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ANDREA BOVO, TIZIANO DE ANGELIS, AND STEPHANE VILLENEUVE

ABSTRACT. We perform a detailed study of a principal-agent problem in a continuous time version
of the celebrated Holmstrém-Milgrom model (Econometrica 55 (2), 1987) where we add limited
liability for the Agent. We develop a probabilistic methodology to prove that the Principal’s value
function is the unique classical solution to a fully nonlinear and fully degenerate partial differential
equation (PDE) with Cauchy-Dirichlet boundary conditions on [0, 7] X [0, c0). Indeed, we also prove
infinite continuous differentiability of the solution in the interior of the domain. The strength of
our regularity result is such that we can ensure existence of optimal controls in strong form—a
rare occurrence in dynamic contracting—and we obtain fine properties of the optimal control map,
including a characterisation via a further nonlinear degenerate PDE.
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In dynamic contracting a Principal has the financial means to run a project but lacks the expertise.
She can hire an Agent who is capable of running the project but requires a suitable compensation
package in return. Mathematically the problem can be formulated as a nonzero-sum Stackelberg
game in which first the Principal offers a contract, then the Agent determines her optimal level of
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effort (given the contract) and, finally, the Principal chooses the contract that strikes the optimal
balance between expected output and associated costs.

The output produced by the Agent is the result of a combination of the Agent’s own effort and of
random fluctuations generated by external factors. This creates the so-called moral hazard problem
whereby the Agent may exert lower effort than what the Principal believes is actually exerted. To
avoid this issue the Principal must restrict the class of contracts she is willing to offer to the class of
so-called Incentive Compatible (IC) contracts. Such restriction effectively determines the Agent’s
optimal actions and reduces the whole Stackelberg game to a problem for the Principal of selecting
an optimal IC contract.

Within this framework we consider the combination of finite-time horizon and limited liability for
the Agent. The former means that the contract is resolved at a fixed maturity 7" € (0,00) and the
latter means that the Agent does not accept contracts that may incur them a financial loss at the
terminal time. The limited liability acts as a constraint in the contract making the finite-horizon
problem very challenging and not well-understood. Recent work by Krsek and Possamai [30] proves
existence of an optimal contract in a general framework that can accommodate the limited liability
constraint as a special case. The existence result is obtained within a weak formulation in which
the Principal and the Agent may use relaxed (randomised) controls. The methods rely on a special
class of BSDEs driven by a martingale measure and compactness arguments. This approach is
remarkable in its generality but it offers little insight into the form of the optimal contract. As the
authors of [30] explain in their Introduction, solving the Principal’s problem is essentially equivalent
to finding a classical solution to a Hamilton-Jacobi-Bellman (HJB) equation for which “regularity
results remain in general elusive [...] and one can at most hope for some form of Sobolev regularity,
which is usually too weak for our purpose”.

Our paper tackles the latter issue. We investigate in detail the solvability of the HJB equation
arising from a continuous-time dynamic contracting model with finite-time horizon and limited
liability. Although the limited liability is a constraint on the terminal value of the contract, in
fact it creates a dynamic constraint on the whole dynamics of the contract’s value, which is bound
to stay non-negative at all times. As a result, the Principal solves a stochastic control problem
on the horizon [0,77], in which she controls drift and diffusion of an arithmetic Brownian motion
and the process is absorbed upon hitting zero for the first time. As a consequence the Principal’s
HJB equation is posed on the half-line with Cauchy condition at the terminal time T and Dirichlet
condition at zero. We prove that the Principal’s value function is the unique classical solution to
the following fully nonlinear Cauchy-Dirichlet problem

_m + %028zxw(t7x) + CAaxw(tvx) = CA, (ta 1,‘) € [OvT) X (07 OO),
(1.1) ¥(t,0) =0, tefo0,T),
(T, z) =0, x € [0,00),

where o, p and ¢4 are parameters specified in the model. We also prove that such solution belongs to
the class C*°(]0,T) x (0,00)) NC([0,T] x [0,00)) of continuous functions on [0, 7] x [0, 00) which are
infinitely continuously differentiable in [0,7") x (0, 00). We are then able to construct the dynamics of
the optimal contract in strong formulation (i.e., adapted to the filtration observed by the Principal)
and we prove fine properties of the Agent’s optimal effort level as a function of time and wealth.
Finally, we also obtain a probabilistic representation of the Agent’s optimal effort map and we prove
that it is the classical solution of another nonlinear PDE.

The whole analysis is performed developing new probabilistic ideas for the direct study of the
Principal’s value function, setting our work apart from the majority of the existing literature on
dynamic contracting. As we discuss later in this Introduction, our results also shed new light on
the economic impact of the interplay between finite maturity of the contract and limited liability.
The two features have not yet been considered simultaneously in the economic literature.
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Before delving deeper into our contributions to the literature, we would like to emphasise that our
model starts from the continuous-time version of the classical model by Holmstrém and Milgrom
[27] and it adds to it the limited liability feature. This change alone produces a wealth of new
challenges in the mathematical analysis and strong nonlinearities in the structure of the resulting
optimal contracts. We should also mention that our Agent is risk-averse (CARA utility maximiser)
with a quadratic cost of effort and the Principal is risk-neutral.

1.1. Our mathematical contribution. In broad generality the modern approach to dynamic
contracting problems was rigorously established by Cvitani¢, Possamai and Touzi [13], who show
that all IC contracts can be written in terms of second-order BSDEs describing the dynamics
over time of the contract’s value. Their results formalise in rigorous mathematics and expand
ideas that were proposed in Sannikov [44] for an infinite-time horizon problem. The mathematical
community has recently adopted this methodology in a variety of situations. Lin et al. [35] and
Possamai and Touzi [42] study contracts with random-horizon. Elie and Possamai [21] consider
principal-agent problems with many agents and mean-field interactions. Mastrolia and Possamai
[37] include ambiguity in principal-agent problems. Aid, Possamai and Touzi [2] and Elie et al. [20]
use dynamic contracting theory to design electricity demand response mechanisms. The regulation
of market making is considered in El Euch et al. [19] and, finally, Gaussian outputs with memory
are studied in Abi Jaber and Villeneuve [1].

It is well-known that in the Markovian setting, BSDEs arising from stochastic control are linked
to viscosity solutions of HJB equations. For the particular HJB equations arising in dynamic
contracting it is often difficult to obtain solutions that are sufficiently regular to justify a rigorous
construction of the optimal contract, because the Agent’s optimal effort should be in Markovian
form as a function of the observed output. The function itself would normally involve the gradient
and Hessian of the Principal’s value function, which however may not enjoy the required regularity.

As mentioned above, in our model the Principal controls drift and volatility of an arithmetic
Brownian motion. Because of the structure of the economic model, at each time ¢ the control
exerted in the volatility corresponds to the square root of the control exerted in the drift. On
the one hand this provides a good scaling property of the controlled dynamics, which we use in
the solution of the problem. On the other hand, the problem is completely degenerate, in the
sense that the second order differential operator associated to the controlled diffusion process does
not satisfy the usual ellipticity condition required from the theory of linear and nonlinear PDEs
(cf., [22, Ch. 6] and [33, Ch. 10 and 12]). Taking a leap of faith, at the level of the HJB we can
calculate the maximiser in the Hamiltonian and plug it back into the equation. This yields (1.1),
where the diffusive part of the operator is non-degenerate but a nasty nonlinearity appears for the
time-derivative of the solution.

In summary, the HJB is a fully nonlinear and fully degenerate PDE with Cauchy and Dirichlet
boundary conditions. The form of the nonlinearity combined with the degeneracy of the diffusive
operator in the HJB place our problem outside the scope of the existing PDE theory for classical
solutions and LP-viscosity solutions (as in, e.g., [10]). To make this point clearer, we notice that
even after we make substantial effort to prove Sobolev regularity of the Principal’s value function
via direct probabilistic estimates (Proposition 4.7), we cannot continue the analysis leveraging the
theory of LP-viscosity solutions for fully nonlinear PDEs (cf. [8, Def. 2.1]), in order to conclude that
our HJB equation admits a strong solution (in the sense of Sobolev spaces). Assumptions needed
in the LP-viscosity theory (see [8, Eq. (SC) in Sec. 2] and [12, Eq. (SC) in Sec. 1]) are not satisfied
in our setting.

Other general results on viscosity solutions for non-linear PDEs do not apply either (cf. [33] and
[46]). By treating the t-variable as a spatial variable we can interpret our problem (1.1) as a semi-
linear elliptic problem which is completely degenerate in the ¢t-variable (due to the absence of a term
of the form Ou1)). In that case, the theory from [33, Ch. 10] does not seem to be applicable because,
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for example, Assumptions 10.1.6 and 10.1.11 (necessary for Theorem 10.1.14) fail. Likewise the
ellipticity property required in [46, Ch. 14.3] fails (see also [11, Eq. (0.3)]). If instead we consider
the t-variable as time, we rewrite (1.1) as the fully non-linear parabolic PDE

1
Op(t, @) — 4[%28wa(7§,55) +cA0:9(t, x) — ca] -

In this case we are unable to use the results from [33, Ch. 12] because, for example, Assumptions
12.1.4 and 12.1.8 fail.

Given the difficulties illustrated above we propose a novel methodology, based entirely on the
direct probabilistic analysis of the value function of the control problem. First we reformulate
the original problem in terms of a family of auxiliary problems obtained via a time-change and
parametrised by a constraint on the class of admissible controls (Section 4). Initially, this reformu-
lation is heuristic but it will be rigorously established after some preliminary regularity results. In
the new formulation the Brownian dynamics is uncontrolled and instead the control is somewhat
transferred to the time-horizon of the problem. We perform several probabilistic bounds on the
value function of the auxiliary problem that eventually lead us to showing its regularity in the
Sobolev class W12P of functions with weak derivatives in LP (one in time and two in space; cf.
Proposition 4.7).

Later, using Proposition 4.7 and Theorem 4.8 we show in that the value function of the auxiliary
control problem solves (1.1), first in the Sobolev sense (Theorem 5.2) and then in the classical sense
(Theorem 5.4). This is the step in our analysis where we realised that a direct use of the theory
for LP-viscosity solutions from [8, Thm. 2.10] or [12, Prop. 2.10] does not seem legitimate under
our assumptions. It is worth noticing that the proof of Theorem 5.4 is the only one based on PDE
methods. Finally, in Section 6 we use a verification argument to rigorously establish the equivalence
between the value functions of the original and of the auxiliary problem, and to construct the optimal
contract in strong formulation.

After completing the study of the Principal’s value function we turn our attention to the specific
properties of the of the optimal contract and of the Agent’s optimal effort map S* (also referred to
as pay-performance sensitivity (PPS)). In Section 7 we show monotonicity and asymptotic prop-
erties of the optimal effort as function of time and wealth (Proposition 7.1). We prove that the
function B* solves another nonlinear PDE (Proposition 7.2) and we find an explicit probabilistic
representation for it (Proposition 7.3). This analysis allows us to show that (Theorem 7.4) with
positive probability the Agent stops exerting effort prior to the maturity of the contract—hence
benefiting from her outside option—and that the Principal optimally pays an initial signing bonus
to the Agent (Theorem 7.6). The economic implications of these results are discussed next.

1.2. Our contribution to economic modelling. Models of moral hazard and its applications
have been recognised as very important in understanding sharecropping contracts, delegated port-
folio management and executive compensation to cite just a few examples. Mirrlees [38] has shown
that, when the Principal can use arbitrarily large carrots and sticks as incentive tools, the optimal
contract prevents the Agent from shirking. In practice, limited liability laws curtail the size of
penalties in response to poor performance—in real life the Agent receives a minimum legal wage
regardless of the performance. As a consequence, the Principal is forced to give the Agent additional
rents to provide incentive to make an effort, thus increasing the size of bonuses while limiting that
of penalties.

This paper develops a tractable continuous—time principal-agent model that studies the implica-
tions of a limited liability constraint when the contract has a fixed maturity 7. Work by Sappington
[45] and Innes [28] pioneered the study of the impact of limited liability constraints on optimal con-
tracts. Focusing on limited liability, both papers have assumed that the Principal and the Agent
are risk—neutral and considered a single period model. We consider here a continuous—time model,
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which enables a chracterisation of the optimal contract using partial differential equations and it
can be used to compare theoretical findings to corporate finance data that are inherently dynamic.

Our model adds limited liability for the Agent to the framework of Holmstrom and Milgrom
[27]. In [27] optimal contracts are linear in the output process and the Agent is therefore exposed
to unbounded losses with a Gaussian distribution. Limited liability is a standard ingredient of
continuous-time contracting models, in which it usually takes the form of a non-negativity constraint
on the flow of payments to the Agent (see, e.g., De Marzo and Sannikov [17], Sannikov [44], Biais et
al. [3]). However, so far there is no study concerning how such a constraint interacts with a deadline
(the finite maturity of a contract).

We show that combining limited liability with a finite horizon changes the picture in a way
that neither one produces alone. Early in the contract, an adverse shock can still push the Agent’s
continuation utility down to the point of inefficient termination, so the Principal must guard against
this risk. As the deadline approaches, there is simply less time left for such a shock to occur, and
this precautionary concern fades on its own. The horizon itself, rather than any decision of the
Principal, is what relaxes the constraint. This single mechanism, worked out in a finite-horizon
model with CARA preferences and limited liability, is what generates the paper’s three economic
results, illustrated in mathematical formalism in Section 7.

First, the optimal pay-performance sensitivity (PPS) rises monotonically over the life of the
contract and converges at maturity to the Holmstrom—Milgrom (HM) optimal level, for any positive
continuation value of the Agent (Proposition 7.1-(i)). Second, away from maturity, PPS is increasing
and concave in the Agent’s continuation value (Proposition 7.1-(ii)). Because all contracts converge
to the same terminal benchmark, the gap between the PPS of the wealthier and less wealthy agents
shrinks to zero at maturity. This pattern connects to a broader concern in the empirical literature
that PPS, as conventionally measured, does not distinguish incentives meant to operate over different
horizons (see, e.g., Edmans and Gabaix [18] on the divergence between wealth- and percentage-based
PPS measures and practitioner discussions of vesting-schedule horizon). Rising incentives near the
end of a contract are usually attributed to career concerns—the loss of reputational discipline
as retirement approaches—which the Principal must offset with stronger contractual incentives
(Gibbons and Murphy [26]) or to short-termism, where managers close to departure have a high
incentive to manipulate short-term performance measures (Marinovic and Varas [36]). Our result
identifies a third, independent mechanism: the same qualitative pattern arises purely as an optimal
contracting response to the declining relevance of the liability boundary as the horizon shortens,
with no role for reputation or performance manipulation.

Our third result concerns the start of the contract (Theorem 7.6): the Principal optimally grants
the Agent an initial promised utility above the outside option, a signing premium that buffers against
inefficient early termination. We name it the Golden Hello, and we show that it grows with the
length of the contract. This rules out an explanation of the Golden Hello based solely on bargaining
power, according to which its amount would be determined only by the Agent’s external option
and independently of the time horizon. Here, the premium corresponds to the capital committed
from the outset to move away from 0 for the entire duration of the commitment. Thus, a longer
commitment requires proportionally more capital.

1.3. Structure of the paper. The paper is organised as follows. In Section 2 we formulate the
economic problem of dynamic contracting with limited liability and characterise the class of IC
contracts using the methods from [13]. In Section 3 we specify the stochastic control problem for
the Principal, we state the main results concerning the Principal’s value function and the dynamics
of the optimal contract in strong formulation; we also provide an informal outline of the main
ideas that motivate the introduction of a family of auxiliary problems in the subsequent Section
4. In Sections 4.1 and 4.2 we perform a detailed probabilistic analysis of the value function for
the auxiliary problems and we obtain an initial Sobolev regularity. The latter is then employed in
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Section 5 to solve the HJB equation first in the strong sense (a.e.) and then, thanks to a lift of the
regularity, in the classical sense. In Section 6 we prove that the solution of the HJB equation is
indeed the value function of the original problem and derive the dynamics of the optimal contract.
In Section 7 we derive precise regularity results concerning the Agent’s optimal effort map, which
we characterise as the unique solution of another PDE, and we obtain a probabilistic representation
thereof. The paper is completed by a technical appendix.

2. FORMULATION OF THE DYNAMIC CONTRACTING PROBLEM

Let (Q, F,Pg) be a probability space equipped with a Brownian motion B = (Bt>t6[(),oo)' We
denote the Brownian filtration completed with Py-null sets by F = (ﬁt)tE[O,oo)- Fix T € (0,00). The
dynamics under Py of the output process (Yt)te[o,T] reads as

Y, =y+oB, tcl0,T],

for y € R. Both the Principal and the Agent observe the output process and therefore they have
access to the filtration F.

In keeping with the existing literature (see, e.g. Cvitani¢, Possamai and Touzi [13]) we formulate
the problem in weak form: the Agent’s actions induce a change of probability measure that adds a
drift to the dynamics of the output. However, we point out immediately that we will find a solution
of the problem in strong form.

The class of Agent’s admissible actions is denoted by A and it contains F-predictable, processes

(at)tefo,r) such that
T T
S D, 1 S 2
Eg[exp</ ast—/ s ds)] =1,
0 g 2 0 g

where Eg[ -] is the expectation under the measure Py. Clearly A # @ because bounded non-negative
processes are admissible. Associated to the class A we have a family of equivalent probability

measures {P,, a € A} given by
T T
I | 2
_ :exp(/ asdBS—/ s ds).
Fr 0o O 2 0 o

dP,
Under P,, the process B = B; — fot o~ 'ay ds is a Brownian motion and Y; evolves as

dPg

t
(2.1) Yt:y—i—/ asds+oBf, te€][0,T].
0

The Principal offers the Agent a contract based on the observed output. A contract is described
mathematically by a Fr-measurable function &. Because we are assuming the Agent’s limited
liability, we further restrict the class of admissible contracts to non-negative functions £ > 0. In
summary, the class of admissible contracts C is given by

C:={:Q—[0,00) s.t. £ is Fp-measurable}.

Notice that there is asymmetry of information between Principal and Agent, because the former
does not directly observe the latter’s effort. That is, the Principal only observes the trajectory of
the output process (Yt)te[o,T] but does not observe the decomposition (2.1). In Economics, this
asymmetry of information is known as moral hazard, because the Agent may “pretend” to exert
more effort than she actually does in order to obtain a larger payoff.

The Principal-Agent problem is formulated as a Stackelberg game in which both players are utility
maximisers. The Principal acts as the leader by choosing & € C and then the Agent picks a best
response (if it exists) by choosing an optimal level of effort (af(£))cjo,7]- That induces a probability
measure P,«. Finally, the Principal maximises her expected utility by choosing an optimal contract
&*. A contract £ € C is said to be implementable if there is a best response a*(&) € A for the Agent.
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For the Agent we follow the Holmstrom and Milgrom’s model [27]. The Agent’s adopts a utility
function Uy (x) with Constant Absolute Risk Aversion (CARA) and with risk-aversion coefficient
v4 > 0. That is,

Ua(z) = —exp(—yaz), VreR.

Exerting effort is costly for the Agent. The cost of effort is modelled via a strictly convex, non-
negative, twice continuously differentiable function & : [0, 0c0) — [0, 00) satisfying k(0) = 0.
Given a contract £ € C, the Agent’s promised utility at time zero is defined as

T

Vit(©) = swEa[Ua(s— [ hanas)].
acA 0

where E,[-] is the expectation under the measure P,. If a contract & is implementable, there exists

a*(§) € A such that

Vi(6) = Earo)|Ua (€ - /(]Tk(a:(g)) as)].

