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Abstract Wavelet bases and frames consisting of band limited functions of nearly
exponential localization on R? are a powerful tool in harmonic analysis by making
various spaces of functions and distributions more accessible for study and utilization,
and providing sparse representation of natural function spaces (e.g. Besov spaces)
on R?. Such frames are also available on the sphere and in more general homoge-
neous spaces, on the interval and ball. The purpose of this article is to develop band
limited well-localized frames in the general setting of Dirichlet spaces with doubling
measure and a local scale-invariant Poincaré inequality which lead to heat kernels
with small time Gaussian bounds and Holder continuity. As an application of this
construction, band limited frames are developed in the context of Lie groups or ho-
mogeneous spaces with polynomial volume growth, complete Riemannian manifolds
with Ricci curvature bounded from below and satisfying the volume doubling prop-
erty, and other settings. The new frames are used for decomposition of Besov spaces
in this general setting.
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1 Introduction

Decomposition systems (bases or frames) consisting of band limited functions of
nearly exponential space localization have had significant impact in theoretical and
computational harmonic analysis, PDEs, statistics, approximation theory and their
applications. Meyer’s wavelets [39] and the frames (the ¢-transform) of Frazier
and Jawerth [21-23] are the most striking examples of such decomposition sys-
tems playing a pivotal role in the solution of numerous theoretical and compu-
tational problems. The key to the success of wavelet type bases and frames is
rooted in their ability to capture a great deal of smoothness and other norms in
terms of respective coefficient sequence norms and provide sparse representation
of natural function spaces (e.g. Besov spaces) on R?. Frames of a similar na-
ture have been recently developed in non-standard settings such as on the sphere
[42, 43] and more general homogeneous spaces [24], on the interval [35, 47] and
ball [36, 48] with weights, and extensively used in statistical applications (see e.g.
[31, 32]).

The primary goal of this paper is to extend and refine the construction of band
limited frames with elements of nearly exponential space localization to the gen-
eral setting of strictly local regular Dirichlet spaces with doubling measure and local
scale-invariant Poincaré inequality which lead to a Markovian heat kernel with small
time Gaussian bounds and Holder continuity. The key point of our approach is to be
able to deal with (a) different geometries, (b) compact and noncompact spaces, and
(c) spaces with nontrivial weights, and at the same time to allow for the development
and frame decomposition of Besov and Triebel-Lizorkin spaces with complete range
of indices. This will enable us to cover and shed new light on the existing frames and
space decompositions and develop band limited localized frames in the context of Lie
groups or homogeneous spaces with polynomial volume growth, complete Rieman-
nian manifold with Ricci curvature bounded from below and satisfying the volume
doubling condition, and other new settings. To this end we shall make advances on
several fronts: development of functional calculus of positive self-adjoint operators
with associated heat kernel (in particular, localization of the kernels of related in-
tegral operators), development of lower bounds on kernel operators, development
of a Shannon sampling theory, Littlewood-Paley analysis, and development of dual
frames.

As a first application of our frames we shall develop rapidly and characterize the
classical Besov spaces B),, with positive smoothness and p > 1. Classical and non-
classical Besov and Triebel-Lizorkin spaces in the general framework of this paper
with full range of indices and their frame and heat kernel decompositions are devel-
oped in the follow-up paper [33].

In this preamble we outline the main components and points of this undertaking,
including the underlying setting, a general scenario for realization of the setting and
examples, and a description of the main results.
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1.1 The Setting

We now describe precisely all the ingredients we need to develop our theory.

I. We assume that (M, p, ) is a metric measure space, which satisfies the condi-
tions:

(a) (M, p) is a locally compact metric space with distance p (-, -) and u is a posi-
tive Radon measure such that the following volume doubling condition is valid

0< M(B(x, 2r)) < 2d,u(B(x, r)) <oo forxe M andr > 0. (1.1)

Here B(x,r) is the open ball centered at x of radius r and d > 0 is a constant that
plays the role of a dimension. Note that (M, p, u) is also a homogeneous space in
the sense of Coifman and Weiss [10, 11].

(b) The reverse doubling condition is assumed to be valid, that is, there exists a
constant 8 > 0 such that

diam M

u(B(x,Zr)) zZﬁu(B(x,r)) forxeMand 0 <r < (1.2)
It will be shown in Sect. 2 that this condition is a consequence of the above doubling
condition if M is connected.

(c) The following non-collapsing condition will also be stipulated: There exists a
constant ¢ > 0 such that

inf w(B(x,1 , M. 1.3
XISM”( (x,D)>c, x€ (1.3)

As will be shown in Sect. 2 in the case @ (M) < oo the above inequality follows by
(1.1). Therefore, it is an additional assumption only when (M) = oo.

Since we consider in this paper inhomogeneous function spaces only, it would be
natural to make only purely local assumptions, and in particular to assume doubling
only for balls with radius bounded by some constant, which would enlarge consider-
ably our range of examples. This would require however more work and more space.
On the other hand, our next assumptions on the heat kernel are local, in the sense
that they are required for small time only. Clearly, by assuming global doubling and
global heat kernel bounds, one can treat homogeneous spaces as well.

II. Our main assumption is that the local geometry of the space (M, p, w) is related
to an essentially self-adjoint positive operator L on L?(M, d ) such that the associ-
ated semigroup P; = el consists of integral operators with (heat) kernel p; (x, y)
obeying the conditions:

(d) Small time Gaussian upper bound:

pr(x,y) < Cexp{_w}
T VB, VO (B(y, V1))

One can see that by combining the results in [9, 45] and [13], this estimate and the
doubling condition (1.1) coupled with the fact that e’ is actually a holomorphic

forx,yeM, 0<t<1. (1.4)
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semigroup on L*(M, duw), i.e. e~ L exists for z € C, Rez > 0, imply that e %L is

an integral operator with kernel p,(x, y) satisfying the following estimate: For any
z=t+iu,0<t<l,ueR,x,yeM,

p2(x.)
Cexp{—cRe —+*}

|p-(x,y)| < . (1.5)
V(B (x, VO)Y(B(y, V1))
(e) Holder continuity: There exists a constant & > 0 such that
(x.y)
PGy Y)\* exp{— L2}
!pz(x,y)—p,(x,y’)\56< add ) : (1.6)
Vi) B, V)r(B(y, VD)
forx,y,y € M and 0 <t < 1, whenever p(y, y') < /1.
(f) Markov property:
/ pi(x,y)du(y)=1 fort >0, (1.7)
M
which readily implies, by analytic continuation,
/ p:(x,du(y)=1 forz=t+iu,t>0. (1.8)
M

Above C, ¢ > 0 are structural constants that will affect almost all constants in what
follows.

The main results in this article will be derived from the above conditions. However,
it is perhaps suitable to exhibit a more tangible general scenario that guarantees the
validity of these conditions.

1.2 Realization of the Setting in the Framework of Dirichlet Spaces

We would like to point out that in a general framework of Dirichlet spaces the needed
Gaussian bound, Hélder continuity, and Markov property of the heat kernel follow
from the local scale-invariant Poincaré inequality and the doubling condition on the
measure, which in turn are equivalent to the parabolic Harnack inequality. The point
is that situations where our theory is applicable are quite common and it just amounts
to verifying the local scale-invariant Poincaré inequality and the doubling condition
on the measure. We shall further illustrate this point on several examples and, in
particular, on the “simple” example of [—1, 1] with the heat kernel induced by the
Jacobi operator, seemingly not covered in the literature.

We shall operate in the framework of strictly local regular Dirichlet spaces (see
[2,5, 6, 14, 20, 45, 55-57]). To be specific, we assume that M is a locally compact
separable metric space equipped with a positive Radon measure p such that every
open and nonempty set has positive measure. Also, we assume that L is a positive
symmetric operator on (the real) L*(M, @) with domain D(L), dense in L*(M, Ww.
We shall denote briefly L? := L” (M, ) in what follows. One can associate with L
a symmetric non-negative form

E(f.)=(Lf.g)=E@. ),  Ef,H=(Lf, [)=0,

Birkhauser
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with domain D(E) = D(L). We consider on D() the prehilbertian structure induced
by

IfIE=1F13+EC

which in general is not complete (not closed), but closable ([14]) in L2. Denote by
£ and D(E) the closure of &€ and its domain. Tt gives rise to a self-adjoint extension
L (the Friedrichs extension) of L with domain D(L) consisting of all f € D(E) for
which there exists u € I such that £(f, g) = (u, g) for all g € D(E) and L f = u.
Then L is positive and self-adjoint, and

D@ =D(D)'?),  E(f0)=(D'"f.D)' ).

Using the classical spectral theory of positive self-adjoint operators, we can asso-
ciate with L a self-adjoint strongly continuous contraction semigroup P; =e~'L on

L2(M, i). Then
— o0
e—fL — / e—).ldE)”
0

where Ej is the spectral resolution associated with L. Moreover this semigroup has
a holomorphic extension to the complex half-plane Rez > 0.

Our next assumption is that P; is a submarkovian semigroup: 0 < f <1 and
fel? imply 0 < P,f < 1. Then P; can be extended as a contraction operator
on L?, 1 < p < oo, preserving positivity, satisfying P;1 < 1, and hence yielding a
strongly continuous contraction semigroup on L”, 1 < p < oco. A sufficient condi-
tion for this [2, 20], which can be verified on D(L), is that for every ¢ > O there
exists @, : R+ [—¢, 1 + €] such that @, is non-decreasing, @, € Lip1, @.(t) =¢
fort € [0, 1] and

@.(f)eDE) and E(P:(f), Pe(f)) <E(f, ), YfeDL)

(in fact, this can be done easily only if @.(f) € D(L)).

Under the above conditions, (D(E), ) is called a Dirichlet space and D(E)NL®
is an algebra.

We assume that the form £ is strongly local, i.e. £(f, g) =0 for f,g € D(E)
whenever f is with compact support and g is constant on a neighbourhood of the
support of f. We also assume that £ is regular, meaning that the space C.(M) of
continuous functions on M with compact support has the property that the algebra
C.(M)N D(E) is dense in C.(M) with respect to the sup norm, and dense in D(?) in

the norm \/E(f, ) + | 13-

We next give a sufficient condition for strong locality and regularity ([20], Chap. 3)
which can be verified for D(L) : £ is strongly local and regular if (i) D(L) is a
subalgebra of C.(M) verifying the strong local condition: 0 = £(f, g) = (Lf, g) if
f, g € D(L), f is with compact support, and g is constant on a neighbourhood of the
support of f, and (ii) for any compact K and open set U such that K C U there exists
ueD(L),u>0,suppu CU,and u =1 on K (thus D(L) is a dense subalgebra of
C.(M) and dense in D(E)).
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Uncler the anve assumptions, there exists a bilinear symmetric form d 1" defined
on D(&) x D(E) with values in the signed Radon measures on M such that

E@f. ) +E(f, ¢8) —5(¢,fg)=2fM¢d1"(f,g) for f,g,¢ € Cc(M) N D(E),

which obviously verifies £(f, g) = fM dI'(f,g)and dI'(f, )= 0.
In fact, if D(L) is a subalgebra of C.(M), then dI" is absolutely continuous with
respect to w, and

dr(f,g)w)=I(f, g)wduu),

1
r(f.g)=-(L(fg) — fLg —gLf) Vf.geD(L).
2

In other words, &€ ad_mits a “Earré du champ” ([8], Chap. 1, Sect. 4): There exists a
bilinear function D(E) x D(E) > f, g+ I'(f, g) € L' such that I'(f, f)(u) >0,

E@f. &) +E(f,98) —E@, f2)
=2fM¢>(u)1"(f, ) Vf g ¢eDENL®,

and E(f, ) =2 [}, T'(f, ©)w)dp(w).
One can define an intrinsic distance on M by

p(x, y) =sup{ux) —u(y) :u € DE) NCe(M),dI (u,u) =y ) (x)dp(x), y (u)(x) < 1}.

We assume that p : M x M — [0, oo] is actually a true metric that generates the
original topology on M and that (M, p) is a complete metric space.

As a consequence of this assumption, the space M is connected, the closure of an
open ball B(x, r) is the closed ball B(x,r) :={y € M, p(x,y) <r}, and the closed
balls are compact (see [55-57]).

We are now in a position to describe an optimal scenario when the needed Gaus-
sian bound (1.4), Holder continuity (1.5), and Markov property (1.6) on the heat
kernel can be effectively realized. In the framework of strictly local regular Dirichlet
spaces with a complete intrinsic metric, the following two properties are equivalent
[28, 571

(i) The heat kernel satisfies

/ c1p’(x,y) / c2p’(x,y)
qewl—N) o Gewl=Se)

Vi(B(x, VO)u(B(y, V) Vi(B(x, V1) (B(y, V1)

forx,yeMand 0 <z <1.

(i)(a) (M, p, ) is a local doubling measure space: There exists d > 0 such that
n(B(x,2r)) < ZdM(B(x, r))forxeMandO<r < 1.

(b) Local scale-invariant Poincaré inequality holds: There exists a constant C > 0
such that for any ball B = B(x,r) with 0 <r <1, x € M, and any function

(1.9)
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feDE),

f |f — fBI* < cﬂ/ dr(f, f).
B B

Here fp is the mean of f over B. Moreover, it is also well-known that the above prop-
erty is equivalent to a local parabolic Harnack inequality, and, furthermore, any of
these equivalent properties implies the validity of (1.6) and (1.7) (see [27, 28, 53, 57],
and the references therein).

Consequently, given a situation which fits into the framework of strictly local reg-
ular Dirichlet spaces with a complete intrinsic metric it suffices to only verify the
local Poincaré inequality and the global doubling condition on the measure and then
our theory applies in full.

In a future work we shall further develop this theory under the more general as-
sumption of the small time sub-Gaussian estimate:

m SN
ey < CEPE D)
13 )

< forx,yeM, 0<t<1, (1.10)
Vit (B(x, t1/m)) u(B(y, t1/m))

where m > 2.
1.3 Examples

There is a great deal of set-ups which fit in the general framework of this article.
We next briefly describe several benchmark examples which are indicative for the
versatility and depth of our methods.

1.3.1 Uniformly Elliptic Divergence form Operators on R?

Given a uniformly elliptic symmetric matrix-valued function {a; ;(x)} depending on
x € R?, one can define an operator

d
0 0
L=— —\a;j—
> o (al,, axj)

ij=1

on L>(R?, dx) via the associated quadratic form. Thanks to the uniform ellipticity
condition, the intrinsic metric associated with this operator is equivalent to the Eu-
clidean distance. The Gaussian upper and lower estimates of the heat kernel in this
setting hold for all time and are due to Aronson, the Holder regularity of the solutions
is due to Nash [44], the Harnack inequality was obtained by Moser [40, 41].

1.3.2 Domains in R4

One can define uniformly elliptic divergence form operators on R? by choosing
boundary conditions. In this case the upper bounds of the heat kernels are well un-
derstood (see for instance [45]). The problem for establishing Gaussian lower bounds
is much more complicated. One has to choose Neumann conditions and impose reg-
ularity assumptions on the domain. For the state of the art, we refer the reader to
[27].
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1.3.3 Riemannian Manifolds and Lie Groups

The conditions from Sect. 1.2 are verified for the Laplace-Beltrami operator of a Rie-
mannian manifold with non-negative Ricci curvature [38], also for manifolds with
Ricci curvature bounded from below if one assumes in addition that they satisfy the
volume doubling property, also for manifolds that are quasi-isometric to such a mani-
fold [25, 51, 52], also for co-compact covering manifolds whose deck transformation
group has polynomial growth [51, 52], for sublaplacians on polynomial growth Lie
groups [50, 61] and their homogeneous spaces [39]. We would like to point out that
the case of the sphere endowed with the natural Laplace-Beltrami operator treated in
[42, 43] and the case of more general compact homogeneous spaces endowed with
the Casimir operator considered in [24] fall into the above category. One can also
consider variable coefficients operators on Lie groups, see [54].

We refer the reader to [27, Sect. 2.1] for further details on the above examples. For
more references on the heat kernel in various settings, see [14, 26, 53, 61].

1.3.4 Heat Kernel on [—1, 1] Generated by the Jacobi Operator

To show the flexibility of our general approach to frames and spaces through heat
kernels we consider in Sect. 7 the “simple” example of M =[—1, 1] with du(x) =
Wq,g(x)dx, where wy g(x) is the classical Jacobi weight:

wep(X) =wx) =1 -1 +x)", o>l
The Jacobi operator is defined by
w@a) £/ )]

w(x)

2

Lf(x)= witha(x):=1—x
and D(L) = C2[—1, 1]. As is well-known [58], L Py = Ay Py, where P (k > 0) is the
kth degree (normalized) Jacobi polynomial and Ay = k(k + « + 8 + 1). Integration
by parts gives

1

E(f.9):=(Lf.g) = / 1 a(x) f'(x)g' (x)we,p(x)dx.

In Sect. 7 it will be shown that in this case the general theory applies, resulting in a
complete strictly local Dirichlet space with an intrinsic metric defined by

p(x,y)=|arccosx —arccosy|, x,ye[—1,1],

which is apparently compatible with the usual topology on [—1, 1]. It will be also
shown that in this setting the measure p verifies the doubling condition and the re-
spective scale-invariant Poincaré inequality is valid. Therefore, the example under
consideration fits in the general setting described in Sect. 1.2 and our theory applies.
In particular, the associated heat kernel with a representation

pi(x,y) =Y e P(x) Pi(y)
k>0
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has Gaussian bounds (see Sect. 7), which to the best of our knowledge appears first in
the present article. Another consequence of this is that our theory covers completely
the construction of frames and the development of Besov and Triebel-Lizorkin spaces
on [—1, 1] with Jacobi weights from [35, 47].

Finally, we would like to point out that there are other examples, e.g. the develop-
ment of frames and weighted Besov and Triebel-Lizorkin spaces on the unit ball B
in RY in [36, 48], which perfectly fit in our general setting, but we shall not pursue in
this article.

