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Abstract

We study the interest-rate sensitivity of household wealth in a realistic life-cycle model. The
model predicts that middle-aged and wealthier households should hold more long-term assets,
as observed in the US data. Consequently, optimal portfolio rules imply that falling interest
rates increase wealth inequality, while rising rates reduce inequality, consistent with historical
experience. However, these long-run shifts in wealth inequality are largely offset by changes
in the valuation of human capital and Social Security benefits, mitigating the passthrough of
interest-rate fluctuations to expected lifetime consumption.
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Over the past four decades, declining real interest rates have been a driving force behind the rise
in asset prices, especially for long-duration assets such as equities and long-term bonds (Binsber-
gen, 2021). Because these assets are disproportionately held by the wealthy, the resulting capital
gains have contributed to the surge in wealth inequality (Greenwald et al., 2023). Nonetheless, the
distributional consequences of falling interest rates must be interpreted with caution. When future
rates of return are lower, the same level of wealth can fund less consumption over the life cycle. In
order to finance $100 of consumption at age 70, a 35-year-old must set aside $71 at a 1% return,
compared to only $36 at a 3% return. Hence, falling interest rates only benefit households if their
capital gains offset the fact that their wealth will grow at a slower pace moving forward.

Overall, the net distributional effect of falling interest rates depends on whether households
hold portfolios with the appropriate duration, such that their capital gains can offset changes in
future rates of return. The appropriate portfolio depends on multiple factors, including their age,
wealth and future labor income and retirement benefits. To take all these factors into account, we
build and calibrate a life-cycle model with stochastic interest rates in which households can choose
the interest-rate sensitivity of their wealth by investing in assets of different maturities.

Our analysis delivers two sets of findings. First, the model’s predictions for individually opti-
mal interest-rate sensitivity align closely with key stylized facts about households portfolios in the
U.S. Survey of Consumer Finances. As in the data, the optimal interest-rate sensitivity of wealth
is hump-shaped over the lifecycle and increasing in both wealth and earnings. Second, the model
implies that declines (increases) in real interest rates generate large and persistent rises (falls) in
wealth concentration. Overall, the model can account for roughly half of the decline in wealth
inequality between the 1960s and the mid-1980s and about half of its subsequent rise. However,
while the wealth impact of interest-rate changes is highly uneven across households, the welfare

impact—as measured by lifetime utility—is much more even.

Our first contribution is to develop a realistic portfolio choice model with stochastic real interest
rates to understand how investors should think about the duration of their balance sheet. We then
compare the predictions of the model to the data to evaluate how close households get to this
benchmark in practice.

We find that the individually optimal interest-rate sensitivity of wealth is highest for middle-



aged, high-income, and high-wealth households. These patterns reflect the interaction of several
forces. Without labor income or Social Security, younger households would prefer portfolios with
high interest-rate sensitivity because of their long investment horizons. Introducing labor income
changes this prediction: for young workers, human capital acts like an implicit long-term bond,
pushing them toward investing their wealth in short-term assets. As workers age, human capital
shortens in duration and the sign of its substitution effect flips, inducing households to invest more
in long-term assets. This effect fades as retirement approaches and the value of human capital
converges to zero. Together, these forces generate a hump-shaped relationship between age and
the optimal interest-rate sensitivity of wealth. Social Security adds another layer: because benefits
behave like very long-term annuities, they reduce the need for households to hold long-duration
assets. Since these benefits represent a smaller share of lifetime resources for high earners, this
substitution effect is weaker at the top of the distribution, producing a positive relationship between
wealth and the optimal interest-rate sensitivity.

Empirically, U.S. household portfolios align closely with these predictions, suggesting that
households approximately follow optimal rules. This alignment raises the question of how house-
hold financial behaviors replicate these portfolio rules in practice. To fully eliminate interest-rate
risk, households should invest in assets with cashflows of different maturities so that, together with
expected future earnings and benefits, these payments would match the timing of their desired con-
sumption plan. If held to maturity, these assets would finance a predetermined consumption path
regardless of interest-rate fluctuations, because each cashflow would arrive exactly when needed.
In practice, households engage in a mix of voluntary and mandatory arrangements that mimic
aspects of this abstract portfolio rule.

At the lower end of the earnings distribution, workers save primarily through contributions to
Social Security, whose rate of return is unaffected by interest rates. Payroll taxes and benefits
redistribute labor earnings over the life cycle to match the timing of a smoothed consumption plan,
so these households do not need to actively invest in long-term assets to hedge against interest-rate
changes—Social Security already provides that protection. For lower middle-income households,
Social Security covers most, but not all, of retirement consumption. They typically supplement it
with private savings, most often by buying a house with a fixed-rate mortgage. This arrangement

exchanges future housing services for a fixed stream of payments, locking in the cost of residential



consumption. It protects households against both interest-rate risk as well as aggregate house-price
risks. Social Security then finances most of their other retirement spending. Higher earners, who
receive the lowest replacement rates from Social Security, rely more heavily on private retirement
savings, often in stock-based accounts. Because stock values tend to rise when interest rates fall,

these assets help sustain retirement consumption when rates of return fall.

Our second contribution is to study what individually optimal portfolio rules imply for trends in
wealth inequality and their interpretation. As Moll (2021) note, interpreting these trends is difficult
because the welfare implications of capital gains from discount rate shocks are ambiguous. They
depend on whether households fully hedge their interest-rate exposure (Auclert, 2019).

We show that, given the historical path of interest rates, optimal portfolio rules generate large
fluctuations in the concentration of wealth. These fluctuations account for nearly half of the decline
in wealth inequality between 1960 and 1985, and for a similar share of its subsequent increase in
the following decades. Moreover, rising stock prices—net of what would be predicted by the stock
market’s interest-rate exposure—further amplified these trends. On the other hand, similar changes
in national house prices had the opposite effect.

These trends look markedly different under broader wealth concepts, a prediction that echoes
the empirical finding that trends in inequality strongly depend on the inclusion or exclusion of
accrued Social Security benefits (Catherine et al., 2025). In our model, heterogeneity in portfo-
lios (and thus in wealth returns) are largely driven by substitution effects from off-balance-sheet
assets. Therefore, once Social Security and human capital are included in wealth, much of this
heterogeneity disappears. We document that this prediction of our model is consistent with the
data: including Social Security in our measure of wealth evens out the interest-rate sensitivity of
wealth across the earnings and wealth distributions.

A consequence of this insight is that trends in wealth inequality induced by interest-rate fluctu-
ations must be interpreted with caution. Indeed, our model generates large changes in the concen-
tration of wealth—roughly half of historical variations since 1960—without any increase in within-
cohort welfare inequality. This follows intuitively from the optimal portfolio decision: households
target the interest-rate sensitivity of their wealth to offset the implicit exposure of their background

assets, so that, ex post, their lifetime consumption is similarly exposed to interest-rate shocks.



On the other hand, changes in the interest-rate environment can affect cohorts differently for
two reasons. First, because they do not have infinite relative risk aversion, households do not fully
hedge interest rate risk. Consequently, falling interest rates lower the lifetime consumption of
younger households disproportionately more than their parents. Second, households cannot hedge
against the level of interest rates when they enter the labor force. As such, we estimate that the
millennial generation, who entered the labor force in the mid 2000s after most of the rise in asset

prices, will see their lifetime consumption reduced by 10% due to the level of interest rates.

Related literature  Our paper bridges the literature on portfolio choice and that on wealth inequal-
ity.

First, we contribute to the study of households’ portfolio choices. Following the seminal work
of Samuelson (1969) and Merton (1969), this literature has focused on the allocation of wealth
between different assets classes, and in particular the choice of investing in the stock-market port-
folio or a short-term riskfree bond. More recent studies have expanded this class of models to
incorporate real-estate investment (Cocco, 2005). Our paper builds on these studies to underline
the role of another risk factor: the interest-rate sensitivity of household balance sheets.

A growing empirical literature underscores the importance of household exposure to interest
rates over long horizons. Greenwald et al. (2023) document that wealthy households invest more
in long-term assets, so their capital gains are larger when rates fall, which can explain much of the
rise in wealth inequality since the mid 1980s. Binsbergen (2021) shows that, between 1986 and
2021, a portfolio of 25-year U.S. Treasuries earned annualized returns comparable to the S&P 500.
Catherine et al. (2025) further document that trends in wealth inequality are largely offset by the
inclusion of accrued Social Security benefits, which increased in value as interest rates declined.

Our contribution is to derive optimal portfolio rules rather than take them from the data, as
in Greenwald et al. (2023). We build on the intuition of Campbell and Viceira (2001) that in-
vestors can hedge interest-rate risk with long-term bonds,' to study how mortality, human capital,
and Social Security generate heterogeneity in the optimal hedging demand. Low-earnings and
low-wealth households optimally hold portfolios with low interest-rate sensitivity because they are

already implicitly invested in a long-duration asset—their future Social Security benefits. Empiri-

!Campbell and Viceira (2001) study the case of an infinetely-lived agent without background assets.



cally, we show that once Social Security is included, the relationship between wealth and duration
documented by Greenwald et al. (2023) largely disappears, as predicted by the model. This mech-
anism also explains why market-based wealth inequality closely tracks interest rates, yet remains
flat when accrued Social Security benefits are included, as documented by Catherine et al. (2025).
Overall, our framework unifies empirical evidence on cross-sectional portfolio differences and
trends in wealth inequality across alternative wealth concepts.

Our findings complement existing work analyzing the welfare implications of interest-rate-
driven redistribution. Gomez and Gouin-Bonenfant (2024) show that lower rates increase wealth
inequality through entrepreneurship, because raising equity is cheaper and the valuation of pri-
vate business is higher. Fagereng et al. (2025) develop a sufficient-statistics approach to measure
how historical changes in asset prices redistributed welfare using transaction data. Auclert (2019)
studies the implications of unhedged interest-rate exposure for monetary policy transmission. Like
Auclert (2019), we emphasize that the interest-rate exposure of wealth inclusive of non-financial
income is the welfare-relevant measure. Our life-cycle approach provides a benchmark for evalu-
ating the extent to which the interest-rate exposure of wealth is individually optimal.

In endogenizing portfolio choices, we explain an important driver of portfolio-return hetero-
geneity. The importance of this work is highlighted by Moll (2021), who argues that explaining
the portfolio choices that generate heterogeneous returns is essential. Benhabib et al. (2019), Bach
et al. (2020), and Hubmer et al. (2021) have empirically documented that the higher returns of the
wealthy are crucial for explaining wealth inequality and its evolution. We provide an explanation
for a large part of this heterogeneity: wealthier households should invest more in long-term assets
to be equally hedged against interest-rate risk.

Recent work by Fagereng et al. (2021) shows that capital gains explain most of the rise in
wealth inequality because the rich “save by holding” instead of selling assets to consume. This
behavior is consistent with interest-rate hedging. As an extreme example, if households hold
a perfectly interest-rate-hedged portfolio to maturity, then they will be able to afford the same
consumption plan regardless of discount-rate-induced changes in asset prices. As Cochrane (2022)
puts it, a family should not pay attention to these fluctuations if it intends to live off of the coupons.

Finally, this paper builds on recent studies that have focused on the ways in which progres-

sive government programs attenuate wealth inequality (Catherine et al., 2025), income inequality



(Auten and Splinter, 2024), and their passthrough to lifetime consumption (Auerbach et al., 2023).
Our paper shows that including transfer income in wealth yields a measure that is more relevant for
the cross-sections of both portfolios and welfare. In particular, we show how the interplay between
public programs like Social Security and optimal portfolio choices can generate diverging trends
in wealth and consumption inequality. Our mechanism helps explain Meyer and Sullivan (2023)’s

finding that, over the past five decades, the rise in overall consumption inequality was small.

1 Data and measurement

This section describes our data sources and the methodology we adopt to measure the interest-rate

sensitivity of wealth. We provide more details about the data in Appendix B.

1.1 Definitions

Interest-rate sensitivity of an asset Consider an asset with current price P, and future cashflows
{Dis1}32,. Let rp denote the log real interest rate. We define the interest-rate sensitivity of the
asset as the change in the asset’s price in response to a decline in the interest rate, holding future

cashflows and risk premia fixed:

Jlog P,

gr(Pt) = — 6Tft

&)

Appendix A gives a formal definition, along with an explanation of how this concept relates to an

asset’s duration, which is defined as the value-weighted timing of its cashflows.

Interest-rate sensitivity of wealth The interest-rate sensitivity of the wealth of household 7 is the

value-weighted sum of each component elasticity:

Aj;
er(Wy) =) L x e (Ay), )

where A;; denotes the value of the asset or debt j, £,(A;;) its interest-rate elasticity, and W; the

household’s net worth.



1.2 Main data sources

Survey of Consumer Finances Our goal is to measure the interest-rate sensitivity of assets on
households’ balance sheets. To do this, our primary data source is the triennial Survey of Consumer
Finances (SCF), from which we use all survey years from 1989 to 2019. We use three main series:
(1) detailed information on household assets and liabilities, (i1) interest rate and maturity data for
household liabilities, and (iii) income data for household assets, which we use to compute valuation

ratios.

Interest-rate sensitivity estimates We supplement the SCF with data on Social Security wealth
and its interest-rate sensitivity from Catherine et al. (2025), duration estimates from Greenwald et
al. (2023) and Bloomberg, and the real yield curve, computed by subtracting inflation projections

from the SSA annual reports from the nominal yield curve.

Yield curves Historical data on the nominal yield curves are obtained from the Federal Reserve
System.? The zero-coupon yield curve is estimated using off-the-run Treasury coupon securities

for horizons up to 30 years.

1.3 Interest-rate process

Parametric assumptions The interest-rate sensitivity of assets depends on how shocks to current
interest rates will affect future interest rates. We assume that log interest rates follow a first-order

autoregression, given by:

Tiir1 = (L= @) + g + 0r€rpqrs 3)

where €, is a standard normal shock. When interest rates follow an AR(1) process, the interest-rate

sensitivity of a zero-coupon bond paying off 1 in k years is

ér(Pkt) -

— )

Zhttps://www.federalreserve.gov/data/nominal-yield-curve.htm
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Here, the bond’s maturity £ is also its duration. The interest-rate sensitivity is increasing in the

duration; they are identical (£,.(Py;) — k) if interest-rate shocks are permanent (¢ — 1).

Calibration Since our focus is on obtaining realistic asset-price levels and capital gains for rate-
sensitive assets, we calibrate the stationary mean, persistence, and volatility to match moments of
the real yield curve. Over our sample period of 1989-2019, we target (1) the slope from a linear
regression of the 30-year real forward rate (f39) on the current one-year real yield, (2) the average
30-year real forward rate, and (3) the unconditional volatility of the one-year real yield. These
three moments provide an exactly identified system that defines each parameter in terms of data
moments. Table 1 reports the data moments, their relationship to model parameters, and implied

parameter estimates.

Table 1: Parameter values and moments for the riskfree rate process

Moment conditions Parameter estimates
Data moment Model equivalent ~ Data value Parameter Value
cov(fzo.e, 7 pe)/var(r ) %0 0.2569 © 0.9557
f30.6 Tr 0.0193 Ts 0.0193
var(r ) o2/(1 — %) 0.0167 o, 0.0049

1.4 Empirical estimates in the SCF

We obtain the rate sensitivity of households’ wealth in three steps. First, we estimate cashflow
duration for each asset and liability on households’ balance sheets. Second, we apply equation (4)
to this cashflow duration, taking the rate sensitivity of the asset to be the same as the rate sensitivity
of a riskfree zero-coupon bond with the same duration. Third, we take a value-weighted sum of
the assets’ rate sensitivities to arrive at the overall portfolio rate sensitivity of each household.?
Table 2 presents the averages of our interest-rate sensitivity and duration estimates by asset
group and for wealth for households in the SCF. The average balance sheet interest-rate sensitivity

suggests that interest-rate risk generates substantial volatility in returns to wealth.

3We formally derive the second and third steps in Appendix A.



Table 2: Average duration and portfolio share by asset group

IR Sensitivity Duration Portfolio share
equal-weighted wealth-weighted

Assets

Private Business 14.14 21.73 0.03 0.16

Equity 20.31 50.76 0.12 0.23

Real Estate 9.78 12.53 0.41 0.36

Fixed Income 3.26 3.44 0.10 0.14

Vehicles 3.17 3.34 0.19 0.03

Cash and Deposits 0.25 0.25 0.14 0.07
Liabilities

Mortgage Debt 7.34 8.68 0.52 0.83

Other Debt 2.59 2.69 0.48 0.17
Networth

Value-weighted 12.28 17.33

Equal-weighted 8.38 10.24

Note: This table reports the average interest-rate sensitivity, duration, and portfolio share of each asset group for
households in the SCF. Interest-rate sensitivity is calculated from asset duration as in equation (4). To calculate
average duration for each asset group, we take the duration estimate for each household’s holdings in the group and
then average them across households, weighting each household’s contribution by its SCF sample weight and the
value of its holding in the asset group. To obtain the equal-weighted portfolio shares, we take the share of each asset
group within a household’s portfolio and then average the shares across households using SCF sample weights. We
repeat this process for the wealth-weighted portfolio shares, but in this case we weight each household by both its SCF
sample weight and its networth.

To obtain these estimates, we adopt different methods to compute the cashflow durations of
assets and liabilities. We only provide an overview of our methodology in this section and offer
but more information about our construction of all of the different components of interest-rate

sensitivity can be found in Appendix B.2.

Equity, real estate, liquid assets, and fixed income For all equity, real estate, and liquid assets, we
apply the annual group-wide duration estimates provided by Greenwald et al. (2023). For fixed-
income assets, we collect annual average duration estimates from Bloomberg for government debt,
municipal bonds, mortgage-backed securities, foreign bonds, and corporate bonds and apply them

to each asset within the fixed-income group accordingly.



Private business wealth Private business wealth duration varies across entrepreneurs and is esti-

mated from price-dividend ratios inferred from the SCF.* In particular, we assume

Wealth group specific valuation multiple
.

> ;c. Bus. Value; )\ y (Z( >, Bus. Income; ) 5)

> icc Bus. Income;, Bus. Income; — Wages,)

J

Ve

dur(Private Business.;) = (

vV
Business income-to-dividend conversion ratio

where ¢ denotes different households and ¢ groups in the wealth distribution. We do this because
valuation ratios are higher at the top of the earnings distribution, since wealthy entrepreneurs tend
to run different types of businesses (Schoar, 2010). The first term is the time-varying business
value-income ratio for each wealth group which can be computed directly in the SCF. The second
term converts this valuation multiple into a price-dividend ratio. This is because business income
includes both wages paid to the entrepreneur and dividends. Wages to business owners are only
sometimes reported in the SCF; when they are not we estimate them using information on house-
holds’ level of education and age. Since this estimation procedure entails some noise, we assume
all private businesses have a common conversion ratio across wealth groups and over time. For

more information on this, see Appendix B.2.4.

