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Abstract

In studies based on longitudinal data, researchers often assume time-invariant unobserved
heterogeneity or linear-in-parameters conditional expectations. Violation of these assumptions
may lead to poor counterfactuals. I study the identification and estimation of a large class
of nonlinear grouped fixed effects (NGFE) models where the relationship between observed
covariates and cross-sectional unobserved heterogeneity is left unrestricted but the latter only
takes a restricted number of paths over time. I show that the corresponding “clusters” and the
nonparametrically specified link function can be point-identified when both dimensions of the
panel are large. 1 propose a semiparametric NGFE estimator and establish its large sample
properties in popular binary and count outcome models. Distinctive features of the NGFE
estimator are that it is asymptotically normal unbiased at parametric rates, and it allows for
the number of periods to grow slowly with the number of cross-sectional units. Monte Carlo
simulations suggest good finite sample performance. I apply this new method to revisit the so-
called inverted-U relationship between product market competition and innovation. Allowing
for clustered patterns of time-varying unobserved heterogeneity leads to a less pronounced
inverted-U relationship.
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1 Introduction

Unobserved heterogeneity is a prevalent feature of most reduced-form and structural work in eco-
nomics and other social sciences. Observational outcomes and explanatory variables of interest
typically correlate over time with factors unobserved to the researcher. This confounding problem
renders identification of key parameters of interest, such as average partial effects, difficult.

By sampling N individuals at T" points in time, panel data offer opportunities to account for
latent structures embedded in low-dimensional manifolds (see, e.g., Bai, 2009; Wooldridge, 2010;
Hsiao, 2015; Moon and Weidner, 2019; Bonhomme, Lamadon, and Manresa, 2022).! While ran-
dom effects approaches specify the conditional distribution of the unobserved heterogeneity given
covariates (up to a few parameters), fixed effects approaches leave this distribution unrestricted and
introduce instead many additional parameters. In particular, pooled linear regression with addi-
tively separable individual and time-specific effects has been widely used to control for unobserved
permanent heterogeneity and “common trends”. de Chaisemartin and D’Haultfceuille (2020) find
that 20% of applied papers published in the AER between 2010-12 have estimated such a regression.

The underlying two-way fixed effects model, however, is restrictive in at least two important
ways. First, it cannot accomodate nonlinearity and nonseparability in parameters that frequently
arise from economic theory and de facto imply heterogeneous partial effects (e.g., discrete choice,
point mass in outcome). Second, common trend assumptions may fail (see, e.g., Roth and Ram-
bachan, 2022) and the model does not capture more complicated patterns of time-varying unob-
served heterogeneity.

Jointly adressing these concerns is difficult. Standard differencing techniques or sufficient statis-
tics for the unobserved effects are generally lacking in nonseparable models. Allowing for unobserved
diverging trends creates a dimensionality challenge in identification and estimation, which reflects
Neyman and Scott (1948)’s well-known incidental parameters problem (even with large 7).

Among existing approaches, restricting the support of unobserved heterogeneity has recently
gained increasing attention as an interpretable, flexible, and economically meaningful dimension-
reduction device.? Specifically, it often is plausible that individuals partition into a moderate number
of clusters such that all cluster members share the same path of unobserved heterogeneity over time
but the partition is unknown to the researcher. The problem becomes that of classifying a large
number of individuals into clusters and estimating a large number of nonseparable cluster-specific
time effects in “large-N, T nonlinear panel models, where N and T jointly diverge to infinity.?

To the best of my knowledge, no result is known concerning the nonparametric identification of

many nonlinear models widely used in empirical research (e.g., random utility binary/ordered choice

IThis echoes Occam’s razor principle and the “manifold hypothesis” (Goodfellow, Bengio, and Courville, 2016).

2Pioneering work includes Heckman and Singer (1984); Hahn and Moon (2010); Bonhomme and Manresa (2015).

3Such asymptotics have become increasingly popular in the last decades, given the growing availability of high-
frequency data (e.g., scanner, financial data). See, among others, Hahn and Newey (2004); Arellano and Hahn (2007);
Dhaene and Jochmans (2015); Ferndndez-Val and Weidner (2016); Chen, Ferndndez-Val, and Weidner (2021); Chen,
Rysman, Wang, and Wozniak (2022).



models) in this setting.” Furthermore, estimation and inference using recently proposed semipara-
metric estimators (e.g., interactive fixed effects) is quite challenging. Asymptotic distributions are
rarely available or must be bias-corrected using analytical or jackknife methods justified by asymp-
totic frameworks where N and T grow at the same rate (see Zeleneev, 2020; Chen, Ferndndez-Val,
and Weidner, 2021; Bonhomme, Lamadon, and Manresa, 2022). This gap in identification and
these limitations in semiparametric estimation are important. The distribution of idiosyncratic
error terms (e.g., random shocks in taste), together with common and fixed effects parameters, is a
building block for estimating counterfactual events and policy-relevant parameters such as average
causal effects. Unjustified parametric assumptions can be expected to deliver poor counterfactuals
in large panels. Also, T' is often much smaller than /N in practice.

In this paper, I address both of these concerns for a large class of nonseparable nonlinear grouped
fixed effects (NGFE hereafter) single-index static models for discrete outcomes. In the most simple
version, individual i € {1, ..., N}’s outcome Y;, € Y at time period t € {1, ..., T} given i’s covariates

history X1, ..., Xy, cluster membership ¢; € {1, ..., G}, and cluster-specific effect a,,; is such that
Pr (Y;t =Y | X’ila ) Xita 9, agit) =h (y’ Xz/t/B + agit) ) (1)

where the common parameter (3, the link function hA(-,-), the number of clusters G < N, the cluster
memberships g¢;, and cluster-specific effects (o )4+ are unobserved to the econometrician and treated
as parameters to estimate. This class covers many important models of empirical interest such as
binary choice, ordered choice, and count data (see Section 2). Extensions to multinomial choice or
fully nonparametric models are discussed in the Appendix.

In this context, I make two contributions. My first contribution is to provide primitive conditions
under which all parameters of model (1) are point identified as N and T" grow large. The proof
is constructive and relies on two steps. In a first step, I draw on an injectivity condition a la
Bonhomme, Lamadon, and Manresa (2022) (see their Assumption 2) to build test functions which
identify the sequence of latent clusterings {gi, ..., gn } x>, and number of clusters G from pairwise
comparisons of conditional probability functions identified by time variations in the data at the
individual level. The key idea is to circumvent the difficult (nonlinear and NP-hard) k-means
clustering problem by considering instead N(N — 1)/2 individuals-pairing testing problems.” I
show that the injectivity condition holds if, for instance, clusters are “well separated”, there is
continuous local variation in a “special” regressor (not necessarily with large support), and the link
function is real-analytic (see, e.g., Krantz and Parks, 2002).° In a second step, I resort to within-

cluster variation and apply a well-known result by Ichimura (1993) to identify the common slope

4While Ferndndez-Val and Weidner (2018) argue “most models are point identified with large T”, this paper gives
sufficient conditions for a large class of models.

5This idea is at the core of many “hierarchical” or “agglomerative” approaches proposed in the unsupervised
learning literature (e.g., DBSCAN clustering algorithm).

6Special regressors are widely used in econometrics (for discussion and examples see, e.g., Lewbel, 2014). There is
a trade-off between imposing (i) analyticity of the link function which allows to interpolate from bounded variation
in the regressors at the cost of a strong functional form assumption and (ii) the existence of a special regressor with
unbounded support.



parameter [ up to scale. Identification of cluster-specific time-varying effects and the unknown link
function then follows from leveraging compensating variations within and between clusters and a
monotonicity property.

My second contribution is to develop simple NGFE semiparametric estimators and establish their
large sample properties.” I introduce a general M-estimation framework to estimating nonlinear
models with clusters of time-varying unobserved heterogeneity. Semiparametric NGFE estimators
are obtained by specializing the framework to models with a known link function and a known
number of clusters. These estimators maximize the likelihood of the data conditional on the latent
clustering and time-effects. Importantly, no tuning parameter is required. However, computation
can be cumbersome in large samples. In a companion paper (Mugnier, 2022), I show how combining
nuclear norm regularization with the pairwise differencing argument that serves as a foundation for
the present nonparametric identification analysis delivers a computationally trivial estimator for a
linear version of model (1), which enjoys more powerful statistical guarantees than Bonhomme and
Manresa (2015)’s grouped fixed effect estimator. In particular, the unknown number of clusters G
can be consistently estimated under a restricted eigenvalue condition and without prior knowledge of
an upper bound Gp.x > G (see Proposition 3.1 in Mugnier, 2022). Here, I instead propose a simple
heuristic, namely Lloyd (1982)’s algorithm described in Section 4.3, and show that it performs well in
various Monte Carlo experiments with moderate sample sizes and number of clusters (see Section 6).
From a theoretical viewpoint, and in contradistinction with popular fixed effects estimators such
as Chamberlain (1980); Rasch (1960) or Charbonneau (2017)’s conditional logit, NGFE estimators
can accomodate time-invariant regressors and do not drop individuals without any variation in
outcomes, thus exploiting the full sample variation. On the other hand, contrary to Bonhomme,
Lamadon, and Manresa (2022), I maintain the assumption that unobserved heterogeneity is discrete.
This assumption is key for the NGFE estimator to have only one optimization step and enjoy a
“perfect recovery” property: provided T' grows at least as some power of N, the misclassification
probability tends to zero uniformly across individuals.® As in the linear case (see Bonhomme and
Manresa, 2015), this result implies that, under additional regularity conditions, NGFE estimators of
the slope and cluster-specific effects are asymptotically equivalent to the infeasible oracle maximum
likelihood estimator (MLE) based on knowledge of the clustering. Remarkably, when T" = o(V),
this oracle is asymptotically unbiased so that standard MLE inference yields tests and confidence
intervals with correct asymptotic level. When N/T — k € (0, +00), existing results can be applied
to the oracle to derive analytical or jackknife bias correction methods for the slope and average
marginal effects estimates.”

I investigate the finite sample performance of NGFE estimators, as well as large-N, T estimators
of their variance, by means of Monte Carlo simulations. I compare the results with state-of-the-

art competing methods. I find that NGFE estimators perform quite well in settings they are

"Fully nonparametric estimation could follow the constructive identification argument. I do not pursue this avenue
here because it would require a lot of tuning parameters.

8 A concentration inequality for martingale differences due to Lesigne and Volny (2001) is used to show this result.

9See, e.g., Hahn and Newey (2004), Arellano and Hahn (2007), and Chen, Ferndndez-Val, and Weidner (2021).



meant for. In particular, in a static logit model with clustered time-varying correlated unobserved
heterogeneity, N = 90, T' = 7, the NGFE estimator has the smallest bias and Root Mean Square
Error (RMSE) compared to both linear and nonlinear methods such as linear two-way fixed effects
(TWFE), Bonhomme and Manresa (2015)’s grouped fixed effects (GFE) Bonhomme, Lamadon,
and Manresa (2022)’s 2-step GFE, Fernandez-Val and Weidner (2016)’s nonlinear TWFE, or Rasch
(1960); Chamberlain (1980)’s conditional MLE. It also has the best finite-sample 95% CI’s coverage
(84 to 86%) compared to the CMLE (less than 50%).'Y Tt takes 10 seconds to compute on a
professional laptop, which is similar to that of competing clustering methods such as 2-step GFE.

Finally, I illustrate the practical usefulness of NGFE estimators by revisiting an influential paper
by Aghion, Bloom, Blundell, Griffith, and Howitt (2005). The authors investigate the relationship
between product market competition and innovation using a panel of seventeen UK industries ()
that spans the last part of the twentieth century (¢t = 1973, ...,1994). Their preferred specification
is a nonlinear Poisson regression model of the number of citation-weighted patents on “one minus
the Lerner index” that controls for multiplicatively separable industry and time effects. Their
results suggest a strong inverted-U relationship. Yet, there is no reason a priori to assume that
dynamic shocks driving both the production of patents and the market structure of industries
are common to all industries. When I estimate a NGFE model, I find a much flatter inverted-U
curve. This is due to the presence of clustered patterns of time-varying unobserved heterogeneity.
The data-driven clustering procedure reveals a permanently “high (resp. low)-innovation” cluster of
industries gathering “heavy (resp. light) sectors” such as automobile production, chemical products
(resp. manufacture of paper/paper products, textile industry), as well as transitioning “caching-
up” clusters of industries, including data and tech related sectors such as electrical and electronic
engineering or data processing equipment. These new results shed light on unobserved diverging
mechanisms that drive both the market structure and technological change across time. Cluster
memberships and clusters effects can be further used as dependent variables to guide the search of
key time-varying omitted variables determining both technological change and market structure.

Economics provides many other possible applications of NGFE models. Janys and Siflinger
(2021) find that young women engage into systematically divergent unobserved risky behaviors
over time that simultaneously affect the chance to have an abortion and that to develop mental
health disorders (a binary dependent outcome in the study). Deb and Trivedi (1997) control for
unobserved time-invariant discrete types of health risk. More generally, any limited dependent
variable model (e.g., ordered, multinomial logit) in which it is expected that the baseline level of
cross-sectional unobserved heterogeneity is not subject to the same trend across individuals (e.g.,
human capital accumulation, change in taste for different products in the long run) is a candidate.
The approach could also be applied to network data with clustered patterns of heterogeneity (e.g.,
gravity equations in trade), which I leave for further research (see Section B.3).

Overall, the theoretical results broaden the scope of application of GFE estimators and clustering

10Note that only Bonhomme, Lamadon, and Manresa (2022)’s estimator assumes a correctly specified model. This
paper does not provide inference tools. Comparison with Chen, Ferndndez-Val, and Weidner (2021)’s estimator is
left for further research.



techniques in econometrics, complementing the available toolbox for applied economists interested
in assessing the robustness of their results to specification choices. Results from the empirical
applications confirm the usefulness of considering flexible specifications such as NGFE for modeling

unobserved heterogeneity.

This paper contributes to the large literature on nonseparable panel data models. Most previous
papers from this literature obtain (partial) identification results under fixed-7T" asymptotics. Point-
identification results with fixed T" are scarce, even in a static simple binary choice model with unit-
specific unobserved effect (see, e.g., Chamberlain, 2010; Davezies, D'Haultfoeuille, and Mugnier,
2020). Some papers have leveraged the large-T' dimension but otherwise rely on (additive) separa-
bility of the individual/time unobserved heterogeneity or parametrically specify the link function.'*
In contrast, I alleviate the large-T" dimension, cluster separation, and the single-index clustered
structure to show that all parameters of NGFE models can be (nonparametrically) point-identified
even with clustered time patterns of unobserved heterogeneity. I use the technique of compensat-
ing variations like D’Haultfoeuille, Hoderlein, and Sasaki (2021) and Mugnier and Wang (2022),
which does not necessarily require large support (see also Vytlacil and Yildiz, 2007). This paper
also contributes to the literature estimating semiparametric nonlinear large- N, large-T panel data
models with multiple fixed effects. Much previous work in the panel data literature has focused on
estimation of semiparametric factor-analytic type linear models while nonlinear models with inter-
active fixed-effects have only recently drawn considerable attention.'? Ferndndez-Val and Weidner
(2016), Graham (2017), and Charbonneau (2017) provide consistent and asymptotically normal
semiparametric estimators of the homogeneous slope coefficient (as well as average partial effects in
Ferndndez-Val and Weidner, 2016) in nonlinear TWFE models. In contrast to NGFE estimators,
Graham (2017) and Charbonneau (2017)’s conditioning estimators, by partialling out unobserved
effects, do not provide consistent estimates for them, and Ferndndez-Val and Weidner (2016) require
N/T — k € (0,400) to obtain statistical guarantees. Neither TWFE nor NGFE models are nested
one into another and the two approaches should therefore be seen as complementary. On the other
hand, some papers assume that clusters are known to the econometrician (see, e.g., Bester and
Hansen, 2016; Arkhangelsky and Imbens, 2018). Many papers allow for a latent clustered structure
but otherwise impose time-invariant or additively separable unobserved heterogeneity.'® Differently
from us, a line of research put the grouping assumption on the unknown slope coefficient (heteroge-
neous models), letting again the unobserved heterogeneity individual-specific and time-constant.'

Allowing for clustered patterns of time-varying unobserved heterogeneity in nonlinear models seems

HSee, e.g., Vogt and Linton (2017); Zeleneev (2020); Mugnier and Wang (2022).

12For linear factor-type models, see, among many others, Bai (2003); Pesaran (2006); Bai (2009); Bonhomme and
Manresa (2015); Moon and Weidner (2015); Ke, Li, and Zhang (2016); Moon and Weidner (2017); Ando and Bai
(2017). For nonlinear ones, see, e.g., Chen, Fernandez-Val, and Weidner (2021); Bonhomme, Lamadon, and Manresa
(2022); Ando and Bai (2022).

13See, e.g., Bryant and Williamson (1978); Hahn and Moon (2010); Saggio (2012); Bonhomme and Manresa (2015);
Su, Shi, and Phillips (2016); Vogt and Linton (2017); Gu and Volgushev (2019); Cheng, Schorfheide, and Shao (2021);
Yu, Gu, and Volgushev (2022).

