimizations instead, which additionally allows
for computing the value of jy; see Section B.1.

Remark 8 (Comparison to existing CGMT results) For comparison, Theorem 5 recovers the stan-
dard CGMT with ¥V = I, s = I, and M = 1. It also recovers the multivariate CGMT of
Dhifallah and Lu (2021) by setting £ and £© as block diagonal matrices with M equal-sized sub-
blocks, such that the I-th subblock is identity and the other blocks are zero. Akhtiamov et al. (2024a)
generalizes the block diagonal setup to allow non-identity subblocks, which is a special case of our
Assumption 10, but they also allow for transforming w and u, which we do not address here.

6. Applications to Data Augmentation (DA)

As an example application of Theorems 2 and 5, we analyze the effect of data augmentation, which
introduces a simple yet ubiquitous form of block dependence in machine learning. To see how
the dependence arises, let (Z;);<, be i.i.d. mean-zero random vectors, which correspond to our
original data, and let ¢y,..., ¢ be n = mk i.i.d. R? — RP transformations, which are the aug-
mentations. Note that the coordinates of Z; may be locally dependent. DA synthesizes an artificial
dataset (X;,y;)i<n by setting X; = ¢;(Zi/x), i.e. each observation is augmented k times, and setting
yi = yi(Zrin) to retain the label of the original observation. The estimator /3 is then fitted on the
augmented dataset through the minimization

. 1 T A
minges, - Dy (log (1 +eXP) = yi(Zripg) x X B) + 51813 - (11)

See Remark 1 for how this relates to the model (3). For simplicity, we assume that the test data
Xnew 18 identically distributed as the unaugmented Z;. The practical heuristic behind DA is that, if
¢:’s are chosen to reflect certain structures of the problem well, DA may improve the test risk of 3
despite the dependence introduced. While the benefits of DA are empirically observed across a large
body of ML literature, limited theoretical attempts have provided an exact theoretical quantification,
especially in the case of a classification task; see Section 7. Here, we analyze several DA schemes:

Random permutations under a group structure. Suppose Z; can be broken down into N groups
of coordinates, each of size p;, with p; + ... + py = p. Namely, Z; = ((Zil))T . (ZiN))T)T
such that {ZY) }<n are independent vectors and each Zf') is RP7-valued with 1.1.d. coordinates. The
i.i.d. structure within each group motivates one to augment the data by permuting coordinates within
each group. As the full permutation group is exponentially large in p, a practical question is how
much permutation should one perform. This concerns both the number of random permutations
k as well as the proportion of coordinates to permute. For simplicity, we fix rperm € [0, 1], a
proportionality parameter that may be chosen by practitioners, so that within each #-th group, we
only consider permuting the top [#permp; | coordinates. Each augmentation ¢; is a uniformly random
permutation that permutes the top [7permp;| coordinates within each #-th group.

Random sign flipping under a sparsity structure. Consider a sparsity structure in 8*: A pro-
portion p* € [0, 1] of the p entries of 8* are non-zero, whereas the remaining (1 — p*)p entries are
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Test risk (excess 0-1 loss relative to 8*)

Test risk (excess 0-1 loss relative to 8*)

0.201
0.14 A
0.15 1 0.12 1
0.10 A
0.101 | 0087
0.06 -
—— Uniform —— noaug, p* =0.8
0.05 —— Gamma —&— crop, p* =0.8 0.04 1
Exponential —#— flip, p* = 0.8
—— Student'st === noaug, p* =02 | 0.02 crop —o— 5, =_80%
—— Gaussian —e— crop, p*=0.2 flip —— 50 = 100%
0.00 —h— ﬂlp, p* =0.2 0.00 no aug
0 100 200 300 400 0 100 200 300 400 500
dimension p dimension p

Figure 2: Test risks under random cropping and sign flipping. Left. Same setup as Section 6. Right.
Signal ratio p* = 0.2 and the bottom [so(1 — p*)p] coordinates are known to be zero.

zero. The positions of the non-zero coordinates are unknown in general, and p* may be known or
unknown. This motivates the use of random sign flipping to shrink the estimate /3 at locations where
the entries of §* may be zero. We fix some [rg;,p] entries of p, where rgjp € [0, 1] is a parameter
chosen by users. Each ¢; is a random diagonal matrix, generated by drawing the fixed [rg;pp] entries
of its diagonal as i.i.d. Rademacher variables, and setting the remaining entries of the diagonal to 1.

Random cropping under a sparsity structure. Suppose §* has the same sparsity structure as
above. Another way to encode our guess of the zero entries is by randomly removing coordinates in
the data. Here, each ¢; is a random diagonal matrix generated by randomly setting [reropp] entries
of its diagonal to zero and leaving the remaining entries as 1.

As y;’s depend on the unaugmented data instead of the augmented, we apply a generalization
of Theorem 2 (Section D.2) to show that universality holds under the same assumptions. The key
condition to verify is Assumption 5. In Section J, we verify this for sign flipping, cropping and noise
injection. For permutations, we verify this under general conditions on the group sizes p,’s for both
a fixed and small number of groups N and a growing number of groups N = N(n) — co. Meanwhile,
our CGMT result (Theorem 5) applies to sign flipping and cropping above with Var[Z;] = %I p» aS
well as permutations (Section M.2). Under simplifying conditions that hold for permutations and
sign flipping, we also derive a set of 10 deterministic and scalar equations (EQs) in Section B.1,
which explicitly characterize the test risk of logistic regressors. More general augmentations can
be accommodated but at the expense of a more complicated system of equations. While (EQs) is
complicated to state, we verify that in the isotropic case with no augmentation, it recovers exactly
the characterizing equation by Salehi et al. (2019).

These results enable us to understand the effects of DA through two possible approaches: To
simulate a logistic regression on Gaussians, i.e. a high-dimensional convex optimization with simple
distributions, or to solve the nonlinear equations (EQs), i.e. a low-dimensional but highly non-
convex optimization. We use the former approach with m = 200 synthetic data and present results
in Fig. 1 (p = 500) and 2 (k = 30); see Section C for full simulation details’. A few observations:

¥. Code is available at github.com/KevHH/Dependent _Universality.
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Full permutations alleviate overfitting under a group structure. Fig. 1 considers a high dimen-
sional regime (p/m = 2.5), where logistic regression with no augmentations is expected to overfit.
This typically manifests through a low training risk but a high test risk. Fig. 1 shows that a full per-
mutation (rperm = 1.0) of the i.i.d. coordinates guards against this overfitting: The test risk improves
substantially and as more and more augmentations are used.

Full knowledge of the problem structure can be crucial. A surprising observation from Fig. 1 is
that using only a slightly smaller subgroup of permutations (rperm = 0.8) results in test risks that are
within error margins from that of no augmentations. This suggests that, at least within our model,
exploiting the full set of permutation invariance is critical for obtaining noticeable improvements.
On the other hand, the sparsity setup for cropping and sign flipping does not allow the knowledge
of the full structure by design, as it would otherwise imply that we know exactly which coordinates
of B to exclude from the regression. In the left plot of Fig. 2, perhaps surprisingly, we see that
sign flipping and cropping both yield indistinguishable test risks from that under no augmentation.
For comparison, we perform Gaussian simulation in an artificial setup in the right plot of Fig. 2,
where some portion of the null entries of 8* are known and on which cropping and sign flipping are
always performed. The remaining amount of cropping and sign flipping are applied to the rest of the
coordinates. There, cropping ensures that the known null coordinates never enter the regression and
outperforms no augmentation and sign flipping. In summary, these observations send a cautionary
message: the benefits of data augmentation may be concretely visible only when the full problem
structure is known, which is too stringent for many practical setups.

7. Related Literature

Universality. Universality has been extensively studied in the probability, statistics, and ML lit-
erature. In statistics, the risk of a wide range of penalized linear models and the behavior of the
approximate message passing (AMP) algorithm have been demonstrated to be universal (Korada
and Montanari, 2011; Montanari and Nguyen, 2017; Abbasi et al., 2019; Oymak and Tropp, 2018;
Han and Shen, 2023; Dudeja et al., 2023; Wang et al., 2024; Chen and Lam, 2021). Beyond linear
regression, it has been proven that generalized linear models, perceptron models, max-margin clas-
sifiers, random feature models, and others obtained via empirical risk minimization exhibit universal
behavior (Montanari and Saeed, 2022; Montanari et al., 2023; Dandi et al., 2024; Gerace et al., 2024,
Korada and Montanari, 2011; Han and Shen, 2023; Hu and Lu, 2022). Those works either assume
that the covariates are independent or that the observations projected on a wide range of directions
are asymptotically normal (e.g., Montanari and Saeed (2022)). Lahiry and Sur (2024) further proved
it for regularized linear regression if the covariates within each vector are block-dependent. How-
ever, they still assumed the rows of the design matrix were independent. Huang et al. (2022) moved
beyond this condition and showed that under certain stability conditions, machine learning estima-
tors trained with data augmentation satisfy Gaussian universality. Those conditions are, however,
hard to verify and this paper does not cover overparameterized logistic regression.

CGMT & Exact Asymptotics. The exact asymptotic risk of many high-dimensional models
has been extensively studied using a variety of techniques. These include AMP (Donoho et al.,
2009), the cavity method (Opper et al., 2001), the Gaussian Min-Max Theorem (Gordon, 1985),
and the CGMT (Thrampoulidis et al., 2014). Since its introduction, the CGMT has been suc-
cessfully applied to analyze the risk of numerous high-dimensional models (e.g. Stojnic (2013a,b);
Thrampoulidis et al. (2015, 2018); Akhtiamov et al. (2024b); Aolaritei et al. (2022); Javanmard and
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Soltanolkotabi (2022); Mignacco et al. (2020)). Further developments have extended the method to
settings with independent but non-identically distributed rows (Akhtiamov et al., 2024a; Dhifallah
and Lu, 2021). We, for the first time, extend CGMT to dependent rows and columns.

Data Augmentation. Data augmentation is a widely utilized practice in machine learning, par-
ticularly in deep learning (e.g. Taqi et al. (2018); Shorten and Khoshgoftaar (2019); Shorten et al.
(2021); Volkova (2024)). Given its critical role, a number of studies have investigated its theoretical
properties (e.g. Hanin and Sun (2020); Huang et al. (2022); Chen et al. (2020); Lin et al. (2024)).
The first work that applies CGMT to the study of data augmentation is Dhifallah and Lu (2021),
which examines the impact of noise injection on logistic regression, demonstrating that it serves
as an implicit regularization. However, their results and analysis are limited to noise injection, a
data augmentation strategy that preserves the independence of the covariates, which simplifies their
study. In this paper, we develop a novel universality and CGMT result that allows us to significantly
broaden the scope of data augmentations we can study.

Logistic Regression. Recently, substantial progress has been made in understanding the exact
asymptotics of high-dimensional logistic regression in the proportional regime (Sur and Candes,
2019; Deng et al., 2022; Kini et al., 2021). Salehi et al. (2019) successfully adapted the CGMT
framework to the logistic regression setting, enabling the analysis of regularized logistic regression.
The issue of dependence in logistic regression, motivated by applications to biology and sociology,
has also been well-studied (Bonney, 1987; Prentice, 1988; Reboussin et al., 2008; Zorn, 2001).
The dependence was notably modeled through mixed effects or latent variable models. In high
dimensions, recent work has taken inspiration from the Ising model to propose a model in which
yi depends not only on X; but also other labels (y;) i, exhibiting network dependence (Mukherjee
et al., 2021). Beyond the locally dependent setting, a recent wave of papers has studied properties
of estimators trained on dependent data (Nagaraj et al., 2020; Zou et al., 2009). Beyond logistic
regression, a number of papers have studied the asymptotics of Lasso estimators trained on time
series data and in VAR models (e.g Wong et al. (2020); Basu and Michailidis (2015); Wong et al.
(2016); Nicholson et al. (2020); Guo et al. (2016)).

8. Proof Overview

Universality. The proof for the training risk builds upon a variant of the Lindeberg method (see
e.g. Chatterjee (2005)) introduced by Montanari and Saeed (2022). One crucial difference, however,
is that we need to account for the dependence between the observations. In Montanari and Saeed
(2022), the independence of the data allows one to reduce the proof to showing that the mean
of a particular function of X approaches zero for all 8 € S,. This is done by exploiting the
asymptotic normality of X3. However, in the presence of dependence, this reduction is no longer
valid. Instead, we must control the mean of a function of (X;ﬁ Loevns X;{/S’k) forall By,...,Bk € Sp.
This requires establishing its joint asymptotic normality and a more careful analysis.

The proof for the test risk builds on the observation that under Assumption 6, the test risk
depends asymptotically only on B(X)” Ze,3(X). We further exploit universality of the training risk
and Assumption 7 to obtain that B(X)” Zew/B(X) converges in probability to a deterministic constant
2, which is the same limit as in the Gaussian case. The desired result then directly follows.

CGMT for Data Augmentation (DA). In DA, the covariance of a set of augmented data {¢(Z)),
..., 0x(Z1)} is completely described by the variance of the individual data points Var[¢;(Z;)] and the
covariance between two differently transformed data Cov[¢(Z;), ¢2(Z1)]. As a result, this satisfies
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the low-rank dependence assumption of our CGMT (Assumption 10) with M = 2. However, the
actual application of the CGMT is more subtle since the logistic regression (3) is not a priori in the
form of the primary optimization (9). Similar to Thrampoulidis (2016); Salehi et al. (2019); Dhifal-
lah and Lu (2021), we first move the data X; outside the logarithm in (3) via Lagrange multipliers.
This yields a formulation similar to (9) involving a high-dimensional R”*"* matrix X = (Xi, ..., X,).
Due to the presence of the labels y; and their nonlinear dependence on the data, CGMT can only be
applied to a suitably projected version of X, say PX, that is uncorrelated with both the labels y; and
the remainder (1, — P)X. In the isotropic and independent case, PX; and (I, — P)X; are uncorrelated
for any projection matrix P, whereas y; depends on X; only through X", so one may choose P to
project onto the subspace orthogonal to 5. In the dependent case, PX; and (I, — P)X; may still be
correlated, as Cov[X;, X;] does not necessarily commute with P. In DA, this is further complicated
by the fact that y; depends on the unaugmented data Z; instead of X;. Choosing a suitable projection
P is thus highly non-trivial, and we develop such a P for DA in Section M.

9. Conclusion and Future Work

We have shown that, for high-dimensional logistic regression, the pipeline of analysis of Gaussian
universality and CGMT extends readily to dependent data, and the asymptotic risks are again com-
pletely characterized by the mean and the variance of the data. This has many useful implications,
from allowing us to perform Gaussian simulations in lieu of the actual data, to obtaining low-
dimensional scalar equations that capture the behavior of the estimator, as we have demonstrated
in simple examples of data augmentation. In fact, the majority of our analysis is not exclusive to
logistic regression and can be directly extended to any classification algorithm such as SVM that
relies on (X;) solely through its one-dimensional projections (XZ.T,B) (see Section 8). Moreover, our
dependent CGMT is not tied to the logistic model and relies only on a low-rank dependence assump-
tion. An interesting future line of work would be to extend our analysis to high-dimensional models
such as random feature models and to extend our dependency assumptions to a more general mixing
condition (Bradley, 2005). As demonstrated in our plots, there is also no reason that universality
should be a uniquely sub-Gaussian phenomenon, as opposed to a proof artifact. Extending this to
other distributions would constitute a valuable extension of our work.

In our simulations, we also observed non-universality of the training trajectories. In Fig. 1 and
2, most estimates /3 are obtained via gradient descent with a learning rate 0.1 until either convergence
or 10° steps are completed. Two exceptions are the t-distribution and the uniform distribution in
Fig. 1: Numerically, we find that different learning rates are required to converge to the global
minimum within 10° steps. Indeed, our results establish the universality of the global minima, but
do not answer whether the training trajectories to reach these minima are universal, since the latter
question is specific to the optimization methods employed. In Fig. 4 in the appendix, we observe
that with the same learning rate, the training loss curves differ for uniform and t distributions, but
agree for the remaining distributions. An interesting follow-up question to investigate is whether
universality holds for training trajectories under different optimization methods.
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The appendix is organized as follows:

» Section A presents additional definitions and notation used throughout the appendix.

» Section B state additional results. This includes the characterizing (EQs) for selected data aug-
mentation in Section B.1, a comparison of our full dependent CGMT to the classical CGMT in
Section B.2, a generalized logistic model in Section B.3, and a brief discussion on Assumption 10
in Section B 4.

* Section C includes simulation details.

* Section D proves training risk universality in Theorem 2 for the more general model in Sec-
tion B.3 under block dependence. The generalized result is stated in Section D.2. Note that in
Sections D and H, we temporarily convert the 0/1 labels to +1 as it simplifies the proofs; the
equivalence between the two label schemes is performed in Section D.3.

 Section E proves training risk universality in Theorem 3 under Assumption 8(i) for m-dependent
processes.

* Section F proves training risk universality in Theorem 3 under Assumption 8(ii) for mixing pro-
cesses.

 Section G proves test risk universality in Theorems 2 and 3.

* Section H collects important lemmas used for the proofs in Sections D and G.

* Section I contains a result that establishes the equivalence of training losses under deletion of
small blocks, which is utilised in the big-block-small-block technique applied in Sections E and F.

* Section J verifies Assumption 5 for different augmentation schemes.

* Section K collects auxiliary lemmas used for the proofs in Sections G and J.

*» Section L proves the dependent CGMT.

» Section M present all intermediate optimizations used for applying CGMT to analyze data aug-
mentation. We also include results that verify the CGMT conditions for different augmentations.

» Section N proves all results in Section M.

Appendix A. Additional Definitions and Notations

Our results hold under the assumption that the random vectors (X;) are sub-Gaussian. We present
here a formal definition of sub-Gaussianity.

Definition 9 We say that a random vector Y € RP is sub-Gaussian with constant K if, for all vectors
v € RP, we have

E [exp (A(v, Y — B(Y)))] < exp (CPIMIEK?)  forall 1> 0,
for some absolute constant C > 0.

If Y is sub-Gaussian, then the norm of its covariance matrix is well controlled (see Lemma 44 for
more details). Furthermore, a number of results assume that the data is locally dependent, as defined
in Ross (2011).

Definition 10 Let (X;)i<, € R? be a random vector. We say that it is locally dependent if for all
i < p there exists a subset N; C [p] such that X; is independent from (Xp)ign,. We call N; the
dependency neighborhood of X;.

A similar definition can be made for random arrays:
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Definition 11 Let (X; j)i<p,, j<p, be a random array. We say that it is locally dependent if for all
i < p1rand j < p there exists a subset Ni; C [p1] X [p2] such that X;; is independent from

(Xk.D)kDeN; -

Throughout the appendix we use the following notation:

* For a sequence (W;) and a set B C N, we let W designate (W;);cp.

* Recall the definition of the blocks $B; in (1). In our block dependent proofs, we may assume
B, ={i,i+1,...,i+k— 1} for notational simplicity, without any loss of generality.

* For a matrix A € R™", ag, denotes (a; i)jes; € RX.

* Foraset Sand ¢ > 0, we let S5 designate a minimal 6 /p-net of S.

* We use x V y := max{x, y} and x A y := min{x, y}.

* The function 1*(x) will be used to denote the sign function sgn(x) = I(x > 0) — I(x < 0).

 Any constant in sans serif font such as C;, C,, and so on, depends on at most the constants L,
Kx, and « given in our assumptions. If it further depends on § for example, then it will be written
as Gs or C(9).

* We write 3(X) as simply 3 when it is clear from context.

* For a matrix Y € R™” and a given set S C R”, the “scaled” operator norm on S is defined via

IYls := sup [[YBI|. (12)
BeS

Appendix B. Additional Results
B.1. Characterizing equations for selected data augmentations

As discussed in Section 5, the dependent CGMT allows us to derive explicitly a set of deterministic,
low-dimensional equations that capture the asymptotic behavior of a logistic regression under data
augmentations. As an example, we compute this explicitly under a further simplifying assumption
on the covariance structure of the augmented data. To state the assumption, let X, := Var[Z;] €
RP*P| ¥ := Var[X;] = Var[¢1(Z)] € RP*P, and ZZ, >" be their respective pseudo-inverses.

Assumption 11 Write 3, = (ZN)/2 Cov[¢1(Z1), ¢2(Z1)] (/2. Assume that
(i) Z. =EN"2Covigi(Z)), Z11E)"? and (i) X7 =%, .

Since ¢; and ¢, are i.i.d. transformations, Assumption 11(i) holds for example under an invariance

assumption, Z; 4 ¢1(Z1). Assumption 11(ii) requires that the eigenvalues of X, consist of only
zeros and ones. Note that X, is symmetric and idempotent, and therefore a projection matrix; this
property is exploited throughout the CGMT formula computation in Section L.

We verify Assumption 11 for the cases of no augmentation, random permutation and random
sign flipping in Section M.2. Note that Assumption 11 is more restrictive than necessary: While it
does not cover random cropping, the CGMT theorem does apply to random cropping and the only
difference is that one cannot use Assumption 11 to simplify certain algebraic calculations, resulting
in a more complicated set of equations than (EQs). We clarify this in Section M.2.

To apply the CGMT to obtain a deterministic set of equations, one needs to establish the equiv-
alence of multiple optimization problems. We state them in Section M, which includes the original
optimization (OO) (i.e. (11) in Section 6), the primary optimization (PO) (i.e. ¥, s, in Theorem 5),
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the auxiliary optimization (AO) (i.e. ¥s, s, in Theorem 5), a low-dimensional scalar optimization
(SO) and a low-dimensional deterministic optimization (DO), whose solutions are characterized by
(EQs). We state the main result here.

Theorem 12 (Effect of data augmentation on the test risk) Ler (X, X®) be the estimator fitted
via (OO) with S = S,. Assume that Assumptions 1 — 6 hold, that the minimizer-maximizers of (DO)
are within the interior of the domain of optimization and Assumption 11 holds. Then

P r0,0,T P
Riest BX, X)) = REBG,G™)| >0 and  [Rea(BX, X)) = Rt (t5" ") — 0,
where (r,0, o, ) solves the system of equations (EQs), /\/rg “PT is defined in (DO), and
Riest(®) = B0, [ lest (VT 7+ 1Z0iB7I)] -

Theorem 12 shows that the test risk is completely characterized by a 1d quantity )2;’9’(”. This
quantity is completely determined by the parameters (@, 01, 072,71, T2, V1, V2, F1, 12, 0), defined as
solutions to the system of 10 non-linear equations

O—HRQ—Q—'?%—ME[ZITM- ]+rvcw"<2
- x0T k 14 %Ze1m 2V20aK; ,
1 0.0, 1 k—1 1
0= Tor 80'1)51 7T+ % E[UT (I = ;lkxk) MZ,sl,n] + —rmo-;(( ) 4+ %E[UTzlkaqul,n]
nvo|
B 2-2
_ __1 QK; 0,0, + 2E[72 17y,
0= T 2030 = 0oy k E[ZZIk uZ,sl,n] + 0o,
_ T -r0,0,T
0= 27 Or X ’
2-2
_ 02 K -r0,0,7
0= 27% 20 T% a"'2)(1 ’
1 2
0= 2 2 + L E[”(Ik - _lkxk)(ngl a2t 0'17])” ] s
1 - = _ 2
0 = —sz + 4r2v + EI:”klkxk(ngl n 2vs Ylk — Q’K*Z] lk + ain + 0-2221]()” ]
l
I T,,- _ _ -
+v2k [ (lkuz’gm rmY kQK*Zl)] ,
_ 1 —n0,0,T v 1 ~ 2
0= 5-- 6,1)( + 5 E[H(Ik = Ho)uz,e, , + o|[] -
2
_ 1 _ _rbo1r , V2 1 5 5 _
0 = 2vy + 4r V) 0 QX + [||k1ka(ngl N Vs Ylk a’K*lek +o1n+ O—2Z21k)|| ]
1 T k B
+r27 [ (1 uZS] n EY—]CG’K*ZI)] ,
0 = a’K _6Xr90"r'
(EQs)

Here, Z = (Zy,Zy,Z) and 7 = (171, ..., ;) are both independent low-dimensional standard Gaus-
sians, €1 is an independent Logistic-(0, 1) variable, Y := Iso{k,Zo + k.21 — &1} = ko Zo + K Z1 — &1 >
0}, and k., ko and Xr ‘% are limits defined in (DO) that are related to 8* and the covariances of
the original data as well as the augmented data. uz, , can be viewed as a generalization of the
proximal operator used in Salehi et al. (2019), in the sense that its is defined as an minimizer of the
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low-dimensional, random optimization problem

.1 - rvy 1 ~ 2
min 2 11p(@0) + 5 [k = ¢ Loa)@ + o)
1 N _ 5 . 2
+ % zlkxk(l/t - EY].]( - (IK*ZI lk +o1n+ 0'2221k)” . (13)

While the system of equations is rather complicated, we show in Lemma 52 that it recovers exactly
the system of 6 non-linear equations in the case of isotropic data with no augmentation, derived in
Salehi et al. (2019). As part of our proof, we also observe that o1, 71, v| and ry are the additional
parameters that arise due to augmentation.

Proof of Theorem 12 By Theorem 15, the conclusion of Theorem 2 (5) holds for the logistic model
(12). This in particular includes the data augmentation model (11) by considering an m(k+ 1) dataset
(Zir, birk-1)1(Zir), - . ., iri(Zir))ir<m» setting the weights w; of the loss to be 1 for all augmented data
and O for the unaugmented data, and setting the weights a;; in the labels such that the labels of
ir—1y+1(Zir), ..., pii(Zy) all depend only on Z;. Meanwhile, notice that the proof of Theorem 2
(6) in Section G does not depend on the choice of the logistic model as long as training risk uni-
versality is estbalished. Therefore the test risk universality in Theorem 2 (6) would hold for data
augmentation and the stated assumptions, if Assumption 7 is verified.

To verify Assumption 7, we set y = )[/gg"r’T in Assumption 7, and combine Lemma 47, Lemma 49
and Lemma 50 to relate (GO) to (DO). By assumption, the minimizer-maximizers of (DO) are
within the interior of the domain of optimization, so the converged risk of (DO) changes by ©(e®)
depending on whether the optimization domain of S requires [(87Zpew)'/? — (75"")!/?| > €. This
verifies Assumption 7 and proves the universality of the test risk. The deterministic approximation

then follows by substituting y = ()2;’9"”)1/ 2 and applying Lemma 51 to obtain (EQs). [ |

B.2. Dependent and classical CGMT results

The next result states the full version of our dependent CGMT, for which Theorem 5 is a direct
corollary. Wg s, and ¢s, s, are the risks under the primary optimization (9) and the auxiliary
optimization (10) respectively, both defined in Section 5; Wy € S,, is the minimizer of ¥Yg s, .

Theorem 13 (Dependent CGMT) Suppose S,, and S,, are compact and f is continuous on S,, X
Sy. Then the following statements hold:

(i) Forall c € R,

P(¥s,.s, < ¢ < 2MP(ys,.s, <) .

(ii) If additionally S,, and S, are convex and f is convex-concave on S,, X S, then for all ¢ € R,
P(¥s,.s, 2 0) < 2YP(ys,s, 2 0.,
and in particular, for allu e R and t > 0,

P(¥s,.s, —ul >1) < 2MP(lys,.s, —pl > 1) .
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(iii) Assume the conditions of(ii). _Let A, be an arbitrary open subset of S,, and A; =8\ Ap.
If there exists constants Ys,,, Y.z, and n, € > 0 such that

Va2 ¥s, +3n, PWs,s, <¥s,+nm 2 1-€, PWas, 2¥a,-m21-¢€,
then Py € A,) > 1 —4e.

As a comparison, we remark that the standard CGMT in the isotropic, independent case is
exactly the same as above with M = 1, and stated for the loss

Ys, s, = min max wHu + f(w, u)
weS,, ueS,

‘Z’SW,SM = min max |[w|hTu +wTg|lull + f(w,u) .
weS,, ueS,
In this case, H is an R”*" matrix with i.i.d. standard Gaussian entries, and h and g are again in-
dependent standard Gaussian vectors in R"” and R? respectively. We refer interested readers to
Thrampoulidis (2016) for a detailed overview of CGMT and their Theorem 3.3.1 for the standard
CGMT result.

B.3. Generalizing the Model

Recall that the model stated in Section 1.1 assumes that y; is only a function of its own covariates:
P(yi = 11X;) = o (X]8").

However, this formulation is quite limiting with regards to the types of dependence it can handle.

Recall that a key property of data augmentation, for example, is that any transformation we apply

to the covariates should not alter the associated label (meaning y; = y, = --- = yx). This suggests

that our model must be able to account for both the classical setup of logistic regression, and that

of data augmentation, repeated measurements, and more. Thus, for the rest of our block-dependent
results and proofs given in the appendix, we alter Assumption 2 in the following way:

Assumption 12 (Generalized Model) There exists a block diagonal matrix A = (a;j) € [0, 17"
satisfying a;j = 0 if j ¢ B and }, jeg, a;j = 1 for all 1 <i < n, such that

POi = 1) = 0 Zjeg, aiiX]5°).
Recalling that our training risk is given by
RiB.X) = Z wi(10g(1 + ) - yXTB) + B,
n 4 ! 2n

we can specify certain values of our matrix A and the weights w := (wy, ..., wy) to obtain relevant
setups:
(i) WhenA =1, and w = (1,..., 1), we recover the classic logistic regression framework.