Vehicles To determine the duration of vehicles, we compute the time left on a vehicle’s life using
the age of the vehicle provided in the SCF and an estimate of its maximum lifetime. We then

assume a constant depreciation rate to determine its cashflow duration.

Liabilities For each household’s liabilities in the SCF, we assume a fixed repayment schedule and

estimate duration as

dur(Debt;) = f: P n (6)
t) = = 5 | ™
n=1 27]:/::1 P

where N is the number of years remaining on the loan given in the SCF and P,,; = e "¥"* where
Ynt 18 the n-year yield. The number of years remaining on the loan is either given explicitly in the

SCF or can be inferred from the interest rate and loan balance outstanding. The exception to this

“We use the price-dividend ratio here because it is equal to the duration when discount rates and cashflow growth
are constant (Binsbergen, 2021; Gordon and Shapiro, 1956). That is, for constant cashflow growth rate g, riskfree rate
7¢, and risk premium i, the price-dividend ratio is P;/D; = [;° e~ TH=9"dn = 1/(r; + u — g) and the duration

—(rptp)n
is [,° %t[)””ndn =1/(ry+p—g).

10



is adjustable rate mortgages, whose duration we assign a maximum of 4—the average number of

years in the data until they begin to float.

2 Stylized facts

We begin by documenting five stylized facts about the directly observable side of household’s
interest-rate exposure: the interest-rate sensitivity of wealth £,(11). Even though it only paints a
partial picture of households’ exposures to interest rates, the distribution of €, (W) is interesting
because it reflects households’ portfolio allocation decisions. These facts will later guide our

structural analysis.

Fact 1: Interest-rate sensitivity is hump-shaped over the life cycle The first stylized fact is that
the rate sensitivity of wealth is hump-shaped over the life cycle: it is lowest for 20-year-olds, rises
to a high for 40- to 45-year-olds, and steadily declines thereafter. Figure 1 decomposes this pattern
clearly, showing the relative contribution of each asset to the total portfolio rate sensitivity. The
difference in portfolio interest-rate sensitivities at each age is determined by the assets households
choose to hold. For example, 20- to 25-year-old households have relatively low interest-rate sensi-
tivities because the majority of their wealth (70.4%) is invested in liquid accounts (e.g., checking
and savings accounts) and vehicles.

As households approach midlife, the composition of assets changes and the interest-rate sen-
sitivities of their portfolios grow. The majority of their portfolio (48.7% for 40-year-olds) is now
made up of longer-term assets like equity and real estate. Moreover, leverage—in particular, mort-
gages and other debts—plays a more important role, increasing the rate sensitivity of the wealth
portfolio by nearly 20%. The reason leverage increases the rate exposure of the household’s port-
folio is because the (equal-weighted) average rate sensitivity of assets is approximately 40% higher
than that of debts over our sample.

As midlife turns to retirement, the rate sensitivity of wealth begins to fall. The decline in
rate exposure is driven not by the asset side of the portfolio, but rather by the disappearance of
leverage, which reduces the interest-rate sensitivity of the wealth portfolio. This is consistent with

the conventional narrative in saving for retirement: households with a large stock of human capital
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Figure 1: Interest-rate sensitivity of wealth by age
A. First earnings tercile B. Second earnings tercile C. Third earnings tercile

Bl Liquid assets and fixed income
+Vehicles

Bl +Home equity

| mm +Home leverage effect

15
15
15

Bl +Equity and private business
Bl +Other debt = wealth

Note: This figure reports the interest-rate sensitivity of wealth by age and tercile of earnings. The rate sensitivity
is decomposed into the contribution of six components of wealth. From bottom to top, we calculate the sensitivity
of partial portfolios, adding components step-by-step. First, we report the interest-rate sensitivity of liquid assets
and fixed-income assets. We then report the rate sensitivity of a larger portfolio that also includes vehicles, and

so forth. Thus, the interest-rate sensitivity of the partial portfolio inclusive of the first & components of wealth is

~ . __ Portfoliog, —1 . Component,,
& (Portfolioy,) = 5 re—¢r (Portfolioy—1) + 5, € (Component ).

take on mortgages in early adulthood to guarantee housing consumption flows in old age.

Fact 2: Interest-rate sensitivity is increasing in earnings The second stylized fact is that high-
earning households hold more rate-sensitive portfolios. Comparing the three panels of Figure 1
shows that, for a 1% decline in interest rates, the top earnings tercile will see approximately 4
percentage points larger capital gains than those of the bottom earnings tercile. High earners

investing more in equity explain most of this difference.

Fact 3: Interest-rate sensitivity is increasing in wealth The third stylized fact is that interest-rate
sensitivity is generally increasing in wealth. This fact is shown in Figure 2, which decomposes the
average rate sensitivity for households between ages 40 and 45 over the log of their wealth scaled
by the Social Security Wage Index in their survey year.

For low-wealth households, liquid accounts, vehicles, and non-mortgage debt contribute the

most to the interest-rate sensitivity of their portfolios. For middle-wealth households, real estate
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becomes the dominant asset, with its rate sensitivity amplified by the mortgage taken on to finance
the purchase. The large indivisible nature of houses leads lower-middle-wealth homebuyers to take
out large mortgages and expose themselves to interest-rate fluctuations, which is reflected in the
small bump in rate sensitivity near the lower-middle portion of the wealth distribution. As wealth
increases, portfolio rate exposures increase with larger positions in highly rate-sensitive assets like

publicly traded equity and private businesses.

Figure 2: Interest-rate sensitivity of wealth at ages 40—45 by level of wealth

Bl Liquid assets and fixed income
+Vehicles
Bl +Home equity
v
— 7| EE +Home leverage effect
Bl +Equity and private business
Il +Other debt = wealth
2 -
v -
o 4
T T T T T T T T
-2 -1 0 1 2 3 4 5
Log Wealth/Wage Index

Note: This figure decomposes the interest-rate sensitivity for households in which the head of the household is between
40 and 45. The methodology is the same as in Figure 1, except that here the x-axis is the log of wealth scaled by the
Social Security Wage Index in the survey year.

Fact 4: Wealth inequality follows interest rates Our fourth stylized fact is that, as documented
by Greenwald et al. (2023), the wealth share of the top 10% has tracked the price of real bonds over
the past six decades. Figure 3 replicates their finding, approximating real bond prices by one minus
the estimated 10-year forward rate and measuring wealth inequality using estimates from Smith
et al. (2023) (Panel A) and Piketty et al. (2018) (Panel B). While this historical correlation does
not, by itself, imply that interest-rate fluctuations account for most changes in wealth inequality,
it suggests that the mechanisms illustrated in Figures 1 and 2 can plausibly explain an important

share of these long-run trends.
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Figure 3: Wealth inequality and estimated 10-year real forward rates

A. Smith, Zwick, and Zidar (2023) B. Piketty, Saez, and Zucman (2018)

.68

.66+

r.98 r.98

.64+

.62+

.96 .96

Top 10% wealth share

.58+

Estimated 10-year real forward price
Top 10% wealth share
Estimated 10-year real forward price

L.94 L.94
1970 1980 1990 2000 2010 2020 1970 1980 1990 2000 2010 2020
Year Year

Note: This figure presents the time series of the top 10% wealth share from Smith et al. (2023) in Panel A and Piketty
et al. (2018) in Panel B against 1 — f;( ;, one minus our estimated 10-year real forward rate from equation (D.1).

Fact 5: Social Security offsets differences in rate sensitivity We now extend our definition of
wealth to include the net present value of Social Security payments—that is, of expected benefits
minus expected payroll taxes to be paid into the system. Figure 4 displays the fifth stylized fact:
the inclusion of Social Security wealth strongly attenuates the relationships between interest-rate

exposure and wealth (Panel A) and earnings (Panel B).

Figure 4: Interest-rate sensitivity of wealth at ages 40-45: Role of Social Security

A. Wealth B. Earnings

B Wealth B Wealth
B +Social Security B +Social Security

15
15

T T

1.5

-2 -1 0 1 2 3 4 -1.5 -5 5
Log Wealth/Wage Index Log Wage Income/Wage Index

Note: This figure decomposes the interest-rate sensitivity for households in which the head of the household is between
40 and 45. The methodology is the same as in Figure 1, except that here the x-axis is the log of wealth scaled by the
Social Security Wage Index in the survey year in Panel A and scaled earnings in Panel B. Estimates for the net present
value of Social Security at the individual level come from the risk-adjusted valuation of Catherine et al. (2025).
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3 Model

We model household consumption and investment decisions over a life cycle divided into two
stages: working age and retirement. We first describe the economic environment and then define

households’ consumption-saving problems, including market frictions.

3.1 Interest rates and economic growth

Interest rates and economic growth vary over time in a correlated way. We thus model them
as cointegrated stochastic processes. As in our empirics, we assume that the log riskfree rate,

T+ = log Ry, follows a first-order autoregression:

Tig+1 = (1- 90)@ + Qe+ Or€rita.

To capture the cointegrating relationship between rates and growth, we assume that the log growth
rate of aggregate income (defined below) is the sum of an autoregressive process and a loading on

the riskfree rate:’

Gt+1 = G141 T AgrTfe415 @)
where

g1i+1 = (1 - Sﬁg)g + ©g91t + €g141- (8)

To capture business-cycle dynamics, we assume that systematic shocks to growth follow a normal

mixture distribution,

€gr1 ~ N (1g,042)  with probability pg,
€gt+1 — (9)
€ty ~ N (uf,042)  with probability 1 — pg,

where pp, is the probability of a recession, as ,u; > i, - The shocks €,.;41 and €, are indepen-

dent.

3In an asset pricing model, one would typically think of interest rates as depending on growth, not the other way
around. Econometrically, though, these are equivalent representations and therefore without loss of generality.
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3.2 Asset returns

Households can invest their wealth in long-term bonds, stocks, and housing. Henceforth, we con-

tinue to denote log returns by lowercase r» = log R.

Long-term bonds We model the long-term bond as a riskless claim to one unit of real consump-
tion in n periods. Its price, denoted P, satisfies the expectations hypothesis, generalized to in-
clude constant term premia. Specifically, we assume that the term premium on each n-period bond
is some constant i, (with 1 = 0). As we show in Appendix C.1, these assumptions imply an
explicit relation between the dynamics of long-term bond returns and short-term rate fluctuations:

the log bond return equals

Tnt+l = Ve + fhn — Op€rig1, (10)

where the sensitivity to rate shocks o, is given by

1 — n—1
oo=—F 5. (11)
-9
In addition, we set y,, = —o2 /2, so that there is no risk premium.®

Recall that the interest-rate sensitivity of the bond (or any asset) is the percentage change in the

price caused by an unexpected decline in the interest rate, which equals

Olog Py 1 — "
A(Py) = — = ) 12
c ( t) ant 1— 2 ( )

This sensitivity is increasing in maturity n. This expression summarizes the effect of unexpected
changes in interest rates: if the riskfree rate unexpectedly falls, then the long-term bond has an
unexpectedly high return from capital gains next period. The longer is the maturity n, and the

higher is the persistence ¢ of the rate shock, the larger is this response.

®This is not inconsistent with an upward-sloping term structure for nominal bonds, as nominal bonds may have a
risk premium due to inflation risk. In contrast, the term premium on inflation-indexed bonds (TIPS) is likely close to
zero: ? find that nearly all the slope of the nominal term structure is explained by inflation risk, whereas the real term
structure is on average flat. Indeed, many leading asset pricing models predict a flat or downward-sloping real term
structure (??). As such, this assumption accords well with prior work.
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Stock market The stock market is a claim to public firms’ cashflows. Appendix C.2 shows that,

if cashflows are cointegrated with aggregate income, the stock’s log return can be written

Tst+1 =T — )\srﬁr,t—i-l + Asgeg,t—i-l + Est+1, (13)

where the market-specific shock is

— _ 2 . —_
€st+1 ™ N (py,07) if €gt+1 = €g 441>
€s,t+1 = (14)

+ + 2 : _ +
€str1 ™ N(ILLS 705) if €gt+1 = €gpt1-

The market-specific shocks depend on the realization of a recession, capturing kurtosis and het-
eroskedasticity in returns, specifically the fact that the stock market is more likely to fall in reces-
sions (,u;2 < ij). The loading A, summarizes the net effect of interest-rate shocks on returns.
On the one hand, a fall in rates will increase the value of the market, because it is a long-duration
asset; but on the other hand, if growth and interest rates are positively correlated (A, > 0), then
this will also tend to come with bad news about cashflows.” We will find that the former dominates,

S0 Ay > 0.

Housing The price of one unit of housing, denoted Fj, is the product of a regional (i.e., sys-
tematic) component F; and a house-specific (i.e., idiosyncratic) component P,8 The regional
component can be decomposed as

Py = PPy, 15)

where P,,; is the price of an n,-period bond, matching the interest-rate sensitivity (and duration)
of housing; and where
1 Ppa
og ——

= Up + On€ptt1, (16)
ht

captures the drift of house prices over time with €, ;1 standard normal. The idiosyncratic compo-

nent P, evolves as a random walk with Gaussian innovations op€p; 1.

"This implies the imperfect passthrough of interest rates to equities emphasized by Gormsen and Lazarus (2025).
8Piazzesi et al. (2007) show that about half of the volatility of housing returns in the data is idiosyncratic.
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For an owner-occupier, the return on a house is then’

Thig+1 = Tft + fny, — Ony, €rt+1 + [h + On€pir1 + On€hitit, (17)
N -~ S/ N -~ 7 N - 7
Tnyp, t+1 Alog Pp, 141 Alog P11

which includes both the return on the long-term bond component and the sum of the regional and

idiosyncratic price appreciation.

3.3 Labor income

We model labor-income dynamics using the empirically realistic process estimated by Catherine
(2022) from the data of Guvenen et al. (2022). Each household 7 earns labor income L;;, which
is the product of the aggregate wage index L, and an idiosyncratic component ;.. The aggregate

wage grows at the rate

log —— = gt41, (18)
defined in (7). The idiosyncratic component equals

Lz‘t = exXp {E(azt) “+ zi + Th't} . (19)

The deterministic component ¢(a;;) is a polynomial of age a;; it captures the common life-cycle
profile of income. The persistent component of earnings, denoted by z;;, follows a first-order

autoregression

Zit = pZig—1 + Git, (20)

with innovations (;; drawn from a mixture of normal distributions

¢; ~N(ug,0;%)  with probability p.,
+ ~ N(ut, 07)  with probability 1 — p..

Idiosyncratic labor-income growth tends to be negatively skewed, so the state (; = ¢ is rare

(p. < 0.5) and tends to be negative. This skewness is also cyclical (more negative in recessions),

°In Appendix C.3, we derive this return and discuss how it accounts for maintenance and transaction costs.
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so the mean outcome co-moves with aggregate income growth'’

Poy = i, + Azt (22)

with A, > 0. This state is also more volatile (¢, > o), meaning that extreme income events
happen more frequently in this rare state. The initial cross-sectional distribution of the persistent
component of earnings is given by z;y ~ N (0, 0%,).

The transitory component of idiosyncratic earnings 7);; is also drawn from a mixture of normal

distributions, with outcomes contingent on the permanent-income shock:

N 072 if G = ¢,
Tt ~ (s ”2) b (23)

3.4 Social Security and income taxes

Social Security Agents pay Social Security payroll taxes 7}; on their labor income during working
life, then receive benefits B;; in retirement. We assume all workers retire at the full-retirement age
ay,..,» which is the age at which they receive 100% of their scheduled benefits. The tax payments

are 10.6% of all income below the Social Security wage base, which is 2.5 times the average wage:
755 = 0.106 min{ Ly, 2.5L,}. (24)

Social Security retirement benefits depend on the agent’s average indexed yearly earnings (AIYE),

which is an average of the highest 35 years of indexed earnings

‘ _ L
Lyt = min{Ly, 2.5L,} = (25)

t

up to retirement, where L, is the wage index during the period in which the worker is 60. In
words, indexed earnings are the income below the wage base at a given age, adjusted for growth

in the aggregate wage index L, up to age 60. Income earned after age 60 but before retirement

10The mean of the other state, 11, is then such that average shocks to z;; are zero: 0 = p,u_, + (1 — p.)ul;.
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at t,.; can still contribute to the worker’s AIYE, but it is indexed to t4y. Total benefits are then a

piecewise-linear function of the AIYE when the worker retires:

0.9AIYE,,, if AIYEy,,, < by,
Bit — O.gblt —+ 032(1AsIYEmgmt — blt) lf blt S AIYEitret
0.9b1; + 0.32(byy — byy) + 0.15(AIYEy,,, — by) if byy < AIYE,, ..

< by, (26)

The kinks in this benefit formula are determined by the “bend points” by; and b;, which historically
are about 21% and 125% of the wage index, respectively. The formula is progressive: as AIYE
(lifetime income) increases, the marginal benefit declines. Note that AIYE is itself bounded above
due to the wage base, so benefits have an upper bound. Benefits after the retirement year are held
constant in real terms — that is, they are adjusted in nominal terms to account for CPI inflation.

Before retirement, we keep track of average indexed earnings as:

t T t
- L - -
AIYE; = min{L;,, 2.5L5}E—Z =L,y min{L;,2.5}. 27)
s=tg s=to
Safety net Households can receive SNAP benefits (“food stamps”) if their income falls suffi-
ciently low. Under SNAP, households receive a transfer equal to 6% of the wage index minus 30%

of their pre-tax earnings, if this difference is positive.

Income tax Households pay taxes on income and benefits according to the income tax brackets
faced by U.S. households in 2020, adjusted for changes in the aggregate wage. Marginal tax rates

are progressively increasing in idiosyncratic income Li; we report the formula in Appendix D.3.

3.5 Households

Objective and preferences Household i chooses goods consumption Cj;, housing consumption

H,;, and portfolio shares m;; = {m,, it, Tsit, Th.it } to maximize lifetime utility

tmax

Vi max B, > B it (1= mi 1) u(Cis, Hig) + mi b (Wi)] . (28)
isyd145,Tis ot
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where [3 is the rate of time preference, ¢,,,, corresponds to the maximum lifespan, m;; is the age-
and income-dependent mortality probability from ¢ to ¢t + 1, and p;;, = Hz;i(l — my,) is the

probability of surviving from ¢ to s.

The household’s flow utility is given by

1
U(Oit7 I’IZ ) = :(Ci_l’]—_[i’jt)l_w‘ (29)

The parameter v governs the preference for housing relative to goods; v is both the coefficient of
relative risk aversion and the inverse of the elasticity of intertemporal substitution.

