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ABSTRACT. In this paper, we study weak well-posedness of a McKean-Vlasov stochastic differ-
ential equations (SDEs) whose drift is density-dependent and whose diffusion is constant. The
existence part is due to Holder stability estimates of the associated Euler-Maruyama scheme.
The uniqueness part is due to that of the associated Fokker-Planck equation. We also obtain
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1. INTRODUCTION

We fix p € [1,00) and let Tp(Rd) be the space of Borel probability measures on R¢ with finite
p-th moment. We endow P,(R%) with Wasserstein metric W,. We fix T € (0,00) and let [0, T]
be the interval [0, 7]. We consider a measurable function

b:[0,T] x RY x Ry x P,p(RY) — RY.

Let (B, t > 0) be a d-dimensional Brownian motion and F = (F; 2
filtration on a probability space (2, A,P). We assume that (Q, A, F,P
conditions. In this paper, we consider the SDE

dX; = b(t, Xy, €:(Xy), ) dt +v/2dB;, t€[0,T], (1.1)

where the marginal distribution of Xy is v, that of X; is u;, and the marginal density of X is ¢;.
The term “McKean-Vlasov” is due to the presence of u; while the term “density-dependent” is
due to that of £;(x).

0) be an admissible
) satisfies the usual
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To show the existence of a weak solution, we consider an Euler-Maruyama scheme X" :=
(X7, t €[0,T]) constructed as follows. Let n € N and &, := T'/n. Let ty, := ke,, for k € [0,n] =
{0,1,...,n}. Let 7" :==ty, if t € [tg,tg41) for some k € [0,n — 1]. For every t € [0,T], let

~ X, +/ 5y X0, 0% (X1, )1 e, 79 () ds + V2B, (1.2)
where £7, u? are the density and distribution of X' respectively.

We consider the following set of assumptions:

(A) There exist constants a € (0,1),p € [1,00),C > 0 such that for all ¢t € [0,T];z,y €
R r 7’ € Ry and g, ¢’ € Pp(RY):

(A1) |b(t,z,7,0)| < C.
(A2) v € Ppi(R?) has a density £, € C5(RY).
(A3) [b(t, 2,1, 0) = b(t, 7", p')| < C{lr = r'| + Wy(0, ) }-

We require v € P,y (R?) and not just v € P,(R?). By Markov’s inequality, this gives us a direct
control (4.2) of the tail of p-moment. We gather parameters in (A):

01 = (d,T,,p,C).
First, we prove the following estimates about Hdélder regularity:

Theorem 1.1. Let (A) hold. There exist constants ¢y > 0 (depending on ©1) and ca > 0
(depending on ©1,v) such that for all0 < s <t <T:

sup sup [[€}[lce < cllly|cg, (1.3)

n ¢€[0,T]
sup |6 = €3 oo < ea(t = s)z, (1.4)
sup Wi (', i) < et — 5)2, (1.5)
Sup/d(l + 2|0 (@) — 07 (x)| dz < ot — s) 25 2. (1.6)

n JR
If we assume, in addition, that [pa(1+ |z|P)\/ly(xz)dx < C, then
sup/d(l + |2P)|er () — €7 (z)| da < ea(t — 5)7. (1.7)
n JR

Estimate (1.6) will be used in the proof of Theorem 1.3, but it explodes as s | 0. As in [SH24],
we use time cutoff 1., 77 in (1.2) to tackle this issue. As a direct application of Theorem 1.1,
we obtain

Theorem 1.2. Let (A) hold. Then (1.1) has a weak solution whose marginal density satisfies
the estimates in Theorem 1.1.

The main result of the paper is the following rate of convergence:

Theorem 1.3. Let (A) hold and p = 1. There exists a constant ¢ > 0 (depending on ©1,v)
such that for any n € N:

@

sup / (14 |z])|6} (x) — be(x)|dx < en™ 2.
te[0,T] J/RE
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Next we review works related to (1.1) which is a special case of the SDE
dXy = b(t, X, 6(Xy), ) At + o (8, Xy, 6e(Xe), pe) dBe, €0, 7], (1.8)
for some measurable functions
b:[0,7] x RY x Ry x P,p(RY) — RY,
o:[0,T] x RY x Ry x P,(RY) — R? @ RY.

Equation (1.8) is usually studied in two separate cases:

(1) The first case is where b(t,z,r, u) = b(t,x, ) and o(t,z,r,u) = o(t,x, p), i.e., there is
only distribution-dependence. Then (1.8) is commonly called (classical) McKean-Vlasov
SDEs and appears as the limit of various interacting particle systems in biology (see
e.g. [NPT10; MT14; Degl8]), mean-filed games (see e.g. [CD-+18; Carl9]), and data
science (see e.g. [MMN18; SS20; RV22]). This form of (1.8) has been extensively studied
in various aspects, including well-posedness (see e.g. [MV20; HW19; RZ21]), derivative
formulas (see e.g. [HW21; WC23]), long-time behavior (see e.g. [LM22; RW21; Ren23)),
and propagation of chaos (see e.g. [Lac23; Szn91; Ern22]).

(2) The second case is where b(t,z,r, u) = b(t,z,r) and o(t,z,r,n) = o(t,z,r), i.e., there is
only density-dependence. Examples of this form are Burgers’ equations [CP83; GK83;
OK85; Szn86] and (generalized) porous media equations [Ino91; Ben+96; BRR10; BRR11;
BR12; BCR13]. Recent works on this form include [BR18; BJ19; BR20; BR21a; BR21b;
BR23b; BR23a]. If ¢ is density-dependent, then the map r + r(co ") (¢, x,r) is usually
assumed to satisfy some monotonic condition. For Euler-Maruyama scheme in the special
case of constant-diffusion, we refer to [HRZ21; Hao23; WH23; SH24].

There appears to be a shortage of results about SDEs that contain both distribution- and
density-dependence. In this direction, we have found only four papers [Wan23; HRZ24; Zha22;
Le24]. This scarcity is the motivation for our paper. To our best knowledge, the current
paper is the first to study Euler-Maruyama scheme of an SDE that contains both distribution-
and density-dependent. While [HRZ21; Hao23; WH23; SH24] obtained convergence rate of
marginal density in L! norm, we obtain that in (stronger) weighted L! norm where the weight
is x — 14 |x|.

The paper is organized as follows. In Section 2, we recall definition of Wasserstein space and
heat kernel estimates; prove some crude estimates about the scheme; and establish Duhamel
representation of marginal density. We prove our results in Section 3, Section 4, and Section 5,
respectively.

