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Abstract

In macroeconomic models with dispersed information, agents have an incentive to
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This paper revisits the model of Townsend (1983) to characterize how this mechanism
affects the equilibrium dynamics. The first part of the paper simplifies, revises, and
extends past results about situations when prices are fully revealing. The second part
explains that full revelation does not occur in the original model and proves that
the equilibrium state vector is infinite-dimensional. It also provides a new numerical
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1 Introduction

When agents have heterogeneous and imperfect information about the state of the econ-
omy, they each have an incentive to learn from their observations of endogenous aggregate
variables. But because these aggregates themselves depend on the forecasts of other agents,
learning from them requires each agent to forecast the forecasts of others. This mechanism
has proven to be both interesting and challenging for economists to incorporate into their
models. Interesting both because it can alter the way that fundamental shocks propagate
through the economy and because it opens the door for non-fundamental shocks to expecta-
tions to have real consequences, but challenging because it introduces technical difficulties
for standard solution procedures. In the existing literature, the model of Townsend (1983)
has played an important role as an early dynamic formalization of this mechanism, and as a
laboratory in which to explore its implications.

The purpose of this paper is to revisit the Townsend model to simplify, revise, and extend
existing theoretical results about it in the large (and growing) subsequent literature. The
first part of the paper shows that the aggregate price index can reveal so much information
about the state of the economy that uncertainty about other firms’ forecasts plays no role
in affecting the equilibrium dynamics. Existing proofs of this result appear in the literature,
but with disadvantages, in that they are either less general, unnecessarily roundabout, or
incorrect. Furthermore, this part proves that the revealing equilibrium is unique, which
is more difficult to establish, and has so far proven elusive. It then describes how this
collection of results extends to perturbed versions of the baseline model, including versions
with persistent idiosyncratic shocks and structural heterogeneity across sectors.

The second part of the paper discusses the version of the model originally analyzed
by Townsend, in which observations of the aggregate price index are not perfect, but are
contaminated by independent noise. The main contribution in this part is an impossibility
result, which says that it is impossible to represent the equilibrium dynamics with a finite
number of state variables. An equivalent way to say this is that, even though the endogenous
processes are all stationary in equilibrium, they do not have autoregressive moving average
(ARMA) representations. This formally confirms Townsend’s original conjecture that the
infinite regress of higher-order beliefs in this model leads to an infinite state problem, despite
evidence to the contrary from the existing literature.

The fact that the state is infinite-dimensional poses a challenge for using standard Kalman
filtering formulas to compute the equilibrium, and this paper presents a new numerical pro-
cedure to compute the equilibrium in models of this type by iterating on the equilibrium

fixed-point equation in the frequency domain. This procedure is used to compare the pre-



dictions of the model with and without learning from endogenous variables in a numerical
example. This example shows that a natural modification of the Townsend model in which
firms receive a noisy signal of the exogenous aggregate demand shock instead of the endoge-
nous aggregate price index makes very similar predictions, while avoiding the complications
that arise from having an endogenous signal. Of course, this finding is model-specific, and
the additional discipline and different counterfactual predictions of the endogenous signal
model are still reasons why one might prefer this formulation.

Throughout the paper, the approach is to focus attention narrowly on the Townsend
model rather than to try to state results over a more abstract class of models. The cost of
this approach is that the results in this paper cannot be directly applied to other models
without modification. However, the benefit is that by restricting attention to a particular
model, it is possible to take results farther and make them more concrete. The hope is that
by working through each step of the analysis in as much detail as possible, it will be easier
to understand both the results themselves and what would be involved in applying them to
other models.

The paper is most closely connected to a series of papers that directly analyze the
Townsend model. Marcet and Sargent (1989), Sec. III, use a least-squares learning algorithm
to compute the equilibrium of the model numerically, under the restriction that agents’ per-
ceived laws of motion are first-order vector autoregressions. Sargent (1991) extends this
algorithm by allowing agents to fit vector ARMA models, and claims that by doing so it is
possible to formulate the equilibrium as the fixed point of a finite-dimensional operator. Taub
(1989), Sec. 5, explains that full revelation can obtain in a model similar to Townsend’s with
a large number of agents and perfect observation of aggregate capital. Kasa (2000) seeks to
compute the closed-form solution to the Townsend model without assuming that the state of
the economy is fully revealed after a finite number of periods. Pearlman and Sargent (2005)
apply the methodology proposed by Pearlman et al. (1986) to show that prices can fully
reveal demand shocks in a two-sector version of the model. Points of connection with these
papers are discussed as they arise in the analysis below.

Beyond the Townsend model, this paper is also related to the broader literature on
learning from endogenous signals. Many early models of this mechanism assume that learning
only lasts for one period, as in the static models of Grossman (1976, 1978), Kreps (1977),
Grossman and Stiglitz (1980), Diamond and Verrecchia (1981), and Hellwig (1980), or the
dynamic models of Lucas (1972, 1975), King (1982), and Kimbrough (1984). Papers that
follow Townsend in allowing learning from endogenous variables to last multiple periods
include Chari (1979), Futia (1981), Singleton (1987), He and Wang (1995), Bacchetta and
Van Wincoop (2006, 2008), Bernhardt et al. (2010), Makarov and Rytchkov (2012), Kasa



et al. (2014), Melosi (2016), Nimark (2017), Rondina and Walker (2021), Acharya et al.
(2021), Sec. 5 of Miao et al. (2021), Han et al. (2022), Adams (2022), Rondina and Walker
(2023), Sec. 5 of Huo and Takayama (2023), and Huo and Pedroni (2023). Another part of
the literature also emphasizes the importance of higher-order beliefs, but in models with no
learning from endogenous variables. Examples include Morris and Shin (2002), Woodford
(2003), Lorenzoni (2009), Angeletos and La’O (2013), Melosi (2014), Nimark (2014), and
Angeletos et al. (2018). A more detailed review of the literature on dispersed information
can be found in Angeletos and Lian (2016).

To outline the paper, Section 2 describes the Townsend model and defines the rational
expectations equilibrium up to a specification of agents’ information sets. Section 3 char-
acterizes situations in which an index of prices reveals enough information for firms to act
as if all private information was commonly known. Section 4 analyzes the case when prices
are observed only with error and proves that the state vector becomes infinite-dimensional.

Lastly, Section 5 concludes.

2 Townsend model

This section describes the model of Townsend (1983). It is a multi-sector version of the
Lucas and Prescott (1971) model of firm investment under uncertainty, where the only
interconnection between sectors arises through the structure of demand. The description
provided here differs from the original in explicitly deriving the system of linear equilibrium
conditions as approximations from a nonlinear model.

The economy is made up of n sectors, each of which has a representative firm. At each
point in time, the firm in sector ¢ chooses a contingent plan for investment from that time
forward, so as to maximize expected discounted cash flows. From the perspective of time

t = 0, the firm chooses I; for all ¢ > 0 so as to maximize

Eq) f' {Pm — I (1 + (Kf ))} ,
t=0 ¢

where E; denotes the expectations of the firm in sector i as of time ¢ = 0, P is the sectoral

price of output, Yj; is the output of the firm, [;; is gross investment expenditure on new
capital goods, 5 € (0,1) is an intertemporal discount factor, and ® is a strictly increasing
and convex adjustment cost function satisfying ®(0) = 0 and 29'(a) + a®”(a) > 0 for
any scalar «, as in Abel and Blanchard (1983). The representative firm assumption implies
that the notation Yj;, I;;, and Kj; can be used interchangeably for sector-level and firm-level

variables; the same is true for the operator Ej;.
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The firm’s maximization problem is subject to the production technology
Yie = F(Kit),
where F' is strictly increasing and concave, the capital accumulation equation
Kitp1 — Kip = iy — 0Ky,

where § € (0,1) is the depreciation rate of the capital stock, and the long-run constraint
lim;_, ' EioK;; > 0. The timing convention adopted here is that output is produced using
the stock of capital that was determined one period in advance.

Up to a log-linear approximation, the optimal evolution of the capital stock in sector ¢

can be described by the equation

fZ(ki,t+1 — ki) = ﬁEit[fopi,tH — fikig1 + f2(ki,t+2 - ki,t+1)]a (1)

where k;; = In(K;/K;) and py; = In(P;;/P;) denote the percent deviation of capital and price
from their steady state values K; > 0 and P; > 0, and

f() = PZF/(KZ) > 0, f1 = —PZF”(KZ)KZ >0, and f2 = 2(13/(5) + (Sq)”(é) > 0.

The steady state values are the values to which the variables in the model converge in the
absence of any exogenous disturbances, and all subjective expectations are correct. The
analysis abstracts from trend growth, which is why the steady-state values of capital and
the price of output are constant.

The price of output in each sector is determined in equilibrium, which requires a speci-
fication of demand. This is done by introducing a demand schedule for the output of each
sector of the form

Py = D(Yy, Uy),

where D is strictly decreasing in Yj; and strictly increasing in U, which is an exogenous
random variable. Importantly, U;; is not independent across sectors. FExogenous shifts to
demand in sector ¢ are at least partly correlated with shifts to demand in other sectors. This
correlation creates a physical link between sectors, and provides an incentive for firms in one
sector to extract information from variables in other sectors about their own demand.!

Up to a log-linear approximation around the steady state, the demand schedule in sector

! Another reason firms might find information about other islands informative is the presence of strategic
complementarity, as in Woodford (2003).



1 can be described by the equation
Pit = —b1yir + i, (2)

where y; = In(Y;;/Y;) denotes the percent deviation of output from its steady-state value
Y; > 0, uy = Dy(Y;,0)/D(Y;,0)Uy is proportional to the deviation of Uy from its steady-
state value U; = 0, and

by = —Dy(Y;,0)K;/D(Y;,0)* > 0.

In addition, it is assumed that D(Y;,0) = K;/Y; > 0, so the production function can be

written in log-linear approximate form as

Yir = fokit. (3)

The exogenous component of demand, u;, is represented as the sum of a persistent

economy-wide component #; and a transitory idiosyncratic component &;;,
uit = Oy + 0., 0r = pbi—1 + oyur, (4)

where p € (0,1), 0,0, > 0, and the random variables v;, €14, €2, . . . , € are jointly Gaussian,
mutually uncorrelated and uncorrelated over time, with mean zero and unit variance.? Note
that, by the law of large numbers, lim,, % Z?Il g = 0.

The system of equations (1), (2), (3), and (4) describes the equilibrium in the economy
at each point in time, up to a specification of expectations.® It represents a “temporary
equilibrium” of the type discussed by Hicks (1939) and Lindahl (1939), and is compatible
with a range of different assumptions regarding how expectations are formed, provided that
these expectations satisfy standard probability laws (e.g. Ey = EiuFE;+1). The focus in
this paper is on rational expectations equilibria, which implies that the specification of
expectations reduces to a specification of the variables that firms observe when solving their
decision problems.

Letting s;; denote the observation vector of the representative firm in sector i at time t,

its information set at that time is given by the information generated by the current and

2Gaussianity can be dispensed with if the expectations in (1) are interpreted as linear projections.

3Note that the reduced-form parameters in (1), (2), and (3) exactly match the original notation of
Townsend (1983). This shows that the model considered in that paper can be interpreted as a linear-
quadratic approximation of the model analyzed here, provided that variables are interpreted as appropriate
deviations from their steady state values.



past history of this observation vector,

st = (Sity Sig—1,---),

so that E;; = E(-|s!). As usual, this assumes that information is retained over time. Any
variables that are either directly chosen by the firm at time ¢ or are functions of them, such
as ki1 and y; .11, must be measurable with respect to st, and so are always contained in the
firm’s time-t information set. Other endogenous variables from sector ¢ that are not directly
chosen by the firm may or may not be contained in its information set, depending on the
specification of s;. For example, (2) implies that p; will be contained in the firm’s time-t
information set if s;; includes u;;.

The distinctive feature of the Townsend model is that firms’ information sets can de-
pend on endogenous variables from other sectors. To the extent that equilibrium prices are
correlated across sectors, due to correlated demand, the firm wishes to extract whatever
information from these variables is helpful for predicting the path of future prices in its own
sector. But because the variables are themselves endogenous with respect to the economy as
a whole, their information content depends on the solution to the signal extraction problems
simultaneously being solved by firms in other sectors. This feature would not be present if
the observation vector s; consisted only of exogenous variables.

It is now possible to define a rational expectations equilibrium in this economy, up to a
specification of the observation vectors sy, So¢, . .., Spe. Let us collect all exogenous random
variables, including vy, €14,€9, .. .,En, and any exogenous random variables introduced in
the specification of s;, into the single vector &.* Attention will be restricted to station-
ary equilibria, in which the process {;} has a stationary structure and extends back into
the infinite past, and all endogenous variables are time-invariant measurable functions of
the history &' = (&,&_1,...). This abstracts from transitional dynamics, and amounts to

analyzing only the limiting stationary distribution of the economy.

Definition 1. A rational expectations equilibrium (REE) is a collection of covariance sta-
tionary processes {yi, ki, pir } for each sector that satisfy (1), (2), and (3), given an exogenous
demand process {u;} that satisfies (4) and an observation vector s; that is measurable with

respect to & at all times.

4These may include non-fundamental noise or sunspot variables, or variables containing news about future
fundamental disturbances.



