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Abstract

Nowadays, a common practice to forecast integrated variance is to do
simple OLS auto-regressions of the observed realized variance data. How-
ever, non-parametric estimates of the tail index of this realized variance
process reveal that its second moment is possibly unbounded. In this case,
the behavior of the OLS estimators and the corresponding statistics are
unclear. We prove that when the second moment of the spot variance
is unbounded, the slope of the spot variance’s auto-regression converges
to a random variable when the sample size diverges. Likewise, the same
result holds when one consider either integrated variance’s auto-regression
or the realized variance one. We also characterize the connection between
these slopes whether the second moment of the spot variance is finite or
not. Our theory also allows for a nonstationary spot variance process.
We derive the results for the case of several lags in the auto-regressions
and multifactor volatility process. A simulation study corroborates our
theoretical findings.
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1. Introduction

In this paper, we are interested in using high frequency based measures to forecast
future variance. A common practice is to approximate the latent daily integrated
variance by high-frequency based realized measures like realized variance (Andersen
et al. (2001)) or robust-to-noise measures (Zhang et al. (2011); Barndorff-Nielsen
et al. (2008); Jacod et al. (2009)) and then estimate by OLS a simple auto-regressive
regression of this realized measures to get a forecast of the integrated variance. This
auto-regressive regression is often misspecified because the dynamics of the integrated
variance is more complex. For instance, if the true instantaneous (or spot) variance
is a square-root process, then the integrated and realized variances are ARMA (1,1)
processes (Barndorff-Nielsen and Shephard (2002), Meddahi (2003)). Still, even if
the auto-regression model is misspecified, it provides a very accurate forecast be-
cause integrated variance as well as high-frequency realized measures are persistent
and therefore few lags are sufficient to predict well future volatility (Andersen et al.
(2004)).

On the other hand, the GARCH era (Engle (1982), Bollerslev (1986)) based on
parametric models of daily data provides very useful information about the variance
process. One of them which is a primary interest in this paper is fat tails. When
one estimates a daily GARCH model on stock returns and exchange rates, one often
finds that the returns’ fourth moment is not bounded or close to be unbounded. If
the fourth moment of the returns is unbound, then the second moment of the daily
realize variance defined as the sum of intra-daily squared returns is also unbounded.
Consequently, the interpretation of the auto-regressive regression and the OLS esti-
mation are questionable. Likewise, the delivered forecast and all the statistical tools
used to assess the quality of the forecast could be not valid. Note also that the same
concerns are in place when the fourth moment of the returns is close to be unbounded,
that is traditional statistical tools are less reliable when for instance the fifth or sixth
moment of the returns is unbounded.

The doubt about the finiteness of the fourth moment of the returns is based
on a parametric model of the volatility. In contrast, an important contribution of
the high-frequency volatility literature is that the availability of a lot of information

allows one to get non-parametric measures of the variance and therefore get rid of



these volatility parametric models. It is therefore necessary to assess the finiteness
of the second moment of realized measures in a non-parametric way. The solution
hinges on a non-parametric estimation of the tail index. We use the Hill’'s (1975)
estimator to our data and we get the same result.

Observe that when one considers a continuous time model without jumps and
without market microstructure noise, the fourth moment of the intra-day returns is
unbounded if and only if the second moment of the instantaneous variance is infinite.

In this paper, we revisit the results about the auto-regressive regression of the
variance process like Andersen et al. (2004) when the second moment of the spot
variance is possibly unbounded, implying that the second moment of integrated and
realized variances are unbounded. We also allow for nonstationary stochastic volatility
models. When the instantaneous variance is either stationary with an unbounded
second moment or nonstationary, then the results in Andersen et al. (2004) are no
more valid because one cannot compute population auto-regression parameters.

We consider empirical regressions instead of population regressions. More pre-
cisely, we study the asymptotic behavior of the OLS estimator of the auto-regressions.
We study auto-regressions of three variables: the spot variance, the integrated vari-
ance and the realized variance. Of course, the first two auto-regressions are not doable
in practice because the variables are not observed, but still the two auto-regressions
provide good benchmarks. In particular, the third auto-regression will try to mimic
the second one.

We study two types of asymptotic approaches. We start by considering the re-
gression of V(;;11)a on a constant and Vja, where V; is the spot variance process. In
the first asymptotic approach, we assume that A — 0 while T'= NA is fix. Here, T’
should be interpreted as the time span of the data. In contrast, A is the length of
sub-periods. In practice, A would be the length of one day while /N is the number of
days. We do this type of asymptotic because we want to characterize the behavior of
the OLS estimators without making a parametric model assumption as did Andersen
et al. (2004). The same asymptotic is done when we consider the auto-regression of
scaled integrated variance, that is the regression of % fZ,(AiH)A Vids on a constant and
its lagged value % (iﬁl) A Vsds. The third regression involves the realized variance
where an interval of length A is divided into equal intervals of length 0. For this case,

0 will also shrink to zero in order to ensure that realized variance will converge to the



integrated variance.

In this first asymptotic analysis, we characterize the behavior of the OLS estimator
of the three regressions slopes. In addition, we characterize the connection between
them. We then consider the second asymptotic by allowing 7" — oo, that is we
consider long span asymptotics and derive various results depending on the spot
variance process. When the spot variance process is stationary and has a bounded
second moment, we prove that the OLS estimators converge to finite quantities, which
are the same ones as the population parameters derived in Andersen et al. (2004).
In contrast, when the spot variance is stationary with unbounded second moment,
we prove that the OLS estimators converge to random variables. The same result
holds when the spot variance process is nonstationary. Both the simulations and the
comparison with the results in Andersen et al. (2004) when the spot variance has a
finite second moment corroborate the good quality of our approach.

The paper is organized as follows. The next section provides the setup, an empiri-
cal motivation for fat tails, and various regressions. Section 3 provides the asymptotic
behavior of the OLS estimators when A — 0, whereas Section 4 studies the long-span
asymptotics, that is the limits of the OLS estimators when 7" — co. The following
section provides simulations to assess the finite sample properties of the estimators,

while the last section concludes. All the proofs are provided in Appendix.

2. Model and Preliminary

2.1. Integrated and Realized Variances

Let (P,,0 <t <T) be a price process given by
dlog(P,) = Dydt + V;'"2dW /[,

where W is a Brownian motion, D and V are, respectively, drift and variance pro-
cesses of P. Then the integrated variance x and realized variance y of P, for a given

A-period, are defined respectively as, for i =1,--- | N with NA =T,
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where the d-period return is given by TE(-?UAH(; = log(Pi—1)a+js) —10g(Pi—1)at(j-1)s)

(3

for j=1,--- ,n with nd = A. It is well known that

where 77 = A™! (iﬁlm V2dt, as n — oo for fixed A and for each i = 1,--- , N. See,

e.g., Barndorff-Nielsen and Shephard (2004). Moreover, the convergence (2.1) holds

jointly for i = 1,..., N if T'= NA is fixed (see, e.g., Jacod and Protter (1998)).
Instead of analyzing the realized variance y}* directly, we simply consider a limiting

analogue y; of y', where y; is defined in the following assumption.

Assumption 2.1. Fori=1,--- | N, we let y; = x;+1,g;, wheren? = A~ f(iﬁl)A V2dt
and g; is defined as
g9i = ((26)2/A) (Gia — Gi—1ya)

where (W, G) is a standard bivariate Brownian motion such that E[W,G;] = 0 for all
t.

Assumption 2.1 implies
(n/2)"*(y; = i) =a mN(0,1)

fori=1,--- N, since N(0,1) =4 (G(i-',-l)A — Gm) /\/Z In particular, y; becomes a
good proxy of y! for fixed T" due to the joint convergence of (2.1). In our asymptotics
below, we also allow T" — oo. In this long span case, the joint convergence of (2.1)

for growing 7' is required to approximate y;* using y; uniformly in¢=1,--- , N.

2.2.  Fat Tails: An Empirical Assessment

We will now assess the magnitude of tails of empirical data. We will use trade data
on the SPDR S&P 500 ETF (SPY), which is an exchange traded fund (ETF) that
tracks the S&P 500 index. Our primary sample comprises 10 years of trade data on
SPY starting from June 15, 2004 through June 13, 2014 as available in the New York
Stock Exchange Trade and Quote (TAQ) database. This tick-by-tick dataset has been
cleaned according to the procedure outlined by Barndorff-Nielsen et al. (2008). We
also removed short trading days leaving us with 2497 days of trade data.



We will estimate the tail index of the daily returns and daily realized variance
based on five minutes intra-day returns. Because we could have jumps that may
affect the tail of the realized variance data, we also consider daily bipower variation
which is a consistent estimator of integrated variance under the presence of jumps;
see Barndorff-Nielsen and Shephard (2006).

We estimate the tail index by using the Hill’s (1975) estimator. Let (X;)!, be a
stationary time series with

PX; > x] ~ 2% (x), x — o0,
where ¢ being a slowly varying function.
The Hill’s estimator for a~! which arose in the i.i.d. context as a conditional MLE

is defined as

k
1 n
h: ]C_ E 10g<X(i)/X(kn))7
=1

where (X(;))i_, is the order statistics X,) < -+ < Xg,,) < -+ < X(q) for some &, <n
such that k, — oo and k,/n — 0 as n — oo.

The results by Hsing (1991) and Resnick and Starica (1995) indicate that the Hill
estimator is asymptotically quite robust with respect to deviations from independence;
Resnick and Starica (1998) prove consistency under ARCH-type dependence. See
also Hill (2010) for some other processes including ARFIMA, FIGARCH, explosive
GARCH, nonlinear ARMA-GARCH and etc.

Let k,, be the truncation levels for extreme observations. Let & = h™!. Then the
standard errors of &y is given by \/l/_kndH. Following Ibragimov et al. (2015), who
recommended to take k, in [0.025 x n,0.15 X n], we consider three values: 0.025 x n,
0.0875 x n and 0.15 X n.

k,/n | Returns RV BPV
0.025 2.569 1.590 1.423
(0.325)  (0.201) (0.180)
0.0875 | 2.125 1.322 1.289
(0.144)  (0.089) (0.087)
0.15 1.817 1.176 1.213
(0.094)  (0.061) (0.063)

Table 1: Estimated Tail Index




Table 1 provides estimates of the tail index and the corresponding standard errors.
They clearly show that the fourth moment of the returns and the second moment of

both realized variance and bipower variation are unbounded.