14See, Boneva, Linton, and Vogt (2015); Su, Shi, and Phillips (2016); Su, Wang, and Jin (2019); Zhang, Wang,
and Zhu (2019); Gao, Xia, and Zhu (2020); Liu, Shang, Zhang, and Zhou (2020); Wang and Su (2021).



to be a difficult and much less investigated problem that I address in this paper. The closest pa-
pers to ours are Chen, Fernandez-Val, and Weidner (2021), Bonhomme, Lamadon, and Manresa
(2022), and Ando and Bai (2022). Chen, Fernandez-Val, and Weidner (2021) extend Ferndndez-Val
and Weidner (2016)’s results to semiparametric nonlinear factor-analytic models under concavity
conditions. When the link function is parametrically specified, NGFE models are special cases of
their framework. In contrast, I consider an unknown link function, derive more primitive conditions
for point identification (e.g., monotonicity in place of log-concavity of the MLE), and allow 7" to
grow slowly with NV in estimation. The two-step discretization approach developed in Bonhomme,
Lamadon, and Manresa (2022), albeit its remarkable generality, comes at a similar price. When
heterogeneity is discrete, it ressembles a Lloyd’s algorithm where the first clustering step would not
take advantage of improvement on the other parameters. Yet, in contrast to the NGFE approach
and to the best of my knowledge, no inference result is known for this method. Independently from
this paper, Ando and Bai (2022) generalize Bonhomme and Manresa (2015)’s semiparametric GFE
estimator to an exponential family of nonlinear grouped factor models with heterogeneous coeffi-
cients (including Probit, Logit, Poisson). As in this paper, they consider the MLE and their results
allow for heterogeneous coefficients. But their general framework imposes stronger restrictions (re-
quires larger 7" in the asymptotics), delivers V/T-rate for the slope coefficient estimates (v.s. VNT
for the NGFE estimate of the common slope), and they do not provide nonparametric identifica-
tion results. A third strand of literature this paper contributes to is that of dimension reduction
methods applied to nonlinear panel data models. A surge of papers have leveraged state-of-the-art
statistical learning tools such as matrix completion devices and extensions of Tibshirani (1996)’s
Least Absolute Shrinkage Estimator (LASSO) estimator to tackle the problem of estimating a large
number of unobserved effects in parsimonious panel data models.'” A common unifying idea is to
exploit restrictions on the support of the unobserved heterogeneity, which echoes the concept of
sparsity in high-dimensional statistics,'® or (nonparametric) finite mixtures models and clustering
(see, e.g., Forgy, 1965; MacQueen, 1967; Lloyd, 1982; McLachlan and Peel, 2000).

In Section 2, I introduce the class of NGFE models. The main identification result is presented
in Section 3. In Section 4, I propose a general M-estimation framework, develop semiparametric
NGFE estimators, and discuss computational aspects. Section 5 provides large sample properties
in semiparametric binary choice models. Section 6 presents Monte Carlo results. Section 7 contains
the empirical application. Section 8 concludes. All proofs are collected in the appendix. For any
set A, I'let A* := A\ {0} and |A| denote the cardinal of A. Henceforth, I denote by Supp(U) the

support of any random variable U.

15See, among others, Kock (2016); Kock and Tang (2019); Moon and Weidner (2019); Zeleneev (2020); Athey,
Bayati, Doudchenko, Imbens, and Khosravi (2021).
16See, e.g., the monograph by Giraud (2014) for a thorough introduction to the topic.



2 Nonlinear Discrete Outcome Models With Unobserved
Clusters of Time-Varying Heterogeneity

Suppose to observe a random sample of balanced panel data {(Yi, X},)’ : (i,t) € N x T} with di-
mensions N := |N| and T := |T|.'" In many applications, A is an index for individuals or “units”,
and 7T indexes time periods or “unit members”. I consider the problem of modeling, for individ-
ual i € N, the T-vector of discrete outcomes Y; = (Yi)jcr in relation with its 7" x p matrix of
weakly exogeneous covariates X; = (X/,);c7. The dependent variable Y;; represent agents’ (choice)
decisions and X;; represent agents’ attributes over time and it is often plausible that time-varying

8 For instance, in the

unobservables (to the econometrician) confound the “effect” of X;; on Y.
empirical application, Y;; € N denotes the number of patents produced by industry ¢ at time ¢ and
X, collects industry 4’s characteristics at time t such as the level of product market competition.
With this purpose, I introduce below a class of nonlinear clustered or “grouped” fixed effects
(NGFE) models to flexibly incorporate time-varying patterns of unobserved heterogeneity. I let
Supp(Yi, Xit) = Y x &; and assume that ) C R is at most countable and X; C R? for some fixed
p € N*. T assume that individual i € N := {1,..., N} at time ¢ € T := {1,...,T} chooses Y;; € Y
given her weakly exogeneous covariates X! := (X/;,...X],)’, her unobserved cluster membership
variable ¢) € G := {1,...,G’}, and unobserved time-varying cluster-specific effect o, € A C R

such that, for all y € Y,
Pr (}/zt =Y | Xi17 sy X’it; g'?a ag?t) = hO (% Xi/tﬁo + Oéggt) 3 (2)

where 3% € B C RP in an unknown fixed parameter of interest, G° € N* is unknown but “small”

relative to N, and h® € H is an unknown link function from the set

HC {h : Y x R — (0,1) measurable, > h(y,-) =1, and > |y| h(y,) < oo a.e.} :

yey yey

The common parameter 3° is often of key interest in applications (e.g., ratios of marginal
utilities). For g € GY unobserved cluster-specific time effects (Oé(g)ot)tzl account for time-varying
unobserved heterogeneity shared by all members of cluster g, i.e., all individuals from the set
{ jeN: g;] = g}. These effects are treated as fixed in the analysis but might be arbitrarily corre-
lated with X;; and confound 3°. The contemporaneous covariates X;; and the unobserved effect a(g)? .

enter the response function as the combination of a linear single-index X7,3°+ 0420 , and an unknown
3

1"Unbalanced panels can be accomodated easily under exogeneous attrition (i.e., missing-at-random). Endogeneous
attrition is beyond the scope of this paper. Throughout the main text, I rule out undirected graph (or network or
“pseudo-panel”) data for which there is no proper 7 and observations are indexed by pairs of indices (i,t) € N2 such
that (Yi, X/,) = (Y, X},) for all (i,t) € N2. There is a vast literature on models of link formations and networks
(see, e.g., de Paula, 2020, for a recent review). I discuss a particular case in Appendix B.3.

I8F.g., agents choose X;; depending on time-varying unobservables that also affect Y;; before idiosyncratic shocks
are realized. One might also want to distinguish between state dependence and unobserved (time-varying) hetero-
geneity (see, e.g. Heckman, 1981).



link function hY.' Single index assumptions are common in the nonseparable panel data models
literature and serve mainly computational and interpretation purposes (relying on another smooth
index would not significantly change our subsequent results, but likely some identification assump-
tions). The link function h° may encapsulate the conditional distribution of random idiosyncratic
shocks in latent variable utility choice models with exogeneous covariates. Note that (i) neither
the clustering nor the number of clusters is observed by the econometrician and (ii) the number of
possible assignments of N individuals into G° clusters grows exponentially fast with V.

Model (2), although static (h is not indexed by time), complements models with additively
separable (and time-invariant) fixed effects that have been routinely employed in the empirical
microeconometric, industrial organisation, macroeconometric, innovation, and international trade

literature. I provide below some leading examples.

Example 1 (Binary outcome)

}/;t =1 {X{tﬁo + Oéglot — €&t = O} ,

where €;; is independent from (X{l,...,Xft,g?,aggt)/ and distributed with (unknown) cumulative
distribution function (cdf) U°. Then,

h? <y7 X8 + O‘(g)gt) =1{y=1} x ¥° (Xi/tﬁo + O‘ggt) +1{y =0} x [1 — v (Xz{tﬁo + O‘ggt” :
Example 2 (Ordered outcome)

0 ifthﬁOJrozg?t—é?it <d.
2 if X[B°+ O‘Sgt — ey > dy,

where dy > d°, and e, is independent from (X{l, s XU g, aggt), and distributed with (unknown)
cdf W°. Then,

1= W0 (X[,8° + o, — df) if y=0.
B (4, X0B° + ago,) = 00 (X80 + aly, — df) — 00 (X[,8° +al, —d§)  ify=1.
WO (X7,8° + al, — df) ify=2.

Example 3 (Count outcome) Y ={0,1,2,...}. A Poisson parametrization specifies

()‘?t)y €xp (_A?t)

ho (ya Xz{tﬁo + ag?t) = y|

: (4)

197f b9 were known to the econometrician, model (2) would become a special case of the semiparametric nonlinear
factor models considered in Chen, Fernandez-Val, and Weidner (2021).



where \% = exp (X{tﬁo "’O‘S?t)' Alternatively, h° could encapsulate, e.g., the negative binomial

distribution.

I adopt the so-called “fixed effects” approach, treating realizations of the unobserved time effects
and group membership variables as unrestricted parameters to be estimated. I assume that G° is
fixed and exogeneous. Policy parameters of interest such as average marginal effects often write as

. / 0 .
functionals of 5%, h°, a® := (aly, ..., alp, .., @0y, o, adop) € AST and latent clustering structure

70 = (¢ ...,g%) € G°N. Hereafter, I focus on identification and estimation of the sequence of

7 ! ! /
parameters 0%, := (GO, ho, 3%, ~° ,ao) € Oy, where I let

+o0
Onr = |J {G} x H x Bx {1,...,G}" x A°T.
G=1
While B is a finite-dimensional space, H is clearly not and the dimensions of both the discrete
set {1,...,G}" and AST grow with the sample size. This makes model (2) a high-dimensional

combinatorial semi-parametric nonseparable model.

Remark 1 [t is straightforward to adapt the analysis to allow for cluster-specific slope coefficient
/ / /
BY = ( 0 ,...,Bgo) such that

Pr (}/;t =Y ’ Xila "'7Xit7g?7a2?t762?) = hO (yJXz/tﬁ;]? + a(g]?t) ) Vy S y (5)

I discuss this extension, as well as heterogeneous link functions, additional individual- and time-
specific effects, and grouped time-periods in Appendices B.1-B.3. Model (2) can also be extended
to allow for multimodal outcomes. The notation are more lengthy and would essentially follow the

same lines as in Mugnier and Wang (2022).

Remark 2 Model (2) extends Bonhomme and Manresa (2015) to nonparametric discrete choice
modeling. In contrast to Bonhomme, Lamadon, and Manresa (2022), the link function h° is un-
known, the true underlying unobserved heterogeneity is discrete, and all parameters of the models

are considered as target parameters.

3 Large-N, Large-T Nonparametric Identification

In this section, I prove the nonparametric identification of 6%, in model (2) as N and T diverge
jointly to infinity. More specifically, I show that all parameters can be written as known functions of
quantities that are point identified from either or both the cross-sectional and longitudinal variation
in the data. Note that model (2) is related to nonseparable panel data models with latent factors

as it implies the following semiparametric regression equations:

1 {Y;t — y} = ho <y7Xz{t60 + O‘Sgt) + Eit(y)a V(z,t,y) € XN X T X y: (6)
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where E {5it(y) | Xi, Y, aggt] =0, and

Yie = D yh® (3, X[uB° + oo, ) +va,  V(irt) € xN x T, (7)

yey

0
99t

is useful to identify the clustering structure, while the representation given by (7) allows to apply

where vy, = >, cy yei(y) and, by linearity, E [vit | X;, 90, } = 0. The representation given by (6)

results in Ichimura (1993) under appropriate dependence conditions that I now introduce.
Since both ¢? and OCSQ , are unobserved, identification holds up to clusters relabeling only.”" It is
also necessary to impose location and scale normalizations, which I specify as H BOH =1landa? =0,

where H . H denotes the Euclidean norm.?! Identification is based on Assumptions 1-5 below.

Assumption 1 (Random sampling) There exist random vectors of fized dimensions )\gt, ug, £

such that, letting \° := {/\gt : (g,t)}, o= {ug : g}, 0= {&) . i}
(a) (Y], X!, g%) isii.d. acrossi€ N conditional on {a® \°, u°}.

(b) For alli € N: (Y;t,X{t, agot);>2 is a strictly stationary strong mixing process with mixing
coefficients 7;(-) conditional on E]ZQ,,MBQ, €. Let 7(+) = sup,; 7(+) satisfy (1) < Cm' with C > 0
and m € (0,1).

d
(c) Forallt € T: Yy | Xu,q),a% 20, 10, €0 £ Yy, | X1t79?>aggt-

Assumptions 1(a)-1(b) restrict cross-sectional and time dependence in the data. They allow for
flexible patterns of unconditional spatial and time-series correlations as captured by the clustering
latent structure o, A%, 4° and individual-specific effects £°. Assumption 1(c) requires that A%, u°, £°
have no effect on the outcome after conditioning for the covariates, cluster membership and the

0

cluster-specific effects o”. In Appendix B.1, I discuss several extensions such as cluster-specific

slopes, individual-fixed and time-fixed effects which possibly affect all observed variables.??
Assumption 2 (Latent clustering) X := 2, X; is not empty and:

(a) There exist known X° C X,y € ¥, and functional ¢ such that, for all fized (i,7) € N?, letting
pila): X0 3w Pr (Yo =y | Xo =2, 67 1%,&0), 6 (pip;) = 1{g! = )}
(b) For all g € G°, almost surely Pr (g9 = g | a®, X%, u°,£°%) > 0.
Assumption 2(a) requires clusters to be sufficiently well-separated in terms of individual-level con-

ditional probability functions. It is a low-level injectivity or “completeness”-type assumption a la

Bonhomme, Lamadon, and Manresa (2022) which ensures that latent variables are recoverable from

20This mirrors rotational invariance normalizations in interactive fixed effects models (see, e.g., Bai, 2009).

2IThese choices are, of course, arbitrary but normalizing HﬂOH = 1 is standard in nonparametric single-index
models (see, e.g. Ichimura, 1993; Botosaru and Muris, 2017).

22Tn some application, it could be useful to allow for a non-scalar oz(g)t. Estimation in semiparametric nonlinear
grouped factor models with many factors has recently been considered in Ando and Bai (2022).
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observed moments and leaves flexibility to the researcher for defining clusters of unobserved het-
erogeneity. In Appendix A.2, I provide sufficient conditions for Assumption 2(a) to hold, including
smoothness and the existence of a special regressor a la Honoré and Lewbel (2002) but (possibly)
without large support. For such a mapping to exist, the intuition is that whenever g9 # g?, the
conditional distributions agy | Xiz = z, g7, uf, & and af, | X2 = z, g7, 43, £ across @ € X% should
differ sufficiently (and the link function h° should be sufficiently smooth to convey such a difference)
so as to trigger a difference in the integrated-out conditional outcome probabilities captured by ¢.
In many application, ¢(f,g) = 1{f = g} makes sense (see, e.g., Vogt and Linton, 2017). Yet, the
setting is kept slightly more general as other clustering structures might be plausible. Assump-
tion 2(b) rules out asymptotically negligible clusters. Notice that allowing for an increasing number
of clusters or negligible clusters would need substantial changes to Assumption 1 (e.g., as the cross-
sectional identical distribution would not hold anymore). Note also that Assumption 2(a) could be
generalized to be based instead on the (possibly infinite dimensional) full conditional distribution

of the outcome.
Assumption 3 (Regularity and smoothness)

(a) Conditional on g?,ugg,é‘?, Xig admits a uniformly continuous density function fy, o 0 e
1 7 gi’ 2

such that 0 < § < inf,¢cyo inzlg?,ugoé?(x) < SUpP,cx0 inzlg?,ugof? (r) <0 < o0.
2
(b) Almost surely, & <HX12H | g%, aY, )\0,,u0> is finite and B (X12X1, | g¥,a% X0, u°) is nonsingu-

lar.
(¢) Xyeyyh®(y,-) is differentiable on R and not constant on the support of X/,3° + ozggt.

Assumption 3 collects sufficient technical conditions that are useful to achieve point identification of
(%, a given that h° is unknown, by relying on existing results in Ichimura (1993) for nonparametric
i.i.d. single index models. In particular, it requires continuous covariates (which could be relaxed

at the expense of heavier conditions) and invertibility of conditional Gram matrices.
Assumption 4 (Monotonicity) There exists y € Y such that h°(y,v) is strictly monotonic in v.

Assumption 4 is a shape restriction which may be expected to hold at boundary points of )
(e.g., outside option in random utility models, absence of trade, absence of patenting in a count
outcome model). Shape restrictions such as monotonicity have been routinely used to obtain point-
identification in nonseparable panel data models.?> This condition is weaker than log-concavity
assumptions found in the literature (see, e.g. Chen, Fernandez-Val, and Weidner, 2021; Bonhomme,

Lamadon, and Manresa, 2022) that impose strongly unimodal densities (see Ibragimov, 1956).

238ee, among many others, Klein and Spady (1993); Altonji and Matzkin (2005); Athey and Imbens (2006);
Evdokimov (2011); Mugnier and Wang (2022).
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Assumption 5 (Compensating variations) For all fized (g,g,t), there exist x1,x5 € X such
that
ag, + 1 8° = ag, + 25,8°. (8)

Similarly, for all (g,t,t), there exist x3, x4 € X such that
agftv—l— 1530 = ozgt + 24, 8°. 9)

Assumption 5 requires sufficient variation in the covariates and has the same flavor as the com-
pensating variations used in D’Haultfoeuille, Hoderlein, and Sasaki (2021) and Mugnier and Wang
(2022). As in the latter paper, it does not necessarily require a covariate with large support (it
depends on the joint support of covariates and the unobserved group-specific effects), and ensures
that there is overlap in the single index across unobserved clusters (not individuals) and periods.

Theorem 1 below is the main identification result of the paper. Let W§ = (1 {g? = g?}) el
Theorem 1 Let Assumptions 1-3(a) hold, and let N and T diverge jointly to infinity. Then,

1. WY)nen- and G° are point identified.

2. If Assumptions 3(b)-5 further hold, then h°, 5°, and (agt)(g’t)egoxN* are point identified.
For the proof see Appendix A.1.

Remark 3 A key argument of the proof of Theorem 1 is to frame the identification of the clustering
7 up to cluster relabeling as the equivalent problem of recovering the lower (or uppper)-triangular
submatriz of the adjacency matriv W3 of the undirected graph Gy = {V, E'} whose set of vertices
V' contains units i € N and whose edges E contains all (i,7) € N? such that ¢° = g?. Given the
clustering structure of the model, note that WY has rank Ry < G° which is also its number of
distinct rows because clusters form disconnected cliques in Gn.2* In other words, it is easily seen
that identification of v° up to cluster relabeling is equivalent to identification of all sets C°(i) :=
{j eN:g)= g?} for i € N. Such a characterization has two advantages: (i) it is invariant to
clusters relabeling and (i) it reduces the NP-hard G°-mean clustering problem to that of solving
N(N —1)/2 pairwise binary classification problems.”> Once the clustering v° has been identified for
all N, identification of GO follows easily by letting N — oo. Identification of 5° can be obtained
relying on within-cluster cross-sectional variation for a single cluster and time period and a result by
Ichimura (1993) for a large class of cross-sectional nonparametric single-index models. Identification

of cluster-specific effects and link function h° relies on the compensating variations and monotonicity
of h°(y,-) for somey € Y.

