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Abstract

This paper considers filtering, parameter estimation, and testing for poten-
tially dynamically misspecified state-space models. When dynamics are misspec-
ified, filtered values of state variables often do not satisfy model restrictions,
making them hard to interpret, and parameter estimates may fail to characterize
the dynamics of filtered variables. To address this, a sequential optimal trans-
portation approach is used to generate a model-consistent sample by mapping
observations from a flexible reduced-form to the structural conditional distribu-
tion iteratively. Filtered series from the generated sample are model-consistent.
Specializing to linear processes, a closed-form Optimal Transport Filtering al-
gorithm is derived. Minimizing the discrepancy between generated and actual
observations defines an Optimal Transport Estimator. Its large sample properties
are derived. A specification test determines if the model can reproduce the sam-
ple path, or if the discrepancy is statistically significant. Empirical applications
to trend-cycle decomposition, DSGE models, and affine term structure models
illustrate the methodology and the results.
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1 Introduction

Structural estimation is routinely used to evaluate Economic theories and conduct coun-
terfactual analyses with non-experimental data. As noted by Domowitz and White| (1982)),
to make the analysis tractable - either analytically or numerically - some simplification is
needed so that the model merely approximates the actual, more complex, data-generating
process. Though misspecified, the model still provides tractable insights about causal mech-
anisms that can be used for policy evaluation and conduct counterfactual experiments. This

paper is specifically interested in multivariate models of the form:

Yy = g(Zta Ut 9)7 Zt = h<Zt—17Ut; 8)7 (1)

where y; are observed variables such as output or inflation, z; are unobserved variables such
as productivity, and v; are structural innovations. The functions g and h are known, or
solved numerically, up to parameters of interest . This is known as a state-space, or hidden
Markov model. Examples include DSGE and structural asset pricing models. It is common
to fit the model using a filtering algorithm that recovers the latent variables z; — the Kalman
or particle filter — and then maximize the likelihood, or sample Bayesian posterior draws.
This paper shows that several issues can arise when the dynamics in g or h are misspeci-
fied. First, for a given value 6, filtered variables may not satisfy the model restrictions given
by g and h. For instance, the same average of a filtered series can be substantially non-zero
even though the model describes a mean-zero process. This can make inferences on policy-
relevant variables difficult, e.g., output gap or natural rate of interest, since their interpreta-
tion is model-dependent. Similarly, filtered structural shock processes can be cross-correlated
even though the model specify them as independent, a well documented phenomenon in the
DSGE literature. Second, likelihood estimates 6, might be hard to interpret since these
coefficients may not characterize the dynamics of the filtered variables: the serial correlation
of a Kalman filtered shock can differ substantially from its model-implied value. These two
points are illustrated using a medium-scale DSGE model. Third, the likelihood is not de-
fined when there are fewer structural shocks than observables. This limits the potential for
model-based dimension reduction where a few structural shocks are used to summarize the
comovement of financial or economic variables. This is also illustrated in the applications.
This paper considers an optimal transportation approach to fitting dynamics models in
with a mean-squared criterion. Fitting here refers to filtering latent variables and esti-

mating the parameters of interest. The basic idea is to first flexibly approximate the true



dynamics of the data; using a reduced-form model. Then, for a given 6, a new sample is
recursively constructed for which holds. At each time iteration, the procedure maps
the observations to model-consistent data by transporting from the reduced-form to the
model-predicted conditional distribution, i.e. the conditional mean-squared error between
the sample and the model-consistent data is minimized. Finding the least-squares difference
between the original and the new sample produces optimal transport estimates for the pa-
rameters of interest. A by-product is an optimal transport filtered series for z;. The new
data, filtered values, and estimates preserve model dynamics by construction, and are thus
internally valid. Note that, unlike with i.i.d. data, the dependence structure here requires a
different approach to implementing the transport. This is reflected in the use of a flexible
reduced-form model and the iterative nature use of a conditional transport, where each step
builds on the previous ones and is performed as many times as the sample size.

Although there has been much progress in the computation of non-linear filters and nu-
merical optimal transportation, the generic approach described above can be computationally
demanding for larger models. Specializing to linear processes, a plugin rule for the optimal
transport map is derived leading to closed-form expressions. The true dynamics of the data
are approximated using a sieve approach through a vector autoregression of increasing order.
The resulting algorithm has closed-form, is easy to implement, and numerically inexpensive.
The associated estimator is semiparametric, as only the linear dynamics are specified. The
closed-form plugin map extends to a class of non-linear models, though not as general as .
Because the transport map reduces to the identity map under correct model specification,
the framework encompasses correctly specified structural models as a special case.

For stationary linear processes, we derive the large sample frequentist results for the
optimal transport estimator 0, which minimizes the mean-squared difference between orig-
inal and model-consistent samples. Under standard regularity conditions, the estimates are
shown to be consistent and asymptotically normal at a /n-rate. An expression for the
asymptotic variance is derived under correct specification and misspecification. A specifica-
tion test based on the mean-squared discrepancy between the sample paths is proposed and
studied. The method and results cover a large class of models with an infinite moving aver-
age representation which includes linear state-space models. While the results are confined
to frequentist estimation, it can also be of interest to extend the framework and consider
quasi-Bayesian posterior sampling and inference. This goes beyond the scope of this paper.

In Machine Learning, the sample Wasserstein distance between distributions is a popular

tool for data analyses by optimal transportation. It is generally intractable, non-smooth,



suffers from a curse of dimensionality, and is computationally demanding for estimation. This
can limit its appeal for estimating models with a moderate or large number of observables
and parameters. In the scalar case, the minimum Wasserstein distance estimator is fully
parametric but has non-standard limiting distribution, which complicates inference. Entropic
regularization is a popular way to circumvent some limitations of the Wasserstein distance,
but it introduces bias. In contrast, the setting here is semiparametric — only first and second
order moments of the data and model are involved. The auxiliary model provides these
moments for the data. We show that this allows for a computationally trivial closed-form
solution to the transport problem, even for medium-scale DSGE models. The closed-form
map is smooth, making estimation regular with y/n-asymptotically Gaussian estimates.
Three empirical applications illustrate the methodology and the issues discussed above
on well-known models. First, a small-scale DSGE model from Lubik and Schorfheide| (2004))
is estimated. The specification for inflation is rejected at the 5% significance level, which
corroborates previous findings. Second, the medium-scale [Smets and Wouters| (2007)) model
is estimated. Unlike previous studies, the fit for consumption is rejected as it does not
match its volatility and persistence. Further, the Kalman filtered series display irregularities
consistent with misspecification, exacerbated by persistence in the data. Finally, an affine
term structure model based on [Hamilton and Wu/ (2012) illustrates the dimension-reduction

aspect: 3 factors explain most of the variation of 6 yields ranging from 1 month to 5 years.

2 A Motivating Example: Trend-Cycle Decomposition

The following illustrates how misspecification can affect filtered variables and illustrates the
methodology introduced in this paper. Trend-cycle decompositions are commonly used to
date business cycles for many countries. One approach is to model the logarithm of real

GDP using an unobserved component model as in [Watson| (1986):

Yy =Ty + ¢, where 7, = p+ 71 + 1 and ¢ = pici—1 + paci—2 + e,
\q/_/ (. J (.

Vo vV
log(GDP) trend component cycle component

where (1, €;) YN (0, diag(ag, 02)). The trend component 7; is modeled as a random walk
with drift and the cycle component ¢; as a stationary AR(2) process with mean zero. The
Kalman filterf] (KF) can be used to compute from observed y;: estimates of the trend and cy-

cle components, the likelihood, and ultimately estimate the parameters 6 = (u, p1, pa, 0y, 0e)-

1See e.g. Harvey| (1990, Ch3) for a textbook introduction.



Here the latent variable z; = (73, ¢;) includes the trend and cycle components. While this
DGP is non-stationary, and thus not covered by the parameter estimation results below, it
illustrates that the methodology applies to a broader set of filtering problems.

Figure (1| displays U.S. log-GDP between 1947 and 2023 (left panel) and the extracted
cycle components (right panels). The left panel indicates that the KF (blue dashed line)
does not fully capture changes in the trend growth rate over the three-quarters of a century
spanned by the data. In particular, the estimated trend is systematically below the log-
GDP between 1965 and 2008. This issue was already raised by [Perron and Wada (2009)).
A flexible trend estimate (red dashed line), described below the figure, better captures the

gradual changes in the trend component.ﬂ

Figure 1: U.S. GDP — 1947Q1-2023Q4 — Trend-Cycle Decomposition
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Legend: Red dashed line: linear trend w. cosines dg+0d1t+ 02 cos(2mt/n)—+d3 cos(2m2t/n)+d4 cos(273t/n) +
5 cos(2m4t/n). Blue dashed line: Kalman Filter estimates of ;. Vertical bars: NBER recession dates.

The top right panel reports the KF estimates for the cycle component. Before discussing
the estimates, the following gives a brief overview of the issue. Filtering algorithms, including
the KF, infer the unobserved variables by applying Bayes’ update recursively. Given current
beliefs at time ¢t — 1 about the unobserved z;_;, the model is used to predict the current
z; and y;. The observed outcome y; is then used to update beliefs about the current z;,
using Bayes’ rule. When the model is dynamically misspecified, the prediction for (z,y;)
is biasedﬂ Beliefs are updated from biased prediction errors, and are themselves biased.
The next prediction builds on biased beliefs and a biased prediction rule. As a result,

misspecification bias propagates over time and accumulates.

2The number of cosine terms is chosen to have the shortest periodicity at 20 years, which is larger than
the business cycle frequency, i.e. 1.5 to 8 years.

3The KF remains valid when the dynamics are correctly specified but the errors are non-Gaussian (An-
derson and Moore, 1979, Ch5.2).



In light of the discussion above, notice that the KF estimated trend is systematically
below GDP throughout the period 1965-2008 (left panel). Likewise, the filtered cycle com-
ponent (top right panel) is systematically positive during this period. This would suggest
that the economy is characterized by a continuous expansion over this forty-year period.
Clearly, the cycle estimates are contaminated by misspecification in the trend component.

Finally, the bottom right panel shows the optimal transport filter (OTF) values, com-
puted using the flexible trend (dashed blue line) as a basis for the reduced form model. See
Appendix [G] for details. No terms were added to handle the Covid recession. Unlike KF
estimates, it marks turning points (vertical bars) with good accuracy and visually appears to
be stationary with zero mean. To give more quantitative evidence, the Augmented Dickey-
Fuller test for a unit root has p-values 0.81 and 0.01 for KF and OTF, respectively, rejecting
the null of a unit root only for the latter at the usual significance levels. The KF fits a

nonstationary cycle component.

3 Optimal Transport Filtering and Estimation

This section first introduces a general algorithm to perform optimal transportation with
state-space models, then provides closed-form recursions for linear state-space models, and

describes the optimal transport estimator.

Setup: For the remainder of the paper, y; denotes the observations collected by the re-
searcher and y; denotes data generated from . The data generating process for g, is given
by the conditional distribution p(g|¥i—1, Je—2, - .. ) := Per—1(¥:), which needs to be estimated.
For a parameter value 0, filtering methods can be used to evaluate the model’s predictive
distribution p(ye|y—1,...560) := Dye—1(ys: ), this is not estimated. To reduce notation, the
same p refers to the joint and marginal distributions of y and z. The goal here is to recur-
sively construct a new sample ¥, . . ., y, satisfying which is as close to the data 41, ..., 9,
as possible, under some metric. Algorithm [I| gives a general approach, alternating between
a filtering step (Filter), used to compute the predictive distribution py;—1, and an optimal

transport step (OT) to compute the new observation y;.

3.1 Optimal Transport Filter (OTF)

Algorithm (1| describes a generic procedure for model . An implementation of the filtering
(Filter) and optimal transport (OT) steps can be found in Appendix D} Algorithm [3]



Filtering. For general non-linear state-space models, the filtering steps 3 and 6 in the
Algorithm can be carried out numerically by Monte Carlo, using a particle filter algorithm.
This produces draws which can be used to compute the OT solution below. For discrete
or discretized models with finitely many values, these steps involve matrix operations. See
Chopin and Papaspiliopoulos (2020) for a textbook introduction. These steps involve stan-
dard operations, except that they use the transported data, not the original observations, as

the sample for prediction and updating. This crucial difference ensures model consistency.

Algorithm 1 Optimal Transport Filter

1: procedure OTF
Inputs: 1) Sample: 91, ..., J,, predictive distribution p(g¢|g¢—1,.-.)
2) Model: conditional distribution p(y:, 2¢|2:-1;6), initial beliefs 2o ~ pojo(20)
Outputs: 1) Mapped data y1,...,yn, 2) Filtered states zy; ~ p(2t|yt, - -, y1)-

2: fort e {1,...,n} do
3: Predict: Using the model, compute > (Filter)
Peje—1(Wes 2) = [ p(es 2t 20-1)pe—10—1 (2-1)d 211
4: Transport: Find a joint distribution m;,_; which solves > (OT)
. E A2
Lin (lye = ell”)
where T,y = {7 (ys, 9¢) st [ 7(ye, Ge)dGe = Pepe—1(We), [ 7(Yes Ge)dye = Depe—1(Fe) }
5: Update: > (Filter)

pt\t(zt) X pt\tfl(ztayt)/ﬂ't|t71(yt‘gt)

using the distributions py;_; from step 3 and m;;_; from step 4.
6: end for
7: end procedure

Optimal Transport. Step 4 in the Algorithm involves the Wasserstein distance (Villani,
2009, Ch6), here between the conditional distributions py,—1 and py—1. The main appeal of
OT in this setting is the construction of a joint distribution m;;_;, also known as coupling,
which minimizes the mean squared loss Er, ,_, (|ly: — 3:||*) between realizations from the true
DGP and the model. In certain cases, the solution m;—; uniquely maps observations g, to
a single value y;. In particular, when p,;—; and py;—; have finite second moment and py;—
is absolutely continuous with respect to the Lebesgue measure, then the coupling is unique
and defines a deterministic map Ty;—1 : 9 — Tye—1(9¢) := v¢ (Villani, 2009, Th9.4). These

conditions are met in the applications considered in the paper. If the mapping is not unique,



one can report the barycentric projection, as in Algorithm [3] Appendix [D}

In the absence of model misspecification, the transport map in Step 4 is the identity map;
the resulting 3, are the same as the original g;. Algorithm [1] reduces to standard filtering
operations. When the model is dynamically misspecified, the conditional distributions of
the model py;—; differ from the conditional distribution of the observations p;;—;. Standard
filtering algorithms ignore this discrepancy and feed the data into mismatched dynamics,
resulting in filtered values of states that do not obey the model’s restrictions. This leads to
model inconsistencies. By using OT prior to the filtering steps, the Algorithm generates a
new sample that is close to the observations while satisfying model restrictions. Subsequently,
all filtering operations are based on this new sample. The filtered values are guaranteed to
be model-consistent. As a byproduct, the differences between the new sample and the data
sample can be compared to gain insights into the model’s fit and potential misspecification.

In general, step 4 is not closed-form, and numerical methods are required. One approach
is to take B draws from each distribution and solve step 4 between the two empirical distri-
butions. This can be solved exactly by linear programming methods, or approximately using
Sinkhorn’s algorithm (Peyré and Cuturi, 2019, Ch3.1,4.2). Since this step has to be done
n times, the computational cost is crucial for implementation. For filtering only, Sinkhorn’s
algorithm is sufficiently fast that, when combined with particle filter recursions, Algorithm
runs in a little over 1 minute for the model in Section 2] - using a combination of R and C++
codes. The computational cost is prohibitive for estimating larger models. The following

shows how to implement Algorithm (1| in closed-form for linear state-space models.

3.1.1 Linear State-Space Models

The following specializes to linear state-space models of the form:
yr = w(0) + A0)z + B(0)ve, 2z = C(0)z—1 + D(0)vy, (2)

The dependence on the parameters 6 will be omitted in the Algorithm below to simplify
notation. Specification sets a particular linear structure in . The number of structural
shocks vy ~ (0,1) can be greater, equal, or less than the number of observed outcomes ;.
Model includes linearized DSGE models and affine term structure models as special cases.

Turning to the data, under mild conditions (given below), ¢, admits an infinite-order

vector autoregressive (VAR) representation. A natural auxiliary model, to compute the



predictive distribution for 7, is a finite-order VAR (k), a sieve approximation of the VAR(o0):

k
Je=p+ > Yl — il + e (3)

j=1
This is a reduced-form VAR, and e; may differ in dimension from the structural shocks. The
VAR coefficients are estimated using ordinary least-squares, setting gop = 7.1 = -+ = ¥,
the sample mean of ;. This has negligible effect on the estimates but allows to compute
residuals é; for all t = 1,...,n. In practice, the number of lags k£ should be sufficiently
large so that no significant residual autocorrelation remains. See Kuersteiner| (2005)), and

references therein, for automated lag-length selection procedures.

Algorithm [2| describes the Optimal Transport Filter for linear state-space models. It
involves only matrix operations and can be readily applied to models where the Kalman Filter
(KF) is used. It combines time-invariant KF iterations with an optimal transport (OT) map
P. Tt adjusts the innovations é;, whose sample variance is X, = var(4|y;—1, - - . ), to match

the variance $(6) = var(y;|y;_1, ... ) implied by model (2)). The predictive distributions are
summarized by vy, = E(ze|ye, -5 91), Vijt—1 = E(ze|ye-1,- -, y1), Hijt—1 = E(yelyp—1,- - 91),

and V' = var(z|y, ... ); E}f and f];klm are the matrix square root of ¥, and its inverse.

Algorithm 2 Optimal Transport Filter: Linear State-Space Models

1: procedure OTF
Inputs: 1) Sample: ¢1,...,Jp, residuals é1,...,é,
2) Model: coefficients p, A, B, C, D. Initial beliefs 2o ~ (vgj9, V')
Outputs: 1) Mapped data y1, ..., yn, 2) Filtered states z; ~ (v, V)

2: forte {1,...,n} do
3: Predict: vy, 1 = Cvyqp—1, -1 = 1+ Ay > (KF)
4: Transport: y; = pu;— + Pé; > (OT)

where P = i;klm[S%{Eiif]l/zi;klﬂ (Transport Map)

and ¥ = vary;_1(yt), Lnk = Vary_1(J¢) (Innovation Variance)

5: Update: vy, = vy + KPé; > (KF)
where K = VA’ST (Kalman gain)
and V = vary,_(2t)

6: end for

7: end procedure

Filtering. The prediction step is a standard KF operation. The matrices V, X, and K
solve the system of equations (see Anderson and Moore, 1979, Ch4, for further details):



V =CVC'+DD' K = VAYIV = (I - KA)V,X = ACVC'A' + (B + AD)(B + AD),
where 21 denotes the Moore-Penrose inverse of ¥ if it is singular, and otherwise its inverse.
Besides V and ¥ defined above, the matrix V' = var(z/|y;_1, . .. ) measures the one-step-ahead

prediction error for z;. These matrices are standard KF quantities.

Optimal Transport. As in the generic case, OT enables the construction of a joint dis-
tribution that minimizes the loss Er, . (|ly: — #:[|*) between the model and the true DGP.
Here, the solution to this minimization problem is unique and in closed form, given by
Yy = Hep—1 + Pé,, as shown in Step 4 of the Algorithm. This solution maps each observation
7; to a single model-consistent value y,. Subsequently, all belief updating and filtering oper-
ations are based on the new y; rather than the original ¢;, ensuring model consistency. In
the absence of misspecification, P is the identity matrix and y; are the same as ;.

For implementation, the key differences with KF are in the transport and update steps.
The standard KF update is vy; = vy, + K¢é; where €, = 1 — py,—1 are prediction errors
computed using model . Here, the prediction errors é; = ¢; — fi;;—1 are based on the aux-
iliary VAR model and are transported using the matrix P to have variance ¥(#). Enforcing
the model-based covariance structure ensures the new data is model-consistent.

The OT literature mainly considers transport plans between parametric and/or sample
distributions. Since the setting here is semiparametric, the key idea is to consider transport
plans between distributions that are not fully specified. The following explains how the plan
is derived and why it is semiparametrically valid. Since both 7; and y; are linear processes,

their predictive distributions, specified up to their second moment, can be written as:

Z/t‘{ytﬂ; Yt—2, -+ } n~ (,Ut|t—17 2)7 ?]t|{27t71, Yp—2y - - - } ~ (ﬂt|t—1a 2)~

Their joint distribution my,_;, up to the second moment, takes the form

Yt Yt—1,Yt—2, - - - Hijt—1 b)) Ct\t—l

it Gt G2y - - i1 AR
where Cy;—; is the conditional covariance between y; and g;. Recall that OT minimizes
Eﬂtltﬂ(Hyt — Gel1?) = |lpeje—1 — e ||* + trace <Z + Z) — 2trace (C’t‘t_l) . In this expression,
tyi—1 and X are computed in the KF recursions, while fi,;—; and Y are evaluated with the
VAR. Therefore, the only unknown is the covariance matrix Cy;—;. There is an additional

constraint that m,;_; is a proper distribution, i.e. Cy;—; cannot be arbitrary. This implies



that the optimal transportation problem can be written as a semidefinite program:

Y C
min < — 2trace(0)) subject to > 0. (4)
‘ o>

Any transport map between g; and y; with covariance C' that solves is optimal. Since
the distributions are not fully specified, the map is not uniquely defined. In particular, the

linear map which solves the Gaussian case:

1/2 .

Ty — -1 + P(gy — fiyjp—1), where P = nT2 <i1/2221/2) 271/2;

is optimal and preserves the linearity of the process. These derivations follow from Dowson
and Landau| (1982)), |Olkin and Pukelsheim (1982), and |Givens and Shortt| (1984)). See |Peyré
and Cuturi (2019), Remark 2.31, for additional discussion of the Gaussian case. Algorithm
uses the plugin estimates ink and é; of Y and U — flgje—1- Appendix H| considers a univariate
moving average setting and analytically shows that the transport preserves the impulse

responses to shocks at the horizons modeled in the analysis.