We recall two notions of a solution of (1.1):
Definition 1.4.

(1) A strong solution to (1.1) is a continuous R%valued F-adapted process (X;,t € [0,7]) on
(Q, A, P) such that for each t € [0,7]: the distribution of X; is y; € P,(R?) and admits
a density ¢;; and

t
Xt:Xo—l—/ b(s, Xo, £s(Xs), 1) ds + B, P-as. (1.9)
0

(2) A weak solution to (1.1) is a continuous R%valued process (X;,t € [0,T]) on some
probability space (€2, A,P) where there exist some d-dimensional Brownian motion
(B, t > 0) and some admissible filtration F := (F;, ¢ > 0) such that (X, ¢t € [0,7]) is
F-adapted, its marginal distribution admits a density, and (1.9) holds.

(3) Equation (1.1) has strong uniqueness if any two strong solutions on a given probability
space (2, A, P) for a given Brownian motion and a given admissible filtration coincide
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P-a.s. on the path space C([0,7];R?). Equation (1.1) has weak uniqueness if any weak
solution induces the same distribution on C([0, T]; R%).

Throughout the paper, we use the following conventions:

(1) We denote by V, V2, A the gradient, the Hessian and the Laplacian with respect to (w.r.t)

the spatial variable. We denote by 0; (or 0s) the derivative w.r.t time. For o € (0, 1]
and a function f:R? = R, let [f], == SUp, 2y, % be the a-Hoélder constant of f.

For a € (0,1), let C(RY) be the Holder space of functions f : R? — R with the norm
HfHle“ = [|flloo + [fla-

(2) Let LO(R?) be the space of real-valued measurable functions on R% Let LY (R?) be
the subset of L°(R?) that consists of non-negative functions. Let L)(R?) be the subset
of LO(R%) that consists of bounded functions. We denote by I; the identity matrix in
R? @ R?. We denote by [r] the smallest integer greater than or equal to r € R.

(3) For brevity, we write oo for +00. Let N be the set of strictly positive natural numbers.
Let Ry == {# € R : 2 > 0}. For natural numbers m,n with m < n, we denote
[m,n] == {m,m+1,...,n}. We denote by B(R?) the Borel o-algebra on RY. Let P(R%)
be the space of Borel probability measures on R¢. We denote by M)p(0) the p-th moment
of o € P(RY), i.e.,

Myfo) = [l do(a).

2. PRELIMINARIES

2.1. Wasserstein space (P,(R%),W,). Let u,v € P(R?). The set of transport plans (or
couplings) between p and v is defined by

D(p,v) ={o€ PRI xR : p = ﬂ'ﬁlg and v = ﬂ'gg}.

Above, 7' is the projection of R x R? onto its i-th coordinate, and wég € fP(]Rd) is the push-
forward measure of ¢ through 7 | i.e., {ﬂ'ég}(A) = o({n"}~1(A)) for all A € B(R?). For
v € Py(RY), we define

1/p
Woln)= it L[ laaldotan}

o€l (v

By [Vil09, Theorem 6.18], (P,(R?), W,,) is a Polish space. For more information about Wasserstein
space, we refer to [Vil03; Vil09; AG13; Sanlb; FG21; ABS21; Mag23].

2.2. The scheme is well-defined. First, we recall the freezing lemma. For the sake of
completeness, we include its proof in the Appendix.

Lemma 2.1. Let (2, A,P) be a probability space and D, G independent sub-o-algebras of A. Let
(E,E&) be a measurable space and Y : Q — E measurable w.r.t D. Assume that ¢ : E x Q — RY
is measurable w.r.t €@ G and that p(Y,-) is integrable.

(1) Let N .= {x € E : ¢(z,-) not integrable}. Let p be the distribution of Y on (E,E). Then
N € & and u(N) = 0.

(2) We define ® : E — R? by ®(y) :== 0 for y € N and ®(y) = E[p(y,-)] fory € E\ N.
Then ® is measurable and E[p(Y,-)|D] = ®(Y).
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We define " : [0, T] x R? — R by
bn(t7$> = b(tvxaeztn (':U)7/"(‘¢tn)]‘(5n,T](t)' (21)

Then X™ satisfies the SDE
dX7 = b"(t, XJ) dt + V2dB. (2.2)

Second, we verify that (1.2) is well-defined.

Lemma 2.2. Let (A) hold. Then each X[ in (1.2) has distribution u} € Pp(RY) and admits a
density.

Proof. We fix t € (tg, tg+1] for some k € [0,n — 1]. By induction argument, we assume WLOG
that the statement holds for ;. We have

t
X=X+ [ b"(s,X;")ds + V2(B;, — By,).
123

It follows from M, (uf ) + [|b"]|ec < 00 that Mp(puf') < co. It remains to prove that X;* admits
a density. Let ¥} be the o-algebra generated by (Bs — Byt <7 < s < t). Let ¥? be the
o-algebra generated by Xj, . We define Iy : R? x Q0 — R? by

t
Fy(z,")=x+ [ b"(s,x)ds +V2(B, — By,).

22

Because b" is bounded, F} is well-defined and measurable w.r.t B(RY)®X]. First, X = F(X3 ).
Second, Fy(z,-) has a non-degenerate normal distribution. We fix a Lebesgue-null set A € B(R?).
We need to prove P[XJ* € A] = 0. We define F; : R — R? by Fy(z) := P[F;(z,-) € A]. Then
F; = 0. Because F is admissible, ¥} is independent of ¥?. We have

PIX;" € A] =P[F(X},,) € 4]
= E[P[F(X},-) € AI%]]
= E[Ft(XZZ)] by Lemma 2.1
=0.
This completes the proof. |

2.3. Heat kernel estimates. We consider the standard Gaussian heat kernel defined for all

t >0 and z € R? by
1 xp)
pe(x) = exp | ———]-
(4t)? ( 4

Then

The following estimates are classical. See e.g. [HRZ21, Lemma 2.1] for their proofs.

Lemma 2.3. (1) There exists a constant ¢ > 0 (depending on d) such that for allt > 0 and
z,y € R%:

Vpi(z)| < et 2py(a). (2.5)
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(2) For a € (0,1), there exists a constant ¢ > 0 (depending on d,T,«) such that for all
0<t<T;z,y€R¥andic{0,1}:
-

Vipi(x) = Vip(y)] < clz — y|“t™ 2 {par(x) + par(y)}- (2.6)

(3) For a € (0,1), there exists a constant ¢ > 0 (depending on d,T,a) such that for all
0<s<t<T;zeR?andic{0,1}:
; i a o ita _ita
IVipi(x) — Vipo(x)] < cft — |2 {t 2 pos(x) + 57 pas()}. (2.7)
The associated semigroup (P, > 0) is defined for all € R? and f € LY (R?) U L)(R?) by

Pif(@)= [ mile =) @) dy.
Finally, we prove some crude estimates.