24The related problem of “community detection” in networks has been widely studied in the statistical learning
literature, and in particular in the compressed sensing literature. I do not pursue adaptation of spectral clustering
techniques or recent development in Graph-cut problems for which very few asymptotic results in statistical settings
with complex structure of dependencies are known. See von Luxburg (2007); Wang and Su (2021).

25Building on this insight, Mugnier (2022) proposes computationally straightforward pairwise differencing estima-
tors for linear grouped fixed effects models. A similar-in-philosophy though different trick to break NP hardness is
the binary segmentation approach of Wang and Su (2021).
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A natural nonparametric estimation approach follows from the constructive identification strategy.
Yet, it has the drawback of requiring a lot of nonparametric density estimation, i.e., a lot of tun-
ing parameters as it requires combining nonparametric estimators for many unknown conditionals
probabilities. This is similar to Gao, Li, and Xu (2022)’s approach in a pure network setting. I do
not pursue the theoretical analysis of an estimator of this type, because I aim at developing a simple
method for which inference tools are available. An open question is how the pairwise approach com-
pares to the bruteforce fully nonparametric maximum likelihood approach. I note that, for a class
of nonlinear (exponential) directed network models, the pairwise differencing approach developed
in Mugnier (2022) yields a convenient estimation procedure under conditional moment restrictions,
without requiring any nonparametric estimation, which reconciles computational simplicity and

powerful inference.

4 Semiparametric Estimation

In the first part of this section, I propose a general M-estimation framework accomodating nonlinear
models when the number of clusters, G° € N*, is known to the researcher.?® In the second part, I
specialize the framework to cases where h° € H is further assumed to be known (e.g., Probit, Logit,

Poisson) to define semiparametric NGFE estimators. In the third part, I discuss computation.

4.1 A Generic M-Estimation Framework

Assume from now that G° € N* is known to the researcher, and suppose there exists a known
function p: Y x X x B x H x GV x AT — R such that 8, := (8%, h°,7", ") satisfies

1 N T
HNT = argmax E (NT Z Zp Yie, Xit; 9 ’ v, & ) (10)
0EBXHXGON x AGOT i=11t=1
where GO = {1, ..., G°}" is the set of all partitions of {1, ..., N} into at most G° clusters. Provided

(BM’ hM M/ AM/)

it exists, the M- NGFE nonparametric estimator HAM of 637 solves

N T
M
0, € argmax NTZZP (Yit, Xit; 0). (11)
OEBXHXGON x AGTT i=1t=1

Finding a suitable p-function, proving identification of 6%, (i.e., that eq. (10) holds), and deriving

the asymptotic properties of the sequence of @;\f[ are certainly difficult problems beyond the scope

26Estimating G° in nonlinear models with time-varying unobserved heterogeneity is a difficult problem that is
beyond the scope of the paper. See Chen, Ferndndez-Val, and Weidner (2021) for a discussion in some concave
nonlinear factor type models. An AIC or BIC-type criterion & la Bonhomme and Manresa (2015); Bai and Ng (2002)
could be employed but would require to know at least an upper bound on G°. Letting G° grow slowly with N, T
could also be of interest but would require a different analysis that is beyond the scope of the paper. Note that
Bonhomme, Lamadon, and Manresa (2022) need the number of clusters to increase as they assume a (possibly)
continuous underlying unobserved heterogeneity.
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of the paper, each of them would require further assumptions. Moreover, computation of @;}4 is
generally infeasible because maximization problem (11) is a non-smooth non-concave optimization
problem with combinatorial optimization (due to the clustering part) over an infinite-dimensional
space (due to H). A practical solution to make the problem finite-dimensional is sieve-estimation
of kY but this is beyond the scope of this paper. Instead, I focus on semiparametric versions where

h? is assumed to be known and that are of practical interest in many empirical applications.

4.2 Semiparametric NGFE Estimators

From now on, I assume that h° € H is known (e.g., Logit, Probit, Poisson, etc.) and consider the

problem of estimating 8%, := (8%,7%,a")" in the semiparametric model (2) with known G°. The
semiparametric NGFE estimator of 6%, denoted GNCFE . (6’ ,7,a'), is the M-NGFE estimator
@p\/[ (once suppressing dependence on h) with p(Yi, Xi;0) = Inh° (Yiy, X/,8 + ay,). In other words,

ONCFE ig golution to the following minimization problem:

ONS'E ¢ argmin —ZZ In h® (Y, X},8 + ag.), (12)
9EBxGON x AGOT NT@ 1t=1

where the minimum is taken over all possible common parameters /3, partitions v = (g1, ..., gn)’
of the N individuals into G° clusters, and cluster-specific time effects {a, : (¢9,¢)}. Note that the
NGFE estimator is a “classification likelihood” estimator. For given values of S and «, the optimal

cluster assignment for individual 7 is

G:(B,a) = arg min ZZ Inh° (Y, X, 8 + Qge), (13)

geg0 t 1¢=1

where the minimum g is taken in case of a non-unique solution. The NGFE estimator of (8%, a®")’

n (12) can then be written as

o - 0(y. y _
= omyereAcOT NTZ .2~k (Y XiB + 05 5.01) (14)

where g;(f3, «) is given by (13).

4.3 Computation

The minimization problem (12) is not differentiable nor convex in 6. In particular, it may be subject
to the existence of local minima. Note that the number of partitions of N individuals into G clusters

increases steeply with /N, making exhaustive search impossible.?” I propose the following simple

27 s . . 0 qes s .1 N N—i(N el GoN
The number of partitions of N objects into G* disjoint and non-empty subsets is 57 > ;= (—1) ) )N X “Gor -
In fact the G%-means problem without regressors in a cross-sectional setting is NP-hard (see, e.g., Aloise, Deshpande,

Hansen, and Popat, 2009).
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algorithm which is an extension of the popular Lloyd (1982)’s algorithm for k-means, a “greedy”

algorithm providing a converging sequence of heuristic solutions in polynomial time.

ITERATIVE ALGORITHM:
1. Let (89, a®) € B x A%T be some starting value. Set s = 0.

2. Compute for all i € {1,..., N}:

T

g™ = argmin Y —In A (Y;t, X8 + O‘éi)) ' )
g9€G% =1
3. Compute:
N T
(ﬁ(erl), a(s+1)) = argmin Z Z —Inh° (Yit, X8+ Oég(””t) : (16)

(8,0)EBXx AGOT =1 t=1

4. Set s = s+ 1 and go to Step 2 (until numerical convergence).

Algorithm 1 alternates between two steps. In the “assignment” step, each individual 7 is assigned
to cluster g; whose vector of time effects minimizes individual’s ¢ time-averaged log-likelihood given
the slope parameter. In the “update step”, § and a are computed using maximum likelihood
and controlling for interactions of cluster and time dummies. A potential issue is that the solution
depends on the chosen starting values. Drawing starting values at random and selecting the solution
that yields the lowest objective is a practical solution in low-dimensional problems. Finding a fast
approximation of NGFE for larger-scale problems and controlling its optimization error is left for
further research.?

5 Asymptotic Properties of Semiparametric NGFE Esti-

mators

In this section, I assume that 8% := (8%, a”,~%)" is identified (e.g., by Theorem 1) and derive the
asymptotic properties of semiparametric NGFE estimators. 1 consider an asymptotic framework
where N and T tend jointly to infinity but G° does not grow with N and T. I focus on binary
choice models with grouped fixed effects as the leading case. Similar results can be obtained for
other models with strictly concave log-likelihood function (see Appendix B.4), but I stick to binary
choice models to keep the exposition simple. I abstract from optimization errors and study the

asymptotic behaviour of the exact sequence of estimates defined in eq. (12).

28Note that an algorithm similar to Algorithm 2 in Bonhomme and Manresa (2015) can be employed to improve
the trade-off between exploration and exploitation during the optimization process.
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5.1 Binary Choice Model With Grouped Fixed Effects

Consider the following data generating process:
Yie=1{X/p"+ady, — i 20}, i=1,.,N, t=1,.,T (17)

Forany Z := {Zy : (i,t)},1et 2" = {Z,,: 1 <i < N,1 Ssgt}andzgp ={Z;s:1<i<N,t<s<T}.

Assumption 6
Eq. (17) holds and

(a) For all t: (X(t),fy al, e~ 1)) and sSf) are independent.”’

(b) The{ey : (i,t)} are identically distributed with known cumulative distribution function V that
is fully supported on R, twicely continuously differentiable, strictly increasing, and such that

(InW)” < 0. Moreover, W' is symmetric around 0.

Assumption 6(a) is a weak exogeneity assumption, standard in the panel data literature, which
allows Xj;; to contain predetermined variables with respect to Y;;. In particular, X;; can include lags
of Y;; to accommodate dynamic models. This assumption does not restrict the correlation between
(7%, a®) and {X; :i}. Assumption 6(b) is standard in semiparametric panel discrete choice models
and yields strict concavity of the log-likelihood function under minimal amount of cluster-specific
and time-specific variation in the covariates (as assumed, e.g., in Fernandez-Val and Weidner, 2016;
Bonhomme, Lamadon, and Manresa, 2022; Chen, Fernandez-Val, and Weidner, 2021).%° The second
part of Assumption 6(b) is weak and is statisfied by the Probit (¥(u) = [*_(1/v/27)e "/2dt) and
Logit (U(u) = 1/(1 + e ™)) distributions. Symmetry of ¥ is not necessary but it conveniently
simplifies notation in the proofs. Under Assumption 6, note that eq. (17) is a semiparametric NGFE
model (2) with known link function h°(y, z) = W(2)"v=1(1—¥(2))¥=%. The corresponding NGFE

estimator writes

T
)€ arg min NT DD I (Qu (X8 + agy)), (18)

(B,v,0) EBXGON x AGOT i=1t=1

Q)

(8.7,
where Q;; = 2Y;; — 1.
5.2 Consistency
Consider the following assumption.

Assumption 7

a) B and A are compact convex subsets of RP and R, respectively.
p P Y

29Tf one lag Yj;_, is included as regressor, I assume that Yjy is observed and contained in X(f).

dependence can be accommodated similarly.
30See also, Pratt (1981).

Higher-order
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(b) There exists a constant M > 0 such that HX”

< M almost surely.

(c) Let yg@,t denotes the mean of X;; in the intersection of clusters g0 = g, and g; = g. For all
partitions v = {g1,...,gn} € Tgon, let p(y) denote the minimum eigenvalue of the following

matriz: .
1 _ _
ﬁ Z Z(Xlt - Xg?/\gi,t)(Xit - Xg?/\gi,t)/'

=1 1=

[y

Then, plimy r_,,, min,er_, p(y) = p > 0.

Assumption 7(a) is standard in the context of M-estimation. Assumption 7(b) is for a matter of
convenience (it simplifies the proof). It strengthens Assumption 1(b) in Bonhomme and Manresa
(2015), and ensures (together with Assumption 7(a)) strong concavity of the log-likelihood function
and rules non-stationary covariates.*® Assumption 7(c) is the same noncollinearity condition as As-
sumption 1(g) in Bonhomme and Manresa (2015). It requires that X;; shows sufficient within-cluster
variation over time and across individuals, and is related to standard noncolinearity assumptions
encountered in the large- NV, large-T panel data literature (see, e.g., Bai, 2009; Chen, Fernandez-Val,
and Weidner, 2021; Vogt and Linton, 2017; Ando and Bai, 2022). It allows for time-invariant covari-
ates provided that they have a sufficiently rich support. As a special case highlighted in Bonhomme
and Manresa (2015), Assumption 7(c) is satisfied if X, are discrete and, for all g, the conditional

distribution of X; given ¢? = g has strictly more than G° points of supports.

Theorem 2 (Consistency) Let Assumptions 6 and 7 hold. Then, as N and T tend to infinity:
1. B -2 B0,
. 2
2 372N vl (65, —al,) 0.

For the proof see Appendix A.3.
Theorem 2 shows that NGFE estimators of the common slope coefficient and cluster-specific

effects in NGFE binary choice models are both consistent.

5.3 Asymptotic Distribution

Consider the following assumption.
Assumption 8
(a) Forall g € G°: plimy_, + >N 1{¢? =g} =m, > 0.

(b) For all (g,g) € G such that g # g: plimy_, 7 > (al, — a)? =c,5>0.

310ne could relax this assumption by allowing covariates to have sub-gaussian tails (see, e.g., Vershynin, 2019, for
a definition). I do not pursue this avenue in order to keep the exposition light. Moment conditions in Bonhomme
and Manresa (2015) also rule out non-stationary covariates.
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(¢) There exist constants a > 0 and d > 0 and a sequence a(t) < exp(—at?) such that, for all
i€{l,...N} and (g9,9) € G* such that g # g, { } are strongly mixing processes

with mizing coefficients a(t).

Assumptions 8(a)-(c) are identical to Assumptions 2(a)-(c) in Bonhomme and Manresa (2015),
respectively. Assumption 8(a) ensures that no cluster is asymptotically negligible relative to the
others and that each cluster has a large number of observations in the population. This is equiva-
lent to the “strong factor” condition in approximate factor models (see, e.g., Assumption 1.(v) in
Chen, Fernandez-Val, and Weidner, 2021). Assumption 8(b) imposes that the G° clusters are well
separated in the population. As discussed in a recent work by Chetverikov and Manresa (2021),
departing from such an assumption seems quite difficult. Assumption 8(c) restricts the depen-
0 0

gt — O‘§t>7 which are assumed to be strongly mixing.

Assumption 8(d) is standard and requires a sufficient amount of variation in the covariates.

dence and tail properties of the processes («

Assumption 8 allows me to rely on exponential inequalities for dependent processes (e.g., Rio,
2000) in order to bound misclassification probabilities, almost the same way as in the proof of
Theorem 2 in Bonhomme and Manresa (2015). The novelty here is that their assumption that the
idiosyncratic shock in the linear model is a strong mixing process is hidden in the parametric and
independence restrictions formulated in Assumption 6, the latter allowing to rely on exponential
inequalities for martingale differences (see, e.g., Lesigne and Volny, 2001) to control remainder terms
in the proofs (essentially the score).

Let (3, @) be such an infeasible version of the NGFE estimator where cluster membership g;,

instead of being estimated, is fixed to its population counterpart g?:

(8,a) = (ﬂ;rEgBDLﬂAnG . NT Zl tZI ~In W (Qir (X}i8+ a,)) - (19)
This is the maximum likelihood estimator in the pooled regression of Y;; on X;; and the interactions
of population cluster dummies and time dummies.

Assumptions 6, 7, and 8 provide conditions under which estimated cluster memberships con-
verge to their population counterparts, and the NGFE estimator defined in (18) is asymptotically
equivalent to the infeasible maximum likelihood estimator (B ,&), when N and T tend to infinity
and N/T" — 0 for some v > 0 (see Lemma 7 in Appendix A.4.1). In particular, this allows T
to grow considerably more slowly than N. Because of invariance to relabeling of the clusters, the
results for cluster membership and cluster-specific effects are understood to hold given a suitable
choice of the labels (see the proof for details). Theorem 2 and eq. (53) crucially hinge on the restric-
tive assumption that the number of well-separated clusters G is known and fixed, but it could be
that consistent estimation of B remains possible under weaker assumptions that would nonetheless
prevent consistent estimation of cluster memberships.?

Given Lemma 7, showing asymptotic normality of the NGFE estimator then reduces to the

321 thank Martin Weidner for pointing out this to me, something also discussed in Dzemski and Okui (2018).
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simpler problem of showing asymptotic normality of the infeasible (oracle) MLE (3, ). Let Z9 =
X80 + O‘ggt' For all g € G, all t € {1,....,T}, let ygt denote the projection of X;; on the space
spanned by the cluster membership variable under a metric weighted by (—In ¥)"(Q: Z5):

-1 1 N
Xt = ( z 1{g) = g} 1n\1/>"<cznzz>) (N > 1{g =g} <1nx1/>"<c2uz,-°t>xﬁ) 7

=1

i.e., the weighted average of X, for individuals {i: ¢ = g}. Also, let 7, denote the following
weighted average:

Fu= 31 = ) (- ) (QuZ)
Assumption 9 below allows to characterize the asymptotic distribution of the infeasible MLE (B , Q).
Assumption 9

(a) {Yi : (i,t)} are independent conditional on (X,~°;aP).

(b) There exists a positive definite matriz Xz such that

1 _ _
25 = plimy o Z Z In )" (QuZ8) [Xie — Xype] [Xie — Xyo] -

i=1t=1

(¢) As N and T tend to infinity,

N T N
\/% ; }_:1 {(=mW)"(QuZ5) (Xi — Xgo) } {Que(—= I ®) (QuZ5) } —5 N(0,55).

(d) For all (g,t): pimy_,  Tg = Ty > 0.

(e) For all (g,t):
AN LSS R (16 = 0} 1 {6 = 0} QuQulin 0Y(QuZ8) (0 WY(Qu75) = o > 0.

11]1

(f) For all (g,t), and as N and T tend to infinity:
Z 1 { = 9} Qit(In )’ (QnZﬂ) —— N (0, wgt).

(9) The true value of 3, 3°, is in the interior of B. For all T, the true value of a, o, is in the
interior of AS'T .

Assumption 9(a) rules out dynamic or feedbacks.

20



Theorem 3 (Asymptotic Distribution) Let Assumptions 0-9 hold and let N and T tend to
infinity such that N/T — oo and, for some v > 1, N/T" — 0. Then:

VNT(B - 8%) 5 N (0,551), (20)

and, for all (g,t),
VA (g a) 4 (0.22). @
gt

where X, wg, and Ty are defined in Assumption 9.

For the proof see Appendix A.4.2.