Households also bequeath to their children an inheritance from their terminal financial wealth.
In modeling utility over bequests, one must consider the fact that inheritance does not necessarily
constitute a one-time transfer of liquid wealth; it might instead be a long-lived flow of consumption.
Fluctuating interest rates therefore affect the value of bequests by changing the price at which
future consumption can be purchased by the bequeathed wealth. Hence, we model the bequest
motive as the expected utility from distributing the household’s terminal wealth W, over the next
b years. In particular, the bequest utility is

t+b
be(Wit) = b(Le, Pt Wis, 7y, 1) = max By »  B°'u(Chy, Hid) (30)

{Cis :H'L's aﬂ—is}
s=t

subject to the budget constraints (below) and assuming that no labor income or Social Security

benefits are earned over this period.

Budget constraints and frictions Households cannot short-sell stocks or housing, so portfolio
shares must be non-negative. If the household decides to invest a positive amount in the stock

market, then it must pay both a 1% management fee and a fixed, per-period participation cost of

csL; if Ts,it > 0,
O, = (31)

0 otherwise.

Households also cannot borrow to invest in the stock market, meaning the equity share 7, ;; < 1.

The household must also decide whether to rent or own a house. If the household chooses to
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rent (7, = 0), then the rental price per unit of housing equals

xP, if m,; = 0O (renter),
Xy = (32)

0 if 7, 4+ > 0 (homeowner),

for rent-to-price ratio x. A renter does not have any collateral with which to borrow, and therefore
must have W;; > 0.
If instead the household chooses to own (7, + > 0), then, as in Cocco (2005), the size of the

house must exceed a minimum size, given by

P H; > Hminl_;t- (33)
Homeowners are also constrained to buy a house that is not too large:

PiHy < Fmax Wit (34)

This constraint is equivalent to a downpayment requirement: the household must have enough
wealth W, to cover a fraction 1 /.y Of the house’s value. Homeowners pay proportionate prop-
erty taxes. Finally, homeowners can use their housing and equity as collateral for a mortgage. That
is, if their investments in housing and equity exceed their networth, 7, ;+ + 7, ;+ > 1, then they must
finance this with a mortgage that charges interest Ry, = e’ Ry, at a premium 6 > 0.

Finally, we assume that households only have access to bond market if they participate if they
have a house, which would allow them to target a specific duration using their mortgage, or they
participate in the securities market, which would allow them to buy long-term bonds.

Putting these constraints together, the utility maximization (28) is solved subject to the dynamic

budget constraint

Witin = Wi+ Lit + By — Ty — Cip — XeHip — P it) Rwieia, (35)
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where the return on savings equals

Rwits1 = Ry + Tpit(Rue1 — Rypt) + Tsit(Rs i1 — Ryt)

+ Thit(Rpgt1 — Rypt) — (Thyie + Mot — D" (R — Ry) (36)

for (mpit + st — 1)t = max(mp i + 75 — 1,0).

3.6 Entrepreneurs

Some households own and manage a private business instead of working in the labor market. In
particular, with some probability pg(a;), a worker of age a; will start a private business and
operate it through working life. If this occurs, then the entrepreneur will no longer earn labor

income according to (19); rather, he or she will earn idiosyncratic business income according to

Ly = exp {lp(air) + zit}, 37

which is the sum of a polynomial of age ¢ (a;;) and a random walk

Zig+l = Zit T Opz€srt41- (38)

At the beginning of the life cycle, the initial value of z; is drawn N (0, 0%_,).
The entrepreneur operates the business until retirement or death—whichever is first—at which
point the business is sold on the market and liquidated into market wealth at a value £;;. In

Appendix C.4, we show that the value of the business can be expressed as

1 1— A,

Ey =L ——— (g — 1) — —— L —
t tex"{“l—mw%@” D B

(Tft - Tf)} s (39)

where v is the mean log valuation ratio (a function of mean discount rates and cashflow growth)
and kg(v) = 1/(1 + exp{—v}). All business valuation ratios fluctuate over time with predictable
variation in interest rates r ¢, and growth g;,. Note that the value (39) also corresponds to the market

value of the business at any time before retirement. !

"Tn our data, business owners are asked to report estimates of the value of their businesses if they were to sell them,
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4 Economic intuition

To communicate the key intuitions of our model, we present an analytical solution to a linearized
version with no income risk or bequests, which we derive in Appendix H. We proceed in three
steps. First, we discuss consumption and portfolio rules for an agent without human capital or
Social Security, trading in only a long- and a short-term bond. Second, we show that the same
portfolio rule applies to total wealth in the presence of background assets such as human capital
and Social Security. And third, we explain why these results continue to hold even when we

introduce other tradable assets (e.g. equity, real estate) and risk factors (e.g., growth, house prices).

4.1 Optimal choices without labor income

Consumption rule Without labor income, the linearized model implies the optimal consumption

policy
C 1
VV%; = (1-8(1—my)) xexp { (1 - ;) (oot + Qrtrft)} . 40)

TV Vv
time discounting income and substitution effects

The first term represents the positive effect of impatience and mortality on consumption. The
second term represents the net of income and substitution effects from interest rates. Higher rates
mean higher interest income, so that households can consume more today (the income effect). At
the same time, higher rates mean agents get more consumption tomorrow in exchange for their
savings (the substitution effect). The income effect dominates the substitution effect when the
elasticity of intertemporal substitution (the EIS, 1/7) is less than one (y > 1). The sensitivity of

consumption to interest rates depends on the coefficient!?

Ort = @j_lﬁjpz‘t,t+j7 (41)
=1

where p;; ;. ; 1s the survival probability from year ¢ to ¢ + j. It is declining in age because agents

with shorter horizons are less affected by persistent rate changes.

so these values indeed represent estimates of public market values.
12We omit the subscript on g, to simplify notation and to emphasize that it is homogeneous within a cohort.
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Portfolio rule The optimal allocation to the n-period bond is:"?

. L+ 307 1 1— 1\

T = —tr 2 22 e _—o . (42)
voom o\ —
myopiggemand interest-rate risl:gedging demand

The first term represents the traditional risk-return tradeoff of Merton (1969). Our assumption of
fn = —02/2 sets this term to zero. The second term is the demand from intertemporal hedg-
ing of interest-rate fluctuations, the focus of our paper. Because its value increases when rates
unexpectedly decline, the long-term bond offers protection against the deterioration of investment
opportunities. This portfolio rule implies that the optimal interest-rate sensitivity of wealth equals'*

. L0n L, + 202 1
er(Wigsr) = T~ = ;# + (1 — ;) Ort- (43)

Note that this optimal sensitivity is independent of the long-term bond maturity n. This illustrates
the fact that households can mix any combination of short- and long-term assets to target their
optimal total exposure to interest-rate risk.

The sensitivity of consumption to rate shocks o,; declines with the investor’s horizon, so the
hedging demand decreases in age toward zero. From Equation (41), we see that o,; represents the
cumulative effect of an interest-rate shock over time, weighted by the importance of each future
period in the agent’s lifetime utility, taking into account mortality and impatience. In other words,
it results from the interplay between the agent’s horizon and the persistence of interest-rate shocks.
Agents with shorter horizons are less sensitive to future rate changes; therefore, for v > 1, the
optimal interest-rate sensitivity of wealth declines over the life cycle.

Interestingly, for a risk-neutral agent (v = 0), the hedging demand is infinitely negative. A risk-
neutral agent prefers to receive capital gains when they can be reinvested at a higher rate of return

and would therefore like to short-sell the long-term asset.!”> In the log-utility case (y = 1), this

13As we verify in Appendix H.2, (42) holds even if we separate the coefficient of relative risk aversion from the
elasticity of intertemporal substitution. Thus, the portfolio share is indeed governed by risk aversion, not the EIS.

“Notice that the agent targets the interest-rate sensitivity of next period’s wealth, W ; 11, because that is what will
respond to the interest-rate shock €, ;41 next period. This distinction disappears as the time interval becomes small.

SA simple example illustrates this. Suppose the interest rate is 2% today and, starting next year, will change to
either 3% or 1% forever. An infinitely risk-averse agent would like to perfectly hedge this risk, so that consumption is
the same no matter what happens. The agent can accomplish this by buying more long-term bonds, which appreciate
in the low-rate state and depreciate in the high-rate state. A risk-neutral agent, in contrast, would like to move as much
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force is perfectly offset by the will to insure against the deterioration of investment opportunities

and the portfolio rule is reduced to the myopic demand.

4.2 Substitution effects of labor income and Social Security

Now let us consider the effect of labor income and Social Security. Suppose that labor income L;;,
taxes 7;;, and benefits B;; are deterministic. The value of human capital, H;;, is the present value of
future earnings discounted using the prevailing yield curve and Social Security wealth, Sy, is the
present value of future benefits net of future payroll taxes. Define total wealth Wi = Wy+Hy+Si
as the sum of wealth and these present values of these background assets.

Implementing the same linearization implies that the consumption rule relative to total wealth
is the same as in the no-income solution: C;/W; equals the right-hand side of equation (40).
Similarly, the optimal allocation to bonds out of total wealth is 7; = 7 from equation (42). The

optimal allocation out of wealth IV therefore takes the form

H; S;
* H * ? S * 7
it = gy — (M — M) 7o — (T — i) oo s (44)
Wit Wi
NS ~~ > -~ >
human capital Social Security
substitution effect substitution effect
or, in terms of interest-rate sensitivities,
H; S;
* * it * 4
er(Wig) = €r5 — (Er(Hige1) — €)7o — (&0 (Sir1) — €70) 7 (45)
Wit VVz’t

such that the interest-rate sensitivity of total wealth &, (W ;1) remains equal to € ;.

The endowments of human capital and Social Security wealth are implicit holdings of long-
term assets, and thus substitute for the traded n-period bond. The values 7/ and 7 represent the
implicit percentage of each asset invested in the n-period bond. The agent adjusts the allocation to
wealth 7; such that the duration of total wealth matches 7. If, for instance, agents are endowed
with a large stock of high-duration Social Security (i.e., 77 and S; are large), they adjust their
allocations to long-term bonds m; downward to offset this high rate exposure.

Figure 5 illustrates the life-cycle pattern generated by this model. Early in life, most agents

wealth as possible to the high-rate state to enjoy the higher compounding. The agent can accomplish this by shorting
the long-term bond.
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have little financial wealth and a large endowment of high-duration human capital. To match their
ideal total-wealth rate exposure, they mostly hold assets with low rate sensitivity. As households
get closer to retirement, they increase holdings of the long-term asset to offset short-term labor
income and taxes, net of long-term benefits. As they progress through retirement, households
reduce long-term bond holdings, in line with the declining target allocation implied by the policies

above. In sum, substitution and aging effects explain the hump-shaped pattern in the data.

Figure 5: Effect of labor income and Social Security on long-term asset share
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Note: This figure shows a representative path of total wealth components, their interest-rate sensitivities, and their
effect on wealth allocations over the life cycle. Panel A plots the average values of each component of total wealth,
defined as the sum of wealth and the present values of labor income (human capital) and Social Security taxes and
benefits. Panel B shows the interest-rate sensitivity of each component. Panel C illustrates the incremental effect of
each component on the optimal interest-rate sensitivity. We assume v = 5 and 8 = 0.95. The life-cycle profile of
wealth is approximated from the data, the present values of human capital and Social Security wealth are simulated.

In addition to these effects, the progressivity of Social Security implies that households with
lower earnings will hold less rate-sensitive portfolios. Figure 6 illustrates the economic intuition
behind this prediction. Panel A describes the case without Social Security: all households have the
same savings rate, hence the wealth-income ratios and portfolio allocations show little variation
within an age group. Panel B shows the two effects of Social Security. Social Security offers a
higher replacement rate to low-earners, which means that they need to save less for retirement,
leading to a lower wealth-to-human capital ratio at a given age: the retirement savings substitu-
tion effect. Second, because Social Security represents a greater share of their total endowment, it

reduces the demand for long-term asset of low-earners disproportionately: the portfolio substitu-
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tion effect. As Panel C shows, these effects combine to generate a steep positive relation between

wealth and rate exposure, as in the data.

Figure 6: Substitution effects of Social Security within an age group
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Note: This figure illustrates the effect of Social Security on intra-cohort allocations to the long-term asset. Panel A
plots the optimal long-term bond share as a function of the ratio of wealth W to human capital H when there is no
Social Security. The round markers represent hypothetical wealth-to-human capital ratios W/H. Panel B shows the
same relation but in the presence of Social Security. In Panel C, we re-plot the points in Panels A and B in terms of
wealth only. Policy functions are drawn for age 42, v = 5, and 5 = 0.95.

4.3 Adding other assets and sources of systematic risk

All of the above intuition generalizes to multiple risk factors and multiple assets with different
exposures to interest-rate risk. To see this, suppose that there are .J risky assets and J risk factors—
for example, the long-term bond, stock market, and housing. Letting € ~ N (0, ) denote a J x .J

vector of independent shocks, we can write the interest-rate process as
- T
T = (L= @)Fp +orp +0, e (46)
and write the J-dimensional vector of risky-asset returns as

Tip1 = Tpel + 0+ LAY “47)
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The only assumption we require is that these assets are non-redundant (the J x J matrix X is in-
vertible). Appendix H.5 shows that, under this assumption, the vector of optimal portfolio weights

on the risky assets (in total wealth) equals
1 1 1
= —(2TE)! <u + 5ohag(sz)) — <1 - —) 0 X oy, (48)
v Y

which, like before, is the sum of the myopic demand and the rate-hedging demand for each asset.
If asset j is the long-term bond, then 7/ () still equals (42). The vector of interest-rate sensitivities

across assets is then given by

Yo,
.= — , 49
c ol o, “49)
so the interest-rate sensitivity of wealth is
» . 1A7o, 1
Er(m7t+l) = WitTgr = T + (1 - _> Ort, (50)
v o, oy vy
risk premia he(;;ng
where
1
A= (2™ (u + 5diag(zTZ)) (51)

is a vector of factor loadings (“Sharpe ratios”): the prices of risk for exposure to each risk factor.
If ATo, = 0, then there is no additional compensation for holding interest-rate risk, and (50) takes
the exact same value as in the two-asset model above.'®

Intuitively, adding additional systematic risk factors has no consequence on the overall optimal
interest-rate sensitivity of wealth. This is essentially an application of the portfolio separation
theorem, which states that, no matter the specific menu of assets, households should choose the
same overall exposure to risk factors—exposure to interest-rate risk, house-price risk, etc.—which

can be formed by a set of “separating portfolios” (often called “funds” in the finance literature).

16There still may be risk premia on every individual asset when A " o,. = 0, but these premia come from exposure to
the other J — 1 risk factors. For a long-term nominal bond, for example, this would include an inflation risk premium.
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4.4 Real-life interpretation

Thus far, we have built intuition by representing the interest-rate exposure of household balance
sheets with two zero-coupon securities of different maturities. We now turn to a more concrete
explanation of how households can construct real-world portfolios that achieve an interest-rate

sensitivity close to the optimal portfolio rule.

Fully hedged consumption plan 1In principle, agents can eliminate interest-rate risk by buying,
at current prices, a portfolio of zero-coupon bonds that matches the difference between their con-
sumption plan and their expected earnings in all periods, then holding this portfolio to maturity.
We can illustrate this intuition most clearly in the limiting case of an investor with infinite risk
aversion and a zero EIS.'” In this case, the investor’s desire to smooth consumption over states
and time yields a constant, deterministic policy C}; = C;. Let Y; denote the agent’s deterministic

stream of income. Wealth is the present value of the excess consumption plan:

tmax

Wit =Y Pu(Ci = Yissr)- (52)

k=1
The agent can secure the optimal consumption plan by buying C; — Y; ;. of each k-period zero-
coupon bond and consuming the coupons and income at maturity. The strategy is unaffected by
capital gains and losses from interest-rate changes. As we prove in Appendix H.6, the optimal

allocation 7; replicates exactly this buy-and-hold strategy as v — oo.

Real-world implementation In reality, households do not hold portfolios of zero-coupon bonds.
Instead, they implement this strategy using the assets and contracts available to them. We illustrate
this mechanism with three hypothetical households, each represented in our full model.

First, consider a worker at the bottom of the earnings distribution. Because of its high replace-
ment rate, Social Security taxes and benefits execute all intertemporal transfers of income required
to smooth consumption over the life cycle, and does so independently of the rate of return on

private savings. Such a worker only needs to hold short-term assets.

17See Appendix H.6 for a derivation and more detailed technical discussion of this case. In that appendix, we prove
that this case requires both infinite risk aversion and a zero EIS. Intuitively, in order for an agent to desire perfect
hedging, he or she must be unwilling to substitute consumption across both states (risk aversion) and time (EIS).
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Second, consider a middle-class worker. Because replacement rates fall with lifetime earnings,
the worker needs to save privately as well. However, he can execute large intertemporal transfers
at current prices by buying a house with a fixed-rate mortgage. By doing so, he effectively trades
a flow of coupon payments later in life, when C' > Y, in the form of rent-free housing, in ex-
change for a stream of mortgage payments earlier in life, when C' < Y. This strategy eliminates
interest-rate risk for workers whose Social Security benefits cover non-residential consumption in
retirement.

Finally, consider a high-income worker. Because Social Security benefits are relatively small
in the upper half of the earnings distribution, she complements this strategy with additional invest-
ments. In the United States, this complement typically takes the form of a retirement account. If
these savings were invested in short-term assets, she would need to increase her contribution rate to
maintain the same consumption level in retirement. However, if her account were mostly invested
in long-term assets, capital gains would offset potential declines in future rates of return. As we
see in Figure 1, high earners follow the long-term asset strategy by investing their “extra” wealth
in stocks. From this point of view, the glide path strategy of pension funds also makes sense, as
it invests retirement contributions in stocks early in the life cycle and moves towards safer assets

when workers get older.

4.5 Distributional effects of interest-rate fluctuations

Because of substitution effects, the interest-rate exposure of wealth is heterogeneous and correlated
with key household characteristics, both within and between cohorts. At the same time, the model
suggests substantially less heterogeneity in total rate exposure. In fact, all agents within a given
age group are identically exposed to interest-rate risk, regardless of differences in wealth, income,
or benefits. The only source of heterogeneous total rate exposure is different investment horizons.
To see this, let us consider three measures of total rate exposure: the interest-rate sensitivity of
total wealth, of consumption, and of lifetime utility.

As we showed above, the rate elasticity of total wealth is e, (WUH) = Epits which depends
only on risk aversion and the agent’s investment horizon p,,. In other words, for any two agents

with the same risk aversion and horizon, a rate shock will have an identical effect on total wealth,

even if those agents have different long-term asset shares. Likewise, the optimal consumption rule
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(40) implies that the response of consumption to a rate shock ¢, (C?,) is also homogeneous within
a cohort.

