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Abstract

We analyze the implications of introducing priority service on customers’wel-
fare. In monopoly markets, introducing priority service decreases the customers’
surplus despite increasing the assignment effi ciency: the monopolist extracts from
customers a total payment higher than the total effi ciency gain generated by the
service and hence leaves customers worse off compared with the situation where
no priority is offered at all. In duopoly markets with homogeneous customers the
equilibrium price and customers’welfare coincide with the monopoly outcome
where this monopolist faces half of the market. With heterogeneous customers as
well priority reduces the aggregated consumers’welfare. Our conclusion is that
priority service erects barriers to competition that are embedded in the nature
of the service provided, with the victims of these barriers primarily being agents
with low willingness or low ability to pay for the priority.
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JEL classification: D62, D4.

1 Introduction

By priority service (PS) we refer to the option offered by service providers to customers
to purchase the right to obtain priority over regular customers. We are primarily
concerned with priority queues that distort “first-come first-served”queues by serving
priority customers before regular ones.
PS is prevalent in many industries that involve queues, but it presents a large

range of consequences for those whose waiting time is reduced as well as for those
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whose waiting time increases. While priority boarding and priority check-in in airlines
merely grants some extra convenience for customers who purchase it, toll (fast track)
roads and priority delivery of goods can often determine the value of the ride or the
purchase. If we arrive at the meeting shortly before it ends, or if the suit is delivered
after the wedding takes place, benefits go practically down to null. Service providers
in the health industry will often take priority patients not next in the queue into the
operating room if they pay extra. Such a priority queue can easily boil down to a
matter of life and death.
Another example of priority market is front running — fees charged by financial

intermediaries for faster data transmissions and execution of trade orders. It is harmful
to traders who do not pay the fee and hence excluded from this priority service. While
many aspects of front running are illegal, in reality preventing it is very diffi cult.1

In this paper we argue that priority services tend to be exploitative in that they
allow the service provider to extract excessive surplus. More precisely, the optimal
equilibrium prices set by the service provider typically leave customers worse off with
priority service than without it, in spite of the fact that it generates more effi cient
service schedules due to customers’heterogeneous waiting costs (patience). The type
of excessive surplus extraction generated by priority service is very different from other
types of surplus extractions including ones generated by price discrimination. Firstly,
it builds on the negative externalities among customers, and the fact that the “good”
called priority is less valuable the more people purchase it. Secondly, because of the
negative externalities among customers, the degree of surplus extraction is typically
greater than the customers’total surplus itself (i.e., the reduction in overall cost of
waiting under priority service relative to a market without priority). This can never
happen in a standard monopoly framework with or without price discrimination. Fi-
nally, as we shall see the excessive power of service providers remains also when we
depart from the monopolistic market structure, and introduce competition. This again
won’t be the case with price discrimination of any degree.
To make our point we use a simple model of priority service. Priority customers are

served before regular customers. Within each of these two groups customers are served
in random order. Each customer has a constant marginal waiting cost for each of the
other customers standing before him/her in the queue. These costs are differential
across customers and determined by a probability distribution. The service provider
who knows the distribution sets the price of priority service so as to maximize its
revenue.
To demonstrate the simplest manifestation of our claim, consider two customers

who purchase a certain service. Waiting to be served second costs 1 to customer 1, and
2 to customer 2. In the absence of priority service customers are served in random order.
The same applies if both customers purchase priority. If only one of them purchases
it, he/she is served first. Under a random order the total expected cost of waiting is

1See Budish, Cramton and Shim [7] for discussion of economic implications of front running and
possible remedy.
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. Alternatively, if priority is offered to the more impatient customer for

free, then the overall (expected) cost of waiting declines from 3/2 to 1. Hence, the
effi ciency gain of the priority queue is 1/2. However, the service provider can extract
much more than 1/2 in equilibrium. Any price of less than 1 will be accepted by player
2 regardless of the other player’s decision. (If player 1 purchases the priority service
then player 2’s willingness to pay for it is 2− 1

2
2 = 1, and if player 1 is not a priority

customer then player 2’s willingness to pay is 1
2
2− 0 = 1 as well.) Similarly, any price

of less than 1/2 will be accepted by player 1 regardless of the other player’s decision.
If priority service does not exist customers’overall waiting disutility is 3/2, but

when the service provider determines the price of priority their total disutility is2

1 + 1 = 2 > 3/2. Hence not only does the service provider levy the entire effi ciency
gain, it also manages to extract an additional revenue of one half, making the customers
jointly worse off.
Consider now a symmetric case where both customers’cost of waiting is 2; then

any priority price below 1 yields that purchasing priority is the dominant strategy for
both players. Players’waiting time in this unique equilibrium will be exactly the same
as in the case where none of them purchase priority. Hence, in the unique equilibrium
outcome under optimal pricing the two customers transfer a total of 2 units of money
to the service provider without getting any relief for their waiting time. If we had 100
customers all with a fixed marginal cost of waiting of 1, the unique equilibrium will
have each of them transfer about 50 units of money to the service provider, without
improving their expected waiting time relative to the situation where there is no priority
service at all.
Why do priority services treat customers so badly? The answer to this question is

quite simple in the case of homogeneous customers. Here, the priority service generates
no value whatsoever. Relative to the case of no priority service, what it actually does
is merely transfering welfare from one customer to another customer, at a price that
goes wholly to the service provider, without offering any compensation to the customer
who have been made worse off. With heterogeneity, the priority service generates effi -
ciency gains. Some customers whose costs of waiting are excessively high may well be
better off compared with the case of no priority service, in spite of the high price they
might pay for it, but under a mild condition on the probability distribution (over the
cost of waiting) the total welfare increase enjoyed by high-cost customers is offset by
the price they have to pay and by the loss borne by the low-cost customers who get
later service. Observe that introducing priority service diminishes the attractiveness
of the regular service since customers of this service lose precedence to priority cus-
tomers. Reducing the value of the regular service allows the provider to extract from
the priority customers more than the increase in the effi ciency. In the absence of any
compensation to those customers who are now inferior in priority and have to wait

2The provider either sets the price of priority to 1, and only customer 2 buys the priority service,
or the provider sets the price to 1/2 and both customers buy the priority service. While the provider
is indifferent between the two possibilities in this example, we assume that he sets the price to 1 and
only customer 2 buys the priority service.
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longer, priority service yields a negative total welfare for customers and a bounty for
the service provider.
We later study the case of multiple priority levels.3 A customer purchasing priority

service of level k is guaranteed to be served before any customer who purchased a lower
priority level and after any customer who purchased a higher priority level. Customers
of the same priority level are served in random order. Equilibrium selection implies
that more priority levels lead to more effi cient scheduling. Hence, the total welfare (of
all customers and the service provider) increases with the number of levels. One should
therefore hope that in the limit as the number of levels goes to infinity customers will get
in total some share of these growing effi ciency gains, and be made better off compared
with when there is no priority at all. Unfortunately, this is not the case. Even at the
limit when the effi ciency gains reach their peak, the server provider keeps it all for
itself. The level of surplus extraction here can be quite staggering. If, for example, the
distribution of waiting costs is uniform, then the customers’total equilibrium payments
are exactly twice this maximal effi ciency gain.
As we shall see, service providers that price priority services not only extract ex-

ploitative revenues, but also treat customers unequally, with low-cost individuals always
losing and high-cost individuals sometimes gaining (along with the service provider).
Hence to the extent that customers with higher willingness to pay are wealthier to start,
priority service increases welfare inequality between customers. Indeed, the terms “low
cost”and “high cost”are somewhat deceptive because in many environments where
priority service is used —prominently in the health sector —the willingness to pay even-
tually determines whether one buys the priority and hence gains from priority service
or refrain from buying and looses. The fact that in many real life markets of priority
service (prominently in the context of health care) low willingness to pay for priority
is prevalent among low income individuals means that the presence of priority service
exploits primarily low income individuals and should hence raise an additional concern.
We further analyze nonlinear waiting costs. Convex homogeneous waiting costs

create complementarities between the customers: the more customers join the priority
service, the more substantial is the cost-saving from joining the priority service for
other customers, and hence it is more beneficial to join the priority service. The
opposite happens with concave waiting costs. For heterogeneous costs, the main result
of customers’surplus extraction holds for both convex and concave waiting costs.
Our model of priority service assumes that the price of the basic service is fixed,

and that the pricing game involves only the priority. Several real-life markets are
consistent with this assumption. One of the most disturbing ones among these, in
terms of its social consequences, is the market of priority services in the health sector,
where the basic good is given for free and payments apply to expediting treatment.4

3Using multiple priority classes is a common practice in shipping, e.g., Amazon offers standard vs.
Prime two-day delivery vs. Prime one-day vs. Prime now (one- or two-hour delivery), and in visa
application, e.g., the UK offers standard vs. priority vs. super-priority service.

4There are other similar markets including (1) Toll Roads (2) Visa priority service (UK)
https://ukvisa.blog/2018/02/24/uk-priority-visa/ (3) Practitioners Priority service offered by the IRS

4



However, in some other markets, and prominently in the airline industry, priority is
sold together with a basic service (an airline ticket) by the same firm and in a more
competitive environment, allowing the firm to simultaneously optimize on the two
prices (of the basic service and the priority). The relevance of our model in these cases
depends on the level of linkage between these two services from the customers’point
of view. To be more specific, consider the process of the online booking of an airline
ticket (e.g., through Expedia or Kayak). Such a process facilitates a market where
the price of the basic service is practically fixed. The two factors airline customers
pay most attention to when booking are the airfare and the flight’s itinerary i.e.,
departure time and connections.5 These and only these details are listed on the booking
site before customers make their choice of flight. Only after choosing their option
and going through the ticketing process they are presented with the airline priority
options. Indeed, they can still opt out and check the cost of similar priority options
with other airlines. However, we believe (though we have no data to support it) that
by the time the choice of the ticket has already been made, and effort has been exerted
toward completing the booking, it is very likely that customers’decisions are reduced
to whether or not to buy priority with the airline they are already booking with, rather
than continue searching.
While the general model in which the basic service and the priority are priced

simultaneously is too complex to deliver useful results, we provide here the analysis of
such a model with a single provider. As we shall see, our basic insight and message is
valid in this case as well.
Priority services are mostly offered by de facto monopolies, mainly because they

are almost always secondary to some other primary service (e.g., priority boarding is
secondary to the flight, priority delivery is secondary to the product delivered, etc.).6

Hence, priority services are susceptible to the holdup problem. Once a customer com-
mits to a primary service provider he/she cannot purchase priority elsewhere. Never-
theless, our analysis here covers also the duopoly case, and reveals inherent barriers
to competition in these markets. Our model of a priority service duopoly game is a
simple two-stage Bertrand game. In stage 1 service providers decide simultaneously on
the price of priority. In stage 2 customers’sort themselves between the two providers
and between the two queues within each provider (priority and regular). The subgame-
perfect equilibrium requires that no customer can be made better off by switching a
provider or a queue within a provider for any prices set by the providers. Moreover,
no provider can increase its revenue by changing its priority price taking into account
equilibrium behavior by customers following such a change.
We show that priority service in a duopoly presents an intrinsic barrier to compe-

https://www.irs.gov/tax-professionals/practitioner-priority-service-r (4) the recent Heathrow priority
service that offer fast track security check for merely 12 pounds. https://www.heathrow.com/at-the-
airport/airport-services/fast-track.

5See https://www.statista.com/statistics/428703/most-important-factors-for-choosing-flights-
among-air-travelers-us/

6For the effect of the hold-up problem on the pricing of ancillary goods see Gomes and Tirole [19].
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tition. Under homogeneity (identical costs of waiting) the duopoly does not increase
competition at all relative to the case of monopoly. The unique equilibrium under
optimal pricing splits the set of customers equally between the two service providers
and each of the providers extracts from its set of customers exactly the same revenue
that it would have extracted had it served this set of customers as a monopolist. Under
heterogeneous costs we show for the parameterized class of distribution functions that
even in case of duopoly competition introducing priority services decreases the aggre-
gated consumers’welfare, in a sharp contrast to the outcome of a Bertrand competition
for a standard good.
The intuition behind the barrier to competition that is inherent in the structure of

priority service markets is quite simple. In the case of a standard product, when one
provider reduces the price of the product below the price charged by its competitor,
it is able to attract the other provider’s customers, without fearing of losing any of its
current customers. This is not necessarily the case in markets for priority services. As
customers move from the more expensive provider to the less expensive one, the latter
becomes more congested. As the set of priority customers grows, the priority service
becomes less valuable. Some customers might prefer now to join regular service and by
doing so will reduce the revenue of the competing provider. Hence, markets for priority
service introduce tacit collusion that requires no communication, no signals, and not
even good will —just profit maximization.
The European Court of Justice defined an action of dominant position that justifies

intervention as “[the dominant position] relates to a position of economic strength
enjoyed by an undertaking, which enables it to prevent effective competition being
maintained." Other competition authorities around the world use similar terms to
describe situations in which intervention should be considered. Priority services face
very poor competitive pressures. They yield very unfair equilibrium outcomes both
in terms of the welfare share between providers and customers as well as in terms of
the share of welfare between the customers themselves. These markets are begging for
remedies.

