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ABSTRACT. Panel data models with fixed effects are widely used by economists and other
social scientists to capture the effects of unobserved individual heterogeneity. In this paper, we
propose a new integrated likelihood based approach for estimating panel data models when the
unobserved individual effects enter the model nonlinearly. Unlike existing integrated likelihoods
in the literature, the one we propose is closer to a genuine likelihood. Although the statistical
theory for the proposed estimator is developed in an asymptotic setting where the number of
individuals and the number of time periods both approach infinity, results from a simulation
study suggest that our methodology can work very well even in moderately sized panels of

short duration in both static and dynamic models.

1. INTRODUCTION

A panel dataset, also known as a longitudinal dataset, consists of observations on indi-
viduals recorded over a period of time. This data structure is rich enough to allow economists
and other social scientists to estimate and test models of economic and social outcomes that
contain as explanatory variables not only individual characteristics observed by the researchers,
but also attributes unobserved to the researchers that vary across individuals but not across
time. Since these unobserved individual characteristics may be correlated with some or all
of the observed individual characteristics, simply ignoring them can lead to severely biased
statistical inference. Time-invariant (at least in the short-run) characteristics such as ability,
productivity, or latent cultural preferences, which vary only at the individual level and cannot
be seen by researchers analyzing the data, are referred to as “unobserved individual hetero-
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geneity,” “unobserved individual effects,” or simply as “fixed effects,” in order to distinguish
them from variables such as gender and ethnicity, which are also time-invariant but typically
observed by researchers at the individual level. In this paper, we use the term “fixed effects.”

To justify the time-invariance of fixed effects, panel datasets in microeconometric ap-
plications are often characterized as being “short,” i.e., having the number of individuals (n)
much larger than the number of time periods (7). It is therefore not surprising that, in many

papers, the asymptotic theory of inference for microeconometric panel data models is developed

Source: il-rev-2j.tex. Compiled: 14*® August, 2020 at 10:23pm.

Key words and phrases. Fixed effects, Integrated likelihood, Nonlinear models, Panel data.
1



2

under the assumption that n — oo and 7' is held fixed. In this setting, it is well known how to
estimate and test models with fixed effects without making distributional assumptions when
the fixed effects enter the model linearly and additively; cf., e.g., Chamberlain (1982, 1984),
Hsiao (1986), Baltagi (1995), Arellano (2003b), and Wooldridge (2010). By contrast, paramet-
ric distributional assumptions are usually needed to estimate models where the fixed effects
enter nonlinearly. Even then, there is only a limited class of nonlinear models that can be sat-
isfactorily studied in a unified manner due to the well known “incidental parameters problem”
(Lancaster, 2000). For instance, while it is known how to consistently estimate a panel logit
with fixed effects (Andersen, 1970; Chamberlain, 1980), the same approach does not work for
estimating probit models, a closely related specification (Magnac, 2004; Chamberlain, 2010).

The objective of this paper is to develop a unified methodology, based on a new inte-
grated likelihood (IL) approach, for estimating nonlinear panel data models with fixed effects
in a parametric likelihood framework. The IL we propose can be regarded as extending the
IL of Lancaster (2002) and Arellano and Bonhomme (2009). The statistical theory justifying
the proposed methodology is developed in a setting where both n and T are allowed to grow
such that n grows faster than T'; i.e., we also focus on short panels, although the validity of
our approximations is guaranteed only when n,7T" — oc.

The paper is organized as follows. Section 2 outlines the model. Section 3 compares
our work with Lancaster (2002) and Arellano and Bonhomme (2009). Sections 4-7 describe
our estimation approach and show that our IL possesses some desirable properties. Section 8
develops the asymptotic theory for the proposed estimator. Section 9 illustrates how our
approach works in some familiar settings, and Section 10 investigates its small sample properties
for logit, probit, and AR(1) designs. Section 11 concludes. Implementation details, additional
simulation results, technical assumptions and their justification, and all figures and proofs, are
in Appendices A-J, available as supplementary material for this paper.

2. THE MODEL

In this section, we specify our likelihood based model, the basic notation, and the sam-
pling and identification assumptions maintained throughout the paper. Technical assumptions
used to derive the results in this paper are in Appendix C.

Let Y;; denote outcomes and X;; a vector of explanatory variables for i = 1,...,n and
t=1,...,T. Hereafter, n,T > 2 and “vector” means a column vector. The random variables
Y;; and X;; are observed, with ¢ indexing the individual and ¢ the time. The fixed effect «;q is
an unobserved random variable whose distribution is unknown.

Assumption 2.1 (Fixed effects). For each i, the unobserved random variable g is continu-
ously distributed with support (a,b), where a,b € RU{—o00, 400}, a < b, and a,b are known.
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Excluding Section 8, where we require (a,b) to be a bounded interval in order to show
consistency of our estimator (cf. Assumption C.5(vi) and the discussion following it), we allow
(a,b) = R in the remainder of the paper. In particular, (a, b) = R is maintained for all examples
in Section 9 and all simulation designs in Section 10. Henceforth, let Y;r := (Y1, ..., Yir) denote
the time-series of outcomes, and X;7 := (X1, ..., Xir) the time-series of explanatory variables,
corresponding to the ith individual for the duration of the panel.

The distribution of (X;r, ap) is unknown, which allows for arbitrary correlation between
the fixed effects and the explanatory variables. Given (X;r, ao), the time-series Y, is drawn

from the conditional density fy,,|x which is known up to a parameter 6y € int(©), where

520300
© is a known subset of R4™(®) with nonempty interior. It is assumed that JYor i cioifo 1S @
density with respect to an appropriate dominating measure (Lebesgue, counting, or a mixture
of both), which does not depend on (X;r, v, 6p); the dominating measure is, therefore, not

explicitly specified.
Assumption 2.2 (Identification). 0y is identified, i.e., uniquely defined.

In particular, as specified in Assumption C.5(vii), 0 is identified as the well-separated
global maximum of the limit (as n, T — o) of the expected “target” loglikelihood (defined in
Section 3) for the sample. The presence of a;g implies that parameters associated with observed
time-invariant explanatory variables are, in general, not identifiable. For instance, suppose
that a vector of observed time-invariant explanatory variables Z; enters the model density as
Sy bi (Zi,80,00):00» Where the time-invariant function b; takes values in (a, b) and is known up
to a finite dimensional parameter dy, e.g., b;(Z;, b, o) = Z1do+ o provided Z!6o+ o € (a, b).
Then, dy is not identified because, for each T', the density fy,,x.1.b:(Z:.60,0:0):60 15 Observationally
where &, = b;(Z;, 0o, i) € (a, b) is another fixed effect.
Consequently, Assumption 2.2 rules out time-invariant explanatory variables in X;r that have

equivalent to the density fy,,.x

T, i0300 9
a time-invariant relationship with .

Assumption 2.3 (Sampling). (i) For each T, (Y17, X171, 010), - - - s (Yur, Xor, o) are indepen-
dently and identically distributed (i.i.d.); (ii) For each i, conditional on X;r, o, the outcomes
Yia,...,Yr are independent; (iii) For each i, conditional on «yy, the process (Yi, Xit)ien is

strictly stationary.

(i), which stipulates that observations across i are i.i.d., is typical in microeconometric
applications and is maintained throughout the paper. (ii) imposes conditional independence
within each 7, hereafter referred to as “time-independence,” which rules out lagged outcomes
as explanatory variables, and is maintained everywhere except in Section 9.2. Although some
of the assumptions in Appendix C.2-C.4 are justified under time-independence, it is, in prin-
ciple, not necessary for the methodology developed in this paper to work. To illustrate this,
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we apply our approach to the linear dynamic panel data model in Section 9.2 without impos-
ing time-independence. (iii) rules out the presence of time-varying parameters or time-trends
in the model for the outcomes, i.e., there are no time-varying parameters or time-trends in
JYir X ci0i00-  The stationarity assumption is also maintained, e.g., in Hahn and Kuersteiner
(2002, 2011), Hahn and Newey (2004), Arellano and Bonhomme (2009), and Dhaene and
Jochmans (2015). Allowing for time-varying parameters in our approach is, in principle, pos-
sible. For instance, Mikailov (2017) has demonstrated that our approach goes through in the
Neyman-Scott model (Example B.1) in the presence of both time and fixed effects. However,
doing so will significantly increase the technical complexity of the proofs in the n,T — oo
setting, cf., e.g., Ferndndez-Val and Weidner (2016), without affecting the raison d’étre of the
methodology we propose. Therefore, (iii) is maintained throughout the paper.

Since «;q is an unobserved random variable, we can talk about the likelihood of a poten-
tial realization. Specifically, if § € © and «; € (a, b) denotes a possible value taken by «;, then
we define the likelihood of (0, ;) for the ith individual to be Lip (0, ;) := fy,11xir000(Yir). The
average loglikelihood for the ith individual is denoted by ¢;7(0, a;) := T *log Lz (0, o;;). We
will refer to 6 as the parameter of interest, and call o; an individual specific nuisance param-
eter. The loglikelihood function (0, a;) — £;7(0, ;) is assumed to be sufficiently well-behaved
so that derivatives with respect to (0, a;), as many as needed in the paper, can be interchanged
with integrals respect to the density fy,,|x,s,qa.;0, and the mixed partial derivatives are equal.

The score of ¢;1(6, ;) with respect to 6 is the (column) vector £;r4(0, ;) := Volir (0, o),
where Vg := (0p)’ is the gradient and “’” the transpose operator. Similarly, as «; is a scalar,
lira(0, ;) == Vo lir(0, ;) = 0o lir(0, ;) denotes the score with respect to a;. We use fop, := 0950
V.f to denote mixed partial derivatives of second order. Consequently, ¢;799(6, ;) is a square
matrix, irea (0, ;) is a column vector, lirap(6, ;) is a row vector (with .0 = liTea), and
litaa(0, ;) is a scalar. Third (and higher) order partial derivatives, when at most one derivative
with respect to 6 is taken, are defined analogously. For instance, {;1gaq (0, ;) := 020V lir (0, ;)
is a column vector, £iraag(0, ;) = 090050 Vo lir (0, ;) and irapa (0, ;) := 05,0050V o lir (0, ;)
are row vectors, and Yiraaaa (0, ;) = 03 o Vo lir(0, ;) is a scalar.

Given (0,&) € © x (a,b), let E[lipa (0, a;);0,d) == fsuPp(%'iT) lira (0, i) fy p i a6, Where
supp(Y,r) denotes the support of Y;r, and integration is with respect to the (unspecified)
dominating measure for f. The integral can be calculated analytically or numerically, de-
pending on the functional form of f. Integration with respect to fy,,|x,r.ai0:6, 15 denoted by
Eo, e.g., Eolira(0, ;) = E[lira (0, ;); 00, cio]. Similarly, varg lire (0, ;) = Eo[lira (0, ;) —
Eolira(0,a;)]?. We usually omit the arguments in functionals of Eol;r (60, o;) when evaluated
at (0p, o). E.g., we write Eol2y, := Eolzr, (00, o), Eolitea = Eolitea (00, o), Eoliraalita ==
Eolitaa (00, aio)lira (0o, ctio), ete.. Since Eq is a conditional expectation and vary a conditional
variance (both conditional on X;r, o), equalities and inequalities involving them hold w.p.1.
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This is the sense in which subsequent statements and assumptions regarding Eq and varg should
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be interpreted even when the “w.p.1” qualifier is missing. To avoid the proliferation of “w.p.1”
qualifiers each time [E or vary is mentioned, we do not state them explicitly hereafter.
Henceforth, to allow the number of time periods to grow simultaneously with the number
of individuals, let (7,,) be a sequence of positive integers such that T,, — 0o as n — co. When
there is no danger of confusion, we do not indicate the dependence of estimators on n and 7.

If A;r is an array, then the statement A;; = O, (1) is understood to hold coordinatewise.

3. PREVIOUS WORK AND OUR CONTRIBUTION

Since the distribution of Y;7|X;r, ; is known up to (6, a;), it is natural to estimate 6
by maximum likelihood while treating a; as a nuisance parameter. The fixed effects maximum
likelihood estimator (MLE) of 6 is given by

X -1
0= arg;éréax alwrgg}é{(u’b) n ; Cir (6, ;). (3.1)
Unfortunately, since the number of nuisance parameters grows with the number of individuals,
the MLE of 8 may not be consistent when n — oo and T is fixed. Example B.1 in the supple-
mentary material, due to Neyman and Scott (1948), illustrates this phenomenon beautifully.
Since each individual contributes a single individual specific nuisance parameter, the
MLE in (3.1) can be written as § = argmaxycgn =" >, £2.(0), where (2,(0) := ip (0, dur(6))
is the average profile loglikelihood of # for individual ¢ after the nuisance parameters have been
concentrated out, and
a7 (0) == argmax {;r(0, u), 6 eco, (3.2)

u€(a,b)

is the MLE of «; for a given 6. Henceforth, for future reference, we let

asr(0) = arg(ma)x Eolir(0,u), 6 € 0o, (3.3)

u€(a,b

and refer to it as the “population level MLE” of «; for a given 6. Following Pace and Salvan
(2006, Section 3.2), we refer to l;7(0,alr(0)) as the “target” loglikelihood of € for the ith
individual. The (infeasible) target loglikelihood satisfies all of the Bartlett identities because
it is a genuine loglikelihood.

