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Aim of the talk

Aim
@ advertising some results about entropic transport

@ while providing a new proof of a standard result




HWI

o relative entropy: H(p|r) := [ log(dp/dr) dp € [0, 0] J
e m=-e"" Leb € P(R"), HessV > kld, ke R

@ [ig, 11,V € P(Rn)

o transport cost: W3 (o, 1) = infr [pn, pn [y — x|? 7(dxdy) J
o Fisher information: /(v|m) := [g, |V log(dv/dm)|? dv J

HWI* inequality [Otto-Villani]
H(pr|m) — H(polm) < Wa(po, 1)/ 1(salm) — £W3 (o, 1) /2, Vpo, i1

e HWI: H(v|m) < Wa(v, m)\/I(v|m) — kW2(v,m)/2, Vv
e Talagrand:  kW2(v,m)/2 < H(v|m), (x>0), Vv
@ log-Sobolev:  H(v|m) < I(v|m)/(2k), (k>0), Yv




HWI

HWI* inequality
H(pa|m) — H(polm) < Wa(po, pa)v/1(pa|m) — kW3 (po, 1) /2, Vpio, J

o h(1) — h(0) = H'(1) — [ th"(t

e t— h(t)= (ut\m), (,ut)ogtgl . displacement interpolation
remainder of the talk: "stochastic” proof of HWI*
replace displacement interpolations by entropic interpolations J
@ Schrodinger’s problem: entropic interpolations
Qo W,: slowing down
Q I entropic actions

Q convexity of t — H(ut|m) : equations of motion



Displacement interpolations

Monge-Kantorovich problem

fR"XR" |_y - X|2 W(dXdy) — ]_'IllIl, VS P(Rn X Rn) D To = Mo, T1 = M1 J

o W2 (uo, 1) := inf(MK)

displacement interpolation
Mt = fR”XR" 57;9’ 7T(dXd.y)v 0<t<1 J

@ V¥ : geodesic between x and y



Entropic interpolations

@ state space: X

o reference probability measure: reP(X)

@ particle system: (C1,. .., Cn) ~iid(r)

e empirical measure: (N = N1 Lion O € P(X)

LLN
N
¢ N—> r, a.s.

e observe: (N(obs) eC

conditional LLN

“knowing that (N e ¢”, (N — p°, as.
N—o0

e who is p€?



Entropic interpolations

conditional LLN

“knowing that (N e ¢”, (N — p€, as.
N—oo

C

e p“ : unique (if C is convex) solution of

H(p|r) — min; peC

Sanov's theorem

PCMe0) = e (=N inf H(plr)), O CPX)




Entropic interpolations

heat bath
@ state space: R”
o Q = {paths}
e evolution: R eP(Q2), Markov, L=(-VV -V+A)/2
°

equilibrium: m = e~ Leb

Z=(Z)>0: Ze=7Zo— % [y VV(Zs)ds +W,,
W: Brownian motion

o RO Zg~ o € P(R"), Z~ R ¢ P(Q)

@ R™ =R is reversible

heat flow
o R = pgett e P(R"), t>0




Entropic interpolations

@ N particles travel in the heat bath
@ no interaction

o N —

particles
o (Z%,...,ZN) ~ (RHo)EN
o ZN .= N! > 1<i<n 077 random values in P(Q)

o law of large numbers:  limy_yoo ZV = RM, azs.
limy oo ZN = RE® = ppetl) ass.

e time interval: [0,1]



Entropic interpolations

Schrodinger's question (a thought experiment)

Suppose that you observe /Z\{V(obs) ~ 11, with gy far from the expected
profile R1"® = ypel. What is the most likely behavior of (ZN)g<;<17?

