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I study a dynamic principal-agent relationship in which an
agent must exert costly effort to learn a privately observed bi-
nary state before taking an action. The principal wants to match
the action with the state, while the agent is biased toward one
action, generating both a moral hazard (effort choice) and an
adverse selection (action choice after learning the state) problem.
The principal disciplines the agent through verification (at a
cost), reduced workload and termination. We show reduced
workload is always a valuable instrument, even when the cost
of verification is small and the loss from shirking is large. By
promising a reduced workload in the future, the principal can
lower verification costs across multiple periods. For high biases,
verification and reduced workload are insufficient instruments,
and the principal must rely on firing along the equilibrium path.
The threat of future firing complements verification and saves
verification costs over time.
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1 Introduction

Delegation often places consequential choices in the hands of an expert who must
first create information at a cost. Monitoring this process is expensive; leaving it
unchecked is risky, especially when the expert has a stable tilt toward one decision.
I ask how a principal should govern a long-run relationship when preferences are
misaligned in both effort provision and decision-making.

Consider an immigration authority (the principal) and a visa officer (the agent)
responsible for evaluating applications. Each applicant either qualifies for a visa
under the relevant legal criteria or does not, but determining eligibility requires
the officer to exert costly effort by carefully reviewing the application, supporting
documents, and applicable rules. The officer may also harbor a persistent prejudice
against or affinity toward applicants of particular racial or national backgrounds,
which may lead either to the rejection of qualified applicants or to the acceptance
of unqualified applicants, regardless of the supporting evidence. The immigration
authority can audit application files and the officer’s written justifications to
determine whether the application was thoroughly reviewed and whether the
decision was consistent with the applicant’s true eligibility.

Specifically, I study a dynamic principal-agent relationship in which the agent
must exert costly effort to learn a binary state before taking an action. The agent
is biased toward one action, regardless of the state — so preferences are misaligned
in two dimensions: the agent dislikes exerting effort and favors one action over
the other. Wages are fixed, so the principal must manage the relationship using
three instruments: she can, at a cost, verify whether the agent has learned the
state (and what the state is), she can adjust the agent’s workload over time, and
she can terminate the relationship (thereby ceasing to pay the agent’s fixed wage).
My focus is on how the principal combines these tools to discipline the agent and
sustain good decisions over the long run.

I fully characterize the principal-preferred equilibrium. “Trust”—the probability
that the principal does not verify—grows whenever verification confirms that
the agent has complied[] When trust is low, the principal’s primary concern is
inducing the agent to exert effort. She therefore verifies both actions with positive
probability, since the agent’s low promised utility makes it attractive for him to
shirk and choose his less-preferred action. As trust increases, this deviation ceases
to be profitable, and the principal no longer needs to verify the less-preferred action.
She instead concentrates verification on the agent’s more-preferred action, shifting
her attention from effort provision to ensuring that the chosen action matches the
underlying state. The principal thus addresses the two sources of misalignment

If verification instead reveals noncompliance, the agent is fired; however, this never occurs
on the equilibrium path.



sequentially: first by securing effort and then by disciplining the agent’s action
choice.

In the long run, three results stand out. First, regardless of the cost of verification
or the magnitude of the agent’s bias, quasi-retirement is eventually used as an
incentive instrument. Second, when the agent’s bias is sufficiently large, an unveri-
fied sequence of his more-preferred actions may ultimately result in termination,
even though the agent has complied throughout. Third, commitment changes the
use of these instruments: without commitment, the principal may resort to firing
but never retires the agent, whereas with commitment, she always retires the agent
with positive probability.

Verification is a tool for disciplining the agent both to work and to match
the action to the state. When the principal learns that the agent either did
not work or failed to match the action to the state, she fires him. But what
happens if verification repeatedly confirms that the agent has complied? Should
the agent not be rewarded after several rounds in which he consistently demonstrates
compliance? When verification is an efficient tool, should the principal rely entirely
on it—disciplining the agent to always comply regardless of how many times he
has demonstrated his compliance?