(i) When a;; = I(j = min 8;) and w; = I(i # min B;), we obtain the data augmentation framework
as utilized in Hu and Lu (2022). Note that this implies that the first element of each block is
the original data point which defines the labels, but is not considered in the regression.

(iii) If (ajj)jes; = (%, e %), the label is defined by an equally weighted sum of the block, which
can be utilized for situations such as repeated measurements and peer effects.
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B.4. Discussion on Assumption 10

The low-rank covariance structure in Assumption 10 is natural for setups with data augmentation,
as illustrated by the next lemma.

Lemma 14 Fix m such that m divides n and write k = m/n. Let X1,...,X,, be i.i.d. random
vectors in R?, let ¢y,...,¢, be i.i.d. random RY — R4 transformations, and let G be an RP*"-
valued Gaussian matrix that matches the mean and covariance of the augmented data matrix

(@1(X1), . dk(X1)s - s P11 (Xi)s + - - s Pk (X))
Also denote 2’1 = Var[¢(X1)] and 2’2 = Cov[p1(X1), $2(X1)]. Then G satisfies Assumption 10 with
Cov[Gji,Gjir] = (X1 —Z)I{i ="} + XI{i € N(i')} foralli,i' <nand j,j <p,

where N(i') = {L(’ — D) /k]+1,..., (" = 1)/k] +k} is the set of indices that correspond to differently
augmented versions of the same data vector. Moreover, X| — X, is positive semi-definite.

Proof of Lemma 14 The proof is identical to that of Lemma 58 in Section N by replacing P;- with
identity. u

We do note that, however, in the actual application of CGMT, the Gaussian matrix considered
in Assumption 10 is typically a slightly modified version of H, although most of the dependence
structure is typically inherited. In our examples, this modification comes from a projection ma-
trix analogous to those used in the i.i.d. version of CGMT. A precise formulation is included in
Section M, and the corresponding verification of Assumption 10 is presented in Lemma 58 of Sec-
tion N.

Appendix C. Simulation Details

We present some additional simulation details on top of the setups described in Section 6 here. The
regularization parameter is held at 4 = 0.01, and the test loss is computed as the difference between
the 0-1 loss achieved by /3 and that achieved by the oracle *. Below, we denote A, Unif, I'», Exp
and 73 respectively as a standard normal, a uniform distribution, a gamma distribution with shape 2,
an exponential distribution and a Student’s t distribution with 3 degrees of freedom, all shifted and
rescaled to have zero mean and 1/p variance. We also write 73 as t3 rescaled to have unit variance.

Details for random permutations. Fig. 1 concerns the performance of random permutations across
different proportion rperm of coordinates to permute and different number of augmentations k. Re-
sults are collected over 50 random trials for augmented data and over 200 random trials for unaug-
mented data. The dimension is fixed as p = 500, 50 groups are considered, and all group sizes
are kept the same with p; = ... = psp = 10. In each trial, §* € R” is generated by concatenating
50 groups of 10 identical entries each, where the 50 different entries are generated i.i.d. from 73.
Every group of coordinates of the data are generated i.i.d. according to N, Unif, I';, Exp and 73, but
additionally rescaled by a random group-dependent parameter drawn from I'(0.5, 1). The choices of
Fperm = 0.8 and rperm = 1.0 correspond to random permutations performed respectively on the top 8
and 10 coordinates of each group. Plots with no augmentation are generated under Gaussian data.

Details for random cropping and sign flipping. Fig. 2 concerns the performance of random
cropping and random sign flipping across different signal ratio p* and different data dimension p.
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Figure 3: Universality of training risks under cropping and sign flipping. The left and the right plots
are the training risk analogues of the left and the right plots of Fig. 2 respectively.

Results are collected over 100 random trials for augmented data and over 200 random trials for
unaugmented data. The number of augmentations is fixed as k = 30. Plots with no augmentation
are generated under Gaussian data.

* For the setup without knowledge of zero coordinates (left plot of Fig. 2 and left plot of Fig. 3),
B* is generated such that a uniformly random subset of [(1 — p*)p] coordinates are zero and the
remaining entries are drawn i.i.d. from 73, and random cropping and sign flipping are performed
on rgip = rerop = 20% of the coordinates. Data are generated coordinate-wise i.i.d. according to
N, Unif, I, Exp and #3.

For the setup where the bottom [sg(1 — p*)p] coordinates are known to be zero (right plot of
Fig. 2 and right plot of Fig. 3), the remaining coordinates of 8* are generated such that a random
subset of [(1 — p*)p] — [(1 — p*)p] coordinates are zero and the rest are again drawn i.i.d. from
f3. Cropping and sign flipping are always performed on the bottom [so(1 — p*)p] coordinates, as
well as also on [r] — [so(1 — p*)p] of the remaining coordinates, where r = rgip = rerop = 0.2.
Data are generated coordinate-wise i.i.d. according to N.

We also remark that even with knowledge of the coordinates, sign flipping does not outperform no
augmentation: Unlike cropping, sign flipping does not explicitly leave out the zero coordinates.

Universality of risks. Notice that the simulations are performed over different distributions on
the coordinates of Z;’s, shifted and scaled to have zero mean and the same variance. Notably, the
uniform distribution obeys the sub-Gaussianity in Assumption 3, the exponential and gamma distri-
butions only satisfy sub-exponential tails, and the t-distribution is chosen with 3 degrees of freedom,
i.e. with unbounded third moments. Universality behavior is observed across all distributions. In-
deed in our proof, sub-Gaussianity is only assumed for convenience, and we conjecture that this is
not a necessary assumption for Theorem 5.

Non-universality of training trajectories as observed by the requirement of different learning
rates. In both Fig. 1 and 2, gradient descent is employed to optimize the logistic regressor either
until convergence or until 10° steps are exhausted. Learning rate is chosen as LR = 0.1 across
all simulations with three exceptions: LR = 1 for 73 in Fig. 1 under rperm = 0.8, LR = 0.5 for
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Figure 4: Initial training loss curves for the random permutation setup in Fig. 1 with pperm = 0.8,
k =11 and learning rate LR = 0.1.

uniform distribution in Fig. 1 under rperm = 1.0 and LR = 0.8 for uniform distribution in Fig. 1
under rperm = 0.8. We find that for these three setups, LR = 0.1 does not lead to convergence within
107 steps. We conjecture that this arises due to the lack of universality of the training trajectories,
as illustrated in Figure 4 and as discussed towards the end of Section 6.

Appendix D. Proof of Theorem 2 (5): Training risk universality

D.1. Restricting to S,

Recall that in Equation (4) we defined the set we are taking our minimum over as

Spi={B R Bl < Lyp. IBlle < Lp'¥}.

This restriction is very commonly applied in many results on universality, such as Lahiry and Sur
(2024); Han and Shen (2023); Montanari and Saeed (2022). In our case, the Euclidean norm is
trivial, since by virtue of being a minimizer we know that

N A A 1 TR A /l A
RiB) < Ru(0) = - 3 wi(log(1 +57) = yiXTB) + -IBIP < log(2)

log(4) N

> B <
18Il < 2

However, establishing the infinity norm bound with high probability is much more challenging.
Such a bound is often proven through a leave-one-out approach, as in Karoui (2013); Han and Shen
(2023), in which one defines a new minimizer

. 1 + : 1

) .= argmin — Y log(1 + e P) + —||8I3

B =argmin L ) log(1 4 P) + 5 1Bl
ﬁszo

for each 1 < s < p. For a well-behaved design, it should be the case that |3 — || is small,
which leads to a bound on ||B||oo. This idea was even generalized in Lahiry and Sur (2024) for block
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dependence within observations, where the new minimizer assumes that Sg, = 0 for an entire block
B;.

Since our dependence is also across observations, these approaches are not able to leverage
the independence between coordinates which plays a crucial role in such bounds. A more viable
approach is taken in Theorem 5 & Lemma 13 of Montanari and Saeed (2022): they prove that
under certain conditions, if a minimizer with bounded £, norm exists (with high probability), then
there also exists a minimizer with both bounded ¢, and ., norms (with high probability). The only
drawback to such an approach is that it requires a lower bound on the smallest singular value of a
matrix, of the form

p
2XXT) > —=.
O min( ) > C

This can be nearly impossible in some dependent set-ups: in the worst-case scenario, where all
the rows in a neighborhood are identical, we know o y;y(X) is identically zero and such a bound
is unattainable. However, certain DA schemes possess a nice enough structure to make this result
hold and thus also the ¢, bound. In noise injection, for example, we can decompose the augmented
matrix into a matrix of identical rows and the independent Gaussian noise. This latter matrix is
asymptotically free from the first one, and thus we can obtain control on its smallest singular value.
To extend this into a proof covering all DA schemes will be left to future work, and for now we will
work under the mild constraint that 3 € S -

D.2. Generalized Theorem

In this section, we will prove (5) from Theorem 2. However, we actually prove a slightly more
general result:

Theorem 15 Let (X;, yi(X)))._, and (G;,y/(G;))._, be generated under Assumptions I, 3-5, and 12,
where each G; ~ N (0, Var(X;)). Then for any S C S,

dg( | min kn(ﬂ; X),mipf?n(ﬁ; G)) - 0.
BeS BeS

We remark that if we successfully establish Theorem 15, then the claim in (5) of Theorem 2 directly
follows by setting S = S,.

D.3. Converting the Loss

Before continuing, we will convert our labels from {0, 1} to {—1, 1}, as this combines two of the
terms in the training risk to significantly simplify calculations. To be specific, noting that y; € {0, 1},
we can define §; := 2y; — 1 € {—1, 1}, which still satisfies

PGi=11X)=PQi=11X)=o0(agXzB").
Then the loss evaluated at each data point (X;, y;) can be re-expressed as
log (1+€X) = yiXTB = (log (1 +¢XF) = XTB) Iy = 1} + log (1 + €*7F) Ify; = 0}
X7p
| (1 +e

-
X

)Ty = 1} + log (1 + ) Ify; = 0)

log (1 + e XA I(; = 1} + log (1 + £XP) 1§, = 1)
log (1 + ¢7%7F) |
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Thus, renaming our labels as y; € {—1, 1}, for the rest of this section and also Section H, we use the
training risk

R 1 ¢ g A
- — . _in,',B - 2
Ru(p.X) = ;:1 wilog(1 + e XF) + >,

D.4. Definitions

To complete the proof, we must first introduce the various terminology and techniques that are
used throughout, from smoothing the labels and minimum function to the continuous Lindeberg
interpolation.

D.4.1. SMOOTHING THE LABELS

First we will define the way in which we smooth our labels and subsequently the risk function. To
do so, let us define the mollifier £, : R — R fory € (0, 1) as

.
4y(x) =C- exp(m) I(x| < ),

where C is chosen such that JIZR {y(x)dx = 1. Then for a given function f : R — R we define

fy=r*g

as the convolution of f with £,, noting that this makes f smooth. We can then define a smoothed
version of the labels as

ni =15 (ag X" — &) (14)
From here we can define the new smoothed risk as

1
n

n

A o xT A

Ry (B:X) := E wilog (1 +eMXF) + —2n||,3||§,
i=1

where we have replaced each y; with its smoothed counterpart 7;.

D.4.2. SMOOTHING THE MINIMUM

Next we will define the function that will be used to approximate the minimum over our parameter
space. For the set S, define the smoothed minimum

-1 N
f i ROXRPP S R, fi(@X) = —log| ) exp[-naR]5:X)] .
635

where the sum is over the minimal ¢ /p-net Ss. When « is fixed or understood from context, we
will refer to fs(a, X) as simply f5(X).
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D.4.3. INTERPOLATION TECHNIQUE

Finally, we define the interpolation that we will use for the proof of our main theorem. For # € [0, 7],
let

U’ := sin(H)X + cos()G.

When 1 is fixed or understood from context, we will refer to U’ as simply U. Now, for each i =
1,...,n, define the weight functions

-naR)(B.U) P IAIA )

whk(B) =

e

w. = ~ )
y(ﬁ) - e—naRZ(ﬁ’ ,U)

5cSs —naR™ (5, U)

Z,B’GS‘,; e
Also define expectation with respect to the density induced by these weights as

@B = D wBIB). @Bk = Y W BIIB). (15)

,86315 BESg

where

~v i 1 Ur A
Lk, — -n;U; 2
R 3, U) = - _;B wjlog(1+eMYiF) + > 1Bl
JEDi

represents the risk taken only over the points outside the block $B; containing X;. Also for each
i =1,...,n define the conditional expectation

Egpl-1:=E[- |U%,
where U is used to denote the interpolation matrix without B;:
Ulk = (Ula"" Ui—lvos"'ao’ Ui+k7---3Ul1)9

noting that this forces U* 1l Ug.. Lastly, we also define a “gradient” term

B eR?,

Di(Usg,p) := (mwﬂ iﬁ)ﬁ + [Z wjo jgna;iU B

JEB;i

where ojg := oo(—n;U;7p) and 17} := 1;'(6% Ug8" — ;). When the data matrix is clear from context,
we will write D;(Ug,, ) as simply D;(8). Lastly, we use the shorthand

ta.b) :=log(1+e™),  £:(B) = Ln:, UB).
With these, we are ready to begin the proof.
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D.5. Proof of the Theorem 15

In this subsection we finally prove Theorem 15 which, from our previous remarks, immediately
proves (5) of Theorem 2.

Proof of Theorem 15 For ease, let us refer to the quantity of interest as
dy (mﬁianw; X)., min R, (B; G)) = (%).
Let @, 6,7y, > 0. We may first bound
(%) < dyq (mﬁin Ru(B: X), min Ry(5; X)) +dy (ngn R3(8:X), min Ry (5; G)) (16)
+dy (ngn R3(B: G), min R, (5; G))
< 2C, Vky + dyy (mﬁin R(3;X), mﬁin RY(B; G)) : (17)

where (i) follows from applying Lemma 22 to the first and third summands. Then, we use Lemma 23
to bound

dy( (n};n R (B;X), min RY(B; G)) < dy (fs(, X), f5(@, G)) + Cy ( Vks + é log (%)) (18)

From here, we will prove universality for f5(X), and then show why this is sufficient. Recall from
above the interpolator

U :=sin()X + cos(G, t€[0,5].

By the fundamental theorem of calculus, since U? = G and U™? = X, we may bound

T/2
[ [ (X)) — h (f5(G))]| < f [B [0 (£50")]|dr.
0
Using the chain rule we may expand
W (f5(U) < -
o (f0)) = LD S g )
n i=1
where we set
U := 9,U" = cos()X — sin(?)G.
Using Lemma 24 we obtain that

@)

i /2
tim [B 14 (5000 = h (@) 2 [ timsup[s[on(san)]er £ 5 a9)

where (7) is from the Dominated Convergence Theorem with the dominating function given by the
bound on this derivative in Theorem 26, and (if) is from Lemma 24. Combining (19) with (17) and
(18), we conclude that

1 1
lim(*)sC[«/E+ ‘/];5+alog(5)+‘r ,
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Noting that the left-hand side is independent of our four parameters («,d,y,7), we can take our
limits in the proper order to conclude that

=0.

n—oo

1 1
lim (%) < lim lim C|+/ky + Vké + — log(—) +7
0—071,y—0 a )

Q@—00

Appendix E. Proof of Theorem 3 (7) under Assumption 8(i): Training risk
universality under m-dependence

The next result restates Theorem 3 (7) under Assumption 8(i), i.e. the universality universality of
the training risk in the m-dependent setting:

Theorem 16 (Training risk universality under m-dependence) Let (X;,y(X;))!, and (G;,y{(G)_,

be generated under Assumptions 2-4, 8(i), and 9, where each G; ~ N (0, Var(X;)). Then
do mﬁinf?n(ﬁ; X), mﬁinf?n(ﬂ; G)) - 0. (20)

Proof of Theorem 16 Let M € Z* be fixed. Define new matrices X”, GM € R"*P ag

M ._
X" o= (X1, X Xsgemats - Xosom, Xossomets - )7

M._
G" :=(G1,....Gm, Gmsm+1s - - - Gostaom, Gass2mets - - )7,

noting that

nen-GF+Dm+1, n—rm]C + m| = [ng — m,ng + m, 20

)

n - n
M+m M+m

where r := | 3/—]and q := Mﬁfr’m. By construction, X* and GM are block dependent with block size
M. We may also define

Xm = (XM+1’ B 9XM+maX2M+m+1a cee ’X2M+2m$ . )

Gm = (GM+19 ey GM+m’ G2M+m+l’ ceey G2M+2m’ . )

so that every vector X; is either in X" or X”. For simplicity we can also write these indexing sets as

By ={l,... MM+m+1,....2M+m,...,}
B,, := [n]\ By.

If we once again refer to our quantity of interest as
dn (mﬁinl?n(ﬁ; X), min Ry(B; G)) = (%),
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then we may bound

(%) < dgq (n};nﬁ’nw; X),ngnﬁ’nfw; XM>) +dy (rr};inﬁ’nf(ﬂ; XM),ngnf?n/(ﬁ; GM>)

(a) ®)

+dy (Inﬁln ﬁn’(ﬁ; GM), II}Bin Ién(ﬂ, G)) .

(c)

By Theorem 2, we know that (b) — 0 as n — oo. Hence we have

lim sup (%) < lim sup (a) + lim sup (c).

n—oo n—oo n—oo

We may now apply Theorem 29 with 7/ = m to say that for some C; > 0,

lim sup (%) < ZCd% VM +m=0(M"'7?). 22)
n—oo
As this holds for every M € Z*, we take M — oo to obtain the result. |

Appendix F. Proof of Theorem 3 (7) under Assumption 8(ii): Training risk
universality under mixing

We first prove the universality of the train risk if the data is made of blocks of size k that are almost
independent. We will then combine this result with Theorem 29 to get the desired result.

Assumption 13 (8,,ix almost independent blocks of size k) For alli, j such that j > i+k we have
that if we define A := 0(X¢, ye)e<i) and B := o((X¢, ye)esj) then ,B(ﬂ, B) < Bmix, where ﬂ(ﬂ, B) is
the S—mixing coefficient between the sigma-algebras A and B (see Bradley (2005) for a definition).

Under this assumption we can establish the universality of the train risk.

Lemma 17 Assume that (X;,y;) and (G, yi(G;)) satisfy Assumption 2-5. Assume that Var((Gj)) =
Var((X;)). Moreover assume that Assumption 13 also holds. Then we have that there is a constant
C such that

lim sup dyy (mﬁin R.(B;X), min R.(B; G)) < cpli1s

mix
n—o0

Proof For ease, let us refer to the quantity of interest as
dy (mﬁinl?n(ﬁ; X), mﬁinﬁnw; G)) = (%).
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Let @, 6,y,7 > 0. We may first bound
(%) < dy (mﬁin R,(B:X), min R(8; X)) +dy (mﬁm R B;X), min RY(8B: G))

+dy (nllgln RI(B;G), n}gin R.(8B; G))

2 2
o JmaxEIXIg L EIGI )
<2Ci vy N7

where (i) follows from applying Lemma 22 to the first and third summands. Then, we use Lemma 23
to bound

+dy (mﬂin RY(B;X), min RYB; G)) : (23)

dy (mﬂin R (B:X), min R (B: G)) 24)

< dy (fs(@, X), fs(a, G)) + C,

2 2
M EIXI, g ElGlg ) (1) 25)

o+ —1
\Vn a/Og6

Using the bound in Corollary 20 under Assumption 8(ii) we know that there exists a constant Gz > 0
such that

JmaxEIXIE LEIGIE ) \fmax@IXIZ, ) EIGIZ, )

B0, Vp)’ B0, P)
, < GCsS.
Vi Vi ’
Hence we have
(%) < dy (fs(a, X), f5(a, G)) + C, (Cng + C—ly log (é)) +2C;C3+/yS. (26)

From here, we will prove universality for f5(X), and then show why this is sufficient. Recall from
above the interpolator

U’ :=sin()X + cos()G, 1€[0,5].

By the fundamental theorem of calculus, since U? = G and U™? = X, we may bound

/2
[E[1 (f5(X)) = h (f(G))]] < fo B [oun (foun))]ar.

Using the chain rule we may expand
1 (f5(U0) , ~
o (fo(0) = 2LV G sy
n i=1

To further bound this, we will replace specific blocks (Xg,) with independent blocks, allowing us to
use the results established in Section H.3. More precisely, we will show that for an average i < n
the expectation E[h’ (f5(0)) (Ul.T Z),-(ﬁ))] is approximately the same if the block containing the i-th

observation (X i yi(X j)) is independent from the others. We also use the notation j > B; to

JEB;
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denote the set of indices after the last index of the block $B;, and analogously use j < B; for those
before B;.

In this goal, for i < n we write (W;.) the process such that (Wj., y j(W;'))jeB,’ (W;, y j(W;))PBi and

(W}, y j(W}))j<Bi are independent and have the same marginals as (X i yiX j))jeB,-’ (X i yiX j))j>B,-
and (X;,y ,-(Xj))w’_. We define similarly (G, j(Glj))jeﬁ_, (Gy j(Glj))PSi and (G', y j(G’j))wi. The
interpolated process between W' and G’ is written as

U;i) = sin(t)W} + cos()G, ﬁ;i) = cos(t)W} - sin(t)G}.

Denote Z)gi)(ﬁ) the version of D;(8) for U and U®. Similarly we write (- the version of (-) for
U (see (15) for the definition of (-)).
Choose L > 0 to be a real. Define

Di(B) := DiB) 1T BlIUT Bl < L)

and

DY) (B) = DL BIIUDY B IU Bl < L).
We first remark that we can switch D;(8) for the truncated D; 1(8) without changing too much the
value of the expectation E(—h’ ( f(;(U))(Ul.TZ)i(ﬂ))). Indeed we have

% D E(=# 0T Din(B)) - B(=H (f50XTT Dip))
i=1

n n

< % > BT Do 8 > 1) + % > E(T7 DU Bl > L))
i=1 i=1
1< n

< = > B({10781 + U7 BIOT BN 10TT I > L)) + %Z E({|07 81+ U BITT B} 10U Bl > L))

i=1 i=1

E(({1T7BP" +1UTBITT BT 1))

N

=
3

—z 2 BT g+ Ut B OTE D)

@ 1 STE(ITTA) + L max 107l J % > B! ﬂ)Z)){% 3 B!
< P i=1

i=1

1 |1< ~ 1< - 1 ¢
+ i J - Zl E((O7B) J - Z} E(( O] B4/ + max | U] B3 J - Zl] E(WUTB)

< (B R, )™+ max N7 Bl B0 JE(+ 01, )"
+ B0, )(E(0IE,)" + max |07 516 B 013 )}
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" ~ orgis .. . .
where (i) is a consequence of the fact that I[(IUZ.T,Bl >L)< l’LIL/L, (i1) comes from Jensen inequality

combined with Holder inequality. Hence using the bound in Corollary 20 under Assumption 8(ii)
and using Assumption 3 we have that there exists a constant C4 such that

1< ~ , ~ -
- [E(=1 (U)X T D 1(8))) — E(—H (f5(UXTT Di))| < Cal ™ 27)
i=1
Moreover according to Lemma 38 we have that there is a constant Cs such that

% D B(=# F0XTT Din(B)) = B(=H (f5UKOD)TDE) (1)) (28)
i=1

Q) 1< T
< 46w P~ > (LA +ITT Bl
i=1
(i)
< LCs(Brmix)'"
where (i) is due to the fact that |U;D; .(B)| < U8 1(U;B < L) + I(UBl < L) UiB*||UT B| combined
with the triangle inequality (ii) is due to assumption 3 which imply that lim sup,, sup; ||Ul.Tﬂ*||3 /2 <
co. Hence combining Theorem 24 with Eqgs. (27) and (28) we obtain that

1 > ‘E(w Z<U;z>m>>)‘ < LCsBM? + 1+ CyuL ™14, (29)
n i=1 n i=1
This directly implies that
0 ("2
Tim [B [/ (f5X)) = h (f5(G)]| < fo lim sup B [,h (f5U")||dr (30)
< Z[LCsB + 7+ Car ] 31)

where (i) is from the Dominated Convergence Theorem with the dominating function given by the
bound on this derivative in Theorem 26, and (ii) is from Eq. (29). Combining (31) with (23) and
(26), we conclude that
. 1 1 _
lim (%) < C[\/H+ Vks + Elog(g) +r+ LB+ L 1/4].
Noting that the left-hand side is independent of our four parameters («,d,y,7T), we can take our
limits in the proper order to conclude that

=C[Lgl) + L7,

mix

1 1
lim (%) < lim lim C[\/ky + Vko + — log(—) +T
n—oo 0—=01,y—0 0% o)

a—00

Optimizing over L > 0 gives us the desired result.
|

The next result restates Theorem 3 (7) under Assumption 8(ii), i.e. training risk universality
under mixing:
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Theorem 18 (Universality of the training risk under Assumption 8(ii)) Let (X;,y;(X;));_, and
(G, y,-(Gl-))?:1 be generated under Assumptions 2-4, 8(ii), and 9, where each G; ~ N (0, Var(X;)).
Then

dy n}gin R.(8;X), mﬁin R.(B; G)) - 0. (32)

Proof of Theorem 18 Let M, m € Z* be fixed. Define new matrices XM, GM € R"*P as

M._
XY = Xy, X Xvteimets - o Xomwms Xom2mets - )7

M ._
G" :=(G1,....Gum, Gusins1s - - - Gomeins Gams2imsts - - )7,

noting that

M
nen-F+Dm+1, n—rin] C|n — —Ji, n — +m| = [ng — m, ng + i), (33)
+m M+m
where r := |4/=]and g := % By construction, X" and G¥ satisfy Assumption 13 with

Bmix = B(m). We may also define

.
X" = (Xpge1s oo Xbtams XoMaiina1s - - o> XoMa2iis -+ - )

G" := (Gu+1s- - - Guvins Gastwins1s - - - Gams2ins - - )
so that every vector X; is either in X" or X”. For simplicity we can also write these indexing sets as

By={1,.. MM+m+1,....2M+m,...,}
By = [l’l]\BM

If we once again refer to our quantity of interest as
dyy (mﬁin R.(B:X), mﬁin R,(B; G)) = (%),
then we may bound

(%) < dy (mﬂin R.(8; X), mﬁin Ry (B; XM>) +dy (rnﬁian/(ﬁ; XM),rrgnf?nf(ﬁ; G

(@) )

+dy (H}Bian’(ﬂ; G"), mﬂinl?n(ﬁ; G)) -

()

By Theorem 17, we know that there is C > 0 such that lim sup (b) < CB()'/!% as n — co. Hence
we have

lim sup (*) < lim sup (a) + lim sup (¢) + CB(m)"/*>.

n—00 n—00 n—00
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We may now apply Theorem 29 with 7 to say that for some C; > 0,

lim sup (%) < 2Cd% VM +m + GBS = 0 (M~ + Ca) ™). (34)

n—oo

As this holds for every M € Z*+, we take M — oo to obtain that

lim sup (x) < CAGm)! /1. (35)
n—oo
Finally noting that this holds for an arbitrary 7z gives us the desired result. |

Appendix G. Proof of Theorem 2 (6) and Theorem 3 (8): Test risk universality

In this section, we prove the second equation of both Theorems 2 and 3 concerning test risk univer-
sality, as both share the same proof once training risk universality is proved. We focus on presenting
the proof for the 0-1 loss, i.e. the test risk Ry is defined with

N . A1 .
lestXiewB > XjeuB) = Y {o(XiewB) = 3} = UXJewB" = Enew = 0} }

for both 3 = B(X) and 8 = B(G). As our proof strategy relies on approximating £ by the 1-
Lipschitz functions in ¥, the same proof also works if £ is already Lipschitz. Therefore the result
also applies to any locally Lipschitz £, which is Lipschitz over the compact set S,,.