Schrodinger’s answer
Q solve: H(P|RM0) — min, PeP(Q): Pr=m
Q take: pe =P, 0 <t < 1.

o H(P|RH) = H(P|R) — H(uo| Ro)

Schrodinger’s problem
H(P|R) — min, PeP(Q): Po=po, Pr=1m (S)

entropic interpolation  (definition)

[0, pa]® = (e)o<e<t, pe =Py, 0<t <1 P =sol(S)




Slowing down

slowing down
e 0<e<l, e—0
0Z¢:=Z, 0<t<1

b:=-VV/2

R:  dZ = b(Z) dt + dWL, Zo ~m
Re: dZi=eb(ZS) dt + /edW,, Z§~m
LR = el =¢(b-V +A/2)

R¢ is m-reversible

4 |im6_>o RE(- | X() = X, X1 = y) = (5,yxy




Slowing down

e-Schrodinger problem
eH(P|R) —» min; PeP(Q): Po=po, Pr=p (S9)

Monge-Kantorovich problem
Ep [oq) |Xel?/2 dt = min; P € P(Q): Po=po, Pr=p (MK)

@ sol(S¢) =: P¢, sol(MK) =: P

[Mikami, L.]
M lime_o(S¢) = (MK)

lim_,o+ inf(S¢) = inf(MK)= W5 (o, 1) /2

@ lim g+ P := P € sol(MK), (subsequence)

o lime_ o+ [, p1]® := [0, ™, (subsequence)



Entropic actions
%
o PcP(Q): LP=7VP.V+ea)2, Markov

stochastic velocities (Nelson)
o forward:  VP(z) :=limy_q+ Ep (% | X¢ = z)

o backward: VP(z) :=lim,_q: Ep (@ | X¢ = z)

@ time reversal: VP = 7f*t, P* : time-reversed of P
@ momentum: BP = e 1(vP — vF), BP = gPIR
results

if H(P|R) < oo, then:
o H(PIR) = H(Polm) + cEp [1o 1y | BP(t, Xe)2/2 dt
<_
o H(P|R) = H(P1|m) + €Ep i 111 87 (t, X:)?/2 dt




Entropic actions

stochastic velocities (Nelson)

@ current: vewP .= (VP _ Py /2
@ osmotic: vosP .= (VP L T P)/2
@ momentum: BF = e H(vP — vFR)
results
0 O+ V- (uveP) =0, wt := dP:/dLeb  (continuity equation)
o 3%F =Vlog /p, pt = dP¢/dm (time reversal)

Fisher information
I(ulm) == [gu [V log p|? dpu = 4 [5, 18°5F 2 dp




Entropic actions

e forward: 7(P|R€) := H(P|R“P0™) = ¢Ep f[o 1 |FP

@ backward: i(P|R6) = H(P|R**P1) = ¢Ep f[o 1] |»BP( t,

entropic action

A(P|R?) = [A(P|R) + A(P|RY)] /2

X:)|?/2 dt

Xe)?/2 dt

result

(S€) is equivalent to:

€A(P|R€) — min; P e P(Q): Py = po, P1=m

H(P|R) = H(P*|R*) = H(P*|R)




Entropic actions

@ current: AY(P|R®) := eEp f[O 1] 1B°%P(t, X¢)|?/2 dt
@ osmotic: A%(P|R¢) := €Ep f[o 1] 18P (£, X¢)|?/2 dt

a relevant decomposition
€A(P|R¢) = eA(P|R*) + eA°(P|R")
= fio.11xg" |vewP2/2 dtdu, + €2/8 Jio.ap 1(kelm) dt

<_
o parallelogram identity: (|32 + | B[2)/2 = |82 + |8°?
o recall: lim._0eA(P¢|R.) = W2 (uo, j11)/2
@ biblio: Chen-Georgiou-Pavon, Gentil-L-Ripani



Equations of motion

o R: reference Markov measure

result

if it exists, the unique solution P of (S) satisfies
@ P is Markov

o there exist fy,g1 such that: P = fo(X0)g1(X1) R

{ fi(z) = Er[fo(Xo)|X: = 2]
g(z) = Erlga(X1)|Xe = 7]

Born decomposition
pe=fgem, 0<t<1

e f, g solve forward and backward linear “heat equations”
@ biblio:  Schrodinger (1931), Zambrini (1986), L. (2014)



Equations of motion

— = o
o define: LP .=,

. i — <
@ assume: R is reversible, LR=T1R=|

o define: Mu,v) = L(uv) — ulLv — vLu (carré du champ)

result
@ P is Markov
r(f., - Mg, -
on:LJr%, TPors &) ooy
t 8t

@ h-transform



Equations of motion

f, g solve forward and backward heat equations

{(—8t+L)f:0 {(8t+L)g=0
f|t:0 =fo 8jt=1 = &1

o define: p:=logf, Y :=logg
o define: Bu:=e YLe"

