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Abstract

We consider a signaling game originally introduced by Skyrms, which models how two
interacting players learn to signal each other and thus create a common language. The first
rigorous analysis was done by Argiento, Pemantle, Skyrms and Volkov (2009) with 2 states, 2
signals and 2 acts. We study the case of M; states, M, signals and M; acts for general My, Ms
€ N. We prove that the expected payoff increases in average and thus converges a.s., and that
a limit bipartite graph emerges, such that no signal-state correspondence is associated to both
a synonym and an informational bottleneck. Finally, we show that any graph correspondence

with the above property is a limit configuration with positive probability.
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1 Introduction

1.1 Signaling game

Signaling games aim to provide a theoretical framework for the following basic
question: how do individuals create a common language? The setting was introduced

as follows by Philosopher D. Lewis (1969).

Consider two players, one called Sender, who is regularly given some information that
the other does not have and seeks to transmit it, and the other called Receiver.
Sender has a fixed set of signals at his disposal throughout the game, which do
not have any intrinsic meaning at the very beginning, in the sense that no signal
is a priori associated to any state; similarly Receiver has a fixed set of possible
acts. The game is thereafter repeatedly played according to following steps: (1)
Sender observes a certain state of nature, of which Receiver is not aware. (2)
Sender chooses a signal and then sends it to Receiver. (3) Receiver observes the
signal but not the state, and then chooses an act. (4) Both players receive payoffs

at the end of each round, which are functions of state and act.

The process involving the above four steps is called one communication. Sender, Re-
ceiver, states, signals and acts constitute one basic communication system. The game
lies in the choices of signals and acts by the agents. Note that we do not fix any strategy

at this point; this is the purpose of Section



1.2 Mathematical definition

As we will explain at length later on, we adopt a dynamic perspective to investigate
this game. The outcome of once-play game is not of much interest to us. What we
wonder is whether player can establish a signaling system, within which each signal is

uniquely related to a certain state, if they play this game repeatedly.

In this section, we provide solid mathematical definitions for the objects appearing

in Section and we end with a mathematical definition of repeated signaling game.

Probability space. Let (€2, F,P) be a probability space, which is a sufficiently rich
source of randomness. More specifically, the probability space is at least rich enough

for all the random variables appearing in this section to live.

State spaces. Let S; be the set of states, S, be the set of signals and A be the set of

acts.

Players and strategies. We here introduce Nature as a player in this game who
assigns a state of nature to Sender at each round of the game. Three players, Nature,
Sender and Receiver respectively generate a random sequence, denoting their strategies

throughout this repeated game. More specifically,

(1) Nature generates a sequence (S, )nen of random variables taking value in the set
of states &7, each denoting which state Nature assigns to Sender at each round of

the game.

(2) Sender generates a sequence (Y;,)nen of random variables taking in value in the set
of signals Sy, each denoting which signal Sender sends to Receiver at each round

of the game.



(3) Receiver generates a sequence (Z,)nen of random variables taking value in the set
of states A, each denoting which state Receiver interpret the signal as at each

round of the game.

Payoffs. Let mappings u! and u? from & x Sy x A to [0,00) be payoff functions
for Sender and Receiver at the n-th round of the game. In other words, Sender and
Receiver gain payoffs u)(S,, Yn, Z,) and u2(S,, Y., Z,) at the end of n-th round of the

game respectively.

Information. Let filtration (F!),cn (resp. (F2)nen) denote the information available
to Sender (resp. Receiver) before he makes his decision at each round of the game: for

each n € N, we let
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Initial settings. The distributions of i.i.d random variables (S, ),en and the distri-
butions of Yy and Z; are given at the beginning of the game, which are called prior:

distribution.

Updating rule for strategies. Let F!-measurable mapping p}
dist.(Yps1) = pl (S 1<i<n Yiul(SiY Z), 1 <i<n— 1) (1)

be updating rule of strategies for Sender at n-th round of the game.



Let F2-measurable mapping p?
dist.(Zns1) = p2 (S 1<i<n, Zi,i2(S;,Y;, Z),1 <i<n— 1) 2)

be updating rule of strategies for Receiver at n-th round of the game. Different (p}),en

and (p?),en represent different learning rules.

Definition 1.1 (Signaling game). A repeated signaling game G is defined as:

n

G= <(QJF7 P)7817827A7 (STL7Y7L7ZTL7U’7117U’27p7117pi)n€N>'

1.3 Questions

Throughout the paper, we limit our attention to a special, but most common,

circumstance under which

(A1) the set of acts matches the set of states of nature by a bijective map; and

(A2) both players only receive fixed payoffs when the act chosen by Receiver matches
the state of nature, which is considered as a successful communication; otherwise

they obtain nothing.

Under these assumptions, the act can be understood as an interpreted state. Note
however that the Receiver does not necessarily know the possible states of nature: the
mutual goal for the two players is to make the communication succeed, but they are not
always aware that they actually coordinate each other, or even that they are involved

in a communication game.

The analysis of choices of strategies by the players gives rise to the following



Question 1.1. What game-theoretical equilibrium is most likely to arise in this repeated

game?

This issue can either be analyzed from a static perspective with classic equilibrium
analysis, see Trapa and Nowak (2000), Huttegger (2007) and Pawlowitsch (2008), or in
a dynamic perspective, through individual learning models or evolutionary strategies,
see for instance Huttegger and Zollman (2010). The latter perspective investigates the

evolutionary pathway out of equilibria:

Question 1.2. Does the communication system asymptotically reach a stable equilib-
rium state? If so, what are the good candidates, and how does the communication

system reach them?

However, modeling the game through individual learning process is really an issue
involving lots of factors, for instance the level of rationality of players. In particular,

we are interested in the following question which is first raised by Skyrms,

Question 1.3. What is the simplest mechanism to ensure the emergence of a signaling

system in this repeated game?

1.4 Reinforcement learning

In this paper we adopt a dynamic perspective, based on the following individual

reinforcement learning model.

(A3) Roth-Erev reinforcement learning rule (or Herrnstein’s matching law): the

probability of choosing an action is proportional to its accumulated rewards.



Assumption (A3) actually decide the updating rule for distributions of strategies for
players. The corresponding behavior is analyzed by Argiento et al. (2009) in the 2-state,
2-signal, 2-act case, who show that an optimal signaling system emerges eventually, in
the sense of a one-to-one correspondence between states and signals. We study here

the case of M; states, My signals and M; acts for general My, My € N.

Note that Roth-Erev reinforcement rule is one of many possible strategies of the
players, who can have various levels of rationality, each of them leading to a different
learning process; for instance the myopic and best response models, see Fudenberg and
Levine (1998). Let us briefly motivate the reinforcement condition, corresponding to a
low level of rationality. It is natural to believe that individuals with high rationality,
devoting themselves to the task of establishing a common language, would rapidly
succeed. It is interesting to study whether on the contrary, under the only assumption
that these individuals have good memory of their own past experience and aspire to
a better payoff, a signaling system would also emerge, and how optimal the limiting
system is. This pertains either to individuals with lower cognitive ability, or who do not

devote themselves totally to the task of learning the game or take optimal decisions.

1.5 The model
1.5.1 Assumptions

Let G = ((Q,F, P), S, Ss, A, (Sn,Yn,Zn,ui,ui,p}l,pi)ne@ be a signaling game
as defined in Section [1.2] Apart from assumptions (A1)-(A3), we make further more

assumptions for our model. One is about the priori distributions and the other is a



more detailed version of assumption (A2).