Accommodating some non-linearities: The plugin transport map extends to non-linear

models of the form:
yr = (g 0) + 21/2(a:t; 0)vy,

where v, ~ (0, 1) and x; is observed, or can be perfectly inferred, at time ¢t — 1. The solution
to now changes with t: Py_y = %, 2(S12 S(xy; 0)S4 )Y/25 12 the map becomes

tlt—1\“t|t—1 tlt—1 tlt—1
Tyje—1 : Ge = p(xe; 0)+ Pyi—1 (Y — fuje—1). The requirement that x, is observable accommodates
(G)ARCH but not stochastic volatility models, for instance. Choices of auxiliary models

Prji—1 used for these models in simulation-based estimation are referenced below.

3.2 Optimal Transport Estimation (OTE)

A by-product of the OTF Algorithms [I} [2] is the model-consistent series y;, which will be
referred to as coupled series, or coupling. The following considers estimating the parameters
6 by minimizing the discrepancy between the original sample g, and its coupling y;.

The coupling y; depends on two sets of parameters: the structural coefficients 6, and
reduced-form auxiliary parameters ;. For stationary linear processes, a canonical choice

for the auxiliary model is the VAR(co) model. In Algorithm [2] it is approximated by a

10



finite-order VAR(k) with coefficients ¢, = (f', vech(X), vec(W¥;)', ..., vec(¥y)") where vec,
vech denote the vectorization and half vectorization (Magnus and Neudecker| 2019, Ch2.4).
In practice, OTF relies on OLS estimates ¢y, = (i, vech(Z,z), vee(T1 Y, . .., vee(W,)).

For Algorithm (1, the choice of auxiliary model p depends on the particular model .
This is related to the choice of moments in simulation-based estimation: |GGallant and Tauchen
(1996) suggest several models, including the SNP estimator of |Gallant and Nychka| (1987)
and a nonparametric ARCH model [[] [Altissimo and Mele| (2009)), Kristensen and Shin| (2012)
consider kernel-density estimates when the model is Markovian in the observables.

In either case, the estimation is conducted as follows: given parameters (9,1ﬂnk), use

Algorithm |1f or [2[ to generate a series y;(6; zﬂnk) and compute the loss function:
. 1 <& . R
Qn (05 ¥nre) = — > e i) — el
t=1

for some symmetric positive definite weighting matrix W,,. The optimal transport estimator
(OTE) is the minimizer 0, of Q,. For a d-dimensional vector, i.e., y; = (Y, .- Yra), setting
W, = diag(var(g1), ..., var(fq))"" gives the qualitative interpretation that 6, maximizes
the average R-squared between g, and its coupling y;, i.e. RS = 1=, (y,;—1,5)°1/ >4 (U, —
9rj)?] for j € {1,...,d}. This choice of W,, was used in all simulated and empirical examples.

For DSGE models, it is common to incorporate prior information. This can be accom-
modated here by penalization: Q,,(6; 1) — Llog(m(0)), where 7 is the prior density. Under

suitable regularity conditions, the first-order asymptotic properties of 6, are unchanged.

Interpretation of the loss function. The sample loss function (),, approximates:

Q(0;10) = min Eﬂ[Hyt_gtH%/V]v

TeIl(8;¢q)

where T1(6; 1) is the set of joint distributions with marginals Py (given by the structural
model, with structural shocks v;) and P(1)) (given by the DGP, with reduced-form shocks e;.)
For any realized history (e, e;_1,. .. ), the optimal transport map translates it into a sequence
structural shocks while ensuring model consistency: (v, vi_1,...) = P(0;10) (e, €1-1,...),
where P(6; f]) is the transport map defined above. The loss () measures the weighted mean
squared error between the predictions of the structural model and by the true DGP. Mini-

mizing ) amounts to finding a 6 that minimizes the discrepancy between these predictions.

4Gallant and Nychkal (1987) call  the score generator for the Efficient Method of Moments.

11



4 Related Literatures

Textbook references on optimal transport (OT) include |Villani (2003) for theory, Peyré and
Cuturi (2019) for computation, and |Galichon| (2018) for Economics. In statistics, much of
the methodology and theory considers OT between iid samples. |Dudley| (1969) showed that
the empirical Wasserstein distance suffers from a curse of dimensionality, unlike the plug-in
approach used here. The literature is much more limited for dependent data. |O’Connor
et al.| (2022, pp8-9) construct couplings between finite state Markov Chains using dynamic
programming methods. They do not consider parameter estimation.

Several papers consider parameter estimation using the Wasserstein distance. Bassetti
and Regazzini (2006) and Bassetti et al. (2006) study the estimation of location and scale
for univariate distributions. They derive consistency and a non-standard limiting distribu-
tion for the estimator; Bernton et al. (2019) extend their results. As a minimum-distance
estimator, alternatives to OTE include the Simulated Method of Moments, Indirect Infer-
ence (Gourieroux and Monfort|, [1996)), and adversarial estimation using GANs (Kaji et al.,
2023). |Genevay et al. (2018)) discuss the advantages of using OT over classifiers found in
GANSs. |[Forneron| (2023)) considers semi-nonparametric simulation-based estimation, but as-
sumes correctly specified dynamics. These methods do not recover the latent variables which
are often an object of interest for policy or prediction. Algorithm [2]is closely related to a
goodness-of-fit plot in the Real Business Cycle literature. |Plosser| (1989, Figures 2-6) and
King and Rebelo (1999 Figures 7, 13) compute historical productivity shocks outside the
model and use them to simulate a one-shock RBC economy. They plot simulated against
real data to show the fit of calibrated models.

Robust filtering also considers model misspecification but aims to recover the true latent
variable. The main goal is to reduce sensitivity to local misspecification over a pre-specified
neighborhood, see e.g. Sayed| (2001) and Shafieezadeh Abadeh et al.| (2018). This relates to
Hansen and Sargent| (2008)’s approach to robustness in Economics. Here, the model can be
globally misspecified; the filtered values are computed under model constraints.

Several papers consider estimation and policy analysis with misspecified DGSE models.
Del Negro et al.| (2007) and Del Negro and Schorfheide| (2009) use a DSGE-VAR framework
where a hyperparameter penalizes between a reduced form and structural model. Here, the
flexible VAR is used to enforce the model structure with the coupling. This ensures the

parameters are internally valid, i.e. characterize the dynamics of y;.
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5 Large Sample Properties of OTE

The following derives consistency and asymptotic normality results for a class of linear

processes, which includes linear state-space models described by :
yr = p(0) + A0)zy + B(0)vy, 2z = C(0)z—1 + D(0)vy. (2)

Notation: The parameters § € © C R%. Norms: for a matrix A = (a;;) of size n x m,
the baseline norm is ||A|| = /trace(A’A), the operator norm is ||All,p = 1/Amax(A’A), the
sup norm is ||Al|oc = max; ; |a;;|. Eigenvalues: for a symmetric matrix A of size n xn, \;(A)
denotes the j-th eigenvalue, 1 < j < n, in increasing order, Apax(A) = A, (A) and Apin(A) =
A(A); A =< A implies Apin(A) > X and A < X implies Apayx(A4) < A. For a matrix A of size
n x m, the singular values are given by o;(A) = \/A;(A’A) if m < n, or g;(A) = \/\;(AA")
if n <m, for j =1,...,min(n,m); omin(A) = 01(A) and omax(A4) = Ominmn) (A) = || A op-

5.1 Consistency and Asymptotic Normality

The true data-generating process (DGP) and the model are assumed to be left-invertible;

i.e. they admit a one-sided infinite vector moving-average (VMA) representationE]

Assumption 1. ¢; and y; admit causal VMA(co) representations:

Uy = M+€t+ZA€t i w0) =p +§t+ZA )&t

Jj=1
for any 0 € ©, where e; and & are white noise with variance ¥ and (0).

The VMA innovations & need not coincide with, or span, the structural innovations v,
(Fernandez-Villaverde et al., 2007). The number of structural innovations can be greater
than, equal to, or less than the number of observables. In the latter case, the models are
stochastically singular.ﬁ Our empirical applications cover all three situations.

Using the VMA representation, Algorithm [2 involves the following quantities: > =
var(e,), $(0) = var(&), fig— = i+ Yoo Njerj, and puyy = p(0) + 372, A;(0)&—;. Note

5Some models can feature non-invertibility, this is the case with permanent income (Ferndndez-Villaverde
et al.l 2007). Algorithm [2[ only relies on second-order moments whereas identification and estimation of
non-invertible models rely on higher-order cumulants, which is beyond the scope of this paper.

SFor instance: multivariate RBC models with a single shock to productivity are stochastically singular.
See [Komunjer and Ng| (2011)), (Qu| (2018) for identification and estimation with stochastic singularity.
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that 3(6) is the same as that in Algorithm [2| where y; admits a state-space representation.
Take the transport map P(6; ), computed using 3 and £(6), the coupled series 1 is:

yi(0;10) = p(0) + P(6; S)e, + Y Aj(0)P(6; S)e, ;.
j=1
The index vy refers to the innovations and the variance used to compute the coupling. For
1 = 1y, the true errors e; and ¥ are used, as above. For 1) = zﬁnk, the residuals é; and sample
variance f)nk are used, with the convention that é, = 0 for ¢ < 0. For ¢ = 9, the error e,
and ¥ are used, where e, = §j; — ji — Z?Zl U, [§:_; — fi] are the VAR(k) errors. The KF steps
in Algorithm 2| compute the VMA coefficients A;(¢) using the state-space representation ([2)).
Suppose ||C(0)||op < 1, iterate on the KF and OT steps to find:

yi(0;10) = p(0) + P(6; S)e, + Y A()CY(0) K (6) P(6; X)er—j,

j=1
where K (6) is the Kalman gain. Thus, Ag = I; and A;(0) = A(0)C7(0) K (0) for each j > 1.
Assumption 2. (i). Y00 jY2||A;]| < oo and det (z;goijzj) £ 0 for all |2| < 1 with
z € C; (ii). e is strictly stationary, By_y(e;) = 0, E(ese})) =%, and 0 < A < ¥ < X < o00;
(iii). for some r > 4, E(|le]|*") < oo, and e; is a-mixing with size —a, where a > r/(r —2).
Assumption [2| provides several sufficient conditions for ¢; to admit a VAR(oo) repre-
sentation and to study the OLS estimates (Hannan and Deistler, 2012, Ch7). The mixing
conditions are needed to derive near-epoch dependence (NED) properties for y;(0; zﬂnk), its
derivatives, and asymptotic results for ink Assumption [2| allows for unmodelled depen-

dence in higher-order moments, such as conditional heteroskedasticity (ARCH, GARCH) or

stochastic volatility that satisfy a strong-mixing condition.

Assumption 3. © is conver and compact and 6 — (u(0),3(0),A1(0),...) is three times
continuously differentiable, such that: (1). rank[%(0)] = rs for all @ € ©, and 0 < X(0) <
A < 00; (ii). supgee [|1(0)]| < 0o and >0 SUPgeo [|A;(0)]op < 00; (iid). fors=1,...,3 and
........... o;, vec[X(0)][[ oo < 00,
Assumption 4. There exists C' > 0, b > 2, and € > 0 such that for s =1,...,3 and any
in,eeenis € {1 do}s 3052 suDgeo 145 (0)llop < Cm®F9), 5722 L (A lop < Cmm @),

-----

"Definitions recall the concepts of strong-mixing and NED. Lemma derives the NED properties.

14



Assumptions [3] and [ restrict the dependence of ¢, y; and its derivatives. The constant
rank condition is discussed below. The following Lemma gives conditions on the state-space
representation for which Assumption [3| holds. Lemma , Appendix [B| further shows
that Assumption [4] also holds for any b > 2 and ¢ > 0, with an appropriate constant C' > 0.

Lemma 1 (State-Space Model - VMA representation). If © is convex and compact, and the
following conditions hold: (i). rank]X(6)] = rs for all 0 € O; (ii). X(-), p(), A(-), B(-),
C(+), and D(:) are three times continuously differentiable with bounded derivatives; (iii).
infpee inf|.<1.ec |det(] — C(0)z)] > 0, then Assumption [3 holds.

The constant rank condition rank[3(6)] = rs,, which appears in Assumption [ and Lemma
, and the full rank condition 0 < A < % (Assumption [2]) are particularly important for the
transport map to be well behaved. Much like the square root of a scalar, x — /x, the matrix
square root A — A2, used in the transport map, is not continuously differentiable at a
singular A. The following Lemma derives a new result for the differentiability of § — A(6)'/?
when A(-) is singular with a constant rank. The proof involves a constructive local block
decomposition which can be used to compute differentials analytically. Unlike an eigenvalue
decomposition, the block decomposition is smooth under multiplicity of eigenvalues. This

should be of independent interest as the matrix square root appears in a variety of settings.

Lemma 2 (Matrix Square Root, Constant Rank). Suppose © C R% is conver and com-
pact and 0 — A(0) > 0 is s-times continuously differentiable for some s > 1. Assume
that A(0) has constant rank r, where 1 < r < d = dim(A) and 0 < A < infy \.[A(0)] <
SUPg Amax[A(0)] < A < oo. Then: (i). There exists § > 0, such that for any 0y €
©, there exists M(0) and B(0) that are s-times continuously differentiable on Bs(6y) =
{6 € ©,|160 — 6] < 6}, such that 0 < Ay < B(0) =< A < oo, M(O)M(9) = I, and
A(0) = M(0)blockdiag|B(0), 0, ] M (68) where m = d —r. (i). For all 6y € O, the square
root A(0)Y? = M(0)blockdiag[B(0)"/?,0,,.,,] M (0) is s-times continuously differentiable on
Bs(6y). (iii). The square root § — A(0)Y/? is s-times continuously differentiable on ©.

The KF recursions are well defined under stochastic singularity (Anderson and Moore,
1979, p39); however, the likelihood is not defined. If the constant rank condition fails, the
transport map becomes non-smooth and the KF steps in Algorithm [2] become sensitive to

numerical accuracy and can be unstable (Anderson and Moore, 1979, Ch6.5).

Lemma 3 (Data: VAR(oco) representation, VAR(k) approximation). Suppose Assumptions
@ and hold. Then §; admits a VAR(co) representation: §; = ji+ ) 7", Vi(fr—;— i) +es,
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where Y2221 j12 (W] < oo, Wy = Ia, and det (Z;’io \Iljzj) # 0 for any |z| < 1. Further,
suppose k — oo such that k*/n — 0 and \/n 3 72, |95) — 0, and let S =130 &
and ¥, = Ly ee;. Then: (i). maxj—y |0, — ;|| = O,(y/log(n)/n); (ii). Spp— Xy =

0p(1/3/M); (iii). §n — ji = Op(n=2) and 2, — X = O,(n=1/?).

Lemma 3| combines several existing results for the auxiliary parameters qﬂnk from the
literature, mainly Lewis and Reinsel (1985)) and Hannan and Deistler| (2012). The conditions
on the order of the VAR order, k, depend on the decay of the VAR coefficients. If model ([2) is
correctly specified and the conditions for LemmalI] hold - or if the true model is a finite order
stationary VARMA - then |||, = O(p’) for some p € [0,1) and /n Y 72, ) [[¥]] = o(1)

as long as log(n)/k — 0. In these cases, the order k can increase very slowly.

Theorem 1 (Consistency). Suppose Assumptions hold, k satisfies the conditions of
Lemma @ W, & W >0, and Q(6; o) = limy oo 2 31 E ([|ve(0;%0) — Gell3) is uniquely
minimized at 0 = 0. If k is such that \/n ) 77, . supgeg [[Aj(0)[lop = o(1), then 0, > 0.

Theorem [l shows that the estimator 6, is consistent for the minimizer 6, of Q(+; o).
Calculations show that @(6;1y) can be represented as:
17— nO)F + 3 trace (S2(A, — A, (6)P(B: DY W (R, — A,()P(O: D)2
j=0

where Ag = Ag(f) = I;. Thus, f, minimizes a weighted distance between two VMA (co)

representations: one describing the data and the other describing the model.

Theorem 2 (Asymptotic Normality). Suppose the conditions for Theorem hold with 6y €
interior(©). Let uyr = ye(0o; Yr) — G, ue = Ye(0o; v0) — e, Gi(0o; V) = vec[Opys(0o; ¥)'] and

M = E (99y:(60; 100) W Igys(0o; 100)) + E ([u;W & 1] 0eG(00;¢0))
Dy, (k) = E [8pyi(00; 1) W Oy (Bo; thro) + [ui W @ 1] 0y Gi(o; ¥ro)] -

Suppose M is invertible and there exists k > 1 and ¢y > 0 such that for all k > k: 0 <
&1 < GuinlDag()] < co. Define Zu = (G — ) vecle ¥y T3 1Y, vechleae) — SV, with
Y/}—l,k = (g1 — ).y Qg — 1)") and Ty = ]E(ﬁ,lkfﬁ’_l,k). Then, the sequence of

covariance matrices
a1 1 . ' 1
Vo = M var % E {00ye(00; Vi) W g, + Doy (k) Zi e} | M7,
t=1
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is bounded from above. If, in addition, V, . = O(1), then: \/ﬁang/Q(én —0o) A N(0,1).

Theorem [2| establishes the asymptotic normality of the estimates 6,. The invertibility of
M and the lower bound c; are local identification conditions. The requirement Vn_’1 =0(1)
is standard for central limit theorems (e.g. \White, 2014, Th5.20). The boundedness of V,, x
implies a /n-rate of convergence for 0, — fy. Note that this rate does not apply to all
functionals of zﬂnk; some may converge more slowly (e.g. |Lewis and Reinsel, 1985, Th6).

The residual u; = y:(6o; v0) — §: measures the model-data discrepancy. Like in OLS, it
reflects a simple decomposition of ¢; into fitted values y;(6o; 1) and residuals u;. The R?
introduced earlier measure their relative magnitudes. With n = co, R? = 1 indicates correct

specification. Formal specification testing is considered in the next subsection.

Computing standard errors. The following describes how to compute standard errors
assuming correct specification and allowing for misspecification. For models considered in
Section [7] bootstrap inference could be rather computationally cumbersome. The plugin
estimates for M, Dy ,(k), etc are shown to be consistent in the proof of Theorem .

Under correct specification, u; = 0 and uy;, = o(n~'/2) don’t contribute to the asymptotic
standard errors. First, evaluate 89yt(én; zﬂnk) and &pyt(én; zﬂnk) with finite-differences or by
automatic differentiation. Then, compute M, = %Z?:l agyt(én;g[)nk)’ Wnﬁgyt(én;zﬂnk) and
Dnﬁ’d)(kj) = %ZLI 8gyt(én;1ﬁnk)’Wn8¢yt(én;&nk). Let Ln(zﬁnk) denote the Gaussian quasi-
likelihood for the auxiliary VAR(k) model, Hn(zﬂnk) its Hessian, and 8th(1/Aznk) the score for
¢. Take S’t,k = Mn_lf)n,g@(/ﬂ)Hn(zﬁnk)_l(?th(qﬁnk). Then, Vnk is the HAC estimator for the
long-run variance of S’t,k- Standard errors are computed from Vn,k /n in a standard fashion.

Allowing for misspecification requires estimating several additional terms. Compute 4; =
Qg = Ye(On; Yuk) = Tt, Gy (B; Vure), and DyGly(Or; ) with Gy(0,; thr) = vec[Dpye (B Vi)
Then, compute M, = %Z?:l Bgyt(én; @/A)nk)’Wnagyt(én; %an) + % Yo aW,] @ 89@,:(@; @@nk)
and Dnﬂnﬁ(k) = % Z?:1 aeyt(én; Q/Ajnlc)lwnad)yt(én; Q@nk)ﬁL% Z?:J%Wn] ®3¢ét(én; @Z;nk)’ Using
the same Gaussian quasi-Likelihood terms as above, evaluate S’tk = Mn_ 1{(99yt(én; ﬁnk)’ Wat+
Dmg’w(k)Hn(zﬂnk)_laszt(&nk)}. Finally, Vnk is the estimator for the long-run variance of S’t,k.

5.2 Specification Testing

The population loss Q(6y; 1) defines a distance between the VMA (00) representations of g
and y;(0; o). When the model is correctly specified in terms of second-order moments, the

minimizer 6y yields Q(0p; o) = 0. When the model is misspecified, however, the minimum

17



is strictly positive: Q(0o;10) > 0. The following considers a specification test based on the
sample analog Qn(én; &nk) of the optimal transport distance Q(6o; ).

Assumption 5. Suppose that: (i). [klog(n)]®/n = o(1); (ii). [log(n)]*/k = o(1); (iii).
E(|le:]|*S) < oo (iv). a(j) < C(1+5)7*) fora >6,e>0 and all j > 1; (v). Assumption
holds with b > 6; (vi). [[W, — Wl = Op(n™"2), (vii) V'nk Y22, 1 19]lep = o([log(n)] 7).

Assumption [5] is more restrictive than those needed for Theorems [1] and 2] When the
model is correctly specified, the loss Qn(én; @an) is asymptotically determined by the distance
between @Z;nk and 1. The distributional results below build on a strong approximation result

for NED processes with dependence changing with the lag structure, indexed by k.

Theorem 3 (Specification Test). Suppose the conditions for Theorems and@ and Assump-
tion [3 hold. If the model is correctly specified, then:

1Q (0 i) = N2l My Zy i + 0, (k*[log(n)] 72),

where My, = E [(Oypy:(00; ¥ro) + oy (Bo; Vi) M~ Er) W (O (003 ro) + Oaye(Bo; i) M~ Ey)]
with Ej, = —E[aeyt(eo; ¢k0)lwawyt(90; ¢k0)]7 Zn,k ~ N(Q Sn,k/n); Sn,k = nvar[Zn,k]; and M,
7,%;? are defined in Theorem . If S, and My are such that trace (S, My) > O(k) and

trace ([Sy xMyi]?) > O(k), then for any a € (0,1):

P (nQn(éna &nk) > Cn,k(l - Ck)) =+ 0(1),
where ¢, x(1 — «) is the 1 — a quantile of nZ] | MyZ,, .