Lemma 2.4. Let (A) hold. Lett € (ty,txy1] for some k € [0,n — 1]. There exists a constant
¢ > 1 (depending on ©1) such that for every ¢ € L (R? x R?) U LY(R? x RY):

t

Bl X)) = [ el @pn (v -y+ [(Blsn)ds)dedy (28)
RaxR4 e

< C/Rded e(z, Y, (22—, (x — y) dz dy, (2.9)

168 lloo < cll€F [|oo- (2.10)

Proof. Let X}, %2 and F; be defined as in the proof of Lemma 2.2. We have
Elp(Xiy, X{)] = Elp(Xy,, Fi( Xy, )]
= E[Elp(X7, , Fi(X{,, )2 (2.11)
We define F; : R — R? by Fy(z) = E[p(x, Fi(x,-))]. Notice that F,(z,-) has a normal
distribution with mean z + fttk b"(s,x)ds and covariance matrix 2¢tl;. Consequently, the density

of Fy(z,-) is y — pr—t, (r —y+ fttk b"(s,x)ds). There exists a constant ¢; > 1 (depending on O;)
such that

Ey(z) = /Rd o(x, y)pi—t, (x —y+ tb”(& x) ds) dy (2.12)

tg

<o [ P ypag-(@—y)dy by (24) and (A1), (2.13)

WLOG, we assume ¢ € L)(R? x R?). Then
Elp(Xt,, X{')] = E[ﬁ’t(XZ;)] by (2.11) and Lemma 2.1

= [ 4, (z)Fy(x) dz (2.14)
Rd
<o [ elw ) @ oo -y)dedy by (213, (2.15)
RIxRd

Thus (2.9) follows. Clearly, (2.12) and (2.14) imply (2.8). The case ¢ € L% (R? x R?) follows
from a truncated argument and monotone convergence theorem. For every f € Li{ (Rd),

ESXD e [ F@@paen(e—y)dedy by (2.15)

<allille [ H@Pa (e - ) dedy
6



= cilllillooll f1l 1

By duality, ||€}'||oc < c1]|¢f, [|oo- This completes the proof. [ |
2.4. Duhamel representation.

Lemma 2.5. Let (A) hold. It holds for every x € R that

(@) = P + [ B (s, X1, Vpioo(X7 — )]s, (2.16)
t(x) = Pty (z) + /OtIEKb(s,XS,ES(XS),us), Vpis(X, — 2))] ds. (2.17)

Proof. Let’s prove (2.16). We fix ¢t € (0,7] and f € C>°(R%). We define
g: [Oat] X Rd - Ra (87y) = (Pt—sf)(y)
Then (05 + A)g = 0. We have
dg(s, Xg') = (b"(s, X7n), Vg(s, X)) ds by Ité’s lemma
+ (0s + A)g(s, X7) ds + dMj
= (0" (s, X/n), Vg(s, XJ')) ds + dMs.

Above, My = 0 and dM, = {Vg(s, X?)} T dBs. Then
t
FXT) = 90, Xo) + [ (07(5, X30). ). V(s X2)) s+ M.

To apply Fubini’s theorem, we next verify sup,cjo 71 [IVg(s; -)|loo < 00. It suffices to prove that

the Lipschitz constant of g(s, ) is bounded uniformly in time. We consider the Gaussian process
governed by the SDE
dYy, = v2dB;, te[s, T],Y, =

» s,
‘We have

l9(s, ) — g(s,y)| = [E[f (V)] = E[f (Y]
< |’Vf"ooE[‘Y;zt - YsytH
< |Vl =yl

Above, the constant ¢; > 0 is given by [HW22, Theorem 1.1(2)]. By Fubini’s theorem,

[, 7)) dr = Elg(0, X0) + [ B0 (5, X5, V(s X1)] ds
R 0
=1 + Is.

By Leibniz integral rule,

Vy(s,y) =Vy /det_s(y —z)f(x)dx = /]Rd Vpi—s(y — x) f(z) da.

We have
= [ LW{PS ) dy

— [ 1@ ([ p -2t dy) as
= [ J@{Pit} @) e,

7



L= /IE [(b" (s, X7 / F(2)Vpe_s (X — &) da)] ds
/ E[(b" (s, XT0n), Vpi—s(X{ — x))] ds dz.
Then (2.16) follows. The proof of (2.17) is a straightforward modification of above reasoning. W

For brevity, we adopt the following notation in the remaining of the paper:

(1) We write M; < My if there exists a constant ¢ > 0 (depending on O;) such that
M1 S CMQ.

(2) We write M; < My if there exists a constant ¢ > 0 (depending on O;,v) such that
M1 S CMQ.

3. STABILITY ESTIMATES OF THE SCHEME

This section is devoted to the proof of Theorem 1.1. We utilize techniques from [Wan23; HRZ21].
By (1.2),

_xn— /b"rX” )dr + V2(B; — By).

Then
E[| X — XTP] < (t — s)P + E[|Bi_y[P] < (t — 5)5.

Thus (1.5) follows.

3.1. Bound supremum norm of marginal density. By Lemma 2.5 and (A1), there exists a
constant ¢; > 0 (depending on ©;) such that

0 (x)

IA

t
[60lloe + 1 [ E[Vp-(X7 = )] ds

t
HEVHOO—i-Cl/O B, ds. (3.1)

Step 1: We are going to prove the existence of m € [1,n] such that 7 depends only on ©

and that [|€} [[oc < 2(|fy]|oo for every k € [0,m]. The idea is to pick m such that the following

induction argument is valid. We fix k& € [1,m] and assume that ||} ||c < 2|4, || for every
€ [0,k —1]. Let s € (t;,ti+1) for some i € [0,k — 1]. We have

ES [ el —2)Tp—olo — 2] dydz by (2:9)
R4 xR4

~ \/ﬁ/&ded ti pz(s t)( — 2)pt,—s(x — z)dydz by (2.5)

N \/tkTS RdXRd 1 p2(s t; )( - Z)pQ(tk—s) (:E - Z) dz dy by (23)

—y)dy by Chapman—Kolmogorov equation

/71%5/11@ t; thk t)(
= 28

T Vit — s

By (3.1) and (3.2), there exists a constant co > 0 (depending on ©1) such that

5,(0) < 1611 +/ W]
— oo (1 + 26162V,

8
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It suffices to choose m such that

1
creaV/ty < 3

(3.3)

Clearly, there exists a constant c3 € (0,1) (depending on ©1) such that if ™ < c3 then (3.3)

holds.