(A4) States of nature are equiprobable. In other words, for each n € N, S, is an
independent uniformly distributed random variable. Furthermore, Y, and Z, are

independent uniformly distributed random variable.

(A5) Apart from assumption (A2) on payoffs, we here assume that payoffs are con-
stants only dependent on types of states and acts. More precisely, u: (S, Yy, Z,) =
u2(Sn,Yn, Zy) = az, v, Iis,=z,}, where q; ; is a positive constant, for i € Sy, j €

Ss.

1.5.2 The model

Under assumptions (A1) — (A5), we now present the model of the signaling game

we are going to study in this paper.

Suppose there are M; states, Ms signals and M; acts. Let S = &1 U S, and, for
allde N, let S4:=8Sx...x8.

Let Spair == {(4,4) : i € 81, 7 € Sa} be the set of strategy pairs. Note that a
strategy pair (i, j) carries different meanings for the Sender and for the Receiver. For
the Sender, it means choosing signal 7 when he observes state 7, while for the Receiver
it means choosing act ¢ when he receives signal j. This strategy pair (¢, ) accumulates
the same payoffs for both the Sender and the Receiver, since the corresponding rewards
are always received at the same time: let V(n, 4, j) denote this accumulated payoff at

time n. For each n € N, let

Vi = (V(n,4,5))ics, . icss



be the payoff vector at time n.

Let us describe the random process (V},)nen, arising from our model for the game

and its strategies in Sections [1.1H1.4}

1 Initial setting. For any (i,j) € Spair, we assume that V' (0,4, j) > 0 is fixed.

2 Reinforcement learning. At each time step, Sender observes a certain state 1
from set of states S;; we assume here that all states arise with equal probability

1/M;. Then Sender randomly chooses a signal, his probability of drawing j being

Vi(n,i,j)
21632 Vi(n,i,1)

Receiver observes the signal he receives (let us call it j) and then randomly chooses

an act k with probability
Vi(n,k,j)
Zlesl V(na la J) .

3 Updating rule. Both Sender and Receiver receive payoffs when the act chosen

by Receiver matches the state observed by Sender. For any i € S, j € Sa,

V(n,i,j) + a;; if Sender observes state ¢ and chooses

Vin+1,i,j) = signal j, and Receiver chooses act i;

V(n,i,j) if else.

\

We suppose in this paper that a;; := 1 for all i € S, j € S;. We also assume for
simplicity that V' (0,47,5) = 1, for all i € S;, j € Sy, but the proofs carry on to general

initial conditions.



1.5.3 Symmetrization and key processes

Let us symmetrize the notation, which will simplify some proofs (in particular that

of Proposition [.1)): for all i j € S, let

0 i,jES ori,j €S

V(n,4,7) = V(n,i,j) €8, j€ESs

V(’I’L,],’L) J € 81,1 €8,

\

Now, for all n € N and ¢ € § state or signal, let

T, =Y V(n,ij)

jeS
be its number of successes up to time n.

For all n € N, let

1 ) ) )
T, ;:§ZT;:ZT;:ZT;.

€S 1€S1 1€S2

Then T,, — Ty is the total number of successes of the communication system up to time

n.

Let

ol =TT, i€S8,neN.
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For all n € N, let

n

Ty 1= ('rij)z’,jES’ neN

be the occupation measure at time n, which takes values in the interior of the simplex

A = {(xij)i7j€3 : xij 2 07 Z xij = ]_,ZL']‘Z' = xij for all l,] € 8}

i1€S1, JES2

Let us define

OA:={zeA:3Jie§ ste; =0},

which we call boundary throughout the paper, although it is not the topological bound-
ary of A. One of the technical difficulties in this model is the understanding of the

behavior of (z,),en near the boundary, as we shall explain later.
Given z € A\ 0A, i, j € S, let

Ly
Yij i = ——
T

be the efficiency of the strategy pair (i,7) and let

Tik
N4 = _ .
z(m) Z 7 Yik
keS
be the efficiency N;(z) of i. We will justify this notation in Section [4.1]
Note that processes (2, )nen and (7},),en contain all the important information of

the communication system throughout the game. Therefore, to study how our model

evolves, we only need to focus on the evolutions of (x,),en and (T}, )nen-

11



1.6 Urn setting: Another way to interpret the model

Note that the reinforcement learning and updating rules 2 and 3 in Section can
be interpreted in an urn setting. Assume Sender has M; urns indexed by states, each
of them having M, colours of balls, one per signal. Similarly assume that Receiver has
M, urns indexed by signals, each of them having M; colours of balls, one per act (or

state, since the two sets coincide).

The model corresponds to the following: Sender picks a ball at random in the
urn indexed by the state he observes, and sends the signal given by its colour. Then
receiver picks a ball at random in the urn indexed by this signal, and chooses the act
given by its colour. Both Sender and Receiver put back the balls they picked and, if

the act matches the state, add one more ball of the same colour.

2 Main results

Given x € A distribution of strategy pairs of the communication system, we
introduce in Section the bipartite graph of state/signal connections associated to
x, and its communication potential or efficiency, which measures the corresponding
expected payoff up to a multiplicative constant. We present in Section the main

results of the paper.

2.1 Bipartite graph and communication potential

Definition 2.1. Given © € A, let G, be the weighted bipartite graph with vertices

S :=851US,, adjacency ~ and weights as follows

12



(1) Vie 81,5 € Sa,i~ 7 if and only if x;; > 0.

(2) The weight of edge {i,j} is its efficiency yi; = xi;/(zix;).

Note that the new adjacency relation is only justified when z is in the topological
boundary of A; otherwise, G, is then the complete 2-partite graph with partitions S&;
and Ss.

Definition 2.2. Let H : A — R be the function defined by, for all x € A,
2

o= 3 E-3 ¥

;T
i€81,jE€S:wi; >0 T 1,j€S:a:;>0

We call H(x) communication potential or efficiency of x.
Note the communication potential of x, at time n can be interpreted - up to a
multiplicative constant- as the expected payoff at that time step:

1
P(Th1 —T,=1|F,) = A H(z,), (3)
1

where F = (F,,)nen is the filtration of the past, i.e. F,, := o(z1,...,z,).

Lemma 2.1. H has minimum 1 and mazimum min(M;, My) on A.

Proof. Using Cauchy-Schwartz inequality,

H(x) = Z — Z T = Z T
;X5 XTiZj

1€851,j€S2:x;>0 "I e81,j€8s 1€81,j€S2:24; >0
2
1€851,j€S2

13



provides the first inequality, whereas the second one comes from

Hay= Y, Dlie gy oy o

i6817j6821$ij>0 ¢ J 1681,]682@‘” >0 ¢ iESl,j6821$¢j>O J
ZL'Z']‘
1€851,§€S2:24;>0 J
similarly H(x) < M;.

Now

(a) H(x) reaches the minimum 1 if and only if G, is a complete graph on which every

edge shares the same weight 1, as displayed on the figure below.

State 1 2 3 4

L ]
Signal A B C D

All edges with the same weight=1

(b) If My > M, (resp. My < Ms), then H(x) reaches the maximum if and only if every
vertex i € S; (resp. Sq) only has one adjacent edge in G,. In the case M; < M,
this corresponds to a unique meaning for every signal, i.e. perfect efficiency, as

displayed on the figure below.