Related literature

In the classic literature on rationing and priority pricing, Wilson [29] and Chao and
Wilson [10] analyze welfare-maximizing properties of priority pricing in the context of
markets with random shocks like electricity provision markets. Priority pricing there
is used as a rationing tool for market clearing. They show equivalence in terms of
the induced allocation between welfare-maximizing priority pricing and spot pricing.
In particular, they show the existence of priority pricing scheme that implements the
allocation that maximizes the total welfare (of consumers and producers). Further-
more, the scheme can be adjusted for redistribution of the raised revenues among the
customers such that this scheme Pareto dominates random assignment. We provide a
counterweight to this important literature by showing that a profit-maximizing provider
yields the customers a surplus below the surplus from the random queue. Moreover,
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in some cases, profit-maximizing priority service may decrease the expected utility of
every customer relative to a random queue. Bulow and Klemperer [8] show conditions
under which regulated prices (and the appropriate rationing) decrease consumers’sur-
plus in competitive markets.
Hassin and Haviv [21] provide an excellent survey of models on queueing. In Chap-

ter 4 they deal with different models of priority. While they illustrate some models of
monopolistic service providers, they don’t illustrate the welfare impact of such policies.
Moreover, they don’t provide analyses of competition between the providers. Haviv
and Winter [22] study a queuing model with stochastic arrival and show that the opti-
mal pricing of priority service requires discrimination between agents even when they
are identical and belong to the same priority.
Mechanism design literature on queueing started with Dolan [15].7 This paper

extends the classic characterization of Vickrey, Clark, and Groves mechanisms to the
queueing environment. Follow-up analyses have considered different cost structures and
evaluated their implications on implementation of the first-best effi cient allocation,
while satisfying budget balancedness (for a recent survey of this literature see Chun,
Mitra, and Mutuswami [11]). However, this literature does not analyze the effect of
priority services on customers’surplus. Glazer and Hassin [18] analyzed effect of stable
transfer schemes on consumers utilities.
Another related paper is Hoppe, Moldovanu and Ozdenoren [23] who consider a two-

sided market with heterogeneous, privately informed agents. Agents in the two sides of
the markets are complementary to one another in generating the joint surplus. They
first announce their type to a planner who then, depending on the reports, forms pairs
and extracts payments. Our (monopoly) priority service model can be reformulated as
a two sided market where one of the sides is passive. The main objective of Hoppe et al
[23] paper is to show that assortative matching doesn’t provide substantial improvement
relative to coarse matching (which divides each side of the market to two sections, High
and Low and then randomly matches each section in one market to the corresponding
section in the other one). However that paper doesn’t deal with our main issue, which
is the comparison between random matching of agents to service slots (no priority
service) and priority service (that can be interpreted as a coarse matching in a one-
sided market).
Duopoly price competition between service providers in queueing is analyzed in

Luski [26] and Levhari and Luski [25]. They analyze different models in which each
provider with limited capacity decides on the price of its services and faces a stream
of randomly arriving customers. The main question studied in these papers is the
existence of a symmetric equilibrium in which both providers charge the same price.
For analysis with more than two providers (including a continuum of providers) see
Reitman [28]. These studies do not address the question of the effect of priority service

7In the following mechanism design literature, the environment analyzed in this paper is called
sequencing problem, while by queueing setup usually called dynamic setup with stochastic arrival of
new customers.
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on the customers. Moreover, there is no natural counterpart of this question in the
models studied in these papers.
It is well known that in the case of congestion (or in the case of externality in

consumption in general), the revenue-maximizing non-discriminating monopolist sets
welfare-maximizing price if faced with customers with homogeneous costs; see Edelson
[16]. De Borger and Van Dender [14] show that a duopoly market equilibrium with
linear demand and homogeneous costs has a higher than socially optimal congestion
level.8 Moreover, Acemoglu and Ozdaglar [1] show that increasing competition in
congested markets can reduce effi ciency. These papers do not address the main question
of our paper, which is the effect of priority on customers’surplus. In addition, the
main difference between congested markets and markets for priority is that in the
models of congested markets the derived demand stems from the comparison between
participation in the congested market and staying out, hence customers who stay out of
the market impose no externalities, whereas in the priority markets, the derived demand
for priority follows from comparison between priority and regular service, and hence the
customers who do not acquire priority service impose externalities on other customers
in regular service. In addition, the value of regular service is specified endogenously
and indirectly in the priority markets.
This paper is organized as follows. After presenting the basic illustration and

the model in the next two sections Section 4 shows the impact of priority pricing
on consumers’ welfare. Section 5 extends the analysis to multiple priority classes.
Section 6 shows that the main conclusion of the model remains even if the customers
have nonlinear waiting costs. Section 7 generalizes the model to markets where the
monopolist charges optimal prices for the standard and priority services. Competition
between service providers is analyzed in Section 8. Section 9 concludes. Most proofs are
presented in Appendix. Appendix A contains proofs of monopoly part, while Appendix
B contains proofs of duopoly.

2 Illustration

We illustrate in a very simple example the implication of a revenue-maximizing priority
provider on customers’surplus. Assume that there is a clientele consisting of n homo-
geneous customers with the same waiting costs per service normalized to 1. There is
a single service provider (monopolist) with capacity normalized to 1 per period. The
overall waiting cost of all customers is n(n−1)

2
, and hence the aggregated utility of the

customers without priority pricing is −n(n−1)
2

, while the average utility is − (n−1)
2
. As-

sume now that the provider introduces a priority service. The monopolist announces a
price p. Customers, after observing the price for priority decide whether to join the pri-
ority service or to consume the regular, free service. A customer who acquires priority

8De Borger and Van Dender [14] also analyze the capacity choices of providers, which we do not
address.
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service is served before the regular customers, while within each category (both prior-
ity and regular) the service order is random.9 Assuming np other customers acquire
priority service, the expected utility of customer i is

−p− np

2

if i acquires priority service, and

−np − n− np − 1

2
= −n+ np − 1

2

if i doesn’t acquire priority service and hence is served as a regular customer. Therefore,
joining the priority service improves individual utility by n−1

2
independently of the

action of the other agents. Put differently, by joining the priority service, customer
i overcomes on average n−1

2
other customers independently of the size of priority and

regular queues.10 The actions of the other customers specify the composition of these
n−1

2
customers, but it is irrelevant for i’s decision whether to join the priority service.

The next proposition characterizes the equilibrium in such markets.

Proposition 1 In the case of homogenous customers, if p < n−1
2
all customers have

a dominant strategy to join the priority service, while if p > n−1
2
all customers have a

dominant strategy to join the regular, non-priority service. If p = n−1
2
all customers are

indifferent between joining and not joining, independently of the choices of the other
customers. The unique equilibrium outcome in the game with homogeneous customers
is when the provider sets the price p = n−1

2
and all customers join the priority service.

In this game, the monopolist is able to extract n(n−1)
2

from the customers without
offering them anything since their expected waiting time remains the same. Hence the
mere existence of a market for priority makes agents worse off. So the aggregated utility
of the customers is given by −n(n−1)

2
− n(n−1)

2
: the aggregated waiting costs −n(n−1)

2
of

the priority service exactly as without priority service, and n(n−1)
2

a total transfer to
the priority service provider that corresponds to extraction of the customers’surplus.11

9One can think about other, more sophisticated contracts in which the monopolist applies price
discrimination and makes individual offers and guarantees a specific queue position in the case of
acceptance and another, very unfavorable specific position in the case of rejection. Such contracts,
while theoretically interesting, are not practically appealing in many situations. Furthermore, we
assume that the provider cannot artificially keep the server busy while not providing service to the
waiting customers.
10For instance, if only one other customer joins the priority service, buying priority decreases waiting

costs from n
2 to

1
2 , while if all other customers join the priority service, buying priority decreases the

waiting time from n− 1 to n−1
2 .

11A similar observation appears in Hassin and Haviv [21] p. 85 and credited to a private communi-
cation with Murali Agastya from 2001.
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3 Model

A single provider faces a continuum of customers of mass 1.12 Assume that customers
are heterogeneous with respect to per-unit waiting time. More precisely, the distribu-
tion of customers’waiting costs per unit of time is given by distribution function F on
support [0, c] with c < ∞ and density f (c) > 0 for any c ∈ [0, c]. Hence, a customer
with a per unit of time waiting cost of c ∈ [0, c] who gets service at time t and pays p
has a utility of −p− tc. The provider can serve at each instant a single customer. We
normalize the service time of each customer to be 1 and the cost of the provider to be
zero.
While some priority services can be analyzed as completely separate, independent

products (like medical procedures or loans of expensive equipment), many priority
services are bundled with other products and in fact play only a secondary role in the
product bundle, like priority boarding or first-class quick delivery. Hence, acquiring
the major component of the bundle essentially locks the customer with the priority
provider. Therefore, we start our analysis with a single service provider —a monopolist.
We later extend it to a competitive environment.
We analyze a simple market interaction in which the provider at the first stage offers

a non-discriminatory price p for its priority service. Customers then decide whether to
acquire the offered priority service at price p, which gives them priority over regular
customers. The service sequencing within each category is random.

4 Equilibrium Consumer Welfare

When the monopolist sets price p for its priority service, this price separates the clien-
tele into two categories13: regular customers and priority customers. The marginal
customer c∗(p) is indifferent between joining the priority service and the regular one,
i.e.,14

−p− c∗ (p)
1− F (c∗ (p))

2
= −c∗ (p)

(
1− F (c∗ (p))

2

)
⇔ c∗ (p) = 2p.

Therefore, if the monopolist sets a price p for its priority service with c
2
≥ p ≥ 0,

customers with waiting costs c ≥ c∗ (p) ≡ 2p buy priority service and customers with
waiting costs c < c∗ (p) ≡ 2p refrain from buying it, and consume the regular service.
To establish the effect of priority service on the customers’ surplus, notice that

without priority service the customers’welfare, assuming the random assignment of

12Analyzing a continuum of customers allows us to refrain from integer problems of the queues’
sizes.
13Depending on the price, some categories may be empty.
14The price of the regular service is fixed and normalized to zero. See Section 7 for discussion of

the provider that sets optimal prices for both regular and priority services.
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the queue positions, is

−
∫ c

0

c

2
f(c)dc = −E(c)

2
.

With priority, assuming that types above c∗ (p) acquire priority service and types below
c∗ (p) get served after priority customers, the customers’welfare is15

−
∫ c∗(p)

0

c

(
1− F (c∗ (p)) +

F (c∗ (p))

2

)
f (c) dc+

∫ c

c∗(p)

(
−p− c1− F (c∗ (p))

2

)
f (c) dc

= −
∫ c∗(p)

0

c

(
1− F (c∗ (p))

2

)
f (c) dc−

∫ c

c∗(p)

(
c∗ (p)

2
+ c

1− F (c∗ (p))

2

)
f (c) dc

= −1− F (c∗ (p))

2
E(c)−

∫ c∗(p)

0

c

2
f (c) dc−

∫ c

c∗(p)

c∗ (p)

2
f (c) dc.

Therefore, introduction of priority is detrimental to customers if and only if

F (c∗ (p))E(c) <

∫ c∗(p)

0

cf (c) dc+ c∗ (p) (1− F (c∗ (p))) . (1)

Introduction of the priority service has two effects on the customers’welfare that
work in opposite directions. (1) Without priority service the allocation is completely
random, unrelated to the real waiting costs. From the effi ciency perspective we would
like to have the allocation of the slots depend on the waiting costs. Introducing a posi-
tive price for priority splits the market into two segments, whereby the customers with
higher waiting costs get service first. Hence introducing priority service creates gains
from the improved effi ciency in allocation. McAfee [27] shows that splitting the market
into two submarkets can gain a very substantial part of the fully effi cient assignment.16

(2) However, the provider can expropriate (at least part of) the created surplus via
the payment for priority. The next proposition shows that if the distribution of types
has an increasing failure rate (satisfies the IFR property) i.e., 1−F (c)

f(c)
is decreasing, then

the second effect dominates and introducing priority service is necessarily detrimental
to customers’surplus. In other words, the provider extracts from the customers more
than the created gains from the improved effi cient allocation.

Proposition 2 Assume that F satisfies the IFR property. Then the customers’welfare
if priority service is not available is higher than if priority service is offered.

Proof. We show that for any c′ ∈ (0, c) it must be the case that

F (c′)E(c) <

∫ c′

0

cf (c) dc+ c′ (1− F (c′)) .

15Recall that to induce the division into the two categories with the indifferent type of c∗, the
monopolist sets a priority price of p (c∗) = c∗/2.
16Hoppe, Moldovanu and Ozdenoren [23] extended McAfee’s analyses to markets with incomplete

informations.
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To see this, observe that for c′ = 0 both sides of the inequality are 0, while for c′ = c
both sides of the inequality are equal to E(c). The derivative of the left-hand side of
the inequality with respect to c′ is f (c′)E(c), while the derivative of the right-hand
side of the inequality with respect to c′ is c′f (c′) + 1 − F (c′) − c′f (c′) = 1 − F (c′).
The derivative of the right-hand side is greater if and only if

f (c′)E(c) < 1− F (c′)⇐⇒ E(c) <
1− F (c′)

f (c′)
.

The IFR assumption implies that there exists c′′ s.t. for all c < c′′ the derivative of the
right-hand side is greater than the derivative of the left-hand side, while for all c > c′′

the derivative of the left-hand side is greater than the derivative of the right-hand side.

Remark 1 One natural solution to the excessive market power of the provider is to
restrict the number of priority slots that the provider is eligible to sell. Yet, as the last
proposition shows, unless the provider is completely precluded from selling priority ser-
vices such a restriction is not able to eliminate the negative effect of priority pricing on
the customers’surplus. In fact the proof of the last proposition shows that introducing
priority service (even without necessarily using the revenue-maximizing price) always
decreases the customers’surplus if the distribution satisfies the IFR property.

In addition to analyzing the effect of priority pricing on the customers’ surplus,
we can analyze its effect on individual types. Clearly all types below c∗ are worse
off due to introduction of priority service: although these types find it optimal not
to buy priority service, they must suffer from delays in getting served as now they
will be served in random order after all priority customers are served. Since type c∗

is indifferent between joining priority service and getting regular service, this type is
worse off as well, and by continuity some types above c∗ also worse off. However, there
may be types with suffi ciently high waiting costs that are better off due to introducing
priority service. The utility of type c > c∗ before introducing priority service is −c/2,
while if the priority service is introduced, it is

−p− c1− F (c∗ (p))

2
= −c

∗ (p)

2
− c1− F (c∗ (p))

2
.

If cF (c∗ (p)) ≤ c∗ (p), then all types are worse off from introducing priority pricing.
One example of the distribution where this condition holds is the uniform distribution
with [0, 1] support. In other words, in case of uniformly distributed waiting costs,
canceling priority service improves the utilities of all customers’types.
To derive the optimal price, observe that for price p ∈

[
0, c

2
,
]
the monopolist’s

revenue is given by
p (1− F (2p))

12



and the optimal price solves

max
p∈[0, c2 ,]

p (1− F (2p)) .

The first-order condition is

2pO =
1− F

(
2pO
)

f (2pO)
,

i.e., the cutoff type who is indifferent between joining the priority service and the
regular service for the revenue-maximizing allocation cO (with cO = 2pO) is given by

cO =
1− F

(
cO
)

f (cO)
.

Notice that there may be more than one solution to the last equation. In such a case,
one of the solutions is the optimal cutoff.

Example 1 For the uniform distribution on [0, 1] we get that cO = 1
2
and the cus-

tomers’surplus is

−
1− F

(
cO
)

2
E(c)−

∫ cO

c

c

2
f (c) dc−

∫ c

cO

cO

2
f (c) dc

= −
1− 1

2

2

1

2
−
∫ 1

2

0

c

2
dc− 1

8
= − 5

16
.

5 Multiple Priority Levels

In this section we analyze the case of multiple priority level and show that also here
the seller can extract more than the total benefits he provides with the priority service
if the number of levels is suffi ciently large. Very often providers offer more than one
priority level.17 Assume now that the provider sets k priority classes with prices p1 >
p2 > ... > pk−1 > pk = 0, where buying priority level l means that the customer will
be served after all the customers who buy priority classes {1, .., l− 1}. The customers
from the same priority class are served in random order. Any list of k ordered prices
divides the market into k categories (some may be empty). This division is specified
by the cutoff types. The cutoff type i ∈ {1, ..., k − 1} is indifferent between being in
the class i and paying price pi, on the one hand, and being served in priority class i+ 1
and paying price pi+1, on the other. That is,

−pi−
[
1− F (ci−1) +

F (ci−1)− F (ci)

2

]
ci = −pi+1−

[
1− F (ci) +

F (ci)− F (ci+1)

2

]
ci,

17In addition to regular and priority service, providers often also offer super-priority service that
gives priority over all other categories.
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which implies that18

pi = pi+1 +
F (ci−1)− F (ci+1)

2
ci.

