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ABSTRACT. Risks related to events that arrive randomly play important role in
many real life decisions, and models of learning and experimentation based on two-
armed Poisson bandits addressed several important aspects related to strategic and
motivational learning in cases when events arrive at jump times of the standard
Poisson process. At the same time, these models remain mostly abstract theoreti-
cal models with few direct economic applications. We suggest a new class of models
of strategic experimentation which are almost as tractable as exponential models,
but incorporate such realistic features as dependence of the expected rate of news
arrival on the time elapsed since the start of an experiment and judgement about
the quality of a “risky” arm based on evidence of a series of trials as opposed to a
single evidence of success or failure as in exponential models with conclusive exper-
iments. We demonstrate that, unlike in the exponential models, players may stop
experimentation before the first failure happens. Moreover, ceteris paribus, experi-
mentation in a model with breakthroughs may last longer than experimentation in
the corresponding model with failures.
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JEL: C73, C61, D81

1. INTRODUCTION

This paper suggests a new class of learning and experimentation models based on
Erlang bandits. We show that such models are more realistic than models based on
Poisson bandits and generate qualitatively new results.

In many situations in real life, it is necessary to quantify risks related to events
that arrive at random times, as well as frequency of their arrivals. For example, in
finance, it is necessary to evaluate default risks of borrowers or assets and default
rates. In pharmaceuticals, it is necessary to evaluate possible side effects of a new
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drug or its efficiency. In any kind of sponsored research, sponsors have to figure
out the probability of success, and so on. At the same time, it is also important
to take into consideration existence of strategic partners (or adversaries) - what sort
of information one could learn from them or which pieces of information one would
disclose.

An extensive literature on learning and experimentation based on so called Poisson
bandits addresses these sorts of issues. A standard “two-armed” bandit is an attempt
to describe a hypothetical experiment in which a player faces two slot machines; the
quality of one of the slots is known (“safe” arm), and the other one (“risky” arm)
may be “good” or “bad.” In case of so called “conclusive” experiments - the first
event observed on the “risky” arm reveals its quality completely, so the experiment is
over, when the first (“conclusive”) success or failure is observed. Bandit models were
successfully used in various settings in economics, for example, learning and matching
in labor markets, monopolist pricing with unknown demand, choice between R&D
projects, or financing of innovations (see, e.g., [1, 2, B, 4, {5 ©, 19, 27, 29, 30] and
references therein).

Models of strategic learning and experimentation extend “two-armed” bandit ex-
periments to a setting where several players face copies of the same slot machine.
Players then learn about the quality of the risky arm not only from outcomes of their
own experiments, but also from their colleagues. In models of strategic experimen-
tation, it is common to assume away payoff externalities and focus on information
externalities, the role of information, and, in more advanced settings, on design of
information. See, for example, [7, 0] 17, 18, 20, 21]. Recent developments include
(but are not limited to) correlated risky arms as in Klein and Rady [22] and Rosen-
berg et al. [28], or private payoffs as in Heidhues et al. [14] and Rosenberg et al.
[28], or departures from Markovian strategies as in Hérner et al. [17]. For other
developments and an excellent comprehensive review of the literature see Horner and
Skrzypacz [15] and references therein.

In continuous time models, the payoff generated by the “risky” arm of a “two-
armed” bandit follows a certain continuous time stochastic process whose parameters
are not known. For example, Bolton and Harris [7] model the unknown payoff as
a Brownian motion with unknown drift and known variance in a model of strategic
experimentation. Decamps et al. [I1) [12] study timing a fixed size investment into
a risky project with the payoff generated by a Brownian motion with unknown drift
and known variance. Keller et al. [I§], Keller and Rady [20, 21] use a Poisson process
with unknown rate of arrival to model the risky arm. Decamps and Mariotti [10]
study a duopoly model of investment where a signal about the quality of the project
is modeled as a Poisson process. Cohen and Solan [8] bridge the gap between the
Brownian motion and Poisson bandits and consider “two-armed” bandits, where the
risky arm yields stochastic payoffs generated by a Lévy process.

Poisson bandits models with random costly breakdowns ( “bad” news models) differ
significantly from similar models with random profitable breakthroughs (“good” news
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models). The main distinction in these models arises from the fact that updating of
beliefs when no news arrive moves in the opposite directions in case of breakdowns
and breakthroughs. If nothing happens in the model with potentially “bad” news,
players become more and more optimistic about the quality of the “risky” arms,
and the expected rate of arrival of “bad” news decreases over time. Therefore, if it
is optimal to start experimentation at the prior beliefs levels, experimentation never
stops until the first breakdown occurs (if ever). On the contrary, if no successes arrive
in the model with potentially “good” news, players become more and more pessimistic
about the quality of the risky arms, and the expected rate of arrival of “good” news
decreases over time, therefore, experimentation always stops in finite time, unless the
first success arrives earlier. Note that experimentation levels in “good” news models
are low.

The main feature of exponential bandits models is that the rate of arrival of “good”
or “bad” news over a time interval (¢,¢+ At) is independent of ¢. This is convenient
for tractability, but not very realistic. Possibly, this unrealistic feature is one of
the reasons why Poisson bandits experimentation models remain mostly abstract
theoretical models with few direct economic applications.

Indeed, even if a lender assigns a high prior belief to potential default of a borrower,
she would hardly expect the borrower being equally likely to default immediately upon
the loan initiation or some time after. Moreover, defaults typically do not happen
completely “out of the blue” - they are preceded by several smaller events such as
missed monthly loan payments, for example.

The 2010 Deepwater Horizon disaster, which seemed to be quite unexpected to
unsophisticated observers, was preceded by early signs of degradations in the safety
systems of BP, such as a series of explosions and fires at the Grangemouth facility in
Scotland between 1987-2001.

When a researcher starts a new research project, sponsors hardly expect her to
generate immediate success even when they have high beliefs in the quality of the
project. At the same time, occurrence of a single success may be inconclusive - it has
to be replicated in several similar trials for a project to be labeled as a “success.”
For example, recently, drug company Merck had to halt the late-stage trial of its
promising Alzheimer’s drug verubecestat, after an independent study demonstrated
that the drug was not working as expected.

We propose a class of experimentation models which are almost as tractable as
exponential models and can reflect such realistic features that rates of news arrival
may depend on the amount of time elapsed since an experiment had started and that
better assessment of the quality of the tested “arm” may require several consecutive
random events as opposed to a single random success or failure. Namely, we consider
scenario, where two agents experiment with a project of unknown quality (we consider
separately “bad” and “good” news models) and assume that random times of news
arrival are Erlang-2 random variables. In this case, the expected rate of arrival of the
news is a non-monotone function of time - it grows from zero (at the moment when
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experiment starts) to a certain maximal level, then starts decreasing and behaving
more and more as a negative exponential as the experiment “grows older.” Thus,
for some time after the start of the experiment, the beliefs about the quality of the
“risky” arm and the expected rate of arrival of “bad” or “good” news move in the
opposite directions. In particular, this may cause the players stop experimentation in
finite time even in the model with breakdowns. The longer the experimenter observes
no “bad” news, the more optimistic she becomes about the quality of the risky arm,
but at the same time, the anticipated rate of arrival of a failure also grows, and these
two opposite movements makes stopping before the first breakdown optimal. If such
stopping is optimal, it happens where the expected rate of arrival is increasing. As
opposed to this, in a model with breakthroughs, experimentation does not stop while
the expected rate of arrival of “good” news keeps growing, even though experimenters
become more pessimistic about the quality of the “risky” arm. Khan and Stinchcombe
[23] find similar results in semi-Markovian decision theory. Namely, they identify two
classes of situations in which delay in decision systems is optimal: in the first class
delay is optimal when the hazard rate of further changes is increasing, and in the
second class, delay is optimal when the hazard rate is decreasing.

Stopping regions in exponential bandits are described in terms of cutoff beliefs. In
many situations, “internal” experimentation happens: that is before complete switch
from experimentation with the “risky” arm only to playing the “safe” arm only, play-
ers start diversifying their time between these two activities. Regions of “internal”
experimentation (or “partial exit” from experimentation) are also described in terms
of cutoff beliefs. We argue that a more relevant characterization of stopping rules is in
terms of cutoff expected rates of the news arrivals. While in exponential models char-
acterizations in terms of cutoff beliefs and cutoff expected rates of the news arrival
are equivalent, they are not so in Erlang models. Furthermore, stopping rules based
on expected rates of the news arrivals have clear economic interpretation. In a model
with failures, a player stops experimentation when the marginal benefit from staying
active equals the expected marginal cost. If the marginal benefit is higher than the
expected marginal cost at any time, the player never stops before the first failure is
observed (if ever). In a model with breakthroughs, a player stops experimentation
when the expected marginal benefit from staying active equals the marginal cost. If
parameters of a “good” and “bad” news models are such that the cutoff expected
rates of the news arrival are the same, experimentation in the “good” news model
lasts longer than in the “bad” news model, provided no news arrive in either model.

Another rather unrealistic feature of traditional Poisson bandit models is that
the value of an outside option (“safe” arm payoff) is the same no matter whether
this option is taken before any news arrive or after that. For example, one gets a
higher value for a used car if there were no recalls or negative consumers’ reports on
this make. Similarly, if one abandons a research project that generated no positive
outcome, the recovery value is smaller than in case of a successful project that ends,
for example, in patenting a new invention. To make our model more realistic, we
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assume that if one or both players exit before any failure happens, the recovery value
(the value of the outside option) they get is higher than the one which they can get
if they exit after a failure had revealed the “bad” quality of the tested project. This
loss in the recovery value may be due to a reputation loss or the cost of liquidation of
the research facility after a costly accident, or the costs a pharmaceutical company
has to pay in case patients testing new drugs develop side effects. While each of the
two active players is equally likely to suffer a cost of failure, both of them suffer the
loss of recovery value in case of a failure, no matter who incurs a failure. We show
that when the loss in the recovery value is sufficiently high, the value of a single
player is higher than a value of a player who exits first (the leader), but the value of
a single player is lower than the value of the player who exits second (the follower).
Similarly, in the “good” news model, we distinguish payoffs in case experimentation
stops before the first success was observed and after the first success was observed.
We also assume that the player who is the first one to observe a breakthrough gets
higher payoff than the other player.

Depending on parameters of the model with failures, the following subgame perfect
equilibria are possible in the corresponding stopping time game: (1) none of the
players find it optimal to stop unless the first failure happens; (2) the leader stops in
finite time, and the follower either exits later in finite time, or never unless the first
failure happens; (3) a symmetric equilibrium, where the players do not stop until the
optimal stopping time of the leader and then randomize in the interval between the
leader’s and the follower’s optimal stopping times. Type (3) equilibrium is Pareto
dominated by asymmetric equilibria of type (2), because in the former equilibrium
both players get the leader’s payoff, which is lower than the follower’s payoff. If there
is no loss in the recovery value in case of a failure, the follower optimal stopping time
becomes the same as the stopping time of the leader, so type (2) and (3) equilibria
collapse into one equilibrium, where the players stop simultaneously at the leader’s
optimal stopping time. Similar results hold in the model with breakthroughs.