14



State 1 2 3 4

Signal A B C D

m
2.2 Main results
Definition 2.3. Given a graph G on §; U Ss, let (P)g be the following property:
o if we let Cy, ... Cq be its connected components then, for every i € {1,...,d},

C;NSy or C;N Sy is a singleton.

e cach verter has a corresponding edge.

We call synonym (resp. informational bottleneck or polysemy) a state (resp. signal)
associated to several signals (resp. states or acts), or the corresponding set of adjacent
signals (resp. states). Obviously M; # M ensures the existence of at least one synonym

or polysemy.

Note that, given x € A, and even if M; = My, property (P)g, allows for synonyms
or informational bottlenecks, and does not ensure that the system is optimal as a
communication system, i.e. that H(x) reaches the maximum of H. Most common

languages have such flaws. We show, on the figure below, a graph G corresponding to

15



a sub-optimal communication system: it is easy to check that its normalized efficiency

is 80%, i.e. that any x € A such that G, = G is such that H(z)/ max H = 0.8.

State 1 2 3 4 5

Signal A B C D E

Theorem 2.1. The communication potential process (H(xy))nen @S a bounded sub-

martingale, and hence converges a.s.

Theorem 2.2. (z,).en converges to the set of equilibria of mean-field ODE almost

surely.

Remark. We will define the mean-field ODE in Section [3.1] Roughly speaking, the

mean-field ODE is derived from the dynamics of expected movement of (z,)nen-

Theorem 2.3. For all G on S§; US; s.t. (P)g holds, with positive probability

(a) z, >z st G, =G.

(b) Vi,j €S8, V(c0,1,j) =00 <= {i,j} is an edge of G.

2.3 Contents

The rest of this chapter is devoted to the proof of the main results, as follows. In

Sectionwe discuss the stochastic approximation of (x,,),en by an ordinary differential

16



equation. In Section [] we justify some notation from Section [L.5], and show Theorem
and its deterministic counterpart that H is a Lyapounov function of the associated
ODE. In Section [5| we deduce that (z,)n,en almost surely converges to the set of equi-
libria of this differential equation, and describe the stable equilibria x in terms of graph
structure of G,. In Section [6] we connect our analysis of stability of the reinforcement
learning model with the one from the static equilibrium analysis literature. Finally in
Section , we show Theorem [2.3| about convergence with positive probability towards

subgraphs G satisfying (P)g.

2.4 Notation

For all u, v € R, we write u = O(v) if |u| < v; we let u A v = min(u,v) (resp.

u Vv = max(u,v)) be the minimum (resp. maximum) of u and v.

We let Cst(ay,as,...,a,) denote a positive constant depending only on a4, as, ...

a,, and let Cst denote a universal positive constant.

3 Stochastic approximation

3.1 Mean-field ODE

RMl ><M2‘

Let | - | be the Euclidean norm on Let us calculate the increment of

(Zn)nen at time n:

) Ty
+7, 147, 1+7T, Tn> (Va1 =Vn 70}

< Vn+1 Vi Vi Va
Tnt1l — Tpn =

17



Ty, —vi20
= %Z#(Vn—ﬂ — Vn — In>. (4)

In expectation,

E[Zpi1 — o | Fu] = m}?(%), (5)

where F', defined from A to T'A tangent space of A, maps x to

F(z) = (x](;:; - H(m))) :

with the convention that F(z);; = 0 if z;; = 0.

Let us consider the following ordinary differential equation, defined on A \ 0A:

dx
T = ) (©

3.2 Results

Lemma 3.1. There exists an adapted martingale increment process (N, )nen such that,

for alln € N,

1
n - n:—F n n , 7
Tpy1 — X L+ T)M, (Tn) + Nnyr (7)

and |nuy1| < 2/(14+T5,).

18



Proof. The inequality |n,.1| < 2/(1 + T,,) comes from

Ty, . —vi.0 1
|xn+1 - xn| - {1+1—;1}(V”+1 - Vn - xn) < . (8)

The following Lemma |3.2 which proves asymptotic linear growth of 7;,, will in
particular imply that the martingale (3 )_, 7x)nen converges a.s., by Doob convergence

theorem.

Lemma 3.2. With Probability 1,

< liminf — < limsup — < M
n—oo 1 n—oo N Ml

1
1

Proof. The result is a direct consequence of (3)) and Conditional Borel-Cantelli Lemma,
see [4, Theorem 1.6] O

Remark. We show later that, as n goes to infinity, H(z,) converges (Theorem [2.1)),

and the proof above implies that its limit is also the one of T}, /n.

Formula can be interpreted as a stochastically perturbed Cauchy-Euler ap-
proximation scheme for the ODE (), with step size 1/M;(1+T,,). The step size being
O(1/n), (x,)nen asymptotically shadows solutions of the asymptotic ODE, so that its
limit set belongs to a class of possible limit sets of pseudotrajectories of the ODE (see

for instance [3]).

Let I" be the set of equilibria of the ODE, i.e.

F::{xeA:F(x)zo}.
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4 Lyapunov function

4.1 Deterministic case: Mean-field ODE

Let us start with a heuristical justification of the fact that H is a Lyapounov

function, i.e. that it increases along the trajectories of the ODE.

The differential equation () can be understood in the language of (non-linear)
replicator dynamics, with the following biological perspective. Suppose a population
consists of species (i, j) € &1 X Sa, each corresponding to a strategy pair. Let the fitness
of (i,7) be its efficiency vy;; = x;;/(x;z;). The wording is justified by the following

interpretation: the probability that population (7, j) increases is

1 Tij  Tgj 1 . .. . .
— . — . — = — X proportion of (z,7) X its efficiency.
My ww g% PP (2, 7) y

Then the average fitness of the whole population is the communication potential H(z).
Therefore the mean-field ODE can be understood as follows,

Growth rate of x;j

= x;; x ( fitness of (i,j) — average fitness of whole population).

In particular, those species (i.e. strategy pairs) whose fitness (i.e. efficiency) are above
the average increase their proportions in the population (i.e. distribution of strategy

pairs). Note that the fitness of our species changes over time.

This interpretation makes it reasonable to conjecture that the average fitness of the

whole population indeed increases along solutions of ODE @, as we show in Proposition

20



and, in the (discrete) stochastic case, in Theorem , proved in Section . The
proof of the latter is technically quite long, owing to the non-continuity of H on the
boundary 0A, which prevents us from converting the deterministic Proposition [4.1]into

a stochastic one via a simple Taylor formula.

Let, for all x € A,

1 TijTik 2
p(z) = 2 Z 7 (Yij — Yin)™ -
Z,j,kGS:wij,wik;éO
Proposition 4.1. H is a Lyapunov function on A\ OA for the mean-field ODE @;

more precisely,

VH:F(x) = p(x) > 0. 9)

Remark. We will see later that H is not a strict Lyapunov function; in other words,

V H - F does not only vanish on the set of rest points of F.

Proof. We take advantage of the symmetrical notation introduced at the end of Section
1.5} in a mathematical perspective, there is no difference between state and signal in
the mean-field ODE. Let us now differentiate H along a path of the ODE: note that,
when differentiating with respect to space variables, we are obviously not restricted to
A, so that z;; and z; are considered as independent variables (in the calculation below,
we use the convention that z; = jes Tijs but any other convention would lead to the
same result):
VH-F(x) =Y &<M - xin(x))

i7eS Tilj \ TiTj

(7i;)* ( (ik)?

