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Abstract. In this paper, we study weak well-posedness of a McKean-Vlasov stochastic differ-
ential equations (SDEs) whose drift is density-dependent and whose diffusion is constant. The
existence part is due to Hölder stability estimates of the associated Euler-Maruyama scheme.
The uniqueness part is due to that of the associated Fokker-Planck equation. We also obtain
convergence rate in weighted L1 norm for the Euler-Maruyama scheme.
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1. Introduction

We fix p ∈ [1, ∞) and let Pp(Rd) be the space of Borel probability measures on Rd with finite
p-th moment. We endow Pp(Rd) with Wasserstein metric Wp. We fix T ∈ (0, ∞) and let [0, T ]
be the interval [0, T ]. We consider a measurable function

b : [0, T ] × Rd × R+ × Pp(Rd) → Rd.

Let (Bt, t ≥ 0) be a d-dimensional Brownian motion and F := (Ft, t ≥ 0) be an admissible
filtration on a probability space (Ω, A,P). We assume that (Ω, A,F,P) satisfies the usual
conditions. In this paper, we consider the SDE

dXt = b(t, Xt, ℓt(Xt), µt) dt +
√

2 dBt, t ∈ [0, T ], (1.1)
where the marginal distribution of X0 is ν, that of Xt is µt, and the marginal density of Xt is ℓt.
The term “McKean-Vlasov” is due to the presence of µt while the term “density-dependent” is
due to that of ℓt(x).
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To show the existence of a weak solution, we consider an Euler-Maruyama scheme Xn :=
(Xn

t , t ∈ [0, T ]) constructed as follows. Let n ∈ N and εn := T/n. Let tk := kεn for k ∈ [[0, n]] :=
{0, 1, . . . , n}. Let τn

t := tk if t ∈ [tk, tk+1) for some k ∈ [[0, n − 1]]. For every t ∈ [0, T ], let

Xn
t := X0 +

∫ t

0
b(s, Xn

τn
s

, ℓn
τn

s
(Xn

τn
s

), µn
τn

s
)1(εn,T ](s) ds +

√
2Bt, (1.2)

where ℓn
s , µn

s are the density and distribution of Xn
s respectively.

We consider the following set of assumptions:

(A) There exist constants α ∈ (0, 1), p ∈ [1, ∞), C > 0 such that for all t ∈ [0, T ]; x, y ∈
Rd; r, r′ ∈ R+ and ϱ, ϱ′ ∈ Pp(Rd):

(A1) |b(t, x, r, ϱ)| ≤ C.

(A2) ν ∈ Pp+α(Rd) has a density ℓν ∈ Cα
b (Rd).

(A3) |b(t, x, r, ϱ) − b(t, x, r′, ρ′)| ≤ C{|r − r′| + Wp(ϱ, ϱ′)}.

We require ν ∈ Pp+α(Rd) and not just ν ∈ Pp(Rd). By Markov’s inequality, this gives us a direct
control (4.2) of the tail of p-moment. We gather parameters in (A):

Θ1 := (d, T, α, p, C).

First, we prove the following estimates about Hölder regularity:

Theorem 1.1. Let (A) hold. There exist constants c1 > 0 (depending on Θ1) and c2 > 0
(depending on Θ1, ν) such that for all 0 ≤ s < t ≤ T :

sup
n

sup
t∈[0,T ]

∥ℓn
t ∥Cα

b
≤ c1∥ℓν∥Cα

b
, (1.3)

sup
n

∥ℓn
t − ℓn

s ∥∞ ≤ c2(t − s)
α
2 , (1.4)

sup
n

Wp(µn
t , µn

s ) ≤ c1(t − s)
1
2 , (1.5)

sup
n

∫
Rd

(1 + |x|p)|ℓn
t (x) − ℓn

s (x)| dx ≤ c2(t − s)
α
2 s− α

2 . (1.6)

If we assume, in addition, that
∫
Rd(1 + |x|p)

√
ℓν(x) dx ≤ C, then

sup
n

∫
Rd

(1 + |x|p)|ℓn
t (x) − ℓn

s (x)| dx ≤ c2(t − s)
α
4 . (1.7)

Estimate (1.6) will be used in the proof of Theorem 1.3, but it explodes as s ↓ 0. As in [SH24],
we use time cutoff 1(εn,T ] in (1.2) to tackle this issue. As a direct application of Theorem 1.1,
we obtain

Theorem 1.2. Let (A) hold. Then (1.1) has a weak solution whose marginal density satisfies
the estimates in Theorem 1.1.

The main result of the paper is the following rate of convergence:

Theorem 1.3. Let (A) hold and p = 1. There exists a constant c > 0 (depending on Θ1, ν)
such that for any n ∈ N:

sup
t∈[0,T ]

∫
Rd

(1 + |x|)|ℓn
t (x) − ℓt(x)| dx ≤ cn− α

2 .
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Next we review works related to (1.1) which is a special case of the SDE
dXt = b(t, Xt, ℓt(Xt), µt) dt + σ(t, Xt, ℓt(Xt), µt) dBt, t ∈ [0, T ], (1.8)

for some measurable functions
b : [0, T ] × Rd × R+ × Pp(Rd) → Rd,

σ : [0, T ] × Rd × R+ × Pp(Rd) → Rd ⊗ Rd.

Equation (1.8) is usually studied in two separate cases:

(1) The first case is where b(t, x, r, µ) = b(t, x, µ) and σ(t, x, r, µ) = σ(t, x, µ), i.e., there is
only distribution-dependence. Then (1.8) is commonly called (classical) McKean-Vlasov
SDEs and appears as the limit of various interacting particle systems in biology (see
e.g. [NPT10; MT14; Deg18]), mean-filed games (see e.g. [CD+18; Car19]), and data
science (see e.g. [MMN18; SS20; RV22]). This form of (1.8) has been extensively studied
in various aspects, including well-posedness (see e.g. [MV20; HW19; RZ21]), derivative
formulas (see e.g. [HW21; WC23]), long-time behavior (see e.g. [LM22; RW21; Ren23]),
and propagation of chaos (see e.g. [Lac23; Szn91; Ern22]).

(2) The second case is where b(t, x, r, µ) = b(t, x, r) and σ(t, x, r, µ) = σ(t, x, r), i.e., there is
only density-dependence. Examples of this form are Burgers’ equations [CP83; GK83;
OK85; Szn86] and (generalized) porous media equations [Ino91; Ben+96; BRR10; BRR11;
BR12; BCR13]. Recent works on this form include [BR18; BJ19; BR20; BR21a; BR21b;
BR23b; BR23a]. If σ is density-dependent, then the map r 7→ r(σσ⊤)(t, x, r) is usually
assumed to satisfy some monotonic condition. For Euler-Maruyama scheme in the special
case of constant-diffusion, we refer to [HRZ21; Hao23; WH23; SH24].

There appears to be a shortage of results about SDEs that contain both distribution- and
density-dependence. In this direction, we have found only four papers [Wan23; HRZ24; Zha22;
Le24]. This scarcity is the motivation for our paper. To our best knowledge, the current
paper is the first to study Euler-Maruyama scheme of an SDE that contains both distribution-
and density-dependent. While [HRZ21; Hao23; WH23; SH24] obtained convergence rate of
marginal density in L1 norm, we obtain that in (stronger) weighted L1 norm where the weight
is x 7→ 1 + |x|.