Proof of Theorem 2 (6) and Theorem 3 (8) Recall that o(x) = 1+]7 Our test loss can then be
re-expressed as

Res®) = E[T{HoXeu) 2 3} = HXGewB ~ £new = 0} |]
= B[ 1{1{XfeuB > 0} = HXJeB" = Znew 2 O}}| 3]
= B[ I{X]ewB 2 0. X[owB" — €new = 0} + HX7euB < 0. XiewB* — enew < 0 | Bl. 36
and by a similar argument,
RSB = E[{GlewB 2 0, GlewB” = Enew 2 0} + I{GewB < 0, Glewff” = Enew < 0} | B]
For convenience, we denote the random R? vectors
Vx = (XqewB . XjewB" = €new)T and Ve = (Giewh, GlewB' = £new)T -

We first perform a standard smoothing of the indicator function. By Lemma 34 of Huang et al.
(2023), for any 7 € R and & > 0, there exists a continuously differentiable function 4.5 such that
heyss(x) < I{x = 1} < hrs(x) for all x € R and that 0h.s is bounded in norm by 5~!. Moreover hes
takes value in [0, 1]. We use this to construct the R> — R function il‘,-;(s(x, ¥) = hr5(x) hrs(y), which
satisfies

hss(x,y) < Ifx >0,y >0} = I{x > 0}I{y > 0} < hos(x,y) .
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This implies that for every ¢ > 0, almost surely

E[ H{Xgewﬁ 2 0 X ewﬁ = Enew = 0} - H{GrTlew:é 2 0’ G;ewﬂ* = Enew 2 O} |:8]

< Elhos(Vx) = hss(Ve) | B]

< Elhos(Vx) = hos (Vo) + ho:s(Ve) — he:s(Va) | B

< Elhos(Vx) - ho s(Va) + H(Ve = =6, (Vo) 2 =6} = H{(Vo)1 2 6, (Vo)2 > 63| ]
< Elho, Bl +P((Vo)r € [-6.6)| B) + P((Vi)2 € [-6.6) | B) -

In the last inequality, we have noted that if (Vs)1, (V)2 > —6 is true and yet (Vg)1, (Vg)2 = 6
is false, we must have either (V)1 € [-6,0) or (V)2 € [-6, (5) Now let § € (0, 1]. Notice that
1) ho 5 € F, where ¥ is defined in Assumption 6. Also note that ﬁ is independent of Xy and Gyew

in Vx and V. This implies according to Assumption 6 that

|ElRos(Vx) | B] - 31|
< % Supfef]—‘ |E[f(XrIewﬁ XIICWﬁ — Enew) ‘ﬂ E[f(Gnew I.{ewﬁ* — Enew) ’3”
< 5 sup sz supges, [EF X, XiewB” = Enen)]| — B[ F(GlewB. Glen” = new)]|

@ 1 * *
Sg Supfe(}' SupﬁeS |E f( newﬁ Xgewﬁ )] E[f(Gnew ;ewﬁ )]

In (a), we have used a conditioning on &y, moved the suprema and the norm inside the expectation
over &pew and observed that the function f(+, « — epew) € ¥ almost surely. Substituting this into the
above yields that, almost surely

B[ 1{Xfeu 2 0, XjeuB" = Enew 2 0} = {GlewB 2 0, GlewB” = new = 0} | ]
1 . .
< SBu+B((Vo)1 €[-6,0)|B) + B((Ve)2 € [-6.9) | ) -
By a similar argument, we can obtain that almost surely
B[ Gl 2 0, GlewB™ = enew = 0 = I{Xieu > 0, XJou 8" = e > O} | ]
E[ho:s(Va) — hs:s(Vx) | B

Elhs:s(Va) = hss(Vy) + hos(Va) = hss(V) | B
E[hs:5(Vx) — he:s(Ve) | B] + B(Ve)1 € [-6,6)| B) + B((V6)a € [-6,6) | )

1 R R
S0+ B((V)1 € [-6,0) |B) + B((Vs) € [-6,6) | B) -

IN A

IA

IA

Combining the two bounds implies that, almost surely,

) = [E[fX0B 2 0, XfeuB” — €new 2 0} = {GlewB 2 0, Gle” — e > 0} | ]|

< 20+ B(Vo)r € [-6,0)|B) + B(Vo)n € [-6,0)| B)

To control the probability terms, notice that conditioning on 3, (Vo)1 = GlewB18 ~ N(O, BT Znewf)
and (V)2 | €news ,@ ~ N(—&new, S T ZnewfS"). Therefore by a standard anti-concentration result for
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Gaussians (see e.g. Carbery and Wright (2001)), there is an absolute constant C”” > 0 such that,
almost surely,

P(Vo)r € 1-6.8) |B) + P(Vo)r € [-6.0) |B. enen) < €055+ 55 ).

Meanwhile by Assumption 7, for every € > 0,

P(DA(G)>0) — 1, where D (G) = min R,(3;G) — minR,(B;G) ,
ﬁesp s |(,BT2new,B)l/2 —il>€ ,BESP

and by the universality of the training risk (Theorem 2 (5) or Theorem 3 (7)), we also have P(D(X) >
0) — 1. This implies that

P(|BX) " ZhenBXN'2 — | <€) =PDX)>0) > 1,
P(|(B(G) ZpenBG)' > — 7| < €) =P(D(G)>0) — 1. (37)
In other words, for both 3 = A(X) and 3 = B(G), BT Zpew/3 LR i in probability. Moreover, y > 0 and

P . . .
B TZnewB* — x2 > 0 by Assumption 7. This allows us to consider a rare event

” ~ =2 2
E, = {,BTEHCW,B < X? B T e < %} such that P(E,) — 0.
Denoting EY, as the complement of Ey, we obtain that for any € > 0,
, 2 1 1 1 ’
20 > €) <B(5a,+C 655+ ep) > € )
<]P>(%A +C”6( L : )>e’ E")+P(E)
- 6 " B\Tznewﬁ ﬁ*TZneWﬁ* X X

<I{2A, +C"6 ()% + )%) > €+ P(E,) .

By Assumption 6, A,, — 0. Since the above is valid for any d, whose choice is independent of €',
we can choose d = VA,, which implies that the above converge to zero. In other words, we have
shown that

| B[ H{XFewB 2 0, Xfeu" = e = 0} = 1{GlewB 2 0, Glew’ = £new = O} B| > 0
for both 8 = B(X) and 8 = B(G). By an exactly analogous argument, we have
|E[ 1X1uB < 0, XLouB" — new < O} |~ E[I{GlewB < 0, GLowB" — new < 0 | Bl | S0,
In view of (36), we can use a triangle inequality to obtain that

IRest(BX)) = REL (BN = 0 and Rest(B(G)) — REL(BG) = 0.

Meanwhile, note that Rgst 3) depends on J only through the mean-zero conditionally Gaussian vari-

able G].,,3, which is completely characterized by Var[G.w3|8] = BT ZnewfB. In view of (37), both
BX)TZpewBX) and B(G)TZ,ew3(G) converge in probaility to the same constant 2. This implies
A P
IRE(BX)) = REGBG)I = 0.,

which in particular implies the desired statement that IRtest(B(X)) - RG BG))] i 0 |

test
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Appendix H. Important Lemmas

In this section, we present the statements and proofs of the various lemmas used to prove our main
theorems.

H.1. Auxiliary Lemmas

The lemma and its corollary aim to bound the expectation of the maximum possible norm of our
signal X3, conditional on the fact that a Bernstein-like Inequality holds.

Lemma 19 (Operator Norm Bound) Let (Y;) be a sequence of RP-valued random vectors, and
let R > 0. Suppose that % — k and that there exist constants K, Cy, Cy, C3 such that

1. SUp;<p Hvar(Yi)”op < I—I)K .
2. Forallp e S = 8B,(0, R\/ﬁ) andt > 0, we have

TN T T t 1
P(r_z| ;(Yi B)? — E((Y, ,3)2)| > t] <Ciexp (—Czn(w A @D (38)

Then there exists Cr > 0 depending on R and the constants above such that for n sufficiently large,
E [IIYII3] < Crp.
where ||Y||s is as defined in (12).

Proof Let 8 € S, meaning by definition [|8]l, < R+/p. Note that by the first statement of the lemma,
we have that

E[IIYBI?| = nBTE,8 < nR2K,
where fn = % ;’:1 Var(Y;). Now, we can note that for s > 0,
1 + s —npT,
P(IVBI? 2 s) =P Z;W > # :

where W; := (Yl.Tﬂ)2 — BTVar(Y,)B. If we let Mg := R*(K + C3), then by (38), we obtain that for
s> 0,

P(IYAI? 2 nMR(s + 1)) < C; - exp|—Can (s A 57)], (39)
which follows from noting that

nMg(s + 1) — nB7%,8 o MrG+D-Mg _ ;
nC3R2 B MR ’

Now let & > 0, and define S, to be a minimal & 4/p-net of S. Also, for t > 0, define the quantity

_C3\/ﬁ+t
S

1 R
N : for Cj3:= —log(l + 3—)
Cy &£
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Then if we set s =, V 77,2 in (39), by a union bound we obtain

@)
P&up IYBI? = Mg (7, v 177) + 1)} < C1IS:lexp [—con - 77
€S,

(ii) 3R\’
< Cy (?) exp [—Cz(Cgp + ;2)]

(i) 2
—Cat
< Cpe 2,

where (i) is via the fact that for any x > 0, we have
(xVv xz) AxV xz)2 = xz,

(i) is via Corollary 4.2.13 of Vershynin (2018) bounding the cardinality of a minimal e-net, and
(iii) is from the definition of 7, and C3. Now we may bound the error between the supremum on
the whole space and the supremum on the e-net by applying a similar technique to Lemma 4.4.1 of
Vershynin (2018), which gives

sup [[YB|* < 5 Sup YAl
BeS — 2€ e,
We conclude that, for A := \/Mg/(1 - 2¢),
P(IYIR > nA? (@ v i) +1)) < Cre™®”, (40)

Now, let us define the two events

IYI1% IYlls
& = —1<n vy, & = <1y,
1 {nA2 771 77; 2 {\/EA }

where we note that &, is exactly the high-probability event of (40). Then we can first see that, on
the event & N &;, we have

& N& = |Yls<Avn, 4D

which is simply from the definition of the event &;. On the other hand, for the event &; N &5, we
have

(||Y||S ) 1)2V Ylls _ [@|IVI5
VrA VaA || nA?
w VI
nA?
(iii) 5
< v,

where (i) is from the fact that (x — y)> V |x — y| < |x? = y?| for x,y > 0 and x + y > 1, (ii) follows
from &, and (iii) from &,. Since we also know that

xVx)<(yVvy) = x<y for xy>0,
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we can say that

1Y |ls
\nA
Combining (41) and (42), we conclude that

8108;: -1

<m = [I¥lls <A(Vn+Csyp+1). (42)

E1=@ENE)UENE) = [IYls, <A(Vi+ yp+1).,
where A = A(C; + 1). Thus we have

E(IVlls = AV + vp +1)) < P(&)

e
< Cje et

- 2
If we set the variable y = A’ ( Vn+ +\p+ t) , then we have that

2
P(IIYlls = vy) <Cj -exp [—Cz (% —\n- \/]—,)

whenever fy > A ( i+ \/ﬁ) This lets us conclude via the tail-integral formula that, after setting
g = 1/4 for example,

E|IY|} = f P(IVI3 > y) dy
0

- fo P(IYlls 2 v5) dy
fl\z(«mn@z

00

P(IYlls > +/y) dy + fz P(I[Ylls = v/y) dy
A" (Vn+p)?

0

Az(\/ﬁ+\/ﬁ)2 . \/y 2
gf 1dy+C1f exp —Cz(T—\/_—\/ﬁ) dy
0 A*(Vn+ y/p)? A
2 o 1 Na(yn+ \/ﬁ)]
<A A — o — Y
<A (Vn+ p) + (Cz + =

<Cr:-p,
for
Cr « R?log(1 + 12R).
u

Now that we have given a bound on this scaled operator norm, we can use this to obtain a bound
in the specific cases of block dependence, m-dependence, and mixing.

Corollary 20 (Dependent Norm Bound) Let (X;) be a sequence of RP-valued random vectors
satisfying Assumptions 2-4. Then setting S in Lemma 19 as either B,(0, \/p) or S, as in (4), the
following holds for n sufficiently large:
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(1) If X)) satisfies Assumption 1 (block-dependence), then E[IIXII%] < Ckp.
(2) If (X;) satisfies Assumption 8(i) (m-dependence), then E[IIXII?S] < Cmp.

3) If X)) satisfies Assumption 8(ii) (B-mixing) and there exists € > 0 such that
S:= > B0 < oo,
=1

then E[llXIIé] < CSp. Furthermore, for (G;) also satisfying Assumptions 2-4 with G; ~
N (0, Var(X;)) and cov(G) = cov(X), we have E[IIGllé] < CSp.

Proof We display the proofs for S, as those for the ball of radius +/p are identical.

(1): Note that (1) follows from (2), as block-dependence with block parameter k is a special case of
m-dependence with m = k.

(2): We check that the two conditions of Lemma 19 hold. For the first one, note that by the sub-
Gaussian Assumption 3 and Lemma 44, we have

CiK%

n

IVar(Xy)llop < <

< |

for some Cy,B > 0 and n sufficiently large. For the second condition, by sub-Gaussianity and the
definition of S, we have that

K2 11811

n

()
IXTB)lly, = IXTBIIG, <

< CyL? (43)

for n sufficiently large, where (i) is by Lemma 2.7.6 of Vershynin (2018). Thus we may apply
Lemma 36 with Z; := (Xl.Tﬂz) -E [(Xl.Tﬁz)] and K = C,L2. This gives us our second condition,
namely (38), with the constants (R, K, C;, C», C3) setas (L, B, 4, cm™!, C,). For the Gaussin case, the
first condition holds for the exact same reason. For the second condition, we again use Lemma 39,
which allows us to satisfy (38) with the constants (R, K, Cy, 3, C3) set as (L, B, 2, cS7!, Kxc™),
respectively.

(4): As above, the first condition of Lemma 19 holds for the same reason as (2) and (3). The second
condition holds by the second statement of Lemma 39, which allows us to satisfy (38) with the
constants (R, K, Cy, ¢, C3) set as (L, B, 2, ¢S e, (C’z A C‘é)). [ |

Next, recall that we have smoothed our labels yy,...,y, by taking a convolution of the sign

function with a mollifier £, as in (14). This next lemma shows that the derivative of this convolution
grows at a rate inversely proportional to the smoothing factor, 7.

Lemma 21 (Smoothed Label Derivative Bound) Define 1! := l;ﬁ'(a;g_ngi,B* —&;). Then
i <3y~
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Proof Recall by the properties of convolution that a derivative can be “absorbed” into the convolu-
tion like so:

;= 15'(61;1.)(8;,3* —&) = 1% {y)/(a;;iXBiﬁ* - &)
= (1"« é“;)(a;,X:B,-ﬁ* - &)
Y
= f li(a;;in;,ﬂ* — & — 0L, (1)dr.

Y
We may thus bound

y
|TI:| = ‘Iy li(a;ng;i,B* —g — t)g“;(t) dr
y
<
-y

7 o
=2Cy? f exp ( dr
Y t

£\ dt

0) y?
< 4Cy? f dr
7 )y @y e"p(ﬂ—yz)

where (i) is from the fact that the integrand is even. Thus it suffices to bound C, which is the
integrating constant of our mollifier ,. We may lower bound the integral like so:

y 2
- Y
C 1=f exp(tz_ 2) dr
—y 0%
y 2
Y
= 2f exp(—) dr
0 12 _,),2
o (7 2
é 2f exp(%) dr
0 -y

(ii) /2 2
> 2 f eXpl—rxs— dr
0 /2> -y

= '}/.e—4/3
>
4

where (i) follows from the fact that the integrand is non-negative, and (ii) from the fact that it is a
decreasing function, as it has derivative

) [,)/2 ,)/2

@2 P (tz -

2)<0 for O<t<yy.
‘We conclude that

, 2
| < >

4
=<
Y
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H.2. General lemmas
H.2.1. REPLACING THE TRUE MINIMUM WITH A SMOOTHED & DISCRETIZED MINIMUM

To prove that the two minimum risks are close in distribution to one another, we must first smooth
the labels, and then also discretize the parameter space that we are taking the minimum over. The
following two lemmas show that the error incurred by these two approximations is negligible in the
limit.

Lemma 22 (Smoothing the Risk) Suppose that X and G satisfy Assumptions 2—4. Let y € (0, 1).
Then there exists G > 0 such that for n sufficiently large,

2
JEIXIE

dy (mipf?n(ﬂ; X), min R},(3; X)) <C \Vy
BeS BeS Vn
A A ,/E||G||?9p
dy (mir} R.(B; G), min R), (B; G)) <C——r.
BeS BeS \/ﬁ

Proof We show the proof only for X, and note that the exact same technique holds for G. Since
h € H is Lipschitz, we know that if 3 and 53, are the minimizers of R, and R} on S respectively,
then
d (mﬁin R ), min R1 (5 X)) = supE [ (Ru(B: X)) — 1 (R (B,: X))
heH

< sup Il E|Ru(B: X) — RY(By: X)|
heH

< E|R.(B; X) - R}, (By: X,
where the last line is by definition of . To control this term, we can note that
|Ru(B; X) = Ri\(By: X)| < max { [Ru(B: X) = RYB: X0, [Ru(By: X) = RY(B,: X0}
(@) ®)

‘We bound the first term (a) like so:

IR (: X) — RL(B: X0| < l Z log (1 + ¢2%7%) ~ log (1 + &%)

i=1

(i) 1 — _
< = |XTBlly: = mil
n <
i=1
Gip 1 -
< r—lllXBII lly — nll

@) 1
< IIXls, Iy - 7.

where (i) uses that 0 < w; < 1 for all i < n, (ii) comes from treating the loss as a function of the

label and Taylor expanding, (iii) is from Cauchy-Schwarz, and (iv) is from the definition of IXlls, -
Applying Cauchy-Schwarz once more we see that

1
Bl(a)] < — \JBIXIZ Elly -l
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From here we note that
n
Elly - ni? = " El(vi — )’
i=1

n

@

= Z E[(yl - ni)21|a;iXBiﬁ*—€i|57]
i=1

< S B[P (h Xah' - ol <71 Xa)|

n
i=1

(iii)
< ny,

where the indicator in (i) is introduced as
yi—ni#0 & lag Xgf — &l <y,
(if) is because (y; — n;)*> < 1, and (iii) from

P(lag, X8 - &l <y | Xg,) = o'lag, Xg B +y) — olay X )
< 29107 lloa
<.

‘We conclude that

JEIXIE,

El(a)] Nz

Viy < vy

JEIXIE
<X
n

for n sufficiently large. To finish, note that this exact string of inequalities also holds for E[(b)]. W

Now that we have bounded the difference between the original risk and smoothed risk in terms
of the smoothing parameter y, we can show that universality for the smoothed risk reduces to uni-
versality for the smooth minimum fj.

Lemma 23 (Discretization & Smooth-Min) Ler @, > 0. Suppose that X and G satisfy Assump-
tions 2-4. Write S := B(0, \/p). Then there exists C > 0 such that for n sufficiently large,

dyt (rr}}n RY(B:X), min R}5; G))

< dy (fs(@, X, fo@, G)) + C(5 + % VE[IXE] v E[IGI] + C—lylog(%) )
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Proof By the Triangle Inequality, we know that

dy |min R} (8; X), min R},(B; G)) <dy (min R)(B;X), min R}(B; X))
B B ﬁES ﬁES(;
+dy (gniﬁ RY(B: X), f5(a, X))
ESa‘
+dy (f5(a, X)), fs(@, G))
+dy (fa(a, G), min R}, (3; G))
BESs
+dy (glip R} (B; G), min R} (B: G))
ESo‘ ﬁES
=:D; + Dy + D3 + D4 + Ds.

For Dy, let B be the minimizer of the risk on S, Bs the closest point to it on the & \/p-net Ss, and B/
the minimizer of the risk on Ss. Then we have that

D, := sup |E |1 (R3: %)) - h(I?Z(B';X))H
heH
< sup B[ (R(3: X0) - (R4 )|
S EIRYB:X) - R X
(i) vy vy~
< E|RY(B: X) — R} (Bs; X))

<E [sgp (VR (v:X).B —[;’5>|] :
where (i) is from the definition of H and (ii) is because
RY(Bs) = RY(B)
by definition. The gradient of our risk has coordinates

3 A 1 v
6—VjRZ(v; X)= v - ; winiXijTiy,

and thus
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A
Dy < E[SllPI(Vﬁ Bo)l| + —E sup <Z i B~ ﬂ5> IX € E,)

(l) <

S e sup me oo (X0 B~ Ba)|I(X € E)
(11) /1L6p 1 202 o2 2

" + E sup JZ?] o, W;
i) ALsp 1 5
i ALép 6
< —+ —E[IX
Nz [IXlls]

Above, (i) is from the fact that

(v, = Bs)| < IV 1B = Bsll < LNps\/p = Lép.

(i) is a result of Cauchy-Schwarz, (iii) uses that n;, w;, o, < 1 for all i < n, (iv) is via the definition

of |IX||s and the fact that §~'(3 — B5) € S. To bound D,, we observe that

-RI(B;X)

. -1 .
fo(@. X) — min R (8 X)) = ‘— log LZ exp [-naR(B; X)|
BESs na

655

= —|log Z exp [—ncxf?%(ﬁ; X)]
KﬁeSa

— log (exp [—naRZ(ﬁ; X)])

= —llog| > exp|-nar(R}(8:X) - R (B: X)) I

\ﬁega

< i log |S5’, 44)
na

where the last line follows from the fact that R),(3; X) — R),(3; X) is always non-negative for 8 € S5
by definition, and is zero at least once, meaning when we multiply by —na they will always be either
zero or strictly negative. This means the sum inside of the logarithm lies in (1, |55|). By Proposition
4.2.12 of Vershynin (2018), we can say that since S, C Br»(0, L +/p), then

3L v— 3L\
51 < - (&Y.
and so combining this with (44) we have
3L 1 1
D, < 2 log[ =] < Cs—log (=~
na 0 a 0

for n sufficiently large. We finish by noting that D4 and Ds have the exact same bounds as D, and
D, respectively. |
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H.3. Main lemmas under independence under partial block independence.

Let i < n be an index. Throughout this subsection we will assume that the block (X, y (X)) jes, is
independent from (X, y (X)) je5, Where B; is the block of size k that contains i.

H.3.1. MAIN LEMMA

In the next result, we recall the notation that U; = U;(¢) = cos(H)X; — sin(r)G; for ¢ € [0, 1], where
we abbreviate the dependence on ¢ for the simplicity of presentation in the proof.

Lemma 24 Leti < n. Let (X;,y;(X))) and (G},y;j(G})) be generated under Assumptions 2-5 and
that Var(G) = Var(X). In addition, suppose that the block (X;,y(X}))jes, is independent from
(X}, y/(X))) jgg;. Foreveryt € (0, 7), we have

tim sup [ [~ (f(U)) (T Digp)|| < = (45)
and
tim sup [ [~ (W) (T DinB)] < 7 (46)

where we defined D; 1 (B) := DiBL|U] BI, 10T B < L)

Proof We note that it is enough to show the desired result for D;; as Eq. (45) directly follows by
taking L = oo.
Firstly by adding and subtracting the quantity /’(f5(U)) we obtain

B[ (50O D)
< B|(1 (f50) = W (fs(UD) O DB + B[ 50T D8]
(@) (b)

For the term (a), we use Cauchy-Schwarz to say that

E|(W (50D ~ K UMD (O7 D108 < NEW o(U) ~ I (U] - \BOT D082,
——————
(a1) (a2)

To control these two terms, we first apply Lemma 25 to (a;) to obtain

Cik2 Gk
(@) < \/‘7 = % (47)
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and then apply Lemma 26 to (a») to say that

~ 2
i ) | OTD; (B)e* Zies: 4P
E<U,T1)i,L(ﬁ)>“2E< (Db >
ik

(e 2 jes; fj(ﬁ)>l, '

. a2
(ii) g <( UTDi(B)e™ Y jes; (i) ) >
<

<e—0 Y jes; [j(ﬂ)>i,k ik
= <E0k)

U TDi(B)e™" Zjes; GB) )2
(e 2 jes; gj(ﬁ)>i,k

)

ik
- a2
<’E> E E ( Ul Di(B)e™ 2L jes; f-’(ﬂ)]
< E|sup Eg ———
BeSs (e @ L jes; mﬂ))i,k
(@iv)
< Citk,a,7), (48)

where (i) comes from noting that, for a general function g,

Ay sy.ik N "
Ypes, € nakyB)g(B)  Tpes, e R B g(B)e Lies; wili )

& —naR (B _ —naR’B) ,—a Y icg. wili(B)
Zﬁ’e&;e naR,(B’) Zﬁ'685e naRy(B) o 2 jes; witi(B

<g(ﬁ)e—0 2 jes; wjfj(ﬁ)>
ik

(e 2 jes; wjfj(ﬂ)>l. ol

QB = D Wy BIB) =

BeSs

(49)

(ii) follows from Jensen’s Inequality combined with the fact that |07 D; 1 ()| < UT D), (iii) from
the fact that

(9B < supges, &P, (50)

and (iv) is exactly the statement of Lemma 26 for some C;(k, @,y). Combining (47) and (48), we
conclude that

CZkCl(ka a, 7) _. CZ(k’ CY,?’)
Vn o Vn

For the term (b), we first apply Lemma 27, which says that there exist D = D(k, @, y, ) and real
coefficients by, . .., bp such that

(a) <

D

¢
U7 Di1(Bo) exp( -a Z Z w;t(mj, U}'Br))

r=0 jeB;

D
by <7+ Z bel sup [E
=0 Bos---Be
eS

‘, (52)

noting by definition that |b,| = (?) < D! is bounded. Now, we define the Gaussian interpolator

V :=sin(H)G + cos(r)G
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with G as defined in Lemma 28 being an identical copy of G. Moreover note that according to
Theorem 40 for all € > O there exists g.(-) such that ||gello < 1 and ||ge||Lipchitz < 2¢~! and such that

2007 B1,1UT B) = 1G] Bl \UT Bl < | < T[|0] Bl € [L - €, L1] +1[|U] Bl € [L - €, L]

‘We note that

{
07 DiUs,. f0)210] Bol. 1UT Bl exp (= D > witn;, UTB)

r=0 jeB;

limsup sup |E
n—00 fo,... ¢
€S

{
07 DinUs, Boyexp(—a Y > w;tm;, UIA))

r=0 jeB;

07 DiUs, Bo)|IIUTBol € [~ &, L]

-E

< limsup supE
n—oo BOES

+E|

07 DiUs, Bo)[I1T7Bol € 1L~ &, LD

N 211/2 -
U,TD,-(Us,-,ﬁo)\ ] \/P(|U,~T,30| €[L-eL])+P(UBol € [L-€ L))

< limsup supE
n—oo BOES

Using assumption 3 we know that

lim sup sup E ’UITDi(UB,-’ﬁO)]] < 00,

n—o00 ﬁoés
Moreover we note that

L—e—sinx® L — sin(H)X?*

P(U] ol € [L - €, L]) = E(@( : c;l(lt()t) “80)) - E(QL‘(W))
B L—¢€— sin(t)XiTﬂO

= cos(t)E((p( cos(t) ))

€
<
cos(t)

Similarly we can obtain that

€

P(U[Bol € [L- € L]) < ——.
sin(t)

Hence we obtain that there is a constant C3 > 0 such that

14
limsup sup [B |07 Di(Us,, fo)ge(07 ol (U ol exp (= a D 3" witn;, UTE)|  (53)
n—eo fBo,....Hr r=0 jeB;
eS
l
|07 DuUs, foyexp(~a Y Y w,tt;. UTB)|| (54)
r=0 jEB,‘
< Cse (55)
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Moreover we note that

[ 14
limsup sup [E|07 Di(Us,f0)g10] ol IU] Bohyexp (- D > w;tn;, UTB)
n—oo ‘Bo,..;ﬁ[ r=0 jeB;
eS )

. [ {
@ . ~ -
<limsup sup [E |V Di(Vs,Bo)ge(V] Bol. IV] Bolexp(— > > w;t(n;, VIB))
n—eo fy,...,LH r=0 jeB;
eS )

r £
=timsup sup [E|E(ge1V/ ol, IV BoD Vi|(V))) DitVs, Boyexp (= ', > w;tn;, VIE))
n—o0 fo,..Hr r=0 jeB;
eS )

D (56)

Above, (i) follows from the second statement of Lemma 28 coupled with Assumption 5, since we
know that the function

14
8(X5,B,G,B) := U] Di(Us,, Bo)ge1V] Bol, IV] Bl exp (= @ D > wi(n;, UTB),

r=0 jeB;
where B := (By,...,B¢) € RP*D ig Jocally Lipschitz as all of its components are, and is also
square integrable as
- 2
sup E [¢(Xs,B, G B | < supE | (07 Ditgo)) | < ek ) (57)
B B

by the argument in (59) and (61) of Lemma 26. Further, (ii) follows from independence of V; from
(Vj), as

E[V,-VJT] = sin(?) cos(t)E[X,-XjT] — sin(¢) cos(t)E[G,-G]T.] 0,

and we know that two zero-covariance Gaussians are necessarily independent of each other, com-
bined with the fact that x — ge(xT,Bo, VI.TBo)x is a symmetric function. We may thus combine (51),
(52), (53) and (56) to conclude

lim sup B[~k (f5(U) (0] D;(8))]| < lim sup CZ("—\FO‘” +7+CiVe=7+CsvVe,  (58)
n

n—00 n—00

As the dependence on € is arbitrary we get the desired result. |

H.3.2. UPPER BOUNDS ON EXPECTATIONS & APPROXIMATIONS

The next set of lemmas are used to bound various expectations that appear in the proofs of our main
results. Throughout this subsection i < n designates an index. We assume that (X;,y;(X;)) and
(G, y;(G))) are generated under Assumptions 2-5 and that Var(G) = Var(X). In addition, suppose
that the block (X, y;(X}))jes,; is independent from (X, y;(X)))¢5,. We begin with a Lindeberg

bound.
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Lemma 25 (Lindeberg Difference Bound) Let a,6 > 0. Then there exists C > 0 such that for
each t € [0, 2] and n sufficiently large,

2

B ([ (U = W (U] < ch

Proof By the Lipschitzness of /', we first have

|1 (f50)) = B (f5(U™)| < I |Lip| £5(0) = f50U™)]
: ( Ypexp|-nak)(B;n, V)
(0]

25
Spexp | -naR; (. UY)]

na

@ Gy T
< — [ka log(2) + <a/ Z w;it(m;, Ujﬁ)>i,k]

JEB;i

<= (k +( 2, wittn U}@%,k]’

JEB;

where (i) is because h € H, and (@i) is via Jensen’s inequality on the natural logarithm and the fact
that £(a, 0) = log(2) for any a € R. Thus, we have

’ ’ iy ] Ci ) N aal 2 ) 77T 2
B [1 (500 = W (fU)| < = [E( D 0l UIB), +kE( Y witm UTR),, +K*|.
JjEB; JjEBi
From here, we can first notice that
log(1+e™) <|xl+1 forall x € R,

and thus, using |77 j’ = 1,w; < 1, and Cauchy-Schwarz, we can say that
> it Uip < Y- (|nvis

+ 1)
JjEB; JEB;

<k+1BI ). U5,

JjE€Bi
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and so

B( ) wtm; UIB),  <k+ » B(BIIU,I),,

jGB,' jEBi

<k+ E

IU;l sup ||ﬁ||}
BeSs

<k+Lvp ) E[IUl]

JjE€Bi
(0 o
<k+Lyp Y 4| D EIUA
jeB; \k=1
(ii)
< k+Lk+/psup /Tr(Z))
j

(i)
< Gk \/_ "

where (i) is via Jensen’s Inequality, (if) is because
E[U%] = E[sin*(0X3, + cos™ ()G, + sin(t) cos(DX G jx | = (Z)ix( sin* (1) + cos?(®)) = ()i

and (7ii) is via Lemma 44 and the fact that
P P
Tr(E) = ) (Zjened < ) I1Zjllop < PIZjllop = O(1),
i=1 i=1

where the last inequality comes from the scaling of U. Using an identical argument and the fact that

B( ), witmy UB);, <B(( X @ity UB) ),
JjE€B; ' JEB; ’
we similarly obtain
5( )" wit; UIB);, < Cokp,
JEB;

and thus

Ck?
n

B ([ (oun) - W (U] < % (Csk?p + ok’ Vp + ) <

for n sufficiently large. n

Lemma 26 (Second Moment Bound) There exists C(k,a,y) > 0 such that for every t € [O, g]
andi=1,...,n, we have

< Ck,a,y).

