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Abstract

We consider a firm owned by shareholders with heterogeneous
beliefs who delegate to a manager the choice of a production plan.
Shareholders can trade claims that are contingent on all possible
realizations of the firm’s output. Shareholders cannot observe the
chosen production plan and design a contract for the manager that
specifies her compensation as a function of the firm’s output and
possibly some restrictions to trade in the financial market. The
contract is designed so that at equilibrium the manager chooses the
plan preferred by shareholders and reveals it truthfully. Our first
result is that such contract should restrict the manager from trading
in the asset market. Second, we show that the marginal utility
of manager’s compensation should be proportional to that of the
representative shareholder at the equilibrium plan. An implication
is that, relative to a linear compensation, the manger should be

induced to attach larger weights to extreme output realizations.
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1 Introduction

Corporations are often owned by a large number of investors, who may
hold different beliefs say on the likelihood of success of a new product,
on the payoffs associated to an investment opportunity, or on the future
prospects of the market. It is well known that, under some conditions,
shareholders with different beliefs can reach an agreement on the preferred
plan of action by trading contingent claims in a complete asset market.
Even when this is the case, however, shareholders often have to delegate
their decisions to a manager and so they need to design a contract that
would make the manager act in their interest. A typical complication is
that the manager may have private information; in particular, it may be
very costly or impossible for shareholders to observe the actions taken by
the manager.

In this paper, we consider a firm owned by shareholders with different
beliefs and run by a manager. There is only one production and consump-
tion date T. The manager chooses a production plan, whose output is
uncertain. Shareholders cannot observe the plan chosen by the manager,
they only observe the realized production. Once the manager announces
her plan, shareholders and possibly the manager can trade assets in a finan-
cial market that consists in all the assets that are contingent on the realized
production. A contract for the manager specifies her compensation as a
function of the firm output together with possibly some restrictions to trade
in the financial market. We ask whether shareholders can design such a
contract so that the manager truthfully reveals the plan she has chosen,
and the chosen plan coincides with the plan preferred by shareholders (that
we will call the consensus plan).

Bianchi, Dana and Jouini (2019) formalized this question by introduc-
ing the concept of manager-shareholders equilibrium, defined as follows.
Given a compensation scheme and a price, the manager considers the in-
direct utility associated to each possible production plan, that is the max-
imal utility she can obtain by choosing a consumption plan subject to her
budget constraint. She then chooses a production plan that maximizes
her indirect utility and the associated optimal consumption plan and an-

nounces the production plan to shareholders. Each shareholder chooses a



consumption plan so as to maximize her expected utility subject to her
budget constraint. In addition to the usual market clearing conditions, at
equilibrium, the manager should have no incentive to misreport the cho-
sen plan and shareholders should unanimously prefer the manager’s plan
to any other feasible plan. In this paper, we extend this definition by al-
lowing possible restrictions to trade on the manager. In our framework, a
manager-shareholders equilibrium (in short m-s equilibrium) is a list of a
compensation scheme, a space of allowed transactions, a production plan,
consumption plans for shareholders and the manager and a price that fulfill
the properties above.

Our analysis builds on, and it is motivated by, Bianchi et al. (2019).
They show that, absent trading restrictions on the manager, the m-s equi-
librium exists if and only if the manager has the same characteristics as
the representative shareholder at the production equilibrium of the initial
economy without manager. Furthermore, when the m-s equilibrium exists,
the manager is given a linear compensation and does not trade. How-
ever, in practice, it may be hard or impossible to find a manager with the
same characteristics as the representative agent. This begs the question
of whether commonly observed restrictions to insider trading for the man-
ager can help reaching an equilibrium when the manager has very general
beliefs. If this is the case, the next question is what are the properties
of the associated compensation scheme and in particular how the optimal
compensation should deviate from linearity.

The main contribution of this paper is to provide a framework where
indeed an equilibrium can be reached if shareholders can restrict the man-
ager’s trades in the asset market. In addition, we characterize the associ-
ated compensation scheme, and highlight some of its properties that are
qualitatively valid irrespective of the exact form of belief heterogeneity.

We start by describing some properties of our equilibrium, showing
how it relates to the standard concept of production equilibrium where the
initial production set is replaced by a net (of manager’s compensation) pro-
duction set and how a representative agent associated to such a production
equilibrium can be defined. We then move to our main task of defining a
contract for the manager that can lead to the equilibrium. As implied by

Bianchi et al. (2019), trading restrictions are necessary when the manager



is not the representative agent. In fact, in order to characterize the equi-
librium compensation, we focus on the case in which the manager is not
allowed to trade in the financial market. As we show, the compensation
schemes defined in this way are the only candidate equilibrium schemes,
even when the manager faces milder trading restrictions. Our key result is
that the manager implements the consensus plan (and truthfully reveals it)
only if her compensation is designed so that the marginal utility of her com-
pensation is proportional to that of the representative shareholder at the
consensus plan. This provides a differential equation that the compensation
function should satisfy. However, as the net production set is defined with
the compensation function, both the production equilibrium (if it exists)
and the representative agent’s characteristics depend on the compensation
function. This leads to a kind of fixed-point problem which, furthermore,
is not well defined. We address this problem by taking a reverse approach:
we take the net production set as given and restrict our attention to the
case in which there exists a production equilibrium for that set. Solving
the differential equation, that is now independent of the compensation, we
obtain a compensation function and construct the gross production set. We
show that the derived compensation function is an equilibrium compensa-
tion when the production set corresponds to the derived gross production
set.

As an application, we show that, for any manager whose beliefs are be-
tween the "most optimistic" and the "most pessimistic" (in a sense made
precise below) of the shareholders, the compensation should increase the
weight that the manager attaches to very low or very large levels of pro-
duction.

We conclude by providing an example of a net production set for which
we can explicitly compute the production equilibrium and, given the belief
of the manager, provide a formula to define the equilibrium compensation.
Numerical illustrations are then provided.

We think our results have important implications for the study of agency
problems and in particular of optimal executive compensation. While most
of the literature has studied agency problem from the perspective of a
single "representative" principal, we highlight the importance of modeling

explicitly shareholder heterogeneity and the equilibrium process leading to



the definition of a representative shareholder. In doing so, we obtain novel
and different insights on the shape of the optimal contract for the manager.

We show it is necessary to impose trading restrictions to the manager in
a setting in which the action she takes cannot be observed by shareholders.
Without those restrictions, it would be impossible to find a compensation
scheme which induces the manager to choose the consensus plan and to
truthfully reveal her choice. This provides a rationale for the commonly
observed restrictions both to insider trading and to non-exclusive contracts.

We also qualify the view that agency conflicts are minimized when the
manager owns a substantial part of the firm’s shares, which has motivated
the rise in stock compensation. Our analysis instead emphasizes that the
compensation rate should vary with the level of production, and provide
conditions under which it should induce the manager to overweight the
occurrence of extreme realizations. This result stands in contrast to the
argument in favor of compensations -such as call options- which encourage
risk taking (see e.g. Kadan and Swinkels (2008)).

1.1 Related Literature

Our paper builds on the literature on aggregation of preferences and be-
liefs in asset markets.! Our focus on agency problems between a manager
and shareholders is however novel in this literature. Similarly, managerial
compensation has typically been studied under the perspective of a rep-
resentative shareholder (see e.g. Murphy (1999) and Murphy (2012) for
reviews). We provide new insights by embedding the choice of the com-
pensation in a stock market equilibrium with heterogeneous shareholders.?

In line with the literature on optimal contracting, we emphasize that, in
a setting with asymmetric information, it may be beneficial to prevent the

manager from trading in the stock market (Fischer (1992)).> Our novelty

'Recent contributions include Detemple and Murthy (1994); Gollier and Zeckhauser
(2005); Jouini and Napp (2007); Jouini, Marin and Napp (2010); Cvitanié¢, Jouini,
Malamud and Napp (2012); Xiong and Yan (2010); Bhamra and Uppal (2014).

2 Alternative equilibrium models have instead focused on the labor market equilibrium
(e.g. Gabaix and Landier (2008)) or on financial market equilibrium with a representa-
tive agent (e.g. Diamond and Verrecchia (1982)).

3This literature has also pointed out at beneficial aspects of insider trading, such as
improving the informational efficiency of market prices (e.g. Leland (1992)). We abstract
from this issue as in our settings there are no investors apart from shareholders. We



is to show how trading restrictions, and the form of optimal compensation,
are determined by the interaction between moral hazard and shareholder
heterogeneity.

The way information asymmetry is introduced makes our paper in line
with the probability approach to general equilibrium developed by Magill
and Quinzii (2009). Indeed, we assume that shareholders do not observe
states of nature but only the production outcomes, so from their point of
view, production plans only differ by the outcomes probability distribution.
Accordingly, we consider contracts that are contingent on the possible re-
alizations firm’s production as opposed to being contingent on exogenous
states of nature.*

Finally, we relate to the literature on firms’ objectives when share-
holders are heterogeneous. Magill and Quinzii (2002) review fundamental
problems posed by market incompleteness, as well as classic contributions
addressing these problems. Bisin, Gottardi and Ruta (2014) study com-
petitive equilibria in a production economy with incomplete markets and
agency frictions and derive fundamental welfare properties.” We instead
focus on the design of the compensation scheme and keep shareholders’
objective as simple as possible by assuming complete markets, or - more
precisely - full spanning. As explained in Magill and Quinzii (2009), this as-
sumption is typically much weaker than market completeness, and it means
that it is possible to find a portfolio of assets that pays one unit if a given

outcome for the firm is realized, and nothing otherwise.