The paper is organized as follows. In Section 2, we recall definition of Wasserstein space and
heat kernel estimates; prove some crude estimates about the scheme; and establish Duhamel
representation of marginal density. We prove our results in Section 3, Section 4, and Section 5,
respectively.

We recall two notions of a solution of (1.1):

Definition 1.4.

(1) A strong solution to (1.1) is a continuous Rd-valued F-adapted process (Xt, t ∈ [0, T ]) on
(Ω, A,P) such that for each t ∈ [0, T ]: the distribution of Xt is µt ∈ Pp(Rd) and admits
a density ℓt; and

Xt = X0 +
∫ t

0
b(s, Xs, ℓs(Xs), µs) ds + Bt P-a.s. (1.9)

(2) A weak solution to (1.1) is a continuous Rd-valued process (Xt, t ∈ [0, T ]) on some
probability space (Ω, A,P) where there exist some d-dimensional Brownian motion
(Bt, t ≥ 0) and some admissible filtration F := (Ft, t ≥ 0) such that (Xt, t ∈ [0, T ]) is
F-adapted, its marginal distribution admits a density, and (1.9) holds.

(3) Equation (1.1) has strong uniqueness if any two strong solutions on a given probability
space (Ω, A,P) for a given Brownian motion and a given admissible filtration coincide
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P-a.s. on the path space C([0, T ];Rd). Equation (1.1) has weak uniqueness if any weak
solution induces the same distribution on C([0, T ];Rd).

Throughout the paper, we use the following conventions:

(1) We denote by ∇, ∇2, ∆ the gradient, the Hessian and the Laplacian with respect to (w.r.t)
the spatial variable. We denote by ∂t (or ∂s) the derivative w.r.t time. For α ∈ (0, 1]
and a function f : Rd → R, let [f ]α := supx̸=y

|f(x)−f(y)|
|x−y|α be the α-Hölder constant of f .

For α ∈ (0, 1), let Cα
b (Rd) be the Hölder space of functions f : Rd → R with the norm

∥f∥Cα
b

:= ∥f∥∞ + [f ]α.

(2) Let L0(Rd) be the space of real-valued measurable functions on Rd. Let L0
+(Rd) be

the subset of L0(Rd) that consists of non-negative functions. Let L0
b(Rd) be the subset

of L0(Rd) that consists of bounded functions. We denote by Id the identity matrix in
Rd ⊗ Rd. We denote by ⌈r⌉ the smallest integer greater than or equal to r ∈ R.

(3) For brevity, we write ∞ for +∞. Let N be the set of strictly positive natural numbers.
Let R+ := {x ∈ R : x ≥ 0}. For natural numbers m, n with m ≤ n, we denote
[[m, n]] := {m, m + 1, . . . , n}. We denote by B(Rd) the Borel σ-algebra on Rd. Let P(Rd)
be the space of Borel probability measures on Rd. We denote by Mp(ϱ) the p-th moment
of ϱ ∈ P(Rd), i.e.,

Mp(ϱ) :=
∫
Rd

|x|p dϱ(x).

2. Preliminaries

2.1. Wasserstein space (Pp(Rd), Wp). Let µ, ν ∈ P(Rd). The set of transport plans (or
couplings) between µ and ν is defined by

Γ(µ, ν) := {ϱ ∈ P(Rd × Rd) : µ = π1
♯ ϱ and ν = π2

♯ ϱ}.

Above, πi is the projection of Rd × Rd onto its i-th coordinate, and πi
♯ϱ ∈ P(Rd) is the push-

forward measure of ϱ through πi , i.e., {πi
♯ϱ}(A) = ϱ({πi}−1(A)) for all A ∈ B(Rd). For

µ, ν ∈ Pp(Rd), we define

Wp(µ, ν) := inf
ϱ∈Γ(µ,ν)

{∫
Rd

|x − y|p dϱ(x, y)
}1/p

.

By [Vil09, Theorem 6.18], (Pp(Rd), Wp) is a Polish space. For more information about Wasserstein
space, we refer to [Vil03; Vil09; AG13; San15; FG21; ABS21; Mag23].

2.2. The scheme is well-defined. First, we recall the freezing lemma. For the sake of
completeness, we include its proof in the Appendix.

Lemma 2.1. Let (Ω, A,P) be a probability space and D, G independent sub-σ-algebras of A. Let
(E, E) be a measurable space and Y : Ω → E measurable w.r.t D. Assume that φ : E × Ω → Rd

is measurable w.r.t E ⊗ G and that φ(Y, ·) is integrable.

(1) Let N := {x ∈ E : φ(x, ·) not integrable}. Let µ be the distribution of Y on (E, E). Then
N ∈ E and µ(N) = 0.

(2) We define Φ : E → Rd by Φ(y) := 0 for y ∈ N and Φ(y) := E[φ(y, ·)] for y ∈ E \ N .
Then Φ is measurable and E[φ(Y, ·)|D] = Φ(Y ).
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We define bn : [0, T ] × Rd → Rd by
bn(t, x) := b(t, x, ℓn

τn
t

(x), µn
τn

t
)1(εn,T ](t). (2.1)

Then Xn satisfies the SDE
dXn

t = bn(t, Xn
τn

t
) dt +

√
2 dBt. (2.2)

Second, we verify that (1.2) is well-defined.

Lemma 2.2. Let (A) hold. Then each Xn
t in (1.2) has distribution µn

t ∈ Pp(Rd) and admits a
density.

Proof. We fix t ∈ (tk, tk+1] for some k ∈ [[0, n − 1]]. By induction argument, we assume WLOG
that the statement holds for tk. We have

Xn
t = Xn

tk
+
∫ t

tk

bn(s, Xn
tk

) ds +
√

2(Bt − Btk
).

It follows from Mp(µn
tk

) + ∥bn∥∞ < ∞ that Mp(µn
t ) < ∞. It remains to prove that Xn

t admits
a density. Let Σ1

t be the σ-algebra generated by (Bs − Br, tk ≤ r < s ≤ t). Let Σ2
t be the

σ-algebra generated by Xn
tk

. We define Ft : Rd × Ω → Rd by

Ft(x, ·) := x +
∫ t

tk

bn(s, x) ds +
√

2(Bt − Btk
).

Because bn is bounded, Ft is well-defined and measurable w.r.t B(Rd)⊗Σ1
t . First, Xn

t = Ft(Xn
tk

, ·).
Second, Ft(x, ·) has a non-degenerate normal distribution. We fix a Lebesgue-null set A ∈ B(Rd).
We need to prove P[Xn

t ∈ A] = 0. We define F̄t : Rd → Rd by F̄t(x) := P[Ft(x, ·) ∈ A]. Then
F̄t = 0. Because F is admissible, Σ1

t is independent of Σ2
t . We have

P[Xn
t ∈ A] = P[Ft(Xn

tk
, ·) ∈ A]

= E[P[Ft(Xn
tk

, ·) ∈ A|Σ2
t ]]

= E[F̄t(Xn
tk

)] by Lemma 2.1
= 0.

This completes the proof. ■

2.3. Heat kernel estimates. We consider the standard Gaussian heat kernel defined for all
t > 0 and x ∈ Rd by

pt(x) := 1
(4πt)

d
2

exp
(

−|x|2

4t

)
.