3 Information revelation

This section proves that uncertainty about higher-order beliefs plays no role in the equilib-
rium dynamics when, in addition to economic conditions in its own sector, each firm is able
to observe the economy-wide average output price. The reason is that, in equilibrium, the
average price reveals the average demand shock, which is a sufficient statistic of the demand
shocks in all sectors. By observing the average price, each firm is able to implement the same
state-contingent plan that it would choose if it were able to observe all the demand shocks
directly. The existing literature contains partial versions of this result, which establish only
that an information revealing equilibrium of this type exists in certain special cases. The
purpose of this section is to simplify and extend those results, and then to present new
results regarding the more difficult question of whether this equilibrium is unique.

Before analyzing the equilibrium in which firms must learn from endogenous variables,
it is necessary to introduce a type of equilibrium originally proposed by Radner (1979), in

which information about demand is shared by firms in all sectors.’

Definition 2. A full communication equilibrium (FCE) with
Sit = Uy = (Ung, Unt, - - -5 Ung)

for all 7 and t.

In an FCE, all firms in the economy have the same information at each point in time,
which consists of the history u’ = (uy, us_1,...). This implies that output and capital in all
sectors are common knowledge. It also implies that firms’ forecasts of all variables are the
same. Higher-order uncertainty plays no role in this equilibrium because each firm knows
the forecasts of all other firms. Notice, however, that in an FCE, firms still have imperfect
information about the underlying latent disturbances v; and e, = (€14, €, - - ., €nt), (at least
for finite n), and therefore about the realization of & = (v, ;). Therefore, it is possible to

)

distinguish this from a “full information equilibrium,” in which the history of all exogenous
disturbances is common knowledge; i.e. s; = &.5
The first result is the closed-form solution to the FCE. It says that the optimal capital

choice of firm 7 is a second-order autoregressive filter of the average demand shock.

5Sometimes the FCE is described as a different equilibrium concept from the REE; but it is equally
possible to view it as a REE with a particular specification of information, as is done here. Sometimes this
equilibrium is also referred to as a “pooling equilibrium.”

6 According to this terminology, the full communication equilibrium approaches the full information equi-
librium as n — oo, since then all firms can perfectly infer & at each point in time.



Proposition 1. The FCE exists and is unique. Moreover, in this equilibrium,

w

Fign = (- AD)(1—oL) " ©)

for all v and t, where L denotes the lag operator, u; = %Z?:l wi, A € (0,1) solves
N — (1487 + (bifi+ f1)/f))+ 871 =0,
¢ € (0,p) solves
poid?® — (02(1+ p®) + nop)e + po? =0,
and

JoBA(p — @)
f2(1 = BAp)

The details of the proof are in Appendix A, but it is helpful to provide a brief sketch

> 0.

w

here. Using the demand schedule (2) to substitute out the price from the capital optimality
condition (1), the equilibrium path of capital in sector i must evolve according to the equation
fo

Kitr1 = ki + E Z(ﬁ)\)jEitui,t—l—j, (6)

Jj=1

where A has the definition stated in the proposition. This says that capital in sector ¢ depends
only on forecasts of future demand shocks in sector ¢. The orthogonal projection theorem
implies that the conditional expectation Eju; i = E(u;pq;]ut) exists and is unique for all
1, t, and j, so the equilibrium capital path exists and is unique as well. The closed-form
solution in (5) is obtained by explicitly computing these expectations using the structure of
the demand process in (4).

The second result applies to an economy with dispersed information, in which firms are
not able to directly observe the history of demand shocks in all sectors. Each firm still
observes the demand shock in its own sector, but now in addition can only observe the
economy-wide average output price. What can be shown in this case is that the FCE paths

from Proposition 1 are a REE in this economy.
Proposition 2. Consider an economy with
Sit = (Uit, Pr)

for all i and t, where p; = %Z?:lpit' The FCE paths of {yi, ki, pis} are a REE in this

economy.



The proof of this result is simple. Equation (5) indicates that, in the FCE, capital in
each sector depends only on the history of average demand shocks, %;. By the demand curve

(2), the average price also depends only on the history of average demand shocks; i.e.

blfowL . (7)

o v/ ey

Moreover, it is straightforward to verify that this mapping from the history of average
demand shocks to the history of average prices is invertible (as shown in Appendix A).
Therefore, observing the history of average prices is equivalent to observing the history of
average demand shocks, so each firm will implement the same state-contingent plan that is
optimal under full communication.

While Proposition 2 says that the FCE paths of {v;: , ki, pir} are a REE in the dispersed
information economy, this does not imply that the two equilibria are identical. Firms still
have less information in the dispersed information economy. For example, they only have
imperfect information about output and prices in sectors other than their own. In principle,
observations of cross-sector forecasts of these variables would be able to distinguish between
these two equilibria. Instead, what Proposition 2 says is that there exist equilibrium paths of
{Yit,, kit, pir } which are the same “as if” firms had this additional information. The average
output price aggregates all the relevant information necessary to optimally predict their own
future prices.

For the special case with n = 2, a different proof of this result is provided in Sec. 5.2 of
Pearlman and Sargent (2005). The strategy in that paper is to apply the method developed
by Pearlman et al. (1986) to show by brute force computation that perceived laws of motion
coincide with actual laws of motion when the perceived laws of motion for each firm are
the ones from the FCE. What is shown here is that it is possible to avoid that computation
by instead checking that the operator in (7) is invertible. This is both simpler and more
intuitive, because it shows that the reason observing output prices in both sectors is sufficient
for implementing FCE plans is because they can be used to compute the average price, the
history of which can be used to infer the history of average demand shocks.

Sec. 3 of Kasa (2000) also provides a proof of this result with n = 2, based on computing
the closed-form solution of the model and inspecting its properties. The problem is that
the closed-form solution provided there, described in Proposition 3.1.2, is not correct. The
reason for this is that the frequency-domain procedure used to compute the solution assumes
that each of the three variables in the observation vector contains some independent infor-
mation. The observation vector in that paper is (w;, piz, p2:), which in the case of n = 2 is

informationally equivalent to 3;; = (ug, pit, p¢). This vector is three dimensional, but only



contains two independent sources of information in the FCE.” To see this, observe that (2)

and (5) imply bl
—Y1jow

P = T=\L)(1 —oL)

Z_Lt + Uit

Since Proposition 2 establishes that p* and 4’ contain the same information, this equation
shows that p; is a function of (uf, p'), and therefore contains no additional information.®

While Proposition 2 improves upon existing proofs of this result in the literature, it says
nothing about whether the equilibrium described there is unique. Could there perhaps exist
other rational expectations equilibria in which the paths of {y; , ki, pi} differ from their
FCE paths? This question is substantially more difficult to answer, and so far there are no
results about it in the existing literature.

The following proposition says that the equilibrium from Proposition 2 is the unique
symmetric REE. The notion of symmetry involved is that all firms have the same policy
functions mapping information sets into actions. For example, k; ;.1 = B(L)s;, where B(L)
is the same for all 2. This does not require all firms to have the same information, of course,

because the realizations of s;; can differ across sectors.

Proposition 3. In any symmetric REE of the economy from Proposition 2, the paths of
{Yit, kir, pi} are the same as in the FCE.

While the details of the proof are somewhat involved, the basic structure is straightfor-
ward, and consists of four main steps. The first is to show that in any symmetric REE, there
is a mapping of the form

pe = A(L)uy (8)

from average demand shocks to average prices, where A(L) is a scalar operator which is
one-sided into the past. Equation (7) shows that a mapping of this form exists in the FCE,
and it can be shown that such a relationship holds in any other symmetric REE as well.
The remaining three steps amount to showing that in any REE in which a relation of the
form (8) holds, the operator A(L) must be invertible, so the history of average prices and
average demand shocks always contain the same information. The second step uses (8) and

the law of motion of u; in (4) to find the Wold representation of the observation process,
Sit — F(L)wzt, (9)

where w;; is the one-step-ahead innovation in s;, and the operator I'(L) depends on A(L).

This operator is needed to compute firms’ optimal forecasts of future demand. Usually,

"More formally: the three-dimensional process {5;;} only has rank two; cf. Sec. 1.9 of Rozanov (1967).
8 Alternatively, it shows that u; is redundant given (pt, pt).
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these forecasts are computed using the Kalman filter. But because A(L) is arbitrary, the
older Wiener-Kolmogorov filter must be used instead.® The third step uses I'(L) and the

structural equations of the model to find the equilibrium fixed-point equation
A(L) = TTA(L)] (10)

in closed form. The fourth step shows that any operator A(L) satisfying (10) must be
invertible, which completes the proof.

While the hypothesis of symmetry is required for the proof of Proposition 3, there is no
reason to think that other non-symmetric equilibria exist, which differ from the FCE. In
fact, as it has perhaps been possible to infer from the discussion so far, the information-
revealing properties of the average price imply an even starker uniqueness result, which does

not require symmetry.

Proposition 4. Consider an economy in which
Sit = Dt

for alli and t. The FCE paths of {yit, ki, pir} constitute the unique REE in this economy.

This result says that the average price in fact reveals so much information that once
firms observe this, they do not need to observe any other information about demand in
their own sector to implement the same state-contingent plan that would be optimal with
full communication. The reason is that, as shown in equation (5), the optimal evolution of
capital in the full communication equilibrium only depends on the history of average demand
shocks. Since these are fully revealed by the average price, this information is sufficient for
all firms to implement their optimal actions, regardless of whether they also observe other
prices or quantities in their own sector.

Why does Proposition 4 imply that firms do not need to rely on their own sector-specific
information to implement the optimal plan under full communication? The result is due to
the assumption that the idiosyncratic component of demand is purely transitory, together
with the one period time-to-build assumption in production. The optimal choice of capital
today, to be used in production tomorrow, depends on forecasts of demand shocks from
tomorrow out into the future, as shown in (6). Since today’s idiosyncratic shock is purely
transitory, it is only necessary to forecast the common component of demand; Fju;y; =
Ei0,1 ;. And since u;; does not contain any more information about this common component

beyond what is contained in 1, it is therefore unnecessary to respond to it.

9Whittle (1983) is a standard reference on these two approaches to filtering.
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From this discussion, it is not difficult to see that Proposition 4 relies heavily on the
assumption that common disturbances to demand are persistent, while idiosyncratic distur-
bances are not. While this assumption is a common one, and has been followed in much of the
subsequent literature, there is really no compelling reason why it must be the case. Sector-
specific variation in demand could be as or even more persistent than common variation in

demand. The next sub-section considers this possibility in more detail.

3.1 Persistent idiosyncratic shocks

When the idiosyncratic component of demand is persistent, sector-specific information is
useful for predicting future demand, and the stark result from Proposition 4 that observing
the average price alone is sufficient to implement the optimal full communication plan, no
longer holds. However, the assertions of Propositions 1, 2, and 3 continue to hold under this
perturbation of the baseline model, as this subsection shows.

To introduce persistence in the idiosyncratic component of demand, generalize the law

of motion (4) to
Ui = O + 2it, 0 = poli—1 + oy, Zit = PrZig—1 + 0, (11)

where py, p, € (0,1) and o.,0, > 0. The new parameter p, controls the persistence of the
idiosyncratic component. Continue to assume that the random variables vy, €14, €9ty ..., Ept
are jointly Gaussian, mutually uncorrelated and uncorrelated over time, with mean zero and
unit variance.

The first result is a generalization of Proposition 1. It shows that when idiosyncratic

shocks are persistent, the optimal choice of capital now depends separately on u; and wu;.

Proposition 5. Consider an economy in which the demand process {u;:} satisfies (11). The
FCFE exists and 1s unique. Moreover, in this equilibrium,
we(l — p.L) W,

ki — U
T A0 —eD) " T 1oL

Ut (12)

for all 1 and t, where L denotes the lag operator, u; = %2?21 i, A € (0,1) is defined as in
Proposition 1, and

JoBA(po — ¢) _ JoBAp.

Wy = w, = ————>0.

fo(1 = BApg) (1 — BAp.)’ T (1= BAp.)

Equation (12) shows that the optimal capital choice places some weight on the history

of both average and sector-specific demand shocks. The expression for w, shows that the

12



weight on the latter is positive whenever p, > 0, while the expression for wy shows that in
the special case when the common and idiosyncratic components of demand have exactly
the same persistence, py = p,, which implies that py = ¢, the optimal capital choice places
no weight on the average demand shock.!® This is because each firm is only interested in
forecasting demand for its own good, and not necessarily in distinguishing between common
and idiosyncratic components of demand. When both components have the same persistence,
(11) reduces to

Uip = PU;3—1 + OyWig,

where p = py = p,, 02 = 02 + 02, and wy is i.i.d. over time with mean zero and unit
variance. Therefore F(u;y;lu’) = pluy for all j > 0.

The second result generalizes Proposition 2. It shows that the FCE paths of the en-
dogenous variables are always a REE in the dispersed information economy, even when

idiosyncratic shocks are persistent.

Proposition 6. Consider an economy in which the demand process {u;} satisfies (11) and
sit = (Ui, Pr)

for all i and t, where p; = %Z?leit. The FCE paths of {yi, ki, pir} are a REE in this

economy.