2(x;)? it kaH(x))

keS

21



kes Tk
(2ij) (xz])z(:v,ky
- 27 )2 (10)
”2;5 (@:)?(z;) Z%;S (2)32;2)
(zz])2 (xij>2l'lk _H
B N 2 (z) (11)
<i,j68 Tily '7;63 (w:)?x; >

Using that », ¢ za/7; = 1,

qp > %(1-2%)1{@) — 0.

1,jES

Using the symmetry between j and k, we obtain

@=3 (@) win 3 (ij)* (wik)?

i,j,k€S (xi>3(xj)2 i,j,k€S (:Ei)ngxk
1 ijLi ij i 2
s r el £
0
Lemma 4.1. For any v € A\ 0A,
VH-F(x) =) xi;(y;; — Ni(x))?, (13)

1,j€S

which can also be written as

VH-F(x) = Y aylyy — H@)) =Y ai(Ni(x) — H(x))*. (14)

i,j€S i€S

Remark. In the context of communication systems, the above three formulas @,

f mean that the growth rate of the communication potential is a function

22



depending on the difference between efficiencies of different strategy pairs.

Proof. Fix i, j € S, and define Y : § — R by Y (k) := y;x, seen as a random variable
on (S,P,;) (with expectation E, ;(.)), where P, ;({k}) := xx/z;. Then

Beal g = V) = 30 2 (g — a)? = (Baly — V) + Beil (Y = BuaY)))
kes

= (i — Ni(x))* + Z ?(%k — Ni(z))?,

7

keS
using that
T
E.i(Y) =Y i = Ni(x).
kes
Therefore
VH F (1) = - 2 T Tk 2
F(2) =5 D wylyy — Ni(@)* + Y = (g — Ni(x)
i,j€S igkes "

= > wilyy — Ni())?,

1,5€

%)

which implies that

VH:F(x):= Z vy (yi; — H(x))? — ZxZ(NZ(x) — H(x))?,

1,j€S i€S
and completes the proof. O

Lemma 4.2. For allz € A\ 0A andi € S, Ny(x) > 1.
Proof. Indeed,
i
Doy =) =1

jes jes Tt

23



which subsequently implies, by Cauchy-Schwartz inequality, that

1= (Z yijxj>2 < (nyjxj> (Z xj> = N;(x). (15)

JjES JES jES

Let us define

Ao:={zx e A\OA: p(x) > €},

and let
A:={xeA: px) =0},

where p is defined in the statement of Proposition [4.1] The following Lemma 4.3 is

straightforward.

Lemma 4.3. x € A if and only if

Tij _ %, Jor alli,j,k s.t. xy # 0,14 # 0
Ty

L

or, equivalently,

Yij = ik, for all i, j, k s.t. x5 # 0,z # 0.

Remark. Lemma [4.3| can be phrased as follows: if x € A then, in the graph G,,
edges within the same connected component have the same weight. Note that x € T’
is equivalent to all edges of G, having the same weight H(z). So the two sets I' and
A are different, i.e. H is not a strict Lyapounov function, which justifies the need to

prove separately the convergence to the set of equilibria in Section [5.1
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4.2 Proof of Theorem and convergence to A
4.2.1 Proof of Theorem [2.1]

For simplicity, we let V' := V,, in the following calculation. Let us compute the

expected increment of (H(x,,))nen-

E[H(zn1) = H(zn) | Fn] (16)
Vﬁ( Vi +1* V5
(

aay vi+1><vj+1>_vzvj

: :
" Z < ey ny@ie;#((%zk]l)vk_xza))

-3 Z ’ ((V(fﬂv% 1>‘vvv
93 .w&%)v,;v‘fé)gg;#,w )

. Vi
(S vt - S
(i,§)€S? ViV

(Vi +1)° V%? Y V%? )
Vi+HvVi+1) ViV, (Vi+D)V;  (V;+1)V
Z VﬁVzi ‘ 1 Vi 2ViViVi + ViV + Vi
A U NAT o ViV ViV (Vi DV + 1)
V3 V2v2
=2 i 2 v2v11’“vv a7)
(1,5)€S? (3,4,k)es3 * k

3 | 2V-V»V~-+VVJ»+V;§
ViV, ViVi(Vi+ 1)(V; + 1)

3
> v 18)
ipes: Vi DY

1
2
(i,j) €S2
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Now let us prove is nonnegative. Indeed,

M= 3 vijv;k( Vi Vijvik>
: 21/2 21/
o VL AVEVE D VGV
2
1 ViiVie [ Vij Vik > 0.
Vit+1

Viv; ViV

(i,5,k)€S3

Next we show that is nonnegative as well:

VS VZ
2> ; + >
S VA DV 1) A VY V+1)(Vj+1)
V4
* Z V2V2V+1)(Vj+1)

(3,7)€S?

V2 ; V2
= Z v (_2‘/;] 14 ZJ')

v T
- 2V2. (1_&_E+VL§)
1€851,j€S2 ViV <V + 1)(‘/; + 1) Vi VJ Vl‘/;
ov2 |
1€81,5ESs VZV}(V; + 1)(‘/; + 1) Vi VJ

4.2.2 Convergence to A

Let us now prove the following Proposition 4.2]

Proposition 4.2. (z,),en converges to A a.s. ; more precisely, (p(x,,))nen converges

to 0 a.s.

Proof. Let us define process Y,, := H(x,), n € N. We decompose (Y}, ),en into a martin-

gale (M,),en and a predictable process (A, )nen where A, 1 — A, = E[Y, 11 =Y, | Fo ]

Since H is bounded, martingale (M, ),ecn is upper bounded and hence converges.
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Let

ny/n n n 2
_1 Z Vw Vzk Vi ViR N,

(V)" EAYORG
i Z Wn(v;nfl)(v;"ﬂ)( o) (- 7)

1€81,J€S2

Hence

P”i Ve \vryer o yrye
(i,j,k)€S? i i Vi i Yk

ny/n n n 2
Vv ( Vi vy ) _ pla)
The rest of the argument is similar to the proof of convergence to the set of
equilibria in [1]. If (x,),en were infinitely often away from A, then the drift would
cause (H(z,))nen to go to infinity, hence contradicting the boundedness of H. Indeed,

let 6 be the distance between A, and the complement of A.». Suppose z, € A,

Tptly ooy Tpph1 € A; \ A and 4 € A%,
n+k—1 n+k—1 n+k—1 p($ ) p n+k—1 1
An _An 2 P r / P - > n .
Therefore,
n§1| n+k—1 1 . 4<A ) )
Ty - - n — 4n)-
r=1 - r=1 1 + TT h € o

Therefore z,, € A, infinitely often would cause A, to increase to infinity. By contra-

diction, (x,),en must converge to A. O

Remark. The proof of convergence of p(z,) to 0 would also hold on (deterministic)

solutions of the ODE.
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Corollary 4.1. Almost surely,

T, T H(x,) c 1 min(My, My) R
— im — —————=2| asn — oo.
n n—oo M M’ My
Proof. Same as Lemma [3.2] m

5 Equilibria

5.1 Convergence to the set of equilibria : Proof of Theorem

2.2

We already know that the occupation measure (x,)nen a.8. converges to A; the
goal of this section is to prove that, more precisely, (2, )nen a.s. converges to the set of

equilibria I' of the ODE.

Lemma 5.1. Suppose € small enough and x € AS,. Then for any i € S1, j € S s.t.