Then
pt(x) ≤ 2

d
2 p2t(x), (2.3)

pt(x + y) ≤ 2
d
2 exp

(
|y|2

4t

)
p2t(x). (2.4)

The following estimates are classical. See e.g. [HRZ21, Lemma 2.1] for their proofs.

Lemma 2.3. (1) There exists a constant c > 0 (depending on d) such that for all t > 0 and
x, y ∈ Rd:

|∇pt(x)| ≤ ct− 1
2 pt(x). (2.5)
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(2) For α ∈ (0, 1), there exists a constant c > 0 (depending on d, T, α) such that for all
0 < t ≤ T ; x, y ∈ Rd and i ∈ {0, 1}:

|∇ipt(x) − ∇ipt(y)| ≤ c|x − y|αt− i+α
2 {p4t(x) + p4t(y)}. (2.6)

(3) For α ∈ (0, 1), there exists a constant c > 0 (depending on d, T, α) such that for all
0 ≤ s < t ≤ T ; x ∈ Rd and i ∈ {0, 1}:

|∇ipt(x) − ∇ips(x)| ≤ c|t − s|
α
2 {t− i+α

2 p2t(x) + s− i+α
2 p2s(x)}. (2.7)

The associated semigroup (Pt, t > 0) is defined for all x ∈ Rd and f ∈ L0
+(Rd) ∪ L0

b(Rd) by

Ptf(x) :=
∫
Rd

pt(x − y)f(y) dy.

Finally, we prove some crude estimates.

Lemma 2.4. Let (A) hold. Let t ∈ (tk, tk+1] for some k ∈ [[0, n − 1]]. There exists a constant
c ≥ 1 (depending on Θ1) such that for every φ ∈ L0

+(Rd × Rd) ∪ L0
b(Rd × Rd):

E[φ(Xn
tk

, Xn
t )] =

∫
Rd×Rd

φ(x, y)ℓn
tk

(x)pt−tk

(
x − y +

∫ t

tk

bn(s, x) ds

)
dx dy (2.8)

≤ c

∫
Rd×Rd

φ(x, y)ℓn
tk

(x)p2(t−tk)(x − y) dx dy, (2.9)

∥ℓn
t ∥∞ ≤ c∥ℓn

tk
∥∞. (2.10)

Proof. Let Σ1
t , Σ2

t and Ft be defined as in the proof of Lemma 2.2. We have
E[φ(Xn

tk
, Xn

t )] = E[φ(Xn
tk

, Ft(Xn
tk

, ·))]
= E[E[φ(Xn

tk
, Ft(Xn

tk
, ·))|Σ2

t ]]. (2.11)

We define F̂t : Rd → Rd by F̂t(x) := E[φ(x, Ft(x, ·))]. Notice that Ft(x, ·) has a normal
distribution with mean x +

∫ t
tk

bn(s, x) ds and covariance matrix 2tId. Consequently, the density
of Ft(x, ·) is y 7→ pt−tk

(x − y +
∫ t

tk
bn(s, x) ds). There exists a constant c1 ≥ 1 (depending on Θ1)

such that

F̂t(x) =
∫
Rd

φ(x, y)pt−tk

(
x − y +

∫ t

tk

bn(s, x) ds

)
dy (2.12)

≤ c1

∫
Rd

φ(x, y)p2(t−tk)(x − y) dy by (2.4) and (A1). (2.13)

WLOG, we assume φ ∈ L0
b(Rd × Rd). Then

E[φ(Xn
tk

, Xn
t )] = E[F̂t(Xn

tk
)] by (2.11) and Lemma 2.1

=
∫
Rd

ℓn
tk

(x)F̂t(x) dx (2.14)

≤ c1

∫
Rd×Rd

φ(x, y)ℓn
tk

(x)p2(t−tk)(x − y) dx dy by (2.13). (2.15)

Thus (2.9) follows. Clearly, (2.12) and (2.14) imply (2.8). The case φ ∈ L0
+(Rd × Rd) follows

from a truncated argument and monotone convergence theorem. For every f ∈ L0
+(Rd),

E[f(Xn
t )] ≤ c1

∫
Rd×Rd

f(y)ℓn
tk

(x)p2(t−tk)(x − y) dx dy by (2.15)

≤ c1∥ℓn
tk

∥∞

∫
Rd×Rd

f(y)p2(t−tk)(x − y) dx dy

6



= c1∥ℓn
tk

∥∞∥f∥L1 .

By duality, ∥ℓn
t ∥∞ ≤ c1∥ℓn

tk
∥∞. This completes the proof. ■

2.4. Duhamel representation.

Lemma 2.5. Let (A) hold. It holds for every x ∈ Rd that

ℓn
t (x) = Ptℓν(x) +

∫ t

0
E[⟨bn(s, Xn

τn
s

), ∇pt−s(Xn
s − x)⟩] ds, (2.16)

ℓt(x) = Ptℓν(x) +
∫ t

0
E[⟨b(s, Xs, ℓs(Xs), µs), ∇pt−s(Xs − x)⟩] ds. (2.17)

Proof. Let’s prove (2.16). We fix t ∈ (0, T ] and f ∈ C∞
c (Rd). We define

g : [0, t] × Rd → R, (s, y) 7→ (Pt−sf)(y).

Then (∂s + ∆)g = 0. We have
dg(s, Xn

s ) = ⟨bn(s, Xn
τn

s
), ∇g(s, Xn

s )⟩ ds

+ (∂s + ∆)g(s, Xn
s ) ds + dMs

by Itô’s lemma

= ⟨bn(s, Xn
τn

s
), ∇g(s, Xn

s )⟩ ds + dMs.

Above, M0 = 0 and dMs = {∇g(s, Xn
s )}⊤ dBs. Then

f(Xn
t ) = g(0, X0) +

∫ t

0
⟨bn(s, Xn

τn
s

), µn
τn

s
), ∇g(s, Xn

s )⟩ ds + Mt.

To apply Fubini’s theorem, we next verify sups∈[0,T ] ∥∇g(s, ·)∥∞ < ∞. It suffices to prove that
the Lipschitz constant of g(s, ·) is bounded uniformly in time. We consider the Gaussian process
governed by the SDE

dY x
s,t =

√
2 dBt, t ∈ [s, T ], Y x

s,s = x.

We have
|g(s, x) − g(s, y)| = |E[f(Y x

s,t)] − E[f(Y y
s,t)]|

≤ ∥∇f∥∞E[|Y x
s,t − Y y

s,t|]
≤ c1∥∇f∥∞|x − y|.

Above, the constant c1 > 0 is given by [HW22, Theorem 1.1(2)]. By Fubini’s theorem,∫
Rd

f(x)ℓn
t (x) dx = E[g(0, X0)] +

∫ t

0
E[⟨bn(s, Xn

τn
s

), ∇g(s, Xn
s )⟩] ds

=: I1 + I2.

By Leibniz integral rule,

∇g(s, y) = ∇y

∫
Rd

pt−s(y − x)f(x) dx =
∫
Rd

∇pt−s(y − x)f(x) dx.

We have

I1 =
∫
Rd

ℓν(y){Ptf}(y) dy

=
∫
Rd

f(x)
(∫

Rd
pt(y − x)ℓν(y) dy

)
dx

=
∫
Rd

f(x){Ptℓν}(x) dx,

7



I2 =
∫ t

0
E[⟨bn(s, Xn

τn
s

),
∫
Rd

f(x)∇pt−s(Xn
s − x) dx⟩] ds

=
∫
Rd

f(x)
∫ t

0
E[⟨bn(s, Xn

τn
s

), ∇pt−s(Xn
s − x)⟩] ds dx.