2 Model

We consider a firm owned by a group of shareholders with heterogenous
beliefs and run by a manager. There is only one production and consump-

tion date T. The information structure is modeled by a probability space

refer to Bhattacharya (2014) for a recent review of these issues.

4 As underlined by Magill and Quinzii (2009) "That this assumption is realistic seems
to be confirmed by the striking fact that the contracts which are used to finance invest-
ment and share production risks— bonds, equity and derivative securities—are either
non contingent or based on realized profits and prices, rather than on exogenous events
with fixed probabilities."

®Other recent contributions include Demichelis and Ritzberger (2011), Magill, Quinzii
and Rochet (2015), Crés and Tvede (2014).



(Q,F,P). The firm produces a consumption good, which we use as nu-
meraire, according to a production plan y. This plan is a random variable
and y(w) defines the production of the firm at date 7" in state w.

We denote by X the space of F measurable production and consumption
random variables . We denote by X' the space of state-price densities p
where, for a given state of the world w € Q, p(w) corresponds to the price of
one unit of consumption at date 7" in state w. For a given price p, the value
of the consumption plan z is p - x = E[pz], where E is the expectation
operator under the probability P.

For these expectations to be well defined, we have to further impose
that production and consumption plans in X are such that F|z|P < oo
and that prices in X' are such that F|p|? < oo, where p and ¢ are such
that 1 < p < oo and %4— % = 1.5 We denote by X, and X' the set of
nonnegative pairs, respectively, in X and X’. For Y C X, we denote by Y,
the set Y N X,.

In terms of notations, while x and y will be used to denote random
consumption and production pairs taking their values in R?, z will be used
to denote vectors in R? and, henceforth, generic values taken by x or y.
As usual, x < 2’ (x << 2’) means z (w) < 2’ (w) (2 (w) < 2’/ (w)) almost
everywhere for all ¢, and z < 2/ means © < 2’ and z # 2'. Finally, we

denote by p the Lebesgue measure on R.

2.1 Production

We let Y C X denote the set of production plans. Denote with Ny (y) the

normal cone of Y at y,

Ny(y)={pe X :p-(y—y) <0,Vy €Y},

which corresponds to the set of linear forms that reach their maximum on
Y at y. We will say that y € Y is positively exposed if there exists p >> 0
such that p € Ny(y). Note that a positively exposed production plan y

is efficient in the sense that it not dominated by other feasible production

1/p
6The space X equipped with the norm |[|z| = (ZtT:o E|xt|p) is then a Banach

space whose dual (the space of continuous linear forms on X) is X'.



plans : fly’ € Y,y > 5. We denote by Eff (V") the set of positively exposed
production plans.

We say that Y is smooth if, for all § € Eff (V) and all ¢, there exists
p >> 0 such that Ny(y) = {Ap: A >0}. This condition states that at
positively exposed plans, the tangent cone (i.e. the polar of the normal
cone) is a half space and it ensures that ¥ has no outward kink.

We make the following assumptions:

Assumption (P)
Pl Y =K - X, where K C X,
P2 Y is closed and smooth,

P3 If y € Eff*(Y), the random variable y has a density h, with h, > 0,

p—a.e. on (0,00).

Assumption P1 implies the classical free disposal assumption, Y — X, C
Y. Assumption P2 is standard in the general equilibrium literature in finite
dimension.” Assumption P3 states that for every positively exposed pro-
duction plan, all positive values are possible.® Indeed, this implies that by
observing a given realization (y(w)) of a given production plan in Eff 7 (Y),
shareholders are not able to exclude any plan y € Y from the set of pos-
sibly chosen plans. This assumption underlies the information asymmetry
between the manager and the shareholders in our model. Bianchi et al.
(2019) provide an illustration of Assumptions (P2) and (P3).

2.2 Shareholders

The firm is owned by a group of N shareholders, i = 1, ..., N. We denote
with /' agent 4’s initial endowment of shares, and we assume v > 0 for all
1. Shareholders have no other endowments, and they are heterogeneous in

their subjective probabilities *. All subjective probabilities are assumed

"Note that this assumption is automatically satisfied when the production set is of the
formY = {y € X : E[F(y)] < 0} where F is a given function with a bounded derivative.
In such a setting, we have Ny (y) = {AF'(y) : A > 0} for y such that F[F(y)] = 0 and
Ny (y) = {0} for y such that E [F(y)] < 0.

8In this assumption (0, 00) might be replaced by some (4, B) for 0 < A < B. In this
case, all the considered functions that are defined on (0, 00) are replaced by functions
that are only defined on (4, B).



to be equivalent to P and we denote by M*® the density of Q° with respect

to P, M' = 55

A key ingredient in our analysis is that shareholders do not observe the

plan y chosen by the manager nor the state of the world w. In state w,
their information is given by the realization (y (w)). As already mentioned,
by Assumption P3, the observation of a given trajectory does not allow
them to infer the chosen plan nor the state of the world. It follows that
shareholders can only trade assets whose payoffs are contingent on y (w).
More formally, let C be the set of contingent contracts C': X, — X, whose
payoffs for a given y are of the form c¢(w) = C(y(w)), for some measurable
functions C' : R}, — R,. Given y, shareholders only trade consumption
plans in C(y) = {C(y),C € C}.

All shareholders have the same consumption space X, and they are
assumed to be expected utility maximizers. The expected utility of agent

1 for a contingent consumption plan ¢ is defined as
U'(c) = E [M'u(c)] , (1)

in which v is a CRRA instantaneous utility function (the same for all
shareholders). That is

L
u(z) = ;x , (2)

for some v < 1. We further assume the following;:

Assumption (C)
1. For all i, M* and M's"~! belong to X' for all ¢ € K,

2. For all i, M belong to L' (Q, F, P).

Assumption (C) assures that shareholders’ marginal utility is well de-

fined in all directions and that their utility is well defined on K.

2.3 Manager

The firm is run by a manager with characteristics similar to those of the
shareholders. She is an expected utility maximizer with instantaneous util-

ity u, as defined in (2), she has a subjective probability Q™ equivalent to P



with density M™. Her expected utility of a contingent plan c is therefore
defined by
Un(c) = E[M["u(c)].

The manager is given a contract (®,W) described by a compensation
scheme & : X, — X, and of a set W of transaction plans she is al-
lowed to make in the contingent claim market, which we describe below.
As shareholders can only observe the realized production, the compensa-
tion at date ¢ can only depend on the realization y (w) . Hence ®(y) must
be of the form

D(y) (w) = oly (W), (3)

for some ¢ : Ry — R, assumed to be continuous almost everywhere.
From now on, we will use the same notation ¢ for ® : X, — X, and for
¢ : Ry — R, with the convention ¢(y) (w) = ¢(y (w)).

As the compensation cannot exceed the available quantity of consump-
tion good, we necessarily have ¢(z) < z for all z € R, and, in particular,
»(0) = 0.

We next describe W, the space of transactions allowed to the manager
in the contingent claim market. We assume that W is a closed subspace of
X. When W = {0}, then the manager has no access to the market while
when W = X, the manager has access to all contingent contracts and she
can trade just as shareholders. Given a production plan y, the manager’s

set of feasible adapted consumptions plans C™(y) is

C"(y) = (o(y) + W) NC(y).

In particular, when W = {0} then C™(y) = {¢(y)}. When W = X, then

C™(y) = C(y).
Assumption (F)

1. Forall y € K and all w € W, M,,,¢(y)"‘w belongs to L* (Q, F, P),
2. For all y € K, M,,¢(y)" belong to L' (2, F, P).

Assumption (F) insures that the manager’s marginal utility is well de-
fined in all feasible directions and that her utility is well defined when y €
K.

10



Shareholders delegate to the manager the choice of the production plan.
To explain how the manager makes her choices, let us introduce the concept
of indirect utility of production plans for a given price. Given a production
plan y and a price ¢ € C(y), let V,,,(y,q) be the maximal utility of the
consumption plans that the manager can obtain by trading her compen-

sation under her market constraint ¢ € C™(y) and her budget constraint

Vin(y, @) = max{Un(c), ¢ € C"(y), ¢-¢ < q-¢(y)}. (4)

Similarly, let Vi(y,q) be the maximal utility of the consumption plans
that shareholder 7 can obtain by trading her share of production under her

market and budget constraints:

Vi(y,q) =max{U'(c), c€C(y), q-c<v'(q-(y— o)},  (5)

where 1 denotes her initial share and y — ¢(y) is the production left to
shareholders after having paid the manager. Equations (4) and (5) show
how the manager and the shareholders, respectively, assess the utility as-
sociated to the various alternative production plans. They compare their
indirect utility under y to the one they would have obtained under any

alternative 3y’ € Y, by taking prices ¢ as given.’