This equation illustrates the trade-off that the marginal customer with type ci faces
when contemplating what priority level to choose (either level i or i+1). The additional
costs that this customer has to pay to be upgraded to the higher priority level is pi−pi+1,
and the time saving associated with this upgrade is F (ci−1)−F (ci+1)

2
.

This recursive specification of prices allows us to write them as

pi =

k−1∑
j=i

F (cj−1)− F (cj+1)

2
cj. (2)

Due to this recursive structure the change in the cutoff ci affects the prices of all higher
priority categories. More precisely, assume that the cutoff of category i, ci decreases by
ε to ci− ε. It switches some customers from priority class i+ 1 to a higher class i. Such
a change increases the size of priority class i and so all customers in this, now larger
class are willing to pay less than with the cutoff ci. This shift decreases the size of
priority class i+ 1. Moreover, since more customers now belong to the higher priority
classes than with cutoff ci, customers in priority class i+ 1 are willing to pay less than
before the shift. However, the increased size of class i allows the provider to charge
class i− 1 a higher amount as the option to join class i has become less valuable. Such
a domino effect recursively influences the prices of all the higher priority classes. In
the optimal mechanism the monopolist chooses cutoffs that exactly balance these two
effects, i.e., the decrease in the revenues from priority class i+1 and the increase in the
revenues from customers of higher priority classes. The provider’s revenues are given
by

R =
k−1∑
i=1

pi [F (ci−1)− F (ci)]

=
k−1∑
i=1

F (ci−1)− F (ci+1)

2
ci

i∑
j=1

[F (cj−1)− F (cj)] =
k−1∑
i=1

F (ci−1)− F (ci+1)

2
ci [1− F (ci)] .

The customers’surplus consists of two parts: the expected disutility from waiting
time defined by a chosen priority class and the disutility from payment to the provider
for being served with that priority class. The next lemma shows the customers’surplus
for a given list of prices chosen by the monopolist, which in turn specifies the cutoff
types and customers self-selection into priority classes.

Lemma 1 Given the prices p1 ≥ p2 ≥ ... ≥ pk−1 ≥ pk = 0 for k priority classes that
induce cutoffs c1, ..., ck−1, the customers’surplus is given by

−E (c) +
1

2

∫ c̄

c1

cf (c) dc+
k−1∑
i=1

F (ci)

2

∫ ci−1

ci+1

cf (c) dc−R.

18We use notation of pk = 0, ck = 0, and c0 = c̄.
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We assumed that the monopolist at the first stage of the interaction chooses prices.
However, instead of choosing the optimal prices, it is more convenient to work with
cutoffs.19 The first-order condition of maximizing the monopolist’s revenue with respect
to ci for i ∈ {1, 2, ..., k − 1} is(

1− F
(
cOi
)) (

F
(
cOi−1

)
− F

(
cOi+1

))
2

− f
(
cOi
) 1− F

(
cOi−1

)
2

cOi−1 − f
(
cOi
) F (cOi−1

)
− F

(
cOi+1

)
2

cOi

(3)

+f
(
cOi
) 1− F

(
cOi+1

)
2

cOi+1 = 0.

The prices for priority classes given by the optimal cutoffs cO1 , ..., c
O
k−1 are specified in

(2).
We can reorganize the first-order condition (3) as follows:

cOi −
1− F

(
cOi
)

f (cOi )
=

1− F
(
cOi+1

)
F
(
cOi−1

)
− F

(
cOi+1

)cOi+1−
1− F

(
cOi−1

)
F
(
cOi−1

)
− F

(
cOi+1

)cOi−1 for i ∈ {1, 2, ..., k−1}.

For the optimally chosen cutoffs, the provider’s revenues are

R (k) =
k−1∑
i=1

F
(
cOi−1

)
− F

(
cOi+1

)
2

cOi
[
1− F

(
cOi
)]
.

The next lemma shows that the provider’s revenues are monotone in the number
of priority categories, k.

Lemma 2 The provider’s revenue R(k) is (weakly) increasing in k.

Proof. To show that R (k + 1) ≥ R(k), observe that adding another priority category
and charging a high price (that no type ever acquires) replicates the revenues of the k
priority categories case. Further optimizing over k+1 categories increases the provider’s
revenue.
Therefore, if the provider can specify the number of priority categories and price

them optimally, the provider will seek the highest feasible number of priority classes.
In what follows we assume that the distribution of waiting costs satisfies increasing
failure rate assumption (IFR). The next lemma shows that in the limit, as the number
of priority classes goes to infinity, the allocation converges to an effi cient service order
according to the descending order of waiting costs. That is, it shows that all the
neighboring cutoffs converge. With some abuse of notation we denote by cOi (k) the
optimal (revenue maximizing) cutoff of priority category i if there are k categories.

19Choosing cutoffs is equivalent to choosing quantities. It is well known that there is no differ-
ence between a monopolist that optimally chooses prices and a monopolist that optimally chooses
quantities.
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Lemma 3 Assume that F satisfies the IFR assumption. Then for any i ∈ {1, ..., k−1}
we get

lim
k→∞

cOi (k)− cOi−1 (k) = 0,

lim
k→∞

cO1 (k) = c,

lim
k→∞

cOk−1 (k) = 0,

where cOi (k) is the optimal i’th cutoff in the case of k priority classes.

Given the convergence of the allocation induced by the revenue-maximizing monop-
olist to the effi cient allocation, one would hope that in limit of the equilibria customers’
should be able to keep some of the effi ciency gains. As the next proposition shows, this
is not the case. Even if the number of the priority classes goes to infinity, in the limit
of the equilibria the customers’surplus is below the surplus of the random service.

Proposition 3 Assume that the distribution F satisfies the IFR assumption. Then
the customers’welfare if the provider sets the optimal prices for k priority classes is
lower than under an initial, random allocation without any priority classes as k →∞.

We have a closed-form solution for the uniform distribution on [0, 1] that illustrates
the characterization results. For derivations see Appendix A.

Example 2 Assume a uniform distribution of waiting costs with support [0, 1]. If there
are k categories, the optimal price for priority category i ∈ {1, ..., k} is

pi =
(k − i) (k − i+ 1)

2k2
.

The provider’s optimal revenues and the corresponding customers’surplus are

R =
1

6

[
1− 1

k2

]
,

CS = −1

3
+

1

12k2
.

Therefore, in the limit (when k →∞) the customers’surplus goes to −1/3. Recall that
without any priority, the customers’surplus was −E(c)/2 = −1/4 (which corresponds
to k = 1 in the expressions above). Hence in the limit, the total effi ciency gain in
the equilibrium allocation is 1/12 (the total waiting costs decrease from −1/4 to −1/6)
while the service provider gets twice! as much revenue (1/6).
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6 Non-linear Cost

The utility function of the customers as presented in our model is derived from the
customers’waiting costs, which are assumed to be linear in the waiting time. In this
section we show that our results are robust to this assumption by studying the cases
in which these waiting costs are either concave or convex. A priori it is not clear which
of these two scenarios is more adequate for representing queueing disutility. On the
one hand, cost functions in economics are typically assumed to be convex. However,
the convexity of a cost function is very intuitive only in the context of production as
it reflects the idea that low-hanging fruits that are picked first are less costly to pick
than those that remain after the early ones are gone. In queues, however, the shape
of the cost function depends either on individuals’mental discomfort from waiting, or
on the way opportunities disappear due to delays. It seems to us that one can come
up with arguments in favor of both concavity and convexity in both interpretations.
Hence we consider both options.
We assume that waiting t units of time creates disutility of g(t) ≥ 0, where g(t) is

increasing, bounded and differentiable. We first analyze the homogeneous customers.
There is mass of size 1 of customers. We allow the disutility function g to be either
convex or concave and we further assume that g(0) = 0. Assume that the provider
sets a price of p for priority. If share s of the customers joins the priority service, the
expected utility of a marginal customer in the priority service is

−p−
∫ s

0
g (t) dt

s
,

while the expected utility of the marginal customer in the regular service is

−
∫ 1

s
g (t) dt

1− s .

In case of linear waiting costs, the benefits from joining the priority service are inde-
pendent of the number of other customers who join the service, and it is the reason for
customers to have a dominant action. This is not the case with nonlinear costs. While
joining the priority service still improves the averaged position by 1/2 independently
of the action of the other customers, in the case of nonlinear value of time the effect
of such an improvement on a customer’s utility depends on the actions of the other
customers (or on the sizes of priority queue and regular queue). The benefits from
joining the priority service if share s of customers joins are

B(s) = −
∫ s

0
g (t) dt

s
+

∫ 1

s
g (t) dt

1− s .

Lemma 4 Assume that g is concave, then B(s) is decreasing. If g is convex, then
B(s) is increasing.
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Hence, for concave g the benefits from joining decrease with the share of customers
that join the priority service. Therefore, for p such that20

B(0) ≥ p ≥ B(1),

a share s of customers that satisfies

p =

∫ 1

s
g (t) dt

1− s −
∫ s

0
g (t) dt

s
(4)

join the priority service. The next proposition generalizes the characterization of the
equilibrium of linear case to concave and convex waiting costs.

Proposition 4 Assume that g is concave, then in a unique subgame perfect equilibrium
outcome all customers join the priority service and the optimal price is

p∗ = g(1)−
∫ 1

0

g (t) dt.

Assume that g is convex; then the optimal price is p∗ = g(1) −
∫ 1

0
g (t) dt and all

customers join the priority service.

At the optimal price, similarly to the linear cost with homogeneous case, all cus-
tomers join the priority service and hence the total waiting cost of these customers is
the same as that of the customers without priority service, and so the transfer to the
service provider is just the customers’surplus extraction.
There is a substantial difference between the convex and concave waiting cost cases.

While in the case of concave g the equilibrium is unique and is in (weakly) dominant
strategies, in the case of convex waiting costs the more customers that join the pri-
ority service, the more substantial is time-saving effect on the utility from joining it.
Therefore, for convex g, if p < B(0), it is optimal for all customers to join the pri-
ority service, and if p > B(1) it is optimal for customers to use the regular service.
For p ∈ (B(0), B(1)) we have three possible equilibria: (1) all customers join priority
service, (2) all customers join regular service, (3) a share s of customers where s satisfy

p =

∫ 1

s
g (t) dt

1− s −
∫ s

0
g (t) dt

s

join the priority service. Adopting the standard assumption of mechanism design for
choosing the best equilibrium for the seller/mechanism designer allows us to conclude
that the provider will set the price of g(1)−

∫ 1

0
g (t) dt, which is the highest price that

attracts all customers to the priority service.
We introduce heterogeneity of the weighting costs into the nonlinear cost model

by assuming a specific functional form of the cost. Assume that the disutility from

20We define B(0) = lims→0B(s) =
∫ 1
0
g (t) dt and B(1) = lims→1B(s) = g (1)−

∫ 1
0
g (t) dt.
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waiting t periods of time is ctθ where c is the individual cost parameter that follows the
assumptions introduced in Section 3 and θ > 0. For different values of θ this functional
form allows for both convexity and concavity of the cost in waiting time. Similar to the
linear cost case, by setting the price of p for its priority service, the provider divides
the customers into two categories: customers with a higher cost parameter who join
priority service and customers with a lower cost parameter who join the regular service.
For a given price p, the expected utility of type c from joining priority service if all
types with parameters c ≥ c∗ join the priority service is given by

−p− c
∫ 1−F (c∗)

0
tθdt

1− F (c∗)
= −p− c(1− F (c∗))θ

θ + 1
,

while that type’s expected utility from the regular service is

−c
∫ 1

1−F (c∗) t
θdt

F (c∗)
= −c1− (1− F (c∗))θ+1

(θ + 1)F (c∗)
.

Therefore, for a given price p, types above c∗ join the priority service, while types below
c∗ join the regular service, where c∗ solves21

p =
c∗

θ + 1

(
1− (1− F (c∗))θ+1

F (c∗)
− (1− F (c∗))θ

)

=
c∗

θ + 1

1− (1− F (c∗))θ

F (c∗)
.

The provider’s problem is to choose the cutoff that maximizes its expected profits:

max
co∈[0,c̄]

co
1− F (co)

F (co)

1− (1− F (co))θ

θ + 1
.

The next proposition generalizes Proposition 2 to nonlinear waiting costs.

Proposition 5 Assume that F satisfies the IFR property. Assume further that θ > 0.
Then the customers’welfare if priority service is not available is higher than if priority
service is offered.

Similarly to the linear case described in Proposition 2, the last proposition holds
for any price such that the two classes are nonempty, and not necessarily the optimal
price.

21While it may not follow immediately from the equation below, there is at most one indifference
type for any price.
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7 Endogenous Pricing of the Basic Product

As pointed out earlier, we have assumed thus far that the price of the basic service for
which priority is offered is exogenous and fixed. In the Introduction we listed several
important priority markets in which this is the case and argued that this assumption
holds to a certain extent also in other markets where the booking procedure separates
the decision regarding the basic service from the decision regarding priority. Neverthe-
less, we provide here also the analysis of the case where the price of the basic service
is determined endogenously by the monopoly, and show that our main finding applies
here as well.
Assume for simplicity that all consumers assign the same value V to the service.

We normalize the utility of the customers from not consuming the good to 0. There is
a continuum of customers with mass 1 who differ in terms of their waiting costs. We
adopt the assumptions that were introduced in Section 3 regarding the distribution
of the individual waiting costs. The utility of a customer with waiting cost of c per
unit of time if he gets service in period t and pays p is V − ct− p. We further assume
that V if suffi ciently high, so that the monopolist does not exclude any customer from
consuming the good.22

We start with a benchmark where the monopoly does not offer priority service and
charges revenue-maximizing price p for its basic product. Assuming V is high enough,
the monopoly will set the highest price such that all customers buy this service. That
is,

V − c

2
− p ≥ 0 for any c ∈ [0, c̄] .

Therefore, the monopolist sets the price

pO = V − c̄

2

and the type c̄ is indifferent between buying the basic product and not consuming at
all. The monopolist’s profit is V − c̄

2
.

The customers’welfare in this case is∫ c̄

0

(
V − c

2
− p
)
f(c)dc = V − p−

∫ c̄

0

c

2
f(c)dc =

c̄

2
− E(c)

2
.

We now compare the regular service case to the case where the monopolist offers
both the regular and priority services, and sets prices for both its services optimally.
Denote the two prices by ps and pP where ps is the price for the regular service, while pP

is the price for the priority service. Without loss of generality we assume that pP ≥ ps.
Given the announced pair of prices

(
ps, pP

)
, all types above c� buy the priority service

22More precisely, a suffi cient condition is that f (c) [V − c̄] ≥ 1
2 for any c ∈ (0, c̄); however, this

condition can be weakened.
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at price pP , while types below c� buy the regular service at price pS. The indifference
condition of type c� is given by

V − c�
1− F

(
c�
)

2
− pP = V − c�

(
1− F

(
c�
)

+
F
(
c�
)

2

)
− pS. (5)

The next proposition extends the main result to the setting where the monopolist
sets optimal prices for the regular service and the priority service. However, now we
need a slightly different assumption regarding the distribution of types.