Theorem [3| shows that nQn(én;zﬁnk) can be approximated by a weighted sum of in-
dependent X7 random variables. The derivatives Oyy:(6;1o) are given in Lemma .
Liitkepohl (2005, Ch15) provides formulas for S, ; in the homoskedastic case. The con-
ditions trace(S, M) > O(k) and trace([S, xMy]?) > O(k) are analogous to the rank condi-
tions needed to ensure the J-test for GMM has a x3_, distribution, where k is the number of
moments and d the number of parameters. The Theorem states that under the null hypoth-
esis of correct specification, the asymptotic size of the test is . The test is also consistent
against distant alternatives, see Lemma [F3]in Appendix [F] Power against local alternatives
depends on the ratio k/n. A detailed analysis of local power is left to future research.

The test in Theorem [3[involves all variables 7; used in the estimation. In certain settings,

the researcher might inquire how well the model fits a specific variable ¢ ;, e.g. consumption
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if the object of interest is welfare. The following Corollary specializes to a single variable,

using a selection matrix D;. The proof is the same as Theorem 3| and it is omitted.

Corollary 1 (Specification Test on a Single Variable). Suppose the conditions for Theorems

and@ and Assumption@ hold. Let Q. ;(0y; thni) = L3 e ~Jillb,wap, forj €4{1,...,d},
where Dj = diag(1;—1,...,1,—q). If the model is correctly specified, then:

nQn(én; @Z;nk) = nZvlz,kMk,jka + Op(k1/2 [1Og(n)]_2)7

where My ; = E [(Opy: (00 Yro) + Opy(6o; ¢k)M_1Ek,j)'DjWDj(@pyt(@o; Vo) + Op (0o i) M~
with Ey, ; = —E[0gyt(00; Yro) DjW D;0pyi(6o; Yro)], and M and 2,y are as defined in Theo-

rem[3 If Spy and My; are such that trace (S, My;) > O(k) and trace ([Sn My, ]?) > O(k),

then for any o € (0,1): P (nQnJ(én; i) > Cnpei(1— a)) =a+o(1), where ¢, (1 — ) is

the 1 — a quantile of nZ) | My, ;Z, .

6 Monte Carlo Simulations

The Monte Carlo simulations are based on the Lubik and Schorfheide (2004, LS) model,

considered for the first empirical application as well:

Y = Eypr — 7(1e — Eymg) + g0, 7 = BEm + 6 — 2), G = PgGt—1 + Egt
2= P21+ €y T = prre—1 + (1= pp)ime + (1 — pr)o(ye — 20) + €rt,

where y;, 7, and 7; are log deviations of output, inflation, and the nominal interest rate from
their steady states, respectively. The shocks €+, €4, €4+ are iid Gaussian with mean zero and

variances 02,02, 02; €gt; €z are cross-correlated with correlation py.. The observables are

log levels of ouiput, inflation, and interest rate (both annualized), which satisfy Y; = (0, 7*,
T +r*) 4+ (y¢, 4y, 4r;)’, where output is detrended, and 7* and r* are annualized steady-state
rates of inflation and real interest rate with 8 = (1 + r*/100)"%/%. The data are generated
using the posterior means from Bayesian inference on the full sample with LS’s prior.ﬁ The
VAR includes a constant and 4 lags as regressors.

The baseline sample size corresponds to the full sample estimation below with n = 192. A
larger sample size of n = 500 is also considered. The prior from |Lubik and Schorfheide| (2003))

is used to regularize the estimates. Table [1| reports the averages and standard deviations

8Table Appendix [I} includes a description of the parameters, the bounds imposed on the parameters,
and the prior 7 used to regulate the estimates.
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Table 1: LS Model: Average Estimate, Standard Deviation, Rejection Rates

b K Py Yo Pr Py Pz O Og 0Oy Py T
TRUE |3.18 1.87 0.50 1.33 0.21 0.76 0.89 0.86 0.26 0.13 0.97 0.80 4.01
n =192
MEAN [ 1.93 1.84 0.39 1.29 0.18 0.73 0.86 0.82 0.26 0.20 1.04 0.60 3.94
stp | 0.42 0.33 0.13 0.16 0.02 0.05 0.04 0.05 0.04 0.03 0.17 0.21 0.63
REJ. |0.14 0.07 0.05 0.00 0.00 0.01 0.03 0.04 0.01 0.05 0.03 0.04 0.11
REJ,. |0.01 0.07 0.05 0.09 0.00 0.00 0.07 0.08 0.00 0.07 0.03 0.02 0.10
LEN, |5.16 1.20 0.99 2.51 4.14 0.30 0.16 0.19 0.20 0.22 0.68 1.22 2.13
LEN, |7.66 1.25 1.99 6.29 11.21 0.78 0.18 0.24 0.35 0.40 0.95 2.25 2.17
\ n = 500
MEAN [ 2.08 1.87 0.38 1.30 0.18 0.75 0.89 0.84 0.26 0.16 1.03 0.63 4.08
sTp |0.45 0.23 0.11 0.11 0.02 0.03 0.02 0.03 0.03 0.02 0.11 0.15 0.44
REJ. [0.25 0.07 0.14 0.00 0.00 0.00 0.01 0.07 0.04 0.04 0.04 0.01 0.10
REJ,. |0.04 0.07 0.03 0.00 0.00 0.00 0.02 0.06 0.01 0.06 0.04 0.01 0.10
LEN, |3.59 0.81 0.65 1.44 2.67 0.18 0.10 0.10 0.14 0.12 0.43 0.84 1.57
LEN, |4.50 0.82 0.91 2.84 5.96 0.37 0.10 0.12 0.18 0.16 0.50 1.17 1.58

Legend: 200 Monte Carlo replications. MEAN/STD: average and empirical standard error of estimates.
REJ., REJ,: rejection rates for 5% level t-test. LEN: median length of 95% confidence intervals.

of the estimates, rejection rates using standard errors that assume correct specification and
those that allow for misspecification, and the length of resulting 95% confidence intervals.
The standard error estimates used to compute the tests and confidence intervals do not
account for the prior regularization, which is assumed to be asymptotically negligible.

Most estimates are centered at the true value when n = 192. A few estimates are
somewhat biased towards the prior mode, most notably the risk aversion 7!, which lies
between the true value 3.18 and the prior mode 1.88. The rejection rates are generally
close to the 5% level or conservative; significant overrejection is observed only for 7! when
using the non-robust standard errors, driven by prior-induced bias. The robust standard
errors tend to be larger, producing lower rejection rates and wider confidence intervals. The
estimation precision improves when n is increased to 500, and the other conclusions remain
similar. The specification test for all variables has a rejection rate of 0.05 and 0.04 for
n = 192 and n = 500, respectively. For consumption only, the rejection rates are 0.05
and 0.04. Both are close to the nominal level. Additional Monte Carlo simulation for the
medium-scale [Smets and Wouters| (2007) model can be found in Table [[4] Appendix I

7 Empirical Illustrations

Two macroeconomic and one financial applications illustrate different aspects of the OT

filter and estimation. The first two revisit a small and medium-scale DSGE model using the
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same sample period 1960Q1-2007Q4 for both.

7.1 Small New-Keynesian Model

The first empirical application further considers the [Lubik and Schorftheide (2003) model.
Following LS, there are two specifications: determinacy, with a unique equilibrium, and
indeterminacy, where sunspot equilibria exist. The parameters are described in Table [2, In-
determinacy adds 4 sunspot parameters: M,., M., and M., capture the correlation between

the 3 shocks and the sunspot shock, o, is its standard deviation.

Table 2: LS Model: Parameter Estimates, Specification Test (k = 4 lags)

Parameter Estimates Determinacy Indeterminacy Determinacy
(Full Sample) (Pre-Volcker) (Post-Volcker)
0 Parameter Interpretation EST SD. SD, | EST SD. SD, | EST SD. SD,
=1 risk aversion 243 412 2.06 | 1.29 396 0.77 | 1.56 1.29 3.60
r*  steady state real interest rate | 1.87 0.28 0.38 | 0.99 0.56 0.48 | 2.49 0.73 1.45
K Phillips curve slope 0.31 058 0.11 | 0.54 185 0.44 | 0.30 0.48 4.16
11 inflation target 1.29 0.18 0.32 | 0.69 0.11 0.19 | 1.80 0.67 14.99
1o output target 0.16 0.72 1.10 | 0.14 0.67 0.28 | 0.18 1.17 31.72
pr  interest rate smoothing 0.68 0.06 0.19 | 0.46 0.18 0.18 | 0.79 0.08 1.87
pg  exog spending AR 0.89 0.06 0.04 | 0.74 0.40 0.16 | 0.92 0.05 0.14
p»  technology shock AR 0.82 0.08 0.04 | 0.78 0.10 0.12 | 0.83 0.07 0.24
or  monetary policy shock SD 0.24 0.04 0.06 | 0.22 0.05 0.08 | 0.21 0.07 0.73
o4 exog spending SD 0.18 0.05 0.05|0.28 1.17 0.21 | 0.18 0.10 0.43
o, technology shock SD 1.56 0.42 025|112 050 034|114 041 2.38

pg- exog spending-technology cor | 0.90 0.27 0.22 | 0.18 3.19 1.09 | 0.35 0.68 1.75
M, sunspot-monetary coef - - - 0.43 1.82 1.04 - - -

Mg sunspot-exog spending coef - - - |-1.80 5.87 1.66 - - -
M, sunspot-technology coef - - - 0.63 091 0.24 - - -
O sunspot shock SD - - - 0.08 4.41 1.33 - - -
m*  steady state inflation 407 0.74 0.73 | 510 1.78 1.55 | 3.83 0.82 0.79
Specification Test STAT 10% 5% [staTt 10% 5% [stat 10% 5%

All 121.2 140.0 189.6| 59.4 106.2 169.6 | 65.9 164.8 235.3

Output 56.0 90.6 123.8]42.8 51.1 86.0 | 30.1 131.8 188.6

Inflation 452 271 378 | 7.0 339 55.0 | 16.6 222 29.0

Interest Rate 20.0 31.1 421 | 96 227 36.6 | 19.2 22.0 30.8

Legend: EST: parameter estimates én. SD.: standard errors assuming correct model specification. SD,.:
misspecification-robust standard errors. STAT: nQ, (én, @/Ajnk) 10%, 5%: critical values for specification test
at corresponding significance levels. All: specification test on all variables. Output, Inflation, Interest Rate:
specification test on individual variables. n = 192,78, 114 for the full, pre and post-Volcker samples.

The sample is constructed and divided into subsamples as in [Clarida et al.| (2000)): the
full sample (1960Q1-2007Q4), the pre-Volcker period (1960Q1-1979Q2), and the post-Volcker
period (1979Q3-2007Q4). They are associated with determinate, indeterminate, and deter-

minate policy regimes, respectively. To remain consistent with LS and subsequent analyses,
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Figure 2: LS Model: Actual and Fitted Values
Panel (a) Determinacy - Full Sample (1960-2007)
GDP, R?=0.71 Inflation, R? = 0.76 Rates, R®= 0.9
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Panel (c) Determinacy - Post-Volcker (1979-2007)
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Legend: Black solid line = data, Purple solid line = coupling. R? = [>,(§: —vy+)?]/[>_;(9+ —n)?], computed
for each variable.

their log-prior density 7 is used to penalize the OT loss so that the estimates minimize
nQ,(0;¢,) — logw(#). The baseline auxiliary model is a VAR(4), results with k = 2 are re-
ported in Appendix [l The weighting matrix W, is diagonal with the inverse of the variances
of the three observables.

Point estimates and standard errors are reported in Table 2] The estimates for the pre-
Volcker and post-Volcker periods are in line with those in LS, computed using Bayesian
likelihood inference. The steady-state real interest rate r* is lower in the pre-Volcker sample,
and the inflation target coefficient 7* is significantly below 1, suggesting the Fed allowed the
real interest rate to decline when facing inflation. This is reversed in the post-Volcker sample.
These findings are not new; nevertheless, it is interesting to observe that they are consistent
when enforcing model-consistent filtering. The full-sample estimates are broadly similar to
the post-Volcker ones. The standard errors that assume correct model specification (SD..)
tend to be wider than those in LS. Those allowing for model misspecification (SD,) tend
to be close to sD., but are much wider for the Taylor rule coefficients in the Post-Volcker
regime. This likely reflects the weak identification of these coefficients and the small sample
size. Finally, the correlation p,. hits the upper bound of 0.9, suggesting that the model
requires an extreme parameter value to fit the data, reflecting a tension between them.

The specification test, also in Table [2| further investigates tensions between data and
model. In the full sample, the test rejects inflation at the 5% significance level. With k = 2
the model is rejected overall and for each variable individually (Table , Appendix [[). The
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pre and post-Volcker samples do not reject the model. This finding is consistent with LS.
None of the variables are individually rejected on the two subsamples.

Moreover, the methods enable us to contrast the actual data with their model-implied
values (i.e. the coupling) to obtain an intuitive understanding of their discrepancies. Figure
contrasts actual and model-consistent data for GDP, inflation, and interest rate series,
respectively, for the full sample and the two subsamples. For GDP, the actual data exhibit a
deeper recession and lower inflation rates in the 1980s than those implied by the model. In
other words, the model overpredicts the levels of GDP and inflation compared to the data.
This finding confirms that this model, with time-invariant parameters, is unable to capture

the rich GDP and inflation dynamics present in the data for the full sample period.

7.2 Medium-Scale DSGE Model

The second empirical application considers the Smets and Wouters (2007, SW) model. Table
Appendix [[, includes parameter interpretations and prior distributions from SW used in
our estimation. This model includes 36 free parameters and is estimated on 7 observables:
consumption, investment, output and wage growth, hours worked, inflation, and interest rate.
There are as many shocks: productivity, exogenous spending, monetary policy, investment-

specific technology, price markup, wage markup, and risk premium shocks.

Estimation. To illustrate the scope of OTE, the full model and 3 singular versions are
estimated using the same method. Estimates are reported in Tables |3| (for the full model)
and (for singular models), Appendix . Likelihood-based posterior estimates computed
with SW’s prior are reported in Table |3 as a reference. All specifications rely on a VAR(4)
auxiliary model; the inverse of the variances of the observables is used as W,,.

The 3 singular models remove, in order, the risk premium, wage markup, and price
markup shocks reducing to 6, 5, and 4 shocks for 7 observables. The choice of shocks to
remove follows Qu (2018), to reflect a view that they have a weaker structural interpretation
than the remaining 4. It is interesting to examine their impact on the model fit. The
standard likelihood approach cannot estimate singular DSGE models because the covariance
matrix of the one-step-ahead forecasting errors ¥(0) is singular. |Qul (2018) used a composite
likelihood framework and did not formally test the resulting models. OTE handles both
singular and nonsingular models within the same framework.

Additionally, note that although SW chose to fit their model to seven variables, it has

implications for additional macro variables including the price of capital and capital utiliza-
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Table 3: SW Model: Estimates and Standard Errors

0 Parameter Interpretation OT Estimate Posterior

EST SD. SD,|| MEAN 5%  95%
pga  Corr.: tech. and exog. spending shocks 0.47 0.27 0.53 0.58 0.45 0.70
tyw  Wage mark-up shock MA 0.88 0.13 0.20 0.90 083 095
fp  Price mark-up shock MA 0.78 0.25 0.86 0.81 0.63 0.90
Q Share of capital in production 0.24 0.04 0.05 0.23 020 0.26
P Elast. of capital utilization adjustment cost | 0.44 0.22 0.78 0.49 0.33 0.66
%) Investment adjustment cost 3.00 1.50 3.42 6.12  4.57 7.87
O¢ Elast. of Intertemporal substitution 1.01 0.12 0.52 1.50 1.28 1.74
A Habit persistence 0.74 0.12 0.38 0.71 0.63 0.78
¢p  Fixed costs in production 1.50 0.26 0.60 1.68 1.55 1.81
L Wage indexation 0.85 0.30 0.95 0.56 0.33 0.76
&w  Wage stickiness 0.84 0.12 0.04 0.77 0.68 0.85
Lp Price indexation 0.27 0.32 0.42 0.25 0.12 0.40
&p Price stickiness 0.80 0.06 0.12 0.69 0.61 0.77
oy Labor supply elasticity 1.00 2.38 2.92 2.25 141  3.21
T Taylor rule: inflation weight 1.80 1.06 0.77 2.03 1.77  2.30
ray  Taylor rule: output gap change weight 0.16 0.05 0.10 0.21 0.17 0.25
Ty Taylor rule: output gap weight 0.16 0.16 0.08 0.10 0.07 0.14
p Taylor rule: interest rate smoothing 0.90 0.08 0.07 0.82 0.78 0.86
Pa Productivity shock AR 0.94 0.03 0.22 0.97 096 0.99
b Risk premium shock AR 0.68 0.10 0.19 0.28 0.12 049
Pyg Exogenous spending shock AR 0.86 0.09 1.22 0.97 095 0.98
Di Investment shock AR 0.47 0.15 0.13 0.70  0.61 0.79
Or Monetary policy shock AR 0.47 0.28 0.71 0.17  0.07 0.29
pp  Price mark-up shock AR 0.96 0.03 0.04 0.96 091 0.99
pw  Wage mark-up shock AR 0.92 0.11 0.21 0.96 092 0.98
0,  Productivity shock std. dev. 0.32 0.08 0.13 0.46 0.42 0.50
op Risk premium shock std. dev. 0.11 0.02 0.05 0.23 0.18 0.28
o4  Exogenous spending shock std. dev. 0.33 0.04 0.24 0.50 0.46 0.55
o; Investment shock std. dev. 0.33 0.07 0.16 0.41 0.35 0.48
oy Monetary policy shock std. dev. 0.09 0.05 0.07 0.22 0.20 0.25
op  Price mark-up shock std. dev. 0.05 0.04 024 0.12 0.09 0.14
ow  Wage mark-up shock std. dev. 0.25 0.03 0.11 0.28 0.25 0.32
5 Trend growth: real GDP, Infl., Wages 0.46 0.01 0.03 0.45 041 048
r Discount rate 0.20 0.09 0.23 0.12 0.06 0.21
T Steady state inflation rate 0.80 0.26 0.25 0.68 0.53 0.85
l Steady state hours worked 0.16 0.65 0.77 1.31  -0.09 2.75

Legend: Prior distribution and estimation bounds can be found in Table Appendix

tion rate. Adding any of these variables to the set of observables will immediately make
the model singular. In fact, for all medium-scale DSGE models, nonsingularity arises only
because we restrict the estimation to a limited set of macro variables.

For the full model, the OT estimates are similar to the posterior means. In all but
two cases, the posterior means fall within the 95% confidence intervals obtained from OT
estimates and robust standard errors. For the remaining two cases, OT produces a more

persistent risk premium shock process with a lower residual standard deviation. The robust
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standard errors are almost always greater than those assuming correct model specification.

For singular models, removing the risk premium shock has little effect on the estimates —
they are close to the nonsingular case; all confidence intervals overlap with their nonsingular
counterparts. When the wage markup shock is also removed, &, (wage stickiness) and ¢y,
(wage indexation) decrease, while p, (monetary policy shock persistence) increases, though
their confidence interval still overlaps due to substantial estimation uncertainty. When fur-
ther removing the price markup shock, &, (price stickiness) and ¢, (wage stickiness) both
drop noticeably. Although not reported here, the effects of these parameter differences on

the model can be further assessed by plotting the impulse response functions.

Specification Testing. The specification test does not reject the original model at the
5% significance level, as shown in Table [ However, the test rejects the model’s fit for con-
sumption, even with 7 shocks. Further investigation reveals that the model under-predicts
contractions, e.g. in 1974Q4 consumption fell by 2.38% vs. 1.34% for the fitted values.
Fitted consumption is less volatile (standard deviation of 0.53 vs. 0.68), and more persistent
(autocorrelation of 0.46 vs. 0.18). For singular models, when the risk premium shock is re-
moved, the specification test rejects the full model at the 5% significance level; for individual
tests, the results for consumption, wage, and interest rate reject the null hypothesis. When
the wage markup shock is removed, the tests on output and labor also reject, implying that
5 out of 7 variables are now rejected. Finally, when the price markup shock is removed, the
conclusions remain the same as in the five-shock case, with only two variables—investment
and inflation—not rejected by the test at the 5% level.

This is the first attempt to formally test singular DSGE models. The results pinpoint
model features that remain compatible or become incompatible with data once shocks are
removed. They can be useful tools for researchers to determine which latent processes and

mechanisms contribute to the fit of a model within a unified framework.

Filtering the Latent Shock Processes. The OTF produces model-consistent values of
latent variables, including shock processes. Using the original SW model, we compare these
filtered values with their counterparts produced by the KF, which does not enforce model
consistency. The same parameter values (OT estimates) are used to ensure comparability.
Figure , panel a) displays the results for the 7 shocks separately. For TFP, the KF
yields a puzzling conclusion: the economy was boosted by a positive TFP process from
1960 until about 1980, and then depressed by a negative TFP process between 1980 and

2000. In contrast, the OT filter produces a process with negative values during the early
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Table 4: SW Model: Specification Testing With(out) Stochastic Singularity

7 shocks 6 shocks 5 shocks 4 shocks
sTAT 10% 5% || staTr 10% 5% || staT 10% 5% || sTAT 10% 5%
All 256.6 320.7 395.0 || 411.4 282.1 364.5( 597.7 291.4 357.0 632.0 288.6 353.3
Cons. 60.4 319 36.8 || 56.5 32.6 39.9 |[[192.9 6.3 89 |[192.7 6.1 8.5

Invest. 256 33.2 38.6 | 341 319 36.6 | 45.6 41.0 473 | 45.0 41.1 477
Output 343 37.0 41.8 || 349 324 36.7 || b4.4 398 451 || 57.9 39.2 4438
Labor 16.3 354 472 || 147 484 66.8 || 86.9 493 63.5 || 97.6 478 60.0
Infl. 52.8 92,5 1227 75.1 93.5 124.2) 67.6 101.1 137.8| 69.6 104.1 146.1
Wage 22.6 64.8 80.3 (/1083 26.2 333 | 764 309 37.6 | 98.3 274 33.1
Int. Rate | 44.6 479 63.3 || 87.9 33.8 452 || 73.9 499 673 | 709 488 65.6

Legend: All: specification test on all 7 variables (consumption, investment, output, labor, inflation, wage,
interest rate). STAT: test statistic for specification test. 5%, 10%: critical values.