The inconsistency of 0 (when n — oo, T is fixed, and the profile likelihood is not a
conditional likelihood free of nuisance parameters as in Example 9.2), is due to the fact that
the individual specific nuisance parameters are poorly estimated when 7' is held fixed. Indeed,
from its definition it is clear that &;1(6y) does not depend on n. Therefore, when &;7(0y) # o,
&7 (0o) will not converge to ;g when n — oo and T is fixed. This is the sense in which the
individual specific parameters are poorly estimated when n — oo but 7' is fixed. This implies
that the profile likelihood scores for each individual do not have zero mean when evaluated at
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the true parameter values (McCullagh and Tibshirani, 1990, Remark 2, p. 329). In fact, it is
shown in Appendix B that

EqVolir (o) = Op(T71), (3.4)

and that 6 is inconsistent, as n — oo and T-fixed, where Vo2,.(8) = Li7(8, dy7(8)) is the profile
likelihood score of 6 for the ¢th individual.

Since the score function of a genuine loglikelihood has zero mean, (3.4) reveals that the
bias of Vylir(6p) is of the order 1/T for each i. Hence, allowing T to grow (along with n) may
enable 6 to consistently estimate its true value 6y as both n,T" — oo. However, as is clear from
the Neyman-Scott model in Example B.2, this alone may not be sufficient to ensure that 6 is
asymptotically unbiased in the sense that the limiting distribution of \/nT), (QN —0p) is correctly
centered at the origin.

Research to solve this problem, namely, to construct an estimator whose asymptotic
distribution is correctly centered and whose asymptotic variance equals that of the fixed effects
MLE, has generated a large literature. E.g., Lancaster (2002) has suggested an IL approach
based on orthogonalizing the parameter of interest and the individual specific nuisance param-
eter using the “information orthogonalizing transformation (IOT);” cf. Cox and Reid (1987)
and Severini (2000, Section 3.6.4) on how the IOT is obtained. Lancaster’s approach can be
restrictive because the IOT may not exist when 6 is a vector. Important applications where this
can happen include the AR(1) model with covariates (Lancaster, 2002, Section 3.2), and au-
toregressive models of order greater than one (this was conjectured by Lancaster, 2002, p. 663,
who did not provide a proof; a proof can be found in Dhaene and Jochmans, 2016, p. 1208).

It is thus desirable to obtain estimators of # that do not require the IOT, so that
they are applicable in general situations where # is a vector. One approach is to employ the
jackknife or analytical bias corrections. Cf., e.g., Hahn and Kuersteiner (2002), Woutersen
(2002), Arellano (2003a), Hahn and Newey (2004), Arellano and Hahn (2007), Carro (2007),
Bester and Hansen (2009), Fernandez-Val (2009), Hahn and Kuersteiner (2011), and Dhaene
and Jochmans (2015). Alternatively, Arellano and Bonhomme (2009), henceforth AB, propose
an IL approach that does not require ¢ and «a; to be orthogonal. Their estimator is Orp =
argmaxgegn L > i, (5B(0), where 38(0) :== T 'og [ Lir (0, a)wi(0, ) da is the log-IL of AB,
and w; is an individual specific data-dependent weight-function. The weights wq, ..., w, are
chosen such that the bias of the IL score for each i, when each w; is replaced by its population
counterparts and all parameters are evaluated at the truth, is of the order 1/7?% as T — oco. For
each i, the population scores in AB’s approach can therefore be regarded as being “first-order
unbiased” as compared to the profile likelihood scores, whose bias is only of the order 1/T
(cf. (3.4)). Under the condition that lim,,_,., n/T, € (0, c0), \/n_Tn(éAB — 6p) is asymptotically
normal with mean zero and variance equal to that of the fixed effects MLE. Recent works
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similar to AB include De Bin, Sartori, and Severini (2015) and Pakel (2019), with the latter
allowing for both time-series and cross-sectional dependence.

Our goal is to construct an IL that behaves like the target likelihood for the parameter
of interest. The IL we construct to estimate # is based on extending the approach in Severini
(2007) to panel data models. Specifically, the maximum integrated likelihood estimator (MILE)

¢

that we propose is based on a certain data-dependent transformation of «;, called the “zero-
score-expectation (ZSE)” transformation, which is used to construct an IL possessing desirable
properties, irrespective of the weight-function used to integrate out the transformed nuisance
parameter. The ZSE transformation ensures that, regardless of the weight-function, our IL is
closer to the target likelihood, i.e., the Bartlett identities for it are closer to being satisfied,
which has positive implications for estimation and inference.

The usual approach to determine whether a random function behaves like a genuine
likelihood is to check if it satisfies the Bartlett identities, particularly score unbiasedness (the
st Bartlett identity) and information unbiasedness (the 2nd Bartlett identity). In standard
parametric panel data models, the profile likelihood satisfies both identities with error O(1/7).
The IL of AB and Lancaster satisfy the first identity with error O(1/7?), whereas the second
holds with error O(1/T), cf. Section 7.4. In contrast, our IL satisfies both identities with
error O(1/T?), cf. Sections 7.3 and 7.4; i.e., unlike AB and Lancaster, our IL is simultaneously
first-order score and first-order information unbiased. There is, therefore, an intuitive sense in
which our IL improves upon those of AB and Lancaster. However, a rigorous proof that the
distance (in some metric) between our IL and the target likelihood is smaller than the distance
between the IL of AB or Lancaster and the target likelihood is beyond the scope of this paper.
Note that Pace and Salvan (2006, Section 3.3) have shown that in cross-sectional models the
Cox-Reid adjusted profile likelihood, which is not first-order information unbiased, and the
modified profile likelihood of Barndorff-Nielsen, which is first-order information unbiased, both
approximate the target likelihood to the same order. A Laplace approximation then suggests
that the same is generally true for all related ILs as well. Consequently, it is the higher order
terms that determine which IL better approximates the target likelihood. However, higher
order IL calculations are beyond the scope of this paper.

Before we show how the ZSE transformed IL and the MILE are constructed, we briefly
compare our paper with Severini (2007), AB, and Lancaster. There are no individual specific
parameters in Severini (2007), who studies a pure cross-sectional model with a nuisance pa-
rameter whose dimension does not grow with n. In this context, Severini defines the concept
of strong unrelatedness at the sample level and shows how to construct: (a) the ZSE transfor-
mation to create a nuisance parameter that is strongly unrelated to the parameter of interest,
and, based on this transformation, (b) an integrated likelihood with desirable properties. Un-
like us, Severini does not consider estimation or inference of the parameter of interest. Indeed,
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none of the results obtained in our paper — including the definition of strong unrelatedness at
the population level, the conditions under which the ZSE transformation and its inverse exist,
rigorous derivations of the desirable properties of the ZSE based IL, the relationship between
the ZSE transformation and the weight-functions of AB, the definition of the MILE and its ap-
plication to various panel data models, the consistency and asymptotic normality of the MILE
as n,T — oo, and its behavior in small samples — can be found in Severini (2007).

Compared to our approach, AB construct their IL differently. Namely, instead of trans-
forming «;, they find data-dependent weight-functions to define their IL. The MILE has the
same asymptotic distribution as 0 AB, even though 0 AB 18 motivated and implemented differently.
This is the sense in which our approach is complementary to that of AB (cf. Section 7.5 for more
on this). On the other hand, we also extend the approach of AB as follows: (i) Our IL, unlike
that of AB, is invariant to interest respecting transformations (Section 7.1). As a consequence,
the MILE, unlike 5, is also invariant to interest respecting transformations. (i) Unlike the
IL of AB, no special “weight-functions” are needed to construct our IL (Section 7.2). Indeed, a
weight of unity, i.e., an “improper” weight-function, is sufficient for our IL to reduce both score
and information bias. In contrast, the weight-functions proposed by AB are only guaranteed
to reduce the score bias of their IL (Sections 7.3 and 7.4). Moreover, the results in Sections 7.3
and 7.4 can be used to characterize the conditions under which the AB weights can reduce
both score and information bias (Section 7.5). (iii) We show the asymptotic normality of the
MILE under a weaker rate condition than AB and Hahn and Kuersteiner (2011). Namely, they
require lim,, o, n/T, € (0,00), whereas we only require lim,, o, n/7° = 0 (Sections 8.2 and
9.2). Note that lim,,_,., n/T,, € (0,00) implies that n and T,, grow at the same rate, whereas
lim,, ;0o /T2 = 0, which implies that T2 grows faster than n, allows for the possibility that T;,
itself can grow much slower than n. Hence, the smallness of T" relative to n can be modeled
more flexibly under the second condition. (iv) In finite samples, the MILE outperforms éAB,
especially strikingly when 7" is small (Section 10). Theoretical justification for this finding is
given in Sections 8.3 and 10.

Our methodology also extends Lancaster’s approach because the ZSE transformation
can exist even when the IOT does not (Section 4). Hence, our approach is applicable to
a wider class of models. Unlike Lancaster, our IL (and estimator) is invariant to interest
respecting reparametrizations of the original likelihood and is simultaneously first-order score

and information unbiased.

4. THE ZSE TRANSFORMATION

The fixed effects MLE of 6 is inconsistent because estimation of «; influences the estima-
tion of 6. We propose to fix this problem by transforming «; — using the ZSE transformation
of Severini (2007) defined subsequently — into a new “functional” nuisance parameter that
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is “strongly unrelated” to 6 (Definition 4.1).! This leads to a transformed likelihood, from
which the new nuisance parameter is eliminated by integrating it out. This IL is then used to
construct an estimator of # having the desired properties. As mentioned earlier, unlike AB, the
choice of weight-functions used to integrate out the nuisance parameter is not critical in our
approach.

We begin by giving some intuition behind the ZSE transformation, which, loosely speak-
ing, is a data-based bijective function a; — g(«;) such that g(aj;(9)), the transformed popula-
tion level MLE of «;, does not depend on #. How can such a mapping be constructed? Observe
that the first-order condition (FOC) for aj;(0) is E[lira (0, air(0)); 6o, aip] = 0. Hence, if g is
defined as solving E[l;74 (0, a;); 00, g(;))] = 0 for each oy, then g(ajr(6)) = o, i.e., g(air(0))
does not depend on 6 as desired. Although g constructed in this manner depends generally on
0o (which is unknown), a feasible version of g can be obtained by replacing y by a preliminary
estimator, e.g., the fixed effects MLE, which is consistent as n,T" — co. We now make these
notions precise.

Let girg,0 : (a,b) — (a,b) denote a function, which depends on i, T, 6,6, such that
for all o; € (a,b), gire,e(;) satisfies the moment condition E[l;r4 (0, «;); 0o, girese(ci)] = 0.
Following Severini (2007, p. 532), we will refer to oo — girg,0(cv) as the ZSE transformation and
¢ = girgoe(a) as the ZSE (nuisance) parameter corresponding to « for a given ¢. The next
result shows that the existence and uniqueness of a — g;rg,0() and its inverse ¢ — hirg,0(@),
which is required to define the transformed likelihood in terms of the ZSE parameter, follows
from the implicit function theorem.

Lemma 4.1. Let Eol%, (09, o) > 0. Then: (i) There exist open sets By 3 0y, Di; > o,
and C1; O o, such that, for each (0,a) € By x Dy;, there is a unique number girg,o(c) € Cy;
satisfying E[lira (0, @); 0o, giroo(a)] = 0. (ii) There exist open sets B > 0y, Doy > o, and
Coi O o, such that, for each (0,¢) € By x Doy, there is a unique number hiyrg,p(p) € Co;
satisfying Ellira (0, hiro,o(9)); 00, 9] = 0. (iil) There exists an open set B C By N By with
0o € B, and an open set D; C Dy; N Dy; with a9 € Dy, such that, for each 0 € B, hirgyo is the
inverse of girg,0 on Dy, i.e., for each 8 € B, hirg,0 © Girose and gire,e © hirg,e are the identity

map on D;.