Then (2.16) follows. The proof of (2.17) is a straightforward modification of above reasoning. ■

For brevity, we adopt the following notation in the remaining of the paper:

(1) We write M1 ≲ M2 if there exists a constant c > 0 (depending on Θ1) such that
M1 ≤ cM2.

(2) We write M1 ≼ M2 if there exists a constant c > 0 (depending on Θ1, ν) such that
M1 ≤ cM2.

3. Stability estimates of the scheme

This section is devoted to the proof of Theorem 1.1. We utilize techniques from [Wan23; HRZ21].
By (1.2),

Xn
t − Xn

s =
∫ t

s
bn(r, Xn

τn
r

) dr +
√

2(Bt − Bs).

Then
E[|Xn

t − Xn
s |p] ≲ (t − s)p + E[|Bt−s|p] ≲ (t − s)

p
2 .

Thus (1.5) follows.

3.1. Bound supremum norm of marginal density. By Lemma 2.5 and (A1), there exists a
constant c1 > 0 (depending on Θ1) such that

ℓn
t (x) ≤ ∥ℓν∥∞ + c1

∫ t

0
E[|∇pt−s(Xn

s − x)|] ds

=: ∥ℓν∥∞ + c1

∫ t

0
Es ds. (3.1)

Step 1: We are going to prove the existence of m ∈ [[1, n]] such that m
n depends only on Θ1

and that ∥ℓn
tk

∥∞ ≤ 2∥ℓν∥∞ for every k ∈ [[0, m]]. The idea is to pick m such that the following
induction argument is valid. We fix k ∈ [[1, m]] and assume that ∥ℓn

ti
∥∞ ≤ 2∥ℓν∥∞ for every

i ∈ [[0, k − 1]]. Let s ∈ (ti, ti+1) for some i ∈ [[0, k − 1]]. We have

Es ≲
∫
Rd×Rd

ℓn
ti

(y)p2(s−ti)(y − z)|∇ptk−s(x − z)| dy dz by (2.9)

≲
1√

tk − s

∫
Rd×Rd

ℓn
ti

(y)p2(s−ti)(y − z)ptk−s(x − z) dy dz by (2.5)

≲
1√

tk − s

∫
Rd×Rd

ℓn
ti

(y)p2(s−ti)(y − z)p2(tk−s)(x − z) dz dy by (2.3)

= 1√
tk − s

∫
Rd

ℓn
ti

(y)p2(tk−ti)(x − y) dy by Chapman–Kolmogorov equation

≤ 2∥ℓν∥∞√
tk − s

by inductive hypothesis. (3.2)

By (3.1) and (3.2), there exists a constant c2 > 0 (depending on Θ1) such that

ℓn
tk

(x) ≤ ∥ℓν∥∞

[
1 + c1c2

∫ tk

0

ds√
tk − s

]
= ∥ℓν∥∞(1 + 2c1c2

√
tk).
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It suffices to choose m such that

c1c2
√

tk ≤ 1
2 . (3.3)

Clearly, there exists a constant c3 ∈ (0, 1) (depending on Θ1) such that if m
n ≤ c3 then (3.3)

holds.

Step 2: Repeating Step 1 at most ⌈1/c3⌉ times, we have ∥ℓn
tk

∥∞ ≤ 2⌈1/c3⌉∥ℓν∥∞ for every
k ∈ [[0, n]].

Step 3: By (2.10), there exists a constant c4 ≥ 1 (depending on Θ1) such that if t ∈ (tk, tk+1)
then ∥ℓn

t ∥∞ ≤ c4∥ℓn
tk

∥∞. Thus

sup
t∈[0,T ]

∥ℓn
t ∥∞ ≤ c42⌈1/c3⌉∥ℓν∥∞. (3.4)

3.2. Hölder continuity in space. We fix x, x′ ∈ Rd. By Lemma 2.5 and (A1),

|ℓn
t (x) − ℓn

t (x′)| ≲ |Ptℓν(x) − Ptℓν(x′)|

+
∫ t

0
E[|∇pt−s(Xn

s − x) − ∇pt−s(Xn
s − x′)|] ds

=: I1 +
∫ t

0
In

2 (s) ds. (3.5)

We consider the Gaussian process governed by the SDE

dY x
t =

√
2 dBt, t ∈ [0, T ], Y x

0 = x.

By [HW22, Theorem 1.1(2)],

E
[

sup
t∈[0,T ]

|Y x
t − Y x′

t |
]
≲ |x − x′|. (3.6)

On the other hand,

I1 = |E[ℓν(Y x
t )] − E[ℓν(Y x′

t )]|

≤ [ℓν ]αE[|Y x
t − Y x′

t |α]

≤ [ℓν ]α(E[|Y x
t − Y x′

t |])α by Jensen’s inequality
≲ [ℓν ]α|x − x′|α by (3.6). (3.7)

Next we bound In
2 (s). We have

In
2 (s) ≲ s− 1+α

2 |x − x′|αE[p4(t−s)(Xn
s − x) + p4(t−s)(Xn

s − x′)] by (2.6)

= s− 1+α
2 |x − x′|α

∫
Rd

ℓn
s (y){p4(t−s)(y − x) + p4(t−s)(y − x′)} dy

≲ ∥ℓν∥∞s− 1+α
2 |x − x′|α by (3.4). (3.8)

By (3.5), (3.7) and (3.8),
|ℓn

t (x) − ℓn
t (x′)|

|x − x′|α
≲ [ℓν ]α + ∥ℓν∥∞

∫ t

0
s− 1+α

2 ds

≲ ∥ℓν∥Cα
b

because α ∈ (0, 1). (3.9)

Then (3.4) and (3.9) imply (1.3).
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3.3. Hölder continuity in time. We fix x ∈ Rd and 0 ≤ s < t ≤ T .

Step 1: we will prove (1.4). By Lemma 2.5,

ℓn
t (x) = Ptℓν(x) +

∫ t

0
E[⟨bn(r, Xn

τn
r

), ∇pt−r(Xn
r − x)⟩] dr,

ℓn
s (x) = Psℓν(x) +

∫ s

0
E[⟨bn(r, Xn

τn
r

), ∇ps−r(Xn
r − x)⟩] dr.