1960s, the mid-1970s recessions, and the slowdown leading up to the 2001 recession. These
estimates are clearly more interpretable than the KF values. The investment technology
shock shows a similar pattern: the KF yields a mostly positive process from the 1970s to
the mid-1980s, which then switches to a mostly negative process. The OT estimates do not
have this problem.

For exogeneous spending, KF yields negative values most of the time and exhibits a
downward trend, in sharp contrast with the zero-mean assumption. The OTF estimates do
not have this problem. For the monetary policy shock, KF produces large oscillating values
in the early 1980s, which is puzzling given the monetary tightening that characterizes this
period. In contrast, the OTF produces mostly positive values for this period, consistent with
this characterization. The last 3 shocks show closer resemblances between KF and OTF.

Table [[6], Appendix [I| presents the cross and serial-correlations of the 7 shock processes.
OT consistently gives values close to the true ones, while KF shows significant discrepancies
in several cases; for example, the true first-order serial correlations for investment and mon-
etary policy shocks are both 0.47, but KF yields 0.83 and 0.09. This illustrates that, when
using KF, the parameter estimates may not capture the dynamics of the filtered values.

As a validation exercise, Figure , panel b), compares the exogenous spending shocks pro-
cess with government consumption data. They are closely related since exogeneous spending
is the difference between output and the sum of consumption, investment and capital utiliza-
tion (Smets and Wouters, 2007, p588). The correlation between the data and filtered values
is 0.36 and 0.05 for OTF and KF, respectively. Although this data was not used in the
estimation, the OTF captures some of its variation using other series and the model. These
results demonstrate that the OT filter, by enforcing model consistency, produces filtered

values that obey model assumptions and can be more interpretable in practice.
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Figure 3: SW Model: Filtered Shock Processes

Panel a) Filtered Shocks
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Legend: Black solid line: Kalman Filter (KF), Purple solid line: Optimal Transport Filter (OTF). Both
filters are applied using the same OT estimates found in Table[3] Appendix [} Orange line: Real Government
Consumption Expenditures and Gross Investment; Source: FRED (GCEC1).

To wrap up, we have considered this medium-scale DSGE model to illustrate that the
proposed methods can be used to estimate singular and nonsingular models, testing their
specifications, and produce filtered variables, all within the same framework. The methods’

applications are not restricted to macroeconomics; we next consider a financial application.

7.3 Affine Term Structure Model

The third application considers a term structure model where three latent factors explain six
yields. Algorithm [2|provides a way to assess the extent to which the unaltered, stochastically

singular, structural model fits the empirical data; no measurement errors are introduced.

The specification of the structural model follows |Ang and Piazzesi (2003) and [Hamilton|
and Wu| (2012). Let F; denote three latent factors, which follow a Gaussian VAR:

Fip1=c+ pki + vig,

iid

with v41 ~ N(0,I). Under the assumption of no-arbitrage, the price of a pure discount

bond at time ¢, P, is a function of this state vector and a stochastic discount factor:
P, = Et(Pt+1Mt,t+1) = /Pt+1(E+1)Mt,t+1(ﬂ+1)¢(Ft+1; c+ plky, I)dFt+h (5)
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where ¢(+; c+pFy, I) represents a multivariate normal density, with mean ¢+ pF; and identity
covariance matrix. Affine term structure models assume that the one-period short rate r;
is an affine function of the state vector. They specify the stochastic discount factor M; ;44
to be a function of \;, the market prices of risk, which is also an affine function of F}:
re = 0 + 01 Fyy, Mysv1 = expl—re — (1/2)NA — M), Av = A+ AF;. As highlighted in
Hamilton and Wul (2012), the pricing equation in has an intuitive representation under
the risk-neutral measure, under which all assets are discounted by the short-term interest

rate: P, = exp(—r¢) [ Pep1(Fi1)d(Fip; @ + pF,, I)dF,,,, where Fy , = c? + p@F, + vfil,
with v | i (0,1),c? =c— X and p? = p — A.

It is well-documented that parameter normalizations are necessary to identify the model.
Following |/Ang and Piazzesi (2003)) and Hamilton and Wu (2012)), we set: ¢ = 0,6; > 0, and

p@ lower triangular. Then, the yield 3 on an n-period pure-discount bond is given by:

1 n—
yr=a, +b.F, b,= - (I+pQ’ + ..+ (p?) 1) 5
1 1
an =0+ — (V) + 26 + ..+ (n — 1)), ;) ¥ — o (V1b1 + 4bybo + ... + (n — 1)V, _1byy) .
The parameters to be estimated are &y, 1, p?, c?, and p. The diagonal elements of p@ are
required to be in decreasing order to ensure identification. The auxiliary model is VAR(4).

The yields are weighted diagonally by the inverse of their variance. The OT objective @,

is penalized by prior distribution which enforces an ordering of the factors.

Table 5: Affine Term Structure Model: Parameter Estimates

Prior [MEAN, SD] OT Estimates
0.9,02] [0,0.2] (0999 - -
p?| [0,0.2] [0.8,0.2] - 0.022 0.963

0,02] (0,02 [0.6,0.2] |0.018 0.209 0.723
3 |10.01,0.1] [0.01,0.1] [0.01,0.1]]0.003 0.023 0.037

50 | [0.4,0.2] . . 0.441 - -
@1 [0,1] [0,1] [0,1] [1.254 -0.026 0.536
[0.9,0.2] 10,0 [0,0.2] [0.958 0.012 0.071

]
p | [002 [0.802 [0,0.2] |0.004 0.908 0.102
0,02 [0,0.2] [0.6,0.2] |0.011 0.133 0.770

Legend: A weakly informative prior is used to enforce the ordering of the factors.

The estimates in Table |5| are similar to Hamilton and Wu| (2012, Table 5)ﬂ The first
factor is very persistent, and the off-diagonal elements of p are small in magnitude. The

estimate of dp is close to the mean of the short-term rate. The main difference is that the

9Hamilton and Wu| (2012)) use four yields and introduce measurement error in one of the series.
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first element of 4, in our case is smaller than theirs (their estimate is 0.017). The parameters
p?, 6, and ¢ are highly correlated: it is possible to move their values jointly with little effect
on ), suggesting weak identiﬁcation.m The prior helps stabilize the estimates.

Figure 4: Affine Term Structure Model: Actual and Model-Consistent Yields
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Legend: Actual yields: Black solid line, Coupling: Purple solid line. Fit shown for prior regularized
estimates; the fit is virtually identical without prior regularization.

What is intriguing is whether, with three shocks, the model can approximate the dy-
namics of six observables. Figure [4] compares actual yield data with their couplings. These
values track each other closely, with the R? equal to 0.97 in all six cases.

With three shocks, the model accounts for 97% of the dynamics in the data for this
sample period. The plots suggest no apparent model misspecification for this sample period.
Adding measurement errors in this case would be a shortcut to obtaining parameter estimates
with a likelihood and cannot reveal additional information regarding the baseline model
specification. Our approach allows us to obtain parameter estimates with a graphical method
to assess the model fit. Finally, we conjecture that incorporating more information to improve

the identification of p?,§; and ¢ can be beneficial for further improve this model.

8 Conclusion

This paper has introduced a computationally attractive method for filtering and estimating
parameters of potentially misspecified dynamic models using dynamic optimal transporta-
tion. Empirical applications illustrate how this can be used to visually assess the fit of a
model, by comparing the actual and the coupled time-series, and to formally test the model
specification over all or some specific variables. Several extensions could be of interest in fu-

ture research. Deriving a plugin map for general non-linear state-space models in (|1)) could

0For this reason standard errors are not reported. The specification test is not reported either.
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be useful if it helps circumvents the curse of dimensionality, as done here. A simple but
useful Corollary to Theorem [3] would be to consider an Anderson-Rubin type statistic for

models that are potentially weakly identified.
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Appendix A Definitions

The following recalls two notions of dependence, further details can be found in |David-
son! (2021, Ch14,15,18). Take the sequence e; found in Assumptions [ and 2| Let F; =
o(es, e 1,...) be the sigma-algebra constructed on e;, e, 1,.... Similarly, let F/7" =
O(€tms Ctam—1s- -+ €t—mt1, €t—m). FOr two sub sigma-algebras G, H, their strong-mixing co-
efficient is defined as (G, H) = supgeg geg [P(G N H) — P(G)P(H)].

Definition A1l (Strong-mixing). The strictly stationary sequence e; is said to be c-mixing,

i.e. strong mizing, if the a-mixing coefficients o, = a(Fy, Fi_m) Satisfy a,, — 0 as m — 0.

Definition A2 (Near-epoch dependence). The sequence y, is said to be near-epoch dependent
(NED) in L,-norm on {e;};°, for p > 0 if: (E[lly: — E(y| Fm)IPDYP < div, where

t=—00"

Vi — 0 as m — 00, d; is a sequence of positive constants, and Fj1" = o(€spm, - - - €tm)-

Appendix B Preliminary Results

Lemma B1 (Dependence). Suppose Assumptions [1], [3, [4, and [{] hold. Let y(6;¢ro) =
1(0) + 3202 Ar(0)P(0; 2)es g, computed from (er—¢)eso instead of (er_ox)ises0 for ys(0; ),
and ¢; = vec(V;). Then: (1) For all 0 € O, the sequences Gy, y(0;v0), yi(0; k), Ooye(6;10),
and Opyi(0; ) are NED in L,-norm of size —b on e; for some q < 2r, with r defined in
Assumption |4 (iii). (2) For all § and any j > 1, 0y, y:(0;Ywo) is NED in Lg-norm of size
—b; 9y (0; Yro) is constant and deterministic; and 0,5y (0; ¥ro) is NED in Lg-norm with

size —b if ¥ is invertible and rank[X(6)] is constant.

The partial derivatives in the Lemma are expressed as follows and will be used in sub-
sequent proofs: 9y y(0;Vro) = — > oo (Tr—e—j—1 — 1) ® [Ae(0) P(6; 3], Oaye(0;n0) = I +
(2220 Ae(0)P(6; 2)) (La—3272 We), and Oyee(syye (6 ro) = 32770 (€1 ¢ @Ae(0))Oyeessy vec [ P(6; 2)].

Appendix C Proofs for the Main Theorems

Proof of Theorem . We have: Q,,(0; i) = LS 7 (0; thr) — Gelly, - Assumption
implies Q(-; 1) is continous on O. Given the identification assumption, it is sufficient to

derive uniform equivalence and uniform law of numbers, stated as follows:

sup |Qn<‘97 @nk) - Qn(ea ¢0)| = Op(1)7 sup |Q(97 2/}0) - Qn(ey ¢0)| = Op(l)'

0cO fco
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Step 1. Uniform Equivalence: supg.q Q0 (0; Vi) — Qn (6 100)| = op(1).

We first establish some properties related to upper bounds and stochastic orders to be used
in the proof. By Lemma , we have sup,_; 10, — U, = O,(y/log(n)/n), |lim — il =
Op(n12), and [[So — S = Op(n12). Let epp = G — i — X Wi g1 — i), & =
Yt — fn — Z?:l U (fejo1 — fin). Fort —j—1<0, set §_j_1 — ji = 0 and §_j_1 — fi, = 0.
This does not affect the properties of the VAR estimates since k / n = o(n=/?), by assumption

.....
=1,..,
e

.....

Note that [ (leww — 61t|| )]l/q S Dok NG IEIGe — A0V = O(n="?), for t > k + 1,
7777 allerk — e = Op(nl/q*1/2) = 0,(1). Also,
..... ellecs — el = Op (kM) [7]

Also, X = X4 O,(n~/2) implies 0 < /2 < X, < 2\ < oo with probability approach-
ing one. Because § — Y(f) has constant rank, (0,3) — P(0;X) is continuously differentiable
with bounded derivative on @ x {2 s.t. A\/2 < ¥ < 2A} by Lemma . Then, for any 6 and any
Y1 and X in this set: [[P(0;21) — P(0; X2)|| < supgeg y j2<si<ox [0vec(sy vee[P(6; D)]||oo |21 —
||, This implies supgee || P(6; Znr) — P(6;%)]| = O,(n~?).

Now, we apply these bounds to study v, (6; 1) —y:(0; U ). Recall that v, (6; 1) = p(60)+
> o () P(0; Sp)ér—y with & = 0 for ¢ < 0; y,(6;0%) = p(0) + 32520 Aj(0)P(6; S)er—jn
with e;;x = 0 for t < 0; and y;(0;v0) = pu(0) + >-72 Aj(0) P(0; X)e;—;. We have

by assumption. This implies that sup,_;,,

E([lecr — ed]|?) < oo implies sup,_

sup sup ||?Jt( ;@@nk)—yt(&wo)ll

< suplIP(9 ) llop <Zsup|\A (6 )Ilop>tslup l6: — evel] (A1)
—0 0cO =1,..., n
(ZsupHA \op> sup Hml!supHP(@ Sar) — P(6; )| (B1)
+sup [ P(6; )| (Z sup HAj<9)Hop> sup |[er — e (C1)
0cO — 0€O t=1,....,n
+ sup sup]| Z A;(0;2)P(6;X)er - (D1)
t=1,....,n 6O j=k+1

" Simply use [E(|lecx — edl|)]"/* < [E(|ler )]/ + [E(e|9)]/¢ and sup,_y __y [ers — el < Op(k/9) by

van der Vaart and Wellner| (1996, Lem2.2.2).

.....
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From the above and sup,_, lleck — el +supmy L, lled|:

..........

1’ < Oy( klog(n)nl/q*lm)7 " < Op(nl/qfl/Q)7
" < 1t2k+10p(n1/q71/2) + ]ltSkOp(kl/q), 1' < Op(nl/tzfl/?)7

using v/n ) i, SUDgeo 1A (0)[|op[E([lec]|9)]/¢ = o(1) for the last inequality. Together, these

77777

-----

We apply the above results to evaluate @, (6; &nk) — Qn(0;10). Let (y, 9w, = yW,7,

we have: Qu(6:vnr) = Qu(0:t0) + (2/n) 0, (e(0s Pur) — e(6500), G — (65 0))w, +
(2/n) Sy 1ye(6; Yok) —ve(0;400) ||, . By the Cauchy—Schwarz inequality and Ay w = Amax(W5,):

Sup |Qn (6; Ynk) — Qu (05 o)
0co

< 2wl sup supllye(0; ¥ni) = v(05 g0) | + Op(k T /m)} sup(1/m) 3 115 — ve(6; o)
t=k+1,...,n €O SC) —1

+ 20w { sup sup [[yu(6; ) — ye(6; 20) |}
t=1,...,n H€O©

Of the three terms after the inequality: the last term is 0,(1) since W,, 2 W, with T finite,

which implies A, w = O,(1). The second term is 0,(1) if supyee 1/ > 1, |G — v:(0;%0)|| =

Op(1). This is the case because 327 o[[| Al op+supgee [[A;(0) llop SuPgee | P(6; X)lop E(le:—51) <

00. The first term is 0,(1) because k'*//n = o(k3/n) = o(1), using S5, supgee ||[y:(6; i) —

,,,,,

the result: supgeg |@n(8; Zank) — Qn(0;10)| = 0,(1).

Step 2. Uniform Law of Large Numbers: sup,cq |Q(6;¢0) — Qn(0;%0)| = 0,(1).

Using similar arguments as above: Qn (6 o) —4 3, 1i—31(6; Y0) 3] < [WamW 0 (1) =
op(1). Lemma implies that, for each 6 € O, g, — y,(6; 1) is near-epoch dependent (NED)
in L,norm with size —b for b > 2. Theorems 18.8, 18.9 in Davidson (2021) imply that
|9 — y:(0;¢0)|13 is NED in Lgjo-norm with size —b. Thus, using Assumption 2| and David-
son (2021, Th18.6), it is an Lo-mixingale of size — min(b,r/(r—2)[1/2—2/q]) and a weak law
of large numbers applies: £ 31 |7 — ve(0; ¢0) |3 = limyyoo 2 550 El|G — v(6;%0) |3/] =
Q(0; 1), which holds pointwise in 6. Take any two 0y, 6, € ©, apply the mean-value theorem:

Qu(61540) — Qu(Bss ) = —(2/n) 3= (e~ (6 60)) Wy (6 Y0)[B: — 6a] + 0,(1),
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where the o,(1) is due to ||W,, — W|| = 0,(1) and is uniform in 6 as above. We have:
Elsup 15:—=y¢(8; 10)) W Dy (6; 400) | w] < (Elsup [[7:—u:(6; wo)H%y])l/Q(E[gug 190y (0; o) 3 ])"%,
€ € €

which is bounded under Assumption [3] Then, uniformly in 61, 6: [Qy(61;10) — Qn (625 0)| <
O,(1)||61 — 02|| + 0,(1). This implies stochastic equicontinuity and the uniform langle.

Step 3. Consistency. The objective Q(-; 1) is continuous is # and uniquely minimized at
0 =0y Qunl; Qﬂnk) converges uniformly to Q(+;1) in probability. By standard arguments,
this implies consistency: 6, 5 6. O]

Proof of Theorem By minimization, 6, and 6, satisfy:

E (9py: (603 o) W g — (003 ¥0)]) = 0, (1/n) Z;l aﬂyt(én; z&nk)/Wn[?Jt - ?Jt(ém &nk)] =0

The sample score can be decomposed into:

o:<1/n>2j 0O k) W 5 = 10 )
Z 09Ye (O i) Wl = 91 (003 V)] (A)
<1/n>2j Oy On; k) W[y (B0; D) — (O o )] (B)

Define 0, (w ) why + (1 — w)b, for any w € [0,1]. An integration and change of variable

implies: = —I3" 1f0 A9y (0 Vo) WOy (0 (w); Ui )dw !By, — ). Likewise: . =
lzt 1393/t(90,¢nk) [Z/t yt(901¢nk)]+ Et 1f0 Yi— yt(90,¢nk)] n®I)aOGt( ( )¢nk)dw[ -
6p]. The expansions of (A) and (B]) imply:

0= 00 = M (1/m) D2 OoOs k) Wl — 91 (0o )] )
Z / {0091 (O k) WDy (00 ()3 i) + ([ (B3 k) = 5] Wiy @ 1)3gGiy (0 () i)}

Step 1. Consistency of M,.

it M
.....
,,,,,

[0k =2l = Op(n~"2) imply suppee sUP1_1 n||39Gt( ,%k) s G1(6; v0) || = 0p(1). Also,

-----

SUpP,eo,1) [|10n(w)—bo|| = 0,(1), by consistency of 0,. The firstt = 1,. ..,k can be handled as in
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the proof of Theorem . Thus, (1/n) Y1, fol <[§t — yi(0o; @nk)]'Wn ® [z OpG (0, (w); zﬂnk)dw =
(1/n) > 7, ([9: — ye(00; U0) W @ I) 0G0 10) + 0p(1). Assumption [3| implies dpG(0o; Yo)
is NED in L,-norm with size —b < —2. By Lemma|B1} y; —y:(0o; 1) and Jgy.(6o; 10o) are also
NED. Hence, ([g: — y:(0o; ¥o)|'W @ I) 0gG1(0o; ¢o) is NED in L jo-norm with size —b. There-
fore, a weak law of large numbers applies to the second term in the definition of M,,. Likewise,
(/) S22 fy OBz ) WDy (0 ()5 oo = (1/m) 21, D (B0 o)W Do(Bo: o) +
0,(1), an average of a NED process in L,/o-norm with size —b. A weak law of large numbers
applies to this term as well. Altogether: M, 2 M.

Step 2. Asymptotic Normality.

Let ¢y, = (ji’, vech(X)', vec(¥, ), . .., vec(W;)); recall that the estimates are given by ), =
(fil,, vech(Z,, ), vec(Uy ), ... vec(U,)) with fi, equal to the sample average. Let u; =
Yi(0o; o) — J, and wy g = y1(0o; Yr) — ¥ Note that Lemma |3 implies that Wnk — Yilloo =
O,(+/log(n)/n). An integration identity and a change of variable with respect to ¢ imply:

1 n ~ ~ .
- Zt:  00y¢(00; i) WG — ye(00; )]

= - % Z; Doyt (0o; Yr) Wty g (Q)
n 1 ~
- % thl /0 (e Wi @ I) 0y G003 Pr(w) ) dew[tr — ] (D)
1 ~ A~
- / 0o (Bu; ) W (B0 o (6))deo s = ) ()

where ¥, (w) = wﬂnk + (1 — w)Yy, are intermediate values of 1/;nk and 1y
Because W,, = W + 0,(1) and W is invertible: W,, = W (I; + 0,(1)). This implies:
(€)= — [2 50 Oy (Bos ) Wta] (L + 0p(1)). We now show:

(C) = —(1/n) 3" Qo603 ) W + 0, (n~72).

For this, note that dpy:(fo; ¥x)" and u; are NED in L,-norm with size —b. Their product is
NED in Lg/;-norm with size —b, with absolutely summable autocovariances, following from
the same arguments as in the proof of Theorem . This means [% > 0oyt (bo; wk)’Wut,k] =
E [1 370 Ooye(00; i) Wue ] + 0, (n~'/2), using Chebyshev’s inequality. Next, because ug;—
e = (603 1) — O o), we have: (B g |22 < 30 145 (00) ol P (B0 )l (Ell s —
ec?)V? for t =k +1,...,n, where (Efl|ers, — el|*])"/* < 32720 (195llop(E[[|7: — 2] =
o(n~%/?), from the condition in Lemma . Similar derivations also imply (E[||Opy:(0o; ¢x) —
oy (003 Vo) |IP))V? = o(n='/?), for t = k+1,...,n. Apply the Cauchy-Schwarz inequality
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to find E [2 37 | Opye(bo; ¥) Wry] = E [2 50, Ope(0o; v0) W] + O(k/n) 4+ o(n™1/?) =
o(n~'/?) since the moments are bounded uniformly for ¢ = 1,..., k. Putting everything to-
gether: (C) = =231 | Opye(0o; i) Wiy j+0,(n~/?). For notation, let Syy = Opye(0o; Vi) Wy
Also, define the sample mean: Sy, =1/n)"; | Si,.