Step 2: Repeating Step 1 at most [1/c3] times, we have [|ff [[oc < 211/¢31||0, || o for every

k€ [0,n].

Step 3: By (2.10), there exists a constant c4 > 1 (depending on ©1) such that if ¢t € (5, tx4+1)

then [|7]loo < 4]} |oo. Thus

sup 147 [loo < a2/ N|£, |-
te[0,T]

3.2. Holder continuity in space. We fix z,2’ € R?. By Lemma 2.5 and (A1),
|6} () = 6 ()| S | Puby () — Pely ()]

t
+ /0 E[|Vpi_s(XI —x) — Vpp_s (XTI — 2')|] ds
t
=1 —l—/ 15 (s) ds.
0
We consider the Gaussian process governed by the SDE
dY;® = v2dB;, te[0,T),YF =z

By [HW22, Theorem 1.1(2)],

E[ sup |V = Y| S |o —a/l.
te[0,7)

On the other hand,
I = [B[6, (V")) - E[6, (V)]

< [GJaE(Y = Y|
< [)(E]YE =Y ) by Jensen’s inequality
S [olalz —2'|* by (3.6).

Next we bound I7(s). We have

n —1ite e n n
I3(s) S s 2 |o = 2| "Blpag—s) (X§ — 7) + pag—s) (XT = 2")] by (2.6)

_14a

=5 2 |z /Rd CH W Page—s) (Y — @) + pag—s)(y — )} dy
S WVHOOS_HTQ‘SU - wl‘a by (3.4).

By (3.5), (3.7) and (3.8),
|6} () — 67 ()]

| — 2’|

t «
< [0 + 1]l / s~ ds
0

Slllcg because a € (0,1).

Then (3.4) and (3.9) imply (1.3).

(3.4)

(3.6)

(3.7)



3.3. Holder continuity in time. We fix zt e R? and 0 < s <t < T.

Step 1: we will prove (1.4). By Lemma 2.5,

£3@) = R + [ B0 X8), Voo (X2 — )],

s (3.10)
0M(z) = Pyl (z) + /0 E[(b" (r, X2 ), Vps—r (X[ — x))] dr.
By (3.10) and (A1),
|07 (x) — £5(@)| S |Pely(x) — Psly()]
+ [ EI9pr (X = 2) = Vpu s (X7 = 2) | dr
+ /:EHth_r(Xf —2)|dr
= I (z) + I3 (z) + I3 (x). (3.11)
It holds for every ¢ € {0,1} that
viptfr(y - :L‘) - vipsfr(y - :L‘)
- v; /]R{d ps—r(y - Z)pt—s(z - $) dz — vips—r(y - x)
=V [ perly = 2pese = 2) e =V [ ey = )pia(z — @) d
— [ ATy = 2) = Vipaesy = )iz~ ) d (3.12)
First,
hie) =| [ ) oty - 2) - puly — )} dy]
| [ L ety - 2) =y - 0 dyfpreac - 22| by 312)
< /Rd /Rd Ly(y{ps(y — 2) — ps(y — @)} dy|pr—s(2 — 2) dz
= [ pHety+2) — b+ )b dyfpa( — o) d
< /Rd |z — 2|%ps_s(z — ) dz  because £, € C{(RY)
<(t—s)t. (3.13)
Second,

B@) = ["E[| [ (07 = 2) = Vo7 =)~ ) ]| by (312)

< /0 /R CE[[Vpeer (X~ 2) — Vpaer (X7 — 2)[pres(z — @) dzdr
S /0 (s—r) 2 /Rd 2 — 2| “E[pa(s—p) (X] — 2)]pt—s(z — x) dzdr by (2.6)

 [=n% [ = alElpae (X7 = )lpeea(z = 2) dedr

= I3y () + By(a).
10



‘We have

n s —lta agm
Bi@) = [=n"% [ =l G pien(y = Dpies(z — ) dydedr

s _lta a
< [s=nT [ el iy - Dpeslz - 2)dydzdr by (3.4)
R4 xRd

s 14+«
= /0 (s—r)" "z |z—x\°‘p4(t,s)(z —z)dzdr

R4
(7 s «
<(t-s)% [ (s—r) " dr.
0
Similarly,
@ s 1+a
) < (t =% [(s=r) % ar
0

Third,

I§<x>=/t/ )1V (y — )] dy

Y)pi—r(y — ) dydr by (2.5)

A

y—x)dydr by (3.4)

:/s\/tf,Sﬁ (t-5)%.

By (3.13), (3.14), (3.15) and (3.17),

w?<x>—ez<x>|<<t—8>%‘[1+ sup (s =)
s€[0,T] /0

<(t—s)2 because a € (0,1).

This implies (1.4).
Step 2: we will prove (1.6). We have

< [ tWlnt—2) —ply—2)|dy

Slt=slf [ Gt tpulv—a) +s Fpaly—a)}dy by 2.7

«@

S-9%7F [ L@ruly - o)+ paly - ) dy

Then
/ (1 + |2) L1 (x) da
Rd

11

s _lta
S [s=nF [ el - o (e~ 2)dydzdr by (2.3

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)



‘We have

Then

We have

e

2 pan)(Xy —x) by (2.7)

o S
B Sl-sl% [ Blt-)
0
1+a
+ (5= 1) 2 pageny (XI — )] dr

(o3

- S
<jt—s|3 /0 (s — 1) 2 Elpag_py (X7 — x)] dr.

[0+ )5 o

Rd

Sle=slf [ (5= 0 FE[ [ @+ [oPipa (X7 2)do|ar
0 R

@ s 14+«
<jt—ss / (s — 1)~ B2E[1 + | X7P] dr
0

<yt—s\%/ (s—r) S dr by (1.5)
0

because «a € (0,1). (3.19)

/: tl_r /Rd eﬁ(y)[/Rd(lJr 2 P)pt—r(y — ) dx] dydr by (3.16)

u\
&
<
L=
-
| —

/Rd(l + 1y () dy} dr

(3.20)

We have (3.11) together with (3.18), (3.19) and (3.20) implies (1.6).