1.4 Outline of the Paper

This paper is organized as follows: In Sect. 2 we give some auxiliary results which
are instrumental in proving our main results. In particular, we collect all needed facts
about doubling measures and related kernels, construction of maximal §-nets, and
integral operators.

In Sect. 3 we develop some components of a non-holomorphic functional calculus
related to a positive self-adjoint operator L in the general set-up of the paper. In par-
ticular, we establish the nearly exponential localization of the kernels of operators of
the form f(+/L) under suitable conditions on f. These localization results are crucial
for the development of the Littlewood-Paley theory in our setting. They also enable
us to explore the main properties of the spectral spaces and develop the linear ap-
proximation theory from spectral spaces through the machinery of Jackson-Bernstein
inequalities and interpolation. In this section we also give the main properties of finite
dimensional spectral spaces.

In Sect. 4 we establish a sampling theorem in the spirit of the Shannon theory and
develop a cubature rule/formula in the compact and non-compact case, which is exact
for spectral functions of a given order. This cubature rule is a critical component in
the development of our frames.

Our main results are placed in Sect. 5, where we construct pairs of dual frames of
the form: {;¢ : & € X}, j = 0}, {Izjg 1€ € Xj, j = 0}, where each X is a §;-net
on M for an appropriate §;. The frame elements ¥ ¢, " j¢ are band limited and
well-localized functions, which allow for decomposition of functions and distribu-
tions from various spaces (in particular, Besov and Triebel-Lizorkin spaces) of the

form
F=22) (L vie) e

jZOSEXj

The most critical point in this paper is the construction of the dual frame {J el
We develop it in two settings: (i) in the general case, and (ii) in the case when the
spectral spaces have the polynomial property under multiplication (see Sect. 5.3).
In the second case the construction is simple and elegant, however, the setting
is somewhat restrictive, while in the first case the construction is much more in-
volved, but the localization of 1/~f je 18 inverse polynomial of an arbitrarily fixed or-
der.

Birkhauser



J Fourier Anal Appl

In Sect. 6 we develop the classical and most commonly used Besov spaces B;q
with indices s > 0, 1 < p <00, and 0 < g < 0o in the setting of this paper. These
spaces are defined through Littlewood-Paley decomposition and characterized as ap-
proximation spaces of linear approximation from spectral spaces. A frame decompo-
sition of Bls,q is also established. In full generality, classical and non-classical Besov
and Triebel-Lizorkin spaces and their frame decomposition in the general setting of
the paper are developed in [33].

Section 7 is an Appendix, where we place the proofs of the Poincaré inequality for
the Jacobi operator and the doubling property of the respective measure. Gaussian
bounds of the associated heat kernel are also established.

Notation Throughout this article we shall use the notation |E| := u(E) for E C M,
LP:=LP(M,u), |l -llp:=1"IlvLr,and ||T||,—4 will denote the norm of a bounded
operator T : L? — 9. UCB will stand for the space of all uniformly continuous
and bounded functions on M and IL°° will be in most cases identified with UCB.
D(T) will stand for the domain of a given operator T'. We shall denote by C;°(R)
the set of all compactly supported C* functions on R, := [0, c0). In most cases
“sup” will mean “ess sup”. Positive constants will be denoted by ¢, C, ¢y, ¢/, ... and
they may vary at every occurrence, a ~ b will stand for ¢; <a/b < c;.

2 Doubling Metric Measure Spaces: Basic Facts
In this section we put together some simple facts related to metric measure spaces
(M, p, ) obeying the doubling, inverse doubling and non-collapsing conditions
(1.1)—(1.3) and integral operators acting on functions defined on such spaces.
2.1 Consequences of Doubling and Clarifications
The doubling condition (1.1) readily implies

|B(x.ar)| < @0 |B(x,r)|, xeM, r>1,r>0, (2.1)

and, therefore, due to B(x,r) C B(y, p(y,x) +r)

d
|B(x,r)|§2d<l+M) |B(y.r)|, x.yeM,r>0. 2.2)
r
In turn, the reverse doubling condition yields
8 diam M
|B(x,kr)|z(k/2) |B(x,r), A>1,r>0 0<Ar< . 2.3)
Also, the non-collapsing condition (1.3) coupled with (2.1) implies
inf [B(x,r)|=cr?, 0<r<l, (2.4)
xeM

where ¢ = ¢2~¢ with ¢ > 0 the constant from (1.3).
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Note that | B(x, r)| can be much larger than cr¢ as is evidenced by the case of the

Jacobi operator on [—1, 1], considered in Sects. 1.3.4 and 7, see (7.1).

Several clarifying statements are in order. We begin with a claim which, in
particular, shows that the non-collapsing condition is automatically obeyed when
u(M) < oo.

Proposition 2.1 Let (M, p, 1) be a metric measure space which obeys the doubling
condition (1.1). Then
(a) u(M) < oo if and only if diam M < co. Moreover, if diam M = D < oo, then

inf |B(x,r)|=r!|M|2D)™%, 0<r<D. (2.5)
xeM
(b) u({x}) > 0 for some x € M if and only if {x} = B(x, r) for some r > Q.

Proof We first prove (a). Note that if diam M = D < oo, then M = B(x, D) for any
x € M and hence |M| = |B(x, D)| < co.

In the other direction, let |M| < co. Assume on the contrary that diam M = oo.
Then inductively one can construct a sequence of points {xg, X1, ...} C M such that
ifdj = p(xp,xj),then1 <dy <dp <--- anddjy1 > 3d;, j > 0. One checks easily
that B(x;, %) N B(xi, %) =@ if j # k. On the other hand, using (1.1),

0 <|B(xo, | < |B(xj,2d))| <49|B(x;,d;/2)|.

Therefore, we have a sequence of disjoint balls {B(x;, %)} j=1 in M such that

|B(xj, %)| > 44B(xq, 1)| > 0 and hence |M| = oco. This is a contradiction that
proves the claim.

Estimate (2.5) is immediate from (2.1).

To prove (b), we first note that if {x} = B(x, r) for some r > 0, then (1.1) implies
n({x}) > 0. For the other implication, let w({x}) > 0 and assume that {x} # B(x, r)
for all r > 0. Then we use this to construct inductively a sequence {x1, x2,...} C M

such thatif d; := p(x, x;),thend; >d, > --->0andd;y; < %, j = 1. Clearly, the
latter inequality yields B(x;, %) N B(xg, %k) =@ if j # k. On the other hand by our

assumption, (1.1), and the fact that x € B(x;, 2d;) we infer
0 < n({x}) < |B(xj,2d))| <44|B(x;,d;/2)|.
Now, as above we conclude that | M| = oo which is a contradiction. O

We next show that the reverse doubling condition (1.2) is not quite restrictive.

Proposition 2.2 If M is connected, then the reverse doubling condition holds, i.e.
there exists 8 > 0 such that

|B(x,2r)| = 2°|B(x,r)| forxeM and 0 <r < 49mM,
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Proof Suppose 0 <r < di*‘%M. Then there exists y € M such that d(x, y) = 3r/2,
for otherwise B(x,3r/2) = B(x,3r/2) # M is simultaneously open and close,
which contradicts the connectedness of M. Evidently, B(x,r) N B(y,r/2) = and
B(y,r/2) C B(x,2r), whichyields | B(x, 2r)| > |B(y,r/2)|+|B(x, r)|. On the other
hand B(x, r) C B(y, 5r/2) which along with (2.1) implies |B(x, r)| < 10¢B(y, r/2)
and hence |B(x,2r)| > (10~¢ + 1)|B(x, r)| = 2#|B(x, r)|. O

2.2 Useful Notation and Estimates

The localization of various operator kernels in what follows will be governed by
symmetric functions of the form

p(x,y)
P)

D,;,(,(x,y):=(|B(x,5)HB(y,5)\)‘”2<1+ ) . x,yeM. (2.6)

Here §, 0 > 0 are parameters that will be specified in every particular case.
We next give several simple properties of Ds o (x, y) which will be instrumental
in various proofs in the sequel. Note first that (2.1)—(2.2) readily yield

S, P\
Ds o (x,y) <292|B(x,5)| O*‘?L) , @7
Dys.0(x,y) < (2/N) Dso(x,y), 0<i<l, (2.8)
Djs56(x,y) <A Dso(x,y), Ar>1. (2.9)
Furthermore, for 0 < p <ocoand o > d(1/2+1/p)
l/p
_ p
Dol = ([ (Dot anc )
M
1/p—1
<c(p)|B(x,9)| : (2.10)
where ¢(p) = (z_dj‘i%)l/l’ is decreasing as a function of p, and
/ Ds 5 (x,u)Ds o (u, y)du(u) <cDso(x,y) if o >2d, (2.11)
M
. o+d+1
with ¢ = ﬁ

The above two estimates follow readily by the following lemma which will be
needed as well.

Lemma 2.3 (a) If o > d, then for § > 0

. xeM (a=(@29-27)7"),
(2.12)

/M(l +87 p(x.y) Tdu(y) < c1|B(x.8)
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b)Ifo >d, thenforx,y e M and § >0

1
d
fM A5 oG ) (1 +5 oGy M
= 0¢, 1BED)I+1BG. )|
(6 1pxy)°
IB(x. 8)]
A+ To(x, )4

<27(2¢ +1)c

(©) If o > 2d, then forx,y e M and § > 0

1
d
/M B9 +3 T perw) (L +5 o0 M)
< €2
Ut Tp@ )

2rr+d+1

with Cc) = 3=d_5d= *

Proof Denote briefly Eg:={y e M : p(x,y) <8} = B(x,d) and
Ej:=={yeM:27'8 < p(x,y) <2/5}
= B(x,2/8)\ B(x,2/715), j=>1.

Then using (1.1) we get

/ (1+87 p(x, ) " du(y)
M

=3 [ (4570w ) T dniy)
j=07"57
|B(x,278)

<[B@.&)|+(21-1)) 15127y

Jj=0

nJjd |B(x,8)]
< |B(x,5)|<1 + (Zd - l)z a _|_2j)0> = 2-d _2-0’

j=0

which gives (2.12).
For the proof of (2.13), we note that the triangle inequality implies

-1
14+6 p(x,y) - 1 1

1+ o, u)(1+87p(y,u) ~ 1487 p(x, u) " 1+871p(y,u)

(2.13)

(2.14)
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and hence
(145 ' p(x, y)°
A+8px,u)°(A+57o(y,u)°
20 20

=< + . 2.15
(I+68 1o, ) (1+871p(y,u)° 19
We now integrate and use (2.12) to obtain (2.13).
For the proof of (2.14), we use the above inequality and (2.2) to obtain
(1+387"p(x, )7
|B(u, )|(14+8"1o(x,u))° (1 +8p(y,u))®
20+a’ 20'+a'
=< i 7+ ] y (2.16)
[B(x,8)|(1 4+ p(x,u))?=¢  [B(y,&)I(1+5 p(y,u))°~

and integrating and applying again (2.12) we arrive at (2.14). g

2.3 Maximal §-Nets

For the construction of decomposition systems (frames) we shall need maximal §-nets
on M.

Definition 2.4 We say that X C M is a §-net on M (6 > 0) if p(&,n) > & for all
E&,neX,and X C M is a maximal §-net on M if X' is a §-net on M that cannot
be enlarged, i.e. there does not exist x € M such that p(x,&) > § for all £ € X and
x€X.

We collect some simple properties of maximal §-nets in the following proposition.

Proposition 2.5 Suppose (M, p, i) is a metric measure space obeying the doubling
condition (1.1) and let § > 0.

(a) A maximal §-net on M always exists.

(b) If X is a maximal §-net on M, then

M:UB(E,(S) and B(£,8/2)NB(1,8/2) =0 ifé+#n, E,neX. (2.17)
teX

(c) Let X be a maximal §-net on M. Then X is countable or finite and there exists
a disjoint partition {Ag}scx of M consisting of measurable sets such that

B(,6/2) CAs CB(,8), &edX. (2.18)

Proof For (a) observe that a maximal §-net is a maximal set in the collection of all
d-net on M with respect to the natural ordering of sets (by inclusion) and hence by
Zorn’s lemma a maximal §-net on M exists.

Part (b) is immediate from the definition of maximal §-nets.
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To prove (c) we first fix y € M and observe that for any n > 8, n € N, by (2.1)—
(2.2) it follows that |B(y, n)| < c(n,8)|B(&, §/2)| for & € X N B(y, n), where c(n, §)
is a constant depending on n and §. On the other hand, by (2.17)

> |B&.8/2)| <|B(y.2n)| <29 B(y.n).
EeXNB(y,n)

Therefore, #(X N B(y, n)) < 2%c(n, §) < 0o, which readily implies that X is count-
able or finite.

Let us order the elements of X in a sequence: X = {&1, &, ...}. We now define
the sets Ag of the claimed cover of M inductively. We set

Ay =BE.H\ |J B8/
neX n#é
and if Ag, Ag,, ..., Ag i1 have already been defined, we set
Ag; =B, 6)\[ U4 U s 5/2)]
v=j-1 neX, n#§;

It is easy to see that the sets Ag,, Ag,, ... have the claimed properties. g

Discrete versions of estimates (2.11) and (2.12) will be needed. Suppose X is
a maximal §-net on M and {Ag}gcx is a companion disjoint partition of M as in
Proposition 2.5. Then

S 1Acl(1+57 (e, §) T <2242 B(x, 8)] (2.19)
EeX
and
(1487 p0n,5) 2 <232, (2.20)
teX

Furthermore, for any §, > §

| Ag| —1 ~2d—1 _ »3d42
5 (146, , < 23d+2, 221
s;« BEo | T PO s 220

andifo >2d + 1

> 1AeIDs, 0 (x, €)Ds, 0 (v, &) <27 D5 4 (x, ). (2.22)
EeX

Also, foro >2d + 1

D45 8) (148 p(r.6) T 27T (145 p(x.y)) 7. (2.23)
teX
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We next prove (2.21). The proofs of (2.19) and (2.20) are similar. Observe first
that by (2.2) |B(x, 8,)| <2¢(1 48, ' p(x, &))?|B(&, 8,)|. On the other hand, for u €
Ag CB(§.9)

1487 o) < 1+8, o, &) + 8. pE w) <2(1+8.7 ' p(x,8)).

Therefore,
|Agl _1 —2d—1
———— (1 +6 " p(x,8)
IB(?E,&)I( )
291 A | i -1
S——(1+6& pkx,8)
IB(X,S*)I( )
22d+1 —d—1
<——— | (148 px.w) " du).
|B(x, 8,)| Ag( )
This leads to
|Ag| _ —~2d—1
3 Wz)'(l+& 'p(x,6)
SGX] s Ux
< ﬂ (1 +68, Lo(x, u))_d_ld,u(u) < 23d+2,
T B(x, 89 Jm B

where for the last inequality we used (2.12). Thus (2.21) is established.
For the proof of (2.22), we observe that using (2.15)

|A3’:|D5”g()€, %‘)DS,,a(yv &)

|Ag|(1+ 8, p(x, y))°
IBE,8)|(1+8, 1 p(x,6)°(1+ 8, p(y, &)

27| Ag| N 27| Ag| }
|B(E,8)1(1+8,1o(x,8)7  |B(E,8)I(1+8"p(y,8)°

Now, summing up and applying (2.21) we arrive at (2.22).
Estimate (2.23) follows in a similar manner from (2.15) and (2.20).

= DS,,a(xa )’)

< Ds, o (x, y)[

2.4 Integral Operators
We shall mainly deal with integral (kernel) operators.

The kernels of many operators will be controlled by the quantities Ds 5 (x, y),
introduced in (2.6). Our first order of business is to establish a Young-type inequality

for such operators.

Proposition 2.6 Let H be an integral operator with kernel H (x, y), i.e.
Hf (x)= /MH(x,y)f(y)du(y), and let |H (x, y)| < ¢'Ds o (x,y)
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forsome0<d<lando >2d+1.If1 < p <q < oo, then

dl_1
1Hf g <82 | fllp,  felP, (2.24)

rpd(1/r—1)92d+1

where ¢ = ¢ with C being the constant from (2.4).

This result is immediate from the following well-known lemma.

Lemma 2.7 Suppose % — 5 =1- %, 1<p,q,r <oo,andlet H(x,y) be a measur-
able kernel, verifying the conditions

|HC.»|, <K and |H(x,")|, <K. (2.25)
IfHf(x) = [y H(x,y) f()dp(y), then
IHfllq <KIflp for feLP.
For the proof, see e.g. [19, Theorem 6.36].

Proof of Proposition 2.6 Pick 1 <r <ocosothat 1/p —1/g=1—1/r. By (2.10)
and (2.4) we obtain

1/r—1

|HC |, <et)|Bo & < ey @s)?/r=D

and a similar estimate holds for || H (x, -)||,. These estimates and the above lemma
imply (2.24). g

We shall frequently use the following well-known result ([16], Theorem 6, p. 503).

Proposition 2.8 An operator T : L' — L is bounded if and only if T is an integral
operator with kernel K € L*(M x M), i.e.

Tf(X)z/MK(x,y)f(y)du(y) a.e.on M,

and if this is the case | T||1— 00 = || K||Loo. Moreover, the boundedness of T can be
expressed in the bilinear form |(T f, g)| < c| fliLillgllL, VS, g € L!.

We next use this to derive a useful result for products of integral and non-integral
operators.