Definition 1 Distribution function F satisfies a decreasing reversed failure rate (DRFR)
if F (c)/f(c)is increasing in23 c ∈ [0, c̄] .

Proposition 6 Assume that F satisfies DRFR. Then the customers’ welfare under
a monopolistic regime that offers only regular service is higher than the customers’
welfare if the monopolist offers both regular and priority services.

The main difference between this case and the result in Proposition 2 is that, in
the present setting, introduction of the priority service allows the price of the regular
service to be adjusted. In other words, if priority service is not available, the price of
the regular service is dictated by the participation constraint of the most impatient
customer —the customer with costs c̄. If the priority service is offered, the price of the
priority service is given by the participation of this type and the size of the priority
queue, while the price of the regular service is given by the indifference condition of
the cutoff type c�.

8 Competition

As we argued earlier, the market of priority is best described as a monopoly due to
the hold-up problem arising from the fact that priority is typically offered by the same
provider who provides the primary good to which the customer has already committed
him/herself. Yet the exploitative nature of priority service presents itself also in a more
competitive environment. To show this, we will now study a model of competition
between two identical providers. Each provider is able to serve the entire market and
has a cost normalized to zero. We shall show that with homogeneous costs not only
it is the case that priority service reduces customers’welfare but also that, in spite
of the fact that providers can compete over the price of priority, the equilibrium price
ends up being identical to the monopoly price (with the appropriate adjustment for the
increase in market service capacity). In the case of heterogeneous costs, we show that
for a large class of the distribution functions for any possible prices of the priority these

23Since
(
f(c)
F (c)

)′
= (lnF (c))

′′, DRFR is equivalent to the log-concavity of F. See Bagnoli and

Bergstrom [5] for a discussion of log-concave distribution functions.
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providers can set, introducing priority service reduces customers’welfare. We further
show in examples that even outside of this class of the distributions, the equilibrium
prices of priority service reduce customers’welfare. We assume that two providers at
the first stage simultaneously choose prices p1 and p2 for their priority services. At
the second stage customers decide whether to join a queue of provider 1 or provider 2
and whether to buy the priority service of that provider or to get the regular service.
Our assumption regarding the duopoly market is that the price of the primary service
(for which priority is offered) is already fixed and identical for the two providers. This
assumption can be interpreted as the outcome of a Bertrand competition over the
primary service. It is also very relevant for services that are offered for free or at a
fixed, regulated price (such as health insurance under national schemes) and customers
pay only for add-ons and priority services.

8.1 Homogeneous Costs

We first assume that all customers have the same (linear) waiting costs, normalized
to 1. Denote by npi (p1, p2) the share of customers who acquire priority services from
service provider i if the prices of the providers for their priority services are p1 and p2,
and denote by nnpi (p1, p2) the share of customers who join the regular service of provider
i. The total share of customers of provider i is ni = npi + nnpi , where n1 + n2 = 1. Like
in the monopoly case, if

pi ≤
ni
2
,

then the customers of provider i prefer priority service to regular service of that
provider. Unlike the monopoly case, however, each customer has more options, as
he may join the service of the other provider.
We show that in a unique pure strategy subgame-perfect equilibrium the providers

set the prices of
(

1
4
, 1

4

)
and the customers are divided such that np1 = np2 = 1/2. Thus,

in equilibrium all customers get the priority service and each provider essentially gets
the monopoly profits from half of the market.

Proposition 7 In a unique pure strategy subgame-perfect equilibrium, prices are
(

1
4
, 1

4

)
and the customers are divided such that np1 = np2 = 1/2.

Our proof of the last proposition is insightful as it reveals the forces that cripple
competition in a market of priority service. In contrast to a standard good in a market
of priority service, a price cut does not guarantee a provider a larger clientele as the
expansion of the clientele will make the service less attractive to existing customers
who might prefer to move to the regular service and save on priority charges. More
specifically, at the first stage of the proof we show how the clientele chooses between
the providers and between their services for any possible pair of prices, p1 and p2. At
the second stage we derive the optimal responses of each provider and characterize the
equilibrium prices.

22



It is interesting to notice that although the service providers compete à la Bertrand,
the equilibrium outcome is very different from the standard Bertrand competition with
a perfectly competitive price. While increasing the price above 1/4 would lead to losing
all priority customers similar to a Bertrand competition, decreasing the price would
not attract all the customers to that provider, and this deviation would lead to an
outcome very different from that of the standard Bertrand competition. Imagine that
provider 1 deviates and undercuts its competitor by offering a price of 1

4
− ε. Observe

that if in this case some share of customers move from provider 2 to the cheaper
provider 1, it would take away all the priority service customers of provider 2 —as now
it would hold that p2 >

n2
2
as p2 = 1

4
and n2 <

1
2
—leaving provider 2 with only regular

customers. In such a case provider 1 cannot serve in its priority service even half of
the market, and, clearly, having only regular customers at provider 2 and only priority
customers at provider 1 is not part of a subgame equilibrium. In the proof of the above
proposition we show that undercutting the competitor and charging a price of 1

4
− ε

does not change the priority clientele of that provider and only causes a division of
the competitor’s clientele into priority and regular customers such that each customer
gets exactly the same utility (as a priority customer at either of the providers or as a
regular customer of provider 2). This argument essentially shows that prices

(
1
4
, 1

4

)
are

part of an equilibrium. The formal proof will show that it is the unique one.

8.2 Heterogeneous Costs

Now we assume that the two competitive providers are facing heterogeneous customers
with different linear waiting costs. We adopt the assumptions that were introduced in
Section 3 regarding the distribution of the individual waiting costs. Denote by p1 and
p2 the prices for the priority service of providers 1 and 2, respectively. Assume without
loss of generality that at the first stage the providers set prices such that p1 ≥ p2.
We first characterize the customers’optimal choices for a given pair of priority prices
(p1, p2). We then analyze the optimal prices set by the providers.
Assume the following equilibrium structure: share np1(p1, p2) of customers with the

highest waiting costs (with cost parameters between c∗1(p1, p2) and c) choose priority
service from provider 1, share np2(p1, p2) of customers with relatively high costs (with
cost parameters between c∗2(p1, p2) and c∗1(p1, p2)) choose priority service from provider
2 with np1 ≤ np2. Moreover, share n

np
1 (p1, p2) of customers with waiting costs below

c∗2(p1, p2) get regular service from provider 1, and share nnp2 (p1, p2) of customers with
waiting costs below c∗2(p1, p2) get regular service from provider 2.

|
0

−−−−−−−−−−−−−−−−−−−︸ ︷︷ ︸
nnp1 +nnp2

|
c∗2

−−−−−−−−︸ ︷︷ ︸
np2

|
c∗1

−−−−−−︸ ︷︷ ︸
np1

|
c̄

For any p1 and p2 with p1 ≥ p2 the customers’ decisions satisfy the following
conditions:
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(1) A customer with a waiting cost of c∗1 is indifferent between provider 1’s and 2’s
priority service24:

−p1 − c∗1
1− F (c∗1)

2
= −p2 − c∗1

F (c∗1)− F (c∗2)

2
.

(2) A customer with a waiting cost of c∗2 is indifferent between provider 2’s priority
service and any regular service

−p2 − c∗2
F (c∗1)− F (c∗2)

2
= −c∗2

[
F (c∗1)− F (c∗2) +

F (c∗2)− nnp1

2

]
.

(3) The expected waiting time in both providers’regular service is the same:

1− F (c∗1) +
nnp1

2
= F (c∗1)− F (c∗2) +

F (c∗2)− nnp1

2
.

The last condition implies that

nnp1 = 2F (c∗1)− 1− F (c∗2)

2
.

Plugging it into condition (2) gives us

p2 = c∗2

[
1− F (c∗1)

2
+
F (c∗2)

4

]
.

By condition (1) we have

p1 = p2 + c∗1

[
F (c∗1)− F (c∗2)

2
− 1− F (c∗1)

2

]
=

c∗2 − c∗1
2

+

(
c∗1 −

c∗2
2

)[
F (c∗1)− F (c∗2)

2

]
.

Hence, for any p1 ≥ p2 the market for priority services will be divided as follows:
customers with waiting costs above c∗1 join priority service of provider 1, customers
with waiting costs in the interval [c∗2, c

∗
1] join the priority service of provider 2, where

c∗1 and c
∗
2 solve

p1 − p2 = c∗1

[
F (c∗1)− F (c∗2)

2
− 1− F (c∗1)

2

]
(6)

and

p2 = c∗2

[
1− F (c∗1)

2
+
F (c∗2)

4

]
. (7)

24In the case of a symmetric equilibrium with p1 = p2, this condition implies that 1 − F (c∗1) =
F (c∗1)− F (c∗2). That is, each provider has the same share of priority customers.
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Lemma 5 For any p1 ≥ p2, there exists a unique equilibrium division of the customers
into priority and regular customers; i.e., there exist unique c∗1 ≥ c∗2 ≥ 0 that satisfy
requirements (1)—(3).

The customers’selection of services that is given in (6) and (7) allows us to conclude
that a zero price cannot be a part of the equilibrium strategy.

Proposition 8 There is no pure strategy equilibrium with pi = 0 for i ∈ {1, 2}.

We show next that in a big, parameterized class of distribution functions compe-
tition over priority services makes customers’welfare lower than completely random
allocation - without any priority service. Observe that if p1 ≥ p2 > 0 then the cus-
tomers’welfare in the market with priorities is given by

−
∫ c

c∗1

(
p1 + c

1− F (c∗1)

2

)
f(c)dc−

∫ c∗1

c∗2

(
p2 + c

F (c∗1)− F (c∗2)

2

)
f(c)dc

−
∫ c∗2

0

c

(
1− F (c∗1) +

nnp1

2

)
f(c)dc,

while if no priority service is offered it is −E(c)
4
. That is, despite the competition, even in

case of heterogeneous customers the providers are able to extract from the consumers
payments in excess of the increase in the allocative effi ciency.

Proposition 9 Assume that F (c) = cθ with θ ≥ 1. Then the customers’welfare if pri-
ority service is not available is higher than if priority service is offered by the providers.

For θ ≥ 1 any positive prices for priority service decrease the consumers surplus,
not only the optimal, equilibrium prices. However, as our next example shows for θ < 1
the equilibrium prices are such that the consumers’welfare is lower than in the market
without priority service. For its derivation see Appendix B.

Example 3 Assume now that the distribution of types is given by F (c) =
√
c for

c ∈ [0, 1] . Then the equilibrium cutoffs are c1 = 0.67336 and c2 = 0.34744. Hence,

the providers set prices p1 = c2

(
1−√c1

2
+
√
c2
4

)
+ c1

2
√
c1−
√
c2−1

2
= 0.0998 and p2 =

c2

(
1−√c1

2
+
√
c2
4

)
= 0.08237. The sets of priority customers of both providers are np1 =

0.17941 and np2 = 0.23114, respectively. The profits of providers 1 and 2 are π1 = 0.0179
and π2 = 0.019, respectively. Customers’ surplus equals to −0.0878, while if priority
service is not available customers’surplus is

−
∫ 1

0
1
2

√
sds

4
= −0.083.

Hence introducing priority service lowers customers’surplus.
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The reason that equilibrium prices in both duopoly models (with both homoge-
neous and heterogeneous customers) are very different from the standard competitive
equilibrium in the Bertrand competition is the negative externalities that customers
impose on each other. By joining a queue, each customer prolongs the waiting time of
all customers in this queue. These negative externalities generate market power to the
service providers, which reduces competition: in the duopoly competition case (in both
cases of homogeneous and heterogeneous customers), charging a lower price cannot in-
crease the priority customer base substantially, since in the case of an increase in the
number of priority customers, this service becomes less valuable to other customers.

9 Discussion

The consumption of priority services creates negative externalities among customers.
It allows a single service provider to extract in revenue more than the overall bene-
fits that customers can acquire from such a regime, yielding an overall net loss to the
customers. It also harms competition between service providers due to an implicit de-
terrence mechanism whereby attracting more customers by a price reduction may create
congestion that will induce other customers to leave. Finally, it increases inequality
as the benefits that priority customers purchase from the service provider for money
generate no cost whatsoever to the service provider. Instead, these costs are entirely
borne by another group of customers, very often one that is already underprivileged in
many other respects.
There are several reasons why regulators might find intervention in priority service

markets more justified than in many other markets that present impediments to com-
petition. Firstly, unlike markets where the impediment to competition is caused by an
exogenous constraint, such as capacity constraints (see Compte, Jenny, and Rey [12]),
in PS markets it is generated by a trading practice of the firms themselves (similarly to
the trading practice of exclusive dealing that is prohibited by law (see Bernheim and
Whinston [6]). However, in contrast to exclusive dealing, we don’t need to prohibit
PS, for, as we shall argue later, milder remedies might suffi ce. Secondly, as we have
shown, PS facilitates collusion in oligopolistic markets of priority service. Collusion
outcomes tend to induce major social costs (see Harrington [20]), but in the case of PS
the collusion is tacit and hence legal, unless legal constraints are imposed on how PS is
allowed to be used. Thirdly, PS provides negative incentives for innovation. The gen-
eral effect of barriers to competition on investment is in general quite ambiguous (see
Aghion, Harris, and Vickers [4], Aghion, Harris, Howitt, and Vickers [3] and Aghion,
Dewatripont, and Rey [2]), but in our framework it is more straightforward: if firms
can make money out of selling PS to customers who suffer by enduring long and slow
lines, and can sustain this extra revenue through a tacit collusion, why should they
invest in innovation that might reduce the waiting cost of their regular service?
Designing regulatory policy to diminish the illnesses of priority service markets is

challenging, and this is not the prime purpose of our paper. Some measures may turn
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out to be ineffective: A cap on priority service prices, for example, would hardly be
successful. It will clearly increase their demand and hence impose harsher consequences
on a smaller group of customers who can’t even afford to pay the capped price. An
alternative policy would be to limit the number of customers who receive priority
service. This policy would guarantee a cap on the welfare loss of regular customers
at a loss of some gains from trade in priority rights. But neither of these policies
can guarantee that priority service will enhance the overall customers’surplus and, as
we show, under a mild assumption on the distribution of the individual costs, they
will not. The one type of policy that can guarantee it is one that facilitates trade in
priority rights. In fact, such a policy guarantees not only that the total aggregate net
surplus from the priority service is positive but also that priority service constitutes a
Pareto improvement, i.e., by making all customers and the service provider/s better off
relative to the benchmark of no priority service. To facilitate such a policy, it will be
required that the service provider price only the regular service. All upgrades to priority
service would then be auctioned out with an incentive-compatible mechanism that
imposes monetary transfers between customers whereby priority customers compensate
regular ones (see Kittsteiner and Moldovanu [24]). It would make sense for this service
to be offered by a service provider different from the primary one, i.e., a firm that
specializes in allocating priority rights and offers multiple services. The outcome of
such mechanism will determine who gets priority, the price of priority and also the
compensation that regular customers receive for enduring a longer line. Moreover, the
raised revenues could be used to expand the provider capacities and decrease future
waiting time in this service. Primary service providers would still be entitled to a
share of the pie but not to a total rip-off of the gains from trade in priority services
and more. Gershkov and Schweinzer [17] showed when such "ideal" solution exists
for linear waiting costs using equivalence between queueing problem and partnership
resolution problem (see Cramton et al. [13]).

