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Abstract. A principal can relax the participation constraints of the agents by designing
the (otherwise off the equilibrium path) beliefs following disagreement using a mediation
device that, with a small probability, manipulates the messages received from the agents
to originate spurious rejections that are correlated with their announcements. The par-
ticipation constraints can be further relaxed if the mediation device is also used as a
joint randomization device that is designed to punish a genuine rejector. Applications to

collusion under private information are provided.
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1 Introduction

Suppose that you want to establish a binding agreement with a privately informed rival, in an
environment in which no commitment is possible regarding subsequent behavior in case of disagree-
ment. Suppose also that you can use a mediator who is able to mimic rejection of the agreement
by your rival, so that you never distinguish a genuine rejection from a spurious one. The purpose
of this paper is to show how, and to what extent, such a mediator generates additional incentives
for your rival to accept the agreement by credibly threatening to induce in you the disagreement

beliefs and subsequent behavior that are the most adverse for him.

In the kind of economic relationship that is investigated, one of the parties, the principal, has the
power to design the structure of the interaction, while the other party, the agent, can only accept
to participate under the rules defined by the principal or reject to participate and take an outside
option. In many environments where the agent has private information about his type, the form
of interaction that is optimal for the principal consists in making a “take-it-or-leave-it” proposal

of a menu of contracts that is incentive compatible and individually rational: each contract in the
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menu is designed for one possible type of agent, in a way that makes it optimal for the agent to

pick the contract designed for his actual type than choose another contract or reject the proposal.

We will focus on situations in which the outside option of the agent involves subsequent strategic
interaction with the principal. For example: when a firm proposes a collusive agreement to a rival
that has private information about its own efficiency or about demand; when a bidder proposes
a pre-auction arrangement to a rival that has private information about the value of the good or
procurement contract that will be auctioned; when a contender offers a bribe to an opponent that
has private information about his skills; when a plaintiff proposes a settlement to a defendant that
has private information about his degree of negligence, or when a defendant proposes a settlement

to a plaintiff that has private information about the magnitude of the damages.

In such settings, the value of the outside option for the agent depends on the information that is
inferred by the principal from the agent’s rejection of the menu of contracts. This information may
harm or benefit the agent, depending on whether it encourages or discourages aggressive behavior
by the principal. For example, if rejection of a collusive agreement conveys the information that
the agent is very efficient, then, in a subsequent interaction where firms simultaneously choose
quantities to produce, the principal will expect a high output from the agent and will, therefore,
choose a low output. This increases the value of the outside option for the agent, which means

that the information content of the rejection tightens the participation constraints.

Unable to precommit to behave very aggressively in the outside game, the principal would like
to at least be able to precommit to interpret a rejection in the worst possible way for the agent,
that is, in the way that induces the principal’s subsequent behavior to be as aggressive as possible.
This would decrease the value of the outside option for the agent, and thus relax the participation
constraints. However, it is hard to conceive how can the principal precommit to some future
beliefs, or, to put it in another way, how can the principal control the information that is released
from the rejection of a proposal. Perhaps surprisingly, this kind of commitment or control is shown

to be viable if the principal can use a mediator who is able to mimic a rejection by the agent.

Before bringing the mediator to the picture, let us look more closely at the game that results
from a given proposal: knowing his type, the agent picks a contract from the menu or rejects
to participate; in case of rejection, principal and agent simultaneously choose an action.E] In a
sequential equilibrium in which the proposal is always accepted, we can interpret the strategy of
the principal as a punishment threat whose credibility is sustained by the beliefs following rejection
that are prescribed by the equilibrium. The fact that rejection never occurs on the equilibrium
path implies that, if we adopt sequential equilibrium as the solution concept, any beliefs following
rejection are admissible as long as they are common knowledge. This is good for the principal in the
sense that there always exists a sequential equilibrium in which beliefs following disagreement are

those that minimize the agent’s payoff in the outside game. However, an appropriate refinement

!The consideration of an outside game with multiple stages would obscure the analysis.



may rule out particularly incredible beliefs and the corresponding punishment strategies |

For example, suppose that the outside game is a quantity-setting duopoly in which the agent
has private information about his efficiency, and consider a sequential equilibrium in which the
principal believes, following an off-the-equilibrium-path rejection of a menu of collusive agreements,
that the agent has the lowest possible efficiency. Unfortunately for the principal, those beliefs will
typically be untenable in the sense of not being neologism-proof. If there is any type of agent, other
than the least efficient type, that is indifferent between accepting or rejecting the proposal, this
type of agent will belong to a credible set of rejectors (set of types that are better off rejecting if
the principal believes that this is the set of types that reject). Therefore, it would be unreasonable
to believe that the agent has the lowest possible efficiency level. Whenever, as in this example,
appropriate refinements rule out the beliefs following rejection that are the worst for the agent,

the corresponding punishment loses its credibility, rendering the participation constraints tighter.

Now assume that the principal can offer a menu of contracts to the agent through an incentiveless
mediator (a consultant, lawyer, machine or computer software) that is able to mimic a rejection
by the agent. After the agent chooses a contract, with a probability that depends on the chosen
contract and that is common knowledge, the mediator sends to the principal a message of rejection
and the deal is off. Exactly the same message is sent if the agent rejects the menu of contracts,
thus the principal will not be able to distinguish a genuine rejection from a spurious rejection. As
we will see, the agent would always like the principal to believe that the rejection was genuine. It

is crucial for the principal that the agent cannot prove that a rejection was genuine.

With recourse to such a mediator, the principal can design the (otherwise off-path) beliefs that
result if the agent rejects the menu of contracts. The only restriction is that beliefs must be
common knowledge. Turning disagreement into an event that occurs on the equilibrium path, the
mediator allows the principal to bypass all refinements that are based on restrictions of beliefs

formed off-path, which could constrain her by ruling out implausible beliefs following disagreement.

If the outside game is a quantity-setting oligopoly, the principal would like to commit to believe
that an agent that rejects her proposal has the lowest possible efficiency. Therefore, she should
instruct the mediator to mimic rejection (with a small probability) if and only if the agent picks
the contract designed for the agent with the lowest possible efficiency. As a result, rejection — by
the mediator, through misrepresentation of the agent’s decision — occurs in equilibrium, and thus
beliefs following disagreement are no longer formed off-path. A genuine rejection is misinterpreted
by the principal as a spurious rejection produced by the mediator through the manipulation of
the choice of an agent with the lowest possible efficiency, as this is the only kind of rejection that

occurs on-path. Hence, the principal will believe that the agent has the lowest possible efficiency.

The introduction of a mediator perturbs the incentive compatibility constraints whenever the

2For example, the intuitive criterion (Cho and Kreps, [1987), some version of divinity (Banks and Sobel, 1987;
Cho and Sobel| [1990), neologism-proofness (Grossman and Perry, (1986} [Farrell, [1993), stability (Kohlberg and
Mertens, [1986), forward induction (van Dammel |1989), or undefeatedness (Mailath et al., [1993)).



choice of contract influences the probability of spurious rejection.rf] Fortunately, this perturbation
can be made arbitrarily small because any strictly positive probability of spurious rejection, no
matter how small, is infinitely greater than the probability of a genuine rejection (which is zero in
equilibrium). Hence, any menu of contracts that is strictly incentive compatible without manip-
ulation remains strictly incentive compatible after the introduction of a mediator that generates
the desired beliefs. Strictness of incentive compatibility is not a severe requirement in the sense
that a menu of contracts that is incentive compatible can be approximated by one that is strictly

incentive compatible (as long as there exists a strictly incentive compatible menu of contracts).

The participation constraints of the agent can be further relaxed if the mediator is able to send
private signals to the principal and the agent accompanying the (spurious or genuine) announce-
ment of a rejection. The ability to use the mediator as a randomization device, when playing a
mixed strategy in the outside game, may benefit the principal even if the agent has no private
information. The principal should instruct the mediator to act as a trustworthy randomizer when
the rejection is spurious but not when the rejection is genuine. After a genuine rejection, the
mediator should recommend to the principal the worst action for the agent among those in the
support of the mixed strategy that is played after a spurious rejection. The principal obeys the
recommendation because she believes that the rejection has been spurious and that the mediator

has drawn the recommendation according to the mixed strategy equilibrium distribution[]

For example, suppose that the outside game is a complete information all-pay auction with a cap
on bids in which only principal and agent participateE] Under the assumption that the valuation
for winning of the agent is greater than that of the principal, and that the cap on bids is greater
than half of the principal’s valuation, the unique equilibrium of this game is in mixed strategies
with mass points at the cap, such that the agent wins the auction with a probability that is greater
than 50% and makes an expected payment that is lower than the cap. In such an environment,
the principal can commit to the harshest possible punishment by instructing the mediator to
draw a recommendation in accordance with the mixed strategy equilibrium if the outside game is
reached after a spurious rejection, but recommend a bid equal to the cap with 100% probability
whenever the rejection is genuine (the principal obeys the recommendation because she presumes
that the rejection has been spurious, and that the mixed strategy equilibrium of the outside game
is being played). Facing such a punishment, the agent may either bid the cap and win with 50%

probability or bid zero. Such an extreme punishment would not be credible without the mediator.

More generally, the ability of the mediator to send private signals to principal and agent together

with the announcement of a rejection allow the principal to use the mediator as an informed joint

3The exception is when the probability of spurious rejection is independent of the agent’s choice of contract. In
that case, disagreement reveals no information about the agent. This may be a foundation for passive beliefs.

4A similar mechanism has been used by Kandori (1991) and [Mailath et al.| (2002) in the context of repeated
games with private monitoring and imperfect public monitoring, respectively.

5This game was analyzed by |Che and Gale| (1998b) in their study on political lobbying. See also (Che and Gale
(1998a)), (Gavious et al.| (2002), [Szech| (2015)) and |Olszewski and Siegel (2016)).



randomization device that is designed to punish a genuine rejector (off the equilibrium path). In
the presence of such a mediator, the outside game that follows a spurious rejection becomes an
extended outside game in which the principal and the agent first receive private signals from the
mediator, who has become informed about the type of the agent through the agent’s choice of
contract, and then choose a possibly mixed actionE] The private signals sent by the mediator after
a spurious rejection can be assumed, w.l.0.g., to constitute a stochastic profile of recommendations
of actions to be chosen in the outside game that is incentive compatible, i.e., that principal and
agent have interest in obeying. Such a stochastic action profile can be designated as an Informed
Mediator Bayesian Correlated Equilibrium (BCE!) of the outside game, which is, by definition, a
Bayesian Nash Equilibrium (BNE) of the extended outside game]|

Keep in mind that, after a spurious rejection, the set of incentive compatible distributions over
profiles of recommendations is the set of BCE! of the outside game for given beliefs (which can
be designed by the principal). After a genuine rejection (which does not occur in equilibrium),
the principal presumes that the rejection has been spurious and obeys any recommendation from
the mediator that she would obey after a spurious rejection. This means that any action that
belongs to the support of a BCE! of the outside game for some beliefs is a credible punishment
threat. Furthermore, since the recommendations and the induced beliefs can be concealed from

the agent, any mixture over such actions is also a credible punishment threat.

When the principal interacts with multiple agents, she can use the mediator to design the
disagreement beliefs of the principal and the acceptors about the types of all agents. For example,
suppose that the disagreement beliefs that are worst for a rejector consist in each of the other
players believing that everyone else has the lowest possible efficiency. To generate such beliefs
(approximately), the principal should instruct the mediator to generate a spurious rejection with
a small probability, €y > 0, if all agents choose the contract designed for the agent with the lowest
possible efficiency (in short, announce the lowest efficiency); and with an even smaller probability,
say €, > 0, if all agents except one announce the lowest efficiency. Following a rejection, an
acceptor that did not announce the lowest efficiency will believe that all the other agents have the
lowest efficiency. An acceptor that has announced the lowest efficiency will believe that, with a

probability that converges to one as €; — 0, all other agents have the lowest efficiency.

This means that, when there is more than one privately informed agent, the ability of the
mediator to mimic a rejection allows the principal to generate disagreement beliefs that violate
the “no signaling what you don’t know’ condition (Fudenberg and Tirole, 1991). Such beliefs

would not be consistent in the absence of a mediator Fl

6Such an extended game was the subject of recent research by [Bergemann and Morris| (2013, |2016)).

"Bergemann and Morris| (2013} 2016) designated this notion of correlated equilibrium in which an omniscient
mediator is employed as Bayes Correlated Equilibrium. In the taxonomy provided by [Forges (1993), where the
mediator knows everything that agents know but not more than that, this notion is designated as Bayesian solution.

81n a sequential equilibrium, beliefs formed off-path must satisfy “no signaling what you don’t know”. If types
are independently distributed, this implies that a deviation by one agent does not influence beliefs about the other
agents. See |Fudenberg and Tirole| (1991]).



With multiple agents, as in the single-agent case, the ability of the mediator to send a profile of
private signals with a distribution that depends on the input messages received from the agents is
very powerful. It allows the mediator to induce principal and acceptors to obey any distribution
over action profiles such that any action that is recommended to a player is also recommended
to the same player in some BCE! (each action can belong to the support of a different BCE! and
even BCE! with different underlying disagreement beliefs).

Trembling mechanisms do not allow the principal to design the beliefs of the rejector. Moreover,
since the anticipated behavior of a genuine rejector does not influence the behavior of acceptors
(because a rejector is genuine with zero probability), any information that the mediator transmits
to a genuine rejector can only increase his payoff, by allowing him to condition his best-response
on that information. Hence, a genuine rejector should not receive any relevant signal from the

mediator, and thus retain his prior belief and best-respond to the punishment.

Two caveats are worthwhile remarking. The first is that limited commitment is crucial: if the
acceptors and the principal remained constrained by the mechanism in case of a rejection by
some other agent, the harshest possible penalty could be imposed on the deviator. The design of
disagreement beliefs explained above is only relevant in scenarios in which the principal cannot
constrain neither himself nor the acceptors to follow the rules of the mechanism unless it is
unanimously accepted. The second caveat is that we focus exclusively on equilibria in which agents
always accept the principal’s proposal. There may exist equilibria without full participation in
which agents have higher expected payoffs. In such equilibria, spurious rejections that occur with

a small probability would be insufficient to determine disagreement beliefs.

The remainder of the paper is structured as follows: the relation with the literature is described
(Section 2); the model is introduced (Section 3); the single-agent case is analyzed (Section 4); the
analysis is extended to the multiple-agent case (Section 5); illustrative examples are provided, and

possible applications are described (Section 6); and concluding remarks are made (Section 7).