The optimal effort level is a mapping C 3 £ — a*(§) € A and indeed we will show in Section 2.1
that strict convexity of the cost of effort guarantees that a*(£) exists and it is unique for each £ € C.

The Agent has a so-called participation constraint. That is, she only accepts contracts for which
VOA(f ) > — Ry, where Ry > 0, and — Ry is the Agent’s reservation utility. A contract £ € C is said to
be incentive compatible if it is implementable and it satisfies the participation constraint. The class
of incentive compatible contracts is denoted C;o C C and we will show in Section 2.1 that C;o # @.
In fact, following [13] we are going to characterise all contracts £ € Cyc.

The Principal is risk-neutral, i.e., she adopts a linear utility function Up(x) = z, for z € R. Even
though the Principal does not directly observe the Agent’s effort, she can compute the mapping
Co>&—a*(§) € A. The Agent has no profitable deviations from a*(-) and therefore the Principal
anticipates the Agent’s actions. Then, the Principal’s problem reduces to solving

Vo = sup Eqe(e)[Yr —£],
§€Cre

and identifying an optimal contract £* € Cy¢.

2.1. Incentive-compatible contracts. Following Sannikov (see [44]), we now characterise imple-
mentable contracts by means of the martingale optimality principle.

Lemma 2.1. Given £ € C, assume there is a family of stochastic processes {U%(€), a € A} with
Ua(g) = (Uta)te[(),T} such that

i) Ug = Ua(€— [ k(as)ds), Va € A,

i) (Uf)iepr) 8 a ((Ft)ieo,1]; Pa)-supermartingale Va € A,

iii) Ug =Up > —Ry, Va € .A, -

iv) there exists a* € A, such that (Uta*)te[O,T} is a ((Ft)iefo,1)> Pa)-martingale.
Then, £ € Cic and a* is an optimal effort for the Agent.

Proof. For any a € A, conditions i) — iv) immediately imply

iii) iv)

E. [UA (g - /()Tk(as)ds)} D s 2 e pe W e L, [UA (g - /OT k(az)ds)].
This implies
Vit =B [a(e - [ kaas)] =vo> o

which shows optimality of a* and the participation constraint holds. O
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Given a contract &, the process (Uf*)te[o,T] describes the Agent’s utility along the optimal effort
policy a*(§). Next we are going to construct the family {U?*({), a € A} and the optimal effort
policy a*(§) using the theory of Backward stochastic differential equation as in [13].

Proposition 2.2. For ¢ € C suppose that the pair (W, Z) is solution to the following BSDE:

T T
(2.2) Wy =¢ —/ f*(Zs)ds — / ZsodBs, te€[0,T],
t t
with Wo > —1/v4log Ry and
* YA :
(2.3) i (z) = ?0'2|Z|2 + ;Iel]% [k(a) — az].

Let a*(z) = (K')~(2) and suppose a} = a*(Z;) € A and

T T
(2.4) Eoe [exp (— o1 / Z,dBY — 1o%) / 724s)] = 1.
0 0
Then & € Crc and aj is the Agent’s unique optimal action.

Proof. Leveraging the CARA assumption for the Agent’s utility function, for any a € A we guess

(2.5) Uff = —exp ( —7A (Wt - /Ot /{:(as)ds)), t€[0,T7.

Observe that the pair (W;, Z;) does not depend on a € A and thus U = —exp(—vaWy) > —Ry
is independent of a € A as required in iii) of Lemma 2.1. The process (U{)ic[o,1] is an It6 process
with dynamics

AUS = —y U8 Z,0dBY + 'yAUt“< — £*(Z0) + k(ay) + %‘02%!2 - atZt>dfv

where we recall that Bf = B, — fg o 'ag ds is a Brownian motion under P,. Noticing that U <0
we deduce that (Uf')e[o,7) is a supermartingale for every a € A by definition of f*.
Because a +— k(a) is strictly convex, there is a unique minimiser in (2.3), denoted a*(z) =
(k") ~Y(2). Taking a} = a*(Z;), by assumption we have a* € A and
AU = —y,UY Z;odBE,  t € [0,T),

is a martingale under P, thanks to (2.4). The family of processes {(Uf):c[o,7], @ € A} defined via
(2.5) satisfies (i)—(iv) of Lemma 2.1. Then £ € C;¢ and a* is the Agent’s unique optimal effort, by
uniqueness of the minimiser in (2.3). O

The above proposition shows that finding ¢ € Cjo boils down to solving (2.2) and proving
a*(Z;) € A with (2.4). A tractable situation arises when the Agent’s cost of effort is quadratic, i.e.,
k(a) = a®/2. In that case the optimal effort reads a*(z) = z and plugging f*(z) = (’”‘“’TAI)Z2 into
(2.2), we get

— T 77 — T — —
(2.6 W) =<~ [ 32 as— [ Zigoab,

with 7 = y402 — 1. When 7 # 0 we have a quadratic BSDE which is amenable to explicit solution
arguing as in [7, Thm. 3.1] and assuming that

(H1) If 5 > 0 then Eo[¢?] < oo, and if < 0 then Eg[exp(—n/02¢)] < co.

We provide full details in the appendix (cf. Proposition A.1) and here we discuss further implications.

Throughout we are going to use that Eg[ fOT Z2(€)dt] < oo, as shown in Proposition A.1.
Setting

(2.7) Wi (€) = Eg {e*o’*’zf

F_t}, t € [0,7],
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the integrability assumptions (H1) imply that (Wt(f ))tejo,r] is @ martingale under Pg. Moreover, it
is shown in the proof of Proposition A.1 that

— _ B i —
(2.8) Wi(§) = exp ( = Wt(§)>
and so, by Ito’s formula,
(29) AWi(€) = ~ ZWi() Z(§)dBy.
We notice that, because af = Z;(¢), condition (2.4) reads equivalently as
T 2 T
B P L L _
Eo [exp ( Z /0 Z,©dB; — 575 | 7 (f)dsﬂ —1
Then, (2.4) is satisfied because
t 2t
W.(€) = W, oz T
Wi(e) =W en (2 [ 2u9am 5% [ 22€)as)
is a Pg-martingale by construction. Finally, we find the explicit form of W;(¢) as
_ 0’2 —lﬁ _
= —— o2
(2.10) Wile) = - log (EO [e ]-'t]), t € [0, 7).

Such an explicit formula allows us to make sense more concretely of the incentive compatibility
constraints. Given & € Cj¢ satisfying (H1), the Agent’s optimal expected utility and optimal actions

are fully determined by the pair (W (&), Z(£)). As a consequence, a contract £ € Cy¢o satisfies the
participation constraint (i.e., condition (iii) in Lemma 2.1), if

Us = —exp (=74 W0(©)) = (Eo [e-a@f})ﬂégzl > ~Ry.

Equivalently we can write Wy(€) > (—1/v4)log Rg. Moreover, limited liability £ > 0 is equivalent
to W3(€) > 0, for every t € [0, T]. It is interesting to note that the limited liability constraint, which
is a constraint at the date of payment of the contract, induces a dynamic constraint on the Agent’s
expected wage.

Finally, it is also useful to observe that the dynamics of the promised utility W; (&) can be written
as a forward SDE

Wile) = W)+ | 220 s+ | 2o

where Wy (&) = —%2log(E0[eXp(—(n/02)§)]) is deterministic. Letting 7(£) := inf{t > 0 : Wy (&) =
0} AT we notice

Lz )<y Wr(e)(§) = 0 = Lize)«ryWr(e)(§) = Lize)<1)-

Therefore, on the event {7(§) < T} it must be 1 = /V(Z(Q (€) = Eo [e_%f‘}}(g)], by definition of
Wt(f). The latter is equivalent to £ = 0, Pg-a.s. on {7(£) < T'}. Hence, on the event {7(§) < T'} we

have W (€) = 1, for all! s € [7(£), T]. Then, the quadratic variation of the process (Ws(€))selr),m
vanishes. That is, from (2.9) we deduce

T
Tiz¢)<my / © (Wt(f))ng(é)dtzo, Po-a.s.

LFor any pair of random times p < 7 we denote closed/open random intervals by [p, 7] and ((p, 7)), respectively.
Notice that in the general theory of stochastic processes [p,7] = {(t,w) : p(w) <t < 7(w)}. Thus, when we write
t € [p, 7] we are slightly abusing notation as we should write (¢,w) € [p, 7], although the meaning does not change.
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Since Wt(é) > 0 for all ¢ € [0,71], the above equation implies that Po-a.s.
(2.11) Zy(€) =0, for ae. t € [7(£),T] on the event {7(&) < T}.

If » = 0 in (2.6) then the BSDE is linear and W;(§) = Eg[¢|F]. Tt is not hard to see that also in
this case W; > 0 for ¢ € [0, 7] and (2.11) continues to hold, provided that & > 0 a.s. The case n = 0
is less interesting and can be treated with the same methods developed in this paper. To simplify
the exposition, from now on we only consider 7 # 0.

So far we have determined necessary conditions for a contract £ € C to be incentive-compatible

via properties of the dynamics of the pair (W (&), Z(€)). It turns out that those conditions are
indeed also sufficient.

Proposition 2.3. Suppose k(a) = a?/2 and n # 0. We have £ € Ci¢ satisfying (H1) if and only if
there is a pair of F-adapted processes (Wtﬁ, Bt)iejo,r) such that wh = ¢ satisfies (H1) and

t t
(2.12) Wf_g:+/ gﬁgds+/ BsodBs, t€ 0,77,
0 0

for x > (—=1/va)log Ry with Bs =0 for s € [T3,00)) where T3 == inf{t >0 : Wf < 0}.

Proof. For the only if part of the statement we construct /V[7(§ ) asin (2.7) and we obtain the solution
of the BSDE from a formula analogous to (2.8) (cf. proof of Proposition A.1). The discussion
following (2.10) guarantees the properties of the S-process in (2.12).

For the if part, we start from the pair (W#, 8) that solves the BSDE (2.2). We set & = Wﬁ and
we observe that Wf is almost surely positive and even more, Wtﬁ >0, for t € [0,T], Pp-a.s. Then,

¢ € C. Moreover, W2 = ¢ satisfies (H1) by assumption and therefore the process W defined in (2.8)
with Zs = fs is a true martingale (cf. again the construction in the proof of Proposition A.1). As
a result (2.4) holds. Then Proposition 2.2 guarantees £ € Cyc. O

3. THE PRINCIPAL’S PROBLEM: STATEMENT AND MAIN RESULTS

In this section we formulate the Principal’s problem following the insight of Proposition 2.3.
Throughout the section we assume k(a) = a?/2 so that all results from the previous sections hold.
We recall Y; = y + o B; and define the following class of admissible controls for the Principal.
Definition 3.1. The class B contains F-progressively measurable processes (ﬁt)te[O,T} such that

(i) the integrability conditions hold

Eg[exp< OT%dBS—;/OTU‘gdsﬂ =1 and Elg[/OTﬁfds} < 00,

(ii) given the Ité process
— t /]7 t —
Wf::c—i-/o 2B§ds+/0 BsodBs, te€[0,T],

and the stopping time 7z = inf{t > 0 : WtB < 0} with inf @ = oo, we have s = 0 for
s € [73,T] on the event {73 < T'}.

In the above definition, For simplicity we do not include integrability conditions for Wr_ﬁ that
mirror (H1) for {. However, it turns out in our Theorem 3.4 that the optimal control (8} )icpo,7y is
bounded so that the optimal contract V_Vﬁ = ¢ satisfies (H1).

Given 8 € B, we define the measure Pg via its Radon-Nykodim derivative
dP T _ 17 2
7ﬁ = exp( Bsst_/ <&> dS)

Fr 0o O 2 0 o

(3.1) i
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Under Pg the process Bf = B, — f(f %ds is a Brownian motion and, setting Y = Y?, the previous
dynamics read for ¢ € [0, 7]

t t t
(3.2) Y,f:y+/ Bsds + o B, v‘vf:w/ cA53d5+/ Bso dB?,
0 0 0

where we set c4 = ca(0) = (vao? + 1)/2, to simplify the notation. Sometimes we denote Y,
W8 and Ts(x) to account explicitly for the initial position of the processes W# and Y5,

In order to embed the Principal’s problem in a dynamic framework, given ¢ € [0, T'], the remaining
time horizon of the Principal is T'— t. The Principal’s payoff from using a control 8 € B, evaluated
taking expectation Eg[-] under the measure Pg, reads as

Jtwy(B) =Eg [YZZ’“’;—Bt - ngift] = Ep [Yilyft - WFT;ﬁit)/\i-B]

_ el B B 778 _ ;8 778
=Eg [Y(yT—t)A%ﬁ + U(BT—t - B(T—t)A%B) - W(T—t)/\?’g] = Eg [Y(yT—t)A%B - W(T—t)AﬂJ’

where the first and second equalities hold because s = 0 for s € [73,00)) and the third one holds
by optional sampling. Finally, using the explicit dynamics of Y? and W# the payoff reduces to

(T—t)AF
el =v=o+Es [ (1= ean)as],

where the quantity under expectation depends on z via the stopping time 75 = 7g(z), it depends
explicitly on the remaining time-horizon T — ¢ and it is independent of the initial output level y.
Then, the value function of the Principal’s problem reads as

u(ta z, y) = sup %,m,y(ﬁ) =y—x+ (15(757 l’),
BeB

with

(T—t)ATg(x)
(3.3) #(t,z) = sup E5 [/ T B (1= eaBy) ds]
BeB 0

Remark 3.2. The notation in (3.3) is mildly redundant. In particular, by definition of the class B
the dynamics W5 is absorbed at zero and therefore

(T—t)/\f’[-] T—t
/ Bs(l - CAIBS) ds = / 53(1 — CABS) ds.
0 0

Then, if we keep the notation with the stopping time T3 an (3.3), we can also remove the constraint
Bs =0 for s € [T,00)) from the definition of the class B.

Remark 3.3. It is useful in some parts of our analysis to keep track of the maturity of the contract
and denote the function in (3.3) as @(t,z;T). Because the Brownian motion is time-homogeneous
and the set of admissible controls is time-invariant, it is easy to deduce from (3.3) that @(t,z;T) =
@(0,z; T —t). This will be used in the proof of Theorem 7.6.

One of our key results is a characterisation of the Principal’s value function and of the Agent’s
optimal effort. These results are stated in the next theorem, whose proof is given in Section 6 after
several steps are performed in the next two sections. Later, in Section 7 we analyse in further detail
the structure of the Agent’s optimal effort, in order to gain deeper economic insight.

Theorem 3.4. The function ¢ belongs to C*°((0,T) x (0,00)) N C([0,T] x [0,00)). It is concave
and decreasing in t, with Oy taking values in [—1/(4ca),0], it is concave and increasing in x and
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it is the unique classical solution of:
Outp + sup 30282000 + B2 000 + (1= caB)B| =0, on [0,T) x (0, ),
BeR

¥(t,0) =0, vt € [0,T7,
Y(T,z) =0, Vi € [0,00).

The dynamics W* = W*4% of the optimal contract (starting at (t,x)) is the unique F-adapted
solution of

(34) W] =x+4cq / Luery (Op(t + 0, W) du — 2 / Tyery 0 p(t + u, Wy)o dB;,
0 0

for s € [0,T —t], where® 7, := Tg« = inf {8 e0,T—t]:Wr< O}, with inf @ = +o0, and Bf = Btﬁ*
is a Brownian motion under P, = Pgs, given by B} = o~ 1(Y; — Yy — fg Brds).

Finally, the Agent’s optimal effort reads as B = =21 3oz 01p(t+5s, W), hence 5 € [0,1/(2¢c4)],
for s €[0,T —t].

Recalling that the Principal only observes the output process Y, we notice that indeed the
dynamics of the optimal contract is neatly expressed in terms of such output process:

Ws* =x+ 4(CA - ].) / ]l{u<?t,x}(8t@(t + u, W;))Q du — 2/ ]l{u<_7_t,ac}8t@(t + u, W,:) dYu
0 . 0 .

3.1. Heuristics of a time-change. In this section we illustrate ideas that lead us to consider
an auxiliary stochastic control problem. The latter turns out to be amenable to solution and is
equivalent to the original problem. The first observation is that the only relevant dynamics for the
study of (3.3) is the dynamics of W#. Then we notice that at least formally we can perform a time

change using T(t) = fg 2ds to write
Wﬁ =x+ CATﬁ(t) + UETg(t) = XTB(t)7

where B is a new Brownian motion and X, = z + c4s + 0B,. Assuming that the inverse Sa(t) of
Tps(t) is well-defined and changing variable of integration in the cost function we obtain

EB[/OTATBBS(I—CAﬁs)dS] _ Eﬁ[/o (Bls_CA)dTﬂ(s)} _ EB{/OTB(T/\T[&)<04U—CA>C1U}7

with a,, = 1/ Bss(u)- The advantage of this formulation is that the dynamics of X is uncontrolled
and extremely simple. The time-horizon rewrites as Tg(T' A 75) = Tp(T") N T'(7g), where T'(73) =

inf{t > 0: X; < 0} and T3(T) = fOT a?ds =: Z%. Thus we have a new controlled process Z“
which effectively determines the length of the optimisation via the choice of the control process
a. Intuitively one should not choose oy < ca because that generates a net cost. Thus we expect
as > ca. Likewise it makes sense that when X is large, it should be suboptimal to use a large
amount of control which would rapidly bring about the maturity. In particular, it will be shown
that if we drop the stopping time T'(73), then the optimal control is constant and equal to 2c4. On
the contrary, when X is close to zero, there is an incentive to use a large amount of control because
shortening the time-horizon becomes irrelevant in the face of the high probability of X hitting
zero. This suggests that the class of admissible controls can be restricted to those taking values
in an interval ag € [ca, f(Xs)] where we expect f(oco) = 2c4 and we allow f(0) = +00. Choosing
appropriately the function f we expect to incur no change in the value of the optimisation.

It turns out that all the heuristics above can be made rigorous and indeed the time-changed
problem is amenable to an extremely detailed probabilistic analysis. On the strength of these
considerations, in the next section we introduce a family of auxiliary control problems.

T/\ﬂ—}

2Notice that indeed 7. = 7® depends on (t,z).
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4. AUXILIARY PROBLEM

In this section, we consider a family of auxiliary problems which help us to solve the original
one. These problems are cast in strong formulation in the sense that on a given probability space
(2, F,P), we consider a fived Brownian motion B = (Bi)ic[0,00) and the filtration F := (F)icpo.1]
generated by the Brownian increments. We could in principle choose (B,P) = (67 1(Y — Yp), Po)
but this is not necessary. The filtration is right-continuous and augmented with the P-null sets.

We introduce the class of processes

A(F) = {r] (@0s)se[0,00) 18 F-progr. measurable and oy > ¢4 for all s > 0},

with ¢4 > 0 as in (3.2). Given a € A(F) we introduce processes Z and X, defined as
S
Z;sa:t+/ozgdv and X7 =2+ cas+ oBs, s >0,
0

with starting point (¢,z) € [0,T] x [0,00). We also define the stopping times
(4.1) of =inf{s>0:Z*=T} and p,:=inf{s>0:X7=0}.

Let K : [0,00) — [0, ﬁ] be continuous, non-decreasing and such that K(xz) > 0 for 2 > 0 and
K(xz) =0 for x < 0. For any such function K, and adopting the convention 1/0 = +o0, we define

the class of admissible controls AKX (F) c A(F) as

(4.2) AK(F) = {a € A(F) ‘ ca < op < LE(XD)! forall s > o}.