Proposition 2.9 In the general setting of a doubling metric measure space (M, p, 1),
let U,V :1L?> — 1.2 be integral operators and suppose that for some 0 < 8 < 1 and

o >d+1we have

|Ux,y)| <c1Dso(x,y) and |V(x,y)| <c2Dso(x, ). (2.26)
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Let R :1.?> — 1.2 be a bounded operator, not necessarily an integral operator. Then
URYV is an integral operator with the following upper bound on its kernel
cllRll2—2

|URV (x,y)| < UG, )|, 1RI2=2]| V|, < e (2.27)

with ¢ 1= ¢] 224+,

Proof By Proposition 2.6 we get

IURV 100 < U2 co | RlIl2-2 [ VII1-2 < 87 R 22

and, therefore, U RV is a kernel operator. Formally, we have
(URV)f=_/MU(x,u)(RV)f(u)dM(u)
=[ Ulx, u)/ RV (., )] @) f(y)dp(y)du(u)
M M

= /M </M Ux,w)R[V(, y)](u)du(u)>f(y)dﬂ(y) (2.28)
and hence the kernel of U RV is given by
H(x,y)=/Mu(x,u)R[V(.,y)](u)dM(u):<U(x,.),m)_ (2.29)

This along with (2.26) and (2.10) leads to

c1cale@)PP|IRl2—2
|B(x,8)|'/2|B(y, 8)|1/2’

[He )| < UG LRV ], <

which confirms (2.27), taking into account that [c(2)]? < 22d+] by (2.10) if o >
d+1.

It remains to justify the manipulations in (2.28). Observe first that in order to
prove (2.29) it suffices to establish identities (2.28) for all f € IL? such that supp f C
B(a, R) an arbitrary ball on M. To this end we shall need Bochner’s integral. In par-
ticular, we shall use the following results (e.g. [62], pp. 131-133): Suppose B is a sep-
arable Banach space and F : (M, u, X') — B is measurable in the following sense:
V¢ € B*, x +> £(F(x)) is measurable. Then Bochner’s integral fﬂ(,IB) F(x)du(x) is
well defined and takes its value in B if and only if

/ HF(x)”Bd,u(x) < 0.
M

Furthermore, if fjf,[B) F(x)du(x) exists, then é(fﬁ(,IB) F(x)du(x)) = [y, £(F(x))dp(x)

for any £ € B*. Also, if T : B — B is a bounded linear operator, then

(B) (B)
T(/ F(x)du(x)) = /M T(F(x))d,u(x). (2.30)

M

Birkhauser



J Fourier Anal Appl

We shall utilize Bochner’s integral in our setting with B = 1.2,
Suppose f € L? and supp f C B(a, R),a € M, R > 0. Then using (2.26), (2.10),
and (2.2) we obtain

fHV(wy)f(y)szu(y)SC/ 1 W|BG. &) du)
M B(a,R)

| 1/2
§c||f||2</ \B(y,6>|du<y))
B(a,R)

12
_clfl (/ st )
< e B(a’R)( p(y, @) du(y)
< 0. (2.31)

Therefore, fA(,IB) V (-, v) f(y)du(y) exists and for any g € .

(B) _
</ V(-,y)f(y)du(y),g>=/ (/ g(X)V(x,y)dM(X)>f(y)du(y)
M M M

- / m( / V<x,y)f<y>du<y>)du<x>)
M M
=(Vf, g).

Here the shift of the order of integration is justified by Fubini’s theorem and the fact
that

/ / V|| £ )] |8l dreod i)
MJIM

= ligll2

/|V(~,y)||f(y)|dﬂ(y)‘ SIIgIIz/ Ve fO|,duny) < oo,
M 2 M

where we used (2.31). Therefore, Vf = 1\(/13) V(,y)f(y)du(y). We now use (2.30)
to obtain

(B) (B)
RVf = R[/M V(-,y)f(y)du(y)} = /M RV ] fMdu(y),
which implies

(URV)f(x) = / U, ) (RV) f (0)d (w0

M

(B) I
- < [ RIVC ) 02, UG -)>

- / ( / U(x,u)R[V(-,y)](u)du(u)>f(y)du(y).
M M

Consequently, H (x, y) is given by (2.29) and the proof is complete. O
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3 Functional Calculus

The aim of this section is to develop the functional calculus of operators of the form
f (/L) associated with smooth and non-smooth functions f. The calculus of smooth
operators is in the spirit of [17, 45] and will be needed in most part of this article,
including the construction of frames and the Littlewood-Paley theory, while the non-
smooth calculus will be needed for estimation of the kernels of the spectral projectors
and lower bound estimates.

3.1 Smooth Functional Calculus

We shall be operating in the setting described in Sect. 1.1. More precisely, we assume
that (M, p, ) is a metric measure space obeying conditions (1.1)—(1.3) and L is an
essentially self-adjoint positive operator on L% such that the semi-group e L, 1 > 0,

has a kernel p; (x, y) verifying (1.4)—(1.8).

Theorem 3.1 Let g : R — C be a measurable function such that for some o > 2d
gl := /R 2©)|(1+181)°dE <00, where g(§) := /Rg(x)e_ixgdx 3.1

is the Fourier transform of g. Then g(82L)e_52L, 0 < § <1, is an integral operator
with kernel g(SzL)e_‘SZL(x, y) satisfying
iy
|g(82L)e ™ (v, Y| < o lIglleDs.o(x.¥).  Vx,y €M, (3.2)
and

p(y,y)
B

9(82L)e L (x, y) — g(8%L)e L (x, )| < co ||g||*( ) Ds o (x, ),

3.3)
Sforallx,y,y € M,if p(y,y’) <8. Here a > 0 is the constant from (1.6), Ds +(x, y)
is defined in (2.6), and c, > 0 is a constant depending only on o and the structural
constants from (1.5)—(1.6). Moreover,

/ g(82L)e " (x, y)du(y) = g(0) Vxe M. (3.4)
M

Proof To prove (3.2) we first show that g(82L)e_32L isa kernel operator. From (3.1)
it follows that ||g]l; < oo which implies g(x) = % Iz 2(&)e™*édx and hence ||g|loo <

% Ilgll1. Then by the spectral theorem

le(62L)e ], , = |8(8>)e ™|, < @) "I

Therefore, invoking Proposition 2.8, in order to show that g(52L)e_52L is a kernel

operator it suffices to prove that
2
(8(3°L)e ™ o, y)| <cllolillvlli, Vo, ¥ eL'NL2.
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Let E,, A > 0, be the spectral resolution associated with the operator L, then L =
fooo A E; .. Writing the spectral decomposition of g(82L)e_52L and using the Fourier
inversion identity, we obtain for ¢, € L! N 1.2

(s01)e 0. 9)= [0 B )
~ [ 5 ([ r@e e ) aiti

1 S .
=5 /Hé §<s>< /0 eaz“"f)dwmw))ds

1 201—;
= /R EE (e 1T, g,

2

The above shift of the order of integration is justified by Fubini’s theorem and the
fact that for any h € L.

RPN —820(1—i§) 2
/R/O 2] |e |d || Exh|2de

o0
—~ —_ 2 -
=/R|g(é)|d€/0 e M Exhl3 < 1B 1IR3

To go further, we use that e=81=IOL g apn integral operator with kernel p,(x, y),

z=28%(1 —i&), and | p;|ls < c to obtain for ¢, ¥ € L' NIL?

(e(6L)e " 0. 7]

1
:2_/??(5)(/ / 1’752(1—115)(3">’)¢’(X)‘/’(y)d”(x)‘mo))dE
R MIM

T
1 ~
- / / [2_ / g(E)paz(l_ig)(X,y)d§i|¢(x)1//()’)dl/v(x)dﬂ()0~ (3.5)
MJIMLAT JR

To justify the above shift of order of integration we again use Fubini’s theorem and
the fact that

/ f / 12®)]|Ps2q1—iey(x. M||@ @) ||[¥ () |dpu(x)d () d
RJIMIM
<clglhllelhllvih < oo.

This also implies [(g(8>L)e™>" Lo, %) < clZ el vl for all ¢, € L' N L2,
Therefore, g(82L)e_52L is a kernel operator and by (3.5)

2 1 .
g(87L)e "t (x, y) = > fR 8§ ps(1—iuy (x, y)du. (3.6)
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From this and (1.5) we infer

c,oz(x, y) }

19(82L)e L (x, y)| sc’(|B<x,8)||B<y,5)|)‘”2/R|§<u>|exp{—m

Assume p(x,y)/8 > 1. Clearly, sup,( xPe™r = (g)ﬁ for B > 0. Using this with
B = o /2 we obtain

N A CS))
Pl7 820 +u2)

2
pe(x,y) c
Sexp{_<1+ 52 >2<1+u2)}

2 —0/2 —0
SC/(I—"-)O (x,y)> (1+u2)0/256_//<1+p();y)> (1+|u|)a

52

Therefore,

C(l + p()g,y))—o

_ 2 o~ o
lg(62L)e "L (x, y)| < <|B<x,a>||3<y,8)|>‘/2/R’g(””(”'”') du

= C/R |2G) |(1+ |ul)’ duDgs(x, y),

which confirms (3.2).
If p(x,y)/§ < 1, then by (3.7)

|g(82L)e L (x, y)| sc’(|B(x,a>||B<y,8>|)”/2/R}’g‘<u>|du

= C/R |§(u)|(1 + |u|)gduDg,5(x, y).

This completes the proof of (3.2).
We now take on (3.3). As g(82L)e~%"L = g(82L)e~15"Le=3%°L | the kernels of
these operators are related by

fEL) ) = [ e e i,
which implies
2(82L)e L (x, y) — g(82L)e " (x, )|
< fM 12(52L)e™ 5, )| | pi ot ¥) — psa o, ) | dpn(a).

We use (3.2) with 8 replaced by 8/+/2 and g(1) by g(2A) to estimate the first
term under the integral and (1.6) for the second term, taking into account that
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exp{—“’2§+”} < co (1 + 222y~ Thus we get

867 )e 0,y — (P L)e P ()|

8

P, Y\
SC”g”*< s ) Da,a(X,)’)-

Here for the latter estimate we used (2.11) and that o > 2d.
It remains to prove (3.4). By (1.8), i.e. fM Ps2_iy (x,¥)dy =1, and (3.6) we get

scngn*(M) /M Ds o (x, 10) Dy (11, y)d (1)

1 [
/ g(SzL)e‘52L<x,y>dy=2— f q0) / Ps2_in (X, V) (y)du
M T JR M

1

:2—/§(u)du=g(0).
T JR

Here the justification of the shift of order of integration is by straightforward appli-
cation of Fubini’s theorem. g

Some remarks are in order. Condition (3.1) is apparently a smoothness condition
on g. By Cauchy-Schwartz it follows that

1/2
om0+ ) s = [ o L0+ ) ae)
R R

= cllgll o+

and hence (3.1) holds if | g|| zo+1 < co. However, it will be more convenient to us
to replace (3.1) by a condition in terms of derivatives of g that is easier to verify.

From £¥g(&) = (—i)*g® (&) we get [E[X12&)] < lIg®ll1. Also, &) < gl
Pick k > o > 2d. Then using the above we obtain

k+2

(1+1E)2®] <2 (Jg®) | + 162 ®)]) < 2 (gl + %2 1)

that implies

gl = /R 2| (1 + 121 de

=/R|§(E)!(1+|E|)k+2(1+|5|)‘2d§

<c(liglp +[g*2],.0).

Thus we arrive at the following
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Remark 3.2 For the norm ||g ||, from condition (3.1) we have ||g||« < c||g|| go+1 and
lglls < cCliglpr + 1g* 21l ifk > o > 2d.

Corollary 3.3 For any m € N and o > 0 there exists a constant cs ,m > 0 such that
the kernel of the operator Lme_‘szL, 0 < § <1, satisfies

L7 (6, 3)| < Comd ™" Dy o (x.y) and (3.8)

p(y,y)

|Lm€_82L(x, V) — Lme_azL (x’ y/)| < CU,m5_2m( ;

) Dso(x,y), (3.9

ifp(y,y) <8.

Proof Set g(A) := A9 (M)e~* for A > 0, where 6 € C®(R), supp6 C [—1, 00), and
6(A) =1 for A > 0. Since L > 0, we can write

Lme 'k = oms Mg (52L)e L with 8, := 27125
and the corollary follows by Theorem 3.1 and (2.8). d

We next use Theorem 3.1 and Remark 3.2 to obtain some important kernel local-
ization results. Our main interest is in operators of the form f(§ VD).

Theorem 3.4 Ler f € C2k+4(R+), k > 2d, supp f C [0, R] for some R > 1, and
f(2”+1)(0) =0forv=0,...,k+1.Then f(8«/f), 0 < 8 <1, is an integral operator
with kernel f(8+/L)(x, y) satisfying

| fGVL)(x,y)| <exDsy(x,y) and (3.10)
| FVLY(x,y) = fFGVL)(x,y)]

SCL(p(ys’y)> Dsi(x,y) ifp(y.y) <8, (3.11)

where ¢ = i (f) = T R*FTTA(| £l Lo + || f @9 Lo +max, <opra | £ ©)(0)]) with
Cr > 0 a constant depending only on k, d, and the constants in (1.5)—(1.6), and c,’c =
ckR%; as before a > 0 is the constant from (1.6). Furthermore,

/M FOVL)(x, »)du(y) = f(0) VxeM. (3.12)

Proof We first observe that it suffices to only prove the theorem when R = 1, then in
the general case it follows by rescaling. Indeed, assume that f satisfies the hypotheses
of the theorem and set 2(A) := f(RXA), . € R;. Then A verifies the assumptions with
R =1 and if the theorem holds for R = 1 we obtain, using (2.8),

| VLY x, »)| = |h(ERT'VL)(x, y)|

< k(W) Dsjrx(x,y) < QR ek (W) Ds p(x,y)  (3.13)
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and similarly

| FVLY(x, ) — FVL)(x,y)]

p(y,y)
B

x| e

< (2R)"+“c,1(h)< ) Dsi(x,y) if p(y,y) <

For % < p(y,y') <3, the last estimate follows by (3.13). It remains to observe that
e = (IS I + R ]+ max B[V 0)])
v<2k+4

ST (1l + |70 o max 70 0)])

and hence the theorem holds in general.
We now prove the theorem in the case when R = 1. Choose 6 € C*°(R) so that
0 is even, suppf C [—1,1], (1) =1 for A € [—1/2,1/2], and 0 < 0 < 1. Denote
(2] .
Pc()) = Zl]‘:é -/22"7;)(!0))\21 and let fi(L), go(1), and g;(1) be defined for A € R
from

FOY=0WPOY+ i), 0P =go(32)e ™, A =g (32)e ™.

Thus go(A) = P (VTADO(VTA)e for A e R4, and we use this to define go(A) for
A < 0. Clearly, gg € C*°(R), suppgo C [—1, 1] and

lgoll 1+ |88 1 <) sup | £ 0)].
v<2k-+4

Therefore, by Theorem 3.1 the kernel of the operator 6 (8 VL) Py (8+/L) satisfies the
desired inequalities (3.10)—(3.11) with R = 1.

On the other hand, g1 () = f1(/]A])e* for » € Ry and we use this to define
g1(») for A < 0. Observe that f{(+/L) = g (52L)e—32L and supp g1 C [—1, 1]. Fur-
thermore, f; € C*t4(R,), £ (0)=0,v=0,...,2k +4, and

) (@2) (v) ;
157 e = 17 |y e ma [FVO] 0=j=2%+4 G

We next show that g € CK¥t2(R) and estimate the derivatives of g;. We have for
l<m<k+2and >0

(m) (m\ o dY
g => ( )e (—) [AGD)]
1 = v di

and a little calculus shows that forv>1and A > 0

( ) [AWL]= Zcx I p DRy, where |¢j] < wl.
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On the other hand, by Taylor’s theorem |f1(j)(ﬁ)| < |A|(2’"_f)/2||f1(2m)||Loo and
hence

d\"’ _ 2
‘<ﬁ> [AGID]| < el " A2 | e 1w <m.
Exactly in the same way we obtain the same estimate for A < 0. Denote briefly
h(}) := fi(J/TA]). Observe that since f; € C*+4(R,) we have A T2 (1) = o(1)
as A — 0. This and the above inequalities yield h(”)(O) =0,v=0,...,k+ 2, and
hence h € CKT2(R), which implies g € C¥*2(R). From the above we also obtain

m
|gim)()»)| = CZEAW’"_U” fl(zm) ”Loo <c(m+ 1)” fl(zm) ||L°°’ AER.
v=0

This in turn (with m = k + 2) implies g2 ;1 < c(k + 3| £ | 1 and, ev-
idently, ||g1llz1 < ell fillLe. We now apply Theorem 3.1 to conclude that f; (8v/L)

is an integral operator with kernel fi (Sﬁ) (x, y) satisfying (3.10)—(3.11), where, in
view of Remark 3.2 and (3.14), the constants ¢y, c;( are of the claimed form.

Putting the above together we conclude that f(8+/L) is an integral operator with
kernel f(S\/Z)(x, y) satisfying (3.10)—(3.11) with R = 1.
Identity (3.12) follows by (3.4). O

Corollary 3.5 Let f : Ry — C be as in the hypothesis of Theorem 3.4. Then for any

meN and 0 <8 < 1 the operator L™ f (8~/L) is an integral operator with kernel
L™ £ (/L) (x, y) such that

L™ f(8V/L)(x, y)| < ckmd "Dy x(x,y) and (3.15)
L™ fSVL)(x. y) = L™ f(SVL)(x.y'))|
SC;Q,M”"(%) Ds x(x,y) (3.16)

whenever p(y,y') < 8. Here the constants Ck.ms c,/( o are as the constants cy, c,’( in
Theorem 3.4 with R*T+% replaced by RP*F4+4+2M and & depending on m as well.