The logic of the proof is the same as in Proposition 2. By subsituting the closed-form
solution (12) for the FCE evolution of capital into the demand schedule (2) and averaging
across sectors, it is possible to show that the average price depends on the history of average

demand shocks in the following way,

bifol
(1—=AL)(1—9¢L)

hi— |1 (1 = p.) + 1 = o)) (13)
And, as in the proof of Proposition 2 it is possible to show that the operator on the right
side of this equation is always invertible.

The last proposition extends Proposition 3 to the case of persistent idiosyncratic shocks,

establishing that the REE described in Proposition 6 is unique.

Proposition 7. In any symmetric REE of the economy from Proposition 6, the paths of
{Yit, kir, pi} are the same as in the FCE.

10Tn combination with Proposition 7 below, this implies that in any REE, endogenous information is
ignored when pg = p,, consistent with Proposition 1 of Taub (1989).
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3.2 Structural heterogeneity

The results in this section so far have shown that in the Townsend model, the average
economy-wide price has strong information revelation properties. A natural question is how
much these results depend on the assumption that the sectors are completely symmetric,
both with respect to supply and demand. To address this question, this section perturbs the
baseline model by introducing different types of heterogeneity and exploring the extent to
which previous results need to be modified.

The first modification is to relax the assumption that the structural parameters in equa-
tions (1), (2), and (3) are the same across sectors. The equations take the same form as

before, but with all parameters explicitly indexed by i:

foi(kits1 — kit) = BiEul foipitt1 — frikirer + fai(Kizro — Kirg1)] (14)
Dit = —b1Yir + s (15)
Yit = foikit. (16)

The parameters continue to satisfy the inequalities
Joi >0, fu>0, fu>0, and by >0,

for all i = 1,2,...,n. Everything else about the economy and the definition of equilibrium

remains the same as in Proposition 2. In this case, it is possible to prove the following result.

Proposition 8. Consider an economy in which the REE paths of {yi, kit, pi} in each sector
satisfy (14), (15), and (16), and the demand process {u,} satisfies (4). Propositions 1, 2,
and 4 are true as stated, provided that X\ and w are replaced by \; and w;, where \; € (0, 1)

solves
A= (L4 B+ (bufgi + i)/ fa) N + 87 =0,

and
o = JoiBiXi(p — ¢)
T f2i(1 - Bi)\ip)

This result says that, as long as the structure of demand shocks remains symmetric across

> 0.

sectors, other forms of heterogeneity do not not affect the information revelation properties of
the average price. The intuition is that the symmetry of demand shocks implies that firms
only need to obtain information about the average demand shock in order to implement
their optimal state-contingent plans. In the FCE, the average price continues to be an

invertible function of current and past average demand shocks, regardless of whether there is

14



asymmetry across sectors in terms of their structural parameters. The only change relative
to the results from the previous section is that proving that this mapping is invertible is
somewhat more involved, as shown in Appendix A.

In the existing literature, Sec. 3 of Kasa (2000) suggests that structural asymmetries
across sectors, such as in adjustment cost parameter, will prevent the full communication
dynamics from being an equilibrium with partial information. The intuition provided there is
that this type of asymmetry “jams the price signal,” making it impossible to “posit symmetric
responses in the two industries” to each of the two idiosyncratic shocks. The intuition that
responses are no longer symmetric is correct, because the dependence of capital (and prices)
on each of the idiosyncratic shocks depends on the parameters w; and \;, which can differ

acCross sectors; e.g.

w; 1 &
kity1 = - 0+ — it | -
t+1 (1_)\iL)<1_¢L)<t+nizlagt>

However, what Proposition 1 demonstrates is that symmetric responses to idiosyncratic
shocks is not a necessary condition for average prices to be a sufficient statistic for imple-
menting full communication plans. This same conclusion is briefly mentioned in Sec. 5.2.1
of Pearlman and Sargent (2005), but only in terms of one type of asymmetry (adjustment
costs) and only in a two-sector economy.

Now, consider the consequences of relaxing the assumption that demand shocks are sym-
metric across sectors. Specifically, suppose that (4) is generalized to allow differences both
in the sensitivity of different sectors to the common component, and in the volatility of the

idiosyncratic component,
Uit = ity + 03, 0; = pOy_1 + oy, (17)

where 0 < p < 1, 0.1,0:9,...,0:4,0, > 0, and the random variables v, ey, €94, ..., Epe are
jointly Gaussian, mutually uncorrelated and uncorrelated over time, with mean zero and

unit variance.

Proposition 9. Consider an economy in which the rational expectations paths of {yit, kit, pit }
in each sector satisfy (14), (15), and (16), and the demand process {u;} satisfies (17).
Propositions 1, 2, and 4 are true as stated, provided that X\ is replaced with \; defined in

Proposition 8, w s replaced with

o = a‘fOiﬂiAi(p - (b)
T (1= Biip)’
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2 .
oZ is defined as

and u; and p; are defined as

n n
1 o? _ 1 o?
U = — E — Uy and Py = — E —5 QiPit.-
n < o, n < o-.
i=1 & i=1 &

This result indicates that with heterogeneity in the structure of demand shocks, there
always exists an average price that fully reveals the information necessary to replicate the
FCE dynamics. However, this is now a weighted average, where prices in sectors with more
volatility idiosyncratic shocks or less sensitivity to the common component are given less
weight. The intuition is straightforward: prices in more volatile or less sensitive sectors
provide less informative signals about the common component, and so for the purpose of
forecasting future values of this variable, those noisier signals need to be given less weight.

Proposition 9 raises the interesting possibility that there may exist a price index which
reveals the right sufficient statistic needed to implement full communication plans, but firms
instead observe a different price index. In this case, full revelation can fail, and the REE
dynamics will differ from those in the FCE. To illustrate this possibility, Figure 1 shows the
impulse responses of output for an economy with sectoral heterogeneity in which firms do
not observe the appropriately weighted average price from Proposition 9. The economy has
three sectors, which differ only in their sensitivity to the common component of demand, as
in (17), with weights

(a1, a9, a3) = (—1,1,2).

Instead of observing its own demand shock u;; and the appropriately weighted average price
(Z;L=1 04?)_1 > ipir, each firm instead observes its own demand shock u;; and the equally-
weighted average price n=!' """ | py. In this example, the persistence of the common com-
ponent is set to p = 0.5, and the values of all other parameters are the same as in Table 1
of Townsend (1983).

Figure 1 shows that in the FCE a purely transitory idiosyncratic demand shock in sector
1 leads to a persistent decline in output in sector 2 (shown by the line marked with x in the
(2,2) panel of the figure). Even under full communication, firms are not able to perfectly
disentangle common and idiosyncratic shocks. The firm in sector 2 knows that demand in
sector 1 has increased, but does not know whether this is because of a negative common
shock or a positive idiosyncratic shock. The firm attaches some probability to the possibility

that there was a negative common shock, with sectors 2 and 3 receiving offsetting positive
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Figure 1: Consequences of observing the wrong price index in a three sector economy with
(v, g, c3) = (—1,1,2). The lines labeled REE show the responses of output to the struc-
tural shocks when firms observe the equally-weighted average price instead of the appro-
priately weighted average price needed to support the FCE allocations. Parameter values:
p=05b =1, =096, fp =02, f =0, f, =038, ngafzagzl.

idiosyncratic shocks, and so reduces production in response, with declining effects over time
as the firm learns that the shock was not common.

When firms instead observe the equally-weighted average price, the firm in sector 2 still
knows that its own demand has not changed, but now only observes an increase in the
equally-weighted average price in response to the idiosyncratic shock in sector 1. It reasons
that the increase in the average price could be due to a positive idiosyncratic shock in sector
1, but could also be due to a positive common shock together with an offsetting negative
idiosyncratic shock in sector 2. This is because sector 3 is more sensitive (in absolute value) to
the common component than sector 1, so the net effect of a common demand shock would be
positive, also leading to an increase in the equally-weighted average price. In this numerical
example, on balance the firm in sector 2 attaches greater probability to the possibility that
the price increase is due to a positive common demand shock, and therefore responds by
increasing rather than decreasing production.

This example illustrates how information revelation can fail to obtain simply as a result
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of sectoral heterogeneity, when firms do not observe the appropriate price index. In this case,
the observed price index only provides a noisy observation of the ideal price index, where
the noise depends on the differences in weights. If firms observe p; = >, w;p;, for some
arbitrary sequence of weights {w;}}, this can be written as p; = p; + 0,7, where p; is the

ideal index from Proposition 9, and the error term

“ 102051'
Onth = Z (wi o ;2 )pit

=1

acts as aggregate “noise” in the observation of the ideal price index. Therefore, the reason
that information revelation fails to obtain in this case is conceptually similar to the rea-
son that it fails to obtain when observations of endogenous variables are contaminated by
exogenous noise, which is the situation analyzed in the next section.

More generally, with arbitrary types of heterogeneity in the structure of demand, it can
no longer be guaranteed that there will exist a single common price index that is sufficient
for all firms to implement their full communication plans. The reason is that each firm
will need to compute its own sufficient statistic of the demand shocks in order to optimally
forecast its own demand. To reveal this statistic, each firm will require observations of its
own unique price index. However, if firms are able to observe the history of all prices in the
economy, this intuition suggests that it will still be possible for them to implement their full

communication plans.

4 Infinite state problem

This section proves that the equilibrium of the Townsend model does not have a finite state
representation when firms observe average prices with error, and explains the problem with
evidence to the contrary from the existing literature. It also provides a new numerical
procedure for solving models of this type in the frequency domain.

In the context of models with dispersed information, the “infinite regress problem” refers
to a situation in which the forecasting problem that agents face requires them not only
to forecast the exogenous state of the economy, but also to forecast the forecasts of other

' The reason why this problem is interesting is because

agents, and so on ad infinitum.
it has the potential to amplify and propagate existing structural disturbances, or open the
door for purely expectational disturbances to affect equilibrium outcomes. However, the

technical challenge this problem introduces is that it may cause the equilibrium dynamics to

"This differs from the infinite regress problem in discussions of bounded rationality; cf. Conlisk (1996).
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fail to have have a finite-dimensional state-space representation, making it infeasible to use
standard Kalman filtering formulas to compute agents’ expectations.

In the case of full revelation, considered in the previous section, the infinite regress prob-
lem does not lead to an infinite state problem.'? As discussed in the previous section, when
firms observe an appropriately weighted price index, the REE dynamics of sectoral output,
capital, and prices admit the same finite-state representation as in the FCE. However, for the
same reason, the infinite regress problem does not play any role in affecting the equilibrium
dynamics. Even though firms are required to form beliefs about demand shocks indirectly
through observations of endogenous variables, the equilibrium dynamics are identical to what
they would be in an economy where firms are able to observe demand shocks directly.

Based on revelation results of this type, the literature appears to have concluded that,
for better or worse, the “new and exciting dynamics” envisioned by Townsend (1983) fail to

appear in his model. Pearlman and Sargent (2005) summarize this view as follows:

“Townsend created [his] environment as a laboratory in which to study the effects
of unleashing ‘higher order beliefs.” He wanted to put |[agents] into a setting in
which they would have to estimate the beliefs of others in order to solve their
own optimization and forecasting problems. The claim emerging from the string
of papers just cited is that higher order beliefs disappear from this environment
because there are so few sources of private information that prices can reveal all
lagents’] private information. This result has both encouraging and discouraging
aspects. Encouraging parts are that the equilibria of models like that of Townsend
(1983), Section 8, are much easier to compute than Townsend originally thought,
that standard recursive methods suffice to do the computations, [and] that the
resulting equilibria have low-dimensional representations... A discouraging aspect
is the fact that the dimension of the state-space is finite reflects the disappearance

of the ‘forecasting the forecasts of others problem’ in equilibrium.” (p.493)

However, this summary turns out to be misleading, for at least two reasons. The first
is that the economy actually analyzed in Sec. 8 of Townsend (1983) is not one in which
firms perfectly observe the appropriately weighted price index.!® Instead, firms are assumed
to observe it only with error. In terms of the baseline model described in Sec. 2 above,
Townsend takes n — oo and assumes that, in addition to their own demand shock wu;;, firms

observe

Pt = Pt + oy, (18)

12 Another situation in which the infinite regress problem does not lead to an infinite state problem is when
agents do not learn from endogenous variables, as in Woodford (2003).
13 Angeletos and Lian (2016) also point this out in footnote bk on p.1155.
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where p; = lim,,_, % Z?:l pit, and the random variable 7, is jointly Gaussian but uncorre-
lated with the other disturbances in the model, uncorrelated over time, with mean zero and
unit variance. In this case, the information revelation results from the previous section no
longer apply (including the special case of Proposition 2 discussed by Pearlman and Sargent),
and therefore cannot be used to determine whether the infinite state problem discussed by
Townsend appears under his own informational assumptions.

The second reason that the summary above is misleading is because papers that do follow
Townsend in assuming that observations of average prices are contaminated with error do
not prove any of the results described there. Two papers that may appear to suggest the
opposite are Sargent (1991) and Kasa (2000). Sargent (1991) claims that the inclusion of
“moving average components in agents’ perceptions and of lagged innovations to agents’
information in the state vector...enables [him]| to formulate the equilibrium as a fixed point
of a finite-dimensional operator” (pp.246-247). However, only numerical evidence is provided
to support this claim, and it turns out to be incorrect (as Proposition 10 will show). Kasa
(2000) presents the closed-form solution to the model, in Proposition 2.2.3, and it has a
finite-dimensional state-space representation. However, the closed-form solution presented
there is incorrect, essentially for the same reason discussed in Sec. 3 above: the procedure
used to derive the solution fails to take into account that some observables can become
informationally redundant in equilibrium.