Derivations for @ and have a similar outline, the following will consider . The
derivation for — in the proof of Theorem [1{ imply that sup,_;,, _, [|0sy:(0o; Vi) —
oy (Bo; ¥) || = Op(v/k log(n)n"/s=1/2) which implies{?]

1 < , ~ _ log(n
H = = D 06003 V) WaBisti(B0; ) (Vna—ton)+ Op(max [V log (m)n' /17, —ngg/ﬁ i,
t=1

the last term is 0,(n~'/2) because ¢ > 8 and k = o(n'/?).

The next step is to look at dyy:(6o; 1) more closely in order to derive consistency for
. For this, we will evaluate 9uy,(0o; ¥x), O, y:(60; ¢r), and (9vech(2)yt(90; Yy) separately.

Recall that e, = 9 — i — 25:1 U, (Gp—j—1 — 1) with e, = 0 for t < 0 and @_j_1 —
g = 0for t —j5—1 < 0. The coupled sample is constructed as y,(6;¢r) = u(d) +
> o Ni(0)P(0; Y)e,_jx. Thus, the derivative with respect to fi is given by: 9 e =
L= U =1 = 2 0 =% Uy = I — Y% U+ 0,(n~?), uniformly in ¢,
using the condition /n» 22, | W; = o(1). The absolute summability of the A; then im-
plies that: 9y, (0o;vk) = 1 + D 72, Aj(0) P(6; YY1y — 325, W) + o(n~Y?), uniformly in ¢,
here using v/n > 77, ) supgeg [[Aj(0)[lop = o(1). Let ¢; = vec(¥;) for j = 1,... and re-write:
ety = Qt—ﬂ—25:1 ((Jr—j—1 — 1) ® I) ¢;. The partial derivative is Oy e;x = —(Je—j—1—f1)' @1
fort —j—1€{l,...,n}and dg,e;p =0 fort —j—1<0andje€{l,...,k}. Then, using

-----

.....

i) @ [A(O)PO;D)]|| = 0,(n'/971/2) + O,(kY7), since ey sets §_¢j1 — ji = 0 for t —
¢ —j5—1 < 0 and e does not. Note that P(f;-) is twice continuously differentiable

under the constant rank assumption for X(#) and ¥ invertible. Similar to the above,
SUP o1, [ Oveen(sy ¥ (05 k) = 22720(€h 5 @ Aj(6))Dyeen sy vee P (6; D)][| = op(n/4~1/2) and

,,,,,

D {|0yeancsye(0; Vr) - > (€l @ £j(6))Dyea sy vee P(8; D) = 0,(n'/172) + O, (kY1)
=0

S
t=1,...,
J

124, is computed using e; x so that the additional k'/9-term due to e; — e, for t < k is negligible, as in
the proof of Theorem
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Let y¢(6; ko) and Oy (6; ¢ro) be as in Lemma . Recall Yy, — by, = O,(y/log(n)/n), then:

—Zaeyt Oo; Vr)' W Dustge (803 Vo) (V1) = Zawyt Oo; Vi) W Dy (803 oro) (nk— 1) +0p(n /%),

using o0, (n'/17Y/2) = o0,(1/+/log(n)), k', /log(n)/n = o(n~1/?) and similar derivations as
in the proof of Theorem |1 I Given the stated assumption, similar derivations to (B1))-(D1]) in
Theorem (1| for dpy,(6; 1)) further imply:

—Zaeyt (603 ) W Dy (003 ox) (s —1x) = Zaeyt Oo; o) W Oy (003 voro) (b —tbi) 0, (n /%),

t=1 t=1

The next step is to show: % >ty 00yt (o3 100) W Oyyt (00; Yro) = E[Ogye (o3 10) W Opy: (6o; tro) |+
O,(kn=1/2). The proof for this part is long as it involves non-standard arguments.

As shown in Lemma 7 0oyt (0; vo) and 0,y (0; Vo), Oy, Y (05 i), and Dyec(s) Y1 (0; ro) are
NED in L,norm with size —b, for each j = 1,.... Consequently, dpy.(0;10)’ W@Myt(e; Uro)
and 9yt (6; 10)' W O,ee(55)y1(6; ko) are NED in Ly-norm with size —b (Davidson, 2021, Th18.9),
with b > 2 for any p < ¢/2. They are L,/-mixingales of size —min(b,a(1/p —2/q)) = 1/2.
Pick p = 2 and ¢ > 8 implies min(b,a(1/p — 2/q)) > min(2,2(1/2 — 2/8)) = 1/2 so
that the autocovariances are absolutely summable (Davidson, 2021, Th17.16). Therefore,
a weak law of large numbers applies to the sample average of Jpy:(6;10)' W 0,u:(0; ko) and
Oy (0;100) WO, (5) Y1(0; Uro), using Chebyshev’s inequality.

We also need to derive a weak law of large numbers for 9y, (6;v0)' W0y, y:(0; Yro), With
j = 1,...,k. This is nonstandard because k diverges to infinity. Recall from Lemma
that for all j = 1,....k, Op,y(00;¥r0) = — DopeolTi—e—j1 — fi]' ® Nj(60)P(00; %), where
[Gt—e—j—1 — i} € Fi—j—1. Apply the law of iterated expectations:

E[9yy:(0o; ¢k)lwa¢] Y:(0o; Yro)] = [E{aG?Jt(HO; @/Jk),Wa@ Ye(00; Vro) |-Ft—j—1}]
=—E {3, (el-e ® DagveclAe(B0) PO DYWL -1 — il © A (60) P00 D)}

Takes norms on both sides, and apply the Cauchy-Schwarz inequality to find:

(Do (605 1ou) WO, e (Bo; ro) Il < Nleell2lFell2l| P (603 ) oo ZZO 1Ae(80) P (00; 2)[locC (G + 1),

using Assumption [3| where ||e;|js = (E[||e;]|?])"/? and b+ & > 2. Take 1 < j < k and s > 1,
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let wy = vec{day:(0; o)W 0g,y:(0;Yro) }. From the bound above, we have:

IE[(we s — ElwyJwilll = [[EE(wi s — Efwes] | F)w] |
< lledlallgellall P@o; D)lloe Y, I186(60) P(8o; £l C (G + 1) [luwelo,

using the same approach, where ||w;||o can be bounded independently of j. Use this bound
for s =0,...,85. Note that (85 + 1)(j + 1)+ = o(1) as j — oo, so that the contribution
of this bound is uniformly finite in 7 > 1.

Take s > 85, we now bound ||E(w;s — E[ws]|F)], for some p > 2. Using a similar
approach as Davidson| (2021, p374), divide it into two terms: ||E(wiys — Elwes]|F)|l, <

E(wers — Elwes FLERNF) 1 + NEE[wers] — Elwes| F {01 F)lp for any 1 < m <
s. Since Elwyys| F20] is a-mixing with size —a, |E(E[wis] — Elwes| FrZtm]|Foll, <
(1 + s —m)~2/P=1/")|lw,||,., for r > p. This is absolutely summable for m = [s/2], over

s=1,... forany 1/p — 1/r > 1/2 since a > 2 (Assumption [2). Next, ||89yt+5( '@/)0)
Bl 105 Vo) FLE 2y < | 552 s (T )Ouvecl P(8; S)A)]lap < (14+m)~HICT P(0; 5) e+
|Ogvec[P(0; X)]]|oc]||€t]|2p- This is absolutely summable over s > 1 with m = [s/2]. Using
similar arguments, [y ¢—E[firs g o FEE Ty < C(L+[m—j—07)~¢+)ley]y, where
[m—j—{]" = max(0,m—j—{) > max(0,3/4m— () for s > 8j and m = [s/2]. Using the for-
mula for 9y, y,(0; Vro) this yields: [0y, y:(0; Vo) — E[0s, y:(0; Vo) | Fiisimillap < Do C*(1 +
)=+ (14 [3/4m—)7) =+ ||ap. For £ =0,...,[m/2] = [s/4], the partial sum is bounded
by: Y00 C?(1 4 €)~CF)(1 + [1/4m] )~ (+e) ||et||2p which is absolutely summable in s. For
¢ > [m/2], the remainder is bounded by: (1+[m/2])~ /2570 C?(14-£)=+)/2| ¢ |y, also
absolutely summable because (b+¢)/2 > 1. Then, we can bound ||E[wiys — E(wiys)| Fill, <
Cy(1 + 5)~®+9)/2 where C, depends on p via ||e||a,. This is absolutely summable.

Then, use Holder’s inequality with 1 = 1/p + 1/r such that |2, and |Jwl], are
finite, and s > 8j: ||E[(wirs — Elwe)wi]l| < Cp(1 + 5)~+)/2||lwy||,, which is abso-
lutely summable. The sum over s < 85 is of order j(1 + j)_(b+5), which is bounded.
Thus the autocovariances are absolutely summable and the resulting sum is bounded uni-

formly in j. Chebyshev’s inequality can be applied uniformly in j and yields the rate:
D1 || (/) S0 D003 60) W B (65 o) Bl (05 ) W1 03 vno)] | < Op(hin™112).

.....

As |[hnr — ]| < O,(y/log(n)/n) and O,(kn='/2)0,(\/log(n)/n) = 0,(n~"/?), this implies:

%Z Dy (003 1) W Dy (B 7/%)(1%1@—%) = E [99y: (003 100) W Oy (00 Yoro)] (&nk_wk)—FOp(nil/Q).

t=1
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This completes the proof for . Similar derivations can be applied to @ Combining them:

% ; [(Ué’kW" ® I) 0yGir (003 Vnk) + Dot (B3 k) WDy (B ank)] [ — 3]
=E [(u;W & [) 8th(90; wko) + agyt<(90; wk)’Wawyt(eo; wk(])] (Iﬁnk _ 1/%) + Op(n71/2>7

where the expected matrix has full rank for £ > k, sufficiently large, by assumption.
The next step is to derive a CLT for the leading term on the right hand side of the

preceding expression, where ¥, — ¥ has increasing dimension. Note:

E[0sy:(00; Y1) W Oyyi(B0; ¥ro)) (bt — )
=E[Dgy: (00; ¥i)' W Ot (005 Vo)) (i — 72) + B[O (003 1) WO, eepssie (00; o) Jvech(S, — 22)
+E[Dpy1(80; ) W Dy vt (Bo; Yio) ] (b1 — b1) + - - - + B[O (Bo; Ur)' W D, 41 (803 ro) | (Pk — )

The partial derivatives E[Opy: (0o; ¥r)' W Og, (005 ¥ro)] are absolutely summable, as seen from
the upper bound derived above. Similar arguments imply that the same holds for E[(u,W ®
10y, G1(00; Vro)] since Oy, G (0o; ro) € Fi—j as well, E(u,—E[u,]|F;—;) are absolutely summable,
and E[0y, G¢(00; Yro)] = 0. As a result: ||Dgy(k)|| < ca < oo for some constant ¢, > 0.
Together with the singular value condition, this implies that: 0 < ¢ < opin[Dg (k)] <
Omax|Doy(k)] < c2 < o0, for all k > k > 1; that is, for k large enough Dy, (k) is a matrix
with dy rows, each with norm bounded away from zero and infinity.

The following relies on Lewis and Reinsel (1985, Th2), which holds when the innovations
are non-iid, under the stated assumptions Let fft,l,k = (Je—1—fy - - -, Yt—r — [1)', with mean
zero, and I'y = E[ﬁkfft’ .| 1s the autocovariance matrix. For any sequence of vectors [(k),
such that 0 < ¢; < |[I(k)|| < ¢2 < o0t

~

VAUEY (G- 68) = (1, 0] = 10 vee [(1/VN) 30 eV, T +0,(1),

where the sum is taken from ¢ = 1 rather than ¢ = 1+ k, the difference being y/n-negligible.
Note that I';! is finite and uniformly bounded in k > 1 (Lewis and Reinsel, 1985)).

The next step is to derive the dependence properties of the right-hand-side of the last
display. Because e; is the Wold innovation, it is a martingale difference sequence. A cen-
tral limit Theorem for gzgnk is usually derived from this property. However, here &nk also

involves g; and e;e;, which are not martingale differences. Using the notation of Lewis and

13See e.g. Hannan and Deistler| (2012, Ch7), [Kuersteiner| (2005, Th2.6), Goncalves and Kilian (2007,
LemA.6) and [Litkepohl| (2005, Ch15).
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Reinsel| (1985), let I'(j) = E[(g: — i)(¥:—; — i1)']. The first set of rows of I'y is given by
I'0),I'(1),...,I'(k — 1), the second row consists of I'(1)’,I'(0),I'(1),I'(2), ..., I'(k — 2), etc.

Using the white noise property of the innotations, we have:

1PN =1 (13, Aser-dlY Asere-sl ) 11 Y0 IR lapleel i — il

< Olled PG — fill2(G — 1) =+,

This implies that [|T'(5)]|ee < C15~ ), for some constant C; and the elements of ', decay
polynomially away from the diagonal, i.e. (I')es < Co(1 + |¢ — s])~+9) for some constant
Csy and for all 1 < /,s <k, for all £k > 1. Proposition 3 and the “window lemma” in Jaffard
(1990) then imply{] (I;)es < C3(1 + € — s|)=®+9), for some other constant C, with the
same polynomial rate of decay. Denote by (F,;l)j, 1 < j <k, the j-th block of columns of
the matrix I'; '; that is for j = 1, (I';'); contains columns 1 to dim(g;). Let [;(k) denote the

coefficients of [(k) which are multiplied by 95j — ¢ above. Then, for each j =1,... k:
Vil (k) (9 = 65) = L (R)'vee [(1/v/n) 32 eV 1(T70);] + 0,(1),

where ||1;(k)]| < (1 + j)~®*9), up to some constant, as shown above. The next step is
to investigate the dependence properties of each etﬁ’_ Lk(F;l)j, 1 < j < k. Recall that
f/t_l,k = (Joo1 — f1y. - Gk — f1), Fit™ is the filtration generated from (€;_m, ..., €rim)-

Because e, € F/7™ we can write using Holder’s inequality:

m?

leedii—; — Eedo—g| 75 sz < lledllpllfi—s = B 7500 e < dllecflpr((m = 5)7),

where d and v are the NED coefficients satisfying: ||g;—; — E(g,|F )|, < dv(m), for m >0
and (m — j)* = max(m — j,0). The NED coefficients are derived in the proof of Lemma [B1]
Their decay factor satisfies v(m) < (1 +m)~+9). Together, we get:

Hl(k’)’vec [etiftlfl,k(rﬁl) — Ele,Y, | (T )’f’ter]

<
Z] 1 p/2
<Cs ijl Ze:1<1 )OO 40— )T 4 (m— £)F) ),

14His result applies to the infinite-dimensional operator 'y, directly. Extend I'j, to a banded infinite-
dimensional operator I'y o equal to I';, on the diagonal everywhere and O elsewhere. I'y o is a “window”
approximation of I's,, with a window of size k. Elements of I'Z! and F;loo — I'Z! have polynomial decay.

I,
)'vec [eth 1k(F ) —E[ety;l 1k( ) |‘7:t+mﬂ H

The operators I‘,;loo are equal F;l on the restricted finite-dimensional subspace where I'y, is defined.
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for some constant C5. We now split the double sum into three terms and study them

separately. The first term is:

> 12 1 ) O = ) (m - )
=
—(b+e) —(b+e) b+5
<(1+[m/2])” E E e (1+47) (14 o)~

where the right-hand side is summable since b 4 ¢ > 2. The second term is:

[m/4]
S LT = )L (= )0
<(1+ [m/4])” b%/?Z > ()T ey,

where the right-hand side is summable since (b + ¢)/2 > 1. The third term is:

k k

Zj:1+[m/4] ZE:[m/Q} (]- +j)_(b+6)(1 + |€ |) (b+¢) (1 + (m 6) ) (b+e)
- = (b+2) (b+e)
= Zj:1+[m/4] Zé:_ (L+7)" (1+ e~

s/ 1+2)"®9ax 3" (14 1¢)"®+) <
fm /4] 2 b

From these, we get that the sum of the three terms is bounded above by:

Hl(l{;)/vec [etﬁ'flyk(Flzl) — E[etﬁil,k(Fgl)\fﬁg]} < (1 +m)~Cro/?

Y

Hp/Z
since b > 2 implies 1 — b < —b/2, it is NED in L, s-norm with size —b/2 < —1. Similarly,
~(1/n) D" Dok (G — i)'y vecleeViy o' veehlewe; — SJ') = (D) + (E) + 0p(n™72)

is NED in L,/o-norm with size — min(b— 1, a) where a is the mixing size of e, in Assumption
2l Altogether, we get that:

V(0 — 0y) = —(1/v/n) Z;l M0y (00; 1) Wtk + Dy (k) Zy i) + 0p(1),

where the leading term is NED in L, /o-norm, ¢/2 > 2, with size —min(b/2, a), min(b/2,a) >
1/2 on e; which is strongly-mixing with size —a, a > r/(r—2) for r > 4. The NED derivations
imply that V,,, = O(1) is bounded. With the normalization an,s/ ? the conditions for
Corollary 4.2 in Wooldridge and White| (1988) hold and: \/ﬁan,i/z(én —6y) % N(0,1). O
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Appendix D Additional details for Algorithm

The following describes an implementation of Algorithm [I] which combines the Bootstrap
filter (Chopin and Papaspiliopoulos|, 2020, Ch10.3.1) with optimal transport.

Algorithm 3 An Implementation of the Optimal Transport Filter

1:

10:
11:

procedure OTF
Inputs: 1) Sample: 91, ..., Jp, predictive distribution p(g;|g¢—1,. - - ).
2) Model: p(yi, z¢|z¢—1;0). Initial beliefs 2o ~ pojo(20). Number of draws B.
Outputs: 1) Mapped data y1,...,yn.
2) Filtered states 2y, ~ p(2t|yt, -, Y1)
Initialize: For b=1,..., B, do 1) draw z{ ~ popo(20: ), 2) weight wf) = 1/B.
forte {1,...,n} do
if ESS(wif) < ESSmin then
resample (z0_;)p=1,.p with replacement and weight w?_;, set w? ; = 1/B.
end if
Predict: Draw (y,2{) ~ p(ys, z|2(_1) and G ~ p(5elGi—1)-
Transport plan: Find a joint distribution 7,1 = (pij)1<i,j<p Which solves

min $ Y “pijllyi — #17 — Y pijlog(piy)

Pij - -
27_7 7/7]

where 0 < Dij < 1, Zz’pi,j = 1/B, iji,j — wg_l.
Barycentric projection: find j* such that ||g; — gji*H is minimal. Compute p; =
pig+ /[0ty pig]. Compute y, = 7, piy.
Update: Set w) = w?_;p(y|2?). Normalize w} = w}/[>"; wi].
end for
end procedure

Algorithm [3| combine particle filtering steps with an additional draw §/ and an optimal

transport projection (steps 7,8) to construct the model-consistent sample (y;)i=1,. . Step 7

can be approximated using the Sinkhorn algorithm (Peyré and Cuturi, 2019, Ch4).