2 Literature review

2.1 Theory: mediated mechanism design

Myerson| (1982)) established the revelation principle for generalized principal-agent problems, where
agents (besides having private information about their own characteristics) choose actions that
cannot be contracted upon. This means that a principal can restrict her choice of a coordination
mechanism to those that are direct and incentive compatible: each agent is asked to report
his information, and receives a private recommendation of an action to choose; the profile of
private recommendations is drawn according to a distribution that depends on the reported type
profile, which is such that each agent is better off reporting his type truthfully and obeying the

recommendation if all other agents report truthfully and obey the recommendations made to them.
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To reconcile our setting with the environment of [Myerson, (1982), we can treat our mediator as
the principal and our principal as an additional agent.ﬂ The mediator asks each agent to report
his type, and recommends to each agent a pure strategy in the subsequent game. Each agent
is recommended to choose the contract designed for his type, and, in case another agent rejects
the proposal, choose the action in the outside game that minimizes the payoff of the rejector.
This relaxes participation constraints as much as possible. The problem is that obedience may be
optimal when expecting that the proposal will be accepted by all agents but become suboptimal

after a zero-probability rejection is observed (Selten) [1975; Kreps and Wilsonl, [1982)).

Since we are concerned with situations in which the threat of minimaxing a rejector is indeed
not credible, our setting should be framed as a multistage game with communication (Myerson,
1986; Forges, 1986)F_Ul In this framework, the revelation principle still holds, but the fact that
the concept of Nash equilibrium is insufficiently restrictive becomes more transparent. Myerson
(1986) imposed an additional requirement of sequential rationality in the spirit of Kreps and
Wilson (1982).EI Addressing the critiques by |Cho and Kreps| (1987) and others, who proposed
refinements of sequential equilibrium based on restrictions on the formation of beliefs off-path?,

we impose a stronger refinement by requiring that all information sets are reached on-path.

For all information sets to be reached on-path, we need a mediator who is able to generate any
signal that agents can receive as a result of a deviation by the other agents. In our setting, this
means that even if we allow an agent to transmit a public signal rejecting the proposal, we assume
that the mediator can mimic this public signal. It is this signal jamming by the mediator that

allows all information sets that result from a genuine rejection to be reached on-path[?|

Mediation has been shown to be beneficial in mechanism design with imperfect commitment by
the principalﬁ Assuming that the principal can commit to a first-stage decision (as a function of
the agent’s report) but not to a second-stage decision, |Bester and Strausz| (2007)) showed that the

principal benefits from using a communication device that, with some probability, manipulates

9Limited commitment by the principal is transformed, through mediation, in moral hazard on the part of agent.

10Tn our setting, a non-trembling mechanism defines the following multistage game with communication. In the
first stage: each agent reports his type and is recommended to choose the contract designed for his type. If all
agents choose a contract, the resulting grand contract is enforced; if some agent rejects the proposal, his rejection
is announced. In the second stage (which is only relevant in case of a rejection), each agent is recommended an
action to carry out in the outside game. A trembling mechanism can be seen as a mediated stochastic mechanism
in which rejection by some agent deterministically implies reversion to the outside game, while acceptance by all
agents may either lead to the enforcement of the chosen grand contract or to reversion to the outside game.

WMyerson| (1986) showed that sequential rationality is satisfied if and only if codominated actions are never rec-
ommended to any player in any event. Loosely speaking, an action is codominated if and only if its recommendation
implies that some player will gain from deviating, independently of the communication mechanism.

12Gee, for example, Grossman and Perry (1986), [Kohlberg and Mertens| (1986), Banks and Sobel| (1987), van
Damme| (1989), Mertens| (1989, 1991)), |Cho and Sobel| (1990), Blume et al.|(1991)), Farrell (1993)), and Mailath et al.
(1993)). See also |Govindan and Wilson| (2005) and the references therein.

13The term signal jamming was first used in game theory by [Fudenberg and Tirole| (1986)).

In our setting, limited commitment by the principal can be bypassed in the sense that the principal can be
treated like any other agent that receives a recommendation and chooses an action that cannot be contracted upon.



the report of the agentE] Mediation also helps to provide incentives for effort provision in partner-
ships (Rahman and Obaray, 2010).[?] By secretly appointing an agent to act as a budget-breaker
by paying a large sum to the others if the outcome is good, even if the appointment only occurs
with a small probability, effort can be incentivized while preserving budget-balance[l’] In strategic
information transmission (Crawford and Sobel, [1982), it is also beneficial to introduce a mediator
that manipulates the communication between the informed party and the decision-maker (Golts-
man et al.; 2009). In fact, even noise can be beneficial (Blume et al., 2007).@ Finally, the benefits
of mediation have also been highlighted in the literature on repeated gamesF_g] Kandori (1991)
and Mailath et al.| (2002) pointed out that an imperfect monitoring technology can contribute to
sustaining an equilibrium by working as a trustworthy randomization device on the equilibrium

path, but an unreliable one off the equilibrium path (in a way that punishes a deviator).@

2.2 Applications: mechanism design with an outside game

Based on the intuition that rejecting to participate in a mechanism signals characteristics that
influence the outcome of the outside game, Cramton and Palfrey (1995) proposed a two-stage
mechanism in which the decision to participate is prior to the actual play of the mechanism. In
the first stage, firms either accept or reject the mechanism. If the mechanism is unanimously
accepted, firms move to the second stage, in which they report their types and an outcome is
enforced as a function of the type profile. If some firm rejects the mechanism, the set of rejectors
is publicly announced, firms update their beliefs and play the outside gameEr] They proposed the
concept of ratifiability: an outcome is ratifiable if it is a sequential equilibrium of this two-stage

game with beliefs that satisfy neologism-proofness (Grossman and Perry| [1986; Farrell, 1993).

As an application, Cramton and Palfrey| (1995) showed that efficient collusion is not ratifiable

15A conclusion in the same spirit was obtained by [Mitusch and Strausz| (2005)). Bester and Strausz (2001) had
extended the revelation principle to the case of imperfect commitment, under the assumption that the principal
perfectly observes the report of the single agent.

16Strausz (2012) showed that the kind of contracts considered by [Rahman and Obaral (2010) are permitted in
the general framework of |Myerson| (1982).

1"Tn related contributions: Rahman| (2012) explained how an owner can incentivize a supervisor to exert effort
by, with a small probability, secretly asking a worker to shirk and making a large payment to the supervisor if
he detects the deviation; while |[Rahman| (2014)) showed that a mediator can induce firms to abide by a collusive
agreement in an environment with imperfect monitoring by, with a small probability, secretly asking a firm to
produce at capacity, and making a large payment to the other firm if the resulting market price is relatively high.

8In the work of Blume et al.|(2007)), noise refers to a limited form of manipulation: with some probability, the
output message is drawn from a distribution that is independent of the input message. In the present model, a
probability of spurious rejection that is independent of the input message profile would result in the outside game
being played under passive beliefs: players would not learn anything from disagreement.

19See [Forges (1988)), [Lehrer (1992), Renault and Tomala (2004), [Tomala, (2009), [Mertens et al. (2015), and
Sugaya and Wolitsky| (2016[), among others.

20See [Kandori (2002)) and the references therein.

21The separation between a ratifying stage and a communication stage limits the payoff that the principal can

attain. In our setting, it would imply a probability of spurious rejection that is independent of the type profile,
and, hence, no learning from disagreement (passive beliefs).



when the outside game is Cournot competition with private information about costs 2| By rejecting
to participate in the cartel, a firm credibly signals that it is efficient, and this increases its profit
in the outside game (due to strategic substitutability). It is this anticipated increase in profit that

makes it optimal for the firm to reject to collude ]

Assuming a greater ability of the principal to structure the interaction, we obtain the opposite
result. The principal can design the beliefs following disagreement if she is able to merge the
ratification and participation stages and employ a mediator who is able to produce spurious
rejections that mimic genuine rejections. It is not only the result of Cramton and Palfrey| (1995)
that is inverted, but all the non-ratifiability results in the literature that rest on the inability of the
principal to control what is learned from disagreement. For example, non-ratifiability of efficient

collusive agreements in second-price auctions with participation costs (Tan and Yilankayaj, 2007)).

More generally, trembling mechanisms enlarge the set of outcomes that a mechanism designer
is able to induce when the outside option of the agents is a gamef’] This is relevant to the
literature on collusion-proof mechanism design in the presence of informational frictions among
the members of the coalition, where the collusive side-contract is itself a mechanism whose outside
option is the status quo mechanism. Applications of collusion-proof mechanism design include the
design of organizations (Tirole, (1986, 1992), supplier networks (Laffont and Martimort, 1997}
Faure-Grimaud et al.; 2003} Mookherjee and Tsumagari, |2004; |Che and Kim)|, 2006|), mechanisms
for public good provision (Laffont and Martimort} |2000), or optimal auctions (Dequiedt], 2007;
Pavlov, 2008} |(Che and Kiml, 2009), under the threat of collusionE]

Of course, collusion does not exhaust the scope for applications. Analogous issues arise in the
design of any kind of agreement when disagreement leads to subsequent interaction under adverse
selection. Applications may thus include the design of dispute resolution schemes (Cooter and
Rubinfeld} |1989; Horner et al., 2015)), climate-change agreements (Martimort and Sand-Zantman,
2016), and other dynamic contracting settings (Philippon and Skretaj, [2012; Tirole, 2012; |Board
and Pycial, 2014; Jullien et al., 2014]).

2 (Contrarily to what had been concluded by |Cramton and Palfrey| (1990) and [Kihlstrom and Vives| (1992) under
the assumption that firms do not learn from disagreement.

23Examining non-mediated two-stage mechanisms in which the only thing firms observe before playing the outside
game is the set of rejectors, |Celik and Peters| (2011) showed that some outcomes are only implementable through
mechanisms that are rejected on-path. Considering an uninformed firm and an informed firm whose cost may be low
or high, they explained that: in an equilibrium with full participation, if the uninformed firm deviates and rejects to
participate, the outside game is played with no belief updating; while, in an equilibrium in which the informed firm
rejects to participate if it has a high cost, if the uninformed firm deviates and rejects to participate, the outside game
is played with full information. In their example, disclosure hurts the uninformed firm in expectation, meaning that
the equilibrium rejection relaxes its participation constraint. In mechanisms without a ratification stage (one-stage
mechanisms), the benefits of equilibrium rejections can be achieved by making the type announcements public even
if some agent rejects the mechanism. This would avoid the potential loss from inducing equilibrium rejections.

24Jullien| (2000) studied mechanism design with type-dependent outside options. In our setting, the outside
option is not only type-dependent but also belief-dependent.

25Particular forms of collusion that consist in bribing a rival have been considered, for example, by [Schummer
(2000)), [Es6 and Schummer| (2004), |Chen and Tauman| (2006|), and [Rachmilevitch| (2013).



3 The model

A principal (P), without private information, designs and proposes a trembling mechanism to a
finite set of agents, I = {1,...,n}. Let Ip = [ U{P}. Each agent i € I is privately informed
about his type, 6; € ©;. The set of possible type profiles is assumed to be finite and denoted
by © = Il;c;0;. The actual type profile of the agents is drawn according to a commonly known

probability distribution, u° € A(©), assumed to have full support.lﬁ

A trembling mechanism incorporates a mediation device, which is defined by: a set of private
input message profiles from the agents, M! = II;c;M/; a set of private output message profiles,
MC = T;e;, MP; and transition probabilities from inputs to outputs, 7 : M! — A(M?). We
denote by 7(m®|m!) the probability of the output being m® € M conditionally on the input

message profile having been m! € M.

We consider mediation devices with the following structure. Each agent i € I can privately
report a type or reject the mechanism: M} = ©; U {R;}, where R; is the rejection message. The
set of agents who send the rejection message is denoted by 1% = {z el:ml= RZ-}. If there is at
least one rejector (15 # ), the output of the mediation device to each player i € Ip is the true set
of rejectors plus a private signal: m¢ = (19, s;) such that I§ = I% and s; € S;, where S; is finite.

If all agents accept the mechanism (/5 = )), the mediation device either truthfully transmits the
o

input message profile, mY = m!, Vi € Ip, or mimics rejection by one of the agents, transmitting

m¢ = (19, s;) such that I§ € I and s; € S;, Vi € _[pm The set of private output messages to

7

player i € Ip is, therefore, M? = © U (Z x S;), where T is the set of nonempty subsets of 1.

A mediation device of this kind can be decomposed into a trembling device and a correlating
device. A trembling device, ¢ : © — A(I U{0}), is defined by the probabilities of generating
a spurious rejection by each agent ¢ € I when the input message profile is # € O, denoted
51(0)@ With probability () = 1 — >, €'(f), there is no spurious rejection. A correlating
device, 1V = (W, w(i))ie ;» 1s defined by the distributions over profiles of private signals that follow
a spurious rejection by each agent ¢ € I when the input message profile is # € O, denoted
Pt O — A(S), where S = I, S;; and by those that follow a genuine rejection by each agent
i € I when the input message profile from acceptors is f_; € ©_;, denoted ¥ : ©_; — A(S).

A mechanism is said to be strictly trembling if and only if: any message that may be received
by player j € Ip \ {i} of type §; € ©; when agent ¢ € I genuinely rejects the mechanism (and
others report truthfully), may also be received by player j of type 6; € ©; when (all agents report

26We denote by A(Z) the set of probability distributions over Z.

27Tt is not useful for our purposes to generate spurious rejections by more than one agent, nor to generate a
spurious rejection when some agent genuinely rejects the mechanism.

Z8With probability (), the message “agent i has rejected” is transmitted to all players.

2We will investigate several scenarios regarding the characteristics of the correlating device: the case in which
there is no correlating device; the case in which players receive a public signal; the case in which signals are
uncorrelated with the input message profile; and, finally, the general case in which the distribution over profiles of
private signals depends on the input message profile.
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truthfully and) there is a spurious rejection by agent i. Formally: Ze,ij oy, wj(-i)(sj](Qj, 0_;)) >
0= Yy co, (0,05 vi(si(6;,0-5)) > 0, Vs; € S;,¥0; € ©;,¥j € Ip\ {i},¥i € Im A
mechanism is said to be non-trembling if and only if €°(§) = 1, V0 € ©.

A trembling mechanism, (¢,1), x), is thus defined by a mediation device, (¢, ), and an allocation,
x: O — A(X), which yields a lottery over a finite set of consequences, X, as a function of the type
announcements of the agents (unless the output of the trembling device is a rejection message).

The resulting payoff of each player i € Ip, denoted m;(x(m®),0) € R, is linear in the first variable.