Ti; > €,
€ €
=N <5 ed = Nl <
Proof. Follows directly from ([13)). O
Lemma 5.2.
n n 1 n n mn
v =y = MT, Vi (yij — Ni(zn) — Nj(zn) + H(In)> o+ G (19)
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where (n)nz1 is predictable, B[V | F,] =0 and

12 6(z + z7) 12
n+1 ? J
T oomon n+1] < < . 20
|C Tn'l‘?l'?, |T +1| (Tnl'?l'?)2 (Tn$?$?)2 ( )
Proof.
n+1 n Tn+1vn+1 Tn‘/;?
Yig — — Yy = ‘/;n—i-lv}n—i-l - V;n‘/;n
— (Tn+lvn+lvnvn Tn‘/;?‘/in+1‘/jn+1) (21)
1 vryn
X ny/n 1+( nll ]n1_1)> (22>
(%%P( VI
and
21) = Tnvz'nvjn ]IAV[;*SO + ‘/'L;L‘/zn‘/jn Taz, >0 + V;nvgn ]IAVi;.L+1>o
— TRV lysyrnse — TV Lyaynesg — TaVi) Tayniso
Hence
|.| 61, V"V,
and

| v | 7| = o5 0~ M)~ Ny + Hz).

By the following simple estimate

n+tly nt+l = n+1 n+17
v v,
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we deduce that

|Tn+1| = |E

1) Vi I
(V;nv;n)2 VnJrlanrl

6T, (V" + V)  6(af +a7)
o (v S Tara] )2 '

and
it =yl = Q1) x (@2 < (23)
Y T.x"x
Therefore
G = 20 — ol — Bl — I F < o
Y K CANRELE Toxpal}

Let

Uij(e) = {IEEA DT S €Eor yij_H(X) > —6}.

Lemma 5.3. Assume € > 0 is small enough and mqy € N is large enough. Let

n 2
R m m—1 €
Rn T Z (yzj - yZ] - 6m> le'm 1¢U7,J(€)UA 4, Tm 1221% 5

m=mo

VneN;

VneN.

iJ iJ

€
— m m—1
S’n Z <[L’ — X, + E) ﬂ—xm—1¢U¢j(€)UAe4,Tm_1>ﬁy

Then

Jnen (Tesp. (Sp)nen) is a submartingale (resp. supermartingale).

(a) (R
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(b) Hmsup,,»,, oo (Bn — Rim)™ = Hmsup,,»,, 100 (Sn — Sm) T = 0.

Proof. First we note that if z,, ¢ U;;(e),

Ty "
E[x?jﬂ _$Z|~’Tn] = 1_|_jT (yij_H(xn)) S

€
T,
This implies that (.S, ),en is a supermartingale. Now we prove that (R, )nen is a sub-

martingale.

Assume € > 0 small enough and z,, ¢ U;j(€) U Aa. Then Lemma [5.1] implies that

" €
Yi; — Ni(zn) — Nj(x,) + H(z,) > 3
Hence,
1 x€ 12
E[yt — gy | F, ] > LA
g — v Pl > MlTng:?:v?( 3 Tapa?
Tie €2

Z e 2
6]\/[1Tn¢7c?3c’j1 6n
if n > 144M, /e* (which implies T}, > 72/¢* and therefore T,a}x} > 72/(x}e) ).

Let us now prove (b). Let
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By , we note that for all n > my,

E[(Hn-i-l - Hn)2 | Fn] < E[(yZ—H - yg)2|fn]

< 12 if < 48 M 2
B W xn@U;j(€),Tn o = 2 .

Therefore (I1,,),en is bounded in L2 and hence converges. We can obtain similar bounds

for (Z,)nen, which converges as well. This completes the proof. H

Lemma 5.4. Let € > 0, and assume n € N is sufficiently large (depending on €). If

x, € Ujj(€), |H(Tpt1) — H(xn)| < €/2 and T,, = n/(2M,), then x,11 € U;;i(2€).

Proof. Let z,, € U;;(€). Then ({8)) implies

Assume that n is large enough. If 27, < ¢, then x?j“ < 2e. Otherwise z7; > € and

v — H(x,) = —¢; assuming T, > n/(2M;) and using , we have
- 6 12M,

€
’yij - yZ! < S—— <5
Thxixy €“n 2

and, by assumption |H(zyn41) — H(x,)| < €/2, so that we conclude that ¢}t —

H(zpi1) = —2e. O
Lemma 5.5.

lim sup 7 (y;; — H(v,))” = 0.

1,
n—oo
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Proof. We fix € > 0 and my € N, and let 7,,,, be the stopping time

Tmg = inf {n >my X, & Aaor T, < ZLM or |H(xz,) — H(Tpm,)| > 2}

We only need to show that almost surely, either 7,,,, < oo or z,, € U;;(3¢) for all n
large enough. This will complete the proof since we know from Theorem [2.1, Lemma

and Proposition that there exists almost surely mg € N s.t. 7,,, = o0.

Let o0,,, be the stopping time
Omy = 1nf{n > mg : z, € Uy(e)}.

Lemma [5.3(b) implies that there exists a.s. a (random) mg € N such that, for all

nz=m = mo,

(Rn - Rm)i <5 (Sn - Sm)Jr < (24)

N |
N | N

Therefore 7,,, < 0o or g,,, < oo, using » 1/n = oo and the observation that z7;

nz=mqo

is bounded.

For all n € [0y, Ty ), let py, be the largest k < n such that @, € Uy;(e). By (24)),
v =gt = -

5

Now z,,+1 € U;;(2¢€) (by Lemma: let us assume for instance that y%nJrl_H(xan) >

—2e. Together with |H(x,) — H(x,,+1)| < €/2 (by n < T, ), we deduce that

yi; — H(x,) 2 ?/Z'"+1 — H(zp,41) — €2 —3e.
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Pn+1

With a similar argument, 277" < 2e implies =7, < 3e. So overall, z,, € Uy;(3e) if

J

Ome < N < Ty, Which enables us to conclude.

Proof of Theorem [2.2.

2H(2,) = ) yhial,

1,jES

= 2H(za) + ) (yfy — H(za)) 'y = Y (5 — H(wn)) )

1,j€S 1,j€S

Hence, lim,,_,~ T

(yz — H(z,))” = 0 implies

lim @7 (y;s — H(v,)) = 0.

ii
n—0o0 J

Lemma [5.5 enables us to conclude.

5.2 Bipartite graph structure

Let us recall the bipartite graph defined in Section [3] (see Definition [2.1)): any
x € A is associated with a weighted bipartite graph G, with vertices S := &; U So,

adjacency ~ and weights as follows

(1) Vie 81,5 € Sa,i~ jif and only if x;; > 0.
(2) The weight of edge {1, 7} is x;;/(wix;).

Let Cy, ..., Cq be the connected components of G,. Besides the bipartite graph
defined above, let us also discuss two other possible ways to assign weights:
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Graph G! : Edge e;; has weight x;;/x;, i € §1,j € So.

Graph G? :  Edge e;; has weight z;;/x;, i € 81,7 € Ss.

By Lemma [4.3] we observe some interesting properties of these three graphs when

x € A, in particular z € I":

On G, : All edges in a component Ci, k = 1,...,d have the same weight \;. Hence,

H(x)zz Z xi)\kzz Z T\

k=1 i€S1NCs k=1 jE€S2NCx

Furthermore, if x is an equilibrium, all the edges in G, have the same weight,

which equals H ().

On G! : Every edge linked with the same state 7 has the same weight, which we denote
by k;. Also for each signal j, the sum of weights of edges linked to j is equal to 1,
so that H(x) = Zi]\g k;.