Notice that for all values of z € R the interval [c4,1/(2K(z))] D [ca,2c4] and therefore the class
AK(F) is nonempty.
Given a function K (x) as above, the objective function of the auxiliary problem reads as

T NPz
(4.3) oK (t,z) = sup E[/ t (as —ca)ds|, (t,z)€]0,T] x [0,00).
a€AL (F) 0

For now we allow K to be generic, but after Proposition 4.4 we are going to fix one specific
K(x) = K,(z) and denote the associated value function o®* simply by ¢*. Eventually we show
that ¢ is equal to the value function @ from (3.3). Thus, every result stated throughout the rest
of the paper for a generic o’ also holds for the Principal’s original value function @.

Because we are working with the Brownian filtration F, the Dynamic Programming Principle
(DPP) holds for the auxiliary problem (see, e.g., [4] or [5]) and it will be used throughout the
paper. That is, we have

TATE Apx )
(4.4) o (t,w)= sup E| / (o = ea)du+ 05 (28000 Xongins,)|
acAK(F) 0
for any F-stopping time 7. The emphasis on the filtration in the notation AX (F) will only be needed
later in the proof of Theorem 4.8. For the time being, we use a leaner notation AX = AKX (F).
Set K'(x) == [ca,1/(2K(x))] for notational convenience and let
(4.5) Mg (t,z,p) = sup (ap+a),
e’ (x)
be the Hamiltonian for the problem above. The HJB equation that we expect ¢’ should solve can
be stated as
%Ugaxx¢(t’ ZU) + CA02¢(t7 ZU) + MK(ta x, 3t¢) = CA,

with ¥ (¢,0) = 0 for t € [0,T) and ¥(T,z) = 0 for x € [0,00). The analysis in this section prepares
the ground to show that o is classical solution of the above equation.
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In order to prove some bounds on ¢’ we need to introduce also a deterministic control problem.
Let Ay be the class of measurable functions [0,00) 3 ¢ — a(t) bounded from below by c4. Consider
the mapping [0,00) x [0,T] x Ag > (s,t,a) = Z(s,t,a) =t + [; a*(u)du. Let us denote

n(t,a)
(4.6) o(t) = aseuj) /0 (a(s) — ca)ds, t € 0,11,

with n(t,a) = inf{s > 0 : Z(s,t,a) = T}. It is not hard to show that ¢(t) = ZT_: by solving the
associated HJB:

sup (a%b(t) +a—cq)=0, fortel0,T),

a€lca,0)
with terminal condition ¢(7") = 0.
4.1. Lipschitz bounds and concavity in time. We begin our analysis by proving boundedness,
Lipschitz continuity and concavity in time of the function ¢, along with its time-monotonicity.
Proposition 4.1. The following properties hold:
(i) For all (t,x) € [0,T] x [0,00) we have
T—1t

0 < p(t,z) < ot) = o

(i) For each x € [0,00), the mapping t — @' (t,z) is non-increasing with

(4.7) —@240_“) < @B (tg, ) — K (t1,2) <0, for0<t, <ty <T.
A

(111) For each t € [0,T] and any fized T > 0,

K K 2
t — t 2
sup [ (£ 22) — 7 (¢, 21)] < /U_ (T+20’VT).
z1,22€[T,00) |ZL‘2 - ;U1| li(x)

Proof. The proof is divided into three parts.
Proof of (i). Fix (t,x) € [0,T] x [0,00). Any a € AK satisfies as —c4 > 0 for all s > 0 and so
©® >0 by the arbitrariness of (¢,z). Clearly,

@K(t, x) < sup E[/Ogg(as — CA)dS]

acAK

og 1 og

<supE[ [ (o - capts] < g s [ [ (a)?as] = o0,
acA 0 dca aea 0

where the first inequality holds because p, A o < o and as —c4q > 0 for s > 0 for a € AKX, and

for the second inequality we use AX C A. The equality at the end holds by definition of of*. Thus

the upper bound on ¢ holds.

Proof of (ii). Monotonicity of the mapping ¢ — ¢ (¢, ) is clear because ¢ — of* is non-increasing
and ag > ca for all s > 0, for any a € AX. Next we prove the Lipschitz bound. Fix t1,t3 € [0, 7]
with to > t; and x € [0,00). Let ¢ > 0 and take a € AX an e-optimal control for the function
@ (t1,z). Since a is admissible for ¢’ (¢, ), then

cpK(tg,x) > E[/

0
Using e-optimality of a along with the DPP (4.4) and of, < o}, P-a.s., we also get

032 NPz

(as — cA)ds} .

o‘%/\pz te:
o (1, 1) < E|:/() (s —ca)ds + ]1{032<pz}<ﬁ(Zg:.;a X(ffo;)} +e.

9
2
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Subtracting the two expressions yields
0> @(ta,z) — @(t1,z)
> E[]l{a <pa }(p(Ztlv X$ ):| —e=— []I{Ot2<pz}(p( ( 9 — tl) Xngz)] — €

_(ta—t1) (ta —t1)
dcp dcp

where we used Z e —p_ (ta—t1) for the equality and the upper bound from (7) in the penultimate
2

> Plof < ps) —e>—

9

inequality. By the arbitrariness of ¢, we conclude the proof of (i7).
Proof of (iii). Take 0 < z1 < w9 < 00. Setting 7 = inf{s > 0: X2 < z;} and taking as = c4 in
the DPP (4.4) we obtain

@K(ta x2) >E |:]}-{7'1<0§‘}90K(t + 62,47—17 33‘1):| =E [1{T1<¥}¢K(t + CQATla xl):| )
7\

where the equality holds because of* = (T —t)/c? for the constant control s = c4. Notice that we
also used @K(ZZ?, X;:?) = (T, thi) = 0 on the event {r; > o®}. Then, subtracting ¢ (¢1,7),
we obtain a lower bound

O (t,2) — " (t, 21) > E[]l{TKm} (" (t+ A, 21) — @K(ta$1))] - SDK(t,fvl)E[]l{TIZT%}}

€A €A
2 I | -y
e[ ] -
> e[ oy | -

where in the second inequality we use the Lipschitz bound in time for ¢ from (i7) and in the last
inequality we use the upper bound on ¢* from (7).

Next we obtain an upper bound for p* (¢, z3) — ™ (¢, 1). Let a € AL be e-optimal for ¢ (¢, z2)
and recall 71 as above. Using again the DPP (4.4), we have

oY NATL )
o™ (t,w2) =™ (t,11) < E[/O (as—ca)ds+@" (275 o, X22 o) | =™ (8, 21) +¢

ofATL
gE[/ (as—cA)dS}—i-E,
0
where for the second inequality we used
t; K
(Zno/é\af"Xff/\a ) ]1{T1<Ua}(p (Zﬁo/(\a"" 1) S ¥ <t’x1)7

because ¢ is non-negative and decreasing in time. Moreover, K (X?2) > K(x1) for s € [0,71] and
therefore ¢4 < ay < 1/(2K(x1)). That yields

Efn A (I <,

1

K K
. P —
o (ty o) — ™ (t, ) < 3K (2))

where we also used of* < (T — t)/c? because as > c4. Further assuming that x; > Z we can make
the bound dependent on Z rather than on z; by replacing K (z;) with K(z) < K(x1). Moreover,
the quantities under expectation are independent of € and we can let € | 0.

In summary, we have obtained, for z < 1 < x2 < 0

~E[n A (L)) < (b2~ () <

2K (7) E[Tl A (T;t)]‘

€A
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Recalling that 0 < K(z) < ﬁ for all z > 0, we have 5= > 2c4 > c4/4 and therefore

IR (T)
(48) 6"t 22) = (t.1)| < g El(B) A,

It remains to find an upper bound for the right-hand side of the inequality above. Set Az =
xo — x1 > 0 for simplicity and notice that 71 = inf{s > 0: (ca/o)s + Bs < —Ax/o}. We are going
to use

P(rp >t) = P(oiggit ((ca/o)s + Bs) > —A:U/J)

= P(()Sgtir%t (Bs = (cafo)s) < Ax/a) - @(W) _ e_QCAAQC/UQ@( _ Al’a—ﬁ%t)’

where in the second equality we set B = —B and in the final formula ®(z) is the cumulative of a
standard normal ([41, Ch. II, eq. (4.4.21)]). The right-hand side of the above expression vanishes
for Az — 0 and noticing that the derivative with respect to Az is bounded, we also obtain the

upper bound

P(r > 1) < (2/02)(CA + 2 Az

i)
\[
I llen, we have

E[(%) /\7_1] _ /Og P(ry > t)dt < (2/0‘2)ASL‘<Z4 +20'\C/AT) < (4/02)(T+20\/T)A$’

where in the last inequality we used cq4 > 1/2 (cf. its definition after (3.2)). Plugging the final

bound into the right-hand side of (4.8) completes the argument. O
We have shown that ¢ is locally Lipschitz in [0, 7] x (0, co).

Corollary 4.2. We have ¥ € C(]0,T] x [0, 0)).

Proof. Thanks to the uniform continuity in time shown in (ii) of the previous proposition, in order
to prove that X € C([0,7T] x [0,00)) it only remains to show that x + ¢ (¢, z) is continuous at
x =0 for any ¢ € [0,T]. For any (¢,x), we have

_ o NPz
0<pX(t,z) < sup E / asds}
acAK -JO

< sup E:(/OJ?Apxagds)l/Q(of/\px)1/2]

< sup £[( [ ata)" (o)) =€ (0) ")

where we used Cauchy-Schwarz inequality in the second inequality and the definition of of* (cf. (4.1))
in the equality. Now, for any tg € [0,7] and any sequence (t,, Zn)neny C [0,T] x [0,00) converging
to (tg,0) we have

0= ng(tO,O) < @K(tn,xn) < (T — tn)l/QE{(pxn)lﬂ} — 0, asn— oo,
because p,, — 0, P-a.s. Therefore ¢*(t,,z,) — ¢ (t9,0) as n — oo as needed. O
Proposition 4.3. The mapping t — @™ (t,x) is concave for each x € [0,00).

Proof. The function t — ¢ (¢,2) is continuous by Proposition 4.1-(ii). Then it is concave if it is
mid-point concave (cf. [40, Thm. 1.1.4]), i.e., if for fixed x € [0,00) and any t1,t2 € [0,T],

P (3t + 3o x) 2 $o" (h,2) + 3" (12,).
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The focus of the remainder of the proof is on showing the above inequality.

Let t1,t5 € [0, 7], z € [0, 00) and define = $(¢1 +t2). Notice that the class of admissible controls
AK does not depend on the variable t. Given any two controls oy, as € AX we let o1 == inl and
o9 = oy? for the ease of exposition. For s € [0,00), we set

a1(s) = a1(8) 19,51 (8) +2cal (g, 00)(8), G2(s) = @2(8)1[0,4y](5) + 2¢aT (gy,00)(5),

and &(s) = 3(d1(s) +da(s)). Since the process (X7 );>0 is uncontrolled, by definition of AL in (4.2)
we easily see that @ € AX. By definition of &, we have

— _ S s ) )
0 =3 2 Jo 2
Then, letting
(4.9) G=inf{s>0:1(zl5% 4 zix62) = T},

it holds Ut—a‘ >0 and 7 € [o1 A 09,01 V 03]. Therefore, using the form of &; and é&o we obtain

i, )>E[/U?Apm(oz( )— cA)ds}

oy /\pz
]l{gl 02}/ CA)dS]
4.10 01/\pz NP oENpx A
(4.10) {1{01@2}5(/ cA)ds—l—/ . cAds+/0 (042(3)—0,4)(13)}
g1 Tz
. o /\pz 02\ U?Apz
[]1{01>02}2(/ CA)dS—l-/(; ((XQ(S)—CA)dS—‘r/ . CAdS):|
T2/\Px
= (4) + (B) + (C),

(
where we used that &;(s) = a]( ) for s € [0,0,] and &;(s) = 2ca for s € (0j,00)). Noticing that
a(s) > ca for all s > 0 and o > 01 A 02, for the first term above we have

o1NT2Nps
(4.11) (4)2 E[ﬂ{alzgz}/o (O‘<3>—0A)ds}

o1M\pg 02 /\pPx

= ;E[]l{(,l:@}/o (al(s)—cA)ds—i—]l{Ul:UQ}/O (ag(s)—cA)ds]

In order to provide a lower bound on (B), under expectations we separately consider the events
{o1 < o2} N{o? <02} and {01 < o2} N{o? > 02}. On the event {0 < g2} N {o? < 02}, we have

o1 P o2 Apx o Apx
/ (al(s)—cA)ds—i-/ caA ds+/ (Ga(s)—ca)ds
0 0

01 /N\pPzx

01/\px B 02/\pa o2 \pg
= / (al(s)—cA)d8+(Uf‘/\px—al/\pm)cAjL/ (ag(s)—cA)ds—/ (aa(s)—ca)ds
0 0 o

£ Pz
where again we used Go = ag on [0, 02]. We claim here and we prove at the end that
02/\Px

(4.12)  H = (0§ Aps — 01/\pz)ca — / (a2(s) —ca)ds >0, on {o1 <oz} N{od < o2}
o'?/\pz
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Using the latter we obtain

o1M\pz oZNpa 0% Apa
/ (a1(s) —caq)ds + / cads+ / (aa(s) —ca)ds
0 o 0

1\pz
o1/N\pPg o2 /\pPg B
> / (a1(s) —ca)ds +/ (cva(s) — ca)ds, on {01 < o2} N{of < o2}
0 0

Instead, on the event {gy < o2} N {o? > 02}, we have

01z a?‘/\pz at‘—j‘/\pz
/ (oq(s)—cA)ds—i-/ cAds+/ (Ga(s)—ca)ds
0 o 0

1N\Pz

> /001/\%(&1(8) —caq)ds + /002/\%(042(8) —ca)ds,

where we also used that do > ¢4 to find a lower bound for the third integral.
In conclusion we have obtained

01/\px ozpr
(4.13) (B) = E|:]l{01<0'2} / (a1(s )_CA)d5+]l{01<02}/ )_CA)dS}-
Repeating the same arguments we obtain a lower bound for (C') in the form
1 01/\px 0'2/\91
(4'14) (C) > 2 [1{01>02}/ 041 ) CA)dS+]l{01>02}/ )_CA)dS] .

Plugging (4.11), (4.13) and (4.14) into (4.10) yields

o (T,x) = 1E| /O T () — ca)ds| + 3E| /0 " an(s) — ca)ds].

By arbitrariness of aq, s € AK, we have o (£,2) > $o% (t1,z) + 10X (t2, ), as needed.
In order to conclude the proof, it remains to show (4.12). Recall that we are considering the
event {01 < o2} N{of < o2}, Then, p, < of = 02 A pp = 0f A pr = pz, and we obtain

t
H = 1{nggg«}((0x - UlAPx)CA) + ]l{pz>gg}<(0? —o1)ca — /a (aa(s) — CA)d5>
7t
> 1y, >o“}(( 7 - Ul)CA _/
t
We now recall that of > & (cf. (4.9)) and, on the event {01 < 02} that we are considering,
g € [o1,02]. Then, using also aa(s) > c4 for all s > 0 we arrive at

g2
(4.15) H2>1, 505 ((6 —o1)ea — /0 (va(s) — cA)ds>.
Next, we rewrite ¢ in a more explicit fashion. Once again, recall that on {01 < 02} we have 7 > 0.
t1;61 t1,0f1
= for s € [0,01] and
Ztio — Zf,ll’al +4c%4(s —01) =T +4c4(s — 1), for s € (o1, 00)).

Then & rewrites as
& =inf {s >0y : §(Z% 4 Z2%2) = T}

02/\px

02 /\pPg

(aa(s) — cA)ds) :

a

Moreover, Z

=0 +inf{s >0: 3 (T +4chs + ZtQ;aQ) = T} =0 —f—inf{s >0:4chs + 2272 = T},

o1+s o1+s

to;b

where in the second equality we also used that Z 72 for s € [0,6] C [0,09] on {07 < 0}

The chain of equalities above shows that

g—o01 = inf{s >0:4chs + 22502 = T} = ¢, on{o <a}N{o? <oy}

o1+s
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Since 4¢%4¢ + szliz = T by continuity of paths, then
1

(4.16) o—o01 = E<T - Z?;az), on {01 < o2} N {0 < o2}
A

Plugging (4.16) into (4.15) yields
g2 _
(417)  H> ]1{%%?}(@@ iy / (aa(s) — cA)ds>, on {01 < 02} N {o% < 0o}

Now we find an upper bound on the integral. Fix w € {o1 < 02} N {0 < 02}. We have

o2(w) o2(w) =7 (w)
(4.18) / (av2(s,w) —ca)ds = / (2(6(w) + s,w) — ca)ds.
(w) 0

Let us notice
02() = () +inf {5 > 0: 255 (w) +/ (023 () + w.0)du =T} = 5(w) + ()
0
so that 7j(w) is the first time the process

s 2292 () 4+ /OS (c2(o(w) + u,w))Qdu

7(w)
reaches T'. Recall the formulation of the deterministic control problem in (4.6) with [0, c0) x [0, T] X
Ag 3 (s,t,a) — Z(s,t,a) =t + [5 a®(u)du and the time 7(¢, s). It is then clear that
Z292 () 4 / (a2(a(w) + u,w))zdu = Z(s, 7292 (4) ag(5(w) + L w))
0

7(w) 7(w)

and
N(w) = n(Z25%2 (W), aa(a(w) + -, w)).

G (w)

Since w is fixed, it follows from (4.6) and (4.18) that

/02(W)(a (s,w)—ca)ds = /ﬁ(w) (a2(6(w)+s,w)—ca)ds
_ 215, A 0 2 ’ A

(2357 (w).0) iaics 1 s
< sup /0 (a(s)—ca)ds = 6(Z2% (w)) = E(T_Z&@ (w)).
Since w € {01 < g2} N {0 < o} was arbitrary, plugging the last equation above into (4.17) the
claim in (4.12) is proved. O

Our next proposition shows that 0y (¢, x) is strictly smaller than zero for z > 0. This fact will
be used later to choose a specific function K () in the definition of the class ALX. Since (-, z)
is concave, it admits right- and left-derivatives at all points ¢ € (0,7) and we denote them by
0; X (t,x) and 0; ¢ (t, ), respectively.

Proposition 4.4. For any t € (0,T], we have

1 K - K 1 -2
(419) _H < 6;_()0 (t,iC) < 8t ¥ (t,.%') < _Ep<px > (T_t)CA )

The upper and lower bounds are independent of the choice of the function K(-).

Proof. The first inequality holds by (4.7) and the second one by concavity. For the final inequality
let 0 <t <ty < T and fix x € (0,00). Since ALK is independent of time, admissible controls for
@™ (t1,2) and ' (t, z) are the same. For a € AL we have of% < of. Then, by the DPP

K _ iy K (ot vy
P (rw) = sup E[ [ (s ea)ds tliop <oy o (27 Xy )|
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Using Zg.ﬁa = Z;Qta;a —(tg —t1) =T — (ta — t1), we get
2 2
@K(t% 1‘) _@K(tlv w)

a%/\pz 0',?‘2/\pI X t1:0 N
= sup E[/O (as—cA)ds}— sup E[/O (as—cA)ds—l—]l{U%@z}cp (ZU?; , X a)]

of
acAK aceAK
K T
< aselffg E[—ﬂ{ag@z}ﬁp (T—(t2—t1),XU;12)]-

For 0 < € < = we have p,_. < p, and therefore

K K . K
(4.20) " (tz, ) — 97 (h, ) < —alélfg E{ﬂ{og@zfs}@ (T~ (t2 - t1)7X§32)},
because ¢ > 0. Notice that for arbitrary (t,y), picking the deterministic control Aff S ap = 2¢y
yields of = (T —t)/(4c%) and the lower bound:

T—t T—t T—t

K A A : A
2 (t7y) > CAE|: 0 ]l{sgpy} ds} =CA 0 P(S < Py) ds = ca 0 g(say) ds.