(3.10)

By (3.10) and (A1),

|ℓn
t (x) − ℓn

s (x)| ≲ |Ptℓν(x) − Psℓν(x)|

+
∫ s

0
E[|∇pt−r(Xn

r − x) − ∇ps−r(Xn
r − x)|] dr

+
∫ t

s
E[|∇pt−r(Xn

r − x)|] dr

=: I1(x) + In
2 (x) + In

3 (x). (3.11)

It holds for every i ∈ {0, 1} that

∇ipt−r(y − x) − ∇ips−r(y − x)

= ∇i
y

∫
Rd

ps−r(y − z)pt−s(z − x) dz − ∇ips−r(y − x)

= ∇i
y

∫
Rd

ps−r(y − z)pt−s(z − x) dz − ∇i
y

∫
Rd

ps−r(y − x)pt−s(z − x) dz

=
∫
Rd

{∇ips−r(y − z) − ∇ips−r(y − x)}pt−s(z − x) dz. (3.12)

First,

I1(x) =
∣∣∣∣ ∫

Rd
ℓν(y){pt(y − x) − ps(y − x)} dy

∣∣∣∣
=
∣∣∣∣ ∫

Rd

[ ∫
Rd

ℓν(y){ps(y − z) − ps(y − x)} dy

]
pt−s(z − x) dz

∣∣∣∣ by (3.12)

≤
∫
Rd

∣∣∣∣ ∫
Rd

ℓν(y){ps(y − z) − ps(y − x)} dy

∣∣∣∣pt−s(z − x) dz

=
∫
Rd

∣∣∣∣ ∫
Rd

ps(y){ℓν(y + z) − ℓν(y + x)} dy

∣∣∣∣pt−s(z − x) dz

≼
∫
Rd

|z − x|αpt−s(z − x) dz because ℓν ∈ Cα
b (Rd)

≲ (t − s)
α
2 . (3.13)

Second,

In
2 (x) =

∫ s

0
E
[∣∣∣∣ ∫

Rd
{∇ps−r(Xn

r − z) − ∇ps−r(Xn
r − x)}pt−s(z − x) dz

∣∣∣∣]dr by (3.12)

≤
∫ s

0

∫
Rd

E[|∇ps−r(Xn
r − z) − ∇ps−r(Xn

r − x)|]pt−s(z − x) dz dr

≲
∫ s

0
(s − r)− 1+α

2

∫
Rd

|z − x|αE[p4(s−r)(Xn
r − z)]pt−s(z − x) dz dr

+
∫ s

0
(s − r)− 1+α

2

∫
Rd

|z − x|αE[p4(s−r)(Xn
r − x)]pt−s(z − x) dz dr

by (2.6)

=: In
21(x) + In

22(x).
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We have

In
21(x) =

∫ s

0
(s − r)− 1+α

2

∫
Rd×Rd

|z − x|αℓn
s (y)p4(s−r)(y − z)pt−s(z − x) dy dz dr

≼
∫ s

0
(s − r)− 1+α

2

∫
Rd×Rd

|z − x|αp4(s−r)(y − z)pt−s(z − x) dy dz dr by (3.4)

≲
∫ s

0
(s − r)− 1+α

2

∫
Rd×Rd

|z − x|αp4(s−r)(y − z)p4(t−s)(z − x) dy dz dr by (2.3)

=
∫ s

0
(s − r)− 1+α

2

∫
Rd

|z − x|αp4(t−s)(z − x) dz dr

≲ (t − s)
α
2

∫ s

0
(s − r)− 1+α

2 dr. (3.14)

Similarly,

In
22(x) ≼ (t − s)

α
2

∫ s

0
(s − r)− 1+α

2 dr. (3.15)

Third,

In
3 (x) =

∫ t

s

∫
Rd

ℓn
r (y)|∇pt−r(y − x)| dy dr

≲
∫ t

s

1√
t − r

∫
Rd

ℓn
r (y)pt−r(y − x) dy dr by (2.5) (3.16)

≼
∫ t

s

1√
t − r

∫
Rd

pt−r(y − x) dy dr by (3.4)

=
∫ t

s

dr√
t − r

≲
√

t − s ≲ (t − s)
α
2 . (3.17)

By (3.13), (3.14), (3.15) and (3.17),

|ℓn
t (x) − ℓn

s (x)| ≼ (t − s)
α
2

[
1 + sup

s∈[0,T ]

∫ s

0
(s − r)− 1+α

2 dr

]
≲ (t − s)

α
2 because α ∈ (0, 1).

This implies (1.4).

Step 2: we will prove (1.6). We have

I1(x) ≤
∫
Rd

ℓν(y)|pt(y − x) − ps(y − x)| dy

≲ |t − s|
α
2

∫
Rd

ℓν(y){t− α
2 p2t(y − x) + s− α

2 p2s(y − x)} dy by (2.7)

≲ (t − s)
α
2 s− α

2

∫
Rd

ℓν(y){p2t(y − x) + p2s(y − x)} dy.

Then ∫
Rd

(1 + |x|p)I1(x) dx

≲ (t − s)
α
2 s− α

2

∫
Rd

ℓν(y)
[ ∫

Rd
(1 + |x|p){p2t(y − x) + p2s(y − x)} dx

]
dy

≲ (t − s)
α
2 s− α

2

∫
Rd

(1 + |y|p)ℓν(y) dy

≼ (t − s)
α
2 s− α

2 . (3.18)
11



We have

In
2 (x) ≲ |t − s|

α
2

∫ s

0
E[(t − r)− 1+α

2 p2(t−r)(Xn
r − x)

+ (s − r)− 1+α
2 p2(s−r)(Xn

r − x)] dr

by (2.7)

≲ |t − s|
α
2

∫ s

0
(s − r)− 1+α

2 E[p2(t−r)(Xn
r − x)] dr.

Then ∫
Rd

(1 + |x|p)In
2 (x) dx

≲ |t − s|
α
2

∫ s

0
(s − r)− 1+α

2 E
[ ∫

Rd
(1 + |x|p)p2(t−r)(Xn

r − x) dx

]
dr

≲ |t − s|
α
2

∫ s

0
(s − r)− 1+α

2 E[1 + |Xn
r |p] dr

≼ |t − s|
α
2

∫ s

0
(s − r)− 1+α

2 dr by (1.5)

≲ |t − s|
α
2 because α ∈ (0, 1). (3.19)

We have ∫
Rd

(1 + |x|p)In
3 (x) dx

≲
∫ t

s

1√
t − r

∫
Rd

ℓn
r (y)

[ ∫
Rd

(1 + |x|p)pt−r(y − x) dx

]
dy dr by (3.16)

≲
∫ t

s

1√
t − r

[ ∫
Rd

(1 + |y|p)ℓn
r (y) dy

]
dr

≼
∫ t

s

dr√
t − r

by (1.5)

≲
√

t − s ≲ (t − s)
α
2 . (3.20)

We have (3.11) together with (3.18), (3.19) and (3.20) implies (1.6).

Step 3: we will prove (1.7). We assume, in addition, that
∫
Rd(1 + |x|p)

√
ℓν(x) dx ≤ C holds. Let

Y be a random variable whose density is p1. Then

I1(x) = |E[ℓν(x +
√

tY ) − ℓν(x +
√

sY )]|

≤ E[{|ℓν(x +
√

tY ) − ℓν(x +
√

sY )|2}
1
2 ]

≼ E[|(
√

t −
√

s)Y |
α
2 × |ℓν(x +

√
tY ) − ℓν(x +

√
sY )|

1
2 ] because ℓν ∈ Cα

b (Rd)

≲ (t − s)
α
4 E[|Y |

α
2 {|ℓν(x +

√
tY )|

1
2 + |ℓν(x +

√
sY )|

1
2 }].

Thus ∫
Rd

(1 + |x|p)I1(x) dx

≼ (t − s)
α
4 E[|Y |

α
2

∫
Rd

(1 + |x|p){|ℓν(x +
√

tY )|
1
2 + |ℓν(x +

√
sY )|

1
2 } dx]

≲ (t − s)
α
4 E[|Y |

α
2

∫
Rd

(1 + |x|p + |Y |p)
√

ℓν(x) dx]

≼ (t − s)
α
4 E[|Y |

α
2 (1 + |Y |p)]

≤ (t − s)
α
4 . (3.21)
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We have (3.11) together with (3.21), (3.19) and (3.20) implies (1.7). This completes the proof.