Proof Let h(X) := A2" (). Then h(8+/L) = 8*"L™ f(8+/L) and observe that
h®*TD ) =0 for v=0,...,k + 1. Consequently, the corollary follows by Theo-
rem 3.4 applied to 4. g

Corollary 3.6 Let f: Ry — C be as in the hypothesis of Theorem 3.4. Then there
exists a constant ¢ > 0 such that forany 0 < § <1

| rGVDg|, <ed/P" VNl Yo eLP, 1<p=q=oo,

and

p(x,y)
)

o
|FGVLY () = FOVDI$)| < c||¢||oo( ) . Vx,yeM, VpeL™
This corollary is an immediate consequence of Theorem 3.4 and Proposition 2.6.
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3.2 Non-smooth Functional Calculus

We need to establish some properties of operators of the form f(+/L) and their ker-
nels in the case of non-smooth compactly supported functions f. These are kernel
operators with not necessarily well localized kernels.

Theorem 3.7 Let f be a bounded measurable function on R with supp f C [0, 7]
for some T > 1. Then f(~/L) is an integral operator with kernel f(~/L)(x, y) satis-
Jying

cll flloo

F(VL)(x, »)| < :
) | VIBGx, T D||B(y, 71|

xX,yeM, (3.17)

and forx,y,y' e M

|f(x/Z)(x,y)—f(«/Z)(x,y’) < clrp(y, y)I"I flloo ifp(y,y’)ﬁf_l.

1Bl ) [B(y )|

Furthermore, if 1 < p <2 <q < o0,

(3.18)

| r /D, <ct?PVO) £, (3.19)

| FWD 0|3 =1 PWD @) <c|Be.c™) [N IfI. and  (320)

I PWVD], = suBIflz(x/f)(x,X)- (3.21)
xe

Above the constants depend only on d and the constants in (1.5) and (1.6); the con-
stant in (3.19) depends in addition on p, q.

Proof Pick a function 8 € C*°(R..) so that supp6 C [0, 2], 8(x) =1 for x € [0, 1],
and 0 <6 < 1. Then by Theorem 3.4

}9(r*1\/2)(x, V)| < coDp-1 5(x,y) forany o > 0. (3.22)

Choose o > 3d /2. We have

FWL) = /0 F(VNE),

= [ o VR VA,
0

=0(c"'"WL)fVL)o(:7'VL). (3.23)

Now, (3.17) follows by Proposition 2.9, using the above, (3.22), and the fact that
1 VD)2 < 1 f lloo-
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From (3.22)—(3.23) and Proposition 2.9 we also obtainfor | < p <2 <g <oo

| r VDL, <16V, | VD, , 67 VE)

p—>q — p—2 | || 2—q

<cll flloor—dMa=l/p),

which confirms (3.19).
For the proof of (3.18), we first observe that

FWI)= / T e W g,
0

Z/-Oog(\/x)e_f*ZAdE)\ =g(\/z)e_T72L,
0

where g(u) := f)e® ", [Iglloo < ell flloo» and hence

FL)(x,y) = FVD)(x,Y)
= /M WD, e T, y) —e " Lu,y)]|dpw).
We now use (3.17), applied to g(+/L), and (1.6) to obtain
| VD) (x, y) = FVD)(x,Y)]

<c(tp(y.5))" Iglloo
o (. y)?

1
X du
/M \/|B(x, = D)||B(u, vV VIB@, T H||B(y, t7 D)

(u)

(TP )N lloo / e~ (roty ()
" V1B, T )[|B(y, v V)| Ju [Bu, T '

Moreover, using (2.2) we have

—(tp(u.y))* 2d
e d _ )2
7du(u)§7/ 1+tpu, ) e PN ) < c < oo,
/M |B(u, =) |B(y, T DI M( )

where for the latter inequality we used (2.12). This completes the proof of (3.18).
We now turn to the proof of (3.20). We have

||f(x/z)(~,y)|\§=/M!f(«/f)(x,y)lzdy

= /M FWLYx, ) F(VL)(x, y)dp(y)
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= fM FOLYx, NFLYy, x)du(y) = | fPL)(x, x)

<c|B(x, v )T IAI%,

which proves (3.20). Here for the latter estimate we used (3.17).
Finally, using the above we have

IFPWL)(x, y) = /M FLYx,u) fF(VL)(y, u)d p(u)

1/2

1/2
< (fpmo ) (.0t

= (I PVDx, ) (1 1PVD) (5, )

and hence || fP (VD100 = supy, [|fPI)0x, 1| = sup, | fPID)(x. 9
which confirms (3.21).

3.3 Approximation of the Identity and Littlewood-Paley Decomposition
We first give a convenient approximation of the identity in IL” statement.
Proposition 3.8 Let ¢ € C*®°(R,), suppy C [0,R], R > 0, ¢(0) = 1, and

e+ (0) =0 for v=0,1,.... Then for any f € LP, 1 < p < 0o, (L*® := UCB)
one has

f= Slirr(l)go(Sx/Z)f inLP.

Proof By Theorem 3.4 it follows that ¢(8+/L) is an integral operator with kernel
@(8vL)(x, y) satisfying for any k > 2d

le(VD)(x, )| < eDsi(x, y) < B, &)| (1457 p(x, 1) 2 (3.24)

where for the last inequality we used (2.2). Now, just as in the proof of (2.12) we
obtain for k > 3d/2 and r > 0

/M\B( ) ho(aﬁ)b(’ Nldu(y) = c(8/r)k32 50 ass— 0.

Indeed, suppose 2t=15 < r < 2¢5 and denote E;j:= B(x, 278) \ B(x, 2/=18). Then
using (3.24) and (2.1) we get

f |0V L) (x, y)|du(y)
M\B(x,r)

<c|Bx, 8| Z/ 1+~ p(x, 1) ™ au(y)

izt
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_1 |B(x,2/8)]
=B 07 ) g gean
j=t

< 0 th=3d/2) < C(S/r)k—Sd/Z'

On the other hand, from (3.12) and ¢(0) = 1 we have fM go(S\/Z)(x, vdu(y)=1.
Using the above and the fact that the vector lattice set of all boundedly supported
uniformly continuous functions on M is dense in ” (by the Stone-Daniell theorem)
one proves as usual the claimed convergence. g

We next give precise meaning to what we call Littlewood-Paley decomposition of
L7 -functions in this article.

Corollary 3.9 Let ¢y, ¢ € C*®°(R.), supp g C [0, b] and suppe C [b~! , b] for some
b>1, 90 =1, o®*tH©0) =0 for v >0, and po(A) + 2 =190 =1 for
A €eRy. Then forany f €LP, 1< p < oo, (L* :=UCB)

f=00WL)+Y @b /VL)f inLP. (3.25)

jz1

Proof Let O(1) := @o(A) + @(b~'1) and observe that Z}é:g o(L) = 0(b~I 1) for
j = 1. Then the result follows by Proposition 3.8. |

3.4 Spectral Spaces

We adhere to the setting of this article, described in the introduction. As before E;,
A > 0, is the spectral resolution associated with the self-adjoint positive operator L
on L2 := L>(M, j1). As elsewhere we shall be dealing with operators of the form
f (\/Z). We denote by F), A > 0, the spectral resolution associated with VL , that is,
F, =E;>. Then f (WL) = fooo f(A)dF, and the spectral projectors are defined by
E =1p,0(L) := fooo 10,0 (u)d E, and

o o0
Fy =10 (WL) ;:/ Lo, W)dF, :/ Lo (Vu)dE,. (3.26)
0 0

We next list some properties of Fj which follow readily from Theorem 3.7:
The operator F), is a kernel operator whose kernel F; (x, y) is a real symmetric non-
negative function on M x M. Also,

—1/2

|72 (3.27)

Fu(x,y) <c|B(x, 27| 7B (y,27")

and F) (x, y) is in Lip « for some o > 0, see (3.18). The mapping property of Fj on
LL? spaces is given by

IFs. fllg <ex®@/P=VD) ), 1<p<2<q<oc0. (3.28)
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We define the spectral spaces Z‘f for1 < p<2by
r=|{fel’:Ff=r}

Notice that F),_ is not necessarily a continuous operator on L.” if p > 2 and, therefore,
Z‘f cannot be defined as above for 2 < p < oco. Instead, we shall use the following
characterization of X7: A function f € X¥ for 1 < p <2ifandonlyif (VL) f = f
forall 6 € C8° (Ry) such that 6 = 1 on [0, A]. This characterization follows by the

fact that Ef C Ef for 1 < p <2 and the boundedness of the operator G(ﬁ) with 6
as above.

Definition 3.10 For 1 < p < oo we define
= {f el”:0(L)f = f forallf e CP(Ry), 6 =1on]0, X]}.
Furthermore, for any compact K C [0, co) we define
Ty = {fe]L" :0(VL)f = f forall 6 eCP(Ry),0=1 onK}.
Proposition 3.11 Forany A>1and1 < p <0

== ﬂ L (3.29)

e>0

Proof Suppose f € (..o 2y, andlet 6 € C{°(R,), suppf C [0, R], and 6 = 1 on
[0, A]. By Definition 3.10 f = 9(r_1ﬁ)f for each r > 1 and hence

| f=oDyfl,=6(""VL)f —6(/D) ]

e (3.30)

Assuming that 1 < r <2, Theorem 3.4 implies
0(r~'VL)(x.y) = 0(VL)(x,y)| < Cr D1 (x. y),

where Cr = o R*HH4(10(r~") = 0O)lloo + [1(d/dN)*HHOG") = 0()]lloc). We
now choose k > 2d + 1 and apply Proposition 2.6 to obtain

lo(-—'VL) —6(VD)|

Clearly, for any v > 0 we have lim,_, | ||(d/dk)”[9(r_l-) — 0()]lloo = 0 and, there-
fore, lim,_,1 C, = 0. This along with (3.30)—(3.31) yields || f — Q(ﬁ)fﬂp =0,
which completes the proof. 0

cC,. (3.31)

<
p—=>p —

With the next claim we establish a Nikolski’s type inequality that relates different
IL?-norms on spectral spaces.

Proposition 3.12 If 1 < p < q < oo, then X c X1, X1 NLP = X, and there
exists a constant ¢ > 0 such that

lglly < cxdM/P=HDe|, ge Xl rA>1. (3.32)
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Furthermore, for any g € X°, A > 1,

lg(x) — g <c(rpx, 1) ligllos, X,y €M, (3.33)

with a > 0 the constant from (1.6).

Proof Let g € X7, x> 1, and set § := A~ !. Choose 6 € Co°(Ry) so that & =1 on
[0, 1]. Then g = 9(8«/Z)g and (3.32)—(3.33) follow readily by Corollary 3.6. O

3.5 Linear Approximation from Spectral Spaces

The purpose of this subsection is to give a short account of linear approximation
from th inlL?, 1 < p < oco. Let &(f), denote the best approximation of f € L.”
(IL>® := UCB) from X/, that is,

E(f)p = inzfp If—gllp- (3.34)
8€2;

N

Our goal is to characterize the approximation space A},

fined as the set of all functions f € IL? such that

s>0,0<gqg <00, de-

] 1/q
£ 1lag, = ||f||p+<Z(2”82j(f)p)‘f) <oo ifg<oo, and (335)

j=0

1 lase == 1711 + sugz”szj (f)p <oo ifg=o0. (3.36)
Jj=

Due to the monotonicity of & ( f), we have

00 1/q
1 fllas, ~ 171 + ( /1 (t“Ez(f)p)th/t) ,
when ¢ < oo, and

If LA ==L 1lp +SuI1)tsgt(f)p <oo ifg=o0.
=

To characterize Aj, we shall use the well-known machinery of Bernstein and

Jackson estimates and interpolation. In Sect. 6.1 it will be shown that A‘;,q can be
identified as a certain Besov space.

3.5.1 Bernstein and Jackson Estimates. Characterization of Spectral Spaces
We begin by proving a Bernstein estimate.

Theorem 3.13 Let 1 < p < 0o and m € N. Then there exists a constant c* =
c*(m) > 0, independent of p, such that for any g € X7 1A > 1,

IZ"g], < c* 32" ligllp- (337)
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Proof As in the proof of Proposition 3.12, pick 6 € C°(R ) so that & =1 on [0, 1].
Then for any g € X7 we have g = (8+/L)g with § := A~! and, therefore, L" g =
L™0(8+/L)g. Then (3.37) follows by applying Corollary 3.5 and Proposition 2.6. []

Observe that from spectral theory it readily follows that when p = 2 the Bernstein
estimate (3.37) holds with constant ¢* = 1.

Our next aim is to show that the spectral spaces Z‘){? can be characterized by means
of Bernstein estimates, in the spirit of the previous theorem, but with a constant
(cy, below) independent of m.

Theorem 3.14 Let 1 < p < oo and X > 0. Then the following assertions are equiva-
lent:

(a) feX].

(®) f € ey D(L™) and for any v > X there exists a constant c¢,, > 0 such that

|2 £, < eov™ 1l ¥m=1.

()

(—2)k

k
k!Lf

zeCretf=3"

k>0

is an entire function of exponential type 1.

Proof Clearly, (b) <= (c) using the Paley-Wiener theorem.
To prove that (a) = (b) we shall show that the constant ¢* in (3.37) can be
specified as follows: For any 0 < ¢ < 1 there exists a constant c(g, d) > 0 such that

c* =c(e, dym* 8 (1 + &)™, (3.38)

Indeed, let 0 € Cgo(]R) be so that 6 =1 on [—1, 1], supp6 C [—1 — ¢, 1 + €], and
also 0 <6 < 1. With § := A~ we have f =6(+/L)f for any f € Z‘f and we
shall estimate ||Lm9(8«/Z)f||p. Denote briefly h(u) := 1?0 (u). Then h(8\/Z) =
82mpme(8/L). To go further, set k := [2d] 4+ 2, hence 2d + 1 <k <2d + 2. It is
readily seen that

Ihlloo < (148> and [ < ei(e, dym*HB(1+ ).
Now, by Theorem 3.4 we infer
|L™0 (VL) (x, y)| =872 |h(V L) (x, y)| < ca(e, d)m*TB(1 + &) 2> Dy e (x, y)
and applying Proposition 2.6 (k > 2d + 1) we arrive at

|27 £, = IL"6GVIIf |, < (e, dym™ ¥ (1 +&)*™ 32" £, for f € 27,

which confirms (3.38).
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Given v > A, choose 0 < ¢ < 1 so that (1 + )24 < v. Then from above and the
obvious fact that sup,,~; m**8(1 4+ &) 7" < (e, d) we get

|27 £], < cle. ddm™ ¥ A+ )2 fll, <" (. dw™ I fll, VfeZ.

Thus (a) = (b).
Now, to prove that (b) = (a), suppose (b) holds for some function f € L” and
let 6 € C3°(Ry), 6 =1 on [0, A], as in Definition 3.10. Assume supp6 C [0, R]. Let

& > 0. We shall show that || f — 9(«/Z)f||,7 < g, which implies f € Z‘f. Indeed, for
0 <8 <r <1 wehave

| f=oVDfl, < f—66VD S|, +|66VD f -6V S,
U DVELICIY IS
By Proposition 3.8, || f — 8(8+/L) f], — 0 as § — 0 and hence there exists § > 0
such that || f —0(8~/L) f I, < e/2. Clearly, |0(rv/L) f —0(VL)fll, = Oasr — 1
and hence there exists » < 1 such that ||0(rﬁ)f — G(ﬁ)fnp <¢g/2.
It remains to show that |0(8+/L) f —0(rv/L)fll, =0.Let A <v < A/r and de-

note briefly i (u) := [6(6u) — 6 (ru)lu—2". Note that supph C [1/r, R/8]. Then using
our assumption we have

le6VL)f —6GVDf|, = VDL 1],
<Dl 12" 1,
<a|hVD)|, v™Ifllp Ym=> 1

As above, set k := |2d | + 2, then 2d + 1 < k <2d + 2. Now, applying Theorem 3.4
and Proposition 2.6 it follows that

|h/D)

p—p

poop = SR/ Ihloo + [V ]
< C/m2k+4()\./r)_2m
and hence

[6GVLYf =6V f]|, <em*™SGv/20™ | £l

Here the constant ¢ depends on 6,r, R,d, A, v, but is independent of m. Since 0 <
rv/h < 1 by letting m — oo we obtain [|§(8+/L) f — 6(r+/L) f, = 0. Therefore,
(b) = (a). O

We now establish a Jackson estimate for approximation from X/ .

Theorem 3.15 Let 1 < p < oco. Then for any m € N there exists a constant c¢;;, > 0
such that for any t > 1

E(fp <cmt"|L"f|, for f € D(L™)NLP. (3.39)
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Proof Let 0 € C*°([R), O(u) =1 foru € [0,1],0 < 0_5 1, and suppé C [0, 2]. Set
o) :=0w/2) —O(u). Then 1 —O(u) = ijocp(Z’fu), u € Ry. Given ¢ > 0, set
§:=2/t. Assume f € D(L™)NLP. Clearly, 0(L)f € Z‘tp and hence

&Ny f=06VDF|, <> le( VL) ],

Jj=0

Denote briefly /(1) := ¢u)u=>". Then ¢(27/8/L)L™™" = (2778)*"h(2778/L)
and, therefore,

le7ovL)f], < lo(@/sVI)L™L" f]],

< (@79 |n@ VD), L7 1,

By Theorem 3.4 and Proposition 2.6 it follows that Ih(2778+/L) lp—p < c(d,m)and
hence

gt(f)p < Ct72m ” me”p 2272mj < c/t72m || me|
Jj=0
which gives (3.39). Il

P,

3.5.2 Characterization of Approximation Spaces

Once the Bernstein and Jackson estimates are established, the approximation
spaces A* . defined in (3.35)—(3.36), can be characterized by interpolation. In the
following we shall denote by (Xo, X1)g,4 the real interpolation space between the
normed spaces Xo, X1, see e.g. [3, 4].