U.T@i(ﬁ)e_azjeﬁi ;6\
sup E; l
P E(i.k) (e_(lzfefiwf[j(ﬂ)>i,k

BeS
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Proof Fix some 8 € S. We may bound

U.Ti)i(ﬁ)e_azjes,- witi(B)\2 @ - i I, i
. i g ‘ ' | | Tt
o (e Rien ©iGBy,; = B [(U’ D’(ﬂ)) ] Eix ((e—a % wjfj(ﬁ)>i,k)
(@ 4l o\ 1/2
< E[(U,Tf)i(ﬁ)) ] <E [e4a2,»w,€_,(5)] >ik
~ 41172 12
<E [(UiTDi(ﬁ)) ] supE [64" 2 wjf_/(ﬁ)] ’
B

(@) )
where (7) is via Cauchy-Schwarz, and (ii) is from the fact that E; [ - ] and ( - );x commute due
to wiy’k(ﬂ) only being a function of (U;) ¢g,, and from applying Jensen’s Inequality to the convex
function x™#, using the fact that

Q’Z witiB)20 = exp[—az wjfj(ﬂ)] <l

JEN; JEN;

Also in (ii), note that the conditional expectation has disappeared due to block dependence. For the
term (a), we can notice that

|UITD,(B)| = ni(uiO'iﬁUlTﬁ + Z a)jO'jIBn}ajiU}-BUlTﬁ*

JEBi

> |uis

JEB;

0|~ 3, -
< 07| + ;|U1.Tﬁ*

, (39

where (i) is from 7;, w;, o, aj; < 1 and Lemma 21 bounding |7’;|. From here, we know that since

m;
the rows of X and G are sub-Gaussian by Assumption 3, so must those of U and U be as well, since

V2Kx
NI

1Uilly, = Isin()X; + cos(t)Gilly, < Isin@lIXilly, + lcos@IlIGilly, <

and similarly for U. This further implies that for any 8 € S » we have

V2Kx|1Bll
i
. V2KxL /P
- n
<Cy (60)

U7 Blly,
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sion that

for n sufficiently large, and again this holds for U B as well. We conclude by a multinomial expan-

4 4
leroae)|2 3 (e lomet Soze | 3 e
=0 jeBi
(lz) 486 ZE |UT,3|4 €|U Z‘UTﬁ
JEB;

i) 162 4
212 S lo7g > 4|0

VAl

: *3f+[Z|UIT,8
(tV) 162 <

)

JjeB;
< e ViZ=30) 7 +(C3V30) " + (Cak V3E)
=0
(2) Csy k12,

(61)

where (i) is from (59) and binomial expansion, (ii) is because £ < 4 and man( ) = 6, (iii) is the
AM-GM Inequality for n = 3, (iv) is from Proposition 2.5.2 in Vershynin (2018) on equivalent

properties of sub-Gaussian random variables, and (v) is from the fact that

3¢Vv(12-30) <12 forall 0<{<4.
For the term (), we once again use that |w;| < 1 and log(1 + e™*) < |x| + 1 for x € R to say that

[ day; w_ffj(ﬂ)] < E[e4fr2,-lU}/>’l+1]
@)

< €4kaE [ day; |U}ﬁ|:|

1—[ e4a|U}B}

< e4kaE

JEB;

1/k
(ii) T
% oAk (l_[ E [e4kalUjﬁl]]
JjEB;
1/k
(léﬁ oAkt D) {1_[ E [ e4ka(|U}Bl—u)]]

JjeB;
@ SAhaGurD) Cik Ko

< eCzkzaz

where (i) is via |B;| = k, (i) is via Holder’s Inequality, (iii) is from adding and subtracting u
|UTA|] in the exponent, which satisfies

(62)
i \E[WIBR] = \JBrEs < 1By <

CKyL

X \/I_7SC3
\n
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for n sufficiently large, by Jensen’s Inequality and Lemma 44, and (iv) is via sub-Gaussianity of
the centered version of UJT,B, which is sub-Gaussian by Lemma 2.6.8 of Vershynin (2018), and thus
satisfies Condition (v) of Proposition 2.5.2 of the same text. Since this holds for all 5 € S, we
conclude by combining (61) and (62) that

sup E < C57_2k6 exp (Czkza’Z) =: C(k, a, 7).

( UTDi(B)e Zies; it F) ]2
BeS

(e~ Lies; w.ff./(ﬁ)hk

The following lemma employs a technique developed in Montanari and Saeed (2022), which
will allow us to convert a complicated term involving the inverse function 1/x into one involving a
polynomial that is much more straightforward to control.

Lemma 27 (Polynomial Approximation) Ler «,6,y,7 > 0. Then there exists D = Dk, a,y, 1)
and coefficients by, . .., bp € R such that

[B [ (0™ T Dy
D 14
<t+ Z Ibel sup [E| 0] Di(Bo)exp( - az Z w;ln; UTBy)) ‘
=0 Bo-Br r=0 jeB;

eS

Proof Since U* was constructed to be independent of Ug, and Usg,, we first expand this quantity as

B [ (0" 0T D))
28 [Buw [ 0T D81
2 B[ (U BT D)
<1/ lleo - E[E0(T] Di(B))]

(ii) < U7 Dy(B)e” Zieti @it Uip >
1
(i.k)

<
- (™ 2jes; wjf(ﬂj,U_,T,B)hk o
(iv) U7 D,(B)e” Liesi @itM1-UjE)
=E <E( o | — - >
! <e—02jezsi wjf(flstjﬁ)%’k ik
o) U.TZ),'(ﬂo)e—a 2 jes; ;t(;.U7 Bo)
< E| sup |Eg; L , 63
[,3062 (i.k) (e~ Zien; 030 ,-,UIT[3)>I~ . ] (63)

(@)

where (i) is via the law of total expectation, (ii) is by the independence mentioned above, (iii) is by
definition of & € H and the ability to rewrite (Ufi),-(ﬂ)) as done previously in (49), (iv) is because
E¢l -] and (- );x commute with each other, and (v) is the same as in (50).
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Now, we will approximate the inverse function x~! by a polynomial by defining the functions

D D
1
Op() =Y (1-x0=> b,  Rp():= ~~ 0o
=0 =0

for some degree D and x € (0, 1]. Recall from Lemma 26 that there exists C(k, @, y) such that

UT Di(By)e* Lies; witiBo) 2
1
(e 2 jes; wj[j(ﬂ)>i,k

sup Ex) < C(k,a, 7). (64)

ﬁeS’

Thus we may choose the degree of our polynomial to be the exact D = D (k, a,72/C(k, a, y)) such
that, by Lemma 43, we have
2

We conclude that
(a) (é) |E(,-,k) [UI-TZ)i(ﬁo)e_“ Zjes; @it Bo) oy ((e_a Yjes; wjfj(ﬁ)>i’k)]|
+ |E(i,k) |07 Di(Boye™ Zres IRy (e ses; 1t (ﬁ)>i,k)]|
(2) |E(i,k) [ UiT Di(Bo)e™® Ljes; @t Bo) oy (< e Ljes; wj"j(ﬁ)%.’k)”

N ~ . )2 1/2 - O \2 1/2
+Eip [(U-T@i(ﬂo)e o 2jes; @110 ] Ei [RD ((e o 2jes; O340 >i,k) ]
(lll
< [y |07 DilBo)e™ Ziess B0 gp (e Ziesy By, )| 4 7, (66)
where (i) is via the Triangle Inequality, (ii) via Cauchy-Schwarz, and (iii) and (64) with (65). To
finish, we rewrite the first term in (66) like so: recall that if X, ..., X, are £ i.i.d. random variables
with the same distribution as some random variable X, then
cefesr]

{
Ble)’ = BleM] - BN = [ [ Bl =
r=1

l

B\ ]

r=1

which means that we can say

|E(i,k) |07 DiBoye Zresi I8 Oy ((e7 28 it ('B)>i,k)]|

D
= [Bin | U] DiBoye™ = wjg’(ﬁ())zbf(e_azfesf witi®ye,

=0

D
< 3 Woel|Baisy | O Digoye i rtsbor e e it Uiy |
=0

IA

Mo 1o

bl

<E(1}k) [UiT Di(Bo)e™™ oo Ljes; wjé’j(ﬁr)] >

i,k,l

E [UZTDi(ﬁO)e_a Zf:o Zjegi wjfj(gr)] ’

bl sup (67)
Bi-Be

eS

T
S
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where the final expectation is unconditional due to independence, and ( - );x¢ represents the ¢-
dimensional joint expectation with marginals following { - );x. Combining (66) and (67) with the
supremum over Sy in (63), we conclude the result. |

The following lemma allows us to convert the statement about Gaussian approximation from
Assumption 5, which involves & terms, to one that involves arbitrarily many, which will be important
when combined with the polynomial derived from the previous lemma.

Lemma 28 (k-to-many Betas) Let £ > 1 and g : R*** — R. Then

1. If g is bounded Lipschitz and

k k
K = sup sup Ef( HiXiT,Bi}_Ef( 9iG,~T,3i] <1,
fe(}_ (,Bl ----- B k) i=1 i=1
geS1 eSk

then there exists some Cy; > 0 such that

sup [E|¢(XsB, G,B) - &(Gu,B, G, B
B:(igéwﬁf)

~ 1
< Crt (llgllLip + llgllo (ELIX5, Blls + 1G5, Blloo + 2G5, Bllo] + 1)) K0
where G is an independent copy of G and F is as in Assumption 5.

2. If g is locally Lipschitz & square-integrable and Assumption 5 holds, then

sup |E[2(Xs,B, G, B) - &G, B, G, B)|| > 0.
B=(€[§é-,ﬁ5)

Proof To prove the first statement, let g : R** — R be a bounded Lipschitz function. For notational

simplicity, we may assume WLOG that the block B; begins at index i, meaning

- X = | |
Xg, = : eRP*P B:=|(B - Br|eS R,

i

— Xivk-1 — | |

Let us define the following quantities:

X5 Gg
M= BT @ Iy € R*0 .= vec( - ) y = vec( | e R4
3, 8

where VeC(A) is the vectorized version of a matrix A. This allows us to say that

g(Xg,B,Gg.B) — g(Gg,B,GgB) = g(Mu) — g(Mv).
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Now, let o > 0 and define Z ~ N(0, 0% o) independent of all other quantities. Then by the
Triangle Inequality,

B [s(Mu) — g(Mp)]| < [E[g(Mu) - g(Mu + Z2)]| + [E[g(MY) - g(My + Z)]| (68)
+ [E[g(Mu + Z) - g(Mv + Z)]]. (69)

The two quantities in (68) are easily bounded, as

B [g(Mu) — g(Mu + Z)]| < Elg(Mu) — g(Mu + Z)|
< lIgllip - EIZIl2
< llgllLip - o V2KE, (70)

and similarly for |E [g(Mv) — g(Mv + Z)]|. To control the quantity in (69), for R > 0 we consider
the functions

gr() = (&) — 80 Ljyuzry »

S(v) - 80" R) - (6" (=R))
gy = ZrSZk,r’sl 2R Yrr€rr

where y")(R) € R*! is a copy of y with the (r, 7)-th coordinate replaced by R, Y 18 the (r,77)-
th coordinate of y and e,,» € R2! is the standard Euclidean basis vector with 1 at the position
(r,"). The support of the function gg is contained within the hyperrectangle {y € R ||yl < R}
Moreover, g is continuous inside the hyperrectangle and by the choice of g, gg agrees on the
boundary of the hyperrectangle. This allows us to extend gg to a continuous and ||g||Lip-Lipschitz
function gg that is 2R-periodic in each coordinate. By construction

[E[g(Mu + Z)] - E[gr(Mu + Z)]|
< |E[g(Mu +Z) - gMu + Z)I[{IIMu+Z||mSR}]| + ‘E[g(Mu +7Z) ]I{IIMu+ZHm5R}]'
+ [E[grMu + Z) Iypwszy58) |

lglleo PAIMut + Zilloo > R) + 228l

R
< @+4kDlgll E(iMu + Z|l]
—_ R b

IA

ElliMu + Zljoo] + (1 + 2kD) |Iglle P(IMu + Zl|oo > R)

(71

and the same bound holds with u replaced by v. We can now approximate gz coordinate-wise by
a truncated Fourier series. Since gg is continuous and ||g||Lip-Lipschitz, applying a well-established
result on uniform convergence of Fourier series to each coordinate (see e.g. Jackson (1930); Alimov
et al. (1992)) says that there exists some absolute constant C” > 0 such that, for every N € N,

log N

- (N) ,
187 = &g "l = CliglILip ——

where the truncated Fourier series is given by

awTy

SNy ; 1 e
B O) = D € ((2R)2“ f o.2rn SROETE dr).
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This implies that

[E[s(Mu + Z) — g(Mv + Z)]|
< [ElgMu + Z) — gr(Mu + Z2)]| + [E[g(My + Z) — gr(My + Z)]|

+[E[gMu + Z) - 0" (Mu + 2)]| + [E[g My + Z) - My + 2))|
+ (%)
(71) 4 .
1D @+ kD) lgll E[||MuR+ Zlo + IMy +Zlls] | 2C ||g||xp ogN | 72)
where
(%) = | (N)(Mu +2) - g My + 2)]|