The papers which are mostly close to our paper are Keller and Rady [20, 2I] and
Rosenberg et al. [28]. Keller and Rady [21] study the case of costly breakdowns that
arrive at the jump times of Poisson processes which are independent. Rosenberg et
al. [28] consider an irreversible exit problem in a model with breakthroughs with
correlated risky arms both in the case when payoffs are public and private.

The rest of the paper is organized as follows. Section [2| considers a stopping time
game in a “bad” news model. The detailed analysis of the game and construction of
subgame perfect equilibria are in Section[3] A stopping game in a “good news” model
is analyzed in Section [)] Generalizations for more general intensities of the news
arrival (humped bandits) are outlined in Section [6] Section [7] concludes. Technical
proofs are relegated to the appendix.
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2. CONSLUSIVE FAILURES

2.1. The setup. We consider the game of timing, characterized by the following
structure. Time ¢ € R, is continuous, and the discount rate is r > 0. T'wo symmetric
players experiment with risky projects, such as a nuclear technology, a defaultable
loan, or a new drug. The quality of the project depends on the state of nature
6 € {0,1}. If # = 0, the project is “good,” which means that it never fails. If § = 1,
the project is “bad,” which means that the player experimenting with this project
may incur costs when the project fails, which may happen at random times. Assume
that the (lump-sum) cost in case of a failure is C' > 0. The quality of the project is
not known initially. We leave for the future study the case when the players can have
projects of different types, and the types may be positively of negatively correlated
as in Rosenberg et al. [28] or Klein and Rady [22], and assume that the quality of the
project is the same for both players, so that if a failure happens to one of the players’
projects, both players know that their projects are “bad.” The initial common prior
assigns probability 7 € (0,1) to § = 0.

An active experimenting player gets a constant revenue stream rR > 0 as long as
no failure had been observed. This stream can be viewed, for example, as sponsored
research contributions, or revenue generated by a project net of insurance costs, or
mortgage payments. For simplicity, we assume that if the project is “bad”, then
after the first failure, the stream of revenues disappears (e.g., the sponsor withdraws
support from a pharmaceutical company as soon as a side effect of a new drug is
observed; the insurance company increases the premium to the extent that offsets
the revenue stream of a faulty technology; a borrower is not able to make monthly
payments after a default, etc). Given this assumption, experimentation after the first
failure becomes non-profitable, so the players stop experimenting as soon as they
learn that the quality of the project is “bad.”

Let 7; denote the random time of the first failure of player i’s project if § = 1.
We assume that 7; and 7; are i.i.d. Erlang(2,\) random Variableﬂ Note that the
expected time until the first failure is 2/\.

W.lo.g. assume that the game starts at ¢ = 0. At each point t > 0, player
i € {1,2} may make an irreversible stopping decision conditioned on the history of
the game. The value of an outside option (recovery value) in case of exit is S € [0, R)
if exit happens before the first failure is observed, and S — L if it happens at the time
of the first failure or later. Here L < S represents the loss in the recovery value due
to the fact that the “bad” quality of the project has been revealed. If S = 0, then
L < 0 can be viewed as an additional liquidation cost of the research facility. Set
C=C+L.

In the current setting, we consider the case when all payoffs, parameters of the
Erlang distribution, and the players’ actions are public information. W.l.o.g. assume

'The p.d.f. of Erlang(k, \) distribution for k > 1 and A > 0 is given by f(t) = \tF=te=7 /(k—1)!.
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that the game starts at ¢ = 0. At each point ¢ > 0, player i € {1,2} may make an
irreversible stopping decision conditioned on the history of the game. At any ¢t >
0, the history of the game includes observations of all failures (including the empty
set if no failures were observed by the players up to time ¢) and the actions of the
players. As far as the actions are concerned, only two sorts of histories matter in the
stopping game: (i) both players are still in the game; (ii) at least one player exited
the game.
Let T; € R, denote the exit time of player i. Define the function

N T, if T, <
ti(t):{ po M LSt

oo, otherwise.

Let ¢ denote a random time, when a failure of player i’s project occurred for the s
time. The history of observations at any ¢ > 0 is

O = {(r{ ) }srconm U{(75 ) }sr<conty-

If O; = {0}, then a typical history at time ¢ is hy(Oy, t1(t), Lo(t)). If T; < Tj, we call
player i the leader, and player j the follower. If O, # {0}, the game is over.

Definition 2.1. A simple strategy for player i € {1,2} in the game starting at ¢t = 0
is a function

gi : [0, 4+00) — [0, 1],
which is non-increasing, left-continuous with right limits (LCRL); and ¢;(0) = 1.

Following Laraki et al. [24], and Dutta and Rustichini [I3], for any time ¢ > 0,
define a proper subgame as the timing game that starts at the end of the history h;.

Definition 2.2. A simple strategy for player i € {1,2} in a subgame game starting at
t > 0 is a function

¢ [t,+o00) = [0,1],
which is non-increasing, left-continuous with right limits (LCRL); and ¢!(t) = 1.

It follows from Definitions and 2.2] that ¢;(¢) is the probability that player i
did not exit at time ¢ or earlier, and ¢!(s) is the probability that player ¢ did not exit
during [t, s], conditioned on being active at t. In either of the definitions above, we
allow for the case ¢;(+00) > 0 and ¢(+00) > 0, which means that player ¢ decides
not to exit ever with the positive probability ¢;(+00) and ¢}(+00), respectively, unless
a failure happens. Thus, the probability that the agent will not exit is ¢;(+o00)7 and
q!(+00)7, respectively.

Definition 2.3. A simple strategy of player i is called consistent, if for any 0 < ¢t <
th < s,

qi(s) = q/(t")q! (s). (2.1)
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2.2. Evolution of beliefs, “survival” probabilities, and rates of arrival. Let
T ~ Erlang(2,\). Use the following notation:

pa(t) = prob(r > t) = / Mse™ds = (M + 1)e ™,

t

Let 7; and 7; be i.i.d. Erlang(2,\) random variables. Then
pax(t) := prob(r; > t)prob(r; > t) = p3(t) = (At + 1)%e 2.

Consider any ¢t > 0 s.t. O = {0}. Given the prior belief 7, let py(7,t) denote
the “survival” probability (i.e., the probability of the event that no failure happens
before time t) if two players experiment with the project of unknown quality. Then
pa(7,t) is given by

pa(,t) =74 (1 — Wpaa(t) = 7 + (1 — 7) (Mt + 1)2e 2N, (2.2)
Function
[0,00) 3t = pa(T,t) € Ry
defines the time-inhomogeneous Poisson process with the rate of arrival

(Tt 2(1 — T)N2(1 + At)e M
)\d<77',t) _ _pd(Ta ) — 7( ﬂ-) — ( + )6 ) (23)

pa(m,t) T+ (1 —7)( At + 1)2e2M
Similarly, given the prior belief 7, let ps(7,t) denote the “survival” probability if
one player experiments with the project of unknown quality. Then py(7,t) is given

by

ps(T,t) =74+ (1 —7)pa(t) =7 + (1 — T) (At + 1)e™ M. (2.4)
Function
[0,00) 3t ps(T,t) € Ry
defines the time-inhomogeneous Poisson process with the rate of arrival

(7t 1 — ) \te M
)\S(,ﬁ_’t) — _ps(7_r7 ) = — ( zT) € . (25)
ps(m,t) T+ (1 —=7)(At+1)e M
Let mq(,t) (respectively, ms(7,t)) denote the belief that # = 0 at time ¢, conditioned
on no failures happened before t if two (respectively, one) players experiment(s) with
the project of unknown quality. Then the beliefs 74(7,t) and 74(7,t) are given by

ma(7, 1) = ) (2.6)
() = (2.7)

Observe that, for any ¢ > 0,
ra(7 ) = 7 (1a(7 ), ). (2.8)
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Remark 2.4. Equation ([2.8) can be generalized for the case of n players experimenting
with projects of unknown quality with i.i.d. random times of arrival of failures.
Namely, let mg(7,t) be the belief that § = 0 at time ¢, conditioned on no failures
happened before t if k players experiment. Then, for any ¢ > 0,

(T, 1) = m1 (M1 (7, 1), ). (2.9)
To see, why, let © be a solution to
(T, 1) = m (7, 1). (2.10)
We write as
T s

Equivalently,

whence

and ([2.9) follows.

2.3. Value functions and equilibrium. Consider the game that starts at ¢t = 0.
Rates of arrival given by and are continuous and equal to zero at ¢t = 0.
Therefore, none of the players has yet stopped at the start of the game. As the rate
of arrival A\y(7,t) increases, it may become optimal for one or both players to quit.
We will prove that, depending on parameters of the model, either the players do not
stop until the first failure happens, or the stopping rules in pure strategies are of
the threshold type - the players quit when the corresponding rates of arrival reach a
certain threshold from below; in addition, there may exist a time interval such that
(¢4, q%) continuously decrease from one to zero on this interval. Given a strategy
profile (q1, ¢2), one may observe the following outcomes: (i) none of the players stops
before the first failure; (ii) only one of the players stops before the first failure; (iii)
players stop before the first failure simultaneously; (iv) players stop before the first
failure sequentially. The first two outcomes are possible if the ratio r(R — 5)/C is
sufficiently high.

In order to define value functions of the players in this game, we will use the
following version of the definition of the Riemann-Stieltjes integral.

Definition 2.5. Assume that the following conditions hold

(i) ¢,V : [0,400) — R are bounded LCRL functions;
(ii) ¢ is of finite variation;

(iii) the singular continuous component of the Lebesgue decomposition of ¢ is trivial;

(iv) I is an interval of one of the following forms: (a,b), [a,b), (a,b], [a, b], [a, +00), (a, +0),

where 0 < a < b < 400 or a union of non-intersecting intervals of this form.
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Define
[veda = [ved@ass Y e, @
I I t;el:Aq(t;)#0
where Ag(t;) := q(t; +0) — q(t;).

Let G;(7,t) denote the instantaneous expected payoff flow of player ¢ if none of the
players stopped until time ¢t > 0. Let F;(7,t) denote the expected value of player i
if player j stopped at time ¢, and player ¢ did not. From now on, we will consider
the simple strategies qi, g2, whose singular continuous components of the Lebesgue

decompositions are trivial. Given the strategy profile (g;, ¢;), the value of player ¢ in
the game that starts at ¢ = 0 is

Vi(T;qi,q5) = /000 e "pa(7, )G (T, 1) qi(t) g (t)dt (2.12)
+/ e "'pa(m ) Fi(7, 1) q;(t) (—dg; (1))
{t=0 | Aqi(t)=0}

N /0 T a7, £)Sq () (—dgi(t)).

Later we will show that G;(7,-) and F;(7,-) are continuous and have finite limits as
t — oo, hence, V(7;¢q;,q;) is well-defined and finite. Note that the second integral
in takes into account jumps in g¢; only, and the last integral takes into account
jumps in g; only as well as simultaneous jumps in ¢; and g;.

Definition 2.6. A strategy profile ¢ = (g;,¢;) is a Nash equilibrium for the game
starting at ¢ = 0, if for every (7,7) € {(1,2),(2,1)}
4) =

sup Vi(7; ¢, G;)-

qi

Vi(75 G, q

A profile of consistent strategies ¢* = (q;, ¢;) is a subgame perfect Nash equilibrium
(SPE) if for every t > 0, ¢' is a Nash equilibrium in the subgame that starts at ¢
(when payoffs are discounted to time t).