Step 3: we will prove (1.7). We assume, in addition, that [ga(1+ |z|P)\/¢,(x)dz < C holds. Let
Y be a random variable whose density is p;. Then

Ii(z) = [E[l,(z + V1Y) — L, (z + /sY)]|

Thus

AN

< E[{|t,(z + VIY) — €, (z + /5Y)[2} 2]
SE[(VE=Va)Y[E x £y (z + VEY) — Lz + V5Y)[2] because 4, € Cff(R)
S (- 3)%EHY‘%{|@($ + \/EY)]% + 6, (x + \/gy)ﬁ}]

/Rdu +|2P) I (2) de

< (= 9TEIVIE [ 0+ DI+ VY[ + 1+ VYl da)

=R

(t =) E[\Y\%/Rd(lﬂx\pﬂwp) 0, (x) ]
(t =) SE[Y]Z (1 + |Y]7)]
(t—s)%.

IN[-JEN[e}

(3.21)
12



We have (3.11) together with (3.21), (3.19) and (3.20) implies (1.7). This completes the proof.
4. EXISTENCE OF A WEAK SOLUTION
This section is dedicated to the proof of Theorem 1.2.

4.1. Convergence of marginal densities. By (1.2) and (A1),
SUp S Myt (i) S 1+ Mysa(v). (4.1)
neNte[0,T

We denote B, = R?\ B(0, R) for every R > 0. Then we have a uniform control of tail moment:

sup sup [ Jol? duf(2)
By

neNt€[0,T]
1
< —sup sup / |z|PT duf(x) by Markov’s inequality
R neNtefo,1] /RE
< 1+ Mpia(v) by (4.1)
R
1
< —= by (A2). 4.2
by (A2) (12)
Similarly,
1
sup sup i (B) < (4.3)
neN¢€[0,T

By Theorem 1.1 and Arzela—Ascoli theorem, there exist a sub-sequence (also denoted by (¢") for
simplicity) and a continuous function ¢ : [0, 7] x RY — R, such that

lim sup sup |6 (z)—Ll(z)]=0 for R>0. (4.4)
" t€[0,T] z€B(0,R)
Above, by == ((t,-). Clearly, ¢o = ¢, and

Sup 1eelleg < llevllog

)

10y — lslloo < [t — 5|2 for s,tel0,T)].

Using above estimates together with the same reasoning as in [Le24, Section 4.2], we get that ¢,
is a density whose induced distribution p; € P,(RY); and that

limsup sup W (', pe) =0, (4.5)
n o te€l0,T)
1
Wt ps) S 1t — 8|2, (4.6)
1
sup / 2P dpe(x) <
tef0,7) /B¢, R
1
sup (i (Bg) = = for R >0. (4.7)

te[0,7)

4.2. Existence of a weak solution. We fix (f,g) € C>(0,T) x C>*(R%). We apply Ito’s
lemma to (2.2) and the map (¢t,z) — f(t)g(z). Then

E[/t f(s)g(X)ds] = — E[/t<f(s)Vg(Xg),b"(s,X%)}ds] (4.8)
0 0 .
~E[ [ (:)Ag(X2)ds].

13



Let

- / Y), b (s, x)>ezn (2) by (2.8)
AR d s
X Pg—rn <x —y+ / by () dr> dz dy.

By (4.8) and Fubini’s theorem,

[ r@neas==- [ e as- [ e

hmIl( )—/ g(z)l(s, x) dz,

hm I3 (s / Ag(x

By (4.5),

(4.9)

(4.10)

(4.11)

Next we consider 13(s). It holds for n large enough that supp f C (e,,7"). WLOG, we assume
s € (en,T) and thus b"(s,z) = b(s,z, (7n (), pifn). For every x € R?, we define ™% € P(R?),

77'"

h"(z) € R and I(s) € R by
dv"™*(y) = ps—rp (x—y+/ (r x)dr> dy,
W(@) = [ (Tgl),bls., 0 (@), i) ()
/ 05 2),b(s, 2, £s(x), 1)) da.

/ |z —y| dv™"(y) = / [Y|ps—rn (y +/ b" (r, ) dr) dy,
Rd Rd Tsn

SW/s—710 by (Al) and (2.4),

Then

/ ¢ (@)h™(x)dz by (4.9), (4.12) and (4.13).

WLOG, we assume ||f|loo + IV9lloo + Hvzg||OO < 1. By (4.14) and (4.16),

115 (s) = Ia(s)| S / €7 ()| x [(Vg(2), b(s, z, s(2), ps))| d

+/ (@)W () — (Vg(@), b(s, @, £y(2), )| dz.

First,
17 (z) = (Vg(a). bls, 2. ts(). 1))
< [ Vo) = Vy(@) v (y) by (4.13)
* |b<s,a:,e¢g< ) s = bl (), )|

S [l = vl dv™ () + 162 (@) = () |+ Wyl ) by (A3)
14

(4.12)

(4.13)

(4.14)

(4.15)
(4.16)

(4.17)



S VETE 10 (2) — (@) + Wil ) by (4.15). (418)
Let S := suppg. Then S is compact. By (4.17) and (4.18),
15(5) = L) S [ 168 (@) = bs@)] do+ 5 =77 (4.19)

+ [ @)1 @) — ) o+ Wy )

By (1.4) and (4.4), it holds for every R > 0 that

lim sup [0 (x) —ls(x)| = 0. (4.20)
" zeB(O,R) °
By (1.5) and (4.5),
lim W, (1, 1) = 0. (421)

We have
limsup |15 (s) — Ia(s)]
n

< limsup / O (@)]0 () — Le(x) dw by (4.19), (4.20) and (4.21)
n Rd ¢ 8

< limsup/d |02 (2) — ls(x)|dz Dby (1.3)
n R s

< limsup/ |02 (x) — Ls(z)| da + limsup/ |02 (x) — ls(x)| da
B(O,R) ° n s

c
n BR

=: limsup I} (s, R) + limsup I}5(s, R) for every R > 0.
n n

By (4.20), lim sup,, I, (s, R) = 0. By (4.3) and (4.7), limsup,, I}4(s, R) < %. Then limsup,, |I3'(s)—
Ir(s)| < % and thus lim,, I3 (s) = I2(s). This together with (4.10), (4.11) and dominated conver-
gence theorem implies

t t
| L #@g@isa)deds = = [ | 5(5)(Vgl).bls, 2,005, ), 1) (s,2)) da ds
0o JrR 0o JR
t
- / f(s)Ag(z)l(s,z)dzds.
0 JRd
Hence /¢ satisfies the following Fokker-Planck PDE in distributional sense

d
Ol(t,x) = = 0p {b (L, 2, £(t, ), o) 0(t, )} + AL(L, ).
i=1
Clearly,
(1) (t,z) — b(t,x, l(t,x), put) is measurable with

(2) [0,T] = Pp(RY), t + py is continuous by (4.6).