Allowing the agent to shirk after some rounds of verification during which the
agent has always complied (worked, learned the state, and matched the action to
the state) is always beneficial for the principal. By promising a lighter workload in
the future, the principal can lower verification costs across multiple periods leading
up to the present. We refer to this phenomenon as snowballing. In each period in
which the agent is closer to being allowed to shirk, the principal can decrease the
intensity of verification further. The reason is that the threat of firing is relatively
stronger as the agent is closer to shirking; hence, the intensity can be decreased.
The accumulation of savings in verification costs over multiple periods always
dominates the loss from allowing the agent to shirk and potentially mismatching
the action. This holds regardless of how small the verification cost is and how
large the loss from shirking is. However, the number of rounds during which
verification must occur before the agent can shirk grows as the cost of verification
becomes smaller. In addition to generating the snowballing effect, quasi-retirement
eliminates the need for verification during periods in which the agent is deliberately
allowed not to work. Because the principal already expects the agent to shirk,
an audit would neither reveal a deviation nor provide useful information. The
principal therefore saves the cost of verification in those periods.

If the agent deviates by not exerting effort or by mismatching the action to the
state, the principal fires him after she detects the deviation through verification. But
could it ever be optimal to fire an agent who has always complied? Since termination
is ex post inefficient and eliminates all future surplus from the relationship, the



question is nontrivial. When verification is an efficient, low-cost instrument, might
the principal instead raise verification intensity rather than rely on equilibrium-path
firing? More generally, conditional on the agent not deviating, does verification
always dominate termination?

The agent is eventually fired when his bias is large relative to the cost of effort.
To explain the intuition behind this result, it is important first to understand
the verification strategy of the principal. Verification following the agent’s less-
preferred action serves only to deter him from repeatedly shirking and selecting his
less-preferred action. Once the agent’s promised utility is sufficiently high to make
this deviation unattractive, such verification is no longer necessary. When the
agent’s bias is large relative to the cost of effort, this condition is satisfied, and the
principal therefore does not verify after the agent chooses his less-preferred action.
When the agent’s promised utility is low, the principal induces him to match his
action to the state primarily by differentiating verification probabilities across
actions. Because verification affects incentives linearly, adjusting these probabilities
is more efficient than differentiating continuation utilities. Once the verification
probability following the less-preferred action reaches zero, however, the principal
can no longer strengthen incentives by further widening the difference between
verification probabilities. She therefore turns to the next available instrument:
differences in continuation utilities. Conditional on no verification, choosing the
less-preferred action raises the agent’s continuation utility and increases trust in the
next period, leading to less intensive future verification and moving the agent closer
to being allowed to shirk occasionally. By contrast, choosing the more-preferred
action lowers his continuation utility, leading to more intensive verification in
the next period and moving him closer to potential termination. After several
periods in which the agent chooses his more-preferred action and is not verified,
his continuation utility falls sufficiently far that he is ultimately fired.

When the cost of working is large relative to the bias, the relationship never
terminates. In this case, the principal must verify after both actions to ensure
that the agent works. However, verification after the agent’s preferred action
is always more intense because it increases the cost of mismatching the action.
Since verification after both actions is positive, the principal can flexibly adjust
their intensities to induce correct state—action matching after the agent learns the
state. Hence, she does not need to rely on differentiated continuation utilities.
This increased reliance on verification therefore substitutes for firing, and, as a
consequence, ensures that the agent is never fired.

Despite the fact that higher bias leads to the eventual termination of the
relationship, counterintuitively, the principal may benefit from it. When the bias
is large and the agent is allowed to shirk, he can choose his preferred action. In
this case, although the bias makes it harder to enforce action—state matching when



the agent works, it simultaneously increases the agent’s motivation to work and
to demonstrate that the state is the one he prefers. The benefit comes from two
sources: first, the agent’s reward from shirking and choosing the preferred action
becomes stronger, which allows the principal to sustain the agent’s effort over
a larger interval of promised utilities; and second, the principal’s concern about
shirking diminishes, and she can lower the intensity of verification.