The third—and arguably most relevant—measure of total rate exposure is the interest-rate sen-
sitivity of lifetime utility. Specifically, we calculate the rate sensitivity of a transformation of
expected utility:

Ui = (1 =7)Va) /O, (53)

where Vj; is the expected utility maximand (28). This transformation backs out a total-wealth
certainty equivalent—it is the value of total wealth implied by the value function V' taking a power

form.'® In our linearized model, lifetime utility has the closed-form solution

Ui = Wiu(1 = B(1 — my)) exp { oot + 0re7 st} - (54)

This expression illustrates the complementarity between total wealth and interest rates: agents have
high expected utility when they enjoy high wealth with high rates. The rate sensitivity of lifetime

utility is therefore!”

1 i 1 i — 1
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For any finite value of risk aversion, this elasticity is negative, meaning that a decline in rates is
bad news for lifetime utility, while an increase is good news. In welfare terms, this means that,
when rates fall, the deterioration of future investment opportunities outweighs the capital gains
on long-term cash-flow claims. Agents are willing to accept this unhedged interest-rate exposure
because of the option value of compounding at a higher rate, as explained above.

Most notably, the amount of wealth, income, and benefits a household possesses is irrelevant
to the rate sensitivity of utility, because the household always trades in long-term asset markets to
rebalance back to this optimal exposure. Within a cohort, unexpected rate changes may redistribute

wealth, but they do not redistribute welfare.

8The other, more mathematical reason for the transformation is that V' is negative, so it does not have a well-defined
rate sensitivity.

19This expression remains unchanged when separating risk aversion from the EIS. The approximate equality be-
comes exact as the time interval becomes small.
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5 Model calibration

We calibrate the model to macroeconomic time series and cross-sectional household data from
the SCF. In this section, we exclude entrepreneurs from both the model and data. We report the

calibration and model fit including entrepreneurs in Appendices D.4 and 1.1, respectively.

5.1 Asset markets and aggregate growth

Table 1 reports estimates of the interest-rate process. We estimate the processes for stock re-
turns and growth jointly via simulated method of moments, with the resulting parameter estimates
presented in Table 3. In particular, we match (1) the first 4 moments of the stock market return dis-
tribution, (2) the first 4 moments of the GDP growth distribution, (3) the correlation between stock
returns and GDP growth, (4) the correlation GDP growth and interest rates, and (5) the autocorre-
lation of GDP growth.?’ Historically, economic growth has been positively exposed to interest-rate
shocks (A4 > 0), while market returns have been negatively exposed (A, > 0). Not surprisingly,

the market crashes in recessions (\s; > 0).

Table 3: Estimated parameters for growth and stock returns

Parameter Notation Estimate
Mean growth (expansions) thg 0.0267
Mean growth (recessions) Ky -0.0343
Riskfree-rate growth loading Agr 0.1564
Growth volatility oy 0.0139
Persistence of growth shocks ©g 0.1496
Recession probability PR 0.164
Stock return drift (expansions) uT 0.1097
Stock return drift (recessions) Ly -0.2941
Stock volatility Os 0.0826
For housing returns (17), the drift rate is taken to be p;, = —0.0105, which matches the his-

torical average housing return (net of maintenance costs) of 6.1% estimated by Jorda et al. (2019).
The regional house price volatility is 05, = 0.07 and the idiosyncratic volatility is 7, = 0.12, as

implied by estimates from Flavin and Yamashita (2002) and Piazzesi and Schneider (2016).>' For

20We match the moments from the stock return distribution of the S&P 500 from 1900-2021. All other moments
are calculated using data from 1960-2021. Appendix D.1 provides additional explanation of the estimation procedure
and Table D.1 reports the closeness of fit to the moments we target.

2IFlavin and Yamashita (2002) report a total house-price volatility of 0.14, which implies an idiosyncratic volatility
Gy, such that 63 + o7 = 0.14%.
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a renter, the rent-to-price ratio x is 5.33% (Jorda et al., 2019).

Households investing in these assets face the following costs and constraints. Equity investors
pay a 1 percentage-point management fee and a 1.2 percentage-point capital gains tax.”> The
equity participation cost is ¢, = 0.02 times the average wage. Homeowners pay a property tax rate
of 1.4% on the value of their house. The maximum house size iS Ky, = D times wealth, which
represents a down-payment constraint of 20%. The minimum house size is Ky, = 1.5 times the

average wage. The mortgage premium 6 is 0.7%.

5.2 Preferences

We calibrate households’ preferences to match the evolution of wealth over the life cycle and the
average equity share observed in the SCF. We find that a discount factor of 5 = 0.97 and a bequest
motive equivalent to b = 10 years of consumption match the growth of wealth until the retirement
age and its evolution thereafter. See Panel A of Figure 7.

A coefficient of relative risk aversion of v = 6 matches the average allocation of wealth to
stocks. Our calibration of v is consistent with other studies matching the life-cycle profile of the
share of wealth invested in stocks, which typically use values between 5 and 6 (Benzoni et al.,
2007; Catherine, 2022; Huggett and Kaplan, 2016; Lynch and Tan, 2011; Meeuwis, 2022). Based
on portfolios in Swedish administrative data, Calvet et al. (2021) estimate an average -y of 5.2.

We set the Cobb-Douglas housing preference parameter v = (.25, which is close to the aggre-

gate housing expenditure share (Piazzesi and Schneider, 2016).

5.3 Other parameters

Income process We calibrate the stochastic parameters of the labor process following Catherine
(2022), but re-estimate the parameters to use the same time series of aggregate income shocks as
for the estimation of parameters in Table 3. Table 4 reports our estimates and Appendix D.2 details

the estimation procedure.

22This is implied by a 15% capital gains tax rate on a 8 percentage-point expected return.
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Table 4: Estimated parameters: Idiosyncratic labor-income shocks

Persistent shocks shocks
Dz Pz ,U'? /\zl o, U;r 0'77 O';]L
145 971 -.085 6.542 .644 .012 758 .097

This table reports parameter estimates for the idiosyncratic income process, conditional on the group-level aggregate
shock. The process is estimated as in Catherine (2022) by targeting the time-series of cross-sectional moments of
individual income log growth rates in the SSA administrative data from Guvenen et al. (2014).

Initial wealth Households enter working life with 0.1 x the national wage index in networth, the

equivalent of $5,400 in 2019.

Constraints The maximum house size is set to k,,,x = 4 times current wealth, consistent with a
minimum down-payment requirement of 20%. The minimum house size is Ky, = 1.25 times the
average wage, corresponding to approximately $68,000 per adult in 2019. The mortgage premium
is # = 0.011, calibrated to the historical spread between mortgage rates and government bond
yields, adjusted for the tax benefits of interest deductibility. Finally, the equity participation cost
is ¢, = 0.005 times the average wage (roughly $270 per year), based on estimates from Catherine

(2022).
Mortality 'We model mortality as a function of age and past lifetime earnings:
m = min {x (AIYEy/L) x My, 1}, (56)

where y is an adjustment coefficient which only depends on the average indexed earnings of the
agent up to time ¢ and m;; is the average mortality rate at his age, which we calibrate as the
average across genders from the 2019 Social Security actuarial life tables. While y (AIYE;;/L;)
does not depend on age, the agent sees his life expectancy change as he moves up or down the
wage ladder. An advantage of our method is that the agent’s life expectancy is less volatile than if
it were a function of persistent income z;;. We calibrate the value of y (AIYE# / Z_Lt) at each point
of the numerical grid of the AIYE;;/ L, state variable such that, given our labor-income process,

we obtain the same life expectancy differential across percentiles of AIYE;;/ L, at age 40 as those
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reported by percentiles of earnings in Chetty et al. (2016).

5.4 Validation

We calibrate preference parameters (v, 5 and b) to fit the trajectories of wealth and portfolio al-
locations over the life cycle. Figure 7 compares the model-implied wealth allocations to the data
over the life cycle. The model captures the hump-shaped profiles of wealth accumulation, equity
holdings, and conditional house value. The homeownership rate increases to a stable level over the

life cycle.
Figure 7: Wealth and portfolios over the life cycle
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Note: This Figure reports wealth (Panel A), home ownership rates (Panel B), wealth invested in stocks (Panel C) and
housing (Panel D) by age, in the model and in the data. Equity wealth, income and wealth are measured in units of the
national wage index. Entrepreneurs are excluded. Appendix F presents the same figure including entrepreneurs.

Figure 8 and 9 reports average holdings of equity and housing wealth respectively, as a function
of income and wealth, for households between age 40 and 45. The model matches the fact that
high-income and high-wealth households tend to invest more in equities and housing, not only in
dollars but also in shares of wealth. Life-cycle models often struggle to explain why young and

low-income investors invest so little in stocks. Our model is able to explain this primarily due to
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the presence of counter-cyclical labor income risk (Catherine, 2022).

Figure 8: Equity holdings at age 40-45

A. By income level B. By wealth level
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Note: This figure reports the amount of wealth invested in stocks in the model and in the data, for households between
age 40 and 45, by level of income and wealth. Equity wealth, income and wealth are measured in units of the national
wage index. Entrepreneurs are excluded. Appendix F presents the same figure including entrepreneurs.

Figure 9: Housing wealth at age 40-45

A. By income level B. By wealth level
15 i - - 15
{  SCF(95%Cl)

10+ Model 4 10+
5 -
O 1 1 1 1 1 1

0 5 10 15 20 25 30 35
Earnings Wealth

Note: This figure reports the amount of wealth invested in housing in the model and in the data, for households
between age 40 and 45, by level of income and wealth. Housing wealth, income and wealth are measured in units of
the national wage index. Entrepreneurs are excluded. Appendix F presents the same figure including entrepreneurs.

6 Matching the stylized facts

Although the model is calibrated to match other dimensions of household balance sheets, our
primary interest remains the interest-rate sensitivity of wealth. We therefore now examine how

well the model reproduces the stylized facts documented in Section 2.
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6.1 Cross-section of interest-rate sensitivity

Panel A of Figure 10 reports the evolution of the interest-rate sensitivity of wealth over the life
cycle, in the data and in the model. It shows that, like in the data, the interest-rate sensitivity of
wealth increases over the first twenty years and declines afterwards. The increase is explained by
the substitution effect of human capital and Social Security early in life, as explained in Section
4.2. The introduction of labor income risk in the model reduces the agent’s valuation of his human
capital, which explains why the predicted hump-shaped relationship with age is less pronounced

than in Figure 5.

Figure 10: Interest-rate sensitivity in the cross-section
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Note: This figure reports the interest-rate sensitivity of wealth in the model and in the data. Pane A reports the interest-
rate sensitivity of wealth by age group. Panel B and C report it within households aged 40-45, by income and wealth
groups, respectively. Income and wealth are measured in units of the national wage index. Entrepreneurs are excluded.
Appendix F presents the same figure including entrepreneurs.

During retirement, the decline in the agent’s investment horizon becomes the dominant force
and reduces the need to hedge against falling interest rates. As a result, the long-term asset share
falls. This decline is moderated by the bequest motive, which effectively increases the investment
horizon of the agent beyond his own life expectancy.

Panel B reports the relationship between the interest-rate sensitivity of wealth and income
between age 40-45. In the model, high earners invest more in the long-term asset because Social
Security covers a smaller share of their retirement consumption and, to a lesser extent, because
they have higher life expectancy. Appendix I.3 decomposes these two effects quantitatively.

Panel C shows that the model also produces a positive relationship between the long-term
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asset share and wealth within an age group. This is partly explained by the fact that wealthier
households tend to be high earners and that human capital and Social Security represent smaller
fractions of their total wealth, and thus have weaker substitution effects. In the data, we observe
a hump around the third decile of the wealth distribution, which could reflect the need for these
households to borrow to buy houses and vehicles.

In the model, optimal rate sensitivity also displays a hump around the wealth threshold at which
households transition into homeownership. At this point, the curvature of the value function with
respect to wealth is different and households find it desirable to increase the volatility of their
wealth due to the option value of becoming homeowners in the next period.?? This mechanism
makes high-variance assets relatively more attractive. A similar hump appears for equity holdings
in Panel B of Figure 8 around log W/L; = 0. In the model, the hump is precisely localized and
quite pronounced because all households face the same housing market, whereas in the data the
wealth threshold for homeownership varies with location.

Below a certain level of wealth, the interest-rate sensitivity falls as we assume that households
no longer participate in the financial or housing markets. In the data, they are likely to own cars

and have some liabilities such as auto loans.

6.2 Household interest-rate exposure

We now study the rate sensitivities of two measures that are more relevant for welfare: wealth
inclusive of Social Security and expected lifetime utility. As in the linearized model, we find that
there is less heterogeneity in these measures (especially in utility), suggesting that the recent rise
in wealth inequality has not necessarily come with a rise in welfare inequality.

To calculate wealth inclusive of Social Security, we capitalize the expected benefits and taxes
into a present value. To measure welfare, we calculate the transformed expected utility U defined
in (53). Because U is a function of both wealth 1" and rates 7, this elasticity can be approximated,

to a first order, as
_OlogU N dlogU

~(U) = (W 57
& (U) o, T otgwe W) 67
N — N————
change in investment capital gains

opportunities

ZConsider a function V' = max {Vients Vown }- Even if Vigy and Vi, are both concave in W, V' is locally convex
where Vvown = Vrent-
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When rates decline, expected utility decreases because investment opportunities are worse, but
also increases because of capital gains in financial wealth. If £,.(U) is negative, as we find, then a

decline in rates decreases welfare.

Figure 11: Interest-rate sensitivities for different measures of wealth

A. By age B. By income at age 40-45 C. By wealth at age 40-45
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Note: This figure reports the interest-rate sensitivity of wealth, wealth inclusive of Social Security,
and expected utility over the life cycle.

Panel A of Figure 11 shows the average paths of these sensitivities over the life cycle. Adding
Social Security wealth increases the average sensitivity for the young, consistent with the fact that
it is a very long-term asset.”* The rate sensitivity of expected utility, on the other hand, is flatter
over the life cycle. At all ages, households are negatively affected by rate declines on net. The
magnitude of this effect is slowly declining over the life cycle as the investment horizon declines
with age. For instance, ,.(U) is —2.7 at age 25 and —2.2 at age 65. The closeness of these numbers
means that even different cohorts have relatively similar total exposure to rate risk.

Panels B and C report the distribution of these sensitivities within a middle-aged cohort, as
functions of income and wealth. First, when Social Security is taken into account, the wealth of
the rich and of high earners is no longer more sensitive to interest rates. This explains why, when
Social Security is accounted for and discounted using the market yield curve, wealth inequality has
not increased since 1989 (Catherine et al., 2025).

Panels B and C are the model’s counterparts to Figure 3. The data and the model convey

24We only report the interest-rate sensitivity of Wealth+Social Security starting at age 25. Because Social Security
wealth can be negative in high rate environments, we find that Wealth+Social Security can be negative or extremely
close to zero in the first two years, leading to diverging values of ¢, on very small dollar amounts.

40



the same message: once Social Security is accounted for, rich households no longer hold more
interest-rate-sensitive assets. Like in the data, the interest-rate sensitivity of wealth, inclusive of
Social Security, is around 15, though a bit higher for low-wealth households in the data.

Second, within a cohort, expected utility is uniformly elastic to interest rates across the earnings
and wealth distributions, save for a very minor effect from income-driven mortality differences.
As equation (44) predicts, once human capital and Social Security wealth are accounted for, all

households within a cohort are equally exposed to rate fluctuations.

7 Trends in wealth inequality and welfare

So far, we have demonstrated that, under a reasonable calibration, the interest-rate risk hedging
demand for long-term assets can explain differences in the interest-rate sensitivity of wealth over
the life cycle, and across the earnings and wealth distribution. Consequently, in the model, interest-
rate fluctuations will, through our mechanism, redistribute wealth across the population without
significant implications for the distribution of welfare or lifetime consumption.

In this section, we use an overlapping-generations version of our life-cycle model to study
the historical distributions of wealth and welfare. First, we assess the extent to which interest-
rate fluctuations explain the long-run fluctuations in wealth inequality. Second, we quantify the

implications of these fluctuations for welfare.

7.1 Intuition: From rate shocks to inequality

Wealth evolves according to:

Wit Cit — Yiy
Sl (1= 22 ) Ry 58
W, W, Wi t+1 (58)
savings portfolio

where Y;; summarizes disposable income. We can decompose changes in inequality over time by

taking logs of (58) and then computing cross-sectional variances. Doing so yields the change in
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wealth dispersion from one period to the next:?’

vary(w;g41) — varr(wy) = vary(sg) + varr (1)

+ 2cov (Wi, Sit) + 2coV(Wit, Twitt+1) + 20V (Sit, Twirs1)-  (59)

The first two channels through which wealth inequality may increase are the direct effects of het-
erogeneous savings rates s and realized portfolio returns r,,. The remaining three channels are
captured by the covariance terms. Inequality increases if (i) the wealthy tend to save more, (i1) the
wealthy experience higher returns and (iii) households with higher savings rates experience higher
returns. Our model reveals why these covariance channels are all positive when interest rates fall.

Consider how wealth inequality within a cohort responds to a negative interest-rate shock.
First, inequality increases because Social Security induces differential savings rates: low-income,
low-wealth households with higher replacement rates will save less into financial wealth. This
savings substitution effect of Social Security results in a dispersion in savings rates (var(s;) > 0)
and a positive wealth-savings correlation (cov;(wy, si) > 0). Second, Social Security gives rise
to changes in inequality via its impact on portfolio choices. As Figure 6 illustrates, the substitution
effects of Social Security create a positive correlation between a household’s wealth and its interest-
rate exposure. Thus, households within a cohort may experience different wealth returns, and the
direction of reallocation will depend on the direction of the interest-rate shock. All unexpected
rate changes result in heterogeneous returns (var;(r,;+1) > 0). A negative rate shock will result
in disproportionately high returns for the wealthy (cov;(wi, rwit+1) > 0), increasing inequality.
Finally, since the wealthy save more, the savings-return covariance cov(s;t, 7y +1) 18 also positive
given a rate decline, amplifying the increase in inequality.

The same redistribution will not, in general, occur for welfare (lifetime utility) or for broader
concepts of wealth that include human capital and Social Security.?® This is because background
assets offset interest-rate shocks; indeed, they are precisely the reason that households choose

differential savings rates and portfolios to begin with.

ZLowercase letters denote logs; s = log(1 — (C' — Y))/W) denotes the log savings rate. We abstract from entry
and exit, which keep the wealth distribution stationary on a balanced-growth path (i.e., absent aggregate shocks).