We apply superposition principle as in [BR20, Section 2] and get that (1.1) has a weak solution
whose marginal distribution is exactly (ut,t € [0,77]). This completes the proof.

5. RATE OF CONVERGENCE

This section is dedicated to the proof of Theorem 1.3.
15



5.1. Decomposition of error. For every (s, z) € [0,T] x R, we define

I (s, z) = E[(b" (s, stn), Vpi—s( X3 —2) — th,S(stn —2))],

13(s, 2) = E[(" (s, X7), Vpi—s (X7 — 2))] = E[(" (5, X{), Vs (X' = 2))],
I3(s,2) = 1, (S)E[(b(s, X, €00 (X)), i) — b(s, X UL (XE), i), Vpi—s (XS = 2))];
13(s,2) = Lo, ($)E[(b(s, X, €5(XS), 1), Ve (XS = 2))].

We also define the density-like function 77 : R4 — R by
() = R(e) + [ BB, X2, 00, i), Vo (KT = )] s,
By Lemma 2.5,
(BE) — ) = [{12065.2)+ T(s2) + 1 (5,2) — s, )} s
We define f, f : [0,T] = Ry by
1) = [0+ EPIGE) - b)) d=
Fo) = [0+ ) - b)) d=

By (1.5) and (4.6), f is bounded. Clearly,

ft) < f(t)+/0t/Rd(1+ 2T (s, 2)| + 12 (s, 2) [ + [I5'(s, 2) + [I4' (s, 2) [} dzds. - (5.1)

We have

111 (s, 2)| S El[Vpe—s (XS — 2) = Vprs(X7m — 2)[] by (A1)
1

1 [e%
T S 1V a0 0= ) F i =20} By (29)

N

B[ XS — X7 {paq—s) (X§ = 2) + Pag—s)(XTn — 2)}] by (2.6)

~
V)

AN

x 6:};1 (x)pZ(sffs”)(x - y) dz dy.
There exists a constant x > 0 (depending on ©1) such that

LA+ 1) i = 2) + pagg (@ = D} dz ST+ fal? + [y

@
2

|33 - y|ap2(s—7'5")(x - y) S (8 - Tg) pn(s—@")(l’ - y)

Then
JRCRAERIAGOIRE
R4

16



‘We have
115 (s, 2)| < /Rd (0" (s, @), Vpr—s(x — 2))| ¥ | (2) — €5 ()| dx

< 1<T1(8)/ Pros(z — 2)|0%(x) — £2(z) | dz by (2.1), (2.5) and (A1),
R4 °

Vi—s
Then
L+ 1Pl ) d
1(5n7T](8) P n n
Sl [ | [0+ - 2) dz] 1 @) - @) da
1 en,T (3) n n
< TGS [ ) (@) — ()
(s =) 21, 19(s)
< A T 1.
TV A
< (8 — Tg)%l(an,T](S) (5 3)
(s—en)2y/t—5 '
We have
113 (s, 2)| S E[[Vpe—s(Xg = 2)[{l[67n — Clloc + Wp(pin, i)} by (A3)
170 — €3 loo + Wi (1, 1)
g e L g, (XD - 2] by (25)
< (S_tTSZE[pt_S(XQ —z)] by Theorem 1.1.
— S
Then
/ (1 + 2P| T3 (s, 2)| d= < ME[/ (14 |2P)pe_s(XT — 2) d2
R4 Vt—s Rd
(s— )%
75}}2 1 X” P
(s —72)2
< ——=>— by (1.5). 5.4
EE by (5.4
By (Al) and (2.5),
1 s
1362 5 22l (x7 - )
Then
1
+ |z 1(8,2 zw’is 14|27 )pr—s —z)dz
1+ |2|P)| I} a4z < el g P)p—s (X — 2)d
R4 \/t— s R4
< L0elpyy 4 xpy
~ VJVt—s
1
S oe®) ), (5.5)



5.2. Bound weighted L! norm. As in [Le24, Section 5.1], we have

FOS 0+ oo+ M) [ (= 9)HFG) + 1) s
< [@ =936 + ) as (5.6)

By (5.1), (5.2), (5.3), (5.4), (5.5) and (5.6),

Because p=1and s — 7' <

s < - [{Am e el e g,

VEi—s (s—mM)2t—s (s—en)2E—5s
t 1 1
+ [ = )+ Ifs) s

SG-mi+ (T sy () + 1f(s)F ) ds.

1
n?

By Gronwall’s lemma,

This completes the proof.

ACKNOWLEDGMENT

Anh-Dung Le is grateful to Professor Sébastien Gadat for his generous PhD funding.

[ABS21]

[AG13]

[BCR13]

[Ben+96]

[BJ19]

[BR12]

[BR1§]

REFERENCES

Luigi Ambrosio, Elia Brué, and Daniele Semola. Lectures on optimal transport.
Springer, 2021.

Luigi Ambrosio and Nicola Gigli. “A User’s Guide to Optimal Transport”. In:
Modelling and Optimisation of Flows on Networks: Cetraro, Italy 2009, Editors:
Benedetto Piccoli, Michel Rascle. Berlin, Heidelberg: Springer Berlin Heidelberg,
2013, pp. 1-155.

Nadia Belaribi, Francois Cuvelier, and Francesco Russo. “Probabilistic and deter-
ministic algorithms for space multidimensional irregular porous media equation”. en.
In: Stochastic Partial Differential Equations: Analysis and Computations 1.1 (Mar.
2013), pp. 3-62.

Said Benachour et al. “Processus associés a I’équation des milieux poreux”. In: Annali
della Scuola Normale Superiore di Pisa-Classe di Scienze 23.4 (1996), pp. 793-832.
Mireille Bossy and Jean-Francois Jabir. “On the Wellposedness of Some McKean
Models with Moderated or Singular Diffusion Coefficient”. en. In: Frontiers in
Stochastic Analysis—BSDEs, SPDEs and their Applications. Ed. by Samuel N. Cohen
et al. Vol. 289. Series Title: Springer Proceedings in Mathematics & Statistics. Cham:
Springer International Publishing, 2019, pp. 43-87.