Appendix E Proofs for Lemmas and Preliminary Results

Proof of Lemma [1, Condition i) implies Assumption [2| (i). For Assumption 2 (ii), u(-)
is continuous on © compact, hence bounded. Then, A;(-) = A(-)C(-)? K(+) is the product of
A()C(+), continuous, with K(-). The mapping § — ¥(6) is continuously differentiable, 3

has constant rank, so the pseudo-inverse ¥(+)' is continuously differentiable with bounded

1



derivative (Magnus and Neudecker, 2019, Prop8.2). This implies V(-) is continuously dif-
ferentiable by the Implicit Function Theorem, and K(-) is continuously differentiable as a
product of continuously differentiable matrices. Hence, A(-), C(-), K(-) are continuously
differentiable on ©. We then have [|A;(-)llop < [[AC)[opl|CC)IZIIE () llop- Condition (iii)
implies supgeg [|C(0)[|op < € for some ¢ € [0,1). Then, we get: > 77 supgee [[4;(0)[lop <
suPgee || A(0)]lop SuDgee [ K (0)[lop D5~ ¢ < oo. For the last Assumption [2] (iii), direct dif-
ferentiation with respect to 6, yields 9y,A;(8) = 9y, A(0)C(0) K (0) + A(0)C(0)? 0y, K (0) +
A(0)0p,C(0)C(0)Y LK () + - - + A(0)C(0)710p,C(0) K (0). Then, as above: |[|0p,A;(0)]]op <
@ suppee ([[0pvec[ K (0)]]|co + (7 — 1)K (0)]0o||Opvec[C(#)]|ls) is summable since ¢ < 1.
Equivalence between norms implies sup,ce [|@avec[A;(8)][le < C 329, supgee 108, A5 (8)lop,
where C only depends on the size of the matrix, which is summable. Similar derivations
yield the results for derivatives of order s = 2, 3. [
Proof of Lemma [2| Take any 6, € ©. Because A(;) > 0, there exists Uy and U; with

sizes m X d and r X d, respectively, where m + r = d, such that:

A(06)Us = gy ULUs = I, (E.1)
U{A(Qo)Ul > 0, U{A(Qo)TA(Q())Ul > 0, U{Ul = Ln, U(,)Ul = Or,m- (EQ)

They can be found using the eigendecomposition:

A(By) Opm
Ay) =U (o) 0 U,

Om,r Om,m

where UU' = U'U = I, Ag > 01is diagonal, and U = (Up, Uy). These are not unique but their
spans, and the associated projection matrices, are unique. Note that UjA(6y)U; = A(6p)
with 0 < A < A(f)) < XA < oco. Define: Uy() = [I; — A(0)[A(0) A(0)]TA(0)]Us(6),
Ui(0) = [A(0)[A(0) A0)]TA(0)]U,(6y). They are continuously differentiable in 6 because
rank[A(6) A(0)] = r is constant (using Magnus and Neudecker, 2019, Prop8.2). By construc-
tion: U, (0)'Uy(6) = 0 for V8 € ©. Because A(6) is Hermitian, we have A(0)[A(0)' A()]TA(0) =
A(0)A(0)T. Then, by the identities for the pseudo-inverse and A(6y)Uy = 04, we have
Uo(00)'Uo(60) = I,,,. By construction, A(0)[I;— A(0)A(0)] = 044, which implies A(0)Uy(6) =
Opm.n for all 6. By the definition of a singular value: Apin[U(0)U(0)] = 0min[U(0)]?. Weyl’s
inequality for singular values (Horn and Johnson, |1991, Th3.3.16) implies: o [Us(0)] >
Tmin[Uo(00)] — [|Uo(00) — Uo(8)|op = 1 — ||Uo(0o) — Uo(8)||op, since Uy(0y)' Up(6p) = I, Next,
0 — A(0)A(9)" is s-times continuously differentiable on ©, so it is globally Lipschitz contin-



uous with constant 0 < L4 < oo. This implies:
1Uo(60) = Uo(0)llop = II[A(Bo) AT(60) — A(60) AT (60))Uollop < Lall0 — 6o

Pick 0 < § < [2L4]™", then for all |0 — 6y|| < &, we have: opm[Uo()] > 1/2 > 0 =
Amin[Uo(8)'Us(8)] > 1/4 > 0. By composition and invertibility, § — Uy(8) = Uy (0)[Uo () Uy(8)] /2
is s-times continously differentiable, Uy(0)' Uy(#) = I,,,, and Uy (0)'Uy(0) = 0,,,. For the same

8, U1(0) constructed the same way is s-times continously differentiable with U, (8)' U, (6) = I,

and U, (0)'Up(0) = 0, It remains to show Amin[U1(0)'A(A)U4] is bounded below. Apply
Weyl’s inequality:

Amin[U1(0) A(0)U1] > Ain[U1(60) A(00) U1 (60)] — ||U1(0)" A(0) Uy — U (65)' A(00) U1 (60) | ops

where the last term is s-time continuously differentiable on Bs(6), hence Lipschitz continuous
with finite constant Ly 4. Eventually, we get: )\min[fh(@)’A(G)Ul] > )\min[Ul(Go)’A(Ho)Ul (00)]—
Ly.allf — 6o||. By choosing 0 < § < min[(2L4)~", A[2Ly.a] "], we find: Awin[U1(8) A(0)U;] >
A/2 > 0. Now we have M(0) = (Uy(0),Uy(#)) continuously differentiable on Bs(fy), in-
vertible and M(0)M(0) = I;. By composition, M (0) A(0)M(0) = blockdiag(B(#), 0pm)
is continuously differentiable and 0 < \/2 < B(f) < X\ < co. Then, for Bs(#), A(0)/? =
M (0)blockdiag(B(0)Y/2, 0,.m) M ()" is s-times continuously differentiable by composition and
B(6) strictly positive definite.

Since © is compact and finite-dimensional, we can take a finite J-cover {6y,...,0y}
of ©. The mapping § — A(0)'/? is continuously differentiable on each B;(6;) N © and
© = UN,B5(0;) N O so, by the gluing lemma (Lee, 2010, Lem3.23), § — A(0)"/? is s-times

continuously differentiable on ©. m

Proof of Lemma [3] The existence of the infinite order VAR representation follows from
the properties of the VMA polynomial stated in Assumption (i); det(3_720 ¥ 27) # 0 for
any |z| < 11is a result of the same property of the VMA polynomial.

Lemma[3[(i) is proved in [Hannan and Deistler| (2012, Th7.4.5); estimating the VAR coeffi-
cients on de-meaned data does not affect their results (Kuersteiner, 2005, Lem4.1). Hannan
and Deistler (2012) require that lim,_,o E(e;e; — B|F,_,) = 0, this is implied by the mixing
condition and Davidson! (2021, Th15.2). Lemmal3[ii) is shown in Liitkepohl (2005 Prop15.1-
15.3). For Lemma [3[(iii), note that Assumption [2] (i) and the mixing condition implies g, is
Near-Epoch Dependent with size —b in L,-norm for ¢ > 8 (Lemma . Its autocovariances



are absolutely summable, using Theorem 17.16 with Corollary 18.7 in (Davidson) 2021]).
This and Chebyshev’s inequality imply Lemma [3{iii) for g,. Finally, e;¢] is a-mixing with
size —a and finite fourth moment. Thus its autocovariances are absolutely summable. This
and Chebyshev’s inequality yields Lemma (iii) for 3,,. O

Proof of Lemma The first part of the Lemma follows from Davidson! (2021}, Example
18.3) with a multivariate one-sided VMA (o00) process. For the second part, use the double
series representation: Oy, y:(0;1m0) = — > 2 ch)io[egféfjflfs]\/s] ® [Ae(6)P(6;%)]. Recall
that an absolutely summable double series can be reparameterized as an absolutely summable
single series. A single series is a one-sided VMA(00) representation, which in our setting
can be used to derive NED properties. It is sufficient to upper-bound the coefficients of
the latter and bound their rate of decay to get the result. Using |les]|, = [E(||e:]|?)]*/¢ and
|A ® Bllop = |Allopll Bllop, we have, for any 6, by the triangle inequality followed by the
Cauchy-Schwarz inequality:

106,:6; ko)l < [ 327 WAsllen) D207 50p [Ae@)ep 50 12(6: ) olee-r—s1-ala < O < 00

The majoration absolute summability and the NED property in L,-norm. Also, the summa-
tion starting with m-1 satisfies: [Z:‘;O ||/~Xs||op] Y o1 SUDgeo [|Ae(0)]|op SUPgeo || P(6; f])||op <
Cm~®+9) implying that the size is —b. The constant rank assumption for ¥(6) and invert-
ibility condition for ¥ imply continuous differentiability of P(+;+) using Lemma 2| for the
matrix square root. The VMA (oco) representation then implies the NED property. O]

Appendix F Proofs for the Specification Test

Lemma F2 (Strong Approximation). Let Z; ) and S, be as Theorem @ Suppose the As-
sumptions in Theorem@ holds. Then, there exists Z,, ) ~ N(0,S,x/n) such that: /n||Z 1 —

Zk|l = op([log(n)]7?).

Proof of Lemma [F2| There are four main steps: Step 1. Use the NED properties to
approximate Z; ;, by a strong-mixing sequence, in blocks of observations; Step 2. Use coupling
results for strong-mixing sequences to further approximate the blocks with iid blocks; Step
3. Apply Yurinskii’s method to approximate the iid blocks with Gaussian random variables;
Step 4. Adjust the covariance of the Gaussian from Step 3. to get the coupling with the

same covariance structure.



Step 1. Approximate Z;; by a strong-mixing process 7. Recall: Z;; = ((4; —
ﬂ)’,vec[et}i’_lij,;I]’,Vech[ete;]’)’, with E[Z; ;] = 0, a column vector of dimension d(k) =
O(k). Note that when analyzing the properties of Z; ; below, we often consider its elements
(5 — f1), vecle;Yi_1 x, and vech[e,e}]) separately.

For any m satisfying m > 2k and m/n = o(1), define Z}, = E[Z;4|F} ], a strong-
mixing sequence with coefficients «,,(s) = a([s — m]"), with «a(-) the mixing coefficients
of ¢;. Note that Ele;e;|Ff_,] = e;. Since I'' is bounded, we only need to bound
letTe—; — eBlgi—j| Fiom]llqs2 for j € {1,...,k}. For this, we have |[f:—; — E[f—j| Fr-m]llq <
> tsme CAelloplledly < Clm — k)= Heth, uniformly in j < k; consequently, ||e:g—; —
eB[Gi—j| Fiomlllg2 < Clm — k]~ ||e||? using the Cauchy-Schwarz inequality.

Note that E[Z,, k—E(Z )] = 0, and E[vec(e,Y;_, )| Fi—1] = 0 so that the elements of Z;
and Z]T}, corresponding to vec(etY; 1L 1) are serially uncorrelated. By the NED and mix-
ing properties, the autocovariances of g, and vech[ese}] are absolutely summable. For each
row { of Z;; we have: var[Z, ., — sz ¢] = 0 for indices corresponding to vech[e;e}], and
var[Z k.. _7:“} = Lvar(Zy o — 2% ) < ntClm — k] 729)||e,||3 for indices corresponding
to vec(e, Y, 17,611;1). For indices ¢ corresponding to g, the autocovariance of order s > 1 satis-
fies: ’COV(Zt,k,é_ZgZ,z’Zt Skf—ZtmskZ)’ < {’COV<Zt,k,£_ch,eaths,k,é_Zﬁs,k,m}lﬂwzt,k,f_
Z5 ool Zogoe— 237 o127 = {lcov(Zyge — Z75, 4, Zt_s,k,z—Zﬁs,k,4)|}1/2||Zt,k,g—ZZ,'}C,ZHQ Next,
|coV(Zi k=21 00 Zt—sit =21 s ko) = [EIE{ Zo 10— 275 o) Fies } (Zt—s o= Zi" s 30| < NE{ Zt k0~
Z5 i FeesHl2l Zege — Z oll2 < 2C (1 + 8) "9 |eglal| Zoge — Z75, 4|2, using derivations from
Lemma Taking the summation, we get:

Zr |cOV(Zi ko — Zihor Zr—spt — Zi- s )| < VQCZ (1+s)” b+6)/2||€ HI/Q]HZt,k:,é_ k£||3/27

which is a O([m — k]=®/2(t+2)) gince (b+¢)/2 > 1+¢/2. From this, we get that var[Z,, ;. —
Z0 ) = Olm — k-0 1),

In sum, we have max,_1__q) E[|Zn ke — 7::,674\] ] O(n=2m~G/M®+e)) " Then Pisier
(1983)’s and Markov’s inequalities yield: /n|Z,x — Z,, k||oo = O, (kY/?m~G/90t+2)) which is
a op(1) for m > 2k since (3/4)b > 1/2.

Step 2. Coupling for the strong-mixing process Z/;.

For this step, we will use the method of Bernstein sums. Using the notation of \Davidson
(2021, Ch15), the sample (Z7})i=1,..., Will be divided into large blocks of size b,, separated
by small blocks of size l,,. We will set 2m < [, = o(b,) and b, = o(n); r, = [n/b,] is the

Here we use |cov(X,Y)| = |cov(X,Y)|/2|cov(X,Y)[*/? and Cauchy-Schwarz |cov(X,Y)| < || X]2]|Y]|2
if X,Y have mean zero.



number of large blocks. The last block has n — r,b, — (1, — 1)l,, = o(1) observations.
The first large block consists of (Z7, ..., Z;" ), the second (Zi",; \1 4y oy Zop 1 v1k)-
The dependence between the first and second block is given by «([l, — m]) < a(m) — 0,

since the blocks are separated by [, > 2m time periods. For ¢ = 1,...,7r,, let X} =
ibn+(i—1)ly,
t=(i—1)bp+(i—1)ln+1

For each row of X7, say the {-th row, X7} ,, we can apply Theorem 1 in Peligrad (2002)),
to find Xﬂg < Xeiidoveri=1,... 7, such that E|Xﬁ,e—)~(ﬁ7é| < \/mHX%Ab
Being a sum of b, terms with absolutely summable autocovariances (cf. step 1), | X7} ([l2 =
O(v/by). Then, we have E| Y [ X[}, — Xﬂ;z“ < O(rpy/bpa(l, —m)) by the triangle in-
equality on the r, blocks.

The difference ||n7;nke — >t X7 ll2 is of order O(v/n —ryby), as there are n — r,by,

observations in the smaller and last blocks of observations with absolutely summable auto-

Z}'}, denote the partial sum over the i-th large block.

covariances. These inequality holds uniformly in ¢ = 1,...,d(k), so this implies:
E Z X
e—?ﬁx |n Z Ny |]
Tn Tn Tn 1/2
<E +E

1111

Let Xﬁ”‘k =1/nd>", f(l”}{, then:
Vil Zy o — X0l < Op(max(n™2kry\/bua(l, — m), (k/n)"?/n — ryby)),
where (k/n)"?\/n —r,b, = O(\/krul,/n) by construction.

Step 3. Gaussian Approximation. Here, the idea is to apply Yurinskii’s coupling to the
iid sequence Xﬁp see [Pollard| (2002, Ch10) for an introduction. For this, we need a bound
on E|X 'k £|3 this will rely on moment bounds for strong-mixing random variables in Rio
(1999, Ch2). From step 2. we have X/}, < X%, = S0z | where Z3,
are strong-mixing with coefficients «([- — m|*) = «a,, () to simplify notation below. Using

the notation from Rio| (1999), let ay,'(u) = inf{j € N, n(j) < u} = 3272 Tuca,, () for any



€ [0,1]. Rio (1999, Th2.2) impliesf]

E|X7, |1 < 120,82 [ / minfa=!(u ),bn]an(u>dur+12b4bn /0 " minfac! (w), QL (u)du

where @, is the quantile function of | Z}"} ,| and a4, by are universal constants. Take p € {2,4},

we now want to bound:

[ minto bl @t < [ oz @0 Qoo
= [l 10D N

using fo Qm(uw)Pdu = E[|Z], ,JP]. Apply inequality (C.5) in Rio| (1999, p156) to find:

[0 @0 D <2375+ )%

7=0
m—1 oo
=23 [+ D" " a(0) +2) (m+j+ 1"V a())
J=0 j=0
a(0) - o
§2—m(p1+201+m19(p1 -1 19(p1 —l-a—e
dp—1)—1 ( ygo

if a(j) < C(1 + )=+, Take ¥ = 2, since @ > 6 the series on the right-hand-side is
summable. Then we get [ [a;! (u)]?®Ddu < C,,;m*P~, for a constant which depends on

a+ ¢, C' and p. Apply this to the fourth moment bound:
E[|X75 o] < 1204C0 2| 275 o[l4(mba)* + 126:Co 2| 275, o[ dbum® < O(max((mb,)?, bym?)),

and note that |2 ,||s is finite if [e;]l1¢ is finite. Let L7, = Y E[ln2X7 Y] =
O(n=2kr, max[(mb,)?, b;m?]) and V™ = var[n~'/2X71]. By Theorem 6 in Zaitsev| (2013),
there exists ZJ'} % N(0, V™) such that: V| Xm, = 20 ls < Col6[Lm, V4, where 27 =
1/ny 7" 2% so that /nZ ~ N(0,r,/nV,™).

Step 4. Overall Approximation Error. Now, we need to combine the steps to examine

2The bound is only available for even moments 2p with p > 1.



how well \/ﬁzlnk is approximated by the Gaussian vector /n2":
Vil Zug = 20 < VAllZok = Zoill + V0l Zy = X+ Vall X — 27
< Op(max [kl/zm—3/4(b+a ()b Y2R[L + 1, — m] (o2,
(kln/bn)l/z, 1/2p 174 max[ml/zb}/‘l, m3/4]] > ,
using a(j) < (14 7)7@* and r, < n/b,. Set k = n'=% m = 2n'=% b, = n!~% with
1> 6, >0y > 03 >0 and l,, = 2m. The main idea here is to check, given the restrictions on

k,b, and a, whether there are feasible choices of (d5,03) such that the above approximation

error is negligible. For this, we have

Vil Zog = Syl < Vil Zng = Zill + VAl Z g — Xl + vl X — Syl

<0, < max [nl [2-3/A(b+e)=01/243/4b+)02 1 (ate) 2+05/2—01+52(a+2) /2

(= (@r482)+00)/2 ) 1=(1+52),/2 maX[nfag/zL’ nfag/ﬂ > ’

which is a o,([log(n)]~?) if:

51+3(b+5)>1+3(b+5)527 61+a+5>1 a+552+ (53
2 2 2
1
(51+(52>1+53, (51+52+§(53>2

The last row of inequalities implies 1 > ¢; > 09 > 03 > 2/3 and 6; > 1 + 03 — Jo. The
top left inequality is not binding for b + ¢ > 2, and the top right inequality further yields:
91 > [5 — (a + ¢)]/3 which is not binding for a + ¢ > 6. This implies that there is a feasible
solution for which d; > 3/4 > 2/3, i.e. k= o(n'/*), such that /n||Z, i — St llec = 0p(n°)
for some 0 € (0, 1) which depends on (a, b, €). It can be found by minimizing the rates above
with respect to (d1, da, d3) over the feasible set.

The covariance matrix of /nZ, is given by S, = var[n=Y23"1 | Z,;], whereas the
variance of /nZ]" is, by construction, equal to var[n DD Xﬂ] =n"trpvar[X[h] = ST

by independence and equality in distribution. Let X = ;Z’ZJE?_SZZ”HZ._I)% Zy 1., we have:

1Sns = Si%ll < NSn — n” ravar[ X i) || + n ' | var[ X ] — var[ XT3

Starting with the first term on the right-hand-side, standard calculations imply for I'y ; =



E(ZirZi_ ;1)

ba=l, .
Spr —n trpvar[Xi ] = Do + Z - Fky + T, } Tfn (Fk,o + Z bnb—j INRE: F%,j})

j=1
Z J [Ty + T ] (S1)

n —

+

- [Flw‘ +1,] (S2)
j=bn+1

+ [burn/n — 1] (Fkg—l—nz: Fk]+f‘ }) (S3)

Begin with . Recall from step 1 that elements of Z,; corresponding to vec(e,Y; il
are serially uncorrelated. The remaining terms correspond to 3; — i and vech|e.e; —X]. Using
previous calculations, for any j > 1: [|Ty 4[| = [[E(Z x| Fe—j) Z;_j il < NE(Zenl Fei)ll2l| Zekl2-
There are two bounds to compute here: ||E(§;—/i|F;—;)|| < C(145)~ )| ||2 and | E(vech[ese}—
S| Fij)lla < 6d%(1 + j)~@+)3/8||e,|| 16 using Davidson| (2021, Th15.2) with p = 2 and r = 8;

d = dim(e;). Using these two bounds, we find:

e}

1(152)]] < 4[C + 6d2]HetH16HZt,kH2 Z (1 +j)—min((3/8)[a+g],(b+5))
J=bn+1

4[0 + 6d2] HetHwHZt’kH2b71;min((3/8)[a+s},(b+s))
- min((3/8)[a + €], (b+¢)) ’

which is a o(b, 5/4 k'/2) since a,b > 6 and ¢ > 0 by assumption. Since b, > k, this implies
that [|(S2)|| = o(k~3/%). For (S1), using b, < n and the same bounds:

|||| < 46, 4[C + 6 [lexlhsl| Zewlla Y (14 5)! TmmEEEETD) = O 1),

j=1

It is possible to pick b, = o(k~*[log(n)]~°), from the constraints above. For (S3)), recall that
n = b,rn,+ (1, — 1)l +o(1) so that b,r,/n—1= (r, —1)/nl, +o(n™') = O(l,,/b,) + o(n™").
Looking at the feasible values for (41, ds,d3) above, we have 1 — d; < d2 — d3 which implies



ln/b, = o(k~log(n)] %) is feasible, which implies:

|||| < o(k™[log(n Z ITsgll = o(k™*[log(n)] ).

Altogether, we find:
|\ Snk — n_lrnvar(Xi,k)H < op(k'_l/Q[log(n)}_G).

Now, we consider n~"r,|[var[X; x| — var[X7}]|| < 2n~ " r [[E[(Xip — X70)(Xow — XT1)]|| <
a2 | Zyw — Z7 |2l Zew + 215 |2 < O(b k1/2m=3/40+2)) Using the strategy from above, set
by =n'7% k=n'"% and m = n'~%. Using the inequalities d; > 3/4, 65 > 2/3, b+ ¢ > 4,
we get an upper bound d < 61/72, which is within the feasible set so that we can further
set b,,m, such that n='r, ||var[X; ] — var[X;]|| = o,([log(n)]~%). This implies that overall
we have: ||S,,, — Si' || = op([log(n)]~°).

We can write /nZ%, = (S7)/2 2, where Zp ~ N(0,1) and let /nZ, 1 = (Sni) 22y, ~
N (0, S, ) have the desired covariance structure. Now, apply the inequality |5 25| <
151 —S2|*/? and Holder’s inequality to find [|[(S) "2 = (Snk) 4] Zull < 1S~ n,kHI/QHkaHOO,
which is less than [log(n)] || Z,.x/lsc with probability approaching one since ||S), — Syxll =
0,([log(n)]~%). Combine this with Chernoff’s bound:

P(I11(S50)"72 = (Sur) /2 Zull > log(m)] 2 < 2d(k) exp (~[log(n)}?) + o(1) = o(1),

since d(k) = O(k) and log(k) = o([log(n)]?). This implies that [[[(S7%)% = (Spx)*]| Zukl =
0p([log(n)]~2). Combining all the results together, we find: \/n||Z,x— Zn || = 0,([log(n)]~2),
where \/ﬁan ~ N (0, S, k) as desired, which implies the strong approximation result. [

Proof of Theorem For correctly specified models, we have g, = v;(0p; 1) and thus

n

QO k) = > (e (O3 k) = 1(00; %0)) Wi (ye(On; i) — (003 o)) (F.3)

t=1

To simplify notation, define 39?jt(én790;@/)) = fol (%yt(wén + (1 — w)by;¢)dw, for any 1,
and Oy (6; zﬂnk, Uy) = fol gy (0, Wl/;nk + (1 — w)¥g)dw, for any 0. The proof consists of five

steps as follows.
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Step 1. Expansion for each yt(én; @/A)nk) — y4(0o;100). For each t =1,... n, we have:
Y (On; Vo) — 1(00; 1) = Oyt (Oo; Urates Vi) (ke — V1) + OBt (O, 00 ) (B — 60).