The following result clarifies the situation, by proving that the infinite regress problem
does indeed lead to an infinite state problem in the Townsend model. Similar results have
been asserted in simpler settings, such as Chari (1979), Makarov and Rytchkov (2012), and
Huo and Takayama (2023).!* Establishing a similar result in the Townsend model is more
difficult due to its more complex dynamics, both in firms’ observation process and in the

underlying model structure.

Proposition 10. Consider the economy from Sec. 2, with n — oo and
Sit = (Uit, Pr)

for all i and t, where p; is given by (18). There does not exist a symmetric REE in which

{Yit, kit, pie } have finite-order autoregressive moving average (ARMA) representations.

The structure of this proof is very similar to the proofs of Propositions 3 and 7, and
basically amounts to a brute-force application of the infinite-dimensional method of unde-

termined coefficients described in Townsend (1983). The first step is to write the equilibrium

4The proof of Theorem 4.1 in Chari (1979) is suggestive but invalid.
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law of motion of the endogenous signal as
ﬁt = A(L)Ut + B(L)T]t, (19)

where A(L) and B(L) are one-sided operators, and use this to find the Wold representation
of the observation vector s;; = (uy,py). Here, p, only depends on aggregate shocks due to
the assumption of symmetry and the fact that lim,,_ . % Z?:l gy = 0. The second step is
to use the classical filtering formulas and structural equations of the model to compute the

equilibrium fixed-point equation
(A(L), B(L)) = T[(A(L), B(L))] (20)

in closed form. The third step is to suppose to the contrary that A(L) and B(L) are
rational functions of L, meaning that they can be written as ratios of polynomials with no
common zeros, and use this hypothesis to rewrite the fixed-point equation (20) in terms
of those polynomials. The fourth step is to derive a contradiction, proving no operators
(A(L), B(L)) satisfying (20) can be rational functions of L. This implies that neither {p,}
nor the processes {y, ki, pir } which depend on it can be expressed as finite-order ARMA

processes.

4.1 Numerical procedure

In response to the infinite state problem, the literature has taken one of three different
approaches to compute the solution of the model numerically. The first is to modify the
information structure of agents in the model by assuming that all exogenous disturbances
become common knowledge after a finite number of periods. This is the approach taken by
Townsend (1983), originally proposed by Chari (1979), and has been followed by a number
of subsequent papers. The second is to assume common knowledge of expectations at some
finite order, as in Melosi (2014) and Nimark (2017). The third is to use ARMA processes to
numerically approximate the equilibrium dynamics, even though the endogenous variables
do not have ARMA representations. This is the approach taken by Sargent (1991), and
further developed by Han et al. (2022), Adams (2022), and Huo and Takayama (2023).

As a complementary alternative to these, this paper proposes a new numerical procedure
that does not rely on ARMA approximations.'® The basic idea is to iterate on the equilibrium
fixed-point equation of the model in the frequency domain rather than in the time domain.

The difference relative to Han et al. (2022) is that the classical Wiener-Kolmogorov filter is

15 A parallel procedure for models with rationally inattentive agents is presented in Jurado (2023).
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used to compute forecasts instead of the Kalman fitler, as is done theoretically in the proofs
of Propositions 3, 7, and 10.

The procedure involves iterating on the equilibrium fixed-point equation of the model. To
derive that equation, begin by writing firms’ perceived law of motion for the noisy endogenous

price signal in any symmetric REE as
pe = A(L)ve + B(L)n, (21)

where A(L) and B(L) are one-sided operators. In terms of these operators, the law of motion

of the observation vector s; = (ug, ;) is given by

H,(L) 0 H.(L) bt
Sit — M = M(L)eit, (22)
A(L) B(L) 0

Eit
where e; = (v, mi,€44). For the purposes of describing the procedure the exogenous laws of

motion in (4) and (19) have been generalized to
uy = Hy(L)vy + He(L)ey and Py = p; + Hy(L)ny,

where H,(L), H.(L), and H,(L) are arbitrary one-sided operators, invertible into the past.
Letting s; = I'(L)w;; denote the Wold representation associated with the law of motion
(22), the Hansen and Sargent (1981) formula implies that

J _ 5)‘ -1
Z(ﬁ)\) Bty = -5 [1 0]((L) = T(BA)T(L) st

Jj=1

Substituting this into the policy function (6) and the demand curve (2), and then averaging

across sectors delivers the implied actual law of motion

BA

I~ 6 [1 0] (D(L)=T(BA)I(L)

pe = Hy(L)vy+Hy(L)ne— A(L)v, + B(L)n,

Ho(L)v ] (23)

Matching coefficients in the perceived and actual laws of motion (21) and (23) delivers the
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equilibrium fixed-point equation
[A(L) B(L)]=[H,(L) Hy(L)] (24)

b1f02ﬁ/\L _ -1
- EANE Y [1 0](I'(L) = T(BN)I(L)

H,(L) 0
A(L) B(L)

The numerical procedure involves iterating on this equation by representing the operators

A(L) and B(L) in the frequency domain. This means viewing operators of the form
A(L) =) AL
s=0

as functions of the real parameter w € [—m, 7| by defining a(w) = lim,_,; A(re”*), where

716 Numerically, the

1 here denotes the imaginary unit and w represents the “frequency.
function a(w) can be represented on a discrete grid of frequencies wy,ws, ..., wy by the
sequence {a(wi),a(ws),...,a(wy)}. Using frequency-domain approximations of this type,

the iteration algorithm can be described as follows.

Algorithm 1. Initialize the functions (a™ (w), ™ (w)) on a discrete grid over [—, 7).
1. Substitute (a™(w), b™(w)) into (22) to compute m™ (w).
2. Use the factorization procedure of Tunnicliffe-Wilson (1972) to compute ™ (w).
3. Use (24) to compute the updated functions (a1 (w), ("1 (w)).
4. Repeat (1)-(3) until [|(a™+)(w), b™*D(w)) — (a™(w), b™(w))|| is acceptably low.

Once numerical approximations of the functions a(w) and b(w) have been obtained by
means of this algorithm, the associated time domain coefficient sequences {A,} and {B;},
which represent the impulse responses of p; to the aggregate disturbances v; and 7, can be

recovered using the inverse Fourier transform; i.e.

1 T

:g »

As

e“a(w)dw.

The Fast Fourier Transform (FFT) algorithm provides a numerically efficient method of

approximating the Fourier coefficients of a square-integrable function. Implementations of

16The convention adopted here is to use lower-case letters for functions of w and upper-case letters for
functions of L.
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this algorithm are available in most numerical programming packages. In Matlab, this
algorithm is implemented by the built-in function ifft, which accepts both univariate and
multivariate inputs.

In Step 2 of Algorithm 1, the factorization procedure of Tunnicliffe-Wilson (1972) takes
the place usually occupied by the Kalman filter in finding the Wold factor associated with
firms’ observation process. This procedure computes v(w) = I'(e™™) by directly factorizing
the spectral density f(w) = M(e )M (e ™)* in the frequency domain, using a matrix
version of Newton’s method for obtaining square roots.

The next sub-section uses Algorithm 1 to explore how the presence of endogenous signals

affects the equilibrium dynamics of the model.

4.2 Effects of endogenous signals

The key economic mechanism in the Townsend model is that agents learn about the un-
derlying state of the economy through imperfect observations of aggregate variables, which
act as endogenous signals. But how much of an effect does this mechanism have on the
equilibrium dynamics? Proposition 10 implies that one effect is that the dynamics cannot
be represented by a finite-dimensional system. However, it is not clear from this theoreti-
cal result whether this difference is either quantitatively or economically substantial. The
purpose of this subsection is to present results from a simple numerical exercise that helps
address this question.

The exercise is to compare the equilibrium dynamics in the Townsend model with en-
dogenous signals to alternative versions of the model without them. For this purpose, two
alternative versions of the model serve as relevant benchmarks. The first is one in which
firms have full information about all underlying disturbances. In this version of the model,
there is no learning from endogenous variables because there is no learning at all. Firms face
no uncertainty about the current state of the economy, and all information is common. The
second is one in which firms do face uncertainty about the current state of the economy, but
they receive only exogenous signals about it, as in Woodford (2003). In this version, there
is learning, but not from endogenous variables.

More specifically, consider three versions of the Townsend economy, where the observation

vector is specified variously as
1. Full information: s;; = (g4, 04, 1), where e, = (€14, €94, ... ).
2. Exogenous signal: s; = (ug, 9~t), where 6, = 0, + Tt

3. Endogenous signal: s;; = (ui, pt), where p, = py + o,1;.
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Figure 2 plots the impulse responses of the average level of output, the average price, and
the average error in estimating 6; to the aggregate disturbances in the model in each of these
three versions of the model. The parameter values are the ones from Table 1 of Townsend
(1983). The relevant comparison is in the difference between the responses under each of the
different informational assumptions.
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Figure 2: Effects of endogenous signals on aggregates. This figure shows the responses of
average level of output, prices, and the average estimation error of #; in response to the
common demand disturbance v; and the signal noise disturbance 7;. Parameter values:
p=09 b =1, 6=0096, fp, =02, f =0, fo, =0.8, 0520220,27:1.

What Figure 2 shows is that there is a much larger difference in dynamics between the
full information economy and the two dispersed information economies, than between the
two dispersed information economies themselves. Indeed, the responses in the exogenous
signal economy are very similar to those in endogenous signal economy, despite the fact that
the dynamics admit a finite-dimensional representation in the first case but not the second.
Nevertheless, the endogenous signal economy does exhibit the most persistence, both with

respect to the aggregate demand shock (though visually imperceptible in the figure) and the
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aggregate noise shock.!”
The similarity between the two dispersed information models can also be seen in their
implications for the dynamics of higher-order expectations. Figure 3 illustrates the implied

dynamics of higher-order expectations of #; in response to both aggregate shocks. Defining

E9 =6, and E6, = lim % E,[E* V),
i=1
the figure plots the response of Et(k)Ot for various values of the parameter k. All panels
show that in response to the shocks, higher order expectations converge more slowly towards
the true response (solid line). In response to noise shocks, this means that higher order
expectations increase by more on impact, and more slowly adjust to zero. Comparing the
top and bottom rows of panels, it can be seen that the degree of sluggishness in the higher-
order expectations is moderately greater in the endogenous signal model, but overall the

dynamics are quite similar.
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Figure 3: Effects of endogenous signals on higher-order expectations. This figure shows the
responses of for higher-order expectations of the common demand component, Et(k)Qt, for
various values of k. The case k = 0 indicates the response of 0, itself. Parameter values are
the same as in Figure 2.

Even though the exogenous signal economy has very similar predictions in terms of the

time-series dynamics of model variables, there are at least three important caveats. The first

"Tn contrast to the discussion of Kasa (2000), the bottom two panels show that the model does exhibit
waves of optimism and pessimism that last for more than one period, consistent with Figures 4 and 5 of
Townsend (1983).
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is a reminder that this conclusion is specific both to the particular model and parameter
values chosen. In terms of the model parameters, some experimentation with different values
suggests that it is difficult to make the responses in the two dispersed information economies
differ by much more than they do in the figure. In terms of the model itself, the focus here
is narrowly on the Townsend model, and while this has been a helpful laboratory in the
dispersed information literature for some time, obviously nothing rules out the possibility
that the effect of endogenous signals may be larger in other environments. The exercise in
this section does suggest, however, that a numerical comparison of this type would be helpful
for isolating the contribution of the endogenous learning mechanism in other environments.

The second caveat is that even if the exogenous and endogenous signal economies have
similar dynamics, the latter economy imposes greater discipline on agents’ information
structures. Supposing that firms observe an exogenous signal 6, = C(L)v, + D(L)n,, it
is not obvious what form the operators C(L) and D(L) should take. Figure 2 chooses
C(L) =0,/(1—pL) and D(L) = 0,,, and while this choice may seem natural from a statisti-
cal modeling perspective, there is no economic justification for it. In the endogenous signal
economy, by contrast, the mapping from the average price to the shocks is endogenously
determined by other model assumptions. Moreover, it is not difficult to see that for any
endogenous signal economy, there always exists an observationally equivalent exogenous sig-
nal economy: simply set C(L) and D(L) equal to the equilibrium values of A(L) and B(L)
implied by the endogenous signal economy. While it may be surprising that the particular
mappings C'(L) and D(L) chosen in Figure 2 happen to replicate the dynamics of the en-
dogenous information economy fairly well, the fact that there exist some mappings that do
this is not.

The third caveat is that exogenous signal economies do not permit analysis of how changes
in model structure, including policy, affect agents’ information. This is a central aspect of
the macroeconomic literature on endogenous information choice, especially the literature on
rational inattention following Sims (2003). While agents do not choose their information
sets optimally subject in the Townsend model, the fact that they are still required to learn
from endogenous variables does mean that their information sets endogenously respond to

structural changes, unlike in an exogenous signal economy.