2.3. Notation

To facilitate our exposition, we need to make some notational conventions. Following
the markov process literature, we use the same notation for both a measure and its
density with respect to Lebesgue measure. As an example, for a given measure or a
density m and a function f on D C R, we write m(D) and m(f) interchangeably with
Jpm(x)dx and [, m(x) f(x)dx respectively. The identity function on R is denoted by
L, i.e., t(x) = z, and we write the p-th order power function as ¢ so that »(z) = zP.
Moreover, for a stochastic process (V3,0 < ¢t < T'), we let T'(f) = maxo<i<r | f(V2)|
for a function f defined on the domain of V. Finally, we use “Pr ~, Qr” and
“Pr ~q Q7" to denote Pr = QT(l + op(l)) and Pr =4 QT(l + op(l)), respectively,
as T'— oo.

2.4. Spot Variance
Let (V3,0 <t <T) be a diffusion process on D = (v,7) C R driven by
AV, = p(Vy)dt + o(V,)dWs, (2.2)

where W is a Brownian motion, and p and o are respectively drift and diffusion

functions of V. We let s be the scale function defined as

s(v) = /y "exp (- /y ' 3‘58 dz) iz, (2.3)

where the lower limits of the integrals can be arbitrarily chosen to be any point y € D.

Defined as such, the scale function s is uniquely identified up to any increasing affine
transformation, i.e., if s is a scale function, then so is as + b for any constants a > 0

and —oo < b < co. We also define the speed density

1

@) (24)

m(v) =



on D, where s’ is the derivative of s, often called the scale density, which is assumed
to exist. The speed measure is defined to be the measure on D given by the speed
density with respect to the Lebesgue measure.

Throughout this paper, we assume

Assumption 2.2. We assume that (a) o(v) > 0 for all v € D, and (b) p(v)/o?(v)
and 1/0?(v) are locally integrable at every v € D.

Assumption 2.2 provides a simple sufficient set of conditions to ensure that a
weak solution to the stochastic differential equation (2.2) exists uniquely up to an
explosion time. See, e.g., Theorem 5.5.15 in Karatzas and Shreve (1991). Note, under
Assumption 2.2, that both the scale function and speed density are well defined, and
that the scale function is strictly increasing, on D. Moreover, under Assumption 2.2,
the diffusion V' is recurrent if and only if the scale function s in (2.3) is unbounded

at both boundaries v and v, i.e.,
s(v) = —oo and s(7) = 0.

Furthermore, the recurrent diffusion V' becomes positive recurrent or null recurrent,
depending upon
m(D) < oo or m(D) =0,

where m is the speed measure defined in (2.4). A diffusion which is not recurrent is
said to be transient.

Positive recurrent diffusions are stationary. More precisely, they have time invari-
ant distributions, and if they are started from the time invariant distributions they
become stationary. The time invariant density of the positive recurrent diffusion V' is
given by 7(v) = m(v)/m(D). Null recurrent and transient diffusions are nonstation-
ary. They do not have time invariant distributions, and their marginal distributions
change over time. Out of these two different types of nonstationary processes, we
mainly consider null recurrent diffusions in the paper. Brownian motion is the prime
example of null recurrent diffusions. Like unit root processes in discrete time, null
recurrent processes have stochastic trends and the standard law of large numbers and
central limit theory in continuous time are not applicable. See, e.g., Kim and Park

(2017) for more details on the statistical properties of null recurrent diffusions.



Let V* = s(V) be the scale transformation of V', which may be defined as dV,® =
my *(V#)dW, with speed measure m, given by
1
C

s = (s'0)? 0 s~

Both recurrence and stationarity are preserved under scale transformation. First, V'
is recurrent on D if and only if V* is recurrent on R. Trivially, the scale function
of V* is identity, since it is already in natural scale, and therefore, V* is recurrent if
and only if its domain is given by the entire real line R. However, the domain of V*
becomes R if and only if V' is recurrent, i.e., s(v) = —oo and s(v) = co. Second, V' is

stationary on D if and only if V* is stationary on R, since m,(R) = m(D).

2.5. Regressions with Spot, Integrated and Realized Variances

In this paper, we consider the auto-regression of (z;)Y, for z = v, z, y, where v; =V,
is a discrete sample of underlying diffusion V', x and y are, respectively, the integrated

and realized variance of V' defined in the earier section. Specifically, we consider
Zit1 = Q; + B2 + ui, (2.5)

and test the null hypothesis 5 = 1 against the alternative hypothesis § # 1 based on
the ordinary least square method. The least square estimator and the t-statistic for
. in (2.5), denoted respectively as (. and #(3,), are given by

3 Zi]\il(zi — ZN)Zis1

Bz:

2 Bz —1
d t ﬁz = )
Shone T (S8 =) "

where Zy is the sample mean of (z;,i = 1,...,N), and 72 is the usual estimator for
the variance of regression errors (u;), i.e., 72 = % Zf\il (zzqu — Gy — Bzziy. We also
consider the usual coefficient R? of determination for the discrete time regression
(2.5).

In the followings, the asymptotic theory for @Z, t(BZ) and R? is developed when
the spot variance V is either nonstationary or stationary with possibly unbounded

variance or mean. Our asymptotics for z = v, x involves two parameters, the sampling
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interval A and the time span 7', and it is developed under the assumption that A — 0
and T — oo simultaneously. On the other hand, the asymptotics for z = y involves
three parameters, the sampling interval A at low frequency, the sampling interval §
at high frequency, and the time span 7. In this case, the asymptotics is developed
under the assumption that 6/A — 0, A — 0 and 7" — oo simultaneously. For the
case of stationarity with bounded variance, the fixed A asymptotics are considered

in Andersen et al. (2004) using the eigenfunction approach.

2.6. Population Regressions with Spot, Integrated and Realized Vari-

alnces

In this section, we revisit the results of Andersen et al. (2004) where various re-
gressions in population were studied. These authors considered the Eigenfunction
Stochastic Volatility (ESV) model of Meddahi (2001) to derive analytical forecast
results. Examples of ESV includes the square-root model, the log-normal stochastic
volatility model and the GARCH diffusion model. We will focus here on the GARCH
diffusion model of Nelson (1990) because this example allows for unbounded moments
while the two other ones lead to bounded ones. More precisely, assume that the spot

variance process V; is given by
dVi = k(p — Vi)dt + oV, dWy,

where W; is a standard Brownian process, possibly correlated with the Brownian
process W/ that drives the price process. One can easily prove that the second
moment of V; is bounded when o? < 2k.

Andersen et al. (2004) computed the population values of the auto-covariances
and variances of spot, integrated and realized variances. From these quantities, one

gets the corresponding auto-regressive coefficients 3,, 8, and ,. In particular, one
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has
By = exp(—rA),
8, = 1 (1 — exp(—rA))?
T 2exp(—KA) + A =17
5 = a? (1 —exp(—rA))?
Y A2R2 Var(y) ’
with
2 252 2
aj 4 A (agd aj
var(Z/) = 2A2I€2 (eXp<_K/A) + HA — 1) + F? (T + E(exp(—ﬁé) + K/(S — 1) ,
and
ap =E(V;) = a2 =Var(Vy) = 2 v with ¢ = 0—2
0 t H,  aq t 2 1- w), S

One should notice that in this example, the spot variance is an AR(1) process while
both integrated and realized variances are ARMA(1,1) processes. In addition, the
three processes have the same auto-regressive root which equals exp(—rA).

When A is small, one gets

By =1— KA+ 0(A),
Be=1— §/<JA + o(A).

Likewise, when both A and §/A are small, one gets

_q_2 0 B2
By =1- gK,A — QZW + O(A) + 0(5/A)

It is interesting to notice that

By = By + %RA +o(A)

0 E(V?)

AVar(V) +0o(A) +0(6/A),

Byzﬁa:_2

that is, integrated variance has a larger first order auto-correlation than the spot and

realized variances.
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3. Primary Asymptotics

Recall that T'= NA and A = nd. For our asymptotics here we let A, 6/A — 0, with
T being fixed or T' — oo simultaneously as A, /A — 0. In case we have A, §/A — 0
and T'— oo simultaneously, we assume that A, 0/A — 0 sufficiently fast relative to
T — oo. It is indeed more relevant in a majority of practical applications, which rely
on observations collected at small sampling intervals over only moderately long span.

More precisely, we assume

Assumption 3.1. We let 02 be twice continuously differentiable on D, and we also let

f=p,0% 0% 0% 1 be all majorized by a locally bounded function w on D, for which
we have (a) AT (w*)T?1log(T/A) —, 0 and (b) (6/A3*)T(w?)T+/log(T/A) —, 0.

Assumption 3.1 (a) is similar to Assumption 5.1 in Kim and Park (2017), and
provides a sufficient condition for our primary asymptotics of z = wv,x. On the
other hand, the asymptotics for realized variance z = y involves three parameters,
and requires Assumption 3.1 (b) in addition to Assumption 3.1 (a). In particular,
Assumption 3.1 (b) requires 6/A%?2 — 0, which is more restrictive than /A — 0,
regardless of T =T and T — oo. The role of Assumption 3.1 (b) is to analyze the

asymptotic effect of the noise (1;9;) of (y;) in the least square estimates.

3.1.  First Order Auto-Regressions

The following lemma is useful in our primary asymptotics.

Lemma 3.1. Under Assumption 3.1, we have

N-1 Vir, for z=w
(@) > (a1 — 2~ (2/3)[V]r, forz=ux
(2/3)[Vr + (46/A%) [y V2dt,  for = =y,

(b) 23—z —zn(en —21) ~p (Vi =VE =V (Ve = Vp))  for z=v,x,y,

T
(C) Z(Zl o EN>2A ~p / (V;f - VT)th fOT’ £=v,1,Y,
0

=1

where Vo = T1 fOT Vidt.
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Remark 3.1. (a) The primary asymptotics of 3., (241 — 2)? in Lemma 3.1 (a) is

depending upon z. In particular, Lemma 3.1 (a) implies

N N N N
Z(xi—l-l — ;) < Z(UH—I —v;)* and Z(%‘H —1;)° < Z(yi—‘rl —y)? (3.1)
i=1 i=1 i=1 =l

with probability approaching one as A, /A — 0 under Assumption 3.1. An intuitive

explanation for the inequalities in (3.1) are as follow. We can naturally expect that the

integrated variance (z;) has more smoother sample path compare to its corresponding
spot variance (v;). As a result, the sum of squared increments of (x;) tends to be
smaller than that of (v;), and we have the first inequality in (3.1). On the other hand,
the additional noise (1;9;) in the realized variance (y;) generates additional variation,
and hence, the sample path of (y;) becomes more rough compare to the integrated

variance (z;). Therefore, we have the second inequality in (3.1).