If the output of the trembling device is a rejection message, principal and agents play a single-
stage outside game by simultaneously choosing an action, a; € A;, for i € I p.E| The resulting
payoff of each player i € Ip, denoted 7(y(6),0) € R, is a linear function of the joint distribution
over actions, y(6) € A(A), where A = I, A;.

The timing of the interaction is the following:

1. Nature draws the type profile of the agents, # € ©; each agent i € I observes 6.
2. The principal proposes a trembling mechanism, (¢,1), x), to the agents.

3. Each agent i € I chooses a private input message, m! € ©, U {R;}.

O

i

4. The output message profile, m® € M?, is drawn from 7(m!); player i € Ip observes m

5. If I§ = (), the outcome x(mf) is enforced. If I§ # ), principal and agents play the outside

game by simultaneously choosing an action, a; € A;, for i € Ip.

We will focus on a simplified game in which the principal proposes a given trembling mechanism,
(e,1, ), which is said to be incentive compatible and individually rational if and only if there exists
a sequential equilibrium of this simplified game in which agents always accept to participate and

report their types truthfully.

This will allow us to characterize the set of allocations, x, that are virtually t-feasible in the sense
that there exists a sequence of incentive compatible and individually rational strictly trembling
mechanisms, (¢™,¢™, ™), _\, converging to a non-trembling mechanism that proposes the desired
allocation, (0,1, x). Virtual ¢t-feasibility of 2 means that an allocation that is arbitrarily close to
x can be brought into effect with a probability that is arbitrarily close to one, in an equilibrium

such that no unilateral deviation can lead to an information set off the equilibrium path.@

3We denote by % and z[zj(i) the marginal distributions over S; derived from the joint distributions ¢ and (.
31 A player i € Ip may not be active in the outside game (e.g., his action set, A;, may be a singleton).

32Tn the usual sense: an allocation z is virtually feasible if and only if there exists a feasible allocation that is
arbitrarily close to x (Abreu and Matsushimal, {1992]).
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4 The single-agent case

We start by analyzing the case in which the principal interacts with a single agent. This case is
much simpler because we only need to worry about the belief of the principal about the agent,

and because there are only two players and one-sided private information in the outside game.

4.1 Non-mediated mechanism

As a benchmark, consider a mechanism that is non-trembling (i.e., does not produce spurious
rejections) and non-correlating (i.e., does not send any additional signals to principal and agent
accompanying the announcement of a rejection). Such a mechanism, denoted (0,0, x), is com-

pletely defined by the allocation, x : © — X, that is proposed.

Expecting the distribution over action profiles in the outside game, as a function of his type, to
be given by y : © — A(A), the agent finds it optimal to participate and report his type truthfully if

and only if the following incentive compatibility and individual rationality constraints are satisfied:

m(x(0),0) > m(x(6'),0), V0" # 0, V0 € © (IC)
771(*7:(9)7 0) > Wﬁ(y<9)7 0)7 Vo € ©. (IR)

For the allocation x to be the outcome of a sequential equilibrium, in addition to (IC) and (IR)
being satisfied for some outside option, ¥, there must exist consistent beliefs following disagreement

such that there exists a Bayesian Nash Equilibrium (BNE) of the outside game that induces y.

Let 1 € A(O) denote the commonly known belief of the principal about the type of the agent
when the outside game is played (we can restrict p to be common knowledge because our solution
concept is sequential equilibrium), and let BN E(u) denote the set of distributions over action

profiles that constitute a BNE of the outside game when the disagreement belief is [

In a sequential equilibrium in which the mechanism is never rejected, beliefs following dis-
agreement are formed off the equilibrium path. Therefore, any p that is common knowledge is
consistent. Notice that the “no signaling what you don’t know” condition is trivially satisfied

(there is nothing that the agent who deviates does not know)[]

An allocation = : © — X is said to be 0-feasible if and only if the non-mediated mechanism,

(0,0, ), is incentive compatible and individually rational.

33Formally: y € BNE(u) if and only if y(6,ap,a1) = op(ap)o1(0,a1), V(0,ap,a1) € © x Ap x Ay, where the
strategy of the agent, o1 : © — A(A;), is such that o1(f) is a best-response to op if the agent has type 6, for all
0 € ©; and the strategy of the principal, op € A(Ap) is the best-response to oy if she believes that the agent is of
type 0 € © with probability u(6).

34In this benchmark case, the interaction can be described by a two-stage game with observable actions, therefore,
a sequential equilibrium is equivalent to a perfect Bayesian equilibrium in which beliefs formed off the equilibrium
path are common knowledge and satisfy “no signaling what you don’t know” (Fudenberg and Tirole) |1991]).
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Remark 1. An allocation x is 0-feasible if and only if x satisfies (IC) and (IR) for some y €
Unea@) BN E(p).

With non-mediated mechanisms, the set of credible punishments is the union of the sets of Bayesian

Nash Equilibria of outside game, BN E(u), over all possible disagreement beliefs, u € A(©).

4.2 Non-trembling mechanism

Another benchmark is a non-trembling mechanism incorporating a correlating device. The differ-
ence with respect to a non-mediated mechanism is that, following a rejection, principal and agent

receive private signals on which they may condition their strategies in the outside gameﬁ]

This means that the outside game becomes an extended outside game, whose Bayesian Nash
Equilibria are, by definition, Uninformed Mediator Bayesian Correlated Equilibria of the non-
extended outside game. Denote by BCEY (i) the set of distributions over action profiles induced
by the set of such equilibria, when the disagreement belief is 19

An allocation =z : © — X is nt-feasible if and only if there is an incentive compatible and

individually rational non-trembling mechanism proposing the allocation, (0,1, x).

Remark 2. An allocation x is nt-feasible if and only if it satisfies (IC) and (IR) for some y €
Uuea@) BCOEY ().

Hence, the set of credible punishments is the union of the sets of Uninformed Mediator Bayesian

Correlated Equilibria of outside game, BCEY (1), over all possible disagreement beliefs, u € A(©).

It is trivial that BNE(u) € BCEY(u), but the inclusion may not be strict. A correlating device
relaxes the participation constraints whenever there exists y € BCEY(u), for some pu € A(©),
that yields a lower payoff to an agent of some type when compared with any 3y’ € BNEY (1), for

any 4/ € A(©). An example is given in Appendix [A.2]

A caveat regarding the credibility of the punishments that sustain O-feasibility and nt-feasibility
is that, as the solution concept is sequential equilibrium, any interpretation by the principal
about the information content of the agent’s off-path choice to reject the proposal is allowed,
since consistency of beliefs only implies that u is common knowledge. A stronger refinement,
such as the intuitive criterion (Cho and Kreps, |1987), some version of divinity (Cho and Sobel,

1990), or neologism-proofness (Grossman and Perry, [1986; Farrell, |1993)), could further restrict

35Private signals may be recommendations of actions to make as a function of own type.

36Forges| (1993) describes several coherent definitions of correlated equilibrium in games with incomplete infor-
mation. This one is designated as strategic form correlated equilibrium and is defined as follows. Considering the
outside game in its strategic form, a pure strategy by player i € Ip is a mapping a; : ©; — A;, and a pure strategy
profile is a vector @ € A = II;¢ Ip A;. A distribution over profiles of private recommendations, y € A(fl), is a strate-
gic form correlated equilibrium, y € BOEY (i), if and only if it is optimal for players to obey the recommendations,
i.e., y(a,Z|C~L1)T{'lR(C~l“(~l,Z) > y(&,l\dz)ﬂﬁ(d;7d,z), VCNL; S AHVZ e Ip.
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beliefs formed off-path (and, as a result, the set of feasible allocations) by ruling out unreasonable

conjectures of the principal about the possible types of the rejector and their relative probabilities.

4.3 Trembling devices and strict incentive compatibility

Now consider a trembling device that, when the agent reports type # € ©, produces a spurious

rejection with probability £(6) = MO((ee))@ where 0 < € < mingee () and p € A(@) With such

a device, we do not need to worry about beliefs formed off-path following a rejection, because, in

an equilibrium in which the agent always accepts the mechanism and reports truthfully, rejection
occurs with positive probability. The equilibrium belief of the principal following disagreement is

determined by Bayesian updating, which yields the probability distribution p € A(©).

Let v1(¢', 6) be the agent’s expected payoff after a spurious rejection, where ¢’ is his report and
0 is his true type. The agent finds it optimal to participate and report truthfully if and only if:
€(0) 1—(6) / e(0") / / )
m(x(0),0) + g7 v1(0,0) = TGy m(x(6'),0) + —01(0',0), V&' # 0, V0 € © (IC)
m(2(0),0) = 7' (y(6),0), VO € ©. (IR)

By generating spurious rejections that are correlated with the agent’s report, trembling devices
distort the incentives for truth-telling. Fortunately, the distortion can be made arbitrarily small,
since disagreement beliefs, 11, do not depend on the ex ante probability of spurious rejection, € > 0.
Given any allocation, z, that strictly satisfies all the incentive compatibility (IC) conditions in a
non-trembling mechanism, there is a trembling probability, € > 0, that is small enough for all the

incentive compatibility (IC’) conditions to remain strictly satisfied in the trembling mechanism.

The following assumption ensures that any allocation that satisfies (IR) and (IC) can be ap-

proximated by a sequence of allocations that satisfy (IR) and strictly satisfy (IC) |

Assumption 1. There exists an allocation, x/, that strictly satisfies (IC) and satisfies (IR) for

any distribution y.

The approximation can be made through a sequence of (IR) and strictly (IC) allocations that
are weighted averages between the allocation that we are approximating (whose weight increases

along the sequence) and x/ (whose weight vanishes in the limit).

A trembling device allows the principal to design the disagreement belief, u, which becomes
the result of Bayesian updating in equilibrium (instead of being a postulated off-the-equilibrium-
path belief that could violate appropriate refinements). The costs of this design are the strictly

positive probability of reversion to the outside game and the possible necessity of strict incentive

37The upper bound on € guarantees that the conditional probability of a spurious rejection is smaller than 100%.

38] am grateful to Takuro Yamashita for suggesting this assumption and the subsequent argument, which he
used in [Yamashita (2014]).
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compatibility[’] As a result, an allocation that is feasible with a non-trembling mechanism becomes

only wvirtually feasible if the principal uses a strictly trembling mechanism.

4.4 Trembling mechanism with no correlating device

Let us start by considering the simplest kind of trembling mechanism, which is a trembling mech-
anism with no correlating device: the mediator produces a spurious rejection with strictly positive

probability, e > 0, but does not transmit any signals besides the announcement of rejection.

An allocation x : © — X is said to be virtually tnc-feasible if and only if there exists a sequence
of incentive compatible and individually rational strictly trembling mechanisms with no correlating

device, (€™,0,2™),en, converging to a non-mediated mechanism proposing the allocation, (0,0, x).
Proposition 1. An allocation is virtually tnc-feasible if and only if it is 0-feasible.

Despite the equivalence expressed in Proposition [I], strictly trembling mechanisms have an advan-
tage: beliefs are formed on-path, according to Bayes’ rule. Thus, refinements based on restrictions

of beliefs formed off-path are trivially satisfied because there are no information sets off-path.

4.5 Trembling mechanism with public correlating device

Allowing the mediator to send a public signal after announcing a rejection expands the set of

credible threats to the convex hull of the set of Bayesian Nash Equilibria of the outside game.

The principal becomes able to induce any mixture of BNE distributions over action profiles,
y € Conv(Uuen@BNE(p)), because the disagreement belief, u* € A(©), and the continuation
equilibrium, y* € BN E(u*), can be made dependent on the public signal, k € K .

An allocation x : ©® — X is said to be virtually tpc-feasible if and only if there exists a
sequence of incentive compatible and individually rational strictly trembling mechanisms with
public correlation, (€™, P4 2™),,en, that converges to a non-trembling mechanism that proposes
the allocation, (0, "¢, z).

Proposition 2. An allocation x is virtually tpc-feasible if and only if it satisfies (IC) and (IR)
for some y € Conv(U,ea@BNE(1)).

A public correlating device allows the principal to choose the disagreement belief and the associ-

ated continuation equilibrium as a function of the agent’s report when the rejection is spurious.

39Gtrictness of all incentive compatibility conditions is sufficient, but not necessary, to accommodate the distor-
tions caused by the trembling device.

40From Caratheodory’s theorem, any given y € Conv(Uyeae)BNE(p)) can be written as a convex combination
of a finite number, |A|, of distributions.
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However, when the rejection is genuine, since the agent does not report his type, the principal

cannot condition the punishment on the type reported by the agent.

Allowing the agent to announce his type when he rejects the mechanism would not enable the
principal to harshen the punishment, because the agent would not be willing to provide information
that would only be used to punish him. On the other hand, as shown by [Lehrer and Sorin! (1997)),
if principal and agent could send input messages that are rich enough to define an encryption code,
the common signal could become in practice a profile of private signals because each player would

not be able to decode the parcel of the common signal intended to be decoded by the rival [']]

4.6 Trembling mechanism with extraneous correlating device

If the trembling device, when announcing a rejection, also sends a profile of private signals that
is uncorrelated with the announcement made by the agent (i.e., is extraneous), the outside game
becomes an extended game in which principal and agent observe correlated private signals whose
distribution is independent of the agent’s type, and may condition their strategies on these signals.
As already mentioned, a Bayesian Nash Equilibrium of this extended outside game is, by definition,

an Uninformed Mediator Bayesian Correlated Equilibrium of the non-extended outside game.

An allocation z : © — X is said to be virtually tec-feasible if and only if there exists a sequence
of incentive compatible and individually rational strictly trembling mechanisms with extraneous
correlation, (g™, 9™ a™)en, that converges to a non-trembling mechanism that proposes the

allocation, (0,1, x).
Proposition 3. An allocation is virtually tec-feasible if and only if it is nt-feasible.

The set of credible punishments is the same as in the case of non-trembling mechanisms: the union
of the sets of Uninformed Mediator Bayesian Correlated Equilibria of the outside game, BCEY (),

across the set of possible (common knowledge) disagreement beliefs, u € A(O).

This means that an extraneous profile of private signals can be used to punish the agent more
harshly, whenever the outside game has some y € BOEY (), for some u € A(©), that yields a
lower payoff to an agent of some type when compared to any ' € BNE ('), for any y' € A(@).@

4.7 Trembling mechanism with general correlating device

We now consider the general case in which the mediator is able to send a profile of private signals

to principal and agent according to a probability distribution that depends on the input message.