In particular, on the event {of, < p,—} we have ngs >0 <= XJa >¢and
2 2

to—tq to—t]
62 C2
(4.21) (T = (b2 —t1), X5 ) > CA/ A g(s, X2 ) ds > CA/ 4 g(s,e)ds,
2 0 2 0
where the final inequality holds because y — g(s,y) is non-decreasing.
Therefore, plugging (4.21) into (4.20) and using the form of g(s,¢) yields

K K ti‘j?:l : [
o (to, ) — @™ (t1,x) < —(cA P(s < pa)ds> inf P(U752 < p$_5>
0 acAK
ta—t1

< _<CA/0 A P(s < pa)dS>P<(T —ty)c,’ < pcc—a);

where in the second inequality we used op, < TC_{Q for all o € Aff , because o > c4. Dividing by

to — t1 and taking limits as t; T t2, we get
1
- K —2
Oy ¢ (t2,7) < _EP«T - tQ)CA < :0$—€)7
because s — P(p: > s) is continuous with P(p. > 0) = P(p. > 0) = 1. Letting € | 0, we have
Pz—e T pz- Then, by dominated convergence and left-continuity of s — 1 (s>¢2(T—t2)} Ve get the
final inequality in (4.19). O

Remark 4.5. Let K,.(z) = ﬁp(pw > TCATQ) with p, as in Proposition 4.4. By concavity of
©& (-, 1), for any fized x € (0,00), we have 9; X (t,x) = 0 X (t,x) for almost every t € [0,T],
and the specific form of the Hamiltonian in (4.5) tells us that of = —1/[20; (25, X®)] is the
candidate optimal control. Therefore, by Proposition 4.4

1
2ea <o < S[KL(X)] 7

The bound in Proposition 4.4 holds for any function K(z) defining AX. Then, it is natural to
choose K (z) = K, () and denote the associated o™+ simply by ¢*. Similarly, we write A% = AKX+,
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4.2. Bounds on second order spatial derivative. Having established estimates for the time
derivative of p* = p* and for its first-order spatial derivative, we now proceed to obtain bounds
on the second-order spatial derivative. Since we work with K(z) = K,(z), the Lipschitz constant
in Proposition 4.1 is precisely 2(T 4 20v/T)/(02K.(z)). In the proof of the next proposition we set
6 == 2(T + 20V/T) /0>

Proposition 4.6. For fized t € [0,T], the second-order spatial derivative O,.p*(t,x) exists for
almost every x € (0,00). Moreover, for any bounded interval I C (0, 00)

(4.22) [0220" (t, Moo (1) < Co
for a constant Cy = Co(I) > 0 independent of t € [0,T].

Proof. Let © € (0,00) and take 0 < a < x < b < oco. The function ¢* restricted to the domain
[0,T] x I with I = (a,b) is Lipschitz by Proposition 4.1-(ii+iii), and ¢*(T,z) = 0 for all z € I.
Then, we extend ¢* outside [0, 7] defining

(15*(ta x) = (10*(ta x)]l[O,T}XI(ta$)a (t,l’) € [Oa OO) xI.

The function ¢* is Lipschitz continuous on [0,00) x I with the same Lipschitz constant as ¢* on
[0,7] x I. By DPP (4.4) applied to ¢* with 7 = vy :=inf{s > 0: X7 ¢ I'}, we have

(e Avr

o1t = sup B[ [ (0 = ea) o Ly (2057 X5
o *

(4.23) .

(e /\I/I
= s [ [T (@ ea)ds - (20 X3
ac A% 0

where in the first equality we used that ¢ (Z “‘AVI7X§?AV1)]1{U?<VI} = ¢*(T, ng)]l{gg<y1} =0 and
in the second equality we used that

L <opy " (207 X5,) = Ly <oy 8 (27 X5,) = 97(20, X5,

vy vr ? vr

because ¢*(Z5®, X7 gy, 001 = 0 by definition of ¢*.
Fix t € [0, T]. Taking the sub-optimal strategy a = ¢4 and using (4.7), we get from (4.23)
1
©*(t,x) > E{ *(t+ A, X )} > E{”"(t X)) — 1CAVI|:

It is well-known that E[B,,] = 0, because v is the exit time of B from a time-dependent interval
(for the reader’s convenience we provide a short proof of this fact in Appendix A, Lemma A.2).
Noticing that cavy = (x + cavi +0B,,) —x — 0B, = Xy, —x — 0By, we obtain

* ~ % 1 1
o (t,w) 2 E[3' (8, X5) - X5 | + 4o
Denoting f(a:, t) = @*(t,x) — ia: and using the inequality above with ¢* = ¢* on [0, 7] x I, we have
flast) > E[f(X,;0)].

The right-hand side of the inequality can be rewritten in terms of the scale function S(x) of the
process X. That is,

E[f(X]:0)] = f(ast)

S(b)—SEx + b t)

),
S(b) — S(a)
Then, f(-;t) is S-concave on [a, b], i.e., for all z € [a,]]
f(:c;t) > f(a;t)m_1_ F(b: ¢ M'
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As a consequence it admits left- and right-derivative with respect to the scale function at all points.
More precisely (cf. e.g., [14, Prop. 2.6]), the right- and left-limits

o JWi) = flt) D flest) = i fl@t) — fly;t)

Dof@it):= lim =g =g d Dslt)= lm “er—g0,

exist for all x € I; moreover, the mappings = — D¥ f(x;t) and x — Dy f(x;t) are non-increasing
with the first one right-continuous and the second one left-continuous; finally, since S is continuous,
then DY f(x;t) = Dg f(x;t) = Dgf(z;t) in I\ C with C C I at most countable. As a result of
these facts and continuous differentiability of S at all points, we have

Dy f(x;t) = lim fat) = ft) -y 1 flot) = flyit)

= I.
yore w—y  S@) -5k  S@eeer  w-y

Therefore, 9F f(x;t) = D% f(a;t)S(z) for x € I with 0F f(x;t) = Dgf(x;t)S (x) = 9, f(x;t) for
z € I\ C. Notice that  — 9, f(z;t) and x — 9] f(z;t) are left- and right-continuous, respectively.

Since x — D f (z;t) is non-increasing on I, it is differentiable Lebesgue almost everywhere on I
with 0, (Dif)(m, t) < 0. As a result 8,(9F f(x;t)) exists a.e. on I with

(4.24) 0 (95 f(w:1)) = 0u(DF ) (51)S"(x) + D f(w;1)S" (x) < Dy f(w;1)S" ().

We wish to bound the last expression from above by a constant. We recall that, up to an affine trans-
formation, the scale function reads as S(x) = 1—e~2¢4%/7” and therefore S (z) = —4c% Jote~2ca%/7”
By definition of f we get 9F f(x;t) = 0Fp*(t,x) — % and ¢*(t,x) is Lipschitz on I with Lipschitz
constant o7/ K. (z) (cf. Proposition 4.1-(iii)). Then, for z € I

e2c az/o?
D510l = g ﬂ@if wt)| < 5oy (3 4 [0 (. 2)])
chA:c/U2 1 5T e2c,4b/¢72 1 5T
= 2cy/0? (1 K*(:B)> = 2ca/0? (Z+M)’

where for the last inequality we used that K.(a) = inf,c[, 4 K«(x) by monotonicity of K. Substi-
tuting this bound into (4.24) and using |S”(z)| < 4¢4 /ote~2¢49/7" yields, for ae. z € I

+ oo 26714 2ca(b—a)/o? 1 or _.
a:p(axf(xat))g 0_26 A <4+K*(a)> = (1.

For fixed t € [0,T)], we have shown that z — f(z;t) = ¢*(t,z) — 12 is locally semi-concave. More
precisely, recalling ¢* = ¢* on [0,7] x I, the mapping

(4.25) [a,b] 5z — ©*(t,x) — %:{: — Cya?

is concave.
Next, we are going to adopt similar arguments to show that x — ¢*(¢,z) is also semi-convex for
fixed t € [0,T]. Take z € I. We recall that o € A, and so c4 < a; < ﬁ()(“) for all s € [0,00). In

particular c4 < as < 3[K.(a)]7!, for s € [0,v7]. Then, from (4.23) we have

1
o (t,x) < sup E|=—+—
7= o F I3k

where in the second inequality we used that ¢ — ¢*(¢,x) is non-increasing. Rewriting
1 1

1
= D, G — B
K@) T eaku(a) T seaku(a) & T OB

P 1
(o Avn)+57(260, X5,)] < E[2K( X,
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and using again E[B,,] = 0 and the equivalence ¢* = ¢* on [0,7] x I, we obtain

7 (tx) <E| 1

1
2ca K. (a)
Defining the function f(z;t) == @*(t,z) + mw, the equation above yields
S)—S(x) .,  Sx)—S(a)
50— st V50~ st

Then, for fixed ¢ € [0,T], the mapping z — f(x;t) is S-convex on I. Using again [14, Prop. 2.6]
we obtain that D+f(:c t) and Dy f(a: t) exist for all x € I, both are non-decreasing in z, the first
one is right-continuous and the second one is left-continuous. Moreover, by continuity of S we have
D;Cf(:v; t) = Dgf(:v;t) = Dgf(x;t) for a.e. z € I. As in (4.24), we have

(4.26) 0:(05 f(2:1)) = 02(Dg f)(w;0)S' () + D§ f(2:)8" (x) = Dy f(a; £)S" ().

flzt) <E[f(XE:t)] = flat)

Recalling that f(z;t) == @*(t,z) + QCAfl(*(a)x and |90£@*(t,2)| < dr/K.(z) (Proposition 4.1-(iii)),
we obtain for x € I,
~ 1 eQCAI/O' 1 eQCAb/O.2
DEf(xt)| = < o (t ) <— (1
D5 f(:t)] S’ } = 2c4/0? \2caK.(a + ’8 x)! - QCAK*(CI)/O‘2( +5T)’

where we also used ¢4 > 1/2 for the final 1nequahty. Combining the bound above with |S”(x)| <
4¢3 Jote2eaal * and (4.26) we deduce
QGQCA(b—a)/O'2

K,(a)

2cq/0

0 (OF f(ast)) > — (14 07) = —Cs.

Then, the mapping

1
4.27 b 3>z (¢ ————x + Cya?
( ) [a7 ] Z w(,m)+2CAK*(CL)x+ 2T
is convex.
Combining (4.25) with (4.27), for any fixed ¢ € [0,T] we know that 0;,¢* (¢, -) exists in the sense
of distributions and it defines a signed measure on I. Moreover, for any test function ¢ € C2°([),
¢ >0, we get

‘/IC(x)axw*(t,dx)‘ < (C1 + Cy) /IC(:v)d:c

Then, there is a set Ny C I of zero Lebesgue measure such that 0,,¢*(t,z) exists for x € I\ Ny
and, moreover,

Hamxgp HLoo (I <Cl+C2-
The constants C7 and Cs depend on I but are independent of ¢t. That concludes the proof. O

From the proposition above, for each fixed ¢ € [0, T] the weak derivative 0,,¢* (¢, - ) is well-defined
and locally bounded on (0,00). However, a priori the null set where 9,,¢*(¢, - ) is not defined may
depend on ¢. In the next proposition we show that indeed 9., " is well-defined as a locally bounded
measurable function on [0, 7] x [0,00), i.e., Oze0* € L3°.([0,T] x [0,00)). We recall the definition of
the Sobolev space W 2P () as the space of functions f € LP(O) whose weak derivatives 0,f, 0, f
and 9, f exist as functions in LP(O). We use W,2>?(O) for the class of functions f € W2P(K)
for any bounded subset K of O.

The proof of our next proposition closely resembles the one of [6, Prop. 9.3] and so we postpone
it to the Appendix.

Proposition 4.7. We have ¢* € W;OCQOO([O,T] x [0,00)) N C([0,T] x [0,00)).
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We conclude the section providing bounds on ¢* akin to those arising from the dynamic pro-
gramming principle but for a time-changed version of (4.4). The aim is to link ¢* to the original
problem (3.3) but in a different kind of weak formulation. Later on, we will show that indeed the
optimally controlled dynamics exists in a strong sense and therefore all formulations are equivalent.
We recall B from Definition 3.1 (recall also Remark 3.2). Now we introduce an analogue class of
controls on our fixed probability space (€2, F,P), but in a weaker formulation. That is, a control
is a collection (F', (B)1>0, (Bl)i=0, (W )i=0) such that F' := (F/);>0 is a filtration on F, (B});o is
a F/-Brownian motion, (8;):>0 is a F'-progressively measurable, process such that E] fOT B2ds] < oo,
and the process W7 follows the dynamics

t t
(4.28) W = W§+/ a2 dv—i—/ B, dBL,

0 0
with W an Fj-measurable initial value. When W{ = z € [0, 00) we use the notation W for the
associated process. We denote the class of such controls by B and, for future reference, we notice
that such class is analogous to the one used in [32, Ch. 2, Sec. 4] (in the proof of Theorem 5.1 we
will use [32, Cor. 2.4.8]). Let us also consider a class B} C B of admissible controls defined as

. 1
B = {ﬁ € B‘QK*(Wf’ﬂ) < Bs < ” for all s > 0},

with the function K,(x) as in Remark 4.5. Finally, we denote 75 = inf{s > t : wh < 0} with
inf @ = +o0.

In what follows, given a set I C [0, 00) we denote cl(I) its closure, relative to [0, c0). For x € [0, c0)
we define K. (z) = [2K.(x),c,'] and recall that K, is non-decreasing with K,.(cc) = 1/(4ca). We
must emphasise that a rigorous use of the DPP for controls from the class B} is not immediate,
because those controls are both constrained and adapted to a generic filtration. Hence, the rigorous
use of pseudo-Markovian property overarching the DPP is not granted (cf. [9]).

Theorem 4.8. Fiz (t,x) € [0,T] x (0,00). Let I C (0,00) be a bounded open interval with x € 1
and cl(I) C (0,00). Given a process B € B we denote TIB = inf{s > 0: Wb ¢ I}. Then, for all
A € [0,T —t], the function ©* satisfies the two properties below:

(i) The upper bound holds,

2 AN
I .
(4.29) ©*(t,x) < sup E{/ (1 — cafuy)Budu + ©* (t + TIB AN, Wméﬁ )]
BEB: 0 77 A
(ii) For any process B € B of the form
1
(4.30) Bs = ]1[077}3}(8),30 + ]I(vaoo)(s)a, s >0,

with deterministic By > 2K, (sup I), we have € B} and

©*(t,z) > E[/OT?M(l — cABu)Budu + ©* (t + Tf/\)\, Wl )}

TfAA

Proof. We start by proving (i). From (4.4), for any € > 0 we can choose & = &° € A%(F) such that

) "
(4.31) o (t ) < E[/0 (G — ca)du + w*(zzﬁ@(d),xgw(&))] Ye,

where ¢(*(&) = inf{s > 0: Z5% =t + A} and v; = v;(z) == inf{s > 0: X® ¢ I}. We then introduce
the stopped process ay, = d, for u € [0,v; ACN&)] and ay, = ca for u € (vr ACM&), 00)) and notice
that vy A (MN@) = vr A N a).



DYNAMIC CONTRACTING WITH LIMITED LIABILITY 25

We can use the strictly increasing process
u
SY(u) == ZE —t = / a2dr, u >0,
0
to define a time-change. Letting the process s — T“(s) be the inverse of u — S%(u), we get

T%(s) = aTa( ydu = B2du, s>0,
0 0

where we set 8, == a:;i(u). The process M := Bra(y) is a continuous martingale with respect to the
time-changed filtration H* = (H{')s>0 with H = Fra(s), with quadratic variation (M®)s = T%(s)
(cf. [43, Prop. V.1.5]). We also notice that by construction j,, is H*-progressively measurable (cf.
[43, Prop. V.1.4]) with 5, > 2K, (X%a(u)) > 2K, (inf I) > 0 because of the definition of oy in terms
of & € A%L(F).

Now, let us define a H*-adapted process (E )s>0 as

/ By tdMg / araydM, s> 0.
It is clear that B is a continuous martingale with quadratic variation
Bas_/BQdMO‘ /52dTa =

and therefore it is a H*-Brownian motion. Moreover, M = fo BudBﬁ‘. Notice that Z;if(s) =t+s
and let us now define a process

s s "
Wb = Xfay =z +caT(s) + oM =z + CA/ Bzdu+/ oBudBy, s>0.
0 0

We emphasise that we are slightly abusing notation, because 5 depends on « and therefore we
should use B¢. However, we drop the superscript for the ease of notation.

We recall that g5 = aTi( ) is H?-progressively measurable and since o € AX(F) (cf. (4.2)) it
satisfies the bounds

2K (XFa(y)) = 2K (WIP) < B < L

ca
Then 8 € B (H®"). Recalling Tf —inf{s>0: W&’ ¢ I}, wehave vy =0 < z ¢ — 77 =0.
If instead TIﬁ > 0, we have

P>t = W el forallue o,
(4.32) < Xfa(y) €1 forall u €0,
— Xy elforallrel0,T%t)] < Tt) <vr.

Taking ¢t = S%(r) the above equivalence reads v; > r <= TIB > S%(r). By continuity of 7(.),

we have limtTTIg T(t) = TO‘(T}B) < v7. In particular, Tf =00 = vy = oo. By the above chain

of equivalences we can also show the reverse implication, i.e., v; = co = Tlﬁ = 00. Moreover,

on {v; < oo} = {TI < 0o} we have X7 () = W”Tf € 0I, which implies TO‘(TIB) > vy. Combining
I
the two inequalities we have vy = TO‘(TIﬁ ) and therefore S%(vy) = TI because the time change is

invertible. Now, notice that S®(v; A (Ma)) = S%(v1) A S¥((Ma)) = 7' A A and st( ) = Xi-

Therefore, we deduce

(s /OWAo(a) 028, X5, o) = (045700 ANWER, ) = (1477 AN ).
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Furthermore, we have

vIACM @) vIACM (@) ) Tf/\/\
/0 (as - CA)dS = /0 (/Bga(u) - CA)du = /0 (1 — cafs)Bsds,

where in the final equality we changed variable of integration setting u = T%(s). Recalling (4.31)
and ay = Gy for t € [0,v7 A CMN&)] = [0, v1 A ¢N@)] we deduce

)} +e.

T AA
o (b 7) < E[/O (1= cafu)Budu+ (¢4 7 AW

Recall that 8, = 8 by construction. Since 8 = (H®, (8%)¢>0, (BY)i>0, (Wtﬁ )e>0) € By, then

TI/\>\
©*(t,x) < sup E[/ (1 — cafBuy)Budu + ©* (t+TI AN W = )} + e,
0

BeB: P AN
and letting € — 0 concludes the proof of (i).

In the remainder of the proof we show (ii). It is clear by definition of the process § in (4.30) that
it belongs to B, because 2K*(Wf;ﬁ) < 2K,.(supl) < 1/cy for t € [0, 7'[]] Indeed, all arguments
here are valid for an arbitrary control 5 € B}, with the sole exception of the use of DPP in the final
paragraph of the proof. Thus, we give our arguments in slight more generality than needed for (ii).