Under no commitment, the principal resorts to firing when the agent’s bias is
large but never retires him—that is, she never allows him to shirk forever. In
contrast, if the principal could commit to her strategy, she would always retire the
agent with positive probability. Snowballing operates because allowing the agent
to shirk permanently reduces verification costs over multiple preceding periods.
Although both firing and retirement are ex post inefficient for the principal, firing
can arise in equilibrium without commitment, whereas retirement cannot. The
reason is that retirement is not sequentially rational: if the principal expects the
agent not to work, she prefers to fire him rather than retain him. Conversely, if
the agent expects the principal to fire him whenever he does not work, shirking
becomes optimal once continuation is no longer credible. Thus, at the planned date
of retirement, the principal reneges, preventing retirement from being sustained in
equilibrium.

On the technical side, the history of the game can be fully summarized by
the agent’s continuation utility. The upper boundary of the equilibrium payoff
set is self-generating in the sense of Abreu, Pearce, and Stacchetti (1990), which
allows us to formulate the principal’s problem as a recursive program subject to
incentive constraints. By introducing endogenous variables for verification, firing,
and working, we obtain a tractable formulation that highlights the distinct roles of
each instrument in sustaining equilibrium.

Roadmap. Section [2] situates the paper within the existing literature. Section
introduces the model and the equilibrium concept. Section [4] presents the main
results and builds intuition through a simple three-state automaton. Section
develops the recursive formulation, characterizes the upper boundary of equilibrium
payoffs, and states the three main theorems. Section provides interpretations
and extensions, including the roles of commitment and transfers.

2 Literature Review

Our paper contributes to two strands of the literature. The first strand is
dynamic monitoring. The work most closely related to ours is Bhaskar| (2024),
who studies long-term principal-agent relationships with both adverse selection
and moral hazard. The agent can work or shirk and has private types (high-



or low-cost of effort). The principal monitors effort, using transfers and firing
to provide incentives] Monitoring serves to screen out low types by inducing
shirking. The optimal self-enforcing contract has two phases: an initial screening
phase, where the first monitored action reveals the agent’s type, and a continuation
phase, in which only high types remain. This second phase resembles our evidence-
based structure. when the agent is unbiased: effort is exerted until seniority, and
monitoring intensity declines with the agent’s track record. Unlike Bhaskar| (2024)),
our agent has no persistent type but instead acquires private information about
the state through costly effort (covert information acquisition) [

Recent work on dynamic mechanism design incorporates various forms of en-
dogenous monitoring. Halac and Prat| (2016) and |Piskorski and Westerfield| (2016]),
as well as Orlov]| (2022), study endogenous arrival rates of Poisson signals (good
news in the former, bad news in the latter). [Fahim et al.| (2021)) and Zeng (2022)
allow the principal to choose the precision of Brownian monitoring. [Liu/ (2011))
and |Marinovic et al.| (2018) endogenize the number of past observations, while
Varas et al.| (2020)) focus on the timing of observations. Dai et al.| (2024)) study the
joint design of monitoring and compensation in a continuous-time moral hazard
model with transfers. The principal allocates limited monitoring capacity between
confirmatory and contradictory evidence of effort. Wong (2023) studies general
monitoring schemes under a fixed exogenous wage. He shows that the optimal
scheme is non-stationary, focusing on negative evidence of effort with increasing
precision but decreasing frequency over time. All of these papers focus on broader
aspects of monitoring design, but they do not address the role of bias or covert
information acquisition in a dynamic relationshipﬁ

Ball and Knoepfle (2023) study a continuous-time, long-term project in which
an agent privately chooses whether to work or shirk at every instant; work raises
the arrival rate of breakthroughs and lowers that of breakdowns. The principal
commits to repeated costly inspections that reveal evidence of past shirking and
trigger termination upon failure; predictable inspections are optimal for innovation
tasks, whereas random inspections are typically optimal for maintenance tasks.
In contrast, the current paper studies repeated action—state matching: the agent
exerts effort to learn a fresh state and then chooses a biased action, so verification
disciplines both information acquisition and action choice rather than effort alone.

2An earlier version of their paper also considers the case without transfers.

3There is a large literature on dynamic moral hazard, but these papers abstract from
endogenous monitoring; see, for instance, Ray| (2002), [Levin| (2003)), Board| (2011, Halac (2012]),
Nikolowal (2017)), [Fong] (2008]), and |Guo and Horner| (2021)).