10 Appendix

10.1 Appendix A. Monopoly

Proof of Lemma 1. The customers’welfare consists of two parts: (1). the increase
in the welfare due to a more effi cient allocation and (2) the decrease in the welfare
due to monetary transfer to the provider. The second part is equal to the revenue of
the provider. We will now calculate the aggregated welfare from the allocation for the
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given cutoffs c1, ..., ck−1, i.e.,

−
∫ c̄

c1

1− F (c1)

2
cf (c) dc−

∫ c1

c2

(
1− F (c1) +

F (c1)− F (c2)

2

)
cf (c) dc

−
∫ c2

c3

(
1− F (c2) +

F (c2)− F (c3)

2

)
cf (c) dc

−...−
∫ ci

ci+1

(
1− F (ci) +

F (ci)− F (ci+1)

2

)
cf (c) dc

−...−
∫ ck−1

c

(
1− F (ck−1) +

F (ck−1)− F (ck)

2

)
cf (c) dc

= −
∫ c̄

c1

(
1− F (c̄) + F (c1)

2

)
cf (c) dc−

∫ c1

c2

(
1− F (c1) + F (c2)

2

)
cf (c) dc

−
∫ c2

c3

(
1− F (c2) + F (c3)

2

)
cf (c) dc− ...−

∫ ci

ci+1

(
1− F (ci) + F (ci+1)

2

)
cf (c) dc

−...−
∫ ck−1

c

(
1− F (ck−1) + F (ck)

2

)
cf (c) dc

= −
∫ c̄

c

cf (c) dc+

∫ c̄

c1

F (c̄) + F (c1)

2
cf (c) dc+

∫ c1

c2

F (c1) + F (c2)

2
cf (c) dc

+

∫ c2

c3

F (c2) + F (c3)

2
cf (c) dc+ ...+

∫ ci

ci+1

F (ci) + F (ci+1)

2
cf (c) dc

+...+

∫ ck−1

0

F (ck−1) + F (ck)

2
cf (c) dc.

We can rewrite the last expression as follows:

−E (c) +
1

2

∫ c̄

c1

cf (c) dc+
F (c1)

2

∫ c̄

c2

cf (c) dc+
F (c2)

2

∫ c1

c3

cf (c) dc (8)

+
F (c3)

2

∫ c2

c4

cf (c) dc+ ...+
F (ci)

2

∫ ci−1

ci+1

cf (c) dc+ ...+
F (ck−1)

2

∫ ck−2

0

cf (c) dc

= −E (c) +
1

2

∫ c̄

c1

cf (c) dc+
k−1∑
i=1

F (ci)

2

∫ ci−1

ci+1

cf (c) dc.

Proof of Lemma 3. We want to show that as k → ∞ all the neighboring cutoffs
converge. That is, for any i ∈ {1, ..., k−1} we have limk→∞ c

O
i (k)−cOi−1 (k) = 0. Assume

that this is not the case. First, observe that as k → ∞ for some i ∈ {1, ..., k − 1} we
have limk→∞ c

O
i (k) − cOi−1 (k) = 0. That is, there exists i∗ such that cOi∗+1 → cOi∗, but

cOi∗ 9 cOi∗−1. That is, there exists ∆ > 0 such that cOi∗−1 − cOi∗ > ∆ for all k. Recall the
first-order conditions that the cutoffs must satisfy:(
1− F

(
cOi
)) (

F
(
cOi−1

)
− F

(
cOi+1

))
− f

(
cOi
) (

1− F
(
cOi−1

))
cOi−1 − f

(
cOi
) (
F
(
cOi−1

)
− F

(
cOi+1

))
cOi

+f
(
cOi
) (

1− F
(
cOi+1

))
cOi+1 = 0.
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As cOi∗+1 → cOi∗ we rewrite the last equation as

0 =
(
1− F

(
cOi∗
)) (

F
(
cOi∗−1

)
− F

(
cOi∗
))
− f

(
cOi∗
) (

1− F
(
cOi∗−1

))
cOi∗−1 − f

(
cOi∗
) (
F
(
cOi∗−1

)
− F

(
cOi∗
))
cOi∗

+f
(
cOi∗
) (

1− F
(
cOi∗
))
cOi∗

=
(
1− F

(
cOi∗
)) (

F
(
cOi∗−1

)
− F

(
cOi∗
))
− f

(
cOi∗
) (

1− F
(
cOi∗−1

))
cOi∗−1 + f

(
cOi∗
) (

1− F
(
cOi∗−1

))
cOi∗

=
(
1− F

(
cOi∗
)) (

F
(
cOi∗−1

)
− F

(
cOi∗
))
− f

(
cOi∗
) (

1− F
(
cOi∗−1

)) (
cOi∗−1 − cOi∗

)
.

We can rewrite the last equation as

1− F
(
cOi∗
)

f (cOi∗)

(
F
(
cOi∗−1

)
− F

(
cOi∗
))
−
(
1− F

(
cOi∗−1

)) (
cOi∗−1 − cOi∗

)
= 0.

It is immediate to see that cOi∗−1 = cOi∗ solves the last equation. To complete this part
of the proof, we show that it is a unique solution to this equation. The derivative of
the left-hand side of the last equation with respect to cOi∗−1 is

f
(
cOi∗−1

) 1− F
(
cOi∗
)

f (cOi∗)
+ f

(
cOi∗−1

) (
cOi∗−1 − cOi∗

)
−
(
1− F

(
cOi∗−1

))
= f

(
cOi∗−1

) [1− F
(
cOi∗
)

f (cOi∗)
+
(
cOi∗−1 − cOi∗

)
−

1− F
(
cOi∗−1

)
f
(
cOi∗−1

) ]
> 0,

where the last inequality follows since cOi∗−1 > cOi∗ and
1−F (c)
f(c)

is decreasing due to the
IFR assumption. Therefore, limk→∞ c

O
i∗(k) = cOi∗−1(k). To complete the proof, we show

that for any i, if cOi → cOi−1 then c
O
i+1 → cOi . Assume now that there exists ∆ > 0 and

i such that cOi (k) → cOi−1(k), but cOi (k)− cOi+1(k) > ∆ for any k. Recall the first-order
conditions that the cutoffs must satisfy:(
1− F

(
cOi
)) (

F
(
cOi−1

)
− F

(
cOi+1

))
− f

(
cOi
) (

1− F
(
cOi−1

))
cOi−1 − f

(
cOi
) (
F
(
cOi−1

)
− F

(
cOi+1

))
cOi

+f
(
cOi
) (

1− F
(
cOi+1

))
cOi+1 = 0.

As cOi (k)→ cOi−1(k) we rewrite the last equation as

0 =
(
1− F

(
cOi
)) (

F
(
cOi
)
− F

(
cOi+1

))
− f

(
cOi
) (

1− F
(
cOi
))
cOi − f

(
cOi
) (
F
(
cOi
)
− F

(
cOi+1

))
cOi

+f
(
cOi
) (

1− F
(
cOi+1

))
cOi+1

=
(
1− F

(
cOi
)) (

F
(
cOi
)
− F

(
cOi+1

))
− f

(
cOi
) (

1− F
(
cOi+1

))
cOi + f

(
cOi
) (

1− F
(
cOi+1

))
cOi+1

=
(
1− F

(
cOi
)) (

F
(
cOi
)
− F

(
cOi+1

))
− f

(
cOi
) (

1− F
(
cOi+1

)) (
cOi − cOi+1

)
.

Again rewrite the last equation as

1− F
(
cOi
)

f (cOi )

(
F
(
cOi
)
− F

(
cOi+1

))
−
(
1− F

(
cOi+1

)) (
cOi − cOi+1

)
= 0.
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It is immediate to see that cOi∗+1 = cOi∗ solves the last equation. To complete this part
of the proof we show that it is a unique solution to this equation. The derivative of
the left-hand side of the last equation with respect to cOi∗+1 is

−f
(
cOi+1

) 1− F
(
cOi
)

f (cOi )
+ f

(
cOi+1

) (
cOi − cOi+1

)
+
(
1− F

(
cOi+1

))
= −f

(
cOi+1

) [1− F
(
cOi
)

f (cOi )
−

1− F
(
cOi+1

)
f
(
cOi+1

) + cOi+1 − cOi

]
> 0,

where the last inequality follows since cOi > cOi+1 and
1−F (c)
f(c)

is decreasing due to the
IFR assumption. Therefore, limk→∞ c

O
i (k)→ cOi+1(k).

Finally, recall the first-order condition with respect to c1.

1− F
(
cO1
)

f (cO1 )
= cO1 − cO2 .

Since cO1 → cO2 , we get that c
O
1 → c̄. The first-order condition with respect to ck−1 is(

1− F
(
cOk−1

))
F
(
cOk−2

)
− f

(
cOk−1

) (
1− F

(
cOk−2

))
cOk−2 − f

(
cOk−1

)
F
(
cOk−2

)
cOk−1 = 0.

Since cOk−1 → cOk−2 it follows that(
1− F

(
cOk−1

))
F
(
cOk−1

)
− f

(
cOk−1

)
cOk−1 = 0,

and hence cOk−1 → 0.
Proof of Proposition 3. The proof of this proposition consists of the following two
lemmata.
Denote by CS(k) the customers’surplus when the provider sets k priority classes

and charges optimal prices, and by R(k) the provider’s revenue.

Lemma 6 In the limit as the number of priority categories goes to infinity we have

lim
k→∞

CS(k) = −2E (c) +

∫ c̄

0

c2F (c) f (c) dc

lim
k→∞

R(k) =

∫ c̄

0

c (1− F (c)) f(c)dc.

Proof. The customers’benefits from the improved allocation are

CB(k) = −E (c) +
1

2

∫ c̄

cO1

cf (c) dc+
k−1∑
i=1

F
(
cOi
)

2

∫ cOi−1

cOi+1

cf (c) dc

= −E (c) +
1

2

∫ c̄

cO1

cf (c) dc+

k−1∑
i=1

F
(
cOi
)

2

[∫ cOi−1

cOi

cf (c) dc+

∫ cOi

cOi+1

cf (c) dc

]

= −E (c) +
1

2

∫ c̄

cO1

cf (c) dc+
k−1∑
i=1

F
(
cOi
)

2

∫ cOi−1

cOi

cf (c) dc+
k−1∑
i=1

F
(
cOi
)

2

∫ cOi

cOi+1

cf (c) dc.
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Observe that functions
F(cOi )

2

∫ cOi−1
cOi

cf (c) dc and
F(cOi )

2

∫ cOi
cOi+1

cf (c) dc can be approxi-

mated by

F
(
cOi
)

2

∫ cOi +∆

cOi

cf (c) dc ≈
F
(
cOi
)

2
cOi f

(
cOi
)

∆ and
F
(
cOi
)

2

∫ cOi

cOi −∆

cf (c) dc ≈
F
(
cOi
)

2
cOi f

(
cOi
)

∆.

Therefore,

lim
k→∞

CB(k) = −E (c) +

∫ c̄

0

cF (c) f (c) dc.

Recall that the provider’s revenues are given by

R (k) =

k−1∑
i=1

F
(
cOi−1

)
− F

(
cOi
)

+ F
(
cOi
)
− F

(
cOi+1

)
2

cOi
[
1− F

(
cOi
)]

=
k−1∑
i=1

[
F
(
cOi−1

)
− F

(
cOi
)

2
+
F
(
cOi
)
− F

(
cOi+1

)
2

]
cOi
[
1− F

(
cOi
)]
.

We approximate
∑k−1

i=1

F(cOi−1)−F(cOi )
2

cOi
[
1− F

(
cOi
)]
(for large k) by

lim
k→∞

k−1∑
i=1

F
(
cOi (k) + ∆i

)
− F

(
cOi (k)

)
2∆i

∆ic
O
i (k)

[
1− F

(
cOi (k)

)]
=

∫ c̄

0

c
f(c)

2
(1− F (c)) dc,

where ∆i = cOi−1 − cOi . Putting these expressions together we get

lim
k→∞

R (k) =

∫ c̄

0

c (1− F (c)) f(c)dc.

Therefore, the limit of the customers’surplus is

lim
k→∞

CS(k) = −E (c) +

∫ c̄

0

cF (c) f (c) dc−
∫ c̄

0

c (1− F (c)) f(c)dc

= −E (c) +

∫ c̄

0

c (2F (c)− 1) f (c) dc = −2E (c) +

∫ c̄

0

2cF (c) f (c) dc.

Lemma 7 Assume that F satisfies the IFR condition. The customers’welfare under
the most effi cient allocation (as k → ∞) is lower than under the initial, random
allocation without priority.

Proof. Observe that the limit of customers’welfare (as k →∞) is

−2E (c) + 2

∫ c̄

0

cF (c) f (c) dc,
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while the customers’welfare without priority is −E(c)/2. Hence we want to show that∫ c̄

0

cF (c) f (c) dc <
3

4
E (c)⇔∫ c̄

0

c

(
F (c)− 3

4

)
f (c) dc < 0⇔∫ c̄

0

c

(
2F (c)− 3

2

)
f (c) dc < 0

∫ c̄

0

c

(
2F (c)− 3

2

)
f (c) dc

=

∫ c̄

0

c

[(
F (c)− 3

4

)2
]′
dc =

[
c

(
F (c)− 3

4

)2
]c̄

0

−
∫ c̄

0

(
F (c)− 3

4

)2

dc

=
c̄

16
−
∫ c̄

0

(
F (c)− 3

4

)2

dc =

∫ c̄

0

(
1

16
−
(
F (c)− 3

4

)2
)
dc

=

∫ c̄

0

(
1

16
− F 2 (c) +

3

2
F (c)− 9

16

)
dc =

∫ c̄

0

(
−F 2 (c) +

3

2
F (c)− 1

2

)
dc

=

∫ c̄

0

(
−F 2 (c) + F (c)− 1

4
+

1

2
F (c)− 1

4

)
dc =

∫ c̄

0

(
−
(
F (c)− 1

2

)2

+
1

2

(
F (c)− 1

2

))
dc

=

∫ c̄

0

(
F (c)− 1

2

)
(1− F (c)) dc =

∫ c̄

0

(
F (c)− 1

2

)
1− F (c)

f (c)
f (c) dc.