[ Z'HWT(/]\:quZ) ian(/I:/IVJrZ) )( 1 - (t) _I%Ttdt)
¢ ¢ 2Ry f[()lR]Zkl gribe

2. 20012
LwT (Mu) LawT (M) _mZo|wll 1 - _aawTr
z‘ Z (E[e’ e (g | [ozmngW‘Rdf)‘

_ 222 wl?
<llglloo Y pen. npe aMa(5) = Um(GO)| e

722wl

~~~~~~~

(73)

To control the difference of characteristic functions, let 7 € R%*¢, and decompose it as ¢ = (s, §) for
s, 5 € R¥ Then we have that

W (1) = W aa (B 2 ® ( ( zvec(ngl.B)Ts) E ( eivec(Gg;iB)Ti) _E ( eivec(GgiB)Ts) E ( eiveC(GgiB)TK‘))z

(g) |g (eiveC(XB,- B)Ts) —-E (eiveC(GB[. B)Ts) ,

(74)

where (i) is because the characteristic function factors due to G 1L (X, G), and (ii) is because the
characteristic function always has modulus in [0, 1], and (x — y)2 < 2|x —y| for x,y € [0, 1]. From
here, let us now decompose our vector s € R¥ into k subvectors by defining

o _ ¢
Sr 1= Spe=Dy1:rt = (Sre=1)415---» Sr¢) €R
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foreach r = 1,...,k. Then, we expand

vec(Xg, B)Ts = Z( T Bl X BOTS,

1
!
M»
i

(Bsr)

r+1 1

l
r+z IZ rtﬁt
t=1

4
|54l

b, sgn (s B,
sy

‘_
1l
—_

M” EM» i M»

s/l X,

r+i—1

Ve, (75)

‘
1l
—_

where each v, : Z[ | ”|;’|’||l sgn(s,)B; is in S, since if we define

|$7]
(Bmix)re = sgn(sy)Br € Sp’ A = ”srltll [0, 1],
r

then we know that since S, is symmetric and convex and )}, 4, = 1, and since S, contains the
convex closure of S, it must be that

Sgn(srt)ﬁt rl:érl +...+ /lrfBrf € Sp-

Thus we conclude that

(i) , . . .
sup W) — Y OF £ 25up [B (¢TI KL) B (5.
B B

. lsrly XT . Br lsrliGT, . B
iV S, ﬁ iV ST S, \/—‘
<2sup|E|e SRR B =1 S S lsrl?

B

( iV ISP S, 6,XT,, lﬁ,)_ ( iNE SRS, 6,GT,. .ﬁr)

<2 sup sup

feS-1 B
<2 s 51| Y 00,0 | 21 ZGG
< s sup  sup X, .
4 rily FeF i) = T k=177 J+k— 1

geS1 eSk

=K

lCX

Here, (i) is via (74) and (75), and (ii) is because the map x — ¢~ is 1-Lipschitz and bounded by
c~!. Now let w,., be the (I — 1) + r’-th coordinate of w, where 1 < r < 2kand 1 < 7’ < L. Plugging

64



UNIVERSALITY OF HIGH-DIMENSIONAL LOGISTIC REGRESSION & CGMT UNDER DEPENDENCE

the above bound into (73), we obtain

k I 2\1/4  _22omi?
(%) < llglloo V2K 3w e (D, (Dcy ownrl) ) e
2.1/4 N _7r2(r2HwH2
< liglleo V2K YT 3 e 2
_ 2 1/4 ﬂ l _7r2(r2(w’)2 2kl
= llgllo V2K (kI)'* 22 (1 FRY i m g€ )

\, 00 22022 2kl
<liglle V2K (klz)1/4 % (1 + 2R fO e‘% dW')

= £/ 2174 TN Lﬁ 2kl

- “g”oo 2K(kl ) R (1 + - ) .
Combining this bound with (70) and (72) by the triangle inequality, we get

[E[g(Mu) — g(M)]|

2 + 4kD) |lglle B[IIMut + Zlloo + My + Zllo]  2lgllLinC’ log N
gl ipor V2RT + AN BN 2l + [N+ 2] 2llhinCllog

N RVEVM
+llglleo V2K (k)1 25 (14 =)

2 + 4ki) |Iglles (LI Mutlloo + [MV]l] + 2klc)  2gllipC’ log N
lgllipo 2kl+( ) llglles CELIl l;II [IMV]|e0] o) N ||g||LpN og

N RV2\2KI
+llglleo V2K (k"4 25 (14 =25)7,

IA

IA

where we have used the Markov inequality and a union bound. Now choose
o= K%i, N=R-=|KW],
We get that for some absolute constant C > 0,
[E[s(Mar) - g(My)]|

< C(IgllLip (V2KT + 1) + liglloo(1 + 2kD(ELIMutlloo + [IMYllc] + kL) + IIglleo 32! (k12)4) K 505
~ 1
< Cri(llgliLip + lglleo (BLIIX5, Bllco + G, Bllso + 2lGs,Blleo] + 1)) K555

for some Cr; > 0. We also remark that by sub-Gaussianity, the term E[||Xg,Bllc + IGg,Blle +
201G, Bliw] is Okl).

To prove the second statement of the lemma, we will sketch the outline and refer to Lemma 30
of Montanari and Saeed (2022) for the specific details of a similar approach. We fix B > 0, and
consider gg, which forces g to be bounded Lipschitz like so:

gp(x) := g(x)L(|lx|| < B) + g (Bx/llx|D I (||x[| > B).

We may then apply the first statement of the lemma to gp, which under Assumption 5 converges to
zero. To bound the leftover differences of the form

’

Slll;p |E [g(Mu) — gp(Mu)]
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we use square-integrability of g and the fact that
8(Mu) — gg(Mu) # 0 = [[Mu|| > B,

which by sub-Gaussianity of all 2k£ components of Mu occurs with probability bounded by
Ciktexp (—0232 / ké’). Sending B — oo thus concludes the result. |

Appendix I. Comparing training loss with deleted blocks to the original training loss
Let M, € Z* be fixed. Define new matrices XM, GM € R"*P as

XM= (X1, Xty Xtaiien 15 - - > Xoaains Xoma2iats -+ )T

GY := (1. .Gy, Gyttt -, Gontsins Gomtsina - )7
We show that the training loss ming R,(8;X) and ming R, (3; XM) are close if M is large.

Theorem 29 (Equivalence of losses) Let (X;,yi(X)));_, and (G;,yi(G)))._, be generated under As-
sumptions 2-4, where each G; ~ N (0, Var(X;)). Then if assumption 8(i) is respected then there
exists a constant Cy such that

dyq (ngn R(p:X), min R, (5 XM)) SC"W VM + (76)
dy (mﬂin Ru(B;G), min Ru(B; GM)) scdw VM + 77

If instead assumption 8(ii) is respected then there exists a constant C,; such that

dy (mﬁin R X), min Ry (5 XM)) S%%&m) VM + (78)
dyt (mﬁin Ru(B: G),min Ry (B GM)) s%%&’") M+ (79)

Proof of Theorem 29 We present the proof in the m-dependent case but the proof is identical in
the other case. Similarly we show the proof only for X as the proof is equivalent for G. Let M € Z*
be fixed. Define new matrices X € R"*? as

XM = (X1$' . ’XM’XM+I’7Z+1" . -’X2M+rh’X2M+2m+l’- . -)T
noting that
M M
"em-(r+1m+1, n— C —-m, +m| = [ng — i, nq + inl, 80
nen-G+1m n—rm| nM+ﬁ1 m nM+r71 m| = [ng — m, nq + ) (80)
where r := | M'frmj and g := Mﬂfm' We may also define
th = (XM+1’ e aXM+ﬁl,X2M+ﬁ’l+l, o ,X2M+2rh’ .. )
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so that every vector X; is either in X* or X”. For simplicity we can also write these indexing sets as

By ={l,... MM+m+1,....2M+m,...,}
B,, := [n]\ By.

By a triangle inequality argument we note that

dy (mﬂin R,(3;X), rrgnﬁn/(ﬂ; XM)) = sup E[h (n}gnf?n(ﬁ; X)) - h(mﬂinl?,,/(ﬂ; XM))]I

heH

< sup Elh (rrzm R.(B; X)) -h (n‘gn Ry (B; XM))‘

heH
W e m
SErrgan(ﬂ;X)—n}}nR,z/(ﬁ;X )
C BJR.(B; X) - R (B: X, @81)

where (i) is via the Lipschitzness of %, and in (i) we defined the minimizers ,3 = argminﬁkn(ﬁ; X)
and 8 := argminﬂfi’n/ (8; XM). We first control the difference inside the absolute value of (81) by
noting that, by definition of being minimizers,

i€B,, n i€B,,
N A A Y. -~ 1 o n\ A
Ry (B;XM) = Ro(B:X) < (1 - —)Rnw> == > (mXTB) < (1- —)anﬂ),
n nieBm n

where the terms removed are because of the fact that the risk/loss is always positive and n > n’.
Now, we will use the fact that for any x € R and a, b > 0, we have

x<a, —x<b = |x|<avb<a+b

to say that

A oA N Y. 1 5
Ra(B; X) - Ry (B: X)) < (1 - ;)Rn/(m +— > XTB). (82)

i€B,,

For the first term on the right in (82), we note by definition of being a minimizer that

n n

(1 - ”_')fen«;?) < (1 - ”—')kn,(O) = (1 - ";')log@). (83)
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For the second term in (82), we have that

- Z (mX7B) < Z 1+IX7B

i€B, i€By,
< 1 —/n + — sup Z X7l
n i€B,y,
- 1
SR supZ XTI € B,,)
n n B e
(u) n—n' <
< + sup Z IXTBP | > TG € By)
n’
i=1
n—-n  \n-n'
=—+ —Xlls, (84)
n n
where (i) is because
log(1 +e™) <|x|+ 1 forall x € R,
and (ii) is via Cauchy-Schwarz. Combining (83) and (84), we obtain
5 (A 5 7 n’ n-n  Nn-n
E|R, (B: X) — Ry (B; XM)| < (1 - ;)log(Z) t——+———F [IXls, | (85)
(i ' - Nn—n'
< (1 - ”—)1og(2) + 2 2 \Comp, (86)
n n

where (i) is via Jensen’s Inequality with Corollary 20. From here we can use (21) to note that, for
these quantities involving both n and n’, we have

n’enqim:—Eqiﬂ: lim — =gq. (87)
n n

n—oo n

M

Substituting this into (86) and using that ¢ = 37—, after some simplification we can conclude that

lim sup E|R,,(B; X) — Ry (B; X™)| < (1 - q)log(2)+ - —1 ,/CLmK,/——l (88)

<C max(m ) 7 89)

Appendix J. Verifying Assumption S for Different Data Augmentation Schemes
J.1. Random Cropping

The data augmentation procedure that we are considering in this subsection is the random cropping
method where a portion of the data is randomly set to 0. For a vector e := (¢;) € {0, 1} and x € R?
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we write e - x := (e;x;). Let (E;) be an i.i.d sequence of random vectors in {0, 1}” and define the
random transformations ¢;(x) = E; - x. We will prove that Assumption 5 holds for this type of data
augmentation procedure under general conditions. Let (Z;) a sequence of i.i.d vectors satisfying the
following condition
(Hcropping(K)) E(Zy) =0, SUP ||Zl,i||4 <k/ \/’7
l

Define
Xi .= ¢ilZriji)-

Lemma 30 Suppose that the assumption H ,,ppine(k) holds and that the entries (Z) ;) are locally de-
pendent and write N; the dependency neighborhood of Z; ;. Suppose that (E1 ;) is locally dependent
and write Nj the local dependency neighborhood of E 1i- Then if |N;| X INi| = o(n''?) Assumption 5
holds for a sequence of random Gaussian vector (G;) with covariance:

pid(j =D +1(j # Dpj)Var(Zy j, Z1)) if i = m
COV(G,’J, Gm,l) = pjplcov(zl,j,zl,l) lf|l -m| <k, i+m

0 otherwise
where p;j = P(E1j = 1).

Proof Note that as the blocks (Xu+1, - .., Xon+1)%) are identically distributed it is enough to prove
Assumption 5 for m = 0. Denote B; j = U jeN,N ; X [|1,k[]. Then we remark that the sequence (X;) is
locally dependent and that the dependency neighborhood of X; ; is B; ;. The desired result follows
from Lemma 42 with ¢ = 1. |

J.2. Noise Injection

The data augmentation procedure that we are considering in this subsection is the noise injection
method where random Gaussian noise is injected to the entries. For vectors g := (g;), x := (x;) € R?
we write g - x := (g; + x;). Let (n;) be an i.i.d sequence of random vectors in R” such that n; ~
N(0, 02 /nld) and define the random transformations ¢i(x) = n;-x. We will prove that Assumption 5
holds for this type of data augmentation procedure under general conditions. Let (Z;) be a sequence
of i.i.d vectors satisfying the following condition

(Hhoise(k)) E(Z1) = 0, sup1Z illa < k/ Vn.

Define X; := ¢i(Zfiji)-

Lemma 31 Suppose that the assumption H,,;.(k) holds for an absolute constant k < oo and that
the entries (Z1 ;) are locally dependent. Write N; the dependency neighborhood of Z, ;. Suppose that
(n1,;) ~ N(O, (’72161). Then if |N;| = o(n'’?), Assumption 5 holds for a sequence of random Gaussian
vector (G;) with covariance:

cov(Zy,j, 2y ) + (51-,1(5,-,,,,0'2/11 ifi=m
COV(G,',j,GmJ) = COV(Zl,j,ZlJ) ifli—-m| <kji+m

0 otherwise
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Proof Note that as the blocks (X,ui+1, . .., Xous1)x) are identically distributed it is enough to prove
Assumption 5 for m = 0. Denote B;; = N; X [|1,k[]. Then we remark that the sequence (X;) is
locally dependent and that the dependency neighborhood of X; ; is B; ;. The desired result follows
from Lemma 42 with g = 1. |

J.3. Random Sign Flipping

The data augmentation procedure that we are considering in this subsection is the random sign-flip
method, where a portion of the data is has it sign randomly flipped. For a vector e := (¢;) € {—1, 1}?
and x € R? we write e - x := (e;x;). Let (E;) be an i.i.d sequence of random vectors in {—1, 1}” and
define the random transformations ¢;(x) = E; - x. We will prove that Assumption 5 holds for this
type of data augmentation procedure under general conditions. Let (Z;) a sequence of i.i.d vectors
satisfying the following condition

(Haip())  E(Z1) = 0, supIZyilla < k/ Vn.

Define
X; = ¢i(Zpiji)-

Lemma 32 Suppose that the assumption Hyg;,(«) holds and that the entries (Z, ;) are locally depen-
dent and write N; the dependency neighborhood of Z, ;. Suppose that (E1 ;) is locally dependent and
write N; the local dependency neighborhood of E 1,i- Then if |N;| X IN;| = o(n'?) Assumption 5 holds
for a sequence of random Gaussian vector (G;) with covariance:

PEZy i Z1) = (1= piDE(Zy . Zyg)  ifi=m
cov(Gij, Gmp) = \pjiB(Z1j, Z1)) — (1 = pj)B(Zy j, Z1y) ifli—m| < ki#m

0 otherwise
where pj; = P(Ey ;= 1)+ P(Ey; = —1)? and p,; = P(E1; = 1,Eyy = D+ P(Er;=~1,E; = -1).

Proof Note that as the blocks (Xyu+1, - .., Xon+1)%) are identically distributed it is enough to prove
Assumption 5 for m = 0. Denote B; ; = U jeN,N ; X [I1,k[]. Then we remark that the sequence (X;) is
locally dependent and that the dependency neighborhood of X; ; is B; ;. The desired result follows
from Lemma 42 with g = 1. |

Remark 33 Note that we do not assume that the probability of having a sign flipped at one position
is the same than at any other positions

J.4. Random Small Permutations

In this section we will show that Assumption 5 holds for a random permutation scheme. In this goal,
let (Z;) be a sequence of centered i.i.d random vectors with independent (not necessarily identically
distributed) entries. We assume that the vectors (Z;) have blocks of identically distributed entries.
More precisely we suppose that there is a partition (B;);<p, of [|p|] in M,, subsets such that the entries
(Z1,)ieB, are i.i.d for all u < M,. We choose (r1;) to be an i.i.d sequence of random permutations
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of [|n|] that preserve the partition, meaning that for all j,k < n that do not belong to the same
permutation element then P(rri(j) = k) = 0. Define

We will show that this data augmentation scheme satisfies Assumption 5. In this goal we define the
following condition

(Hsmall permutation(K)) E(Z)) = 0, SllP ”Zl,i||4 <«k/ ‘/n_

Lemma 34 Suppose that the assumption Hgyaii permutation(K) holds. Suppose that max; |B;| = o(n" 12y
Assumption 5 holds for a sequence of random Gaussian vector (G;) with covariance:
ppvar(Zyy) if i - m| < k

2keB, ).
con(Gij, Guy) = 3 0
0 otherwise

where B~1(j) denotes the unique index such that j € Bg-1()) and where py := P(n(j) = k)

Proof Note that as the blocks (Xu+1, - .., Xon+1)%) are identically distributed it is enough to prove
Assumption 5 for m = 0. Denote B; ; = By X [|1,k|] if i € P¢. Then we remark that the sequence (X;)
is locally dependent and that the dependency neighborhood of X; ; is B; ;. The desired result follows
from Lemma 42 with g = 1. |

J.5. Random Large Permutations

In this section we will show that Assumption 5 holds for a random permutation scheme. In this goal,
let (Z;) be a sequence of centered i.i.d random vectors with independent (not necessarily identically
distributed) entries. We assume that the vectors (Z;) have blocks of identically distributed entries.
More precisely we suppose that there is a partition (B;)i<ps of [|p|] in M subsets such that the entries
(Z1,)ieB, are 1.1.d for all u < M. Contrary to the previous section we will have M << n. We choose
(7;) to be an i.i.d sequence of random permutations of [|n|] that preserve the partition, meaning that
for all j, k < n that do not belong to the same permutation element then P(rr;(j) = k) = 0. Moreover
we assume that for all j, k € B, in the same partition we have P(x1(j) = k) = 1/|B,|. Define

Lemma 35 Suppose that there exists an absolute constant k < oo such that max; ||Zy |l < k/Vn
and max |B,|/ min |B,| < co Assumption 5 holds for a sequence of random Gaussian vectors that are
such that

o2I(li — m| < k)

cov(Gi,j, Gm1) = Z B.P

u

where 0'% = Var(Y1,;) where | < p is chosen to be inl € B,,.
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Proof Note that as the blocks (X,ui+1, . .., Xous1)x) are identically distributed it is enough to prove
Assumption 5 for m = 0. For all (6;) € S*landall (8)) € S’;, we have

ZQXT, Z Zleﬁzz—ZZuZ@zﬂm,(l)

i<k i<k i<k

Now we notice that conditionally on (7;) the random variables (Z;; Y« 6iBir,)) are independent.
Moreover we observe that

E(Z1, Z 0B n|(m) = 0

i<k

and for all /, m < p we have

cov(Z Z 0iBit)> Z1.m Z 0iBixp|m) = 1m( Z 0:Bimay) Var(Zy,)

i<k i<k i<k

B(Z11 ) 0inal 1) < V€ max 1zl > 82 )
i<k i<k

< K*Lp* >3 max ||Z4 413
1

where for the last inequality we used Assumption 4. Define

62 = Z Var(Z ¢)( Z 0Bir0) = Z o, Z (Z OBimco) -

t<p i<k u teB, i<k

According to Lemma 41 we have that there exists an absolute constant « > 0 such that

sup ]E (FO 0XTBIm) = By oy (F@N)| < £ p! 22 max 21l (90)

i<k

Now using the definition of 6> we observe that
E(62) = Z o,

To show that 62 converges to E(6%?) we will proceed by showing that for all S < k we have
E(63|ry,...,ng) concentrates around E(62|ry,...,m5_;). The desired outcome then results from
a telescopic sum argument. In this goal we first notice that

> (O 0Bw) o1

k
| ul l1,..,(kEB, i<k

) A2
E(6|ry, ..., ws) —E(07 |y, ..., w5 1)

= Z o Z Z 005 E(BinoBs sl o 7s ) = B(BimBs as o1 - 75 1)

u teB, i#S

To bound this set I ~ unif([|»[]) and J ~ unif(Bg-1(;)) where we denote B~1(i) the index u such that
i € B,. Define iy, = mg o (1,J) and nr; = &; for all i # S. Define

= > Var(¥1 )( Y 6inio)?

t<p i<k
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then we notice that (4, &) forms an exchangeable pair and that

E(67Im1:5) — E((67)*Im1.s)
= Z oy Z Z 9i93E(ﬁi,n,-(f)ﬂs,ns(e)lﬂl, s ﬂs) - E(Bz‘,m(f)ﬁs,ns olmy, ... ,7TS—1)-

u (eB, i#S

Moreover we observe that

&2 —(0') < cré_l( D Z 0i0s (Bi xS x5 (1) — Bimi(DPS x5(J))

i#S
2
+0p Z 005 Bimi(nBS x5 (1) = Biri(HBS s (D)

i#S

Hence using Chatterjee (2005) we obtain that

Var(E(@2fr, o), s 1) < B(167 - (&’)2]2)

max, o
<4 ming 1B |B | Z Z (Zggsﬁzn([)(ﬁS 750 = BS x5 )
p u (<pkeBy 1, ik
,_max, o 5 ,
min, |B, |Z D 5D OB 0B s+ Bins)
p u 7 keB o o
(@) max, o-iL 5 5
= O min, |B,| BS sy + B 5 1)
p’ min, |B,| 7 keBZI S,ms (0) S 75 (k)
B0

max, o-ﬁL max, |By| Z /32
S,

< 16k
p"min, |B,|

< 16kmaxu o-ﬁS2 max, |B,|p'~"

min,, |B,|

where (a) is a result of Assumption 4. Hence as every function f € ¥ is Lipschitz we obtain that

max, o> max, |B,|p'~"

min, |B,|

sup [E(( 3" 6:XB)) ~ By 0,y (F@)] < xp" " max 21,1l + 4\/k

fer i<k

Finally we note that ;< HiGl.Tﬂ[ ~ N(0, %) and the required result is hence deduced. |

Appendix K. Auxiliary Lemmas
K.1. m-dependent Bernstein

The first lemma aims to extend the classic Bernstein’s Inequality from the usual independent setting
to m-dependence, which of course also then includes block dependence.
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Lemma 36 (m-dependent Bernstein) Let Z1,...,7Z, be centered, sub-exponential, m-dependent
random variables, and K := sup; ||Z;|ly,. Then there exists a universal constant ¢ > 0 such that for

t>0,
1 < cnt 1
P( Zt]S4eXp[_;(R/\F):|

- Z Z;
ni

Proof Define r := |n/m], and assume without loss of generality that r is even. Foreach j =1,...,r,
let

jm
Yi= > Z.
{=(j—-1)m+1

Also, define Y, := Z’g:rm +1Z¢. By construction, the set (Y1, Y3,. .., Y1) is independent, as is the
set (Y, Yy4,...,Y,). We can then see that

1 n
P[

I

i=1

r+1
Zt]=P - Yj_

1r/2 " 1r/2 t
<P ;ZY2j+1 2§J+P[;;Yzj _5}

/2
t 1<

> " 2J+P[7 Ys;
r+ ij:l

By the Triangle Inequality, we know that each Y is still still sub-exponential with norm

<P
r

, "_f] o)

jm
il < > 1Zelly, < mK.
£=(j-Dm+1

To bound the first term in (92), we use Corollary 2.8.3 of Vershynin (2018) to say that

P

o2 —= | <2 - (—+1) A

§+1,Z:(; =0 CXP[ ‘\2 (m(r+2)K mz(r+2)2K2)]
U T AN 2

= P 2K 4K?

where above we used the fact that r + 2 > 7. We conclude by noting that this inequality also holds
for the second term in (92) by the same reasoning. |

>

K.2. Lemmas for mixing processes

In this subsection, we present some useful lemmas to deal with S-mixing processes. The first one
allows one to relate the expectation of a bounded function of mixing data to the one of independent
blocks.
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Lemma 37 (Yu (1994) (Corollary 2.7)) Let K > 1 be an integer and let ri < s < rp < --- < §g
be a sequence of integers. Let X = (X;) be a stochastic process taking value in RP. Suppose that
h : TTe<x RPSC7 — R is measurable function. Let Q be the distribution of (X;) jeur,.s,) and Q; be
the marginal distribution of(f(j)je[ri’si]. Let Bmax = sup<;<x_1 B (ki), where k; = riy1 — s;, and the P
the product measure P = ]_[ilil Qi. Then if ||hl|c we have,

[Ex~o[h(X)] = Ey~p[A(D)]| < (K — 1)BBmax
We adapt this lemma to hold for functions with bounded moments.

Lemma 38 Let K > 1 be an integer and let ri < s1 < rp < -+ < s be a sequence of integers.
Let X = (X;) be a stochastic process taking value in RP. Suppose that h : [],<x RP*l — R is
measurable function. Let Q be the distribution of X 1) jeUlre,se) and Q; be the marginal distribution
of (Xj)je[ri,si]‘ Let Bmax = supi<;<x_1 B ki), where k; = riy1 — s;, and the P the product measure
P = Hfil Q;. Then, if there exists L > 1 such that IEXNQ[h(X)L], Ey.p[h(Y)E] < 0o we have

[Ex~olh(X)] = Ey-p[h(W)]l < 2(K = DBmax)' " H(Ex~oh(X)))'E + (By-p(h(Y)?) ",

Proof Let C > 0 be a positive constant then define K€ as the following function RE (x) = h(0)I(h(x)| <
C). Now according to Lemma 37 we have that

[Ex-olh€[X1] - By ~ PIAC[Y]]] < (K = D)CBmax

Now, moreover, note that

[Ex~o(ACOIIAO| > €)) = By~p((NI(AY)] > C)) Ex~o(h(X)") + Ey~p(h(Y)"))

Sm{

Hence, by triangle inequality, we obtain that

1
Ex-o[h(X)] = Eyplh(V)]I < (K = DChax + 7 {Ex-0th(X)") + Ey-p(h()")}.

(L-1Bx-oh0 4By ph(1 ) %

By choosing C := ( (K=D)Bumax

we get the desired result. |
The next lemma establishes concentration for some function of S—mixing random variables.

Lemma 39 Let (X;) be a sequence of random variables with mixing coefficients (5(i)). Assume
that there exists a process (Z;) of centered independent random vectors such for every i € N there
exists constants (c; ;) such that we have

X,' = Z Ci, jZ je

JEN
Suppose that K = sup; \VPIZjlly, < oo and that Var(Z;) = X/p is such that Apnin(X) > ¢ > 0.

Moreover assume that there exists € > 0 such that S = Y /e ﬁ(ﬁ)i < oo. Then there exists
constants C,C, C’ such that for all g € S,

P Y XTP ~ B(XI )| 2 1) < 2 ¥ min e )

i<n
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Let (G;) be a sequence of centered Gaussian random variables such that for all t > 0, Cov(G) =
Cov(X) then we obtain that there exists universal constants Cy, C, CN'Q > oo such that for all g € S,

- szl min(%,éé)
P(| Z(GiTﬁ)z _ E((GiT,B)Z)| > f) < 2e SWE ngig/p2)
i<n
Proof Firstly we remark that we can assume without loss of generality that there exists an M € N
such that X; = <y ¢ ;Z; for all i < n. We define F, := . B¢Zy ¢ and remark that the process
(F,y) is still a sequence of independent random variables that are K||8|*/p subGaussian. Moreover
we remark that for all i < n we have

ﬁTXi = Z Ci,mFm-
m<M
Define Cy := (c¢; j)i<n,j<m then we immediately note that
D UBTX0? = Fh(ChCa)Fon
i<n

Hence using Theorem 1.1 of Rudelson and Vershynin (2013) we remark that there exists C > 0 such
that

| YKt =X = ) < 20 o ™ g i)
i<n
We note that
(CJLCM)ml,mz = Z Ciim Cjmy-

i<n
Hence we remark that
T 2 2
ICHCullzs = > (D CimCims)
my,my<M i
_ 2
- Z (Z Ci,mcj,m)
i,j<n m
We observe that if we define v := (1,..., 1) then we have cov(XiTv, Xij) =>m ci,mcj,mvTZv. As

we assumed A,,,;,(X) > ¢ we obtain that v/ Zv > ¢. This implies that
ICHCulls < ©7 > Cov(X!v, XI'v)%,
i,j<n

To further bound this, we note that according to Lemma 26 of Austern and Orbanz (2022) we know
that
lcov(y" X, v X)) < 4B — )7 max VX3,
1

which directly implies, coupled with the fact that XI.TV is a Kx subgaussian random variable, that
there exists a constant C > 0 such that

2+€

_ . o\ 26
ICHCallis < 16077 ) Cov(X{v. X[vB(i — j)¥ max | "X}
i,j<n

< Cn(c)%S
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Similarly we obtain that there exists a constant C’ such that

ICHCuMll < sup. D i€y < C'©7'S.

M <M

Combining this together we obtain that

P(| > XIB? ~B(XIBP)| = 1) < 2¢ iy (i &)

i<n

To prove the second statement, we observe that (GZ.T,B) is still a Gaussian process. Hence if we let

N := (N))i<n be a vector of standard normal we obtain that ZiSn(GiTﬁ)z 4 N”%,N where ¥, :=

Cov((GiT,B)?zl). Hence for every ¢ > 0 we have that

P DG - E(GTpY| 2 1) < P(|NTE,,N “ENTZ,N)| > 1)

i<n
To further bound this the first step is to bound. In this goal we remark that (%,,); ; = COV(GiTﬁ, GjTﬁ) =
Cov(XiTﬁ, XJ.T/B). Now once again using Lemma 26 of Austern and Orbanz (2022) we know that

leov(6" X, fTX))I < 465G — )7 max BTl < 4BI/pAG ~ )7 max Xl
LIpl= vp

This directly implies that there exists another constant C; such that
IZall7 < (1BI3/p)*C2 V.

We moreover similarly notice that there exists another constant C‘é such that

I24]) < max > cov(X{8. X[B) < 1BI5/pSC;.

j<n

Hence using the Hanson-Wright Inequality (Theorem 1.1 of Rudelson and Vershynin (2013)), we
obtain that there exists a constant C, > 0O such that

- szl min( ’C% ,Cé)
P(|NTZnN _ E(NTZ,,N)’ > 1) < 2e SWRP b

K.3. Smoothing lemma

Lemma 40 For every 6 > 0, there exists a family of continuous and %-Lipschitz R — R functions
(hr:5)rer such that, for any x,y € R,

(i) (%) < Ix < 7} < hryss(X);

(ii) |hes(x) - Ix < 7}| < Ixe[r-6,7)}.
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Proof of Lemma 40. We construct /.5 as

1 fx<t-6,
hes(x) = (5 ifxe[r-6,7),
0 ifx>t1,

which satisfies (i) automatically. To prove (ii), we first note that
Ifx <1t-06} < hes(x) < I{x <1},
which implies the desired bound that

|hes(0) - Ix < 1} | < Hx e [t - 6,7)} .

K.4. Additional Lindeberg Lemma

Lemma 41 Suppose that (X;) are independent, centered random variables. We obtain that there is