3. MAIN STEPS OF SOLUTION

Once one of the players has quitted experimentation, the other player faces a
non-strategic stopping problem, which can be easily solved. Thus, when considering
subgame perfect equilibria, we will first examine subgames when one of the play-
ers has stopped, and then move to subgames where neither player has quitted as
yet. To simplify the notation, we suppress the dependence of value functions on the
other player’s strategy. Since the players are symmetric, we also drop the subscripts
identifying the players.
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3.1. Follower’s problem. Consider a subgame that starts after the history such
that no observations arrived, and only one of the players has stopped. Suppose, this
happened at time ¢. Then the remaining player (the follower) chooses a strategy qjc
satisfying conditions of Definition [2.2] which solves the following problem:

7 — su Ooe— (t'—t) ps(ms(@, 1), 1) r (7 INZ /
F(7.1) p[/ (O (R (7, 0).0)(8 - O

t)Ps 7TS<7T t),t) t (gt
+S / —dq;(t)) ]|, 3.1
pd( T t,) ( Qf ( )) ( )
where the first integral is the expected present value (EPV) of the payoff while the
follower is active, and the second integral is the EPV of the payoff, when the follower
exits prior to the first failure.
Introduce the notation

_ r(R=0S5)
A 4= 0222 (3.2)
As(mo(m,1),1) = max A(m(7, 1), 1), (3.3)

(A, 7,6:T) = C /t e po(mo (7, 1), 1) (A — A (mo(7,8), ) dt'. (3.4)

Lemma 3.1. The value of the follower, given by equation (3.1)), can be equivalently
written as

F(r.t) = 8 (3.5)

Cert /°° Y
T Sup @_r DPs(Ts 7_1—7t ’t/ A_ >‘s Ts ﬁ-at 7t, qt t/ dt/
P ) (A M) ) (0)

+

The first term in representation is the value of immediate exit; the second
term is the option value of waiting. See Section for the proof.

Let 7 > t denote the time of the first failure of the project if the quality is “bad.”
Since experimentation is not profitable after the first failure, we have ¢%(#') = 0 for
all ' > 7. In all the theorems below, the optimal strategies qA} (t') are conditioned on
t' < 7. For the brevity of exposition, we omit multiplication of the strategies by the
indicator function 1,<.

Theorem 3.2. If A > AS(WS(TT,t)), the only optimal strategy of the follower is
g(t) =1, V' >, (3.6)

and
rt

F(m,t) =8+ O(7,t; +00). (3.7)

pd(ﬁ-a t)
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FIGURE 1. Illustration for Lemma Parameters: 7 = 0.3, A = 1,
A =0.3,t; =0.651 - exit time of the leader.

Proof. Under condition A > A(m,(#,t)), the integrand on the RHS of (3.5) is non-

negative, and positive in a neighborhood of +00. Hence, the integral is maximized

with the choice (3.6). O
Lemma 3.3. Let A < A(n,(7,t)). Then (a) the equation
A= Ns(ms(7,8),t') =0 (3.8)

has exactly two solutions 0 < ti(A, ms(7,t)) < tus(A, ms(7,1)).

(b) t:(A,ms(7,t)) is the local mazimum of ®(A, 7, t;-); tus(A, ms(7, 1)) is the local
minimum of ®(A, T, t;-).

See Fig. [1] for illustration.
Proof. (a) The equation (3.8]) can be rewritten in the form

at' — b= e,

where a > 0, b < 1. Such an equation has either two solutions, or one, or none, and
any solution is positive. Under condition A > A,(ms(7,t)), the graphs of functions
t' +— at’ — b and t' — e do not intersect, under condition A = A (m(7,t)), the
graphs are tangent, and under condition A < Ag(ms(7, 1)), the graphs of functions
t' +— at’ — b and t — ™ intersect at two points.

(b) If 0 < t5(A, ms(7, t)) < tus(A, ms(7, t)) are solutions to (3.8)), then it is easy to see
that the LHS in (3.8)) is positive if ¢ < ¢ or ¢’ > t.,; and it is negative if ¥ <t < t,.
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Since ®(A, 7,1, -) is increasing (respectively, decreasing) iff the LHS in (3.8]) is positive
(respectively, negative), (b) follows. O

Lemma 3.4. For any t > 0, there exists a unique A%(ms(m,t)) € <O,As(7rs(7?,t))>
s.1.
O(A, T, t;+00) <0 o A< Al(ns(7,t)).

Proof. Fix (7,t), and suppress the dependence on (7,¢) in the notation A,, tx(A),
A% For A < A, consider

DA, 7t (A +00) = C [ e py(my(@, 1), ) (A — M\ (mo(7,8), ) dt'. (3.9)
t5(A)

The integrand in increases in A. Furthermore, while A remains below AS, the
integrand is negative in a right neighborhood of tX(A), and t¥(A) moves to the right
as A increases. Hence, the integral in is increasing in A. As a function of A,
the integral is positive at Ay by continuity, it is also positive in a left neighborhood
of A,. In the limit A — +0, the integral becomes negative. Hence, there exists
A* e (0, As) s.t. the integral in is negative for any A < A¥, and positive for any
A € (A%, A,). By monotonicity of ®(A, 7, t*(A); +00), this A* is unique. O

Theorem 3.5. Let A < A,(n (7, t)). Then

(1) if A > Ai(ms(m,t)), the follower never exits before the first failure, and the only

optimal strategy is (3.6]);
(2) if A < Ai(ms(m,t)) and t < t5(A,ms(m, 1)), the follower exits at t5(A, ms(7,t)).
The only optimal strategy is

won )L U E (A (7, 1)),
qf(t)_{(), t' > t5H(A, my(7,t)); (3.10)

(3) if A= A%(ms(7,t)) and t < t5(A, 74(7,t)), then, for any q € [0, 1], the strategy

g )L e (A (T, 1)),
qf(t)_{q, t' >t (A, (7, 1)), (3:11)

s optimal, and any optimal strategy is of the form (3.11));
(4) if A< Ai(ms(m,t)) and t > t3(A, m5(7,t)), then the only optimal strategy is

gt =0, t' > t; (3.12)
(5) if A= A%(ns(7,t)) and t > t5(A, 7s(7,t)), then, for any g € [0, 1], the strategy
gt =q, vVt >t (3.13)

s optimal, and any optimal strategy is of the form (3.13]).
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Obviously, cases (3) and (5) are non-generic, while the rest of the cases in Theorem
are generic ones. All statements of the theorem are immediate from the following
Lemma.

Lemma 3.6. Let the following conditions hold

(i) Fy is a piece-wise continuous function and 3B > 0 and r > 0 s.t. |Fi(t)] <
Be "t VYt > 0.
(i1) Function Fy defined by

Fy(T) = /t "R

has a finite number t <ty <ty < ---t, < 400 of points of the global mazimum.
(ii1) q : [t,+00) — [0,1] is a non-decreasing LCRL function with the trivial singular
continuous component, s.t. q(t) = 1;

Then the problem
+o0
V= sup/ Fi(tq(t"dt'
a Jit

where the supremum is taken over the class of function satisfying (iii), has solutions
of the form

1, telttl,
Gt =<q, te€itil],i=12,....n—1, (3.14)
0, t >t,,

where 1 > q1 > G > -+ > G, > 0, and any optimal solution is of the form (3.14]).

Proof. Integrating by parts, we obtain
+oo
Vo= “R(0)+ RGoouto0) + [ Ra(t)(~dalt)
t

+o00
— R(od)aoc) + [ Rt)(-datt),
t
and the statement follows. O

The critical value A% is s.t. for all A < A%, t¥(A) is the global maximum of
(A, 7, t;-). If A > A% the global maximum of ®(A,7,t;-) is at T = +oo. If
A= A, ®(A, 7, t;-) (which is a non-generic case) has two maxima - 7" = t%(A) and
T = 4o00. The statements of Theorems and imply that, in a generic case,
the follower may find it optimal to exit at the same time as the leader, never to exit
before the first failure, or exit some time after the leader’s exit unless the first failure
happens earlier. Let ¢y = t¢(A, 7;t) denote the optimal stopping time of the follower,
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which may be t, t5(A, ws(7,t)), or +o0o. Then, in a generic case, we can write the
follower’s optimal strategy as

1, ety
At (o) ) s Uf D
Qf(t):

0, Zf,>tf;

and the follower’s value as

ert

pd(ﬂ, t)

Corollary 3.7. Ift < t¥(A,ms(m,t)) and A < A%(ms(7,t)), the follower’s optimal
strateqy is

F(m,t)=8S+ O(A, 7, t;ty). (3.15)

() = 1, ¢ e (tt (A m (1),
s 0, ' >t(A (7, 1));

and
rt

F(m,t)=S5+

(A, 7, (A, 1 (7, 1)) (3.16)

pd(ﬂ-a t)
Hence, the follower exits at time t%(A, ws(7,t)) unless the first failure happens earlier.

Recall that tf(A,ms(7,t)) is the first time the rate of arrival A\ (7,¢;¢') of the
time-inhomogeneous Poisson process defined by the “survival” probability ps(7,t;t")
reaches its critical value A. In the literature dealing with two-armed Poisson bandits,
it is common to formulate stoping strategies in terms of critical beliefs about the
quality of the “risky” arm. In particular, in the case of failures, the beliefs about the
project being “bad” and the rate of arrival of the corresponding time-inhomogeneous
Poisson process are decreasing functions of time. To be more specific, these two func-
tions differ only by a positive factor. That is why, in that model, it is either optimal
to stop immediately, or never to stop before the first failure, and formulation of the
optimal stopping strategy in terms of the critical beliefs or the critical rate of arrival
is equivalent.

Comparing and , we see that
At/
(7,85 1) = o /\t’(l — (7, t;t')),
i.e., the rate of arrival is the product of 1 — 74(7,t;¢'), the beliefs about the project
being “bad”, which decreases in time, and the rate of arrival At /(14 At’) of the time-
inhomogeneous Poisson process defined by the “survival” probability p,(s’), which
increases in time. Hence, A\ (7,t;t') and 1 — my(7,t;t') may behave differently as
functions of time, and formulation of the optimal stopping strategy in terms of the
critical rate of arrival is more adequate than in terms of critical beliefs.
Also, notice that the critical level A\s(7, ¢;t') is achieved, when the marginal benefit
of staying active r(R — S) reaches the marginal expected cost A\ (7,¢;¢')C for the
first time. If the net expected marginal benefit (R — S) — \;(7,¢;t')C is positive
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for all ¢’ > ¢, it is never optimal to exit before the first failure (¢;(A, 75(7,t) = 00).
If the net expected marginal benefit is negative for ¢’ is a right neighborhood of ¢,
then it is necessary to calculate the net expected life-time benefit and exit either
immediately (t;(A, ms(7,t) = t) if the net expected life-time benefit is negative) or
never (ty(A,ms(7,t) = +00) if the net expected life-time benefit is positive).