2.4 Equilibrium

Let us now define our concept of equilibrium between shareholders and the
manager. We have in mind a setting with a large number of non-strategic
agents. We take a general equilibrium approach in which resource allocation
is decentralized through prices and which we adapt so as to account for the
information asymmetry between the manager and the shareholders.
Shareholders appoint a manager with a contract (¢, W) and delegate
to her the choice of the production plan. As mentioned, we do not model

explicitly why shareholders need to delegate this choice to a manager. A

9Price taking is important to be able to define a consensus plan (see e.g. Grossman
and Stiglitz (1980) for a discussion on price taking behaviors and unanimity). Price
taking could also be derived by considering a setting with a large number of identical
firms. The analysis would not be affected.

11



standard argument is that they lack the time or the skills needed to imple-
ment the plan, which may require continuous adjustments over time.
Given her compensation and a price ¢, the manager chooses a pro-
duction plan y that maximizes her indirect utility V;,(+,q) over Y and an
optimal consumption plan C,(y). The manager announces the chosen plan
to shareholders, who maximize the utility of their consumption plans under
their market and budget constraints. Due to Assumption P3, when y is
in Eff"(Y"), shareholders cannot verify the truth of the announcement. At
equilibrium, the manager should have no incentive to misreport the chosen
plan, markets should clear and finally, shareholders should unanimously

prefer the manager’s plan to any other plan feasible y.

Definition 1 A manager-shareholders equilibrium (in short m-s equilib-
rium) is defined by a contract (¢, W), ¢ # 0, a production plan § € Y,
a list of contingent contracts (CA”),, a contingent contract C’m, and a price
G € C(y) such that:

1. & = C”(Q) mazimizes U'(c) s.t. c € C(9), G-c < V(G- (51— o(5))),
2. ¢y = Co(§) mazimizes Uy, (c) s.t. ¢ € C™(), G-c < §- (),
33+ =1,

4 Vin(9, Q) > Vin(y, @) for ally € Y,

5. Un(Cra(3))) = maxyey Un(Cn(y)),

6. V(4,q) = maxy Vi(y, §).

Our definition of m-s equilibrium is adapted from Bianchi et al. (2019)
by considering that the manager in our setting receives a contract (¢, W)
that may specify some trading constraints W, while this was not the case
in Bianchi et al. (2019).

3 Equilibrium Properties

We first show that the manager’s equilibrium consumption equals her equi-

librium compensation. In other words, in equilibrium the manager does not

12



trade in the financial market. We deduce from the no-trade result that, for
a given compensation scheme ¢, the manager chooses a production plan
that strictly maximizes the utility of her compensation on the production
set Y. The shareholders solve a production equilibrium problem given the
net production set Y¢ = {y — ¢(y) : y € Y}

In order to state our results, let us recall the concept of production
equilibrium associated to the production set ). Note that shareholders are

not constrained to trade in C(y*).

Definition 2 A production equilibrium associated to the production set )
1s given by a production plan y*, y* € Y, a set of individual consumption
plans (c*), € XV and a price ¢* € X' such that

1. ¢ = argmaxU'(c), ¢*-c < Vi(q* - y*) for all i,
2. y* = argmaxy ¢* -y,
3. > et =y~

We now list some properties of a manager-shareholders equilibrium

given a contract (¢, W).

Theorem 1 Assume (P) and (C). Let ((¢, W), ()i, (ém),q,9) be a m-s

equilibrium then

1. The manager does not trade, i.e. ¢, = ¢(7).

2. The production plan § strictly maximizes Up,(¢(y)) over Y, U, (o(y)) >
Un(o(y)) for ally €Y,

3. The triple ((¢");, 4,9 — (7)) is a production equilibrium associated to
the production set Y = {y — ¢(y) : y € Y'} that fulfills G € C(9).

4. (0, W), (Y, (6m), 4, 9) 8 a m-s equilibrium for any W' C W. In

particular, it is a (¢, {0}) m-s equilibrium.

Remark 2 In point 3., the condition ¢ € C(3y) is redundant since it is
already in the definition of a m-s equilibrium. However, it will be useful in

order to derive a (partial) converse result.
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From Ttem 4, W = {0} plays a special role since any m-s equilibrium
(¢, W), (¢4, (¢m),q,9) is still a m-s equilibrium when the manager is not
allowed to trade, i.e. when W is replaced by {0}. We will take advantage
of this property in the next section, where we characterize the equilibrium
compensation ¢ by setting W = {0}. The next theorem provides a charac-

terization of the m-s equilibria associated to a contract (¢, {0}).

Theorem 3 Assume (C) and (P), then the list ((¢,{0}), (¢):, (ém),d,9) is

a m-s equilibrium if and only if Assertions 1 to 3 of Theorem 1 are fulfilled.

4 Equilibrium contract

4.1 Representative shareholder

As shown in Theorem 1 if ((¢, W), (¢');, (ém), G, 9) is a m-s equilibrium then
((¢1)s,4,9 — ¢(7)) is a production equilibrium associated to the net pro-
duction set Y?¢ = {y — ¢(y) : y € Y} . Hence, there exists a representative
shareholder associated to this production equilibrium. As standard, this is
a fictitious agent who - if endowed with the entire equilibrium production
- would have no incentive to trade at equilibrium prices.

In this section, we derive a key result of the paper: a necessary condition
for the existence of m-s equilibria is that the manager’s compensation leads
her to mimic the behavior of the representative shareholder at equilibrium
or equivalently to have the same marginal utility as the representative
shareholder at equilibrium.

We start by characterizing the representative shareholder in our setting.
Let

(i i)
[(zi ()\iMi)liw)l_v] .

As seen in Theorem 1, if ((¢, W)(¢");, (ém), ¢, 9) is a m-s equilibrium, then

(2

A= {Aem:zml—lv:l}, NQA) =
E

((¢")s,G, 9 — ¢(7)) is a production equilibrium associated to the production

set Y? = {y — ¢(y) : y € Y} and there exists a unique vector of equilibrium

14



utility weights <5\’> in A and v > 0 such that

1

NMUE) ™ = v or & = (v§)7T </\M) " for all i.

Summing over i, we obtain:

-1

N (- ¢(§) =/ for v/ = vE (Z <)\M> ”) > 0.

)

Therefore, the representative agent has instantaneous utility « and a den-
sity M determined by
M = N(}). (6)

The following corollary establishes a link between the compensation func-
tion ¢, the characteristics of the manager and those of the representative

agent.

Corollary 4 Let ((¢,W)(¢");i, (¢m),4,79) be a m-s equilibrium. We then

have
&' (HM™d ($(5)) = p(1 — ¢'(§)) Mu'(§ — (9)) (7)

for some p > 0.

4.2 Equilibrium contract

We now consider the possibility of designing a contract (¢, W) such that
there exists ((¢");, (¢m), q, §) for which ((¢, W)(¢)s, (ém),q, 9) is a m-s equi-
librium. When this is the case, we say that (¢, W) is an equilibrium con-
tract and that ¢ is an equilibrium compensation.

Without trading restrictions on the manager (W = X), as seen in
Bianchi et al. (2019), equilibrium requires that the compensation is linear.
At the same time, from (7), under linear compensation, the manager shares
the same belief as the representative shareholder. When this is not the
case, there exists no equilibria and therefore the manager should bear some

trading restrictions.

Corollary 5 Let ((¢, W)(¢), (¢m), 4, 7) be a m-s equilibrium. If W = X
¢ is linear. If ¢ is linear then M™ = M. If M™ +# M then W ¢ X.

15



We then consider the other extreme case W = {0}. We show that, under
suitable conditions, there is a unique equilibrium compensation scheme ¢,
up to a positive constant. From Theorem 1, item 4, such compensation
schemes are the only candidate equilibrium schemes when the manager
faces milder trading restrictions, W # {0}.

Let ((¢, W)(¢")i, (¢m), 4, 9) be a m-s equilibrium and let § = § — ¢(3) =
(Id — ¢)( ) be the equilibrium net production plan. Let M™¥ = E [M™| ]
and N9(\) = E [N (5\)’ @]. Then there exists a measurable function h :
R, — R, such that .

Y
N .

As Id — ¢ is strictly increasing, it has an inverse and C(7) = C(g). Taking

the conditional expectations with respect to ¢ in (7), we obtain

&' (@' (6(9)) = p(1 = ¢ (@) h(G)' (5 — 6(1)), (8)

or

¢ (2)d(2) = u(l = ¢'(2)) (2 = 6(2)) " h(z — 6(2)), forall = (9)

which gives us a differential equation that, up to a constant, ¢ should sat-
isfy. Although this equation seems to be a standard differential equation,
it raises a fixed point problem.!® Indeed the solutions ¢ of the differential
equation above depends on h. The function h depends on the net pro-
duction equilibrium which in turn depends on ¢ since ¢ determines the
net production set. When h and ¢ are independent, Equation (9) may be
solved to determine ¢. This is the case in the homogeneous case where
h = 1. It is also the case when the net production set (and the net pro-
duction equilibrium) are taken as primitive as h is then exogenously given.

The argument is detailed in the next section.