Theorem 3 demonstrates that NGFE estimators in NGFE binary choice models achieve the
parametric v NT and v/N rates of convergence and are free of Neyman and Scott (1948)’s incidental
parameters problem. The asymptotic regime N/T" — 0 is needed since (i) there are time effects
and (ii) the model is nonlinear. These rates are in contrast with standard interactive fixed-effects
models (see, e.g. Bai, 2003, 2009; Ando and Bai, 2022) for which v/N consistency of the time-varying
factors requires N/T? — 0 or more generally N/T — r, 0 < k < 0o, as it is assumed for instance
in Ferndndez-Val and Weidner (2016); Chen, Ferndndez-Val, and Weidner (2021). The intuition
behind this result is that the extreme sparsity of the factor loading structure in model (17) allows
NGFE estimators to achieve fast accurate classification of individuals, which reduces the estimation
problem to that of a standard nonlinear models with multidimensional time-varying fixed effect in

the limit.** Consistent estimators of the asymptotic variances are given in Appendix C.

5.4 Average Partial Effects (APEs)

Under Assumption 6, if Xj; , the kth element of X, is binary, its partial effect on the conditional

probability of Yj; is
A(Xy, 8°, 012%) = V(B + Xz{t,fkﬁgk + 042%) - \I[(Xz{t,fkﬁgk + O‘(g)%),

where ) is the kth element of 5%, and X;;_; and 3°, include all elements of X;; and 3° except the
kth element. If X, ; is continuous, the partial effect of X, ; on the conditional probability of Y;; is

A(Xit, 60, &2?t> = ng//(Xz/tﬁo + ag?t)u

where U is the derivative of . As discussed in Ferndndez-Val and Weidner (2016), if (Xy, g7, (af;) gego)
is identically distributed over i but can be heterogeneously distributed over ¢, then E(A;;) = 4§ and

33To see the factor-loading structure, note that model (17) can be written as Yy = 1{X[,8+ \.f, —eu > 0},
where M = (1{g? =1},...1{¢® =G°}) € {b e {0,119 : % b, = 1} and f, = (%)) cgo € A% It N/T = 5 €

gt
(0, +00), similar arguments than Chen, Ferndndez-Val, and Weidner (2021) apply and bias-correction methods are
needed.
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8r = %3/, 6 changes only with T. If (X, g, (lg;)gego) is identically distributed over i and
stationary over ¢, then E(A;) = 6%, and 6%, = §° does not change with N and 7.

Deriving the asymptotic properties of plug-in estimators of average partial effects of the type
dnr = A(fB,@,7) should follow similar arguments as in Fernandez-Val and Weidner (2016).

6 Monte Carlo Simulations

In this section, I conduct Monte Carlo experiments to assess the numerical performance of NGFE
estimators in finite samples, in terms of bias, root mean squared errors (RMSE), classification
(Precision, Recall, Rand Index), execution (CPU) time, and inference accuracy (standard errors,
standard deviation and coverage). I compare the results with currently available competitors. I
consider Chamberlain (1980); Rasch (1960)’s conditional logit (CMLE), nonlinear two-way fixed ef-
fects (NLTWFE, see, e.g. Fernandez-Val and Weidner, 2016; Mugnier and Wang, 2022), Bonhomme,
Lamadon, and Manresa (2022)’s 2-step grouped fixed effects (2GFE), pooled OLS regression, linear
two-way fixed effects (LTWFE), and Bonhomme and Manresa (2015)’s GFE estimators.**

As in Bonhomme and Manresa (2015), I focus on settings of moderate size (N = 90, T' = 7)
to highlight the performance of NGFE with small datasets as often encountered in macro/meso-
economics (e.g., in my empirical application). Having large N is not computationally demanding.
When T is very large, computation of the NGFE estimate might be demanding and results in
Mugnier (2022) could probably be adapted. I consider static and dynamic logit models, and four
DGPs for the time-varying covariates (more or less correlated with the unobserved heterogeneity,
UH hereafter), where the number of groups G° each time varies across {2,3,5}. Variation across
time periods in the covariates is not necessary for NGFE but allows for comparisons (e.g., with
CMLE).

Overall, I find that NGFE estimators perform best uniformly across competitors in the design
they are meant to adress: correlated time-varying unobserved heterogeneity (DGP 1). In other
DGPs, where the unobserved heterogeneity does not vary with time, they might be slightly more
noisy than well-suited estimators (e.g., CMLE or NLTWFE) and have a larger finite sample bias.

6.1 Static Logit Model

The data generating process is
}/;tzl{Xitﬁ+agit>€it}a izl,...,N, tzl,...,T7 (22)

where 8 = 1 and g; ~Logit(0,7%/3), g; ~Unif{1,..., G’} for G° € {2,3,5}, and, letting with p =
(—1,1) if G® =2, p = (—7/v/3,0,7/y/3)" if G° = 3, and p = (—27//3, —7/+/3,0,7//3,27//3)

341 leave comparison with Charbonneau (2017)’s conditional logit and Chen, Fernandez-Val, and Weidner (2021)’s
nonlinear factor models for further research. A definition of the metrics and more details are given in Appendix D.
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if G =5, V; such that Pr(V; = —2) = 1/12,Pr(V; = —1) = 1/4,Pr(V; = 0) = 1/3,Pr(V; = 1) =
1/4,Pr(V; = 2) = 1/12, and Wy, ~ N(0, 1):

« DGP1 (grouped patterns of time-varying UH): a9 = g, fort > 1, agy = 0.1y 1+(—1)9"1U,,
Uye ~Unif[0, 1], Xy = 0.5V; + 0.8U,0;.

« DGP2 (grouped patterns of time-invariant UH): oy = pg, Xix = 0.3pg, + Vi + 0.8Wjy.
o DGP3 (continuous time-invariant UH): o; ~ N (0,1), X;; = a; + 0.5V; + 0.8W.
« DGP4 (No UH): ayy = 0, X, = 0.5V; + 0.8W;.

The variables Uy, V;, Wy, g; and €;; are independent and i.i.d. across individuals and time periods.
All the results are based on 50 Monte-Carlo replications and computed using Algorithm 1 with 200
randomized initialization points (results improve by increasing this number).

Table 1 reports the bias and RMSE of NGFE and five competing estimators. It shows that NGFE
estimates minimize both metrics across all estimators in DGP 1 (e.g., one order of magnitude less
than CMLE or 2STEPGFE, the best competitors). If there is no UH (DGP 4), NGFE keeps a
reasonable RMSE compared to CMLE but has small bias (e.g. RMSE of .151 v.s. .152 if G = 2
and .178 v.s. .118 if GY = 5, Bias of 0.040 v.s. -0.002 and 0.114 v.s. 0.018 respectively). All linear
estimators perform very poorly. The 2-step GFE is more noisy in general.

Table 2 shows that any measure of the clustering accuracy remains at a high level because
of the high level of UH. For instance, the misclassification rate falls below 50% when G° = 2
only. Unreported simulations show that it actually drops to 5% when G° = 2 and cluster-specific
effects are not correlated with the covariates. There is a continum between the two regimes that
merits further investigation. Precision also improves with the number of iterations of Lloyd (1982)’s
algorithm. The CPU time of the method is comparable to that of other clustering methods such as
Bonhomme, Lamadon, and Manresa (2022)’s 2-step GFE.

Table 3 suggests that estimates of the standard errors based on the large-T' clustered variance
formula match on average the effective finite sample dispersion of the NGFE estimates. The re-
sulting confidence intervals have an almost correct coverage though showing a small finite-sample
under-coverage.®> In particular, Table 3 suggests good coverage rates around the prescribed theo-
retical level of 95% (e.g., .86, .80, .84 in DGP 1 and .92, .92, .88 in DGP 4), which fall with the
number of groups and, more generally, with the degree of continuity of the UH (e.g., below .5 in
DGP 3 but still .82 in DGP 2 with G° = 2).

35A similar finite-sample undercoverage phenomenon is also reported in Bonhomme and Manresa (2015), who
suggest the use of a bootstrap estimator instead.
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6.2 Dynamic Logit Model

The data generating process is

Y;t = ]- {Y;tflﬁl + Xitﬁ2 + Oégit > git}a Z = 1a -"7N7 t= 17 "'7T7
Yio =1{ X002+ og0 > €0}, i=1,...,N, (23)

where 4 = 0.5 and 3, = 1. Tables 4-6 report the same statistics as Tables 1-3 but for the dynamic
model. Results for §y are very similar to that for . On the other hand, the precision of NGFE
estimates of (; is more mixed (the conditional independence assumption 9(a) does not hold here).

Previous comparisons still apply there.

7 Empirical Application: Revisiting the Inverted-U Rela-

tionship Between Innovation and Competition

Does more competition lead to more innovation? This fundamental question (e.g., for Antitrust and
Competition policy) has been the subject of a longstanding academic debate in the fields of industrial
organization and macroeconomics of endogeneous growth theory (for surveys, see, e.g., Griffith
and Van Reenen, 2021; Gilbert, 2006).°° On the one hand, more competition reduces profit and
postinnovation rents, and therefore disincentivizes innovation: this is the so-called Schumpetarian
effect. On the other hand, more competition may reduce a firm’s preinnovation rent by more than it
reduces its postinnovation rent and thus foster innovation and growth: this is the escape-competition
effect.

In an influential paper, Aghion, Bloom, Blundell, Griffith, and Howitt (2005)[ABBGH hence-
forth] reconcile these two contradictory views by documenting an inverted-U relationship between
the number of citation-weighted patents and a measure of product market competition using a panel
data set of seventeen UK industries (i) observed over the period 1973-1994 (¢). The inverted-U shape
is predicted by a model of endogeneous growth and estimated after controlling for multiplicatively
separable industry and year fixed effects, aimed at capturing permanent unobserved technological
levels and common trends. The authors’ preferred specification is a conditional fixed effects (FE)
Poisson model: for all p € {0,1,...}

Pr(cwpatent,, = p | comp,,, 14, &)

_ exp(p(g(compy) + vi + &) exp(— exp(g(compy,) + vi + &)))
p!

, (24)

where cwpatent,, represents the number of citation-weighted patents in industry ¢ in year ¢, comp;,

36For public coverage, see, e.g, Lohr, Steeve “How Software Is Stifling Competition and Slow-
ing Innovation”, The New York Times, 7 Jul, 2022. Last consulted on September 29, 2022 at:
https://www.nytimes.com/2022/07/21 /business/software-james-bessen-book.html.
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is one minus the average Lerner index in industry ¢ in year ¢, v; is an unobserved industry-specific
permanent level of innovation, &, captures macroeconomic trend, and g(+) is a second-degree polyno-
mial.*” Figure 1 shows ABBGH’s original inverted-U relationship, by replicating ABBGH’s Figure
I1, a scatterplot comparing the fit of the exponential model (24) with that of a nonparametric
spline.®®

While model (24) is in line with a large body of the previous literature (see, e.g., Hausman,
Hall, and Griliches, 1984; Gourieroux, Monfort, and Trognon, 1984), it imposes strong assumptions
on the data generating process: conditional Poisson distribution and multiplicative separability
of unobserved effects. In particular, the inverted-U relationship seems fragile as recent empirical
research has reported both increasing and decreasing monotonic relationships depending on the
controls included (Aghion, Van Reenen, and Zingales, 2013), whether accounting or not for the
presence of structural breaks (Correa, 2012), or the country data used (Hashmi, 2013; Askenazy,
Cahn, and Irac, 2013), etc. This has spurred a variety of explanations and theoretical models.

To the best of our knowledge, however, no paper has assessed the robustness of the inverted-
U relationship to modeling choices regarding unobserved heterogeneity. As ABBGH and Correa
(2012) argue, innovation is a dynamic process and endogeneity issues might comes from unobserved
forces that drive both innovation and the market structure in a dynamic way.? Moreover, while
industry might be a good level to control for permanent scaling, it is likely that among the 311
firms of the panel, a few time-varying paths emerge. A natural question is then: to which extent
are all industries subject to the same economic trend (i.e., time effect) during the 1973-1994 period
where, e.g., the development of I.T. has been exponential and plausibly shaped market structures?

In this section, I illustrate how the class of NGFE models together with semiparametric NGFE
estimators introduced in this paper can be used to adress this question, challenging the view that
firms are all subjects to the same macroeconomic trends and that the unobserved propensity to

innovate and compete is industry-specific and fixed across time.

Data. [ use ABBGH’s original data set available at N. Bloom’s website.*’ This is an unbalanced
industry-level panel based on 311 firms listed on the London Stock Exchange and grouped in 17
two-digit SIC code industries, which received patent grants from the United States Patent and
Trademark Office (USPTO). The period covered by the dataset is from 1973 until 1994 and there

are 354 observations. In particular, here N = 17 and T' = 22 and I assume that missing observations

37The fact that the number of patents is weighted and averaged at the industry level makes it a “continuous”
variable with a mass point at 0. This is probably a reason why the authors apply a discrete model. See the summary
statistics in Table 7. See Aghion, Bloom, Blundell, Griffith, and Howitt (2005) for details on the construction of
each variable.

381 note that the scale of the y-axis in ABBGH’s Figure II is incorrect, as well as the legend of their Figure I since
the graph in fact corresponds to specification (1) in their Table I (and not (2) as claimed).

39Fernandez-Val and Weidner (2016) estimate model (24), including one lag of the dependent variable as an addi-
tional regressor and find ABBGH’s results to be robust to this change. Yet, unobserved time-varying heterogeneity
could still remain.

40https: / /nbloom.people.stanford.edu/sites/g/files /sbiybj4746 /f/abbgh.zip.
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are missing-at-random.*!

Table 7 reports summary statistics borrowed from Hashmi (2013). In
particular, one can see that some industries are never granted patents.*> Table 8 describes the

industries present in the sample.

Evidence of Time-Varying Unobserved Heterogeneity. Before estimating a NGFE model,
I investigate the existence of a latent clustering structure by applying the pairwise differencing
estimator developed in Mugnier (2022) to ABBGH’s residuals:

cwpatent,, — E[cwpatent,, | comp,,, i, &] = cwpatent,, — exp(j(cwpatent,,) + 7; + &),

plotted in Figure 2. This smooth exploration method allows for an unconstrained number of clusters,
run in polynomial time, provides a regularization path for the number of groups and estimate
time-varying effects without relying on k-means or computing the NGFE which is subject to local
minima.** Figure 3 and Figure 4 plot the regularization path corresponding to the largest plateau,
i.e., for a choice of the regularization parameter such that G = 3, and time effects respectively.
Figures 4 reveals one cluster with residuals centered around zero and low variance (in red), one
cluster with higher volatility and statistically different from zero at several periods and whose CI
does not intersect that of the first cluster at least at one period (in blue), and a very high volatility
cluster (in green) that consists of industries with missing values. There is evidence of time-varying

unobserved heterogeneity.

A Mildly Inverted-U Relationship. I now estimate the following NGFE model:

Pr(cwpatent,, = p | comp,,, ¢;, agit)

_ exp(p(g(compy) + ay,t) exp(— exp(g(comp;;) + ag,e)))
p!

. Wpe{o1,..}, (25)

where g; € {1, ..., G} is industry i’s unknown cluster membership and (ay, ..., ag;) € RY are time-
specific unobserved effects accounting for unobserved confounding variations in the propensity to
patent and product market competition in each of the G clusters. Given the small number of
industries, I report results for G € {2,3,4}. Models (24) and (25) are non-nested as G << N.
Table 9 and Figure 5 replicate ABBGH’s Table I and Figure I, and additionally show results of
NGFE estimation for the choices G € {2, 3,4}, and using 2,000 random initializers around 02+¢7,
Two results are striking. When G = 2, the in-sample relationship (no extrapolation) is a significant

but mildly increasing relationship. This can be explained by the structure of the cluster effects

41While the time dimension is large, the cross-sectional dimension is slightly at odd with the asymptotic framework
considered in the paper. Still the economic point applies and it is likely that larger datasets with more digits will be
available in the near future.

42This does not mean that such industries do not innovate. Patenting is an imperfect measure of innovation in
several aspects (Boldrin and Levine, 2013). Many studies perform robustnes checks by using R&D expenses as an
alternative measure (Aghion, Bloom, Blundell, Griffith, and Howitt, 2005).

43Yet, its statistical guarantees are currently not known in the Poisson model.
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discussed in the next paragraph: when G = 2, the two estimated clusters do not exhibit a lot of
variation over time. Estimation then acts as a constrained classical fixed effect estimator (where
industry-specific effects only have two points of support). When G increases, I find strong evidence
of a mildly inverted-U relationship. Estimates of the competition parameters are still significantly
different from zero but the inverted-U relationship is dramatically less pronounced (the curve is

flatter) when unobserved heterogeneity is allowed to be time-varying.

Clustered Unobserved Innovation Dynamics. The 70-90’s are characterized by the extremely
rapid development of electronics, networks and the Internet. It is likely that economies of scale,
shocks and unobserved innovation trends are not the same for each industry. Figure 6 confirms this
intuition by plotting the estimated cluster-specific effects obtained in specifications (3)-(5) from
Table 9, where the data-driven clustering of industries is displayed in Figure 7.

The NGFE estimates of the unobserved determinants of innovation reveal heterogeneous, time-
varying patterns, in particular for G > 3. Setting G = 2 delivers two clusters that experience
stable innovation paths over time, albeit at very different levels. Cluster 1, which I refer to as
the “high-innovation” cluster, mostly contains highly-patenting, highly-competitive industries. It
includes Manufacture of office machinery and data processing equipment, Electrical and electronic
engineering, Manufacture of motor vehicles and parts therof, and Manufacture of other transport
equipment, but also Chemical industry. Cluster 2, which I refer to as “low-innovation” mostly
includes low-patenting, low-competition: metal manufacturing, textile industry, and processing
of rubber and plastics, among others. This clustering structure of unobserved heterogeneity is
broadly consistent with an additive fixed-effects representation, as the cluster effects a;; and o,
are approximately parallel over time. In contrast, when allowing for more than two clusters, newly
estimated clusters are not consistent with a fixed effects model. For G = 3, Cluster 2 does not change
significantly but the vast majority of industries from Cluster 1 now belongs to Cluster 3 (“steady-
catchers”) as they experience a steadily increase during the all period towards the unobserved
innovation level of Cluster 1. Only the car, food and tobacco, and chemical industries remain in
the stable “high-innovation” Cluster 1 whereas Cluster 3 now includes electrical and electronical
engineering, office machinery and data processing equipment. Finally, when G = 4, Cluster 3 further
splits into two neck-to-neck catching-up clusters of industries. The new Cluster 4 (“Noisy-catchers”),
which is more volatile in the race, contains other manufacturing industries and transport equipment.
Steadily increasing industries now include, among others: Manufacture of office machinery and data
processing equipment, and Electrical and electronic engineering.