On G? : Every edge linked with the same signal j has the same weight, which we
denote by k}. Also for each state i, the sum of the weights of edges linked to i is
equal to 1. H(z) = M &/

j=1"j"

5.3 Properties of Lyapounov function

We now show that H is constant on each connected component of I". Since it is not
continuous on the boundary, we first prove in Lemma that it takes a constant value
on connected subsets of I' with the same support (defined below) by a differentiability
argument, and then conclude in Proposition by a continuity argument on the set

of equilibria.
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Let
©:={0:0 C Spanr}-
For any x € A, we define its support
Sy =A{(,7) 1 i €81, j €Sy, x;; > 0}

O can be used as an index set to divide A into several parts in the following sense: for

any 0 € O,

Ng:={xeA: S, =0},

Fg = A@ NnrI.
Lemma 5.6. For any 8 € O, H is constant on each component of T'y.

Proof. Given ¢ € I'g, let us differentiate H at ¢ with respect to z;; = z;, (i,7) € S,

without the constraint x € A:

0 0 x?
) = Z o (o)
<8a:ij a—=q (k%Sq 81’@' 4]

() ) ()
e _|_ K _|_
0zi; \ iz, Z Oxi; \ x;xy, l#,%esq Ozi; \ 22,

k#3, (i,k) €54

:&<2_%_%)+ Yo <_%>+ 3 &G%)
q:q; q; q; = q:qk q; = q149; qj
k3, (1,k)ESq I#4, (1,§)€Sq

=0.
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The penultimate equality comes from the fact that ¢;;/(¢:q;) = H(q) if (4,5) € S;, ¢ €
I. [

Proposition 5.1. H is constant on each connected component of T'.
Proof. Let us show that H is continuous on I', which will enable us to conclude. Indeed,

suppose that ¢ € I', and that x € T' is in the neighbourhood of ¢ € T' within A, then

Sy 2 S, and, using x € T,

Hw= 3 o+ Y myH@).

= Z;T; .
(4.7)€S4 (4,4)€S2\Sq

so that

2
1 T3
)

H(x) =

1- Z(i,j)es;\sq Tig Tk

1,§)€Sq

and the conclusion follows. OJ

5.4 Classification of equilibria and stability
5.4.1 Jacobian matrix

At any equilibrium z € (A\ 0A)NT (F is not differentiable on 0A), we calculate

the Jacobian matrix

O )(i,j),(z,k)espair
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For all (¢,7), (I,k) € Spair, a simple extension of the calculation in the proof of

Lemma yields 22 (z) = — 1y, —0y2H (z), so that

0 F, O Yik oH
= Tip=w.e=0) (e = H(@)) + 2y = =ty —(2)
ij ij

3%5

aylk
= — L j=r)ey=0y H (@) + i 3

+ 225 ]I{xij:O}H(ZL“)

v

= H(x) T =ry( Tzyzoy — Tiay=0y)
Tik
+ H($) ]I{fflk#o} <

:L‘ .
— Ty — x—l] H{j:k}) + 2xy, ]I{xijzo}H(ff)

J

Therefore, for any (7, 7) € Spair s-t. x;; # 0,

%:H(w) (“%‘%) (25)
e (-5). resi) 5
ZZZ = H(z) (‘%) o LeS{ig (27)

for any (,j) € Spair 8.t. ;5 =0,

OF;;
=Y — _H(z); 2
o~ ~H@) (29)
F
glf’“ =0, 1€8,keS, (Ik)#(@i,5), 2 =0. (30)
ij

Let Cy,...,C4 be the connected components of the edges of G,. Let

gm (5 Flk)
’ O (4,5),(L,k)ECm
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Therefore, using ([25)-(30), J, can be written as follows, by putting first (¢, j) and (I, k)
coordinates such that z;; # 0 and xj; # 0 (in the same order, with increasing connected

components Cy, ...,Cy)

5.4.2 Classification of equilibria based on stability

Let us introduce a few definitions of stability for ordinary differential equations.

Definition 5.1. x is Lyapounov stable if for any neighborhood U, of x, there exists a
neighborhood Uy C Uy of x such that any solution x(t) starting in Uy is such that x(t)

remains in Uy for all t > 0.

Definition 5.2. x is asymptotically stable if it ©s Lyapounov stable and there exists a
neighbourhood Uy such that any solution x(t) starting in Uy is such that x(t) converges

to x.

An equilibrium that is Lyapunov stable but not asymptotically stable is called

neutrally stable sometimes.
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Definition 5.3. z is linearly stable if all eigenvalues of the Jacobian matriz at x have

nonpositive real part; otherwise, x is called linearly unstable.

Remark that, with these definitions, linear stability allows for eigenvalues to have
zero real part, and therefore does not necessarily imply Lyapounov stability. However
the dynamics considered here makes these stable equilibria indeed Lyapounov stable
when they do not lie outside the boundary of A are studying here, as it can be shown
by the help of an entropy function; Section [7] on convergence with positive probability
to stable configurations can be understood as a consequence of this propoerty in the

nondeterministic case.

Definition 5.4. Let

FO = FﬂA\@A,

Fb =1InN 8A,

and let T's (resp. T,) be the set of linearly stable (resp. unstable) equilibria in Ty for
the mean-field ODE.

For any x € T',, let

Ei={0 e RM>*M 19| = 1 and 3(3,7) € S, s.t. 0-e;; >0},

Proposition 5.2. We have

(a) I's={z €ly:(P)g, holds}.

(b) Ifx € T, then there exists an eigenvector in €, whose eigenvalue has positive real
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part.

(c) Forallz €Ty, and 0 € E,\ {0}, there exists a neighbourhood N (x) of x such that,

if ©, € N(x), then
Cst(z)

2 Y

E[ (a1 0)* [ Fa] >

n

where N,11 15 the martingale increment defined in (@

Note that (b)-(c) will be used to that (z,),en stochastically ”perturbs enough”

the ODE @, in order to prove nonconvergence to unstable equilibria.

To prove Proposition 5.2 we need following Lemma on the structure of G,

when z € T'y, and the elementary Lemma [5.8

Lemma 5.7. For anyx € I'y such that Pg, does not hold, G, has at least one connected

component on which every vertex has at least two edges.

Proof. First, x € T', implies that there exists a connected component C with at least
two states and two signals. Assume, by contradiction, that signal j is in C and j is only

linked to one state, for instance state i. Then x;;/z; = 1, and for all k € Sy, s.t. 2, > 0,

i.e. k is only linked with one edge. It implies C N'S; = {i}, which contradicts our

assumption. O

Lemma 5.8. If a random variable w satisfies that Elw] < oo, P(w = a) > p and

P(w =b) > p, then
(b—a)’p

Z
Var(w) 1
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Proof.

Var(w) > pl(a - Blul)? v (b E])?) > L2,

Proof of Proposition [5.2} (a)-(b) Suppose that = € I'y and that Pg, does not hold,
and let us prove that x € I',. Lemma implies that G, has a connected component
on which every vertex has at least two edges, which we assume to be C; w.l.o.g. Let
V(Cy) (resp. E(Cy)) be its set of vertices (resp. edges). Let us show that J! has at

least one eigenvalue with positive real part.
Indeed, let us compute the trace of J}:

xij

Tr(J) =H(x) Y, (-2

1,j€C1 i~ t J

= H(z) ([E(C)| = [V(C)]) = 0.

The last inequality comes from the fact that the number of edges is greater than or

equal to the number of vertices in C; because every vertex has at least two edges in C;.