Let us fix a control 8 = (F', (8)i>0, (B})i>0, (Wt )i>0) € B;. The process Tg(t) = fo B2du is
strictly increasing, absolutely continuous with 73(0) = 0 and Tg(c0) = oo. Its inverse Sg(t) =
(Tp)~1(t) satisfies S3(0) =0, Sg(c0) = 0o and

d 1
—53(t) = 53—
de ﬂg, )

Then, the representation Sg(t) fo BS ds holds for t > 0.

By Dambis-Dubins-Schwarz’ theorem [297 Thm. 3.4.6], the process (Etﬁ )t>0 defined by Ef’ =
s , 1s a Brownian motion for the time-change tration = >0, W1t = .
55 5.dBY, is a Browni ion for the time-changed filtration G = (G )0, with G’ == F{_,

Moreover, fos BudBl, = E%% o Using the formula above we easily see that

_ yvxB
5() = XT5(1)

where X' PP =zt eat + UBB for t > 0. By the time change, X}’ b st(t)
Letting yI = inf{s > 0 : Xg’ﬁ ¢ I}, the exact same arguments as in (4.32) yield I/IB = TB(TIB)

and therefore Sg(ulﬁ ) = 7‘? because the time change is invertible. It is also worth noticing that,

because T is the inverse of Sz and the latter is continuous, for any A > 0,

WP = & + caTp(t) + 0By

¢
Ty(A) = inf {t > 0: Ss(t) = A} = inf {t >0 /0 B2 s = /\} — &)
Now Tg(rf AN = Tg(Tf) NTg(X) = I/IB A &é\ and, by taking the inverse, also

5 5 5 VI/\O'B 9 VI/\&é‘ )
7 ANA=Sp(v; Nog) = /0 Bsﬂ(s ds = /0 azds,

where we set a; == 1/Bg,(1).-

The above formulae allow us to represent the pair (t + TIB AN, Wxﬁi /\) as follows:
Tr

3 3
t+7P AW ) = <t+ % B2 ds, X ) _ (t+ VN o2ds, X" >
I ’ Tf/\)\ 0 Sp(s I/\Ué\ 0 ﬂ/\U,B
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Since apy(t) = By ! we have by a simple change of variable of integration
N

TIB/\/\ TIB/\)\ T 02}
/ (1 —cafu)Budu = / (aTB(u) — CA)dTﬁ(U) = / (as — CA)dS.
0 0 0

Then, for any 8 € B} we have
T AX 5
E[/ (1 — cafu)Budu + ¢~ (t—l-TI AN, Wﬁ;/\)\)]
0

V?/\é'g I/IB/\&g
:E[/ (%c,4)ds+g0*<t+/ a?ds Xxf )}
0 0 vy NG}

Finally, notice that (ay)s>o is progressively measurable for the time-changed filtration G (cf. [43
Prop. V.1.4]) and it satisfies the bounds

(4.33)

1 1
ca <op < N = B0 t> 07
2K*(W§£t)) 2K, (X

because 2K, (W) < B, < 1/c,.
For our choice of § in (4.30), the form of the process W%# is particularly simple and it is easy

to check that T}B is a stopping time for the filtration generated by the increments of the Brownian
motion B’. Therefore, the process [ itself is adapted to such filtration and it is not hard to verify
that the process oy = 1/ fBSB (1) can be expressed as

o = 10 ,3]() )(t)CA, t>0.

50 Lofie
Because of this construction, both the process X%# and the control (an)r>0 are adapted to the
filtration F# = (fﬁ )t>0 generated by the increments of the Brownian motion BF. Therefore, the

control (at)¢>0 is one particular process in the class A’ (F5). This allows the use of DPP as in (4.4):
for an arbitrary & € A%(FP) we set (M) = inf{s > 0: Z5* =t + A} and (4.33) yields

T AX
E[/ (- caBu)Budu+ o (T AN WxﬁiA)]
0

v NG (&)
- z; _
- deit?(%ﬂ)E[/O (@ = ea)ds +¢" (25 o ap X ey) ] = ¥ :),

where the final equality holds thanks to the DPP in (4.4). This completes the proof of (ii). O

5. THE HAMILTON-JACOBI-BELLMAN EQUATION

Theorem 4.8 of the previous section gives us a form of the Dynamic Programming Principle that
we are now going to use in order to derive an HJB equation for ¢*. Let us introduce some notations.
Given a sufficiently regular function f : [0,7] x [0,00) — R and a constant 5 € R, we denote

0.2
H(t,x;/@, f) = (7528I$f+cz4/8281‘f) (tvx) + (1 - CA,B)ﬁ,

for (t,x) € [0,T] x [0,00). For x € [0,00) recall K.(z) = [2K.(x),c,'] and let us introduce the
Hamiltonian of our problem:

(5.1) Hic(t,x; f) == sup H(t,x; 5, f).
BEK ()

Our next theorem turns the DPP-like results from Theorem 4.8 into an HJB equation.
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Theorem 5.1. The function ¢* belongs to VVE1 f ([0, T)x [0,00))NC([0,T] x [0,00)) and it satisfies
O™ (t,x) + Hi(t,z;0") =0 a.e. (t,z) €[0,T) x (0,00),
(5.2) o*(£,0) = 0 vt € [0,7T),
©*(T,z) =0 Vz € [0, 00).
Proof. The regularity of ¢* was shown in Proposition 4.7, then we only need to show that it solves
the HIB. Clearly the function 0,p*(t, ) + Hjc(t, z; ¢*) is well-defined for a.e. (¢, ). The rest of the
proof is divided into two main steps.
Step 1. Here we show 0pp*(t,z) + Hj(t, z; ¢*) < 0 for almost every (t,z) € [0,7] x (0,00). Fix
(to,zo) € [0,T) x (0,00). There is R > 0 such that xg — 2R > 0 and to + 2R < T. Therefore also

xgo—0—R>0and tg+ 60+ R < T for every 6 € (0, R). We fix a constant 5y € Ki(xg + 2R) and
for any = € (z9 — R, o + R) we consider a control 8 € B; with process (8s)se[0,00) given by

1
Bs = Lo e (0 + Ly oy (912 for 20,

where Tg = Tg(l‘) =inf{s >0: W& ¢ (z — R,z + R)}.
Fix A € (0, R]. Then, by Theorem 4.8-(ii) we have for (¢,z) € (to,to + R) X (x0 — R, 0 + R),

Tr(Z)AX 28
o (t) > Ef /O (1= caBu)Bucduc+ " (t+ TAAN W )]

B
TR(T)AX .
=¢*(t,z) +E [/ [(Orp* + 302 B20satp™ +caBa0,0") (t+s5, W?’ﬁ)+(1—CABs)Bs}ds} :
0
where the equality holds by an application of It6-Krylov formula (cf. [32, Thm. 2.10.1]) which we
recall in Appendix B for the reader’s convenience. Since 3, = fy for u € [0, Tg]], then the above
inequality yields

78 ()
(5.3) E[/ " atg;*(t+s,Wg;ﬁo)+H(t+s,Wg5ﬂ0;5o,w*)ds} <0,
0

where W& = g 4 caBB3s + aBoBs. In particular, for a fixed § € (0, R), (5.3) holds for all (¢t,z) €
[to, to + 0] x [0 — 6,20 + 0] so that

1 to+0 x0+9 T)AX
A/ / / (8t¢*(t+s, WEB) L H (t+s, W By, @*))ds] dzdt

1 to+0 aco-f—@ ’TR(I)/\A
/ / / (Bpp™ (t+s, WEPO) 4 H (t+5, WP, By, %)
to 0

— 0™ (t,z)—H(t,x; Bo, " ))ds]dxdt

(5.4)

to+60 pxo+0 B T
/+/ ’ (Owp* (t, )+ H(t, x; Bo, ¢*))E [M}dxdt::ll()\)—l—fg()\).

The aim is to let A | 0. For Or = [to,to+2R] X [x0—2R, z9+2R] we denote Ag(t,x;b’o,g@*) =
Lo, (t,z)(Owp*(t, ) + H(t, x; Bo, ¢*)). Then we have
\1{s<7§}(8t90*(t+8,W§;5°)+H(t+s,W§;B°;Bo,w*)—ﬁtw*(t,w)—H(t,x; Bo, "))
= 1 oy (AR (45, WP Bo, ") — AR (¢, 23 Bo, 7)) |
< [AQ(t+s, WEH; By, ") — AR (¢, 3 Bo, ).
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Recall the form of the dynamics of W% from (4.28) and notice that the mapping
(t, Zz,s, (,d) = Ag(t+5a W§;BO (w)v BO? QD*) - Ag(ta x; BO? 90*)3

is jointly measurable and that Ag € (LN LY)(R?). We use Fubini’s theorem to exchange the order
of integration in the expression for I;(\) and we obtain

e ] ‘
1L (A)] < EL\/ [AR(- +5, -+ caBys + oBoBl: Bo, ©*) — AR(+, -5 Bo. ¢ )||L1(R2)dsj|-
0
For almost every w € €0,
lim [AR(- +s,- + caBys + oBoBi(w); Bo, ) — AR (+; o, <P*)HL1(R2) =0,

by well-known continuity of Brownian paths and of the LP-norms®. In particular, that implies
1 ; )
gng/ IAR(- +s.- + caBis + BB B,0%) = AR(+; B0, ¢7)|[ 1 oy ds = O,
0

and by dominated convergence

(5.5) 1;11&\[1( )| =0.

For the term I2(\), we notice that Tg(x)(w) > 0 for all z € (xg — 60,20+ 0) and almost every w € 2

% Then, for every z € (zg — 6, z¢ + 0)

e ] <,

by continuity of paths of Wy

by Dominated convergence. Using Dominated convergence once again we conclude

to+0 pxo+0 T ( ) AN
. R
1/\1% I(\ / / (Oep*(t, ) + H(t, z; Bo, 7)) hﬁ} E[ 5 }dxdt

(5.6) to+0 mo+9
= / / (8,:@*(75, x) + H(t, x; Po, W*))dxdt.
to xo—0

Plugging (5.5) and (5.6) into (5.4), we get
to+0 pxo+0
(5.7) / / (3tcp*(t,x) + H(t,z; Bo, go*))dxdt <0.
-6

By the Lebesgue theorem [23, Thm. 1.32], there is a set N C [0, 7] x [0, 00) of zero Lebesgue measure
such that for (¢g,z0) ¢ N we have

to+0 pxo+0
lim / / O™ (t, x)dzdt = O™ (to, o),

0—0 262 0—0
to+0 :E0+9
- *(t, z)dzdt = 0" (¢ ;
91—% 292/ /mo 9 z)dz =" (t0, 7o)
to+60 pxo+0
tim L / / Dwo* (1, 2)dadt = D™ (t0, 70).

3For p € [1,00) and f € (L= N LP)(R?), and for any € > 0, there is f. € C(R?) with compact support such that
lfe = fllLr(2) < &. Therefore, for any u € R,
fC+u, - +u) = flloomey SNFCFu, - +u) = fo(Fu, - )| po@ey+ |1 fo( +u, - +u) = fe|l Lo @2y
+fe = fllor@2)
<2+ fe (- +u, - +u) = fell Lo r2)-
Thus, limy—o || f(- +u, - +u) — f|lLrrey < 2¢. Letting e — 0 we conclude.
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Then, (5.7) yields 0:p*(to, o) + H (to, xo0; o, ™) < 0 for a.e. (to,z0) € [0,7] x [0,00). Recall that

Bo was taken from the set K.(xzg + 2R), but R > 0 can be taken arbitrarily small and therefore, by

continuity of z — K,(x) and 5 +— H(tg,zo; 5, ¢"), we conclude that By can be chosen in K, (zo).

Thus, we have shown

(5.8) O™ (t,x)+Hx(t, z;0%) = O™ (t,x)+ sup H(t,z;B8,¢%) <0, ae. (t,z)€[0,T] % [0,00).
BeK. ()

Step 2. Now we prove the reverse inequality to (5.8). We use again It6-Krylov formula in the
right-hand side of (4.29) in Theorem 4.8-(i). For (to,x0) € [0,T) x (0,00) and R € (0, zg), we get

- Tﬁ(aco)/\R o2 ) ) .
0< sup €[ [ (000 + 5200 + eaBi0ue) 1o+ 5 W) + (1= caB)5) ]
eBs, LJo

- Tg(fl?o)/\R
(5.9) < /88&1313 E /0 (8“0* + /HI*C( : 90*))(t0 +s, Wfo;ﬁ)ds}
o

- ‘rg(:ro)/\R .
= e - / L5()(Bre" + M (-97)) (to + 5, W) ]
pess, “Jo

where the second inequality is simply by definition of H}- and in the third one we set
S = {(t,w) € [0,7] x [0,00) : O™ (t,x) + Hjc(t, 25 0™) > O}.

For any 3 € B} it holds 0 < 2K, (zg — R) < s < ¢! for s < Tlg A R. Then, from [32, Thm. 2.2.4],
there is a constant Cg > 0 such that

’Tg(l'o)/\R .
o<e[ [ Ls() (0" + Hic (567) (to + 5, W29))ds|
0

< Ca||Ls() (0" + Hic (10 || ooy = 0

where the final equality holds because S is of zero Lebesgue measure due to (5.8). Combining the
above with (5.9) we deduce

TR(LB())/\R
sup E[/ (D™ + Hi(50%)) (to + s, Ws’”ogﬁ)ds] =0.
pes;, tJo

Thanks to (5.8) and the above equation, we apply [32, Cor. 2.4.8], whose statement and main idea
of proof are given in Corollary B.2 for completeness, so that

oot (t,x) + Hic(t,z;90") =0, ace. (t,2) € (to,to + R) x (zo — R,z0 + R).
By arbitrariness of ty, zo and R, we have
oot (t,w) + Hi(t,z;0") =0, ae. (t,z) €[0,T) x (0,00).
Thus, ¢* is a strong solution of (5.2). O
In the Hamiltonian in (5.1) the set of controls is constrained to the interval KC.(z). In the
next proposition we show that indeed the maximiser 5* lies always in the interior of K. (x) and

therefore we can remove the constraint altogether. Recalling (5.1) we introduce the unconstrained
Hamiltonian

H(t, @ f) =sup H(t,z; 8, f)
BeR

and we state our next theorem.
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Theorem 5.2. The function ¢* € Wélo’z;oo([O,T] x [0,00)) N C([0,T] x [0,00)) satisfies

O™ +H(t,z;0") =0, a.e. on [0,T) x (0,00),
(5.10) o (£,0) =0, vt € [0, 7],
©*(T,z) =0, Va € [0, 00).

Proof. Fix (t,x) € [0,T) x (0,00) such that (5.2) holds at that point. For all § € K, (z) we have

2
0" (t,2) + B2 0aa” (b 7) + a0 (t,2) + (1 — caB)B < 0.
Since 8 € Ky (z) implies 8 > 0, multiplying by %, we obtain

1 2 1
@@ap*(t,x) + %&mgo*(t, x) 4+ ca0y0" (t, ) + B —cy <0.

Setting o = 1/ we have
2

g
?azm@*(ta .f) + CAaz@*(t, 1‘) + OZQath*(t, .%') +a—cyq < 0.

Since 8 € K.(x) was arbitrary, we have o € [ca, ﬁ(w)] =: K, (x) (recall the definition of K'(z)
before (4.5)) and we can take the supremum over «, yielding
2
o
—Opap™ (t, ) + ca0:0" (t,x) + sup [(12@90*(25, x) + 04] —c4 <0.
2 ael ()
In order to show that the above inequality is actually an equality, we notice that g — H (¢, x; 5, ¢*)
is continuous and K, (x) is compact. Thus there is a maximiser 5* € K,(z). That is,

2

5 (B 000’ (1,2) + ca(8)0a" () + (1 = caB)B8" = 0,

for some S*(t,z) € K.(z) Now, repeating the same arguments as above with a* = 1/5* we obtain

2

%&mgp*(t, z) 4 ca0.0" (t, ) + (*)20p0* (t,2) + a* — cq = 0.
In conclusion, we have
2
(5.11) U—amgo*(t,x) +cadpp*(t,x) + sup  [@®0up*(t,x) + ] —ca = 0.
2 ael! (x)

atSO* (t7 IE) +

The advantage of working with the above reformulation of the HJB is that now we have better
control over the maximiser o*. Indeed, by first order conditions and recalling that 0;p* < 0 we
have the unique maximiser

e . 1 1 1
o’(t,z) = min { fax {CA’ 20:0*(t, ) }’ 2K*(a:)} 2010 (t,x)’
where the second equality holds because cq4 < —(20;0*(t,2))~! < 1/(2K.(z)) by Proposition 4.4
and Remark 4.5. Therefore, in (5.11) there is no difference between maximising over K, (z) or over
R. Moreover, plugging o* in the equation and rearranging terms we deduce
o? 1

Since o* is the unique maximiser in (5.11), then 5* = 1/a* used in the above construction is also
the unique maximiser of (5.2) and moreover using (5.12) we obtain

1
2% 0uap (1, 7) + o (1) — ca

(5.13) B*(t,2) = —20," (t,2) = —




32 BOVO, DE ANGELIS, AND VILLENEUVE

with 2K, (z) < *(t,x) < 1/ca. Then, the maximiser in the Hamiltonian (5.1) lies inside the set
K«(x) and there is no difference between maximising over Ky (z) or over R. This shows that the
first equation in (5.10) holds at (¢,z) and, by arbitrariness of (¢,z), it holds almost everywhere.
The boundary conditions hold directly by continuity of ©*. O

From the argument of proof of the above theorem we obtain a useful corollary. Let us recall the
Hamiltonian Mg from (4.5) and let us introduce the unconstrained analogue

M(t, z,p) = sup (a2p + a).
a€cR

Combining (5.11) and (5.12) we deduce the next result.

Corollary 5.3. The function p* € Wel(;cz;oo([O,T] x [0,00)) N C([0,T] x [0,00)) satisfies the two
equivalent PDFEs:

%02&”@* + A0, 0" + M(t,z,0i0") = ca, a.e. on [0,T) x (0,00),
(5.14)

— + %026961@* +ca0z0" =ca, a.e. on[0,T) x (0,00),
48tcp*

with boundary conditions ¢*(t,0) =0 fort € [0,T) and ¢*(T,z) =0 for x € [0, 00).
In the next theorem we lift the regularity of ¢* to C*°((0,T) x (0,00)). For that we need a

bound provided by?* [34, Lem. 4.1] which we state in Lemma B.3 for completeness. For the use of
the lemma we introduce the set

Co(s,y) ={(t,x) eER? :s <t <s+7r |z —y| <7},

for (s,y) € R? and r > 0. Notice that while [34] considers forward parabolic PDEs, here we deal
with a backward parabolic PDE and so our C,(s,y) is adjusted to reflect such difference. We also
introduce suitable Holder spaces with respect to the parabolic distance (cf. [25, Sec. 2, Ch. 3]) that
are needed in the proof of the theorem. For § € (0,1) and D C R?, we denote C?(D) the set of
6-Holder continuous functions f : D — R. For j k € N, we denote C7*(D) the set of 6-Holder
continuous functions f : D — R such that partial derivatives with respect to time, up to the j-th
order, and partial derivatives with respect to space, up to the k-th order, are 6-Holder continuous
on D. Finally, we use CZ{’)’Z;(s (D) for the class of functions f € C¥%(D) for any compact subset D of
D. These spaces equipped with Holder norms are Banach spaces (see details in [25, Sec. 2, Ch. 3]).

Theorem 5.4. We have ¢* € C*((0,T") x (0,00)).