10Along the same line, to show that ((¢, W), (¢%);, (ém),d,9) is a m-s equilibrium,
given ¢, we must prove existence of a production equilibrium ((&%);, §, %) associated to
Y?. We then have to find a ¢ such that the maximum of U,, (¢(y)) on Y exists and is
reached at ¢ defined by § — ¢(§) = §. We are thus led to find a zero of a correspondence
¢ = (Id — qb)fl (g) — argmaxy Up, (¢(y)). However, this correspondence may not be
well defined as for a given ¢ the existence of a production equilibrium associated to Y ¢
is not guaranted nor that of a solution to the problem maxy Uy, (¢(y)).
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5 From Gross to Net Production

In order to construct a m-s equilibrium associated to a production set Y,
summarizing previous results, we may take W = {0}.

In this section, we construct m-s equilibria assuming that the net pro-
duction set is given as primitive. To this end, we consider a set ), the net
production set for which there exists a production equilibrium ((¢');, G, 7).
We show that we can find a compensation ¢ and a gross production set Y
such that ((¢, {0}), (¢):, &(3), q,9) with § — ¢(§) = ¢ is a m-s equilibrium
for Y.

The method we use is to transform Equation (9) into an equation that
can be explicitly solved, first, by making a change of variable z — z — ¢(z)
and next, by making a change of function: we consider the compensation
as a function of net production, in other words, the function v such that
o(y) = (g — ¢(y)). These transformations will enable us to carry on
the analysis in terms of § — ¢(y), the net equilibrium production left to
the shareholders after the manager has been paid, instead of the gross
equilibrium production 7.

Let ((¢));,4,7) be a production equilibrium associated to ) and X be
the associated Lagrange multipliers. We assume that the random variable y
has a positive density on (0, a) for a € RU{oco} . Let M™¥ = E [M™| §] and
Ni(\) = E [N(S\)‘ gj] There exists a measurable function & : (0,a) — Ry
such that

T =)

We assume that h satisfies the following condition!!:

Assumption (H) For v > 0, the integral of h(u)u”"! is convergent at 0.
For v < 0, the integral of h(u)u?~! is divergent at 0 and convergent at a
when a = oo.

For a given p > 0, we can then define v, by

{ bu(2) = yp Jy h(w)w~'du  when v >0, (10)

Vu(2)” =C —yp [P h(uw)u’'du when v < 0.

I'The Assumptions at 0 are, for instance, satisfied if there exists some £ > 0 such that
lim,_,0 h(2)27~¢ = 0 when v > 0, and h(z)z" is bounded away from 0 at 0 when vy < 0.
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Thanks to Assumption (H) ¢, is well defined, continuous and increasing.
In fact, v, is our candidate compensation scheme as a function of the
net production. More precisely, if zy is a given level of net production
and 1, (2n) the associated compensation, the gross production is given by
2 = 2y + Yu(zn). Conversely, if zg is a given level of gross production,
zy = (Id+1,) " (2¢) is the corresponding net production and 1, (zy)
(resp. 1, ((Id +v,) " (2¢))) define the compensation as a function of the

net (resp. gross) production. It is then natural to define ¢, by

0u(2) = u((ld +9,) 7" (2)), (11)

which is well defined and satisfies ¢,(0) = 0. As usual ¢, : X, — X,

and 1, : X; — X, are defined by ¢,(y)(w) = ¢,.(y(w)) and ¥, (y)(w) =

Vu(y(w)) ae.
Finally, we define Y, by Y,, = Y + (). This set is the natural gross

production set when the net production set is given by ) and when the
compensation in terms of net production is given by 1,. We have the

following;:

Theorem 6 Let ) be smooth and let ((¢%);,q,7) be a production equilib-
rium associated to Y such that ¢ € C(§) and M™ € C(g). If Y is considered
as the net production set and if 1, defined by (10) describes the compen-
sation as a function of the net production, then the gross production set is
gwen by Y, =Y +1,(Y) and the compensation as a function of the gross
production is given by ¢, as defined by (11). Assume (C) and (H) and
uo1, strictly concave, then ((¢,,{0}), (¢")i, 0,(4),q, ) with § = §+1,(79)
is a m-s equilibrium associated to the production set'Y, =Y +¢,()).

Remark 7 Note that when the set Y is defined by Y = {y : E[G(y)] < 0}
for some differentiable function G, the condition ¢ € C(g) is automatically
fulfilled at a production equilibrium. Indeed, for such a set we have Ny () =
{\G'(9)} and, at equilibrium, we have § € Ny(§) which gives § = \G'(y) €
C(g) for some X > 0.

To summarize, to construct a m-s equilibrium, it suffices to start with

a set Y with a production equilibrium ((¢%);, ¢, %) such that ¢ € C(g) and
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M™ € C(y) and to solve for 1, using (10). Then if uot),, is strictly concave,
(¢, {0}), (6, 0,(9), G, 9) with ¢, defined by (11) and § = § + ¢,(7) is a
m-s equilibrium associated to the production set Y, =) + ().

In order to provide an existence theorem for m-s equilibria, let us now
introduce a definition and an assumption. We will say that ) is strictly
convex from above if for (y1,y2) € Y? and ¢t € (0,1), there exists y € Y
such that ty; + (1 — )y, < y.'?

Assumption (P?)

P'1Y =K — X, where K C X, and such that 0 < ¢ < K < Z|
P’2 Y is closed, strictly convex from above and smooth,

P3 If y € Efft(Y), the random variable y has a positive density on
(0,a,) for some a, € RU {oo}.

P’4 For all i, M'?! belongs to X’ and M’ and M'Z" belong to
L' (Q,F,P).

Assumption (P’) provides conditions on ) under which a production

equilibrium exists. The following corollary can then be easily derived.

Corollary 8 Assume (P’), then there exists a production equilibrium ((¢%);, 4, 7)
associated to Y. Let 1, be defined by (10) and ¢,, by (11). Assume (H), § €

C(y), M™ € C(§) and uotp, strictly concave. Then ((¢,,{0}), (¢")i, 6,(9), G, 9)
with § = § + ¥, (9) is a m-s equilibrium associated to the production set

Yu :y+wu(y)'

6 Properties of the equilibrium compensa-
tion

In this section, we consider the same setting as in the previous section

and we wish to highlight some properties that the compensation schemes

12Let us recall that Y is strictly convex when for all (y;,y2) € Y2 and t € (0,1),
there exists ty; + (1 — t)y2 € int(y). It is immediate that strict convexity implies
strict convexity from above. However strict convexity is a much stronger condition and
requires, in particular, a nonempty interior.
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defined by Equations (10) and (11) should have. We first focus on the
case of homogeneous beliefs and then consider a case in which beliefs are

heterogenous.

6.1 Common Beliefs

Suppose that shareholders and the manager have identical beliefs, M? =
M™ for all . In that case h(z) = 1 and from (10) and (11), we obtain the

following result.

Corollary 9 If M* = M™ for all i, and if ((¢,W)(&):, (ém),q,9) is a

manager-shareholders equilibrium then

1. if v > 0,9 and ¢ are linear,

2. 4f v < 0,97 =C+ pz? and ¢(2)" = C + p(z — ¢(2))" for C,p > 0.

In particular, for C' =0, we have 1 and ¢ linear.

6.2 Heterogeneous Beliefs

We now highlight the effect of heterogenous beliefs on the shape of the
compensation. We introduce the following assumption that implies some
boundary properties on h. We say that agent ¢ is more optimistic than
agent j (or that agent j is more pessimistic than agent i) with respect to
the net production y if*?

lim - = o0 and lim =
y—00 MJ y—0 MJ

0. (12)

We assume that there exists some agent ¢ more optimistic than the manager
and some agent j more pessimistic than the manager with respect to y =
g — ¢(9). In particular, there exists a shareholder i and a shareholder j
such that ; -

1711_{20 A = and %%M =0. (13)

13We assume that the support of the net production plan is (0,00). All the results
can be easily adapted to the (0,a) case.
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It is then easy to check that,

lim N(S\> = lim Nd) =

A\ R S 14
j—oo M™ g—0 Mm™ (14)

The reason is that

N XM
Mm™ "M

and that holds in particular for any agent who is more optimistic than the

for all 7,

manager. That gives the result in (14) for § — oo. Similarly, we have

M™ M™

< —,
N\ NM

where j is the most pessimistic agent. That gives the result in (14) for
g — 0. Therefore, under Assumption (13), from equation (7) the manager
acts as if she had the representative belief N()) only if the ratio of her
instantaneous marginal utility at ¢(¢g) and that of the representative agent
at g is very large when equilibrium production  is either very large or very
low. From equation (8), we must have h(j) — oo as § — oo or § — 0 or
equivalently

lim h(z) = lim h(z) = oc. (15)

20 200

Therefore, the compensation should increase the weight that the manager
attaches to extreme realizations of the production. This can be expressed
by considering the compensation rate, defined by the function x : (0, 00) —
R, such that

(z) = ‘”(22)7 2 € (0,00).

We can show the following result.

Corollary 10 Assume that M* # M7 for some i and j. Assume (H) and
(13) hold. If there exists a m-s equilibrium, then the compensation rate in

terms of net production should verify

lim, o x(z) = lim,_,o x(2) =0, fory <0,

. . (16)
lim, o x(z) = lim,_, x(2) = 00, fory > 0.
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Equivalently, we prove that x(z)” — oo as 2z — 0 or z — oo, which
gives the properties of x(z) depending on the sign of 7 as stated in (16).
Let us see the consequences of (16) on ¢, that is the compensation defined

in terms of gross production, and let us define

¢(2)

#(2) =

, 2 €(0,00).