Assume that w changes sign only once from negative to positive at co ∈ [0, c̄] and h is
positive and decreasing. Then

∫ c̄
0
w(c)dc = 0 implies that

∫ c̄
0
w(c)h(c)dc < 0. To see

this∫ c̄

0

w(c)h(c)dc =

∫ co

0

w(c)h(c)dc+

∫ c̄

co
w(c)h(c)dc <

∫ co

0

w(c)h(co)dc+

∫ c̄

co
w(c)h(co)dc

= h(co)

∫ co

0

w(c)dc+ h(co)

∫ c̄

co
w(c)dc = h(co)

∫ c̄

0

w(c)dc = 0.

Since 1−F (c)
f(c)

is decreasing and positive, while
(
F (c)− 1

2

)
f (c) changes sign only

once from negative to positive, to show that the expression above is negative, it is
enough to show that ∫ c̄

0

(
F (c)− 1

2

)
f (c) dc = 0.

Notice that∫ c̄

0

(
F (c)− 1

2

)
f (c) dc =

1

2

∫ c̄

0

[(
F (c)− 1

2

)2
]′
dc =

1

2

[(
F (c)− 1

2

)2
]c̄

0

= 0.
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which completes the proof.
Derivation of uniform distribution
We can write the FOC in this case as

1− cO1 = cO1 − cO2 (9)

1− cOi = cOi −
1− cOi+1

cOi−1 − cOi+1

cOi+1 +
1− cOi−1

cOi−1 − cOi+1

cOi−1 for i ∈ {2, ..., k − 2}

1− cOk−1 = cOk−1 +
1− cOk−2

cOk−2

cOk−2.

We can verify the solution to the first-order conditions to be

cOi =
k − i
k

.

They allow us to write the optimal prices as

pi =
k−1∑
j=i

F
(
cOj−1

)
− F

(
cOj+1

)
2

cOj =
k−1∑
j=i

cOj−1 − cOj+1

2
cOj =

k−1∑
j=i

k − j
k2

=
1

k2

k−1∑
j=i

(k − j) =
(k − i) (k − i+ 1)

2k2
,

and the revenues as

R =
k−1∑
i=1

pi
[
F
(
cOi−1

)
− F

(
cOi
)]

=
k−1∑
i=1

(k − i) (k − i+ 1)

2k3
=

k−1∑
i=1

(k − i)2 + (k − i)
2k3

=
1

2k3

k−1∑
i=1

[
(k − i)2 + (k − i)

]
=

1

k3

k−1∑
i=1

[
(k − i)2 + (k − i)

]
=

1

2k3

[
k(k − 1)(2k − 1)

6
+
k (k − 1)

2

]
=

(k − 1) (k + 1)

6k2
=

1

6

[
1− 1

k2

]
,

where the penultimate equality is a square of pyramidal numbers (which is a special
case of Faulhaber’s formula). So the revenue monotonically increases in k and converges
to 1/6 (as k →∞).
The customers’welfare from the improved allocation is given by (8). Plugging the

uniform distribution density and cdf gives

−E (c) +
1

2

∫ c̄

c1

cf (c) dc+
k−1∑
i=1

F (ci)

2

∫ ci−1

ci+1

cf (c) dc.

= −1

2
+

1

2

∫ 1

cO1

cdc+
cO1
2

∫ c̄

cO2

cdc+
cO2
2

∫ cO1

cO3

cdc+
cO3
2

∫ cO2

cO4

cdc+ ...+

+
cOi
2

∫ cOi−1

cOi+1

cdc+ ...+
cOk−1

2

∫ cOk−2

0

cdc.
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Plugging the expressions for cOi we have

1

2

∫ 1

c∗1

cdc =
1

4

[
c2
]1
k−1
k

=
1

4

2k − 1

k2

cOi
2

∫ cOi−1

cOi+1

cdc =
k − i
2k

∫ k−i+1
k

k−i−1
k

cdc =
k − i
4k

[
c2
] k−i+1

k
k−i−1
k

=
(k − i)2

k3

cOk−1

2

∫ cOk−2

0

cdc =
1

2k

∫ 2
k

0

cdc =
1

4k

[
c2
] 2
k

0
=

1

k3
.

Therefore, the customers’welfare from the improved allocation is

−1

2
+

1

4

2k − 1

k2
+

(k − 1)2

k3
+

(k − 2)2

k3
+

(k − 3)2

k3
+ ...+

(k − i)2

k3
+ ...+

1

k3

= −1

2
+

1

4

2k − 1

k2
+
k(k − 1)(2k − 1)

6k3
= −1

2
+

1

4

2k − 1

k2
+

(k − 1)(2k − 1)

6k2

= −1

2
+

2k − 1

k2

[
1

4
+
k − 1

6

]
= −1

2
+

(2k − 1) (2k + 1)

12k2
= −1

2
+

4k2 − 1

12k2

= −1

2
+

1

3
− 1

12k2
.

Hence, the customers’welfare (after taking into account the transfers to the provider)
is

−1

2
+

1

3
− 1

12k2
− 1

6
+

1

6k2
= −1

3
+

1

12k2
,

and so increasing the number of categories decreases the customers’welfare.
Proof of Lemma 4. Observe that

B′(s) =
−g(s)

1− s +

∫ 1

s
g (t) dt

(1− s)2 −
g(s)

s
+

∫ s
0
g (t) dt

s2
.

Assume that g is concave. Since g is differentiable, the mean value theorem implies
that for any t < s there exists z(t) ∈ (t, s) such that g (t) = g(s) − g′(z(t))(s − t).
Similarly, for any t > s there exists z(t) ∈ (s, t) such that g (t) = g(s) + g′(z(t))(t− s).
Plugging the expressions for g(t) gives

B′(s) =
−g(s)

1− s +

∫ 1

s
(g(s) + g′(z(t))(t− s)) dt

(1− s)2 − g(s)

s
+

∫ s
0

(g(s)− g′(z(t))(s− t)) dt
s2

=

∫ 1

s
g′(z(t))(t− s)dt

(1− s)2 −
∫ s

0
g′(z(t))(s− t)dt

s2
<

∫ 1

s
g′(s)(t− s)dt
(1− s)2 −

∫ s
0
g′(s)(s− t)dt

s2

= g′(s)

[∫ 1

s
(t− s)dt

(1− s)2 −
∫ s

0
(s− t)dt
s2

]
= 0,
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where the inequality follows from the concavity of g, which implies that g′ is decreasing.
For convex g we get the opposite inequality.
Proof of Proposition 4. We start with concave waiting costs g(t). The providers’
profits are sp(s), where p(s) is given by (4). Therefore, the optimal share is

max
s
s

(∫ 1

s
g (t) dt

1− s −
∫ s

0
g (t) dt

s

)
.

The derivative with respect to s is∫ 1

s
g (t) dt

1− s −
∫ s

0
g (t) dt

s
+ s

(
− g(s)

1− s +

∫ 1

s
g (t) dt

(1− s)2 −
g(s)

s
+

∫ s
0
g (t) dt

s2

)

=

∫ 1

s
g (t) dt

1− s

(
1 +

1

1− s

)
− g(s)

(
1 +

1

1− s

)
=

1

(1− s)2

(∫ 1

s

g (t) dt− g(s)(1− s)
)

=
1

(1− s)2

∫ 1

s

(g (t)− g(s)) dt > 0,

where the inequality follows from monotonicity of g. Therefore, the optimal share is
s∗ = 1. Hence, the optimal price is

p∗ = p(1) = lim
s=1

(∫ 1

s
g (t) dt

1− s −
∫ s

0
g (t) dt

s

)
= lim

s=1

−g (s)

−1
−
∫ 1

0

g (t) dt = g (1)−
∫ 1

0

g (t) dt.

Assume now convex g. Since Lemma 4 implies that B(s) is monotone, any price
p ∈ [B(0), B(1)] will lead all customers to join the priority service. Therefore, the
optimal price is p∗ = B(1).
Proof of Proposition 5.
Similarly to the linear case we will show that for any price of the priority service,

and not necessarily the optimal one, the customers’welfare if priority service is offered
is lower than if this service is not offered. If the provider sets the price that induces
cutoff c∗ ∈ [0, c̄] that divides the customers into two categories, the total customers’
welfare is

−
∫ c∗

0

c

∫ 1

1−F (c∗) t
θdt

F (c∗)
f(c)dc−

∫ c̄

c∗

(
p+ c

∫ 1−F (c∗)

0
tθdt

1− F (c∗)

)
f(c)dc

= −1− (1− F (c∗))θ+1

(θ + 1)F (c∗)

∫ c∗

0

cf(c)dc− c∗1− F (c∗)

F (c∗)

1− (1− F (c∗))θ

θ + 1
− (1− F (c∗))θ

θ + 1

∫ c̄

c∗
cf(c)dc.

The customers’welfare if no priority service is offered is

−E(c)

∫ 1

0

tθdt = −E(c)

θ + 1
.

35



We show that

−1− (1− F (c∗))θ+1

(θ + 1)F (c∗)

∫ c∗

0

cf(c)dc−c∗1− F (c∗)

F (c∗)

1− (1− F (c∗))θ

θ + 1
−(1− F (c∗))θ

θ + 1

∫ c̄

c∗
cf(c)dc ≤ −E(c)

θ + 1
(10)

for any c∗ ∈ [0, c̄] and θ ≥ 1. Rearranging (10) gives(
−1− (1− F (c∗))θ+1

F (c∗)
+ (1− F (c∗))θ

)∫ c∗

0

cf(c)dc− c∗1− F (c∗)

F (c∗)

(
1− (1− F (c∗))θ

)
− (1− F (c∗))θ

∫ c̄

0

cf(c)dc ≤ −E(c).

We can rewrite the last inequality as

−1− (1− F (c∗))θ+1 − (1− F (c∗))θ F (c∗)

F (c∗)

∫ c∗

0

cf(c)dc−

c∗
1− F (c∗)

F (c∗)

(
1− (1− F (c∗))θ

)
≤ −

(
1− (1− F (c∗))θ

)
E(c)

−1− (1− F (c∗))θ

F (c∗)

∫ c∗

0

cf(c)dc− c∗1− F (c∗)

F (c∗)

(
1− (1− F (c∗))θ

)
≤ −

(
1− (1− F (c∗))θ

)
E(c)

−
∫ c∗

0
cf(c)dc

F (c∗)

∫ c∗

0

cf(c)dc− c∗1− F (c∗)

F (c∗)
≤ −E(c),

which is independent of θ. Since we showed the inequality for the linear case (θ = 1)
in Proposition 2, this inequality holds for any θ > 0.
Proof of Proposition 6. Since V is suffi ciently high, all types buy either regular or
priority service. First observe that if

V − c̄
1− F

(
c�
)

2
− pP ≥ 0 (11)

then all types below c̄ ∈
[
c�, c̄

]
prefer buying priority service to non-participation.

Moreover, since

V − c�
1− F

(
c�
)

2
− pP = V − c�

(
1−

F
(
c�
)

2

)
− pS

type c� is indifferent between the two options (and hence prefers participation), and
all types below c� prefer the regular service to the priority service (and to non-
participation). The last equality that specifies the indifference type c� for a given
pair

(
ps, pP

)
implies that

pP − pS = c�

(
1−

F
(
c�
)

2
−

1− F
(
c�
)

2

)
=
c�

2
.
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As (11) must be binding, we have that the monopolist chooses optimally c� ∈ [0, c̄]
and sets

pP = V − c̄
1− F

(
c�
)

2

pS = pP − c�

2
= V − c̄

1− F
(
c�
)

2
.

For a given c� the aggregated customers’welfare is∫ c�

0

(
V − c

(
1− F

(
c�
)

+
F
(
c�
)

2

)
− ps

)
f(c)dc+

∫ c̄

c�

(
V − c

1− F
(
c�
)

2
− pP

)
f(c)dc

=

(
c̄
1− F

(
c�
)

2
+
c�

2

)
F
(
c�
)
−
(

1−
F
(
c�
)

2

)∫ c�

0

cf(c)dc

+c̄
1− F

(
c�
)

2

(
1− F

(
c�
))
−

1− F
(
c�
)

2

∫ c̄

c�
cf(c)dc

= c̄
1− F

(
c�
)

2
+
c�

2
F
(
c�
)
−

1− F
(
c�
)

2
E(c)− 1

2

∫ c�

0

cf(c)dc

We now show that if distribution F satisfies DRFR, then for any c� ∈ (0, c̄) the
customers’welfare under a monopolistic regime that offers only regular service is higher
than the customers’welfare if the monopolist offers both regular and priority service.
That is, it is suffi cient to show that

c̄

2
− E(c)

2
≥ c̄

1− F
(
c�
)

2
+
c�

2
F
(
c�
)
−

1− F
(
c�
)

2
E(c)− 1

2

∫ c�

0

cf(c)dc

for any c� ∈ (0, c̄) . The last inequality is equivalent to

c�F
(
c�
)
− c̄F

(
c�
)

+ F
(
c�
)
E(c)−

∫ c�

0

cf(c)dc ≤ 0 (12)

Observe that for c� = 0 and for c� = c̄ the left-hand side is equal to zero. Deriving the
left-hand side of the last inequality with respect to c� gives us

F
(
c�
)

+ c�f
(
c�
)
− c̄f

(
c�
)

+ f
(
c�
)
E(c)− c�f

(
c�
)

= F
(
c�
)
− c̄f

(
c�
)

+ f
(
c�
)
E(c) = f

(
c�
) [F (c�)

f (c�)
− c̄+ E(c)

]

DRFR implies that the derivative of the left-hand side of (12) changes its sign once
from negative to positive, and hence (12) holds for any c� ∈ (0, c̄) .
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10.2 Appendix B. Duopoly

Proof of Proposition 7. To characterize the equilibrium of the subgame following
the price announcement (p1, p2) we will consider a few possible profiles.

Profile (A) np1 > 0, np2 > 0, nnp1 > 0, nnp2 > 0.
Profile (B) np1 > 0, np2 > 0, nnp1 = 0, nnp2 > 0.
Profile (C) np1 > 0, np2 > 0, nnp1 > 0, nnp2 = 0, which is symmetric to profile B.
Profile (D) np1 > 0, np2 > 0, nnp1 = 0, nnp2 = 0.
Profile (E) np1 > 0, np2 = 0, nnp1 > 0, nnp2 > 0.
Profile (F) np1 = 0, np2 > 0, nnp1 > 0, nnp2 > 0, which is symmetric to profile F.
Profile (G) np1 = 0, np2 = 0, nnp1 > 0, nnp2 > 0.
Profile (H) np1 > 0, np2 = 0, nnp1 = 0, nnp2 > 0.
Profile (I) np1 = 0, np2 > 0, nnp1 > 0, nnp2 = 0, which is symmetric to profile H.