Now it is easy to check that (J})1 = —H(z) Twhere 1 = (1,...,1)", and therefore
that —H () is an eigenvalue of J!, which enables us to conclude (b) and the first part

of (a).

Now suppose that x € 'y, and that Pg, holds. Then each component of G, has

only one state or only one signal. Let us assume for instance that C; consists of states
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1,...,k and signal A. Then J! equals

ry T2 ... T

H<x> 1 2 k
TA

r1 T2 ... T

The rank of J! is 1, and its eigenvalues are 0 and —H (z), which completes the proof.

(c) Let z € T, and 6 € &, \ {0}. Let {e;;} be a orthogonal basis set in RM*Mz,

Let

Wn+1 = ]I\X/',L+17Vn|:1 (VnJrl - Vn - an) = (1 + Tn)(anrl - xn)'
We note that

Wyi1-0 =0, with probability 1 — ,
M,

n ,n

Vi e Slaj S 827 Wn+1 0= (1 — :L'Z-)eij -0 s with probability —;\]4:%] .
1

Note that z € T, implies that H(x) # M; and that, for all (i,7) € S;, z;; # 1.

Therefore, assuming that x,, is in the neighbourhood of z (for which y;; = H(x)),
Lemma implies

. H(z,) aiyl (1= af)ey; - 0)?
Wt - > -
Var(Waia 01 F2) > i,jre%?:};(Nj{mln (1 M M, (31)
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where we use 6 € £, in the penultimate inequality. This completes the proof. O

If My = My, let us define the set of equilibria Iy, as follows: z € Ty, if and only

if there exists a bijective map ¢ from S; to s such that

i =e(i),

Xij =

0 otherwise.

Equilibria in I'y; correspond to a perfectly efficient signaling system, in the sense
that they bear no synonyms or informational bottlenecks. It is easy to check from the
calculation in the proof of (b) of Proposition that the Jacobian matrix at such an

x has the only eigenvalue —H (x), which implies asymptotic stability.

Corollary 5.1. Suppose the game has the same number of states and signals, i.e.

M, = M, and that x € I'y,. Then x is asymptotically stable for the mean-field ODE.

6 Links with static equilibrium analysis

We present in this section some results on the characterization of evolutionarily
stable strategies (ESS) and neutrally stable strategies (NSS) for signaling games. Note
that Taylor and Jonker (1978), and Zeeman (1979) propose, in a general setting, con-
ditions under which an evolutionarily stable strategy is indeed a (dynamically) stable
equilibrium. However the condition is quite strong, and only applies to special cases of

the signaling game.

We show here an equivalence between this static context and the underlying rein-
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forcement learning dynamics, i.e. that

(1) the set of ESS matches the set of asymptotically stable equilibria of the mean-field
ODE;
(2) the set of neutrally stable strategies matches the set of linearly stable equilibria of

the mean-field ODE;

(3) the set of Nash equilibria matches the set A where VH - F' vanishes.

In Sections [6.1] [6.2] and [6.3] we successively present usual notions in the static setting of
signaling games, results on equilibrium selection and the connection between stability

of the dynamics and the static setting of the game mentioned above.

6.1 Static setting
Let

P:{PER%lXMQ 3Vi681, pr = 1},

JES2

Q={QeR> ™M :VjcS& > qi=1}

1€8

A Sender’s strategy can be represented by a M; x Ms; matrix P € P in the sense
that if he sees state 4, he chooses signal j with probability p;;. Also we can represent
Receiver’s strategy by a My x M; matrix () € Q, i.e. if he sees signal j he chooses act

i with probability g;;. The payoff function is

Payoff(P, Q) = Z Pijji = tr(PQ).

1€851,j€S2
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As in the real world, where somebody can be sender at one time and receiver at
another, the authors assume that each individual can be Sender or Receiver with equal
probability at each time, which symmetrizes the game. Thus the (mixed) strategy
of any of the two players of the symmetrized game is a pair of Sender and Receiver

matrices (P, @), and the payoff function T can be written as

YI(P,Q), (P, Q)] = YI(P,Q), (P.Q)] = 5tr(PQ) + 51r(P'Q)

6.2 Equilibrium selection

Definition 6.1. A strategy (P, Q) € P x Q is called a Nash strategy if

T[(P,Q), (P,Q)] = T[(P,Q), (P,Q), V(P,Q) € P x Q.

There are uncountably many Nash strategies in signaling games. Let us recall the
following notions of evolutionary and neutrally stable equilibria, which enable one to
distinguish the relevant limiting strategies of the game; note that the notions are purely

static here.

Definition 6.2. A strategy (P, Q) € P x Q is evolutionarily stable if

() 4t is a Nash strategy, and
(i) T[(P, Q), (P, Q)] > T[(P,Q), (P, Q)] for all (P', Q") # (P, Q).

Definition 6.3. A strategy (P, Q) € P x Q is neutrally stable if

(i) 1t is a Nash strategy, and

46



(i) if Y[(P,Q), (P, Q)] = T[(P",Q"), (P, Q)] for some (P',Q") € P x Q, then

T[(P,Q), (P, Q)] = T[(F.Q), (F,Q].

The following Propositions [6.1], and characterize ESSs and NSSs in the

signaling game.

Proposition 6.1 (Trapa and Nowak (2000)). Let (P, Q) € P x Q be such that neither
P nor @ contains a column that consists entirely of zeros. Then (P,Q) is a Nash

strategy if and only if there exist positive numbers py,...,p, and qq, ..., qn Such that

(1) for each j, the j-th column of P has its entries drawn from {0, p;},

(2) for each i, the i-th column of @ has its entries drawn from {0, ¢;}

(3) for alli, j, pi; # 0 if and only if ¢;; # 0.

Remark. The assumption that neither P nor () contains a column consisting entirely

of zeros corresponds to the requirement that no signal or act falls out of use.

Proposition 6.2 (Pawlowitsch (2007)). Let (P,Q) € P x Q be a Nash strategy. Then

(P, Q) is a neutrally stable strategy if and only if

(1) at least one of the two matrices, P or @, has no zero column, and
(2) if P or Q contains a column with more than one positive element, then

all the elements in this column take values in {0, 1}.

Proposition 6.3 (Trapa and Nowak (2000)). (P,Q) € P x Q is an evolutionarily

stable strategy if and only if My = My, P is a permutation matriz and Q = PT.
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6.3 Connection

Let us now define a map between the static and dynamic learning models, in order

to emphasize the correspondence between stability in either settings.