Corollary 11 Assume M' # M’ for some i and j. Suppose Assumption
(H) and (13) hold. If there exists a m-s equilibrium, then the compensation

rate should verify

lim, g 2(2) = lim,_,o 5(2) = 0, for~y <0,

lim, o 2(2) = lim, o #(2) =1, for~y > 0.

7 Example

Let the net production set Y¢ be given by
Vapoo = {eXp (m(@)t + 6\/Z§> 10> 0} ,

where T ~ N (0,1), m(f) =a—b(0 — 90)2 and a, b and  are given positive
constants. The value of € is set by the manager and a given choice of 6
generates the production plan ys = exp (m(6)t + 0+/1%) .

We assume there are two shareholders with CRRA utility as in (2) with
v = —1. Shareholders only consume at time ¢ and they have heterogeneous
beliefs indexed by 8. An agent of type [ believes that T ~ N (5,1) and we
assume [ € {J, =} with § > 0. We have

NCEY)
Var 2

All densities are expressed with respect to Lebesgue measure. We denote

MP = 2,ﬁ€{5,—5}.

with v the proportion of stocks of shareholder of type 3. In order to insure

the existence of a production equilibrium, we assume that

1 1
—(1—-2b) + ——— < 0. 17
62( ) 1+exp—% (17)
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Proposition 12 Under (17), there exists a unique net production equilib-
rium (¢°,¢7°,4,9) such that § € C(§) with § = exp (m(é)t + é\/ﬁ) and

- % 1§
0 = O+ ——— (2u5 — 1 18
Hriet Gapag B (18)
) T —0)? TH6)2\*
g=|Njexp ( )+exp—( ) )72,
4 4
7—06)2

& = Aépr;(“) ___j

A exp — —(Ij) + exp ——(‘rzé)
s exp — 2 N

¢ = e 7102 Y
Aj exp —{ 46)2 + exp —{ 25)2
where A\; the square root of agent’s § equilibrium utility weight when that

of agent —9d is normalized to one is the nonnegative solution of

2

A2 exp(—05v1)v_s+ A exp(—%)(Zug — 1) +exp(05vt)(v_s—1) = 0. (19)

We notice from (18) that the equilibrium production plan induces a
larger 6 and so a larger exposure to the random variable  when shareholder
of type 0 has at least half of the shares (2v5 > 1) and is very optimistic (0
is large). If shareholders have the same endowment (2v5 = 1), 0 is always
lower than 6y since any 6 > 6, would increase the exposure to risk and at
the same time decrease m(0).

Let the representative agent belief be defined by

~ ~ 2
(Agexp —E2 + exp — E522)

~ ~ 27"
s [(Aé exp 7 4 exp - E21) }

M=

Note that as C(j) = C(¥), ¢ € C(§) and M € C() and this example
fulfills the hypotheses of the previous section.

From Corollary 5, if ((¢, W), (&°,¢7°),ém,q4,9) with &, = ¢(9) and
g =9 — ¢(y)) is a m-s equilibrium without trading restrictions on the

manager, then ¢ must be linear. Furthermore if ¢ is linear, then the man-
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ager implements the equilibrium plan ¢ only if she has the representative
agent belief (M™ = M ). This means that unless the manager belief is given
by M, we have W # X and the existence of an m-s equilibrium requires

the manager to be constrained.

Remark 13 Suppose that the manager receives a linear compensation. Let
E™[Z] and Var™ [z] denote respectively the mean and the variance of T as

perceived by the manager. We then have

(32— 1)
E™ [Zﬂ = 2 82
/\9~ + 142 \jexp—5
(M+1) (1+8) + 2550 (-5) (A2 —1)d ’
VaR™ [] = ; - 5 =)
N 41+ 2)exp—2 A2 4142\ exp—5

We remark (see the appendix) that E™ [Z] is a weighted average between
the mean as perceived by the optimistic shareholder (6) and that perceived
by the pessimistic shareholder (—§), with weight depending on vs. When
vs =0, \j =0 and E™ [z] = —6 while if vs =1, \j = 0o and E™ [z] = 0.
Moreover, E™ [z] > 0 if and only if \; > 1, which is true if vs is sufficiently
large. On the other hand, while shareholders agree that VAR[T] = 1, we have
(see the appendiz) VAR™ [Z] > 1. Hence the manager should overestimate
the variance of x. In other words, a manager with a linear compensation
evaluating the risk as shareholders would underestimate the level of risk
relative to what would lead her to choose 1. Hence, without constraints
(W = X ), the m-s equilibrium exists only if the manager overestimate the

risk with respect to the shareholders.

Assuming next that the manager cannot trade, let us search for a com-
pensation ¢ in terms of net production such that ((¢, {0}), (¢°,7°), ¢, 4, 9)
with ¢ defined by (11), § = g+ (g) and ¢, = ¢(9) is a m-s equilibrium. Let
us assume that the manager has a belief which coincides with the objective

one (¥ ~ N(0,1)) and that shareholders have the same endowment,
1 (20)
Vs =U_§ = —.
b= Vo5 = g

Condition (20) implies

Aj = exp (59\@) )
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It is also convenient to define the variable

)
k = —==.
20/t

In order to ensure that the resulting compensation is nonnegative for all
y € (0,00), we need to impose 2k < 1. The compensation is given by
Equation (10) with

h(y) = exp (4k§2t) exp(—2ku(0)t)y* + exp(2km(A)t)y~2F + exp (2k§2t) :

From (10), we obtain

HY
¢ ,C (y) = —2 ~ ~ 2 ~ ~
(1) Cuy + 1+ L5 exp(2kt(m(0) — 62)) — 52 exp(2Kkt(62 — m(D)))
(21)
where £ and C are arbitrary positive scalars. Note that w01, oy = ﬁ is

a positive combination of a constant and of three negative power functions.

Hence u o 1), ¢ is concave. We can then state the following:

Proposition 14 Suppose that vs = 1/2, 2k < 1 and that the manager
correctly believes that T ~ N(0,1). There exists a two parameters family of
compensation functions of net production which implement a m-s equilib-

rium associated to the net production set Y given by Equation (21).

The corresponding compensation in terms of gross production follows
from (11):
P(u.0)(2) = Vo) (1A + 90 7' (2))

It is easy to verify that lim, .gh(z) = lim, ., h(z) = oo. Hence, the
compensation in (21) has the properties highlighted in Corollary 10: the
compensation rate x(y) goes to zero as y — 0 or y — oo. Further properties
are illustrated in a simple numerical example.

Suppose C' = 0,a = %(00 —1) and b = m. That gives § = 1 and

1
m(f) = 0. Suppose also =1, t =1, §, = 3/2 and § = 1/2 (shareholders’
beliefs deviate from the objective belief by % standard deviation). The
resulting compensation rate y(y) is displayed as solid line in Figure 1 and

the total compensation ¥ (y) is displayed as solid line in Figure 2. We
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observe that the compensation rate x(y) is inverted U-shaped while the
compensation 1(y) is convex as y — 0 and concave as y — oc.

In order to see the effect of shareholder heterogeneity, notice first that if
shareholders agreed on the true distribution of = (that is, § = —6 = 0) we
would have k& = 0 and expression (21) would give ¥(y) = 7y and (the linear
compensation). In Figures 1 and 2, we also plot an optimal compensation
rate x(y) and compensation v (y) for 6 = 1/4 (dashed lines) and § = 3/4
(dotted lines). As intuitive, the larger shareholders heterogeneity is (the

larger ¢), the larger are the required deviations from linearity.
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8 Appendix

Proof of Proposition 1. STEP 1 Monotonicity

We show first that z — ¢(z) and z — z — ¢(z) are both nondecreasing
a.e. in the sense 1 ® p ({(z,2") € R*: (z — 2/)(p(2) — ¢(z)) < 0}) = 0.

We have ¢, € C(y) and there exists a nonnegative measurable function
C such that ¢, = C(9). By Lebesgue Theorem, the derivative of z —
Jy C(s)ds exists and is equal to C(z) almost everywhere. Let F(z) =
E[M,,|y = z] and let us assume that ;1(G) = 0 where G = {2 : F((z) = 0}.
We have 0 = [ _. F(2)hy(2)dz = E [M,,13¢c¢] and M,, > 0 a.e. which gives
M,, =0 a.e. on G and since M,, > 0 a.e., we have u (G) = 0.

Let D the set of points z such that ( fo ds) = C(z), ¢ is continuous
at z, F(z) > 0 and hy(z) > 0. We have (R \D) = 0.

Let us assume that ¢ is not nondecreasing and let

A= {(z, Z)e (R (2 — £)(6(2) — or(2)) < o} .

We have, u?(A) > 0. Without loss of generality, we may replace A by
AnC2
Let (a,b) € A with a < b and then

¢(a) > ¢(b) .