Proof. The proof is divided into three steps.
Step 1. First we show that d,p* € C((0,T) x (0,00)). We evaluate (5.14) at (¢,z) and (¢t + h, z),
for small h > 0, h € Q. That yields for a.e. (¢, ),
! ) “(t+ h,x) + cadp" (t + b, 7)
-+ — x)+c¢ x)—c
40;0*(t + h,x) 2 ze ’ AC? ’ A

- L T 0 (o) + eabag ()

T i e bt e
where the null set can be taken independent of h € Q (for each h € Q we have a null set A, but
then we consider the equation on ([0,7) x (0,00)) \ N with N' = UpeqN3). Rearranging terms, we
get

1(3&0*(15 + h,z) — Op*(t, x) 2

9 * N *
1 op e h oty ) T 7 (0 (04 1) = 0" (t,2)

+ca (axgo*(t + h,x) — 00" (t, 90)) = 0.

4GSimilar result on the regularity of partial differential equation in divergence form were proven originally by De
Giorgi (elliptic case, [15] and [16]) and Nash (parabolic case, [39]).
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Dividing by h and setting v"(t, x) := (¢*(t+h,z) —p*(t, 2))h ! yields for a.e. (t,z) € [0,T) x (0, 00),
(5.15) O (t, ) + al(t, 2) Dyt (t, ) + b (t, 1) 00" (t,2) = 0,

where

(5.16) a(t,z) = 20° (D™ (t + h, )00 (t, 7)), b (t,x) = 4y (Drp*(t + h, )0 p*(t, ).

By Proposition 4.4 we have for a.e. (t,z) € [0,T] x [0, 00),
2
1
(5.17) 0<al(t,z) < ;— and 0 <b(t,z) < —.

ci ey

We fix (tg,z0) € (0,T) x (0,00) and r > 0 such that zo — 2r > 0 and to + h + 47? < T. Since the
function v € WEEP(Cyy (to, 20)) solves (5.15), then by Lemma B.3, there are N,§ > 0, depending

Loc

on the bounds in (5.17), such that

- 186
[0 (t, 2) — 0" (s,9)| < Nr™°(Jz — gl + |t —5]2) sup o (t, )]

(518) (t,x)€C2r(to,z0)

N
< gorr (e =yl = sl2)’,

for all (¢,z), (s,y) € Cr(to, o), where for the final inequality we used
(5.19) sup lWh(t, z)| < ﬁ.
(t,z)eCoar(to,z0)

The family (Uh)he(o,ho) is bounded in the C%(C,(tg, zo))-norm. Thus, there are a function f €
C%(Cy(to, o)) and a sequence (v");en, with hj — 0 as j — oo, such that for any &' € (0,)
we have v — f in C%(C,(tg,x0)). Noticing that v" — d,¢* as h | 0 for almost every point
in C,(tg,z0), we have that 0;p* = f a.e. in C,(tg, ). That is, the function d;p* admits a o-
Holder continuous modification on C,(tg, xg). The construction can be extended to [0,7) x (0, c0)
as follows. Let us consider a countable covering {C,, (tn,xn), n € N} of (0,T) x (0,00), where
ry > 0 is such that ¢, + 47“7% < T and z,, — 27, > 0. For each n € N, take h,, > 0, h,, € Q such that
tn+hn+4r: < T. Then, the family (Uh)he(o,hn) satisfies (5.18) and (5.19) on Cy., (tn, x,,) with suitable
constants Ny, 6, > 0. Passing to the limit along a sequence (h}})ren, with A — 0 as k — oo, the
sequence (v )en converges to a function f, € C%(C,, (tn,,)) in the norm of C%(C,, (tn, x)),
6!, € (0,6,). As above it must be f, = 9;* a.e. and so we conclude that 9;p* € Co(C,, (tn,zy)) on
every set Cy, (tn,xn). Thus, dip* € C((0,T) x (0,00)) because UpenCr, (tn, zn) = (0,T") x (0,00).
Moreover, it is clear from the construction that on every compact subset U C (0,7") x (0,00) the
constants N, > 0 only depend on the compact U. Hence, dyp* € C2 ((0,T) x (0,00)).

Step 2. Here we show that d,p* € C*°([0,T) x (0,00)). On any compact rectangle U C (0,7") x
(0, 00), for some hyy > 0 and § = §(U) > 0 the coefficients a”, b" in (5.16) belong to C°(U) uniformly
for h € (0, hyr). By construction, the function v" solves the Cauchy-Dirichlet problem

O (t, ) + al(t, 2)0pep (t, ) + b (t, )0 (t, x) = 0, for (t,z) € int(U),
U(t,x) = v (t, ), for (t,z) € 0pU,
where we denote by int(U) and 9pU the interior and the parabolic boundary of U, respectively.

Since [25, Thm. 9, Ch. 3, Sec. 4] guarantees existence and uniqueness of a classical solution of the
above PDE, then v" € Cl}o’?é(int(U)). Further, [25, Thm. 5, Ch. 3, Sec. 4] guarantees that

(520) ‘}Uh"cl,2;6(v) <cvy

where V' C int(U) is another compact and the constant ¢y > 0 depends on the Holder norms of
a" and b" on V', which we know are uniformly bounded for h € (0, hy7). The bound (5.20) implies
that (vh)h€(07hU) is compact in C129'(V), for some &’ € (0,6). Then v — dyp* in CH%9 (V) along
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a sequence h, — 0. Moreover, d;p* € C12°(V). Since U and V are arbitrary, we conclude that
ot € CH2((0,T) x (0,00)) and it solves

Op(t,x) + a(t,x)0pep(t, x) + b(t, x)0xtp(t, ) =0, (t,z) € (0,T) x (0,00),
where
(5.21) a(t,x) = 20%(Opp* (t,x))* and b(t,z) = dca(Dp*(t, x))>.

In particular, for any compact rectangle U, the function 0;p* and coefficients a and b belong to
CH29(U) for some § = 6(U) > 0 and dyp* solves the boundary value problem

(5.22) {8t¢(t, x) + a(t, ©)0r0(t, x) + b(t, )0t (t,x) =0, for (t,x) € int(U),

P(t,x) = O™ (t, x), for (t,z) € opU.

Then, by interior regularity results for parabolic PDEs®, for any compact V C U we have 9;¢* €
C%49(V) with 9yp* and Oyar™ also in CO(V) (cf. [25, Thm. 11, Ch. 3, Sec. 5]). In particular,
that lifts the regularity of the coefficients a and b in (5.22) to 02’4;5(1/) with Oia, Oub, Oppra and
Oeeb in CO(V). This additional regularity allows another application of [25, Thm. 11, Ch. 3, Sec.
5]. Continuing by induction, by arbitrariness of V', we deduce 0;p* € C*°(int(U)) and since U was
arbitrary we conclude 0;p* € C*°((0,7") x (0,00)). Next we transfer that smoothness to ¢* itself.

Step 3. First we show that ¢* is classical solution of the second equation in (5.14) (hence also of
the first one). We will subsequently deduce its C'*°-regularity.
The second equation in (5.14) reads also as
o? 1

(5.23) gﬁmgo* = 0 cAOzp" +ca, a.e. on[0,T) x (0,00).

Since ¢* € W;O’Cz;oo([(),T) x (0,00)) thanks to Proposition 4.7, then 0,¢* is y-Holder continuous
for any v € (0,1) by the Sobolev embedding W2P([0,T) x (0,00)) < Cpt7([0,T) x (0,00)) with
vy=1- % and p > 3 (see, e.g., [24, eq. (E.9)] or [31, exercise 10.1.14]). Moreover, we proved in
the previous step that d,p* € C*°((0,T) x (0,00)) and we know that d;p* < 0 on [0,7") x (0, 00),
by Proposition 4.4. Then, on any compact the terms on the right-hand side of (5.23) are Holder-
continuous and they are continuous on (0,7") x (0,00). That implies that also 0y,¢* is 6-Holder-
continuous on any compact (with § € (0,1) depending on the compact) and it is continuous on
(0,T) x (0,00). Hence, ¢* € CL2((0,T) x (0,00))NC([0,T] x [0,00)) is a classical solution of (5.14).
For any S € [0,7) and 0 < x; < x2 < oo, the function ¢ = ¢* solves the (forward) Cauchy-
Dirichlet problem obtained multiplying the second equation in (5.14) by 4(9;¢*)2. That is,

=0 (t, x) + a(t, )0 (t, ) + b(t, x) 00 (t,x) = b(t,x), for (t,x) € (0,S5) X (x1,x2),

’(ﬁ(t,l’g) = @*(tam2)v Vt € (Oa 3]7
G2 it ) = o (1, 20), vt € (0.5),
¥(0,2) = ¢*(0,2), Vr € [z1,x9],

where a and b are defined in (5.21). From step 2 the coefficients a and b are in C*° and [25, Thm. 9,
Ch. 3, Sec. 4] says that (5.24) admits a unique classical solution. Thus ¢* € CH%9((0, 8) x (21, 2))
for some § > 0 depending on the compact [0, S] X [z1,x2]. Since the a and b are infinitely smooth,
once again we can invoke interior regularity results for parabolic PDEs ([25, Thm. 11, Ch. 3, Sec. 5])
to lift the regularity of the solution of (5.24) in (0,S) x (z1,x2). Hence, p* € C*((0, S) X (z1,z2)).
Since (0,5) x (z1,22) C (0,T) x (0,00) was arbitrary, this concludes the proof of the theorem. [J

5Notice that actually all derivatives admit 6-Holder continuous extension to U by Weierstrass theorem.
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6. PROOF OF THEOREM 3.4

The final theorem in the previous section implies that ¢* is classical solution of the HJB equation
from Theorem 5.2. Combining that with an application of Itd’s calculus we now show that ¢*
coincides with the value function ¢ of the Principal’s problem in (3.3). That also shows uniqueness
of the solution to the HJB equation. Moreover, we obtain the optimal control for the Principal in
Markovian form. All these facts and additional regularity in the space variable for ¢* = ¢ form
the statement of our main theorem (Theorem 3.4), the proof of which is the main content of this
section.

Proof of Theorem 3.4. The main task is to show the identity ¢* = ¢. Once that is accomplished,
we immediately deduce that @ € C([0,7] x [0,00)) N C*((0,T) x (0,00)) is the unique solution of
the HJB equation and it is concave and decreasing in time, with 0;¢ bounded (Propositions 4.1—(ii)
and 4.3). Monotonicity and concavity in = will be obtained later on.

Fix 8 € B from Definition 3.1 and recall the probability measure Pg from (3.1), under which the

process B,@B = U_I(Yt —-Yy — fot Bsds) is a Brownian motion. The contract’s dynamics associated to
B reads as (cf. (3.2))

Wb = g —I—/ cAﬁgdu—i—/ 0B, dB?,  with z > 0.
0 0
Let R, = [n71, k] for all n,k € N and set

(6.1) 75 = inf{s > 0: Wo8 < p71} and ag = inf{s > 0: W=’ > k}.

It is clear that ¢*(T,z) = 0= @(T, z) and ¢*(¢,0) = 0 = ¢(¢,0) for all € [0,00) and all ¢ € [0, T],
respectively. We now show ¢*(¢,2) = @(t,z) for arbitrary (¢,z) € (0,7) x (0,00). Recalling that
©* € C*((0,T) x (0,00)) by Theorem 5.4, we can apply Dynkin’s formula to ¢* (t + u, W{f;ﬂ) on
the random interval u € [0,s A 75 A ag}] with s € [0,7 — t). That yields

SATR Aok 2
¢ (tw) =By [/ o ( — O™ — %ﬁgamw* - CABEBQ:SO*> (t +u, W) du
(6.2) 0

+<p*(t—|—s/\7§ /\aE,W:;\f_gmgﬂ.

Adding and subtracting (1 — c43,)B, in the first term under expectation we get
s/\‘rg/\ag 0.2 _
Es | / (= 0" = S B20u" — caB200" ) (¢ +u, Wi du
0
s/\Tg/\ag - s/\’rg/\alﬁc
e[ [ (Cow Gt u i )dut [ - cas)sd
0 0

_ Eﬁ[/owgmgu ~ caBu)Budul

where the inequality holds by definition of the Hamiltonian (4.5) and the equality holds by Theorem
5.2. Plugging the above inequality into (6.2), letting s 1 7" — ¢ and using continuity of ¢* and
dominated convergence we obtain

P (t,x) > Eﬁ[/o

(T—t)/\Tg/\Jg
> Eﬁ |:/0 (1 - CABs)ﬁsds}a

(Tft)/\‘rg/\og

(1 —cafs)Bsds + ¢ (T A(t+75 A Ug)’ W(xjiﬁft)/\rg/\ogﬂ

(6.3)
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where in the final inequality we used ¢* > 0. Since 8 € B, we have

B =t s 5|27 1/2
Eg[ sup  |[WF u < |z +cAE5[ Budu} +JE5[ sup ‘/ BudB! }
0<s<T—t 0 0<s<T—t ! Jo
T—t T—t 1/2
< x| + cAEg[ ,Bﬁdu} + 4aEﬁ[ /Bgdu} < 0
0 0

where we used Jensen’s inequality and then Doob’s maximal inequality to bound the stochastic
integral. This bounds implies that alg 1 00 as k — 0o. By continuity of paths of W5 we also have
Tg 1 73 as n — oo. Therefore, by dominated convergence theorem, taking limits in (6.3) we obtain

©*(t,x) > E,@[/O(T_t)ATB(l - CA/BS)Bst]a

and by the arbitrariness of 3 € B we deduce ¢*(t,x) > ¢(t,x). Next we show o*(t,z) < p(t, z).
Let B*(t,x) = —20pp*(t,x). Since f*(t,x) is locally Lipschitz on (0,7") x (0,00) and bounded
(cf. Proposition 4.4 and Theorem 5.4), under Py the SDE

Wr=xz+4(ca— 1)/ (8t<p*(t+u, W;))Q du — 2/ Op o™ (t+u, W)odYy,,
0 0

admits a unique strong solution (i.e., adapted to the filtration generated by Y) on the random
time-interval s € [0, 7i A (T — t)] where 7, == inf{s > 0: W} < 0} with inf & = +o0.
The process (; defined as

(6.4) By = =200 (t + 5, W) Liscr,y

belongs to the class B because it is clearly F-progressively measurable, bounded and it vanishes for
s € [T, 00)). In particular, we can define a probability measure P, = Pg+ according to (3.1) and a
Brownian motion B* = B?" by Girsanov theorem. Under P, we have, for s € [0, 7]

S S
Wi=z+ 4CA/ (O™ (t+u, VT/;‘))2 du — 2/ o™ (t+u, W))od B,
0 0
S S
—aea [ (GPdut [ piodB,
0 0
and we extend the solution as WY = 0 for s € ((7x,00)). Defining the stopping times 77 = T
and oFf = 015* as in (6.1), we obtain again (6.2) but with (TE,O’E,WB,,B, Eg) therein replaced by

(7, 0% W*, p*,E,). Adding and subtracting (1 — ca(;)3; inside the integral and recalling that £
is maximiser of the Hamiltonian in (5.10) (see also (5.13)), we get

SATI Aok

Gt =E[=[ 7 o O+ R (W
SAT Aok _
+/0 (1—caBl)Bids et (ths ATl AGE W7 )]

s/\Tf/\Uff _
e[ aeasmas ket (s nr g )

where we used that ¢* is classical solution of (5.10) for the second equality.
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Letting k,n — oo, we can use dominated convergence because ¢* is bounded (cf. Proposition

4.1-(i)) and B is also bounded, along with the limits 0% 1 +00 and 7 1 7. That yields
SNA\Tx _
o (t,x) = E. [/ (1-cafl)Badut” (t+5 AT, Wins,)]
0

SN\Tx B
—E[[ e idute (W) L]

where the second equality holds because ¢*(t + 7o, W2 ) = p*(t + 7,0) = 0 on {7, < s}. Letting
s TT —t we have

O (t+5, W) lg<ry — 0" (T, Wi_ ) Lyp_t<r,} = 0,
and by dominated convergence we deduce

¢*(t,z) = Ex [/OSAT*(l—cAB;;)ﬂ;’;du}.

Thus, ¢*(t,z) < @(t, x) as needed.

We have obtained that ¢* = @ and optimality of the control map *(t,z) = —20;¢(t, z) until
the first time the controlled dynamics hits zero and §*(¢,x) = 0 after that (cf. (6.4)). It remains
to show that ¢ is non-decreasing and concave in . Given § € B, it is clear that the stopping time
Tg = Tg(x) depends on the initial value of the process WOB = x. Moreover, for x9 > 1 we have
73(z2) > T3(z1). Let B* = %7 be optimal for ¢(t,z1). Then, Bs = B;k]l{sgfﬁ,*(m)}+ﬁ]l{s>;ﬂ*($l)}
defines a progressively measurable process which is an admissible control for ¢(t,x2), thanks to
Remark 3.2. By continuity of paths of W®1i%" and W2 it follows 74« (x1) < 75(x2). Moreover, it
is clear that Pg = Pg+ on ]:}ﬁ* by the explicit form of the Radon-Nykodim derivative (3.1). Then,

7_'ﬁ (:Eg)/\(T—t)
plten) 2 €5 [ (1~ caB)Buds]
-J0

- ‘T’ﬁ* (CC1)/\(T—t) ] (xg)/\(T—t) 1
=Eg / (1 —caBs)Bsds +/ ——ds
LJo Foe (z)A(T—t) 4CA
e () A(T—1)
>g [ (1~ caBy)Bads]
LJo

?ﬁ* (:t1)/\(T7t)
=y (1~ cas?)Bids| = ol mn),

where the penultimate equality holds because Pg = Pg« on Jz}ﬁ*. Hence,  — @(t,x) is non-
decreasing. Since ¢ solves the second equation in (5.14) we deduce

2 1
. % rz P = R :c7§ )
(6.5) > p=ca+ 10,3 ca0,p <0

where the inequality holds because d,¢ > 0 and —1/(40;p) > ca (cf. (4.19)). O

7. PROPERTIES OF THE OPTIMAL CONTRACT

In this section we analyse structural properties of the optimal contract, or in other words of the
optimal control map 5*(t,x). Besides their economic implications, results contained here reveal
finer regularity properties of the value function ¢ of the problem.

First we provide sensitivity of the optimal contract with respect to (t, ).

Proposition 7.1. The following properties hold:
(1) t — B*(t, ) is increasing with, for any § > 0,

li “(t,x) — 5| =0
tl_{l%agsxugpl/é\ﬁ (t.x) = 57| = 0;
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(ii) x — B*(t,x) is increasing and concave and, for any 0 < 6 < T, it holds
lim sup |[B*(t,z)| =0, lim sup |5 —B*(t,z)| =0,
)0 ogth—(s‘ (t.2)] 2100 0<t<T—5 = (t.2)]
2ca

1
lim inf Io) * s.xr) > — and limsu su o * s.x) < — 4
210 0<s<T—8 =57 (s, 2) 2 o2 xﬁopogsggﬂs a3 (s, 2) < i

Proof. For notational simplicity, throughout the proof we use ¢ instead of . The claim in (i) is
immediate by concavity of ¢ — ¢(t, x) and thanks to the bound in (4.19). Indeed, P(p, > T —t) — 1
as t — T, uniformly for = € [§,1/6]. We continue with the remaining claims.
The second equation in (5.14) can be written as
0o (2020000 + ca0pp —ca) = %, on [0,T) x (0,00).
Thanks to smoothness of ¢ (cf. Theorem 5.4) we can differentiate the above equation with respect
to time and obtain
0 = Oup(30°0uap + ca0up — ca) + 00 (30°Otaatp + A0 p)
_ Ouyp
40pp
where the inequality holds because t — ¢(t, z) is strictly decreasing and concave. Using again that
Orp < 0 we deduce
(7.1) %azﬁtmgo + A0tz >0, on [0,T) x (0,00).