an absolute constant k > 0 such that

sup [Ef | > X;|-Ef| > 7 (93)
feF j<n j<n

Kny\1/3
S(Zz) max Xl (94)

where (Z;) is an independent sequence of independent and centered Gaussian random variables.

u+e rt+e

Proof Let f € 7, and let € > 0. Define f.(u) = ﬁ o J_c fO)dydr. We remark that fe is three

times differentiable and as f is Lipschitz we have sup . |fe(x) — f(x)| < 2e.
Write

Xj(t) = \/ZX]'+ Vi1 —lGj

and

Xj’o([) — Oif m = J
" X;n(t) otherwise.
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Using the fundamental theorem of calculus we obtain that

B x) - B 2)
J J
< fo | |a,E<fE(Z X;0)|dt
¢ IEerXU»ZN )

< f Y B XL \[ 5 \/_])l

j<n
f ;‘E (Zx!o( ) = 2\/_ 2\/_][X Vi+2Z; V1 -1] ’dt
f ;|E 3)(ZX(I)) 2\[ 2\/_][)( Vi+ZNT 1] |dt

<@+ b))+ (o)

where 3 X () e [XX(0), % X9(1)] and where d; is a result of the product law and d, of Taylor’s
expansion. Using the independence between X/0(f) and X ; and Z; and the fact that those latter are
centered, we obtain that (¢) = 0. Similarly, we notice for all j < n that

7 ,0 Z
B(f/ Q) X0 —= N 2\/_][X Vi+Z;V1-1)
E(f7 O X500 )( 7— zvz_][x Vi+Z;V1-1)
XZ 2
<E(f/Q X )E(l5 - 2J ])=0

Hence (b) =
Finally we can note that || f5(3)|| < ;iz. Hence, thanks to Jensen inequality we know that there
exists absolute constants C, C, > 0 such that

E fé3><ZX<r>> S N VT
: j_ZE( 2X\jf 2\/IT’X Vi 2 V=)

< S max(XIE, ||zj||3>[7 ' \/%]

< 6%max(||Xj||3, V3IX,13) [\f \,%]

< S IXjlls|—= +
2 3[ Vi \/l_—t]
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where we used the fact that if Z ~ N(0, 1) then || Z|l3 < V3 coupled with the fact that ||Z;[|, = [|X]]]>.
Hence we obtain that there is an absolute constant x > 0 such that

Kn
(€) < — max||X;I3 (95)
€- j<n
. . ) 1/3
This gives us the desired result by choosing € := (Kl’l) max <, || X/ll. |

K.5. Asymptotic normality under local dependency assumption

Lemma 42 Suppose that (X;) are centered random vectors such that the array (X;)ir is locally
dependent. Write B;¢ the dependency neighborhood of the entry X;¢. For a fixed q € N, let F, be
the class of R — R continuously differentiable functions with ||f|l < 1 and |||0f||llc < 1. Then
there is a constant C, > 0 that depends only on q such that

00X Bui K 601G B
sup sup |Ef : — Ef :
feFq  BiirPig) k k
Ol seees eqeqsk—l Sy ! Ziz1 04X Byi Zic1 04iG] Byi
- 1/2q+1)
< Cy (K p**7" max By max [Xel7,) 7L (96)

where S¥=1 denotes the unit sphere in R* and (G;) is an independent sequence of mean-zero Gaus-
sian vectors chosen such that cov(G;, G ) = cov(Xi 1, Xjm).

Proof Fix f € F,. Let € > 0 and define a smoothed version of f,

) 1 Uj+e€ Uy +€ 11 +€ ty+€
fou) = @fl_f f ---ftq_gf(y)dyl...dythl...dtq :

ug—€ 1 —€
Note that f is thrice differentiable and, as f is Lipschitz, we have sup, |f(x) — f(x)| < 6€ +/q. Write

— a. -

jl
Xj(l) = \/;Xj+ Vl—lGj, aj = (91]',31]'1, ,quﬂqjl)ERq, Aj = ERqu,
— a]T.p —

and

0if (], m) € Bl‘j
X;m(t) otherwise.

(Xjico0(®),, = {
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Using the fundamental theorem of calculus we obtain that

01X Bui k0GB

B i |-BA| = B[ X X7 - B[ 2, 60|
Zf:l quXiT Iqu Zf:l giniT ,qu

B2, X 04| ar

1 1 . .

@ f [E[os.>, XT0A)) Zi<kAlT(;i[/; - 2\;%)”&

(dz) 0
f |Zl<k ka aff(z z[O(t)A ) all(% 2\/1T ]’dt

f |Zl<k ka Z(! D)eBiy [(Xzf‘/_"‘ G V1 )a~T~32fe(Z ,go(t)A )

(2«f 2\/1T ”

+ E[HZZ E ) (e Vi+ G V- 1)

i<k (<p (D), 52)
Bl 14

(Xlsz\/_+G12€ V )(all®al€®a

i, 52

]dt
<@+ b))+ (),

where X i) € [X(0), Xi10(0]. In (dy), we have used the product rule; in (d>), we have used a
third-order Taylor expansion together with the bound that 103 felloo < ﬁ Using the independence

between X ¢0(¢) and X; ¢ and G;, and the fact that these variables are centered, we obtain that for
alli < kand ¢ < p we have

E[afe(Z zeo(t)®ﬂ)(®ﬂ)T( Vi 2516_—;)] -

Hence we know that (a) = 0. Similarly we notice that

[06 Vi-+ Gy V= 0@ 0)T £ 3, X o0 @7 (25 - ~F)] =
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where we use the independence between (X; ;) and (G; ;) to ignore cross terms and the fact that
E(X; ¢ X;p) = B(GiG; [) Hence (b) = 0. Finally to handle (c), we see that

E[HZZ Z (2)(\&_2%)

isk €<p (i,0),(i2.02)€Bis

X( ~'~‘/Z‘+G V1 )(Xzzfz\/_-’-Gtzfz )(all®a’€®a12[2)
3 OiBsiXii  6siBsuGit\ o n v . A1 —
= E 555 ZZ Z ( 2t zx/l_—t)gf'ﬂfil(x"f\/h(;i’f =1

i<k t<p (G,0),G2.02)eBis

Qszlzﬁvﬂzlz( 10> \/— I+ G;

N ,—1 — t))2 )1/2]
(d3)
- Zs 3,52<q 1<k [ Z Z |0 .

GII
\/1_—t| 058511 |X;’g Vi + Giz m|
t<p (.0).(r.l)eBiy

|

|0§2;2'8§2721~2| |X72,Z’2 \/E + Gzz,zz - t”
(d4)

- Zv 5,5<q Zl<k Z€<p Z(l 0),(i2,02)€Bi ¢ 1Bsil IﬁSll| Iﬁszlzlz
xE[ | i VE+ G V1 =1||X;, 5 Vi + G

=

N 0.0

(ds)

1 1 2 3
= ZSSS2<(] Zl<k Zf<1) Z(l f) (12 fz)EB ¥ Iﬁszl| Iﬁs[l| Iﬁszlzlz (27\/; + zm)(l + Vg) nll’%x ||Xl,f”L3 .

In (d3), we have moved the summations outside a squareroot and an absolute value; in (ds), we
have noted that 6 € S*!; in (ds), we have used that for Z ~ N(O, 1), IZll, < V3. Now
let Bmix)s = (Bmix)stths - Bmix)skpl) € R and MGO e R P>kP be a matrix with entries
M((l’ fg,)(l,, oy = = @, ) € B dI{G",{") € Bj,}. Also recall that by the definition of S, in (4),
there are fixed constants L, 7 > 0 such that ||Bille < Lp'/?>™" and ||Byill» < Lp'/* for all s € ¢,i < k.
Then

B 18- « » 1/2-r 1B ~ -
Zfﬁp 2(7,2),(72,22)63,;/ Bsitl Bsirl Bsi,p,| < L Zfﬁp 2(7,2),(72722)‘53[,5 Bsitl 1By,
= Lpl/z_r Zesp(ﬁmix);M(lb(ﬁmix)Ez
< Lp" P Bmi)sl B | e, M
37..3/2— i,0)
< Lk || 2, M)

In the last line, we have noted that ”(ﬂmix)gllz = i<k ||(/3mix)§;||2 < szp. Now observe that the
(i’, €")-th column of the matrix },<, M @0 is given by

op

op

(D0e, M) € BT, £7) € Byy)

Since |Bi¢| < max;|Bj|, the column has at most max; ¢ |B; (| non-zero entries. For each (i”,{"),
since the dependency neighborhood induces an equivalence relation and |B;» ¢#| < max;¢|B; |, the
("', ¢")-th entry cannot exceed max;¢|B;¢|. In other words, the /;-norm of each column vector of
Qo< » MO cannot exceed \/max,;g |Bi.¢| X max; ¢ |B; > = max; |B,-,g|3/ 2 which implies

) ] . 37..3/2-r C13/2
Zfﬁp Z(;,Z),szz)EBi,[ Iﬂszll Iﬂgill Iﬂﬁzizlzl <L kp HZI%X |Bl,€| )

"<kl <p :
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Combining the bounds, we obtain that for some constant C, > 0 depending only on g,

¢

(©) < o

2 _3/2- 3/2 3
K2 " max By ? max||Xillj,
1, 1,

This gives us the desired result by choosing € := (C, k? p3/2—r max; ¢ |B,;g|3/ 2 max; ¢ ”Xij”i})l/ Q2g+1)
|

K.6. Polynomial Approximation Properties

In this section we discuss some of the properties of our polynomial approximation that are used in
the proof of our main theorem and also Theorem 27.

Lemma 43 Let @, 6,y, 7 > 0. Then there exists finite D = D(k, a, T) such that, if we define

D
1
Op(x):= ) (1=0  Ro(x):= —~ Op(x).
=0

then

<T

<o)

a3 g wiln;UT 2
Ei ) [RD (¢e o X jes; 3101 i)

Proof For ¢ > 0, define the event

A = |UT
o= (gl

sz}: ﬂ{|UjT/5’

JEB;

Then we have that

P(A) 2 P[U {]U}ﬁ > z}]
JEB;i
> t)

(i)
<

P (| UTp
Jje€Bi
) 5 e/

JEB;
< Coke™". (97)

where (i) is via De Morgan’s Law, (i) is via a union bound, and (iif) is from (60) which bounds the
sub-Gaussian norm of each |U1Tﬁ’ along with Proposition 2.5.2 of Vershynin (2018). We can then
say that

oS ot U, 2] @ ~ 3 jes, 030, UTB)
Bup [RD ( (s w,f(nj,Ujﬂ)m) ] 2 B < Ro (e @Y jes; w]é’(n/,U,-ﬂ)) >.k
2
(i) 0 3 jes, w5l UTA)
B <E(i,k) [RD Y ]>ik
_ . . . 2
(i) <E(i,k) [RD (e @ ey il U] ﬁ)) Hﬂ’]>i k %)

Pir . TTTRN2
+ <E(i,k) [RD (e—a 2 jes; w][(n],Uj ﬁ)) Hy{;]> (99)
ik
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where (i) is because Ré is convex, as it is the square of a positive, convex function, (i) is because
E¢xl ] and ( );x commute, and (iii) is the Law of Total Probability. We first bound the term inside
the expectation of (99) as

. 12
By [RD (e—a 2jes; w,-f(r,j,U]Tﬁ))Z Eﬂf] (é) E [RD (e_a 2jes; wif(”f’U/Tﬂ))4] / P (ﬂf)l/z
CE [e“" Zjes; wf“’lf’U}ﬂ)]l/Z Cs Vke ™
(2) SR Cy Ve
= C(k, a)e_”z, (100)
where (i) is via Cauchy-Schwarz and block dependence, (ii) is via (97) and the fact that
1 1
Op(x) >0 = Rp(x) = i Op(x) < p

for x € (0, 1), and (iii) is via (62). Thus, if we choose ¢ sufficiently large, namely
1 2C(k,
t> \/—log( ( a/))’
c T

P TITRN2
Fep [RD (e—azjeg,. w,f(n,,Ujm) ]Iﬂ;-] < % (101)

then (100) yields that

For (98), we know that since the event A; occurs in this case, we have

A = Y witip)< . U

JjEB; JjEB;

+1<k(t+1),

and so this forces that the argument of Rp satisfies

exp [—a' Z w jfj(ﬁ)] € [e7®+D 1,

J€Bi

By definition of Qp(x) being the power series of % with radius of convergence equal to 1, there must

exist D(k, @, 7) such that
p
sup  [Ro(x)] < \g
xe[e—nk(rﬂ),l]

This means that the term inside the expectation of (98) may be bounded as

in- UTRN\2
E(i,k) [RD (e—UZjeﬁi wjf(T]pUjﬁ)) Eﬂz < T (102)

_59

and so the result follows from this choice of D by combining (101) and (102).
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K.7. Properties of sub-Gaussian Vectors

Lemma 44 Let Y be a sub-Gaussian vector in R% with sub-Gaussian constant K. Write Ty :=
Var(Y). Then there exists C > 0 such that

[ Zyllop < CKZ.
Proof Define Z := Y — E[Y], which by Lemma 2.6.8. of Vershynin (2018) is still sub-Gaussian with
IZIly, < CiK

for some fixed C; > 0. Now, let v € R?. We first know by Definition 9 that since Z is sub-Gaussian
with constant C1K, ZTv must also be sub-Gaussian with constant at most C;K][v||. We observe that

i (ii)
VIZyv @ Var(ZTv) < CoK2 ||,

where (i) is because Y and Z share the same covariance matrix, and the inequality in (ii) is via
Proposition 2.5.2 of Vershynin (2018). This lets us conclude that

VIZyv

< CZKZ,
[IvI[?

and since this holds for all v € R, it holds for the supremum, which exactly defines the operator
norm as Xy is necessarily positive semi-definite. |

Appendix L. Proofs for the dependent CGMT

In this section, we prove Theorem 13, which recovers Theorem 5 directly, and Corollary 7. The
proof recipe is similar to that of a standard CGMT: We start by proving a Gaussian min-max theorem
(GMT) on discrete sets in Lemma 45, proceed to extend it to compact sets in Lemma 46, and then
prove the results in Theorem 13. Corollary 7 then follows directly from Theorem 13(ii).

As with the standard CGMT, the Gaussian min-max theorem (GMT) on discrete sets is proved
for a surrogate optimization problem. Let (&;);<p be a collection of univariate standard Gaussians
independent of H, and define

M
pe ‘= min max LS w, i) , where LS w,u) = wTHu + wllsollullse + f(w, u) .
S5, = min max Lo(w,w & v u) S Elwlisollilso + £Ov, u)

We also recall the risk ¢/, 7, of the auxiliary optimization defined in Theorem 13.

Lemma 45 (GMT on discrete sets) Let 7, C R?, 1, C R" be discrete sets, and f be finite on
I, X1, Thenforallce€R,

P(q’i,,, ;20 = Pyr,r,>0).
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Proof of Lemma 45 Similar to the proof for the standard GMT (see e.g. proof of Lemma A.1.1 of
Thrampoulidis (2016)), the proof relies on an application of Gordon’s Gaussian comparison in-
equality (see e.g. Corollary 3.13 of Ledoux and Talagrand (1991)) applied to two suitably defined
Gaussian processes. Consider the two centred Gaussian processes indexed on the set £, X 1 ,:

M
You =wHu+ Y~ &lwlsollulso ,

M < 1/2 1/2
Xpa = Yo, (IWlsohf EO)2u+wT(20) g lullse) -

To compare their second moments, we use the independence of H and {&;};<js as well as the inde-
pendence of (h;, g);<y: Forw,w’ € I, and u,u’ € I, we have

(a) M
E[Yw,qu’,u’] - E[XW,LtXW’,u’] = E[WTHM(W,)THM,] + Zl:l ||W”Z(/) ||W/||):(1) ||M||i(/) “u/”i(l)

M &(1 I
= >0 Uwllso Iwllgo u™SPu + wr=Ow lullso 1 llso)
) M I (1
= ey (WO wTEOW w19 llso lullso 11 lso
= Iwllgo 1w llso w01 = wT=Ow lullso ' llso)

M ~
= > (wllso W llso = wT SO )(lullso ' llso — u™E00’) .
(103)

In (a), we have used that &’s, h;’s and g;’s are all standard Gaussians; in (b), we have used
Elw Hu(w)THW') = 70, >0 wiwjuu, E[HijHy ]

_ M n P (IR (0
= Zz=1 Zi,i’:l Zj,j/:l leii’wi’ujzjj'uj’

M ~
= 21:1 wTZOy 780y

By the positive semi-definiteness of ' and £, (103) is non-negative, and equals to zero when
w = w’. This shows that the Gaussian processes (¥, ) e I,uel, and (X, ;) we I,uel, verify the condi-
tions of the Gaussian comparison inequality (Corollary 3.13 of Ledoux and Talagrand (1991)) and
therefore for any real sequence (4,,,) e T,uel,>

P( ﬂweI,, Uve[,, {Yw,u = /lw,u}) > IP)( mw(:‘]',, UVEI,, {Xw,u = /lw,u}) .
Choosing A, = —f(w, u) + c yields that

P( min max (Y, , + f(w,u)) > C) > IP( min max (X, , + f(w,u)) > c) .
wel, vel, ’ wel, vel, ’

Noting that the two min-max quantities correspond to ‘I’ip, I, and ¥ 1, 1, concludes the proof. |

The next result extends Lemma 45 to compact sets.

Lemma 46 (GMT for compact sets) Suppose S,, C R? and S,, C R" are compact and f is con-
tinuous on S,, X S,,. Then for all c € R,

PP ¢ 20) = Pls,s, > 0).
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Proof of Lemma 46 The proof is almost identical to the proof of standard GMT results for compact
sets, now that we have established Lemma 45: We show by a compactness argument that both losses
only change a little when replacing S,, and S, by their d-nets S‘Sp and 8¢, induced by the Euclidean
norms on R” and R? respectively. The only difference from their proof is that we use a slightly
different concentration inequality. Therefore we only set up the essential notation, highlight the
differences and refer interested readers to the proof of Theorem 3.2.1 of Thrampoulidis (2016),
found in Pg 185-187.

First fix some € > 0. Since f is continuous and thereby uniformly continuous on the compact
set 89 x 89, there exists some 6 = §(e) > 0 such that for all (w,u),(w’,u’) € S, x S, with
l(w, u) = (W', u)|| < 6, we have || f(w,u) — f(w',u)]| < €. Use this 6 to form the 6-nets S’ and S5,
We also write || + ||, as the operator norm of a matrix, and write

S = maxigey max{|Zlop, [EVlop}  and K = max {sup,cg, W, sup,cg, llull} -
K is bounded since S,, and S, are compact, and forw € S,,, u € S, and [ < M, we have
vl < K, IWllso < SK, llull < K, lells < SK.

Then by the same argument as the proof of Theorem 3.2.1 of Thrampoulidis (2016), there exists
wi € Sy, Wy € S5 with [lwy — will < § and u; € S such that
A% = min max L (w, ) — min max L (w,u)
y o weS;, ueSs Lyg\W, weS,, ueS, LgW,
< LS,(Wy,up) — L, (wi,uy) -

Computing the difference gives
A?y < (W] —wi)THu; + A;I & (IWillso = lwillzo)lluillso + (FOW], u1) = fwi, ur))
I=1

M 4 /
<OIHIK + SK Y~ &llw) = willso + [FW], ) = flwi, )l
< SKIH|| + 652K S 1é] + €.

M . . .
We seek to control ||H|| and 21:1 |€] via concentration inequalities. Let vec(H) denote the RP"-
valued vector formed from the entries of H, and £y := Var[vec(H)]. Then we can express, for some
RP"-valued standard Gaussian vector 7,

IHI? = lvec@DI* = n" Zuy.
Then by a Chernoff bound, we have that for any 7 > 0,
P(H| > 1) < infusge  E[e™I] = infas e E[e? 7 201]

Applying the formula of the moment-generating function of a Gaussian quadratic form (see e.g. Rencher
and Schaalje (2008)) followed by setting a = m, we obtain

e e 1@IEHlop)

<
\/det(l,m - ZGZH) \/det(lpn - mZH)

P(H|[ > #) < inf, < P2 o=/ (nllop) 104
(HIl > 1) a>0 (104)
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On the other hand, a standard concentration result on univariate Gaussians yields
P(&| > 1) < 2e12 .
Taking a union bound, we obtain that for any ¢ > 0,
P(AS, < 6Kt +6S KMt +€) > 1 —2P/2 g 1@IEmloy) _pppe=r/2
and therefore for any c € R and r > 0,

P( min,es, maxyes, Lﬁ,(w, u) > ¢ — 6Kt — 6S*KMt — €)

. 2 2
2 P( min, g max,cg Li,(w, u) > c¢) - 2PM2 7 /GERllop) _9p=t7/2 (105)

A similar argument as in the proof of Theorem 3.2.1 of Thrampoulidis (2016) shows that, there
exists wy € 89, uy € S,y and )y € S with [luy — u)| < 6 such that

min max Ly(w,u) — min max Ly(w,u) > Ly(w),u5) — Ly(w2, uz)
weS) ueS; weS,, ueS,

M S ’ ’
= > (Iwallsoh D)2 - ) + wi(ED) Pgi(llyllso — llallso)
+ (f(wa, uh) — f(wa, u2))
M
> 657K " (bl +ligl) — € .

Applying (104) to each |/hy|| and ||g;|| yields that, forany ¢t > Oand 1 </ < M,
P(hy > 1) <2214 and Plg/ll > 1) <2PRe 14
Taking another union bound, we get that for any ¢ > 0,

P(min,,cs, max,cs, Ly(w,u) > ¢ +26S*KMt +¢€)

< P(min,, g max,cs Lyw,u) > ¢) + 22Me" % 4 202 pe (106)
Now by Lemma 45, we have
P(min, g max,, s Ly(w,u) > ¢) < P( minweS;s} max,c g L?;,(w, u) > c).
Combining this with (105) and (106) yields

P(minyes, maxyes, Ly(w,u) > ¢ +26S*KMt + €)

< P( minyes, maxyes, L,(w,u) > ¢ — 6Kt — 6S*KMt - €)

4 012 go 14 L oPI2 g 14 L onpl2 p 1 @ZHlep) 4 912

The above holds for all e > 0 and r > 0. Sett = 6~ !/2, take ¢ — 0 and choosing a sequence
0(e) — 0, we obtain that

P(minyes, maxyes, Ly(w,u) > ¢) < P( min,es, max,es, Li,(w, u) >c),

ie. POV ¢ >¢) > PWs,s, > o). m
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We are now ready to prove Theorem 13 and Corollary 7.

Proof of Theorem 13 The proof is almost identical to the proof of Theorem 3.3.1 of Thrampoulidis
(2016) given the GMT result from Lemma 46, and we focus on highlighting the differences. To
prove the first bound in (i), we first apply Lemma 46 to obtain that for all ¢ € R,

. M
P(min max Ly(w,u) + )~ &lwlsollullso < c) < PWs,s, <c),
weS, uESd

where (&)< is a collection of univariate standard Gaussians independent of H. First notice that,
by conditioning on the event N;<y{& > 0}, we have that

P(¥s,.s, < c¢) =P(min max Ly(w,u) < c)
weS,, ueS,

. M
< P( min max Ll}l(W, M) + 2121 é:l ”WHZ([)”MHi(l) <c | 617 .o ,fM < 0)
weS, ueS,

which holds almost surely. Since &;’s are all independent and symmetric about zero, and there are
oM possibilities for the signs of (¢1, ..., &), we obtain that

1 1 . M
—MP(‘PSP,S,, <c¢) < 5;P(min max Ly(w,u) + g =1 &lwllsollullseo < c|§1, L E<0)
2 2 weS,, ueS,

. M
< P( min max Ly(w, u) + wllsollullso < ¢
(min max Ly(w, 1) Dy E1lWlisollullse < c)

S P(wSde S C) ’
which gives the desired statement.

The proof of the bound in (ii) is exactly the same as the proof of Theorem 3.3.1(ii) of Thram-
poulidis (2016): It relies on the ability to apply a min-max theorem or a min-max inequality for
swapping minimum and maximum under the stated convex-concave assumptions, as well as the
invariance of the random term of the loss under a sign change. Both hold for our losses Ly and
Ly, since H in our Ly is still zero-mean Gaussian, Ly is a linear sum of independent mean-zero
Gaussian terms and all additional matrices 2 and £’ are positive semi-definite. We refer readers
to the proof of Theorem 3.3.1(ii) of Thrampoulidis (2016) for a detailed derivation, and note that
the only difference in our result is in that the coefficient from the first bound in (i) is now 2M instead
of 2.

The proof of (iii) is also exactly the same as the proof of Theorem 3.3.1(iii) of Thrampoulidis
(2016), which only relies on the three assumptions, the statements (i) and (ii) proved above and a
union bound. We again refer readers to the proof of Theorem 3.3.1(iii) of Thrampoulidis (2016) for
a detailed derivation. |

Proof of Corollary 7 The result follows directly from Theorem 13(ii); see Corollary 3.3.2 of
Thrampoulidis (2016).
|

Appendix M. Intermediate results for applying CGMT to data augmentation

For clarity, throughout Sections M and N, we will index all augmentations as ¢;; where i < m, the
number of original data, and j < k, the number of augmentations. Recall that n = mk. We also write
the label of ¢;;(Z;) as y;(Z;) to emphasize the dependence on the original data Z;.
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M.1. Equivalence of different optimization problems

To prove Theorem 12, we seek to obtain a set of deterministic equations whose solutions charac-
terize the high-dimensional behavior of logistic regression estimate. This involves establishing the
equivalence of a series of optimization problems, which are defined in this section. We also formally
state all lemmas used to establish the equivalence.

Original optimization (OO). The loss on the augmented data computed on 8 € R? is given as
1 k (Z))T A
LyX,X®) = 3 ST (log (1+ WD) —yi(Z) x (6i(Z)B) + 51815 - (107)
Here, the loss is computed on the two dependent R"*” and R"**P-valued data matrices

%Zir—> X'ib
: and X® = | .

X%

m

—(@in(Z)T—
X = : )

where X? = ( :
—(¢ir(Z))T—

T
—Zy—

Let S be any convex and compact subset of R”. We denote the minimized risk over S and the
corresponding minimizer respectively as

Rs(X,X®) = %gsnLﬁ(X, X®) and Bs(X,X®) = argl?inL,g(X,Xq’). (00)
Be

We label (OO) as the original optimization. By our universality result, we may replace the depen-
dent data matrices in (OO) by Gaussian matrices.

Gaussian optimization (GO). Recall that ¥, = Var[Z;] and £ = Var[¢1(Z;)]. We denote the
corresponding minimized risk under Gaussian data as

Rs(Gx,?,G®z'?)

and  Bs(GZ'2,G%=l?) -

minges Lg(GZ,/?, GP2!/?)

argmin Lg(GE!?, G®=)/?) . (GO)
BeS

The risk is computed on the two correlated Gaussian matrices

G? <G>

: ] where G) = : ,

G® —(GE)T>

~G|—

G =

) and G?® =

where 2(1,/ zGi corresponds to Z;, G;DE” 2 corresponds to X?’ and X/ ZG?;. corresponds to ¢;;(Z;), and

E[(G,G®)] =E[(X,X®)] = 0 and Var[(GEY?, G*2'?)] =E[(X,X?)] .

Primary optimization (PO). Since (GO) only depends on Gaussian data, we may adapt the
CGMT technique to analyze its limiting behaviour. This requires a reformulation of (GO) in a
similar way to the reformulation of the primary optimization in Salehi et al. (2019). To make this
reformulation precise, we introduce some more notations. Given an Rk _valued vector v, we denote

o) = (log(1+¢"M), ..., log(l + ")) € R"™ .
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Also write the R”*-valued vector of labels for (the Gaussian surrogates for) the augmented data as

YGEY?B) = (niEV2GD, ... o EPGD, oy EYPG), oy EYG) )T,

repeated k times repeated k times

where we highlight that y depends on G only through the R" vector GZ:,/ Zﬂ*. For d € N, we also
write 1, as the all-one vector in R?.This allows us to rewrite the loss in (GO) as

1 1 . Pl
Ly(GE,?, G2 = — 17 p(G®L'B) - —y(GE, BTG LB + LIl .

Introducing a new variable u € R” and a corresponding Lagrange multiplier v € R"X, we can
consider an alternative loss

1/2 1 1 1/2 o A 1
Lo (GE,°B7, G2 = — 1T p(w) = — Y(GE,*B)Tu+ Bl + —vT(u— G E'B) .

For subsets S € R” and S, S, C R", we denote the minimized loss and the minimizer as

RS 5 (GG = min max {0 (GZ,/%8*, G*z!/?)

pBeS.ues, ves, Bouy

and ﬂggu’SV(GZ(I,/Z,B*,Gd’ZI/z) = arg r?in un;gn max L;’(;’V(GZ(I,/Zﬂ*, G®z!72y . (PO)
ﬂE u V€I

Lemma 47 (Equivalence of (GO) and (PO))

Rs(G2,".G2'%) = RiG o (GE,7p'. G2,

Bs(GZ,?, G2 =80 (GE)PB, GPE!?)
Proof of Lemma 47 The proof is exactly the same to the reformulation of the primary optimization
in Salehi et al. (2019) by the Lagrange multiplier method, and we refer readers to their (37) — (40)
in Appendix C for the proof. n

Auxiliary optimization (AO). Before we present the auxiliary optimization, we notice that two
key issues make our problem more complicated from the setup in Salehi et al. (2019):

+ In Salehi et al. (2019), they have the same data matrices for G and G® with i.i.d. standard
normal entries and ¥, = ¥ = I;. This allows them to project G® onto the subspace orthogonal
to 8, which is independent of GS*, and apply CGMT. In our case, G and G? are different
and have non-trivial dependence. We instead make use of a projection P;- adapted to the
variance-covariance structure in Assumption 11, defined through

.57 B)E.2) )T

P, = 125 %°|P
0 otherwise ,

it 328" # 0

L .
and Py =1,-P,.

*

In other words, Py is a projection onto the subspace orthogonal to 2*2{1,/ zﬂ*. This is explicitly
addressed in Section N.1;
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* As discussed in Section 5, the Gaussian matrix handled by existing work on CGMT is either
one with i.i.d. coordinates, or one formed by multiplying a coordinate-wise i.i.d. matrix by
an R"™ matrix and an RP*? matrix from both sides. Our augmented matrix, G®, cannot be
expressed in either form due to the simultaneous presence of two forms of variances: Each
row of G® admits a variance of / »» Whereas the rows corresponding to different augmentations
of the same data admit a variance of X,.. We resolve this issue by applying our dependent
CGMT (Theorem 5) with M = 2.

Having addressed these two issues, we are able to borrow most of the algebraic calculations from
Salehi et al. (2019) for analyzing the auxiliary optimization, except that the limiting terms we obtain
are different due to augmentations.

To state the auxiliary optimization, let g;, g>,h;,hy be independent standard Gaussians such
that g;’s are RP-valued and h;’s are R”*-valued. We also denote the collections g = (g, g») and
h = (hy, hy) for short, and define the matrices

Lixk
% = ZVPPLI, - 2)PEY? 8, = SPPISPIEYR D gy = ( ]eRka’”k.
Lixk

The loss of (AO), parameterized by 8 € R” and u, v € R", is given as

AO o — 1. R N STty R SO Sy ) DA S
Ly (y,G P.,gh) = mkl  PU) Al s 2n||,3||2+ vl u—-G P.Z'pB) vl hy||Bllx,

Bou,v m

1 1/2 1 1 1/2
— —Ivlig )8 = —=5vT JhalBlls, — ~— vy, 832,78