26We say “in general” because this will only be precisely true insofar as households are not constrained in making
consumption and portfolio choices. We account for the presence of such constraints in our model.
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7.2 Overlapping-generations simulation

To quantify the role of the interest-rate risk hedging channel on wealth inequality trends, we set up
an overlapping-generations (OLG) version of our life-cycle model. Specifically, we simulate the
lives of cohorts born since 1880, feeding in the history of macroeconomic shocks. The time series
of interest rates is described in Appendix D.1.1; time series for growth, stocks, and house prices
are as in the model calibration. We describe the OLG simulation in more detail in Appendix G
The only substantive assumption we must make for the OLG model is how to distribute be-
quests across generations. In the data, the size of inheritance is correlated with the income and
wealth of the recipient. To capture this, we assume that the persistent component of income z;; is
correlated across generations, via its initial value, and calibrate this correlation to the persistence

documented in Chetty et al. (2014). Inheritance flows are unanticipated.

7.3 Implications for wealth inequality

We use our model to quantify the effect of each shock on wealth inequality, measured by the top
10% wealth share. To measure the effect of each shock, we simulate the model multiple times,
starting from a counterfactual with no aggregate shocks and then sequentially add one shock from
the data at a time. We start with a specification that includes data on interest rates and growth. The
next specifications add stock-market shocks, followed by national house-price shocks. The only
exception is that we do not add the growth shock to stock returns in the first specification, as to
make clear the impact of stock returns in the data on wealth inequality in the second specification.

Figure 12 illustrates the model-implied inequality series. We consider the model both without
entrepreneurs (Panel A) and with entrepreneurs (Panel B). The latter case is essential for explaining
the level of top wealth shares in the data. The results of the simulation suggest that the majority of
post-war variation in top wealth shares is explained by declining interest rates. From 1950-1980,
the top 10% share declines by over 4 percentage points in the specification where only interest-rate
shocks are included. The result is nearly identical when adding data on stock returns and house
prices. Similarly, the subsequent rise in top wealth shares is approximately 4 percentage points
and almost entirely driven by declining interest rates.

The specification with entrepreneurs looks quite similar, but explains a greater share of the
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overall fluctuations in the top wealth shares since 1950. Here, interest-rate fluctuations implied
6 percentage points (pp) of the decline in top wealth shares from 1950-1980 and 4.5 pp of the
subsequent rise. Adding housing puts a damper on this effect, but the model still generates a 5 pp
decline and nearly 6 pp rise in top wealth shares pre- and post-1980.

How does this compare to the data? According to the World Inequality Database, the top 10%
share fell from 70.3% in 1962 to 62.1% in 1985, then rose back to 70.7% in 2019. Consequently,

the interest-rate risk hedging channel explains roughly two-thirds of the long-run fluctuations in

wealth inequality over this period.

Figure 12: Evolution of the top 10% wealth share
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Notes: This figure shows the evolution of the top 10% wealth share in our model using historical
asset returns. Panel A reports the top 10% share excluding business owners; Panel B includes them.
The “interest-rates only” specification includes the historical time series for economic growth and
interest rates, along with shocks to interest rates €,.. The other stochastic components of returns
(€g» €5, €5) are drawn from random distributions. Relative to this specification, the “’stock market
returns” specification adds historical data on the remaining shocks that affect equity returns (s,
€4). The “house prices” specification instead combines aggregate national house price shocks with
idiosyncratic shocks drawn from a random distribution. Appendix G details how we infer the
historical values of these shocks.

Clearly, most of the long-run fluctuations in wealth inequality are explained by interest-rate
fluctuations. After accounting for the effect of interest rates on stock and house prices, these asset
classes prove to be relatively less important for explaining inequality. This is consistent with the

finding of Greenwald et al. (2023), who conduct a similar exercise, taking portfolio choices as
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given from the data, and find that the fall in real rates since the 1980s explains 75% of the rise in
wealth inequality. In our study, portfolios are endogenous, meaning that our model provides an
explanation for the effect documented in their paper.

The patterns we document would also allow us to explain a substantial fraction of the rise
in income inequality documented in prior work (Auten and Splinter, 2024; Piketty et al., 2018).
A substantial fraction of rising top incomes comes from capital gains on the investments of the
wealthy. As such, the large increase in capital income from realized gains—driven by falling

interest rates—also helps explain rising income inequality over the last 4 decades.

7.4 Implications for welfare

Are the wealthy actually better off from the interest-rate-induced increase in wealth inequality?
As predicted in Section 4.5, increases in top wealth shares stemming from falling rates do not
translate into increased welfare inequality. To be precise, falling rates have no distributional effect
on welfare within cohorts and a small amount of welfare redistribution to older cohorts with shorter
investment horizons. To illustrate this point, Figure 13 reports the evolution of welfare inequality
in the model, using the certainty equivalent measure from equation (53). As predicted by theory,
welfare inequality remains largely unchanged.?’ This remains true even accounting for multiple

assets, risk factors, portfolio constraints, and frictions.

27If anything, welfare inequality trends go in the opposite direction. This is because, in the full model, high earners
have higher life expectancy and are therefore slightly more exposed to interest-rate risk, as predicted in equation (55).
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Figure 13: Evolution of the top 10% welfare
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Ok, Boomer While the wealthy may be no better off from interest-rate shocks, there is, however,
substantial variation in welfare across cohorts. One reason for this is that agents in the model
cannot hedge interest rate rate shocks that occur prior to their birth. This means that cohort born in
low interest-rate environments ceteris paribus have lower lifetime utility than cohort born in high
interest rate environments.

Figure 14 makes this point clear by showing average wealth and lifetime utility for five gen-
erations. Both values are shown relative to an average of simulations with a random time series
of interest-rate shocks. Examining Panel A, it is clear that generations living through the large
increase in interest rates from 1960—1980 were substantially poorer relatively to random shocks.

However, these generations also had the benefit of saving at substantially higher rates, leading
to higher lifetime welfare. This can be seen in Panel B, with the Baby Boomer experiencing
substantially higher lifetime utility than other generations in the 1980s. As rates fell over the next
three decades, though, so did their lifetime utility. This is because agents in our model do not fully
hedge interest-rate shocks. The Baby Boomers still have higher lifetime utility than Millennials

because of the partial hedging they had in place.
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Figure 14: Cross-generation welfare inequality

A. Wealth B. Welfare
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Note: This figure reports lifetime utility for the five most recent generations in the simulation.
_ 1
Lifetime utility is calculated as Vi, = E, [(1 —~) Yufgm=—  gs=ty*(Cyy, His)| ™ where u* is

s=t+amin—a
the felicity function under optimal policies. This is a weighted average of realized consumption

and expected consumption over the lifecycle without the bequest motive. After agents die in the
simulation, they are assigned their last living V; for the remainder of the simulation.

8 Conclusion

We study household exposure to interest-rate risk, beginning from the empirical observation that
middle-aged and richer households invest more in long-term assets that appreciate in value when
rates fall. This interest-rate sensitivity must be interpreted in light of households’ life-cycle prob-
lem, so we develop a life-cycle model that incorporates the roles that human capital and Social
Security play in households’ portfolio choices.

The data and the model produce strikingly close patterns: the optimal interest-rate sensitivity
of wealth is hump-shaped over the life cycle and, within cohorts, increases with wealth and earn-
ings. This is driven in part by the heterogeneous role that background assets play: human capital
displaces the need for long-term holdings for the young, and Social Security has the same effect
for the low- and middle-income households on which its impact is most pronounced.

Thus, in practice, households seem to be targeting close-to-optimal interest-rate exposures over
their life cycles. Still, we cannot conclude from our findings that households would continue to do

this if the economic environment were to change. For example, we cannot say whether households
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adjust their portfolios optimally in response to Social Security or whether Social Security is well-
designed to correct investment mistakes that would arise in its absence. Determining the direction
of this causality is necessary for evaluating policy counterfactuals and is therefore an essential step
for future research.

Our paper focuses on interest-rate risk, motivated by the fact that several empirical studies have
shown it is a significant driver of past returns and inequality dynamics (Binsbergen, 2021; Green-
wald et al., 2023). Still, the core logic of the paper could, in principle, apply to any risk factor:
differences in observed wealth exposure to systematic risks may reflect differences in exposure
to household-specific background risks. Thus, more research is also needed to determine the ex-
tent to which other major risk factors—Ilike economic growth, house prices, and inflation—shape
household portfolio choices. In general, our paper advances a view of portfolio choice in which

households decide asset allocations across common risk factors, as opposed to across asset types.
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INTERNET APPENDIX

A Interest-rate sensitivity: Definitions and derivations

A.1 Interest-rate sensitivity of an asset

Consider a claim to a stream of cashflows {D,y, : k € {1,2,...}}. Let P, denote the price of the asset and
{Ritr : k € {1,2,...}} its future one-period returns (i.e., Ryt = (Piyr + Ditr)/Pivk—1)-
The interest-rate sensitivity of an asset is defined as the elasticity of its price with respect to the interest rate:

0log P;
ant

ET(Pt) = — (Al)

holding fixed the distributions of future cashflows {D; 14} and future excess returns { R¢ 144/ R 14k }-
Following this definition, let us derive an expression for interest-rate sensitivity under the assumption that interest
rates follow an AR(1). It will be easiest to do this if we separate the asset into separate claims to the cashflows at each

horizon k (the “strips”). Letting Py denote the price of the claim to the single cashflow D, we have
o0
Pt:ZPkt- (A.2)
The interest-rate sensitivity of the asset is then the value-weighted average of the sensitivities of each strip:

P
Z y er(Puo) (A3)

To derive these elasticities, note that, from the definition of a return,

k
Py 141 -1
Pm:TH: kl;llRtW Dy k. (A4)

Thus, defining the excess return 74 = log(Ri1x/Ry1—1+k) and taking expectations,

k
log Pyt = — Z (Et[rft—145] + Ee[Feqnr]) + Ee[log Dey o] (A.5)
k=1
Now, using the fact that
Eulrpi-1iw] =T + " 7 (rp = 7y), (A6)

51



we have that

810g Py _ Xk: <<pki aEt[Tt+k’]> i OE, [log Dt+k] 1-— QDk

= . A7
8T'ft a’f’ft ( )

Pyt) = —
Er( kt) 8rft 1_90

k=1
The last equality follows from the assumption that expected excess returns and cashflow growth are held constant, so
OB [Fi41]/Or e = OE¢[Dyy]/Orpe = 0. Substituting this into the expression above, we then have that the asset’s

interest-rate sensitivity is

?S‘

> Py,
~(P)) :Z? 1_ (A.8)
k=1

A.2 Relating interest-rate sensitivity to duration

The (Macaulay) duration of an asset is defined as the value-weighted timing of its cashflows:

Pt

dur(P, —k, A9

ur(P;) = Z 7, (A.9)
k=1
where the strip prices Py, are defined above.
One can see from this expression that
lim e,.(P;) = dur(P;), (A.10)
p—1

meaning that the duration is the same as the response to a permanent change in interest rates. Our empirical measure
of interest-rate sensitivity is derived from a first-order approximation of ¢, around the duration. To see this, note that,
to a first-order,

oF ~ () 1 0 (Pe) o0 o (k — dur(P,)). (A.11)

Substituting this approximation back into the expression for €, gives

k=1 P, ¥
1-¢ 1—¢

Zoo Pkt 1— <pdm—(}:‘t)

er(Py) = (A.12)

Q

Thus, high duration implies high interest-rate sensitivity.

A.3 Interest-rate sensitivity of wealth

Just as the rate sensitivity of an asset is the value-weighted average of the sensitivities of its strips, the rate sensitivity

is the value-weighted average of the sensitivities of its assets. Suppose a household has wealth

Wy =Y A=Y D (A.13)
J k
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In the case of positive net worth W, > 0, it is clear that

Z Ajt 8log Ajt Z Dkt alog Dkt

A.14
Wt ant Wt ant ( )
Ajy Dkt
= E ——e.(Aj) — E D A.15
- Wt € ( Jt) - Wt ( kt) ( )

The definition of rate sensitivity above applies only to positive-wealth households. This is not an issue in our
empirics, as we only include these households in our computations. Still, it is worth discussing how one would

measure rate sensitivity for a household with negative wealth. A simple generalization that handles this case is

oWy 1

W)= -
E( t) 8T’ft |Wt|

(A.16)

For W; > 0, one can see that this reverts to the original definition (by the chain rule). For a household with negative

networth,
Ajy Dkf
(W, :E —L e § (D A17
er(Wh) : |Wt\ |W| kt) ( )

The absolute value in the denominator is necessary for getting the sign of the elasticity right. For example, suppose
a household has $100 of assets and $200 of debt, both with the same rate sensitivity (say, 2). If rates fall by 1%,
networth should fall by roughly $2, from —$100 to about —$102.2% In this case, (A.17) implies a rate sensitivity of

wealth of —2, reflecting the fact that a decline in rates has a negative effect on wealth.

B Data appendix

B.1 Survey of Consumer Finances

Data on household portfolios come from the Survey of Consumer Finances (SCF). We construct networth as:*°

networth_d = cash_dep + equity + fixed_inc + real_estate

+ bus + vehic — mortgage_dbt — vehic_dbt — other_dbt,

28Under a rate sensitivity of 2, assets will rise from $100 to $102 and debt will rise from $200 to $204.

»Note that we do not include student debt in our analysis for several reasons. In the US, student debt is largely
repaid through income-driven repayment (IDR) programs. In IDR, borrowers’ monthly payments are determined as a
fraction (10-15%) of their earnings, above a certain family-size-dependent threshold. After 10 to 25 years of payments,
their remaining balance is forgiven. This system has both practical and conceptual implications. Practically, it means
that the information collected by the SCF regarding balance and scheduled payments do not accurately reflect the
actual present values and cashflow duration of the debt (Catherine and Yannelis, 2021). Conceptually, student debt
payments are more akin to a progressive tax on earnings and therefore would be better treated as a deduction to human
capital. For context, Catherine and Yannelis (2021) estimate that in 2019, the average working-age American had
$4.,922 in student debt (in present value terms) and that student debt had an average interest-rate-sensitivity of 6.
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where each of the constituent variables are defined as:

cash_dep: value of cash deposits defined as liquid accounts (1iq) which are the sum of all checking, savings,
and money market accounts, call accounts at brokerages, and prepaid cards, added to certificates of deposit

(cds).

equity: value of all financial assets invested in stock, which include directly held stock, stock mutual funds,
and the portion of any combination mutual funds, annuities, trusts, IRA/Keogh accounts, and other retirement

accounts invested in stock.

fixed_inc: value of all other remaining financial assets (fixed_inc = fin — cash_dep — equity). The

largest component of this asset category is bonds held outright, in mutual funds, and in retirement accounts.

real_estate: value of the primary residence (houses) plus the value of other residential real estate (oresre)

and net equity in nonresidential real estate (nnresre).
bus: reported market value of private business interest.
vehic: prevailing retail value for all vehicles owned by household.

mortgage_dbt: housing debt from mortgages, home equity loans, and home equity lines of credit (mrthel)

plus debt for other residential property (resdbt).
vehic_dbt: debt from vehicle loans (veh_inst)

other_dbt: other debt, including other lines of credit plus credit card balance (ccbal) plus installment loans

less education loans and vehicle loans (other_dbt = othloc 4 ccbal 4+ install —edn_inst — veh_inst).

In addition to portfolio data, we also use data on household wage income (wageinc) which we combine with data

on the number of people in the household and the Social Security wage index to create a per capita wage measure that

is comparable over time.

B.2

Duration component calculations

B.2.1 Duration of equity

The duration of equity is obtained using annual estimates for the duration of the aggregate stock market from Green-

wald et al. (2023), Figure D2 of the September 2023 working paper version. These estimates are applied uniformly to

all individuals in the SCF by survey year.

B.2.2 Duration of fixed income

Data on the Macaulay duration of government bonds, municipal bonds, corporate bonds, and mortgage backed securi-

ties come from Bloomberg where the series used are:
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— U.S. gov/credit: LUGCTRUU

— U.S. Treasury: LUATTRUU

— Government-related: LDOSTRUU
— U.S. aggregate: LBUSTRUU

— Municipal bond: LMBTTR

— Corporate: LUACTRUU

— U.S. MBS: LUMSTRUU

Global aggregate: LEGATRUU

For holdings of U.S. government bonds (govtbnd + gbmutf + savbnd), we use the market-value weighted average
Macaulay duration of the U.S. gov/credit, U.S. Treasury, and government-related bond categories. For holdings of tax-
free and municipal bonds (notxbnd + tfbmutf), mortgage-backed securities (mortbnd), corporate bonds (corpbnd),
and foreign bonds (forbnd), we use the Macaulay duration of municipal bonds, corporate bonds, U.S. MBS, and the
global aggregate, respectively. For all other fixed income assets that we do not have duration measures for, we assign

5.64, which is the average fixed income wealth-weighted duration in the SCF assets which we have data.

B.2.3 Duration of real estate

The duration of real _estate is obtained using the annual estimates of the duration of aggregate real estate from
Greenwald et al. (2023), Figure D2 of the September 2023 working paper version. These estimates are applied uni-

formly to all individuals in the SCF by survey year.

B.2.4 Duration of private business wealth

The duration of private business wealth is computed for each household as the value of household businesses, bus,
divided by the annual cashflows from those equity holdings. However, the annual cashflows from those equity holdings
are not reported in the SCF, the major issue being that cashflows from private businesses partially contain implicit or
explicit labor income for the entrepreneur. As such, we must estimate or difference out this labor income. We do this

in four ways, depending on the household’s role in the business and what is reported.

1. For households whose main respondent has an active management role in either of the household’s potential
actively managed businesses, reports being self-employed, and reports not receiving a salary, we estimate their

predicted wage.

— The predicted wage is estimated via ordinary least squares on all SCF respondents j where the house-
hold’s wage income is the dependent variable, and the independent variables are a third-degree polyno-

mial in age interacted with dummies for each Race x Education x Gender group.
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2. For households whose main respondent has an active management role in either of the household’s potential
actively managed businesses and reports being self-employed and receiving a salary or reports being employed

by someone else, we subtract the maximum of their predicted wage and reported wage from busefarminc.

3. We repeat steps 1) and 2) for spouses who have an active management role in either of the household’s potential

actively managed businesses.

4. All other households with positive private business wealth who do not meet the criteria for a wage subtraction

are given cashflows equal to busefarminc.

We then aggregate bus and the estimated annual cashflows within each survey year and divide them to obtain an
annual time series of valuation ratios.

Next, to allow our aggregate estimates of private business duration to vary over the wealth distribution, we perform
a mean-preserving adjustment to these aggregate duration estimates. First, we split the population into different
networth groups defined by whether they are in the bottom 50%, 50-90%, 90-99%, 99-99.9%, 99.9-99.99% or the
top 0.01% of the wealth distribution. We then take the business wealth (bus) divided by total income from businesses
(busefarminc) for each household, and take the business wealth-weighted average for each networth group. Provided
that cashflows from equity are proportional to labor income, this provides a proxy for duration for each group. These
price-total income ratios are then divided by the business wealth-weighted average for the aggregate population to
obtain a mean-preserving adjustment which is applied to the annual aggregate private business duration estimates.