Theorem 3.16 Lets > 0,1 < p <ooand 0 < g <oo. Then foranyr > s

A, = (L7, D(«/Z)’)M, s =0r. (3.40)

Proof A classical argument (e.g. [15]) using the Jackson and Bernstein estimates
from (3.39) and (3.37) implies the following characterization of the spaces A‘;q:
If 2m > s, then

Ay = (L7, D(LM)), = (L7, D(\/Z)Z’")g’q, s =20m. (3.41)

Thus (3.40) holds for » = 2m. On the other hand, —+/L is the infinitesimal generator

245
of the subordinate semigroup Q; f = 000 %e‘s L fdu(s) on L?, and by a well-

known result (e.g. [4]) if 1 <r <k, then
(L7, D(«/Z)")&l c DWL) c (L7, D(\/Z)k)e,oo, 0=r/k.
Therefore, if 1 <r <2m and 6y = ﬁ then

Ary = (L7, DWL™), | € DWLY € (L, DWD)™), = Ah
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This along with (3.41) implies

(L7, (L7, DWLY")y 1)g., € (L7 VL)), C (L7, (L7, D(W/L)™)

0.q 90,00)0,(]

and by the reiteration theorem (e.g. [3]) this leads to

(L”, DWLY),, = (L, DWL)™) A%, s =200om =0r.

000,.q — “rpa’

The proof is complete. O

Remark 3.17 From the above, A‘;,q = ILP, D(L™))g,4, s =20m, 0 <5 < 2m, but
then as is well-known (e.g. [4])

1 m dr\ V4
£ llas, ~ LF1lp+ (/0 (=] ~1d) f||,,)"7t>

t

with the usual modification for ¢ = co. Moreover, since e~ Lisa holomorphic semi-

group, we also have

1 d
If1as, ~f1lp + ( / (P arymet 5 II,,)q—t)
0 t

with the usual modification for g = co.

1/q

3.6 Kernel Norms

Here we derive bounds on the L”-norms of the kernels of operators of the form
6(8+/L), which will be important for the development of frames.

Theorem 3.18 Let 6 € C*°(Ry), 8 > 0, supp6é C [0, R] for some R > 1, and
6@ *tD0)=0,v=0,1,.... Suppose that either

1) O0m) > 1 foruel0,1], or

(ii) O(u) > 1 for u € [1, b], where b > 1 is a sufficiently large constant.

Then for 0 < p <00, 0 < § <min{l, dla%M}, and x € M we have

c1|BE )" < oGV, 9, < ca|B(x, 8|77, (3.42)

where c1 > 0 depends only on p and the parameters of the space, and ¢y > 0 depends
on p and the smoothness and the support of 0 similarly as in Theorem 3.4.

Proof By Theorem 3.4 we have |0(8+/L)(x, y)| < ¢y Ds.o (x, y) for any o > 0. Pick
o >d(1/24 1/p). Then the upper bound estimate in (3.42) follows readily by esti-
mate (2.10).

It is not hard to see that to prove the lower bound estimate in (2.10) it suffices to
have it for p =2 and p = oo and use the already established upper bound. However,
clearly

||6(6\/Z)(x,-)||§=92(8«/Z)(x,x) and [0(VL)(x, )|, =0@VL)(x, x),

and it boils down to establishing lower bounds on 6’2(3\/Z) (x,x) and 9(5\/2) (x, x).
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Further, let f, g € L°°(R.) be bounded, supp f, g C [0, R], and 0 < g < f. Then
f =g+ h for some h > 0, and hence f(«/f)(x,x) = g(\/Z)(x,x) +h(«/f)(x,x).
On the other hand, by (3.20) f(«/f)(x,x) = fM |\/7(«/f)(x, W|?du(y) = 0, and
we have similar representations of g(\/Z) (x,x) and h(\/Z) (x, x). Therefore,

0<g<f = 0<gWL)x,x)<fWL)x,x). (3.43)

This allows to compare the kernels of different operators and we naturally come to
the next lemma which is interesting in its own right.

Lemma 3.19 (a) There exist constants c3, c4 > 0 such that for any t > 1

C3|B(x, t7])|71 < ]l[o,f](\/Z)(x,x) < C4|B(x, r71)|71. (3.44)
(b) There exists b > 1 such that if t > 1 and 1< W then
es|B(x, T )| < 1o (VL) (x, x) < e B(x, 77|, (3.45)

where cs, ce > 0 depend only on the parameters of the space.
Proof We first show that

pe(x.y) = lim Lo (VL)pi(x.y), 1>0. (3.46)
Indeed, we have

Ljo,r/(VL)e ™ + 1 g 00)(WL)e ' = e7E,

and since ]1[(),,](@)6_”‘ is a kernel operator (Theorem 3.7), then ]l(,‘oo)(\/Z)e_’L
is also a kernel operator and

Lo, () (VL) pr(x, ¥) + Lz .00y (VL) pr(x, y) = e L (x, y). (3.47)
On the other hand,

_ _tr _L _r
ﬂ(r,oo)(‘/z)e tL:e 4L[]]-(T,00)(\/Z)e ZL]e 4L’

and by spectral theory ||1(¢,o0) (\/Z)e_%L 22 = e 57 Therefore, applying Propo-
sition 2.9 we arrive at

t_2
e 27
Lir,00) (VL) pr(x,y) < ¢ —0 ast— o00.

VIB&, JTDIIB(, /172

This and (3.47) imply (3.46).
We also need these bounds on the heat kernel:

B VDT S pe.x) <elBa VDTN 0<r<1. (348)
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The upper bound is immediate from (1.4). For the lower bound we have for £ > 1,
using (1.7),

pi(x,x) = /M [pej2(e, ) dn(y) = /B [pej2(e, ) du(y)

(x,2641)

1 2
> ,v)d
e |B(x’zgﬁ)|I:/B(x’zeﬁ)pl/2(-x )’) M()’)]

2—€d 2
L 1—] p (x,y)du(y)} .
|B(x, /1) [ M\B(x,2¢\/7) v

However, by (1.4) p;2(x,y) < c¢s Dﬁ,a (x,y) for any o > 0, and hence, just as in
the proof of Proposition 3.8,

1

e P(x, yydu(y) <27t < 3

/M\B(x,zlﬁ)

for a sufficiently large £ (the constant c is independent of £). This completes the proof
of the lower bound estimate in (3.48).

We now turn to the proof of (3.44). Since 1o ;j(u) < ee™
(3.43) and (3.48)

—2,.2 . .
T 4" we obtain, using

10 (VD) (@, x) ee™ VP x) <l B(x. v ")

which gives the right-hand side estimate in (3.44).
For the proof of the left-hand side estimate in (3.44), we first note that for any
t>0

2 2 2
e =1 e ™ +Z]1(2kr’2k+1,](u)e fu
k>0

_n2k.2
<1, () + Z:ﬂ-[oyzkﬂt](u)e 27
k=0

From this, (3.43), (3.46), (3.48), and the right-hand side estimate in (3.44) we obtain

¢|BG, VD7 < pi(x, x)

2k 2
= jl[OJ](“/Z)(X, x)+ Z ]l[()’zkﬂf](\/Z)(x, x)e 1T

k>1
= 1[0,‘[](“/2)()6, xX)+cq Ze_I2ZkT2iB(x, 2—k—lr—1)|—l
k>1
< 100,01 (VL) (x, x) + ca| B(x, r—l)|_1 Ze—lznfzz(k—&-l)d.

k>1
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Here for the latter inequality we used (2.1). Given T > 1 and r € N we choose ¢ so
that 74/t = 2". Then from above

/2—rd

|B(x, f‘l)l B IB(x VOl

2d2 —rd
|B(x, 77 1)

_12kn2,
Ze 2°k2 ’2(k+r)d
k>0

< 1j0.0)(VL)(x, x) +

C42d2_rd 22 ~kd
<. (VL) (x,x) + ———— okd
<10 (VL)(x, x) IB(x,r—l)IkZ;e

Hence,
2—rd

|B(x, 1) (C/ — g2 Ze—szzkd> < 1j0,1) (VL) (x, x).

k>r

Taking r € N sufficiently large, this implies the left-hand side estimate in (3.44).
We now take on (3.45). The right-hand side estimate follows from the right-hand
side estimate in (3.44). Using (3.44) and the reverse doubling condition (1.2) with

< dlamM , we obtain for/ € N
]l[,,zlt](«/Z)(x, x) = ]l[(m/,](«/Z)(x, x) — ]l[o,r](«/Z)(x, x)
- c3 c4 - C321ﬁ —c4
TIB@ 27 e B, e h] T B, T hI
which leads to (3.45) with b = 2! for sufficiently large /. 0

Completion of the proof of Theorem 3.18 We now focus on the left-hand side es-
timate in (3.42). Suppose 6 obeys condition (ii) from the hypothesis of the theo-
rem, i.e. 6(u) > 1 on [1,b], where b > 1 is the same as in Lemma 3.19(b) (the
proof in the other case is the same). Then by (3.43) and Lemma 3.19 we have for
0 < § < min{1, 422}

|6GVLY(x, )|, = 0GVL)(x,x) = 111,68V L) (x, x)
=51 515 (VL) (6, %) = 5[ B(x, )|
On the other hand
|66V (x, )3 =62V (x, %) = e5|B(x, )|,
where for the last estimate we proceeded as above. Thus so far we have
[6GVI)(x, ], < el B, P, 0<p <o,

|66V (x, )|, = es|BG, &) and  |0GVI)x, )5 = es|Bx, )|
(3.49)
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Now, for 0 < p < oo the left-hand side estimate in (3.42) follows from the estimates
in (3.49) in a standard manner. Indeed, set f := 9(8@)()@ ). If 0 < p <2, then
using (3.49) we get

-1 2- -2
os|BG.O)| T < IFIZ S IFISIAIT < el fI5|BG. &),

which implies || f1l, > ¢/|B(x,8)|'/P~1. If 2 < p < 0o, we use (3.49) and Holder’s
inequality to obtain

-1 1/p'—1
es|BG.&)| T < IFB <IN < el fIpB@ o7~ (1/p+1/p =1).
This leads again to || f1|, > ¢/| B(x, §)|1/P~L. -
3.7 Finite Dimensional Spectral Spaces

It is easy to see that in the case when (M) < oo the spectrum of L is discrete and the
respective eigenspaces are finitely dimensional. This and some other related simple
facts are collected in the following statement, where we adhere to the notation from
the previous subsections.

Proposition 3.20 The following claims are equivalent:

(a) diam M < oo.

(b) u(M) < oco.

(¢c) There exists § > 0 such that fM w(B(x,8) tdu(x) < oo and hence we have
Sy m(B(x, M ldu(x) < oo forallr > 0.

(d) The spectrum of the operator L is discrete and of the form 0 <A <Ay <---,

L2 = Z @H,\j, where H;; = Ker(L — A;1d), and dim(H,;) < oo.
J

(e) There exists t > O such that

—tL)2 2
le™* | 5s = / / |pi (e, )| dp(x)dp(y) = / par(x, x)du(x) < o0,
MJIM M
and hence this is true for all t > 0.

(f) There exists A > 1 (and hence Y1 > 1) X° = 2)} (= Z‘ffor all 1 < p <00).
Furthermore, if one of the above holds, then for A > 1

dim(Z‘A)N//L(B(x,)»_l))_ldu(x) and dim(Z ;) ~ e |5, (3.50)
M

where X)) = Z@\/Tq Hy, - In addition,
P

dim(H;)
P, y) =Y e Py (x.y), Prx,y)= Y ey, (35
j=1 =1
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where {ei- 2l =1,...,dim(H;)} is an orthonormal basis for H;, Leé. = )Ljei-.

The convergence is uniform and p;(x, y) is a positive definite kernel.

Proof As already shown in Proposition 2.1, (a) and (b) are equivalent. Note that, since
in our setting closed balls are compact, (a) or (b) is also equivalent to the compactness
of M.

Clearly (b) implies () as ¥} ¢ ¥ cL*® cL! and T NL! =

To show that (f) implies (b), assume X'° = Ei. Then if 6 € Cf)’o Ry),6=11in
the neighborhood of 0 and supp8 C [0, 1] we have §(v/L) f € X = 2){ Vfel™.
Hence 1 =6(+/L)(1) € L', which implies (M) < oc.

Assume that (a)—(b) hold and fix xg € M. Then using (2.1)—(2.2) we get

|B(xo, D] < 2¢(1+ p(xo, 1)) |BCx, 1)

< 4/8) (1 + p(xo, x))*

0<é<1,
which readily implies
-1
f |B(x,8)| " dp(x) < 4/8)"|B(xo. D|(1+ D)|M| < oo.
M

Thus (a)—(b) imply (c).

For the other direction, assume that (c) holds and let X5 be a maximal §-net on M
with a companion disjoint partition {Ag}gcx; of M as in Proposition 2.5. Then we
use (2.1)—(2.2) again to obtain

<2d 8d / =8d/ B(x,8)| "du(x).
Z|B(s 5l = Z |B( yane) =8 [ |BG O dut

Hence #X 5 < 0o, which readily implies diam(M) < oo. So, (c) implies (a).

Since fM pi(x, Y2du(y) = pi(x, x), the equivalence of (c) and (e) is immediate
from (1.4).

It remains to show that (c) and (d) are equivalent. Suppose (c) holds true. Since
E} = E;, we have

/M|Ex(x,y)|2du(y)Z/MEx(x,y)Ex(y,x)dﬂ(y)ZEf(x,X)ZEA(x,X) (3.52)

and hence, using Lemma 3.19,

| | B Panwdun; = [ Exxndr= [ 10 5 0/Den e

c/ |B(x,k_1/2)|_ldu(x)<oo, A>1.
M
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Therefore, E, (A > 1) is a Hilbert-Schmidt operator on L2 and hence its spectrum is
discrete. Suppose {e}jes is an orthonormal family, verifying Eje; = e;, and put

H(x,y)=Y_ej(x)e;(y).

jelJ

Evidently, H*> = H and as in (3.52) [, |H (x, y)[Pdpu(y) = H(x,x) =" ;c s le; (x)[*.
On the other hand £y H = HE;, = H and hence

H(x,X)=/MEx(x,y)H(y,X)du(y)

5 1/2 5 1/2

s(/ |Ex(x,y)|dﬂ(y)) (f |H(y,x)| du(y)>
M M

< VE(x,x)y/H(x,x).

Consequently, H (x, x) < E; (x, x). Thus

#J:/ Z|ej(x)|2d,u(x)=/ H(x,x)dxf/ E;(x, x)dx
M M

jeJ
= fM Il[o’ﬁ](\/z)(x,x)dx < ch |B(x, A_1/2)|du(x) < 0.

Therefore, dim(X ) < ¢ [}, |B(x, 2~ 12)|dpu(x) < oo, which shows that (c) im-
plies (d).

Finally, assume that (d) holds true. Let {e;};cs be an orthonormal basis of X7,
A > 1. Then E,(x,y) = ej(x)W7 where #J = dim(X)). Now, using
Lemma 3.19 we infer

jelJ

C3/ IB(x,k_1/2)|dM(x)§/ ]l[oyx/x](x/Z)(x,x)dx
M M

=/ E,\(x,x)du(x)zdim(xﬁ) < 00.
M

Thus (d) implies (c).
The estimates in (3.50) follow from above. The last assertion of the theorem is
Mercer’s theorem (see [18]). O

4 Sampling Theorem and Cubature Formula
Basic tools for constructing decomposition systems (frames) for various spaces will
be a sampling theorem for 2/{’ and a cubature formula for 2;. In turn these re-

sults will rely on the nearly exponential localization of operator kernels induced by
smooth cut-off functions ¢ (Theorem 3.4): If ¢ € C®°(R,), suppy C [0,b], b > 1,
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0<¢<1,and ¢ =1 on [0, 1], then there exists a constant & > O such that for any
§>0andx,y,x' e M

lo(6VL)(x,y)| < K(0)Ds s (x,y) and (4.1)

lp(8VL)(x,y) — (VL) (x'.y)| <K (o )(p(x )) Dsq(x,y), p(x,x")<8.
4.2)

Here K (o) > 1 depends on ¢, o and the other parameters, but is independent of
x,y,x and 6.

The main ingredient in our constructions will be the following Marcinkiewicz-
Zygmund inequality for X!, where maximal 8-nets (see Sect. 2.3) will be utilized.

Proposition 4.1 Given A > 1, let X5 be a maximal §-net on M with § := % where
0 <y < 1. Suppose {A¢}ecx; is a companion disjoint partition of M consisting of
measurable sets such that B(§,68/2) C Ag C B(§,0), & € X5. Then for any f € x?,
1<p<oo,

> / |f @) — £ dx < [K @)y <] 1 £1I}, (4.3)
EeXs

and for any f € X°

sup sup |f(x) — f(&)| < K(@)r“c|I flloo, (4.4)

EeXsxeAg
where K (o) is the constant from (4.1)~(4.2) with o :=2d + 1 and c® = 22d+1

Proof Suppose ¢ is a cut-off function as in (4.1)-(4.2). Then we have f =
[y @O WL, ») f(y)dy for f € Xf, 1 < p < o0, and using (4.2) with § = 1~
we obtain for 1 < p < o0

> / [ = &) dx

EeX;s

P
AWVL)(x, y) — (ALY E 0] F ) dy

dx

EeX;s

p
<K@’ Y / ( / xp(x,S))"‘Ds,o*(x,y>|f(y>|dy) dx

EeXyd
g p
= K(U*)pya”f (/ Ds o, (x, y)|f(y)|dy> dx < [K(@)y“ ) I f 15
M\IM
where for the last inequality we used Proposition 2.6. The proof of (4.4) is similar. [
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4.1 The Sampling Theorem
The following sampling theorem will play an important role in the sequel.