(b) Unlike Lemma 3.1 (a), each result in Lemma 3.1 (b) and (c) is identical for
all 2 = v, x,y under Assumption 3.1. The results in Lemma 3.1 (b) and (c) are well
expected since |z; — V(;_1)a| —p 0 for all 2 as long as §/A and A are sufficiently small
relative to T'.

(c) It follows from Lemma 3.1 and Ito’s lemma that

N fOT(Vt — Vr)dV, for z=wv
D (s =2 Dz~ S fo (Vi = V)V, + (1/6)[V]r, for =z
i=1 [ (Vi = Vip)dVi + (1/6)[V]r — (26/A2) [ V2dt, for 2=y

(3.2)

as A,0/A — 0 under Assumption 3.1, since
N 1 N
;(Zz —Zy)Az = 5 ((ijv — 2} —Zn(an — 2’1)) - ;(Zi-i-l — Zz)2> ;

where A is the usual difference operator, i.e., Az; = z;11 — z;. The result (3.2) for

z = v is quite natural and expectable by the asymptotic negligibility of discretization
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errors when A — 0. In a similar argument, one may expect

N N T
Z<Z’ —ZN) Dz~ Z(UZ —UN)Av; ~y, / (V;, — VT)dV; for z=xz,y (3.3
0

i=1 i=1

since supg<;<x |2i—vi| =, 0as §/A, A — 0. In this case, however, our result in (3.2) is
different from the conjecture (3.3). This is not surprising at all since the convergence
of stochastic process does not necessarily imply the convergence of stochastic integral
associated with the stochastic process. Here, in particular, |2;Az; — v;Av;| /4, 0 as
0/A; A — 0. The reader is referred to Kurtz and Protter (1991) for more detailed

discussions about the weak convergence of stochastic integrals.
Now we are to show the primary asymptotics for Bz and t(BZ). To effectively
explain our asymptotics, it is useful to note that

~ Zf\il(zi — EN)AZZ‘ .

B —1= (2% — 2 —Zn(en — 21) = L, (2 — Zz’)Q. (3.4)

1
SN (z—zN)? 2 S (2 — Zn)?

We then can easily obtain the primary asymptotics for BZ and t(BZ) from Lemma 3.1
and (3.4) with Ito’s lemma.

Proposition 3.2. Let Assumption 3.1 hold.
(a) For B., we have

T JE—

5 [, (Vi = Vp)av;
oy LHA MERaaay
et 1V, = V)2
b 1y ade Vi VoV + (/6)Vir
s foT(V;t - VT>2dt ’
) p .

foTG/;f - VT)th
(b) For z = v,z,y, we have
N

(T/A)72 ~, Z(’Z"“ —z)* and R:~, 32,

i=1



15
(¢) For t(B.), we have

JE V= Vr)av;
VI (v - Voar)
T G Vv (1) V]
! ((2/3)[V]r)'/? ( I - VT)th>1/
{By) ey VT Ve Vo)AV 1oV ~ (26/A2) [ V2de |
((2/3)[V]T +(46/A2) [ V;zdt) ( = VT)%zt)

t(BU) ~p \/T

t(5.)

)

/2"

Remark 3.2. (a) If we define

L Jo (Ve = V)av, - (1/6)[V]r L 2 (T v2dt
Jo (Vi = V)2t Jo Ve=Vypat' 7 [T (V= V)2t

then it follows from Proposition 3.2 (a) that

Bv ~p 1+A’7v7 B:v ~p 1+A(7v+’71’>a By ~p 1+A(7v+'7m) - (5/A)'7y

In particular, we have By < Bx and Bv < Bm with probability approaching one as
A,0/A — 0 under Assumption 3.1.

(b) Note that Assumption 3.1 (b) does not necessarily imply /A% — 0. Therefore,
the speeds of 6 — 0 and A — 0 are important in the asymptotics of By. For instance,
if §/A? — 0 sufficiently quickly, then By ~p B,. Otherwise, By % B,.

3.2. Extensions
As extensions of the first order auto-regression (2.5), we consider the following two

regressions

Zip1 = Q, + 5£k)Zz’—k +u; for some k>1 (3.5)
Zig1 = 0 + Biozi + Bz + . (3.6)
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The regression (3.5) is a multi-lag auto-regression, and the regression (3.6) is a second
order auto-regression. Below we analyze each regression separately.

We first consider the multi-lag auto-regression (3.5). We define ng) and R? as
before. We then have

Proposition 3.3. Let Assumption 3.1 hold.

N (1+E)[Vl]r, for z=wv
@ 3 (et — 50 ~p 4 @3+ BV for s =1
=k (2/3+ k)[V]r + (46/A2) [ VEdt,  for z =y,

(b) B;Ek) Np 32+k(Bﬂ_1) fOTZ:U7I7y7
(c) RE ~p (ng)f for z =wv,x,y.

Remark 3.3. (a) For Proposition 3.3 (a), it is shown in the proof that

N N 9
2

E (Zig1 —2ik)” = E <(Zi+1 —v;) + (vi — vig) + (Vig — Zi—k))
i=k+1 i=k+1
N

~p E (Zz+1_vz + E U’L k_sz + E _Ulk‘
i=k+1 i=k+1 z k+1
~p Sitpi (zit1—2i)? ~p kzizl(vi—vi—l)Q

(3.7)

The stated result in Proposition 3.3 (a) follows immediately from (3.7) with Lemma
3.1 (a).
(b) As in (3.4), we have

Z (2i—k = Zn)(Zi41 — Zizk)

N

k
Z ( ZN+1+j - Z%—Q—k—j) —Zn(ZNg145 — ZHk—j)) - Z (Zig1 — Zifk)z'

Jj=0 i=k+1

DO | —
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Moreover, we can deduce from (3.7) and Lemma 3.1 (b) that

k N
1 _ 1
2 Z ((Z]2\7+1+j - Z%HH') —Zn (2N — sz,j)) ) Z (2i41 = 2i-8)%,
J=0 i=k+1
1 N
~ 3 <212V+1 — 2 — 2N (3N — 214k) — Z (zi1 — Zi)2>
i=k+1
1 N
+3 <U]2V — v — Uy (vy — 1) — Z(UL — vi_1)2>. (3.8)
i=1
It then follows from (3.8) and Lemma 3.1 that
BB 1~ 1 (2 — 2 = Ev (e — 2i0) = ity (2o — 20)?
z p —
2 sz‘vzkﬂ(ziﬂ - ZN>2
Lk v} — vd —On(on —vo) = 2L (0 — vi)?
2 Zi]\ik—&—l(zi-i-l —Zn)?

N ~

~p (52‘ - 1) + k(ﬁv - 1)

Therefore, we can verify that the additional term, ki(Bv — 1), in ng) is induced by
Zi]\;kﬂ(vi — ;)% in (3.7).
Now we consider the second order auto-regression (3.6), and define the least square

estimator (3172,3272)’ as

B N -1/ N
(5) - (o) (B
B, i=2 i=2

where w; = (Z;, Z;_1)" with the demeaned series (Z;, ;1) for (z;,2;_1)~,, and we

also define R? correspondingly.
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Proposition 3.4. Let Assumption 3.1 hold. For z = v, x,y, we have the followings.

1 Al A 1 al
(a) - ( wiéiH) ~ ( s ) and - ( wiw;> ~ (
Z'f\iZ z ; ! Bél) Z'ﬁ? z ; ’

~

Bz 1 Bv_l
sz"i_l Bz‘{'léz_l,

A Az Az Av -1
(b) /6172 ~p = B + = B 5A
Bz + 1 ﬁz + 1 Bz -1
(C) Bl,z + 52,2 ~p Bz - Arza

(d) Rg ~p (Bl,z + BQ,Z)Q + QBl,zBQ,Z(Bz - 1)7

and Bg,z ~

where I'y =0, I'y = 7,/2 and Iy = 7, /2 — (5/A2>7y/2-

1

~

B.

b
1 Y

Remark 3.4. (a) Proposition 3.4 (c), together with Proposition 3.2 (a), implies that

/él,v + 32,1} ~p 1+ A7v
Bl,m + BQ,m ~p 1+ A% + Aﬁ)/z/z
Bry + By ~p 1+ Ay + Ava /2 — (6/A), /2,

and therefore, Bl,v + BQ,U ~p Bv and

Bl,x + BQ,:E < Bx and Bl,y + B2,y < By

with probability approaching one as A,§/A — 0 under Assumption 3.1.

(b) As in Proposition 3.2 (see also Remark 3.2 (b)), the speeds of § — 0 and

A — 0 are important in the asymptotics of Bl,y and Bg,y, and we have Bl,y ~p Bl,m and

Boy ~p Pa as long as 0/A? — 0 sufficiently quickly. Otherwise, neither 3y, ~, (1.4

nor B2,y ~p 52@'

(¢) In Proposition 3.2, we consider only the first order approximations for B,.

However, the higher order approximation is important in the asymptotics for each of

BLZ and BZZ. To see this, we let 7. be the second order approximation term such that

Bv =1+ Af)/v + AQ/V:; + Op(Az)v
Bo =14 A7y +70) + A%, + 0,(A?),
By =1+ Ay +7) — (0/A)y, + Az%’, + 0,(A?).

(3.9)
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By applying Taylor expansion to Proposition 3.4 (b) with (3.9), we may show that

. 3, + 1
61,2 = B il - I~_\1,z + AFQ,z - AP?;,Z + OP(A)
A Bz -1
/827'3 = 2 + Fl,Z - AF2,Z - Arsyz + OP(A)7

where I'y , =T'y, = I's , = 0 and

[, =—Jo ro— e (/A%
T 2w+ )] Y20 + v — (/%))
r, — S e T, = Y B YWY, |
T2t ) 20w+ )? Y 2(n e — (0/A%)y) 20+ Ye — (0/A2)y,)?
Va Yo 0
Ty, ==, Ty, =& — —1
STy WL A2 Y

Clearly, I'y , and I'y, have the first order effects in the approximations of (5’1@, BM)
and (Bl,y, Bg7y), respectively. Moreover, I'y, and I'p, contain the second order ap-
proximation term -y, of Bz, and hence, we may conclude that the second order ap-
proximation term 7, has a first order effect in both BLZ and Bg,z. In this paper, we
don’t consider the higher order approximation terms explicitly, and we leave them for
future research.