This is given by

Price-total income ratio,.

dur(Private business.;) = X dur(Private business;). (B.1)

Price-total income ratio

B.2.5 Duration of vehicles

The vehic category in the SCF contains detailed information on up to 4 automobiles, up to 2 non-automobile vehicles,
and an aggregation of additional automobiles and non-automobile vehicles owned by the household. For the primary
automobiles of the house, we attribute an expected lifetime of 8 years for 1989 and 12 years for 2019, linearly inter-
polating in intermediate years. We calculate the time left on an automobile’s life as the model year plus the expected
age minus the survey year. We assume a fixed depreciation rate to 0 over the car’s remaining years, and calculate the
duration using (6). We attribute a duration of one to vehicles whose age exceeds their expected lifetime.

For the aggregation of additional automobiles owned, we attribute a duration equal to the average of the duration
of the first four automobiles owned by the household. For all non-automobile vehicles owned by the household, we

ascribe a duration of 6 years.
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B.2.6 Duration of debts

For the debt categories, mortgage_dbt, vehic_dbt, and other_dbt, we break each up into their component loans
as described in the SCF extract and calculate the duration of each loan separately. For each loan, we assume a fixed
payment schedule, and thus its duration can be calculated using equation (6), where N is the maturity of the loan and
Ynt 18 the riskfree spot rate at horizon n in year ¢.

Under our fixed payment assumption, the only metric we need for each loan is its time remaining. Since different
loan component variables contain different amounts of information in the raw SCF, we calculate the time remaining
differently depending on the available information for each component loan group: primary component loans, aggre-
gated additional loans, and lines of credit. The primary component loans of each debt category contain information on
loan origination, balance, payments, and interest rates. For these loans, we calculate the number of years remaining on
the loan payments using the reported origination year, length of loan at origination, and survey year. For respondents
with a positive loan balance who have missing responses for loan length or a negative calculated time remaining, we
impute time remaining with balance (B), initial amount (L), interest rate (1), and year of origination (p) using the

equation

_ log(R? — B/L) —log(1 — B/L) —p

T
log R

The aggregated additional loans group contains loan variables that capture an aggregation of loans that the respondents

hold in addition to the primary ones in each debt category. These loans include data on only loan balance and payments

(X). Using the average interest rates for primary loans in the same debt category, we calculate time remaining as
log(1—B(R—-1)/X)

T= )
log R

The third group of component loans is the lines of credit. The line of credit variables contain information on loan
balance, typical payments, and interest rates. With these data points, we calculate time remaining according to the
same formula used for the aggregated additional loans group. Finally, there is an aggregated additional lines of credit
variable, which we assign a duration equal to the average of the duration of the other lines of credit.

We replace the duration of loans with a predicted time remaining under one year with a duration of one and give
the median duration to respondents with a positive loan amount but insufficient information to calculate time remaining
on the loan.

Finally, since adjustable rate mortgages (ARMs) have no interest-rate exposure after they float, we treat them
differently. In particular, we cap their duration at 4—the average number of years until the interest rate begins to float

in the SCF. Approximately 12% of mortgages and 19% of investment property loans are adjustable rate in the data.
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B.2.7 Interest-rate sensitivity of Social Security wealth

The interest-rate sensitivity of Social Security wealth comes from the methodology used in Catherine et al. (2025).
We generate their baseline risk-adjusted Social Security wealth under the net present value wealth concept and the
Treasury yield curve. We then generate Social Security wealth under an identical specification where the log forward
rate at horizon h in survey year ¢ is given by fh,t = fnt+ ©"0.01 where fh.+ is the unshocked log forward rate and
o is our calibrated persistence for the interest rate process shown in Table 1. This is the same thing as applying a

one-period shock of 0.01 to the log riskfree rate under the process in equation (3).

B.3 Evidence from Europe

This section presents the interest-rate sensitivity (IRS) of household portfolios in the European Union (EU) using data
from Household Finance and Consumption Survey from the European Central Bank. To obtain the IRS of assets, we
assume that each asset held by households in the EU has the same IRS as those held by their American counterparts. To
obtain the IRS of debts, we follow the same procedure as in Appendix B.2.6. The results are presented in Figure B.1.
Just as in the US, the interest-rate sensitivity of household portfolios is increasing with income and wealth and hump-

shaped over the lifecycle.

Figure B.1: Interest-rate sensitivity in the European Union
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While the broad trends are similar, the relationship between income and wealth and interest-rate sensitivity is
less stark in the EU. A potential reason for this is shown in Figure B.2 which shows that countries in the EU replace

more income for higher earners. Indeed, in the US, essentially no one receives more than 60% of average income,
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whereas in the EU it is not uncommon for an individual to receive more than 100% of the national average wage. The
is consistent with a prediction of our model, namely, that countries that replace more income for high earners should

have a flatter relationship between income, wealth, and interest-rate sensitivity.

Figure B.2: Generosity of public pensions: US vs EU
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C Model derivations

C.1 Long-term bond returns

This section explains how the riskfree rate dynamics (3) imply the n-period bond returns (10). Since it has no inter-

mediate cashflows, the bond’s return from ¢ to ¢t + 1 is

P, i1 e~ (n=1)yn_1.t41

R - =
nyt+l Pnt e NYnt ’

where the yield y,,;, under the expectations hypothesis, is given by

1 1 1O
Ynt = log (Pm> = Z(Etrf,tﬂel + )

j=1

Moreover, note that (3) iterates backward to the expression

j
Tiir; =1 =)+ rp + Z e N

k=1

Substituting the riskfree rates (C.3) into the yield expression (C.2) and evaluating expectations implies

Lt
=r —_—
Ynt f TLlng

R R
(rpe =7p) + > ow
j=1
Taking logs of (C.1) and substituting (C.4) into the yield then implies the log return

Tn,t+1 = NYnt — (71 - 1)yn—1,t+1

—_ 1— n—1
=Tf+ l—gp(rft_Ff)_il—w (rfee1 — ) + pin
— _p 1— n—1
=T+ 1_@(7"1%*77)* - (7ft*7"f)*71_(p
1_g0n71
=Tft + Hn — 170—7‘67",1&—4-17
-

the stated expression (10).
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C.2 Stock returns

Let D; denote the dividends of the market and V; its value. We make two assumptions. First, expected log returns

equal the riskfree rate plus a constant risk premium:
Ei[rs 1] = e + ps- (C.9

Second, dividends are cointegrated with aggregate income. Second, following Longstaff and Piazzesi (2004), the log

dividend-income ratio dl; = log(D;/L;) follows the autoregression
dlivr = (1 — q)dl + padly + €441, (C.10)
for some shock €4 ;1 with E¢[eq 44 ;] = 0. This implies the log dividend growth rate
gD,t41 = Gr+1 + Adlipr = Agerpeg1 + gres1 — (1 — @q)(dly — dl) + €qp41. (C.11)

Next, we linearize the stock return under these assumptions. By definition, the return on the stock market is

Dip1+Vigr Dy <1 + Vt+1/Dt+1> (C.12)

RS p— p—
A Vi D, V,/D;

Now take logs and linearize to get the Campbell-Shiller decomposition. Letting gp ;+1 = log(Dyy1/D;) and vd; =

log(V:/Dy) represent the log of dividend growth and of the price-dividend ratio, respectively, we have
Tst+1 ~ gp,t+1 + Ko + K1vdip1 — vdy, (C.13)

where the linearizing constants are

1

k1= ———— and ko= —logry — Kyvd, C.14
1 1+ oxp{—od) 0 g K1 1 ( )

for vd = E[vd,]. Solving the linearized equation forward for the price-dividend ratio implies
0 .
vdy = gp,1+1 — Ts,t+1 + Ko + K10dy41 = Ko + Z K1 (gD t4145 — Ts t+145)- (C.15)

Jj=0

which holds both in realization and in expectation.
We know the expected stock return E,[r; ;1 1] by assumption. Using the linearization, the unexpected component

of the stock return equals

Tsi+1 — Ee[rse41] = 90 +1 — Eilgp,i+1] + k1 (vdip1 — Eyfvditq]). (C.16)
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Because risk premia are constant, the unexpected change in the price-dividend ratio equals:

oo

k1 (vdeyr — Eeludii]) = Y K] (Beralgn,ei145] — Belgp er14s]) —
j=1

Ior

~
I
—

and hence

k1 (vdip1 — E[vdiiq]) Z K1 (Ees1[9D,t4145] — Etlgpt+145]) —

IoF

Jj=0 Jj=1
Note first that
i—1
Et+1[7"f,t+j] — K [Tf,tJrj] =’ Or€r i1,
and therefore that
o0
K1
ZH (Etta[rsit1+5] = Eelrperi4s]) = ———0r€rtt1.
= 1—- k19

Next, note that

Etv1(9D t41+45] — Eelgp e4145] = Agr Bega [rpev1405] — Belrgev145]) + Eeva[g1e11+5] — Eelgrer145])

= (1= pa)(Eeya[dleyj] — Be[dley;]) + Tizo€d,ev1-

The riskfree rate component equals

Agr(Beqa[rerirs] — Belrpiriss]) = Agrd? (rre1 — Belrgqa]) = Agr? ovér iy

Similarly,
Ei1l91,e1145) = Etlgr,e4145] = @5 (91,041 — Belg1,611]) = @leg i41,
and
(1= @a) Bepadlir] — Boldliys]) = (1= 0a)@l €a -
Consequently,
- Agr0y 1 1—k
> w1 (Eralgp,ir14]) = Edlgp,eares]) = ﬁﬁr,tﬂ T g, et T Tlﬁ;dedi+l-

j=0
Putting all of this together, the unexpected stock return equals

)\gr_'“ﬂl 1 1—,%1

Ts,t+1 — E; [Ts,t+1] = 1—rug Or€rtyr1 + m?g,tﬂ + med,tﬂ-
g

Substituting in the expected return, we have an expression for return.
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Finally, to get to the expression (13) in the main text, we assume that the shock €, can be decomposed such that

1—k
! €d,t+1 = Adg€gt4+1 + €s,t41 (C.27)
1 —R1pd

where ¢, is the growth shock and e, is the market-specific shock. In the data, dividends fall by more than consumption
and output in recessions, so Agg > 0 (Longstaff and Piazzesi, 2004). For the loading A, on interest-rate shocks in

(13), we use the fact that, under this linearization, the interest-rate sensitivity of the stock equals

K1 On, _1—¢tt (C.28)
1—k1o o 1—¢ '
where ng is the duration of the stock market. This implies
_ phs—1
py— —nfor 120 (C.29)
1+ o, /o 1—ns
We then use this value to compute the loading on the interest rate,
- A

Aoy = A" Agr (C.30)

1 -k

Together, this gives the stock return (13).

C.3 Housing returns

To derive housing returns, we need to make assumptions about depreciation and maintenance of the housing stock, as
well as transaction costs from buying and selling housing. First, we assume that the housing stock depreciates each
period and owners offset this by investing a proportionate maintenance cost. Second, we assume that homeowners
incur proportionate transaction costs, representing the cost of moving. In the model, it is costless for agents to change
house size, and thus households move houses every period and pay this transaction cost each period.

These assumptions manifest themselves in the housing return, which equals

P, —1,041 Pry1 By
Pnh,t Pht Pl

Rpi1 = . (C3D)

as follows. The bond component of the return accounts for the fact that the house depreciates over the period, so
its duration falls from nj to ny — 1, as would a long-term bond. The drift y; in (16) includes not only common
price appreciation, but also nets out the costs to the homeowner of transacting and of maintaining the property. The
investment in maintenance offsets the depreciation, and in doing so returns the bond portion of the house back to its
original duration nj, for the new set of homebuyers. And finally, because the house is sold after this return is realized,
the idiosyncratic house price shock only accumulates over the one period, at which point the homeowner sells the

house and buys a new one at the regional price P;.
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C.4 Private business valuation

Here we derive the valuation of private business at exit (39). Both in our model and in empirical measures of the
value of the business, the relevant valuation is under the discount rate and cashflow dynamics after the company
is sold. For discount rates, we assume that the business is sold to diversified investors—this will be the case, for
instance, if the company goes public. Because the new owners will be diversified, they will not demand compensation
for idiosyncratic risk, so the relevant risk premium will be the same as that of the market. Future cashflows L;
can follow a general process on which we impose only one fairly minor assumption: growth in the persistent part
of the idiosyncratic component of income is not predictable from current information. Formally, for all j > 0,
E; [ii7t+1+j /ﬂmﬂ»] = E[ii’tﬂﬂ/imﬂ]. Note that this assumption allows for the possibility that the cashflow
growth dynamics could change after exit. The only purpose of this assumption is to simplify the model; it affects
fluctuations in valuation over time, but not the average level of valuations, as we will see from what follows.

Let E;; denote the present value of future earnings {Li’tﬂ-}. Let e;¢ and [; ;1; denote logs of these variables
and el;; = e;; — l;; the current valuation ratio. In what follows, we will suppress i subscripts. Applying the same
Campbell-Shiller linearization as we did for the stock market in Appendix C.2, we have that the one-period log return

on the business is

Tet+1 = gL t+1 + Kpo + kEpeliyr — ely, (C.32)
where
1 _
=———— and kg =-—logkp — Kkgel, C.33
1+ oxp{—el} EO SKE — KE ( )

and el = E[el;] is the unconditional mean valuation ratio. Iterating forward and taking expectations, we have

o0
ely = ko + ) K (Eelgneiies) — Eelresr145), (C.34)
=0
or, in deviations from the mean,
ely —el = Kp(Bilgrirres] — ) = D wp(Eelrepiirg] — 7). (C.35)
7=0 7=0

Because the firm is sold to diversified investors, it has the same expected return as the stock market, so

Eilret14] = Belrsenag] = Belrpeg] + ps = (1= @)rp + @77 s + s (C.36)
This implies
= 1
>k (Balrespiss] — 7o) = ————(rp — 7). (C.37)
= 1—kgp

The cashflow growth component can be further divided into aggregate wage index growth and idiosyncratic growth.
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The aggregate growth component is

o~ A 1 A
7 (E il—g — I (rpy—7Tp) = ——— -3 —I (pp —Ty). C.38
JZ::O"EE( tlg1,04145] — 1) + 1—f<~'E<p(7ft Tr) pp—— (g1t — G1) + 1—HE<P(7ft ) (C.38)
And we have assumed that the idiosyncratic component is not predictable, so
> .
Z“]E(Et[gi,t-p-l-;-j] - E[gi,t+1+j]) =0. (C.39)
j=0
Consequently,
elt :a—‘r;(glt—gl)—l;)\gr(rft—ff) (C40)
1 —kEpg 1—kgp

Taking the exponential of this and relabelling el as the parameter v, we get the expression (39).

D Model calibration

D.1 Macroeconomic variables

D.1.1 Time series of riskfree interest rates

To obtain a time series of the short-term real interest rate, we use a methodology similar to that of Beeler and Campbell
(2012). Using the yield on the 10-year nominal Treasury bond y19 and annual inflation rate 7 from Global Financial

Data, we estimate the annual regression

Y10t — Tee41 = Bo + B1Y10,e + BoaMi—1,4 + €141 (D.1)

on the post-war period. The fitted values are then taken as our estimate of the expected riskfree rate 10-years from
time ¢, f10,t- From this, equation (3) yields the time-¢ riskfree rate:
—-10( ¢ 10y~
rre=¢" (froe — (L= 7)7). (D:2)
We use this methodology for two main reasons. First, by using long-term rates to back out short-term rates, we smooth
much of the short-term variation in measured short-term real rates that are potentially outside of our model. Second,
this methodology allows us to extend our real rate series further into the past, allowing for a longer simulation prior to

our period of interest. This procedure yields a time series of annual realizations of real rates {r s} and shocks {e,.}

from 1789 to 2020. The post-war time series of these rates are shown in Figure D.3.
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Figure D.3: Time series of riskfree rates, Post-war sample
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Note: This figure presents the time series of short-term riskfree rates as estimated by equation (D.1) and transformed
by equation (D.2).

D.1.2 Economic growth and stock-market returns

We jointly estimate the dynamics of aggregate growth (7) and stock returns (13) via the simulated method of moments

(SMM). The parameter vector to be estimated is*

O=1|3 @, 1y, 05 Pr Ay My pi o (D.3)

We estimate the probability of a recession pg directly from the data as the frequency of NBER recessions. To identify
the remaining 8 parameters, we use the first four moments (i.e., mean, variance, skewness, and kurtosis) of log stock
returns and of log GDP growth, the autocorrelation of GDP growth, the correlation of stock returns and GDP growth,
and the correlation of riskfree rates with five-year moving average growth. We use the correlation between lagged
returns and GDP growth as a moment because stock markets are forward looking. This shows up in the data—
as noted in Schwert (1990); ?); ?—by stock markets returns predicting future real activity more strongly than they
predict current real activity. The higher-order moments (skewness and kurtosis) are particularly useful for identifying
parameters of the normal mixtures. The correlation of rates with a moving average of the growth rate, as opposed to

the growth rate itself, provides identification for A4, by isolating the low-frequency covariance.

3Recall that A, is given by (C.30) and that u; sets prpt, + (1 — pr) u;“ = 0, so these are implicitly estimated
here.
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The SMM procedure then estimates O as follows. Letting m(©) denote the vector of simulated moments implied

by the model and 7 the corresponding vector of data moments, our estimated parameters minimize the squared

6 = argrmin { <m T;n@))T (m ﬁ:z(@) } ’ D.4)

where division of vectors is an element-wise operation. For the data moments, we use historical data from a number

(percentage) errors:

of sources. We construct the growth series using per capita real GDP growth as a proxy for aggregate wage dynamics.
The primary data source is the Global Macro Database (GMD), from which we extract U.S. real GDP per capita from
1900 to 2021. Stock-market return data cover 1871-2021 and come from Shiller. We use the log total return on the

S&P 500. Table 3 above reports the estimated parameters. Table D.1 reports the moments in the data and model.