Lemma 4.1(ii) implies that the domain of the inverse ZSE transformation h;rg,9, denoted
by D(hiress) = {¢ € (a,b) : the equation E[l;1,(0,h); 8y, ¢] = 0 can be solved for h}, is a
nonempty subset of (a,b) for each 6 close enough to 6. However, if ¢;7(0, ;) is sufficiently

well behaved, then the argument in the next paragraph suggests that D(h;re,0) = (a,b) for

ISince «; is individual specific, we are free to transform it provided the transformed value is also individual
specific so that the interpretation of the model is not altered. Strong unrelatedness of the parameters has

several important consequences. Cf. the discussion after Lemma 4.2, and Section 7, for more on this.
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each 6y, 0 € O, i.e., the inverse ZSE transformation exists globally on (a, b). Indeed, in specific
examples, such as those considered in Section 9, it is easy to see that, for each 64,60 € O, the
inverse ZSE transformation h;rg, exists and D(hirg,0) = (a,b).

Let (6,¢) € By x Dy;. If the optimization problem maxyen,, E[ly7(0,u); 00, ¢] has a
unique solution then, by Lemma 4.1(ii), that solution must be h;rg,e(¢). In other words,
hite,(@) is the population level MLE of a; € Ds; when the true value of (0, ;) is (0, ¢) €
By x Dy;. Extending this analogy, if the population level MLE of «; € (a,b) exists for all
true values of (0, ;) in © x (a,b), i.e., if the optimization problem maxye(q,p) E[lir (6, u); 0o, ¢]
has a unique solution for each (0,6y,¢) € © x © x (a,b) — which, e.g., is the case if u —
E[lir(0,u); 0o, ¢] is strictly concave on (a, b) for each (6,6, ¢) € © x O x (a, b) — then, for each
6o, 0 € O, the inverse ZSE transformation h;rg,e exists and D(h;ren) = (a,b). In addition to
providing a statistical interpretation to h;rg,e, this argument also helps explain why the inverse
ZSE transformation can exist even when the IOT does not.>

The population level MLE interpretation of h;rg,¢ justifies its global, i.e., for all 65,6 € O,
existence as compared to Lemma 4.1, which only gives the conditions for its local, i.e., for 6
close to 6, existence. This is the motivation for Assumption C.1, which ensures that the ZSE
transformation exists globally as a bijection from (a,b) — (a,b). Under Assumption C.1, which
strengthens Lemma 4.1, the inverse ZSE transformation h;pg,¢ exists globally as a function from
(a,b) — (a,b), i.e., for each (i,7T,6y,0) € NxNx O x O, E[l;y14(0, hirago(9)); 0o, ¢] = 0 for ¢ €
(a,b). The inverse ZSE transformation is used to construct L9.(6, ¢) := Ly (6, hirg,(¢)), the
infeasible (it depends upon 6y) ZSE transformed likelihood of (6, ¢) for the ith individual. The
usefulness of the corresponding loglikelihood £9.(6, ¢) := T~ log L0, ) = Lir(0, hire,e(d))
stems from a remarkable property of

¢ir(0) := argmax Eol0-(0, ¢), 0 e 0o,
¢€(a,b)
the population level MLE of the ZSE parameter. This property, described in Lemma 4.2, is
the reason why the ZSE transformation is useful. But we first need the following definition.

Definition 4.1 (Strong unrelatedness). In the loglikelihood (;r(0, ), the individual specific
nuisance parameter o; 1s said to be strongly unrelated at the population level to the parameter
of interest 0 if ol (0) = ;o for each 6 € ©.

In other words, «; is strongly unrelated to 6 at the population level if its population level
MLE (for fixed 6) does not depend on 6. Severini (2007, p. 530) defines the strong unrelatedness

2The differential equations that define the IOT may not be solvable if dim(6) > 1 (Cox and Reid, Section 2.3).
Hence, the IOT is not guaranteed to exist if 6 is a vector. However, as the inverse ZSE transformation is
characterized differently, it can exist even when the IOT does not. For instance, although the IOT does not
exist for an AR(1) model with covariates (Lancaster, 2002, Section 3.2), the calculations in Example 9.5 can

be straightforwardly extended to show that h;rg,¢ does exist in this model.
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property in terms of estimators. Definition 4.1 is the analogous version in terms of population

level parameters.

Lemma 4.2. Under Assumption C.1, 0 — ¢3.(0) is constant on ©. In particular, ¢ip(0) = aio
for each 0 € ©.

Lemma 4.2 reveals that, in the infeasible ZSE transformed loglikelihood %.(6, ¢), the
ZSE parameter ¢ is strongly unrelated to the parameter of interest 6 at the population level.
In asymptotic expansions, strong unrelatedness of ¢ and 6 allows ¢}(0) to be replaced by ;o
without creating bias. For instance, this is used to justify Assumptions C.3(vi, vii), which
are required to simplify the form of the individual log-IL (cf. (F.1)), and to show that it is
insensitive to the choice of the weight-function (Section 7.2). The strong unrelatedness property
also suggests that eliminating ¢ from Z?T(G, ¢) will not affect the estimation of 6. Indeed, as
demonstrated subsequently, it is the strong unrelatedness of ¢ and 6 that reduces both score
and information bias for the ZSE transformed IL.

A consequence of ¢ and 6 being strongly unrelated is that they are information orthog-
onal,? i.e., as shown in Appendix D,

EOV%(;SZ?T(007 aiO) = 07 (41)
where V2, = 0y 0 Vi, and V3,00(00, o) == Visl0r(0,0)],_, ... This shows that the ZSE

transformation makes 6 and ¢ information orthogonal, even though it is not the IOT because it
is characterized differently. Indeed, since a nuisance parameter can be information orthogonal
to the parameter of interest without being strongly unrelated to it (cf. Example D.1), it follows
that the ZSE transformation and the IOT are different objects.

5. THE MILE

We are now ready to define our estimator. Although the inverse ZSE transformation
can be determined analytically in certain cases, cf. Examples 9.1, 9.2, and 9.5, it is typically
obtained numerically as in Examples 9.3 and 9.4 (cf. Appendix A.1 for details). In principle,
this is straightforward to do by fixing 6 and then, for each given ¢, finding a number h that
numerically solves the equation E[l;1, (6, h); 0y, ¢] = 0. In practice, however, 6y is first replaced
by a preliminary estimator, e.g., the fixed effects MLE 9~, which is consistent as n,T — oo.
Then, given ¢, the equation E[l;1, (0, h); 0, ¢] = 0 is solved numerically for h. The solution is
the function ¢ — h,14,(¢), the estimator of the inverse ZSE transformation ¢ — hirge(@).

3The ZSE transformation is not just another device to orthogonalize the parameters. Indeed, it achieves
much more than simply orthogonalizing the parameters of the transformed likelihood, namely, it makes them
strongly unrelated. It is the strong unrelatedness of the parameters (and not the fact that they are information

orthogonal) that reduces both score and information bias for the ZSE transformed IL.
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Let Lir(0,6) = Lir(6, hypge(6)) denote the feasible version of LY (6, ¢). Similarly,
Cir(0,¢) == T~ log Lir(0, ¢) = Lir (8, hyge(0)) is the feasible version of £2.(8, ¢). The feasible
ZSE transformed IL for 6 € © for the ith individual is defined to be

Lin®)i= [ Li0,0/m(0)do = | Lin(6. hyan(0))mi(0) do. (5.1)
(a,b) (a,b)
where 7; : (a,b) — (0, 00) is a weight-function that does not depend on 6, and it is assumed that
the integral in (5.1) is finite for each 6 € O (the necessary condition that L;7(6, h,p4,(+)) exists
for all # € © follows from Assumption C.1). Unlike AB, the choice of 7; here is not critical.
Indeed, since VyL;7(f) can be shown to be approximately independent of 7; (Section 7.2),
which is why we do not indicate the dependence of L on T, it is perfectly acceptable to let
m; := 1, which is what we do in the examples (Section 9) and the simulations (Section 10).
Let {ir(0) := T 'log L7 () denote the ZSE transformed log-IL for individual i. The

MILE of 6 is defined to be § := argmaxgeon ' > or Lir(0), ie.,t

~

6= argmaxn~' 3" TV log /( | L0, i) (6) do (5.2)

9o P

The definition of the MILE makes clear the difference between @ and éAB. Namely, we use the
data-dependent ZSE transformation of the nuisance parameter to define our IL, whereas AB
find a data-dependent weight-function for the nuisance parameter to define their IL.

The MILE can be iterated to remove its dependence on the preliminary estimator 9~, and
perhaps even improve its finite sample properties: Once 0 becomes available, it is used to obtain
R4, Which is then employed to recompute the MILE as defined in (5.2). This yields the single-
iteration MILE (1) := argmaxcen ™" S T og f(a,b) Lir (0, b (0))mi(@) dp. Repeating

this process until convergence leads to the estimator denoted by 6(cc).

Remark 5.1. As with any interest respecting transformation (Section 7.1), the profile loglike-
lihood of the ZSE transformed loglikelihood @T(H, ¢), given by &T(G, (5”(;(6)), where

~

GbiTé(@) = aiggngxgﬁ(@a hiTée(Cb))a 0 €0, (5-3)
c(a,

is identical to the profile loglikelihood in the original parameterization, i.e., cf. Appendix D,

Ui (0, 6,75(0)) = Cir (0, Gir(0)), 6 €O, (5.4)

4Although the ZSE transformed IL is constructed using the fixed effects MLE, whose asymptotic distribution
is biased as n, T — o0, it is shown in Section 8.2 that the limiting distribution of the MILE is correctly centered
as n,T — oo. Consequently, the MILE is not hindered by the fact that the preliminary estimator used to
construct h,.g,, namely, the fixed effects MLE, is asymptotically biased.
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Consequently, in the definition of the MILE, integrating out the ZSE parameter, instead max-

imizing it out, is critical because the optimization problem argmaxgcg Y ;. ; MaXpe(ap) Lir (6, @)
simply yields the fixed effects MLE. O

6. APPROXIMATING THE ZSE TRANSFORMED IL

To show the properties of the ZSE transformed IL in Section 7, and to demonstrate the
consistency and asymptotic normality of § in Section 8, we require the Laplace approximation
of £;7(#). Lemma 6.1, proved in Appendix E, provides a uniform (in §) Laplace approximation
of £;r(6). Henceforth, let ¢ := (27) 'log(2w/T). Throughout this section, if not stated
explicitly, limits are taken as T" — oo.

Lemma 6.1 (Laplace approximation). Let Assumptions 2.1-C.2 hold and 6 € M. Then,

— ~ ~ ~

Lir(0) = cp + Lir (0, &ir(0)) — % log(—Lirge (8, ¢irg(0))) + 7 log Ti(@irg(0)) + Rir(0)  (6.1)

for 0 € ©, where liyy(0, ) 1= 020ir (0, ¢) and supyee |Rir(0)| = On(T~2) as T — oc.

Assumption C.2 strengthens the conditions in Kass, Tierney, and Kadane (1990) to
ensure that T?R;7(6) is, uniformly in 6, bounded in probability. Uniformity in 6 is needed to
show the consistency of the MILE (Section 8.1). The event § € M occurs w.p.a.1 as n, T — 0o
because the fixed effects MLE is consistent as n, 7 — oo (Assumption C.6).

It is clear from Lemma 6.1 that £;7(6), modulo a constant and an O,(7T~2) remainder
term, is the sum of the profile loglikelihood, a term log(—/irge (6, ggiTé(é’))) that reflects how
the ZSE transformation “additively corrects” the profile loglikelihood, and the weight-function
log i (¢;75(6)). Tt is the correction term log(—Lirgs (6, dyr5(0))), which includes a contribution
from the inverse ZSE transformation (cf. (E.29)), that causes the IL, hence, the MILE, to
possess the desired properties. In contrast, the weight-function has no real effect on the MILE.

The correction term log(—Cirgs(6, d,75(8))) can be contrasted with the adjustment to
the profile loglikelihood in Cox and Reid (1987, Equation 10). Whereas Cox and Reid use
the IOT to transform the nuisance parameter, we use the ZSE transformation, which has the
advantage, relative to the IOT, that it can exist even when the IOT does not, and that it is
invariant to interest respecting reparametrizations (Section 7.1).

Lemma 6.1 has a useful corollary that can be used to gain intuition behind the form of

the ZSE transformed IL. Cf. Example 9.3 for an illustration.

Corollary 6.1. Under the assumptions of Lemma 6.1,

_ 2r Ly (0,441 (0)) 7Ti<(igiT6~(‘9)> -1
Lir(0) = ]/ = 2 14+ 0u(T7)), e o,
) T \/—liraa(0, dir(0)) @hnée@mé(@))!( HOE) )

where the O,(T~') term holds uniformly in 6 € ©.
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A closed-form expression for 9yh,p4,(d,75(f)) can be obtained from (I.4), although it
is often easier to obtain dgh,pg(dirg(0)), and ¢,,5(), directly from the equation defining the
inverse ZSE transformation; cf. Example 9.3 for details.