5 Conclusion

Prices are often referred to as signals. But in most modern macroeconomic models, they play
no formal role in transmitting information. One of the first dynamic models that explicitly

considers this mechanism is the one developed by Townsend (1983). However, the subtle
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technical and conceptual issues that this model raises have led to a degree of confusion in
the subsequent literature. This paper has revisited this influential model to help provide
some precision and clarity.

On the one hand, existing results about information revelation in this model are not
stated as strongly as they could be. A single price index can reveal a substantial amount
of information, fully revealing all essential information even in the presence of a great deal
of heterogeneity, as shown in Propositions 2, 6, 8, and 9. On the other hand, existing
results about information revelation in this model are stated more strongly than they should
be. Realistic types of heterogeneity or noise in the observation of prices can prevent full
revelation, and can lead to a situation in which the equilibrium state vector can become
infinite dimensional, as in Proposition 10.

From a methodological perspective, the proofs provided in this paper can be read as
a step-by-step guide for how to prove similar results in other models, and the numerical
procedure described in Section 4.1 is broadly applicable. Hopefully these contributions will
help reduce barriers to entry for working on models with endogenous signals, especially
as new evidence on higher-order expectations, such as the survey responses collected and
analyzed by Coibion et al. (2021), makes it possible to directly discipline models of this type

in ways that were not feasible when they were originally formulated.
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A  Proofs

Proof of Proposition 1.

First, it is shown that the full communication equilibrium exists and is unique. Sub-
stitution of the demand schedule (2) into the capital optimality condition (1) delivers the

second-order difference equation

Ei[A(L)ki 0] = _%Eitui,t-&-l, (25)
2

where A(L) =1—(1+ 87+ (byfg + f1)/f2)L + 7'L?, and L is the lag operator. This lag
polynomial can be factored as
A(L) = (1 = ML)(1 =X L),
where \; and \; are the two roots of the characteristic polynomial
PO =N = (1487 + (0ufs + f)/ LA+ 57

Note that P(0) > 0, P(1) < 0, and P(S~') < 0, while P(A) > 0 for all sufficiently large
positive values of A. It follows that there must be two real roots, satisfying 0 < A\; < 1 <
B! < Xo. Furthermore, comparing the factorization with the original lag polynomial, these
roots must satisfy Ay = 71

Using this factorization, write (25) as

Et[(l - )\1L)(1 - )\QL)ki,t+2] = _%Eitui,ﬂrla
2

or as

2 = A;lEitth + )\gl%EitUi,tH, (26)
2

where 2, = (1 — \{L)k;;41. Because A\;' < 1, the unique covariance stationary solution to

(26) is obtained by solving forward, yielding
_hs e 2
&t = EZ 9" Lt Ui t4j- ( 7)
=1

Using the definition of z; and the fact that A\;\s = 37!, and defining A = A\, it follows from
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this equation that
ki1 = Nkip + % E (5)\)jEitUi,t+j- (28)
2 4
Jj=1

Since s;; = u, the orthogonal projection theorem implies that Fju;, .4 ; exists and is uniquely
determined for all j.
Given (28), the closed-form expression in the proposition comes from evaluating the

forecasts Eju; ;. To do so, first notice that (2) implies
Eitui,t—i-j = ijitet (29)

Second, notice that the vector u; = (uyy, . . ., uy) contains the same information as the vector
(@, Uy, - - ., Uz ), where Uy = %Z?:l uy and Uy = uy — U, since one can be obtained from
the other by a non-degenerate linear transformation. Moreover, the processes {tUy, ..., Un}

constructed in this way are independent of {6,}, so

Ey0; = E(0;|u") = BE(0;|a', 0%, ... al) = B(f|a"). (30)
Now it is necessary to compute E(6;|u'). By (4),
uy = b + 0.y, 0y = pbi—1 + oy,

where &, = %ZLI g; is uncorrelated over time, with mean zero and variance 1/n. This

implies that the Wold factor associated with the spectral density of {u;} is

poZ (1 —¢L)
ML) = \/ ¢n (1 —pL)

where ¢ is defined in the proposition. Applying the Wiener-Kolmogorov filtering equations,

Blol) = | b2 | a
+
_ ¢no; { 1 ] (L—pL)
po? |(1—pL)(1—¢L )|, (1—¢L) "
_(1=9¢/p)_
S a—on ™ o
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where the operator [ - |, projects onto the space spanned by non-negative powers of L, and

the third line uses the fact that o2 = 2% (1 — op)(1—¢/p) by definition of ¢. Substitution of
v on

(29), (30), and (31) into the policy function (28) delivers the expression for k; ;41 presented

in the proposition.
Proof of Proposition 2.

Consider the equilibrium dynamics under full communication. By substituting the closed-

form expression (5) into the demand curve (2), and averaging across sectors,

by fowL
(1=AL)(1—¢L)

pt =|1-— Ug. (32)

To prove the proposition, it is sufficient to verify that the operator on the right side is
invertible into the past. Since 0 < ¢ < 1 and 0 < A < 1, this holds if and only if the

characteristic polynomial

Pu) = p> — (A + ¢+ by fow)p + Ao

has both zeros inside the unit circle. Note that P(0) > 0, P(\) < 0, and P(1) = (1 —)\)(1—
¢) — by fow > 0. The last inequality follows from the fact that the definitions of A and ¢
imply that

:blf()2+f1 B 02+(1—p)0§>blf§ BAp o?

(1=XN{1-9) fo 1=B\ 02402 fo 1= PBApo?+ o2

= by fow.

Therefore, both zeros of P(u) are inside the unit circle, and the operator on the right side
of (32) is invertible into the past. This proves that (uf,p") contains the same information
as (uf, u'), which, according to Proposition 1, is sufficient for each firm to implement its full

communication optimal plan.
Proof of Proposition 3.
Step 1. Prove that p, = A(L)4,; in any symmetric REE, with A(L) one-sided into the past.

In any symmetric REE, the fact that the choice variable k; ;1 is measurable with respect

to the history s! = (uf, p") implies that it is possible to write

k41 = Bu(L)uy + By(L)py
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for some one-sided operators B, (L) and B,(L). The hypothesis of symmetry requires these
operators to be the same across all sectors. By substituting this expression for k;,;; into

the demand curve, averaging across i, and solving for p;, it follows that

1 —bifyB.(L)L
Pt =
1+ blfOBp(L)L

u = A(L)uy. (8)

And since p; must be measurable with respect to the history of structural disturbances, the

operator A(L) must be one-sided into the past.

Step 2. Find the Wold representation of the observation vector s;; = I'(L)w.

Collecting all disturbances into the vector e, = (ey4,...,&n), the law of motion for s;

can be written in terms of the operator A(L) as follows:

1 v £ 1_ L / 1
Sit = ’ o1 = pL)i = M;(L)ey,
1—pL| 0,A(L) o.(1—pL)A(L)+1! &t 1—pL

n

where ¢; is a vector of zeros with a one in the ¢-th position, and 1,, is an n-dimensional vector
of ones.
First notice that

M;(L)My(L™Y) =

3,

§a§(1 —al)(1 —aL™) g (1—¢L)(1— oL MA(L™)

Y

3

£2(1— ¢L)(1— gL~ )A(L) 2% (1— L) (1 — pL~Y)A(L)A(L™)

where a and ¢ solve the quadratic equations
pota® — (o214 p°) + ol)a+po2 =0 and  poZ¢* — (o2(1+ p?) +nol)o + pol =0,

respectively, and satisfy the inequalities 0 < ¢ < o < p.
Following the procedure described on pp.44-47 of Rozanov (1967), the Wold factor I'(L)
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is given by

1 1
I'(L) =
(L) V1+92(1—pL) (33)
9/Zo.(L - a) —Vao(l-al)
X ?
9By o OO N(L) 4 (L) /B2 Ut A(L) 4 py(L) ok
where

P (1-ao)(o - ¢) Ala) 50

“Vaon 1y )
and (L) is defined to be the univariate Wold factor that satisfies

L) = AA@ S (1= 1) (ROl G DUt - (g

Step 3. Find the equilibrium fixed-point equation A(L) = T[A(L)].

According to the structural model,

I B - YRV
Pe=t = = 0 AL) ]Zl(ﬁW Byt g, (36)

where 0 < A < 1 is defined in Proposition 1. By the Hansen and Sargent (1981) formula,

N TR — PA _ -1 1 i
> (3 Bt = g [1 01D =TI |
Together these imply the fixed-point equation
B by f2 BAL . 1
AL =12 sy | 0w - Tenre |

Substituting the expression for I'(L) in (33) into this equation and rearranging so that A(L)
only explicitly appears on the left, it follows that

(1= AL)(1 — aL)(L — &) — boL[¥?(1 — aL)(1 — ap) + (L — a)(p — a)]
(1—AL)(1 — aL)(L — &) + by(1 — oﬂ)ﬁas\/% (1- 1) Gopliloplt

A(L) = . (37
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where

b1 fEBA 0
——, k= ——.
f2(1 = BAp) 1 40?2
From these definitions, it can be seen that b > 0 and 0 < x < 1. A further important

bo=b(1—k), b=

property of the parameter b is that
b<1—\ (38)

To see this, note that by the definition of A in Proposition 1,

1\ — (01f3 + f1)BA - bifiBA b

L(I=pA) — fo(l = FAp)

Step 4. Prove that A(L) must be invertible.

First, it will be established that
9 # 0. (39)

To see this, notice that (34) implies that it is only possible for ¥ = 0 if A(«) = 0, since (L)
has no inside zeros. Substituting ¢ = 0 into (37) implies that

(1 =AL)(1 —al)—byL(p — )
(1=AL)(1 —al)

A(L) =

So in order for A(a) = 0, it must be that « is a zero of the polynomial in the numerator on
the right; i.e. (1 —aM)(1—a?) —ba(p — ) = 0. But this is a contradiction, because when
¥ =0,

(1—a))(1—a?) —bya(p—a)=(1—a)(l—a?) —ba(p—a)
=[(1 —a)) —bap] — o*[(1 — a\) — b
> (1—a?)[(1—a\) —b] >0. (by (38))

Second, it is convenient to rewrite the fixed point equation (37). To that end, let h(L)
denote the Wold factor that satisfies

h(L)W(L™Y) = A(L)A(L™). (40)
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By (35),

fw»:¢§§0—$)“]?ﬁgfmmm- (1)

Substituting this expression into (37), it follows that

R(L)(1 = AL)(1 — aL)(L — «) — boh(L)L[9*(1 — aL)(1 — ap) + (L — a)(p — a)] |

h(L)(l — )\L)(l — aL)(L — a) -+ bo(l _ oﬂ)ﬂ ¢>(np71) Ui?fi)gij)p)l/

A(L) =

(42)

Third, it will be shown by contradiction that A(L) must be invertible to satisfy (42).
Suppose to the contrary that A(L) is not invertible, which implies that it has at least one
inside zero (which is not at the origin, since A(0) = 1). By (40), this means that A(L) has
at least one outside zero that is not shared by A(L). By (42), this is possible only if that
outside zero is p, because otherwise the outside zero of h(L) in the numerator would not
cancel on the denominator, and so would also be a zero of A(L). Therefore, A(L) must have

a zero at L = p of multiplicity one. By (40),

_1—pL
i

h(L) A(L). (43)

By substituting this into (42) and solving for A(L), it follows that

(1 - ¢L)[W2(1 — aL)(1 — ap) + (L — a)(p — )] + 9(1 — a?) /2L — p)?

A(L) =1-boL (1 —¢L)(1 —AL)(1 — aL)(L — a)

(44)

Since A(L) is one-sided into the past, the numerator of the fraction on the right side

of (44) must have a zero at L = «, to cancel the factor (L — «) in the denominator. This

implies
dn-1  (p—a)
v =— :
) (= ag)(1 —ap) o
In addition, the fact that A(p) = 0 implies
g2 = p—a) (L=Ap){A—ap)—bop(p—a) (46)

(1 —ap)? bop
Combining (45) and (46), the model parameters must satisfy the condition

bo (L—ap) [,  ¢n=1) (p—a)?

1—=Xp  plp—a) p o (1—ag)?
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Using by = b/(1 + ¥?) and (45), this condition can be rewritten as

¢(n—1) (p—a)? (p—a)?
b (1—ap) (1 T Uaop (1,ap>2> (47)
1—X\p —a ¢(n—1) (p—a)? ‘
p plp—a) (1 + 2 <1—a¢>2)

From here it can be verified (using the definitions of «a and ¢) that the expression on the
right side of (47) is always strictly greater than one. At the same time, (38) implies that the

expression on the left side of (47) is always strictly less than one. This is a contradiction.
Proof of Proposition 4.

The fact that the FCE paths are a REE follows from the fact that the operator on the
right side of (32) is invertible into the past, as shown in the proof of Proposition 2.

What remains is to show that this REE is unique. If s;; = u;, then the equilibrium is
unique, by the same reasoning as in the proof of Proposition 1. Therefore, what needs to
be shown is that, in any equilibrium, the information of firm ¢ at time ¢t when s; = p; is
equivalent to the information generated by u'.