4. Existence of a weak solution

This section is dedicated to the proof of Theorem 1.2.

4.1. Convergence of marginal densities. By (1.2) and (A1),
sup
n∈N

sup
t∈[0,T ]

Mp+α(µn
t ) ≲ 1 + Mp+α(ν). (4.1)

We denote Bc
R := Rd \ B(0, R) for every R > 0. Then we have a uniform control of tail moment:

sup
n∈N

sup
t∈[0,T ]

∫
Bc

R

|x|p dµn
t (x)

≤ 1
R

sup
n∈N

sup
t∈[0,T ]

∫
Rd

|x|p+α dµn
t (x) by Markov’s inequality

≲
1 + Mp+α(ν)

R
by (4.1)

≼
1
R

by (A2). (4.2)

Similarly,
sup
n∈N

sup
t∈[0,T ]

µn
t (Bc

R) ≼ 1
R

. (4.3)

By Theorem 1.1 and Arzelà–Ascoli theorem, there exist a sub-sequence (also denoted by (ℓn) for
simplicity) and a continuous function ℓ : [0, T ] × Rd → R+ such that

lim
n

sup
t∈[0,T ]

sup
x∈B(0,R)

|ℓn
t (x) − ℓt(x)| = 0 for R > 0. (4.4)

Above, ℓt := ℓ(t, ·). Clearly, ℓ0 = ℓν and
sup

t∈[0,T ]
∥ℓt∥Cα

b
≲ ∥ℓν∥Cα

b
,

∥ℓt − ℓs∥∞ ≼ |t − s|
α
2 for s, t ∈ [0, T ].

Using above estimates together with the same reasoning as in [Le24, Section 4.2], we get that ℓt

is a density whose induced distribution µt ∈ Pp(Rd); and that
lim sup

n
sup

t∈[0,T ]
Wp(µn

t , µt) = 0, (4.5)

Wp(µt, µs) ≲ |t − s|
1
2 , (4.6)

sup
t∈[0,T ]

∫
Bc

R

|x|p dµt(x) ≼ 1
R

,

sup
t∈[0,T ]

µt(Bc
R) ≼ 1

R
for R > 0. (4.7)

4.2. Existence of a weak solution. We fix (f, g) ∈ C∞
c (0, T ) × C∞

c (Rd). We apply Itô’s
lemma to (2.2) and the map (t, x) 7→ f(t)g(x). Then

E
[ ∫ t

0
f ′(s)g(Xn

s ) ds
]

= − E
[ ∫ t

0
⟨f(s)∇g(Xn

s ), bn(s, Xn
τn

s
)⟩ ds

]
− E

[ ∫ t

0
f(s)∆g(Xn

s ) ds
]
.

(4.8)
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Let
In

1 (s) := E[g(Xn
s )],

In
3 (s) := E[∆g(Xn

s )],
In

2 (s) := E[⟨∇g(Xn
s ), bn(s, Xn

τn
s

)⟩]

=
∫
Rd×Rd

⟨∇g(y), bn(s, x)⟩ℓn
τn

s
(x)

× ps−τn
s

(
x − y +

∫ s

τn
s

bn
r (x) dr

)
dx dy.

by (2.8) (4.9)

By (4.8) and Fubini’s theorem,∫ t

0
f ′(s)In

1 (s) ds = −
∫ t

0
f(s)In

2 (s) ds −
∫ t

0
f(s)In

3 (s) ds. (4.10)

By (4.5),

lim
n

In
1 (s) =

∫
Rd

g(x)ℓ(s, x) dx,

lim
n

In
3 (s) =

∫
Rd

∆g(x)ℓ(s, x) dx.
(4.11)

Next we consider In
2 (s). It holds for n large enough that supp f ⊂ (εn, T ). WLOG, we assume

s ∈ (εn, T ) and thus bn(s, x) = b(s, x, ℓn
τn

s
(x), µn

τn
s

). For every x ∈ Rd, we define νn,x ∈ P(Rd),
hn(x) ∈ R and I2(s) ∈ R by

dνn,x(y) := ps−τn
s

(
x − y +

∫ s

τn
s

bn(r, x) dr

)
dy, (4.12)

hn(x) :=
∫
Rd

⟨∇g(y), b(s, x, ℓn
τn

s
(x), µn

τn
s

)⟩ dνn,x(y), (4.13)

I2(s) :=
∫
Rd

ℓs(x)⟨∇g(x), b(s, x, ℓs(x), µs)⟩ dx. (4.14)

Then ∫
Rd

|x − y| dνn,x(y) =
∫
Rd

|y|ps−τn
s

(
y +

∫ s

τn
s

bn(r, x) dr

)
dy,

≲
√

s − τn
s by (A1) and (2.4), (4.15)

In
2 (s) =

∫
Rd

ℓn
τn

s
(x)hn(x) dx by (4.9), (4.12) and (4.13). (4.16)

WLOG, we assume ∥f∥∞ + ∥∇g∥∞ + ∥∇2g∥∞ ≤ 1. By (4.14) and (4.16),

|In
2 (s) − I2(s)| ≲

∫
Rd

|ℓn
τn

s
(x) − ℓs(x)| × |⟨∇g(x), b(s, x, ℓs(x), µs)⟩| dx

+
∫
Rd

ℓn
τn

s
(x)|hn(x) − ⟨∇g(x), b(s, x, ℓs(x), µs)⟩| dx.

(4.17)

First,
|hn(x) − ⟨∇g(x), b(s, x, ℓs(x), µs)⟩|

≲
∫
Rd

|∇g(y) − ∇g(x)| dνn,x(y)

+ |b(s, x, ℓn
τn

s
(x), µn

τn
s

) − b(s, x, ℓs(x), µs)|

by (4.13)

≲
∫
Rd

|x − y| dνn,x(y) + |ℓn
τn

s
(x) − ℓs(x)| + Wp(µn

τn
s

, µs) by (A3)
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≲
√

s − τn
s + |ℓn

τn
s

(x) − ℓs(x)| + Wp(µn
τn

s
, µs) by (4.15). (4.18)

Let S := supp g. Then S is compact. By (4.17) and (4.18),

|In
2 (s) − I2(s)| ≲

∫
S

|ℓn
τn

s
(x) − ℓs(x)| dx +

√
s − τn

s

+
∫
Rd

ℓn
τn

s
(x)|ℓn

τn
s

(x) − ℓs(x)| dx + Wp(µn
τn

s
, µs).

(4.19)

By (1.4) and (4.4), it holds for every R > 0 that
lim

n
sup

x∈B(0,R)
|ℓn

τn
s

(x) − ℓs(x)| = 0. (4.20)

By (1.5) and (4.5),
lim

n
Wp(µn

τn
s

, µs) = 0. (4.21)

We have
lim sup

n
|In

2 (s) − I2(s)|

≲ lim sup
n

∫
Rd

ℓn
τn

s
(x)|ℓn

τn
s

(x) − ℓs(x)| dx by (4.19), (4.20) and (4.21)

≼ lim sup
n

∫
Rd

|ℓn
τn

s
(x) − ℓs(x)| dx by (1.3)

≤ lim sup
n

∫
B(0,R)

|ℓn
τn

s
(x) − ℓs(x)| dx + lim sup

n

∫
Bc

R

|ℓn
τn

s
(x) − ℓs(x)| dx

=: lim sup
n

In
41(s, R) + lim sup

n
In

42(s, R) for every R > 0.