7. PROPERTIES OF THE ZSE TRANSFORMED IL

In this section we show that the infeasible ZSE transformed IL, defined as L{.(0) :=
f(a,b) L0, ¢)mi(p) dop = f (p) Lir(0, hitay(¢))mi(¢) do, and the corresponding log-infeasible-IL,
given by K?T(Q) = T~ 11og L%(0), possess some desirable properties, which provide the intuition
behind why the MILE is robust to the choice of the weight-functions and behaves very well
in finite samples. Specifically, it is shown that: (1) L9-(6) is invariant to interest respecting
reparametrizations of L;p(6, o;); (2) the weight-function m; is irrelevant in the sense that the
mean and variance of the IL score are (approximately) independent of m;; (3) the IL score is
first-order unbiased (in some cases, e.g., the Neyman-Scott model in Example 9.1 and the linear
AR(1) model in Example 9.5, the score of the IL defined with m; := 1 can be exactly unbiased).
(4) the information bias is also of the order 1/T?%; and (5) there is a connection between the
ZSE transformed IL and the IL of AB. This is used to characterize the conditions under which
the AB weights can reduce both score and information bias. Throughout this section, limits
are taken as T' — oo.

7.1. Invariance. An interest respecting transformation, i.e., a map of the form (6, ;) —
(0,b(a;)), where b is a bijection from (a,b) — (a,b), does not change the ZSE transformed
likelihood. In other words, Lyr(6,-) and Lyp(6,b7(-)) both yield the same L%(6,-). To see
this, recall that if the true value of (6, a;) is (6o, ¢), then the population level MLE of «; using
the likelihood L;7(0, «;) is hire,e(¢). Thus, by the equivariance of optimizers (Lemma D.1), the
population level MLE of j3; using the likelihood L;7(0,071(;)), when the true value of (6, ;)
is (6o, @), is b(hirg,e(¢)). Hence, L%(, $) does not change, which implies that L% () remains
invariant to interest respecting transformations. Since the same argument applies to the feasible
integrated likelihood L;r(), it follows that the MILE remains invariant to interesting respecting
transformations, a property not shared by the estimators of AB and Lancaster.

Henceforth, the second argument in functionals of ¢;1(0, ;) is omitted when «; is eval-
uated at ajp(0), the population level MLE of «;. E.g., we write the target loglikelihood as
Cir(0) == Lir(0, i (0)), and lira(0) := lira (0, ap(0)). Similarly, the second argument in func-
tionals of E?T(Q, ¢) is omitted when ¢ is evaluated at oo, which, by Lemma 4.2, is the population
level MLE of ¢ in the ZSE transformed likelihood. E.g., we write %, (0) := (%, (60, ¢)[s—ay
and £05,,(0) := €ZT¢¢( ®)|p=a;,- Properties 2, 3, and 4, which involve taking expectations and
derivatives of 0., are shown under Assumption C.4. Such an assumption is also used in Hahn
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and Newey (2004, p. 1303) and, implicitly, in AB. The derivatives of ., which are functions
of the derivatives of h;rg,9, are well defined under Assumption C.13.

7.2. Irrelevance of 7;. Let ¢irq,(0) = argmax ¢ p) Lir (0, hire,e(¢)) denote the infeasible (it
depends on 6y) sample analog of ¢};(0). Since 6y € M, by Lemma 6.1 we have

Gir(0) = cr + g (0, dur (0)) — % 10g(— 074 (0, Gire, (0))) + %108; i(ira, (0)) + Rop(0), (7.1)

where supyeg |RY(0)] = Op(T~?), and the remainder Ry, is obtained from Lemma 6.1 upon
replacing § with 6,. Further expanding the terms log(—g?T¢¢(9, bire,(0))) and log 7;(dira, (0)),
it is shown in Appendix F that®

. 1 ~ 1
Gr(0) = or + Lir (6, dir(0)) — oT log(—Eolyre,(0)) — ﬁCiT(e)
1 . 1 1
+ T IOg Wi(aio) — 7Tz<0510>T-P2T<9) + Op(ﬁ), 0 e C"‘), (72)

where Cy7(0) defined in (F.4) satisfies E¢Cir(6) = 0 for each 6, P;r(6) defined in (F.19) satisfies
EoPr(0) = 0 for each 6 (Cir and P;r do not depend on m;), and 7;(¢) := 0, log m;(¢).

Let 2.,(0) := Vl%(6) denote the score corresponding to £2-(6). We demonstrate that
Eol%5(00) and varg £0.,(6y) are approximately independent of m; in the sense that they do
not depend on 7;, up to a term of order 1/72. Indeed, (7.2) reveals that £0,(#) depends on
m; through multiplication with T_IVQPZ'T(G) and the derivative of remainder term. However,
EoVyPir(6y) = 0 by differentiating the identify EqgPir(6) = 0, cf. (F.20), and the expecta-
tion (Eg) of the derivative of remainder term is O,(72) by Assumption C.4. It follows that
Eol%,(00) does not depend on 7;, up to a term of order 1/T2. Furthermore, it is shown in

Appendix F (cf. p. 75 of the supplement) that elements of the matrix varg (2, (6p) also do not

depend on m;, up to a term of order 1/72.

Remark 7.1 (Why n/T?® — 07). The fact that the mean and variance of the IL score are
independent of the weight-function 7; up to a term of order 1/72, implies that m; will not
affect the limiting distribution of the IL score, hence, that of the MILE, if n/T3 — 0. Indeed,
any term on the right-hand side of (7.2) whose derivatives with respect to 6 have means and
variances (evaluated at 6y) of order 1/T? or smaller, will not affect the limiting distribution
of the MILE if n/T?® — 0. To see the intuition behind this claim, without being distracted
by the presence of § in (5.2), consider the infeasible MILE 6° := argmaxycqn =" 27, 24(6),
which satisfies the FOC Y27, £9,,(8°) = 0. Expanding each coordinate of £%,(6°) about 8, we

SEquation (7.2) uses the fact that the ZSE parameter is strongly unrelated to € at the population level.
Indeed, without the strong unrelatedness property, the O, (T~2) term in (7.2) would only be O,(T1); cf. the
proof of (7.2) and Footnote 39 in the supplementary material.
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N 1 « _ T - R
have that vVnT (0" — 6y) = (_ﬁ Zl VgeﬁT(G))l\/;;@Tg(Qo), where 0 lies between 6° and

6o.% Hence, terms on the right—ha_nd side of (7.2) whose derivatives have means and variances
of order 1/T? or smaller are asymptotically negligible and, thus, do not affect the limiting
distribution of the MILE if n/T® — 0. O

7.3. First-order score unbiasedness. It is shown in Lemma F.2 that the score of the infea-
sible ZSE transformed IL is first-order unbiased. Namely, for each 7, the score of the infeasible
ZSE transformed IL satisfies the first Bartlett identity up to a term of order 772, i.e.,

Eolirg(0o) = Op(T77). (7.3)

To get some intuition behind this result, note that”

Eol%(0) =) ¢r + Eolir (0, &sr(0)) + Bir1 (6) + T log mi(ao) + Op(T72), 0 € ©,
where the C;r(6) and Pyr(0) terms drop out because they have mean (Eq) zero, B;r1(0) is defined
in the proof of (7.3), and taking the expectation (Eg) of the O,(T~?) remainder does not change
its rate (Assumption C.4). Differentiating with respect to 6, and using that VyEql9-(6) =
Eol%,(0), it can be seen that the bias of the IL score has two sources: (a) the bias of the
profile likelihood score, i.e., VyEolir (6, &;ir(6)); and (b) the gradient of the correction term,
i.e., VygB;r1(0). It is shown in the proof of (7.3) that, evaluated at 6y, (a) and (b) cancel each
other out modulo a term of order 72, thereby leaving Eof",(6) of order T2

7.4. First-order information unbiasedness. It is shown in Lemma F.3 that, for each ¢, the
information equality for the infeasible ZSE transformed IL holds up to an O,(7~2) term, i.e.,®

TEoV oly7(00) 06l (00) + EoVielir(0) = Op(T2). (7.4)

In other words, for each individual, the information of the infeasible ZSE transformed IL is first-
order unbiased. By contrast, as demonstrated in Appendix F (cf. page 84 of the supplementary
material), the weight-functions of AB do not, in general, reduce the information bias. The
result that Lancaster’s IL does not generally reduce the information bias follows from DiCiccio,
Martin, Stern, and Young (1996, Section 3.1, p. 194).

Information unbiasedness, i.e., the 2nd Bartlett identity, is useful for at least two impor-
tant reasons. First, information unbiasedness guarantees the asymptotic efficiency of the MLE

6Since the expansion is coordinatewise, the mean value 6 differs across the coordinates. However, in order
to avoid overloading the notation, this dependence is suppressed throughout the paper.

"The expression for Eof95(0) uses the fact that the ZSE parameter and @ are strongly unrelated at the
population level (because it follows from (F.1) and (F.3), and the latter are based on this property).

8The proof of (7.4) also uses the fact that the ZSE parameter and 6 are strongly unrelated at the population
level (because it also requires (F.1) and (F.3), cf. (F.50)).
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(which is an M-estimator) by ensuring that the “sandwich form” of its asymptotic variance
equals the inverse of the Fisher information. Since the infeasible ZSE transformed IL is always
first-order information unbiased (read: close to being information unbiased), whereas the IL
of AB or Lancaster is not always first-order information unbiased (read: not close to being
information unbiased), this suggests that in finite samples the variance of the MILE may be
smaller than the variance of éAB, at least when T is small.? Second, information unbiasedness
is useful because it is fundamental for testing model specification. In panel data models with

fixed effects, it is not possible to directly test the specification of fy,,x because ayq is

70300
unobserved. Instead, once the individual specific nuisance parameters have been eliminated,
an information matrix (IM) test can be applied to the ZSE transformed IL n=t Y"1 | £;7(6).
Equation 7.4 suggests that an IM test based on the ZSE transformed IL should have better
size properties than an IM test based on the IL of AB or Lancaster, because the information
equality is easier to reject using the IL of AB or Lancaster due to the fact that they have higher
information bias, namely, of order O,(T~'). However, investigating misspecification issues is
beyond the scope of our paper.

The fact that the score and information of the ZSE transformed IL are both first-order
unbiased suggests (as mentioned earlier in Section 3) that our IL is, at least in an intuitive

sense, closer to the target likelihood than the IL of AB or Lancaster.'®

7.5. Relationship between the ZSE transformation and AB weight-functions. Unlike
the weight-functions in equations (12) and (14) of AB that only reduce score bias, the derivative
of the ZSE transformation can be characterized as a weight-function that reduces both score
and information bias. To see this, observe that

mi=1 = Ly (0) :/ Lir(0, hiroye(9)) dp = Lir(0, a)|0agireqe(a)| da
(a,b) (a,b)

by a change of variables. In other words, LY-() (with m; := 1) can be interpreted as an IL based
on Ly (6, -) using the weight-function |9,gira,6(+)|. Since we have already shown that L9.(6) is
first-order score and information unbiased, it follows that |0,gire.0(+)| is a weight-function for

Lir(6,-) that reduces both score and information bias.

9This is best seen from Table 2, which reveals that for the probit model — where the infeasible ZSE trans-
formed IL is first-order information unbiased, but the IL of AB and Lancaster are not — the variance of the
MILE is smaller than the variance of d55 and Lancaster’s estimator for T = 5. Theoretical justification for this
is given in Section 10.2.

10The profile likelihood is, in general, also not first-order information unbiased (DiCiccio et al., p. 190). For
instance, it can be shown that in logit and probit models the information bias of the profile likelihood is of the
order 71, whereas in the AR(1) model of Example 9.5 it is of order =2 (Appendix H, p. 123). This suggests
that our IL is closer to the target likelihood than the profile likelihood as well.
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Since the weight-function |0,gira.0(-)| reduces both score and information bias, we could
have used it to define the MILE as argmax,n™ 37", T log [, ) Lir(0, @)|0ag;rge(cr)| da.
However, given that g,,4, is typically determined numerically, its derivative 0,g,5, Will have
to be obtained numerically as well and this will increase the computational complexity of this
estimator. In contrast, 0 (with 7; := 1) does not require the computation of derivatives of
hire,e and, hence, it is more stable to implement than the former. Of course, if g;rg,9 and hira,e
are known analytically, as in Example 9.5, then the two estimators will coincide.