41The scenario in which the mediator sends a profile of private signals is studied in Section
428ee Appendix for an example.
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In an equilibrium with participation and truth-telling: after a spurious rejection, since the agent
reported truthfully (on-path), the mediator is informed and thus can send private recommenda-
tions to principal and agent that depend on the type of the agent; if the rejection is genuine
(off-path), the mediator is uninformed and thus cannot condition the recommendations on the
agent’s type. Unable to distinguish genuine from spurious rejections, the principal presumes that

a rejection is spurious and obeys any recommendation she would obey after a spurious rejection.@

Formally, after announcing a (spurious or genuine) rejection, the mediator sends a profile of
private signals distributed according to v : M? — A(T x A), where T' = I;c1, T; is a set of private
signal profiles, and A = Il;¢;, A; is the set of action profiles in the outside game. It is equivalent
to think of private signals as being sent in two stages: first, through ¥* : M! — A(T); second,
through ¢ : MY x T — A(A). If the input message is § € O, the trembling device generates a
spurious rejection with probability €(0) = lfo(—go))e, with € > 0. A spurious rejection is thus generated
with ex ante probability €, and the common knowledge disagreement belief is € A(©). As will

be shown, the common disagreement belief is not relevant as long as it has full support.@

The continuation game after a spurious rejection is an extended outside game in which principal
and agent receive private signals that may be correlated with the type of the agent. This game was
studied by Bergemann and Morris| (2016]), with their common prior corresponding to the common
disagreement belief, . By definition, a Bayesian Nash Equilibrium of this extended outside game
is an Informed Mediator Bayesian Correlated Equilibrium, BCE* (1), of the non-extended game.

Bergemann and Morris| (2016]) showed that any relevant private signal besides a recommendation
of an action to be chosen shrinks the set of BOE! (), i.e., shrinks the set of recommendation rules
that are obeyed. Providing additional information to the players generates additional incentive

compatibility conditions, which, taken together, are typically stronger and are never weaker than

43 After a genuine rejection, the mediator should send to the principal the recommendation that is the most
harmful to the agent, among those that the principal obeys. Whether the principal has incentives to obey it
conditionally on a genuine rejection is not relevant. The principal obeys a recommendation if and only if she has
incentives to obey it conditionally on a spurious rejection (which is infinitely more likely than a genuine rejection).

44The mediator could generate a mixture over disagreement beliefs, but it will be clear that this would not benefit
the principal. As long as it has full support, the common disagreement belief, u, is irrelevant because the support
of the set of recommendations that are obeyed in a BCE! does not depend on p (see Lemma [1|in Appendix .

45The work of Bergemann and Morris| (2016) is instrumental for our purposes. They considered an environment
in which an informed mediator commits ez ante to an information structure, 7 : © — A(T), according to which a
profile of private signals, t € T, with t = (tp,t1,...,t,) and T = IL;¢;,. T;, is drawn according to a distribution that
depends on the state of nature, § € ©. The state of nature is observed by the mediator but not by the players,
who share a common prior, u € A(0), with full support. The mediator also commits ez ante to a decision rule,
YA : T x © — A(A), according to which it sends a profile of private recommendations of actions to be made by
each player, a = (ap,ai,...,a,) € A = ;cr, A;. The distribution over profiles of private recommendations may
depend on the state of nature, # € O, and on the realization of the information signal, ¢ € T. Players obey the
recommendations if this is in their interest. A decision rule that is always obeyed induces an outcome 1) : © — A(A)
such that ¢ (al0) = Y,c 1% (alt,0) 7T (t,0), which they designate as a Bayes Correlated Equilibrium.

In our setting, the game that follows a spurious rejection is equivalent to the game considered by Bergemann and
Morris (2016 under the restriction that ¢ must, at least, transmit to each agent the information about his own
type (which, in our setting, agents already possess). An Informed Mediator Bayesian Correlated Equilibrium is,
therefore, a Bayes Correlated Equilibrium in which each agent is at least informed about his own type. Equivalently,
it is a Bayesian Solution (Forges, 1993, |2006).
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the pooled incentive compatibility condition that arises from a given recommendation when no
further information is provided. Therefore, we can restrict private output messages to consist of

a private recommendation of an action to be chosen, a; € A;.

Off-path, after a genuine rejection, the messages received by principal and agent should be
uncorrelated because it is advantageous to conceal the behavior of the principal from the agent.
Any relevant signal sent to the agent after a genuine rejection can only increase his payoff by
allowing him to condition his best-response (notice that such signals do not influence the decision
of the principal, who attributes zero probability to the rejection being genuine). Therefore, the
trembling device should completely conceal from the agent the recommendation made to the

principal (for example, by always sending the same signal to the agent after a genuine rejection).

In sum: on-path (after a spurious rejection), the trembling device privately recommends actions
according to some y € BCE!(u); off-path (after a genuine rejection), the trembling device privately
sends to the principal a recommendation, ap € Ap, that is also sent on-path, drawn according
to op € A(supp(yp|p)) [ After a genuine rejection, the principal wrongly presumes that she is
on-path with a commonly known disagreement belief, i, and obeys any recommendation that is
also made on-path; while the agent knows that he is off-path and best-responds to the distribution
over recommendations sent to the principal in case of a genuine rejection. The distribution over
recommendations, op € A(supp(BCFEL)), which is necessarily independent of the agent’s type,

should be constructed in the way that minimizes the agent’s best-response payoffm

An allocation x : © — X is said to be virtually t-feasible if and only if there exists a sequence
of incentive compatible and individually rational strictly trembling mechanisms, (€™, ™, ™) nen,

converging to a non-trembling mechanism that proposes it, (0,1, x).

Proposition 4. An allocation x is virtually t-feasible if and only if it satisfies (IC) and (IR) for
some y induced by (op,0y) such that op € A(supp(BCFEL)) and a1(0) is a best-response to op,
Vo € ©.

With general correlating devices, the set of credible punishments is the set of mixed strategies,
op € A(Ap), whose support is contained in the union across disagreement beliefs, 1 € A(©), of
the union of the supports of marginal distributions yp € BCEL(u). Equivalently, whose support

is contained in the support of the marginal distribution of a BCE! with maximal support.

Comparing the set of credible threats with general correlating devices with the one with extra-
neous correlating devices, we can distinguish three advantages of sending private signals according

to a distribution that depends on the input message. First, the potential support of the principal’s

46Given a distribution over profiles of actions, y(f) € A(Ap x A;): we denote the marginal distribution over Ap
by yp(0) € A(Ap). We define supp(yp|i) = Ugecsupp(n)supp(yp(0)), and, writing yp € BCEL(u) if and only if y €
BCE! (1), we also define supp(BCEL (1)) = Uyecp! (u)supp(yp|p) and supp(BCEL) = UHGA(@)supp(BCE{;(M)).
47The restriction that recommended actions belong to the support of a single BCE! is without loss of generality.
Given a set of actions such that each action belongs to the support of a different BCE' under possibly different
beliefs, we can construct a single BCE! whose support contains all those actions (see Lemma [1|in Appendix .
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mixed action becomes larger (because any BCEV is also a BCEI)@ Second, any distribution over
that support is allowed (not only the equilibrium distribution). For example, if there is an action
that punishes the agent more than any other, the principal can play it with 100% probability.
Third, if the principal plays a mixed action, the correlating signal to the agent can be shut off

(preventing the agent from conditioning his best—response)ﬁ

The second advantage is illustrated in the example of an all-pay auction with bid caps (Section
6.2.1]). The first and the third advantages do not appear in our single-agent examples, where there
is only one-sided private information. They do materialize in the Cournot triopoly example, where

there are multiple-agents, and thus private information is multi-sided (Section [6.1.3)).

4.8 Summary

The benefit for the principal of using trembling mechanisms is the expansion of the set of credible

punishments. Below, we compare the sets of credible punishments for different mechanism formats:

e Non-trembling, non-correlating: Y € Upea@)BNE(11)

e Non-trembling, correlating signals: y € Upea@) BCEY (1)

e Trembling, non-correlating: Y € Uyen@BNE(1)

e Trembling, public correlating signals: y € Conv(Uuea@BNE (1))

e Trembling, extraneous correlating signals: y € Upea@) BCEY (1)

e Trembling, correlating signals: yp € A(Uyeace)supp(BCEL(p))).

It may seem that, in the absence of general correlating signals, trembling mechanisms do not im-
prove on non-trembling mechanisms. There is actually an important improvement. Since a strictly
trembling mechanism generates disagreement on-path, feasibility is robust to the introduction of

refinements based on restrictions of beliefs formed off-path.

Regarding the usefulness of correlating signals, we verify that public signals only convexify the
set of credible threats, while extraneous private signals are only advantageous in relatively specific
outside games (by enlarging the space of punishments from the set of BNE to the possibly larger
set of BCEVY). The usefulness of general private signals is more evident: credibility of a punishment

only requires that any action recommended to the principal is also recommended in some BCE! .

48A BCEY(p) is a BCE! () in which recommendations are independent of the type of the agent.

49Shutting down the correlating signal to the agent is advantageous because it prevents the agent from condition-
ing his best-response. Since this only occurs off-path, it is not taken into account by the principal. If the principal
knew that the agent was not receiving his correlating signal, she could prefer disobey the recommendation.

50Tt is important to keep in mind that the punishment strategy cannot depend on the agent’s type.
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5 The multiple-agent case

With multiple agents, further complexity arises from multi-sided private information. A genuine
rejector faces uncertainty about the characteristics of the other agents, and his beliefs are not
amenable to manipulation by the trembling device.ﬂ As a result, after a genuine rejection, the
outside game is played under beliefs that exhibit a particular violation of the common prior
assumption: acceptors (presuming that the rejection was spurious) update their beliefs according
to Bayes’ rule after observing the rejection, and believe that all players do so; while the genuine

rejector retains his prior belief, and knows that all other players have updated their beliefs.@

We will continue to consider candidate sequential equilibria in which agents always partici-
pate and report truthfully, and focus on whether any agent of any type can gain by unilaterally
rejecting the mechanism. To extend the incentive compatibility (IC’) and individual rational-
ity (IR) conditions to the multiple-agent case, we must consider expected payoffs according to
the interim expectation of agent i € I of type 6; € ©; about the type profile, § € ©, denoted
Eojo, [1(0)] = > yco 1°(0]0;)m(0). We also introduce further notation: let () be the distribution
over action profiles that agent ¢ € I expects if he genuinely rejects the mechanism, as a function
of the type profile, # € ©; and let v/ (6},0) be the payoff that agent i € I expects if there is a
spurious rejection by agent j € I, as a function of his report, ¢, € ©;, and the type profile, 6 € ©.

If all other agents participate and report truthfully, it is optimal for agent ¢ € I to participate
and report truthfully if and only if:

Eop, [772( (0),6) + X e ot o0 Uzj(ei’9>i| > Eewi [E 290(3)’) mi(2(0],0-,),0)
+Zael 30(9 vl (6, 9)] , VO # 0;, V0; € ©; (IC7)
Egpo, [mi(x(0),0)] > Eopo, [7'(4'(0),0)] , Vb, € ©;. (IR)

(2

We say that (IC) is satisfied if and only if (IC’) is satisfied with () = 1, V0 € ©.

As in the single-agent case, we start by considering non-mediated and non-trembling mech-
anisms. Then, we focus on trembling mechanisms without correlating devices and with general
correlating devices. The cases in which correlating devices are public or extraneous are only briefly

discussed because they are complex and do not help to clarify the general Case.ﬁ

We will work under the natural extension of Assumption [I| to the multiple-agent case.

5Tn the single-agent case, the single rival of the rejector does not have any private information.

52Here, and henceforth, the principal is referred to as an acceptor, although she proposes the mechanism and
does not explicitly accepts it.

53In the case of public correlation, it is necessary to trade off tailoring the punishment to the characteristics of
acceptors with the fact that such tailoring may convey information to the rejector that allows him to better respond
to the punishment. In the case of extraneous correlation, it is necessary to deal with the mentioned violation of
the common prior assumption: after a genuine rejection, acceptors update their beliefs and believe that all other
players do, while the rejector maintains his prior belief knowing that other players have updated their beliefs.
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Assumption 1°. There exists an allocation, x/, that, Vi € I, strictly satisfies (IC) and satisfies
(IR) for any distribution y'.

5.1 Non-mediated mechanism

In the absence of mediation, as we consider sequential equilibria with participation and truthful
reporting, a rejection by agent ¢ € I can only directly influence beliefs about himself. The set

of possible disagreement beliefs is composed by those that satisfy “no signaling what you don’t

know | By = {u' € A*(©) : w'(01Z) = pi*(6;|1Z) 1°(010; N Z), VO € O}.

After a rejection by agent i € I, the common belief becomes p* € Bj: it is common knowledge

that the probability that each player j € Ip attributes to the type profile being 6 € O is ,ui(QIHj).E]

Proposition 5. An allocation x is 0-feasible if and only if, for each i € I, it satisfies (IC) and
(IR) for some y* € U,eps BNE(p).

5.2 Non-trembling mechanism

Even without producing spurious rejections, a mediator can enlarge the set of credible punish-
ments. Being informed about the type profile of acceptors, §_; € ©_; (but not about the type of
the rejector), the mediator can make private recommendations that, besides correlating players’

actions (as in the single-agent case), may convey information about the type profile of acceptors.

Designate a BNE of the extended outside game in which a mediator makes recommendations that
depend on 6_; but not on 6; as a Partially Informed Mediator Bayesian Correlated Equilibrium,
and denote by BOE (i) the set of such equilibria when the disagreement belief is € A*(O).

Proposition 6. An allocation x is nt-feasible if and only if, for each i € I, it satisfies (IC) and
(IR) for some y' € U,e BCE™ ().
5.3 Trembling mechanism with no correlating device

When a strictly trembling mechanism is used, although we focus on equilibria with participa-
tion and truth-telling, beliefs of acceptors in the face of disagreement are determined on-path.

Acceptors always presume that the rejection is spurious, and update their beliefs accordingly.

54With multiple agents and non-trembling mechanisms, it is convenient to define a common belief as a conditional
probability system (Myerson) [1986), because the disagreement belief may attribute zero marginal probability to
some type of rejector and it may be necessary to consider the interim belief of a genuine rejector of this type. A
conditional probability system is a function u € A*(©) such that, for every Z that is a nonempty subset of O, the
conditional probability function u(-|Z) € A(0) is such that u(Z|Z) = 1 and w(Z"|Z) = wW(Z"|Z") (Z'|Z), for all
7" C Z' C Z. We will continue to denote u(Z’) = u(Z2'10©), vZ' C O©.