3.2. Value of player i. Consider a subgame starting at ¢t > 0 after a history such
that none of the players has yet acted. Consider the value function of player 7 in such
a subgame. We have

Vi, t:ql, qt) = /Ooe (=g PalT, ¥) Gi(m, g () gt (¢ dt' (3.17)
] ) 1 j (ﬁ t) M 1 J
(t’—t)pd(ﬁ-at,) F (7. ) at (¢ t(yl
— 7 5 q; t _dq t
/{ e AT . ()~ 1)

+/OO o t)pd - ﬂSQﬁ'(t')(—de(t'))’

(7,)

where, as before, G;(7,t') is the expected payoff flow that player i gets when both
players are experimenting. The flow G;(7,t') has several components. The revenue
flow is rR; if a failure happens to one of the players, then this player pays the cost
of failure ', but both players suffer the loss L in the recovery value. Assuming that,
if the project is bad, the players are equally likely to incur a costly failure, we can
write

Gi(7,t') = rR+ \(7,t)(S — L — 0.5C).

Recall that we set C' = L 4+ C, which is the total loss in case of a failure. Therefore,
the expected payoff in case of a failure can be written as S — 0.5(L + C'). Introduce
k= (L+C)/C, then k € [1,2), where x = 1 corresponds to the case L = 0 - no loss
in the recovery value; Kk — 2 as C' — 0. Given this notation, we rewrite

Gi(7,t') = rR+ X\(7, 1) (S — 0.5C).
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Lemma 3.8. We have
Vi(m tiqlqf) = S (3.18)

+pd(7_r,t)/t [Ce_”/pd(fr,t') (A —0.56Mq(7, 1)) g5 (1)
~O(A, 7, (A7) (g ()] g ()t
Y AR AR (A (1)
Pa(T 1) ¢ >t
Aq@'@) =0
Agy(t) # 0
— ST Se (qE) + AE)) (~Agy(t)).
palT >t
Agi(t') #0
Ag;(t) #0

See Section [8.2] for the proof.

4. EQUILIBRIA

4.1. SPE, where both players stay until the first failure. Let

Ag= Ay(r,7) =05k max (T, 1), (4.1)
and .
Uk, A, 7, t:T) = C / e pa(F ) (A — 0.5k M7, ) dF. (4.2)
t

Let 7 > t denote the time of the first failure of the project if the quality is “bad.” Since
experimentation is not profitable after the first failure, we have ¢;(t') = ¢i(t') = 0
for all ¢ > 7. In all the theorems below, the optimal strategies i (') (i € {1,2})
are conditioned on ¢’ < 7. For the brevity of exposition we omit multiplication of
strategies by the indicator function 1,<..

Theorem 4.1. If A > Ay(k,7), then for any t > 0, the following profile is a SPE in
the subgame starting at t: fori,j € {1,2}, i # j:
B =d(t) =1, >t (43)

and
rt

Vi(m, t:45, ;) = V(7. 645, 45) = S + (K, A, 7, t;+00). (4.4)

pd(ﬂ-at)
See Section for the proof. Theorem states that if A = r(R — S5)/C is

sufficiently large, then in a SPE, the players stop simultaneously at the moment of
the first failure if the project is “bad,” or never if the project is “good.”
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FIGURE 2. Illustration for Lemma Parameters: 7 = 0.3, A = 1,
A=03r=12.

Lemma 4.2. Let A < Ay(k,7), then
a) the equation
A—058Xg(7,t) =0 (4.5)
has two solutions t(k, A, T) < tw(k, A, T) s.t. ti(k, A, ) is the local mazimum,
and toq(K, A, ) is the local minimum of V(A,7,t;-).
b) th(k, A, ) < ty(r, A, ms(m,t5)) for all k € [1,2) and A < A4(k, T), and the equality
holds only if Kk = 1.

See Fig. [2| for illustration. See Section [8.4] for the proof.

Remark 4.3. Lemma [4.2] implies that

(i) In any subgame that starts at time ¢ < tj = t(k, A,7) (we suppress the
dependence of ¢} on (k, A, 7) in order to simplify the notation) after a history such
that none of the players has yet acted, none of the players will find it optimal to exit
before t}, because

(A, 7, 1) = A—0.56M\(7, 1) (4.6)
is positive for all t < ¢ < t}. To understand why, recall that
CY(A, 7, t')=r(R—2S)—05c\(7,t')C

is the net expected marginal benefit of each player, when two players keep experi-
menting. It is not optimal to stop while the net marginal benefit is positive.
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(ii) If one of the players (the leader) decides to exit at time ¢} = t}(k, A, 7), the
other player (the follower) will find it optimal to stay longer (may be until the first
failure if ¢;(A, 74(7,t;)) = o0). The only case when the follower finds it optimal
to exit together with the leader at t}(k, A, 7) is when x = 1, i.e., when there is no
loss in the recovery value due to a failure. To see why, recall that if a player exits
the game in finite time, the optimal stopping rule can be formulated in terms of the
critical value of the corresponding rate of arrival (i.e. the point where the expected
net marginal benefit is zero). If there is only one player, this critical level is A, if there
are two players, this critical value is 2A/k. If kK = 1, the corresponding critical levels
of rates of arrival are achieved simultaneously. If £ > 1, the critical rate of arrival for
two players is achieved earlier than the critical level for a single agent (the follower).
That is why the follower delays his/her exit if the leader exits at t}(x, A, 7).

We have the following analog of Lemma [3.4]
Lemma 4.4. There exists a unique A% = A%(k,7) € (0, Ag(k, 7)) s.t.
U(k, Ay, T, th; +00) =0, (4.7)
and V(k, A, 7, th;+00) > 0(=0,< 0) if A > A(= Al < AY).
Proof follows the proof of Lemma line by line.

Theorem 4.5. Let A > Aj(k,7), then for t >0, (4;,q;) given by (4.3) is a SPE,
and the payoffs are given by (4.4).

Proof. If A > A} = A%(k,7), the function V(k, A, 7,t,T) is maximized at T' = +o0.
Hence if player j plays qA;i, the best response of player i is to play ¢¢ and vice versa.

By definition, W(Aj, 7, t5; +00) = 0, hence for any ¢ > tj, V(A 7, t;+00) > 0,
hence it is never optimal to exit before the first failure happens, hence (g, cjj) given
by is a SPE. If t < ¢}, it is never optimal to exit earlier than at ¢}, because
U(k, A, 7 t,T) is increasing in T if T' € (¢,t5]. Since V(k, A, 7, th; +o0) = 0, the
players are indifferent between exiting at ¢}; and staying until the first failure happens
as long as they exit or stay together, but exiting at ¢} simultaneously is not an
equilibrium, because if one of the players exits at that time, the other player has an
incentive to wait until ¢;(A, 75(7, t})) is reached. O

4.2. Symmetric SPE, where players stop before the first failure. Let A<
Al (k,7), and let Ty = Ty(k, A, 7) > t(k, A, ) be the solution to

U(k, A, 7, Ty, +00) = 0.
Then, for t < Ty, U(k, A, 7, t,+00) < 0, and for t > Ty, U(k, A, 7, t,+00) > 0.

Theorem 4.6. Consider a subgame that starts at t > Ty(k, A, 7)) after a history
such that none of the players has yet acted, then for allt > Ty(k, A, 7)), (4;, ;) given

by (4.3) is a SPE, and the payoffs are given by (4.4]).
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Proof is the same as the proof of Theorem
Let A < AY(k,7), k> 1, and let T¢(A, 7 t) =1inf{t' >t | t;(A, ms(7, 1)) =1t'}.

Lemma 4.7. T;(A, 7; 1) is independent of t > t(k, A, 7) such that t (A, 74(7,t)) > t.

Proof. 1f t;(A, my(7, ') > t' for all ¢/ > t, then T;(A,7;t") = 4oo for all ¢/ > t.
Otherwise, T§(A,7; 1) is the first zero above ¢ of the function ¢’ — t (A, my(7, 1)) —
t. U

Thus, we may write Ty(A, %) rather than TF(A,7;t). If Tp(A,7) < Ty(k, A7),
then in the interval [Tf(A, 7), Tu(k, A, 7)), experimentation is not optimal either for
one or for two players, so for any subgame that starts at ¢ is the latter interval, the
SPE equilibrium is ¢;(t') = ¢j(t') = 0, for all ¢’ > ¢.

Consider the case when Ty(A, 7) < Ty(r, A, 7). Introduce functions

Us(t) = Ug(A, 7, t") = e py(7, t)Cy(A, 7, t)
Ui(t') = ®A Tt t(A (T, 1)),

and consider the Cauchy problem

Up(t)alt,t') — U, (t’)%(t, #) =0, (4.8)

subject to «a(t,t) = 1, with ¢t as a parameter.

Lemma 4.8. a) Function a(t,-) is well-defined on [t,T}).
b) Ast' — Ty, a(t,t') L 0.
c) Fort <ty <t' <Ty, a(t,ti)a(t,t') = at,t)

Proof. a) We have a(t,t') = exp (I(t,t')), where

I(t,¢) = /t g‘ig; dy.

b) Function U is continuous and negative on (t,Ty]; U; is positive on (t,T;) and
Ui(Ty) = 0. Furthermore, using the implicit function theorem, we obtain that ¢
tr(A, ms(m, t")) is differentiable, hence, U, is differentiable as well. We conclude that
0 < Uy(t') < O(T;—t'), where C' > 0 is independent of ¢’ € [t, T}). Hence, as t' — T},
I(t,t') - —o0, and «(t,t') | 0.

¢) It suffices to note that

o [ o= ([ ) o= 1010
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Theorem 4.9. Let A < A%(k,7), & > 1, and Tf(A,7) < Ty(k, A, 7). Consider a
subgame that starts at t € [ti(r, A, 7), T¢(A, 7)) after a history such that none of the
players has yet acted. Then, there exists a symmetric SPE given by the following pair
of simple consistent strategies:

) ) alt,t)), tet.THA R
Q) = 3) = {0< b (4.9)
The players payoffs are
Vi, td;, ¢5) = Vi(7, i, G5) = S. (4.10)

Proof. We apply Lemma . If agent j follows the strategy (4.9)), then 1) there are
no jumps Agt, and all the jump terms on the RHS of ([3.18)) are 0; 2) the integral on
the RHS of (3.18)]) is 0 for any choice of ¢!. Hence, any deviation gives the same value
S. O

Theorem 4.10. Let A < A%(k,7), & > 1, and Ty(A,7) < Ty(k, A, 7). Consider a
subgame that starts att < t(k, A, T) after a history such that none of the players has
yet acted Then, there exists a symmetric SPE given by the following pair of simple
consistent strategies:

1, t < th(k, A7)
Gt = §(t) =  alti(s, A, m),1), 1€ (tis, A7), Tr(A 7)) (4.11)
0, t' > Tp(A, 7).