Nadia Belaribi and Francesco Russo. “Uniqueness for Fokker-Planck equations with
measurable coefficients and applications to the fast diffusion equation”. In: Electronic
Journal of Probability 17.none (Jan. 2012).

Viorel Barbu and Michael Rockner. “Probabilistic Representation for Solutions to
Nonlinear Fokker-Planck Equations”. In: SIAM Journal on Mathematical Analysis
50.4 (2018), pp. 4246-4260.

18



[BR20]

[BR21a]

[BR21b)]

[BR23a]

[BR23b)]

[BRR10]

[BRR11]

[Carl9]

[CD-+18]
[CP83]

[Degl8]

[Ern22]

[FG21]

[GK83]
[Hao23]

[HRZ21]

[HRZ24]

[HW19]

[HW21]

Viorel Barbu and Michael Rockner. “From nonlinear Fokker-Planck equations to
solutions of distribution dependent SDE”. In: The Annals of Probability 48.4 (2020),
pp- 1902-1920.

Viorel Barbu and Michael Rockner. “Solutions for nonlinear Fokker-Planck equa-
tions with measures as initial data and McKean-Vlasov equations”. In: Journal of
Functional Analysis 280.7 (2021), p. 108926.

Viorel Barbu and Michael Réckner. “Uniqueness for nonlinear Fokker-Planck equa-
tions and weak uniqueness for McKean-Vlasov SDEs”. In: Stochastics and Partial
Differential Equations: Analysis and Computations 9 (2021), pp. 702-713.

Viorel Barbu and Michael Rockner. “Uniqueness for nonlinear Fokker—Planck equa-
tions and for McKean—Vlasov SDEs: The degenerate case”. en. In: Journal of
Functional Analysis 285.4 (Aug. 2023), p. 109980.

Viorel Barbu and Michael Roeckner. “The evolution to equilibrium of solutions to
nonlinear Fokker-Planck equation”. en. In: Indiana University Mathematics Journal
72.1 (2023), pp. 89-131.

Philippe Blanchard, Michael Réckner, and Francesco Russo. “Probabilistic represen-
tation for solutions of an irregular porous media type equation”. In: The Annals of
Probability 38.5 (Sept. 2010).

Viorel Barbu, Michael Rockner, and Francesco Russo. “Probabilistic representation
for solutions of an irregular porous media type equation: the degenerate case”. en.
In: Probability Theory and Related Fields 151.1-2 (Oct. 2011), pp. 1-43.

Pierre Cardaliaguet. The master equation and the convergence problem in mean
field games. Annals of mathematics studies 201. Princeton, NJ: Princeton University
Press, 2019.

René Carmona, Francois Delarue, et al. Probabilistic theory of mean field games with
applications I-1I. Springer, 2018.

P. Calderoni and M. Pulvirenti. “Propagation of chaos for Burgers’ equation”. en.
In: Annales de I’I.H.P. Physique théorique 39.1 (1983), pp. 85-97.

Pierre Degond. “Mathematical models of collective dynamics and self-organization”.
In: Proceedings of the International Congress of Mathematicians: Rio de Janeiro
2018. World Scientific. 2018, pp. 3925-3946.

Xavier Erny. “Well-posedness and propagation of chaos for McKean—Vlasov equations
with jumps and locally Lipschitz coefficients”. en. In: Stochastic Processes and their
Applications 150 (Aug. 2022), pp. 192-214.

Alessio Figalli and Federico Glaudo. An invitation to optimal transport, Wasserstein
distances, and gradient flows. eng. EMS Textbooks in Mathematics. Berlin: EMS
Press, 2021.

E Gutkin and M Kac. “Propagation of chaos and the Burgers equation”. In: STAM
Journal on Applied Mathematics 43.4 (1983), pp. 971-980.

Zimo Hao. “McKean-Vlasov SDEs with singular drifts”. PhD thesis. Universitét
Bielefeld, 2023, 1051153 bytes.

Zimo Hao, Michael Rockner, and Xicheng Zhang. “Euler scheme for density dependent
stochastic differential equations”. In: Journal of Differential Equations 274 (2021),
pp- 996-1014.

Zimo Hao, Michael Rockner, and Xicheng Zhang. “Strong Convergence of Propagation
of Chaos for McKean—Vlasov SDEs with Singular Interactions”. en. In: STAM Journal
on Mathematical Analysis 56.2 (Apr. 2024), pp. 2661-2713.

Xing Huang and Feng-Yu Wang. “Distribution dependent SDEs with singular co-
efficients”. In: Stochastic Processes and their Applications 129.11 (2019), pp. 4747—
4770.

Xing Huang and Feng-Yu Wang. “Derivative estimates on distributions of McKean-
Vlasov SDEs”. In: Electronic Journal of Probability 26.none (Jan. 2021).

19



[HW?22)

[Ino91]

[Lac23]

[Le24]

[LM22]

[Mag23]

[MMN18]

[MT14]

[MV20]

[NPT10]

[OKS5]

[Ren23]

[RV22]

[RW21]
[RZ21]
[San15]

[SH24]

[$S20]

[Szn86|
[Szn91]

[Vil03]

Xing Huang and Feng-Yu Wang. “Singular McKean-Vlasov (reflecting) SDEs with
distribution dependent noise”. In: Journal of Mathematical Analysis and Applications
514.1 (2022), p. 126301.

Masaaki Inoue. “Derivation of a porous medium equation from many Markovian
particles and the propagation of chaos”. In: Hiroshima Mathematical Journal 21.1
(1991), pp. 85-110.

Daniel Lacker. “Hierarchies, entropy, and quantitative propagation of chaos for
mean field diffusions”. en. In: Probability and Mathematical Physics 4.2 (May 2023),
pp. 377-432.

Anh-Dung Le. Well-posedness of McKean-Viasov SDEs with density-dependent drift.
2024.

Zhenxin Liu and Jun Ma. “Existence, uniqueness and exponential ergodicity under
Lyapunov conditions for McKean-Vlasov SDEs with Markovian switching”. en. In:
Journal of Differential Equations 337 (Nov. 2022), pp. 138-167.

Francesco Maggi. Optimal Mass Transport on Euclidean Spaces. Cambridge University
Press, 2023.

Song Mei, Andrea Montanari, and Phan-Minh Nguyen. “A mean field view of the
landscape of two-layer neural networks”. In: Proceedings of the National Academy of
Sciences 115.33 (2018), E7665-E7671.