%5 Notice that u® € Bj implies that the posterior of player i remains unchanged: pt(616;) = 1*(0;10;)u°(6]6;N6;) =
pP(010;), v € ©. Working with conditional probability systems allows ' (6]6;) to be well defined even if p¢(6;) = 0.
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If the mediator does not send additional signals to the players besides the announcement of
rejection, the beliefs of an acceptor when playing the outside game result from two pieces of
information: the rejection message, which is public; and the information about own type, which
is private. Acceptors can be seen as having a common disagreement belief, which results from

Bayesian updating of the common prior, p°, after the public observation of the rejection message.@

The principal can induce any disagreement belief that is compatible with each acceptor’s private
information. For an example of incompatibility, suppose that ' attributed zero probability to
agent j € T\{i} being of type éj, which means that a spurious rejection by agent ¢ is never produced
if agent j reports type éj. Then, if agent j is of type éj, he is able to infer that a rejection by agent
¢ has been genuine, and forms beliefs off-path. To rule out this possibility, the disagreement belief
must attribute strictly positive marginal probabilities to all types of all acceptors (not necessarily

to all type profiles of acceptors): p’ € BL = {p € A(O) : u;(0;) > 0,V0; € ©;,V) #i}.

The principal designs the disagreement belief through the trembling device. For the common

belief after a (spurious or genuine) rejection by agent i € I to be u* € A(©), the probability of

spurious rejection by agent i should be given by &'(6) = Z Oiz)) €, with 0 < € < ﬁ mingee 1°(6),

Vi € I. Following a spurious rejection, players share a common disagreement belief, * € B, which
means that the posterior of player j € Ip of type 0; € ©; is p'(-|6;) € A(O). This is common
knowledge. Following a genuine rejection by agent ¢ € I, the beliefs of acceptors are exactly the
same as after a spurious rejection, and this is also common knowledge. In contrast, the genuine

rejector maintains his prior belief, u°(-|0;) € A(O), and this is only known by the rejector himself.

Let R%NE(M) be the set of mappings ¥ : © — A(A) that can be induced by a mixed strategy
profile (o ;,0"), such that 0%, € BNE_;(;1) and (" (6;) is a best-response to ¢, under the prior
belief ILLO(‘GZ), V@l S Glm

Proposition 7. If an allocation x, for each i € I, satisfies (IC) and (IR) for some y¥ €

UueBgRiBNE(#)y then x is virtually tnc-feasible.

The exact converse is not true because lower hemi-continuity of BN E(u) payoffs with respect to
p may fail at the boundary (Einy et al.l 2012). Since B is not closed, a sequence of punishments
that are enacted along a sequence of strictly trembling mechanisms may converge to a BNE_;(u)

with p ¢ B!, which may be a significantly harsher punishment than any BNE_;(u) with p € B,

Proposition 8. If an allocation x is virtually tnc-feasible, then, for each i € I, it satisfies (1C)
and (IR) for some y') € U#EA(G)RiBNE(u)'

56 Agents receive their private information before publicly observing the rejection. Still, since posterior beliefs do
not depend on the order in which public and private information is processed, they can be thought of as resulting
from a common component (the disagreement belief) that each agent then combines with his private information.

5TWe say that z_; € BNE_;(u1) if and only if there exists 2 € BNE(u) and z; : ©; — A(A;) such that
2(0) = 2-i(0-4) 2:(6:), V0 € ©.
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The set of credible punishments is the union of the sets of BNE strategy profiles (restricted to
acceptors), BNE_;(1), at least across beliefs that satisfy the interiority condition, u € Bt.

Perhaps the main takeaway is that since the probability of a spurious rejection by one agent can
depend on the types announced by all agents, the resulting disagreement beliefs do not have to sat-
isfy “no signaling what you don’t know” ¥ With multiple agents, therefore, trembling mechanisms

enlarge the set of credible disagreement beliefs (relatively to non-trembling mechanisms).

5.4 Trembling mechanism with public correlating device

With multiple agents, public signals allow the mediator to condition the disagreement belief and
the associated punishment on the information provided by acceptors. However, such conditioning
transmits information to the rejector about the type profile of his rivals. There is thus a trade-off
between: on the one hand, tailoring the punishment to the characteristics of acceptors; and, on

the other hand, concealing from the rejector the punishment and the characteristics of acceptors.

Even if we restrict the public signals to be independent of type profile of acceptors, a public
correlating device convexifies the set of credible threats (as in the single-agent case).@ Without

that restriction, an even larger set of punishments can be made credible.@

5.5 Trembling mechanism with extraneous correlating device

If the mediator can send an extraneous profile of private signals, the set of credible punishments
becomes the set of Uninformed Mediator Bayesian Correlated Equilibria under beliefs that violate
the common prior assumption in the way already described. After a genuine rejection: while the
common belief of acceptors can be chosen by design, and acceptors believe that it is common to

all players, the rejector retains his prior belief and knows the belief of acceptorsE-]

5.6 Trembling mechanism with general correlating device

The set of credible punishments can become larger (and further relax the participation constraints)

if the mediator is able to transmit a profile of private signals whose distribution depends on the

58]f the probability of spurious rejection by agent i € I only depended on his report, the mediator would only be
able to influence beliefs about the rejector. Disagreement beliefs would satisfy “no signaling what you don’t know”.

59 Although independent of the type profile, such a public signal is not extraneous because its distribution depends
on whether the rejection has been spurious or genuine.

60A complete characterization would require the analysis of an extended outside game in which an informed
mediator publicly recommends actions, taking into account the fact that a genuine rejector retains his prior belief
and makes inferences about the type profile of acceptors from the observation of these public recommendations.
Again, it is worth mentioning the result by [Lehrer and Sorin| (1997)), according to which public recommendations
become de facto private if players can send input messages that are rich enough to define an encryption code.

61The common disagreement belief of acceptors must satisfy the same interiority condition as in the scenario in
which the mediator does not send any additional signals: p* € BL.
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input message profile. As in the single-agent case, these private signals can be restricted w.l.o.g. to
consist of recommendations of actions to choose in the outside game. A correlating device can
thus be defined by the distributions over profiles of private signals that follow a spurious and a
genuine rejection by agent i € I, denoted ¢ : © — A(A) and ¥ : ©_; — A(A), respectively.

Suppose that, when the input is # € O, the mediator: produces a spurious rejection by agent

i € I with probability () = L‘;((g))ei, where 0 < € < |—}‘min9€@ p°(9), and p® has full support;

conditionally on a spurious rejection by agent 4, sends a profile of private recommendations, a € A,
according to a distribution v%(6) such that ' € BCE! (,ul)lﬂ Since, after rejection by agent ¢ € I

is observed, the common belief is ! (derived using Bayes’ rule), by definition, players always find
it optimal to obey the recommendations if and only if, given the common belief !, the mapping
Y © — A(A) is an Informed Mediator Bayesian Correlated Equilibrium, BCE!(u?).

After a genuine rejection by agent ¢ € I (off-path), the set of recommendations that acceptor j €
Ip\{i} of type 0; € ©, obeys is the set of recommendations that acceptor j obeys after a spurious
rejection (on-path) under the same circumstances: the union across §_; € ©_; of the supports of
marginal distributions ¢§(9j,9,j). Off-path, acceptor j € Ip \ {i} of type 6; € ©; can thus be
induced to obey a recommendation if and only if it is a recommendation that he receives with
positive probability in 1’. From Lemma , there exists 2' € BCE'(u') whose support contains the
supports of all BCE". Let us, therefore: set ¢ = 2%, let A;(6;) = Up_,co_,supp [1%(0;,0_;)], and
let A_;(0-;) = Wcrp\qipA;(0;), VO_; € @_iﬁ Acceptors can be induced to obey any punishment
y(_lz : ©_; = A(A_;) such that y(_zZ(G,l) € A(.A,i(ﬁ,i)). The recommendation made to each
acceptor j € Ip\ {i} will typically not accord with v, but each acceptor will believe that it does.

Finally, it is important to understand what should the mediator recommend to a genuine rejec-
tor. It is straightforward that, since the private signal sent to a genuine rejector does not affect the
incentives of acceptors (because genuine rejections occur with zero probability), an informative
signal may benefit — but never harm — the rejector by allowing him to condition his best-response.

Hence, a genuine rejector should be sent an irrelevant signal (e.g., a constant signal or pure noise).

Proposition 9. An allocation x is virtually t-feasible if and only if, for each i € I, it satisfies
(IC) and (IR) for some y™ induced by (y(_iz,a@) such that yﬁz(e,l) € A(A_;(0-,)), VO_; € ©_,,

1

and JZ@(@) is a best-response to y(fz, Vo, € @i.

52From Lemma [1| (in Appendix , the belief p® is irrelevant (as long as it has full support) because there
exists z* € BOE!(u') whose support contains all the actions in the support of a BCE!. Only the support of the
BCE! played after a spurious rejection is relevant because the recommendations that acceptors obey after a genuine
rejection are exactly those in the support of that BCE!. Hence, after a spurious rejection, the mediator should
recommend a BCE! with maximal support, as z’. It also follows from Lemma [I| that it is not useful to induce
different acceptors to have different beliefs off-path (given that they have a common disagreement belief on-path).

63From Lemma A;j(0;) = Upica@) UpieBOE! (ui) Y(6,,0_,)esupp(ui) SUPP [(;S; (05, 0,]-)}.

64The principal should choose the one that maximizes her payoff by relaxing the participation constraints as
much as possible. The punishment that is the most harmful to the rejector may depend on the type of the rejector.
However, the punishment cannot be contingent on the rejector’s type (which is only known by the rejector himself).

65When agent i € I genuinely rejects, a punishment can be induced if and only if: for each acceptor j € Ip \ {i},
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6 Examples

6.1 Collusion in oligopoly
6.1.1 Cournot duopoly

Consider a duopoly in which firms simultaneously choose the quantities to supply under one-sided
private information. Firm A (agent) has private information about its unit cost, 64 € {0, %},
while the unit cost of firm P (principal) is zero (fp = 0). Demand is such that the profit function
of firm i € {A, P} is given by m; = (1 — ¢; — 3¢; — 6;) ¢;, where {i,j} = {A,P}.ﬁ

Suppose that the principal can propose an enforceable “take-it-or-leave-it” collusive agreement
involving side—payments.m As we will see, there is a menu of contracts that is incentive compatible,
maximizes joint-profit and leaves each type of agent indifferent between accepting or rejecting.

Joint-profit maximization under complete information yields: (qa,qp) = (3, 5) if 4 = 0, and

(¢4, qp) = (3, 9) if 64 = %. The resulting profits of the agent (before side-payments) are m4(0) = ¢

and m4(3) = 5. In case of disagreement, denoting by 4 € [0, 1] the commonly known probability
that the principal attributes to 64 = %, the principal produces ¢% = 18+2’“‘ , and the profits of the
agent are 7§(0) = (M)Z and 7§(1) = (M)Q. The side—payments to the agent that leave

90 3 90
S . . _ —BA-T2ua+pd 1y 141-42p 4443
him indifferent between accepting or rejecting are ¢(0) = ——z—= and t(3) = ——gz—=

The best disagreement belief for the principal consists in believing that the agent has the
highest cost with 100% probability if he rejects the agreement (4 = 1). This is due to strategic
substitutability. A high-cost agent produces less, leaving a greater residual demand. Expecting
to face a high-cost agent, the principal produces more, which reduces the profit of the agent.

In the sequential equilibrium in which the payoff of the principal is maximal: the disagreement

49
81 ) 324

and WA(%) = %.@ However, this equilibrium does not resist the neologism-proof refinement. The

belief is pia = 1, transfers are ¢(0) = —32; and ¢(35) = 57, and the agent’s payoffs are m4(0) =

full set of agents is a credible veto set: if the principal believes that the rejector may be of either
type, both types have, in fact, strict incentives to reject. This means that a rejector would likely

be able to convince the principal to change his belief from ;4 = 1 to the prior probability.

A mediator with the ability to mimic rejection by the agent allows the principal to commit to

the support of the recommendations made to j is contained in 4;(6;). Contrarily to the scenario with no correlating
device, lower hemi-continuity of the support of BCE! with respect to u holds at the boundary.

66This is a version of the model of Singh and Vives| (1984) with one-sided private information. We consider a
very fine grid of possible output choices, including all the values that are obtained below.

67The enforceability assumption is more tenable in legal cartels, such as export cartels (for example, those

operating in the U.S. under the Webb-Pomerene Export Trade Act of 1918 or the Export Trading Company Act
of 1982) or agriculture cartels (for example, those operating in the U.S. under a Federal Marketing Order).

68Gtrict incentive compatibility can easily be checked if the agent announces 04 = = When 04 = 0, his payoff
becomes w4 = (1 — % — %) % + 811 = 851 < 324, if he announces 84 = 0 when 9A = z, his payoff becomes
ma=(1-1-1_1y1_ "5 _ 5 4

A 373 3/37 324 324 < Bl
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her preferred off-path beliefs, 4 = 1, in a way that resists refinements based on restrictions of

beliefs formed off-path. The principal should use a mediator to propose two contracts to the agent:

(qa,qp,t) = (%,%,—3%) and (qa,qp,t) = (%7%78_11)_

is enforced; if the agent chooses the first contract, it is enforced with probability 1 — €, with

If the agent chooses the second contract, it

e > 0. Upon choice of the second contract, the mediator generates a spurious disagreement with

probability €, and Bayesian updating implies that disagreement beliefs are 4 = 1.

6.1.2 Cournot triopoly (without correlating device)

Consider a similar model, but with three firms. The unit cost of firm P (principal) is zero (fp = 0),
while each of the other firms (agents), i € {A, B}, has private information about its unit cost,
0; € {0, %} Suppose that costs are independently and uniformly distributed, and that the profit
function of firm i € {A, B, P} is given by m; = (1—ql-—lqj—%qk—€i) qi, where {i, 7, k} = {A, B, P}.
Joint-profit maximization yields: (¢a,qs,qp) = (7, 1, 3) if (04,05) = (0,0); (¢, 4;5,q9r) = (3,0, 3)
if (6:,60;) = (0,3); (@, q5,ap) = (0,3,3) if (6;,6;) = (3,0); and (qa,95,9r) = (33,13 33) if
(04,0p) = (%, %) The resulting profits (before side-payments) of firm A, m4(604,05), are m4(0,0) =
1
6

£, ma(0,3) =&, ma(3,0) = 0, and 7a(5 L

37 3) 36°
In case of disagreement, firms choose quantities non-cooperatively. Suppose that the common
posterior belief is that 6, = % with probability p;, for i € {A, B}, and that 64 and 6p are
independent. With these beliefs: the output of the principal is gp = M the output of firm

Ais qa(fa) = m_“g‘# — Q—A' and, analogously, the output of firm B is qB(GB) = 18“;}’# — %B.
The aggregate output of ﬁrms P and B is: gp + qp(0p) = 36%;;# — %B.