Table D.1: Moments for estimation of growth and stock returns

Moment Description Data  Model
E[rs] Mean stock return (1900-2021) 0.066  0.0666
o(rst) Standard deviation of stock returns 0.187  0.188
Skew(75¢) Skewness of stock returns -0.831  -0.897
Kurt(rg;) Kurtosis of stock returns 3.61 3.51

E[g:] Mean wage growth (1960-2021) 0.0196 0.0197
o(gt) Standard deviation of wage growth 0.0205 0.0209
Skew(gy) Skewness of wage growth -0.629  -0.688
Kurt(g) Kurtosis of wage growth 3.42 3.34

Corr(gt, gi—1)  Autocorrelation of wage growth 0.164  0.163
Corr(gy, rst) Contemporaneous correlation 0.541 0.564
Corr(rs4,g5,:) Risk-free rate and 5-year average growth  0.211  0.232
PR Recession probability 0.164  0.164

D.2 Idiosyncratic income process

Our calibration of the idiosyncratic income component of earnings follows Catherine (2022) closely, with two differ-
ences. In this study, the parameters of the income process are estimated by targeting moments of the distribution of
log earnings growth from 1978 to 2011, feeding the historical mean log earnings growth of each of these years into
the simulation. The targeted moments include the standard deviation of log earnings growth at the 1- and 5-year
horizons, and the skewness at the 1-, 3—, and 5—year horizons. These moments are computed using Social Security
administrative data and reported in Guvenen et al. (2014).

We estimate the process using the same procedure as Catherine (2022), described in detail in Appendix B.1 of his
study, with one difference. For years prior to 1978, we feed into the simulation the historical time series of log changes
in real per capita GDP growth, which we use to calibrate the process for economic growth as in Section D.1. For the
period 1978-2011, we feed into the simulation the historical mean log earnings growth rate reported in Guvenen et al.
(2014), but scale this variable such that it exhibits the same volatility over that period as per capita GDP growth, which

is roughly 1.5 times lower. Our goal is to obtain comparable variability in idiosyncratic income risk over the business
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cycle in the model and in the data, while leveraging the longer time span of the per capita GDP growth series relative

to the moments reported in Guvenen et al. (2014).

Table D.2: Estimated parameters: Idiosyncratic labor-income shocks

Persistent shocks shocks
Dz Pz s Azl o, of o, o
145 971 -.085 6.542 .644 .012 758 .097

This table reports parameter estimates for the idiosyncratic income process, conditional on the group-level aggregate
shock. The process is estimated as in Catherine (2022) by targeting the time-series of cross-sectional moments of
individual income log growth rates in the SSA administrative data from Guvenen et al. (2014).

The estimated parameters are reported in Table D.2 and are very close to those in Catherine (2022), except for the
parameter \,;, which governs the relationship between GDP growth and the skewness of idiosyncratic income shocks.
This parameter is roughly 1.5 times larger than in Catherine (2022), reflecting the fact that the GDP growth time series
is itself about 1.5 times less volatile than the mean log earnings growth series used in this study. Hence, to generate the
same amount of cyclicality in the skewness of income risk, the asymmetry ot the distribution must be more sensitive
to the aggregate income growth series.

Figure D.4 presents the values and fit of targeted and simulated moments from the estimation of the idiosyncratic

labor income shocks.
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Figure D.4: Fitness of idiosyncratic labor income risk model
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D.3 Income tax rates

Households pay income tax on labor income and Social Security benefits. In the model, households face the following

marginal tax rates:
0.10  if Ly < 0.18,

0.12  if0.18L; < 0.72,

0.22  if0.72L; < 1.54,

Marginal Tax Rate;, = ¢ 0.24  if 1.54L; < 2.94, (D.5)
0.32  if2.94L; < 3.73,

0.35  if3.73L; < 9.32,

0.37  if Ly > 9.32.

The bendpoints in this formula are the limits of the 2020 tax brackets divided by the wage index.

D.4 Entrepreneurs

We calibrate the private business income (37) and wealth (39) processes to data from the SCF. We need to calibrate the
deterministic component of income ¢ (a;t ), the initial volatility oo and time-series volatility o, of the permanent
component z;;, the mean valuation ratio v, and the probability of becoming an entrepreneur by age pg(a;;). In the
SCF, we consider a household to be an entrepreneur if it reports being an active manager of its first or second private
business. We restrict our sample to households before retirement (i.e., aged 18 to 60).

We choose the mean log valuation ratio v to match the average log aggregate valuation ratio:

Ny
Zi:l Ei
S (Liy — L)

v=E |log = 3.124941, (D.6)

where L7;*¢ is the predicted wage paid to the entrepreneur, as computed in the empirics. Recall that this aggregate
ratio was how we computed the duration and interest-rate sensitivity of private business in Section B, so this calibration
is consistent with those moments as well. To estimate the deterministic life-cycle profile of business income, we fit a
cubic polynomial in age to the moments

L;
EE(ait) =E |:10g Tt

t

ait] ; D.7)

which implies an estimated profile

2 3
(p(ai) = —1.580268 — 0.0822865 x a;; + 0.042289 x Cl‘—g — 0.0044304 x 1“6’6 : (D.8)
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To estimate the variances of z;;, we use the fact that

L;
var(z;¢|a;;) = var (log i
Ly

ait> . (D.9)

Consequently, the time-series volatility can be computed from the change in variance of business income over the life

cycle,
L; L;
0. = var <log = ait) — var <log =lag — 1) : (D.10)
Ly L,
and the initial volatility can be computed as the level at the initial age, 20,
L;
Oz = var (log ft it = 20) - (D.11)
t

We estimate these by running a linear regression of the variances var(log(E;:/ Et) |a;:) on age a;+, and find a constant
0% o = 1.692465 and a slope 0%, = 0.0430068. Finally, we compute the entry probability pg (a;:) as the change in
the share of households who are entrepreneurs from one age to the next.>! Specifically, we first compute the share of
households at each age a;; who are entrepreneurs (call this sg(a;t)), then fit a polynomial to this share, and then take

the change in this fitted line as the entry probability, from the fact that

sp(ay) —sp(ayg — 1)

it) = D.12
pEe(ait) 1= splan — 1) (D.12)
The change is approximately linear, and so we estimate

pe(a;r) = max{0.0104395 — 0.0001949 x a;, 0}. (D.13)

E Numerical appendix

This appendix section details how we solve the model numerically. To render the model solvable, we exploit two key
properties of the model that allow us to rescale the problem, eliminating state variables; and to transform the wealth

return, simplifying the portfolio choice problem.

E.1 Rescaling the model

We eliminate two state variables, the wage index L; and the house price Py, by rescaling the problem as follows.

Henceforth, let Z; denote wage-indexed quantities Z; /L, for any variable Z;. The utility function equals

w(City Hit) = L Py " u(Cor, PrHi). (E.1)

3'We do not model exit, so the change in the share of entrepreneurs must all be attributed to entry in the model.
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From this, it follows (and we will prove) that there exists a function V such that the value function equals®
Vie = V(Ly, Poe, Wit 7 f1, 910, Zit, @ie, AIYE;) = Eiiwp;:ty(l_wv(witaTftaglt, Zit, Gig, AIYE;), (E.2)

provided that the agent chooses the rescaled policies {CA'l-t, Py H. it ¢ instead of {C;;, H;; }. Henceforth, we will use the
notation I;Iit = PhtHz’t to emphasize that this is a single choice variable.

Before proving the claim, note that all constraints can be rescaled accordingly. Wealth accumulates according to

. L,
Witt1 = =
Ly

(Wit + Lis + By — Ty — Ciy — XPn,LtﬁitH{wh,it:o} —¢s)Rwi i1, (E.3)
which is independent of L; and Py;. The minimum and maximum house size constraints are
Pnhtf{it 2 Kmin and Th,it < Rmax- (E4)

The scaled value of a private business EAit is also independent of L. Thus, the constraints can all be written in terms
of controls {C’it, H i+ + and without any dependence on L; and Py;.
We can now prove the claim by (backward) induction. First, consider the bequest (30). In the terminal period (i.e.,

b periods after death), the claim is true, as

Vi =LI77P 'Y max  u(Cip, PuHy) = L 7P TV, (E.5)
{Cit,PreHit }

Now suppose that it is true at any time ¢ + 1 within the time span after death. This implies

Fl— —v(1—v)Y;
Vie = o1, (G Hu) 5 B[ P Vi } 9
7 1—y —v(1—7)
ey (1 . L P, .
=P ) max w(Cyy, Hyy) + BE, (E“) (““) Viis (E.7)
{Cit,Hit,mit } Lt Pht
= L7P (E.8)

The second equality changes the choice variables to {C'm ﬁit, mit }, which is possible because the rescaled utility
function and budget constraints only feature these choice variables. The third equality follows from the fact that that

the maximand has no dependence on L, and Pj,;. It follows that the initial bequest utility equals
b(Lys, P, Wity 7 p1, 911) = Ifziﬂph_ty(l_wl;(wit, it 91t)- (E.9)

This proves the claim for the bequest.

The rest of the proof follows the same inductive reasoning. We know, upon death, the value function rescales

3 For simplicity, we will consider the case of a worker who never becomes an entrepreneur, and the same logic will
apply when we add entrepreneurship.
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as claimed (since the value function is the bequest utility). Now, for the induction step, suppose the value function

conditional on living to ¢ 4 1 rescales as claimed. Then

- , ) Fl—y p—v(1—7) NT 7 }
Vit {Cq-,,{r;gffm,,} {U(C”’ Hiy) + BE [LHI Ph,t+1 ((1 M) Vi1 + mztbz,tJrl) } (E.10)
=L;7p "7 max {u(@t, Hy) (E.11)
{Cit,Hit,mit }
I 1= —v(1-y)

L P . N

+ BE; ( t+1> (““) ((1 — mig)Vigr1 + mitbi’t+1) } (E.12)
Ly Py

=L, P . (E.13)

The equalities follow identical reasoning as above. Most importantly, V;¢ in the last equation is independent of L, and

Py, proving the conjecture.

E.2 Transforming the portfolio problem

In choosing a portfolio, the agent must select optimal weights {Wn,itv T, it 7rh7¢t} on the risky assets. Numerically,
this problem becomes intractable because all three assets are exposed to interest-rate shocks. We circumvent this
tractability problem by re-expressing the problem in terms of exposures to separate asset-market shocks: the agent
instead chooses {e, it, s it, Th,it }» Where ;. ;; is the interest-rate sensitivity of the total portfolio. This transformation
is also ideal because the long-term bond share 7, is itself not that meaningful, as it arbitrarily depends on our choice
of the bond duration n; in contrast, &, is invariant to n.

To implement this change of choice variables, we need to rewrite the wealth return (36) in a way that replaces the
long-term bond share 7, ;; with the interest-rate sensitivity of the total portfolio €, ;;. To do this, let us start from the

result of Appendix H.5 that, to a second order, the log wealth return (suppressing ¢ subscripts) equals
1 .
Twit+1 = Tft + W:(’I’t+1 — ’f'ftb) + 5 (W:dlag(ZET) — ’ﬂ'tTZZT’/Tt) — (ﬂ-h,t + Ts,t — 1)+9, (E14)

where 7, is the vector of portfolio weights, 71 is the vector of risky returns, ¢ is a vector of ones, and X T is the
covariance matrix of returns with respect to the vector of shocks.

To transform the wealth return, first note that we can rewrite the log return on any asset j € {n, s, h} as
Tjtrl =108 Rjsp1 =Tpe + Uy — Ojr€rpq1 + o'jT’_Te_r,tH, (E.15)
where €_,. is defined as the vector of shocks orthogonal to €,.,
€E_rt+1 = [Eg,t+1, €s,t+1yEh,t+1, gh,t+1]T7 (E.16)

and o _, the corresponding vector of loadings. In this notation, the loadings on the rate shock are {OnryOsry Onr} =
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{on, Asr,on, }. Stacking these returns in vector form, we have
Tigl =Tpelb+ b — Xp€p 1 + X €y py1, (E.17)

meaning that the wealth return is

1 . .
Tw,t+1 = Tfe + 7-‘-15T (/’6 - Zrer,t-‘rl + E—Te—r,t-l-l) + §(ﬂ-tleag(E7‘ZrT) + 7Ttleag(z—Ter)

— W:ETETTTQ — W:E,TELJQ) — (e +mse—1)T0. (E.18)
Next, let us substitute out 7y, ; using the fact that the interest-rate sensitivity of the portfolio equals
Erp =T} Oy (E.19)

Substituting this into the wealth return, we have

1 . .
Twitl = Tfe + ﬂ'tTu — Ert€rprl + ﬂ'tTE_Te_MH + 5(7rtTd1ag(Z7»E7T) + ﬂtleag(E_,»EjT)

— afi — WJZ,TELW,&) — (mht + 75 —1)T0. (E20)

Because the first row of ¥_,. is zero (i.e., 7y, ++1 has no loadings on €_, ;1), and because the first element of u +
diag(%,3,)/2 equals zero (i.e., ju, = —02/2), this rewritten wealth return has no dependence on 7, ;. We have

completely replaced it with €, ;. Indeed, (E.20) can be written as

Twit1l = Tft + T T = Sreryr) + i(wt Tdiag(2r2r ') — T2 EtTﬂt) — (e +mse—1)T0  (E21)

where33
1 —sf,t/Q - 0 0 0 O
= |ms |y M= |us+A2 /20, and Ny =| 0 Ay 1 0 O (E.22)
Th Mh 0 0 0 Ohp &h

This transformed expression the implies an equivalent expression for the wealth return:

g2 e s A 2
RWi,t-H — th + (6 € it/2—Eriter ittt _ I)th + ﬂ.sﬁ(6Tjt+us+)\sr/2+>\sgfg,t+1+Es,t+1 _ th)

+ p g (€T TRE R T TRt Ry — (7 4 T — 1) T (R — Rye)  (E23)

(To see this, simply apply the same second-order approximation to (E.23) as we did to get (E.14), and the result will

be (E.20)). Thus, the optimal allocation can equivalently be stated as a choice over {e,.+, 75 ¢, 75 + }, and these choices

3 The third element of 1} is fip, + i, + 02, /2 and we have substituted in j,,, = —02 /2.
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map to an optimal long-term bond allocation equal to

Ept — Mg tAsr — MhtO
Tt = a s UST mh (E.24)
n

This allocation is unique given the maturity n of the bond.

F Model fit with entrepreneurs

Figure F.5: Wealth and portfolios over the life cycle

A. Wealth B. Home ownership rate
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Note: This Figure reports wealth (Panel A), home ownership rates (Panel B), wealth invested in stocks (Panel C) and
housing (Panel D) by age, in the model and in the data. Equity wealth, income and wealth are measured in units of the
national wage index.
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Figure F.6: Equity holdings at age 40-45

A. By income level B. By wealth level
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Note: This figure reports the amount of wealth invested in stocks in the model and in the data, for households between
age 40 and 45, by level of income and wealth. Equity wealth, income and wealth are measured in units of the national
wage index.

Figure F.7: Housing wealth at age 40-45

A. By income level B. By wealth level

15 - - 15
{  SCF(95%Cl)
10} Model ] 10}
5.
0 1 1 1 1 1 1
0 5 10 15 20 25 30 35

Earnings Wealth

Note: This figure reports the amount of wealth invested in housing in the model and in the data, for households
between age 40 and 45, by level of income and wealth. Housing wealth, income and wealth are measured in units of
the national wage index.

Figure F.8: Interest-rate sensitivity in the cross-section
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G Simulation of the overlapping-generations model

G.1 Aggregate shocks

Aggregate shocks The overlapping-generations (OLG) has 4 aggregate shocks that must be mapped to data: these
are shocks to (1) riskfree rates ¢,., wage growth ¢4, stock returns ¢, and house prices €. Shocks to the riskiree rate
come from the procedure outlined in Appendix D.1.1. This procedure also provides us with the level of real interest
rates ry. The series of wage income growth rates g are proxied for by the rate of growth of per capita real GDP, just as

in Appendix D.1, . We obtain g; using the relation
git = gt — )\rgrft- (G.1)

Stock returns come from the the S&P500 and are added directly to the simulation after subtracting out the portion
driven by shocks to interest rates—which is akin to to subtracting o, €, from the log stock return. This means that
we add both €, and €, into the simulation simultaneously. Similarly, aggregate house prices come from the Case-
Shiller index is added after differencing out the portion of the capital gain attributable to interest rate shocks o, €,.
For the idiosyncratic portion of house price shocks, we assign each simulated individual a shock drawn from normal
distribution with variance 53.

When not using data in the simulation, we randomly assign agents aggregate shocks from 50 randomly generated
time series. When computing top wealth shares, we do so within a group of shocks and then take the average top 10%

share among the 50 groups.

G.2 Inheritance and intergenerational income persistence

To model intergenerational income persistence, we assume a correlation between the levels of persistent income of

parents and their children at labor market entry. Specifically, we model initial persistent income as an AR(1) process:
arent .
Zist = Pro%tg-30 T T20€20) G2)

where 242, denotes the child’s initial value of z upon entering the labor force, and 2P¥*™¢¢, — 30 is the corresponding
value for the parent 30 years earlier. We calibrate the parameters pzy and o, using two moment conditions. First, the
variance of z; 1, must equal 02, a parameter chosen to match the observed level of income inequality. Second, we set
Pz, to reproduce the empirical slope of the relationship between the child’s and the parent’s income ranks at age 30, as
documented in Chetty et al. (2014). Given the rest of our labor income process, these conditions imply p,, = 0.4564
and o,, = 0.9787. Figure G.9 plots the child’s income rank against the parent’s income rank, providing the model

counterpart to Figure II in Chetty et al. (2014).
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Figure G.9: Child income rank vs parent income rank in the model
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H Derivation of the linearized model

This section lays out the details of the linearization and analytical solutions presented in Section 4. The approach
follows that of Campbell and Viceira (2001), except that we add finite lives and, ultimately, intertemporal income. To
fully understand the economics, we first solve for policies in the general case of recursive utility (i.e., disentangling
risk aversion and the EIS), then reduce to the time-additive case in the main text. For the remainder of this appendix

section, we will suppress ¢ indices and state approximate (i.e., linearized) equalities as exact.

H.1 Linearized conditions

Suppose that there is no intertemporal income or housing, so the budget constraint (35) simplifies to>*
Wit1 = (W — C)Rwp41- (H.1)

The first-order condition for a recursive-utility agent takes the familiar form

Ciy1

-0/
1= Et (ﬁ(l — mt))a < Ct ) R?}[Z,51+1Rj,t+1

) (H.2)

where 3(1 —my) is mortality-adjusted patience, ¢ is the EIS, 8 = (1 —~)/(1 —1/%), and R; € {R¢, R,,, Rw }. The

analytical solution follows from linearizing this budget constraint and first-order condition.