4Solan and Zhaol| (2021) study a repeated inspection game between a principal and two agents.
In each period, the principal—who has commitment power—can inspect at most one agent, while
each agent decides whether to adhere or violate. They show that postponing rewards frees up
resources for verification.



Moreover, the principal can reward compliance with a lighter future workload,
thereby reducing verification over time—an instrument absent from Ball and
Knoepfle (2023).

The second strand is dynamic delegation. The closest paper in this literature is
Lipnowski and Ramos (2020), who study an infinite-horizon game where, in each
period, the principal decides whether to delegate a project adoption choice to the
agent. The state is binary and i.i.d. across time, while the agent’s preferences
are state-dependent but biased toward one action. They characterize the set of
equilibrium payoffs under fixed discounting and show that, unlike in dynamic
agency models with commitment, the agent’s autonomy diminishes over time
rather than being rewarded through backloading. |Li et al.| (2017) study a repeated
project-selection game in which, each period, a biased agent and an uninformed
principal jointly select a project and then simultaneously choose implementation
effort. The effort decision effectively grants the principal commitment power, as it
provides each player with a tool to unilaterally punish the other. Unlike our paper,
the principal does not have endogenous verification tool.

Li and Libgober| (2026) study dynamic delegated quality search: in each period,
a biased agent privately observes the quality of a newly arriving project without
exerting effort, while the principal can pay to verify before selecting at most one
project; verification declines toward an endogenous deadline but is backloaded when
sufficiently costly. In contrast, the current paper studies a repeated relationship
in which the agent must exert effort to learn the state and the principal seeks
action—state matching in every period, so verification may recur, whereas in their
model it is tied to the single selection and occurs at most once on path.

3 The Setup

A principal (she) aims to match an action with an unknown state. She employs an
agent (he) to learn the state and take an action. They interact repeatedly. Time
is discrete, and the horizon is infinite. In each period, t = 1,2, ..., the interaction
unfolds as follows.

Timing:

1. The principal chooses whether to fire (F') or retain (—F') the agent. Firing
ends the game.

2. The agent privately chooses to work (W) or shirk (=W). If the agent works,
he privately learns the state # and has access to a set of evidence information
S ={6,0}. If the agent does not work, then S = {()}. The state 6 € {L, R}



is i.i.d. across periods and the probability of 8 = L is p > 1/2E|
3. The agent publicly takes an action a € {L, R}.

4. The principal publicly verifies the evidence (V') or not (=V). If the principal
verifies, the agent discloses an element s € S[f]

Payoffs: If the agent’s action matches the state, the principal gets a flow payoft
of m > 0. Otherwise, she gets 0. If the agent is retained, the principal pays him
a per-period fixed wage w > 0. Verification costs cp > 0 to the principal and
working costs ¢4 > 0 to the agent. In addition, action R yields a flow benefit b > 0
to the agent. That is, the agent does not care about the state, and he is biased
toward action RE| Payoffs are not observed by either player.

Once the agent is fired, if ever, the game ends and both players get 0. Let
m(#,a) = mlig = 3. Both players share the same discount factor § € [0,1). There-
fore, if the agent is fired in period T' € N U {0, 400}, the principal’s payoff is

T-1

Z(St(’ff(et, at) —w — Cp]lv).

=0
Let u(L) = w and u(R) = w + b. The agent’s payoft is

T-1

Z 5 (u(a) — ealw).

t=0

To rule out trivial equilibria, we assume the interaction is mutually beneficial:
T > w > cga, ie., the agent’s value to the principal exceeds the wage, and
the wage covers the cost of working. We also assume the wage exceeds the
principal’s payoff when the agent always chooses the more likely state, i.e., w > pm.
Of course, interesting dynamics arise only if the agent is sufficiently patient:
2 (w+ (1 — p)b) > ca, meaning the present value of future benefits exceeds
today’s working cost.

Throughout, players condition their play on the outcome of a public randomiza-
tion device (prd). Denote the outcome of the prd regarding firing by fe € {F,-F'},
working by we € {W, =W}, action recommendation by a¢ € {L, R} and verification

SAllowing the agent to send a cheap talk message (e.g., reporting the state) before taking an
action does not alter our results.