The fact that k; ;.1 is measurable with respect to st = p' implies that
ki =Y Aiypi; = A(L)p,
5=0

in any equilibrium, for some operators A;(L), i = 1,2,...,n, with square summable coef-
ficients. Plugging this into the demand schedule (2) and averaging across sectors implies
that

1 n
1+ — bi foLA;(L)| pr = 4.
+n; 1fo (L) | pr = Uy

This implies that in any equilibrium, %, must be measurable with respect to p’.

In addition, the operator on the left must always be invertible into the past, so that
Py is also measurable with respect to u'. If not, then its inverse would have an expansion
including terms with negative powers of L, so p, would not be measurable with respect to
& = (v',e") as required. Therefore, in any REE, the information generated by p’ must be

equivalent to the information generated by .
Proof of Proposition 5.

The existence and uniqueness of the FCE follows from the same reasoning as in the proof

of Proposition 1, and the policy function (28) is the same. Given that policy function, the
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closed-form expression in the proposition comes from evaluating the forecasts Ej;u; 4 ; under

the new law of motion (11). To do so, first notice that (11) implies
Bty = p?}Eith + piEitZit = (Pé — pﬁ)EitQt + pi“ms» (48)

where the second equality uses z; = u; — 6; to substitute out z;;. Second, notice that
the vector uy = (uyy,. .., u,) contains the same information as the vector (ay, tyy, . .., Usg),
where u; = %2?21 uy and u; = uy — Uy, since one can be obtained from the other by a
non-degenerate linear transformation. Moreover, the processes {1y, . . ., Uy} constructed in

this way are independent of {6,}, so

Ez-th = E(0t|ut) = E(Qt|ﬂt,ﬂi, e ﬁt) = E<0t|ﬂt) (49)

ron
Now it is necessary to compute E(6;|u’). By (11),
Uy = 0y + 0.y, 0; = poti—1 + ouvy, 2t = PzRt—1 T 0,

where &, = %Z?:l g; is uncorrelated over time, with mean zero and variance 1/n. This

implies that the Wold factor associated with the spectral density of {u;} is

ot et (1-9L)
) = T D - D)

where ¢ is defined in the proposition. Applying the Wiener-Kolmogorov filtering equations,

0.2

B0) = [ e

000 + o

pno [ (1—p.L7") } (1= peL)(A = p:L) _
(1—peL)(1—0LY) |, — (1-0L) :

_(po—0) (1 — ﬂzL)at’ (50)

<p9 - pz) (1 - ¢L)

where the operator | - | projects onto the space spanned by non-negative powers of L, and
the third line uses the fact that

gnos  (L—pep.)  (po—9)

poc? + p-nol (1 —ped)  (pg — p-)

by definition of ¢. Substitution of (48), (49), and (50) into the policy function (28) delivers
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the expression for k; ;41 presented in the proposition.

Proof of Proposition 6.
Consider the equilibrium dynamics under full communication. By substituting the closed-

form expression 12 into the demand curve (2) and averaging across sections, it follows that

bifoL
(1=AL)(1—oL)

pi= |1 (w@(l —p L) w1 - ¢L))] s, (51)

To prove the proposition, it is sufficient to prove that the operator on the right side of this
equation is invertible into the past. Since 0 < ¢ < 1 and 0 < A < 1, this holds if and only if

the characteristic equation

Pu) = (=N (p— @) — by folwo(p — p2) + wo(p — ¢))

has no zeros outside the unit circle.

First, suppose that pg = p,. Then the characteristic equation simplifies to

blfogﬁ)‘pz )

Pu) = (n—9¢) (M—)\—m

which has both roots inside the unit circle, because

b1 f3BNp. (b1fg + f1)BA
O< A+ —"——— < A+ —F——— =1
SR ST R
by definition of A.
Second, suppose that pg # p,. Then
PO) 2oy DI _Bp(1=000) L bR BN =)=

fo (1= BApo)(1 — BAp.) f2 (1= BApe)(1 — BApz)

and

7)(1):(1_)\)(1_¢>_ blf(? BA [(PG_¢)<1_02)

fo (1=BApz) | (1= BApe)

B bifg+fi B — BApgp.)
fo (1= BAp2)(1 = BAps)

bifé+ fi BENH(1— pg)(1 — p.)
o (1= BA)(1 = BApg)(1 = BAp.)

+p2(1 - ¢)}

> (1 =¢) |(1-2)

} (using fi > 0 and pp < 1)

bifé+f1 BA )

=1-9) f2 1-PA

>0. (using 1 —\=
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Therefore, both zeros of P(u) are inside the unit circle, and the operator on the right side
of (51) is invertible into the past. This proves that (uf,p’) contains the same information
as (uf, @), which, according to Proposition 5, is sufficient for each firm to implement its full

communication optimal plan.

Proof of Proposition 7.

Step 1. Prove that p; = A(L)u, in any symmetric REE, with A(L) one-sided into the past.
The proof of this step is the same as in the proof of Proposition 3.

Step 2. Find the Wold representation of the observation vector s;; = I'(L)w;.

Collecting all disturbances into the vector g, = (eyy,...,&,), the law of motion for s

can be written in terms of the operator A(L) as follows:

Sit =

(1=poL)(1 = p.L) | 0,(1 — p.L)A(L) 0-(1 — pgL)A(L)21!

n €t

1 ou(1 = p.L) o:(1 — pgL)i} ] [ N ]

1
(1 —poL)(1—p.L)

Mi(L)et,

where ¢; is a vector of zeros with a one in the ¢-th position, and 1,, is an n-dimensional vector

of ones.
First notice that

M;(LYM;(L™Y) =
PoTERL20E (] _ L) (1 — aL7Y) 2OOTHNTL (1 — GL)(1 — L) A(LT)

PILLLNCL (1 — L)(1 — pLTVA(L) AT — GL)(1 — L A(L)A(LT)

where v € (min(py, p,), max(pg, p.)) is the smaller zero of
(po? + poo)a = (02(1 + pg) + o (1 + p3)) o+ (poo + p:0y) = 0, (52)
and ¢ € (min(py, p.), max(py, p,)) is the smaller zero of
(poo? + p.no)¢?® — (02(1+ pg) + noo(1+ p2)) ¢ + (peo? + pnay) = 0. (53)

Following the procedure described on pp.44-47 of Rozanov (1967), the Wold factor I'(L)
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is given by

1 1
X
V1+92(1—poL)(1 —p.L)

I /@O’JL —a)
oZ zncr L)(L
19\/ p902+pza2 = 1;5 d (ql5 o(zL) ¢)A( ) + V(L)

—1/ —p”ogzngg o.(1—al)
o 02+ an (1—¢L)(L—9¢) 1—alL
o \/ pooZ+pz07 » ¢7pl (L—a) A(L) - 197([’) L—a

\/Tpeof + penoy (1 — ag)(a — ¢) Aa) (55)
po? +pot on (1-a®) ()’

and (L) is defined to be the univariate Wold factor that satisfies

[(L) =

(54)

where

9

a(peo? + pono?) (1= 6L)(1 = $L7)(1 = poL) (1 = poLY)
D002 + p.0%) (I—aL)(l—aL)

x A(L)A(L™Y). (56)
Step 3. Find the equilibrium fixed-point equation A(L) = T[A(L)].
According to the structural model,

__ hfy L =
Pt = Uy — f20 m ; 5)\ Etuz g (57)

where 0 < A < 1 is defined in Proposition 1. By the Hansen and Sargent (1981) formula,

>0 B = GRS I L
Together these imply the fixed-point equation
Y . L[ e
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Substituting the expression for I'(L) in (54) into this equation and rearranging so that A(L)
only explicitly appears on the left, it follows that

(1= AL)(1 — aL)(L — a) — byLay(L)

A(L) =

(1= AL)(1 = aL)(L = @) + by(1 — a2)do?, [ty (1 — 1) Umpeblispoliliopn)l
(58)
where
W(L) =9*(1 = aL)(1 —alpe + p= — pop=BX) + pap(a — BA)L) (59)
+ (L —a)(pe + p: — @ — pgp-(BA + (1 — aBA)L)),
and

b fE B 92
, K= ——.
fo(1 = BApe)(1 = BAp:) 1492
From these definitions, it can be seen that b > 0 and 0 < x < 1. A further important

bo=b(1—k), b

property of the parameter b is that

(1 =X —pBN)
(1= BApg)(1 = BApz)

To see this, note that by the definition of A,

(60)

(b f2+ f)BN  bf2BA
I

Step 4. Prove that A(L) must be invertible.

(1=MN(1=pA) = (1= BApg)(1 = BApz).

First consider the case when py = p, = p. Equations (52) and (53) imply that a = ¢ = p.
By (55), this implies that ¥ = 0, so (58) becomes

(1= AL)(1—aL) = bLlp — p*(8A + (1 — aBA)L)]

AL) = (1—AL)(1—al)

_ 1=\ +bp(1— pBNIL
n 1—\L '

This operator is invertible because the moving average coefficient in the numerator is no
greater than one:
(1=NA =8N  AML—p)+p—pBA

P _
A+ bp(1 — pBA) < A+ A=y v <1,
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where the first inequality uses (60) and the second uses 0 < A < 1. Therefore, for the
remainder of the proof it can be assumed that py # p..

Second, note that when py # p, it must be that ¥ # 0. To see this, suppose to the
contrary that ¥ = 0, so that (58) becomes

(1= AL)(1 = aL) = bL(ps + p: — a = pop=(BA+ (1 — afA) L))

AL) = (1—AL)(1—al)

By (55), ¥ = 0 implies A(«) = 0, since a # ¢ and (L) has no inside zeros. Therefore,
the polynomial in the numerator on the right side of this equation must have a zero at «.

Defining py = max(py, p.) and pr, = min(py, p,), and setting the numerator to zero,

0=(1—aN(l—a®) —balpy + pr — @ — pupr(BA+ (1 — aBA)a))

> (1—aX)(1—a?) - (1 —(1ﬁ;\pA3§21__ﬁﬁ)\))\pL)a(pH +pr — a— pupr(BA+ (1 —afr)a)).
> (1-A)(1—0a?) — %a(mf +pr — a — purpr(BA + (1 — af)a)),

where the first inequality follows from (60) and the fact that pg + pr — a — pupr(BA+ (1 —
afA)a) > 0, and the second inequality uses 0 < a < 1 and 0 < py < 1.
Multiplying both sides of this inequality by (1 — SApL)/(1 — A) > 0, it follows that

0> (1—a®)(1—BApr) — alpu + pr — a — pupr(BA + (1 — aBfA)a))
= (1= apy)(L - prla+ (1 —-a*)BN))
> (1= apm)(1 - ala + (1 - a)N)) (taking p;, - a)
= (1—apy)(l - a®)(1 - apA) >0,

which is a contradiction. Therefore, py # p, implies ¥ # 0, as claimed.
Third, let h(L) denote the univariate Wold factor that satisfies

L)L) = A(L)A(L™) (61)
By (35),
_ Joza (o 1\ (peo? + peoy) (1 —@L)(1— peL)
L) = \/n ¢ <1 n) (pgo2 + p.no?) (1—al) MEL). (62)
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Substituting this expression into (58),

h(L)(1 — AL)(1 — aL)(L — a) — boh(L)Lv(L)

W(L)(1 = AL)(1 = aL)(L — a) + by(1 — a?)do. | | =l (opetlCro(Loroll
(63)

A(L) =

Now, suppose to the contrary that A(L) is not invertible, so it has at least one inside
zero (which is not at the origin, since A(0) = 1). By (61), this means that h(L) has at least
one outside zero that is not shared by A(L). By (63), there are only three possibilities:

1. h(L) = L A(L)

2. h(L) = =L A(L)

L—p,

_ (A=pgL)(1—p-L)
3. ML) = *gZ 5w AL)-

These are the only possibilities because if A(1/r) = 0 and A(1/r) # 0 for any other |r| < 1,
then 1/r would be a zero of the numerator but not the denominator of (63). What remains
is to show that each of these three possibilities entails a contradiction.

Case 1. h(L) = 2L A(L).

L—po
Substituting this expression for h(L) into the fixed-point equation (42) and solving for
A(L) implies that

boL[(1 — ¢L)U(L) + (1 — a®)do(1 — p.L)(L — py)°]
(1 - AL)(1—aL)(L — a)(l— ¢L) ’

A(L)=1-

where
¢(n—1)

- 64
P02 + punr? (64

o =0,

and (L) is defined in (59).
Since A(L) must be one-sided, the numerator of the fraction on the right side of this

expression for A(L) must have a zero at L = «.. This implies

9 = _0(1 — Oé,OZ)(,Oe - a)Q

(—ag)a(@) (%)

where
Ui(L) =1 —alps + p. — pop=BA) + pop=(a — BA) L (66)
Ya(L) = po + p- — @ — ppp=A — pop=(1 — aBA)L (67)
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so that (59) can be written as (L) = 9*(1 — aL); (L) + (L — a)ie(L).
In addition, the hypothesis that A(pg) = 0 and the fact that by = b/(1 +¥?) implies that

g2 — _ (Po—2) (1= Apo)(1 — apy) — bpo(pe) (68)

(1 —apg) (1= Apg)(pg — ) — bpyi1(ps)

Since 92 > 0, it is necessary to restrict attention to parameter configurations for which the

right side of this equation is always positive.
Combining (65) and (68) and solving for b/(1 — Apy) implies

b 1-apy (1 — ag)*1(@)? +0*(1 — ap.)*(pg — )"
1= Apy po ¥2(pe)(1 — ad)*P1(a)? + ¥1(pe)o?(1 — apz)?(pg — a)3(1 — app)

(69)

Using (60), it follows that

b . (1= XN)(1 - BN (1= Apo)(1 — BApm) 1
L—=Xpg = (1= BApg)(1 = BAp)(1 = Apg) (1= BApe)(1 = BAp)(L—Apg) 1 —BApr

However, it can be verified that the right side of (69) is no less than 1/(1 — SAp.) for

all parameter configurations such that the right side of (68) is non-negative, which is a

contradiction.