There is no equilibrium in which np1 > 0, np2 = 0, nnp1 > 0, nnp2 = 0 as customers
from the regular service of provider 1 should switch to the regular service of provider 2.
For a similar reason there is no equilibrium in which np1 = 0, np2 > 0, nnp1 = 0, nnp2 > 0.
Also there is no equilibrium in which all the customers are concentrated at a single
provider in either of the services.
We now consider each of the above profiles separately.
Profile A np1 > 0, np2 > 0, nnp1 > 0 and nnp2 > 0. Since for both providers

both classes are nonempty, in this profile the customers are indifferent between all
their opportunities (provider 1 vs. provider 2, priority vs. regular services) and the
equilibrium conditions are

1. p1 =
np1+nnp1

2

2. p2 =
np2+nnp2

2

3. −p1 − np1
2

= −p2 − np2
2

4. np1 + np2 + nnp1 + nnp2 = 1

Observe that (1), (2), and (4) imply that p1 +p2 = 1
2
. Further we get np2 +nnp2 = 2p2

and np1+nnp1 = 2p1 and n
p
1−n

p
2 = 2 (p2 − p1), which implies that np1 = 2−nnp2 −6p1, n

np
1 =

8p1 + nnp2 − 2, np2 = 1− nnp2 − 2p1.
Further observe that np1 = 2−nnp2 −6p1 > 0 implies that p1 <

1
3
. Symmetry implies

that p2 <
1
3
. In this case we have a continuum of equilibria. Conditions (1)—(3) imply

that

np1 = 2− nnp2 − 6p1

nnp1 = 8p1 + nnp2 − 2

np2 = 1− nnp2 − 2p1,
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and so for any max{2− 8p1, 0} < nnp2 < min{2− 6p1, 1− 2p1} we have an equilibrium.
Observe that provider 1 is interested in the lowest possible nnp2 . For future derivations,
observe that for provider 1, in the best equilibrium np1 is (strictly) lower than 2p1 =
1 − 2p2 if p1 < 1/4 and np1 is (strictly) lower than 2 − 6p1 = 6p2 − 1 if p1 > 1/4, and
the revenues are smaller than

(
1
2
− p2

)
(1− 2p2) if p1 < 1/4 (or p2 > 1/4) and smaller

than (6p2 − 1)
(

1
2
− p2

)
if p1 > 1/4 (or p2 < 1/4).

Profile B. Consider the profile with np1 > 0, np2 > 0, nnp2 > 0 and nnp1 = 0. This
profile implies that n2 = 2p2. For this profile to be part of an equilibrium customers
must be indifferent between getting priority service from provider 1 or 2 and regular
service from provider 2. These indifference conditions imply

−p1 −
np1
2

= −p2 −
np2
2

p2 =
np2 + nnp2

2
1 = np1 + np2 + nnp2 .

We have

p2 =
1− np1

2
⇐⇒ −p1 −

np1
2

= −1− np1
2
− np2

2
⇐⇒ np1 =

1

2
− p1 +

np2
2
.

Therefore,

p2 =
np2 + nnp2

2
⇐⇒ np2 + nnp2 = 2p2 ⇐⇒ nnp2 = 2p2 − np2

1

2
− p1 +

np2
2

+ np2 + 2p2 − np2 = 1⇐⇒ np2
2

=
1

2
+ p1 − 2p2 ⇐⇒ np2 = 1 + 2p1 − 4p2.

This implies that

nnp2 = 2p2 − np2 = 6p2 − 1− 2p1

np1 =
1

2
− p1 +

np2
2

= 1− 2p2 > 0.

In addition, for this profile to be an equilibrium, the utility from joining the regular
service of provider 1 must be lower than all other options:

p1 ≤
np1
2
⇐⇒ 1− 2p2 ≥ 2p1.

To summarize, this profile is an equilibrium if

1 + 2p1 − 4p2 ≥ 0⇐⇒ p2 ≤
1

4
+

1

2
p1

1− 2p2 − 2p1 ≥ 0⇐⇒ p2 ≤
1

2
− p1

6p2 − 1− 2p1 ≥ 0⇐⇒ p2 ≥
1

6
+

1

3
p1.
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Profile C np1 > 0, np2 > 0, nnp1 > 0, nnp2 = 0. An analogous (to profile B) argument
implies

np1 = 1 + 2p2 − 4p1

nnp1 = 6p1 − 1− 2p2

np2 = 1− 2p1

and this profile is part of an equilibrium if

1 + 2p2 − 4p1 ≥ 0⇐⇒ p1 ≤
1

4
+

1

2
p2

1− 2p1 − 2p2 ≥ 0⇐⇒ p1 ≤
1

2
− p2

6p1 − 1− 2p2 ≥ 0⇐⇒ p1 ≥
1

6
+

1

3
p2.

Profile D np1 > 0, np2 > 0, nnp1 = 0, nnp2 = 0. For this profile to be an equilibrium
it must be that

1. p1 ≤ np1/2

2. p2 ≤ np2/2

3. −p1 − np1
2

= −p2 − np2
2

4. np1 + np2 = 1

Conditions (3)+(4) imply that

np1 =
1

2
+ p2 − p1

np2 =
1

2
+ p1 − p2,

where p1 ≤ np1/2 implies that p2 ≥ 3p1−1/2 and p2 ≤ np2/2 implies that p1 ≥ 3p2−1/2.
Profile E np1 > 0, np2 = 0, nnp1 > 0, nnp2 > 0. For this profile to be part of an

equilibrium customers must be indifferent between the priority service of provider 1,
the regular service of provider 1 and the regular service of provider 2. That is

p1 =
np1 + nnp1

2
(E1)

−p1 −
np1
2

= −n
np
2

2
(E2)

np1 + nnp1 + nnp2 = 1 (E3)

p2 ≥
nnp2

2
(E4).
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E1 implies that np1 + nnp1 = 2p1. Therefore, from E3 we get nnp2 = 1 − 2p1. From E2

we get np1
2

=
nnp2

2
− p1 = 1

2
− 2p1 ⇐⇒ np1 = 1 − 4p1. Therefore, n

np
1 = 2p1 − np1 =

2p1 − 1 + 4p1 = 6p1 − 1. Putting the conditions together we get

np1 = 1− 4p1 > 0⇐⇒ p1 <
1

4

nnp1 = 6p1 − 1 > 0⇐⇒ p1 >
1

6
nnp2 = 1− 2p1 > 0

p2 ≥
1

2
− p1.

Profile F np1 = 0, np2 > 0, nnp1 > 0, nnp2 > 0. An analogous argument (to profile E)
implies that

np2 = 1− 4p2 > 0⇐⇒ p2 <
1

4

nnp2 = 6p2 − 1 > 0⇐⇒ p2 >
1

6
nnp1 = 1− 2p2 > 0

p1 ≥
1

2
− p2.

Profile G np1 = 0, np2 = 0, nnp1 > 0, nnp2 > 0. Equilibrium conditions are

−n
np
1

2
= −n

np
2

2
nnp1 + nnp2 = 1

p1 ≥
nnp1

2

p2 ≥
nnp2

2
.

These conditions implies that nnp1 = nnp2 = 1
2
, p1 ≥ 1

4
and p2 ≥ 1

4
.

Profile H np1 > 0, np2 = 0, nnp1 = 0, nnp2 > 0. For this profile to be an equilibrium
it must be satisfy

−p1 −
np1
2

= −n
np
2

2
np1 + nnp2 = 1

p1 ≤
np1
2

p2 ≥
nnp2

2
.
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The first two equalities imply that

np1 =
1

2
− p1 > 0

nnp2 =
1

2
+ p1 > 0.

The conditions are p1 ≤ np1
2
⇐⇒ p1 ≤ 1

6
and p2 ≥ nnp2

2
⇐⇒ p2 ≥ 1

4
+ 1

2
p1.

Profile I np1 = 0, np2 > 0, nnp1 > 0, nnp2 = 0. An analogous argument (to profile H)
implies that in equilibrium

np2 =
1

2
− p2 > 0

nnp1 =
1

2
+ p2 > 0,

and the conditions for this profile are p2 ≤ 1
6
and p1 ≥ 1

4
+ 1

2
p2.

We can now plot all these profiles (profile A is the plotted diagonal line).
Now after calculating the equilibrium at the second stage (following price announce-

ment of the providers) we can calculate the best responses of the firms at the first stage.
We have to consider a few cases.
Case 1. p2 < 1/6. In this case if p1 ≤ 1

3
p2 + 1

6
, then we are in profile D and

np1 = 1
2

+ p2 − p1. Provider 1’s maximization problem is

max
p1

R = p1

(
1

2
+ p2 − p1

)
s.t.p1 ≤

1

3
p2 +

1

6
.
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Observe that R is concave in p1 and reaches its maximum at 1
2
p2 + 1

4
> 1

3
p2 + 1

6
.

Therefore, the optimal p1 = 1
3
p2 + 1

6
. If p1 >

1
3
p2 + 1

6
and p1 ≤ 1

4
+ 1

2
p2, then we are in

profile C and np1 = 1 + 2p2 − 4p1. Provider 1’s maximization problem is

maxR = p1 (1 + 2p2 − 4p1)

s.t.p1 >
1

3
p2 +

1

6
.

Again, R is concave in p1 and reaches its maximum at 1
4
p2 + 1

8
< 1

3
p2 + 1

6
. Therefore,

the optimal price is p1 = 1
3
p2 + 1

6
. If p1 >

1
4

+ 1
2
p2 then we are in profile I where n

p
1 = 0,

and we can conclude that for any p2 < 1/6, provider 1’s best response is p1 = 1
3
p2 + 1

6
.

Case 2. 1/4 > p2 ≥ 1/6. If p1 ≤ 3p2 − 1
2
, then we are in profile B and np1 = 1− 2p2

and ∂R
∂p1

= 1 − 2p2 > 0, and the optimal price is p1 = 3p2 − 1
2
. If p1 > 3p2 − 1

2
and

p1 <
1
2
− p2 then we know that the optimal price is p1 = 1

3
p2 + 1

6
(which is the same as

the optimal price in profiles D and C, as was shown in case 1). For p1 >
1
2
−p2 we are in

profile F where np1 = 0. Therefore, we need to compare the revenue from p1 = 3p2 − 1
2

and np1 = 1 − 2p2 (which is
(
3p2 − 1

2

)
(1− 2p2)) with the revenue from p1 = 1

3
p2 + 1

6

and np1 = 1
2

+ p2 − p1 = 1
2

+ p2 − 1
3
p2 − 1

6
= 1

3
+ 2

3
p2 (which is

(
1
3
p2 + 1

6

) (
1
3

+ 2
3
p2

)
).

Therefore, for all p2 ≤ 1/4 we have
(

1
3
p2 + 1

6

) (
1
3

+ 2
3
p2

)
>
(
3p2 − 1

2

)
(1− 2p2). Finally,

we need to compare the revenues from this equilibrium with the revenues from the best
equilibrium in profile A, in which the revenues are bounded by (6p2 − 1)

(
1
2
− p2

)
. Since(

1
2
− p2

)
(6p2 − 1) <

(
1
3
p2 + 1

6

) (
1
3

+ 2
3
p2

)
the best response also here is p1 = 1

3
p2 + 1

6
.

Case 3. 1/3 > p2 ≥ 1/4. If p1 ≤ 2p2− 1
2
, then we are in profile H where np1 = 1

2
−p1.

Provider 1’s maximization problem is

maxR = p1

(
1

2
− p1

)
s.t.p1 ≤ 2p2 −

1

2
.

Again, R is concave in p1 and reaches its maximum at p1 = 1
4
. Since 1

4
> 2p2 − 1

2
, the

optimal price in this region is p1 = 2p2− 1
2
, and the revenues are

(
2p2 − 1

2

)
(1− 2p2). If

1
2
−p2 > p1 > 2p2− 1

2
, then we are in profile B and np1 = 1−2p2 and ∂R

∂p1
= 1−2p2 > 0,

and the optimal price is p1 = 1
2
− p2 and the revenues are

(
1
2
− p2

)
(1− 2p2). If

1
4
> p1 >

1
2
− p2, then we are in profile E with n

p
1 = 1− 4p1. In profile E provider 1’s

maximization problem is

maxR = p1 (1− 4p1)

s.t.
1

4
≥ p1 ≥

1

2
− p2.

Again, R is concave in p1 and reaches its maximum at p1 = 1
8
. Since 1

4
≥ p1 ≥ 1

2
−p2, the

optimal price in this region is p1 = 1
2
− p2 and the revenues are

(
1
2
− p2

)
(4p2 − 1). For

p1 >
1
4
we are in profile G where np1 = 0. Therefore, to find the best response for the case
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of 1/3 > p2 ≥ 1/4 we need to compare
(
2p2 − 1

2

)
(1− 2p2) with

(
1
2
− p2

)
(1− 2p2) and(

1
2
− p2

)
(4p2 − 1). Among these candidates,

(
1
2
− p2

)
(1− 2p2) generates the highest

revenues. Finally, we need to compare these revenues with the revenues from the best
equilibrium in profile A, which are smaller than

(
1
2
− p2

)
(1− 2p2) , which is the revenue

in profile B, and hence the best response for 1/3 > p2 ≥ 1/4 is p1 = 1
2
− p2.

Case 4. 1/2 > p2 ≥ 1/3. If p1 ≤ 1
6
we are in profile H where np1 = 1

2
− p1. Provider

1’s maximization problem is

maxR = p1

(
1

2
− p1

)
s.t.p1 ≤

1

6
.

Again, R is concave in p1 and reaches its maximum at p1 = 1
4
. Since 1

4
> 1

6
, the optimal

price in this region is p1 = 1
6
and the revenue is 1

18
. If 1

4
≥ p1 >

1
6
we are in profile E

where np1 = 1− 4p1. In profile E provider 1’s maximization problem is

maxR = p1 (1− 4p1)

s.t.
1

4
≥ p1 >

1

6
.

Again, R is concave in p1 and reaches its maximum at price p1 = 1
8
. Since 1

8
< 1

6
, the

optimal price in this region is p1 = 1
6
and the revenue is 1

18
. For p1 >

1
4
we are in profile

G where np1 = 0. Therefore, the best response for 1/3 > p2 ≥ 1/4 is p1 = 1
6
.

We can now summarize the best response of provider 1 as

p1 =


1
3
p2 + 1

6
if p2 < 1/4

1
2
− p2 if 1/3 > p2 ≥ 1/4
1
6

if 1/2 > p2 ≥ 1/3
.

Similarly, the best response of provider 2 is

p2 =


1
3
p1 + 1

6
if p1 < 1/4

1
2
− p1 if 1/3 > p1 ≥ 1/4
1
6

if 1/2 > p1 ≥ 1/3
.

We plot these best responses in Figure 3.
Therefore, in the unique equilibrium of this game both providers announce prices

p1 = p2 = 1
4
.