(d) Unlike BALZ and ngz, it can be shown that the higher order approximation
terms do not have the first order effects on both BLZ + Bg,z and R2.

4. Long Span Asymptotics

We now consider the long span property of the least square estimates by letting
T — oo under Assumption 3.1. In addition to Assumptions 2.1 and 3.1, we assume

the followings.

Assumption 4.1. We assume that (a) s' is reqularly varying or rapidly varying with
index p # —1, (b) o is regularly varying and (c) m is either integrable or regularly

Varying.

Assumption 4.1 is identical to Assumption 2.2 in Kim and Park (2016), and is

mild enough to include most diffusion processes used in practice. The reader is also
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referred to see Bingham et al. (1993) for more discussions about the regular and rapid
variations.

In the following, we let f, = fos~! for any function f other than m. We may easily
show by a change of variables in integrals that m,(fs) = m(f) for any f defined on D.
Moreover, for a regularly varying function f on R, we define its limit homogeneous
function f as f(\)/f(A) = f(v) as A — oo for all v # 0. Finally, for a locally
integrable f on R, we define [f] as [f](A) = f|v|<)\ f(v)dv. This notation will be used

without reference in what follows.

4.1. Basic Asymptotics

The long span asymptotics in this paper is closely related to the mean reversion prop-
erty in Kim and Park (2016). We follow their approach, and consider the following

three conditions.

(ST) m is either integrable or nearly integrable,
(DD) 1/ is either integrable or nearly integrable, and

(SI) 42 is either m-integrable or m-nearly integrable.

As in Kim and Park (2017), we say that a null recurrent diffusion V' is strongly
nonstationary if m is strongly nonintegrable, and it is nearly stationary if m is nearly
integrable. Therefore, the condition ST holds if and only if V' is either stationary or
nearly stationary. See Kim and Park (2016, 2017) for more detailed discussions about
the strong nonstationarity and near stationarity. The condition DD is about the m-
integrability of o2 since mo? = 1/s' by the definition of speed density (2.4). It is
shown in Kim and Park (2016) that under the condition DD the drift term dominates

the diffusion term in the following sense

[ @Towi= [ Toutias [ GeToowoav~, [ G-Toutia

as T' — oo. Lastly, the condition SI is about the m-integrability of the quadratic func-
tion %, and it implies that V is a stationary diffusion satisfying fOT V2dt/(TUT)) =
O,(1) for some slowly varying function ¢. In particular, if /* is m-integrable, then
V has a finite second moment and fOT V2dt)T —, E(V?) as T — oco. The reader is
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referred to see Kim and Park (2017) for general asymptotics of diffusion functionals.

We let (A7) be the normalizing sequence satisfying
T = Ap[my(Ar) or Aamg(Ar) (4.1)

depending upon whether or not ST holds. In case either ST or DD holds, we subse-
quently define

o { Ar[mso?](Ar) if DD holds

A2 (mso?)(Ar) DD does not hold and ST holds
- { Ar[mai2](Ar) ST holds

M (mgt?) (A7) SI does not hold

from (A7), and let

B L(7,0)
- foT @(Bt)dt
((m())2/m(:2)) "2
Q1 = 0
Jo st (By)dt

y DD holds

i
DD does not hold and ST holds
ST holds

if SI does not hold and ST holds

DD holds and ST does not hold

{ SI holds
if

1
Q2 = I
Jo mst?(By)dt SI does not hold

where 7 = m/m(D) is the time invariant density of V, and 7 is a stopping time

defined as

T:inf{t‘L(t,O)>1} or inf{t

/]R L(t, ), (dz) > 1}, (4.2)

depending upon whether or not ST holds, from the local time L of Brownian motion
B. Numerical sequences (ar,br) and random variables (P, @1, @Q2) introduced here

will be used repeatedly in what follows.

Lemma 4.1. Let Assumption 4.1 hold. If either ST or DD holds, we have Tar /by —
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oo and
1 L P
—[V]r —a P, — [ (Vi=Vr)dV; =4 —+,
ar ar Jo 2
1 T 9 1 r 7 \2 2
— ‘/tdt—>dQ2, T (%_VT)dt_mQQ_leQ
bT 0 bT 0
as T — o0.

Remark 4.1. (a) If ST holds, we have L(7,0) = 1 a.s. Moreover, if V' is stationary,
then A\r ~ T'/m(D), where we mean Pr ~ Qr by Pr/Qr — 1 as T — oc.

(b) If a stationary V has a finite second moment, i.e., 7(1?) < oo, then by ~ T'w(:?),
Q% = (m(1))?/7(+*) and Q3 = 1. Therefore, if 7(1?) < 0o, then Lemma 4.1 implies
1 [T e = 2
1 [ Ve =B0R) L [ i Ve o w0 (0 = Var (1)
as T" — oo.

(c) If a stationary V satisfies 7(0?) < oo, then ar ~ T'm(0?) and P = 1. Therefore,

Lemma 4.1 implies

R —— / (V) =, w(0%) = E(0* (V)

as T — oo.

If neither ST nor DD holds, we would have a quite different asymptotics. Let
Y = s(V) be the scale transformation of V and define YT by YT = A\'Yy, with the
normalizing sequence (A7) in (4.1). It then follows from Proposition 3.2 of Kim and
Park (2017) that Y7 —; Y° as T — oo in the space C|0, 1] of continuous functions
with uniform topology, where using Brownian motion B and its local time L we may

represent the limit process Y° as

}/;o =Bo Zt Wlth Zt = lnf {S

/R L(s, ), (dz) > t} . (4.3)

For the asymptotics of a general diffusion V', we write it as V = s7}(Y), and define
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VT as VI = Vp /s () = s (Yr) /s H(Ar). We then may well expect that

- Sil(ATYT)

V= =Y

in C[0,1] as T — oo. In particular, it is shown in Kim and Park (2017) that the
limiting process V° is a nontrivial stochastic process on [0, 1] when neither ST nor
DD holds.

Lemma 4.2. Let Assumption 4.1 hold. If neither ST nor DD holds, then

1 [e]
gy eV

1 PR — ! —o
—_— Vi—=Vop)dV, — Ve —=V,)dvye
i e T [ - Toa,
1

1 g 17 \2 o 2
—T(s—l(AT))Q/o (Vi — Vp)2dt —>d/0 (Ve =V ,)dt

with V', = fol Viedt, as T — oo.

Remark 4.2. Combining Lemmas 4.1 and 4.2, Kim and Park (2016) shows that V" has
a mean reversion if and only if either ST or DD holds. They also show that the unit
root test for z = v becomes a test for no mean reversion. In the following section, we
will provide that the unit root test is still a test for no mean reversion if it applied to

zZ=T.

4.2.  Main Asymptotics

The long span asymptotics for the one-factor model follows immediately from Propo-

sition 3.2 with Lemmas 4.1 and 4.2.

Theorem 4.3. Let Assumptions 3.1 and 4.1 hold. In addition, we let either ST or
DD hold. As A,6/A — 0 and T — oo, we have the followings.
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(a) For B., we have

A Tar P
N(By —1) ~q _b_TT@’

R Tar P
N(Bz — 1) ~qg _b_TT@’

~ TaT P oT QQQ
Mo =D~ 50" g

(b) For t(B.), we have

. Tar P\'?
t(ﬁv) ~d — ( bj‘T 4@) )

R T P 1/2
t(ﬁm) ~d — ( biT 6@) )

oy (Tar\'? P+ (63/A%)(br/ar)Q:
HBy) ~a <bT> (6P + (360/A2)(br/ar)Q2)"* Q1>

Remark 4.3. (a) If V is stationary with 7(:?),7(0?) < oo, then Theorem 4.3 (a)
implies

51~ B0

2Var(Vy)’
5 E(o*(V))
fo =1 A?)V(M"(Vt')’
51 _pECUR) 3 2B

3Var(Vy) A Var(V;)

as A,0/A — 0 and T'— oo. It is very interesting to note that these results are the
same as those derived by Andersen et al. (2004) and given in Section 2.6.

(b) For a stationary Ornstein-Uhlenbeck process V', given as
dVy = k(p — Vi)dt + odW,,

we have E(c%(V;)) = o2, Var(V;) = 0%/(2k) and E(V?) = 0/(2k) + i, and hence,
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we have

By — 1 ~, —Ak,
2
Be—1 ~p _Ag"{a
. ) 2k 41
By_le —Agli—QZ (]_—I— o2 )

as A, 0/A — 0 and T' — oo.
(c) Let V' be a stationary Ornstein-Uhlenbeck process with V5 = 0, p = 0 and
o = 1. It then follows from Proposition 3.2 (a) that

T

51 A pd V= V)W £ T/
x p fOT(‘/Z _VT)th

(4.4)

as long as A is sufficiently small. Moreover, if we let T — oo, then (4.4) becomes
. 9 .
Bz — 1~y _Ag’{ Pp Bo =1 ~p —AK (4.5)

as shown in Remark 4.3 (b). For the Ornstein-Uhlenbeck process here, Chambers
(2004) shows that (i) (4.4) holds when A — 0 and T is fixed and (i) S, —1 ~, B, — 1
when A — 0 and 7' — oo such that AT/2 — co. Our result (4.5) does not contradict
the result in Chambers (2004) since we require AT'2 — 0 due to Assumption 3.1
(a).