For n > 0, there exists ¢ > 0 such that |¢(z) — ¢(a)| < no(a) for z €
I =[a—¢e,a+¢)and |p(z) — p(b)] < ne(b) for z € J =[b—e,b+¢). If
n and ¢ are chosen such that %Z% > 1and € < b’T“, we have [ < J
and ¢(I) > ¢(J). It is immediate that ¢(a) < ﬁ (z) for z € I and
o(b) < ﬁqb(z) for z € J.

Let f: R — R\ J be defined by f(z) = 3 (a—¢) + 3z on I, f(z) =
a+3(z—b+e)on Jand f(z) = z elsewhere. We have f(z) < z for all z
and f admits an inverse denoted by g.

Ifzel then f(z) € I, and |o(2) — ¢(f(2))| < 2no(a) < %qﬁ(z) We
further impose =5 < 1 and we have ¢(f(z)) > (1 — 2_7777)¢(z)

IszJthenf( ) € I and
¢(2) = o(f(2)) < (L+n) o(b) = (1 = n) ¢(a) <0. (22)
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We also have ¢(f(z)) < (1 + 1) ¢(a) < ko(z) with k = i—:’]i((z) > 1.

Elsewhere, we have ¢(z) = ¢(f(z2)).

Let us define the random variable § by § = f(3). We have § < ¢ then
g € Y. By definition of g, we have § = g(7). They generate then the same
information structure and we have C(y) = C(y).

By definition of the indirect utility function, V,,,(9, §) = Uy (é). Let w
be defined by & = ¢,, — ¢(7), we have w € C(g) "W and ¢-w < 0. If we
define é,, by ¢, = (7)) + (1 — 5127—”71)1?), Crm 18 a function of §. We further
impose € < 1.

On {j € I}, & = ¢(f(9)) + (1 —efL)w > (1 - £2) (¢(9) + @) > (1

-
f?])ém > 0. From there, we derive u(¢,,) —u(éy) < (1 —(1- 12—_7]77)7) w(Cm)-
By the market clearing condition, we have ¢,, < ¢ and u(¢,,) — u(
(1= (1= 2)7) u(@).

On {j e J}, én = ¢(f(7) + (1 — )b > ¢(§) + (1 — {5)0 >
(1 £22) (6(9) + @)

we have

™\

m

v

0. Furthermore, since u is increasing and concave,

where ¢ = &, if ¢(§) — ¢ (f(§)) +e72% > 0 and ¢ = ¢(f(§))+ (1 —e L )i <

1—n 1-n
k(¢(y) + w) elsewhere.
From there and using (22), we have
w(Cm) — u(Cm)
< sup (L4090 - (=)o) + o720 ) o (1)
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and since (14 1) ¢(b) — (1 — 1) ¢(a) < 0, we have

u(Cm) — u(Cm)

(1) 60) = (1= ) Ha) W (6) + o7

<E7TH(1 4 1) ¢(b) — (1 —n) dla) v’ (§) + 812

~

(K" ' lgs0 + Wleso) U (Gm)

N

(k"y 111)11;,20 + wlwzo) u’ (Cm>

n
Finally, on {§ ¢ T U J}, &, = ¢(§)+(1—e£L)w > (1—e{%) (¢(§) + @) =
(1 — 5—)cm > 0. Furthermore, since u is increasing u(é,,) — u(éy) <

(Em)—u ((1 — e ) Sulen) (1 (1= e22)) <u(@) (1- (1 -e2)).

We have then ¢, > 0 a.e. and then ¢, € C" (7). Furthermore, we have
q-Cn=q-909)+q W < q-¢(y) which gives V,(7,¢) = Upn(Cn). From
Condition 4 in the equilibrium definition, we have

Um(ém) = Vm@,(j) > Vm(ﬂ,(j) > Um(ém)' (23)

However, from the above inequalities on u(é,, (w)) — u(é, (w)), we have

oz Un(@) = Un(@n)] (24)
< 5 (1= (1= T2 ) B (M) e
o KT (1 1) 6(0) — (1= ) 6(a)) B (M (5) 1]
B Mo (87 a0 4 L a20) o () e
+ 2_15(1 —(1- 612_7777)”)19 [Mpu(ém)lggrog] -

Let us show that M,,u’ (¢,,) @ € LY(Q2, F, P) and for this purpose let us
consider separately its positive part and its negative part. Since u is increas-
ing, the sign of M,,u’ (¢,,) w only depends on the sign of w. Let us define c.
by c. = ¢(y) + (1 — ) w, we have c. € C(y)NW and G- c. < - ¢(y) which
gives U(c.) < U(éy,). For @ > 0, we have 0 < M < (¢(y))w and
since w — ' (é) w , Assumption (F) and the dominated conver-
gence Theorem give lim, o £/ [melmzo] = E [Myu' (p(9)) wlgso] <

oo. Let us assume that —F [M,,u (¢,,) Wly<o] = 00. Since u is increas-

ing, we have (u(c.) —u(én)) la<o > 0 and by Fatou’s Lemma, we have
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S

liminf._o E [memgo] > —E[u (é) lg<o] = 0o. From there

lim. o F [me] = oo which gives U(c.) > U(¢é,,) for e sufficiently
small. We have then a contradiction and then —F [M,,u’ (¢(9)) wlg<o] <
oo which gives L'(2, F, P). As a consequence, we have

lime o B [My, (k7 Yl g0 + 1050) ' (ém)15es] = 0.

Taking the limit when ¢ goes to 0, in (24), we obtain

1 . .
ll_{% % [Um(cm) - Um(cm)]

2n ”
=(1- (1_1—77) )F(a)u(a)

+ETH((1+ 1) 6(0) — (1= n) ¢(a)) Fla)u'(a)

v V&E [Myptu(én)] .

Taking the limit when 1 goes to 0, we obtain k7~ (¢(b) — ¢(a)) F(a)u/(a) <

Hence, for n and e sufficiently small, U,,(¢(7) + w) < U, (o(7) + w)
which contradicts 23. Therefore, the compensation z — ¢(z) is increasing.

Similarly, replacing the manager by one of the shareholders, we obtain
that the net production z — z — ¢(2) is increasing.

Let us show that M,,u’ (¢,,) w € L' and for this purpose let us consider
separately its positive part and its negative part. Since u is increasing, the
sign of M,,u (é,,) w only depends on the sign of w. Let us define ¢, by ¢. =
&(y)+(1 —¢e)w, we have (1 — ) w € C(y)NW and §-c. < §-¢(y) which gives

U(c.) < U(ép). For > 0, we have 0 < “Cml=(¢) < 4/ (4(5)) 4 and since
w(ém)—u(ce)

)

Theorem give lim,_q E [melwzo} = E[Myu' (¢(9)) wlg>o] <

oo. Let us assume that —F [M,,u (¢,,) Wly<o] = 00. Since u is increas-

— ' (&) w , Assumption (F) and the dominated convergence

ing, we have (u(c.) —u(éy)) ly<o > 0 and by Fatou’s Lemma, we have
lim iIlfa_,oE [melwgo] Z —F [u/ (ém) wlwgo] = 00. From there
small. We have then a contradiction and then —F [M,,u’ (¢(9)) wlg<o] <
oo which gives u’ (¢,,) W € L.

STEP 2. Differentiability

lim, o F [me] = oo which gives U(c.) > U(¢é,,) for e sufficiently

Since z — ¢(z) and z — z — ¢(z) are nondecreasing then z — ¢(z) is
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1-Lipshitz and then differentiable a.e.
STEP 3. An approximation Lemma.

When some consumption plan ¢ does not satisfy the market constraints
c € C(y) for some y € Y, the following Lemma establishes that the market

constraints are satisfied for some slight perturbation of y.

Lemma 15 For (z,2') € X% and ¢ > 0, there exists ©” € X such that
0<a—2a"<ex! and C(x) C C(x"). In particular, if ' € Y then 2" € Y.

|

Proof of the Lemma. Let s, = (1+¢)? for n € Z. The family S =
(5n)pez is an ordered family with lim, s, = 0o, lim_ 5, = 0. Let z > 0
and 2z’ > 0. There exits n € Z such that s, < 2’ < s,,41 and we define h
by h(z,2") = s, — (sn — sp-1) 755 Wehave 0 < (1 —¢) 2" < (1 —¢) 5541 <
Sno1 < h(z,2)) < s, < 72 < s,41. Let us suppose now that we know
h(z,2") without knowing z nor z’. The inequalities s,_1 < h(z,2") < s,
uniquely define a pair (s, s,_1). z is uniquely determined by the equation
Mz,2") = 8p = (8n = Su—1) 725+ Let (z,2') € X7, and let 2" = h(z,2'). We
have (1 —¢e)2’ < 2" <2’ or 0 < 2’ — 2" < ex’. Furthermore, knowing x”
permits to determine x and we have C(x) C C(z”). Finally, if 2/ € Y then
" < g’ leads to 2" €Y.
STEP 4. Shareholder’s income maximization

We first show that at equilibrium, the price ¢ should be strictly positive.
We then show that ¢ should maximize on Y, any shareholder’s income at
price g,i.e. G- () —#(9)) = maxy G- (y —¢(y)) and § € Eff (V). Let us first
show that ¢ > 0. Indeed if for some ¢, ¢; < 0 on a set A of positive measure,
the shareholders’ and manager’s demand could be arbitrarily large on A
violating assertion 3 of the definition of equilibrium.