Theorem 4.2 Let 0 <y < 1 and

K(o)y%c® < 4.5

l\)l'—‘

where K (oy) is the constant from (4.2) with o, :=2d + 1 and ¢® = 22+l For
a given ) > 1 let X5 be a maximal §-net on M with § := % and suppose {Ag}e e x;
is a companion disjoint partition of M consisting of measurable sets such that
B(£,8/2) C Ag C B(€,8),& € Xs. Then forany f € £),1< p < oo,

1 1/p
§||f||p§<z |A§||f(g)|”) <2|fllp (4.6)
Eeds
and for f e X7
1
EHf”oof sup | £ ()] < Il flloo- @.7
Eeds
Furthermore, if 0 <y < 1 is selected so that
K(@)y"c® = 3. 438)

(instead of (4.5)) for a given 0 < ¢ < 1, then for any f € Z‘f, 1<p<2,

A=lfly < Y 1Al f®] <+l fllp. 4.9)

EeX;s

Proof We first prove (4.9). It is easy to see that

“lal? bIP +1bP if0<8<1,a,beCandl<p. (4.10)

a1l =gl

which implies :

1
(1=d)lal” < < la—bl” +b|P if0<5<1labeCandl<p<2 @l

This inequality with § := &/3 implies

<1—e/3>f el < o 1/S|f(x)—

4.12)

- P~ _ p p
A =e/IAcl|f @ < 7 1/§\f(x) f@) dx+/A§|f(x)| dx.
(4.13)
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Summing up estimates (4.12) over & € X, we get

A =&/ fllp < =2 G /3)p 1 Z/ |F@) = F®dx+ Y 1A r®)]"

EeX;s

[K @y P IfIG + D 1Ael| £&)]”

EeXs

<
- (5/3)11—1

&
g”f”p
EeX;s

which implies the left-hand side estimate in (4.9). Here for the second estimate we
used (4.3).
Similarly, we sum up estimates (4.13) and use again (4.3) to obtain

A=e/3) Y 1Al f &) = ——— 7 /3)p Y Z/ £ = f@&[Pdx+11£15
EeX;s
1
< —— K@y T IfIL + 115 < A+e/DIFID.

_87’_

which readily yields the right-hand side estimate in (4.9).
To establish (4.6) note that (using (4.10)) la|? <|a—b|P + |b|P fora,beC
and 1 < p < oo, which leads to

1
2r-1

21’ 2r=T
/A|f(x)|”dx§/A |f) = F@©)| dx +|Ael| ()],
3

Sl @) < /|f<x>—f<s>|”dx+/ 17| dx.
Ag Ag

Then one proceeds exactly as above and obtains (4.6). The proof of (4.7) is simpler
and will be omitted. 0

Remark 4.3 Observe that under the assumptions of Theorem 4.2 one has, using (1.1)
and (2.1),

@/ B, A <279 B(g, ya")| < | A¢]
<|B(& y27") < [B(& A7)

Then estimates (4.6) imply that for f € Ef , 1 <p<oo,

1/p 1/p
%(y/4>d/"<2 }B(s,rl)Hf(s)\”) < ||f||psz<Z \B(s,rl)Hf(s)V’)

Eeds £eX;

, £eds.

(4.14)
Also, note that estimates (4.9) are immediate for p = oo with the usual modification
and hold when 2 < p < oo with some modification of the constant in (4.8) (y depends
on p). We do not elaborate on this since we shall only need (4.9) for p = 2.
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4.2 Cubature Formula for X}

In this subsection we utilize the Marcinkiewicz-Zygmund inequality from Proposi-
tion 4.1 for the construction of a cubature formula on X )}

Theorem 4.4 Let0 <y < 1 and

1
K(o)y%c® = R (4.15)

Let . > 1 and suppose Xs is a maximal 8-net on M with § = yA~. Then there exist
positive constants (weights) {wé}gE x; such that

fM fdp)y= Y wifE), fez), (4.16)

EeX;s

and

< £ e X 4.17)

2 A
S 1BE.8/2)] < wl

We shall derive this theorem from Proposition 4.1 and a version of the Hahn-
Banach theorem for ordered linear spaces. We next give a theorem of Bauer of this
sort (adapted to the case of linear normed spaces) that best serves our purposes and
refer the reader to [1] for its proof.

Theorem 4.5 (Bauer) Suppose E is a linear normed space, F C E is a subspace
of E, and C is a convex cone in E, which determines an orderon E (f < gifg— f €
C).Set V:={f e€E:|fll <1} Let A: F — R be a linear functional on F. Then A
can be extended 10 a linear functional A on E which is (i) positive, i.e. A( H=0if
f €C.and (i) |A()| < || f|| for f € E. if and only if

A(f)=—1 forall fe FN(V +C). (4.18)

A simple rescaling shows that the theorem holds if the condition in (ii) above is re-
placed by A(f) < c*|| fll and the condition in (4.18) by A(f) > —c*, where ¢* >0
is a constant.

We next show how the Marcinkiewicz-Zygmund inequality implies the existence
of a quadrature rule in a general setting and then apply the result to our particular
case.

Proposition 4.6 Suppose (X, 1) is a measure space and let 'H be a space of -
integrable functions defined everywhere on X. Suppose {A;}icy is a finite or count-
able disjoint partition of X, i.e. X =|J;c; Ai and A; VA; =@ if i # j, consisting of
measurable subsets of X of finite measure (0 < (t(A;) < 00). Let&; € A;,i € 1. Also,
assume that there exists a constant & < % such that

Zf }f(x)—f<s,>|du<x><a/\f(x)|du<x> feH. (4.19)

iel
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Then there exist positive constants {y;}icj such that

/X fdux) =Y "yif&) for feH, (4.20)
iel
and
Lm0 Ay =y = 20, el 4.21)
1l -« l—«

Proof Consider the discrete positive measure dv :=»_;_; u(A;)d on X, supported
on the set X :={& :i € I}, and let L'(v) be the respective (weighted discrete)
L'-space. By (4.19) we obtain for f € H

e

(=) fllLigy < 1Lty < A+l f i) (4.22)

fau— [ fdvz—a | [flduz——— [ |fldv,
X X X l—aJx

which readily implies

sa/ \fldu,
X

and

Hence

1 -2« o
[ g == [ vz = = a2

On the other hand, (4.22) yields that thE operator J : f € H> {f(&)}ier € L! (v) is
continuous and, moreover, if J(H) = H C L' (v), then the operator

J! :geﬁH/ J_l(g)du
X

is well-defined and continuous, and by (4.23)

1 -2« 2a
/ J N (g)dpu — / gdv>——— / (Igl — g)dv. (4.24)
X -« X l—« X

Let the linear functional A : H — R be defined by

~ 1—
AigeHs Ag) :=f IOYIEE afgdv. (4.25)
X - Jx

We next apply Theorem 4.5 with E =L!(v), F =H,

C={fel'm:f®&=0cex}, V={fel'®:IflLw <1}
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and the linear functignal A from (4.25). Evidently, in this case, f € FN (V + C)
if and only if f € H and f can be represented in the form f = g + h, where
lgllLiy <1 and A > 0. Then by (4.24) it follows that

200
A(f)=A(g+h)z—1—/(Ig+hl—g—h)dv
— |

2 4o 4o N
>~ [ (g1 — gavz 1 [ lgidvz -2 e
l—aJx 1—aJyx 11—«

Applying now Theorem 4.5 we conclude that there exists a positive continuous ex-
tension A of A to L!(v) such that ||/T | <c* = 14_—“a. However, as is well-known
(see e.g. [16]) (L'(v))* = LL°°(v). Therefore, there exists a sequence 8 € L>®(v),
B = {Bi}ier. such that || Blloc = sup;; Bi < 7% and

A=) fEBin(A), feL'®).

iel

Since A is positive, we have B; >0, i € I. Consequently, for any f € H
1 -2«
A = [ Fdn= T S A £6) = Y i,
i i

where 0 < §; < IZT“O(, which leads to fo(x)du(x) =Y i vif&) for feH,
where

1 -2« 1 -2« 4o 142«
wn(Ai) =yi < n(Ai) + ——u(A) = w(Aj).
l -« -« l -« |l -«
The proof is complete. g

Proof of Theorem 4.4 Let X5 be a maximal 6-net on M with § = % Then by Propo-
sition 4.1 we have

3 /A £ () = F@®]dr) < K@)y eIl il
&

EeXs

If y >0 and K(o,)y%*c® < %, then Theorem 4.4 follows at once from Proposi-
tion 4.6. O

5 Construction of Frames

An important part of our development in this article is the construction of well-
localized decomposition systems for spaces of functions or distributions in the gen-
eral setting of this article. The goal will be to construct a pair of dual frames, where
the elements of both frames are band limited and have nearly exponential space lo-
calization.
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5.1 A Natural (Littlewood-Paley Type) Frame for L.

We begin with the construction of a well-localized frame based on the kernels of
spectral operators considered in Sect. 3.1.

Let® e C*°(R,),®(u)=1forue[0,1],0<® <1, and supp @ C [0, b], where
b > 1 is the constant from Theorem 3.18. Set ¥ (1) := @ (u) — @ (bu) and note that
0<W¥ <1 and supp¥ C [b~!, b]. We shall also assume that @ is selected so that
W(u) > c >0 forue[b3/* b3*]. We set

Wo(u) :=P(u) and ¥;ju):=w(b"'u), j=>1. (.1
Clearly, ¥; € C®°(R4), 0 < ¥; < 1, supp¥ C [0,b], supp¥; C [p/~1, b/ H1],

j>1,and ijo ¥;(u) =1 for u € Ry. By Corollary 3.9 we have the following
Littlewood-Paley decomposition

f=Y_¥(JL)f forfell, 1<p<oo (L*:=UCB). (52
Jj=0

From above it follows that

<> Ww <1, ueRy, (5.3)
j=0

| =

and since 1% (VL) f 13 = (¥ (VL) £. ¥, (VD) f) = (WD) f. f). we get
S | £ = / S W2 Wd(Ff. ).
j=0 0 jx0
and using (5.3) we arrive at
1
SIFR <2 |w WD <If15 f el (5.4)
Jj=0

Here we introduce a constant 0 < ¢ < 1 that is sufficiently small and will be spec-
ified later on in (5.16). Choose 0 < y < 1 so that

K(o)y%c® =¢/3, (5.5)

where K (o) is the constant from (4.1)—(4.2) with o, := 2d + 1, and ¢® := 224+! For
any j >0 let X; C M be a maximal §;-net on M (see Proposition 2.5) with §; :=

yb~/~2 and suppose {Aé Jeex; is a companion disjoint partition of M consisting of

measurable sets such that B(§,5;/2) C Aé C B(,4;), & € X}, as in Proposition 2.5.
By Theorem 4.2 we have '

A=olfl3= Y Alllf©OP <A +olfl3 forfeXln (56

%'EXJ'
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By the definition of ¥ it follows that ¥; (v/L) f € X7, for f € L?, and hence (5.4)
and (5.6) imply

1 .
ZIf13 = X(j);xj ALl e, WD r© <2073, fel? (5.7)
J=0§eX;

Note that
(VL) f(§) = /M F@)W; (VL) (E, u)duu)
_ /M F@W; (VL) )dpuw) = f, w; (VD) ).

Consider the system {1 ¢} defined by

|1/2

Ve () = | AL o (VD) (. 8), Ee X, j=0. (5.8)
From the above observation and (5.7) it follows that {y¢ : § € X}, j > 0} is a frame
for 2.

We next record the main properties of this system.

Proposition 5.1 (a) Localization: For any o > 0 there exist a constant c; > 0 such
that for any &€ € X, j >0, we have

—1/2

|Wjs ()| <co|BE D) (1+bp(x,8) 7 (5.9)

and if p(x, y) < b~

Ve () = ¥ie| < co|BE D)7 00, ) (1467006, £) 7, a>0.
(5.10)

(b) Norms:
||1/fjg||p~yB(s,b—f)|%‘%, 0< p<oo. (5.11)

The constants involved in the previous equivalence depend of p.

(c) Spectral localization: g € Z‘f ifé e Xyand Yje € Z‘[[;j,l’bjﬂl ifé e X,
j=>=1,0<p<ooc.

(d) The system (¢} is a frame for L2, namely,

aNFEY Y e <21 F13. Vel (5.12)

jZOEGXj
Proof Estimates (5.9) and (5.10) follow by Theorem 3.4; (5.11) follows by The-

orem 3.18. The spectral localization is obvious by the definition. Estimates (5.12)
follow by (5.7). O

Birkhauser



J Fourier Anal Appl

5.2 Dual Frame

Our next (nontrivial) step is to construct a dual frame {J je} to {Yj¢} with elements
of similar space and spectral localization. We begin this construction by introducing
two new cut-off functions by “stretching” ¥ and ¥; from Sect. 5.1:

Nw) :=®(b~'u) and
(5.13)
i) =@ (b™2u) — & (bu) = Iy(b~'u) — Ip(b*u).

Note that supp I C [0, %], Ty(u) = 1 for u € [0, b], supp It C [b~1, B3], IM(u) =1
foru e[1, bz], and 0 < I, I'1 < 1. Therefore,

o)Wy (u) = Yo (u), I (u) =¥ (). (5.14)

We shall also use the cut-off function @ () := @ (b—>u). Note that supp © C [0, b4,
O®(u) =1 for u € [0, b], and © > 0. Hence, Ow)ju)=T;u), j=0,1.

Parameter o The dual frame under construction will depend on a parameter o >
2d + 1 that can be selected as large as we wish. It will govern the localization prop-
erties of the dual frame elements.

With o > 2d + 1 already selected we next record the localization properties of
the operators generated by the above selected functions. Let f = Iy or f = I or
f = ©. Then by Corollary 3.5 there exists a constant ¢, > 1 such that for § > 0 and
0 <m <o we have

IL" fFOVL)(x, y)| < 087" Ds 26 (x, y). (5.15)

‘We now select the constant 0 < & < 1 so that

1 3 1804+9d+10
> = ¢ 28010, (5.16)
Recall that the constant y, which depends on ¢, was defined in (5.5) so that
K (ox)y%c® =¢/3.

The next lemma will be instrumental in the construction of the dual frame.

Lemma 5.2 Given A > 1, let X5 be a maximal §-net on M with § := yk_lb_3 and
suppose {Ag}ecx; is a companion disjoint partition of M consisting of measurable
sets such that B(§,6/2) C Ag C B(&,6), & € X, just as in Proposition 2.5. Set

%|Ag| ~ |B(&,68)|. Let I' = Iy or I' = I'1. Then there exists an operator

T, :L2—>12 of the form T, = 1d 48, such that
(a)

Ke 1=

Ifll2 < I fll2 < Ifll2 Vf el

1—2¢
(b) L™ S, withQ <m < o is an integral operator with kernel L™ S, (x, y) verifying

’LmSA(x, y)| < ckszrl,g(x, y), x,yEM.
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(©) (L3 C X2, if I' = Iy and S, (L) C EIZM_,JM ifI=T.

(d) For any f € L? such that ' (A~'VL) f = f we have

fO) =) ke fEOTL[NLCH]E), xeM, (5.17)

EeX;s
where T (-, -) is the kernel of the operator I'), := F(A_I«/Z).

Proof By Theorem 4.2 we have

A=alf13< Y 1Ael|f @ sa+olfI3 for fe 2,

el

and setting kg = ﬁ |Ag| we get

A=20lf13< > we| f@) <If13 for fe 22, (5.18)

EeXs

Denote briefly ®; := eoO! \/Z) and let O, (-, -) be the kernel of this operator. Con-
sider now the positive self-adjoint operator U, with kernel

Upn(x,y) = Y keOu(x, )01 (, ).

e

By (5.15) Oy (x, )| < co Dy~1 5, (x, y) for x, y € M. Therefore, taking into account
that § = yA~'b=3 <A~ ! and 20 > 2d + 1 we can apply (2.22) to obtain

|Us.(x,y)| < cocsDy1 55 (x,y),  cq 1= 2273013, (5.19)

Also, if f € 2)%173’ then (U, f, ) = Z&e/\.’a Ke | £(£)|? and hence, using (5.18),

(A =2)IfII3 < (Usf. f) <13 for f e X2, (5.20)

Denote briefly I, :=1T" (r! ﬁ) and let I (-, -) be the kernel of this operator (recall
that I' = Iy or I' = I'1). We define yet another self-adjoint kernel operator by

Ry :=(d—Uy) Ty = I — LU T

Set V, := IN.U, I and denote by V, (-, -) its kernel. Since ®@ (u)I" (1) = I'(u), we
have
Vilx,y) = Zkg/ / (0, u)0;.(u, )05 (8, v) ) (v, y)dudv
fey MJIm
=Y wkeD(x, H)NE, y).

EeXs
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Now, by (5.15), (2.11), and (5.19) it follows that for 0 <m <o
|L"R;.(x,y)| < szyc*)tszx—l,zg (x,y)+ cgcﬁcszme_sz (x,y)
< ZCgcucf)xsz)\_l,zg (x, ¥).