Note that |0agire,e(+)| does not coincide with any of the specific members of the “robust”
class of weight-functions emphasized in AB and used in their simulations. Indeed, using (1.4),
it is straightforward to show that

_l ]E[giTaa(ea O‘)S 0o, giTeoe(Oé)]
T E[lira (0, a)lira (6o, girags(r)); o, Girags(x)]

Comparing this expression with the weight-functions given in equations (12) and (14) of AB,

8agm909(a) = (75)

it is clear that |0agire,e(-)| is different from both of them.

A useful consequence of our results on information bias reduction is that we can provide
necessary and sufficient conditions for the weight-functions of AB to be both first-order score
and information bias reducing. Let w;(0,-) denote the infeasible weight-function in the IL of

AB. Then, as shown in Appendix F:

Proposition 7.1. w;(0,-) is first-order score and information bias reducing if and only if

. —Eoliraa(0) 1
1 ; : —1 = T
(1) V@[ og wl(07 azT(e)) Og< T]EogiTa(e)‘giTa )] ‘9:90 Op( ) and
. —Eolitaa(0) _
2 ] * _ 0tiTaa _ 1
(H) VGG [lOg Wy (97 aZT(e)) log(TEogiTa(9>€iTa )] ‘9:90 Op (T ) :

(i) ensures that w; eliminates the first-order score bias, and (ii) ensures that w; eliminates
the first-order information bias. (i) is similar, but not the same, to the condition in AB (Theo-
rem 2). The class of weight-functions satisfying (i) and (ii) is not empty. Indeed, using the fact
that gire.e(aip(0)) = iy, which follows from (D.9) and the strong unrelatedness of the ZSE pa-
rameter and € at the population level (Lemma 4.2), it is straightforward to verify that d,gira.6
in (7.5) satisfies both (i) and (ii) exactly, i.e., with their O,(T™') terms replaced by zero. In
fact, any weight-function of the form m;z (0, -)0agira,e (), where m;r is a positive data based
function satisfying Eq Vg log mr (6, ajr(0)) = O, (T 1) and Eg Vi, log mir (0, o (0)) = O,(T71),
will satisfy (i) and (ii).

8. ASYMPTOTIC PROPERTIES

In this section, we show that the MILE is consistent (Section 8.1), and asymptotically
normal with correct centering (Section 8.2). These results are used to compare the asymptotic
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behavior of the likelihood ratio statistics constructed using the ZSE transformed IL and the IL
of AB (Section 8.3). Let £.7(6) :=n=1>""  £i7(0) denote the average integrated loglikelihood,
and Q%(0) == n' Y"1 Lir(0, aip(0)) the average target loglikelihood, for the entire sample.
Throughout this section, even when not mentioned explicitly, limits are taken as n,7T,, — oc.

8.1. Consistency. It is shown in Appendix G that 6 is consistent for 6, without imposing a

rate on T),, i.e., T;, can grow faster or slower than n.
Theorem 8.1. Let Assumptions 2.1-C.2 and C.5 hold. Then, 0L 0, as n, T, = .

Assumption C.5 is standard in the literature in consistency arguments. The first few
conditions in Assumption C.5, e.g., compactness of ©, boundedness of (a, b), well behavior of the
remainder term in Lemma 6.1, ensure that supyeg (.7, (0) — EQ%, ()| = 0p(1). The remaining
conditions in Assumption C.5, namely, the uniform convergence of Q% (-) — EQ¥, (-) on ©
and the identification of y as the well-separated maximum of EQ?, (-) for all n, T;, sufficiently

large, then lead to a straightforward proof of the consistency of )

8.2. Normality. It is shown in Appendix G that, for each i, the information equality holds
for the target likelihood, and that Fip := TEq[Velir(00)0lir(00)] is the partial information for
f in the presence of «, i.e.,

T]E() [V@EZT(Q())aQ&T(H())] + Eovge&T(Qo) - 0

FlropFira (8.1)
Fip = Fypgg — —Tat— a0
ETaa
where Firgs == —Eolitoo, Fitao = —Eolitas, and Firaa := —Eolitaa. The following result,

Ass. 2.3(1) ,.

where F = lim, ,oon ' >0  EF, lim,, oo EFy7, = limgp_o EF7 denotes the limit

of the average expected partial information for 6, is proved in Appendix G.

Theorem 8.2. Let Assumptions 2.1-C.3 and C.5-C.12 hold. Then, /nT,(6—0,) 4 N(0, F1)
asn, T, — 0o and n/T> — 0.

Assumptions C.3 and C.5-C.12 collectively ensure that, in a series of approximations,
replacing Volir,, Vaslir, in the FOC of the MILE with Vo2, , V2,09, | and the latter with their
target loglikelihood versions Volir, (60), Vaglit, (60), does not affect the limiting distribution of
VT, (0—6), i.c., the MILE has the same asymptotic distribution as the maximizer of the target
likelihood for the entire sample. Assumption C.3 is used to simplify the right-hand side of (7.1),
and Assumption C.10 ensures that the infeasible IL influence function /T, /n Y"1, €% ,(6)
can be replaced by the target likelihood influence function \/m >y Volir, (6p) by incurring
an Oy (T, Y %) term. Assumption C.6 is maintained to ensure that the fixed effects MLE is
consistent. Assumption C.7 ensures that the inverse ZSE transformation is well behaved so
that the ZSE transformed IL is well approximated by the target likelihood. Assumption C.8
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ensures that twice differentiating the remainder in the Laplace approximation of the ZSE
transformed IL does not alter its rate of convergence, and Assumption C.9 guarantees the
same when the derivatives are averaged across the individuals. Assumption C.11 enables the
application of a central limit theorem (CLT) for triangular arrays, and Assumption C.12 allows
us to handle the hessian term in the FOC of the MILE. In Appendix C.6, we demonstrate how
these assumptions can be verified for the panel logit model in Example 9.3.

The standard error of § is easily obtained from the hessian of the integrated loglikelihood.
Indeed, the proof of (G.8) reveals that —n=1>"" V2,07, (0) 2 F as n, T, — co. Hence, the
variance of 6 is consistently estimated by F~! with F:= —n~'S7 V2,0, (6).

8.3. Inference. Since the ZSE transformed IL behaves like the target likelihood, inference for
0o can be based on the likelihood ratio (LR) statistic LR, () := 2nT[0.0(0) — L.0(0)], 6 € O,
constructed using the MILE. It is shown in Appendix G that, under the conditions maintained
in Theorem 8.2,

LR,z (6h) 4 XGim(00) as n, T, — oo. (8.2)

This result can be used to test hypotheses and construct confidence regions for 6. E.g., (8.2)
can be used to show that the lower-level random set {# € © : LR, () < k. }, where 7 € (0,1)
and k, denotes the 1 — 7 quantile of a Xﬁim(eo) random variable, is a confidence region for 6,
whose coverage probability approaches 1 — 7 as n,T,, — .

Schumann, Severini, and Tripathi (2020), henceforth SST, show that the LR statistic

based on the ZSE transformed IL, which is first-order score and information unbiased, satisfies
. n 1
EoLR,7(6p) = dim(6y) + Op(ﬁ) + Op(ﬁ) asn, T — oo, (8.3)

where, abusing notation, Eq now denotes expectation with respect to [[\"; fy.r |2 au0:00, the
joint density of outcomes, given the explanatory variables, for the entire sample. In contrast,
LRAB(.), the LR statistic based on 55 and the IL of AB, which is only first-order score (but
not information) unbiased, satisfies

. n 1
EoLR2P(6y) = dim(6,) + Op(ﬁ> + Op(?) as n, T — o0. (8.4)

The right-hand side of (8.3) contains the remainder O,(T %), whereas the right-hand side of
(8.4) contains the remainder O,(T~'). As explained in SST, this is because the ZSE transformed
IL is first-order information unbiased, whereas the IL of AB is not. It follows that E¢LR,7(6))
is closer to its limiting value than EqLR2% () due to the first-order information unbiasedness
of the ZSE transformed IL. The fact that the ZSE transformed IL is first-order information
unbiased thus helps explain why estimators that may have a similar mean squared error (MSE)
as the MILE can do worse in terms of the empirical coverage of the corresponding LR statistics
when T is small; cf. Section 10 for more on this.
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The performance of the LR statistic worsens for likelihoods that are neither first-order
score, nor first-order information, unbiased. For instance, SST show that LRP,(-), the LR
statistic based on the fixed effects MLE and the profile likelihood, which is neither first-order

score nor first-order information unbiased, satisfies
EoLRY 1 (60) = dim(6y) + O ( ) +0 ( ) asn,T — oo. (8.5)

Asymptotic unbiasedness of LR .(6y) requires T to grow faster than n, which explains why
the empirical size of the LR statistic based on the profile likelihood can be far from its nominal

level in short panels, as is evident from the simulation results in Section 10.

9. EXAMPLES

We now demonstrate how the ZSE approach works in some familiar settings. Henceforth,
A(u) :=e"/(1+¢€"), u € R, is the logistic cdf, A(u) := dA(u)/du the logistic density, Dt denotes
the standard normal cdf, and n(u) := d9t(u)/du the standard normal density. Throughout this
section, the ZSE transformed IL is constructed using m; := 1 and (a,b) = R.

9.1. Static models. The static models we consider are the Neyman-Scott model, panel pois-
son, panel logit, and panel probit.

Example 9.1 (Example B.1 contd.). In the Neyman-Scott model, the parameter of interest is
6 := 02 and the likelihood for the ith individual is Lip(6, a;) = (2)~7/20~T/2e~ Xima (Yir—0:)?/26
Hence, ;1o (0, ;) = ZtT:1<Yit — «;)/T0 and

T -
E[&Ta(e az Z ztve a ai) = )

which implies that the ZSE transformation and its inverse are the identity mapping on R, i.e.,
girage (i) = a; and hirg,e(@) = ¢. Thus, ZNLiT(G, ®) = Lir(0, ¢) because h;rg,p does not depend
upon 6y. Hence, letting Y;. := ZtT:l Y.:/T, the ZSE transformed IL for the ith individual is
given by (modulo a factor that does not depend on #)

Lir(6) = / 6)db = / (6

2)~(T=1)/2=1/2g~(T=1)/2 = I (V= ¥i)?/20

- pdeiT|ai;9(yiT)
pdfzt L Yit|evi;0 (Zle Yit)

Thus, Li(6) is equal to the conditional likelihood, which does not depend upon «; because

Zthl Y, is sufficient for ;. Therefore, the MILE coincides with the conditional maximum
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likelihood estimator (CMLE), i.e

As shown in Appendix H, as n — oo but 7' is held fixed,

2 o RS 1
o _UO_OP<\/;)+OP( nTQ) (9.1)

n(T — 1)(62 — o2) 5 N(0, 20).
Hence, unlike the fixed effects MLE, the MILE is consistent as n — oo, T-fixed. The asymptotic
normality of the MILE, as n — oo and T is held fixed, is also a much more robust result than
the one demonstrated for the fixed effects MLE in (B.2). Letting f;74(6) := Vglir(6), note that

_ T-1) 1 1 « _ _
o) =~ D Ll S (e W = Eofunelf) =0

t=1

Therefore, the individual integrated loglikelihood scores are exactly unbiased for zero. Hence,
the MILE is just the generalized method of moments (GMM) estimator of o based on the
moment condition Eo[fy — 7= S (Vi — Yi)? = 0, and the limiting distribution in (9.1) can
also be obtained by applying GMM theory to this moment condition. 0

Example 9.2 (Panel poisson). Let Yit‘DCZ-T,oziO;QO 4 Poisson(eXi%0+ai0) 5o that the likeli-

hood for the ith individual is L;r(6, o) = (HtT Y ten S Xuttes Xz Yur(Xp0+an) Hence,
lira(0,05) = T71(— ZtT eXultei 4 Zt , Yit) and

Ellira(0, a;); 0 Z eXiftoi | Z Xl 0+a

Consequently, the ZSE transformation and its inverse in the panel poisson model are

Z?—l it Z eX .
i ;) = o +log( =+ & hi =¢+lo i .
9iToo0 (i) 8( S eXio ) ro(0) =0 +loeleT > ¥ )

623;1 }/ith{te

It follows that Ln(6,¢) = Cir(¢,00) ey

, where the constant Cir(¢,6,) does

not depend upon . Hence, modulo a factor that does not depend on 6, we have that

Zt 1 tX 6
_ e
LlT(Q) - (2221 (& it )thl Yit x pmfyiT|xiTvZ?=1 Yit?e(yiT);

i.e., the ZSE transformed IL for individual 7 is just the conditional density of Y, given X;7 and
the statistic ZtT:1 Y;:, which is sufficient for ;. The MILE therefore coincides with the CMLE,
which is the fixed effects MLE for the Poisson family (Lancaster, 2002, p. 650). O]
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Example 9.3 (Panel logit). Let Y;; = 1(X/,0p + o + Uiz > 0), where Uy, ..., UiTDCiT, o 4

LogisticIID. Since Pr(Y; = y|Xir, aio; 0) = (A(X[00 + cin))¥ (1 — A(X[,00 + o)) Y1013 (y),
y € R, and the observations are independent across t, the likelihood for the ith individual
is Lir(0, ;) = [T (AMXL0 + ;) (1 — A(XL0 + o))~ Yie.  Consequently, Lira(f,q;) =
T ZtT:1 (Yie — A(X0 + a;)) and

T
E[lira(0, :); 0, 0] = T7 Y [AX}0 + 6) — A(X[,0 + ay)].
t=1
Using the MLE 6 as the preliminary estimator, the inverse ZSE transformation h.rge solves'
T
D NN+ ) = MG + hirge(@)] =0, $ER, (9.2)
t=1

Unlike the previous examples, there is no closed form solution for h,5,. Consequently, there
is also no closed form expression for the ZSE transformed IL L;r() = fR(Hthl(A(X{tQ +
Prie(0))) V(1 — A(X[,0 4 hypge(#))) Yt dg, which has to be obtained numerically as well.