Case 2. h(L) = 2L A(L).

L—p.

Substituting this expression for h(L) into the fixed-point equation (63) and solving for
A(L) implies that

boL[(1 = 9L)Y(L) + (1 = a®)0o (1 = poL)(L — po)(L = p:)]

AlL)=1- (1 —AL)(1 — aL)(L — a)(1 — oL)

As in the previous case, the requirements that A(L) be one-sided and that A(p,) = 0 imply

the two equations

g — —o—apy)(a—py)(a—p.) -
(1~ g (o) i
g2 — _ (p==a) (1 =Ap)(1 —ap:) — bp:4a(p:) (71)
(L= ap:) (1= Ap:)(p: — ) = bpzthn(p:)
Combining (70) and (71) and solving for b/(1 — Ap,) implies
b _1-oap: (1 — a¢)?y1(a)? + (1 — apg)?(pg — a)*(p. — @)? (72)
1= Ap- pz P2(p2)(1 — ag)*i(@)? + 1 (p2)o (1 — ape)®(pg — @) (p= — a)(1 — apz)

49



As in the previous case, the left side of this equation is strictly less than 1/(1 — SApy),
but the right side is not less than this value for any parameter configuration for which the

right side of (71) is non-negative. This is a contradiction.

Case 3. h(L) = %A(L). Substituting this expression for h(L) into the fixed-

point equation (63) and solving for A(L) implies that

boL[(1 = pL)(L) + (1 — a®)¥o (L — pg)*(L — p.)]
(1 - L)(1 — aL)(L — a)(1 — ¢L)

A(L)=1-

The requirements that A(L) be one-sided and that A(p,) = A(py) = 0 imply the three

equations

_ —a(pg — a)*(a —p.)
K s WA 73)
o —(po—a) (1= Apg)(1 —apg) — bpetba(po)
P = ) (L= Ape) (7o — ) — st (o0) )
192 _ _(pz - Oé) (1 - >\,0z)<1 - Oépz) - bpzw2(pz> (75)

(1 - Oépz) (1 - )‘pz)(pz - Oé) - bﬂz%(ﬂz) .

It can be verified that it is not possible for the right sides of the second and third equations
to both be positive at the same time. Since 92 > 0, this is a contradiction.

Alternatively, it is possible to derive a contradiction along the same lines as the previous
two cases, by combining the first and second expressions and solving for b/(1—Apy) to obtain

b 1-ap (1 — ag)*v1(a)?(py — @) + *(pp — )" (o — p2)*(1 — apy)
1—Apy po V2(pe)(1 — ag)?vh1(@)?*(pp — @) + ¢P1(pa)o(pe — a)* (e — pz)*(1 — app)

And, it can be verified that the right side of (76) is no less than 1/(1 — SAp.) for all
parameter configurations such that the right side of (74) is non-negative, which contradicts
the fact that b/(1 — Apg) < 1/(1 — BApr) by (60).

. (76)
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Proof of Proposition 8.

The proofs of the analogous versions of Propositions 1 and 4 are exactly the same as
before, just with the relevant parameters indexed by i. The only thing that remains is to
prove the analogous version of Proposition 2. By substituting the closed-form expression (5)

into the demand curve (15), and averaging across sectors,

n

o 1 by foiw; L _
P = 1_n;(1—AiL)(1—¢L) . (77)

To prove the proposition, it is sufficient to verify that the operator on the right side is
invertible into the past. Since 0 < ¢ < 1 and 0 < \; < 1, this is true if and only if

characteristic polynomial

n

Pl) = T = A= 0) = 3 buafosnn T = 1)

i=1 ji

has all n + 1 zeros inside the unit circle. Note first that sign P(0) = (—1)""! because
0<¢p<land0< )\ <1, and P(1) > 0 because

n

1 buf(?i(l —52‘)\7;) . 1 < blz’f()z'wz‘
LD DY o -y ey Rl D D v

(2

where the last equality uses the definitions of w; and ;.
Next, arrange the sequence {\;}; such that A\; < Xy < --- < \,, and note that

1 n
P(Ni) = n Z bui foiwii H()\z —Aj)-
i=1 J#i
This implies that P(A\;) = 0 if Ay = Ay and sign P(\;) = (—1)" otherwise, so sign P(A\;) #
signP(0). Similarly, signP(\,) = 0 if A\, = A\,—; and signP(\,) = —1 otherwise, so
sign P(\,,) # signP(1). Finally, note that for i =2,3,... n,

0 Ai = Ai1
signP(\;) =
— sign P(Az—l) A > A1

These observations demonstrate that P(u) must have n + 1 zeros inside the unit interval.
Therefore, the operator on the right side of (77) is invertible into the past, proving the

analogous version of Proposition 2.
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Proof of Proposition 9.

The existence and the uniqueness of the FCE follows from the same reasoning as in the
proof of Proposition 1, and the policy function (28) is the same, except with the relevant
structural parameters now indexed by . Given that policy function, the closed-form expres-
sion in (1) comes from evaluating the forecasts Eju;,4; under the new law of motion (17).
To do so, first notice that (17) implies

Eiuigyj = o;p’ By, (78)
Second, notice that the vector u; = (u1, . . ., Uy) contains the same information as the vector
. . _ o2 2. . .
(@, U, - - -, Ugt), where @, = %2?:1 5y, ol = (% > :—2’) 1 and 1 = uy — oy, since
one can be obtained from the other by a non-degenerate linear transformation. Moreover,
the processes {1y, ..., Uy} constructed in this way are independent of {6;}, so
Eitgt = E(9t|ut) = E(9t|ﬂt, ﬂi, ce ,iLiL) = E<9t|l_tt) (79)

Now it is necessary to compute E(6;|u'). By (17), the law of motion for {a,} is
Uy = 0 + 0.8,

where & = %2?21 g; is uncorrelated over time, with mean zero and variance 1/n. This
law of motion has the same form in the proof of Proposition 1, so the optimal forecast of
0; has the same form as well, and is given by (31) (with the appropriate re-definitions of ¢
and u;). Substitution of (78), (79), and (31) into the policy function (28) delivers the same
expression for k; ;1 presented in Proposition 1, with the new expression for w; reported in
this proposition.

Substituting this policy function into the demand curve and computing the appropriately

weighted average of prices across sectors implies a relationship of the form

1 < o2 w: L
5o— |1 = e 2 v 77 &0
" n Z o2 U= NL)(1— L) | ™ (80)

where @; = w;/a; > 0. To prove the analogous version of Proposition 2, it is sufficient to

verify that the operator on the right side is invertible into the past. Since 0 < ¢ < 1 and
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0 < A\; < 1, this is true if and only if characteristic polynomial

n n 2

P =TT~ 20— 0) = > ZatanT[n )
i=1 i=1 €t i

has all n + 1 zeros inside the unit circle. Note first that signP(0) = (—1)"*! because
0<¢p<land0< )\ <1, and P(1) > 0 because

2

€ bllfz( BZ Z) —l Y U_ i
1= 6> o1 - 0/p) 2—2 Bl £ ) 02 AT

where the last equality uses the definitions of @; and ;.
Next, arrange the sequence {\;}; such that A\ < Xy < --- < )\, and note that

n

I~ 02 s
P()\Z) = _EZ 2'CY wl)\ H
i=1 Tei JjFi
This implies that P(A\;) = 0 if Ay = Ay and sign P(\;) = (—1)" otherwise, so sign P(A\;) #
sign P(0). Similarly, signP(A\,) = 0 if A\, = \,_1 and signP()\,) = —1 otherwise, so
sign P(A,,) # sign P(1). Finally, note that for i =2,3,...,n

0 Ai = i1
signP(\;) =
— sign ,P()\,L,1> Ai > A

These observations demonstrate that P(u) must have n + 1 zeros inside the unit interval.
Therefore, the operator on the right side of (80) is invertible into the past, proving the
analogous version of Proposition 2.

To prove the analogous version of Proposition 4, note that any REE of an economy with

sy = Py implies a relationship of the form

n 2

1 o
1 — E —= zb i zLAz L D = Uyp.
+ n — O_;Oé 1 f() ( ) n Ut

The fact that p; must be measurable with respect to £ = (v, e") implies that the operator
on the left must always be invertible into the past. This proves that, in any REE, p' and u'

contain the same information.
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Proof of Proposition 10.
Step 1. Find the Wold representation of the observation vector s; = I'(L)w;.

In any symmetric REE, it is possible to write
(1 = pL)pr = A(L)ve + 0y(1 — pL) B(L)m,

for some one-sided operators A(L) and B(L).'® In terms of theses operators, the equilibrium

law of motion of the observation vector sy = (u, py) is

Ut
1 Oy 0 o.(1— pL 1
Sit = ( P ) Mt = M(L)ezt
1—pL | A(L) o0,(1—pL)B(L) 0 1—pL
Eit
First notice that
262(1 —aL)(1 — L™t VAL
M(L)M(L—l)/: aO'E( « )( «Q ) o ( )
o, A(L) A(L)A(L™Y) + 02(1 — pL)(1 — pL=")B(L)B(L™1)
where « solves the quadratic equation
pota® — (a7 +o2(1+ p))a+ po? = 0, (81)

and satisfies the inequality 0 < o < p.
Following the procedure described on pp.44-47 of Rozanov (1967), the Wold factor I'(L)
is given by

Vy/2o.(L — ) —v/Zo.(1—al)

1 1
I'(L) =
V1+92(1—plL) a0, AL)L e AL)L 1—al
l(’1\/:% o W) \/;ffs I o P (82)
82
where

= [0 adla)
"= T (%)

18The fact that the operators A(L) and B(L) here are re-scaled versions of the operators in (19) is without
loss of generality, and is done only for analytical convenience.
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and (L) is defined to be the univariate Wold factor that satisfies

_a(l—pL)1—pL™"

WER(L™) = P e AUAL ) 4031 = pL) (1 —pL ™ BI)B(L™). (84

Step 2. Find the equilibrium fixed-point equation (A(L), B(L)) = T[(A(L), B(L))].

According to the structural model,

Z(BA)jEtui,t+j + oy (1 = pL)n, (85)

Jj=1

(1= pL)j; = oyvs — bife (1 —pL)L
t Ut )

fo (1=AL

where A is defined in Proposition 1. By the Hansen and Sargent (1981) formula,

oy 1 BA .
2 (BN Buiass = 7= pp— gy 1 OHTW) =~ TEAIN(L)

j=1
logon
A(L)or + 0y(1 = pL)B(L)n
Together these imply the fixed-point equation

[A(L) o)1 =pL)B(L) | =[0on 0]+[0 oy(1—pL)]

Oy 0

A(L) o,(1- pL)B(L)

CWfi AL

fa (1=AL)(L—pBA) [1 0}(T(L) —T(BA))T(L)~

Substituting the expression for I'(L) in (33) into this equation and rearranging so that
A(L) and B(L) only explicitly appear on the left, it follows that

(1= AL)(1 — aL)(L — &) — boL [9*(1 — aL)(1 — ap) + (L — a)(p — @)
(1= AL)(1 — aL)(L — ) + bydo-(1 — a%ﬁ%

p

AlL)=0 (86)

B VL)1 = AL)(1 —al)
B(L) = Y(L)(1 = AL)(1 — aL) + by(1 — a?)9/Zo.(1 — pL)L’ 0

bSO W
-6\ T 1ro?

From these definitions, it can be seen that b > 0 and 0 < k < 1. A further important

bo=b(1—k), b=
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property of the parameter b is that
b<1—A\ (88)

To see this, note that by the definition of A in Proposition 1,

RN Y (32 Y 1. S

L=5X) "~ fo(l=BAp)

Step 3. Suppose to the contrary that A(L) and B(L) are rational functions of L and re-write

the equilibrium fixed-point equation in terms of polynomials.