SNote that information acquisition is modeled differently from the literature on costly state
verification. Here the principal cannot learn the state directly.

"It is without loss of generality to assume the verification technology allows the principal to
learn whether the agent worked and, if so, what he learned.

8In Section we discuss how the results change when the agent is biased toward a = L.



by ue € {V,=V}. This ensures that the equilibrium payoff set is convex and its
upper boundary is concave, a property that is used repeatedly.

Solution Concept: The solution concept we use is perfect public Bayesian
equilibrium (PPBE) H We focus on pure strategy equilibrium. Furthermore, we
focus on the principal-preferred equilibriumlﬂ that displays the following feature:
whenever the agent works, he matches the action with the state[]

Histories and Strategies: Let f € {F,=F}, w € {W,-W}, and v € {V, -V}
denote generic choices of firing, working, and verification. Let v be the outcome of
verification: if v =V, then v = s and if v = =V, then v = (). The set H! of public
histories h! of the form

1 T 1,1 1 1
h = <(f§awéaa§7a YU, U,V )7"') (fgtaw2>a27atavé7vt>yt)>a

corresponds to the public history of the game at the end of period tE

A firing strategy of the principal is a map from the set of histories of the form
(ht=1, fgt) to {F,—F'}, a verification strategy is a map from the set of histories of
the form (h'~', ff, w, af, a*, vg) to {V, =V}

A working strategy of the agent is a map from the set of histories of the form
(W1, fE wg) to {W, =W}, A strategy for the action of the agent is a map from
the set of histories of the form (A'™', ff,wg, S*, ag) to {L, R}. A strategy for
evidence disclosure of the agent is a map from the set of histories of the form
(W1, fE wg, S ag, vE, v') to s".

Solving for the principal’s preferred equilibrium calls for solving for the entire

9We follow Athey and Bagwell (2008): A PPBE is a Perfect Bayesian Equilibrium (PBE)
in which strategies depend on public histories and payoff-relevant variables private information,
that is, information that pertains only to the current round. Allowing for more general strategies
does not affect the set of equilibrium payoffs.

10The principal’s preferred equilibrium is the equilibrium that maximizes her ex ante payoff.
Without loss of generality, uniqueness should be understood in terms of the expected values of
equilibrium variables, since linearity may generate indeterminacy in the variables themselves.
For simplicity, whenever such indeterminacy arises, the specification is stated in terms of these
expectations.

HTn Appendix we show that it is without loss of generality to assume that whenever the
agent works, he matches the action to the state.

12For ease of notation we do not include the firing decision of the principal in the history of
the game since if f = F the game ends. Therefore in all histories we assume f = —F.

13Allowing the agent to send a message before taking an action does not alter our results.
Formally, a messaging strategy of the agent is a map from the set of histories of the form
(ht=1, féwg, SY) to {L, R}, where the public history is defined as

ht = ((fgl,wé,ml,aé,al,v§7vl,ul)7 ey (fg,wé,mt,ag,at,vgvt,yt))



upper boundary of the equilibrium payoff set. Hence, the characterization of other
equilibria (for instance, the agent-preferred equilibrium) follows as a by-product.

Figure 1: The upper boundary of the feasible payoff set.

Before analyzing the game, it is useful to characterize the set of feasible payoffs
without incentive constraints. Figure [1] illustrates the upper boundary of this
set, which exhibits several noteworthy features. On the upper boundary, the
principal does not use verification and there are four extreme points: (0,0): firing,
(w+(1; £ ()Sbfc*‘, T=2): the agent works and matches the action with the state, yielding
the highest feasible payoff for the principal, (%5, 55
and always takes action L, (42, %): the agent does not work and always
takes action R, yielding the highest feasible utility for the agentE

Note that the principal’s highest feasible payoff cannot be achieved in equilibrium,
as she does not verify, and the agent has no incentive to work and learn the state.