The “no signaling what you don’t know” property of sequential equilibrium restricts beliefs about
firm B to remain unchanged (up = %) as a result of a deviation by firm A. The worst possible
beliefs for firm A when it rejects the agreement are (pa, ) = (1,3), i.e., 100% probability that
firm A has high cost and unchanged belief about firm B, yielding an expected output from rivals

2
ar + Has(0) + o(3)) = 2, own output ga(4) = & — %, and own profit 7f(04) = (£ — %)°.

A trembling mechanism (without a correlating device) allows the principal to avoid the “no
signaling what you don’t know” restriction and induce, approximately, her preferred disagreement

beliefs: (4, up) = (1,1)F’ These are the beliefs that maximize the sum of the outputs of the

principal and the agent that accepts the agreement, yielding gp+3[gz(0) +qB(l)] = 108 The best-
response of the rejector is qa(f4) = 532 — 9—A and the disagreement profit is 75 (64) = (552 — %“‘) :

To induce these beliefs, the mediator should offer a contract whose terms are contingent on the
profile of reports, enforcing the first-best output profile and the side-payments that leave each
agent indifferent between accepting or rejectingm If both agents report high cost, the mediator

69Beliefs could depend on the identity of the rejector, but this is not useful in this example.

"OLet us verify that such a menu of contracts is strictly incentive compatible when disagreement beliefs are
(a,up) = (1,1), which implies that this is also the case with slightly different beliefs. Truth-telling yields the
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should generate a spurious rejection by agent i € {A, B} with probability T With € > 0; if only
one agent reports a high cost, the mediator should generate a spurious rejection by this agent with
probability 2(16—16) The total probability of spurious rejection is €, and the common disagreement

belief following a rejection by firm A is (pua, pp) = (1, 1+z), which converges to (1,1) as € — 0.

When there is more than one informed agent, trembling mechanisms allow the principal to
generate a disagreement belief that not only is robust to refinements that restrict beliefs formed
off-path, but can also be more favorable to the principal than any belief that is consistent in the

absence of a mediator (because it does not have to satisfy “no signaling what you don’t know”).

6.1.3 Cournot triopoly (with correlating device)

Now suppose that, after a spurious or genuine rejection, the mediator can send private recommen-
dations to the principal and to the agents concerning how much to produce. The ability of the
mediator to work as an informed correlating device allows the principal to relax the participation
constraints even further.@ In our setting, the mediator can be assumed to be perfectly informed

when the rejection is spurious (on-path), because agents have truthfully reported their costs.

In an equilibrium in which recommendations are obeyed, denote by g, and g; the minimum and
maximum output of firms i € {A, B, P}. The maximum output of firm ¢ € {A, B, P} cannot
be higher than the best-response to the minimum outputs of its rivals when 6; = 0. That is:
7, <i- i(gj +gq,), where {1, j,k} = {A, B, P}. Similarly, the minimum output of firm i € {A, B}
cannot be lower than the best-response to the maximum outputs of its rivals when firm 7 has the

highest possible cost: ¢, > 5 — 1(q; +qp), where {i,j} = {A, B}; and qp > :— (@4 +3p)

As a result of these restrictions, the following system of equations yields upper and lower bounds
on the minimum and maximum outputs that firms produce in equilibrium:

(

Ta=5—1lg,+4a)

)
EB—%_i(gA"‘g) T4=1p = 13
EP:%_%L<2A+23) - Ir = 35
¢, =35~ 1@ +7p) q,=9 =15
gB:%_%(EA_‘_EP) \gP:%'
\gP:%_%(EA_‘_EB)

The punishment that can be inflicted on firm A if it genuinely rejects the agreement cannot be

harsher than having, with 100% probability, firm P producing ¢p = % and firm B producing

3

same profit as rejection: 74(0) = E—; and WA(%) = 453%. Deviating by mimicking the other type yields: 7% (0) =

712 1 1 1 1y]1 712 1 1432 1 143% 1 1] 1 143% _ 7 712

3z 3 [04(3.0) +04(3,3)] 5 = Bt < G52 and 7R(3) = G537 — 5 [04(0,0) +4a(0,3)] 3 = 5= — 75 < 13w
"ISuch an extended game, in which a perfectly informed mediator commits to a distribution over profiles of

private recommendations that is conditional on the type profile has been studied by [Bergemann and Morris| (2016)).
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qB = % — %B. These bounds seem impossible to attain because they are best-responses under
beliefs that are extremely asymmetric. However, surprisingly, the mediator can induce obedience
of recommendations that approximate these bounds. As a result, if firm A genuinely rejects the

agreement, the output from its rivals will be approximately equal to Gz — %B +gp =42 _ U5

135~ 2
With the expected output from the rivals being equal to 12 — L = 493 "the best-response of firm

135 12 540°
Ais to produce ¢§(0,4) = 261—7670 — %“ and the resulting disagreement profit is 7%(04) = (261—7670 — 97“‘)2.

To understand how the existence of a mediator allows these bounds to be approximated, keep
in mind that the mediator is informed (we are considering a spurious rejection after both firms
have truthfully reported their unit costs). This allows the distribution over recommendations to
be contingent on the type profile. Observe also that the recommendations that firms B and P
obey after a spurious rejection by firm A (on-path) are also obeyed after a genuine rejection by

firm A (off-path), because the two kinds of rejection are undistinguishable.

We will construct a stochastic recommendation that is always obeyed after a spurious rejec-
tion by firm A, such that the maximum recommendations made to firms B and P, denoted Gz
and @p, are arbitrarily close to the upper and lower bounds, g5 and gp. The mediator will be in-
structed to recommend Gz and Gp with 100% probability after a spurious rejection. The stochastic

recommendation to be made after a spurious rejection by firm A is constructed as follows.

1. With probability 1—¢g, recommend the full-information Nash equilibrium outputs: (g4, g5, qp)
(3,1,3)if (04,05) = (0,0); (qa,q5.qp) = (32,3, 3) if (04,05) = (0,3); (qa. g5, qp) = (. 22, 3)
if (04,0p) = ( ,0); (qa,9B,qp) = (257, 5 27) if (04,0p) = (3, g) With ¢y = 0, these recommenda-
tions would be obeyed, and the (incentive compatibility) obedience constraints would be strictly
satisfied [§] Choose ¢y > 0 that is small enough for the obedience constraints associated with these
recommendations to be remain strictly satisfied for any possible recommendations made with

probability €y. This guarantees that these output recommendations are obeyed independently of

(2,18 3 13 1 11
277 277 277 277 37 27/°

the remainder of the construction. Let ¢° = (g%,q%, QOB,Q%, Q(I)D,qop) =

2. Construct the sequence {¢"}, . as follows. Let: q; be the best-response by firm ¢, when
it has the highest possible cost, to (q?*l,q}jfl), where {i,7,k} = {A, B, P}. Explicitly: q, =
r—Li@y T, qh = t—1(@ "+gp ") and a5 = 1-1(@ ' +g%"). Similarly, let g7 be the best-
response by firm ¢, when it has the lowest possible cost, to (q, q D), where {i, j,k} = {A, B, P}.
Explicitly: 74 = 5 — (¢}, ' + a4 "), @5 = 5 — (¢ ' + ¢y ) and @ = 5 — (¢ " + ¢ '). This
transformation is a contraction with modulus 5. Therefore, it has a smgle fixed point (the bounds

that we wish to approximate), which is the limit of the sequence, and convergence is very fast.m

3. With probability given by (1—¢, )1} ¢,,, make the following recommendations: (QZ’ ot as

"2We are considering a very fine, but finite, grid of possible output choices.
"To prove that it is a contraction, let d(z,y) = |24~y ,|+[Ta—Yal+zp—y 5|+ T —Ypl+|zp—y | +Tp—Tp| and
Tr = (§ _ Tp+Tp 1 mB+mP 1 _ ZL’A+JL’P 1 IA+mP 1 _TatT®p 1 _ fL’AJFmB) Then: d(Tz, Ty) 4‘«'5B Yp+Tp—

7 T 2
Uplt+ilzp— yB+wp yP|+ IwA yA+xp yp|+ IwA Y, FLp—ypl+5[Ta—Ta+Tp—Ypl+1lza—y ,+25—v,| By
the triangular inequality: d(Tz, Ty) < s(Zp—Tp|+Tp—Tp|+|zg— QB\—HQP yp|+|xA Yalt+lzs— yA|—f (x,y).
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or (gz_l,ﬁg,g’;_l), equiprobably, if (64,05) = (3,0); (qﬁ,g%_l,gg_l) or (qz—l,gg,qgg—l), equiprob-
abIY> if (eAaeB) = (07 %)7 (627176%71727;)5 if (eAaeB) = (070)7 (gz_lagg_lvang)a if (eAaeB) = (%7 %)
Choose €, > 0 sufficiently small for all the obedience constraints to remain strictly satisfied inde-

pendently of the remainder of the construction (i.e., independently of what is recommended with

the remaining probability, 117, _,€,,). Recommendations g?‘l and ¢!, not being best-responses
in this case, are obeyed because the obedience constraints are pooled with the much more likely
cases (previous iterations) in which they are best-responses. Recommendations ¢! and ;' are

obeyed because they are best-responses, and the obedience constraints are strictly satisfied.

A sufficient number of iterations allows the support of the recommendations made after a spuri-
ous rejection (on-path) to approximate the bounds as closely as desired. Recommendations made
after a genuine rejection by firm A are deterministic, being given by the maximal recommendations

in that support: (g5 — %B,qﬁ ), where N is the number of performed iterations.

6.1.4 Bertrand oligopoly

In a Bertrand oligopoly with differentiated goods (imperfect substitutes) and private information
about costs, since prices are strategic complements, the price set by an acceptor is the lowest when
the prices it expects the rivals to set are the lowest. Of course, the lower are prices set by the

acceptors, the harsher is the punishment of the rejector.

In a duopoly, the principal chooses the lowest price when she believes that the agent has the
lowest cost and this belief is common knowledge. To induce these beliefs, the mediator generates

a spurious rejection (with a small probability) if and only if the agent announces the lowest cost.

The case of a triopoly is slightly more involved. To induce the harshest possible punishment,
the common belief should be that both agents have the lowest cost. The mediator cannot induce
this belief by generating a spurious rejection if and only if both agents announce the lowest cost,
because an acceptor that does not have the lowest cost would discover that the rejection was
genuine. The best the principal can do is induce approximately optimal beliefs. The mediator
should generate a spurious rejection by agent ¢ € {A, B}: with a small probability, ¢ > 0, if both
agents announce the lowest cost; and with an even smaller probability, €2, if agent ¢ announces
the lowest cost but agent j = ¢ does not. Then, after observing a rejection by firm 7: the principal
and firm j believe that the rejector has the lowest cost with 100% probability; and the principal
believes that firm j has the lowest cost with probability 1%6
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6.2 Collusion in auctions
6.2.1 All-pay auction with bid cap

Two lobbyists, i € {A, P}, compete for a government contract by simultaneously choosing how
much to spend, b; € [0, m], where m is the cap on spending.@ The one who spends the most gets
the contract, worth vp > 0 to lobbyist P (principal) and v4 > vp to lobbyist A (agent). In case of
tie, each lobbyist wins with 50% probability. Supposing that the cap on bids has an intermediate
value, m € (%P,vp), non-cooperative spending levels are as follows: lobbyist A randomizes over
(0,2m — vp|U{m}, with a mass point at m; while lobbyist P randomizes over [0, 2m — vp]U{m},

with mass points at 0 and m. Their expected payoffs are 74 = v4 —vp and mp = 0, respectivelyr_g]

The principal proposes a collusive agreement to the agent, offering to withdraw from the contest
in exchange for a payment of v — . If § > 0, the agent strictly gains from the agreement, as his

payoff increases to v4 — vp + 9. If the agent rejects to collude, non-cooperative bidding ensues.

If the principal has access to a mediator that can mimic the rejection of a proposal, she can
obtain a higher payment. The mediator should generate a spurious rejection with probability
e > 0, and, after a spurious rejection, recommend a bid to the principal according to the non-
cooperative equilibrium distribution over [0,2m — vp] U {m}. If the agent genuinely rejects the

agreement, the mediator should recommend a bid equal to m with 100% probability.

In the absence of a trembling mechanism, the principal would not obey such recommendation.
After observing a rejection, the principal would know that the randomization is not proper and,
therefore, would perform the randomization herself. With a trembling mechanism, the principal,
after observing a rejection, believes with 100% probability that it is a spurious rejection and, thus,
that the randomization is proper. It is the strictly positive probability of spurious rejection that

makes the principal obey the faulty randomization, by concealing that it is faulty.

We conclude that, using the mediator as a randomization device, the principal can credibly
threaten to bid m in case of a genuine rejection. Then, if m > %, the agent withdraws from the
contest and gets a payoff of zero; if m < %, the agent bids at the cap and gets a payoff of %* —m.
The disagreement payoft of the agent is reduced to max {O, g m}, which means that the agent

becomes willing to pay the principal v4 —maz {0, G- m} — 8, which is clearly more than v¥ — 6.

6.2.2 Second-price auction with participation costs

In a second-price auction with participation costs, trembling mechanisms may be crucial for a
cartel to be established. Without mediation, as shown by [Tan and Yilankayaj (2007), a cartel

agreement is not ratifiable. Rejecting the agreement credibly signals a high valuation, which makes

"Since our theory of trembling mechanisms is developed for discrete action sets, the conclusions of this example
hold only asymptotically. It is also worthwhile remarking that, in this example, there is no private information.

">This model was proposed and analyzed by |Che and Gale (1998b).
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it unprofitable for the rivals to support the participation cost. As a result, a high-value bidder
is better off rejecting the collusive agreement than ratifying it. However, the same agreement,

proposed using a trembling mechanism, would be accepted by all agents[|

6.3 Other possible applications
6.3.1 Dispute resolution

Rejection of a settlement proposal can release information that is relevant for a future decision
about whether to litigate and about the level of effort to make in the litigation process[”"| Therefore,

it may be important to generate the disagreement beliefs that are the most adverse for a rejector.@

6.3.2 Sequential contracting

When two principals contract sequentially with the same agent, the first principal may extract
additional surplus from the agent by manipulating the otherwise off-path beliefs of the second
principal[’] For example, consider an agent with private information about his valuation for a good
that is supplied by two principals, in an environment in which the first principal proposes a “take-
it-or-leave-it” menu of contracts to the agent, and, if the agent rejects, the second principal has
the opportunity to contract with the agent. Employing a mediator that, with a small probability,
generates disagreement if the agent picks the contract designed for an agent with high valuation,
the first principal reduces the outside payoff of the agent by inducing in the second principal the

belief that an agent that rejects the proposal of the first principal must have a high valuation.