Let (¢, W) be given and ((¢");, ¢m, G, 9) be a manager-shareholder equi-
librium. From Assertions 2 and 4 in Definition 1, the manager solves the

following problem:

max max Un(c)st.ceC™(y)and G- ¢ < G- o(y). (25)
y c

As ¢, solves Assertion 2 and U, is increasing, ¢,, = ¢(9) + w for some

w e WNC(y) and G- ¢, = G- P(7). Let ¢ be a consumption plan of the form,
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¢ = ¢(y) +w for some y € K such that U,,(c) is well defined with U,,(c) >
Upn(¢). Since ¢ is nondecreasing, we have min [u (¢(y) + ), u (¢(y))] <
w(6(y) + (1 — 2) ) < max[u(6(y) + ) ,u (9(y))] and Uy (6()+(1 — <) 1)
is well defined. We have u((1 —¢) (¢(y) + @) = (1 — &) u(¢(y) + @) and
Un((1 =€) (¢(y) +w)) is also well-defined and U,,((1 — &) (¢(y) + w)) >
Up(ém) for e sufficiently small. Let x = g and 2’ = ¢(y), by Lemma 15 there
exists ” € X, such that 0 < ¢(y) — 2" < e¢(y) and C(y) C C(z"). Since

¢ is continuous nondecreasing with ¢(0) = 0 and since we have z” < ¢(y),

S

we may define y” pointwise by y” (w) = inf {z : ¢(z) = 2"(w)}. We have
o(y") = 2", C(y) € C(2") C C(y") and 3" < y which gives ¢y € Y If we
take ' = 2" + (1 —e)w = ¢(y") + (1 — &) b, we have

(1—e)(o(y) + ) <" <o(y) + (1 —2)b

hence U, (") is well defined with U,,(¢") > U, (én), w € C(y") and ¢ -
(0(y") + (1 —e)w) = ¢ - ¢(y") which contradicts (25). Therefore, we have

Un(6(7) + 1) > maxUn(6(y) + ).

Assume that there exists y' € K such that G- (v —o(v')) > ¢- (79— 0(9)).
As ¢ is 1—Lipschitz and by Lemma 15, there exists y” close to ' such that
G- —o(y") > q¢-(9—0(y)), C(y) C C(y") and ¥ € Y. From the definition
of the indirect utility, we have V*(y”, q) > V*(g, ) which violates assertion 4
of the definition of equilibrium. Therefore, §-(§—¢(9)) > maxx §-(y—o(v)).

Let us assume that there exists ¥’ € Y such that 3/ > ¢. Without loss
of generality, we may assume that ¢ € K. We have U, (¢(9) + w) >
Un(o(y') + ) and since U, is increasing we have ¢(3) = ¢(y') on A =
{y' > g}. This gives ¢ (v — ¢(y')1a > G- (§ — ¢(9))1a and G- (¥ —
o(y")lana = ¢-(J—&(9))Laya which contradicts the fact that §-(y—¢(7)) >
maxg G- (y — ¢(y)). Hence y € K and from there

Q- (5 - 0(3) =maxd- (y - (y)) = maxd- (y — 0y)),  (26)
Un($(5) + ) = max U (6(y) + 1) = max Un(6(y) + ). (27)

Let 0¢(z) =co {limh_)() W} . As ¢ is nondecreasing and 1—Lipschitz,
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we have 9¢(z) = [¢' (2),¢,(2)] C [0,1] for all z with ¢/ (z) = ¢/, (z) =
¢'(z) when ¢'(z) exists (which is the case almost everywhere on R,).

Lety € Y,v:y—gja,ndo < e < L Wehaveg)—i—ev € Y and
q-(G=0(9)—q-(G+ev—0(§+ev) = =G-0()) — G- (v = ¢(j +ev)) = 0

e D)

or

We have 0 < ( ¢(y+€v )) v1l,>0 hence, by Fatou’s Lemma, F [Gul,>0]—

[q¢’ ) } E[qul,>o]—limsup, 4 F [(jwlwo] or B [C]¢+( )Ulv>0] >
limsup, o E qwl >0:| Similarly, from 0 < —Q—(ﬁ(“?} ¢(y)'yl
we derive —E [4/ (§)vL,<0] < — liminf. o B [§200=401 o, | or B [go. ( Joluzo] 2

liminf, ,o & [qwlvgo] . Therefore,

[CJ¢+( )U1v>o] +F [Q¢ (9 )Ulv<0:|

> limsup E [ch(y + 61;) — o) L. } Flimint B |g { Oy + 61;) — o) 1@]
e—0 e

> qu.

To prove (28), it suffices to consider a sequence (g,,) such that £ [Awlvgo]

3

5 0(I+en)—(9) 1U>0]

. M L;go] . The sequence F [q .

converges to liminf, o K [
is bounded above by E [¢vl,>o| and (e,) admits a subsequence that con-
verges to some ¢ < limsup,_,FE [QMIUZO] . Along this subse-
S o(i+ev)— (y)1v<0]

£

quence, E [q¢><y+sn:>f¢<m

which gives {+ liminf, o F [ Mlv<0i| > liminf, o F [(jw]
then (28).

To summarize, we have ¢(1 — ¢, ()10 — ¢ (9)1v<o) - v < 0 for all v.
Theeloe, we bave gy = 1 — (31120 — 0-(5)Luco) € My ()

We also have U, (¢(9)+w)—Us, (¢(y+€v)+u§) > 0 and =2 )+w)_im(¢(@+5”)+w)v >
0 and, by Fatou’s Lemma, E [ (¢, (9)1o50 + ¢ (9)1o<0) Mt/ (¢(9) + @)v] <
0 for all v which leads to py = (¢+( VLozo + ¢ () Lu<o) Mot ($(3) + ) €

(4 mtt' (¢
Ny (9). Note that p, = 0 if and only if (¢, (7)1 U>0—|—¢ (9)1y<o) = 0

] converges to (+ liminf. o F [

35



which implies ps # 0. We have then 0 < p = p; + ps € Ny(y) and
§ € Eff 7 (V). Therefore, § has a density hy with hy > 0, u—a.e. on R and
L (5) = ¢_(9) = ¢'(§) a.e. Since § € EAT(Y), Ny(§) is generated by a
single vector, (1 — ¢'(9)) and ¢'(9)U},(¢(y) + w) are proportional.

STEP 5. Proof of the Theorem

From Assertion 5 of Definition 1

max E[Mmu(ém(y)] = Um(ém@))]

yey

Let us show that this implies that C,,(z) is nondecreasing in z. Let
us define A = {(z,z’) € (Ri)2 (2= 2)(Crn(2) — Cr(2)) < O} and let us
assume that p ® p(A) > 0. By Fubini, there exists z* such that pu(B) >
0 with B = {z > 2% Cp(2%) > ém(z))} Let us consider g’ such that
g = z" on {y € B} and § = gy elsewhere. We have ¢ < ¢ and then
g € Y and Co(i7) > Cn(j) which contradicts the fact that j maxi-
mizes U, (Cpn(4)) on Y. Hence, C,,(z) is nondecreasing and C,,(z) ad-
mits a derivative with respect to z almost everywhere. Let us denote

by OC’m(z) = @{Iimh_@ w} As C,, is nondecreasing, we have

0e(z) = [é;,_(z), é;w(z)] C [0, 00] for all = with C", (2) = C!, ,(2) =

C’ (z) almost everywhere on R,. Let y € Y, v =y — g and 0 < e < 1. We

have j+cv € Y and Uy, (Cp (7)) = Upo(Con () +cv) and Yt (Con@))~ UJ”(C"’( HSU)U >

0 which, by Fatou’s Lemma gives £ [(C’fnJr( U)1y>0 + Cm,—@)lvﬁoa ( ' (9)(9))v
0 for all v and then C?, , (§)1,50 + C', _(9)1u<o € Ny(§). As § € EfFF(Y),

it has a density h; with hy; > 0, p—a.c. on Rtand (', _(§) = a’n+(gj) =

¢’ (4)) almost everywhere on € which gives C” (j)) € Ny(g))

Cra()M™ (&) = v, (29)
for some v > 0. From Equations (?7) and (29), we thus obtain that :

(Cr=v6') @M (E) = 0 (30)

As ) € EffT(Y), it takes all possible values in (0, 00) and we have

C! (2) = vd'(2), ae.

36



Integrating with respect to z, we obtain
Con(2) = vop(2) + k (31)

for some constant k. From Assertion 3 of Definition 1, we have C’m(z) <z

hence C,,(0) = 0 which implies & = 0 and
Cn(2) =vo(2), V2 € R, (32)

AsG-Cn=q-0H),v=1and C, = ¢.
To prove Assertion 2, from item 2 of Definition 1 and from the last

result, we have

~

Vm@a(j) - Um(om@)) = Um(ﬁb@))

As ¢(y) is a feasible consumption plan for the manager when she is given

Y, Vin(y, ¢) > Up(o(y)), therefore

Vin (0, Q) = Un(&(3)) > Vin(y,4) = Un(0(y)),Vy € Y — {3},

proving Assertion 2.