(d) Let V be a stationary GARCH diffusion

dVi = k(p — Vp)dt + oV, dW,

with 0 < 2k so that E(V?) < oco. In this case, we have E(c?(V})) = o?E(V}?),
Var(V;) = p?0?/(2k — 0?) and E(V}?) = 2ku?/(2k — o), and hence, we have

~

By — 1 ~, —Ak,
N 2
x_]-N —A- ;
5 p —AZK

A 2 0 K
6:1/ -1 ~p —A§K—4Z;
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as 0/A;A — 0 and T — oo. Again, it is very interesting to note that these results
are the same as those derived by Andersen et al. (2004) and given in Section 2.6.
(e) Let V' be a linear drift diffusion

dVy = k(p — Vp)dt + o(V,)dW,

with E(V;) = p and E(0?(V;)) < oo. In Lemma A6 of Kim and Park (2016), it is
shown that E(c?(V;)) = —2E(V,u(V;)) for a stationary V with E(c?(V;)) < oo. In
this case, we have E(0?(V;)) = 2kVar(V}), and hence,

- - 2
By —1~, —=Axk and B; —1~, —Agm,

(f) Let V be a stationary GARCH diffusion with 2x < 02 so that E(V}?) = co.
In this case, neither DD nor SI holds. Moreover, apP = 0?b7Q and Q, = @ since

ar = 0?by and P = (Q, and therefore, we have

A 1
By — 1~y —A=c?,

2
B, —1 Alo?
s — 1~y —Ag0%
P 3
1 )
By —1 ~p —A§U2 — 2Z

(g) Our example in Remark 4.3 (f) is comparable to the limit theory for the sample
autocorrelations of a GARCH(1,1) process obtained in Mikosch and Starica (2000).
Let

X; = o0;7; with O'Z-Z =ap+ 5101-2_1 + alX?_l for 1=1,2,---,N,

where (Z;) is a sequence of iid symmetric random variables with EZ? = 1. Under
some assumptions, which imply that the vector (X;, 0;) is regularly varying with index
p > 0, it is shown that for p € (0, 4) the variance process (0?) has unbounded variance

and satisfies

N—h v 2y2 N—-h 2 2
Dot X X 1 Dic1 Oi0iin 1~y (El,x2 — Yo x2 Y2 — 20,02>
N 4 ’ N 4 )
>oim X > i1 O

)
onx2 2010.2

where the limit distribution is nondegenerated since the vector (3,, x2, X062 )m=0,1 18
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p/2-stable. This contrasts with our result for a GARCH diffusion with unbounded

variance (see Remark 4.3 (f)) since (3, — 1)/A has a degenerate limit for z = v, .

Theorem 4.4. Let Assumptions 3.1 and 4.1 hold. In addition, we let neither ST
nor DD hold. As A,0/A — 0 and T — oo, we have the followings.
(a) For B,, we have

5 4 fo vy
fo VO V )th
1y V= VdVe + (1/6)[V°,
Jo (Ve = V)2t
; Jo (Ve = VAV + (1/6)[V°]y — 2(5/A%) [} Vet

fol (V;O - V:)th

(b) For t(B.), we have

. Jy (Ve =Vavye

Ve (e - Voear)
; Jo (Ve = V)dve + (1/6)[V°]
t(ﬁx) e 1 —o 1727
(/3o (o (v = V)
; SV = V5)dvie + (1/6)[Ve], — 2(6/A%) [ Verat

t(By) ~d ((2/3)[V°]1 - 4(5/A2) fol Vtozdt> 1/2 (fol(vto _ V?)%lt) 1/2

)

Remark 4.4. (a) Theorems 4.3 and 4.4 imply that the unit root test, applied to

2z = v, z, can effectively discriminate the following null and alternative hypothesis

Hy : neither ST nor DD holds (no mean reversion)

H, : ST or DD holds (mean reversion),

instead of nonstationarity and stationarity for the underlying process V. The test
statistics, both N(3.—1) and ¢(5.) for z = v, z, have well defined limiting distributions
under Hy, whereas it diverges to negative infinity under H 4. However, the test applied

to z = y can discriminate Hy and H4 only when 6/A? — 0. The reader is referred to
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see Kim and Park (2016) for more discussions about the unit root and mean reversion
properties when z = v.

(b) If V' is a Brownian motion, then

N(B 1)~ fol(VVt — W1)dW; + (1/6)
: W = W)t

as long as A — 0 due to Proposition 3.2 and Theorem 4.4. This result can be also
found in Chambers (2004).

Theorem 4.5. Let Assumptions 3.1 and 4.1 hold. As A, /A — 0 and T — oo, we
have the followings.

(a) For z =wv,x,y, we have
Bl,z + B2,z — 1~y Bz —1- AFZ, Bl,z ~p 1— F1,z> /BQ,Z ~p 1—‘1,,2'

(b) If either ST or DD holds, we have I', =Ty, = 0 and

T 1arP T LarP 0 Qs
C 12 0rQ° YT 0Q A2 Q)
1 (ITP— 12(5/A2)bTQ2
Lie~p = Fl,y ~d 2 )
4 4CLTP+ 24(5/A )bTQQ

(¢) If neither ST nor DD holds, we have I', =Ty, = 0 and

oy [V ]
12f 2dt
1 [V°]1 5 [ Vet
Fy ~d E 1 5 792 - E 1 ° T2 74
fo (V;: - Vl) dt fo (V;f - Vl) dt
1 [V J1
T [l —Vave + 2[ve)]
. [VO]1 —12(6/A2)T [ Verdt
W g (Ve — V)dve + 2[Vel — 24(5/ AT [ Vit

Remark 4.5. (a) If V' is stationary, then we have Bm —p, 5/4 and ﬁ;x —, —1/4 as
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A — 0 and T — oo. Moreover, if 7(:?), m(0?) < oo, then

E(o*(Vi)) — 12(5/A%)E(V?)

o U @)+ aae/anEn) M et
and
- E(e*()
61,1} + /82,’1} - _AW
- E(o(1)
bro +Paa =1y _A 12Va7“(V

i)
E(@*(V) ¢ E(V?)
12Var(V,)  AVar(V,)

Bl,y + B2,y - A
(b) If V' is a GARCH diffusion with 7(:?) < oo, we have

Bl,v + BQ,’U -1 ~p _A’Lia

A A 5)
Bl,az + 52,1‘ -1 ~p _A_’%7

6
R . 5 0 2K
51,y+ﬁ2y_1’\’ _A6

K — ——.

A o2

4.3. Multi-factor Variance

In this section, we assume that the variance process V' has multiple factors such that
V=1 i with
AVir = (Vi) dt + 0 (Vi r)dWi 1,

and Vis are independent each other.
The primary asymptotics of the multi-factor variance can be obtained similarly

as those of the one-factor variance, and we have

Proposition 4.6. Let V}, satisfy Assumption 3.1 for all k =1,--- K. Then Lemma
3.1 and Propositions 3.2-3.4 are still valid for the K-factor variance V.

Now we consider the long span asymptotics of Bz and t(Bz) for z = v,x,y. For

simplicity, we consider a two-factor variance V', and let K = 2.

Theorem 4.7. Let both Vi and V5 satisfy Assumptions 3.1 and 4.1.
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(a) Let both Vi and V3 be stationary with E(o(Viy)), E(VZ,) < oo for k = 1,2.
Then Theorem 4.3 holds with ap = by = T and P = E(o} (V1)) + E(02(Vay)),
Q = Var(Vi) + Var(Vay) and Qs = B(VZ,) + E(VZ,).

(b) Let both Vi and Vs be stationary with asy/air — 0 and byr/biy — 0. Then
Theorem 4.3 holds with (ar, by, P,Q, Q2) being obtained from V;.

In Theorem 4.7, we do not consider the following two cases; (i) both V; and V5
are stationary with asr/a;r — 0 and byr/bayr — 0, and (ii) one or both of V; and V4
are nonstationary. The long span asymptotics of the these two cases can be easily
obtained at the cost of more involved analysis. Moreover, Theorem 4.7 can be easily

extended to the general K-factor model.

5. Simulations

In this section, we show by simulations that our limit theory provides a good ap-
proximation for the distribution of OLS estimates in a realistic situation. For our
simulation, we use the GARCH diffusion with two sets of parameters. The first one is
(Ko, o, 02) = (0.0350,0.6360, 0.0207), corresponding to vy = o3 /(2k¢) = 0.296. This
set of parameters was used by Andersen and Bollerslev (1998) as implied from the
(weak) daily GARCH(1,1) model estimates for the DM /dollar from 1987 through 1992
using the temporal aggregation results of Drost and Nijman (1993) and Drost and
Werker (1996); the same parameters were used by Andersen et al. (2004). Because
19 < 1, the second moment of V; is bounded.

To consider a process with an unbounded variance, we consider a second set of
parameters by keeping the same rq and g, while we multiply o2 by 4, corresponding
to 1o = 1.183, that is (ko, to, o2) = (0.0350,0.6360, 0.0828).

The simulation samples are generated by the Euler discretization at 10 seconds
(0o/A = 1/8640) for T' = 1,2,4 years of sample span with 250 days per year. We
assume that the market is open 24 hours. For each day (A = 1), we set the daily spot
variance as the spot variance at the end of the day, while we compute the integrated
variance by the numerical integration of the simulated spot variance process at 10
seconds. As for the realized variance, we analyze the frequency effects by considering
three different frequencies: 10 minutes (6/A = 1/144), 5 minutes (6/A = 1/288) and
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1 minute (§/A = 1/1440). For each design, we get rid of the first five days to reduce
the effect of the initial value, and we do 10,000 replications.

Under the stationarity, Theorem 4.3 implies that

BU -1 ~d —A T [V]T
fo (V;f - VT)2dt
R PO — L
3, (Vi—=Vrp)2dt
By — 1~ —A Vir ﬁ 2f0T Vit
)

3TV, — Vpdt D [TV, — Vy)2dt’

whereas Proposition 3.4 implies that BLZ + 32,2 — 1~y Bz —1—AT',, where I'y, =0
and

[V]r r [V]r 5 f T2t
"12 [TV, = V)2t 12TV = Vedt A [TV, = Vppdt

For each simulation, we approximate the limit distributions of @Z and BLZ + Bg,z by
replacing [V]r, fOT V2dt and fOT(Vt — Vr)%dt in the above relations by their sample

proxies
N

Z(Ui—H - ZUQA Z —on)°A,

i=1
respectively. We compare the approximated limit distribution, say BZ and BLZ + BQ,Z,
of BZ and BLZ + 3272 to the finite sample distribution of Bz and Bl,z + B?,z-

In Table 2, we report the root mean squared differences between the finite sample
distribution and the approximated distribution. We can easily see that the differences
become smaller as T increases in each case. Moreover, the differences become smaller
as 0 decreases in realized variances. These two results are quite natural since our
approximation is based on the asymptotic distribution obtained under 6/A; A — 0
and T" — oo. The differences are larger in the unbounded variance cases than in the
bounded variance cases.