Figure 8 plots estimated cluster effects, competition and innovation by estimated cluster mem-
berships. It suggests that the relationship between observables and unobservables is complex and

hardly predictable from observables only.

Endogeneity. Because competition is likely to be an endogeneous variable, ABBGH use a control

function approach by including the residual of a first-stage where the lerner index is predicted by a
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set of policy instruments such as the Thatcher era privatizations, the EU Single Market Programme,
and the Monopoly and Merger Commission investigations at the industry level (see Table II in
ABBGH), as an additional regressor in their main specification. The first and fourth columns of

Table 10 show that coefficient estimates are similar to Table 9 in the case of NGFE models.

Testing for Structural Break. Finally, I revisit Correa (2012) who tests for the existence
of a structural break in 1981. The author finds a decreasing relationship before but no effects
of competition afterwards, which would spuriously explain ABBGH’s inverted-U relationship. In
contrast, a NGFE specification with four clusters shows evidence of a mildly relationship before

1981, but still no significant relationship afterwards (see Table 10).

8 Conclusion

In this paper, I study the nonparametric identification and estimation of a new class of nonlinear
panel data models that accomodates clustered patterns of time-varying unobserved heterogeneity.
Sufficient low-level conditions delivering identification of all parameters are provided. Because non-
parametric estimation might be overwhelmingly cumbersome in panel data with moderate length, I
propose semiparametric NGFE estimators that are free of the incidental parameters problem when
T = o(N), which sharply contrasts with many competing approaches. Individuals are uniformly
classified in the limit as T" grows at least as some power of N, and cluster-specific and slope co-
efficient estimates are asymptotically normal (and centered at the true value). A simple Lloyd’s
algorithm is shown to perform well in Monte-Carlo simulation. By applying this new estimator
to revisit Aghion, Bloom, Blundell, Griffith, and Howitt (2005), I demonstrate that their so-called
inverted-U relationship between innovation and product market competition is sensitive to the
researcher’s choice of whether controling for time-varying grouped effects or not. I document a
data-driven clustering of industries. In particular, once controlling for two groups, the relationship
becomes increasing. Once controlling for 3 < G < 4 clusters, the relationship becomes a mildly
inverted-U.

Interesting research avenues include improving computational execution time and developing an
estimation approach that would estimate the number of groups with theoretical guarantees (e.g.,
consistency). In Mugnier (2022), I propose such an estimator for linear versions of NGFE models
and obtain this result under relatively weak conditions (see Proposition 3.1). Given such a promising
result, it would be nice to extend the approach and prove similar large sample properties for more
general nonlinear models, including those considered in this paper. I leave such extensions for future

work.
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Appendix

A Proof of the Results

[ introduce some notation. For any (a,b) € R? I let a Vb := max{a,b} and a A b := min {a, b}.
A denotes the Lebesgue measure on (R, B(R)), where B(R) collects the Borel sets on R. The
abbreviation “a.e.” stands for “almost everywhere” (with respect to an appropriate measure). Let
—%5 and -2+ denote convergence in distribution and convergence in probability respectively. For
any sequence of random variables {U, : n € N} such that U, -2+ U, let plim, , U, = U.
Up = Opy(1) (resp. 0,(1)) means U, is bounded in probability (resp. converges in probability to
zero). U, = O,(R,) means that U, = R, x V,, with V,, = O,(1); U, = 0,(R,) means that
Up =R, xV, with V,, = 0,(1).

A.1 Proof of Theorem 1

Part 1.

Identification of W% € {0,1}NXN for all N € N*. Let N € N*. By Assumption 2, there ex-
ist X° C X, y € Y, and a known functional ¢ such that, for all (i,5) € N?, the (i,7)-th en-
try of WY, Wiy, satisfies Wy = 1{9? :g?} = ¢ (pi, p;) with pi(z) : X° 3 2z — Pr(Yi =
Y| Xio = z,¢9, 10, €). Tt is then sufficient to show that, for all i € N, p; is identified. Let
(i,2) € N x X% Under Assumptions 1(b) and 3(a), and conditional on the o-algebra gen-
erated by (g?,,ugé,glol)’ , the time-series process {(Yz’t,X{t)/ t > 2} is strictly stationary strong
mixing and satisfies regularity conditions given in Hansen (2008) to obtain consistency of the
Nadaraya-Watson estimator of | [1 Yy =7} | Xio = 12,97, ME?’ éﬂ Hence, point identification of
E [1 {Yio =7} | Xjo = x,g?,,ugg,fﬂ = pi(x) follows by pooling unit i’s choices when (Yj, X},)" €
{7} x Br(z), where Br(x) is a well-chosen shrinking neighborhood of x as T" — oo (e.g., using any
well-chosen kernel IC and bandwidth hy).

Identification of G°. For any fixed N € N*, let R%; denote the number of distinct rows in Wy. By
the previous paragraph, R} is identified. But R}, which is also the rank of WY, is exactly the
number of clusters represented in the finite sample of size N. Under Assumptions 1(a) and 2(b),

G° = limsupy_, ., RY is thus identified.*

Part 2.

Identification of 3°. Let (i,t) € N*2. By Part 1, C°(:) := {j e{l,...,N}:¢9= g?} is identified for

all N € N*. Under Assumption 1(a) and 2(b), conditional on (%', o, XY, 'Y, {(Y}t, X0, g €C(i)\ {z}}
is an identified infinite sequence of i.i.d. random variables. By applying Theorem 4.1 in Ichimura

4“From an estimation perpective, one would need conditions on the joint rate of convergence of (N,T) to ensure
adequate controls of the error terms (p; should typically be estimated in sup-norm on X° at some polynomial rate
inT).
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(1993) with ¢(-) = Y,eyyh°(y,- + oz[g)gt), whose conditions 4.1 and 4.2(1-3) hold under Assump-
tions 1(c) and 3, 3° is identified up-to-scale. Because HBOH =1, 3° is identified.

Identification of cluster-specific time effects agt for all (g,t) € G° x N*, up to cluster relabeling.
Given identification of WY, for all N € N*, I build the G° groups sequentially starting from N = 2,
N = 3,... and regrouping at each step units with same rows in W¥. Without loss of generality,
I assume that the resulting labeling matches the true labeling. Let t € N*, z € X, and y € Y
verifying Assumptions 4. By pooling choices of individuals in cluster g and g at time ¢ for which
Yy =y and X;; = z, and applying a standard LLN using Assumptions 1(a) and 1(c), the following
probabilities are identified:

Pr (Yu =y| Xy =u1,9) = g,agt) =h° (g, 7' B0 + agt) ,
Pr <Y1t =y| Xy = r, 90 =7, a%t) = A0 (y, ' 80 + a%t) )

By Assumption 5 (eq. (8)), I can find z1, x5 € X such that
Pr(Yie=y | Xy =20 = g,05) =Pr (Vi =y | Xoy = 1,90 = §,0%) ,

or, equivalently,
B (y, #8° + afy) = h° (3, 218"+ a%,) . (26)

By strict monotonicity of h°(y,-), I can invert (26) and identify O@Qt —ap, = (v2 —21)'8° As B0 s
already identified, it follows that a%t — agt is identified. Because the result holds for all (g, g,1), it
holds for g = ¢ = 1 (for which o, = 0 by the normalization assumption), thus (a}, )gego is identified.
A similar reasoning but now identifying 1,z € X such that eq. (9) holds in place of eq. (8) yields
identification of 042?— agt for all (g,t,t), and, in turn, that of (?,)en+. Identification of O‘St for all

(g,t) then follows because, for all (g,t) with g # 1 and ¢ # 1, agt can be decomposed as

o _ 0 0 0
Qg = Qg — Qpp + Qg
—_—

=a :=b

where a and b are identified. Finally, h%(y, 2) is identified as a function of y € Y and index
z =X+ O‘S?t'
The proof of Theorem 1 is complete.

A.2 Sufficient Condition for Assumption 2(a)

Consider the following assumption.
Assumption 10

(a) There exists an open set X1 C X such that, for all (i, ], g, g, v) € N*2x G2 x X! the conditional

distribution o, | Xiy = x, g} = g, MS?’ &Y admits a fully supported density faSQ‘Xm:x’g?:g,Mg,g?(a)
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with respect to the Lebesgue measure such that
fa22|Xi2:$7g?:gaH2,§? <a) = fO/va2|Xj2:x:g?:E»l‘»94§]0' (a>’ )\(a)_a'e'
g g

if and only if g = g.

(b) There exists k € {1,...,p} such that B # 0 and Xy 1L 042?2 | Xigv(_k),gg,ugg,fg Moreover,
almost surely, Supp (Xiz,k | Xi27(_k),g?,pgo,§?) is open.

(¢c) There exists y € Y such that 1, : v — h%(y,v) is stricly monotonic, real analytic with bounded
first derivative 1, such that [ |y,
density fc(z) = [4()] does not vanish and is infinitely often differentiable in R\ A for some

ST |ax
set A such that \(A) = 0.

d\ < 00.* Moreover, the characteristic function of ¢ with

Assumption 10(b) requires the existence of a special regressor (as in Honoré and Lewbel, 2002),
but (possibly) without large support (it depends on the support of the unobserved heterogeneity).
Assumption 10(c) imposes smoothness conditions including real-analyticity of the link functions.
Example of distributions satisfying these are given in, e.g., D’Haultfoeuille (2010). Real-analyticity
can be relaxed to continuous differentiability by strenghtenning the support in Assumption 10(b)
to be the full real line, which is equivalent to having a special regressor with large support a la
Honoré and Lewbel (2002).

Lemma 1 [f Assumptions 1(c) and 10 hold, then Assumption 2(a) holds.

Proof of Lemma 1 W.lo.g. I assume that & = 1 and denote z(_1) = (z;)jecq2,.p}- Let v =
(21, x’(_l))’ € X', and y € Y verifying Assumption 10(c). I proceed in two steps. In the first step, I
construct XY C X!, In the second step, I construct ¢ that fulfills Assumption 2.

Step 1: Let (i,x) € N x X' and p;(x) := Pr (Y;Q =y | Xpp= x,g?,,ugg,ﬁzo). By the law of total

expectations, Assumption 1(c), using equation (2), and Assumption 10(a), I obtain

Pr(Yio =y | Xio = 2,60,0% 2%, 1, &) | Xio =, g7, 1, & |
Pr (Yoo =y | Xio = 2,90, 0%,) | Xio = 2, 67, 1o, €|
[y (¢/8° + afos) | Xio = @, 90, i, €]

Wy (28" + o) fa2?2|Xi2:x,g?,u2?,£?(Oé)d/\<a>'

—

s— B B =

(27)

45Let I C R be an open set. A function f : I — R is called “analytic” if for any xo € I there is a neighborhood
J of xy and a power series Y a,(x — )" such that f(z) =) an(z —xo)" Vz € J (see, e.g., Krantz and Parks,
2002).
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By Assumption 10(b), there exists ¢ > 0 and an open set X° = {z + (v,0') : v € (—€,¢)} C X!
with Pr (X, € X°) > 0 such that, for all w € X° almost everywhere fad, [Xipmw,g00, c0 () =
992 1 g07>

fa‘;QQIXn:x,g?,qu,&?(O‘)' Since XY C X!, eq. (27) yields, for all w € X°,

pilw) = [y (w'B° + Q) fuo, Xm0, ()AN(@).
By Assumption 10(c), w — p;(w) is differentiable on X° and, for all w € X°,

8pi(z1, ey Zp)
821

=B [ 0 (W + @) Fut, amen, e (@)AN(@)
= 30 (1 - 21 {w}(0) < 0}) /R U (08 + Q)| fas, 1 magt s, co(@)dA(@),
(28)

z=

where the second equality follows from the strict monotonicity of v, ().

Step 2: Let A(a,b) := a — b and 0; be the partial differencing operator with respect to the first
argument (for multivalued functions). I prove below that ¢(f,g) := 1{A(df,01g) = 0} verifies
Assumption 2(a). I have to show that, for all (i,5) € N2,

8pi(zl,...,zp) _ 8pj(21,...,zp)

Vw e X0 «—= ¢° =40 29
aZl Z=w aZl Z=w v gl gj ( )

Let (i,7) € N2,
< : Suppose that gf = gf and let w € X°. By Assumption 10(c), I have

fa2?2|Xi2:33,g?7/142?7£? (Oé) = fa2?2|Xj2=1‘,g]Q7u2?7£§) (O{), A(Oé) — a.e..

Equation (28) then implies Opilz1-12p) i(’gz"l”’z”) ) 9p; (?Z’;"Z”) -
— : Suppose that, for all w € X°,
Opi(#1, ..y 2p) _ Opj(21, ..y 2p)
021 2=w 821 Z=w

Dividing each side of this equation by [

vy

d\ > 0, using (28) and the fact that

(1 - 21 {j(0) <0}) 81| = |81] > 0,

I obtain, denoting f,o () := (@), for all w € XY,

0 0,0 0
g ‘Xi27gi e 0751‘
g-2 g:
K2 1 7

Ak@%+@@¢@M@=Aﬁ@W+@n%ww@.

0
9
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I show below that this constraint is equivalent to f,loO = f,lo0 a.e., which, by Assumption 10(a), in
gy g

turn implies g) = g9. Specifically, I show that the solution set S* C L'(RR, B(R), A) to the integral

inverse problem: f, € S8* if and only if

Jo e (8 + ) fus, (@)aN(@) = [ fe (w'6" + ) fula)dA(@) V€ &, (30)

verifies §* = {f € LY(R,B(R),\) : fo = a0, a.e.}. Suppose f¥ € §* and consider the change of
variable z = w'3° + « in (30). Then, for allgg € (2'8° — B, 2/8° + 8%) C R,

S FeGf o, (6 = 2)ANE) = [ o270 = 2)A(2) (31)

Note that both sides of eq. (31) are convolutions of f; with df_,o or df*,. By letting

Wit [16-2) |, () - £2a2)] Ao

and using commutativity of the convolution product, eq. (31) implies that there exists an open set
U C R such that

W() =0, V¥5eU. (32)

Given Assumption 10(c), it can be shown that W : R — R is real-analytic (see footnote 45). A
continuation theorem for real analytic functions (see e.g. Corollary 1.2.5 in Krantz and Parks, 2002)
implies that eq. (32) holds for all 6 € R, i.e.:

56 =2)

fat, () = f*a(z)] d\(z) =0, ¥oeR. (33)

Since the functions fe, f_,0 , and f*, belong to LY (R, B(R), \), I can apply Fourrier transformation
on both sides of eq. (33) to obtain

Py (v) X lw_a% (v) = Wf*a(v)] =0, YveR, (34)

7

where ¢ is the Fourrier transform of f. By Assumption 10(c) again, the set

{v e R:pc(v) = 0}

is of zero Lebesgue measure. Equation (34) therefore implies ¢y , = ¥y~ a.e.. Since Fourrier
ag? —a
transforms are continuous, I obtain ¢y | = ¢ everywhere and thus fao0 = fr everywhere.
@50 e 9y

y 3
k3
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The proof of Lemma 1 is complete.

A.3 Proof of Theorem 2

The key argument is to linearize problem (18) by mean of a second-order Taylor expansion, bounding

the log-likelihood function by below by a quadratic function similar to that appearing in Lemma
A.2 in Bonhomme and Manresa (2015). For all § = (8, /,~') € B x G°N x AT define

1 N T
NG 2 Z Z taZzt))

NT i=1t=1

where Z;; = X,/ + a4, and @ = 2Y;; — 1. Note that Z;; is an implicit function of § but I drop
this conditioning for the sake of clarity and let Zj, = X},8° + aJ, denote Z;; evaluated at the true
parameter value 6°. Note that the NGFE estimator § minimizes Q(-) over all § € B x G x A%T.

Define the auxiliary quadratic function:

1 LI 2
— X! (8- B L=
NT;;< (8= 0°) + e — o)
and let zZ := = SUD (51 o/ g )/ €Bx AT X GOxUr_y i1 Supp(Xie) |Zit| and Z = [—Z,Z]. Note that Z is a well-

defined segment of R by Assumptions 7(a) and 7(b). By second-order Taylor expansion, for any

Z1, %9 in Z,
—InV(z) = —InW(2) — (In W) (22)(21 — 22) — ;(ln )" (2*) (21 — 2)?,

for some z* €]z A 29,21 V z2[. By continuity of z — —(In¥)"(2) and because —(In ¥)"(z) > 0 by
Assumption 6(b), there exists a constant by, > 0 such that, for all z € Z,

bin < —(InW)"(2).

Hence, for all z1,29 € Z

bmin
—1In \11(21) > —1In \IJ(ZQ) + S(ZQ)(Zl - 22) + 7(2’1 - 22)2, (35)
where s(z) = —(In¥)’(z). Now substitute Q;;Z; for z; and Q;;Z)), for zo, and averaging (35) over
i,t, I have, for all 0 € B x GOV x A%°T,
N ~ 0 L 1 N T 0
Q(0) = Q(8°) = =2Q(0) + 57 -3 B (Qu (Za — 25)) (36)

i=1t=1
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where Ej; = 5 (Q:+Z%). Since the estimated parameter § minimizes Q(-), deduce

. v o~ T >
br;mQ(Q) + NlT Z Y Eq (ta (Zit - Zgﬁ)) ; (37)

i=1t=1

0>Q0) - Q(¢°) >

where Z;; = Xi’tB + a5,. I start by showing the following uniform convergence result, which is

reminiscent of Lemma A.1 in Bonhomme and Manresa (2015).