Here c, := 22972442 and as above c; := 2293943 To simplify our notation we set
Cy :=2c¢3 cyc? = 320047448 Thus we have

|L™Ry(x, y)| < Cod®™ D51 5, (x,y), 0<m<o. (5.21)
By the definition of R, we have

(Rof, [) =T fIl3 = (Un Lo f, T f) - for f L2

Since I (L?) C E}%}ﬁ’

then @, I f = I f, and by (5.20)
(I =20 D f 15 < (Ul f, T f) < | Tufll3,  f €2
Therefore,
0<(R.f, f) <25 fI} <2ellfll5, fel?

where for the last inequality we used that || I"| o, < 1. Consequently,

IR\las2<2e <1 and (1=20)[fl2<|Ad=R)f], <lIfl2. feL

We now define 7y, := (Id—R;)~! =1d+ Zkzl R])f =:1d+3S,. Clearly

Ifll2 =T fll2 < Ifll2 Vfel? (5.22)

1-2¢
If I f = f, then
=0 —RNH=D0(f =L f+ Vo f)=T.V.if.
On the other hand, if I} f = f, then (V; f)(x) = Zé‘e/’\% ke f(§)I.(x, &) and hence
fx) = Z Ke fE TG, 6] ). (5.23)
EeXs
Note that by construction

S L2 X2

2. ifr=Iy and S :L*— X2 ifr=r. (524

[Ab—1,Ab3]

It remains to establish the space localization of the kernel L™ S (x, y) of the oper-
ator LS. Our method borrows from [37]. Consider first the case m = 0. Denoting
by R’){ (x, y) the kernel of R¥ , we have

15, 0] <D R (x.y).

k>1
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But since R])f = @)\Rl)f@x we get by (5.15) with f = ® and the fact that
| Ry |l2—2 < 2¢, applying Proposition 2.9,

2 k
)| < cac2 RIS, 5 Qe)keyct ’
VIBG A DB, A T VB, A DBy, A1)

|R; (5.25)

where ¢; := 2***_ On the other hand, applying repeatedly estimate (2.11) k times
using (5.21) with m = 0 we obtain

|RY(x,y)| < CEKTID, 1 5y (x,y), o =220T2442, (5.26)

Therefore, for any K € N

K

_ (2e)kcqc?
.06, ) = D Coel IDA—',Z (x, )+ z
,; ’ ’ ,§<J|B<x,x—l)||3(y,x—l>|

Cy
<
= V1B, A" DBy, 27D

" {;20 i(c*ca)"—1 + 8 }
(142006, 1) S 1—2¢
- Co { 1 (c.Co)X (2e)K+1}
T VIB@ATDIBG AL (1420, ) exCo =1~ 1-2¢
< 2C, { (C*CG)K_l
V1B DBy, A D) LA+ Ap(x, )

+ (28)K+1 }

Choose K > 1 so that (%)K_1 <{+xrx,¥)° < (%)K and note that % =, Cqo
by (5.16). Then from above we get

4C, 1
VIBG, A DB, A~ D] (1+ap(x, )7

|S5.(x, )| < =4Co Dy 1 4 (x, ).

5.27)

Letl <m <o. Since L™ Rﬁ =L"O, Rﬁ ©®,., with slight modification of the argu-
ment above, (5.15) implies that (5.25) holds for the kernel L’"Rk(~, -) with an addi-
tional factor A% to the right. On the other hand (5.21) implies that estimate (5.26)
also holds for L™ R¥(-, -) with an additional factor A2 to the right. Then proceeding
exactly as above it follows that estimate (5.27) holds for L™ S(-, -) with an additional
factor A" to the right. This completes the proof of the lemma. g

Armed with this lemma we can now complete the construction of the dual frame.
We shall utilize the functions and operators introduced in Sect. 5.1 and above.

Denote briefly Iy, := I'(+v/L) and I, =T b ITL) for j> 1,k :=b 1,
Observe that since Ih(u) = 1 for u € [0,b] and I'1(u) =1 for u € [1, %], then

FAO(Z‘g) = Z‘g and F,\j(Z‘[ZhFI’hHI]) = E[zhffl,hjﬂ]’ j = 1. On the other hand, it
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[bi—1 bi+1]
can apply Lemma 5.2 with X; and {A]}¢cy; from Sect. 5.1, and A =2; =b/~! o
obtain

is readily seen that ¥y (-, y) € Z‘g and ¥;(-,y) € 2 if j > 1. Therefore, we

VD)) = Y ke ENT[D,6.0](x). ke =0+e)7'[Al]. (5.28)
fed;

By (5.8) we have ¥ ¢ (x) = |A§ |'/2@; (&, x) and we now set

Vie@) =oAL P11, 0]), §eX), ci=0+e™ (529

Thus {1;./5 :& e X}, j = 0} is the desired dual frame. Observe immediately that (5.28)
takes the form

Wi (VL) y) = ) Yie (0D Ve (x). (5.30)

EEXI'

We next record the main properties of the dual frame {1; jel

Theorem 5.3 (a) Representation: For any f € LP, 1 < p < 00, we have

F=Y ) A=) D (fivje)dje inlP. (5.31)

jZOfEXj ./EOSEXj

(b) Frame: The system {1;/5} as well as {{je} is a frame for L2, namely, there
exists a constant ¢ > 0 such that

ARSI Y (AT <elfIf Vel (5.32)

j=0&eX;
(c) Space localization: Forany § € Xj, j > 0,and0 <m <o
L7 T 6 ()| < eob™ ™| B(&, b)) |2 (146 p(x, ), (5.33)
and if p(x,y) <b™/

W6 (0) = Tje )| < co|BE LB 00, 1) (1 4+ p(x, ) 7. (5.34)

Here 0 > 2d + 1 is the parameter of the dual frame selected in the beginning of
Sect. 5.2. ~ ~

(d) Spectral localization: ¥z € E}f ifé e Xp and e € E[Il’)ffz,hfﬂ] if &€ e X,
j=1,d/o < p<=<oo.

(e) Norms:

1

||1Zj§||,,~|3(g,b—f)|%‘f fordjo < p <oo. (5.35)
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Proof By the definition of 1; j¢ in (5.29) and Lemma 5.2 we have

Vi) = co| AL, [ 1, ¢ )]0 = ce| AL P[0, (6. 6) + 83, [, ¢ )] )]

Then estimate (5.33) follows from the localization of L™ I ;L_].(-, -) given by (5.15),
Lemma 5.2(b), and (2.11). Estimate (5.34) follows by the fact FAj (-,-) is Lip «, given
by Theorem 3.4, and the localization of S, ; (-, ), given in Lemma 5.2(b), exactly as
in the proof of Theorem 3.1.

To establish represenNtation (5.31) we note that (5.30), (5.33), and (2.22) readily
imply Zser 1Y e DY je ()] <cDy-j 5_gq(x, ). Then (5.31) follows by (5.2) and
(5.30).

The estimate

1

2 ford/o < p<o0 (5.36)

~ .o L
1Wjell, <c|B(&,b77)|7

follows by (5.33) and (2.12). On the other hand, Lemma 5.2(a) and Theorem 3.18
yield

1Wjsll2 = c|B(&.677) || 13, . 8], = ¢ > 0.

~ . 1 1
From this and (5.36) one easily derives ||V ¢, > c|B(&,b7/)|» 2 for0 < p < o0

(see the proof of Theorem 3.18).
For the proof of (5.32) we shall employ the following lemma which will be instru-
mental in the development of Besov spaces later on as well.

Lemma 5.4 (a) Forany f elL?,1 < p < o0,

- 1/p
(Z [(f. Fie) e ||’;) <clfllp. Vi=zo0. (5.37)

EEXJ'

(b) For any sequence of complex numbers {aé}ée){ja j=>0,and 1 < p < oo,

Above each of the €P-norms is replaced by the sup-norm when p = o0o. Also (a)

and (b) hold with the roles of {;¢} and {1/~fj5} interchanged. The constant ¢ > 0 is
independent of f, {ag}, and j.

Z ag¥rje

SGXJ'

1/p
< c< > ||llsl//js||5> : (5.38)

p EEXJ'

Proof We shall need the following simple inequalities

Do Tiellyjeli <c and Y W @|lvjeli <c, xeM,  (539)

fed; ged;
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where the roles of {1;¢} and {%g} can be switched. Using (5.33) with m = 0 and
(5.11) we obtain

S @ Ivelh ¢ Y- (146 p(x,£) 77 <c <o,
56/"/./' SE.)C‘_/

where for the last inequality we used (2.20) and the fact that ¢ > 2d + 1. This gives
the left-hand side inequality in (5.39). The proof of the other inequality is the same.
Estimate (5.37) is immediate from (5.39) when p = 1. In the case p = o0 (5.37)
follows readily by the inequality ||1; jellillVjello < ¢ < 00 which is a consequence
of (5.11) and (5.35).
To prove (5.37) in the case 1 < p < co we just apply Holder’s inequality (1/p +
1/p’ = 1) and obtain

[0 vie] ) < ( /M | f()) |Jjg(x>|du(x>>p||wjgu5
= </M £ )| |1/7jg(x>|””|$,-;<x)|“”'du<x)>p||x/fjg||§
< /M |G| [T @) [drecolTe 1 1 15
This coupled with the obvious inequality

~ o p-l ~ -1
I selly IWjely < (Ijellilvjelloo) " ljell < cllwjeln,

using ||1st l111¥jello < ¢ < 00 as above, leads to

S T sc/M|f<x>|” S [T |15e hdio) < el £15.

seX; fek;

Here we used (5.39). This confirms the validity of (5.37).
We now turn to the proof of (5.38). This inequality is obvious when p = 1. In

the case p = oo inequality (5.38) follow easily from the right-hand side inequality in
(5.39) and the fact that || ¢ [|1 |V j¢ oo < ¢ < 00, see (5.11).

To prove (5.38) in the case 1 < p < oo we apply the discrete Holder inequality
and the right-hand side inequality in (5.39) to obtain

p

D asPie(x)

£eX;

P
< [Z |aé|||1ﬁjé||1_1(|Wj§(x)|||¢j§||1)1/p(|1ﬁjs(x)|||’>”j§||1)1/pi|

§ed;
p—1
< Z Iaglplllﬂjslllp|1ﬁjs(x)|||1/fjg||1<Z |1ﬂj§(x)|||1/fjs||1>
EcX; §ed;

< > laglP el ™" [vje ().

fed;
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Integrating both sides we get
’ 2-p b4
‘ Doasvie| <c Y lagl ey " <e Y laelP el

EE.X_/' p §€Xj EEX]
Here we used that ||ng||%_p ~ ||¥j¢llh, which follows by (5.11). The proof of
Lemma 5.4 is complete. O

We are now in a position to complete the proof of Theorem 5.3. From (5.4) apply-
ing (5.38) we get

2
S F Ve

EEXJ'

I <2Y oD <2y

Jj=0 j=>0

jZOSGX]‘

which confirms the left-hand side inequality in (5.32). For the other direction, we
first note that since supp ¥; C [6/=1, bit1] and 1//15 € Xypi-2 pit2) We have by (5.2)

(fs V) y=y+2 (W, (VL) f, ¥ &) (here W, := 0 if v < 0) and hence

v:j—2
j+2 J+2
S HATP<s Y S WD) <e Y e D
geX; v=j-2£€X; v=j-2

Here we used (5.37). Summing up the above inequalities and using (5.4) we obtain
the right-hand side inequality in (5.32). This completes the proof of Theorem 5.3. [J

5.3 Frames in the Case when {Z‘f} Possess the Polynomial Property

The construction of frames with the desired excellent space and spectral localization
is simple and elegant in the case when the spectral spaces Z‘f have the polynomial
property in the sense of the following

Definition 5.5 Let {F;, A > 0} be the spectral resolution associated with the opera-
tor v/L; then /L = fooo Ad F, . We say that the associated spectral spaces

Si={fel*:Ff=f}
have the polynomial property if there exists a constant ¥ > 1 such that
»2.52cxl, e figey} = fgexl. (5.40)

The construction begins with two pairs of cut-off functions ¥y, ¥, ffo,@ €
C*°(R4) with the following properties:

supp %o, %o C [0,b], supp¥, W C[b7',b], 0<wo, W, ¥ ¥ <1,
Wo(u),lffo(u)zc>0, uE[O,b3/4], lI/(u),lf/(u)zc>(), ue[b_3/4,b3/4],
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Yow)=1 and Pu)=1, wuecl0,1], and

W) o)+ Y Wb Tu)F(bu)=1, ueRy.
j=zl

As in Sect. 5.1, here b > 1 is the constant from Theorem 3.18. The construction of
functions with these properties is quite simple and well-known and will be omitted.
It is worth pointing out that given ¥y, ¥, then @y, ¥ can be easily constructed with
the above properties (see e.g. [23], Lemma 6.9).

Denote ¥;(u) := ¥ (b~/u) and ¥, (u) := ¥ (b~ u). Then from above we have

WPy =1, ueRy. (5.41)
j=0

This and Proposition 3.8 imply the following Calderén type decomposition

=Y VL% L)f. fell, 1<p=oco. (5.42)

Jj=0

The key idea is that the polynomial property (5.40) of the spectral spaces can be
used to discretize the above expansion and as a result to obtain the desired frames.
Indeed, observe first that supp Wy, ¥ C [0,b] and supp v, l1~/j c [/ bt
j = 1. From this and above it follows that lI/j(\/Z), {17]-(\/2) are kernel operator
whose kernels have nearly exponential localization and ¥; WL)(x,) € 2+ and
lIN/j L), y) € Xp+1. We now invoke the cubature formula from Theorem 4.4. With
0 < y < 1 the constant from (4.15) and k > 1 from (5.40), we select a maximal §-net,
say X'j,on M with § := yk~'b~/=! ~ b~/ Theorem 4.4 provides a cubature formula
of the form

/Mf(x)du,(x) = Z wje f(§) for fe E,}b/#l’

g,:EXj

where 2|B(£,8/2)] < wje < 2|B(&,5)|. Since ¥;(vVL)(x. )& (VL)(-.y) € Z!, .,
due to (5.40), we get

W (VL) (VL) (x, y) = /M W; (VL) (x, )W (VL) (u, y)dp(u)

= Z wieW; (VL) (x, §)F;(VL)(E, y). (5.43)

§€Xj

We now define the frame elements by

Ve (x) = S ¥ (VL) (x,6),  js(x) = Jwp ¥ (VL) (x,£), &€X;,j=0.
(5.44)
We next present the main properties of the system {¢}, {1} el
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Proposition 5.6 (a) Frame property: Forany f € L?, 1 < p < o0, (L*° := UCB) we
have

L= e =) Y (fe)dje inl? (5.45)

Jj=0&eX; Jj=0&eX;

and

IFE=D" D" (fwje)(five) Vfel (5.46)

jZOEEXj

(b) Space localization: For any o > 0 there exists a constant c, > 0 such that for
any & e X, j >0,

Vi@ <co|BE L2146/ p(x,8) 77, (5.47)

[ ¥ e ()

’

and if p(x,y) <b~/

T o0 ) (14 p(x.£) 7. (5.48)

[¥je(x) = ¥je )| < co|B(E,b7)
Here o > 0 is the global parameter from (1.6) and the same inequality hold for IZ e
in place of Y j¢. _ N

(c) Spectral localization: Yog, Yo € Xy if § € Xo and Yjs, Vijs € Ty iy if
E€X;,j>1,0<p<oo.

(d) Norms:

~ P Y |
IWiellp ~ 1Wjell, ~ |B(E.DI)|[P72, 0<p<oo. (5.49)

Proof Identities (5.45) follow immediatgly from (5.42) and (5.43). For the proof of
(5.46), denote Sy f = Z;V:o >_¢ex; ([ ¥je)¥jz and observe that

N —_—
115 = Jim (f.Snfy= lim 3> (f el f. vje)

j=0§€ﬂ%

=3 D AT V)

jZOSGXj

The localization and Lipschitz property of the frame elements given in (5.47) and
(5.48) follow by Theorem 3.4. The claimed spectral localization is obvious. The norm
bounds in (5.49) follow by Theorem 3.18. Il

_ Aninteresting special case of the above construction occurs when we choose ¥y =
Yo and ¥ = ¥. Then e = ;¢ and { ¢} is a tight frame for L2, ie.

1= 3" [(fwel’. Vfel®

jZOSGA%
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Remark The polynomial property (5.40) of the spectral spaces apparently is valid
when the spectral functions are polynomials. This simple fact has been utilized for
construction of frames on the sphere [42], on the interval with Jacobi weights [47],
on the ball [48], and in the context of Hermite [49] and Laguerre [34] expansions.

6 Besov Spaces

We shall follow the general idea of using spectral decompositions, e.g. [46, 59, 60],
to introduce (inhomogeneous) Besov spaces in the general set-up of this paper. As
explained in the introduction, we shall only consider Besov spaces B}‘,q with s > 0
and 1 < p < co. The Besov spaces By, with full range of indices are treated in the
follow-up paper [33]. For another approach to Besov spaces under heat kernel esti-
mates, but a polynomial upper bound on the volume instead of the volume doubling
condition, see [7].

To introduce Besov spaces we assume that there are given two (Littlewood-Paley)
functions ¢g, ¢ € C*°(R) such that

supppo C 10,21, ¢’ (0) =0 forv=1, |po(W)|=c>0 forie[0,2%4],
(6.1)
suppp C [1/2,2],  |eW)|=c>0 forre[273/4,23/4]. 6.2)

Then |@o(W)| + X5 lp(27/1)| = ¢ > 0 for A € [0, 00). Set (1) := p(27/ 1) for
ji=1

Definition 6.1 Let s > 0, 1 < p < o0, and 0 < g < co. The Besov space B;q =
B; ¢ (L) is defined as the set of all f € L7 such that

) 1/q
I f By, == (Z@” ||¢j<«/Z>f(->||L,,)") < 0. (6.3)

j=0
Here the £9-norm is replaced by the sup-norm if ¢ = co.

Note that by Proposition 6.2 below it follows that the definition of the Besov
spaces B‘;q is independent of the specific selection of ¢q, ¢ satisfying (6.1)—(6.2).
Also, By, are (quasi-)Banach spaces, which are continuously embedded in L” as

will be seen below.