The players payoffs are
rt
pd(ﬁ-7 t)

Proof. We apply Lemma [3.8] If agent j follows the strategy (4.11)), then 1) there are
no jumps Ag‘, and all the jump terms on the RHS of (3.18) are 0; 2) the integral in

the RHS of (3.18)) can be written as
U(k, A, t;t5) + VU (k, A, 7T, t5, Tf),

Vi(m, t;45, ;) = V(7. 645, 40) = S + (K, A, 7t 15). (4.12)

where the second term is 0 for any choice of ¢f. Hence, any deviation gives the same

value as in (4.12)). O

Remark 4.11. a) Since a(t, Tj(A, ) — 0) = 0, functions ¢! = q; are continuous.

b) The values at ¢} are the same as if both players exit at ¢ = ¢ but the simultaneous
exit at t}; is not an equilibrium.

¢) The symmetric equilibrium is inefficient: it is dominated by each of the asymmetric
equilibria that we characterize in the next Section.

It remains to mention a special case, when the symmetric SPE is efficient.
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Theorem 4.12. Let A < A}(k,7), k = 1. Consider a subgame that starts at t <
ty(k, A, ) after a history such that none of the players has yet acted Then, there
exists a symmetric SPE given by the following pair of simple consistent strategies:

1, ' <tikAT)
4 t/ _ t/ _ 5 — Yd\"r 4D 4.13
q;( ) q]( ) 07 t/ Z t:l(ﬁaA?ﬁ-) ( )
The players payoffs are
Tt

pd(ﬂ-a t)
If k =1, then t3(1, A, 7) = ty(A, ms(7, 1)), hence simultaneous stopping is a SPE.
4.3. Asymmetric equilibria with precommitment.

Theorem 4.13. Let A < A%(k,7), & > 1, and Ty(A, 7) < Ty(k, A, 7). Consider a
subgame that starts at t € [th(k, A, 7),Tf(A, 7)) after a history such that none of the
players has yet acted. Then there are two asymmetric equilibria given by the following
pairs of simple consistent strategies: for (i,7) € {(1,2),(2,1)},

Gty =0, vVt' > t, (4.15)

and

{1, t' e (t,Tr(A,7)], (4.16)

0, ' >TsA,T).
The players payoffs are

Vi(m 66, @) = S, Vi(7, t:Gi, ;) = F(m,1).
Proof. Follows immediately from the fact that experimentation is not optimal for two

players, but optimal for one player if ¢ € [t}(k, A, 7), Tf(A, 7)). O

Corollary 4.14. If the same type of equilibrium is played in any subgame that starts
att € [ty(r, A, ), Ti(A, 7)), then the strategy profile (4.15)-(4.16) is a SPE.

Indeed, if player j precommits not to stop in any subgame that starts at ¢t €
[tZ(K,A,ﬁ),Tf(A,ﬁ)), then player i's best response is to stop first. On the other
hand, if player ¢ will be the first one to stop, then player j’s best response is to be
the follower.

Theorem 4.15. Let A < A%(k,7), & > 1, and Tf(A,7) < Ty(k, A, 7). In a subgame
that starts at 0 < t <t} = ti(k, A, T) after a history such that none of the players has
yet acted, there are two asymmetric equilibria given by the following pairs of simple
consistent strategies: for (i,7) € {(1,2),(2,1)},

qLt) = {1’ re (&gl (4.17)

‘ 0, t'>ty
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FIGURE 3. Tllustration for Lemma [4.17} Parameters: 7 = 0.3, A = 1,

A=03k=12.
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The players payoffs are
Tt
Vi(m,t:40,4)) = S+ ——-V(k, AT, ¢ L), 4.19
( q q]) pd(ﬂ',t) ( d) ( )
rt
Vi(m tqt,q¢) = F(mth) + ———V(k, A 7, tth). 4.20
J( ]) ( d) pd(ﬂ-,t) ( d) ( )

Proof. Let player i play the strategy (4.17)), then the best response of player j is the
strategy (4.18) as the optimal follower’s strategy that we derived in Section . Let

player j play the strategy (4.18), then W(k, A, 7, ¢,7T") is maximized at t = t}(k, A, 7).
By Lemma , the strategy (4.17)) is the optimal strategy of player i.
O

Corollary 4.16. If Tf(A, ) < Td(fi, A, 7) and the same type of equilibrium is played
in any subgame that starts at t € [th(k, A, 7),Tf(A, 7)), then the strategy profile

[17)-(@S) is o SPE.

An advantage of being an ostrich. We finish the section with the study of the role of
information externality in the stopping game with conclusive failures. To this end,
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FI1GURE 4. Dependence of optimal stopping times on 7. Parameters:
A=1,A=03k=12.

consider a single experimenter with the value function

Vi(m) =S+ Coup [ e "pu(mt) (A - A(m,t) an(t
Qs 0

Let t, = ts(A, T) be the single player’s optimal stopping time, which may be finite or

infinite. If ¢4(A, T) < 400, then it is the smallest solution to

A= \(7,t) =0. (4.21)

Lemma 4.17. For any @ € (0,1), there exists k*(7) € (1,2) such that for any
k€ (K*(7),2) and any A < A5(T, k), th(k, A7) < t,(A,7) < t(A (7, 1)), and
V() is higher than the value of the leader in Theorem [{.15

See Section for the proof. See Fig. (| for illustration. In Fig. 4] we show
dependence of the optimal stopping times on 7, and in Fig. [4] - dependence of value
functions on 7.

5. CONCLUSIVE BREAKTHROUGHS

5.1. The setup. In this Section, we consider the game of timing, characterized by the
following structure. Time ¢t € R is continuous, and the discount rate is » > 0. Two
symmetric players experiment with technologies of unknown quality. The quality
of a project depends on the state of nature § € {0,1}. If # = 1, the project is
“good,” which means that it generates positive revenues (breakthroughs). If § = 0,
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F1GURE 5. Dependence of value functions on 7. Parameters: \ = 1,
R=30,5=0,C=1xk=1.2,r=0.01.

the project is “bad,” which means that the player experimenting with this project
will never be able to generate positive revenues. Experimentation is costly, and the
stream of experimentation costs is rC for each player, independent of the quality of
the project. The initial common prior assigns probability 7 € (0,1) to 6 = 0.

Let the quality of the project be the same for both players, so that if one of the play-
ers observes a breakthrough, both players know that their technologies are “good.”
For simplicity, assume that if the project if “good”, both players stop experimenta-
tion after the first success had been observed (provided that both are active at that
moment). Further assume that, if the project is “good”, the player who is first to
succeed gets Ry > 0, and the other player gets Ry € (0, Ry). Thus, there is an ad-
vantage to generating the success first (though, in this stylized model, this advantage
is independent of the players’ actions), which can be interpreted as an opportunity
to file a patent. The other player can sell the research facility for Ry, just knowing
that the project is good, but it would be necessary to pay for the right to use it.
If a player exits before the first observation of a success, then the recovery value is
R3 € (0,(R; + R2)/2) - i.e., without any “good” news, the player can still sell the
research facility, but since the quality of the project remains unknown the value of
the outside option is less than the expected value at the time of the observation of
the first success.
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Let 7; denote the random time of the first breakthrough of player ¢ if § = 1.
We assume that 7; and 7; are i.i.d. Erlang(2,\) random variables. Note that the
expected time until the first breakthrough is 2/\.

In the current setting, we consider the case when all payoffs, parameters of the
Erlang distribution, and the players’ actions are public information. W.l.o.g. assume
that the game starts at ¢ = 0. At each point ¢ > 0, player i € {1,2} may make an
irreversible stopping decision conditioned on the history of the game. At any t >
0, the history of the game includes observations of all failures (including the empty
set if no failures were observed by the players up to time t) and the actions of the
players. As far as the actions are concerned, only two sorts of histories matter in the
stopping game: (i) both players are still in the game; (ii) at least one player exited
the game.

Let T; € R, denote the exit time of player ¢. Define the function

; {E if T; < t,

oo, otherwise.

Let 77 denote a random time, when a breakthrough in player i’s project occurred for
the s'* time. The history of observations at any ¢ > 0 is

O = {(7{ ) }sr<onm, U{(13 ) }sr<ints-

If O, = {0}, then a typical history at time ¢ is h;(Oy, ,(t), t2(t)). If T; < T}, we call
player i the leader, and player j the follower. If O; # {0}, the game is over.

From Section [2.1], we borrow Definitions [2.1] 2.2] of simple strategies and Definition
2.3]of consistent strategies. The evolution of beliefs, “survival” probabilities and rates
of arrival are given by the corresponding equations in Section [2.2]

5.2. Value functions and equilibrium. Consider the game that starts at ¢ = 0.
Assume that

4 t / / Rl + R2 / T
sup / e "pa(m, ) ( Ma(m, t)———— —rC | dt' + e " pa(7, T)R3 | > Rs. (5.1)
7>0 \Jo 2

Then it is optimal for both players to experiment until the expected rate of arrival
reaches its maximal value

~

ta(T) = arg max Aq(T, ¢),

and for some time after that. We leave for the future work the analysis of different
scenarios, when given parameters of the model, it may be optimal to start experimen-
tation for two players, but not for one, and vice versa. As the rate of arrival A\y(7, )
starts decreasing, it may become optimal for one or both players to quit. We will
show that the stopping rules in pure strategies are of the threshold type - the players
quit when the corresponding rates of arrival reach a certain threshold from above;
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in addition, there may exist a time interval such that (¢!, ¢}) continuously decrease
from one to zero on this interval.

We show that if Ry > Rj3, then, when a certain critical level of A\4(7,t) is reached,
it is optimal for both players to exit. If Ry < R3, then the simultaneous exit is not
an equilibrium, and three types of equilibria are possible.

Assume that if the project is “good” and both players keep experimenting, the
players are equally likely to observe the first success. Let G;(7,t) = 0.5\q(7, t)(Ry +
Rs) — rC denote the instantaneous expected payoff flow of player ¢ if none of the
players stopped until time ¢t > 0. Let F;(7,t) denote the expected value of player i
if player j stopped at time ¢, and player ¢ did not. From now on, we will consider
the simple strategies qi, g2, whose singular continuous components of the Lebesgue
decompositions are trivial. Given the strategy profile (g;, ¢;), the value of player ¢ in
the game that starts at ¢t = 0 is

wm%@>=‘[iﬂmw@awwmw%wﬁ (5.2)
+/‘ e "pa(7, 1) Fy (7, 1) (£) (—day (1))
{t>0 | Aqi(t)=0}

+Amewmaw&%m@@w»

Later we will show that Fj(7,-) is continuous and has the finite limit as ¢ — oo,
hence, V(7;¢q;,q;) is well-defined and finite. Note that the second integral in ([5.2))
takes into account jumps in g; only, and last integral takes into account jumps in g;
only as well as simultaneous jumps in ¢; and g;. We will use the same equilibrium
concepts as in Definition [2.6

Once one of the players has quitted experimentation, the other player faces a
non-strategic stopping problem, which can be easily solved. Thus, when considering
subgame perfect equilibria, we will first examine subgames when one of the play-
ers has stopped, and then move to subgames where neither player has quitted as
yet. To simplify the notation, we suppress the dependence of value functions on the
other player’s strategy. Since the players are symmetric, we also drop the subscripts
identifying the players.