If A(L) and B(L) are rational functions of L, then it is possible to write

and B(L)=o0p (89)

where p;(L) and ¢;(L) are polynomials with no common zeros, ¢;(L) has no inside zeros, and

pi(0) = ¢;(0) =1 for i = A, B. In terms of these polynomials, (84) becomes
_a(l—=pL)(1—pL7") 1

M) = = a1 — ol e Dar T NarDas L)

[FApa(LpaL ) an(Lan(L ™) + 022 (1 = aL)( = oL )rbpa(Lpa(L s (Laa(L™)]

_a (1= pL)(1 = pL=)ogm(L)ym(L~")

p(1—al)(1 —aLl ")qa(L)qa(L")qs(L)gp(L™")’

where m(L) is a polynomial with no inside zeros, which satisfies
omm(L)Ym(L™) = aipa(L)pa(L™)as(L)gs(L™) (90)
+ 022 (1= aL)(1 - aL™)ohpa(Lpa(L)aa(L)ga( L),

m(0) = 1, and o, > 0. This implies that

_, o (A-pLm(L)
) = m\/; I— o)D)’ o1

Substitution of this expression for v(L) into (86) and (87), and re-arranging, produces the
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fixed-point equations

pall)  m(L)(1 = AL)(1 — aL)(L — a) — bym(L)L*(1 — aL)(1 — ap) + (L — a)(p — a)]

PAa@) 7 mL)A - AL - aL)(L — a) + bod 2= (1 — a?)qa(L)as(L)L(L — pL)(L — p)
(92)
Pap(L) ~ m(L)(1 = AL) + bo(1 — a?)9 8 2= Lqa(L)gp(L)
Also, by (89), (91), and the definition of ¥ in (83),
= v gapal@)en(@) (94)

oel—apo, m(a)

Step 4. Show that the fixed-point equation defined in terms of polynomials by (90), (92),
(93), and (94) does not have a solution.

The strategy here involves deriving a contradiction in each of several different cases.
But before doing so, it is helpful to simplify these four equations and make some general
observations that will be valid across all cases.

First,

ops=0, and op=1. (95)

This follows from evaluating both (92) and (93) at L = 0, using the fact that pa(0) =
qa(0) = pp(0) = gp(0) = 1.
Second, it will be established that
¥ #£ 0. (96)

To see this, notice that (94) implies that it is only possible for ¥ = 0 if pa(a) = 0, since
gp(L) and m(L) have no inside zeros, and o4 = o, by (95). Substituting ¥ = 0 into (92)

implies that
pa(l) (1 =AL)(A—aL)—bL(p—a)

qa(L) (1—AL)(1—al)

So in order for pa(a) = 0, it must be that « is a zero of the polynomial in the numerator on
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the right; i.e. (1 —aX)(1 — a?) — bya(p — ) = 0. But this is a contradiction, because
(1—aN)(1—a?) —bpa(p—a) = (1 — aN)(l - a?) — ba(p — )
= [(1—a\) — bap] — a?[(1 — a)) — b]
> (1 —a?)[(1—a\) —b] >0. (by (38))

Now define the polynomial m(L) = m(L)(1 — AL), and notice that m(L) has no inside
zeros. Comparing numerators and denominators in (93), any zeros of pgp(L) or gg(L) must

be a zero of m(L), so
m(L) = pp(L)gp(L)m (L) (97)

for some polynomial 71 (L). This implies that pg(L) cannot have any inside zeros. Moreover,
any zeros of my(L) must cancel on the numerator and denominator of (93), and therefore

must be contained in g4(L), so
qa(L) = ma1(L)qar(L) (98)
for some polynomial ga;(L). Using these definitions, (93) can be rewritten as

po(L) = q5(L) —bot) 7=(1 = o) Equ (L)L, (99)

Om

which implies that ¢z(L) and g41(L) have no common zeros, since gg(L) and pg(L) do not.
Substituting (97), (98), and (99) into (92), and rearranging,

pa(L)(1—AL)
pa(L)ma(L)

N(L)
D(L)’

=qa (L) (100)

where

N(L)=(1—=AL)(1 — aL)(L — ) — byL[¥*(1 — aL)(1 — ap) + (L —a)(p —a)]  (101)

0.2

D(L) = qp(L)(1 — aL)(L — a) — by —"~(1 — a®)qa1 (L) L*. (102)

OcOm

An important implication of (100) is that any inside zeros of D(L) must be shared by N(L).
This is because m(L) and ¢a1(L) have no inside zeros, by definition, and pg(L) has no inside
zeros, by (97). Also notice that in (101), deg N(L) = 3.
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Finally, substituting (97), (98), and (100) into (90), and rearranging,

2

4s(L)as(L)DIDL) = g (Dan (L as(Las(LINLINELT - (103)

m

0.2

+ 21— aL)(1 — aL ™) (1 = AL)(L = AL Ygar(L)ga(L)D(L)D(L ).

2
Om

Using the results established so far, it is possible to consider the six cases in the tables
below, and derive a contradiction in each case. The numbers in the table correspond to the

numbers in the proof below.

qai(l/a) #0
a(1/a)ap(1/N)#0 | qp(1/a)=0, q(1/N)#0 | ¢5(1/)#0, q5(1/N)=0 | qp(1/a)=0, ¢5(1/X)=0
1.1 1.2 1.3 1.4
gai(l/a) =0
g(1/A) #0 | gp(1/A) =0
2.1 2.2

First, notice that, by (103), if ga1(1/r) = 0 then
(1—=a/r)D(r)=0. (104)

The reason is that gg(1/r) # 0 because ¢qp(L) and ga1(L) have no common roots by (99),
and ggp(r) # 0 because gg(L) has no inside zeros, so (103) requires that D(r)D(1/r) = 0.
But by (102), D(1/r) = 0 only if r = «, so this requirement implies (104).

Case 1. If gai(1/a) # 0, then ga1(1/r) = 0 implies that D(r) = 0. This means that D(L)
has an inside zero, which must be shared by N (L) to be consistent with (100). But then this
same argument can be repeated to show that the multiplicity of the zero r in D(L) and N (L)
is arbitrarily large, which contradicts the fact that deg N(L) = 3. Therefore, g41(L) = 1, so
(103) becomes

0.2

45(L)gs(L™)D(L)D(L7) = —qs(L)gs(L™)N(L)N (L) (105)

+§—§(1 —aLl)(1—aL ™) (1 = AL)(1 = AL Y)D(L)D(L™Y).
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From this equation, if ¢g5(1/r) = 0, then
(1—a/r)(1—=X/r)D(r) = 0.
Now consider each possibility.

Case 1.1. If gp(1/a)gp(1/N) # 0, then gp(1/r) = 0 implies D(r) = 0, so D(L) has an
inside zero. But then the same argument used above implies that the multiplicity of r in
N(L) is arbitrarily large, which is not possible. Therefore, gs(L) = 1, and (102) and (105)

become

0.2

D(L) = (1 — aL)(L —a) — boﬁg U (1—a?L?
D(L)D(L™) = S—EN(L)N(L—I) + Z—f(l —aLl)(1—aL (1 = AL)(1 = AL )D(L)D(L™).

If deg D(L) = 2, then a comparison of degrees in (105) implies that 2 = max(3,4),
which is a contradiction. Therefore, the leading coefficient of D(L) must vanish, i.e. o =
— by -2 (1 — a?), which implies that

OcOm

D(L) = (1+a*)L —a.

Therefore, deg D(L) = 1, and its zero is 7 = /(1 + o?) < «. Since this is an inside zero,
(100) implies that N(r) = 0. Using (101), this implies that

(I=Ar)(1 —ar)—="br(p— «a)
or[(1 —ar)(1 —ap) + (a —=7)(p — )]’

k=—(a—r)
But by (38) and r < «, it follows that b < 1 — Ar, so
(1= )1—ar)=br(p—a) > (1—=Ar)(1—pr)>0.

Therefore x < 0, which is a contradiction.

Case 1.2. If gp(1/a) = 0 but ¢g(1/X) # 0, then write ¢g(L) = (1 — aL)gp1(L) for some
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polynomial gp(L). Then (105) becomes

2

QB1<L)QB1(L71)D<L)D<L71) = JJ—;)QBl(L)QBl(Lil)N(L)N(Lfl) (106)
+§—§(1 — AL)(1 = AL"HD(L)D(L™).

By this equation, gp1(1/7r) = 0 implies D(r) = 0, and D(L) has an inside zero, which can be
used to produce a contradiction with deg N(L) = 3. Therefore, ¢p1(L) = 1, and (102) and
(105) become

0_2

D(L) = (1 — aL)*(L — o) — by —2~(1 — o*)L?

OcOm

2

D(L)D(L™") = O—Q’Z’N(L)N(L*l) + 201 = AL)(1 = ALY D(L)D(L7Y).

Om Om

From the first equation, deg D(L) = 3. Then, a comparison of the degrees of the polynomials

in L on both sides of the second equation produces the contradiction 3 = max(3,4).

Case 1.3. If gg(1/)\) = 0 but ¢g(1/«) # 0, then write gg(L) = (1 — AL)gp1(L) for some
polynomial gp;(L). Then (105) becomes

02

QBI(L)QBI(L_I)D(L)D(L_I) = U—SQBl(L)CIBl(L_I)N(L)N(L_l) (107)

—1-5—;%(1 —aL)(1 —aL Y)D(L)D(L™).

By this equation, ¢g1(1/r) = 0 implies D(r) = 0, and D(L) has an inside zero, which can
be used in (107) to produce a contradiction with deg N(L) = 3. Therefore, ¢p1(L) = 1, and
(102) and (107) become

2

D(L) = (1 - AL)(1 — aL)(L —a) — bma"; (1—a?)L?
D(L)D(L™) = Z—fN(L)N(L—l) + 5—5(1 —aL)(1—aL YD(L)D(L™).

From the first equation, deg D(L) = 3. Then, a comparison of the degrees of the polynomials

in L on both sides of the second equation implies the contradiction 3 = max(3,4).
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Case 1.4. If gg(1/A) = 0 and ¢p(1/a) = 0, then write ¢g(L) = (1 — aL)(1 — AL)gp1(L)
for some polynomial gp1(L). Then (105) becomes

qp1(L)gp (L") D(L)D(L™") = Z_QgQBl(L)QBI(L_I)N(L)N(L_l) + ;T—QD(L)D(L_I)'

This implies that gp; (L) = 1, since otherwise it can be shown that the inverse of any zero of

¢p1(L) would be an inside zero of D(L) and N (L) of multiplicity greater than 3. Therefore,

0.2

D(L) = (1 = AL)(1 — aL)*(L — a) — boﬁa U (1—a*L?
D(L)D(L™Y) = U—§N(L)N(L1) - z—fD(L)D(Ll)

The first equation implies that deg D(L) = 4, and the second equation implies that all the
zeros of D(L) must cancel with zeros of N(L). But deg N(L) = 3, so this is a contradiction.

Case 2. If g41(1/a) = 0, then write ga1(L) = (1 —al)gaz(L) for some polynomial g4o(L).
Then D(L) = (1 — aL)D;(L), where

0.2

Di(L) = qg(L)(L — ) — by ——(1 — a*)qaz(L)L*. (108)

OcOm

By (103), qa2(1/r) = 0 implies D;(r) = 0, which can be used to produce a contradiction
with deg N(L) = 3. Therefore, ga2(L) = 1 and (103) becomes

2

g8(L)gp(L™")Dy(L)Dy(L7) = g—;’N(L)N(L‘l)qB(L)qB(L_l) (109)
+ Z—fu —aL)*(1 — aL™Y)2(1 — AL)(1 — AL~Y)Dy (L) Dy (L7Y).

By this equation, ¢g(1/r) = 0 implies
(1 —=X/r)Dy(r) = 0.
Now consider each possibility.

Case 2.1. If gg(1/A) # 0, then ¢g(1/r) = 0 implies D;(r) = 0, so D;(L) has an inside
zero, which can be used to produce a contradiction with deg N (L) = 3. Therefore, ¢g(L) = 1,
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and (108) and (109) become
Di(L) = (L— ) — byd-Z(1 — a?) L2
(L) = L

(110)

V]

+ 200 a1 oL P A1 - ALY,

The first equation implies that deg D1(L) = 2, and a comparison of degrees in the second

equation implies that 2 = max(3,5), which is a contradiction.

Case 2.2. If gp(1/A) = 0, then write ¢gg(L) = (1—AL)gp:1(L) for some polynomial ¢z (L).

Then (109) becomes
ap1(L)gpi (L™ Di(L)Dy(L7)) = g—qul(L)qu(Ll)N(L)N(Ll) (111)

m

2
o
+ éa —aL)*(1 —aL™)Dy(L)D(L7Y).
If gp1(L) # 1, then this equation implies that D;(L) has an inside zero, which can be used
to show that N (L) has an inside zero of arbitrarily large multiplicity, which is not possible.

Therefore, it must be the case that ¢g1(L) = 1, so (102) and (111) become

Di(L) = (1 = AL)(L — a) — 6019005’ (1 - a?)L?

Dy(L)Dy (L) = 22 N(D)N (L) + 5—5(1 —aL)*(1 — aL ™Dy (L)Dy (LY.

If deg D1 (L) = 2, then the second equation implies 2 = max(3,4), which is a contradiction.
o (1 — a?), which

Therefore, the leading coefficient of D;(L) must vanish, i.e. A = —bol) =
implies that
Di(L)=(1+aNL —a.

Therefore, deg D1(L) = 1, and its zero is 7 = /(1 + @A) < «. Since this is an inside zero,
(100) implies that N(r) = 0. Using (101), this implies that

k= —(a—1) (I=Xr)(1—ar)—=0br(p—a)
bl —ar)(1—ap) + (@ - (p— )]
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But by (38) and r < «, it follows that b < 1 — Ar, so
(I=Ar)(1—ar)=br(p—a)> (1 —=Mr)(1—pr)>0.

Therefore k < 0, which is a contradiction.
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