Figures 1-8 show the empirical distribution of Bz — 1 and the approximated limit
distribution BZ — 1. It is easy to see that our approximated limit distribution provides

a good approximation for the finite sample distribution of BZ — 1. Moreover, as our
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AR(1) 1 Year 2 Year 4 Year || AR(1) 1 Year 2 Year 4 Year
SPOT 0.0068 0.0035 0.0018 || SPOT 0.0128 0.0077 0.0041
IAY 0.0081 0.0044 0.0025 || IV 0.0169 0.0104 0.0071

RV (01 min) | 0.0087 0.0048 0.0029 || RV (01 min) | 0.0173 0.0107 0.0074
RV (05 min) | 0.0128 0.0077 0.0050 || RV (05 min) | 0.0183 0.0123 0.0086
RV (10 min) | 0.0218 0.0135 0.0091 || RV (10 min) | 0.0210 0.0143 0.0103

AR(2) 1 Year 2 Year 4 Year || AR(2) 1 Year 2 Year 4 Year
SPOT 0.0063 0.0038 0.0024 || SPOT 0.0139 0.0095 0.0071
1AY 0.0047 0.0026 0.0016 || IV 0.0097 0.0063 0.0046

RV (01 min) | 0.0050 0.0028 0.0019 || RV (01 min) | 0.0100 0.0065 0.0048
RV (05 min) | 0.0086 0.0052 0.0034 || RV (05 min) | 0.0110 0.0074 0.0057
RV (10 min) | 0.0158 0.0096 0.0065 || RV (10 min) | 0.0130 0.0090 0.0069

Table 2: The root mean squared differences between the finite sample distribution
and the approximated distribution (Left=Finite Variance, Right=Infinite Variance)

theory expected (see Remark 3.2 (a)), we tend to have By < B, and By < Bp. In
particular, the gap between By and Bx decreases as 0 decreases. We also note that

there are no qualitative differences between the bonded and unbounded variance cases.

6. Conclusion

Fat tails are a well-known empirical fact of financial returns. Surprisingly, the real-
ized volatility literature ignored this fact. After proving empirically that the second
moment of the realized variance is probably unbounded, we studied theoretically the
limiting behavior of the OLS estimator of simple auto-regressions of spot, integrated
and realized variances. We proved that when the second moment of the spot vari-
ance is unbounded, the OLS estimators converge to random variables. Our theory
is also valid when the second moment of the spot variance is bounded. In this case,
the OLS estimates converge to finite and deterministic quantities which are the same
ones derived by Andersen et al. (2004) in population regressions. Likewise, our theory
allows for nonstationary volatility. Our theoretical results are based on asymptotic
approximations. Both the simulations and the comparison with the results in Ander-
sen et al. (2004) when the spot variance has a finite second moment corroborate the
good quality of our approach.

There are at least two important questions that should be addressed. The first
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one is to provide consistent estimators of the regression coefficients when the second
moment of the spot variance in unbounded. Typically, one could use signed power
variation which can be viewed as an instrumental variable estimation where one uses
a signed power of the regressor as an instrument in order to reduce the magnitude of
the tails; see Samorodnitsky et al. (2007). The second question is more important and
concerns the forecast that one should compute under fat tails. Various approaches
could be considered like different loss functions or non-linear transforms of the variable

of interest. The two questions are currently under investigation.
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Appendix

A. Useful Lemmas for Integrated Variance

Lemma A.1. If f is continuously differentiable, then we have

sup | f(ws) = [(Viieoa)| = Op (AT(f'0) + O, (AT (') /10g(T/A) ).

1<i<N

Proof for Lemma A.1. Since V has a continuous sample path, we may deduce from

the mean value theorem and Taylor expansion that

1 A
sup [0 = £y = sup |F0)S [ 0= Vst
1<i<N 1<i<N (i—1)A
1 A
<T(f) sup Z/ (Vi — V(i_1)A)dt' (A.1)
1<i<N (i—-1)A

for some k; € [(1 — 1)A,iA]. Moreover, we have

1A
/ (Vi — Vig_pya)dt = / / V,)dsdt + / / V,)dW,dt
(i—1)A (i—1)A —1)A J(i-1)A

0, (AT (4 ))+0 <A3/2T(a) log(T/A)> (A.2)

uniformly in 1 <4 < N, since

sup / / dsdt' O, (A*T(w))
1<<N [J(i—-1)A J(i—1)A
and
sup / / det‘ 0, <A3/2T(a) log(T/A))
1<i<N [ J(i—na J(i-1

due to the global modulus of continuity for Brownian motion (see, e.g., Theorem 1
of Kanaya et al. (2016) and Lemma B2 of Kim and Park (2017)). The stated result
follows immediately from (A.1) and (A.2). O
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Lemma A.2. If f is twice continuously differentiable, then we have

N

A fla) = [ 10+ 0, (AT 0)T) + 0, (AT (f')T)

i=1
+0, (AWT( flo)T log(T/A)) +0, (AT(f'o)T"?) .
Proof for Lemma A.2. Due to Lemma A.1, we have

N N

A f(w) = A F (Viena) + Oy (AT(f)T) + 0, (AV*T(f'0)Tlog(T/A))
(A.3)

Moreover, by Lemma B1 of Kim and Park (2017), we have

N

AY f(Vina) :/0 F(Vodt + Oy (AT(f'1)T) + Oy (AT(f"0)T) + O, (AT(f'0)T"?),

i=1
from which, together with (A.3), the stated result follows immediately. O

Lemma A.3. If [ is twice continuously differentiable, then we have

1 N (G+1)A

FZ/Z (i + DA = $)*(£(Va) = f(Via))ds

i=1 YA

= Oy (AT(f'm)T) + O, (AT(f"0*)T) + O, (AT(f'0)T"?).

Proof for Lemma A.3. Due to Ito’s lemma, we have

1 X G+1)A
o2 [ G DA = 0 — JVialds = Ar+ Br (A4)
where
N o rG+DA s
Ar = é Z /A (i 4+ 1A —s)? (/A(f',u + f"02/2)(l/;)dt) ds,

Br = é Z_: /(M)A((i + DA — 5)? (/:(f’a)(vt)th) ds.

A



For Ar, it is easy to see that
Ar = O, (AT(f'1)T) + O, (AT(f"o*)T) .

As for By, we have

N

(+1)A (i+1)A
Br = é Z/ (f'o)(Vh) (/t ((i+1)A - 5)2d5> dW,

i=1 1A

=0, (AT(f'o)T*?),

36

(A.5)

(A.6)

where the first line is due to the changing the order of integrals, and the second line
can be deduced from the proof of Lemma Bl in Kim and Park (2017). The stated

result follows immediately from (A.4)-(A.6).

Lemma A.4. If AY2T(w?2)T\/log(T/A) =, 0, we have

N

D (@i —m:)* = ;[V]T +op(1).

=1

Proof for Lemma A.J. We write

N , 1 N (i+1)A iA 2
11— ;) = — — Vi A — Vi)dt
e —af = Do ( [ v [ s
= Ar + Br + Ry,

where

I
|
Il
I>|H
(3]
ME
VR
P
E
AE
=
|
=
>
&
I\D\/
[\]

]

(A7)
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Due to (A.7), the stated result follows immediately if we show

Ay, By = %[V]T +0, <A1/2T(w3/2)T 1og(T/A)> , (A.8)
Ry =0, (A1/2T(w3/2)T log(T/A)> . (A.9)

PROOF FOR (A.8). We will only prove the result for Az, since the proof of the

result for By is entirely analogous. For the proof, we write Ar as

1 N (@+D)A  pt G+D)A gt 2
Ar=— / /;ﬂ@dsdt+/ /oV;dWsdt
TTA ; iA iA 0 iA iA V)

=Air+ Ay + Asr, (A.10)
where
| N[ A g 2 N[ pGeoa 2
UL o /A /A u(Vodsdt | = =37 /A ((i+1D)A) = s)u(Vi)ds
i=1 g B i=1 ¢
L N[ pea g 2 N/ o ?
tar =3[ [emaawar) = GY ([ (@ 0a) - s,
i=1 \"* ! i=1 \?

by changing the order of integrals.

For A; 7, we have

N (i+1)A 2
|A1,T|sz( / up |u<v;>|ds> 0, (AT(AT). (A1)

A IA<s<(i+1)A

On the other hand, we can deduce from Lemma B2 of Kim and Park (2017) that
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As 1 satisfies

N

sl <2T(0) Y

=1

(i+1)A
/ (1 +1)A) — s)o(Vs)dWy

N -0, (Al/zT(,m)T log(T/A)> ,

(A.12)

As for Ay, we define a continuous martingale M as

i .

J (i+1)A
M, = ZI/A ((1 4+ 1A = s)a(V,)dW + /jA((g + 1A = s)o(V,)dW,

fort € [JA,(j+1)A), j=1,2,---, N, so that we have

1 N

= A2 Z (Mg11ya — M; )2

=1

A

1 9 N (i+1)A
- E[M]T + A2 Z /A (M — M;a)dM,, (A.13)
i=1 Vi
where the last line follows from Ito’s lemma.