5.3. Follower’s problem. Consider a subgame that starts after the history such
that only one of the players has stopped. Suppose, this happened at time ¢. Then
the remaining player (the follower) chooses a strategy q} satisfying the conditions of
Definition which solves the following problem:

[e’e] — /
F(7,t) = sup { / e—’“@’—ﬂq;(t')w(As(ws(ﬁ,t),t')}zl—m)dt’
t

gt pa(7, 1)
vy ps(ms(T, b))
+R/ o= P (M) ey 5.3
) palm F) (—dq;(t)) (5.3)
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where the first integral is the expected present value (EPV) of the payoff while the
follower is active, and the second integral is the EPV of the payoff when the follower
exits prior to the first failure.
Introduce the notation
4O+ Ry
Ry — R3
Similarly to Lemma [3.1] we obtain

Lemma 5.1. The value of the follower, given by equation (5.3)), can be equivalently
written as

F(z,t) = Ry (5.4)

(Rl - R3)ert /OO —rt’ — ! — ! t (gl /
— 0 s e po(me (7, 1), 1) (N (s (7, 1), ) — A) ¢4(t)dt.
EN) q}pt ps(ms(, 1), 1) (As(ms(7, 1), ') — A) g5 (t')

The proof is analogous to the proof of Lemma|3.1] The first term in representation
is the value of immediate exit; the second term is the option value of waiting.
Since As(ms(7,t),t") — 0 as t' — +oo, the follower exits either instantly if either
As(s(7,1),') < A and t is to the right from the point £, = arg maxy s A (7s(7, 1), ');
or t < t, and maxys; ®(A, 7, t;T) < 0, where

q)(A7 ™t T) = (Rl - R3) [ e_rt/ps(ﬂ—s(ﬁ—7 t)? t/> (As(ﬂ—s(ﬁ—a t)? t/> - A) dt,;

(in the case of equality, it is also optimal to wait until the local maximizer T is
achieved). Otherwise, the follower exits at time Ty = T(A, 74(7,t)) < 400, Ty > t,
which is the largest solution of the following equation

Ao(my(7,),T) = A. (5.5)

Thus, the follower’s exit time t; = t;(A, ms(7,t)) can equal to t or T,(A, ms(7,t)). In
a generic case, we can write the follower’s optimal strategy as

() 1, Vt/gt’gtf(A,ﬂ's(ﬁ',t)),
0, Vt>tf;

and the follower’s value as

ert

F(t) =S+ s

B(A, 7 1t (A, (7, 1)), (5.6)

5.4. Value of player i. Consider a subgame starting at ¢ > 0 after a history such
that none of the players has yet acted. Consider the value function of player ¢ in such
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a subgame. We have

Vi, tiq,q;) = / Ooe_r(t,_t)p—d(fi’t,)Gi(ﬁ,t’)qf(t’)Q§(t’)dt’ (5.7)
t pd<ﬂ-7t)
> —r(t— pd(ﬁ,t/) N T, Lyl
+f TP R, #)gl (1) (g (1)
[>t | Agt(t)=0} pa(7, ) ’

= fr(t’ft)pd(ﬁ-at/) N g t(a]
# [ e B Rl ) (i),
F;(7,t') is the value of the follower, and G;(7,t") = 0.5X4(7,t')(Ry + Re) — rC' is
the expected payoff flow that player ¢ gets when both players are experimenting.
Introduce

Ry — Ry
Ry — R3
If Ry > R3 (even if you know that you will be not the first to succeed, it is non-
optimal to give up the project of unknown quality), then x > 1. If Ry < R3 (it is
better not to succeed if the project is of unknown quality, then when the project is
known to be “good”), then 0 < k < 1. If Ry 1 Ry, then 1 2. (Recall that Ry = R,
means that no loss if you are not the first to succeed if the project is “good”).

The following result can be proved in the same manner as Lemma [3.8]

k=1+ (5.8)

Lemma 5.2. We have

V(T t:qf,q)) = Rs (5.9)

+pd(7_T, ) /t [(Rl — Rg)e*”/pd(fr, ) (0.5xMg(T, 1) — A) q§(t')]
(A1t (A, 7 ) )] g ()

A ey tlgt: (A, 7, 5t (A, 7, 1)g (t) (= Ag; (1))
A%’(?) =0
Ag;(t') #0

D . gt | Rse™™ (gi(t) + Agi(t) (—Ag;(t)).
Agi(t') #0
Ag;(t') #0

Since A\g(7,t") — 0 as ' — 400, it is non-optimal to experiment jointly either
after time ¢ or after time T = t4(k, A, T) < 400, which is the largest solution of the
following equation

0.56Aq(7, T) = A. (5.10)
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FIGURE 6. [llustration for Lemma (c). Parameters: A = 1, A =
0.157=0.25k =1.2.

The conditions for the instantaneous exit can be derived in the same way as in the
case of failures. We consider the more interesting case, when ¢t < t4(k, A, 7), and, for
all t < ty4(k, A, ), it is non-optimal to stop the joint experimentation.

Lemma 5.3. Let t < ty(k, A, 7). Let T,(A, ms(7,tq)) denote the largest solution to
(B.5) for t = ta(k, A, 7). Then
(a) The graphs of functions 0.5X\q(7,t) and \s(7s(7,tq),t) have two points of inter-
section: att =0 and t = tq(k, A, 7).
(b) Fort e (0,ty(r, A, 7)),
As(ms(T, 1), t) < 0.5A4(7, 1).
(c) If K > 1, then Ts(A, ws(T,tq)) < ta(k, A, ), hence both players exit at ty(k, A, 7).
(d) If k < 1 the Ts(A, ms(T,ta)) > ta(k, A, T), hence the leader exits at t4(k, A
and the follower exits at T5(A, ms(7, t4)).

The proof of (a) and (b) is the same as the proof of Lemma [8.3] The validity of (c)
and (d) follows from (a) and (b), and it is evident from Fig.[6|and Fig. [7] respectively.

Theorem 5.4. Lett < ty =tq4(k, A, ) and Ry > Rs. Then there exist a unique SPE
defined by
1, e (ttd,

5.11
0, t > tq. ( )

G(t) = q(t") = {
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0.157=0.25xk=0.9.

The players’ payoffs are
rt

—W(k, A, Tt ty), (5.12)

where
T !
U(k, A, 7, t;T) = / (Ry — Rg)e*” pa(T, t’) (0.56Aq(T, t') —A) dt’. (5.13)
t

Let Ry < Rs. Asin the case of failures, let T§(A, 7) = inf{t' >ty | t;(A, 7,(7, 1)) =
t'}. Then symmetric equilibria are formulated in terms of the solution of the Cauchy
problem.

Up(t) = U(A,7,t')= (R, — Rs)e ™ pa(7,t) (kAa(T, 1) — A),
Ur(t) = (kA 7t te(A ms(7, 1)),

and consider the Cauchy problem (4.8) subject to a(t,t) = 1. The statement and
proof of Lemma [4.§] are repeated word by word.
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Theorem 5.5. Let Ry < Rs. Consider a subgame that starts att € [ty(r, A, 7), Tf(A, 7;t))
after a history such that none of the players has yet acted. Then, there exists a sym-
metric SPE given by the following pair of simple consistent strategies:

. . t,t"), t e (t,TAT))
Ly = ey = )
6 (t) = 4;(*) {0, t'>Ty(A, 7).

The players payoffs are
V(7. 645, G5) = Vi(7. t:d;, G5) = Ry
Proof is the same as the proof of Theorem [4.9]

Theorem 5.6. Let Ry < R3. Then, in a subgame that starts at 0 < t < tg; =
ta(k, A, T) after a history such that none of the players has yet acted, there exists a
symmetric equilibrium.:

1, t € (t,tq]
G(t) = g(t) = { alta,t), t' € (ta, Tr(A, 7)) (5.14)
0, ' >Ts(A, 7).

The players payoffs are
ert
Vi(7, t; 48, q5) = Vi(R, 4,40, G5) = Ry + ———V (K, A, 7, t; tg). 5.15
(ﬂ— 4q; q]) ](T 4q; q]) 3+ pd(ﬁ',t) (K m d) ( )
The proof is the same as the proof of Theorem
There are also asymmetric equilibria, characterized in the following Theorems,
which can be proved in the same manner as Theorems and [4.15]

Theorem 5.7. Let Ry < Ry. Then, in a subgame that starts att € [ty(k, A, 7), Tr(A, 7))
after a history such that none of the players has yet acted, there are two asym-
metric equilibria given by the following pairs of simple consistent strategies: for

(i,5) €{(1,2), (2, 1)},

G =0Vt >ty (5.16)
and
R 1, t e (ttity)]
Ly ={ " AN 5.17
qj( ) {0, t' > tf<td). ( )

The players payoffs are
Vi(m,t:45,q;) = Rs,  Vi(7,1;4..4)) = F(7,1).

Theorem 5.8. Let Ry, < R3. Then, in a subgame that starts at 0 < t < tg; =
ta(k, A, ) after a history such that none of the players has yet acted, there are two
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asymmetric equilibria given by the following pairs of simple consistent strategies: for

(i,7) € {(1,2),(2,1)},
) — {1, t € (t,td), (518)

‘ 0, t' > ta,
and
1 t e (t,tr(tq)]
i)y =1" RN 5.19
(1) {0, t' > ts(tq). (5.19)
The players payoffs are
rt
Vi@, t:¢t,¢Y) = Rs+ —V(kr, A, 7,1t 5.20
(ﬂ-u 7qz7QJ> 3+pd('ﬁ,t) (Ka , T, 15 d)7 ( )
rt
Vi(m, t:qt,¢") = F(m,t Wk, A7ty 5.21
](ﬂ-a 7q17q]) (ﬂ-a d)_‘_pd(ﬁ_’t) (’%7 , T, L, d) ( )

6. EXTENSIONS AND GENERALIZATION

6.1. Hump-shaped distributions. The results of the paper derived for the case
when random times of news arrival are Erlang(2,\) random variables can be general-
ized if we take as a primitive of the model the rate of arrival of a time-inhomogeneous
Poisson process. Let the true rate of arrival of the news be A € {0, A;(t)}, where A;(?)
is the rate of arrival of some time inhomogeneous Poisson process. Common prior

assigns probability # to A = 0. Let 7 be a random time of the news arrival and
P, (£) = prob(t > t) = e Jo M@t

The expected arrival rate is

At = &

Lemma 6.1. a) Let 7@ € (0,1) and
(1/A)"(t) > 0, Vit>0, (6.1)
—(I/M)'(+0) > 7.
Then
(i) as a function of t, \(7,t) has the only global maximum t = £(7);
(i) N(7,t) is strictly increasing on [0,1(7)] and decreasing on [t(T), +00).
b) If (6.1) holds but (6.2) fails, then A\(7,t) is a decreasing function on R .

Suppose that n players experiment with projects of unknown quality, and the rates
of arrival of news are i.i.d. random variables. Let {7;}?_; be i.i.d. random times of
news arrival, and

Por, = 2 prob(r; > t) = py,.
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The expected arrival rate is

(1 = T)nAi(H)pax, (t)
T4 (1= 7)par, ()

(T, ) =

Lemma 6.2. a) Let 7 € (0,1) and
(1/A)"(t) > 0, t>0, (6.3)
—(I/M)'(+0) > nT. (6.4)
Then
(i) as a function of t, A,(7,t) has the only global mazimum ty :fn(ﬁ);
(11) Ao(T, 1) is strictly increasing on [0,t,(7)] and decreasing on [t,(7),+00).

b) If (6.3) holds but (6.4]) fails, then A\, (7,t) is a decreasing function on R..