Before expanding on |D we express 6, — 6y in terms of @Z;nk — 1. We begin with the

following representation, derived in the proof of Theorem

én—eO:Mn_l[_‘_@_‘_]?

where @ and 1) involve 1/;nk — 1, while only involves us , = y:(0o; ) — G- Let D, =
_% E?:l(u;kwn ® 1)0yGi(00; Vi, i) and E, = —% Y i1 00y (003 Vi) Wi 0yt (00 Ve, Vo).
Then, 6, — 0y = Mn’1 + M YD, + E,](tn, — ). From these expressions, we derive:

Ye(0n; V) — Y2 (003 0) = {06 (003 Vrs) + 00 (O3 V) My M [ Dy + En]} (Whr — )
+ 30t O Do) M, (C) + 96 (803 ) — w003 %0),

where y:(0o; Yr) — yi(0o; 10) = urx because the model is correctly specified.
We now establish an upper bound for to be used subsequently. For t = k +

Lioooyns upy = y(0o; ) — ye(00;v0) = D020 Ae(6o) P(0o; X)[err — ed], where ey, = g —
B S Uy — i = et Sy Wiy — ], Assumption [ implies llog(m)J2(E e, -
erxl?])Y? = o(1), and in combination with Assumption (3| (i), it yields v/n[log(n)]*(E[||u; —
ug i ||?])Y/% = o(1). Thus, for (C)), we have:

@I < 11We = Wllop(1/n) Y 190805 o) loc e | +Jew (1/n) D 1106y (B03 i) loc e
< 1+ 0p(D][op(n~"2[log(n)] %) + Op(kn")] = 0,(n™"2[log(n)] ),

using the Cauchy-Schwarz inequality and the above results. The first t = 1,..., k terms in

each summation have finite moments, contributing O,(k/n) to the average, as in the proofs
of Theorems [1] and [2| where k = o(n'/*). They yield the O,(kn~") on the right hand side.

Step 2. Expanding nQu(0n; tn) t0 shows nQu(0h; i) = 1k — ) Mi(nr — 1) +
0p(1), with M), defined below in equation ([M)).

11



Square and sum the terms from Step 1:

nQn( ns wnk) (wnk - Yﬁk) nk<wnk - wk) (Ql)
+ 2(127% - ¢k)/ Z B;L,th{ath(ém 90; 2Lnk)]\/[nl + ut,k} (Qz)
t=1

+ Z{aeyt On, 003 k) M, + i} Wo{ 06 (O, O0; Vo) M + g} (Q3)

where Bnt - a¢yt(€07 wnku 1/%)‘1‘80%(97” 90a 77Z)nk:) [Dn+E ] and Mn,k = % Zle B;L,thBn,t'
Next, we will show that (Q2) and are negligible. Recall that ||¢nk — Villoo <
O,(+y/log(n)/n) (cf. Lemma' and H.H < 0,(n"Y2[log(n)]~%). For

_2\/_ ¢nk_wk { ZB Wa@yt nta¢nk 1\/_'
+\/_¢nk—¢k{ ZB Wn\/ﬁutk}

The proof of Theorem [2| implies ||+ >, B{Lthﬁggjt(én,Ho;&nk)H = ||E{Opy:(00; ¥x) +
Oy (Oo; Y1) M~ HE[(ug , W @ 1)9yGi(00; k) + oye(00; x) YW Dy (603 i)} + 0p(1). The
expectation on the right hand side is absolutely summable, hence bounded. Thus, for the
first part of , we get: ||v/n(tn, — ?Pk)'{% S Bl Wi (0, 00 U Mn_l\/ﬁH <
0,(+y/Tog(n))o,([log(n)]~2) = o,([log(n)]=2/?). For the second part of (Q2), following the
proof of Theorems [1| and , we have |25 Bl Wov/nugl| = |15 300 [0pye(00; i) +
Aoy (Oo; Vi) M~ HE[(uy , W R T) 0y Gy (0o; Vi) + 0oyt (Bo; Vi) W Oy (B0 1 )|} W /miug 1] |+ 0p(1).
From the expression for 0y, v:(0p;%) in Lemma [B1, the summability conditions in As-
sumption , and the moment condition in Assumption , we have: E[||0g,v:(00;¢x)||] is
bounded uniformly in j > 1 for ¢ = 2r > 8, and E[||0yy:(00; ¢1)[%] < O(k¥4). We have
10y (005 V)W /nug k|| < Awl| 0y (B0 ¥ ) || o | v/ Pt ]| SO that with the Cauchy-Schwarz in-
equality: E[[|0yy:(6o; r) W/nuel]] < O(kY9)o0,(n=“") [log(n)]~2), where k = o(n'/*) by
Assumption . Since Opyi(6o; V) is of fixed dimension, the same holds. Eventually, we get:
Vit = 0 { £ 0, B Wa/ues Y| < O,l/Togmop(llog(n)] ) = o(llog(m)] ).
Overall, we find (Q2) = o,([log(n)]~%?). Following the same steps as for (Q2)), we can show
that H” < o,([log(n)]™2). Overall, we get: nQu(bn; k) = n(thur — Vi) Mg (Y —
V1) + 0,([log(n)]~3/2). The last part of this step is to show M, = M}, + o,([log(n)]~!). This

is similar to the derivations for M, in the proof of Theorem 2| but now the matrix has O(k?)

12



elements instead of a fixed dimension. Write M, ;, as follows:

1 & 5 ) _ )
Mn,k = E Zaw?t(eo; Uk, 7/%) Wnawyt(HOQ wnk,¢k) (Ml)

t=1

I r— 1 En: — 7 / — N N —
+ [Dn + En] Mn ! {E a@yt(9n7 90; wnk) Wnaeyt(ena 90; ¢nk>} Mn 1[Dn + En] (M2)
t=1

+ [Dy + E, )M ? {% Z 3937t(én, Oo; Q/Gnk)/Wnangt(@o; Dk ?/Jk)} (M3)
=1
{ Z&pyt 00; Yk, Vi)' W, 39yt(9n7907¢nk)} D+ By (M4)
=1

Note that M, depends on estimates én,ﬁnk, and ¢, = uﬂﬁnk + (1 — w)tg, while M
depends on the true values 6y and v,. We now show that the former parameter val-
ues can be replaced by the later with a bounded error term. Specifically, for any in-
termediate value v, of Unr and vy, we have, for t > k + 1: davec|0ay:(0;4y)] = 0,
D, vec[0ay, (0; )] = —La®[>" 52 Ae(0o) P(0o; £)], which is bounded; 0., yvecny: (0 )] =
L= U ® | — A¢(o)] Oveenvec[P(o; X)), which is also bounded with probability ap-
proaching 1 since ||1/_)k—1/1k||oo = O,(y/log(n)/n). For any 1 < j, € < k, Dy, vec[Dy,y(6; ¢r)] =
0 and O,z veclo, 10 51)] = — St — i © [Ae(80)Oyuaey P(00: ). Using
(AC)® (BD) = (A® B)(C' @ D) for conformable matrices, we get 0, qq,s), vec[Oy, y: (0 )] =
(= S e — AV A H L2 @0, z]leo, )1}, and thus 9,5y, veclOo, (6 Bl | <
IS le—e—j1 — il [Ae(o) | sups, @ (8;2)]|s0, Which has bounded g-th moment uni-
formly in ¢. The same steps vech[z]ivec[avech[z] y:(0; ¢)]|| also has bounded g¢-th
moment, uniformly in t. Let W, = {¢n, |[Ur — Yrllso < n~?log(n)}. The above results
and [Pisier| (1983)’s inequality imply (E[supg, cw,, 1025:(00; i) [|2]) /7 < O(kY9), as the
number of non-zero derivatives is linear in k. We now apply this upper bound to analyze
the following decomposition for (M1]), which holds with probability approaching 1:

1 n
IQart) — > Ouye(00; i) Wy (B0 i )|

t=1

1 « - _
<2 Wal e = il D { [ sup 020605 ) lo] [ sup 11001 (0o ) o] }-

=1 Vi EVnk VL€V nk

SPisier| (1983): (E[sup,—, . |X;|9)Y¢ < kY4(sup;_,
X1,..., X} with finite g-th moment.

LE[X;]9)Y4 for any random variables

.....
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Among the right hand side terms, |[¢nx — U|oo is Op(n~1/2k=1/2), (E[1|02: (Bo; i) [12]) 2 is
O(k'/9) as we have shown, and (E[||0y:(60; ¥r)||%.]))/7 = O(kY?) using similar derivations
as for 8iyt(90;1ﬂk). Applying these results and the Cauchy-Schwarz inequality, the right-
hand side of the inequality above is O,(n~/2kY2kY21og(n)) = o,(n"*/*log(n)), since k =
o(n'/*) by Assumption. Similar results hold for , , and using the fact that
16,, — 6o|] < n~'/21og(n) with probability approaching 1 (cf. Theorem . These results
imply that replacing ,,, ¥nr, and ¥y = wWibny + (1 — w)1y by their true values 6y,, 1y, and iy,
impacts M,, , by no more than o,(n"**log(n)).

An additional difference between M,,  and M}, is that M, , depends on W, while M
depends on W. Using similar arguments as above, the effect of this substitution is at most
o,(n"*log(n)) because |W, — W| = O,(n~'?). Therefore, we have: M, = M, +
0,(n"*log(n)), with

E

Mg = (1/0) 3 y(B03 Y)W Dy (0o )
+ Dy + En)' M H{(1/n) le Dye(0; Vi)' W Dgye(Bo; ) Y My D + En]
(Do + B M /n) D Boye(Bo; ) W OO D)}
+{(1/n) Z:Zl Dy ye(00; Vi)' W Ogye (003 ) My [ Doy + ).
+ 0,(n"*1og(n)).

5

.c"3
=

=

This imnplies: nQ, (05 vh) = 1t — ) Mo (o — 1) + 0y (og(m)] ).
Now, we derive a law of large numbers for (M1[])-(M4])). We will only consider (M1])) since
the others are similar. For this, we first derive a bound for 9y, y:(6o; ¥x) — 94, v:(0o; Yro), s0

that we eventually can use E[0yy:(8o; ¥ko)' W Opyr(6o; Yro)] to approximate (M1[]). Note that
0,y (0o x) sets g, — fi = 0 for £ < 0, while the latter uses the actual, unobserved, g, — fi for
t < 0. As a result, the latter is stationary. For ¢ > 2k + 1 and any j € {1,...,k}, we have

(B9, 31 (003 1)~ 0,1 B0 Gx) D2 < D15 (00) o 1P (0o ) oo (Bl —e[[2) 2 = o 2),

uniformly in j. Also, (E[||0py:(00; ¥r) — Opyi(00; i) || %)) /2 = o(n=/2kY/2). By the Cauchy-

Schwarz inequality:

1 & 1<
ﬁ Zaqg;yt(@m1/1k),Wa¢yt(90;¢k) = E Za¢yt(80;wk0>,wa¢yt(%;wko)-i-OP(n_l/zk) _ Op(n_1/4).
t=1 t=1
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For any m > 2k, let F}_,, be the o-field generated by (e, ..., e;,). We have:

05,91 (B0; Vro) — B0,y (Bo; Yro) | F7 ] = D Ae(00) P(00; 2) Y Adler—omjs — Bler—oj el F{_)],
=0 s=0

for any j € {1,...,k}, where [e;—s—j—r — E(e;—s—j—¢|F{_,,)] = 0 for all s+ j + ¢ < m. Since

m > 2k and j < k, this representation holds for all j +¢ < m — k with m — k > k — oc.

Using this representation, an upper bound can be derived as:

<E[\|a¢]yt<eo;wko>— E [0,y (00; ro) [ Fi_, 1)

[e.e]

< ||P(6g; S HOOZ{HANo o > I} leellq
s=(m—k)—¢
[(m—k)/2] 0 00 )
< ||P(60; S Hoo{ Z {11 (60) IIOOZHA Ik 3 MGt Y IR} Hlelle
s=k—{ (=[(m—k)/2]+1 s=(m—k)—{
< A 00) o Cl(m—k) /2]~ 0+ <5 s e Cllm—k) /2= 0+

which is a O(m~+9)) < O(k~®+9). Similar derivations apply to 0;y:(6o; ¥ro) and 9, 194005 ¥ro)-
Altogether, we get: (E[||0py:(0o; ¥ro) — E[Ouwy: (0o; Yro) | FL, 1LV < O(k~®+)+1/a). Using
Cauchy-Schwarz inequality, we find:

M) = (1/n) Z;l E[0yy1(00; Yro) [ F{— ) WE[Dyy: (003 Yo ) | F ] + Op(l{il_(b+€)),

and O, (k'~®+9)) = o,([log(n)]72) since b > 2 and [log(n)]?/k = o(1). Because e, are strong-
mixing with coefficients a(-), and By, = E[0yy:(00; Yro) | Fi_) WE[Opy: (0o; Vo) | Fi_,] is a
function of (ey, ..., €;_,), it is mixing with coefficients a([- —m]| "), where [j —m]t = max(j—
m, 0). For any scalar element ¢, we can bound its autocovariances as: |cov(B ¢, Bi—sme)| <
6a([s—m] ) Y27V By ollpl Bemoellr, using [Davidson| (2021, Cor15.3). Since By, ¢ has q/2
finite moments, we can set p = r = 4 in the above inequality. Note that || B ,.¢||l4 is bounded

uniformly in ¢, m, k. Apply Chebyshev’s inequality:

n n—1
1 var( By,
ar (E Z Bt,m,g> S —( nt : + — Z |COV Btméy Bt sm€>|
t=1 s=1
n—1
var( By, m 12
< var(Btm.e) + —120(0)Y2 + = Z a(s —m)Y?||Bymill3 < O(k/n),
n n s=m+1

where the last inequality holds because var(B;,,¢) is finite and, because e; is strong-mixing
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with size —a where a > 2, the a(s)'/? are summable over s > 1. Since B, has a O(k?)
elements, we get: |23 | B — E(Byn)|loo < Op(k3?n72) = 0,([log(n)]~2). This implies

AL = E{E[Dyy:(00: ¥ro) | Fi ) WE[Dyy (005 Yro) [ F7—]} + 0p([log(n)]72).
The right hand side satisfies:

IE{E[Dyy: (0 Yro) | Fi ] WE[Dyy1(00; ro) | F7 ]} — ElOyye (605 Yio) W Dye (Bo; toro)] |
< NE{I(Ope(00; ¥ro) — ElDypye (0o o) I F_m]) W (Ope (003 o) + E[Dy e (6o; o)) I}
< MO (k=T O(K2) = o(k~1/2) = o([log(n)] ~2).

Putting everything together, we find the desired result:
(ML) = E[Dyy:(00; ¥ro) W Dyye(Bo; ¥ro)] + 0p([log(n)]~2).

Similar derivations apply to (M2[), (M3[]), (M4]]) so that we have:

nQn(ém ﬁnk) = n(&nk - wkyMk(lﬁnk —x) + Op([log(n)]fl),

where M} equals
E | (0yy:(00; ¥ro) + Baye (003 b ) M~ J1) W (0yye (03 o) + Baye(Bo; i) M1 J) |, (M)

with J, = Dy + Ey, Dy = —E[(uiW ® I)0yGi(6p;Yro)] = 0, since u; = 0, and Ey =
—E[0gy:(00; Yro) W O0py: (0o Vo)

Step 3. Further expanding nQ,(0,;v¥n) to obtain: nQ,(0n; Yu) = 12, My Zyy +
op(1), with Z,, = 1/n> 1| Zy, for Z;, defined in Theorem .

In this step, the goal is to replace (ﬁnk — 1) with Z, in the final approximation of
nQn(ém @Z;nk) in step 2. The main difference with the proof of Theorem , which relied on
existing results, is that we need more refined result regarding the order of the difference
(1/3% — 1) — Zpg. For ji, and Vech(ink) this is immediate, so the main focus is on the

autoregressive coefficients:
(le, S ¢k) - (¢17 ceey ¢k) - (1/71) Zt:l vec [et,k?tl—l,nkfr:kl )

where Y/;‘/fl,nk = ((gt—l - [Ln)la SRR (gtfk - ﬂn)/y and f‘nk = (1/”) Zzb:l }z*l’nkﬁl—lv”k'
Let Y;_1 and 'y be the same as Y;_; ,,; and I',;, but with f replacing fi,. We want to
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show that the fft_lmk, fnk, and e, ;, in the above displayed expression can be replaced by ?}_M,
[k, and e, with negligible error. To this end, note that ||§~/;_1,nk — ﬁ_l,kHoo = ||fin — fif|oo =
O,(n~1/2) since §; is NED in Ly-norm with appropriate size. Likewise, for 1, = (1,...,1)
of size k: Top = T + [1/n X0, Yioya)[(fin — 1) @ 14)' so that [|Tor — Tillee = Op(n7Y).
Also, using similar projection and mixing arguments as in step 2, we can show that for
m—k > k we have ||y —Tillse < Op(k(m/n)"/2)+0,(km~+9)) since it has O(k?) elements,
all with finite ¢/4 > 4 moments. Then, using an inequality between operator and sup-
norm ITs — Dillop < Op(k2(m/n)'/?) + O, (k*m~ ) = o,([log(n)]~2) by setting m = 2k
and using the Assumptions. Apply Weyl’s inequality (Horn and Johnson, (1991, Th3.3.16):
Amnin (Do) = Auin (Tx) = [Tk = Trllop = Amin(Tx) — 0p([log(n)]~2). This means that |7},
is bounded with probability approaching one.

Using this results, we can examine the effects of the substitutions. When substitut-
ing Y;_1nx for Yi_y 4, we have: DI et7k1~/;’_17nkf’;,€1 =3, et,kﬁ/_ka‘;kl + O,(n™") since
S e =130 e+ 0,(n7 %) = O,(n~"/?), using previous derivations and the strong-
mixing properties of e;. Next, for t > &+ 1. |leqr — edll, < D700 1%llopllge — Allp, =
op([nk] /2 Log(n) 2) since Vik 532, W5y = op((log()]2). Also, (E[|¥i142)Y? <
O(k'/?) = o(n'/1%/log(n)). Thus, when substituting e, for e;, we have: 1 30 e, ¥/ | Tl =
LS eV El oy (/%) 4o, (K2 k] 2 [log(n)] %) = oy(n~"[log(n)] 2). The o,(n~7/%)
term is due to the summation from ¢ = 1 to k. Finally, we substitute f’;kl for F,:l. Using
projection arguments as above: [|2 377 e,V | [l < Op(kY2(1/0)2) + O, (k/2m~=t+9).
It is possible here to replace the (m/n) term with 1/n because of a martingale property
E(etf@_l,ﬂ}}_l) = 0, so that the autocovariances, even after projection, are zero. Recall
that T} — It = D20 — Dl = 0,02(m/m)2) + Oy(km~#+) since T3}l <
IT% Hlop+0p(1) = Op(1). Thus: % i1 et{/t,—mf;li - % i1 etfftl—l,kf/;l = O, (K**m'/? [n) +
O, (k*?m~=+9)). Pick m = max(2k, n*/*[log(n)]™) = o(n'/*) to find k°/2m/2 /n. = o(n="/1%[log(n)] %)
and k5/2m~0t) = o(n=191[log(n)] %) for b > 6. Altogether, we get: +/n||(Vn — Ur) —
Znilloo = 0p([log(n)]?).

Next, show that (My)g>1 is a sequence of bounded operators, i.e. |[[Mll, < ¢ for
all & > 1. We will focus on , as the derivations for the others are similar. The
elements of E[0yy:(0o; ko) W Opye(00; ko)) take the form E[y,y:(00; Yro)' W Oy, y: (00; Yro)]
or involve derivatives with respect to ji or vech[¥]]. For ¢ < j, apply the law of iter-
ated expectations against the filtration F,_;. We get: E[04,y:(60; ¥ro) W 0y, y:(00; Yro)] =
E[E[0s,4:(00; Yro) | Fi—jI'WOg,y:(00; ¥ro)]. Repeating the derivations from the proof of The-

4For a matrix A of size d x d, ||A|lop < d||Allco; here d = O(k)
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orem [2 to bound ||E[0y,v:(00; ¥ro)|Fi—;]||2 and applying the Cauchy-Schwarz inequality, we
get: [|E[0,y¢(00; Yro)'W Oy, ye (00; o) || < Car(1+ |€ —7)~®+2) for some constant C'; which
does not depend on k. Since b > 2, these upper bounds are absolutely summable over ¢, the

sum is bounded over j - and vice-versa. By Schur’s Lemma (Jaffard, (1990, Lem1), this im-

Car S5 (1 + 1¢])~®+2). Similar bounds apply to the other derivatives, and as a result,

l=—00

| Mk||op is uniformly bounded. Now we have:

(W0 — V) Mi(thy — k) — 12y, MiZye] = n|([Yn — V1] — Zok) Mi([n — i) + Zo)|
< TLHW}n — ] — 7n,k||oo||Mk||op[||¢}n — )l 4 | Zs ]
< Op([log(n)]_Q)Op( klog(n)) = op(k»l/?[log(n)]—:a/z)’

where the last inequality holds because \/n||Z, x|l = O,(k'/?), each element having finite
and bounded second moment, and /72|t — || < O(k"2)||1)y — ¥p |0 using an inequality

between the ¢y and ¢, norms. This allows to conclude this step with:
1Qu(OuiBui) = 2, My + 0, (K ?log(m)] 7).

Step 4. Obtaining the strong Approximation: ni;’kMkZLk =nZ  MpZ, + op(1),
for some /nZ,  ~ N(0,Sux)-

In Lemma we constructed a normally distributed random vector Z,; such that:
Vil Zng — Zokll = 0p([log(n)]=2). Given that the elements of \/nZ,; and /nZ,; have
finite second moments, we also have: /|| Z .k + Znklleo < Op(k/?), using Pisier’s inequality.