Lemma 2 Let Assumption 6 and Assumptions 7(a)-(b) hold. Then,

sup L S Y Ey (Qz’t (Zit - Zg)) = 0p(1).

0EBXGON x AGOT NT i=1t=1

Proof of Lemma 2: The proof closely follows that of Lemma A.1 in Bonhomme and Manresa

(2015), up to a few adjustments.

i=1t=1
1 N T
= NT Z Z Qi (let (5 - ﬁ0> + gt 062%)
i=1t=1
1 N ! . 1] N 1 T .
=\~ QitEitXit> B—=0")+ EyQiu0gt — EyQirargo,.
Let /; = o ({VO,QO,X@,e(_t_l)}) denote the o-field generated by vo,ao,X(_t), and €Y. Under
Assumptions 6(a) and 6(b), for all s < ¢, I have

E (QitQisEitEiin,tXis) = (E(tastEzthstlths | th))

E
E (Xz,thstsEst<taEzt | ft))
E

! Yie — \I](Zz?f) 1770
(XitXisQisEisE (\P 20— 0 quf (Z%) | ]—“t>>

E(Y; — V(Z}) | Fi)
V(Zp(1 - W(Zy)

=0

=0,
where the penultimate equality follows because W'(Z)) is F;-measurable, and the last equality

follows from E(Y}; | F;) = ¥(Z%). By Cauchy-Schwarz (CS) inequality, and using Assumption 6(b),
7(b) and Q? = 1, there exists a constant M’ > 0 such that, for s = t,

2) < \/E (ELHE <HXit
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Hence, I have

1 N T T
‘NT SN Y E(QuQisEnEis Xj Xis)| < M. (38)
i=1 t=1 s=1
By (38), I have
1 M
E <N HT ZtaEtizt ) < ?,

so it follows from the Markov inequality that

1 N T
NT Z Z Qit By Xy = Op(1>‘

i=1t=1

In addition,

H is bounded under Assumption 7(a), hence

1 4 0
(M"ZZQ”E”X“> B 5 ) ( )

i=11t=1

I next show that 7 2N Y QuEiayg, is 0,(1), uniformly on the parameter space. This will
imply that = S, Y1 Qi Eyal o= = 0,(1). I have

1] NT 1] NT
WZZQitEitagit = Z [szl{gz =9} QuE tagt‘|

i=1t=1 gego

Moreover, by the CS inequality and for all g € G%

(1o (hSro-nen)) < (FEa) < (+ (kS nan))

=1

where, by Assumption 7(a), %Zthl agt is uniformly bounded. Now, note that

2

1 1 N 1 N N T
Al 2 Mo =9y QuEu | =52 > Hai=911{g =9} Y QuQuEuEj
T'\N =1 TN =1 ]:1 t=1
S AT2 Z Z Z taQ]thtE]t
N =1 j=1 T

1 N N

cEYY

i=1j5=1

T Z]E tathEzt )

1 N N

Z (QuQj By — E(QuQ By k)| -

ﬂ

lel
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Since E(QuQtEwEjt) = 0 for i # j, there exists a constant M” > 0 such that

| NN T
NZZ Z (QuQiEuFEj)| < M" < oo,

i=1j5=1

'ﬂ \

and, therefore, 5z 1, I, ‘% PO E(QitQﬁEitEjt)‘ < MT” Moreover, by the CS inequality,

1] NN 1T 2
<N2 Z Z T Z(Qit@thitEjt - E(QitthEitEjt>>D
i=1j=1 t=1
1 N 1L 2
< e ;; < 2 (QuQjtEnEj — (QitthEitEjt))> . (39)

Similarly again, I can show that there exists a constant M" > 0 such that

< M" < .

T
Z Z COV(QitthEitEj57 QisqjsEisEjS)

1t=1s=1

™=

N
N2TZ

=1

‘ 1

[
Il

Hence, the term in the right-hand side of (39) is bounded in expectation by M"/T. This shows
that NT Z 1 Zt 1 QB is uniformly o,(1), and ends the proof of Lemma 2. O

Next, by Lemma A.2 in Bonhomme and Manresa (2015), it follows that

0) > l|p -5

(40)

where plimy ,.,p = p > 0. Hence, combining (37), Lemma 2, and (40) I obtain

0>

L=+ ),

from which it is concluded that § = 3° + o,(1).

Lastly, to show convergence in quadratic mean of the estimated unit-specific effects, note that

N T R ) N T R
N7 22 X (8= B) X (8° = B) = 57 2 X0 (9 = B) (o — )
i=1t=1

i=1t=1

1

N T 9
T;;HX# X
N T
+ (tsamtel) < 7 2 o

i=1t=1

IN

J&° - I

o G

which is o0,(1) by Assumptions 7(a)-7(b), by consistency of 3, and because Lemma 2 and (37)
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together imply Q(6) = 0p(1).
This completes the proof of Theorem 2.

A.4 Proof of Theorem 3
A.4.1 Step 1: A Useful Asymptotic Equivalence

Lemma 7 below provides an asymptotic equivalence result which is key to prove Theorem 3. I first
prove three lemmas (3, 4, and 5) that help in showing that NGFE estimators achieve uniformly
consistent classification of individuals (Lemma 6). This, in turn, allows me to prove Lemma 7.

First, consistency of @ for a” can be established as in Bonhomme and Manresa (2015). Because
the objective function is invariant to relabeling of the cluster labels, the consistency result holds
with respect to the Hausdorff distance dy in R, defined by

dp(a,b)* = max { max minlzT:(cr —b )2 max minli(cr—b )2
a\a, T gt gt ) T gt gt :

gegO Eegﬂ t=1 Eegﬂ gego t=1

Lemma 3 Let Assumptions 6-7, and 8(a)-8(b) hold. Then, as N and T tend to infinity,
dy (a oﬂ) 2y 0.

Proof of Lemma 3: Given Theorem 2, the proof is identical to that of Lemma B.3 in Bonhomme
and Manresa (2015). O

Second, I rely on the use of exponential inequalities for dependent processes. Lemma 4 and
Lemma 5 are direct consequences of Theorem 6.2 in Rio (2000) (see also Merlevede, Peligrad, and
Rio, 2011) and Theorem 3.2 in Lesigne and Volny (2001), respectively.

Lemma 4 (Bonhomme and Manresa (2015), Lemma B.5) Let z; be a strongly mizing pro-
cess with zero mean, with strong mizing coefficient aft] < exp(—at®), and tail probabilities Pr(|z| <

d
z) < exp (1 — (%) 2), where a, b, dy, and dy are positive constants. Then, for all z > 0, for all§ > 0,

0 1 d
T°Pr TZzt

t=1

Zz>—>0, as T" — oo.

Lemma 5 0 Let {2, .7-}}?:1 be a martingale difference sequence and assume that there exists 6, M >
0 such that E(exp(d |z|)) < M for allt = 1,...,T. Then, for a > 0, there exist positive constants

46T found this result in a 2013 unpublished manuscript by A.-B. Kock entitled “Oracle inequalities and variable
selection in high-dimensional panel data models” (Lemma 2). For completeness, I report the original proof of the
author here.
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A and B such that for all z > a/\/T

<|;§%

t=1

> z) < Aexp( B(ZQT)l/S) .

Proof of Lemma 5: In the proof of their Theorem 3.2 Lesigne and Volny (2001) show that if
E(exp(]zt|) < M for all t =1,...,T, then for any x > 0 and t € (0, 1), I have

T
Pr ( > Tz)
t=1

>z
M Loass, —o 1/3 | 12/3(—2—1\2/3 21
<[>+ g [415 (22T 1) 4 213 (22712 4 9,727 }

1
X exp (—2t2/3(22T)1/3> : (41)

Note that Pr (’Zle zt‘ > Tz) = Pr (‘Zle(ézt)’ > T(5z)> where {6Zt}1§t§T7 by assumption now
satisfy the conditions of Theorem 3.2 in Lesigne and Volny (2001) and so replacing z by dz in (41)

T
Pr ( > Tz)
t=1

- (2 n ; Mt>2 ut4/352/3(22T1)1/3 1 t2/35*4/3(z*2T*1)2/3 i 25222T1D

X exp (—;t2/352/3(22T)1/3> .

yields

Restricting z to be greater than a/v/T, implying that z~2T~! < 1/a?, and using that M,t and §

are constants the conclusion of the lemma follows. [l

I am now in position to prove Lemma 6 which extends Lemma B.4 in Bonhomme and Manresa
(2015) and shows that g;(3,a) achieves uniformly consistent classification of individuals over a
neighbourhood of the true parameter values (3°, o). Note that by the same arguments as in the
proof of Lemma B.3 in Bonhomme and Manresa (2015), there exists a permutation o : G — G°

such that
1

T

Z (O‘U(g agt) — 0. (42)
T

By simple relabeling of the elements of &, I may take o(g) = g. I adopt this convention in the rest
of the proof For any n > 0, I let V,, denote the set of parameters (5, a) € B X ACT that satisfy

Hﬁ 50H <mnand %>/, (&gt a2t> < nforall g € G°.

Lemma 6 For n > 0 small enough, I have, for all § > 0 and as N and T tend to infinity,

1463, o Ol — 0, (T7°).
(5SCY1)1£NNZ {3:(8,0) # g0} = 0,(T™)
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Proof of Lemma 6: Note that, from the definition of g;(-), for all g € G,

L6, = b < 1 {30 (0 (Qu (X0 + ag.))) < (¥ (Qu (X5 + )},

SO
1 Y 1 I
N;1{ #gl} Oﬁzl{gz#g}l{gz(ﬁ, a) = g}
= e =1
Ly
< — ) Wiy, (5
9€g0 N3 g
where

mg<ﬁ,a>—1{g$¢g}x1{211n(w(@u(xztﬁ+aggt))) Zln (Qu ( ;tﬁ+agt>>>}.

I start bounding W;, (3, @), for all (8,a) € N, by a quantity that does not depend on (3, «).
To proceed first note that, by Assumption 6(b), and 7(a)-7(b), v — In (V¥ (Qu (X0 + ag))) is
uniformly Lipschitz over (i,t,c, g) € {1, ..., N} x {1, ..., T} x AT x G°, i.e., there exists a constant
L > 0 such that, for all (i,t,,g) € {1,.., N} x {1,..., T} x AT x G°, all By, B, € B, almost surely

[In (U (Qu (XjB1 + age))) — In (¥ (Qie (X} + agn)))| < Ly — B (43)

Similarly, a — In (¥ (Q;; (X5 + a))) is uniformly Lipschitz over (i,¢, 5) € {1, ..., N} x{1, ..., T} x B,
i.e., there exists a constant L, > 0 such that, for all (i,¢,3) € {1,..., N} x{1,...,T}x B, all a,b € A,

almost surely

I (0 (Qu (X35 +@))) = I (¥ (Qu (X48 + b)) < Lala =], (44)
Then, by choosing g = ¢%, 8 = 8° and S, = f in (43), T have, for all (3, ) and all i,
Wig(B,0) < 1{g? # g}

{3 (3 (@0 (05 ) < 0 8@ (635 ) + T~ 7]
By choosing a = age,, b= a%, and § = ° in (44), T have, for all (3,a) and all 4,
Wig(B,a) < 1{g] # g}
‘1 {Zl( (Qu (X0 + ) < z W (Qu (X}5 + o))
VTL|6 — 8]+ TL ol — o]}

o}
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where I used the norm inequality Hqu < \/THUH < THUH for all u € RT, T' € N*, where H . Hl is the
(*-norm. Next, a second-order Taylor expansion of z — In ¥(2) at Q;;Z;; around Q;;Z5 combined
with (A.3), yields

L Y-V (25 , ,
<1{02 3 Gt T v (20) (X (5 = ) + o= o)
_mein (7 (8= 8°) + age — aly) " + TLg||B = B°|| + TLa| [y — agp }
d Yy — U (Z), , ,
< (0= [wmn i () (5.0 ) o)

3 (X0 (3 )+ )| T3 9] T o]

Vi —w(29)

Now, let define V;; = v (29) (1-9(2Y))

U’ (Z9), and

=[5 [ 030 0 ) =) - (- ) ooy s
t=1
T
—l—TLaHozfg — O‘EH — z:l Vi (ozgt — a2t> + (ozgt — a,(glt)2 .
t—
As I have

Ar < [y Vex, (8-8°)+
t=1

WA )L ) bl x (5 )
54 (1) ()|

T
* |2 (0 — o) (o — 205
+TLg| = %)+ TLaof — o

+ bmin

2

t=1

it is easy to show using the CS inequality that, for (8, a) € N,

1/2

1T 1L 2 v
awervi(hs) (A nf) ereva(bsn)
2 -
T
+ byain (; + 2§gglal> \/ﬁt; [

+ T\/ﬁ%;ninitelEHaH +T/n(Lg+ L)

< T l(erVe) x (M + Ch) + buinCoM + Cs + Lg + L),
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where C', Cy, Cs,

¢ = sup V(Zit) [V (Za),
(B,0,9,8)EBX AT X GOX Uy . i=1,...5upp(Xi¢)
Coy = sup U(Zy) /(1= W(Zy)),

(B,0,9,8)EBX AT X GO Uy—1 . i—1. . .Supp(Xi)

are positive constants, independent of n and 7. I thus obtain that

= bmin T
Wi, < maxt {3V (o — o) < 222 57 o, — )

979 i— 2 I
+T /(1 V ) X (M + Cy) 4 byninCoM + Cs + Lg + Lo} -

Noting that the right-hand side of this inequality does not depend on (53, «), it follows that
Sup(ﬁva)e-/\/’n I4/7:9 (/87 05) S Wig, Where

4 bmin d 2
Wig =max1 {Z Vit (O‘%t — Oz(g)t) < — 5 Z (Ozgt — Oz%t) (45)
9#g =1 t=1
—f—T\/ﬁ [(Cl V 62) X (M —+ Cl) + bminCQM + 03 —+ Lﬁ + La]} . (46)
As a result,
sup 1%1{@(& a)#g°}<1§:ZW<. (47)
Byen, N i YN EH 9€G° ’

I have, using standard probability algebra and for all g € G°,

S
g
=]
[~
/N
o
lS‘_O
o
S
N—
[}

Pe (7, 1) < Sl S oy o) < -

:‘;#g t=1 t=1

+Tnl(c1Ver) x (M+Ch)+ bpinCoM + Cs+ L + La])

1 &y 0\2 _ %9
SZ Pr fZ(agt_O"g}) ST

g#9 t=1

2 0 0 Cg50min
+ Pr Z‘/it(agt—a ) < _TT

gt
t=1

+Tnllc1Ver) x (M+Ch) + bpinCoM + Cs 4+ L + La]) }
(48)

To end the proof, let F, = o ({X(_t),s(_t),vo,ao}) denote the o-field generated by X e A0,

and o and set S = ', Vi (a%s — ags). Then, {(Su,F:),1 <t <T} is a martingale under
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Assumptions 6(a) and 6(b) since

E (i Vie (ozgvs — 0428> | ft_1>

s=1
t—1 Y; v ZZO

=3 Vi o)+ (o a2) B (i gy ()17

=3 Vi, )+ (o ) B (B (g gy ¥ () 1 P () 1750
s=1 is \ (g gs gt gt U (29 (1- " (29)) it -1, h _
t—1

=2 Ve (a2, —al),

) gt=1 o, a) and

where the last equality follows from independence of £, and (X
E (Vi | Xit, oo Xu, 0 7°) = 0 (25) = 0.

By Assumption 7(b), for all i € {1,..., N}, {V;t (a%t - agt) :t} is such that |V} (oz%t — 042,5)‘ <
(¢1 V &) < oo, where the positive constants ¢; = 2¢; sup,e 4 || > 0, for j € {1,2}, do not depend

n (i,t). Let a > 0. By Lemma 5, there exist positive constants A and B, independent from (i, 1),
such that for all z > a/\/T,

o

I now bound the two terms on the right-hand side of (48).

1 d 0 0
T tz::l Vie (5 — age)

> z) < Aexp (—B(ZQT)l/?’) . (49)

o By applying Lemma 4, and conducting the same reasoning as in the first bullet point page
1176 in Bonhomme and Manresa (2015), under Assumptions 7(a) and 8(b)-(c), for all 6 > 0
and as T tends to infinity,

T ~b. .
(Aot < )

t=1

« Lastly, to bound the second term on the right-hand side of (48), I denote as ¢ the minimum

of ¢,z over all g # g and I take

[

2
< .
= (8[(01 V CQ) X (M + 01> + bminCQM + 03 + Lﬁ + La]>

(50)

Note that this upper bound on 7 does not depend on T'. Taking 7 satisfying (50) yields, for
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all g # g,

T & mein
Pr (Z Vit (agt - agt) < —T% +Tnl(crVea) X (M + Ch) + bpinCoM + Cs + Lg + La]>
t=1
1 & 0 0 €99
S Pr T ; ‘/it (O{’gvt — agt) S —? .

Lastly, by applying (49) with z = ch’;, for T sufficiently large, I obtain

1L c _
Pr (T ; Vit (oc%t - Oégt) < _987g> = O(exp(—C3T"?)) = o(T™°), (51)

for all 9 > 0, and for some constant C3 that does not depend on 7,7, and g.

Combining results, I thus obtain, using (48), that for n satisfying (50) and for all § > 0,

;Z > Pr (W, =1) <[6°| (|G°] = 1) [o(T~") + o(T~")] = o(T~). (52)

=1 gego

To complete the proof of Lemma 6, note that, for n that satisfies (50), I have, for all 6 > 0 and all
e >0,

1 Y 1
Pr sup =Y 14G:(8,a)#4)t > 5T5> <Pr|— Wi, >eT™®
((ﬁmeNn N ; { j N ;gg:o !
< E (% i]il dego Wig)

— €T_5 - 0(1)7

where T have used (47), the Markov inequality, and (52), respectively. This ends the proof of
Lemma 6. L]

I am now in position to prove the three parts of the following asymptotic equivalence result.