If 7 < —(1/A)'(+0) < 400, then the qualitative behavior of the arrival rate
An(7,t) depends on n.

For a sufficiently large n, the arrival rate A, (7,t) is a decreasing function, and the
model is qualitatively the same as the exponential bandit model.

6.2. Classification of one-humped bandits. Next, we characterize different pos-
sible types of one-humped bandits. We start with the following preliminary remarks.
o If —(1/X1)'(4+0) = +o0, then (6.4 holds for any n.
o If 0 < —(1/A\1)(+0) < 400, then 1/ (¢) is bounded as t — 0, and A;(0) > 0.
e It is possible that A;(0) > 0, (6.3) holds but —(1/A;)'(+0) = +o0.
e If X (0) exists and ([6.3) holds, then \;(0) >0 < 0 < —(1/A1)/(+0) < +o0.

Definition 6.3. Let (1/X\)"(t) >0, Vt>0.
We call the bandit model defined by A\; a one-humped model of Type I, IT and III
if the corresponding condition below holds

I. A1(0) =0, and X{(0) exists, and it is finite;
II. A1(0) > 0 and X{(0) exists, and it is finite;
ITI. A;(0) > 0 and —(1/A;)(+0) = +o0.

6.3. One-humped bandits of Type I: further properties. An example: Erlang-
k bandits, k > 2.

Type I bandits have the properties that we used to study Erlang-2 bandits:

LA (m,t)/n < X(m,t), Vi>0,n>1.
2. For any k > 1,n > 1, there exists t(k,n) > 0 such that

KA (T, 1) /0 > AT, t), 0<t<t(k,n).
3. Let k € (1,n), and let £ = £(k,n) > 0 be a solution of the equation
KA\ (T, 1) /n = A(T, 1).

Then #(x,n) exists, and it is unique.



ERLANG BANDITS 35

6.4. One-humped bandits of Types II and III. Properties listed for Type I hold,
and equilibria of the same types are possible.

Depending on the parameters, the usual encouragement effect can be observed (as
in exponential bandit models).

An additional effect and type of equilibria (if r is sufficiently large): discouragement
(crowding out) effect: Im > 1 s.t.

(1) if n < m players are in the game at time 0, they will find it optimal to start
experimenting with the “bad news” technology;
(2) n > m players will not start experimenting unless n — m of them exit instantly.

In the game starting at ¢t = 0, mixed equilibria similar to the ones considered in a
subgame that starts at the optimal leader threshold (in the model with breakdowns)
are possible.

6.5. Multi-humped bandits. We call the model a multi-humped model, if A has
more than one point of local maximum. Examples

(a) the environment with some seasonality;
(b) if business cycle effects are taken into account;
(¢) endogenous multi-humped bandits.

6.6. Endogenous multi-humped bandits. Assume that the players plan to enter
the game with breakdowns at times 0 < t; <ty < ... <t, < t,41 := +00; this can
be an equilibrium outcome if, for example, players are asymmetric.

Then the rate of arrival A(7;t), which the players that are in the game face, is
defined as follows. For k =1,2,...,n and t € [tg, tgi1),

A(mit) = Amst —t).

Clearly, more than one hump is possible, and if the underlying one-humped bandit is
of Type II or III, then A exhibits jumps. Furthermore, in the model with breakdowns,
the expected cost C; at time ¢ is not of the form Ck,_1 A\, (7,t)/(n) (Kp—1 =14+ (n—
1)L/C). For player m, m < n, the expected cost is

Crna=CATt—tm)+L > ATt —t)).

1<j<n,j#m

7. CONCLUSION

I suggested a new model for strategic experimentation, where “good” or “bad”
news arrive at random times which are modeled as i.i.d. Erlang(2,)\) variables. The
initial value of the parameter A is not known, and can be either positive or zero.
Erlang bandits models are almost as tractable as exponential bandits models and can
incorporate such realistic features as dependence of the expected rate of news arrival
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on the time elapsed since the start of an experiment and judgement about the quality
of a “risky” arm based on evidence of a series of trials as opposed to a single evidence
of success or failure as in exponential models with conclusive experiments.

I considered strategic experimentation with Erlang bandits and

e Characterized SPE in a model with conclusive failures.

e Characterized optimal stopping strategies in terms of critical levels of expected
rates of arrival of time-inhomogeneous Poisson processes.

e Showed that depending on parameters of the model the following equilibrium
outcomes are possible:

(i) none of the players find it optimal to stop unless the first failure happens,

(ii) the leader stops in finite time, and the follower either exits later in finite
time, or never unless the first failure happens;

(iii) a symmetric equilibrium, where the players do not stop until the optimal
stopping time of the leader and then randomize in the interval between
the leader’s and the follower’s optimal stopping times;

(iv) players stop simultaneously (special case).

e Similar results hold in a model with breakthroughs.

e In a model with costly failures, it may be better to “become an ostrich” in
the sense that a player, who has to stop first in the asymmetric SPE, is better
off experimenting alone.

e Suggested a classification of humped bandits

e Showed that a wide class of humped bandits enjoy the same properties as
Erlang bandits.

In the future, I plan to extend the Erlang bandits model to inconclusive experiments,
correlated arms, private payoffs, and other types of humped bandits.
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8. APPENDIX
8.1. Proof of Lemma We start with the following result.
Lemma 8.1. Let the following conditions hold:

(i) f:1]0,4+00) = R be continuous and differentiable;
(ii) there exists B >0 and r > 0 s.t. |f(t)] < Be ™ YVt > 0;
(111) q satisfies the condtions of Deﬁm’tion and the singular continuous component
of the Lebesque decomposition of q is trivial.

Then
KmeXﬂMWDZf@ﬂw+lmeMWMﬂ (8.1)

Proof. By definition,

[wax—M@%=v1[mﬂwJMMf+ S F)(—Agt)),

>t

Aq(t) #0

and

~F(t)q(t) =(deuwmaw
- 1mcﬂw«ﬂyﬁh— S )~ Ag(r)

t'>t:
Aq(t') #0
= /t f’(t')cJ(t’)dt’Jr/t FW)q @t — > f(E)(—Ag(t)
t>t:
Aq(t) # 0

= [ s - [ ) ante)

Equation (8.1)) follows. O
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Using Lemma we rewrite the second integral in (3.1)) as

S/OO e—r(t’—t)pS(T(S( vt) t)(—dqt(t,))

pa(7,t)

e frt’ trn |~ e < d —rt / tigI\ 34!
= =S 5.0 00O+ S [ (). 0)) ¢
_ e’ = —rt’ T (7 _r p/s(WS(ﬁ>t)vt/) Tl g4/
=SSyt [ 00 (cre R ) d
= S+Sm/t e py(my(7, 1), 1) (=1 — A (mo (T, 1), ) ¢t ()t

Substitute the last expression for the the second integral in (3.1f), then

rt

F(7,t) = S+

o [ .0.6) (R = 8) - M (70,00 (1)

Dividing and multiplying the integrand by AC and using (3.2)), we arrive at (3.1)).

8.2. Proof of Lemma We start with the following result.

Lemma 8.2. Let the following conditions hold:

(i) f:[0,400) — R is continuous and differentiable;
(ii) there exists B> 0 and r >0 s.t. |f(t)] < Be "™ Vt > 0;
(iii) q;,q; satisfy the conditions of of Definition and the singular continuous
components of the Lebesgue decomposition of q;,q; are trivial.

Then
/ ()5 (1) (—das(t)) (3.2)
= _f / f QZ q]( ) t
/ FOat)(—dg#)dt — Y FE(—AG)Ag ().
' >t:
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Proof. Applying Definition 2.5, we obtain
a0 = [ a0
_ / T ) de — S FEY=AaG(t)g;(t))

' >t:
Aq(t)g;(t) #0

_ / P Oa(t)g ()i + / " gy ()t + / Ot de
S e Aa) - ) (—Ag ()

' >t: t'>t:
- Y fI(=AG)Ag(t)
>t
Ag(t') #0
Ag;(t") # 0

:/fqijdt/fq] —dg;(t'))

- /too F()a(®)(—dg; ()t — Y () (=Aq(t)Ag(t).

' >t:
Agi() #0
Ag;(t) # 0
Equation (8.2)) follows. O

Now we can prove Lemma in several steps.
Step 1. Rewrite the second integral on the RHS of (3.17)) as

= 7r(t’ft)pd(7_rat/)F (7 Nt tiy
e ———Fi(7, 1) q; (') (—dg;(t"))
/{t >t | Adgt(t)=0} pa(T, 1) ’

= Ooe_r(tl—t)pd(ﬁ-’t,) (7 Vg (P —ddt (Y
/t pd(fr,t)E( 1)q; (1) (—dg;(t')) (8.3)

_ fr(t’ft)pd(ﬁ-at/) (= Nt () (— N
Agi(t') #0
Agy(t) #0
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Substitute for F;(7,t') on the RHS of equation (4.13]). Then (8.3 becomes

h *T(t/*t)pd@?’t/) — N\ iyl t(y
€ —— Fi(7, 1) q; (') (—dg;(t
/{t’Zt | Adgt(#)=0} pa(7,1) i)

ert o8]

pd(ﬁ-vt) t
— ejt Z (Se—”t'pd(ﬁ,t’)+<I>(A,7‘r,t’;tf(A,fr,t’)))qf(t’)(—qu(t’)).

(Se ™ pa(m,t') + (A, T, 5t (A,7,1)))gi(¢) (—dgj(t)  (8.4)

Agi(t') # 0

By definition,
/ (A, 75t (A7, )l () (—da (1))
t
_ / B(A, 7ty (A, 7, ) gl () (g (F) ) dt
t

Y AR (ARG (- Ag (1)),
>t

Therefore, we can rewrite (8.4) as

Jo s R R EEOO D) 65)
= pd(e; . /t (Se™ pa(m, ) () (—dd(#))
_pd(e; 52 STPER DG (=AG() (8.6)
7 >t
Agi(t') # 0
Ag;(t") # 0

Gy L ARSI
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Step 2. Using Lemma write the last integral in (3.17)) as

Ooe—r(t’—t)pd(ﬁ->t/) EOIN(— At (4

/ b TSl (1) (57)

- s e [ [ () e

- /t T e, )l ) (—da (#)) > e pa(F ) (= Ag (1) Adi(E))].
>t

Ag;(t') # 0
Agj(t') #0

Using the fact that ¢j(t) = ¢j(1) = 1, we rewrite (8.7)) as

Ooe_r(t’_t)pd(ﬁ7t,) t N(_ t / —

/t Pd(ﬁ,t)sqy(t)( dg;(t')) = S (8:8)
1% [/t e " pa(m, ) (=1 — Xa(7, 1) ¢ () gl (t')dt!