In this example, we can use Corollary 6.1 to get some intuition behind the form of
the ZSE transformed IL. Begin by observing that here lipaa (8, a;) = =T~ ST MX460 + ).
Moreover, differentiating (9.2) with respect to ¢, we get that Osh,5,(¢) = ZtT:l)\(X{té +
0)) S MX 20+ hypge(6)). Hence, since hypgy(di75(0)) = dur(6) by (D.14), from Corollary 6.1
we have that

T
- 2T 1 1 1
Lir(0) = \| = Lir (0, &z (0 ANX0+6p(0)))? _ (14+0,(%))

T ; t T Zthl ANX30 + ¢74(0)) nT
for 0 € ©. It is shown in Appendix H that 5( ) is constant in €, in particular,

which can interpreted as meaning that strong unrelatedness holds in the panel logit model at

the sample level as well. Consequently, the expression for L;r(6) simplifies to

T
Lir(0) = Myr Lz (0, dir(0)) (T ) MX[0 + 4 (0)))2(1+ O,(T7Y)),  0€©, (94

t=1
where Myp = /27 /T /T ZtT:1 MX!0 + é;7(0)) does not depend on 6. As noted in Arellano
(2003a, p. 443), the leading term in (9.4) is the modified profile likelihood for panel logit. Tt
is also a saddlepoint approximation to the density of Y;r given X;r and the statistic Ethl Yis,

Un this example, a direct argument can be used to show that D(h;rg0) = R for each 0,0 € O, even
though there is no closed form solution for k.. Indeed, given 6,6 € ©, let A(h) := Y1, A(X},6 + h) and
re 1= Zthl A(X/,0 + ¢). The equation A(h) = ry can be solved for all ¢ € R, because h > A(h) is strictly
increasing on R due to the fact dA(h)/dh = Zthl MXL0+h) > 0.
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which is sufficient for a; (Levin, 1990, p. 278). This suggests that 0 is a good approximation
of the CMLE. The approximation property of the MILE appears to hold even for small T
(cf. Table 1), although it is obtained using the fixed effects MLE (which is inconsistent as
n — oo, T-fixed) as the preliminary estimator.

We end this example by explicitly demonstrating that the ZSE parameter is strongly
unrelated to € at the population level. Since h;rg,e satisfies (9.2) when 0 is replaced by 6, it
follows that ¢}, (0) satisfies

T T
D AKX+ ¢ip(0)) = Y AX}0 + hirago(657(6))) (0 €0)
t=1 t=1

D.10) —
P2 ST AL+ air(0))
t=1
T
= A(X) 00 + o). (FOC of ay(6))
t=1
Hence, ¢%-(0) is constant in 0, with ¢%(0) = ¢5-(6p) = a4 for each 6. In other words, the ZSE
parameter is strongly unrelated to 6 at the population level (compare this with (9.3)). O

Example 9.4 (Panel pI‘Obit). Let Y;t = ]].(X{teg + Qo + Uit > O), where Ui17 chey UiT‘f)C,;T, 50 g

NIID(0, 1). Since the observations are independent across ¢, the likelihood for the ith individual
is Lip(0, a;) = [T—, (MUXL0 + ap))Yie (1 — M(XL,0 + ;) Y. Hence,

T
E[lira(0,:);0, 6] = T™ Y (M(X[0 + &) — MXL0 + 00))S(X}0 + ),
t=1
where & = n/M(1 —N) > 0 is the probit weight-function. Therefore, using the fixed effects
MLE as the preliminary estimator, the inverse ZSE transformation h,j, solves'?

T

D OUXGE + &) — XG0 + hyrgo(d))S(X30 + hirgy(9)) =0, p€R. (9.5)

t=1
There is no closed form solution for h,,g,. As in Example 9.3, h;;5, and the ZSE transformed
IL Lir(0) = fR(Hf:l(m<X£t6 + hipgg(6))) 7 (1 — NUXGO + hirge(9)))' ™ dp must be obtained
numerically. A simple approximation of Lyr(#) as in (9.4) is not available in this example
because 6 gZ;iTg(Q) is not constant for panel probit. O

1275 with panel logit, a direct argument can be used to show that D(h;rg,9) = R for each 6,0 € ©. Let
¢ € R and note that a unique solution to the optimization problem max,cg E[l;1(6,u); 0y, ¢] exists for each
0o, 0 € © because u — E[l;7(0,u); 0y, ¢] is strictly concave on R, which follows from the strict concavity of the
probit loglikelihood (Amemiya, 1985, Section 9.2.3) and the monotonicity of integrals. Hence, following the
discussion after Lemma 4.1, h;rg,9 : R — R exists for each 6,0 € ©.
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9.2. Dynamic model. In this section, we illustrate how our approach applies to a dynamic
version of the Neyman-Scott model, namely, a stationary Gaussian AR(1) panel data model,
without imposing time-independence on the response variables. The proofs of the results in this
section are independent from the rest of the paper, and do not require the assumptions made
in Appendix C.2-C.4. Using a direct approach, it is shown that the individual scores for the
parameter of interest in the infeasible ZSE transformed IL are exactly unbiased, the information
in the ZSE transformed IL is first-order unbiased, the MILE is consistent as n, T, — oo, and
its distribution is correctly centered as n/T?> — 0.

Example 9.5 (Dynamic Neyman-Scott model). Let Y = uoYii—1 + o + U, t = 1,...,T,
where g € (—1,1), Yy is assumed to be observed (AB, p. 514), and

(Uila ceey UiT)D/iO) (6 7) i NIID(O, 0'(2)) (96)
Here, X;7 = Y;9. Hence, the likelihood for the ith individual, conditional on Yjq, is
1
Lir(p, 0%, 0i) = (270%) " exp(—5—5 > (Vi — pYigo1 — o)), (9.7)
202 — ’
T-1
. . . 1 TOéi 1 1-—
which implies that £irq (1, 07, ;) = T[_? — %YQO + = Yir + 02'u Yi:]. Hence,
t=1
T-1
1. Ta;, p 1 1—pu
2 v 22 x1 %
Ellira(p, 0%, i) fi, 67, a] = T[_? - ;Yéo + ﬁﬁT + o2 - Bsl, (9.8)

where (3, = fRT Vis pdi(ﬂ}/i0+d7é.2)<yZ‘1> H;‘FZQ pdi(ﬂyiﬁﬁd,&g)(yit) dy;r .. .dy;;. It is shown in

Appendix H that
s—1

Be=a Y i+ 'Yy, s=1,...,T. (9.9)

Plugging (9.9) in (9.8), we get E[l;ra(p, 02, o5); i1, 62, d] = w0 [Ty — a(

where a(ﬂ’a :D“) = M_ﬂT_(l_M)Ml_p ) C(M, /:L) = 1—f +(1_lj/)'l{/(/:b)7 and K(ﬂ) = ﬁ(T_ 1—fi )
Thus, letting 6 := (i, 0?), the ZSE transformation and its inverse are

girage(ci) = (T + a(p, p10)Yio) /c(pt, o) & hiraga (@) = (Ppc(p, po) — alp, po)Yio) /T (9.10)

Using the expression for h;rg,g, it is shown in Appendix H that

F
=
=
+
g<
TE
=

1 <.

I_’?T(:ua 02) = ﬁ(UQ)_(T_l)/2 exp(—— Z(Y;t - M}‘};,t—l)Q)/c(ﬂ’a MO)? (91]‘)

t=1
where Yy, 1= Y;, — Vi, }.};t_l =Y —Yi_,and Y, ;= Zthl Yi+—1/T. Replacing p in (9.11)
by the fixed effects MLE fi := Y7, S0 Vi,V /S0, S0, Y;?t_l, it follows that the feasible
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ZSE transformed IL for the ith individual is given by

. 1
Lir(p,0%) = VT (0?) T/ exp(—=—

202

(Yie — M}.};‘,t—lf)/c(%ﬂ) (9.12)

[M] =

t

= LY (n, 0* )T [e(p, fi), (9.13)

where (9.13) follows because d;r(u,0?) = }7 — uY; -1 and the profile likelihood LL.(u,0?) :=

Lir(pt, 0%, ur(p, 02)) = (2m02) T2 exp(—525 S, (Yie — pYi4-1)%). Hence, our IL can be re-

garded as a “modified” version of the profile likelihood with correction factor vT'o /c(u, ji).
The MILE (f1, 6?%) solves V(, 42y > i, log Lir(f1,6%) = 0, i.e., fi and 62 jointly solve

n T ~
1 . . e nK
P > o> Vi (Vi — a¥is) + (#)) =0

i=1 t=1 C(/:L’IEL

n T
1 ; .
) N 2
6° — —n(T Y g E (Yie — Yi—1)* = 0.

i=1 t=1

1

(9.14)

In the AR(1) example, as we now demonstrate, a direct approach can be used to show
that the individual scores for p in the infeasible IL are exactly unbiased compared to the
individual scores for p in the profile likelihood. This helps explain why i outperforms the
fixed effects MLE [ markedly in the simulations. Begin by observing that since ¢(u, o) > 0
(cf. Footnote 50 in the supplementary material),

T
1 T—-1 1
@T(M, 02) = T[_% o’ — 292 Z /~bY;t 1)° = log e(p, p10)]- (9.15)

Hence, since c(pg, po) = T,

T
- K
E ngu(ﬂ(J,Uo Zl ,UOY;t 1)Yie1 + #0)] (9.16)
It is shown in Appendix H that
T 2
. . . o 11— /vL /i(,U/O)
Eo(Yie — poYig—1)Yip1 = ———(1— =—) = —og—= 9.17
tzl o(Yie — 10Yis—1)Yie1 1—/10( Tl—Mo) 90T ( )
where the last equality follows from the definition of k. Therefore, by (9.16),
Ly A(fo)
Eolir, (1o, 05) = 0 = Bol— > (Ve = po¥ir-)¥ims + =571 =0, (9.18)
0 =1

i.e., the IL score for individual 7 is unbiased for zero. In contrast, it can be shown that the bias
of the profile likelihood score Eofy;,, (110, 05) = O(1/T) as T — oc. It follows that the individual
scores for p in the ZSE transformed IL are exactly unbiased compared to the individual scores
for p in the profile likelihood.
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A direct approach can also be used to demonstrate that, for each individual, the infor-
mation for p in the ZSE transformed IL is first-order unbiased in the sense that the information
equality for p holds up to an error of order 772, i.e., as shown in Appendix H,

TEO[E?T/,L(IMO? 08)]2 + EOZ?T,LLH(MO’ U(%) = O(T_z) (919)

2

The asymptotic behavior of i and 6% as n,T — oo can also be obtained from first

principles. To demonstrate this, we focus on fi. Let a = (nT)"' 30 S0, Y2, o(p) =
— n T ¥ 1-pd 1-pd'\— 1-ul

(n(T = 1)) 300 o (Yae — wYien)?, br(pn, i) = (=2 + T — 2) (T — =), and

Y(f, i) := 0(f)br(f, i) /a. The following result shows that /i is consistent for ug as n,T,, — oo,

by showing that fi is a fixed point of a simple function.

Lemma 9.1. Let EaZ +EY2 < co. Then, fi solves i = [(1+j1) — /(1 — )2 — 4T-14(q1, 1)] /2,

and is a consistent estimator of po as n,T, — oo.