From the first item in the definition of the m-s equilibrium, ¢! maximizes
Ulle) st. ¢ € C(§), G-c < V(G- (7 — o(9))). Let ¢ ¢ C(7)) such that
G-c<v'(G-(9—¢(9))). Taking the expectation conditional to ¢, we have
G-E [c]§] < v (q-(§—0(9))). Since E [c| ] € C(§), U(E [c]g]) < U'(¢') and,
by concavity of U?, U'(c) < U'(¢'). We therefore have that ¢ maximizes
Ul(e) st G- ¢ < V(G- (§— &(9))), for all i. We conclude the proof of
assertion 3 thanks to Proposition 77 and the market clearing condition.

In order to prove assertion 4, it suffices to remark that if the manager
does no trade when allowed to make transactions in W, she will not trade
when only allowed to make transactions in W/ C W and since all the other
conditions do not involve W, we have the result. m

Proof of Theorem 3. Let ¢ € C(¢) and ((¢);,4,9 — ¢(4)) be a pro-
duction equilibrium. Then ¢ maximizes U'(c) s.t. §-¢ < V(G- (§ — ¢(9))).
As G-¢ = v(G-(§—¢(9))), taking the conditional expectation with respect
to ¢, we obtain that G- F [¢'| §] = v'(¢- (§ — ¢(9))). Hence E [¢'|§] is budget

feasible and from Jensen’s conditional inequality, as U® is strictly concave,
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Ui(¢") < UY(FE[é'9]) with a strict inequality unless ¢ = F[¢'] §]. As the
strict inequality would contradict the definition of ¢, we have & = E [¢!] §]
and therefore ¢ € C(y) for every i. It also follows from this remark and
Proposition ?? that Vi(3,q) > V(y,q) for any y and 7. The remainder is
immediate. m

Proof of Corollary 4. From Theorem ??, we have ¢ - (y — ¢(9)) =
maxy G- (y — ¢(y)) . From the first order condition, we have (1 — ¢/(y))gd €
Ny (7). We also have Uy, (¢(y)) = maxy U, (é(y)) which gives ¢ (§) M, u(p(
Ny (9) . Finally, by definition of the representative agent, we have N ()\*) "(g—

) €

®(y)) = vq. Since all elements in Ny () are positively proportional, we have
the result. m

Proof of Corollary 5. The 2 first assertions are from Bianchi et al.
(2019). The third one is immediate. m

Proof of the strict monotonicity of ¢ and Id — ¢. Since ¢ is
nondecreasing, let I an interval on which it is constant. We have ¢’ = 0
on I and then p(1 — ¢'(2))(z — ¢(2))"'g(z) = 0 on I. Since all the beliefs
are equivalent and since ¢ is such that h; > 0, we have g > 0 a.e. on /.
Furthermore, ¢/(z) =0 # 1 on I and ¢ cannot be equal to z a.e. on I. We
have then ;= 0 and ¢ = 0 everywhere and ¢ is constant. Since ¢(0) =0
we have ¢ = 0 which is excluded by condition 4 in the definition of a m-s
equilibrium. We have then that ¢ is increasing. The result on z — 2 — ¢(2)
is derived similarly. m

Proof of Theorem 6. From ¢,(2) = 1,((Id +,)"" (2)) we derive
Gu((1d+,) (2)) = u(2) and (d+15,) () — 6,((ld+1,) (2)) = 2 or
(Id = ¢,) o (Id +,) = Id. By construction, we have 9/, (2)1,(2)""" =

pz7"th(z) which can be rewritten as

Uz = 0(2)u(z — 6(2))7™F = (2 — 6,(2)) ' g(2) (33)

with g such that g(z) = h(z — ¢,.(2)).

We have § = § + 1,(9) or equivalently § = § — ¢,(9) hence gy and g
NY(X) _ NN
Mmy — MM

generate the same filtration. We have then h(y) = g(y) =
and ¢, satisfies Equations (?7).
By definition of the representative agent, ¢ maximizes F [N (S\)u(y)]

on ) or, equivalently, § maximizes F [N (Nu(y — gb(y))} on Y),. Hence, we
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have (1 — ¢'(9))N(MNu/(§ — 6(3))) € Ny, (§) = (1 — ¢'(9)) Ny (i — ¢(9)). By
definition of a production equilibrium, we have ¢ € Ny (3§ — ¢(¢)) and since
Y is smooth, we have N(A\)u/(§ — ¢(9)) = o for o > 0. Since § € C() w

have N(3) € C(7) and NP (5—6(0) = o ox (505 0(5) =
and since M™ € C(7) and by (33), M™,(5 — 6(7))bu( — 6(3) = 24
or M"Y ()u'(¢¥(y)) € Ny(g). When w o ¢ is strictly concave, this last
condition gives that § strictly maximizes u(1(y)) on ). Hence ¢ strictly
maximizes u(¢(y)) on Y. From Theorem 3, ((¢,{0}), (¢"):, (¢m),q,7) is a

m-s equilibrium. m

Proof of Proposition 8. The existence is adapted from Bianchi et al.
(2019). The rest is immediate. ®

Proof of Corollary 9. For v > 0, ¢(2)” = yu [; v *du = pz" and
¥(2) = prz and ¢(2) = Pz — ¢(2)) = p7 (2 — ¢(2)) which gives () =

Kz For v < 0, we have ¢(2)" = C — yp ["wdu = C + pz" and
1+p

P(z) = (C+ uzv)% and ¢(z) = (C+p(z — qb(z))”)% which gives ¢(z)” =
Ctpulz—¢(2). =

Proof of 10. For v > 0,, ¢(2)" = ypu [; h(u)u’'du and @ ~0
yuh(z)z7"t.  Hence <%Z)>7 = ¥ g yuh(z) and H2 oo,

Z)” _

2=

Let u be given, for u sufficiently large, we have h(u) > M and £
v,u% foz h(u)utdu > pMz'"1 for z sufficiently large. Hence, for z Sufﬁ—
ciently large, we have (@)V > yuM and @ —oo 00. The case 7 < 0 is
treated similarly. m

Proof of Corollary 11. We have ¢(z) = ¢((Id 4+ 1) " (2)) and 3(z) =

wgﬁﬁ;)—_ll(z)) (Id+wz)_1(z). If 2 = (Id+¢) " (2), we have 1)(z) + = z then

x < z and, in particular, w < 1 and lim,_o(Id+¢) " (2) =
0. Since ® is nondecreasing and defined on R, it is also easy to check

that lim, o (Id+¢) "' (2) = 0o If v < 0, lim, 000 ®2 = 0 and then

$((Id+) " (2))
(Id+9) 7" (2)
have %(I) + % = 1 and the second term is negligible with respect to the

lim, ¢ = 0 which gives lim, g 5(2) = 0. If v > 0, we

first one for = (or equivalently for z) near to 0 or to co. Since we have

Ixz(x) = @ = (z), it comes lim, g #(z) =1. ®

Proof of Proposition 12. Let yp = exp (m(0)t + 6/1%) where 6 is
0.6 (0,8

given. Let us show that the yy-exchange equilibrium (c ,qg) is given
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-2
4o = Yo
>\9 exp _% + exp _%

(z-p)*
09,6 _ )\geXp— 1 ”
7 0)2 716)2
)\eexp_%_i_exp_%
7+6)?
s exp —

- T— T Yo
where \g the square root of agent ¢ equilibrium utility weight (when that
of the other agent is normalized to one) is the nonnegative solution of

2

)
A exp(—00Vt)v_s+ A exp(—E)(Qz/_(; — 1)+ exp(85vV1)(v_s—1) = 0. (34)
We have
qo = Mo M/ (09’5) = M_su/(c”7%) and yy = *° + 70

and (0975, 097_5) satisfies the first-order conditions for utility maximization
as well as the market clearing condition. We need to check that the budget
constraint is also satisfied, i.e. F [qec(”_ﬂ = v_sF [qoys]. After simple
calculations, this constraint appears to be equivalent to (34). It is also
straightforward to show that (34) admits only one positive solution. Let
us finally find 6 such that (¢%,679.4,7) is a production equilibrium. Since
(cé"s,cé’*‘;,q9~> is already a yz-exchange equilibrium, we need only take
care of the profit maximization constraint. For this purpose, let us define
9(0,0) = E[qoy,] and let § be such that g, (6, d) = 0 which can be rewritten

as
2b )

i_ 1 0
it i

1— 21/_5> .

For such a 0, §j = y; satisfies the first order condition for profit maximiza-
tion. Under condition (17), we can show that g,(f, o) is positive for o < 6
and negative for o > 0 which means that ¢(f, o) reaches its maximum for
o =0 and (cé"s, cé’*‘;, q§> is a production equilibrium,

[

Proof of Remark 13. The analytic expressions of E [z] and VAR™ [7]
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are obtained through straightforward computations. From there, we easily

derive,
A — 1 Az -1
< S< E™[7] < 2 5§ <6
BEPVE N m—)\§+1 -

hence if \;j < 1 and A\; # 0 (or v # 0), we have

GH+D) o Q=17

— > 1.
(Mg +1)2 (Ao + 1)2

VAR™ [7] > 14 §?

While for A; > 1 and if A\j # oo (or vs # 1), we have

2
(A2+1) A2 —1
" 1+62—2 = 54— 1.
VART [7] > 1+ (Ag+1)2 AZ+1 ”
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