Note that we have abbreviated y = y(GZ},/ 2,8*). We also denote the minimized loss with respect to
the subset (5,5 ,,S,) C R? x R"™ x R as

RS 5 (v.G®P..g.h) = min maxLj) (y.G"P..g.h). (AO)

BeS.ues, ves, Biwy

The next result applies Theorem 5 to convert (PO) into (AO).

Lemma 48 (Equivalence of (PO) and (AO)) Suppose Assumption 11 holds. Let S C RP and
Su, S, € R™ be compact, convex and non-empty. Then all conclusions of Theorem 5 hold with
¥s,.s, replaced by Rg% s ’(GZ;/ 2+, G*21/2) and ¥s,.s, replaced by R?(g 5. (v, G®P., g h).

Scalar optimization (SO). The next step is to convert (AO) into a scalar formulation. For
convenience we write ||+|| = ||+||> as the Euclidean norm throughout this section, unless otherwise
specified. While the form of the optimization is complicated, we note that the terms are largely
similar to the AO in Salehi et al. (2019), except for additional parameters (o, v1, 71, T1) introduced
to handle the additional covariance across different augmented versions of the same data. To define
the scalar formulation, given the convex compact and non-empty subsets S ¢ R”, S,,, S, € R", we
define the following compact domains of optimization:

Sn = {g=lPaoll|vesi) . S = (=lPaoll|ves.).
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where we have defined the projection matrices P, := %Jmk and write Pljlk = Lk — Pi. Also define

o ._ (VB)EB
s* = | e

where v(8*) i= P 2.2 2B, k. = .25/ *B*|. Define

Bes).

Soy = {Ild, —ZOPIZ Bl |BeS),  Sq, = {IZ.PE'BI|BES].
The optimization will be performed over the two R>-valued vectors
= (@, 01,02,v1,v2) € SYX S5 XSq X (R )?
= (r1,72,71,72,60) € Sy XSy, x(RE?XR = 52.

We also define Py = (Z7)!/2Z1/2, the projection onto the positive eigenspace of X, and the matrix

1
(P -2+ EZ* .

Sor =

20']7'1

Also define the Gaussian random vectors

. GO 2.5 B r ) o)
q = \/— (:8 ) = m s ha,O' = k.aq—o1h) - ﬁ-]mkhZ >
g = r1\/+_r2 (Pz 2*)g1 — % Z*gz .

For a function f : &’ — R and some S’ C R™, we define the Moreau envelope
. 1
Ms(f;v, ) = min f(x) + z—llx - V||% .
xeS t

Now we are ready to define the loss

2,2
S0 -, n, _ ok Wit y2e eyl
L5y.a.gh) = — 50— 22+ o+ o0+ adi? ro,m + Meaes AEE @+ 76 )|
1 2 B
+ ﬂMy,ha,mnv - 21,5 mk||)’|| ky ha,o- B
where we have defined the nested Moreau envelope My ., via
~ 1
1 N T (74 e pt
Mﬁa,a,r,v(u) = MP;k(S,,)(lmkp(u + )a Pmkhll,(fa erl) s

Mstla,(r,r,V = MPmk(Su)( y Pmkh(lf,()' ) r2V2) )

By
as well as another Moreau envelope like term
My = min 5 SlPsull + S22 - SEL) 2@+ B + gl Px
The minimized risk is denoted as
S S 5,(¥:q.8,h) = min max min Lso(y, q,g,h). (S0O)

@€S | feS, XES3

The next lemma shows that (AO) can be replaced by (SO) in that it satisfies similar inequalities
as (AO) in terms of their relationships to (PO). The inequalities in the result are to be compared
with those in Theorem 5.
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Lemma 49 (Equivalence of (PO) and (SO)) Letr S € R? and S,,S, € R pe compact, convex
and non-empty. Also assume that the linear span span(S) = RP. Then for any c € R,

P(Rg,osmsv S C) S 4P(R§?S‘u,sy = C) and P(Rg%u,sv 2 C) S 4P(R§aOSu»Sv 2 C) '

If instead of S, the set of values of B we consider is the non-convex set
Sce = S\{BE€S | I(PP)TZ(PsB) — c| < €}
for some c € R and some sufficiently small € > 0 such that S . ¢ is non-empty. Then we have

PO SO
P(Rg, 5,5, <€) <4P[R; 5.5, < ©).

Deterministic optimization (DO). The next step is to compute the asymptotics of (SO) as
m,p — oo and p/m — «/k for special cases of S C RP. The limit is given by a deterministic
optimization

2-2 =607
. loa o r r _ kK _ b%
RO = min max L - I’O’(”T +er
aes® (r1.r2)€Sp xS, 2T 202 2 2n 2007, Fisnt
(0'150'2>ES<)'1 XSU'Z 71,7220
v1,v220 feR
1 o _
~ T aElo(®&,Zo + K Z1)KZ1 | + M7, (DO)
where we have defined the limits
R = ,}L‘E‘OK* = 1}1_{1;10“2*20 Bl ko= [}Lngoll(lp—i*)zo Bl
_rbor ._ (1 +n)oiT —oT r§0'27'2 —oT K201 —oT
X1 = ok X11 5 X2 7 X3
_rbor _ (Aot g 9 20 g1 20 22 o
X2 = X X T 10Tk +ORKOIT XG5
oot . AnPoiT _or 5 20 o1 22 22 o
X3 = Z X31 T 105753, + 07K 05T X35
with
Tr (22457 + 1) (Ps - 2.))
=0T . : m 14
X o= lim ,
m
Tr((Z2245 +1,)'s,)
=0T . : m 14 *
X1, = lim ,
m
—OT . 1; O'sz/l T T
Xy o= limTr (B35 +1,) P
o7 + T 2
Cor g RGP+ 1) (P -
XZI = lim m )
i
ot (sl A (Z2 st 4+ 1) 5
) = lIim 1)
X2 m
=0, . 1/2 1/2(02T2d o+ T 2
By = lim [mAEh (225 v ) P
) oA+, e py, (sHR(CEE T 4 Y Py - 3|
a,T 1 2m 5 new m P
T = lim
X31 m ]
1 & V12512 1/2( T2T2Ad st s 12
/?0'77' — llm “(ﬁzﬁ +2‘7'~T) 2 / Pznew(ZT) ! (72 + ]17) Z*
2 T ’

m

_ . Pl - 12 - P
X%T = lim H(%ZT +Ea',‘r) ZI/ZPZHEW(ET)I/z(%E +Ip) P,
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We have also defined an expected Moreau-envelope-like term

VlVl

) 2
M7 = E[mlan 1 p(@) + — = ||(Ik - 1k><k)(ﬁ+o’m)”
ue

ny,

o

2
1k><k( - FTVLO{KOZO + & Z) — ey — ak Z 1y + o + 02201 || ] ,
where Zy, Z1, 25,11, . .., i are i.i.d. univariate Gaussians and 7 = (171, ..., 7x), and & is an indepen-
dent Logistic(0, 1) variable. The two cases of S we consider are

S =S, and S =8¢ = BeS,|| VB EmenB— (57T > €,

where 7 = (7, 72), & = (01,02),  and T = (7, T,) are the optimal solutions to (DO). We also set
es =0forS =S, and eg = efor§ = S¢.

Lemma 50 (Equivalence between (SO) and (DO)) Assume that the set S, C R™ is closed under
2
permutation of the m blocks of k coordinates. Also suppose that as m,p — oo, SUp,cg. % —

2
and sup,cg. Hmlllc — oo. Also assume that the limits k., Xie‘”, )(29‘” and x3

r,12,0,01,02,71,72. Then for S =S, and S = S,

0, .
DOOT exist for every

| 55,5, 4.8 h) — RDO| — 0.

As with Salehi et al. (2019), it remains to prove that the first order condition of (DO) for § = S,
is equivalent to the system of 10 equations (EQs) in (@, 071, 072, T1, T2, V1, V2, 11, 2, 6). This involves
computing the derivative of the Moreau-envelope-like term M PV uging the envelope theorem.

Lemma 51 Assume that the minimizer-maximizers of (DO) are within the interior of the domain
of optimization and that S = S,. Then these minimizer-maximizers are solutions to (EQs).

M.2. Verifying conditions for different augmnetations

Isotropic data with no augmentation. Salehi et al. (2019) derives a set of equations that gov-
erns the behavior of high-dimensional logistic regression with ridge regularization, isotropic data
and no data augmentation. Here, we verify that our formula recover their formula exactly as a spe-
cial case, and that (ry,v2, 02, T2, @, 0) play the role of the parameters in the original unaugmented
optimization.

Lemma 52 Suppose that Xyew 4 Zy with Var[Z] = l—l)l p» that k = 1 and ¢1(Z;) = Z; almost surely
foralli < m = n. Also write y = i, p(+) = log(1 + exp(+)) and denote the proximal operator
Prox;,.)(v) = argmin zlt(v -x)? + p(x). Then (EQs) is equivalent to the following system of
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equations:
6= 2,
LA
_ Ky
I
0'2&
o=,
Y
O—ZK - 5 R = - 5 = 2
- = E[0p(=k.Z1 )(aR.Z1 + 0225 — ProxXy o (k. Zy + 0222))] ,
_ 20" (—k.Zy)
! - +yAk = E| T+ 90 (Prox e (K., +(rng)>] ’
~5 = ElOp(=RZ)Proxyp )R Z1 + 02 2)]

B
vr

withry =01 =0, v|,71 = 00, K = lim,_, and k = lim p/n.

Remark 53 (i) Lemma 51 and Theorem 12 apply even though the values of r1, o1, vi and T\ are
not in the interior of the domain of optimization, as these variables can be removed much earlier in
the proof of Lemma 49 and allow us to handle only a smaller system of equations. Moreover, the
only quantity )ESG’U’T that enters the test risk is independent of these variables. (ii) To identify the
equations in Lemma 52 with those in (14) and (16) from Theorem 2 of Salehi et al. (2019), we note
several notational differences: We have used k = lim p/n, whereas they use § = limn/p; our k., Z;
and Z» should be identified with their k, Z1 and Zy; our ry, 0 and 15 should be identified with their
r, o and T, our regularization is defined as %ll «|? whereas theirs is defined as %pll «|, so to see the

equivalence, one needs to make the replacement A — k™" above.

Random permutations and sign flipping. Recall the setup for random permutations and
random sign flipping in Section 6. We first verify that the equations (EQs) do apply to these two
augmentations in special cases. In view of Theorem 12, the key condition to verify is Assump-
tion 11.

Lemma 54 Suppose the coordinates of each ZY) are i.i.d. within the group. Then Assumption 11
holds for random permutations.

Lemma 55 Suppose Var[Z,] = %I p. Then Assumption 11 holds for random sign flipping.

Random cropping. Recall the random cropping scheme defined in Section 6. While random
cropping does not satisfy Assumption 11, it does satisfy a slightly relaxed notion of Assumption 11:

Lemma 56 Suppose Var[Z] = %I p. For random cropping, there exist some ay,ay > 0 such that
() Z. =ai(EH"? Covigi(Z1), Z11ED'? and (i) £2 = a. . (108)
The core CGMT statement — the equivalence of (PO) and (AO) — does hold for random
cropping. To see this, notice that Assumption 11 is equivalent to having a; = a; = 1 in (108). We
observe that to prove the equivalence of (PO) and (AO) in Lemma 48, Assumption 11 is only critical

for showing the independence of the differently projected data matrices, which hold even under the
rescaling a; and a, in (108); see the proof of Lemma 57 below. As such,
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Meanwhile, a tedious extension of (EQs) also holds for random cropping. Notice that Assump-
tion 11 is used again only in the calculations from (110) onwards in the proof of Lemma 49, which
relates (AO) to (SO). There, we only use the idempotency of X, such that X, and I, — X, are projec-
tions onto orthogonal subspaces, which simplify many subsequent calculations. If instead (108)(ii)
holds, a similar calculation still works by writing X, = | + > and [, — Z, = Z; + X3, such that
21, 2> and X3 have mutually orthogonal positive eigenspaces, and X, and X/, share the same positive
eigenspace. This would lead to a system of equations involving (o, 03, 03,71, T2, 73) instead of
just (oq, 03,71, T2) in (EQs), and we omit the calculations for simplicity.

Appendix N. Proofs for Section M
N.1. Proofs for the equivalence of (PO) and (AO)

The next lemma confirms that the projection P, decouples the different random quantities.
Lemma 57 Under Assumption 11, G®PL is independent of (GZ},/ 2/5’*, G®pP,).

Proof of Lemma 57 By Gaussianity, to prove independence, it suffices to check that the covariance
between the random quantities are zero. We first verify that the covariance between G®P} and
GE},/ zﬂ* is zero, for which it suffices to compute

CovIPLGY,, Gy, °B] = P CovI(EN)'Pg11(X0), ()2 X115,
= PEEN"2 Covlgn (X)), Xi1 ()22
= PrE.3)?B = 0.
In the last line, we used Assumption 11(i), and concluded that the covariance evaluates to zero by
the definition of P,. This proves that G® P+ is independent of GZ},/ zﬁ*.

To check the independence between G‘DPj and G®P,., we first note that since X = Var[¢11(X1)],
we have

Cov[PrGYy, P.GY1 = Pr(EN'? Var[p1 (XD &N /P, = PrP. = 0.
We also need to compute
Cov[P:GY,, P.G1 = PH(EN? Covlgii(X1), ¢12(X)1 (E)' P,
=Pz, P,.
Now note that if E*E(l,/ 2ﬂ* = 0, the above evaluates to zero automatically. Otherwise, we have

(282 )

>.P, =X
U : .22

:P*7

where we have used X2 = X, by Assumption 11(ii). This implies
Cov[P;GY,, P.G})] = PfP. = 0,
which proves that G® P+ is independent of G®P.. [ |

Lemma 57 suggests that we can apply Theorem 5 to G® P-X!/2 conditionally on (GZ},/ Zﬁ*, G®pP,).
To facilitate this, the next lemma computes the covariance structure of G?PLx!/2,
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Lemma 58 Fori,i’ <m, j,j <kandl,l' <p,

CovIE'?PLGH, E PG 0] = Undijirj E00r + Unb)ijirj S -
Moreover, X, X1 and X, are all positive semi-definite.
Proof of Lemma 58 Fori,i’ <m, j,j <kand[,l’ < p, we have

CovE'2PrGH), (E2PLGY )]
Cov[(Z"? PN 2¢i(X)), &2 PEED Py i (Xi))r]
i = I{j = /) (Z2PHEH 2 Var[g (X1 D' 2P,
+I{i = I # jH(E2PEED Y2 Covgn (X)), d12(X)] (ED2PEE?),,

(@)
= iy (E2PEE!? - V2PEE PEEYR), L+ Umijey (BV2PEEPEEY?),,

= (Lu)ijiry e + Unidijij E2)ir -
In (a), we have used that (Z)!/? Var[¢;1 (X)) (ENY? = I,, (PL)? = Pt and the definition of ..

This gives the desired formula. Now by the total law of covariance (see e.g. Lemma 41(i) of Huang
et al. (2022)),

%, = EH2 Covig(X1), Pronn(X)1(EhH!?
= N2 VarE[¢ (X)) | X1 (=52

which is positive semi-definite. This implies that X, is also positive semi-definite. Moreover, by
another total law of variance, we get that

% < EDY2Varlgnx)1EH? = 1,

where < denotes the Loewner partial order on positive semi-definite matrices. This implies that
I, — X, is positive semi-definite and so is Xj. |

We are now ready to prove the equivalence of (PO) and (AO).
Proof of Lemma 48 We recall that (PO) can be expressed as

; Ao 1 1/2 ey 7 A L Lot
goun, max oL p) = Y(GZ B Tu+ o Bl + - vTu

1 (O] 1/2 1 D plyl/2
- T T
Al G"P.X/B ad G P.X/B.

By Lemma 57, G® P+ is independent of (GE},/ zﬂ*, G®P,). This allows us to condition on the ran-
dom variables (GZ(I,/ 2,6’*, G®P,), apply the CGMT result to G®PLZ!/2, and then marginalize out
(GZ(I,/ zﬁ*, G?®P.). Notice that the loss is convex-concave in (8, v), the sets of optimization are com-
pact convex, and the variance-covariance structure of G®PLX!/? is given by Lemma 58, which
satisfies the condition of Theorem 5 with M = 2. The conclusions of Theorem 5 therefore hold for
(PO) and (AO). |
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N.2. Proof of Lemma 49: Equivalence between (PO), (AO) and (SO)

The calculations are mostly similar to that of Salehi et al. (2019), so we focus on highlighting the
differences in the proof.

Analyzing the auxiliary optimization. We first notice that, other than the regularization term
18112, B appears in the loss only through X!/28, Z}/ zﬁ and Z;/ 2[3, where

¥ =x2pt, - z,)pPiel/? and ¥, =x2pizl/2,

Therefore it suffices to restrict the set of minimization, 8 € S, to the intersection of § and the
positive eigenspace of X. Define the projection to the positive eigenspace of T as Py := X'%, which
allows us to rewrite the auxiliary optimization as

ﬂ 1
1T T b 2 T _QQ 1/2
eIgl;Iglsu rvxéaslx 1 kp(u ky u+ 5 ||Pzﬂ||2 + d u-G P.EZ'B)

1 1/2
- mkaThIHBHZl + ﬁ”VHgIZ B
1
— eV LBl + il 215828 (109)

For simplicity, we have abbreviated y = y(GZ(l,/ 2,8*).

Salehi et al. (2019) showed that, under their CGMT result (analogous to our Theorem 5(i) and
Theorem 5(ii)), the minimum and maximum can be exchanged in the auxiliary optimization in an
asymptotic sense since they can be exchanged in the primary optimization. Throughout the analysis
of AO, we will highlight explicitly where such flipping is done, and in the case where the min-max
theorem is not applicable, we defer a rigorous justification to the end of the proof.

For simplicity of notation, given a matrix A € R¥*¢ and a subset S € R¢, we also write A(S) =
{Av|v € S} for short.

Maximizing over v € S, c R". Consider the projection matrix P = %Jmk and write
P}tk = Ik — Pmk. Notice also that ||-]|7, = vk [|Ppi(+)|l. Then the maximization over v can be
re-expressed as

1 Dp vi1/2 1
— T — — [ —
pi X o BB (s, k" P = GTP.LTB = lBlls, =~z micha1Blls,)

1 1
* iV Pt = GPPZVIE — ilIBlls, = =T 1Blls,)
1
+ P i =) 2B+ —IPE g ) B+ —IPolig] =B
Maximizing the above over P, v and P+ iV separately, choosing each vector to be what it multiplies

and writing r| ||PLkv||/ Vmk and rp = ||PuV||/ Vimk (analogous to (44) — (45) in Salehi et al.
(2019)), the above can be rewritten as

Tyl P ®p. 5128 1 LI
BT n(— —=81, v—” -G B~ mlBlly, ~ - JuihallBlls,)])

+ (=81 B+ =]} %B

1
+ ﬁupmk(u = GOP.EB = WlBlls, — - TmichallBlx, )
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where we have denoted

S, = {‘/_llP wl|ves,) and S, = {\/_IIPmkvll|veS

Substituting this into (109) yields

+r 12 rz gl 1/2
min max —IT - yu+ o P d Z + =82,

peS (r, rz)ESr1><S mk kp( ) ky ” Eﬂllz \/_ ﬁ ﬁ
ues ,

N ) 1/2 1
+ [P = G P26 mlBlly, — -~ SuchalBlk )|

& @ 1/2 1
+ [Pt = GPPEB — millBlls, = - JiholBlls,)| -

Minimizing over 8 € S. As with (47) of Salehi et al. (2019), we introduce new variables
U, w € RP to replace § in the regularization term via the Lagrange multiplier method applied to the
constraint Psu = Pyf3:

min max U, U, W, ri, r
mit max LB u,p,w,r1,12) ,
ues , (r1,r2)€s r xS r

HES

where

A 1
LiBu, g, w,r1,12) = flT,(pw) yTu+ sllPstlly + S wTPs(u = )

rn+nr TZI/Z + n TEI/Z
o ® Pt mt* P

1
llPreCe =GP — mlBlls, — - JmbalBlls, )|

1
+ ﬁ””mk(” —G®P,.5'28 — hy||Blls, — ﬁjmkhzmng)” . (110

To minimize over B € S, we first swap the order of minges and max,,cry, (F1r2)ES 1 XS 1, - Notice
that the S-dependence in the loss comes from Psf, Zi/ 2,8, E;/ 2,8 and G®P.X!/2B. Writing 8 =
VP P.EV2B, Bt = \p PLEV2B, v(B*) = \/ﬁZ*Z},/ZB* and k, = |[£,Z)/?B*||, we can express

2}/2’3 :(Zl/ZPi-(]p_Z*)p*J-ZI/Z)lﬂ @ %/_(I 0B
s12g _ (sli2piy piylayiizg @ 1 g 5

GPP.31%8 = iGd’v(ﬂ*) y v(B)TE’B

v e
=K q =:a(B)
Psp = (N PR+ B = D g 4 Lty g
G v G v

In (a) and (b) above, we have used Assumption 11(ii) to note that I, — Z, and X, are both idempo-
tent. This allows us to express all 8-dependent terms in terms of /() and 5+, where 3 and 3+ are
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orthogonal and can be optimized separately. Therefore, the optimization can be rewritten as

min max min —17, p(u) — - u+— Psull? + wTPz
UES y weR? BreS+ mk kp( ) y || /1”2 p yoi
HES (r1,r)eS XSy,

aeS?

wTEH2v(B") - \r wT(EhH2p+

p\/_
= |pmk (- x.0q - \Fhln(l ~ TR - ﬁJmkhzuz*Bln)H

(111)

~ 1 ~
(4 = K.q - Vrhln(l - Z)B N - ﬁJmkhznz*ﬁln) :
where we have defined the sets
Ty1/2 ~
@ ::{V(ﬁ)pzkzﬁmes and §+ = {VpP-E2818 € 5]

Note that we have moved the minimization over a to the outmost part of the loss. The steps so far
are analogous to (46) — (47) of Salehi et al. (2019). Before proceeding, we notice that since I, — X,
and X, are symmetric and idempotent by Assumption 11(ii), they are in fact projection matrices
onto two orthogonal subspaces. Therefore to optimize the above over 8+, it suffices to do so over
U, - ¥,)B8+ and X.B* individually. Moreover, when optimizing over each of the projected B*’s,
the optimization takes exactly the same form as (47) of Salehi et al. (2019). Similar to them, we
introduce

1 ~ 1 ~
oy = ﬁ”(lp_z*)ﬁJ_” € So and oy = %IIZ*,BLII € So, s

where S, = {l[(I, — Z)PLEY?p||B € S} and S, = {|[E.PLEV2B|||B € S} are both subsets of
non-negative real numbers, as well as the auxiliary variables vi,v,, 71,72 > 0. We also take note of
the fact that

(I, -Z)B" €S3 = {VpU,-Z)P:E'BIBeS),
Bt €Sy = (VpI.PLPsEY?B|B e SY,
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and denote the projection onto span(Sy) as Py and the projection onto span(Sx) as Ps,. Then by
the same algebra from (47) — (49) of Salehi et al. (2019), we obtain

; A gt Lot A 2 1 ¢
min max L ) = —yTu+ S|Pyl + oW Pz
/JES (r1,r)es o] xS ”
aeS? 71,1220
(O'I ,(TZ)ESrrl XS(TZ
v,v22=0
@ 1/2. %
- = wTEhH%y
VP X" ()
_ o o1 r+nr _l _ /2 “2
= I psy (M - - ZoE) )
_ _on o ls s H2
27, ) PS:( \/ﬁg2 pz*(z ) W)
2
o o milipl _ _o
o + s Pmk(u k.aq— oh; \/];Jmkh2)H
2
) [92%) (o)
+ 3+ 22| P (- k.0q - oy - ﬁjmkhz)H . (112)

Note that we have moved the maximization over w, rj, r> to be inside the minimization over vy,

vy, 01 and 0. Note also that P;k(TQJmkhz evaluates to zero, but we keep this term for the ease of

computation later. We also remark that v; can be restricted to be in a compact set {||Pjn (U — koaq -
o

oih; - ijkhz)” | u € §,} for the purpose of flipping minimization and maximization, and so are

v2,T1, T2, but we do not do so for notational simplicity.

Maximization over w € R”. We first derive some useful relationships between the different
projection matrices introduced so far: By the definition of X, we have

=Py = (EH"2Covign (X)), o (X)IEH' 2Py = =, (113)
Also by the definition of P, and the idempotency of Z,,
E.22B)E. 2y P, ifEIVE 0
« * x40

P.r, = P, = =2 2B B (114)
2. X0 = P, otherwise .

This implies that

Sy ={vpU,-Z)U, - PIZ?B|peS} = {(\VpU,-X)X?BIBeS},
Sy ={Z.(, - POX'?B|BeS} = {(Z. - PIE*BIBeS),

and combining these with the assumption that span(S) = R”, we can express
Pgy =1, - %, and Py, =2, -P,. (115)
This in turn implies that

Psi(I,~%.)=Pss,  Ps;X.=Pgi,  PgiPs, =P.Pgi=P.Ps =0, (116)
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and that
Pyw =32@Eh Py
=32'2p, =" Pw + 212Pg (2N Pw + 212 Pg, (2 2w

Z1/2V(ﬁ}))V(ﬂ) (i )1/2w+21/2P J.(ZT)I/ZW-FZI/?'P (ZT)I/Z

Substituting these into (112), we obtain

. 4 2
min max —1T (u) — Tu+ —||Psul|
ues weR? mi P ky 2n Al
pES (r1,r)es 2 xS r2
a€esS? 71,1220

(O-I >0-2)€S(rl XS(TZ
v,v22>0

+ (G =B = 2 TP

+ 7<21/2u)TPS§<ZT)‘/2w + ()7 Psy (N

- ;11 0-1211 |Ps§(r1\/;—lr:g1 - %(zT)l/zw)“z

_ % _ 0'227'2 Psz(%gz B %(Zf)l/zw)Hz

* 2%1 + S|P = g = iy — ”—j_Jmkhz)Hz

+ o * ot Prit = Keoq = iy = T2 )| (117)

To optimize the above over w, it again suffices to optimize over three mutually orthogonal vectors
P. (=12, Psg(ET)l/ 2w and Ps,(Z)!>w. The optimization over P,(X")!/?w is exactly analogous
to the optimization over Pw in (49) of Salehi et al. (2019), whereas the optimization over the other
two vectors are exactly analogous to that over P*w in (49) of Salehi et al. (2019). Therefore by
the exact same completion-of-squares argument as in (49) — (51) in Salehi et al. (2019) but without
taking the asymptotic approximation, the optimization becomes

. %]
min max —1T ) - — u+—||P2 |- R
ues, (rl,rg)eS,l ><S, kp ky Hilz pag 27, 2vy 2v,
HES 71,1220
aeS”
(0'1,0'2)650] XS(rz
v1,v22=0

1 rsl/2 ey 2
HTE TvB)=ax,

12,012 4 rn+n g 1/2
2mnP P+ S =g Py T
+ oo 1P, S 2P + e Ps:
"1V1

|Plk(u k.aq—oihy — \/—mkhZ)”

+ 5| Pk = kg = oty T, (118)

\/_
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Rewriting the minimization over u € S. We now flip the order of optimization such that we
can perform the minimization over y first. This involves computing

A 2 1 12,2 4 Nt 12,
D 5 1Psully + 52 l1Ps 20wl + =gy Py X
212017 + WgzPsEZ”Z s.t. %,uTZl/zv(B*) = aK’ . (119)

Recall from (115) that PS§ =1, — %, and Pg, = X, — P.. Denote

. 1
Z(r-r = 20_ 7 ( z Z*) + Tm(x* - P*) ’
~e +
g = -t (Pr-Tom - L - PR
Then the problem comes
oA 2 12, h1¢ s1/2, N rserntsl/2 A ie1/2 oy 2
min S IPsplly + ) T2 () = (@) T2 S.L5H VBT = ax;

By (114) and (113), PsP. = PsX.P. = Z,.P, = P, and by (115), PS§ =1, —-X, and Pg, = X, — P,.
Then by a similar argument as (117), we may express

Ps = Pg(P.+ Pgi + Ps;) = P.+(Ps-Z)+ (& - P.), (120)

where P,, Ps — X, and X, — P, are projections onto mutually orthogonal subspaces. Meanwhile,
recalling the definition of i(m and g, we can express

1

3 _ _ NC
ZU’T T 201 (Pr =2 + 20,7, 2 = ZU’T 20,7, 7
- + -
g=-" ,—rz (Py —Z.)g1 — % g = §- %—np*gz :

Recalling also that P, = v(8")v(8*)T/(pk?), we can write
EPTEs EP ) - @)
~ - 1 r
= @S E ) - g2 P - o TP ) + ﬁ(P*gz)TZUzM

~ - az 3
P (&) - g2 - S+ gl P

Now using a Lagrange multiplier 6 to remove the constraint, the optimization becomes

. K 2 12, N 7§ 1/2, N _ 1/2
min max 2Pyl + (21207 (20 — (8 + v(8) X

(),/ZK2 r

20’27’2 \/_g

Since the problem is convex-concave, we can apply the min-max theorem of Rockafellar (1970) to
flip the order of minimum and maximum. Doing this together with a completion of squares, we
obtain

P V204 0l

mang(rTe—4||(iL,T>1/2(g+ =) - © 4 ao (121)

fPeR 20' T,
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where we have denoted the Moreau envelope like term

) oA 2 1/251/2 ST V25 6
M = min —||P + (|27 (2 + —
gowo = min 2 l1Poul3 [Eote =2 - 3650 @+ 5
\/_gTP 22
Rewriting the minimization over u € S,,. Meanwhile, the minimization over u € S, involves
1 rny 12%% ~ 2
min flTkp(u —yTu+ S|P = B ||+ 22| P — B (122)

where we have used the shorthand h(,(r = k.aq — ojh; — ijkhg Recall that by definition,
y = P,y since y is a length-mk vector formed by k-fold repetitions of m entries. Then we can
re-express the loss above as

ry ~ 2 ny ~ 2
mln *lTkP(M) y TP ku + 17]1(” k(u - haa’)” + ﬁ”l)mk(u - h(l,(}')“
B " vy 1 =~ 2 rvigpL i 2
{lre%n ﬂl kp(Pmku + P ku) + — Sk mk(u - Ey - ha,o-)” + Imk |Pmk(u - ha,o-)“

HPka||2 - ﬂyTPmkﬁa,cr .

h 2ryvomk

The loss can therefore be minimized separately in P,u and P;- u. Recall that for a function f :
S — Rand S € R, we defined the Moreau envelope

. R 1 2
Ms(fiv,t) = I}fglglf(x)+ 2[||x iy,

Also recall the definition
1

7)’

vy

Mlgl_,“,-,r,v(ﬁ) = Mp;k(su)(l;kp(ljt + ‘), P,J;lkﬁ(l,da

1
My haro' ry T MPmk(Su)( 7y Pmkh(ur s r2V2)

w-rv

Then (122) can be expressed as

1 P | Lorp
ﬁermtgsu) mkMﬁ(y,(r,rV( B+ 5k 2mk P r]vly ha’(r) 2r2v2mk| ka” ky Priha o
1 2 J
- mkM (‘z(r ry 2}’ v mk”y” ky ha,o‘ ’ (123)

where we have used P,y = y again in the last line. Substituting both (121) and (123) into (118)
yields

. 0'1 () 2 a’zkf
min max —+—+—+a49/<
aeS? (r1,r2)€S 1| XS 1, 27'1 27, 2y 2v, 20,1
(0-1’0'2)65‘0'1 XSO'Z 1-157-220
V1,220 0eR

+ Mo = |50 2@ + v

1 ) 1 B
— h T
ki My borry T 3 Vzmknyn —yTha
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SO
RS,Su,SV'

Justifying the flipping of the minima and maxima. To conclude, we need to justify the