By (4.20), lim supn In
41(s, R) = 0. By (4.3) and (4.7), lim supn In

42(s, R) ≼ 1
R . Then lim supn |In

2 (s)−
I2(s)| ≼ 1

R and thus limn In
2 (s) = I2(s). This together with (4.10), (4.11) and dominated conver-

gence theorem implies∫ t

0

∫
Rd

f ′(s)g(x)ℓ(s, x) dx ds = −
∫ t

0

∫
Rd

f(s)⟨∇g(x), b(s, x, ℓ(s, x), µs)ℓ(s, x)⟩ dx ds

−
∫ t

0

∫
Rd

f(s)∆g(x)ℓ(s, x) dx ds.

Hence ℓ satisfies the following Fokker-Planck PDE in distributional sense

∂tℓ(t, x) = −
d∑

i=1
∂xi{bi(t, x, ℓ(t, x), µt)ℓ(t, x)} + ∆ℓ(t, x).

Clearly,

(1) (t, x) 7→ b(t, x, ℓ(t, x), µt) is measurable with∫
[0,T ]

∫
Rd

|b(t, x, ℓ(t, x), µt)| dµt(x) dt < ∞.

(2) [0, T ] → Pp(Rd), t 7→ µt is continuous by (4.6).

We apply superposition principle as in [BR20, Section 2] and get that (1.1) has a weak solution
whose marginal distribution is exactly (µt, t ∈ [0, T ]). This completes the proof.

5. Rate of convergence

This section is dedicated to the proof of Theorem 1.3.
15



5.1. Decomposition of error. For every (s, z) ∈ [0, T ] × Rd, we define

In
1 (s, z) := E[⟨bn(s, Xn

τn
s

), ∇pt−s(Xn
s − z) − ∇pt−s(Xn

τn
s

− z)⟩],
In

2 (s, z) := E[⟨bn(s, Xn
τn

s
), ∇pt−s(Xn

τn
s

− z)⟩] − E[⟨bn(s, Xn
s ), ∇pt−s(Xn

s − z)⟩],
In

3 (s, z) := 1(εn,T ](s)E[⟨b(s, Xn
s , ℓn

τn
s

(Xn
s ), µn

τn
s

) − b(s, Xn
s , ℓn

s (Xn
s ), µn

s ), ∇pt−s(Xn
s − z)⟩],

In
4 (s, z) := 1[0,εn](s)E[⟨b(s, Xn

s , ℓn
s (Xn

s ), µn
s ), ∇pt−s(Xn

s − z)⟩].

We also define the density-like function ℓ̂n
t : Rd → R by

ℓ̂n
t (z) := Ptℓν(z) +

∫ t

0
E[⟨b(s, Xn

s , ℓn
s (Xn

s ), µn
s ), ∇pt−s(Xn

s − z)⟩] ds.

By Lemma 2.5,

ℓn
t (z) − ℓ̂n

t (z) =
∫ t

0
{In

1 (s, z) + In
2 (s, z) + In

3 (s, z) − In
4 (s, z)} ds.

We define f, f̂ : [0, T ] → R+ by

f(t) :=
∫
Rd

(1 + |z|p)|ℓn
t (z) − ℓt(z)| dz,

f̂(t) :=
∫
Rd

(1 + |z|p)|ℓ̂n
t (z) − ℓt(z)| dz.

By (1.5) and (4.6), f is bounded. Clearly,

f(t) ≤ f̂(t) +
∫ t

0

∫
Rd

(1 + |z|p){|In
1 (s, z)| + |In

2 (s, z)| + |In
3 (s, z)| + |In

4 (s, z)|} dz ds. (5.1)

We have

|In
1 (s, z)| ≲ E[|∇pt−s(Xn

s − z) − ∇pt−s(Xn
τn

s
− z)|] by (A1)

≲
1√

t − s
E[|Xn

s − Xn
τn

s
|α{p4(t−s)(Xn

s − z) + p4(t−s)(Xn
τn

s
− z)}] by (2.6)

≲
1√

t − s

∫
(Rd)2

|x − y|α{p4(t−s)(y − z) + p4(t−s)(x − z)}

× ℓn
τn

s
(x)p2(s−τn

s )(x − y) dx dy.

by (2.9)

There exists a constant κ > 0 (depending on Θ1) such that∫
Rd

(1 + |z|p){p4(t−s)(y − z) + p4(t−s)(x − z)} dz ≲ 1 + |x|p + |y|p,

|x − y|αp2(s−τn
s )(x − y) ≲ (s − τn

s )
α
2 pκ(s−τn

s )(x − y).

Then ∫
Rd

(1 + |z|p)|In
1 (s, z)| dz

≲
(s − τn

s )
α
2

√
t − s

∫
(Rd)2

(1 + |x|p + |y|p)ℓn
τn

s
(x)pκ(s−τn

s )(x − y) dx dy

≲
(s − τn

s )
α
2

√
t − s

∫
Rd

(1 + |x|p)ℓn
τn

s
(x) dx

≼
(s − τn

s )
α
2

√
t − s

by (1.5). (5.2)
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We have

|In
2 (s, z)| ≤

∫
Rd

|⟨bn(s, x), ∇pt−s(x − z)⟩| × |ℓn
τn

s
(x) − ℓn

s (x)| dx

≲
1(εn,T ](s)
√

t − s

∫
Rd

pt−s(x − z)|ℓn
τn

s
(x) − ℓn

s (x)| dx by (2.1), (2.5) and (A1).

Then ∫
Rd

(1 + |z|p)|In
2 (s, z)| dz

≲
1(εn,T ](s)
√

t − s

∫
Rd

[ ∫
Rd

(1 + |z|p)pt−s(x − z) dz

]
|ℓn

τn
s

(x) − ℓn
s (x)| dx

≲
1(εn,T ](s)
√

t − s

∫
Rd

(1 + |x|p)|ℓn
τn

s
(x) − ℓn

s (x)| dx

≼
(s − τn

s )
α
2 1(εn,T ](s)

|τn
s |

α
2
√

t − s
by (1.6)

≲
(s − τn

s )
α
2 1(εn,T ](s)

(s − εn)
α
2
√

t − s
. (5.3)

We have

|In
3 (s, z)| ≲ E[|∇pt−s(Xn

s − z)|]{∥ℓn
τn

s
− ℓn

s ∥∞ + Wp(µn
τn

s
, µn

s )} by (A3)

≲
∥ℓn

τn
s

− ℓn
s ∥∞ + Wp(µn

τn
s

, µn
s )

√
t − s

E[pt−s(Xn
s − z)] by (2.5)

≼
(s − τn

s )
α
2

√
t − s

E[pt−s(Xn
s − z)] by Theorem 1.1.

Then ∫
Rd

(1 + |z|p)|In
3 (s, z)| dz ≼

(s − τn
s )

α
2

√
t − s

E
[ ∫

Rd
(1 + |z|p)pt−s(Xn

s − z) dz

]
≲

(s − τn
s )

α
2

√
t − s

E[1 + |Xn
s |p]

≼
(s − τn

s )
α
2

√
t − s

by (1.5). (5.4)

By (A1) and (2.5),

|In
4 (s, z)| ≲

1[0,εn](s)
√

t − s
E[pt−s(Xn

s − z)].