341t would be fine to assume rented housing, in which case consumption here represents total consumption of both
goods and housing. We abstract from this for simplicity.
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Let lowercase letters denote logs and the A operator denote first differences. Scaling the budget constraint (H.1)

by financial wealth W, taking logs, and linearizing log (1 — e“~**) around ¢; — w; = log(1 — S(1 — m;)) implies

1
)) (¢t — we) + Tw1, (H.3)

where p.(m¢) = B(1 — my) and Ky, (my) = log pe(myi) + (1 — pe(my))log (1 — pe(my))/pe(my).>> (Notice that,
as my — 1, ¢z — wy; agents who will die almost surely consume everything.) We can also get the linearized

approximation to the log wealth return

1
Twtd1 = Tft + Te(Tppg1 — Tpe) + §7Tt(1 — ) vary (T, i4+1)- (H.4)

This expression is a discretization of the exact continuous-time law of motion. Finally, log-linearize the Euler equation

(H.2) up to a second order:

0
0= 910g(ﬁ(1 — mt)) + Et _@Acﬂ_l + (9 — 1)rw,t+1 + Tj7t+1:|

1 0
+ S var: (—quct_H +(0—Dry 1 + rj,t_H) . (H.5)
Substituting in r; = 7, and then r; = 7 and subtracting the two equations implies the risk premium on the

long-term bond

1 0
E¢[rn 41 — Tr41] + §Vart(7’n,t+1) = @COV:&(Tn,t-;-l, Acit1) + (1 — 8)cov (T 141, Tw,t+1)- (H.6)

Using the decomposition

Acip1 = (41 — Wep1) — (cr — wp) + Awpyq (H.7)

and the expression for Awy, 1 from the linearized budget constraint (H.3), we can rewrite

COVt(Tn,tH, Act+1) = COVt(T'n,tJrla Ct+1 — wt+1) + COVt(T”n,tH, Tw,t+1)~

Substituting this and the fact that
COVt(Tn,t+17 Tw,t+1) = WtVart(V"n,tJrl) (H.8)

into (H.6) and using 6/1¢ + 1 — 6 = -y implies the solution

lEt[rn,tH = rat1] + 3vary(rn i) 1 =1/ycovi(rptt1, o1 — Wet1)
o vary (T, 1+1) 1— vary(rn t+1) '

Ty =

(H.9)

35In infinite-horizon models like that of Campbell and Viceira (2001), one typically chooses p. = 1 — exp{E[c; —
wy]}, which reduces to p. = (3 for EIS of 1. Here, to capture the effect of aging, we linearize instead around the
unit-EIS solution, which is exact in our model.
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As explained in the main text, the first term is the myopic risk-return portfolio; the second is intertemporal hedging of
interest-rate risk.
Another fact that will become useful is that the first-order condition (H.5) for wealth returns (r; = r,) simplifies

to

16
E¢[Aciq1] = ¢log(B(1 —my)) + VB [ryeq1] + iivart (Actyr — Yruesr) - (H.10)

Using fact (H.8) and the decomposition of Ac from (H.7), the variance term can be rewritten as

vary (Acep1 — Yryp41) = varg (41 — W1 + (1 — )7y 141)
= vary (cp41 — wep1) + (1 — ¥)2mpvary (rn, 1) (H.11)

+ (1 — 1/1)7TtCOVt (Tw7t+1, Ct+1 — wt+1) .

We will use these expressions to solve for the equilibrium consumption-wealth ratio.

H.2 Optimal policies in the linearized model

We will now solve for the optimal consumption and portfolio choices using the conditions derived above. Conjecture

that the optimal consumption-wealth ratio takes the form
ct —wy = log(1 — B(1 —my)) + (1 =) (0ot + 0rt7s1), (H.12)

for some functions go; = go({ms}s>¢) and gy = o, ({ms}s>¢) of the future mortality probabilities. Increasing utility

implies the boundary conditions lim,,, 1 (1 — ¥)go(m) = 0 and lim,,,_,1 o,(m) = 0. This conjecture implies that

(1 - 77/1)7100Vt(7"n,t+1, Ct4+1 — wt+1) = QrtCOVt(Tn,t-s-lﬂ‘f,tH)

= —0rtOn0r.

Substituting this expression into (H.9), we obtain

1y + 202 1 oy
mo= -t 2% (1_) or "
’y Un ’7 On

= ag + arQOr,

which, combined with (10), is our expression for the optimal share in the n-period bond (42).

To solve for gy and p,., notice that substituting this solution for 7 into the expectation of our log-linearized wealth
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return (H.4) implies

Et[rw,t+1] =T+ Tepin + 7Tt(1 - 7Tt)0—721
=7rq+ (aOMn + (aO - a(2))0_721) + (arﬂn + (ar - 2@0(17«)0'721) Ort — a?ﬂo—igzt (H.13)

=71y +do+ dror — dzggt-
It also implies

vary (cip1 — wigr) = (1 —¥)%0},07,

(1 = v)?*mivar; (rn 1) = (1= ¥)*(ag + 2a0ar 00 + 0707, )0,

(1 — P)micove (Tn 41, Cop1 — W) = (1 — ¥)*(ao + arort) (—0rt0n 0.

Substituting these three equations into (H.11), we have

vary (Acer1 — Yrwir1) = (1 — )% (go + g10rt + 9202 (H.14)

for constants g;. Finally, substituting our log-linearized budget constraint (H.3) into our decomposition (H.7) and

applying our conjecture (H.12), we have

Ei[Aci1] = Eiferrr — wep1] — pe(me) ™ (e — we) + Ko (me) + Eg[rye41]
=(1—v)(00,t+1 + 0rt+1((L — @)F5 + 1)) (H.15)
- Pc(mt)71(1 — ) (00t + 07 ft) + K (M) + Egr 141]-

Substituting (H.14), (H.15), and (H.11) into the Euler equation for wealth returns (H.10), then collecting coefficients

on 7y, implies the difference equation

©Or1+1 = pe(my)  or — 1.

Now iterate forward and use the boundary condition lim;_, o, g+ = 0:

ort = pe(me)(por+1 + 1)

= pe(my) + ope(me)pe(mis1) + > pe(me) pe(misr) pe(mir2) + . ..
S J

=B(L—m) [ 1+ & [ =misa)

j=1

k=1

o0
= Z & B prat;

Jj=1

The lower are the probabilities of future survival p; 4 ;, the less relevant are fluctuations in the interest rate to con-

sumption and portfolio choices. For reference, note that, for infinitely lived agents (m, = 0 for all ¢), this converges
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to o = pe/(1 — p.), the result from Campbell and Viceira (2001).

Collecting the remaining constant terms implies a difference equation for gg;:

00,t+1 = pc(mt)_IQOt — qot

for the deterministic constant

Gor = Ore1(1 — )7y +10g pe(me) + (1 =)~ (pe(me) =" — 1) log(1 — pe(my))

1
+do + dyore — dag?, + 5(7 —1)(go + g10rt + g207,).

Note that go; converges to a finite constant: lim,,, 1 gor = do + (7 — 1)go/2. We can similarly iterate this expression

forward with terminal condition (1 — ¢))go — 0 to arrive at a solution:

00t = pe(me)(qor + 00,641)

= pe(me)qot + pe(mie) pe(Mit1)qo,e+1 + Pe(mie) pe(Mit1) pe(Mir2)qo v + - ..

o
= E ﬁjpt,t+jQO,t+j—1~
j=1

This verifies the conjecture.

H.3 Adding labor income and Social Security

We now introduce a deterministic stream of labor income L and, in turn, Social Security taxes T" and benefits B. The
present values of labor income (human capital) H and Social Security wealth S are as stated in the main text.
As we did with the wealth return above, let us linearize the returns on human capital and Social Security wealth

using a continuous-time approximation. For human capital, the log return is

trot—t
H (%
THt+1 = Tft + PHt + Z Wit <U) (rnt1 = Tre41)
n

Jj=1
L
where
oH = pt,t+jptht+j - pt,t+jptht+j
Jjt — tret—t -
258y Pty Pyl H;

H

is the value weight of the jth labor-payment, and therefore 7** is a value-weighted rate-sensitivity adjustment. More

specifically, 7 represents the percent holdings of n-period bonds implicit in the human capital asset. To see this, note
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that the rate sensitivity implied by 7 is

o tret_t O tret —t

HYn __ H J _ H _
=y W) () = > witer(Pyin) = en(Hipa).
Or Or

=1 j=1

In words, a portfolio with 7 percent allocated to the n-period bond has the exact same interest-rate sensitivity as the
human capital asset.

Identical logic leads us to conclude that the log return on Social Security is

oo
o s (95 ,
rSt+1 = T + st + Wit pu (Prjt1 — TFe41),

j=1 "

S
T

where the value weights take the form

s _ B _ T = PreiLie(Bry = Tij)

W5, = Wi — Wy, =
t Jt It )
St

the difference between the benefits claim and the tax liability.

Now, as in the main text, define total wealth as

(Recall that H and S do not include their contemporaneous “dividends,” so we must add them back in this expression.)

Grossing up at the rates of return on these assets implies
Wi = Wi+ Ly + By — Ty, — Cy)Rw,iq1 + HiRp 1 + SiRs 41 (H.17)
Multiplying and dividing by W; — C, we have the dynamic budget constraint
Wipr = (W, — C)Rip ys1-

where the return on total wealth is

m+@+&—ﬂ—g> ( H, ) ( Sy )
W ,t+1 ( Wt _ Ct Wit+1 Wt _ Ct H,t+1 Wt _ Ct S,t+1

= awtRw+1 + age R 41 + asi s i1,

and the return on financial wealth Ryy is as it was in the original problem.
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Using the same linearization technique as before, the log total-wealth return can be approximated as
o 1_ ~\ 2
Twr1 =T+ e + T (P41 — Tpe) + 57&(1 — T)os,

where

e = Qg Ht + QStibSt

is a value-weighted drift term from the intertemporal endowments, and
— _ H s
Ty = QT + QT + QST (H.18)

is the value-weighted average of positions in the long-term bond—that is, the percentage of total wealth invested in
the bond. Other than the presence of ji, this budget constraint is identical in form to that of the problem with no labor

income or Social Security. Following the same steps from before, we conclude that
— *
Ty = T £

where 7} is the optimal solution without intertemporal income. Substituting this into (H.18) and solving for 7, we

see that the optimal allocation to the asset from financial wealth is

% Ht * H St * S
7”_7“+<Wt+Lt+Bt—Tt—0t)(”t 7Tt)Jr<Wt+Lt+Bt—Tt—Ct (m = 77)-

In the main text, we slightly simplify notation by redefining wealth W; to include the contemporaneous income and
consumption flows (thus far, we have assumed that it excludes these components). Doing this gives us the final

expression (44).

H.4 Solution to the value function

This section solves for the value function under optimal policies in closed form. Under recursive preferences, the

transformed value function (53) is implicitly defined by the aggregator

U= |(1—B)CYY 4 81 — my)E, {Ug;p}

By Euler’s Theorem,
oU; oU;
U =—C+E U,
t ac, ¢+ Ly |:8Ut+1 t+1:| )
where
e _ gy (2)"
0C, C



and

8Ut 1/¢ 1— %141/} —
50, = B m)U VR, ] T o
Noting that the stochastic discount factor
, —(v=1/9)
Crer ) MY Ut1
M1 = B(1 —my) ( C, ) ) ;
B [Ui
and that
(0U:/0U111)(0U141/0Ci11) _
aU,/oC, s
we have that
U, Ut+1
——— =G+ E | My ———
ou,joc, — Ctt [ T /BCHJ
Iterating this recursion forward yields
Uy S —
W = ZEt [Mt+jct+j] =Wy,
j=0

since total wealth is the present value of consumption. Substituting the expression for 9U;/OC; and noting that

consumption is at an optimum (C; = CY), we get the solution (54).

H.5 Adding multiple assets

Consider the setting with J non-redundant risky assets in Section 4.3, summarized by (46) and (47). In this case, the

linearized wealth return becomes
1 .
Twit1l = Tft + 7rtT(rt+1 — ) + 3 (W;dlag(ZTZ) — W:ZTZTQ) )

The log-linearized Euler equations are the same for each asset j, so by the exact same logic, we have the vector of

optimal portfolio weights

1 1. 1 1 COVy(Tta1,Cea1 — W
= ;(sz)—l (Et[ml — o] + leag(sz)) - (1 - 7) (xTy)! il t“l _ft; b)),

Also by the same logic, the consumption-wealth ratio ¢; — w; continues to take the same form, namely affine in r ;.

Consequently, substituting in the expected log returns and the fact that

T
COVt(T’t+1,7’f,t+1) =X o,
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we get the optimal portfolio rule 7} and the resulting interest-rate sensitivity of wealth (W) stated in the main

text.

H.6 Optimal consumption plan in the limit

This section derives the optimal consumption-investment strategy in the limit as risk aversion -« approaches infinity
and the EIS 1) approaches zero. We first show that, in the limit as v — oo and ¢ — 0, the optimal consumption plan
is constant and financed by a perpetuity. We then prove that both of these conditions (i.e., both v — oo and 1) — 0)
are necessary for this to be true—that is, it is insufficient to just have v — oo and not ¢ — 0 or vice versa.>®

First, let us consider what happens when v = 1/1¢) — co. The first-order condition when v = 1/ is

Ceis1\
1=E; |B(1—my) C Rji11

t

(H.19)

Conjecture that the optimal consumption policy is a deterministic constant C; = C;. Substituting this conjecture into

the first-order condition implies the recursion

Gy = (B(1 — m)Ey[Rj 1)) o (H.20)

Now taking the limit as v — oo implies that C; = C;,1 = C, meaning that consumption is indeed deterministic and
in fact time-invariant.

The present value of optimal consumption must equal total wealth, so we have

tmax—t

We=C > Py, (H.21)
j=0
where tp,.x is the first year in which m; = 1.%7 This expression pins down the value of C. Because the optimal
consumption plan is deterministic and constant, the agent finances it by purchasing C' of each zero-coupon bond and
consuming the coupons.
Finally, we wish to relate the optimal portfolio strategy financing this consumption plan to the optimal policy
7 derived above. First, using the same linearization technique as above, notice that the wealth return under this

consumption policy equals

tmax—1t

max Pj o;

Tw,t-‘rl = Tft + E W <O'n> (’/‘n,t_t,_l — Tft). (H22)
j=1 j'=1 J

Tt

36This result was first shown by Campbell and Viceira (2001). An alternative (and closely related) proof can be
found in their appendix.
3"Note that this satisfies the terminal condition W,___ = C, since Py = 1.
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As with human capital and Social Security wealth, 7 represents an implicit holding of n-period bonds from the annuity
financing consumption. Now let us compare this implicit holding 7 to the optimal holding 7*. In the limit, the general

expression for optimal consumption (40) implies the (negative) elasticity

0log(C/Wr)
arft

= Ort-

Calculating this same left-hand-side derivative from (H.21) and equating these, we have

tmax—t
P't aj
Ort = E PRl L e}
rt — — .
Ztmax t P ¢ UT

=0 §'=0 J’

Substituting this into the expression for the optimal portfolio 7 = 7* in (42), then taking v — oo, we have

tmax_t
- 0 Op o Pjt gj
t — UYrt™—/ — E tmax—t D
On =0 Z]":o Pj’t On

This optimal policy is exactly identical to the expression 7 from (H.22), as claimed.
Using similar arguments, we can show that v — oo and ¢ — 0 are both necessary to obtain this result. Suppose,
for the sake of contradiction, that v # 1/1) and the consumption plan is constant. Before taking any limits, the optimal

consumption rule implies -
91og(C/W)

arft = (1 - w)QTt-

Because the consumption plan is constant, this condition and (H.21) then imply

tmax—t p. o
( w)Q t Ztmax*tp + \Or

=0 3'=0 J’

which in turn implies

_ 1 o 1-1 brnax o
(S i (2)
Y O'n ."’_‘”6 Pj’t On

But then this can only be equal to 7 from (H.22) if v = 1/4.%® Thus, the only way for a constant consumption plan to

be consistent with the optimal policies is to have both v — oo and v — 0 simultaneously.

38This implies that v = 1/4) is necessary, but not sufficient, for a constant consumption plan.
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I Additional results

I.1 Model fit with entrepreneurs

1.2 Higher persistence of interest-rate shocks

Figure 1.10: Life-cycle profiles of wealth and its interest-rate sensitivity for o = .9756
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Note: This figure reports the evolution of market wealth and its sensitivity to interest rates over the life cycle in our
benchmark calibration and in the SCF. In the data, wealth is computed per adult, including deceased spouses, and
scaled by the Social Security wage index. 95% confidence intervals represent &= 1.96 standard errors, clustered by
cohort.
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Figure 1.11: Interest-rate sensitivity of wealth at age 40—45 for o = .9756
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Note: This figure reports the relationship between the interest-rate sensitivity of wealth and wealth (left panel) and
earnings (right panel). In the data, wealth and earnings are computed per adult and scaled by the Social Security
wage index. In the left panel, each bin represents a decile of earnings. In the right panel, each bin represents 5%
of observations, except for the four wealthiest bins which represent 2.5% each. Simulated data report the average
interest-rate sensitivity per centile of wealth and earnings, respectively. 95% confidence intervals represent & 1.96
standard errors, clustered by cohort.

I.3 Mechanism

The quantitative model validates our economic intuition and allows us to study counterfactuals. To shed more light on
the full numerical model, this section analyzes the importance of two novel mechanisms in our model: income-based
differences in mortality rates and the presence of Social Security. Figure 1.12 plots quantities of interest with and

without these features.
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Figure 1.12: Effect of Social Security and differences in life expectancy
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Note: This figure shows the effects of mortality differences and Social Security on life-cycle wealth accumulation and
the interest-rate sensitivity of wealth in the model. In the benchmark case, mortality probabilities are constant within
an age cohort and there are no Social Security taxes or benefits. Mortality differences are based on lifetime earnings
(AIYE). Where relevant, wealth W and income L are scaled by the Social Security wage index L.

Mortality affects the optimal interest-rate sensitivity through two channels. First, higher mortality rates reduce
the value of human capital relative to financial wealth, diminishing its substitution effect. Second, higher morality
reduces rate exposure because agents discount the future more. The distributional consequences of this effect are
revealed by the bottom two panels of Figure 1.12. The income-based adjustment to mortality rates applies mostly
to low-income households; the adjustment is small for households with average and high income. As a result, the
optimal rate exposure falls noticeably for low earners but does not change much for other households. This means that
the average life-cycle path of rate exposure, shown in the top right panel of Figure 1.12, tends to be lower in levels
than in the benchmark without intracohort mortality differences. Perhaps surprisingly, the overall quantitative effect
of mortality differences on most of the cross-section is minimal.

The effect of Social Security is more substantial. The existence of Social Security taxes and benefits leads to less
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accumulation of financial wealth over the life cycle, because taxes reduce disposable income and benefits crowd out
the need to save. Social Security also flattens the “hump” in rate exposure during working life but has little effect in
retirement, consistent with the economic intuition discussed in Section 4. Finally, Social Security steepens the relation

of rate sensitivity with wealth and income. This, too, is exactly as predicted by the analysis in Section 4.
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