Let s; be a bijective map from S; to {1,..., M;} and ss be a bijective map from
Sy to {1,..., My}. Let us define map W from A\ A to P x Q : ¥(z) = (P,Q) where

Dsq(i)s2(j) = P Ass(5)s1(i) = T
7 J

xij xij
)

Vie S, jeSs.
Proposition 6.4. Let

.= {(P, Q) € P x Q : neither P nor Q) contains

any column that consists entirely of zems},

and let
Lpyo :={(P,Q) € P x Q is a Nash strategy } N T,
Lpyo :=1{(P,Q) € P x Q is a neutrally stable strategy } N T,
Lpxo = {(P,Q) € P x Q is an evolutionarily stable strategy } NT.
Then

(a) U((A\IA)NA) = Lpro  and  U((A\A)\A)) N Lpyo — 0.
(b) \P(Fs) = ‘C_PXQ'

(c) ¥(Tsy) = Lpxo-
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Proof. (a) is a direct consequence of Lemma and Proposition [6.1]

Conversely, given (P, Q) € Lpxo, let p1, ... p, and q1, ... ¢y be defined as in
Proposition [6.1} Note that

Ps1(3)s2(5)9s2(5)s1(3) = Psa(5)ds1(3) ]Ipsl )s9()70 = Ps1(i)s2(5)4s1(1) = Psa(5)ds2(5)s1(4)-

Define

Z Psq(i)s2(5)s2(5)s1 (2 Z ds1(7) Z Psa(5)s

( 7J)E$pazr 1€S1 JES2

and let

_ Ps1(i)s2(5)s2(5)s1(3)

Tij 7 , 1€81,] € 8y

X Z Tij, 1€ Sy
Zk631 A JES,

Ij Z xz]a j € 82

ZkESQ Dk =

Then (P,Q) = ¥(z), and x € A\ OA)NA is again a direct consequence of Lemma
and Proposition [6.1}

Let us now prove (b), and assume (P,Q) = ¥(x): if one column of P (resp. Q)
has more than one element, this corresponds to an informational bottleneck (resp.
synonym). Hence Condition (2) in Proposition [6.2| means that a state(act)-signal cor-
respondence cannot be associated both to a synonym and an informational bottleneck,

which translates into (P)g,. (c) follows from Corollary [5.1] and Proposition [6.3] O
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7 Convergence with positive probability to stable

configurations

Let us prove the more general

Theorem 7.1. Let q € Ty, and let N'(q) neighbourhood of q in A. Then, with positive

probability,

(a) z, > 2 € N(q) st. G.=G,.

(b) V(o0,i,j) =00 <= {i,j} is an edge of G.

Theorem is an obvious consequence of the following Proposition [7.1 Given
G = (8,~), assume that (P)g holds: then each connected component of G contains
either only a single state or a single signal. Let 7 :=7g : § — R}I be the function
mapping ¢ € S to the single state/signal in the same connected component as i, with
the convention that we choose the state if the component consists only of one state and

one signal.

For alli € S, n € N and € > 0, let us define

n

o = x?/xw(i)

H! = m { V" > 2en},

1€8,i=m(1)

Hy= [ {a = e},

i1€S

HY = () A{Vp<vn}

1,€S,m(i)#m(j)
Proposition 7.1. Let G be such that (P)g holds, and let 7w := mg. Foralle € (0,1/M,),
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if HY, H? and H3? hold, and n > Cst(e, My, My), then, with lower bounded probability

(only depending on €, My and M), for alli, j € S, k > n,

Vii' = Vi, when w(i) # 7(j); (33)
affafl € (1—e1+e); (34)
VF > ek, when 7(i) =i. (35)

In the remainder of this section, we fix the graph (G,~) (and thus 7 = 7g) and

e > 0. The proof consists of the following Lemmas 7.3

Let, for all ¢, j € S, n € N,

T = inf{k >0 VE AV

2= itk >0 o fal ¢ (1- 61+ )

TS’i = inf{k: Zn: vk < Ek},

7

= inf i 2= inf 2 3= inf M =1 ATEAT
i,j€S,m(i)#(j) ics i€ m(i)=i

Lemma 7.1. If n > Cst(e, My, Ms), then

]P(T; >IN Fy HY HE, HS) > exp (—26_4M1M2) )

o1



Proof. Assuming n > Cst(e, My, M,),

(Vi)?

P(r; >T§Afj|fn,H;,H5,H§) > -y i
ken r(iyn() 1

3 n

SHEE

Lemma 7.2. If n > Cst(e, My, My) then, for alli € S,

P(Tz’i > 7, Ao | Fuy Hy, HY, Hg) > 1 — 2exp(—Cst(e)n).

Proof. Fix i € S, n € N, and assume w.l.o.g. that 7(i) # i.

Let, for all j € S and k > n,

Sk . Yrn k n
V=V +Z(V}l_ )5

I~j

which is equal to ij as long as k < 7.

Let, for all k > n,

~

v
Wy = log A; ,
(%)

and let us consider the Doob decomposition of (Wj)k=n:

k

Wi =W, +Ap + ¥y

A= ) E(W; = Wini|Fio).

j>n+1
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Assume that H!, H? and H? hold, and that k < 7,: then

|Ak+1—Ak| = |E[Wk+1—Wk|fk]|

2
1 (Vi 1 _ 1 Vs Vaws _
_ M ( ‘/;157)> %(1 + D((Vlk) 1) o Z (‘)J (A)J2(1 + D((Vk )) 1)

& (%
M1 o) ‘/J (Vw(z))
) Vit
~1/2 —1/2 -
=gy, VTR DM M) = D (1 kDG My, M)
(1 g (i) T
— k3/20 (Cst(e, My, My)),
where we use that, for all j ~ 7 (i),
vﬂl:cz ; Vﬂki l
V(.’“)] N 1‘? Z Vli(-)) — 1| <k Y2Cst(e, My, My). (36)
J I~m(s) T

Therefore, for all £ > n,

’Ak’ < n71/2CSt(€, Ml; MQ)

Let us now estimate the martingale increment: |¥;,; — Wy < Cst(e)k™! (since

[Wii1 — Wi| < Cst(e)k™1), so that Lemma [7.4] implies

k>n

P (sup Wy~ 0 Tgperyy > e/2) > 1— 2exp(~Cst(e)n).

which completes the proof. 0

Lemma 7.3. If e € (0,1/M;) and n > Cst(e, My, My) then, for all i € S such that
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P(ﬂ?’i > 7}1 A T,?L }—n,H,,IL,H721> > 1 — 2exp(—Cst(e)n).

Proof. Let n € N, assume that H!, H? and H3 hold, and fix i € S such that 7(i) = i.

Let us consider the Doob decomposition of (V/*)gsy:

VE =V + @ + 5y

b= Y BV =V F).

j=n+1
Now, for all n > 0, if n > Cst(n, €) and k < 7, implies

H _ P —E(VkH—V-k]]:)>LZw>L—77
k+1 k i i k) = M1 V;kV;k = M1

i
Let us now estimate the martingale increment: let, for all p > n,

p—1 —_
L k1 T Sk
Xp ‘= E T
k=n

Then, for all p > n,

Zp = Z (Xn+1 — Xu)k = — Z Xk + (P = 1)xp-

n<k<p—1 n<k<p—1

This implies, using Lemma (and |ZEg+1 — Zx| < 1 for all & > n) that, for all

e >0,

P (Vk>n, VF> (2 —nn+ (k —n)(1/M; — n)| F,)
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—_
—

> P (sup -2

p=n

N3

< ma) > P (sup|xk\ < m) > 1 — 2exp(—Cst(n)n):
k>n

we choose 7 = min(e/2,1/M; — €), which completes the proof.
[

Lemma 7.4. Let (7 )ken be a deterministic sequence of positive reals, let G := (G, )nen
be a filtration, and let (M, )nen be a G-adapted martingale such that | M, 1 — M, | <~
for alln € N. Then, for alln € N,

/\2
P(sup(My — M,) > X Qn> < exp (——) )
(s~ 30> 0 o

Proof. Let, for all € R,

0> <~
Zn(0) :=exp <49Mn Y Z’yk> :

k=1

Then (Z,,(0))nen is supermartingale, so that

P (sup(Mk — M,) = \| gn)

k>n
<P sup Zy(6) = Z,(0) exp | A0 ‘QQi o] 16
X = 4n X Y n
k)g k p 9 Yk
)\2
< exp v — A0 | =exp ( )
Z g 2 Zk>n ’Yk’
if we choose 6 := X/, ;. O
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