@, 1 solve forward and backward HJB equations

{(—at-l—B)so:O {(3t+5)¢=0
P|t=0 = ¥0 Yje=1 = Y1

result  (diffusion case)

BF=vy, B=vp




Equations of motion

o If=Ly, LP=L,

t

1)-representation

{ (81:4‘8)’90 :0; (—1/)1
(—0c+Lyn =0 po—

p-representation

{(—c%-i—B)cp =0, ¢o—
(Oc+ Lo =0, < m

time reversal

p+y=logp




Equations of motion

o diffusion setting

@ introduce ¢
F
07P:eb+eﬁ, VP =eb+ep

result

F=vy, B=vp

{ (=0t +eB)p=0 { (0t +eB)y =0
Plt=0 = ¥0 Yje=1 = Y1




Equations of motion

° I(p) =|Vyl?

conserved quantity
t > [ [ (e, 8) dm is constant

t = [ VU2 dps — €2 /4 [on (el m) dpe

is constant

J




Derivatives of the entropy
e denote: h(t) := H(ugm)

derivatives of the entropy (1), [L]
i t) =¢/2 fRn{r(¢t) —T(pe)} dpe

o recall: B = Vlog/p, Oepp+ V- (pv) =0

%
) €(r( )—r((p :6(|F|2_ |B|2):46BOS'BCHZ4BOS‘VCH
o H(t)= QfR,, SV dpy = fRn V log pe - vEU dpuy

makes Otto’s heuristics rigorous
W) " =" (gradl¥s H(|m). jic)

()] < /T(elm) [fin IVE? dpae] 2




Derivatives of the entropy

® Ta(p) = 32;,;(0i0jp)? + Hess V(Vep)

derivatives of the entropy (2), [L.]
'(t) = €2/2 [au{T2(ve) + Ta(0e)} dpe

@ HessV > kld, x€eR
o () > Hess V(Vy) > k|Vp|?

o /2 (Ta(w) + Ta(9)) = x/2 (B2 + B P)
= (v + 2

HI(8) 2 i fo VEPI2 e + e (jue]m) /4




HWI

H(pam) — H(uolm) < Wa(po, p1)/1(pa|m) — kW3 (o, 1) /2

sketch of proof

o h(1) — h(0) = H(1) — [} th"(t) dt
he(t) = H(utlm) €e—0

BL(L) < [fgn [P dpan) V2 /TG m)
f[o g the(t) = K,f[o 1xRn tlVe Qo € + Ke? f[o,l] tl (S| m) dt /4

t = Jon Vi P dus — /4 [oo 1(ug|m) du§  is constant
lime_o+ f[o 1]xRn lve ™12 dtdps = W3 (po, pi1)

lime_,q+ €2 f[071] I(ué|m) dt =0
put everything together



Main features

instructions for use
@ use the two directions of time to compute the time derivatives
@ express the forward and backward entropic actions with ? and

© use the parallelogram identity to express them in terms of current and
osmotic actions

@ slow down the reference process

@ the osmotic action is a small perturbation of the current action

@ it allows to follow Otto's heuristics with rigorous calculations
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Literature (some applications and numerics)
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optimal transport and gradient flows, 2017.

» Nenna. PhD Thesis, Advisers: Benamou & Carlier.
Numerical methods for multi-marginal optimal transportation, 2016.

@ Georgiou & Pavon

» Chen, Georgiou, Pavon. On the relation between optimal transport and
Schrédinger bridges: A stochastic control viewpoint, 2014,

» Chen, Georgiou, Pavon. Entropic and displacement interpolation: a
computational approach using the Hilbert metric, 2015.

» Chen, Georgiou, Pavon, Tannenbaum. Thermodynamics of efficient-
robust transport over networks, 2017.



Literature

take a visit to some webpages

e Mokaplan: https://team.inria.fr/mokaplan/

o Georgiou: http://georgiou.eng.uci.edu/

@ Nenna's thesis: https://sites.google.com/site/lucanenna/

e Conforti: https://sites.google.com/site/giovanniconfort/
e CL: http://leonard.perso.math.cnrs.fr/



merci pour votre attention




Erwin Schrodinger

The non-physicist finds it hard to believe that really the ordinary laws of
physics, which he regards as the prototype of inviolable precision, should
be based on the statistical tendency of matter to go over into disorder.