Since plim,,_, . ¥(f, 2)/T, = 0 by Lemma H.1, the square-root term is well defined
w.p.a.l. It is evident from Lemma 9.1 that consistency of f holds irrespective of whether
T,, — oo faster or slower than n — oo. Similarly, consistency of 62 can be shown from (H.25)
and Lemma H.3. Next, we describe the distribution of i as n,T,, — oco. In what follows, keep
in mind that, in the AR(1) model, (11, 0%) = [—a(u, po)Yio + cvioc(it, po)] /T =: aip ().

Lemma 9.2. Let EaZ + EY;2 < co. Then,

(@ — Op(T, )V nTu(ft — pro)

n

1 - * 1 n
= DY Ua(Yiaor + 0ucir (1)) + Op( \/T_) +O0p(y /7). (9:20)
v n =1 t=1 n n

Furthermore, if Eajy + EY;y < oo, and n/T? — 0 as n,T,, — oo, then

VT (i — o) % N(0,1 — 12). (9.21)

Existence of the fourth moments Eaj,, EY,} is used to show that Lindeberg’s condition
holds for (nT,) =230 2 Uiy (Yiso1 + 0ucip(po)). Lemma 9.2 reveals that the asymptotic
variance of /nT, (i — po) equals that of the bias corrected estimator of Hahn and Kuer-
steiner (2002, Section 3, p. 1645), which coincides with the asymptotic variance of the fixed
effects MLE (Hahn and Kuersteiner, Theorem 1). Unlike Hahn and Kuersteiner, who use
lim,, .o n/T, € (0,00) to prove their result, cf. their Condition 4, we only need the weaker
condition lim, .., n/T?2 = 0. Although Hahn and Kuersteiner derive their bias correction for
AR(1) models under a much weaker assumption on the model errors (compare (9.6) with Con-
dition 1(i) on p. 1641 of their paper), their Gaussian special case is the same as Example 9.5
(compare (9.6) and the assumption EaZ + EY;2 < oo with their Condition 4).
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Remark 9.1. (i) It is instructive to examine the moment conditions solved by the MILE in
this example. From (9.15), it is clear that

L1 - K(tho)
0y =l Vi) Via -
zT,u(M? =7 02 tzl —1Yis1)Yie1 + C(Mjuo)]
(T-1) 1 R 9:22)
Cirg2 (1, 0%) = —T@[U2 — g2 Y- 1Yii1)?.
t=1

Note that @?Tu(u,ﬂ) depends upon iy, which is estimated by a preliminary estimator. To
allow for this, let vy := g and assume that vy is identified via the single moment condition
Eom(Yir0,v) = 0, where Yiro :== (Yio, Yi1, ..., Yir); e.g., if 7o is estimated by the fixed effects
MLE, then m(Y,710,7) := Zt 1( nyi,t,l)Yi,t,l. Comparing (9.14) and (9.22), the MILE of
(po, o8) solves the exactly-identified system of moment conditions Eop(Yiro, to, 03, v0) = 03x1,

where p(Yiro, 1, 0%,7) == (p1(Yizo, i1, 0,7), p2(Yiro, i, 02), p3(Yiro, 7))3x1 and

T

1
p1(Yiro, 1, 0%, ) = Mth 1 th 1+ == (7)
0? = c(,7)

pz(yiT07M7U2) /~Lth 1

Mﬂ

T-1

t=1

p3(Yiro, ) == m(Jiro, 7).

Hence, the MILE (/i,6?) is obtained by solving n=' >""" | p(Yir0, i1, 62, %) = 03x1. This suggests
that the MILE of (u0,02) may be consistent and asymptotically normal as n — oo, T-fixed,
provided the preliminary estimator 4 is also consistent and asymptotically normal as n — oo,
T-fixed. This rules out 4 being the fixed effects MLE, because it well known that the fixed
effects MLE is inconsistent (as n — oo, T-fixed) in this example (Nickell, 1981). However, if,
say, 7 is the instrumental-variables (IV) estimator of Anderson and Hsiao (1981), obtained by
letting m(Yiro,7) = ZtT:Q(A}Qt—fyAY;,t,l)Y;,t,z, where AY;; :=Y;; —Y;,_1, then ¥ is consistent
as n — 0o, T-fixed, and GMM theory can be used to show consistency and obtain the joint
distribution of n'/2(ji — ) and n'/2(6% — 02) as n — oo, T-fixed.

(ii) The MILE £ differs from the estimator in Lancaster (2002, Equation 3.20) because
the MILE solves the FOC o237 S0 Vi (Vi — Y1) + ne(fi) /c(u, i) = 0, whereas
Lancaster’s estimator solves the FOC o2 " | ZtT:l i'}i7t_1(1'}it—u}'};,t_1)+n/€(u)/T = 0. Indeed,
Lancaster’s estimator of p is just the GMM estimator based on the moment condition (9.18).
The limiting (n — oo, T-fixed) distribution of Lancaster’s estimator of (u,0?), which is not
given in his paper, can therefore be easily obtained by applying GMM theory to (9.18) and the
moment condition for o2, i.e., Eg[od — (T —1)~! Z;(Yit — ,uOYi,t_l)Q] =0. O
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10. SIMULATION STUDY

~

We now examine the small sample behavior of the MILE (6), and its iterated versions
0(1) and 6(c0), in the logit, probit, and AR(1) models. The results in this section are based
on 1000 Monte Carlo replications, and we use m; := 1 and (a,b) = R to compute the ZSE
transformed IL. To ensure a fair comparison between estimators based on the three different
integrated likelihoods available in the literature — namely, Lancaster’s IOT based IL, AB’s
weighted IL, and our ZSE transformed IL — the performance of the MILE is compared with
Lancaster’s estimator, two versions of R (“observed” and “expected”), the fixed effects MLE,
and some other estimators, for n = 100,500 and T" = 5, 10, 20. Results for n = 100 (Tables 1-6)
are in the paper. Results for n = 500 (Tables 7-12), and all figures relating to the simulation
results, can be found in Appendix A of the supplementary material.

In the context of AB, “observed” refers to the IL of AB using the “robust” weight-
function, defined in their Equation 12, with expectations replaced by time-averages, whereas
“expected” is the IL of AB where their robust weight-function is estimated using expected
quantities with the true 6, replaced by the MLE 6 and the true oo replaced by diT(é). Note
that, in their simulations, AB report fxp(observed) and 6,5 (infeasible), the latter being the
oracle estimator based on expected quantities and the true values of (6, a;o); cf. the discussion
on p. 519 of their paper.

10.1. Designs. The following designs are implemented in our simulation study.

10.1.1. Logit. We use the design in AB (Section 7.1), so that we can compare the MILE with
their estimator. In other words, Y, := 1(X;;00+ a0+ U > 0), where Uy, ..., Uir 4 LogisticIID
and independent of (X;r, ), the regressors X;r 4 NIID(0, 1), a4 4 N(X;,1), and 6y = 1.
The MILE is compared with the fixed effects MLE, which is inconsistent as n — oo, T-fixed
(Chamberlain, 1980, p. 228); the CMLE (obtained using the clogit function in the survival
package), which is the benchmark for the panel logit model because it is consistent as n — oo,
T-fixed (Andersen, 1970, Section 4); the IOT based estimator of Lancaster (2000, Section 6.6);
and éAB(observed) and éAB(expected), implemented using Equations 36 and 37, respectively, of
AB. Unlike AB, we also report results for n = 500. The empirical coverage of the LR confidence
region constructed using the MILE and its iterated versions is compared with that based on
éAB(observed, expected), Lancaster’s estimator, and the MLE.

10.1.2. Probit. Here, Yy, := 1(Xy00 + o + Uy > 0), where Uy, . .., Uy < NIID(0,1) and are
independent of (X;r, o), the regressors X;r 4 NIID(0, 1), a4 4 N(X;.,1), and 6y = 1. The
MILE is compared with the fixed effects MLE, which is inconsistent in the n — oo, T-fixed
setting, éAB(observed, expected) implemented using Equation 12 of AB, and the IOT based
estimator of Lancaster (2000, Section 6.7). Note that AB do not report simulation results
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for panel probit in their paper. Also reported are the empirical coverage probabilities of the
LR confidence regions based on the MILE and its iterated versions, éAB(observed, expected),
Lancaster’s estimator, and the MLE.

10.1.3. AR(1). Again, we use the design in AB (Section 7.2) so that we can compare the MILE
with their estimator; i.e., Yi = poYis—1 + cio + Uy, where Uy, ..., Uir|Yio, cvio 4 NIID(0, o3).
The initial condition is drawn from the stationary distribution of Yj;, i.e., Yo 4 N(a/(1 —
1), 02/ (1 = i), o = N(0,1), po = 0.5, and 02 = 1. The variance of the error term o?2 is
treated as known; the objective is to estimate pg. The MILE [ is compared with the fixed
effects MLE [i, which is inconsistent as n — oo and T' is fixed; the IV estimator of Anderson
and Hsiao, the GMM estimator of Arellano and Bond (1991) based on the sequential moment
conditions EY; ;1 (AYi—uAY; ;1) =0,t =2,...,T, k =2,....,t; the GMM estimator obtained
by pooling these T'(T" — 1)/2 moment conditions (the IV and GMM estimators are consistent
as n — oo, T-fixed); the IOT based estimator of Lancaster (2000, Section 6.5); fiap(observed)
implemented using Equation 14 of AB, jiap(expected) implemented using Equation 31 of AB,
and the iterated version of jizp(expected).

The weight-function for f,p(observed) requires an estimator of the long-run (T — c0)
variance of {;r,. Since the observations in the AR(1) model are serially correlated, this was
obtained using the HAC estimator described in Equations 8 and 9 of Arellano and Hahn (2016)
constructed with the Bartlett kernel (note the typo in the expression for the Bartlett kernel
given on p. 257 of their paper) and bandwidth = 2. We set the bandwidth parameter, referred
to as the “degree of trimming” in Section 7.2 of AB, equal to 2 because, as reported by AB in
their Table II (p. 523), that value produced the smallest MSE for jiap(observed).

In addition, we also report the empirical coverage probabilities of LR confidence regions
based on the MILE and its iterated versions, jiap(observed, expected), the iterated version of
fap(expected), Lancaster’s estimator, and the MLE.

10.2. Results. The main findings of our simulation study, which follow our theoretical results
fairly closely, can be summarized as follows (a detailed discussion is in Appendix A.2):

(i) The bias of the MILE, Lancaster’s estimator, éAB(observed, expected), and the fixed
effects MLE, is driven primarily by 7T, i.e., in each model, the biases of these estimators
for T'= 5,10, 20 are roughly the same for n = 100 and n = 500.

(ii) In the logit and probit designs, the MILE outperforms éAB(observed, expected) and the
fixed effects MLE, and narrowly beats the MSE of Lancaster’s estimator, when T =
5. Indeed, for T" = 5, there appears to be little difference between the distribution of
O (observed) and the fixed effects MLE. Although the distribution of G55 (observed)
approaches the distribution of the MILE as T' grows, its bias is still large compared to
the MILE when T = 20. 6,5 (expected) exhibits significantly less bias than 65 (observed)
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for small T, although its bias is much larger than that of the MILE in the probit design
even when T" = 20. The performance of Lancaster’s estimator is quite comparable to the
MILE and better than éAB(eXpected). When T is small, the coverage probability of the
MILE-based LR confidence region is much closer to its nominal value (95%) than those
based on fap (observed, expected), Lancaster’s estimator, and the fixed effects MLE. A
comparison of the simulation results for the logit and probit designs suggests that the
MILE and Lancaster’s estimator work well for both with stable performance in terms
of bias. In contrast, éAB(observed, expected) appears to work better for logit than for
probit, with higher bias for the probit design. The fixed effects MLE performs poorly in
both designs, though its bias is worse for probit.

(iii) In the AR(1) design, the MILE or one of its iterated versions are the best in terms of
the MSE for each T'. The MILE exhibits some (upwards) bias when 7" = 5, but the bias
decreases rapidly as T' grows, and for T" = 20 it is almost perfectly centered at the truth.
In stark contrast, fiap(observed) and the fixed effects MLE are substantially downwards
biased when 7" = 5. fiag(expected) has significantly less bias than fiag(observed), and
also less bias than the MILE (but not its iterated versions) when 7" = 5. Although the
magnitude of their bias decreases as T' grows, jiap(observed) and the fixed effects MLE are
still substantially downwards biased even when 7" = 20. Lancaster’s estimator, which does
not require any preliminary estimator, performs really well, e.g., it has the least bias for
T = 5. In each period, the iterated version of fiap(expected) exhibits significantly less bias
than fiap(expected) itself. Indeed, when T' = 5, it is only narrowly beaten by MILE(co)
in terms of the MSE. For T" = 10, 20, the bias and variance of the MILE and its iterated
versions, the iterated version of jizp(expected), and Lancaster’s estimator, are virtually
identical. The coverage probability of the LR confidence regions based on MILE(1) and
Lancaster’s estimator are much closer to the nominal value than their competitors. This
makes sense because MILE(1) and Lancaster’s estimator behave similarly in terms of
their bias and variance. The same reason explains the low coverage probabilities of the
confidence regions based on 645 (observed) and the fixed effects MLE.