Let us now fix t < T, x > 0 and constants §,e, M > 0 with 6 < T —t and M > z. Integrating
(7.1) with respect to (s,y,z) € (0,6) x (x, M) x (0,¢) yields

+ 8ts0(%028tm90 + CAat:cSD) > 37590(%0281:”@ + CAathO),

1 M pe 6
0< — / / / (%JQGtm(P(t + 5,4+ 2) + calup(t + s,y + z))ds dzdy
0c Jo Jo Jo
1M oe
(7.2) - = / / 102 [Dpp(t + 0,y + 2) — Opap(t,y + 2)] dz dy
z Jo

1M oe
+ 52 / / ca [39330(25 +0,y+2)— Opp(t,y + z)]dz dy.
z Jo

The first integral on the right-hand side above gives

M 5
/ / [Buap(t + 6, + 2) — Dawipltyy + )] ddy
T 0

=p(t+d,M+¢e)—pt,M+¢e)+ot,M)—@(t+ M)
+o(t+0,2)—@(t,z)+et,x+e)—p(t+d,x+¢).

The second one instead gives

M re
/ / [8$<p(t +0,y+2) — Opp(t,y + z)} dzdy
x 0

(7.3)

M+e M
(7.4) = /+ (ot +0,y) — @(t,y))dy — / (et +6,y) — @(t,y))dy
M+e xr+e
= /M (o(t+6,y) — p(t,y))dy — / (ot +0,y) — o(t,y))dy.

We know from Corollary 5.3 that ¢(t,x) can be represented as the value of the unconstrained
stochastic control problem

o NPz
o(t,x) = sup E[/O (Ozs - cA)ds},

a>0
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where the supremum is over the class of all F-progressively measurable non negative processes (cf.
(4.3)). Then, using that lim,_,~ p, = +0o0 it is not hard to verify that

lim (t,2) = 6(t) = -

T—00 dcp ’

where ¢(t) was introduced in (4.6). Moreover, the limit is increasing and since t — (¢, x) is
continuous, by Dini’s theorem we also deduce

(7.5) lim sup |o(t,x) — ¢(t)| = 0.

In light of the above, for any A > 0 we can pick large enough M) > 0 so that

sup sup |p(t,z) — o(t)] < A.
@>M)y 0<t<T

Using this fact in (7.3) and replacing ¢(-, M) and ¢(-, M + ¢) with ¢(-) we get

M re
/ / [8mg0(t +0,y+2) — Oprpo(t,y + z)] dzdy
x 0

<A+ p(t+0,2) —@(t,z)+p(t,x+e)—p(t+ 9,z +¢).

(7.6)

Similarly, for (7.4) we obtain

M fre
/ / (0wt + 6,y 4 2) — Opo(t,y + 2)|dzdy
x 0

T+e

M+e
(7.7) _ /M (6(t+8) — 6(1))dy + 22e — / ((t+8,) — 9t 1))dy
x+e

— (Bt + ) — b(1))e + 2he — / (lt +6,9) — olt.))dy.

T

Recombining (7.6) and (7.7) with (7.2) we obtain the inequality
2

0< %(2“%[@(“5@) — ot 2)] + otz +e) — ot + 8,0+ 2)])
CA T+4e
+5e <(¢(t +6) — p(t))e + 2Xe — /x (o(t+6,9) — (¢, y))dy)_

Since A can be chosen freely, we take A = pde for some p > 0. Then,

Lot+da)—ptz) 1etate)—plt+dzte)

O<2p+ 2¢ ) 2¢ )
_ T+e _
LcA (¢(t +0) = o(t) op 1/ p(t+0,y) — ot y) dy)_
o? 0 € ), 0

Letting § — 0 first and then £ — 0 second we obtain
cA cA cA
(7.8)  0<2p+2p=5 = 30up(t,7) — 5 (At 2) = ¢ (1) < 2p + 25 — 30up(t @),

where in the second inequality we used dyp(t,x) > —1/(4dca) = ¢'(t). Then, letting also p — 0 we
obtain Oy ¢(t,z) < 0. This corresponds to z — [*(t,z) increasing and plugging back into (7.1) it
also implies

2
(7.9) Orap(t, ) > f%aw(t,@ >0, for (t,z)€[0,T) x (0,00).

The latter corresponds to concavity of z — 5*(t, z).
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Another consequence of O p(t,x) < 0 for (t,z) € [0,T) x (0,00) is that the limits dyp(t,0+) =
limg o Opp(t, ) and Oyp(t, 00) = limgjee Opp(t, x) are well-defined. Now we calculate such limits.
For a test function v € C((0,T)), ¥ > 0 we have

T T
/0 O, 0+) (1)t = lim /0 Dup(t, )b ()t
T T
——tim [ et i = - [ a0 —o.

where the first equality is justified by dominated convergence, because 0;¢ is bounded, the second
one is integration by parts and the third one is by dominated convergence again. The final equality
holds because ¢(t,0) = 0. Then it must be 9yp(t,0+) = 0 for a.e. t € [0,T]. Since ¢t — Opp(t,0+)
is increasing limit of continuous, non-increasing functions, then it is lower semi-continuous and
non-increasing. Hence, t — 0pp(t,0+4) is right-continuous and it must be dyp(¢,04+) = 0 for all

€ (0,7). Now, continuity of the limit d,¢(t,0+) allows us to use Dini’s theorem to also conclude
that, for any 0 < § < T,

(7.10) lim sup ’@ap(t,xﬂ:O.
210 0<t<T -5

By analogous arguments with test functions and using (7.5) we also obtain

lim sup |8t<p(t,$) - gi)'(t)} =0.
2100 0<t<T—§

Thus, the first two limits in (ii) are proven.
The first inequality in (7.8) (with p — 0) and (7.10) give
li Orwp(t
B oce s e = g0

where the limit exists thanks to (7.9), which implies x — 9, (t, ) increasing. The above equation
corresponds to the third limit in (ii). Finally, using the above limit into (7.9) we also obtain

. CA
>
h;n_:(lilf atzl‘gp(ta :L') = 4
which corresponds to the fourth limit in (ii). O

There is a characterisation of the optimal effort 5* as solution to a Cauchy-Dirichlet problem.
This is shown in the next proposition. In a subsequent proposition we obtain a refinement that
yields a probabilistic interpretation of the optimal effort.

Proposition 7.2. Recall that *(t,x) = —20,9(t,x) so that f* € C*([0,T) x (0,00)) and 0 <
B*(t,z) < 1/(2ca). For every (t,z) € [0,T) x [0,00) we have

11 —P FhT S T
(7.11) o (7o >

Moreover, g* € C([0,T]x[0,00)\{(T,0)}) (i.e., there is a discontinuity in (T,0)) and it solves
(7.12) O B8*(t,x)+ca [6*(t,x)]28xﬁ*(t,z)—|—%a2 [B*(t, x)]23mﬂ*(t,:r) =0, (t,x)€l0,T)x(0,00),
with boundary conditions B*(t,0) =0 fort € [0,T), and B*(T,x) = 1/(2¢ca) for z € (0,00).

< B*( tm)<—P(”>T—t)

Proof. We first show a lower bound on * from the probabilistic representation of ¢. Take (t,z) €
[0,T) x (0,00) and € > 0. For the purpose of this proof, with no loss of generality we extend the
function 5*(t,x) to be a constant for s > T, say *(s,z) = 1/2ca for (s,z) € (T,00) x [0,00).

Recalling the notations from (3.4), let ¥ == §*(t + s, Wa?"*)1 Ly _stey, s €[0,T —t], be the optimal

control for (t,z). Having extended the function 5*(t,z) allows us to consider (8%, Wa") as a
process for s € [0,00) instead of s € [0,7 — t]. Because W*%* is adapted to the filtration F
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generated by the output process (Ys)s>0, the process (3%)sc(o,00) 18 also an admissible control for
the problem with value @(t — ¢, z). It follows that

@(tv $) - @(t -, '17)
7T A(T—t) 7T N(T—t+e)
<e[ | 51— easi)ds— [ 52 (1~ caBs)ds)
0 0

(7.13) Tt
— _E[]l{T—tdi’z} _ Bi(1— CAﬂz)ds}
1 —=1,T

It is clear that on the event {T —t < 70"} we have e ' |Fo" A (T —t 4+¢) — (T —t)] < 1 and
lime (7PN (T —t+e)— (T —t) =1
e—0

Therefore, dividing by € > 0 in (7.13) and letting ¢ — 0 yields by dominated convergence theorem
dp(t,z) < _IP( Tt >T —t) = B*(t,x) > 2—P( > T —t),

proving the lower bound in (7.11).

For the upper bound we proceed in a slightly different way. First of all, we notice that because
O is smooth in [0,T") x (0,00) we can differentiate with respect to ¢ the second PDE in (5.14).
That yields

M +% 20ra (8,595) (t,z) + cAam(atgb)(t,:v) =0, (t,x)€][0,T) x (0,00).
4(8tg0(t,x))

Multiplying the above expression by —2[3*(t, z)]? = —8[0:¢(t, z)]? we obtain (7.12). The boundary
conditions can be immediately deduced from Proposition 7.1. For any s € (0,7~t) and x € (n=1n),
an application of Itd’s formula for the dynamics of W* given in (3.4) yields

SATRATY B _
Bt + 5 Ao ATy Winguar, ) = B7(t2) + / o8 (t 4 u, W) 0,5 (t + u, W )dBE,
0

where 7, = inf{s > 0: W7 = z} is needed to guarantee that the stochastic integral is a martingale
(we do not control 9,5*(t,z) at = 0 and x = +00). Taking expectations yields

B*(t’ 33) = E* |:/8 (t—i_S/\Tn/\Tl/n? sATn/\Tl/n):|
= E. []l{7'1/n<s/\‘rn}ﬁ>l< (t + T1/ns 1/”) + ]1{7'1/n>8/\7'n}18* (t + SN Tp, W;/\Tn)

< sup ‘ﬁ (t + u, l/n)‘—i——P (Tl/nZS/\Tn)
0<u<s

< sup [8°(t+u,1/n)] + 5P (7l 2 5 A ),
0<u<s

where E,[] is the expectation under P, for the first inequality we used *(t,z) < 1/(2¢4) and for
the second one we used 7/, < b Letting n — oo, we have 7, T 400 because the SDE in (3.4)
has bounded coefficients. Then, using the uniform convergence in Proposition 7.1, the first term in
the last expression above vanishes. Thus, we obtain for s € (0,7 — t)

B (ti) < 5P (7l 2 ).

Finally, letting s — T — t we obtain the upper bound in (7.11). O



42 BOVO, DE ANGELIS, AND VILLENEUVE

A priori there may be a gap between the two expressions sandwiching the optimal control in
(7.11). Because the SDE for W* is degenerate at zero and we do not have classical bounds for the
associated transition density, it is not immediate to rule out that gap. We refine the previous result
with a precise probabilistic representation of the optimal control.

Proposition 7.3. We have 8*(t,2) = 1/(2c4)P. (71" > T —1t) for (t,z) € [0,T] x [0,00) \ {(T’,0)}.

Proof. With no loss of generality, we extend 8* to (T,00) x [0,00) by taking 8*(¢t,xz) = 1/(2c4).
Recalling the notations from the proof of Theorem 4.8 we notice that 72" = inf{s > 0 : X:”;t* () = 0},

where X7 = x + cas + 0B} with B* a Brownian motion under P, and

T7 o (s) = /O (B5%)du,

for 8" = B*(t+u, WJ;t’x)ll{u<ﬁ}. Then, as noted in Theorem 4.8, 70" = inf{s > 0 : T7.(s) = pi}
with p; = inf{s > 0 : X7 < 0}. Because s + Ty, (s) is continuous and strictly increasing on
[0, 75", we deduce

(7.14) TP ST —t < T/, (T—t)<ph and 70" >T—t < T; (T —t) < p}.

The inverse of the process s +— T}, (s), defined as S}, (s) == inf{u > 0 : T}, (u) = s}, satisfies the
equation

S7.(s) = / (8°(Z55%, X2)) 2du, for s € [0, 57,
0
*x:t.x

where Z;" =t + 57 ,(s). Because it is monotone increasing, S},
possibly with S}, (p;) = +00. Denote
Ty, (T —t) =inf{s > 0: Sf,(s) =T —t} = inf{s > 0: ZJ"* =T} = o7,

with the usual convention inf @ = +o0. Then, from (7.14) we also deduce

can be extended to [0, p%],

(7.15) TTST—t < of, <ps and 7">T—t < o/, < p}.

Because $* > 0 and it is smooth on [0,7] x (0,00), for s € [0, p; A 0f,)) we have a pathwise
unique solution of the random ODE for Z*. That is, there is a unique solution of

S
*; * *; 2 * *
ZET =t —I—/O (a (Zu’t’x,Xff)) du, se€0,p:A Jw)),

where for the ease of notation we set a*(z,x) = 1/8*(z,z). Because Z*%? is an increasing process,
we can extend it to [0, p; Aoy ] by simply setting it

. *;t .
iner = liMstprnor  Zs *_ However, uniqueness
x t,x s

may be lost at p} on the event {p; < of,} as it may be Z;g’x = +00. Moreover, we extend Z*4¢
to [0,00) by simply taking

xitx okt * *
Z70 = ZP;M;Z, for s € [py A 0t 4, 00)).
. . . it it .
From now on we slightly abuse our notations and consider Z3"" = Z:’A p:f; ror for s € [0, 00), without
x t,x

further mentioning.
Taking t; < t3 and x > 0, by pathwise uniqueness we get

(7.16) ZiT >zt e 0,5 Aoy L))

For s € [0, p})), using o7, , < oy, , we also have

SNOY, &
0< Z5te — Z8the — 4y 4y +/ ez, x0)? - (0n(Ze, X8)) | du
0

SAUZLE * *;t1,x z\) 2
- (a (Zu aXu)) du <9 —ty,
s

*
/\o‘t27z
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where the final inequality holds because (7.16) and the fact that z — [*(z,x) is positive and
increasing imply
(a*(Zzt®, X2))? < (o* (2507, X202, we [0, ph Aot ).

Thus we have uniform continuity of the flow ¢ — Z:"% ie.,

(7.17) sup | Z3"T — Z5N0| <ty — .
0<s<ps
Let us now consider a sequence t, | ¢ with ¢, < T. Then of , < of . < of, where all

inequalities are strict because ¢ — Z2" is strictly increasing by path uniqueness. The limit o

limy, o0 0%, , < 0}, exists and it is finite; in particular, o;, < 4c¢%(T — t) because Zgitni®
tn + (2ca)%s, using a*(z,2) > 2c4 thanks to the upper bound on 3*(z,z). It is now easy to
show that indeed oo = 0,. Suppose that o7, > J. Because s — Z;" is increasing, then

T_ Z;;t,r = ¢ > 0 for some ¢ = ¢(w), and
Zyt® — grite® _ gate bt < g (1, — 1),

where in the final inequality we used (7.17). For sufficiently large n, in the right-hand side above
we get ¢ — (t, —t) > 0. That implies 0, > §. By arbitrariness of J, we deduce oo > o7 ..
From (7.15) and (7.11) we know that

P.(05,.0 < ) < 248" (1 2) < P(0, . < ).
By continuity of 5* we also deduce

Po(ofy < py) = 2caB*(t,x) = 2ca lim *(tn, ) > lim P.(o}, , < p})
’ n—oo n—00 (e

AVAR)

=& [nh—{go ]l{gt*n,:c<p;}] =E [ﬂ{aiﬁﬁp;}} )
where the final equality holds by strict monotonicity of the sequence (Uimx)neN- Thus we have

1 1

as claimed. 0

The next theorem shows that with positive probability the Agent stops exerting effort prior to
the end of the contract.

Theorem 7.4. We have P, (70" < T) > 0 for every z € (0,00). Moreover, limy_s0 Py (70° < T) =
0 and lim,_,o P, (70° < T) = 1.

Proof. Since P, (70" > T) = —4c0,p(0, ) = 2¢48*(0, ), thanks to Propositions 7.2 and 7.3, the
claim holds because —1/(4c4) < 0¢p(0,2) < 0 for all z € (0,00). Indeed,

P.(79% < T) =1 — P, (79" > T) =1 — 2¢48*(0,z) > 0.
The two claimed limits hold because of the limits of 5* (cf. Proposition 7.1). O

At time zero, the Principal’s expected utility is given by u(0,z,y) =y — x + @(0,z) (cf. (3.3)),
where y is the current output and x is the promised compensation to the Agent at time zero.
Notice that the function u is defined on [0, T x [0, 00)? but imposing the participation constraint is
equivalent to restricting the study of u(0, z,y) to the subset [z, 00) X [0, 00), where we recall that
o = (*1/’}/,4) log R(].

The Principal should choose z optimally, so as to maximise her utility. In particular, we are
going to show that the choice x = 0 is never optimal. Moreover, should it be optimal to choose
x € (0,x0), then there is no optimal contract that satisfies the participation constraint. In economic
jargon we refer to the strictly positive optimal x > 0 as “golden hello”.
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Definition 7.5 (Golden Hello). For a given level of output y > 0 at time zero, the Golden Hello
GH(y) € [0,00) is defined as
GH(y) == argmaxu(0, z,y).
x>0

Indeed, arg max,~qu(0,r,y) = argmax,y(p(0,z) — ) and GH(y) = GH is independent of y.

The next theorem shows the existence of a nontrivial Golden Hello for any time-horizon of the
contract. The statement also shows that 0, diverges to +00 as x | 0. Therefore, Theorem 3.4
provides maximal regularity of the function @ on [0,7) x [0,00). In the next theorem we consider
GH as function of the maturity of the contract. That is, we consider GH = GH(T), because we
implicitly use that @ depends also on T' (see Remark 3.3).

Theorem 7.6. For any T > 0 we have GH(T) € (0,00). Moreover, T — GH(T) is non-decreasing
with limp) 0 GH(T) = 0. In particular, the first claim is implied by 0,p(t,0+) = +oo, for all
tel0,T).