flipping of min-max in the analysis of the auxiliary optimization above. The same argument has
been performed for the logistic loss in the isotropic, unaugmented case in Salehi et al. (2019) and
in more details for general losses in Thrampoulidis et al. (2018). For completeness, we repeat the
arguments of the proof of Lemma A.3 of Thrampoulidis et al. (2018) in our context to illustrate how
the non-asymptotic inequalities arise in our result for one particular flipping, and refer readers to
Appendix A of Thrampoulidis et al. (2018) for more details in the general setup.

which equals

We now consider the flipping of minges and max, r,)es,, xs,, in (110). First define the loss
function £ (8, u, u, w, r1,12) as in (110) and denote the risk at (110) by

R; = min max LB, u,u,w,ry, 1) .
BeS weRP
ueS, (ri,;r)es xS,
uesS

For convenience, we also abbreviate the dependence on random variables in

1/2 = 1/2 px
RES, 5, =REQ, 5 (GL,’pr.Go1?) LS, = L3O (GZ,”*p,G"5!?)
Ly, = L0 (v, G"P..g.h) .

By the computation of the auxiliary formulation up to (110), and by Lemma 48, we can apply

Theorem 5(i) and (ii) to obtain that
P(R(S s < ¢) <4P(R; < ¢) and P(R(S s = ¢) <4P(R; = ¢) (124)

for all ¢ € R. Now define

R = max min max L1(8, u, u, w, r1,7r2) .
! (r1,r2)€S XS, BES  weRP B, u. p

ueS,

UES

By the min-max inequality (Rockafellar (1970), Lemma 36.1), we have R| < R; and therefore
P(R(S s < ¢) <4P(R; < ¢) < 4P(R] < o). (125)

To relate {RF© > c} to {R] = c}, we apply the min-max theorem (Rockafellar (1970), Corollary

PO o PO _ . PO
Rss,s, = minmax Ly, , = max min Ly, .
ues Ues
and applying Theorem 5 gives
PRES, ¢ >0) < 4P(max min 20 > c). 126
(Rs 5.2 s s (126)
ues ,
Now recall that
(1! 1 L
S, = {ﬁHPmkaI’veSV} and S, = {ﬁlleka’veSv}.
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P . 1 _ 1 Lol — :
Defining S,(r1,72) = (v € S, | S IPuicvll = 11, =Py vl = 72}, we can rewrite
max min Ll’ggv = max max min L,gi)v
ves, pPeS H (VI,VZ)ESrl XSrz €8S, (r1,m) BES o
uESu UES y
@ . A0 B o
< max min max L =

- g 2 >
(ri.r2)€Sr XS 1y BES €S, (r1,r2) Py !
ues,

where we have applied the min-max inequality (Rockafellar (1970), Lemma 36.1) in (a) followed
by the same computation up to (110) to maximize the loss over . Combining this with (126) gives

P(RS s >0) < 4P(rvré§uv< %&“Lﬁ% > c) < 4P(R] = o).
ues,

Together with (125), this shows that ] is equivalent to ®R; in the sense that the CGMT inequalities
of (124) hold also with R; replaced by R, therefore justifying the flipping of the minimum and
the maximum. The remaining flipping of minimum and maximum over compact sets hold for the
same reason, and any flipping that involves the Lagrange multiplier w € R? in (110) can be done in
a similar manner by introducing the Lagrange multiplier directly to the (PO). This proves the first
statement that for all ¢ € R,

PR ¢ <) <4P(RYG ¢ <o)  and PR ¢ 2¢) <4PRS ¢ > 0).

Partial statement when S is replaced by S... When the optimization is over S .., which is
no longer compact, we cannot apply the min-max theorem for flipping min and max that involve
S .. However, notice that this change only affects optimizations over 3, e, o1 and 0. For the
optimization over 8, we have shown in (125) that for the desired partial bound, the flipping of min
and max does not require the min-max theorem. For the optimizations over a, o1 and o, notice
that the new domains of optimization for each of these variables are

(re =y
VP K

pes), A, -zoP='PBI|pesy, (IZ.PE'Bl|Bes},

which are the 1d images of continuous functions on R”. Since S . is connected, the above sets are
connected and therefore convex since they are one-dimensional. Therefore the replacement of S by
S .« does not affect the application of min-max theorem that concerns «, o; and 0. This proves
the partial upper bound analogous to (125): For all ¢ € R,

PO SO
PRy, 5.5, S0 <4P(Rg ¢ g < 0.
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N.3. Proof of Lemma 50: Equivalence between (SO) and (DO)

It is convenient to restate the optimization (SO):

2.2
. (o8] () ry r K,
min max ————+—+—+a/49/<f—7*
aes® (r1,72)E€S 1y XS 1y 2ty 21 2v 2n 20,7,
(0'1,0'2)€SU—1 XSU’2 7—1,7220
V1,220 feR

+ Myoco - §||<if”>”2(g =)

1 ) B
— h T
mkMy’h(v,a',r,V 27‘ Vs mk”}’” ky ha’O- ,

+

As with Salehi et al. (2019), we exploit the fact that the optimization is over finitely many one-
dimensional variables. It therefore suffices to analyze the asymptotics of the loss function directly,
as one may first approximate the minimization and maximization over (&, ) by a smooth function
and then take the approximation error to zero as m, p — oo.

Compute terms involving g, and g,. Recall that g, and g; are independent standard Gaussian
R? vectors, and that

- +
g = - rl\/—rz (Py — X,)g1 — %Z*gz ,
~ 1
Lor = 2(7171( z- X+ 207, 2 s
& - 7] s [12
Mygyrp = min —uqun% +|[E2 =) ~ (22,,>”2(g+ N )
\/2_ P32y

We focus on handling Mg . First note that \FgTP >!24 depends on u through the scalar

v(B)Z!?u, so by a similar reasoning as above, we can apply the law of large numbers directly
to this term and obtain that it converges to zero in probability. Using op(1) to denote terms that
converge in probability to zero, we then have

- oA 2 1/2 5172 st 1205 . 0|12
Myozo = op(1) +min olPsplly + £ 2120 - G &+ 56|
— et 12+ - eIl
= g,m,e+4||(2(f,f) &+ 56 ))H +op(l) (127)

where

o ioosl/2 At $ 12,7 _ s1/2 =, 0
My = min( 07 (550+ S0 ) S0 - EP207 @+ 5v(80) -

The second term of (127) cancels with the other (g, g>)-dependent term in the overall loss, so the
only remaining (g1, g»)-dependent term is Mg’a-",-’g. By a completion of squares, we obtain

e = g 50 P - 520 e i

- @+ fvw DT(ast +50) @+ fvw ) -
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The second term does not involve y, so we first seek to take a limit of this term. Recall from (120)
that P, Py —ZX, and Z,.— P, are projections onto mutually orthogonal subspaces and that PsX, = X,
PsP, = P,. We can then express

A g il (A4 T 1 T
(520 +800) = (52" + 20'1‘1' (Pe—E)+5 %)
which implies that
A 4 ~ T ~ 0 % 2(}’1 +r2)0'1‘1'1 20’1‘1’1/1 i
(%Z' + Za',‘r) (g + ﬁv(ﬂ )) = - m ( 2m ZT + IP) (PZ - Z*)gl
2/’20'2T2 20’2T2/l T
e (5=xt+1 ) 2
20'\2/;29(20'21'2/12, 4] ) V(,B*)
+ O(llm™"P.gi | + llm™'P.gol) . (128)

Also notice that any term linear in g; or g, has expectation zero, which vanishes. Recall also that
v(B*) = \PZ. 21/ 2,8 and k., = ||, Zl/ B*||. Computing the inverse along each orthogonal subspace
explicitly and taking a limit with m, p — oo and p/n = p/(mk) — «, we obtain

—f(g+f BN (5x +Sar) (g+fV(ﬁ ))

2
P _ (r1 + n)*o T —or "o _or PR20,Ts —or _ —rfoT

% X1~ 73 X2 7 X3 = X

where we have recalled that P, = v(8*)v(8*)7/(pk?), &, = lim k, and

o T T
ST lim Tr((2 21m1/12+ +1,)'(Ps - %.))
11 m
O Tr((3%2'5F+1,)'%)
ST . 2m 4
X5 = lim p” ,

B = tim T (225 4 1) )

>

To address the minimization over u € S, notice that the only difference between the two choices
of S are via the restriction on uTX,.wu. Recall that the two different choices of S differs only in
BT Zhewf. Let Py, be the projection onto the positive eigenspace of Py, and P;ﬂew =1,-Ps
Then we can rewrite the minimization as

new °

: At s V512 r_ Lotz Ast o5 g O H2
P [(G=t + Sne) 2 = 3@ (55 4 Sr) @+ 5 v(87)
(C))

chw

With either choice of §, u’ can be chosen freely within Péne (RP) so long as [|u'|l. = O(+/p).

Minimizing over ' first and noting that Py, = (Enew)l/ 22%‘2”, we obtain

. Aot o V212,51 \1/2(51/2 s12 sty Ast o5 Vi 0 o 2
somin (5,2 Sor) T2 ) (Eabon = 3 BE D (5,2 + 50 @+ 08|
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Setting EHCW,u in the direction of minimization, we have that for some c(u) € R,
1/2 , . 1/2 A = T 0 «
ne/:wlu - C(ﬂ)g 5 g = 7Znéw(er)l/2(%zJr + 20',‘r) (g + %V(ﬁ )) 5
which allows us to rewrite

“(%zui ) i )‘/Zg“

. ’ 711\2
min _(c -
o X min (ol =g
This is now an optimization over a scalar, so we can again take the limit inside the minimization.
We proceed to compute the limits of the two norms involving g’. Recycling the computation in
(128), we have

(r1 + n)*o?r? 1 2 20T
|@W=4<§+in@ﬁW%'lﬁ41M&—zmH
r2o2r? 1 2 20514
+ BRI (2205 ) @ﬁ
& 2 /1
O AV ET)I/Z( GELE +Ip) +0p(1)
P (r|+r2)20' Tl —o,T 2 2.2 -_071 92 2 22 _07 —1,0,0,7
- KXo tNROaT Xy YUK = X, T
where we have denoted
1/2 st\1/2( 20111 A 5 +
ot B ED PR + 1) (Py -
X1 = lim p ,
12 20,11 ¥ 2
T [DEADBEEESE AR AN
Xy - m B
—OT . 1: 1/2 iN1/2( 20272 o ¥ 2
X = 11m| S EH (s 1 ) P,
Similarly, we have
128172 120|
|Gr= + 20r) T2 Sl 2

) Pt (A 5 @

new

P (r1+r2)20"rl —o,T 2 2.2 -07 2-2 2 2 _0,T _r0,0.7
- X X31 T 10T Xy HOK OO X = ks

where we used

(A3 +5,,) PE2py (522045t 4 1) (P

voT = lim|

X3 = — ,
N [ o S L e Ay A
X3y = lim ’

m

_ . Aot & /2 205724
¥ = lim H(%z +80.) 2Py (DA 2T+1)

new

Combining the calculations above, we obtain that

P =00,

_roor , X3 . —r6‘0’7’ _r0.0.7\2
Mgyro — =377 + X min (c(y) Jx)
,0 T, — 10,0, .
g ! BT pePr (8) 2
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Notice that ||2,lléfv,u|| = c(wigll 5 c(u) ’9‘” , and recall that our two choices of S only differs

through |[£a2ll — (Z5"7)!/2, where 7 = (rl, 7,), & = (61,52), @ and T = (71, T») are the optimal
solutions to (DO). This implies that
- P —r0,0,7

-rf,0,1 2 X3
MgO’T9 - X] +€S

-rb,oT
2

where €5 = 0 for § = S, and €5 = e for § = S¢. Substituting this back into the overall optimization,
we can approximate (SO) in distribution by

2-2 —ro.0.1
. [op! 2] T r — a’K =70, X
min max Y q(”+e§ﬁ
aeS” (r1,72)ES 1 XS 1y 27y 21, 2vy 2vy 20,1, 5
(0’1,0’2)650—1 XS()'Z 71,1220
v1,v220 0eR

+

1 2 .
kM a/o_ry 2}’ Vs mk”y” ky hlI,O' .

Compute terms involving y and ﬁ(w. Recall that ha(r = k.aq — o1h) — @ Jih, where
q=q(G® = ﬁGq’v(ﬂ*), and h; and h; are i.i.d. standard R"* Gaussians independent of q(G®)

and y = y(G). Also recall thaty = yP,,; = %ylmk. We can then express the last two terms of the
loss above as

P = oy = - Iyl = SRy e+ Ly hy + oy TPyhy . (129)

2rvmk 2r,vomk

Since h; and h; are zero-mean and y is coordinate-wise bounded by one, by the weak law of large

numbers,

L yThy 50 and TP,y — 0. (130)

1
R
To handle the first two terms, recall that

y = (nEP60. @G0, sy PG (26 )T

repeated k times repeated k times

where y,-(Z(l,/ 2G,-)’s are i.i.d. by definition. Therefore by the weak law of large numbers,
1 1 m P 1
P = T vi(E2G) - En(%2G0] = 5 (131)
In the last equality, we recall that
PO1(E,2G1) = 1[G1) = o(G]Z,8").

vi € {0, 1} is a logistic variable evaluated at a random input (21/ 2Gl)Tﬁ* that is symmetric about
zero. On the other hand, recalling that v(8*) = \/_Z*Z;/ 2,8 ,

1 s
el kZKmZKkyz 547G (G TvE)

- K* mk Zt<m Z]<ky’(21/2G)(G )T2 Zl/zﬁ (132)
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Notice that each y,(E G) depends on G; only through GTE 2,8 so G; and Gq’ appear in each
summand only via the Gaussian vector

1/2 s
Gy’

. . . . KoZo+ikeZ
i *~o % % 3k 3k *
B ~N(0, B Pe e BT s )—> , ,
(G‘I’)TZ 12 K2y

where we recall that by Assumption 11,

2,/ Cov[G;, G 2.5, =222 = 5557,
%, 5.Cov(G], GRIZ.E,? = 5,7(2)’s,? = 5,75,

Zo and Z; are two i.i.d. standard normals and
k= limk, = Lim [S2°8°, & = lim (I, - ZOZY 26 .
p—o p—o p—
Then by the law of large numbers, we have

“yTq S Elo®Zo + 1 ZDRZ] - (133)

Combining (129), (130), (131) and (133) gives

— CL’E[O’(I_((,ZO + I?*Zl )I?*Zl] R

~ P
P = ¥ Thoy > -

2r Vs mk 4ryv,

so the optimization can be approximated by

2-2 =601
. o o) r ‘K _7.0, X 1
min max S LR bR - - 10T+e§_fgm—
aeS?® (r1,r2)€S 1| XS 1, 27 27, 2vy 2vy 20T, sl 4ryv,
(0’1,0’2)650—] XSO'Z 71,1220
v1,v220 feR

_ 5 S 1
- Q’E[O'(KOZ() + K*Zl)K*Zl] + ﬁMy,ﬁa.‘r,hV . (134)

Computing the nested Moreau envelope. We are left with

1 . 1
(

2
12 %) 1 =~
M ., = min —M + 221py(un - ——y —h H
mk" Yooy WP (S,) Mk Dag.ry 2mk mk( 2 rzvzy a’U)

o

2%
= min min —lTkp(ul +up) + ﬁ”Pmk(uz

10EP(S ) Pt (S,) Mk M )

v

e VT )

Write uy;; as the (i, j)-th coordinate of u; € R and similarly write uy;; for that of uy, g;; for q,
hy;j for hy and hy;; for h,. Recalling the definition of p, Py = E‘] r and P = Ly — Pk, WeE can
re-express the loss above as

1k
ﬂzi’jzlLij(ulaMZ) ;
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where

Lij(u,uz) = log(l + eMirtinir)

vy 1 k ] 2
+ %(E Zj':1 (u2ij — yl / Gi) — kwaqijp + o1hijj + \/'(Z i<k hZU”)))

rvi 2 rvi 1 2
+ - (u1ij = Keaqij + 0'1h1ij) - T(E Zj,zl(ulij' - Kuqij + 0’1h1ij')) -

Consider the R¥-valued vectors u); = (uyj1, ..., u1ix) and us; = (U1, . . ., uzix) for 1 < i < m. Notice
that the loss L;;(u, uz) = Eij(uli, up;) only depends on u; and u, through u,;, up;. This allows us to
rewrite

1 1 vk 5
M = - min . Lij(ui, uz)
mk Y.he oy Zl 1 MZIE(Pmk(Su))z ulze(Pmk(Su))z k Z‘/:l 1] i i

where (P,,x(S ,)); and (P;k(S «))i are the corresponding subspaces in which uy; and uy; take values.
Since S, is closed under permutation of its m blocks of k coordinates, the m summands above are
i.i.d., which allows us to apply a weak law of large numbers to the above average. Also note that
the minima are over R¥-valued vectors, which allows us again to take a limit with p — oo inside the
loss function. Using the computation of y;;g;; via Zo and Z; in (132), we obtain that My’ﬁw’,’v can
be approximated by

E[ min 25 og(1 + €
WePu(S K ZFI g( )
””E(PL]((S u))l

1k , 1 _ = _ = _ s = \2
+ %(E Z}.zl (uj - Eﬂzo{KOZO +KkZ - e} —akZ + o+ 0'2Z2))
rnvy (1 —k ’ _ s 1 —k ’ _ = 2
+ % (Z Zj:1(”j — ak.Zy + 0'177j)2 - (% ZFI (uj — ak.Zy + O’N]j)) )] ,
where 171, ..., n and Z, are i.i.d. standard normals and & is an independent Logistic(0, 1) variable..

Notice that u’ € (P(S,))1 has equal entries, say ug, and u” € (PLk(Su))l satisfies Z’;zl u;.’ =0.

2
Also recall the assumption that sup,,cg iy — oo. Setting ii = (u1 +ug,..., u,’{’ + up), the above can

mk
be further approximated by
E[ min ! Zk log(l + ef‘f)
icRk k j:1

132 %) 1 ~ 1 _ s R R = 2
+ T(E ZjSk (MJ - %HZO{KDZO +K*Zl —81} - G,’K*Zl + o1n; + 0-222))

2 (L Tk = (L D008 )|

erl

_ 2
= E[ m}}{n flTp( )+ —— |(Ik lkxk)(it —ak. 11 + 0'177)”

nv

1 - - - _ 2
+ = lkxk( o LoolkoZo + kiZy — €1}l — akZi1 1 + o1 + O'ZZZIk)“ ] ,
2
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V)
which equals M,;"*7. Substituting this into (134) while also applying the assumption that sup,,.g ”mlllf
oo, we obtain

. (O] (o] r r ) 0127(3
min max AT R B N e
aeS? (r1.72)€S 1 XS 1, 21, 21, 2vi 2w, 2091

(01,02)€ES | XS oy 71,7220
v1:v220 0eR
0 /\—/rﬁ,(r,‘r 1 _ _ ) )
_)a oT €§ = - — aE[o(R,Zo + ReZ1)RZ1 | + M40
2’ . 4r,v, P
|

N.4. Proof of Lemma 51: (DO) to (EQs)

Since § = S, we can ignore terms involving i; %77 and )22’9"7’7. Setting the first derivative of (DO)
to zero with respect to each variable, we obtam

0 = 6k - F — Elo(koZo + K ZD)RZ1 | + 8o M7,
0= -5 - am)zqg‘”m(,lM”M’,
0 = —2%2 + 2; - 602)‘519‘” + 05, M7,
0 = ;—T'l — 0, ‘29‘” ,
0= 22 &2 _9 ZXrem,
2 2~ Ot (135)

0= -3 2 +(9V1M[)”“’,
0= —2% * L +6,, M7,
0 = 5--0, )zq e O M
0= 5+ m LS dan +a,2M;»V’“’“,
0 = ak: —6)(’9(”

The next step is to compute the derivatives of

M = Bl min g TG + U (e~ L)@+ o
+ 1’;;2 1k><k( — }’ZTH>O{KOZO + K*Zl - Sl}lk - aK*Zl lk +on+ 0'2Z21k ||2] .
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Recall that we denote uz, , as the minimizer of the minimization inside the expectation. By the
envelope theorem and noting that E[Is0{k,Zo + k.Z1 — &1}] = E[o(k,Zo + k.Z1)], we have

— 72VaK, = k _ 5 _ 5 _
G(XM;,v,a,a - — %E [ZI(III”Z,sI,n - EO’(KOZO + K*Z1))] + rzvzozkf ,

ViR A Ned rivy T 1 r1v10'1(k— 1) 12 %) T 1 V0
50—1 Mp = a E[}] (Ik - Elkxk) uZ,SlJ]] + T + TE[U Elka”Zsm + P
ao-zM;,v,a,O' = %E[Zzlluzgl’n] + rvoos

00 M7 = DB |5~ P loa) iz, + oi)|[]

0y, M7 = %E[H%lkxk(uzm - o LolReZo + K71 - a1k - 0k Zi L+ o + azzzlk)’ﬂ
+ éE[HZO{T((,ZO + k21 — 81}(1]1-1'{2,81,7] - %O’(I_(()Zo + k7)) — kak*Zl)] ,

0 M7 = 2B |( = 1)z, + )|

— 1 1 e s s _ s - 2
By, MI¥0 = %E[Hzlkﬂf(uzysm - %]IZO{K,,ZO +kZ) — el —akZ1 1 + o + a'zZzlk)” ]

1 _ 5 _ 5 k _ 5 _ 5 _ 5
+ erE[]Izo{KOZO + K*Zl - 81}(1,1142,81’77 - EO-(KOZO + K*Zl) - k(l’K*Zl)] .

Writing Y = Io{k,Zo + k.Z, — €1} and substituting the bounds above into the system of equations
recovers (EQs).

N.5. Proofs for Section M.2
N.5.1. PROOF OF LEMMA 52: ISOTROPIC, NO AUGMENTATION

Under the stated setup, the covariance matrices in the formula evaluate to X, = ¥ = %I pand X, =1,
In this case, as m = n, p — oo and p/n — &, we can compute the limit terms defined in (DO):

= : 18"l - —O,T —O,T K -0, T 1
= lim kK =k, =0 ) = — ;o= ——
* p—0oo \/ﬁ ’ 0 X” ’ XIZ oAk + 1 ’ X13 oAk + 1 ’
B =0 W S o W T s
21 ’ 22 (oaTadk + 1) 7 23 (oaTadk + 1) °
This implies
o _ DK+ ER o _ DK+ OR
X1 = X2 =

20k + o5' ) 7 Ak + oyt
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which are in particular independent of o1, 71 and ;. Now recall that (EQs) read

22 _
) aK; 2 VoKs 5 1T,,_ =2
0= HK* o LE [lek uZ,sl,n] + nvak; ,
1 =10, 1 k-1 1
0 = —g5 =9 01" + SB[ (e~ floa) uz e,y + G )+%E[UTE11€X/<”Z,81JI]
V20
e 222
N R oo | rnpls 4T,
0= 5t e 5(;2/\(1 ? E[Zzlk ”Z,s|,n] + V0 ,
o -r0,0,7
0 = 2—7_]%—81-1 1 N
222
_ o Ky —VGO'T
0= 21'% + 20 ‘r aTQX
2
0= 2 2 + 5% E[”(Ik - %lka)(”Zsm + 0_1'7)” ] ’
0=-2+1 42 ”11 (uz L V- arZi 1+ oy + Zl)”2
- v Aryi 2k K kxk UzZe1m Vs kGl L T Ot 0222
1 S(4T k 5 _ 5
+? [Y(l uZSlJ] — EY - kCYK*Zl)] .
1 —r90"r v 1 2
0= 5= (9,1)(1 + 3% E[“(Ik — k) (Uz e 5 + 0'177)” ] ’
2
— 1 . _rbor | V2 | 5 _
0= v + 4r " 6,2/\/1 + [Hklka(uZ‘gl’” s —Y1; —ar.Z11; + omn+ 0'2221k)H ]
1 T k _
+§ [ (1 uZé:l,T]_EY_kaK*Zl):l ,
0 = ak> _aaXré)o-‘r

By the 4th equation, o} = 0. In this case, the defining optimization of uz ,, , is symmetric under

. ~ k . . 1 _ o .. . _
permutation of & € R" and in particular z1puz,, , = Uz, ,. This implies that uz, ,
where uy . is the minimizer of the 1-d random optimization problem

2 (~ - 7Y QK*Zl + 0'222)

i i) +
min p(#)

Recall that Prox,(.)(v) := arg min zlt(v - X+ p(x). This allows us to express

U7 ¢ = PrOX(r2V2) Ip(e )( Y + O.’K*Zl 0_222) .

= uz’gl lk

(136)

Meanwhile, substituting ({; — %lkxk)uz,ah,] = 0 into the 6th and 8th equations above yields r; = 0
and v; — co. We can WLOG take v; — oo such that r;v; — 0. By the 2nd equation we then obtain

1/ -1
7 = (Bl hag,]) - o,
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by noting that 7 is zero-mean and independent of u; .. This removes (o1, 1, v1, 71) from the equa-
=nr0,0,7

tions. Substituting uz ,, , = iz 1; and the derivatives of """, we obtain

) c T[T =2

0 = Ok; — o E[ZIMZSI] + PVaak;
2-2 2= 2

_ _L Ry ; 15 K+9 = _
0= 27y + 200Ty 05T 2(/1K+0'£1‘r§1)2 + rZVZE[ZzuZ’SI] 0,
0 = &2 a’i? 1 r§/<+627<f

- 27'% 20'27% o-yr% 2(/l/<+0'£ 7 1)2 >

— _In 1 n I R
0 = =%+ o + 3Bl(uz,, — 5 ¥ - aK*Zl + 02 Z)°] + E[Y(uz o - ¥ —arZy)|

- 1 1 rnk N [ N ]
0 2, + 4r§vz Ak+oy '] + 2 E (uz’gl’n "2V2 Y a/K*Zl + O-ZZZ)

1 S 1 < _ 5
+ B[V uzey — 5 ¥ - akuZ1))|.
0 = ak®— _om
/lK+O'£1T£l :

(137)

Now lety = ﬁ Notice that the 4th and 5th equations above both involve

(%) : [(uZ o — VY —akZ) + o2 Z0)*] + VE[Y(”Z,SI —yY - ak*Zl)]
(a) E[i(PI‘OXYP( )(a’K*Zl 0'222) - ak*Zl + 0'222)2]
E[E(PI‘OXW)(.)(’)/ + Cxl?*zl - 0'222) -y - CZI?*ZI + 0'222)2]
+ yE[Y(Proxyp(.)(yf/ + k2| — 0272y) =y — a/?*Zl)]

(h) I:ap( K*Zl)

E (Proxyp(« (k. Z) — 022,) — @R Z) + 0'222)2]

+ E[ap(K*Zl)(Proxyp( Wy + akZy — 022p) =y — akiZy + ‘7222)2]

- yE[(’)p(/‘(*Zl)(ak*Zl +y = Proxy,.(y + ak.Z; — 0'222))]

Op(—k.Z _ 5 = _ 5 =
(C) ]E[ (=K I)(PI‘OXYP(.)(QK*Zl - 0'222) - a'K*Zl + 0'222)2]

ap(K*Zl)(PI'OXyp(.)()/ + aR*Zl 222) a'K*Zl + 0'222) ] - = + YZ

+ |
(d) Y
E[ Ip(—k:.Zy) (k. Zy + 022y — Proxyp()(@k.Z) + 022)) ] T
In (a) above, we have recalled that ¥ = Isolk,Zo + k+Z1 — €1} = Iso{k«Z; — &1} is an indicator

function; in (b) we have noted the equality of the conditional distributions 1 — Iso{k.Z; — &1}|Z; 4
Iso{—k«Z1 — £1}|Z; by the symmetry of & followed by o(+) = dp(+); in (¢) we have expanded the
square in the second term and noted that E[dp(k.Z;)] = E[(1 + e‘K*Zl) 1= % since Z; is symmetric

- d =
about zero; in (d), we have used in the second expectation that Z; 4 -7, 7, = =7, and that

PI‘OXYP(.)(’y + ak*Zl - 0'222) = —PI‘OXYP(.)( - CZI?*Zl + O'QZQ) R
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where we have used Prox,,(.)(x +y) = —Prox,,(.)(—=x) (see e.g. Lemma 3 of Salehi et al. (2019)).
Substituting this into the last three lines of (137) gives

2 . - _ - _
yz = ﬁE[ 5p(—K*Zl) (K*a’Z] + 0'222 - PI'OX),p(.)(a’K*Zl + 0'222))2] ,
2

_ K

Y= Ak+oy' ot (138)
6

@ = /1K+0’£lrgl :

Meanwhile, the third line of (137) implies

2 272 2
2 2.2 r2K+9 K ryK 2.2
o5+ 'kl = = + a’k; . 13
2 * (A + o5'131)? Ak + 05! 52 * (139)
Combining the two calculations, we obtain
ak Ky o2 VK
0= —, T2 = —( > r = , 140
Y 27 -y : % (140)

which gives the first three desired equations. Substituting these back into the first line of (138) gives

0'2K

55 = Eldp(-kZ1)(k.Z1 + 027> = Proxyp.(ak.Zi + 2], (141)
which is the fourth desired equation. The first and second equations of (137) are handled similarly

as appendix C.3 of Salehi et al. (2019). We recall that 1 — Ixo{k.Z; — &1}| Z; 4 Lo{—%.Z1 — &1} | Z;
and Prox,,(.)(x + ¥) = —Prox,,.)(—x) again to compute

E[Ziuz,,] = E[ZiProxyp\(yY + akiZ) — 022)]

= E[Z1 YProXy,(+)(y + @k.Zi — 0222)| + E[Z1(1 = Y)Proxy, «\(ak.Z) — 022)]

= E[Z) p(k.Z1) Proxyp«\(y + @k Z) — 0223)] + B[ Z) dp(—=k.Z1) Proxy(s (@R Z) — 0225))
= E[Z) 0p(R.Z1) Proxyp o\ ( — ak.Z) + 0222)] + E[Z) p(—k.Z1) Proxyp«\(ak.Z) — 022,)]
2E[Z) p(—k.Z1) Proxyp(«\(ak.Z) — 022,)]

6,0(_’_(*21)
1 + y020(Prox, (e (ak.Zy + 022,)) | °
(142)

= — 2E[r.0%*0( — RuZ1) Prox,p(ey(@R.Z) + 0223)] + Re@ E

where the last line is exactly the same as (87)—(88) of Salehi et al. (2019) via Stein’s lemma and by
noting that Z, 4 7. Similarly

_ o L dp(~=.Z
E|Zautz | = 2E[Z2 0p(~RZy) Proxyp(e)(aRaZy — 0220)] = 2072 E[ A2 ] ,

1+ 762p(Proxw(.)(0u'<*Zl + 0'222))
(143)

where the last line is exactly the same as (83) of Salehi et al. (2019) via Stein’s lemma. Substituting
(143) into the second equation of (137) gives

0 =

1 o’ 1 2k + 0Pk 20, [ Op(—=&.Zy) ] o>
7

21, 2031, h o3ty 20k + 051" Ty T 1+ y82p(Prox, . (ak.Z) + 022)))
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U ing and a substitution of 02 + &2 = —2“C_ from (139) and 1y0, = X f
pon rearranging and a substitution of o5 + a“k; = pr=r rom (139) and 10 = 7, from
(140) , we obtain
1 0, l-k+yl = E 1+ y820(Prox, (e (ak.Z) + 022,)) | ° (144)
which gives the fifth desired equation. Substituting this into (142) implies
E[Zluz,sl] = - ZE[I_(*(?ZP( — I?*Zl) PI‘OXyp(.)(CZI_(*Zl + 0'222)] + K.t — Ko(¥ 723;'2 s

and substituting this into the first equation of (137) gives

g K spre 820 k.7 2.7 IV + ke — ke L) +

0 = 6Ok gy y( 2E[&.07p( — ke Z1) Prox, oo (@k. Z) + 0223)] + ket — e 72(72)+ o

which simplifies to

0 - L _
—% = E[azp(—K*Zl YProxy, o) (KeaZy + 022)] .

Replacing y8 by ax in view of (140) gives the last desired equation.

N.5.2. PROOF OF LEMMA 54: RANDOM PERMUTATIONS

Since Z; 4 ¢1(Z1), Assumption 11(i) holds. Now note that by the total law of covariance followed
by that ¢; and ¢, are i.i.d.,

Cov [¢1(Z1), ¢2(Z1)] = Cov [E[¢1(Z1)|Z1], Elp2(Z1) | Z1]] + E[Cov[d1(Z1), ¢2(Z1)|Z1]]
= VarE[¢1(Z1) [ Z1] .

Denote p; = [rpermp:], the number of fixed entries of the /-th group to be permuted. We can
WLOG suppose they are chosen as the first p; entries of the #-th group. Also write z? =

t(pr+1):tp,
(Z(t)~ - ,Z(’))T, the vector of un-permuted coordinates within the #-th group. Then we may
1(pr+1) tpi 1% group
compute

2. = EHY2Coviegi(Z)), ¢a(Z)] (N
= EHY2 VarE[ ¢1(Z1) |2, 12/

| (1)
i 21(31;;1 Zy X 1p,

1(p1+1):1p;
= =" var : =hH!/2
1 (N)
m Zli}ﬁw Zy) X 1py
N(pn+1):Npy
1 (1)
71 V.’:II'[Z11 1% 1131><ﬁ1

Var[Zill)] X 1p_p,
=(h'”? g =H'?,
N
= Var[Z1 X 1yxpy .
Var[ZV] X 1,5,
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whereas
Var[Z{)Ix1,,
X =%, = Var[Z] = s
Var[Z\Vx1,,,
and therefore
& 15,5, I{Var(Z{})] > 0} 1
Ly, I{Var[Z\)] > 0}

15,5, T{Varl Z{}] > 0}
I, I{Var[Z{)] > 0}
which satisfies 22 = X,. Thus Assumption 11(ii) holds. |

N.5.3. PROOF OF LEMMA 55: RANDOM SIGN FLIPPING
SinceX =%, = %I,,, we can write
z. = EN2Covgi(21), 201N = Elg1]1Elga]
and
EH2 Covigi(21), Z11 ED'? = Elgi] .

WLOG we can suppose that the [rg;pp] entries are chosen as the first [rg;pp] entries. Then each

¢ij = diag{Rad;jy, ..., Rad;j, opls L,..., 1}, where Rad;j;’s are i.i.d. Rademacher random variables.
Therefore E[¢;] = diag{0,...,0,1,...,1}, where there are [rg;,p] zeros, and in particular E[¢;] =
El¢11E[#1] = E[¢1]E[¢;]. This verifies both Assumption 11(i) and (ii). |

N.5.4. PROOF OF LEMMA 56: RANDOM CROPPING

In the random cropping setup, X, = Xpew = %Ip. Also note that each ¢; is a random projection
matrix and independent of Z;. Then by the total law of covariance,

2 = Var[¢(Z))] = EVar[¢1(Z1)|¢1]+ VarE[¢1(Z)) | ¢1]
= BlgiVarlZyI1] +0 = - Blgi] = o Ll

p p
This implies
x. = EHY2 Covigi(Z1), p2(Z)] (EN)'?
1 P_l—rcropp-] -1 p_[-rcmpp-l
=(- ——"— E Var[Z, 1 E = —1]
(, =) Eloi] VarlZi] Elg,] Pt
and

EHY2Covig1(21), Z1ED'? = V2Bl Var[Z1(ED'? = 1,

p_rrcropp-l . H

Therefore the desired statements hold with a; = a; = >
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