Then ∫
Rd

(1 + |z|p)|In
4 (s, z)| dz ≲

1[0,εn](s)
√

t − s
E
[ ∫

Rd
(1 + |z|p)pt−s(Xn

s − z) dz

]
≲

1[0,εn](s)
√

t − s
E[1 + |Xn

s |p]

≼
1[0,εn](s)
√

t − s
by (1.5). (5.5)
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5.2. Bound weighted L1 norm. As in [Le24, Section 5.1], we have

f̂(t) ≲ (1 + ∥ℓν∥∞ + Mp(ν))
∫ t

0
(T − s)− 1

2 {f(s) + |f(s)|
1
p } ds

≼
∫ t

0
(T − s)− 1

2 {f(s) + |f(s)|
1
p } ds. (5.6)

By (5.1), (5.2), (5.3), (5.4), (5.5) and (5.6),

f(t) ≼ (s − τn
s )

α
2

∫ t

0

{ 1√
t − s

+
1[0,εn](s)

(s − τn
s )

α
2
√

t − s
+

1(εn,T ](s)
(s − εn)

α
2
√

t − s

}
ds

+
∫ t

0
(T − s)− 1

2 {f(s) + |f(s)|
1
p } ds

≲ (s − τn
s )

α
2 +

∫ t

0
(T − s)− 1

2 {f(s) + |f(s)|
1
p } ds.

Because p = 1 and s − τn
s ≤ 1

n ,

f(t) ≼ n− α
2 +

∫ t

0
(T − s)− 1

2 f(s) ds.

By Gronwall’s lemma,
sup

t∈[0,T ]
f(t) ≼ n− α

2 .

This completes the proof.
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[BR20] Viorel Barbu and Michael Röckner. “From nonlinear Fokker-Planck equations to
solutions of distribution dependent SDE”. In: The Annals of Probability 48.4 (2020),
pp. 1902–1920.

[BR21a] Viorel Barbu and Michael Röckner. “Solutions for nonlinear Fokker-Planck equa-
tions with measures as initial data and McKean-Vlasov equations”. In: Journal of
Functional Analysis 280.7 (2021), p. 108926.
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[CD+18] René Carmona, François Delarue, et al. Probabilistic theory of mean field games with
applications I-II. Springer, 2018.

[CP83] P. Calderoni and M. Pulvirenti. “Propagation of chaos for Burgers’ equation”. en.
In: Annales de l’I.H.P. Physique théorique 39.1 (1983), pp. 85–97.
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NY 55.58-63 (2015), p. 94.

[SH24] Ke Song and Zimo Hao. Convergence rate of the Euler-Maruyama scheme to density
dependent SDEs driven by α-stable additive noise. arXiv:2405.20840 [math]. May
2024.

[SS20] Justin Sirignano and Konstantinos Spiliopoulos. “Mean field analysis of neural
networks: A law of large numbers”. In: SIAM Journal on Applied Mathematics 80.2
(2020), pp. 725–752.

[Szn86] A. S. Sznitman. “A propagation of chaos result for Burgers’ equation”. en. In:
Probability Theory and Related Fields 71.4 (Dec. 1986), pp. 581–613.

[Szn91] Alain-Sol Sznitman. “Topics in propagation of chaos”. In: Ecole d’été de probabilités
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Appendix

Proof of Lemma 2.1. WLOG, we assume d = 1 and φ is non-negative. The claims that N ∈ E
and that Φ is measurable follows from Tonelli theorem, measurability and non-negativity of φ.

(1) Let ν be the joint distribution of (Y, id) : (Ω, A) → (E × Ω, E ⊗ G). Here id the identity
map on Ω. Let PG be the restriction of P to (Ω, G). We have ν = µ ⊗PG because it holds
for A ∈ E and B ∈ G that

ν(A × B) = P[(Y, id) ∈ A × B]
= P[{Y ∈ A} ∩ {id ∈ B}]
= P[Y ∈ A] × P[id ∈ B] by independence of D, G
= µ(Y ∈ A) × PG [B].

Then

E[|φ(Y, ·)|] =
∫

E×Ω
|φ(y, ω)| dν(y, ω) because φ is measurable w.r.t E ⊗ G

=
∫

E

(∫
Ω

|φ(y, ω)| dPG(ω)
)

dµ(y) by Tonelli theorem

=
∫

E
E[|φ(y, ·)|] dµ(y). (5.7)

By integrability of φ(Y, ·), it holds for µ-a.e. y ∈ E that E[|φ(y, ·)|] < ∞. Thus µ(N) = 0.

(2) It remains to prove E[φ(Y, ·)|D] = Φ(Y ). First, we verify that Φ(Y ) is integrable. Indeed,

E[|Φ(Y )|] =
∫

E
|Φ(y)| dµ(y)

=
∫

E
|E[φ(y, ·)]| dµ(y)

≤
∫

E
E[|φ(y, ·)|] dµ(y)

= E[|φ(Y, ·)|] by (5.7)
< ∞.

Let D ∈ D. We need to prove E[φ(Y, ·)1D] = E[Φ(Y )1D]. WLOG, we assume P[D] > 0.
We define a probability measure P̃ on (Ω, A) by P̃[A] := P[A∩D]

P[D] for A ∈ A. Let
Ẽ be the expectation w.r.t (Ω, A, P̃). Approximating with simple functions, we get
E[Z1D] = P[D] × Ẽ[Z] for Z ∈ L1(Ω, A, P̃). So it suffices to prove Ẽ[φ(Y, ·)] = Ẽ[Φ(Y )].
Let µ̃ be the distribution of Y on (E, E) under P̃. Let ν̃ be the joint distribution of
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(Y, id) : (Ω, A) → (E × Ω, E ⊗ G) under P̃. Let P̃G be the restriction of P̃ to (Ω, G). Let’s
prove that ν̃ = µ̃ ⊗ P̃G . Indeed, it holds for A ∈ E and B ∈ G that

ν̃(A × B) = P̃[(Y, id) ∈ A × B]

= P̃[{Y ∈ A} ∩ {id ∈ B}]

= P[({Y ∈ A} ∩ D) ∩ {id ∈ B}]
P[D]

= P[{Y ∈ A} ∩ D] × P[{id ∈ B} ∩ D]
(P[D])2 by independence of D, G under P

= P̃[Y ∈ A] × P̃[id ∈ B]

= µ̃(Y ∈ A) × P̃G [B].

Then

Ẽ[φ(Y, ·)] =
∫

E×Ω
φ(y, ω) dν̃(y, ω) because φ is measurable w.r.t E ⊗ G

=
∫

E

(∫
Ω

φ(y, ω) dP̃G(ω)
)

dµ̃(y) by Fubini’s theorem

=
∫

E
Ẽ[φ(y, ·)] dµ̃(y),

Ẽ[φ(y, ·)] = E[φ(y, ·)1D]
P[D]

= E[φ(y, ·)] × E[1D]
P[D] by independence of D, G under P

= E[φ(y, ·)] = Φ(y).

Then Ẽ[φ(Y, ·)] =
∫

E Φ(y) dµ̃(y) = Ẽ[Φ(Y )]. This completes the proof.
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