6.3.3 Dynamic contracting

In a two-period dynamic screening model with limited commitment, |Deb and Said (2015) showed
that a seller can gain from inducing rejections in the first period to incentivize herself to charge
higher prices in the second period. They constrained rejections to be genuine (the proposal must
be designed in a way that makes it optimal for some types to reject), while trembling mechanisms

dispense with restrictions on the utility offered to the types that the principal wants to rejectFE]

"6Without participation costs, beliefs would be irrelevant and thus trembling mechanisms would not be useful.

""See |Cooter and Rubinfeld, (1989).

"8In Horner et al. (2015), a mediator can recommend war, with some of the flavor of a spurious rejection.

™See |Calzolari and Pavan| (2006ajbl [2008), and [Pavan and Calzolari (2009).

80In the model of Deb and Said (2015, some buyers arrive early while others arrive at the last-minute. Those
who arrive early can wait for the last-minute to contract. When contracting early, the seller is not able to commit
to the contract that she will offer at the last-minute. Therefore, the last-minute proposal is an endogenous outside
option for the early proposal. Rejections of the early proposal change the composition of demand at the last-minute

and, therefore, may mitigate the seller’s loss due to limited commitment. [Deb and Said| (2015) conclude that the
seller should distort the early contract in a way that induces rejection by an intermediate set of types.
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6.3.4 Informed principal

Although outside our scope, the use of a mediator can also allow an informed principal to ma-
nipulate the off-path beliefs about her own characteristics. The informed principal must be able
to transmit her proposal through a communication device that, with a small probability, modifies
the proposal. As a result, an agent that receives a proposal which is different from the one that
he should have received according to the candidate equilibrium, will update his beliefs about the

principal in a Bayesian way (amenable of design through the communication device).Ef]

For example, in models of multilateral vertical contracting where a supplier is constrained to
make private bilateral offers to multiple downstream firms, belief updating off-path by a down-
stream firm occurs if it receives an offer that is different from the one prescribed by the candidate
equilibrium. It is common to assume passive beliefs: continue to expect that the proposals made
to the other downstream firms are in accordance with the candidate equilibrium (Hart and Tirole,
1990; |Segal, [1999). However, an alternative known as wary beliefs has been put forward: expect
that the proposals made to the other downstream firms are optimal for the supplier, given the
proposal just received (McAfee and Schwartz, |1994; Rey and Vergé, [2004)).

Suppose that the supplier can commit to use a mediation device that transforms her proposal
into another proposal with a small probability. Then, if a downstream firm receives an unexpected
proposal, it may infer that is was due to a tremble by the mediation device and will not update
its beliefs about the proposals that the supplier has sent to the other downstream firms. In this

limited sense, trembling mechanisms provide a foundation for assuming passive beliefs.

7 Conclusion

In principal-agent environments where the outside payoff of an agent depends on what the other
players infer from his rejection of the mechanism, the principal can relax the participation con-
straints of the agents using trembling mechanisms. These are a specific kind of mediated stochastic
mechanisms. Stochastic because even if all agents accept to participate, (with an arbitrarily small
probability) the agreement may not be enforced. Mediated because it is crucial that if an agent
rejects to participate, this decision is not observed — the other players cannot distinguish a genuine
rejection from a spurious rejection. Besides signal-jamming genuine rejections, the mediator also
collects information and makes non-binding recommendations. Being always trustworthy on-path

allows the mediator to be trusted off-path when it induces acceptors to punish a genuine rejector.

81In an example presented by Rabin and Sobel| (1996)), the informed agent, who moves first, has a higher payoff
in a pooling equilibrium which does not satisfy reasonable refinements than in a partially separating equilibrium
that satisfies the refinements. The informed agent would gain from using a trembling mechanism to choose the
otherwise off-path beliefs of the uninformed agent.
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A Some remarks on correlated equilibrium

A.1 BCEY vs BNE

An outside game in which a BOEY can entail a harsher punishment than any BNE is described

in Figure [g_Z] Despite being a complete information game, the example illustrates the point.

C1 C2 C3 C4
0 3 6 4
R1
0 6 3 4
6 0 3 4
R2
3 0 6 4
3 6 0 4
R3
6 3 0 4
4 4 4 5
4
R 4 4 4 )

Figure 1: A correlated equilibrium may be a harsher punishment than any Nash equilibrium.

In this degenerate outside game, a BCEY is simply a correlated equilibrium, while a BNE
is simply a Nash equilibrium. While the unique Nash equilibrium payoffs are (5,5), there is a
correlated equilibrium in which expected payoffs are (5, 4)@

A.2 BCE! vs BCEY

It is easy to find examples in which a BCE!(u) strategy can punish the agent more than any
BCEVY (i) strategy. Figure 2] presents a degenerate one: the agent (column player) does not play.

In the game depicted in Figure , the principal plays R3 in the single BC'EY (which is the single
BNE), yielding a payoff of 4 to the agent (column player). The BCE! in which the principal
plays R1 if the agent is of type 1 and R2 if the agent is of type 2 yields a payoff of 0 to the agent.

Notice that the principal cannot implement such a harsh punishment using trembling mecha-
nisms, because, after a genuine rejection, the mediator cannot make a recommendation that is
contingent on the type of the agent. Still, the mediator can recommend R1 with probability
a € [0,1] and R2 with probability 1 — «, yielding an outside payoff of 3(1 — «) to the agent of
type 1 and an outside payoff of 3a to the agent of type 2.

82This example is attributed to Robert J. Aumann. Versions of it appeared in the works of Nau and McCardle
(1990) and Evangelista and Raghavan| (1996)), from where this version was adapted.

830Observe that a profile of correlated equilibrium strategies that places probability % on each outcome whose

payoffs are (6,3), i.e., on (R1,C2), (R2,C3) and (R3,C1), and probability % on each outcome whose payoffs are
(3,6), i.e., on (R1,C3), (R2,C1) and (R3,C2), yields expected payoffs of (5,4).
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(type 1, 50%) (type 2, 50%)

0 3
R1 R1
3 0
3 0
R2 R2
0 3
4 4
R3 R3
2 2

Figure 2: A BOE! may be a harsher punishment than any BCEY.

A.3 Choosing an action in the support

While, after a spurious rejection, the recommendations of the trembling device must constitute
a BOFE!(u) strategy profile; after a genuine rejection, the principal will obey any action in the
support of a BCEL(p) strategy.

There are many examples in which a strategy with support contained in that of an equilibrium
strategy can punish the agent more than any equilibrium strategy. In the (complete information)
example of Figure [3] the pure strategy R1 reduces the payoff of the column player to —7. The

minimum payoff of the column player in a BOE! is —4.

C1 C2

R1

R2

Figure 3: A strategy in A(supp(BCE')) may punish more than any BCE! strategy.

A.4 On the structure of BCE!

There exists a single BCE' whose support is equal to the union of the supports of all BCE! for
all common beliefs. On-path, the mediator could randomize over beliefs and over different BCE!,
but this would not enlarge the set of recommendations obeyed off-path (which is the support of

the distribution over recommendations made on-path) relatively to that single BCEL

Lemma 1. Let € A(O) have full support. There exists y € BCE!(u) such that, for all i € Ip:
supp(yilp) = supp(BCE]) ]

84Recall that supp(BCOE!) = Upea(o) YyeBor! (u) Supp(yp|m)-.
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Proof. Given a common belief with full support, u € A(©), let us construct y € BCE! (1) whose support
contains all actions a; € Aj;, for all j € Ip, that are played with strictly positive probability in some
BCEL Collect all such a;, for all j € Ip, and denote this set by .A. For each action a* € A, there exists
a common belief, 1, and a BCE! under that belief, y* € BOE!(u*), in which a* is played with strictly
positive probability. There exists a set of signals that transforms p into a distribution over posteriors
whose support contains { ph, }, where K is the cardinality of A. Concretely, consider a random
signal with possible realizations {81, K } where the probability of s* if the type profile is € is given by

G k . k . o .
MO with €% > 0, for k € K. Imposing ), €” < ming p(#) guarantees that the conditional probability

of some signal being released is smaller than unity. The posterior probability that results from the
observation of s¥ is ¥, for k € K. Conditionally on signal s* being released, the mediator recommends

y* € BCET(i/*). As a result, all actions a* € A are played with strictly positive probability. O

B Proofs

B.1 Single-agent case

Proof of Proposition (=) If = is virtually tnc-feasible, there exists a sequence of strictly trembling
mechanisms, (¢™,0,2™),en, converging to (0,0, z), each having a sequential equilibrium in which the
agent participates and reports truthfully. Consider a sequence of such equilibria, which are characterized
by: an ex ante probability of spurious rejection, €™; a disagreement belief, y""; and a type-dependent
distribution over action profiles, y™ € BNE(u™), induced by a strategy profile, (o3, 07"), where of" :
© — A(A;) is such that 67" (0) is a best-response to o} if the agent has type 6, V0 € ©, while 0} € A(Ap)
is a best-response to of* if the principal believes that the agent is of type # € © with probability 1(6).
Consider a subsequence, (¢™, 1™, y™, 0%, 07" )mem, that converges to (0, 1, y,0p,01). The limit strategy
profile, (op, 1), induces the limit distribution over action profiles, y. Since w&(y(0),0) and =¥ (y(9),0)
are continuous with respect to y, the limit strategies are mutual best-responses, thus, y € BN E(u). Since

(IC’) and (IR) are satisfied along the sequence, x satisfies (IC) and (IR) when the outside option is y.

(<) From Remark [} if an allocation x is O-feasible, there exists a belief, 1 € A(O), and a type-
dependent distribution over action profiles, y € BNE(u), such that z satisfies (IC) and (IR). Given
Assumption || and linearity of 7 (z(0),0) in the first variable, we can construct a sequence of allocations,
(2™),,ens converging to x, that strictly satisfy (IC), and satisfy (IR) given the same outside option, .
For example, letting = = mﬂﬂx + #fo , Ym € IN. Each allocation in the sequence, x™, satisfies
(IC’) and (IR) for sufficiently small €™ > 0 (since 7f is bounded, v; is also bounded, thus €™ can be
chosen irrespectively of the behavior in the outside game after a spurious rejection). Therefore, we can
construct a sequence of pairs (2™, €™),en, converging to (x,0), such that (IC’) and (IR) are satisfied
along the sequence. The sequence of strictly trembling mechanisms, (€™, 0, 2™),,eN, becomes completely

defined by letting €™(6) = 50((99)) €™, which implies that the disagreement belief is p along the sequence.

As a result, following a genuine rejection, the independent strategies that induce y € BNE(u) are

sequentially rational. Hence, each mechanism in the sequence has a sequential equilibrium in which the
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agent participates and reports truthfully. As lim,, .o €™ = 0, the sequence of mechanisms converges to

the non-mediated mechanism, (0, z). O

Proof of Proposition 2| (=) Let x be virtually ¢pc-feasible. There exists a sequence of strictly
trembling mechanisms with pubhc correlation, (g™, ¢YPS™, x™),eN, converging to (0,¢P¢ ), each hav-
ing a sequential equilibrium in which the agent participates and reports truthfully. In mechanism
(™, PP ™) e, if the agent reports type 6 € ©, a spurious rejection is produced and a public

signal, k € K, is sent with probability €}"(0) = ’L - ((90)) ex'. Observation of k¥ € K induces the disagreement

belief 1" € A(©), and the distribution over action profiles, y;* € BN E(u;"). If there is a genuine rejec-
tion (off-path), signal k € K, such that €' > 0 (so that the principal cannot detect that the rejection has
been genuine), is sent with probability p;*. This implies that the same belief, 447", and the same behavior,
y* € BNE(u;"), is induced. The principal behaves in the same way because she does not distinguish a
genuine rejection from a spurious rejection. The agent could behave differently, but is not interested in de-
viating because he is best-responding to the behavior of the principal. Let y™ € Conv(Uyea@)BNE(1))
be the mixture over {y;"'}, - - induced by probabilities pi*. Each (2™, €™) satisfies (IC’) and (IR) with y™

as the outside option. Taking limits, as (z™,€™,y™) — (z,0,y), we find that x satisfies (IC) and (IR),
with y as the outside option. Continuity of 7%(-,0) and 7ft(-,§) implies that y € Conv(Uyea@) BN E(1)).

(<) Let y be a mixture over a set of distributions over action profiles, {y},cx, where yp € BNE(uy),
with probability weights py (from Caratheodory’s theorem, K can be assumed to be finite). As ex-
plained in the proof of Proposition (1, construct a sequence of allocations, (z™),,en, that satisfy (IR)
and strictly satisfy (IC), whose limit is x. Let the associated sequence of strictly trembling mechanisms,

(™, PP ™) en, be such that, following report 6 € ©, a spurious rejection is generated and signal

k € K is released with probability e;(0) = & ’“E ; pre™, where €™ > 0 is sufficiently small for (IC) to
remain strictly satisfied. After a genuine rejection (off-path), signal k& € K is released with probability
pr- The resulting belief is py, and the resulting behavior is yp € BNE(uy). Each of the mechanisms
in the sequence has, therefore, a sequential equilibrium in which: the agent participates and reports
truthfully; a spurious rejection is generated with probability €”; and the outside option is y. As €™ — 0,

the sequence of strictly trembling mechanisms converges to a non-trembling mechanism, (0,¢?¢ x). O

Proof of Proposition [3 (=) If z is virtually tec-feasible, there exists a sequence of strictly trembling
mechanisms, (g™, ™, xm)meN, converging to (0,1, z), each having a sequential equilibrium in which
the agent participates and reports truthfully. Such an equilibrium is characterized by: a probability of
spurious rejection, €™; a disagreement belief, 4™; and a joint distribution over actions for each type of

m ,,m ,Mm

the agent, y™ € BOEY(u™). Consider a subsequence, (¢™, u™,y™), that converges to (0, u,y). Since
78(y(9),0) and 7 (y(6), 0) are continuous with respect to y, optimality of obeying the extraneous private
recommendations along the sequence implies optimality of obeying the extraneous private recommenda-
tions in the limit: y € BCEY (). Since (IC’) and (IR) are satisfied along the sequence, they are also

satisfied in the limit. Hence, x satisfies (IC) and (IR) with y as the outside option.