6.1 Characterization of Besov Spaces via Linear Approximation from { X/}

Here we show that the Besov spaces B;,q with s > 0 and p > 1 are in fact the ap-
proximation spaces of linear approximation from X/, ¢ > 1. As in Sect. 3.5, we let

& (f)p denote the best approximation of f € IL” from >/ and A‘;,q will denote the
associated approximation spaces, defined in (3.35)—(3.36).
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Proposition 6.2 Lets > 0,1 < p <o00,and 0 < q <o00.Then f € B;q if and only if
fe A;q. Moreover,

] 1/q
1 1By, ~ 1 ag, == 1 F1p+ (2(2”52,- (f>p)"> : (6.4)

j=0

Proof Let ¢; be as in the definition of the Besov spaces with the additional property:
ijo i) =1 for A € [0,00) (see Sect. 3.3). Suppose f € LP. Then by Corol-

lary 3.9 we have f = ijo (pj(\/Z)f and since ¢; WL)f e 2[1;_,_1’2”1] we obtain

En(Np= Y le;VDr,

jzm

and the standard Hardy inequality

q
2 (2”" > bj) =) (2"bn)", bjz0,5>0,0<g=0c, (65

m=>0 j=m m=>0

leads to the estimate || f |43, < cllfllBs, -

p

5j—1 We have

For the estimate in the other direction, we note that for any g € X

0; (VL) f =¢;(VL)(f - g) and hence
lo; VD1, = les VDI =), <cll f =gl

where we used the boundedness of the operator ¢ j(ﬁ) on L”. This implies

lo; (VL) fllp < c&i-1(f)p» j = 1, and obviously [lgo(v'L) 1l < ¢l f1 - We use

these estimates in the definition of B;q to obtain || f|| By, = cll f A3, O

We next record the heat kernel characterization of Besov spaces. Denote

1 s . dr\ V4
If s, ey == 1£1p + ( /0 (P aLyme fH,,)‘IT) (6.6)

with the usual modification for g = oo.

Corollary 6.3 For admissible indices s, p,q a function f € By, if and only if
If |y, t1) <00 and if f € By, then || f s, ~ II.f Iy, ct1)-
This corollary follows readily by Proposition 6.2 taking into account Remark 3.17.

6.2 Comparison of Lipschitz Spaces and BY

The Lipschitz space Lipy, y > 0, is defined as the set of all f € L.°° such that

I flILipy = [1f oo + SupM < o0

xX#y pl/(x’ }’) (67)
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We would like to record next the fact that in the setting of this article the spaces

Lips and B, coincide provided 0 < s < o, where « is the structural constant from
(1.6).

Proposition 6.4 The following continuous embeddings hold: (a) For any s > 0
Lips C B3 -
(b) Forany 0 <s <«

Bl CLips.

Proof (a) Let f € Lips and choose 6 € C*°[0, c0) so that & >0, 6 =1 on [0, 1]
supp® C [0, 2]. Then using Theorem 3.4 and (2.10) we obtain for + > 1 and k >
s+3d/2

o "WVL) f(x) - f0)] = ‘ /Me(f‘ﬁ)(x, W) = F]dry)
<l llLips fM Dyt 4 (2 3" () ()
<t | fllLips /M Dyt oo (r () < et | f lips-

On the other hand (t~'v/L) f € 25° and hence &y (f)oo < 10t 'VL) f — flloc-
From this and above we infer £, (f)oo < ct™*|| fllLips, wWhich implies (a).

(b) Let ¢g :=6 'with 6 the function from above. Set ¢(A) := 0(L) — 6(2A)
and ¢;(A) := @(27/1). Then ijogoj(k) =1 for A > 0, suppeo C [0,2] and
suppg; C [2/-1,2/%1], j > 1. Now, assuming that f € B} ., we apparently have
wo(WL)f € Z$°, ¢ i WL)f € X 7> and by the Littlewood-Paley decomposition
(Corollary 3.9) f = ijo wj(\/Z)f. Evidently, B} ., can be defined using the

above constructed functions {¢;} and hence ||<p,-(ﬁ)f||oo <2778 I flBs>J=0.
Therefore, using (3.33) we have for 0 <s <« and any J > 1

£ = fFD] =D o VL) f(x) — (VL) f ()]

Jj=0

J
<c) le;iVDf| @ p@ )" +2) o, VDS

j=0 i>J
<cll il (Z 272 p(x ) + Y 2—”)
j=0 ji>J
<clfllpe., (27 Vp(x. 0" +277).
Assuming that 0 < p(x, y) < 1 we choose J > 1 so that 2~/ ~ p(x, y) and the above
yields | f(x) — f(W)| < cll fllps,, 0(x, y)°. If p(x, y) > 1 this estimate is immediate

from || flloo < cll f |l Bs,,,» Which follows trivially using the decomposition of f from
above. This completes the proof of (b). O
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6.3 Frame Decomposition of Besov Spaces

Our aim here is to show that the Besov spaces introduced by Definition 6.1 can be
characterized in terms of respective sequence norms of the frame coefficients of func-
tions, using the frames constructed in Sect. 5. We shall utilize the pair of dual frames
{Vje), {1;‘/5} constructed in Sects. 5.1-5.2 or in Sect. 5.3. To make the idea of frame
decomposition of Bls,q more transparent we first introduce the sequence B-spaces
bl

Definition 6.5 For s > 0, 1 < p <00, and 0 < g < oo the sequence space b;q is
defined as the space of all complex-valued sequences a :={ajs : j > 0,& € X'} such
that

o jsq -\ /=12 P alm\ e
lallp, == (D> 67| > (|B(E.b77)| lajel) <oco. (6.8)

jZO EEXJ‘

Here b > 1 is the constant from Sect. 5, and the £7 or £9 norm is replaces by the
sup-norm if p = 0o or g = oo.

In our further analysis we shall use the “analysis” and “synthesis” operators de-
fined by

Sy f = {(£¥je)} and Ty :faj)— Y > ajeve. (6.9)

j=0&eX;

Theorem 6.6 Let s > 0, 1 < p <00, and 0 < g < 0o. Then the operators S‘/~f :
B, — b, and Ty : b}, — By, are bounded and Ty, Sj; = 1d on B;,,. Consequently,

f € By, if and only if {{f, Jjg)} € b, Moreover, if f € By, , then

o~ (S S lsdovels] )" o

j=0 teX;

£ 1ss, ~ [{(f. ¥je))

pq

with the usual modification when p = 0o or g = 00. Above the roles of {{j¢} and
{w jg} can be interchanged.

Proof Let ¥; € C3°, j = 0, be the functions from the definition of the frames in
Sect. 5.1. Recall that supp ¥ C [0, b] and supp¥; C [/, b/, j > 1. Also,
ijo Vi(u) =1, u e Ry, and hence f = ijo lI/j(\/Z)f for f € LP. It is easy
to see that Proposition 6.2 implies (with the obvious modification when g = 00)

) 1/q
£ 118y, ~ 11 fllas, ~ ||f||p+<Z(b”5,,j(f>,,)q>

j=0

. 1/q
~ (Z(b” ||‘1’j(~/f)f||p)q> : 6.11)

Jj=0
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Here the second equivalence follows by the monotonicity of & (f), and the last
equivalence follows exactly as in the proof of Proposition 6.2.

Let f € nyq and assume g < oo (the case ¢ = oo is easier). By (5.11) and (6.8) it
follows that

155 £lley, = [ {(£ %))

~ a/p\1/q
Loy, ™ (Zb”q[2||<f,%s)l/fjs||,f} ) . (6.12)

j=>0 EEX]'

Using that f =Y~ ;o ¥ (VL) f, Wi (VL)(, YEZL i iy ,and /¢ € X0 i
we obtain

]

j+2
(fUeWe= Y. (WD jelvje. &€Xj,

v=j-2

where W, (+v/L) := 0 if v < 0. This readily implies

Jj+2 j+2
Yo lsviovelh <c Y WD L gl <c Y [w&Dr|.
EEXJ' v=j—-2 v=j—-2

Here for the last inequality we used Lemma 5.4(a). We insert the above in (6.12) and
use (6.11) to obtain ||Sl;,f||;,§7q < c||f||B;q. Hence the operator SIZ : B;,q — b;,q is
bounded.

To prove the boundedness of Ty, : b;q — By, we assume that a = {a¢} € b;q

s
P
and denote briefly f =Tya =3 ;.02 scx;ajsV¥js. Assume g < oo (the case

q = oo is easier). Using (5.38), Holder’s inequality if ¢ > 1, and (5.11) we obtain

1/p
11l seZ(Z ||ajwjgn£)

jZO EEXI'

) q/p\ 1/q
c(Z[beZ||a,»gw,-gn£] ) <cllallpy, - (6.13)

j=0 §eX;

Therefore, Ty a is well-defined. Further, since ¥z € X lff' +1 and applying again (5.38)
we get

Ei(fp =

Z Z améwmé

m>j&cX,

1/p
<cZ(Z ||am§1/fms||£> :

m>j “EeXy,

This and the Hardy inequality (6.5) give (ijo(bjsé’bj (f)p)q)l/q < cllallps, - In
Furn, this and (6.11) yield ||f||B;q < c||a||;,;q. Thus the operator Ty : bj,q — B;q
is also bounded.

The identity Ty Sj; =1d on B;,q follows by (5.31). U
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6.4 Embedding of Besov Spaces
Finally we show that the Besov spaces B;q embed “correctly”.

Proposition 6.7 Let 1 <p <p; <00,0<qg <q1 <00,0<s] <5 < 00. Then we
have the continuous embedding

BS, C B\, ifs/d—1/p=s1/d—1/pi. (6.14)

Proof This assertion follows easily by Proposition 3.12. Indeed, let {¢;} ;>0 be the
functions from the definition of Besov spaces (Definition 6.1). Given f € Bf,q we

evidently have ¢; (VL) f € X7,.1 and using (3.32)

le; VDO, <2 VP=VP (VL) £

[7’

which readily implies || fll g1 <cl fllss, - O
P141 rq

Compare the above result with [12], where embeddings between Besov spaces
defined via the heat semigroup are proved under an assumption of polynomial decay
of the heat kernel.

7 Heat Kernel on [—1, 1] Induced by the Jacobi Operator
We consider the case when M = [—1, 1], du(x) = wg, g(x)dx, where
We () =wx) =1 -1 +x’, o p>-1,

and

w@a@) f @)Y

w(x)

Lf(x)= , ax)=(1-x%), D@L)=C*-1,1].
Integrating by parts we get E(f, g) = (Lf, g) = f_ll a(x) f'(x)g'(x)w(x)dx. Clearly,
the domain D(E) of the closure & of & is given by the set of weakly differentiable
functions f on ] — 1, 1] such that

1 1
If1z = / 1 | £ P wxdx + / 1 a()| £/ w(x)dx < oo.

Note that D(L) D P the space of all polynomials, and L(Py) C P, k > 0, with Py
being the space of all polynomials of degree k. As is well known [58] the (normal-
ized) Jacobi polynomials Py, k =0, 1, ..., are eigenfunctions of L, i.e. L Py = Ay Py
with Ay = k(k + a + B + 1). By the density of polynomials in L>([—1, 1], 1) it fol-
lows that

e E(f)y= e M (f PP, 1>0.

k=0
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We next show that e 'L is submarkovian. Let @, € C*°(R) and 0 < @/ <1.Then
for any f € C?[—1, 1] we have (@, (f)) = @.(f)f' € C*[—1,1] and

1
5(¢e(f),¢s(f))=/ a(X)|(<Ds(f))/|2w(X)dx

1
< / 0] @ weody = £(7. ).

Hence e 'L is submarkovian (see Sect. 1.2).

Moreover, this Dirichlet space is evidently strongly local and regular and also
L (f,9)w) =a)f' (u)g' (u).

We now compute the intrinsic metric. We have for x, y e [-1,1], x <y,
2
px,y) = sup{ux) —u(y) :u e C=1, 1,a@)|u' )] < 1}

y ) s
:sup{/ W' ()dt iu e C*[—1,11,a(t)|u'(1)| 51}

X

Yo dt
= ———dt = |arccosx — arccos y|.
/x val(t)
Evidently, the topology generated by this metric is the usual topology on [—1, 1], and
[—1, 1] is complete.
It remains to verify the doubling property of the measure and the scale-invariant
Poincaré inequality.

7.1 Doubling Property of the Measure

The doubling property of the measure du(x) = wq,g(x)dx follows readily by the
following estimates on |B(x,r)|: Forany x € [-1,1]Jand O <r <mw

c1 |B(x, r)| < r(l —x+ rz)a+l/2(l +x +r2)/3+1/2 < 6‘2|B()C, r)

) (1.1)

where c1, ¢ > 0 are constants depending only on « and 8.

To prove these estimates, assume that x = cosf, 0 < 6 < . Then evidently
|B(x,r)| = choOsS[ESXEgJ::))]] W, g(u)du, where a Vv b := max{a,b} and a A b :=
min{a, b} as usual. Assume 0 < x <1 and 0 < r < /4. The following chain of

similarities with constants depending only on ¢, 8 is quite obvious:

cos[OV(6—r)] O+r
|B(x, r)| ~/ (1 —u)du ~/ (1 —cos)®sinpde
cos(6+r) Ov(O—r)

0+r
N/ ¢2a+1d¢) ~ r(e + r)20t+1 ~ V(Sine + r)ZOH—l
OV (0—r)

~r(v1—x2 —i—r)m—H ~r(l—x +r2)a+1/2,

which implies (7.1). The case when —1 < x <0 and 0 < r < /4 is similar and in
the case w/4 < r < m we obviously have |B(x, r)| ~ 1, which again leads to (7.1).
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7.2 Poincaré Inequality

As was explained in Sect. 1.2 a critical ingredient in establishing Gaussian bounds
for the heat kernel is the scale-invariant Poincaré inequality, which we establish next.

Theorem 7.1 Forany f € D) and an interval I = [a,b] C [—1, 1]
/yf(x) — fi wx)dx §c(diamp(l))2/ 7@ (1-Dwde  (72)
1 1

where diam,(]) = arccosa — arccosbh, fj = ﬁfl fwx)dx with w(l) =
fI w(x)dx, and c > 0 is a constant depending only on «, .

Proof Denote briefly w[c,d] := de w(u)du. We have for I = [a,b] C [—1, 1] and
xel

1 1 *
S —fr= w) /I(f(X) — fM)wy)dy = M/I/y S w)duw(y)dy
= / f (WK (x,u)du,
I
where K (x,u) := ﬁ{w[a, ullig ] — wlu, bl p1}. It is easy to see that

/I|K(x,u)|du:ﬁ[lu—ym(y)dyg%(b—a) and

2wla, ulwlu, b]

/I|K(x,u)}w(x)dx= o)

Using the above we obtain

2
y(x)dx

/l’f(x)—f1|2w(X)dx=/I‘/If’(u)K(x,u)du

5/(/|f’(u)|2|1<(x,u)|du/|K(x,v)|dv)w(x)dx
1 1 1

1
< E(b—a)/l|f’(u)|2</1‘K(x,u)|w(x)dx)>du

, wla, u]wlu, b]
:(b_a)/;if (u)|2Tdu

Therefore, the theorem will be proved if we show that

wla, u]wlu, b] 5 b dz 2
(b—a)T <cw)(1—u )(/a ﬁ) (7.3)

for some constant ¢ > 0 depending only on «, S.
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Suppose [a, b] C [—1/2, 1]. Then it is readily seen that

2
w()(1—u? ( ) >27 P —w T (VT—a-V1=b)?% (14

m

On the other hand, since w(x) < 2/#(1 — x)¢, we have

wla, uwlu, bl _ 2P — )t — A = w)* A —w)* T — (1= b)*H]
w(d)  Tatl (1 — )t — (1 = pyatl '

We need the following inequality whose proof is straightforward: If y > 0 and 0 <
A < X < B, then

XY — AY)(BY — XV B—+VA

( )( )S(y\/l)xyu.
BY — AV VB + VA

Applying this inequality we get

W[a,u]w[u,b]§23|ﬁ|< 1 \/1)(1—u)a+l(b_ \/l—a—vl—
w(l) a+1 J1—a+J/1-b

=23IAl <%+1 + 1)(1 —u)* T WV1T=a-V1=b)%

(7.5)

(b—a)

This coupled with (7.4) gives (7.3). The proof of (7.3) in the case when I = [a, b] C
[—1,1/2] is the same.
Letnow —1 <a <—1/2<1/2<b < 1. Suppose u € [0, b] (the case when u €
. . s . -~ -~ b dz -~
[a,0) is similar). Then evidently wla,u] ~ 1, w(l) ~ 1, fa N 1 and (7.3)

follows by

s [ o 21 ot 2 atl
wlu,b] <2 (1—y) dyfj(l—u) and w(u)(l—u )N(l—u) .
" o

The proof of the theorem is complete. U

7.3 Gaussian Bounds on the Heat Kernel Associated with the Jacobi Operator

As a consequence of the Poincaré inequality and the doubling property of the mea-
sure, established above, we obtain (Sect. 1.2) Gaussian bounds for the heat kernel
p:(x, y) associated with the Jacobi operator:

Theorem 7.2 Forany x,y e [—1,1]and0 <t <1,

cp (x ))} Qp (x y)}

¢ exp{— ¢y exp{—
VIB(x, f)||B<y NG ¢|B<x «f)IIB(y ol

Here |B(x, /1) ~ ~/1(1 — x + 0)*T12(1 + x + 0)PT12, p(x,y) = |arccosx —
arccosy| or p(x,y) =10 — @| if x =cos6 and y =cos¢, 0 <0,¢ <m, and
c1,C2, c’l, c'2 > 0 are constants depending only on « and B.

=pi(x,y (7.6)

Birkhauser



J Fourier Anal Appl

Furthermore,

P y) =Y e PPy, di=k(k+a+ B+ 1), (1.7)
k>0

where the series converges uniformly.

The above results and Theorem 3.4 yield the nearly exponential localization of
kernels as in the following

Corollary 7.3 Let f € Ci°(Ry) and f @v+D(0) =0, v > 0 and consider the kernel

As(x,y) = Zkzo F(6 k) Pe(x) P (), 0 <8 < 1. Then for any o > 0 there exists a
constant ¢, > 0 such that

p(x,y)>_ ’ (7.8)

| As(x, )] 5cg(|B(x,8)||B(x,8)\)_1/2(1 +

where |B(-, §)| and p(x, y) are as above.

This result is more complete than the similar estimate (2.14) in [47] (see also
[29, 30]) which is proved under the restriction o, 8 > —1/2.
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