Proof. The main step in the proof shows that

1
1
7.18 lim/ ————dy = o0
( ) z0 S B* (07 y)
Notice that the limit exists because §* > 0 and 8*(¢, ) > 0 for (¢,x) € [0,7") x (0, 00) (cf. Proposition
4.4). Moreover, we know from Proposition 7.1 that 5*(0,z) — 0 as x — 0.
If the integral above diverges, using 8*(t,z) = —20;p*(t,z) and the second PDE in (5.14) in

Corollary 5.3, we deduce

li 1 ! d

oo=—lim [ ————
zl0 J, 48“0*(0,]4) 4
1

= —lim <7028mg0 (0,y) + ca0:0"(0,y) — CA> dy
zl0 S, 2

= _%02830@*(07 1) + lmlJI,I(} %U2a$90*(07 .’E) - CAQO*(Ov 1) +ca,

where we also used that ¢*(0,0) = 0 and the limit 9,¢*(0,0+) = lim, |0 d,¢*(0,2) exists by
concavity in z of ¢* (Theorem 3.4). The above equation shows that 9,¢*(0,0+) = 400 and therefore
GH > 0 by definition of GH and concavity of x — ¢*(0,2) — z. Recall from Remark 3.3 that
denoting ¢*(¢,x;T) the value of the problem with maturity 7', it holds ¢*(¢t,z;T) = ¢*(0,2; T —t).
Concavity of the map x +— ¢*(0, z; T)—z and boundedness of ¢*(0, z; T') imply that GH(T') € (0, c0)
and it satisfies the first order conditions 0,¢*(0, GH(T); T) = 1. By the implicit function theorem
AGH(T) __0urg"(0.GH(T)T) _ g0, GH(T)T) _
AT Ow*(0,GH(T);T)  Owap*(0,GH(T);T) =
where the inequality holds because 9;;¢* < 0 by Proposition 7.1 and 9,,¢* < 0 by (6.5) (that
inequality is strict because 0,p*(0,2) > —1/(4cs) for = € (0,00)). Therefore T — GH(T) is
non-decreasing, as claimed.
In order to show limy o GH(T) = 0 we denote ™ (T) = inf{x > 0 : ¢*(0,2;T) — 2z < 0}. By
construction, 0 < GH(T) < ™ (T') and since for x > 0 we have lim7_,0 ¢*(0,2;7) = 0, then it is
clear that

0<limGH(T)<limz (T)=0.
T10 T10

In the remainder we prove (7.18). Let us argue by contradiction and assume

1
1
7.19 lim/ ——dy < o0.
( ) z0 S /8*(0’3/) Y



DYNAMIC CONTRACTING WITH LIMITED LIABILITY 45

Notice that since 5* is increasing in ¢ (cf. Proposition 7.1-(i)), the above condition implies that the
integral is indeed finite when we replace 8*(0,y) with 8*(¢,y) for any t € [0,T). Moreover, the map
y — [*(t,y) is increasing and concave (cf. Proposition 7.1-(ii)), therefore the limit d,8*(¢,0+) is
well-defined. Because of (7.19) it must be

(7.20) 0xf*(t,0+) = +o0, forallte|0,T),

as otherwise 3*(t,y) ~ y when y | 0 and the integral in (7.19) should diverge.
For a fixed § > 0, let us define a process F := fs(t,W}") via the Lamperti transform with

m 1
fs(t,x) = / —dy.
( ) é ﬂ* (t, y)
Let us start by noticing that thanks to (7.19)
(7.21) 70T —inf{s € [0,T] : W% <0} = inf{s € [0,T] : F37O%) < f5(s,0)} =: 62,

where we use F%/(0%) o keep track of the dependence of the process on z. The derivatives

0B (¢, ) T OB (L, y)

dufs(t,x) = Bt @fﬁ(t’x):‘/g [CRGEN)

1
m’ Opa fs(t,x) = —

are well-defined and continuous for (¢,z) € [0,T") x (0,00). From (7.12) we know

OB (t, ) = —ca[B(t, )20, 8" (¢, 2) — L0 [B(t, )] *0ua B (£, ),  (t,2) € [0,T) x (0,00).

Substituting into the expression for 0 fs gives

O fs(t,z) = /: (cAaxB*(t,y) + %028mxﬂ*(t,y))dy

= caB*(t,x) — caB*(t,0) + 30°0, 8% (t, ) — 1020, 5*(t,6)
<caf*(t,z)+ %028355*(75,3:) — %028966*@, 9),

where the inequality holds because 5* > 0. This leads to a useful observation:

Oufs(t,x) + ca[B(t,2)] Do fs(t, x) + $0° [B°(t,2)]*Dua fs (8, )

< caB(t,x) + $0%0.B8%(t, ) — 10?0, 87(t,6) + caB*(t,x) — 20°0,8% (¢, 2)

<1- %02(%5*(15,5),
where the final inequality holds because 0 < *(t,xz) < 1/(2c4).

From It6’s formula and the considerations above we deduce an upper bound for the dynamics of
the process F°. That is,
F =F +0B;
t 2 1.2 2

2yt /0 (00, W) + el (5, W) 200 (5, W2) + 02 B (5, W) O (5, W) ) s

t
< F +0B; +/ (1 —1620,8%(s,0))ds = f5(0,x) + o B} + A2
0
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Recalling now (7.21) and Proposition 7.3 we can obtain an upper bound on * as follows

2c48°(0,7) = P (7% > T) = P, (6% > T) = P*(OgiggT (F — f5(s,0)) > 0)

(0<1£1f (£5(0,2) + oB: + A% — f5(s,0)) > 0)
P*( <1£1 (0B; + A0 — f5(s,0)) > —fa(o,a:)>
< P*( it (0B:+ Al = f5(5,0) > —fo(0, x))

where in the first inequality we used (7.22) and in the second one we used f5(0,z) < fo(0,x).
Because s — (*(s,y) is non-decreasing, we have

| L |
f3(s,0) = /0 W /0 S = fl0.0).

Therefore, we can continue with the chain of inequalities and write
% . * 4
24" (0.2) < P inf (0B +A2) > ~o(0,2) ~ Jo(0.6))

<P.( il (0B +AY) > ~fo(0.2) = fo(0.1)

<P (0B + My > —fo(0,2) = fo(0,1)),
where in the second inequality we assumed 0 € (0, 1), with no loss of generality, and used fy(0,0) <

f0(0,1). The third inequality is obvious because info<s<r (UB;‘ + Ag) < JB;:/2 + A5T/2. Taking
limits as § | 0 we get

(7.23) 2¢48"(0,) < lim Pe(0Bpy + My > —fol0,2) = fo(0,1)) =0,

where the final equality holds because +oo > A5T /2 > A‘ST’ /2 for 6 > ¢’ > 0 and, by monotone
convergence A‘sT/2 1 —o0 as 0 | 0 thanks to (7.20).

The inequality in (7.23) yields a contradiction with 5*(0,z) = —20:¢™(0,z) > 0 for > 0 (cf.
Proposition 4.4). Thus, (7.19) cannot hold and it must be that (7.18) holds instead. O

APPENDIX A. SOME TECHNICAL RESULTS

We start by proving the existence of the solution to the BSDE (2.6). The proof is essentially the
same as in [7, Thm. 3.1] but for the case n > 0 we do not need to impose that £ > 0 has exponential
moments.

Proposition A.1. Under condition (H1) the BSDE (2.6) admits a solution (Wy, Zt)ie(o.1)-

Proof. The proof for n < 0 and Eg[exp(—n/02¢)] < oo is the same as in [7, Thm. 3.1]. Here we
consider 7 > 0 and Eg[¢?] < oo.

Let us set W; := Eglexp(—né/o?)|F;]. Because n& > 0, then (Wy),epo,r] is a bounded martingale
with 0 < W < 1 for ¢ € [0,7] and, in particular, Wy = Eg[exp(—n¢/o?)]. By the martingale
representation theorem

—_~ —~ t —
Wt:WO+/ H,dB,, te€][0,T],
0

for some previsible process (Hs),c[o,7) such that Eg {fOT ]HS\st} < 0.
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Let W; := —c?/nlog Wt. Then, W7 = ¢ and by conditional Jensen’s inequality

(A1) 0 < Wi = - log (Eolexp(—n€/o?)1i]) < Eolé 7).

t
d ‘/ H,dB,
0

For n € N we set

t
—inf{tZO:max{/
0

Then, by It6’s formula

,E0[§|ft]} > n} AT.

_ B 2 tATy H 1 tATn H. 2
(A.2) Wing, = Wo — — / Hsgp, 4+ 17 —*["ds.
nJo W, "2 n W

Rearranging terms and using (A.1) we obtain

H,

/t/\Tn 2
0 W

—

2 _ tATh HS _
ds < “TEo[E| Finr,] + 2‘ / 2548,
g 0 W

Taking the square of both sides, using (a + b)? < 2a? + 2b% and then taking expectations we obtain

Eo [</OW" flm;‘?dsﬂ hls Eo[(Eo[E\me]ﬂ +8E0[/0W” % 2ds}
< E%Eo [Eolé?| Fin]] + %EOK /0 ) Hy )]

where the second inequality uses conditional Jensen’s inequality for the first term and 8z < %xQ +32
for the second one. Then, rearranging terms in the inequality and letting ¢ 1 7', by Monotone
convergence we get

H,

A3 supE [ /n —
( ) neN 0 ( 0 WS

——

2 \2] _ 16n?

Now, 7, < Tpt1 < T and therefore 7o == limy oo 7, < T is well-defined as a limit. By mono-
tonicity of the sequence of stopping times

Po (Too < T) < nl;n;o Po (Tn < T)

j>n)

t
< lim Po(Tn<T, sup {Eo[f\}'t}Jr‘/ H,dB,
n—00 0<t<T 0
Tno| H. 12
+ lim P0<Tn<T,/ = )
n—00 0 W,

Markov’s inequality along with (a + b)? < 2a? + 2b% and Doob’s martingale inequality yield

}>n)

Po(oi?ET {Eo[f\]:}] + ‘ /t H.dB,

2
< — Eo[ sup Eolé|Fi)? + sup
n 0<t<T 0<t<T

n? 0<t<T

< % (E0[§2] + Eo[/o |Hs\2ds}> 250,

8 _
< = ( sup Eo[Eo[g\}}] + sup EO
0<t<T
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where in the final inequality we used conditional Jensen’s inequality, tower property and Itd’s
isometry. Analogously we obtain

™ H, |2 T H 2 N2 16 64 s
(A.4) PO(Tn<T,/ = ) < 250[(/ =|ds) | <~ ’7 B[] + 5 0,
o Wi n o 'Ws n

where we used (A.3) for the second inequality. Plugging everything back into (A.4) we deduce
Too = T', Pp-a.s. This fact and Monotone convergence, combined with (A.3) yield

TV H 2 N2 ™o H 12 \2 16n2
(= [(/ ‘TS ds) } =sup Eq {(/ TS‘ ds) } < —ZEOKQJ + 64.
o Wi neN o 'Ws g
Then, we can let n — oo in (A.2) and obtain
H, 2
0/ —2dBs + ds, te][0,T].
Since Wy = &, setting Z; = —(O‘/?])Ht/Wt the pair (Wy, Z;)tejo,) solves the BSDE in (2.6). O

Next we prove a well-known result used for the proof of Proposition 4.6. The lemma says that
the Brownian motion (B;):>0 is a martingale until the first exit time from the moving strip

{(s,2) € [0,00) x R:a—(ca/o)s < z<b—(ca/o)s}
for any finite a < b.
Lemma A.2. Let (a,b) be bounded with a < 0 < b. Fiz a constant 8 > 0 and let
=inf{s >0:0s+ Bs ¢ (a,b)}.
Then E[B;] = 0.

Proof. We first prove that E[7] < co. The expectation E[7] can be computed using Green’s function
associated to the process 0s + B (see [41, Eq. (13.1.12)] for details). Recalling the scale function
S(z) =1—e 2% we have

O (S0) — SO0)(S) — S(a) 2 b (S() — Sw))(S(0) — S(a) 2
e = | 5(0) — 5(a) s ), 5() — S(a) 50

For ¢t € [0,00), we have E[Bf,,] = E[t A 7] < E[r] < co. Therefore, the family (Binr)icjo,c0) i
uniformly integrable and the optional sampling theorem applies (cf. [43, Thm. I1.3.2]), yielding
E[B,] = E[By] = 0. O

dy < 0.

Next we prove Proposition 4.7, which says that ¢* € Welo’f;p([(), T] x [0,00)) N C([0,T] x [0,00)).

Proof of Proposition 4.7. Continuity of ¢* on [0, 7] x [0, 00) was proven in Corollary 4.2. Since
©* is locally Lipschitz in [0,T] x [0, 00), then ¢* € VVZ1 1310, T x [0, 00)) by [6, Prop. 9.3-(iii)]. It
remains to prove that d,,¢* € Ly .([0,T] x [0,00)).
We follow [6, Prop. 9.3]. Let us consider a compact subset I of (0,00) and define the linear
operator Ty, : C°([0,T] x I) — R given by

(A.5) CE(0,TI xI)2 9= Ty() = /[OT] Icp*(t, x) 0zt (t, x)dtde,

where dtdz is the product Lebesgue measure on the Borel o-algebra on [0,77] x I.
Since ¢*(t, x)0y21(t, ) is a bounded continuous function, by Fubini’s theorem [6, Thm. 4.5],

)= [ ([ et

I
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Since Ozzp*(t, - ) exists a.e. for each fixed ¢ € [0,7] and it is bounded on I (Proposition 4.6), we
introduce the function A : [0,7] — R given by

A(t) = /Iamcp*(t,x)i/z(t,x)dx = /gp*(t,x)amw(t, x)dz.

1

The second expression above tells us that ¢ — A(t) is actually continuous because ¢* « Oyt is
bounded continuous on [0,7] x I. Moreover, recalling the constant Cp > 0 from (4.22) we have

Tl [ " < / N [ ore e apit. oo

< [ ([ 10 @l )

T
<Co [ ([ wte.o)ldas)dt = Collblls o
0 I

Since C2°([0,T] x I) is dense in L([0,T] x I) (cf. [6, Cor. 4.3]), the Hahn-Banach Theorem [6, Cor.
1.3] guarantees that T}, can be extended to a bounded linear operator on L!([0,7] x I) so that

T, ()| < Coll®ll L oryxry, for all ¢ € LY([0,T] x I).

By Riesz representation theorem [6, Thm. 4.14], there exists a unique f € L*([0,T] x I) such that,
for any v € L1([0,T] x I)

(A.6) L) = [ fta)it o)

[0,T]x 1
and || f|[zee(o,71x1) < Co. Comparing (A.6) and (A.5) we deduce that f = 0..¢" by definition of
weak-derivative. By the arbitrariness of I, we have 0,,¢* € L3S ([0,7T] x [0,00)). O

APPENDIX B. SOME RESULTS IN STOCHASTIC CONTROL

In order to make our paper self-contained, in this section we collate useful results from stochastic
control and PDE theory sourced from Krylov’s work. The first theorem is a generalisation of 1t6’s
formula, known as Ito-Krylov formula. In fact, we state only a part of the original result from [32,
Thm. 2.10.1] which concerns Dynkin’s formula, because that is the one we actually use in parts of
the proof of Theorem 4.8. To further simplify the notation, we adapt the statement to our needs
and only consider one-dimensional It6 diffusions. Of course the result holds in the d-dimensional
case as well.

Theorem B.1 ([32, Thm. 2.10.1]). Let (2, F, (Ft)t>0,P) be a filtered probability space equipped
with a one-dimensional Brownian motion (Wy)i>o. For xo € R, let the process (X¢)i>0 be given by

t t
Xy =x0+ / b.dr + / o dW,, t>0,
0 0

where by, = by(w) and o, = o,(w) are progressively measurable and real-valued. For an open set
Q C [0,00) x R and for (to, ) € Q, denote Tg = inf{s > 0: (to+ s, X,) € Q}. Let T be a stopping
time such that T < 7g and suppose there exist constants K,8 > 0 such that for all (t,w) such that
t < 7(w) it holds |oy(w)| + [by(w)| < K and oy(w) > 8. Denote Ly = 307054 + b0,

Then, for any v € WH%2(Q),

v(to, xo) = E[U(to +7,X:)— /OT (at + ﬁr)v(to + 7, Xr)dr]
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The next result is [32, Cor. 2.4.8], which we use in the proof of Theorem 5.1. The statement
requires the introduction of some notation. Once again, we adapt Krylov’s original statement to
our needs and we take a simplified setting for one-dimensional controlled It6 diffusions. For the
general result we refer the reader to [32].

We consider a weak formulation of a stochastic control problem. Let @ C [0,00) x R and fix
(to,zo) € Q. The class of admissible controls is denoted B(to, xo) and o € B(to, zp) is a tuple

a = (Qaafavpaawtav t 7at 7bt)

where (Q%, F*,P%) is a probability space, (W, F{*)i>0 is a 1-dimensional Brownian motion on
(Q%, F*, P¥), processes of* and by are progressively measurable with respect to (F;*):>0 and there
are constants K, 0 > 0 such that |of*(w)| + [ (w)| < K and o (w) > 4, for all (t,w) € [0,00) x Q.
The dynamics associated to a control o € B(to, zo) reads as

¢ ¢
X0 =z —1—/0 ogdW +/0 bydu, t>0,

and we denote 7% = 71070 = inf{s > 0: (tc + s, X5°) ¢ Q}.

Corollary B.2 ([32, Cor. 2.4.8]). Let f € LP(Q) for some p € [2,00), with f <0 a.e. in Q. For
all (s,x) € Q let

sup EO‘/ fs+tX“)dt] 0.

a€B(s,x)

Then f =0 a.e. in Q.

We find this result particularly nice and we outline the main idea of the proof. The interested
reader can find fuller details in Section 2.4 of [32].

Proof. We prove the result assuming that f € C°(Q) and f < 0 in . The general case with
f e LP(Q), p € [2,00), is obtained by approximation (cf. [32, Thms. 2.4.6, 2.4.7] which also rely
upon [32, Thm. 2.2.4]).

Since f < 0 we have

0= sup Eo‘/ f(s+u, Xam)du}
a€B(s,z)

(e

< sup E“ [/ e M f(s+u, Xg’m)du} = 2Ns,2;f) <0
a€B(s,z) 0

Then, 2*(s,x; f) = 0 and we now show that A\z*(s,z; f) — f(s,7) as A — oo. That implies f = 0
as needed. Applying It6’s formula we have,

AT
f(s,z) = Ea{/o e_’\“()\f(s—i—u,Xff’m) L f(s+ u, Xam))du—i—e_’\ AT s+t AT Ly XiTa) |,

where L& = % + £(09)%0pe + b30,. Since oy and by are bounded and f has compact support we
have

‘Af(svx) - ﬁgf(swr)‘ < h(t7x)7

for a bounded positive function h. Then, letting ¢ — oo and using again that f has compact support
in Q we deduce by dominated convergence theorem

@

f(s,x) = EO‘[/OT e_)‘“()\f(s +u, X)) — LS f(s —I—U,ij’z))du}.
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Using the above representation of f we now have

@

sup E“ [/ e_Auﬁgf(s + u, ij"”’c)du} ‘
a€eB(s,x) 0

XA (s, x5 f) — f(s,2)| =

o e[ et
a€B(s,r) 0

@

T h|7 e
< sup Ea[/ e Mh(s + u, X;“”)du} = H”Li(@
a€eB(s,x) 0 A

It follows that A\2*(s,z; f) — f(s,x) when A — 0, as needed. O

The final result in this section is a lemma that we use in the proof of Theorem 5.4. This is taken
from [34, Lemma 4.1] and we need to introduce some notation. Let || - || be the euclidean norm of
R?. Consider the parabolic operator

d

a0
B.1 A
(B.1) L= Z 8x,8xj +2 Vi) oz, ot

1,j=1 Jj=1

where the coefficients a”/ and b’ are assumed to be measurable for i,j € {1,...d} and there is a
constant p > 0 such that

d
(B.2) plIAIE < Z (t,2)XA; < G and bt @) la < p

for all (t,z) € R¥! and A € R?. 1In [34] the authors are interested in parabolic PDEs that are
forward in time and for zy = (g, z9) € R they consider sets of the form

Cr(z0) = {(t,x) e Rx RY : tg — 12 < t < tg, || — xolla < 7},

whereas in our Theorem 5.4 we have a backward PDE and we redefined C,(zy) accordingly. For
z1 = (t1,71) and 29 = (t2,x2) we denote the parabolic distance

1
d(z1, 22) = ||z1 — z2||a + [t1 — t2]2.

Lemma B.3 ([34, Lem. 4.1]). Let r < 1 and zg € R, Assume u € WHZIHL(0y,.(20)) satisfies
Lu =0, with L as in (B.1) and satisfying (B.2). Then, there exist constants N = N(u,d) > 0 and
a = a(u,d) € (0,1) such that for any z1,z2 € Cr(20)

(B.3) lu(z1) — u(z2)| < Nr%d(z1,22)* sup |u(z)].
ZECQT(ZO)

If, moreover, b = 0, then (B.3) is true for r > 1 as well.
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