As noted in Section 8.3, the finding that the MILE-based LR confidence region has
better empirical coverage than the éAB—based LR can be attributed to the fact that the ZSE
transformed IL is first-order information unbiased, whereas the IL of AB is not. This also
explains why, in the AR(1) design, even though the iterated version of jiap(expected) beats
the iterated version of the MILE narrowly in terms of the MSE when 7' = 5, the coverage
probability of its LR confidence regions, unlike that of the iterated MILE, is much below
the nominal level. As expected, cf. the discussion following (8.5), the coverage of the profile
likelihood based confidence region is poor for each n, T
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Let Hyr :=n"tY ", EoV2,0ir(0y) denote the expected hessian of the ZSE transformed
IL, and H,7(AB) :=n=1 3" EqV2,048(0) the expected hessian matrix of the IL of AB. One
reason why the MILE can have smaller finite sample variance than éAB, at least when T is
small, follows from the results in SST, who show that, under certain conditions, as n, T — oo,

1
L)
. 1
varg VnT (0ag — 6p) = —H;Tl(AB) + OP(%) + OP(T>’

varg VT (6 — bo) = —Ht + Opl75) + Oyl
(10.1)

where, abusing notation, varg is now variance with respect to [T}, fu.;1xir.ai0:00- The presence
of the O,(T~2) term in the expression for varg v/nT (6 — 6,), which is a consequence of the fact
that the ZSE transformed IL is first-order information unbiased, thus provides mathematical
justification behind why the MILE can have smaller variance than fap in finite samples when T’
is small. However, our simulations reveal that the difference between the finite sample variance
of O3 and the MILE is more pronounced for Orn (observed) than éAB(eXpected). Moreover, the
finite sample variance of the MILE is smaller than that of éAB(observed) and éAB(eXpected)
in the logit and probit designs, but not in the AR(1) design. This suggests that (10.1), which
is an asymptotic result, should be used with caution (as with all asymptotic results) to rank
the finite sample variances of the MILE and competing estimators. Indeed, (10.1) reveals that
the variance of the MILE and éAB depend on the hessians and the constants in the O, terms.
Therefore, unless these hessians and constants are comparable across estimators, the ability of
(10.1) to rank finite sample variances can be limited.

Another reason why the MILE performs better than f,5(observed) may be due to the
manner in which the AB weight-functions are constructed. The weight-functions used by
éAB(observed) are obtained by replacing expectations with large-T' consistent sample averages
(AB, Section 3.1). In other words, fxp(observed) uses individual-specific time-series when
forming the weight-function so that, in finite samples, each weight-function is based on rel-
atively little data (recall that we are dealing with short panels here). More precisely, for
large-T" consistent estimators we expect the difference between the estimator and estimand
to be O,(T~'/%). In contrast, the inverse ZSE transformation used to obtain the MILE de-
pends on the entire sample because we replace 6, by the fixed effects MLE when construct-
ing the inverse ZSE transformation. However, the fixed effects MLE uses all of the data so
that it tends to be more accurate than individual-specific estimators. Indeed, as n,T — oo,
6 — g, = L0 O,((nT)~Y2) + 0,(T™) (29 O,(T~1). Thus, the estimator used to construct
the ZSE transformed IL is more accurate than the estimator used by AB to construct their IL,
which also helps explain why the bias of the MILE is smaller than the bias of éAB(observed).
This also explains why 0,5 (expected) is less biased than 0p(observed), which agrees with the
results in Schumann (2020).



33
11. CONCLUSION

We have demonstrated a new integrated likelihood based approach for estimating panel
data models when the fixed effects enter the model nonlinearly. Unlike existing integrated
likelihoods in the literature, the one we propose appears to be closer to the target likelihood
because it reduces score and information bias simultaneously. Reduction in information bias is
related to better performance of the MILE and the likelihood ratio statistic in panels of small
durations. Results from a simulation study suggest that, in both static and dynamic models,
our methodology can work very well even in moderately sized panels of short duration. One
issue not addressed in this paper is that of estimating marginal effects. Although it is possible
to estimate marginal effects using an integrated likelihood approach, addressing this complex
issue requires a separate treatment. Research on this topic is in progress, and will be reported

in another paper.
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TABLE 1. Simulation results for the logit model (n = 100).

T Estimator | Mean Bias STD MSE MAE Median Bias
5 MILE 0.0885 0.1435 0.0284 0.1336 0.0850
MILE(1) 0.0885 0.1436 0.0285 0.1337 0.0850
MILE(oc0) 0.0885 0.1437 0.0285 0.1337 0.0850
AB(observed) 0.2739 0.1879 0.1103 0.2824 0.2648
AB(expected) 0.1418 0.1535 0.0437 0.1685 0.1392
MLE 0.3271 0.1881 0.1423 0.3313 0.3216
Lancaster 0.1002 0.1455 0.0312 0.1403 0.0974
CMLE 0.0166 0.1346 0.0184 0.1081 0.0135
0] MILE|  0.0175 0.0961 0.0095 0.0778 0.0151
MILE(1) 0.0175 0.0961 0.0095 0.0777 0.0151
MILE(o0) 0.0174 0.0960 0.0095 0.0777 0.0151
AB(observed) 0.0577 0.1019 0.0137 0.0928 0.0541
AB(expected) 0.0327 0.0981 0.0107 0.0821 0.0302
MLE 0.1310 0.1102 0.0293 0.1420 0.1282
Lancaster 0.0210 0.0966 0.0098 0.0787 0.0185
CMLE 0.0014 0.0948 0.0090 0.0758 —0.0008
20| MILE|  0.0060 0.0636 0.0041 0.0505 0.0043
MILE(1) 0.0060 0.0636 0.0041 0.0505 0.0043
MILE(o0) 0.0060 0.0636 0.0041 0.0505 0.0043
AB(observed) 0.0167 0.0646 0.0045 0.0526 0.0150
AB(expected) 0.0109 0.0640 0.0042 0.0512 0.0091
MLE 0.0623 0.0681 0.0085 0.0749 0.0604
Lancaster 0.0075 0.0638 0.0041 0.0507 0.0056
CMLE 0.0026 0.0635 0.0040 0.0503 0.0008




TABLE 2. Simulation results for the probit model (n = 100).

T Estimator | Mean Bias STD MSE MAE Median Bias
5 MILE 0.0835 0.1119 0.0195 0.1107 0.0793
MILE(1) 0.0931 0.1137 0.0216 0.1171 0.0874
MILE(oc0) 0.0928 0.1136 0.0215 0.1169 0.0871
AB(observed) 0.4303 0.2090 0.2288 0.4308 0.4096
AB(expected) 0.1819 0.1283 0.0495 0.1885 0.1738
MLE 0.3968 0.1668 0.1852 0.3970 0.3842
Lancaster 0.1089 0.1146 0.0250 0.1276 0.1031
0] MILE |  0.0199 0.0703 0.0053 0.0570 0.0159
MILE(1) 0.0223 0.0704 0.0055 0.0576 0.0185
MILE(o0) 0.0223 0.0704 0.0055 0.0576 0.0185
AB(observed) 0.0924 0.0802 0.0150 0.1003 0.0875
AB(expected) 0.0671 0.0757 0.0102 0.0807 0.0622
MLE 0.1633 0.0860 0.0341 0.1646 0.1582
Lancaster 0.0275 0.0707 0.0058 0.0592 0.0236
EN MILE |  0.0063 0.0488 0.0024 0.0393 0.0037
MILE(1) 0.0069 0.0488 0.0024 0.0394 0.0042
MILE(o0) 0.0069 0.0488 0.0024 0.0394 0.0042
AB(observed) 0.0248 0.0505 0.0032 0.0443 0.0219
AB(expected) 0.0269 0.0504 0.0033 0.0451 0.0238
MLE 0.0743 0.0538 0.0084 0.0778 0.0709
Lancaster 0.0085 0.0489 0.0025 0.0396 0.0057

35
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TABLE 3. Simulation results for the AR(1) model (n = 100).

T Estimator | Mean Bias STD MSE MAE Median Bias
5 MILE 0.0502 0.1204 0.0170 0.0906 0.0419
MILE(1) —0.0074 0.0701 0.0050 0.0486 —0.0068
MILE(o0) —0.0090 0.0612 0.0038 0.0469 —0.0068
AB(observed) —0.2919 0.0473 0.0874 0.2919 —0.2909
AB(expected) —0.0849 0.0525 0.0100 0.0868 —0.0822
AB(1)(expected) —0.0249 0.0585 0.0040 0.0510 —0.0245
IV 0.0047 0.1446 0.0209 0.1131 0.0043
Lancaster 0.0013 0.0648 0.0042 0.0524 0.0016
Arellano-Bond (GMM) —0.0845 0.1402 0.0268 0.1295 —0.0844
Arellano-Bond (Pooled) —0.0760 0.2359 0.0614 0.1902 —0.0699
MLE —0.3322 0.0467 0.1125 0.3322 —0.3317
w0 MILE| 0.0036 0.0376 0.0014 0.0303 0.0040
MILE(1) 0.0008 0.0367 0.0013 0.0295 0.0016
MILE(o0) 0.0008 0.0367 0.0013 0.0295 0.0016
AB(observed) —0.1252 0.0356 0.0169 0.1252 —0.1239
AB(expected) —0.0315 0.0343 0.0022 0.0379 —0.0303
AB(1)(expected) —0.0071 0.0364 0.0014 0.0298 —0.0069
IV 0.0048 0.0773 0.0060 0.0611 0.0054
Lancaster 0.0007 0.0376 0.0014 0.0301 0.0009
Arellano-Bond (GMM) —0.1848 0.1177 0.0480 0.1876 —0.1706
Arellano-Bond (Pooled) —0.0493 0.1795 0.0346 0.1433 —0.0385
MLE —0.1617 0.0310 0.0271 0.1617 —0.1606
20| MILE| —0.0000 0.0223 0.0005 0.0178  —0.0002
MILE(1) —0.0001 0.0223 0.0005 0.0178 —0.0003
MILE(o0) —0.0001 0.0223 0.0005 0.0178 —0.0003
AB(observed) —0.0534 0.0238 0.0034 0.0535 —0.0534
AB(expected) —0.0095 0.0229 0.0006 0.0198 —0.0093
AB(1)(expected) —0.0014 0.0233 0.0005 0.0187 —0.0006
IV 0.0006 0.0447 0.0020 0.0358 0.0006
Lancaster -0.0001 0.0234 0.0005 0.0187 0.0005
Arellano-Bond (GMM) —0.3174 0.1061 0.1120 0.3174 —0.3057
Arellano-Bond (Pooled) —0.0436 0.1472 0.0235 0.1191 —0.0305
MLE —0.0787 0.0207 0.0066 0.0787 —0.0793




TABLE 4. Empirical coverage probability of the LR-based confidence region for
the logit model (n = 100).

T | MILE | MILE(1) | MILE(c0) | AB(observed) | AB(expected) | MLE | Lancaster
510.9020 0.9010 0.9010 0.5100 0.7830 | 0.4420 0.8870
10 | 0.9360 0.9360 0.9360 0.8880 0.9100 | 0.7220 0.9360
20 1 0.9400 0.9400 0.9400 0.9280 0.9300 | 0.8450 0.9400

nominal coverage = 95%

TABLE 5. Empirical coverage probability of the LR-based confidence region for

the probit model (n = 100).

T | MILE | MILE(1) | MILE(c0) | AB(observed) | AB(expected) | MLE | Lancaster
51 0.8850 0.8740 0.8740 0.1230 0.6310 | 0.1330 0.8380
10 | 0.9490 0.9470 0.9470 0.7520 0.8600 | 0.4560 0.9400
20 1 0.9490 0.9490 0.9490 0.9150 0.9160 | 0.6930 0.9470

nominal coverage = 95%

TABLE 6. Empirical coverage probability of the LR-based confidence region for

the AR(1) model (n = 100).

T

5

10

20

MILE

MILE(1)
MILE(o0)
AB(observed)
AB(expected)
AB(1)(expected)
Lancaster
MLE

0.8580
0.9560
0.9670
0.0000
0.6190
0.8890
0.9440
0.0000

0.9460
0.9510
0.9510
0.0070
0.8110
0.9080
0.9370
0.0000

0.9580
0.9600
0.9600
0.2430
0.9010
0.9130
0.9330
0.0310

nominal coverage = 95%
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