- [T OGN~ S e nam )(-Ad(AGED)]

' >t:
Agi(t') #0
Agj(t') #0

Adding (8.5)) and (8.8)) to the first integral in (3.17]), we obtain

Vi, t g, ;) = S+

X Oole”/pd(ﬁ,t’) <T(R—S) M) q;-(ﬂ
—O(A, 7, 5t (A, 7, ) (g5 (1)) g (¢)dt’

— S (ATt (AT ) () (—Agy(t))
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It remains to use the notation A = r(R — C')/C to arrive at (3.18]).

8.3. Proof of Theorem [4.1] Notice that the proposed strategies are consistent.
Consider a subgame that starts at ¢ > 0 after such a history that no player has
acted as yet. Let player j follow the prescribed strategy . Then Aq§ (t') = 0 and
(¢5(t")) =0 for all 0 < ¢ < '. Player i chooses the best response g;(t') which solves
the following problem

sup C e pa(7, 1) (A — 0.56Mg(T, 1)) ¢t () dt'. (8.9)
) Jt
Let 1(A, 7, t) be given by (@.6). Since A > Ay(7), ¥(A, 7, 1) > 0 for all ' > t. Hence
the best response of player 7 to ¢} given by (4.3) is to play ¢*(t') = 1 for all ¢’ > .
Hence (q;, G5) given by (4.3)) is a SPE.

8.4. Proof of Lemma Straightforward calculations show that X,(7,¢) = 0 iff
t satisfies the following equation:

_2(M)2 -1

Tt 1)?
The LHS in is an increasing function, which is equal to —7 at t = 0, and tends
to 27 as t — oo. The RHS is a decreasing exponential function, that equals 1 — 7 at
t = 0 and tends to zero as t — oo. Hence the equation has a unique solution,
denote it 4. Since the LHS in is non-positive for ¢ < 1/(Av/2), we conclude
that t4 > 1/(\v/2). Furthermore, X,(7,t) > 0 for all t < t4, and X,(7,t) < 0 for all
t > 1y, hence t4 = £4(7) is the global maximum of \¢(7,t) on [0, c0).

Thus, A\g(7,t) is increasing in ¢ on {0 < t < #4(7)}, and decreasing in ¢ on {t >
tq(7)}. Hence for any A < Ay(7), equation has two solutions. Denote them
t:l = t;;(/ﬁ, A, 77') < lyqg = t*d(lﬁ, A, 77').

W = Ce Tpy(r, T)Y(7, T).
T <ti)(k, A7) or T > ty(k, A, ), then (7, T) > 0, hence V(A,7,t;T) is increas-
ing for such 7. If t%(k, A, 7) < T < t.a(k, A, 7), then (7, T) < 0, hence V(A, 7, t;T)
is decreasing for such 7'. Hence ¢t} is the local maximum, and ¢4 is the local minimum
of U(A, 7, t;).

The part a) is proved. To prove b), we need to make a more detailed argument.
Substitute for \g(7,t) in and write equation as

A (=Mt +1)

= (1—7)e M. (8.10)

el A1
e RN (1AM I? (8.11)
Denote y := At and introduce
_ 1—7 +1
9(T,y) = 1= myly+1) (8.12)

e (1—7)(y+ 7
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Evidently, g(7, At) is the RHS in (8.11)). Hence (8.11)) is equivalent to

% = g(T,y). (8.13)

Let y1 = y1(k, A, T) := At*d(k, A, T) be the smallest of the two solutions of (8.13)).
Similarly, we can write (3.8]) replacing As(ms(7,¢)) with (2.5):
A (1 — s (7, t5)) N\

N mEm )N+ (= m(m )M+ 1) (8.14)
Since - -
. T T
ms(ta) = T+ (1—7) (M + 1)eMa Jr (1—7)(y; + 1)ev’
we can write in an equivalent way as
&= s A7), ), (8.15)

where
_ o (1 —m)y(ys +1)
F(@ (ks A7) y) = 1=y + D)y +1)

To finish the proof, we need the following lemma.

Lemma 8.3. (i) Functions g(7,y) and f(7,y1(k, A, T),y) intersect only at two points:
y=0, andy = y;.
(é4) 9(my) < f(@u(k, A7), y) =y > p(s, A T).
v)

Proof. Write the equation g(7,y) = f(7,y1,y), where y; = (k, A, 7), using the defi-

nitions of f and g :

A-myly+1) A -myl+1)
TeW+(1—7)(y+1)2 7dentv+(1—-7m)(y1 +1)(y+1)

Obviously, y = 0 is a solution of (8.16)), and if y > 0, then (8.16) is equivalent to

(8.16)

y+1 B y1+1
e+ (1—m)(y+1)?  wentv+(1—m)(y+1)(y+1)
i
Ty + 1)+ (1 -0+ Dy +1)° = 7e®(y+1)+ (1 —a)(y + 1)y +1)°
i
ey +1) = ey +1)
)
‘ = ‘ <Y =1y

y+1 y1 + 1
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Straightforward differentiation shows that

dg(7,y) 1—m _ 2 =.2(9,2 — 1)] -
oy - GETA DI [(1—=m)(y+1) 2y* = 1)];  (8.17)
af(ﬁ-v Y1, y) _ (1 - ﬁ-)(yl + 1) 7 — e ty(y —
oy~ et oM D DR (DW= =D
We see that
09(@0) ;- (A-Mum+1) _ 0f(7 5,0
dy mevt + (1 —7)(y1 + 1) dy

By continuity,
8.9(7_7'7 y) 8f(ﬁ7 Y1, y)
>
dy dy
in a right neighborhood of zero. Hence g(7,y) > f(7,y1,y) in a right neighborhood
of zero. Since there is only one positive intersection of these two functions, g(7,y) >
f(ﬁaylay) for all Yy € (an1)7 and g(ﬁ->y) < f(ﬁ-aylay) for all Yy € (yb OO)

O

By Lemma 8.3}
_ _ A
f(7T7y173/1) - g<7r7y1) = m
If kK =1, then y; is also the smallest solution of (8.15)). If x > 1 and (8.15]) has two
solutions, say, z; < 29, then z; > y;. Therefore, the followers optimal exit time is
either z1 /A or oo, hence t;(A, my(7,t5)) > 5.

8.5. Proof of Lemma [4.17] Recall that if A < A%(k,7), the optimal stopping time
of the leader is given by equation (8.13)), where the function g(#,y) is given by (8.12).
Since A < A}(k,7), the leader’s optimal stopping time is finite, so if (A, 7) = 400,
then ts(A, 7) > t5(A, 7). Consider the case when t4(A, 7) < +o00. Let

o (1—7)y
oY) = T T D

then equation (4.21]) is equivalent to

A _
5 = 9s(Ty): (8.18)
Let k > 1 and Z = Z(k, T) be the positive root of the following quadratic equation:
722 —kwz— (k—1)(1—7)=0. (8.19)

Let § = g(k, ™) be the only positive solution of the equation

=Z.

Qﬁzlm,
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Lemma 8.4. (i) Graphs of functions kg(w,y) and gs(7,y) intersect only at y = 0,
and y =1y.

(i) kg(7,y) > g5(7,y) & y <g(k,7).
Proof. Write the equation kg(7,y) = ¢s(7,y) using the definitions of g, and g:
r(l—my(y +1) (1 -7y

R+ (1-m)(y+1)? 7+ (1—m)y+1) (8.20)

Obviously, y = 0 is a solution of (8.20). If y > 0, then (8.20)) is equivalent to

k(y+1) B 1
e+ (1—7)(y+1)2 7Tev+(1—7)(y+1)
)
rred(y+ 1)+ (1 —7)r(y+1)? = 7e® + (1 —7)(y+ 1)
)
/<;7_ry+1—|—(1—7_r)/<a = ﬁm—i—l—ﬁ

Setting z = e¥/(y + 1), we arrive at equation (8.19)), which has a single positive root.
Straightforward differentiation shows that

89 T K(l — ﬁ) o 2 = 2y 2 .
Ka—y(ﬂ, Y) (e + (1 — 7)(y + 1)2)2 [(1 —7)(y+ 1) —7e(2y 1)} :
e (5,4) = S — 7 — el (y —
oy ™Y T Gera-me e =1l
We see that
k2 (7,0) = k(1 = p) > 1 — 7 = 22 (z,0).

dy dy
By continuity,
g ,_ 99s ,_
— >
"oy (7,) 2y (7,9)

in a right neighborhood of zero. Hence kg(7,y) > gs(7,y) in a right neighborhood of
zero. Since there is only one positive intersection of these two functions, kg(7,y) >
f(my) for all y € (0,7), and kg(7,y) < g:(7,y) for all y € (g, 00).

O

It is easy to see that \s(7,t) is decreasing in 7 for any ¢ > 0. Since 7s(7,t) > 7,
we have A\ (m(7,1),t") < \g(7,t") for any ¢’ > 0. Hence, f(7,y1,y) < gs(7,y) for any
y > 0and any y; > 0. For k = 1, f(7,y1,11) = g(7,11) = A, hence gs(7,y1) > A if
k =1, hence y, < y;.

Let

Ya(T) = arg ;relﬂ%fg(ﬁ Y).
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It is easy to see that if gs(7, 94(7)) < kg(7, ya(7)), then the point of intersection of

the two functions § > ¢4(7), which immediately implies that gs(7,v1) < kg(7, 1),
because y; < g4, hence y; < y,. Equivalently, t}; < t,. Let

(7)< 2T 94)
g(ﬂ-a yd)
Then for every k > k*(7), t}; < t;. Notice that k > x*(7) is a sufficient condition, but
not a necessary condition. It may be possible that ¢} < ¢, for some x € (1, K*(7)].
Next, we show that *(7) € (1,2). First of all, the ratio
95(7,y) me + (1-m)(y +1)°

o(Fy)  Fegr)+(A-my+1p b Tv0 (8.21)

because ¥ > 1+ y.
Next, it follows from (8.17) that g, is given by

(1= 7)(Ja +1)* = 7 (295 — 1),
and 9y € (1/4/2,1). Using this and (8.21)), we calculate

9s(7, 9a) me?d + (1 — ) (Ja + 1)°
9(7, Ja) meba(ga+1) + (1 —7)(ga + 1)
2g7e%

Ua+1+eva (292 — 1)
To establish the fact that x*(7) < 2, we need to show that

1 S
Ya+ 14 e¥e(2y5 — 1)

gaed Ja+ 1+ e%(297 — 1)

Ja+1+e%(g;—1)

14 e¥ (g, — 1)

o
S AN AN AN A

e_yd

A\

- Z)d )

which holds for any g, > 0. The inequality t,(A, 7) < t;(A, 74(7,t})) follows from the

fact that the optimal stopping time is increasing in the initial beliefs and 7 < 7,(7, t5).
It remains to show that if ¢};(A, T) < ts(A, ), then the leader’s value in Theorem

is smaller than the value of the single experimenter. Let player ¢ be the leader,
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and player j be the follower. We write
ts
Vim) = S+C [ ernmn (- A ) d,
0
ta
‘/;(77', 0, (ji, (j]) = 5 + C/ e_rtpd(ﬁ', t) (A - 0.5/1)\61(77', t)) dt,
0
By Lemma , for k > k*(7) and t < t3,

A= Xs(7,t) > A—0.56M(T, 1),
and ps(7,t) > pa(7,t) for all t. Hence V() > Vi(7, 0,4, §;).
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