Now, using Holder’s inequality, we find:

0 Z,  MiZpge — 020 M2kl = Wil Zog — Zup Mi/n[Zy i + 20|
S \/ﬁ”in,k - Zn,kH X HMk\/ﬁ[Zn,k + Zn,k]”oo
= 0,(k"*[log(n)] ),

since ||My||s is uniformly bounded in k. Now we can conclude that: nQy(0,; ) =
VnZ,  Min/n 2, + op(k'?[log(n)]=72).
Step 5. Validating the rejection rate.

It is possible to re-write the leading terms in the preceding equation as follows (Buckley
and Eagleson| (1988, p152): nZ , M2, = Zj(:kl) )\j(Srll{,?MkS}Z’/z)Wj, where (W1, ..., Wyw))
are iid x? distributed and )\J(Si/,kaSi/kz) are the eigenvalues of Si/,kaSi/lf, with d(k) =
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dim(yy). Then, we have E[nZ,  MyZ.i] = NS00 N(SYEMLS))?) = trace(S, M) and
var[nZ) My Z, x| = Zd(k )\2( TlL/,fM Si/,f) = 3trace([SnxMi]?). Both S, and M have
eigenvalues bounded above by Schur’s Lemma. This implies that the two traces are at

most O(k). If, in addition, trace(S, M) > O(k) and trace([S, xMy]?) > O(k) then the
Paley—Zygmund inequality implies:

k1/2 ? [trace (S, 1 Mjy)]?
P(nZ, MpZne > k) > [1— ok Tk
(n nk Mk Znk = )_ ( trace(Sn,kMk)) 3trace([Sy s Mg|?) + [trace(S,, x Mj)]?
1
>(1-0k V) —— —1_o(1

as m — oo so that the o,(k*/?[log(n)]~%/2) term is negligible. We can write:
(nQn( i) > (1 — a)) =P (nZ, MiZns > canl(l — ) + 0p(cas(l — ) = a + o(1),
which concludes the proof. O

Lemma F3. Suppose the conditions for Theorem|[3 are satisfied but the model is misspecified,
i.e. for 6y defined in Theorem Q(0o;10) > 0, then: lim,,_,o P (nQn( n,@bnk) > cp )) =

1, where ¢, ), is defined in Theorem @

Proof of Lemma Under a fixed alternative, @, ( n,@bnk) Q(0o; o) > 0 by uni-

form convergence, derived in the proof of Theorem [I] Derivations in the proof of The-
orem [ imply nZ;, MyZ,i < Oy(k) = 0,(n) s0 that P (nQu(f; o) > crs(l - ) =
P (Qn(én; i) > op(1)> — 1. This is the desired result. O

Appendix G Additional Details for Section

The auxiliary model used for the OTF is given by:
U = 0o + 01t + 09 cos(2mt/n) + - - 4 5 cos(2mdt/n) + ey M = p17—1 + -+ Pafi—a + €.

The model is estimated in two steps, first the data is de-trended using OLS. Then an AR(4)
is fitted to the residuals 7, using OLS. The residuals é; are then used in Algorithm [2 The

model is then estimated by minimizing the loss @),, as described in the main text.
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Appendix H Pen & Pencil Example: M A Processes

This Appendix illustrates OT estimation for a tractable MA process. The model and data

generating process are given by:
Ye=p+&+ N1, Y=+ e+ ijl 5\jet—j,

where & ~ (0,0%) and e; ~ (0,5%) are serially uncorrelated. The transportation matrix
P = 0/& is the ratio of the two standard deviations, and the coupling is given by ¥y, =

i+ Pe, + PA\e;_1. Let 0 = (u, A1, 0). Since the shocks are serially uncorrelated, we have:
QU vo) = B(lu(6) — ) = i — P + 5%11 = o /o7 + 51 — o fon [+ 37 2,

which is minimized at 6y = (&, A 7). Therefore, the transportation maintains the mean of
the series, its first-order covariance, and the standard deviation of the shocks.

More generally, if the model for y; is MA(q) with ¢ > 1: y, = p+ & + 25:1 Aj&i—j, then
O = (i, M1, ..oy Agy0) = (I, A1, . .., Ag, ) matches the mean and the first ¢ MA coefficients.
In particular, if the true DGP is an AR(1) with AR coefficient g, then its MA coefficients

satisfy S\j = p’ for each j; y;, captures the impulse response of 7, at horizons h =1 to h = q.

Appendix I Additional Details for Section

I.1 Small New-Keynesian Model

Data. Estimation and testing in Section|7.1|use linearly detrended US log GDP, annualized
inflation, and interest rates for the period 1960Q1-2007Q4.

I.2  Smets-Wouters Model

Data. We use US data from the same sample period of 1960:1-2007:1V as above.

1.3 Affine Term Structure Model

Data. Estimation relies on monthly data for 6 zero-coupon bond yields, with maturities
of 1 month and 1-5 years. The bond yields (1-5 years) are obtained from the Fama CRSP
zero-coupon files, and the 1-month yields come from the Fama CRSP Treasury Bill files.
The sample period is from December 1952 to December 2000, as in |Ang and Piazzesi (2003)).
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Table I1: LS Model Parameter Interpretation and Prior Weights.

Determinacy Regime Indeterminacy Regime
0 P . Prior Distribution Prior Distribution
arameter Interpretation Bounds |peNsSITY MEAN sp || Bounds |pgENSITY MEAN  SD
71 risk aversion [1,10] | Gamma 2.00 0.50| [1,10] | Gamma 2.00 0.50
r*  steady-state real interest rate|  [1, 4] Gamma 2.00 1.00|| [1,4] | Gamma 2.00 1.00
% Phillips curve slope 0.1, 1 Gamma 0.50 0.20/| [0.1, 1] | Gamma 0.50 0.20
w1 inflation target 1.1, 5 Gamma 1.10 0.50|| [0.1,0.9] | Gamma 1.10 0.50
g output target [0,0.99] | Gamma 0.25 0.13|| [0.01,5] | Gamma 0.25 0.13
pr interest rate smoothing [0.01,0.9]| Beta 0.50 0.20|| [0.01,0.9]| Beta 0.50 0.20
pg exog spending AR [0.01, 0.99]| Beta 0.70 0.10] [0.01,0.99]] Beta 0.70 0.10
p- technology shock AR [0.01, 0.99]| Beta 0.70 0.10/ [0.01,0.99]] Beta  0.70 0.10
o, monetary policy shock SD 0.01, 3] | IGamma 0.31 0.16|| [0.01, 3] | IGamma 0.31 0.16
o4 exog spending SD 0.01, 3] | IGamma 0.38 0.20|| [0.01, 3] | IGamma 0.38 0.20
o, technology shock SD [0.01, 3] | IGamma 1.00 0.52|| [0.01, 3] | IGamma 1.00 0.52
pg- exog spending-technology cor| [-0.9, -0.9]| Normal 0.00 0.40| [-0.9, -0.9]] Normal 0.00 0.40
M, sunspot-monetary coef — — — - -3,3 Normal 0.00 1.00
My, sunspot-exog spending coef - - - - -3,3 Normal 0.00 1.00
M,. sunspot-technology coef - - - - -3,3] Normal 0.00 1.00
oe  sunspot shock SD - - - - [0.01,3] | IGamma 0.25 0.13
m*  steady-state inflation [2,10] | Gamma 4.00 2.00]| [2,10] | Gamma 4.00 2.00
Legend: The prior follows Prior 1 specification of [Lubik and Schorfheide| (2004).
Table 12: LS Model: Parameter Estimates, Specification Test (k = 2 lags)
. Determinacy Indeterminacy Determinacy
Parameter Estimates (Full Sample) (Pre-Volcker) (Post-Volcker)
[4 Parameter Interpretation EST SD. SD, | EST SD. SD, | EST SD. SDy
-1 risk aversion 245 3.86 193] 1.25 2.06 0.63| 1.40 1.08 2.13
r*  steady state real interest rate | 1.86 0.23 0.30| 0.98 0.58 0.48 | 2.44 0.59 4.91
K Phillips curve slope 0.49 0.73 041 0.58 2.07 0.30| 0.46 0.49 46.68
11 inflation target 1.21 0.20 0.42] 0.67 0.09 0.13| 1.73 0.64 70.25
1o output target 0.15 0.71 0.76| 0.15 0.67 0.16| 0.18 1.45 192.48
pr  interest rate smoothing 0.66 0.07 0.22]| 043 0.18 0.15| 0.73 0.10 1.77
pg  exog spending AR 0.88 0.05 0.03]0.72 0.37 0.11] 0.91 0.06 0.79
p»  technology shock AR 0.82 0.05 0.03]0.79 0.11 0.11] 0.83 0.05 0.33
o,  monetary policy shock SD 0.28 0.05 0.05| 0.23 0.07 0.06| 0.26 0.07 16.21
o4  exog spending gD 0.16 0.04 0.05|0.29 0.87 0.16| 0.19 0.09 0.56
o, technology shock SD 1.33 0.27 0.18] 1.07 0.52 0.29| 0.91 0.21 941
pg> exog spending-technology cor | 0.90 0.26 0.16 | 0.10 1.83 0.75| 0.33 0.62 15.67
M, sunspot-monetary coef - - - 1042 140 0.76| - - -
M, sunspot-exog spending coef - - - |-1.77 420 0.96| - - -
MZE sunspot-technology coef — — - 10.67 0.81 0.19| - — —
O sunspot shock SD - - - 1009 323 0.85| - - -
7  steady state inflation 4.04 0.62 0.61)|5.11 1.69 1.50] 3.79 0.74 1.13
Specification Test SsTAT 10% 5% [staT 10% 5% [stat 10% 5%
All 121.6 66.5 89.7[58.2 63.6 97.0[ 69.4 89.0 127.0
Output 65.5 45.6 63.4]43.7 30.5 47.8]137.3 67.3 98.6
Inflation 33.1 122 156| 7.0 21.4 32.7|12.8 12.7 16.6
Interest Rate 23.1 122 16.7| 7.6 14.1 22.0| 19.3 15.8 22.7

Legend: EST: parameter estimates 0,.. sD.: standard errors assuming correct model specification. SD,:
misspecification-robust standard errors. STAT: nQ, (én, 1/3%) 10%, 5%: critical values for specification test
at corresponding significance levels. All: specification test on all variables. Output, Inflation, Interest Rate:
specification test on individual variables. n = 192,78, 114 for the full, pre and post-Volcker samples.
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Table I13: SW Model: parameters, bounds, and prior distribution

Prior Distribution

@ Parameter Interpretation Bounds DENSITY MEAN SD
pga Corr.: tech. and exog. spending shocks [0.01, 2] | Normal 0.50 0.25
iy Wage mark-up shock MA [0.01,0.99]| Beta  0.50 0.20
tp Price mark-up shock MA [0.01, 0.99]| Beta  0.50 0.20
«  Share of capital in production [0.01, 1] | Normal 0.30 0.05
v Elast. of capital utilization adjustment cost| [0.01, 1] Beta  0.50 0.15
¢ Investment adjustment cost [3,15] Normal 4.00 1.50
o. Elast. of inertemporal substitution 1, 3] Normal 1.50 0.38
A Habit persistence [0.001, 0.99]] Beta  0.70 0.10
¢p Fixed costs in production 1, 3] Normal 1.25 0.13
Lw Wage indexation [0.01,0.99]| Beta 0.50 0.15
&  Wage stickiness [0.5, 0.95] Beta  0.50 0.10
tp  Price indexation [0.01,0.99]| Beta  0.50 0.15
& Price stickiness [0.1, 0.95] Beta  0.50 0.10
o; Labor supply elasticity [1, 10] Normal 2.00 0.75
rr Taylor rule: inflation weight 1, 3] Normal 1.50 0.25
ray Taylor rule: output gap change weight 0.001, 0.5] | Normal 0.13 0.05
ry  Taylor rule: output gap weight 0.001, 0.5] | Normal 0.13 0.05
p  Taylor rule: interest rate smoothing 0.5, 0.975 Beta 0.75 0.10
pa Productivity shock AR 0.01, 0.99 Beta  0.50 0.20
pp  Risk premium shock AR 0.01, 0.99 Beta 0.50 0.20
pg Exogenous spending shock AR 0.01, 0.99 Beta  0.50 0.20
pi  Investment shock AR 0.01, 0.99 Beta  0.50 0.20
pr  Monetary policy shock AR 0.01, 0.99 Beta  0.50 0.20
pp Price mark-up shock AR 0.01, 0.99 Beta  0.50 0.20
pw  Wage mark-up shock AR [0.001, 0.99]] Beta  0.50 0.20
0, Productivity shock std. dev. [0.01, 3] |IGamma 0.10 2.00
op Risk premium shock std. dev. [0.025, 5] | IGamma 0.10 2.00
o4 Exogenous spending shock std. dev. [0.01, 3] |IGamma 0.10 2.00
o; Investment shock std. dev. [0.01, 3] |IGamma 0.10 2.00
o, Monetary policy shock std. dev. [0.01, 3] |IGamma 0.10 2.00
op Price mark-up shock std. dev. [0.01, 3] |IGamma 0.10 2.00
ow Wage mark-up shock std. dev. [0.01, 3] |IGamma 0.10 2.00
7 Trend growth: real GDP, Infl., Wages [0.1, 0.8 Normal 0.40 0.10
r  Discount rate [0.01, 2] | Gamma 0.25 0.10
7  Steady state inflation rate [0.1, 2] | Gamma 0.62 0.10
[ Steady state hours worked [-10,10] Normal 0.00 2.00

Legend: Prior distributions are taken from (Smets and Wouters| (2007)) Dynare code.
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Table 14: SW: Estimates, Rejection Rates (Monte Carlo)

§  TRUE|[MEAN STD|REJ. REJ,|LEN,. LEN,
Pga 0.58 || 0.49 0.17/0.07 0.01]0.94 2.31
e 0.90 || 0.75 0.11]0.07 0.02]0.37 1.05
pup 0.82] 0.68 0.11{0.01 0.000.78 2.80
Q 0.23 || 0.24 0.02]/0.02 0.00(0.11 0.31
P 0.50 || 0.36 0.14]0.12 0.01|0.85 2.84
%) 6.15 || 4.80 1.09|/0.11 0.01|8.03 19.52
o. 1.511] 1.34 0.13|0.17 0.01]0.75 2.88
A 0.71 ]| 0.69 0.07/0.03 0.00|0.32 1.37
¢p 167 1.44 0.07/0.17 0.03|0.64 1.24
tw 0.53 1] 0.60 0.12/0.00 0.00|1.31 2.87
&w 078 )] 0.68 0.09/0.10 0.01]0.44 1.50
tp 026 ] 035 0.12/0.05 0.00{0.79 2.90
& 0.68 | 0.66 0.07/0.03 0.01]0.30 0.87
oy 2271 1.52 0.46]0.04 0.00|4.67 17.77
rr 2.04 | 1.71 0.18/0.11 0.01]1.53 2.80
ray 0.21] 0.17 0.03/0.03 0.00|0.24 0.69
ry 0.10 ]| 0.08 0.03/0.10 0.01|0.18 0.43
P 0.83 || 0.76 0.06]/0.04 0.00|0.28 0.65
pe 0971 0.93 0.09/0.04 0.01{0.07 0.36
pp 0281 0.37 0.14/0.12 0.01|{0.43 1.10
pg 097 083 0.14/0.24 0.04|0.30 0.84
pi 0.70 || 0.68 0.08]/0.07 0.03]0.34 0.55
pr 0171 0.38 0.17/0.18 0.04|{0.83 1.33
pp 096 | 0.94 0.04/0.01 0.030.12 0.26
pw 096 | 0.89 0.10/0.00 0.01|0.18 0.33
o, 0.46 1] 0.40 0.12]/0.21 0.06|0.35 0.71
op, 0.23 1 0.17 0.04|/0.53 0.07]0.11 0.29

og 050 ] 0.37 0.06/0.71 0.20|0.16 0.46
o; 041 0.37 0.07/0.20 0.04|0.23 0.34
or 0221 0.15 0.04/0.48 0.13|0.14 0.27
op 0.12 ] 0.09 0.02/0.14 0.02|0.11 0.29
ow 029 0.25 0.03/0.28 0.02]0.13 0.30

0.45 || 0.44 0.03/0.34 0.05]0.06 0.13
0.12 || 0.22 0.07/0.06 0.01]0.43 1.30
0.69 || 0.67 0.18/0.17 0.13]0.62 0.69

1.35 || 1.39 1.02|/0.17 0.13]3.06 3.64

~1y 3 2

Legend: n = 192, k = 4, 200 Monte Carlo replications. Rejection rates for specification test (5% level):
0.02 for all variables, and 0.31,0.10,0.15,0.02,0.02,0.06, and 0.04, respectively
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Table I5: SW: Estimates, Standard Errors under Stochastic Singularity

6 shocks 5 shocks 4 shocks
EST SD; SD, || EST SD; SD, || EST SD; SD,
pga | 0.45 0.24 270/ 0.47 0.18 0.25[/0.50 0.12 0.17
e |0.62 0.38 1.33| — — — - - -
pp 1098 0.06 091081 0.15 0.26 | - - -
« 0.25 0.03 0.11[0.29 0.03 0.0910.28 0.02 0.23
¥ 10.63 0.31 0.80(0.45 0.35 0.37]/0.34 0.35 0.26
% 3.00 1.39 7.25(/3.96 4.98 7.07| 3.85 3.68 7.71
o. |1.37 0.28 2.16(/1.00 0.02 0.05(1.00 0.04 0.04
A 0.36 0.10 1.270.99 0.01 0.01(0.99 0.02 0.01
¢p |1.55 0.23 0.52|]1.39 0.20 0.73 | 1.32 0.13 1.48
tw 1074 0.22 1.281(0.44 0.20 1.69(/0.61 0.22 0.96
&w 10.83 0.23 0.23]0.50 0.13 0.40 | 0.50 0.10 0.29
tp 10.20 0.15 1.98]0.41 0.20 0.79|[0.27 0.11 0.55
& 10.61 0.09 0.65(0.54 0.12 0.41( 0.35 0.09 0.92
o; |1.00 3.27 548 1.00 1.61 3.42|1.00 2.34 2.92
r. | 1.72 1.03 0.53| 1.87 0.87 0.68 | 1.87 0.73 1.23
ray [0.12 0.08 0.62]0.15 0.15 0.41[0.15 0.35 0.78
ry [0.12 0.13 0.06 | 0.11 0.16 0.51]0.12 0.51 1.01
p 0.89 0.09 0.270.74 0.12 0.191(/0.73 0.15 0.24
pa | 0.87 0.06 0.88(0.99 0.01 0.01([{0.99 0.01 0.04

pg |0.82 0.09 0.41(0.95 0.04 0.04| 0.94 0.04 0.07
pi (053 0.11 0.28]0.70 0.14 0.18 || 0.68 0.13 0.15
pr [0.61 0.16 1.56(]0.95 0.04 0.050.95 0.04 0.03
pp |0.80 0.13 2.12|/0.97 0.04 0.05| - -
pw [0.94 0.08 0.07| - - - - - -
o, [0.36 0.06 0.40(0.42 0.07 0.19 || 0.47 0.07 0.32

Op - - — - - - - - -
o4 10.35 0.03 0.08[0.41 0.05 0.08] 0.40 0.05 0.10
o; 10.38 0.07 0.240.38 0.07 0.10]]0.41 0.06 0.11
or |0.07 0.03 0.470.06 0.05 0.05|0.06 0.04 0.07
op 10.23 0.03 0.22/0.13 0.02 0.13| - - -
ow |0.04 0.04 0.12] - - - - - -
ol 0.45 0.01 0.05(0.46 0.02 0.041{0.46 0.02 0.05
r 0.12 0.13 091 0.21 0.08 0.121/0.22 0.08 0.13
T 10.78 0.26 0.24]/0.85 0.25 0.26 ] 0.84 0.23 0.25
l 0.21 0.89 090 0.62 0.91 1.03|/0.58 0.85 1.39

Legend: The following shocks, and their associated parameters, are suppressed in the following order: risk
premium (py, 03), wage markup (thw, Pw,0w), and price markup (pp, pp, op)-
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Table 16: SW model: Properties of Filtered Shock Processes

(a) Cross Correlation Between Shock Processes

TRUE

TFP Risk Spending Investment Monetary Price Wage
TFP 1.00
Risk 0.00 1.00
Spending 0.37 0.00 1.00
Investment 0.00 0.00 0.00 1.00
Monetary 0.00 0.00 0.00 0.00 1.00
Price 0.00 0.00 0.00 0.00 0.00 1.00
Wage 0.00 0.00 0.00 0.00 0.00 0.00 1.00

KALMAN FILTER

TFP Risk Spending Investment Monetary Price Wage
TFP 1.00
Risk -0.48 1.00
Spending 0.58 -0.35 1.00
Investment 0.16 -0.11 0.08 1.00
Monetary 0.03 0.28 -0.00 0.40 1.00
Price -0.04 -0.08 -0.17 0.27 0.20 1.00
Wage 0.19 -0.09 0.17 0.14 0.00 -0.02 1.00

OT FILTER

TFP Risk Spending Investment Monetary Price Wage
TFP 1.00
Risk 0.07 1.00
Spending 0.41 0.05 1.00
Investment -0.12 0.03 -0.05 1.00
Monetary -0.00 0.03 0.03 -0.01 1.00
Price -0.02 0.04 -0.06 -0.00 -0.05 1.00
Wage 0.12 -0.01 0.08 -0.01 -0.00 -0.01 1.00

(b) First-Order Autocorrelation of Shock Processes

TFP Risk Spending Investment Monetary Price Wage
TRUE 0.94 0.68 0.86 0.47 0.47 0.42 0.04
KALMAN FILTER] 0.97 0.62 0.97 0.83 0.09 -0.04 0.00
OT FILTER 0.91 0.66 0.84 0.45 0.49 0.29 0.05

Legend: Panel (a) presents pairwise sample and model-implied (TRUE) correlations among the 7 shock
processes. The first 5 processes are AR(1) and the remaining 2 are ARMA(1,1). Panel (b) sample and
model-implied (TRUE) first-order autocorrelations of the seven filtered shocks.
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