Lemma 7 (Asymptotic Equivalence) Let Assumptions 6, 7, and 8 hold. Then, for all § > 0
and as N and T tend to infinity

Pr ( sup |G — g| > 0> =o(1) + o(NT™), (53)
ie{1,...,N}
and
B=PB+0)(T™), (54)
and
Qg = Qg + 0,(T°) for all g,t. (55)

Proof of Lemma 7: The proof closely follows pages 1178-1180 in Bonhomme and Manresa (2015).
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#1. Properties of B Define

Q(B.0) = 7 523t (¥ (@ (X5 + 3 1))) (56)
Q.00 = 57 2~ (¥ (Qu (Xi5 +a))- 657)

Notice that Q(-) is minimized at (3, @) and Q(-) is minimized at (53, a). Let n > 0 be small enough
such that the conclusion of Lemma 6 holds. Using Assumptions 7(a) and 7(b), it is then easy to
see that, for all 6 > 0,

sup |Q(8,0) — Q(B, )| = 0,(T7), (58)

(B,Q)ENW

By consistency of 3 (Theorem 2) and @ (Lemma 3), and because 3 and & are also consistent under
the conditions of Theorem 2, I have, as N and 7" tend to infinity,

Pr((8,a) ¢ N;) =0, (59)
Pr((8,a) ¢ N;) =0 (60)

Then, the same arguments as those appearing between (B-14) and (B-17) in page 1179 in Bonhomme
and Manresa (2015) can be used to show that eq. (58)-(60) imply

Q(B3,d) — Q(B, @) = 0,(T). (61)

Now, using that (B, &) minimizes the twicely continuously differentiable function Q(-), I obtain

under Assumption 6(b)

2 NT =1 t=1
bmln Py 3\ 1 & ~ ! Py )
> P (5 B) (97 3 (= ) (% -xgot)) (5-7)
Abmin n
> P 9 6 - ﬂ) 27

where 5 -2+ p > 0 as a consequence of Assumption 7(c). Hence, B— B = 0,(T7%) for all § > 0.
This shows (54).

#2. Properties of &. The proof is identical to page 1180 in Bonhomme and Manresa (2015).
#3. Properties of g; = @(5 ,a@). The proof is identical to page 1180 in Bonhomme and Manresa

(2015).

The proof of Lemma 7 is complete. 0J
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A.4.2 Step 2: Asympotic Properties of the Oracle MLE

By Lemma 7 and Slutsky’s lemma, it is sufficient to analyze the limiting distribution of the unfeasible

maximum likelihood estimator, (B , @), defined as

(B,@) = argmin  Q(5,a),

(8,0)EBx AGOT

where v o7
Q(5a) = = 33 3 1{g = g} x [~ (¥ (Qu (X8 + ).
i=1 t=1 gego
First, I show
VNT (5 - 8°) -5 N (0,55). (62)
Second, I show for all g, ¢,
V¥ (3 a) < (022 (63)

and conclude by Slutsky’s lemma.
# 1. (62) holds. Under Assumption 9, results in Hahn and Newey (2004) (eq. (3)) and Arellano

and Hahn (2007) (in case of multi-dimensional fixed effects of size G°) ensure

\/ﬁ(g_ﬁo):SNTJr\/zBJrOp (\/ﬁ)

for some deterministic B € RP*? and Syr — N (0, Egl). The result then follows from 7" = o(N).

#2. (63) holds. Let (g,t) € G° x N*. For all 8 € B, define the optimal ay(3) as
_ R 0 /
() = argmin =3 —1 {4 = g} x In (¥ (Qu (X6 + ).

acA i=1

The first-order optimality condition for ay(5) writes

> 1{9? = g} Que (W) (Que (X} + @u(8))) = 0. (64)

Differentiating eq. (64) with respect to 3 yields

-1

d&étﬁ(ﬁ) ( Zl (g = }1“,“)) ( Zl{ }m\pn)”Xﬁ), (65)

where (In ;)" := (In ¥)" (Qit (X{tﬁ + &ggt(ﬁ))). By Taylor’s theory, eq. (65) and Assumptions 7(a)-
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(b) imply that there exists C' > 0 such that, almost surely,

sup |O‘gt(6> O‘gt (66)
B,8'eB
Deduce that
VN (agt — agt) = VN (ozgt(ﬁo) ozgt) +VN (ozgt — &gt(ﬁo))
= VN (@ (") = o) + 0 (VIV[[3 = %]
— \/N<ozgt(60) oz(g)t) + O, 1/\/—
=VN (agt<60) a(g)t) +0p(1 (67)

where the second and third equality use eq. (66) and (62) respectively. Now, by expanding each
summand in eq. (64) at X/,8° 4+ a,,(8°) around Z}}, Taylor’s theory ensures again that there exists
Z3 € Z such that

g (8°) (Zl{ g} (- W)’ <taz;;>> (Zl{g?—g}w—ln@)’ (@uzg)). (68)
Equation (68) yields
VN (@(8°) — o))
-~ (yole = o} -y <Qitzzz>)_l( 31 (st = a} Qo (- vy (Qu))
= (7' + 0,1 )( %1{ =g} Qi (In W) (Qitzg)>

=1
N (0, i’gt> ,
T

gt

%\H

where the second equality follows from sup,_; y|Z; — Zj| = o0,(1) (it is easy to prove that
ag(8°) — a% = o,(1) using (68), Assumptions 6(b), 7(a)-(b), and 9(e)) and Assumption 9(c),

gt
and the last convergence follows by Assumption 9(e). Given (67), (63) follows by Slutsky’s lemma.

#3. Conclusion. Let 6 > 0. By Lemma 7,

VNT (3 - 8°) = VNT (B - 8°) + VNT (5 - 3)
= VNT (B - 8°) + 0, (VNT'?) | (69)
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and, for all g € G°, all t € N*,

VN (g — af) = VN (Gt — o) + VN (G — )
=N (&gt — agt) + o0, (\/NT—5> . (70)

Since (69) and (70) hold for all § > 0, and there exists ¥ > 0 such that N/T" — 0, as N and T
tend to infinity, I obtain

VAT (3 - ) = VNT (3 - ) + 0,(0).
VN (&gt — a2t> =N (&gt - a2t> + 0,(1).

This result, combined with (62), (63), and Slustky’s lemma yields (20) and (21).

B Extensions

B.1 Cluster-Specific Slopes and Time-Specific Effects

In this section, I consider the following extension of model (2): for all (i,t) € N x T,
Pr (Y;t =Y | Xila sy Xit7 ag?tv 53?7 g?a C)?) = hO <y7 Xz/tﬁ_g? + O{S?t + Ci?) ) (71)

where h' € H,

groups and if groups were known, I could just run separate analysis of each panel data {(i,t) €

B?H =1 and af; = ¢} = 0 are normalizations. Absent of correlation between the

N X T :g¢) = g}yego. Here, the difficulty arises from the assumption that the group membership
variables g are unknown to the econometrician. Let 3° := {f; : g}. I first adapt Assumption 1:
Assumption 11 (Random sampling)

(a) (Y!, X!, ¢?) is ii.d. acrossi € N conditional on o, %, X, 1O,

(b) Foralli e N: {(Yi, X}, 0‘2%7 ) Yisa is a strictly stationary strong mizing process with mizing
coefficients 1;(+) conditional on g?,ugo, ?,BSQ. Let 7(-) = sup,; 7;(+) satisfy 7(1) < Cm! with
C >0, andm € (0,1).

(C) For allt € T }/lt | Xlta g1, aO’ /607 >\07 luov 50 g }/175 | X1t7 9?7 ag?tv 53?
Assumption 12 (Latent clustering)

(a) There exist known X° C X,y € ¥, and functional ¢ such that, for all fized (i,7) € N?, letting
pix) s X0 3w Pr (Yo =y | X = a8, g0 10, &), & (pipj) = Ll = o0}

(b) For all g € G°, almost surely Pr(g) = g | a®, 8% A\, u® £%) > 0.

Assumption 13 (Regularity and smoothness)
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oy . O 0 0 0 . . . . .
(a) Conditional on g7, fgo & 69?, Xio admits a uniformly continuous density function inZ'Q?#Eo’f?ﬂEo
2 7

such that inf ¢ yo fX”'g?’“SO’g?’BSO(x) > 6 >0 and sup ¢ yo fX”'g?’“SO’g?’BSQ(x) < 0.
2
(b) Almost surely, ]E(HX12H | g%,a% B9 N0 1) s finite and E(X 12 X7, | ¢¥,a%, 8%, A\, 1%) is non-
singular.

(c) For all g € G°: 3,y yh®y,-) is differentiable on R and not constant on the support of
Xz(tﬂg() + O‘S%'

Assumption 14 (Monotonicity) There exists y € Y such that h°(y,v) is strictly monotonic in

v.
Assumption 15 (Compensating variations)

)

(a) For all fized (g,t,t), all x1 € X, there exists xo € X such that
gy + 21 8) + ¢ = e+ b6 + ¢ (72)
(b) For all fized (g,9,t), all x3 € X, there exists x4 € X such that
ag, + x38) + ¢ = ad + 248 + ;. (73)
Theorem 4 (Identification) Let Assumptions 11, 12 and 13(a) hold, and let N and T diverge
jointly to infinity.
1. {W3 : N € N*} and G° are identified.
2. If Assumptions 13(b)-15 further hold, then
o 3% is identified.

o (4 Y, is identified for all (g,t) € G x N*.

Proof of Theorem 4: The proofs of Part 1 and identification of 5" are identical to the corre-
sponding parts of the proof of Theorem 1, up to running nonparametric regressions for all g € G°
to identify 53. Next, Assumption 15(b) ensures that, for all (g,g,t), I can identify (z1,zs) € X2,
such that for some y € ),

RO (y, 2489 + ol + ) = B0 (y, 2589 + a2 + (7).

By inverting h°(y, -), I obtain ag, —a2, = 2 83 —3f3). Since the right-hand side is identified, ag, —aZ,
is identified for all (g,g,t). In particular, (a9,)sego is identified. Now, suppose that G° > 2. By

Assumption 15(a), for all (g,¢,7), I can identify (z3,74) € X? such that, for some y € ),
RO (y, @480 + afy + ¢ ) = 10 (y, @) + o+ &2) | (74)
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By inverting h°(y, -) again, eq. (74) yields
9~ 0 = 0% — ol + (s — s . (75)

Because ¢ = of; =0, ¢ + af, and () + o)), = ¢ + af, + aj), — of, are identified for all (g,1).

B.2 Group and Time-Specific Link Functions

Consider the general model:
Pr (Y;t =y X;,g?) = hY (y,X;tao,gS) . i=1,.,N,t=1,..T. (76)

Under an adaptation of Assumption 2, the same analysis can be conducted to identify ¢¥ and (hY);>

up to group relabeling, and 6° up to scale.

B.3 Grouping Time Periods

Consider a model in which time effects are also grouped: there exists (¢2, %)) € {1,...,G°} x
{1,..., K"} such that

Pr (Y,-t =y | X}, ol 9!, kg) = 1O (y,X{tQO + ag?kg) . i=1,..Nt=1,.,T (77)

When N = T, this gives rise to a so-called Holland, Laskey, and Leinhardt (1983)’s stochastic block
model on latent variables. Methods developed in the present paper and in Mugnier (2022) can be
used to obtain identification results for nonlinear multiplicative models in cases where G° = K°

and under symmetry (ozgfgv = oz%g almost surely).

B.4 NGFE Large Sample Theory for Poisson Count Models

Theorem 2 can be generalized to NGFE models satisfying certain moment and concavity /regularity
conditions on the series of partial derivatives of (3, 7) — In h°(Yy, X/,8 + ) = £y (B, 7).

Assumption 16

(a) Smoothness and moments: (5, 7) — €y(B, ) is three times continuously differentiable almost
surely. The partial derivatives of Ly (5, m) with respect to the elements of (5, m) up to the
second order are bounded in absolute value uniformly over (f,m) € B x A by a function
M (Y, Xit) > 0 almost surely, and

max B [M (Y, Xu)' | X, 0y

is almost surely uniformly bounded over N,T.
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(b) Strict concavity: for all N, T, i Z”(ﬁ ™) < 0 almost surely for all (3,7) € RPTL.

In particular, Assumption 16(b) is verified by the Poisson count model (3).

Theorem 5 (Consistency in General Nonlinear Models) Let Assumptions 7 and 16 hold. Then,
as N and T tend to infinity:

1. - 80 and
2
1 <N —T [~ 0 p
2. NT 2oim1 2ot—1 (O@t - ag?t) —0

The proof is available upon request.

Under the existence of a moment generating function for the score on a small interval around
zero, the concentration inequalities and most of the arguments in the proof of Theorem 3 could still
be applied to obtain asymptotic normality. A technical difficulty here is that Yj; is not bounded
anymore so that uniform Lipschitz continuity in eq. (44) and (43) does not hold anymore. I only
state the result without proof for the Poisson count model. T denote as ygt the projection of X;; on

the space spanned by the cluster membership variable under a metric weighted by exp(Z}),

-1

gt—( Zl{ }exp<zg>) ( Zl{ g} exp(Z5 >Xit),

i.e., the weighted mean of X, in cluster g) = g. Also, let define the weighted average

gt = Z 1 { } exp(Z3).

Consider the following assumption.
Assumption 17
(a) {(Yi, X[,) : (i,t)} are independent conditional on the fized effects.

b) There exists a positive definite matriz X5 such that
B

1 NT . .,
Yg = plimy ., ovm NT >N exp(Zy) {Xit — Xg?t} {Xit - Xg?t] :

i=1t=1

(¢) As N and T tend to infinity,

T 2o 2 {epl28) (X = X Vi~ (20} 5 M0,7).

(d) For all (g,t): plimy_,  Tg = Ty > 0.
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(e) For all (g,t):

g =g} 1{g? = g} (Yie — exp(Z5))(Vjs — exp(Z3))) = wye > 0.

f:
=
==
||‘Mz
M=
&
_
—_

(9) The true value of 3, B8°, is in the interior of B. For all T, the true value of a, &°, is in the

. . 0
interior of A¢T.

Theorem 6 (Asymptotic Distribution in the Poisson Count Model — Conjectured) Let eq. (4),
Assumptions 7, 8, and 17 hold, and let N and T tend to infinity such that N/T — oo and, for some
v>0, NT" — 0. Then:

VNT (B - 8°) -5 N (0,551, (78)
and, for all (g,t),
VN (G — al) -5 N (0, %g:) , (79)

where X, wy, and T, are defined in Assumption 17.

C Large-N, Large-1 Inference

C.1 Binary Choice Model

Assuming independent observations across individual units, the asymptotic variance of ay for all

g,t can be estimated as

1 {5 = o} (0 ) (Qu (X35 + 05.)))°
(SX01{5 = g} (~ 0 w)" (Qu (X453 + 7,)))

Var (ay) = 3 (80)

Given Theorem 3, an estimate of the asymptotic variance of B is

] N7 - —~ —~ 7/
Var (B) = (NTZZ (- )" (Qu (X8 +a5,)) {Xﬁ—X@,’t} [X,-t X tD : (81)

i=1t=1
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where

-1

o~

N
Xo= (100 = b 0wy (@ (25 + 35,
=1
N
x (fv S 1{gi =g} )" (Qu (X},B +65,)) X, ) :
=1

C.2 Poisson Count Model

Assuming independent observations across individual units, the asymptotic variance of &y for all

g,1 can be estimated as

S, 145 = g} (Vi — exp (X456 + az,))’

Var (Gg) = — 5 (82)
(Zi]\il 1{g; = g} exp (Xz(tﬁ + 5@1&))
Given Theorem 6, an estimate of the asymptotic variance of B is
. 1 NI . = = !

where

-1

o~

~ 1 & 544
K= (y 100 =g ow (X +a5.)
1 N ~
—~ / -
g (N ; 1{g; = g} exp (X0 + a5, X“) '

D More Details on Monte Carlo Experiments

To measure classification accuracy, I focus on three metrics inspired from the binary classification

and clustering statistical literature, which are invariant to cluster relabeling.*” The three metrics

write
TP

= Il rate := ————

R = Recall rate TP+ FN'

TP
P = Precisi te = ————
recision rate := PP

TP+TN

I= I =
RI = Rand Index TP+ TN+ FP L FN

4TBonhomme and Manresa (2015) report a “Misclassification Rate” (M) defined as the minimum of

Zf-vzl ’ﬁl —g? ’ /N over all possible cluster relabelings for the g;. Beyond the fact that computing MR can be very
demanding for large GV, it is not totally fair since the final labeling of g; requires knowledge of g? to be determined.
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where
F P = False Positives := Z 1{g;=g;}1 {g? # g?}
i<j

TP = True Positives := > 1{3: = §;} 1 {g" = ¢

I

Y

i<j

FN = False Negatives := > 1{g; # g;} 1 {g? = ?} ;
i<j

TN = True Negatives := Z 1{g; # g} 1 {g? # g?} .
i<j

The Recall rate (R) measures the ability of the NGFE estimator to predict the same group for pairs
of individual who truly belong to the same group. The Precision rate (P) measures how precise the
pairing prediction is: among all the predicted pairs of individual sharing the same group, what is
the proportion of correct ones? The Rand Index (RI) is the proportion of correctly predicted pair
(true or false) made by the algorithm.

Initialization of NGFE I use 1,000 initialization random points (0! ;, Q11inits ---, ¥G0Tinit)” Such
that 0 = v where v 4 N(0,(1/4)) and agrinit = fginit + W Where fig it 7F7<51Unif[—4,4] and
w N0, (1/4)?).

Computation Having large N is not computationally demanding. When 7' is very large, compu-
tation of the NGFE estimate might be demanding. The methods developed in Mugnier (2022) could
be adapted. The statistical asymptotic results are confirmed by increasing (N,T") in unreported

simulations.