For the second term of (A.13), we can deduced from Lemma B5 of Kim and Park
(2017) that

9 N (i+1)A
— (M, — M;a)dM,
N

— % Z/i(mm (/t ((i +1)A — s)a(vs)dWs) (i +1DA) = t)o(V,)dW,

i=1 /A A

= 0, (APT(e*) T2 iog(T/A)) .
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For the first term of (A.13), we have

1 1 N (i+1)A
M= 5> [ A - s
i=1v"
N ) @+na )
— a0 [ (1A - 9Pt Sy
i=1 ’
| N
where
N ‘
1 (i+1)A .
Sr= 332 /m (i + DA — (0% (Vi) — 0*(Via))ds

=1

-0, (AT(UQ’ u)T) +0, (AT(OQ”UQ)T> +0, (AT(GQ’U)TV?) (A.15)

by Lemma A.3. Moreover, it follows from Lemma B1 of Kim and Park (2017) that

N T
3 0*(Via)A = / o(V,)dt + O, (AT@?’M)T) +0, (AT((;?”U2)T>
i=1 0
+ 0, (AT(UQIU)TUQ) ,
from which, toghether with (A.14) and (A.15), we have

Asr zé[V]T +0, (AT(02’ M)T) +0, <AT(02"02)T> 10, (AT(UZ’U)TU?)
+0, (AWT(g?)Tl/? \/m) . (A.16)

Therefore, we can obtain (A.8) by applying (A.11), (A.12) and (A.16) to (A.10).
PROOF FOR (A.9). We write

Ry = Rir+ Ror + Rsr + Rar, (A.17)
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where
9 N iA t (i+1)A  pt
Rig=-5Y ( / ,u(VS)dsdt) / (V) dsdt
i=1 \(=DAJ(-1)A N iA
9 XN iA t (i+1D)A  pt
Ror=-5 Y ( / a(Vs)dWSdt) / / (V) dsdt
i=1 (DA J(-1)A i iA
9 XN iA t G+1)A gt
ra= > ([ [ wasa) ([ [ awjama
i=1 (-1A J(i-1)A iA iA
9 XN iA t (i+1)A  pt
Ryr = Z ( / O(VS)dWSdt) / / o(V,)dW,dt
i=1 (i—1)A J(i-1)A iA iA

We can easily show that
Rir = O, (AT(1*)T) . (A.18)
Similarly as in (A.12), we have
Ror, Ryr = O, (A”QT(MU)T log(T/A)) . (A.19)

By changing the order of integrals, we rewrite Ry as

/(iA (i — S)U(VL)dWS) (/Z(Hlm((z +1)A - s)g(vs)dws>

i—1)A iA

N

R4,T=§Z(

i=1

and define a continuous martingale M as

M, :% i ( /( ® s s)a(Vs)dWs) ( / A - s)J(VS)dWS>

i—1)A iA

v | " oa- et ( / RURRISEATT
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for t € [jA,(j+1)A), j=1,2,--- N, so that we have My = R, . Then we have

My = % XN: < /( m) (iA — s)a(Vs)dWS)Q < / A - 3)202(vs)d3)

i—1)A i A

i=1

= 0, (AT (c*)T log(T/A))

sup
1<i<N

Z ( /( , (iA — S)J(V;)dWS)Q = 0, (A’T(c*)Tlog(T/A)),

since

A

(i+1)A
/ (i+1)A — 8)20'2(‘/:9)d8> =0, (ABT(O'2))

and

similarly as in (A.12). Therefore, we have Ry = O, <A1/2T(02)T1/2 10g(T/A)>,
from which, together with (A.17)-(A.19), we have (A.9). O

Lemma A.5. If AY2T(w32)T\/log(T/A) —, 0, then we have

Z (Via = Vii- )(V(z A — Viick—1)a A) =0,(1)

for any positive integer k > 1.

Proof for Lemma A.5. We have

N

Z (Via = Viieya) Vii—ima — Viiek—a) = Ar + By + Cr + Dy, (A.20)
i=kt1
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where
N iA (i—k)A
Ar =) </ M(Vs)d5> / w(Vy)ds
i=j+1 W (=1A (i—k—1)A
N iA (i—k)A
Br = Z (/ U(Vs)dWs) / wu(Vy)ds
i=jr1 W (=1DA (i—k—1)A
N iA (i—k)A
Cr=) (/ p(Vs)ds (/ a(vs)dm)
i=j+1 W (=1DA (i—k—1)A
N iA (i—k)A
Dr = Z </ U(VS)CZWS) / U(‘@)dWs
i=j+1 W (=1DA (i—k—1)A

For A7, we have
Ar =0, (AT(p*)T). (A.21)
Moreover, we have
Br,Cr =0, <A1/2T(/M)T log(T/A)> . (A.22)

similarly as in (A.12).
As for Dp, we may show that

Dr =0, (A1/2T(02)T1/2 log(T/A)) (A.23)

similarly as in the proof for Ry in (A.17). The stated result follows immediately
from (A.20)-(A.23). O

Lemma A.6. If AY2T(w32)T\/log(T/A) —, 0, we have for k > 0

i (Tig1 = Tig)? = (% + k) Ve + 0, (1).

i=k+1
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Proof for Lemma A.6. We write

Z (Tip1 — Tig)?
i=k+1
1 Y (i+1)A (i—k)A 2
A2 Z / (Vi = Via)dt + / (Viiewya = Vo)dt + A(Via — Vii—pya)
i=k+1 \71A (i—k—1A
(A.24)

=Ar+Br+Cr+ Rir+ Ror + Rs o,

where

1N (i+1)A 2

1 X (i—k)A 2
Br 5 Z / (Vi—ka — Vy)dt
i=k1 \7 (i=k=1)A
N
Cr= > (Via— Viia)
i=h+1
9 XN (i+1)A (i—k)A
Rir=55 > / (Vi — Via)dt / (Vieia — Vi)
i \Jia (i—k—1)A
9 N (i+1)A
Ror = N Z / (Vi = Via)dt | (Via — Vii—i)a)
i=k+1 \71A
9 N (i—k)A
_ 2 = Vi Viioa—V) |
Ry A i;l(VA Vii—kya) /(ikl)A( (i—k)a — Vi)
Similarly as in the proofs of (A.8) and (A.9) in Lemma A.4, we may show that
1
Az, Br = £[Vlr + 0, (A1/2T(w3/2)T log(T/A)> (A.25)
Ry, B, Ry = Oy (AY2T(w¥)T/10g(T/A)) (A.26)
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As for C'r, we have
N
Cr=> > (Vipa—Vijna)+0,(1) =k[Vlr +o0,(1), (A.27)
J=0 i=k+1

where the first equality is due to Lemma A.5, and the last equality follows from
Lemma A1l of Kim and Park (2016). The stated result is then follows from (A.24)-
(A.27). m

B. Useful Lemmas for Realized Variance

Lemma B.1. We have

sup |yi — z:] = O, <\/(5/A)T(a2) log(T/A))

1<i<N

sup_[y? — 22| = O, ((6/A)T(2)10g(T/A)) + Oy (V0] AT () log(T/A)) .

1<i<N

Proof for Lemma B.1. We have

[26 1o V2
sup |yi — x| = sup [migi| <4/ sup (—/ Vt2dt> |Gian — Gi—1al
1<i<N 1<i<N A? 1<icn \A Jizna

20T°(12)
sup |Gia — G
<\ A 1§igle a = Gi-al

= 0, (VO/AT(#)log(T/A)) . (B.1)

where the last equality follows from the global modulus of continuity for Brownian
motion.
On the other hand, we have

sup |y7 — 7| < sup |nfgi|+ sup [2zmigil,
1<i<N 1<i<N 1<i<N
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and
sup [n7g7| = O, ((6/A)T(:%)log(T/A))
1<i<N

sup_[2zimigil = O (VAT (1) log(T/A) )

1<i<N

due to (B.1) and

sup |zi| = O,(T (1)) + O, (AT(1)) + O, (Al/QT(a)\/log(T/A)> .

1<i<N

Lemma B.2. We have

A y=AY 0 +0, <\/(5/A) 10g(T/A)T>

A Z 2 = A Z 22+ 0, ((5/A)T(2)log(T/A)T) + O, <\/(5/A)T(L4) log(T/A)T> .

Proof for Lemma B.2. The stated results follow immediately from Lemma B.1. []

Lemma B.3. We have

Z(iﬁiﬂ — 7)) (Mit19i+1 — Migi) = Op ((5/A)1/2 T(W)Tl/2> .

i=1
Proof for Lemma B.3. We write

N

Z(IH‘l — ;) (Ni+19i41 — Mi9:) = Ar — Br,
i=1

where

N N
Apr = Z 77i+1(55i+1 - $i)9i+1 and Bp = Z 77i(35i+1 - xl)gz

i=1 i=1
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In the following, we are to show
A, By =0, <(6/A)1/2 T(m)Tl/?) . (B.2)

For Ar, we have

N (i+1D)A V2L parna
Ar = A ; / Vidu N /Z‘A (Vi = Vuea)du | (Guyna — Gia)

We define a process M as

1/2 .
\/— J— (i+1)A 1 [G+DA
M, :T Z / Vu2du Z/ (Vu - Vu—A)du (G(¢+1)A - GiA)

YA

1/2 1 t
— = ngu) (— / Vi — Vi du) G
A /jA (A /jA R 2)

for t € [JA, (5 + 1A), 5 = 1,2,--- N, so that Az = Myp. Since G and V are
independent each other, M is a continuous martingale with a quadratic variation [M|

satisfying

2
25 N 1 /(i+1)A 1 (i+1)A
M|r = — — V2du —/ Vi —Viu_a)du
My =2 ( A L e

i=1

=0, ((6/AN)T(*)T(c*)T) (B.3)

due, in particular, to Lemma A.4. The desired result (B.2) for A7 follows immediately
from (B.3) since Ar = Myp. The proof for By is entirely identical to the proof for Ar
and omitted here. O]

Lemma B.4. We have

N

> migimiagin = Oy ((6/A)T(2)y/Tlog(T/A))

=1
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Proof for Lemma B.4. We define a continuous martingale M as

M, =2 Z <K/( Vfdu) (Gia — G-1)a) K/ Vidu (Grna — Gia)

i1 i—1)A iA

o5 [t /1 [tA ) 1/2 1 , 1/2
A? /jA (A /(j_l)A ) (Gja G 1)A) A A

for t € []A, (] + 1)A), ] = 1, 2, tet ,N, so that MT = Zz]\il N:9iNi+19i+1- USiIlg the
global modulus of continuity for Brownian motion, we may show that the quadratic

variation process [M] satisfies
[M]r = 0, ((6°/ AT ()T log(T/A))

from which we have the stated result.

Lemma B.5. Assume that
AT (W) log(T/A) =, 0, (/A% T(w?)T/log(T/A) —, 0.

Then we have

N N

45 [T
Z(yi-H — i) = Z(%’H — ;) + P/ V2dt + 0,(1).
0

i=1 i=1
Proof for Lemma B.5. Due to Lemma B.3, we have

N N N
S G = 0* = 3w — w0 + D (g — mi)? + 0y (/)2 T(o)TH2)
i=1 =1 =1

(B.4)
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For the second term of (B.4), we write

N N
> i1git — migi)? =2 Z 097+ (D081 — ML) +2 D i1 Gisaigs

i=1 =1 =1

= 2277291 + 0,(1 (B.5)

where the last line follows from Lemma B.4 with the condition in this lemma since

we have

sup |Gia — Gunal” = 0, (AT(:2) log(T/A))

1<i<N

2 <
sup |migi|” < sup
1<i<N 1<i<N

1 1A
— / V2dt
A G-1)A

due to the global modulus of continuity for Brownian motion.