Duopoly with heterogeneous customers.
Proof of Lemma 5. Assume, by way of contradiction, that there are two different
pairs (c∗1, c

∗
2) and (c∗′1 , c

∗′
2 ) that both satisfy the indifference conditions for the same pair

of prices p1 and p2. If c∗1 = c∗′1 (that is, if in both equilibria the same type is indifferent
between the priority services of both providers), then c∗2 = c∗′2 , as otherwise the utility
of the cutoff type c∗1 from choosing the priority service of provider 2 will not be the
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Figure 1: Figure 3. Best responses.

same in the two equilibria, and since the utility from choosing the priority service of
provider 1 is the same, this type will not be indifferent between the two priority services
of the two providers. This contradicts our assumption that c∗1 = c∗′1 .
Assume now that c∗1 < c∗′1 (the case of c∗1 > c∗′1 is similar). The last inequality

implies that the utility from joining the priority service of provider 1 is higher (for all
types) in equilibrium (c∗′1 , c

∗′
2 ) than in equilibrium (c∗1, c

∗
2) since the prices are the same,

but in equilibrium (c∗′1 , c
∗′
2 ) fewer customers join the priority service of provider 1 than

in the equilibrium given by (c∗1, c
∗
2) (as F (c∗1) < F (c∗′1 )). As c∗1 < c∗′1 , it follows that,

in equilibrium (c∗1, c
∗
2), type c∗′1 prefers the priority service of provider 1 to the priority

service of provider 2. Since in equilibrium (c∗′1 , c
∗′
2 ) type c∗′1 is indifferent between the

two priority services of the two providers, it must be the case that the utility of joining
the priority service of provider 2 is higher in equilibrium (c∗′1 , c

∗′
2 ) than in the equilibrium

given by (c∗1, c
∗
2). Therefore,

F (c∗′1 )− F (c∗′2 ) < F (c∗1)− F (c∗2) .

This inequality, together with F (c∗1) < F (c∗′1 ) , implies that F (c∗′2 ) > F (c∗2). It further
implies that c∗′2 > c∗2. However, it also implies that the utility from non-priority services
is lower in equilibrium (c∗′1 , c

∗′
2 ) than in equilibrium (c∗1, c

∗
2), since in (c∗′1 , c

∗′
2 ) fewer

agents join the priority services of both providers. This in turn implies that the type
that is indifferent between the priority service of provider 2 and the regular service of
any provider must be lower in equilibrium (c∗1, c

∗
2) than in equilibrium (c∗′1 , c

∗′
2 ). This

contradicts our assumption that c∗′2 > c∗2.
Proof of Proposition 8. Assume that one of the providers, say provider 2, sets
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p2 = 0. We will show that provider 1 should not set its price for priority service to 0.
More precisely, provider 1 can increase its profits by setting p1 > 0. First observe that
from (7) it follows that c∗2 = 0. Plugging it into (6) gives us

p1 = c∗1

[
F (c∗1)− 1

2

]
.

Hence, setting p1 = 0 implies that c∗1 = F−1
(

1
2

)
, that is, provider 1 serves half of the

market. While setting a price p1 ∈
(
0, c̄

2

)
the provider will serve a positive measure of

the market at a positive price, and hence gets a positive profit.
Now we show that p2 = 0 and p1 > 0 is not an equilibrium. We show that provider

2 can increase its profit by setting a positive price. If p1 <
c̄
4
, then setting p2 = p1

implies that all customers with waiting costs above 4p1 will acquire priority service
from one of the providers and provider 2 will get a profit of p1

1−F (4p1)
2

> 0. If p1 ≥ c̄
4
,

then, since 0 ≤ 1−F(c∗1)
2

≤ 1
2
and both c∗1 and c

∗
2 are continuous in p2 and p1, there

exists p2 > 0 close enough to zero (and so p2 < p1) such that the resulting cutoff type
c∗2 satisfies 0 < c∗2 < c∗1, and hence provider 2 gets a positive profit.
Proof of Proposition 9. We show that for any p1 ≥ p2 > 0 holds

−E(c)

4
≥ (13)

−
∫ c

c∗1

(
p1 + c

1− F (c∗1)

2

)
f(c)dc−

∫ c∗1

c∗2

(
p2 + c

F (c∗1)− F (c∗2)

2

)
f(c)dc−

∫ c∗2

0

c

(
1− F (c∗1) +

nnp1

2

)
f(c)dc

Observe that since p1 ≥ p2 it implies that

F (c∗1)− F (c∗2) ≥ 1− F (c∗1) .

Furthermore, F (c∗1) > 1
2
.

Plugging the expressions for p1, p2 and n
np
1 we can rewrite the right hand side of

the last inequality as

−1− F (c∗1)

2
E(c)− F (c∗1)− F (c∗2)− 1 + F (c∗1)

2

∫ c∗1

0

cf(c)dc

−
(

1− F (c∗1)

2
+
F (c∗2)

4

)∫ c∗2

0

cf(c)dc− c∗2 − c∗1
2

(1− F (c∗1))

−
(
c∗1 −

c∗2
2

)(
F (c∗1)− F (c∗2)

2

)
(1− F (c∗1))− c∗2 (F (c∗1)− F (c∗2))

(
1− F (c∗1)

2
+
F (c∗2)

4

)
The derivative of the last expression with respect to c∗1 is

f (c∗1) (
E(c)

2
−
∫ c∗1

0

cf(c)dc+
1

2

∫ c∗2

0

cf(c)dc−c∗1 (1− F (c∗1))+
c∗2
2

(1− F (c∗2))−1− F (c∗1)

f (c∗1)

[
F (c∗1)− 1

2
− F (c∗2)

2

]
)
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We will first show that for the relevant parameters this derivative is negative. Plugging
the expressions for F (c) = cθ and f (c) = θcθ−1 gives

θ

θ + 1

1

2
− θ

θ + 1
(c∗1)θ+1 − c∗1

(
1− (c∗1)θ

)
+

1

2

θ

θ + 1
(c∗2)θ+1

+
1

2
c∗2

(
1− (c∗2)θ

)
− 1− (c∗1)θ

θ (c∗1)θ−1

(
(c∗1)θ − 1

2
− (c∗2)θ

2

)

=

(
1− 1

θ + 1

)(
1

2
− (c∗1)θ+1 +

1

2
(c∗2)θ+1

)
− c∗1

(
1− (c∗1)θ

)
+

1

2
c∗2

(
1− (c∗2)θ

)
+

1− (c∗1)θ

θ (c∗1)θ−1

(
1

2
− (c∗1)θ +

(c∗2)θ

2

)

=
1

2
− c∗1 +

1

2
c∗2 −

1

θ + 1

(
1

2
− (c∗1)θ+1 +

1

2
(c∗2)θ+1

)
+

1− (c∗1)θ

θ (c∗1)θ−1

(
1

2
− (c∗1)θ +

(c∗2)θ

2

)
This expression increases in c∗2. Hence, to show that the last expression is negative, it
is enough to show it for c∗2 s.t.

(c∗2)θ = 2 (c∗1)θ − 1.

Plugging the expression for which c∗2 we get that it is enough to show that

1

2
−c∗1+

1

2

(
2 (c∗1)θ − 1

) 1
θ− 1

θ + 1

(
1

2
− (c∗1)θ+1 +

1

2

(
2 (c∗1)θ − 1

) θ+1
θ

)
< 0 for any (c∗1)θ >

1

2
and θ ≥ 1.

(14)
First observe that

1

2
− c∗1 +

1

2

(
2 (c∗1)θ − 1

) 1
θ

= −
(
c∗1 −

1

2

)
+

(
1

2

) θ−1
θ
(

(c∗1)θ − 1

2

)
< 0

Where the last inequality holds since θ ≥ 1 and 1 > (c∗1)θ ≥ 1
2
. If 1

2
− (c∗1)θ+1 +

1
2

(
2 (c∗1)θ − 1

) θ+1
θ
> 0 for any (c∗1)θ > 1

2
and θ ≥ 1 we have inequality (14). Otherwise,

since θ ≥ 1 it is enough to show that

1

2
− c∗1 +

1

2

(
2 (c∗1)θ − 1

) 1
θ − 1

2

(
1

2
− (c∗1)θ+1 +

1

2

(
2 (c∗1)θ − 1

) θ+1
θ

)
< 0

2

(
1

2
− c∗1

)
+ 2 (c∗1)θ − 1− 1

2
+ (c∗1)θ+1 − 1

2

(
2 (c∗1)θ − 1

) θ+1
θ

< 0

−2c∗1 + 2 (c∗1)θ − 1

2
+ (c∗1)θ+1 − 1

2

(
2 (c∗1)θ − 1

) θ+1
θ

< 0
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where the last inequality holds since its left hand side is strictly increasing in c∗1 and
for c∗1 = 1 its left hand side equals to 0.

Hence, to show (13) it is enough to show it for (c∗1)θ = 1
2
and c∗2 =

(
2 (c∗1)θ − 1

) 1
θ

=

0. However, plugging these expressions into (13) gives that it holds as equality.
Duopoly with heterogeneous customers. Derivations of example.
We analyze here the duopoly equilibrium for heterogeneous customers. Given that

c∗1 (p1, p2) and c∗2 (p1, p2) are solutions to (6) and (7), the profit of provider 1 if it sets
a price of p1 for priority service and provider 2 sets price of p2 is

π1 (p1, p2) = p1 (1− F (c∗1 (p1, p2)))

and, similarly, the profit of provider 2 is

π2 (p1, p2) = p2 (F (c∗1 (p1, p2))− F (c∗2 (p1, p2))) .

For a profile (p1, p2) to be an equilibrium, it must be the case that25

∂π1 (p1, p2)

∂p1

= 0 and
∂π2 (p1, p2)

∂p2

= 0.

Hence the first-order conditions are

(1− F (c∗1 (p1, p2)))− p1f (c∗1 (p1, p2))
∂c∗1 (p1, p2)

∂p1

= 0

(F (c∗1 (p1, p2))− F (c∗2 (p1, p2))) + p2

(
f (c∗1 (p1, p2))

∂c∗1 (p1, p2)

∂p2

− f (c∗2 (p1, p2))
∂c∗2 (p1, p2)

∂p2

)
= 0.

We now calculate ∂c∗1(p1,p2)

∂p1
,
∂c∗1(p1,p2)

∂p2
and ∂c∗2(p1,p2)

∂p2
using the implicit function theorem.

Denote by G1 and G2 as follows

G1 (p1, p2, c1, c2) = p1 − p2 − c1
2F (c1)− F (c2)− 1

2

G2 (p1, p2, c1, c2) = p2 − c2
2− 2F (c1) + F (c2)

4
.

The implicit function theorem implies that the derivatives
∂c∗j (p1,p2)

∂pi
can be calculated

from ( ∂G1
∂c1

∂G1
∂c2

∂G2
∂c1

∂G2
∂c2

)
×
(

∂c1
∂pi
∂c2
∂pi

)
= −

(
∂G1
∂pi
∂G2
∂pi

)
,

conditional that

det

( ∂G1
∂c1

∂G1
∂c2

∂G2
∂c1

∂G2
∂c2

)
6= 0,

25In the case of a symmetric equilibrium the FOC are ∂π1(p,p)
∂p1

≤ 0 and ∂π2(p,p)
∂p2

≥ 0.

48



where the derivatives are evaluated at (p1, p2, c
∗
1 (p1, p2),c∗2 (p1, p2)). Applying Cramer’s

rule we get

∂c1

∂p1

= −
det

(
∂G1
∂p1

∂G1
∂c2

∂G2
∂p1

∂G2
∂c2

)

det

( ∂G1
∂c1

∂G1
∂c2

∂G2
∂c1

∂G2
∂c2

) , ∂c1

∂p2

= −
det

(
∂G1
∂p2

∂G1
∂c2

∂G2
∂p2

∂G2
∂c2

)

det

( ∂G1
∂c1

∂G1
∂c2

∂G2
∂c1

∂G2
∂c2

) , ∂c2

∂p2

= −
det

(
∂G1
∂c1

∂G1
∂p2

∂G2
∂c1

∂G2
∂p2

)

det

( ∂G1
∂c1

∂G1
∂c2

∂G2
∂c1

∂G2
∂c2

)
where

∂G1

∂c1

= −2F (c1)− F (c2)− 1

2
− c1f (c1) ,

∂G1

∂c2

= c1
f (c2)

2
∂G2

∂c1

= c2
f (c1)

2
,
∂G2

∂c2

= −2− 2F (c1) + F (c2)

4
− c2

f (c2)

4

and
∂G1

∂p1

= 1,
∂G1

∂p2

= −1

∂G2

∂p1

= 0,
∂G2

∂p2

= 1.

Assuming distribution function F (c) = cθ gives the following first-order conditions(
1− (c1)θ

)
− p1θ (c1)θ−1 ∂c

∗
1 (p1, p2)

∂p1

= 0(
(c1)θ − (c2)θ

)
+ p2

(
θ (c1)θ−1 ∂c

∗
1 (p1, p2)

∂p2

− θ (c2)θ−1 ∂c
∗
2 (p1, p2)

∂p2

)
= 0.

with

p1 = c2

[
1− (c1)θ

2
+

(c2)θ

4

]
+ c1

2 (c1)θ − (c2)θ − 1

2

p2 = c2

[
1− (c1)θ

2
+

(c2)θ

4

]
and

∂c1

∂p1

=
2− 2 (c1)θ + (1 + θ) (c2)θ

2(1+θ)(c1)θ−(c2)θ−1
2

(
2− 2 (c1)θ + (1 + θ) (c2)θ

)
− θ2 (c1c2)θ

∂c1

∂p2

=
2θc1 (c2)θ−1 −

(
2− 2 (c1)θ + (1 + θ) (c2)θ

)
2(1+θ)(c1)θ−(c2)θ−1

2

(
2− 2 (c1)θ + (1 + θ) (c2)θ

)
− θ2 (c1c2)θ

∂c2

∂p2

=
4(1 + θ) (c1)θ − 2 (c2)θ − 2− 2θc2 (c1)θ−1

2(1+θ)(c1)θ−(c2)θ−1
2

(
2− 2 (c1)θ + (1 + θ) (c2)θ

)
− θ2 (c1c2)θ
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Example 3. Plugging θ = 1/2 into the first order condition gives us

c1 = 0.67336, c2 = 0.34744.

This implies that the prices are

p1 = c2

(
1−√c1

2
+

√
c2

4

)
+ c1

2
√
c1 −

√
c2 − 1

2
= 0.0.09978

p2 = c2

(
1−√c1

2
+

√
c2

4

)
= 0.08237

and the providers’profits are

π1 = p1 (1−√c1) = 0.0179

π2 = p2 (
√
c1 −

√
c2) = 0.019.

The expected waiting time for regular service is

1− F (c1) +
nnp1

2
= 0.35264.

Hence, the customers’surplus is

−0.35264

∫ c2

0

cdc+

∫ c1

c2

(
−p2 −

np2
2
c

)
dc+

∫ 1

c1

(
−p1 −

np1
2
c

)
dc = −0.0878.

Without priority the customers’surplus is

−Ec
4

= −
∫ 1

0
1
2

√
sds

4
= −0.083.
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