E Tables & Figures

E.1 Monte Carlo Simulations
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Table 1: Bias AND RooT MEAN SQUARED ERROR OF f3 (STATIC MODEL)

NGFE CMLE NLTWFE 2STEPGFE Pooled OLS LTWFE GFE
DGP G° Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
1 2  -0.072 0.268 -0.104 0.551 0.217 0.950 -0.252 1.516 -0.407 0.411 -0.v90 0.812 -0.798 0.814
3 -0.089 0.294 0294 0.637 0.669 1.000 0.355 0.893 -0.363 0.366 -0.724 0.734 -0.853 0.874
5 -0.022 0.264 0.167 0.538 0.359 0.824 0.104 0.779 -0.369 0.373 -0.766 0.776 -0.784 0.839
2 2 0106 0.171 0.010 0.161 0.223 0.302 -0.278 0.309 -0.779 0.780 -0.831 0.831 -0.816 0.818
3 0236 0.289 0.014 0.160 0.238 0.309 -0.300 0.345 -0.768 0.769 -0.867 0.867 -0.837 0.841
5 0.601 0.637 -0.004 0.169 0.250 0.332 -0.324 0.358 -0.747 0.747 -0.916 0.916 -0.853 0.860
3 2 0352 038 -0.001 0.169 0.221 0.313 -0.110 0.211 -0.776 0.777 -0.857 0.857 -0.826 0.827
3 0432 0.486 -0.002 0.170 0.219 0.308 -0.066 0.192 -0.783 0.789 -0.859 0.859 -0.845 0.846
5 0471 0499 0.011 0.156 0.235 0.309 -0.057 0.18 -0.787 0.788 -0.858 0.858 -0.833 0.836
4 2 0.040 0.151 -0.002 0.152 0.195 0.269 0.085 0.221 -0.789 0.789 -0.783 0.784 -0.788 0.789
3 009 0.159 0.016 0.124 0.223 0.269 0.109 0.213 -0.776 0.776 -0.778 0.779 -0.790 0.792

5 0114 0.17v8 0.018 0.118 0.222 0.266 0.094 0.204 -0.775 0.775 -0.778 0.779 -0.803 0.809

Notes: Static logit model with 8 =1, N =90, and T = 7. G° = true number of groups. NGFE (resp. 2STEPGFE and GFE) estimates are based on 1,000
(resp. 100 and 100) initialization points. Results are averaged across 50 Monte Carlo replications.

Table 2: CLASSIFICATION ACCURACY AND CPU TIME (STATIC MODEL)

NGFE 2STEPGFE GFE
DGP G° P R RI M CPU P R RI M CPU & P R RI M CPU
1 2 0.51 0.87 0.51 0.44 10.62 054 024 051 0.77 10.19 5.38 0.54 0.55 0.54 0.38 29.27

0.35 0.81 0.42 0.57 11.42 0.37 024 0.60 0.75 11.34 5.48 0.36 0.38 0.57 0.55 29.63
0.21 0.80 0.35 0.70 14.75 024 025 0.69 0.71 11.73 5.88 024 0.25 0.69 0.63 8&83.18

0.56 0.86 0.57 0.36 8.02 0.64 045 0.60 0.53 3.57 3.06 0.61 0.61 0.61 0.29 21.95
040 0.85 0.49 0.51 8.52 0.57 049 0.70 044 470 3.64 0.46 0.49 0.64 0.42 22.00
5 0.22 087 0.34 0.69 10.15 044 053 077 044 578 4.44 0.35 040 0.74 0.54 20.93

Notes: Static logit model with 8 =1, N = 90, and T = 7. G° = true number of groups, P = Precision rate, R = Recall rate, RI = Rand Index,
M = Misclassification Rate = minimum of Zf\; 1 {ﬁ, #* g?} /N over all possible cluster relabelings, CPU = CPU time in seconds computed with
Python’s time command time.perf_counter(), G = number of groups estimated by 2STEPGFE. NGFE (resp. 2STEPGFE and GFE) estimates
are based on 1,000 (resp. 100 and 100) initialization points. Results are averaged across 50 Monte Carlo replications.
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Table 3: INFERENCE FOR [ (STATIC MODEL)

NGFE CMLE
DGP G° SE  SD .95 SE  SD .95
1 2 0.16 0.26 0.86 0.15 0.54 0.38
3 0.17 0.28 0.80 0.16 0.56 0.40
) 0.17 0.26 0.84 0.15 0.51 042
2 2 0.12 0.13 0.82 0.06 0.16 0.52
3 0.12 0.17 0.46 0.07 0.16 0.62
) 0.14 0.21 0.08 0.08 0.17 0.66
3 2 0.12 0.16 0.22 0.06 0.17 0.52
3 0.12 0.22 0.18 0.06 0.17 0.52
) 0.12 0.16 0.04 0.06 0.16 0.56
4 2 0.12 0.15 0.92 0.05 0.15 0.38
3 0.13 0.13 0.92 0.05 0.12 0.56
) 0.13 0.14 0.88 0.05 0.12 0.56

Notes: Static logit model with 8 =1, N =90, and T = 7. SE re-
ports the median of the estimates of the analytical standard errors
based on the large-N, T analytical variance formula (83) across
simulations; SD reports the median of the actual standard devi-
ation across simulations; .95 reports the empirical nonrejection
probabilities (nominal size 5%) based on the analytical standard
errors estimates. Results are averaged across 50 Monte Carlo repli-

cations.
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Table 4: BiAs AND ROOT MEAN SQUARED ERROR (DYNAMIC MODEL)

NGFE CMLE NLTWFE 2STEPGFE
Bias RMSE Bias RMSE Bias RMSE Bias RMSE
DGP G° B B B B B2 Bi B2 Bi B2 Bi Bo Bi B2 B B2
1 2  -0.026 -0.128 0.229 0.328 -0.663 -0.174 0.689 0.526 -0.702 0.242 0.737 0.965 -0.032 -0.456 0.309 0.666
3  0.073 -0.144 0.323 0.447 -0.651 0.238 0.676 0.634 -0.684 0.663 0.716 0.995 -0.142 -0.282 0.254 0.745
5 0.156 -0.279 0.365 0.448 -0.592 0.090 0.629 0.524 -0.606 0.318 0.659 0.826 -0.051 0.158 0.277 0.492
2 2 0486 0.043 0.630 0.141 -0.786 0.026 0.825 0.184 -0.839 0.248 0.893 0.337 0.695 -0.036 0.731 0.163
3 1.007 0.111 1.182 0.184 -0.780 0.017 0.820 0.156 -0.842 0.247 0.902 0.316 0.360 -0.109 0.757 0.165
5 2.144 0.297 2.272 0.358 -0.845 0.022 0.915 0.204 -0.912 0.295 1.015 0.394 0.682 0.077 1.159 0.254
3 2 0.298 0.300 0.507 0.339 -0.767 0.011 0.796 0.161 -0.821 0.242 0.859 0.325 -0.090 0.092 0.377 0.181
3 0319 0.319 0481 0.353 -0.797 0.016 0.842 0.166 -0.868 0.247 0.932 0.329 0.108 0.050 0.506 0.077
5 0.514 0.370 0.636 0.418 -0.734 0.030 0.770 0.161 -0.771 0.269 0.815 0.337 0.147 0.183 0.363 0.277
4 2 -0.114 0.052 0.267 0.159 -0.658 -0.003 0.676 0.143 -0.687 0.196 0.711 0.263 -0.045 0.071 0.126 0.105
3 -0.060 0.078 0.230 0.152 -0.677 0.023 0.694 0.128 -0.712 0.234 0.736 0.283 -0.084 0.114 0.242 0.187
5 -0.077 0.105 0.268 0.181 -0.685 0.018 0.713 0.118 -0.721 0.228 0.761 0.270 0.116 0.090 0.200 0.142

Notes: Dynamic logit model with 81 = 0.5, 2 =1, N =90, and T = 7. Results are averaged across 50 Monte Carlo replications. See Table 1 for details.

Table 5: CLASSIFICATION ACCURACY AND CPU TiME (DyNAaMIC MODEL)

NGFE 2STEPGFE GFE
DGP G° P R RI MR CPU P R RI MR CPU G  Failures P R RI MR CPU
1 2 0.50 1.0 0.50 0.46 11.06 0.51 091 051 090 049 233 0.82 0.53 0.55 0.54 0.38 29.60
3 033 1.0 0.33 0.62 12.98 034 094 036 093 038 214 0.86 0.36 0.39 0.57 0.55 29.62
5 020 1.0 0.20 0.74 16.48 0.20 097 0.23 097 0.18 2.00 0.92 024 0.26 0.69 0.64 29.53
2 2 0.50 1.0 0.50 0.46 8.80 0.50 0.95 0.50 091 0.25 2.00 0.86 0.60 0.62 0.60 0.30 21.68
3 033 1.0 0.33 0.61 9.69 034 099 035 097 0.10 250 0.96 045 047 0.63 0.43 2291
5 020 1.0 0.20 0.74 10.05 023 097 028 092 037 233 0.82 036 0.46 0.74 0.54 21.09

Notes: Dynamic logit model with 51 = 0.5, f2 = 1, N = 90, and T' = 7. Failures is the number of failures of the first step of 2STEPGFE. Results are averaged

across b0 Monte Carlo replications. See Table 2 for details.



Table 6: INFERENCE FOR [3; AND (2 (DYNAMIC MODEL)

NGFE CMLE
SE SD .95 SE SD .95
DGP G° Br B Br B Br B Bi B B B B B
1 2 0.20 0.18 0.23 0.30 0.94 0.72 0.08 0.17 0.19 0.50 0.00 0.44
3 0.20 0.19 0.31 0.42 0.82 0.64 0.09 0.17 0.18 0.59 0.00 0.34
5) 0.20 0.19 0.33 0.35 0.66 0.56 0.09 0.17 0.21 0.52 0.00 0.44
2 2 0.20 0.12 0.40 0.13 0.28 0.90 0.10 0.06 0.25 0.18 0.00 0.52
3 0.23 0.13 0.62 0.15 0.30 0.72 0.12 0.07 0.25 0.16 0.00 0.60
5 0.32 0.17 0.75 0.20 0.04 0.14 0.16 0.09 0.35 0.20 0.04 0.62
3 2 0.23 0.13 0.41 0.16 0.54 0.38 0.12 0.07 0.21 0.16 0.00 0.66
3 0.23 0.13 0.36 0.15 0.48 0.28 0.12 0.07 0.27 0.17 0.02 0.62
5 0.24 0.13 0.38 0.19 0.22 0.16 0.11 0.07 0.23 0.16 0.00 0.58
4 2 0.18 0.13 0.24 0.15 0.84 0.92 0.08 0.05 0.16 0.14 0.00 0.52
3 0.18 0.13 0.22 0.13 0.88 0.92 0.08 0.05 0.15 0.13 0.00 0.68
5 0.19 0.13 0.26 0.15 0.82 0.82 0.08 0.05 0.20 0.12 0.00 0.64

Notes: Dynamic logit model with 81 = 0.5, 2 =1, N =90, and T = 7. See Table 3 for more details.

E.2 Empirical Application

Table 7: SUMMARY STATISTICS

1-Lerner index Citation-weighted patents

Technology gap

Mean
SD

P1o
Median

DPoo

0.95
0.02
0.92
0.95
0.98

6.66
8.43
0
3.35
20.19

0.49
0.16
0.28
0.51
0.69

Notes: There are 17 industries and 354 observations over the time period 1973-94.
See Aghion, Bloom, Blundell, Griffith, and Howitt (2005) for the exact definition of

each variable.
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Figure 1: REPLICATING ABBGH
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Notes: This figure replicates Aghion, Bloom, Blundell, Griffith, and Howitt (2005)’s Figure II. Data include 17
industries of 311 firms listed on the London Stock Exchange observed between 1973 — 1994. For each industry 7 at
year t, the prediction replaces 7; + & with an estimated constant & (one industry and time dummies are dropped).

Figure 2: RESIDUALS OF THE TwoO-WAY FIXED EFFECTS POI1SSON MODEL

20

ABBGH’s residuals

1974 1976 1978 1980 1982 1984 1986 1988 1990 1992 1994
Years

Notes: Each color represents an industry in Aghion, Bloom, Blundell, Griffith, and Howitt (2005)’s dataset. There
are 17 industries observed over the period 1973-1994.
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Table 8 INDUSTRIES AT THE 2-DIGIT LEVEL

SIC 2 Name

22 Metal manufacturing

23 Extraction of minerals not elsewhere specified

24 Manufacture of non-metallic mineral products

25 Chemical industry

31 Manufacture of metal goods not elsewhere specified

32 Mechanical engineering

33 Manufacture of office machinery and data processing equipment
34 Electrical and electronic engineering

35 Manufacture of motor vehicles and parts therof

36 Manufacture of other transport equipment

37 Instrument engineering

41 Food industry

42 Food, drink and tobacco manufacturing industries

43 Textile industry

47 Manufacture of paper and paper products; printing and publishing
48 Processing of rubber and plastics

49 Other manufacturing industries

Source: 1980 Notebook of the UK Office of National Statistics available here:
https://www.ons.gov.uk /methodology/classificationsandstandards/ ukstandardindustrialclas-

sificationofeconomicactivities/uksicarchive.

Figure 3: REGULARIZATION PATH OF THE TWO-STEP PAIRWISE DIFFERENCING ESTIMATOR

f clust
J

Estimated number of clusters

0 50 100 150 200 250
ari ameter

Notes: Number of estimated clusters as a function of the regularization parameter Az, using the pairwise distance
estimator proposed in Mugnier (2022) with 3'(A\1) = 0 (no covariates). There are 17 industries observed over the
period 1973-1994.
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Figure 4: TWO-STEP PAIRWISE DIFFERENCING ESTIMATES (THREE CLUSTERS)
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Notes: Each color represents an estimated cluster using the pairwise distance estimator proposed in
Mugnier (2022) with 81(A1) = 0 (no covariates) and Ag € [140,170]. There are 17 industries observed
over the period 1973-1994.

Figure 5: INNOVATION AND COMPETITION REVISITED: A MILDLY INVERTED-U RELATIONSHIP

Citation weighted patents

ABBGH
NGFE (G=3)

competition

Notes: ABBGH (spe. (2) in Table 9) includes a constant and drop a time and an industry dummy (not included in
the fit). NGFE (spe. (3), (4), and (5) in Table 9) does not specify a constant and averages the unobserved effects to
obtain the intercept in the fit.
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Table 9: THE EFFECT OF COMPETITION ON INNOVATION

FE Poisson NGFE Poisson
Dependent variable: Citation-weighted patents; (1) (2) (3) (4) (5)
Competitiony 152.80***  387.46*** 171.28**  273.62"*  392.23***
(55.74) (67.74) (71.51) (70.21) (70.35)
Competition squared; -80.99***  -204.55"** -85.15%  -147.21"  -210.19***
(29.61) (36.17) (38.18) (37.62) (37.73)
Year effects Yes Yes
Industry effects Yes
Time-varying clustered effects Yes Yes Yes
Number of clusters 2 3 4

Notes: Analytical standard errors are under parentheses. The sample includes 354 observations from an unbalanced panel
of 17 industries over the period 1973-1994. Competition;; is measured by (1-Lerner index);; in the industry-year. NGFE
estimates are computed using Lloyd’s algorithm with 2,000 random initializers. ***, ** * denote statistical significance

at 1, 5, and 10% respectively.

Figure 6: ESTIMATED CLUSTER-SPECIFIC TIME-VARYING EFFECTS
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Notes: Solid red line = High-Innovation, dotted blue line = Low-Innovation, dashed orange line = Steady-Catchers,

dashdotted green line = Noisy-Catchers. See Table 9 for more details.
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Figure 7: DATA-DRIVEN CLUSTERS OF INDUSTRIES
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Notes: From left to right: G° = 2,3, 4. Blue bar (1) = Low-Innovation, red bar (2) = High-Innovation, orange bar
(3) = Steady-Catchers, green bar (4) = Noisy-Catchers.

Figure 8: UNOBSERVED HETEROGENEITY, COMPETITION, AND INNOVATION VARY ACROSS
TIME AND DATA-DRIVEN CLUSTERS
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Notes: Solid red line = High-Innovation, dotted blue line = Low Innovation, dashed orange line = Steady-Catchers,
dashdotted green line = Noisy-Catchers. From left to right: cluster-specific time-effects estimates (G = 4), results

are averaged across clusters.
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Table 10: THE EFFECT OF COMPETITION ON INNOVATION (CONTROL FUNCTION APPROACH)

FE Poisson NGFE Poisson
Dependent Variable: Citation-weighted patents; Annual Before 1983  After 1983 Annual Before 1983  After 1983
Competition; 386.59*** 229.18* 113.42 394.23** 265.86*** 9.69
(67.61) (122.68) (100.73) (77.10) (128.18) (124.73)
Competition squared;; -205.32** -114.89* -60.85 -212.35%* -144.18"* -9.41
(36.11) (66.49) (53.37) (41.14) (67.95) (67.46)
Relationship steep inv-U  increasing mildly inv-U  mildly inv-U
Significance of: Competition;;, Competition squared;; 33.20 14.66 1.38
(0.000) (0.001) (0.5022)
Significance of policy instruments 3.70 1.67 1.77 3.70 1.67 1.77
in reduced form (0.001) (0.192) (0.064) (0.001) (0.192) (0.064)
Significant of other instruments 5.60 3.43 2.11 5.60 3.43 2.11
in reduced form (0.000) (0.000) (0.004) (0.000) (0.000) (0.004)
Control functions in regression 4.38 -.61 -3.56 1.54 16.14 -2.05
(3.51) (6.99) (6.13) (2.89) (7.05) (3.71)
R? of reduced form 0.820 0.920 0.822 0.820 0.920 0.822
Year effects Yes Yes Yes
Industry effects Yes Yes Yes
Time-varying clustered effects Yes Yes Yes

Notes: Competition;; is measured by (1-Lerner index);; in the industry-year. The sample includes 354 observations from an unbalanced panel of 17 industries over the
period 1973 to 1994 (Annual), 1973-1982 (Before 1983), or 1983-1994 (After 1983). Estimates are from a Poisson regression with industry and year fixed effects (FE)

or assuming unobserved clusters of time-varying heterogeneity (NGFE) with G = 4 clusters of industries. Numbers in brackets are standard errors (not adjusted for

the control functions). NGFE estimates are computed using Lloyd’s algorithm with 2,000 random initializers. ***, ** * denote statistical significance at 1, 5, and 10%

respectively.
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