Adrian Muntean and Federico Toschi. Collective dynamics from bacteria to crowds:
an excursion through modeling, analysis and simulation. Vol. 553. Springer, 2014.
Yuliya Mishura and Alexander Veretennikov. “Existence and uniqueness theorems
for solutions of McKean—Vlasov stochastic equations”. In: Theory of Probability and
Mathematical Statistics 103 (2020), pp. 59-101.

Giovanni Naldi, Lorenzo Pareschi, and Giuseppe Toscani. Mathematical modeling of
collective behavior in socio-economic and life sciences. Springer Science & Business
Media, 2010.

Hirofumi Osada and Shinichi Kotani. “Propagation of chaos for the Burgers equation”.
In: Journal of the Mathematical Society of Japan 37.2 (1985), pp. 275-294.
Panpan Ren. “Singular McKean—Vlasov SDEs: Well-posedness, regularities and
Wang’s Harnack inequality”. en. In: Stochastic Processes and their Applications 156
(Feb. 2023), pp. 291-311.

Grant Rotskoff and Eric Vanden-Eijnden. “Trainability and accuracy of artificial
neural networks: An interacting particle system approach”. In: Communications on
Pure and Applied Mathematics 75.9 (2022), pp. 1889-1935.

Panpan Ren and Feng-Yu Wang. “Exponential convergence in entropy and Wasser-
stein for McKean—Vlasov SDEs”. en. In: Nonlinear Analysis 206 (May 2021), p. 112259.
Michael Rockner and Xicheng Zhang. “Well-posedness of distribution dependent
SDEs with singular drifts”. In: Bernoulli 27.2 (May 2021).

Filippo Santambrogio. “Optimal transport for applied mathematicians”. In: Birkduser,
NY 55.58-63 (2015), p. 94.

Ke Song and Zimo Hao. Convergence rate of the Euler-Maruyama scheme to density
dependent SDEs driven by a-stable additive noise. arXiv:2405.20840 [math]. May
2024.

Justin Sirignano and Konstantinos Spiliopoulos. “Mean field analysis of neural
networks: A law of large numbers”. In: STAM Journal on Applied Mathematics 80.2
(2020), pp. 725-752.

A. S. Sznitman. “A propagation of chaos result for Burgers’ equation”. en. In:
Probability Theory and Related Fields 71.4 (Dec. 1986), pp. 581-613.

Alain-Sol Sznitman. “Topics in propagation of chaos”. In: Ecole d’été de probabilités
de Saint-Flour XIX—1989 1464 (1991), pp. 165-251.

Cédric Villani. Topics in Optimal Transportation. Graduate studies in mathematics.
American Mathematical Society, 2003.

20



[Vil09]

Cédric Villani. Optimal transport: old and new. Vol. 338. Springer, 2009.

[Wan23]  Feng-Yu Wang. “Singular density dependent stochastic differential equations”. In:

[WC23]

[WH23]

[Zha22]

Journal of Differential Equations 361 (2023), pp. 562-589.

Feng-Yu Wang and Center for Applied Mathematics, Tianjin University, Tianjin
300072, China. “Derivative Formula for Singular McKean-Vlasov SDEs”. In: Com-
munications on Pure and Applied Analysis 22.6 (2023), pp. 1866-1898.

Mingyan Wu and Zimo Hao. “Well-posedness of density dependent SDE driven by a-
stable process with Holder drifts”. en. In: Stochastic Processes and their Applications
164 (Oct. 2023), pp. 416-442.

Xicheng Zhang. Second order McKean-Viasov SDFEs and kinetic Fokker-Planck-
Kolmogorov equations. arXiv:2109.01273 [math]. Jan. 2022.

APPENDIX

Proof of Lemma 2.1. WLOG, we assume d = 1 and ¢ is non-negative. The claims that N € £
and that ® is measurable follows from Tonelli theorem, measurability and non-negativity of .

(1)

Let v be the joint distribution of (Y,id) : (2, 4) — (F x Q,& ® G). Here id the identity
map on 2. Let Pg be the restriction of P to (€2,G). We have v = u ® Pg because it holds
for A € £ and B € G that

v(A x B) =P[(Y,id) € A x B|
PH{Y € A} n{id € B}]
=P[Y € A] x Plid € B] by independence of D, G
u(Y € A) x Pg[B].

Elle(Y,)|] = / lo(y,w)| dv(y,w) because @ is measurable w.r.t £ ® G
ExQ

:/E </Q]<p(y,w)]dIP’g(w)) du(y) by Tonelli theorem

— [ Ello(s. ) dutv). (57)

By integrability of ¢ (Y, ), it holds for u-a.e. y € E that E[|¢(y, -)|] < co. Thus u(N) = 0.
It remains to prove E[p(Y,-)|D] = ®(Y). First, we verify that ®(Y’) is integrable. Indeed,

~ [ 126l duty)
E

— [ Elp(. )l duty)

< [ Blely, ) dutw)

=E[l¢(Y, )H by (5.7)

< 00.

Let D € D. We need to prove E[p(Y,-)1p] = E[®(Y)1p]. WLOG, we assume P[D] > 0.

We define a probability measure P on (€2, A) by P[A] = Pﬁg?] for A € A. Let

E be the expectation w.r.t (Q, A, ]ﬂli’) Approximating with simple functions, we get

E[Z1p] =P[D] x E[Z] for Z € L' (9, A,P). So it suffices to prove E[p(Y, )] = E[@(Y)].

Let 1z be the distribution of Y on (F,£) under P. Let v be the joint distribution of
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(Y,id) : (2,4) = (B x Q,& ® G) under P. Let Pg be the restriction of P to (2, G). Let’s
prove that 7 = 1 ® Pg. Indeed, it holds for A € £ and B € G that
U(A x B) =P[(Y,id) € A x B]
=P[{Y € A} n{id € B}]
_ P[{Y € A} nD)n{id € B}]
- PLD]
_ P{Y € A}n D] x P[{id € B} N D]
(P[D])?
=P[Y € A] x P[id € B]
(Y € A) x Pg|B].

by independence of D, G under P

Ele(Y,")] = /EXQ o(y,w)dv(y,w) because ¢ is measurable w.r.t £ ® G

= </ o(y,w) d]?’g(m)) dzi(y) by Fubini’s theorem
E\Ja

by independence of D, G under P

Then E[p(Y, )] = Jp @) du(y) = E[®(Y)]. This completes the proof.
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