For the first term of (B.5), we have

N 1 [iA
an 9i = Z (Z /(‘—1)A Vfdt) (Gia — Gi—1ya)?
26 roe )
= ; (Z /(i_l)A % dt) (Gia — Gi-1a)
20 o,
=5 Vi aA+Ar+ Br, (B.6)
=1

where

2 <L /1 [iA
Ar = A (Z / (V2 - V(?—l)A)dt> A

B —Mi 1/11A V2Adt /iA (G, — G )dG
TA A (i—-1)A ! (i—-1)A ' (=04 v

i=1

For A7, we use Lemma A.1 to have

Ar = 0, ((6/A)T(ep)T) + O, ((5/A3/2)T(LU)T log(T/A)> . (B.7)
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As for By, we define a continuous martingale M as

48 i 1 iA ) iA
Mt = — <—/ Vu du> / (Gu - G(i_l)A)dGu
A2 =\ A Jio (

i—1)A i—1)A

LA ]/ﬁA V2du ) (Gy — Gia)dG
A2 A A oA u QU t G-1)A s

J

for t € [JA,(j+1)A), j=1,2,---, N, so that Ay = Mp. As in the proof of Lemma
B.4, we may show that

(M) = O, ((0/A°)T(:)T log(T/A)) ,
from which we have
&:OAWN@ﬂﬂZMMWm» (B.8)

The stated result is then follows from (B.4)-(B.8) with Lemma B1 of Kim and Park
(2017). O

Lemma B.6. Let the conditions in Lemma B.5 hold. Then we have

N N 45 T
Z (Yir1 — yir)* = Z (i1 — zi—p)® + E/ V2dt + 0,(1)
i=k+1 i=h+1

Proof of Lemma B.6. Similarly as in (B.4), we have

N N N
Z (Yir1 — vin)’ = Z (Tip1 — k) + Z (Mis19ie1 = Mi-rGir)? + 0p (1) .
i=k+1 i=k+1 i=k+1

(B.9)

Moreover, the second term in (B.9) satisfies

N 45 T
Z (Mi+1Git1 — Ni-rGi-k)” = 2 Z n;9; + 0p(1 Z/ Vidt + 0y(1).
i=k-+1 i=k—+1 0

similarly as in the proof of Lemmas B.5, from which, jointly with (B.9), we have the
stated result. O]
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Proof for Lemma 3.1. The stated results for z = v can be found in Lemma 3.1 of Kim

and Park (2017), and hence, we prove this lemma for z = z,y below. The part (a)

follows from Lemmas A.4 and B.5, respectively, for z = z and y. The part (b) can be

obtained from Lemmas A.1-A.2 and Lemmas B.1-B.2, respectively, for z = x and y.

Moreover, the part (c) follows immediately from Lemmas A.2 and B.2, respectively,

for z =z and y.

]

Proof for Proposition 3.2. The stated result in part (a) can be deduced from Lemma

3.1 with Ito’s lemma since

N N

1 1
Z(ZZ — EN)AlL‘Z = 5 (ZJQV — Z% — fN(ZN — 21>) — 5 Z(ZH-l — Zi)2'

=1 i=1

For 72 in the part (b), we write

(T/A)72 = (Azi — b, — (B, — 1)Zi>2

M-

=1

AZ,‘ 2 N EN ? — N
i2_;< ) (Bzw) > im1(2i — Zn)?

where

Ror = 0, (AXT(1)/T) + O, <A3/2T )\/log(T/A) /T) ,
Ryr = Ror + O, (\/(m log(T/A) /T)

due to Lemmas A.1 and B.1, and hence,

N (Bzy)" = 0, (AT(2)/T) .

(ZiNzl(zz‘ - EN)A%'>2

(C.1)

(C.2)
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For the last term of (C.1), we note that

A (2 —Zn)* = Oy(br), (C.3)

=1

where br is defined in Section 4 and satisfies T'//br = O(1). Moreover, we have

N [ (Vi = Vip)av, if 2 = v

> (2= ZN) Az~ [T (Vi = Vir)dV, + (1/6)[V]r, if z=x

i=1 [ (Vi = Vip)dVi + (1/6)[V]r — (26/A2) [ V2dt, if z =y
(C.4)

by the part (a) of this proposition. For each component in (C.4), we have [V]p
O,(T(*)T), (26/A%) fOT V2dt = O, ((6/AY)T(:*)T) and

(=72 - (-7 - [ ) Vi)

/ (Vi V)i - 1
=0, (T(1)) + O (T(o*)T)

from which, jointly with (C.3) and (C.4), we have

if z=wv,x

(Eh—mmox) { 0, (AT(HT),

S (2 — Zn)? O, (AT(WHT) + O, ((3*/A*)T(w)T), if 2 =y.
(C.5)

The stated result for 72 follows from (C.1), (C.2) and (C.5) with Assumption 3.1.

As for R? in the part (b), we have

52 Zz (2 — Zy)? 52 Z 2(21_2N> +(Zl_EN)2 - 52
Z P~z

R: = f: = 3
ZzN1(Zz+1 —Zn)? —Zn)? + (2n41 — ZN)2
as desired.
The stated result in part (c) follows immediately from Lemma 3.1 and Proposition
3.2 (a)-(b). O

Proof for Proposition 3.3. The part (a) follows immediately from Lemma B.6. We
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may show parts (b) and (c) similarly as in the proofs for parts (a) and (b) of Propo-
sition 3.2. N

Proof for Proposition 3.4. The parts (a) and (b) follow immediately from Proposi-

tions 3.2 and 3.3 since

N N ..
1 ~ o 1 Zizg RiZi41
N 2 Z Wizit1 | = &SN o N -~ - )
> oisa % i—2 Y oise Z Zi:? Zi—1%i+1

N N =~ N o~ -~
; Z waw | = 1 > ino 21'2 D oino ZiZica
7 j - o~ - .
Zﬁvz2 212 i=2 ' Zi\LQ 22‘2 Zz]iz RiZi—1 ZZJ\LQ Zi2—1

As for the part (c), we have

A A Az Ax_lAv_l
Bl,z‘l'ﬁlz szAﬁ +6A ﬁA (CG)

due to the part (b) of this proposition with Proposition 3.3 (b). In what follows, we
prove the part (b) only for z = z, since the proofs for z = v,y are entirely analogous.

Let z = x. It then follows from Proposition 3.2 and Taylor expansion that

Be 1+ Ay +7,) 11

N ~ ~p = -A v )y
Bl P AG, ) 2 TR )
Bv_lN Yo

Be—1 T+

/636_1 A(/Yv‘l’%c)

1
~ ~ ~ _A'Yv'f_’yz
Bot1l "2+A(V+1) "2 ( )

since A(y, + 72) —p 0 under Assumption 3.1, from which, together with (C.6), we

have the stated result in part (c¢) for z = x.
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As for the part (d), we may show that

Zfiz(zz —Zn)(2i1 — ZN)
Z@'J\LQ(%’H —Zn)?
Zﬁiz(zifl —ZN) Dz
S o (zip1 — Zn)?

~p (Bl,z + BQ,Z)Q + QBl,zBQ,z(Bz - 1)

RZ ~p B+ B3 + 2155

~p (Bl,z + BQ,Z)z + ZBI,ZBQ,Z

which completes the proof.
m

Proofs for Lemmas 4.1 and 4.2. See Lemmas 3.2 and 3.3 of Kim and Park (2016). O

Proofs for Theorems 4.3 and 4.4. The stated results follow immediately from Propo-
sition 3.2 with Lemmas 4.1 and 4.2. ]

Proof for Theorem 4.5. The stated results follow immediately from Proposition 3.4
with Lemmas 4.1 and 4.2. O

Proof for Proposition 4.6. The proof is essentially identical to the proofs for Lemma
3.1 and Propositions 3.2-3.4, and is omitted here. O

Proof for Theorem 4.7. The stated results can be deduced from Proposition 4.6 with
Lemmas 4.1 and 4.2. O
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Fig. 1. (AR(1) with Finite Variance) The empirical distributions of 3, —1 (blue lines)
and (3, — 1 (red lines), where B is the approximated limit distribution. The dotted,
dashed and solid lines represent respectively 7' = 1,2 and 4. The upper and lower
panels represent respectively the spot and integrated variances.
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Fig. 2. (AR(1) with Finite Variance) The empirical distributions of 5. —1 (blue lines)
and (. — 1 (red lines), where J is the approximated limit distribution. The dotted,
dashed and solid lines represent respectively T'= 1,2 and 4. The upper, middle and
lower panels represent the realized variances obtained from, respectively, 1, 5 and 10

minutes data.
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Fig. 3. (AR(2) with Finite Variance) The empirical distributions of 3. —1 (blue lines)
and (. — 1 (red lines), where J is the approximated limit distribution. The dotted,
dashed and solid lines represent respectively 7' = 1,2 and 4. The upper and lower
panels represent respectively the spot and integrated variances.
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Fig. 4. (AR(2) with Finite Variance) The empirical distributions of 3. —1 (blue lines)
and (. — 1 (red lines), where J is the approximated limit distribution. The dotted,
dashed and solid lines represent respectively T'= 1,2 and 4. The upper, middle and
lower panels represent the realized variances obtained from, respectively, 1, 5 and 10
minutes data.
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Fig. 5. (AR(1) with Infinite Variance) The empirical distributions of 5. — 1 (blue
lines) and 3. — 1 (red lines), where 3 is the approximated limit distribution. The
dotted, dashed and solid lines represent respectively 7' = 1,2 and 4. The upper and
lower panels represent respectively the spot and integrated variances.
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Fig. 6. (AR(1) with Infinite Variance) The empirical distributions of 5, — 1 (blue
lines) and (. — 1 (red lines), where (3 is the approximated limit distribution. The
dotted, dashed and solid lines represent respectively 7' = 1,2 and 4. The upper,
middle and lower panels represent the realized variances obtained from, respectively,
1, 5 and 10 minutes data.
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Fig. 7. (AR(2) with Infinite Variance) The empirical distributions of 5. — 1 (blue
lines) and 3. — 1 (red lines), where 3 is the approximated limit distribution. The
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lower panels represent respectively the spot and integrated variances.
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Fig. 8. (AR(2) with Infinite Variance) The empirical distributions of 5, — 1 (blue
lines) and (. — 1 (red lines), where (3 is the approximated limit distribution. The
dotted, dashed and solid lines represent respectively 7' = 1,2 and 4. The upper,
middle and lower panels represent the realized variances obtained from, respectively,
1, 5 and 10 minutes data.