(<) From Remark 2] if an allocation x is nt-feasible, there exists a belief, ;1 € A(©), and a distribution
over action profiles in the outside game, y € BCEY (1), such that (IC) and (IR) are satisfied. The fact that
y € BCEY () means that there exists a distribution over profiles of private signals, ¢ € A(Ap x A|1®|),
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recommending an action for the principal to execute and a plan of actions for the agent to execute as a
function of his type, which is such that y(0, ap,a1) = ¥(ap,a1(0)), V(0,ap,a1) € © x Ap x Aj, and such
that neither the principal nor the agent gain from disobeying. Notice that ¢ must be the same after a
spurious and a genuine rejection (because it is extraneous). Assumption (1| and linearity of (-, ) allow

us to construct a sequence of allocations, (z™),, .y, converging to x, that strictly satisfy (IC), and satisfy

(IR) when the outside option is y. Let €™(6) = ,ﬁ)((ge)) €™ be the probability of a spurious rejection following
report § € ©, which implies that the disagreement belief is p. Since each z™ satisfies (IC’) and (IR) as
long as €™ > 0 is sufficiently small, we can construct a sequence (z™,€™),,en, converging to (z,0), such
that (IC’) and (IR) are satisfied along the sequence. All mechanisms in the sequence send extraneous
profiles of private signals according to 1¢¢. Thus, the outside option is y along the sequence. We conclude
that each mechanism in the sequence has a sequential equilibrium in which the agent participates and

reports truthfully. As €™ — 0, the sequence converges to a non-trembling mechanism, (0,1, ). O

Proof of Proposition (=) Let (g™,y™, 2™)nen be a sequence of strictly trembling mechanisms
converging to a non-trembling mechanism, (0,1, x), such that each mechanism in the sequence has a
sequential equilibrium in which the agent participates and reports truthfully. Consider mechanism m € IN
in the sequence. After a spurious rejection, common disagreement beliefs are ;" and principal and agent
play some 2™ € BOE!(u™). After a genuine rejection (off-path): the principal is recommended an action
in supp(2p|p™) (she obeys, as after a spurious rejection); the agent best-responds to the distribution
of recommendations made to the principal. Let o} € A(supp(z}|u™)) be the mixed action that the
principal plays off-path, following a genuine rejection; and let of* : © — A(A;) be a best-response to op.
Denote by y™ : © — A(A) the resulting joint distribution over action profiles. Considering a subsequence
that converges, denote the limit of o'% by op € A(supp(BCEL)), and let o1(0) be a best-response to op
when the agent is of type 0. Since there is participation and truth-telling along the sequence, x satisfies

(IC) and (IR) when rejection leads to (op,01).

(«<=) Let op consist in playing a* € supp(BCEL) with probability p;. Consider a common disagreement
belief with full support, u € A(©), and a BCE! distribution over action profiles, y € BCE!(u), whose
support contains the support of op. Existence of y follows from Lemma Construct the trembling

device of each mechanism m € IN so that if the input message is 0, a spurious rejection is generated

with probability £(6) = :0((9(3) €™, where €™ > 0. Along the sequence, the common disagreement belief is
p. Instruct the mediator to recommend y € BCE!(u) after a spurious rejection (in all mechanisms in
the sequence). Following a genuine rejection, the mediator recommends a* with probability ps to the
principal, and sends no meaningful signal to the agent. Construct (z™, €"™),,en as in the previous proofs,
so that (IC’) and (IR) are satisfied with y induced by (op,01(f)), where o1 is a best-response to op.
Consider a candidate sequential equilibrium in which the agent participates and reports truthfully. It is
optimal for principal and agent to obey the recommendations made after a spurious rejection. Therefore,
the principal also obeys the recommendation following a genuine rejection (believing that the rejection
has been spurious, which is infinitely more likely). After a genuine rejection, the agent anticipates that
the principal will play op, and plays a best-response, o1(f). This means that the distribution over
action profiles is induced by (yp,y1(0)), V0 € ©. Since (2™, €™) satisfies (IC’) and (IR), no deviation

from the candidate sequential equilibrium is beneficial. Letting, ¢™ — 0, the mechanism converges to a

37



non-trembling mechanism, (0,1, x). O

B.2 Multiple-agent case

Proof of Proposition (=) If x is O-feasible, there exists a sequential equilibrium of the non-mediated
mechanism, (0,0, z), in which agents participate and report their types truthfully. In this sequential
equilibrium, the common belief following a rejection by agent i € I (off-path), denoted p?, belongs to Bé;
and the resulting distribution over action profiles, 4, belongs to BN E(u?). Since agents participate and

report their types truthfully, (IC) and (IR) are satisfied for each i € I, given each y'.

(<) Since, for each i € I, p* € B} and y* € BNE(u'), we can construct a sequential equilibrium of
the non-mediated mechanism, (0,0, x), in which agents participate and report their types truthfully. For
each i € I, let u' be the common belief following a rejection by agent i € I (off-path), and let y’ be the

resulting distribution over action profiles. O

Proof of Proposition [6l (=) Since z is nt-feasible, there exists a sequential equilibrium of a non-
trembling mechanism, (0, %, x), in which agents participate and report their types truthfully. The common
belief following a rejection by agent i € I (off-path), denoted pu’, belongs to B} (remember that under
pt € BY, the belief of agent i of type 6; € ©; is the same as under u°); and the continuation distribution
over action profiles, 3, constitutes a BCE~*(u%), by definition. Since agents participate and report

truthfully, (IC) and (IR) are satisfied for each i € I, given y'.

(<) Let p' € By and y* € BCE~!(i1*) be such that x satisfies (IC) and (IR), Vi € I. We will construct
a sequential equilibrium of a non-trembling mechanism, (0,1, x), in which agents participate and report
their types truthfully. Let a pure strategy by player ¢ € I be a mapping a; : ©; — A;, and denote
the finite set of such pure strategies by A;. For each i € I, let 1* be the common belief following a
genuine rejection by agent i, and let 3’ : ©_; — A(A_; x fll) be the subsequent distribution over profiles
of private recommendations (agent i receives a recommendation for each of his possible types). The
recommendations are obeyed because y* € BCE~!(ut), by definition. Since, Vi € I, (IC) and (IR) are
satisfied with y' being the outside option, there is a sequential equilibrium of (0,1, ) in which agents

participate and report their types truthfully. ]

Proof of Proposition [7] Using Assumption 1’ and linearity of m;(z(f), #) in the first variable, we can
construct a sequence of allocations, (™), ., converging to x, that strictly satisfy (IC) and satisfy (IR),
for each ¢ € I, given the outside option, y®. We know that y® is induced by (aii,agi)) such that

(2
o', € BNE_;(*), with p* € BL. Construct a sequence of trembling devices by setting £5(0) = 5;((?;)) em,

for each ¢ € I, with lim,, o, €™ = 0. The only difference across trembling devices along the sequence is
the value of €™ > 0. For each m € IN, €™ > 0 must be sufficiently small for (IC’) and (IR) to be satisfied,
Vi € I, given the outside option 3. This completes the construction of a sequence of strictly trembling
mechanisms, (¢™,0,2™),eN, that converges to (0,0,z). Consider a candidate sequential equilibrium in

which: agents participate truthfully; a spurious rejection by agent ¢ € I leads to a mixed action profile
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(0%,,0Y) € BNE(u'); and a genuine rejection by agent i leads to the same mixed action profile by the

acceptors, Ui_i € BNE_;(14%), and a best-response by the rejector, o, which induces y(i). Since (IC?)

7 )

and (IR) are satisfied along the sequence, this is a sequential equilibrium. O

Proof of Proposition Since x is virtually tnc-feasible, there exists a sequence of strictly trembling
mechanisms, (€, 0, 2™ ),en, converging to (0,0, z), each having a sequential equilibrium in which agents
participate and report truthfully. Each equilibrium in the sequence is characterized by: the probability of
spurious rejection by each agent i € I, denoted €™ : © — [0, 1]; the resulting disagreement belief, p*™;
the strategy of each acceptor j € Ip\{i}, following a rejection by agent i € I, denoted o;.’m 10, = A(A));

the strategy of a spurious rejector ¢ € I, denoted af’m : ©; — A(A)); and the strategy of a genuine rejector

1 € I, denoted ay)’m : ©; = A(A;). Since the mechanisms in the sequence are strictly trembling, all types
,m —

of all players play the outside game on-path. Notice also that ¢*™ = (a;m) jelp isa BN E(ub™) strategy

profile: each U;-’m : 05 — A(A;) is such that J;-’m(ﬁj) is a best-response to the other players’ strategies,
(ali’m)lejp\{j}, if agent j has type 0;, V8; € ©;. The best-response of agent j of type 0, is calculated given
the belief that the type profile of the other agents is 6_; € ©_; with probability x*™(6|6;). On the other

(@),m

hand, the strategy profile that results from a genuine rejection, denoted o™ = (0; Lm

’(U] )jEIP)7 is
not typically a BN E(u*™). The genuine rejector best-responds to (a;-’m)je 1, given his belief that the
type profile of the other players is §_; € ©_; with probability u°(0]0;). The genuine rejector does not

m

update his belief from p° to u*™ as a result of his own deviation (although acceptors believe, and the

rejector knows that acceptors believe, that ;™ is the common disagreement belief).

Given the sequence ((5i’m,ui’m,ai’m,a(1)’m)

; iel)meN, Pick a subsequence that converges and denote

the limit by (O,,ui,ai,az(i))ie]. The ex ante payoff function in the limit, denoted E,:m [ﬂf(z(ﬁ),ﬁ)], is

bilinear in z and p, and is uniformly bounded. This implies that, if M;" (05) > 0, the limit strategy U;'-(Qj)
is a best-response to o{j: if an alternative strategy of agent j of type ¢;, denoted O';/(Oj), was strictly
preferred in the limit, the same strategy would be strictly preferred for sufficiently large m, which would
be a contradiction. Although ué-’m(Qj) > 0, along the sequence, it is possible that /(6;) = 0 in the limit.
In that case, considering the limit conditional probability, the objective of agent j of type 6; becomes

well defined and the same kind of contradiction is reached. We conclude that o* € BN E(u'). Acceptors

j € Ip\ {i} play the same strategy profile, o' . € BNE_;(u'), after a genuine rejection. The limit
(4)

%

Let y(™ and y(® denote the distributions over joint actions induced by the strategy profiles played after

J
strategy of a genuine rejector, o;, is also a best-response in the limit (for the same reason as before).
a genuine rejection along the sequence and in the limit, respectively. Since (IC’) and (IR) are satisfied
along the sequence (with the outside option being y(¥™), (IC) and (IR) are also satisfied in the limit
(with the outside option being y®). O

Proof of Proposition [9] (=) Let (¢™,¢™,2™),en be a sequence of strictly trembling mechanisms
converging to a non-trembling mechanism, (0,1, x), such that each mechanism in the sequence has a
sequential equilibrium in which the agent participates and reports truthfully. Consider the equilibrium
of mechanism (™, 4™ ™). After a spurious rejection by agent ¢ € I, given the type profile, § € O:
a common belief, u*™ € B = {u € A(©): u;(0;) >0, Vj € I} results from Bayesian updating; and

players receive, and obey, recommendations according to y*™ € BOE!(u*™). After a genuine rejection
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by agent i € I (off-path): each acceptor j € Ip \ {i} is recommended, and obeys (presuming that the
rejection has been spurious), an action, a; € A;, in the support of y;-’m; the profile of recommendations,
a_;, is drawn from a distribution y(i)’m(G_i); the rejector, i, chooses a best-response, a; € A;, or follows
a recommendation that allows him to obtain a higher payoff (the worst that can happen to player i is to
receive a meaningless private signal, which prevents him from conditioning his best-response). Since there
is a sequential equilibrium with truthful participation, 2™ satisfies (IC’) and (IR) for a joint distribution
over action profiles, " : © — A(A), induced by y(_iz’m € A(A_;(0—;)), for each _; € ©_; (which is the
distribution over acceptors’ action profiles following a genuine rejection by agent i) and by a best-response
from the rejector, az(i)’m 10— A(4;).

(0),m

Consider a subsequence (y i > u that converges and denote the limit by y(_i). It is clear that
me

i
y(_lz € A(A_;(6-:)), because the support of a sequence of distributions “cannot increase in the limit”.
(@)

Denote the limit of UZ@’m by O’i(i). Since the best-response mapping is upper hemi-continuous, o, is
(4)

;- Since there is participation and truth-telling along the sequence, there is also

participation and truth-telling in the limit: x satisfies (IC) and (IR) when rejection leads to (yg, O'Z@).

a best-response to y

(<) Since y(_lz(e_l) e A(A_;(0-)), V8_; € ©_;, from Lemma 3yt € BOE'(u'), where p' is any
common belief with full support, s.t., for each j € Ip \ {i}: a; € supp [y](.z)(ﬁ_i)} implies a; € supp(y;'-).

Construct a trembling device such that if the input message is # € O, a spurious rejection by agent
i € I is generated with probability £/(9) = %, where 0 < €™ < mingeg 1°(6). Following a spurious
rejection by agent 4, the disagreement belief is ?, and the mediator recommends %%(6). Observe that

all actions in the support of y](.i)

0;, after a spurious rejection by agent i. After a genuine rejection by agent 4, let the mediator send

(f_;) are chosen with positive probability by player j when he has type

recommendations to the acceptors according to y(fz(ﬁ,z) These recommendations are obeyed, because
acceptors j € Ip \ {i} believe that a spurious rejection has occurred and the recommendations are made

according to y* € BOE!(p?).

Since z satisfies (IC) and (IR) for the given y(?), we can define (in the usual way) a sequence of pairs,
(2™, €™)men, such that (IC’) and (IR) are satisfied along the sequence for the given y(*). Consider a
candidate sequential equilibrium in which agents always participate and report truthfully. As we have
seen, it is optimal for players to obey the recommendations made after a spurious rejection, and, therefore,
acceptors also obey the recommendations made after a genuine rejection (believing that the rejection has

been spurious, which is infinitely more likely). After a genuine rejection, the rejector anticipates that
)
distribution over action profiles is in fact induced by (y(zg, (T,EZ)) such that y(fz € A(A_;(0-,)), VO_; € 0_,
Z(i)(ﬁl-) is a best-response to y(i) VO, € ©;. Since (™, €™) satisfies (IC’) and (IR), no deviation

_7;’

the acceptors will play y'; : ©_; — A(A_;), and plays a best-response, o;(6;). This means that the

and o

from the candidate sequential equilibrium is beneficial. Letting, €” — 0, the mechanism converges to a

non-trembling mechanism. O
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