The minmax payoff vector is an equilibrium payoff vector: if the principal expects
that the agent does not work, she fires him. Conversely, if the agent expects that
the principal fires him, not working is optimal. Without loss of generality, in the

principal’s preferred equilibrium, we assume any observable deviation triggers the

W pT—w

): the agent does not work

minmax equilibrium.

Depending on parameters, (%5, Zf=5") might not appear on the upper boundary. It appears

on the upper boundary if and only if 1_T"2‘3_—Ap > b. Intuitively, this condition holds when the bias
is sufficiently small.

10



There is a range of parameters for which immediate firing is the unique equilib-
rium. To avoid trivialities, we assume throughout that equilibria involving strictly
positive payoffs exist. It will be clear from the explicit formulas what restriction
this entails on the parameters.

4 Three-State Automaton: lllustrating the Main
Results

To build intuition about the trade-offs involved, consider three-state automata
and assume for now that the principal has commitment power. We then show
how these automata can be adjusted to incorporate the principal’s incentives,
so that the three-state automata constitute equilibria of our game. While the
principal-preferred equilibrium does not belong to this class, it shares important
properties with the best equilibrium within that class.

The three states are the following. Firing (state F): The principal fires the
agent, both players receive zero payoff, and the game ends. Retiring (state R):
The agent never works, and the principal does not verify. Moreover, the agent
always chooses his favorite action, a = R. Matching (state M): The agent works,
learns the state, and matches the action with the state (complies).

Both F and R are absorbing states in which the players’ actions are fixed. Hence,
we focus on state M to determine (i) the probability of verification and (ii) the
transition probabilities from M to R and F, as functions of verification and the
agent’s action, in order to maximize the principal’s payoff while ensuring that the
agent complies[”]

Let v* denote the probability of verification after the agent takes action a, and let
u be the agent’s promised utility in state M. Rather than working with transition
probabilities, it is convenient to use continuation utilities. Denote the continuation
utility when action a is taken and verification occurs by u‘{/m and the continuation
utility when action a is taken and verification does not occur by uZVE]

In state M, the principal must account for two incentive constraints: 1) Com-

5 Transitions across states are implemented with the prd. Hence, the state is common
knowledge.

16 A5 discussed, it is without loss of generality to assume that, after verification, if s # 6, the
agent is fired. Therefore, for simplicity, u§, refers to the continuation utility in case the agent
provides evidence, i.e., s = 6.

17Continuation utilities below (above) u imply a transition to F (R) with positive probability.
Utilities are fixed at states 7 and R (0 and “*2). Hence, transition probabilities are given by
the ratio of the absolute difference between the current utility and the continuation utility to the
absolute difference between the current utility and the continuation utility (F or R).

11



plying must be optimal for the agent. Formally,
E [u(8) +v’6uf, + (1 —v*)ou? ] — ea > max{u(a) + (1 —v*)ou®,}.  (WM)

The left-hand side is the agent’s ex-ante utility if he complies. The right-hand
side is the utility of the agent from shirking and choosing action a. In this case,
the agent is fired after the verification and the continuation utility is zero. 2)
Conditional on working, the agent must prefer to match the action with the state.
Formally, for a,d’ € {L, R},

u(a) + v20ul 4+ (1 —v¥)ousy, > ula’) + (1 — v )ousy,. (M)

Denote the constraint in by (M-L) when a = L, and by (M-R) when o’ = R.

To understand how two distinct frictions—the temptation to shirk and mis-
matching the action to the state—shape the equilibrium structure, consider two
special cases in turn: an unbiased agent (b = 0) and an agent with zero cost of
effort (c4 = 0).

1) Unbiased agent. Assume b = 0. It is without loss of generality to assume 1)
v = vl = v and 2) if the agent works, then he matches the action with the state.
Intuitively, the agent does not have any incentive to mismatch the action after
learning the state, and so the principal has no reason to condition verification on
the chosen action. Therefore is slack and the only binding incentive constraint
is .

Four observations are in order. First, the agent’s utility from shirking and
choosing L must be the same as his utility from shirking and choosing R. The
principal’s payoff as a function of the agent’s utility is concave. If shirking and
choosing a is worse than shirking and choosing a’, a mean-preserving contraction
in ug, (verification) and u®,, (no verification) benefits the principal['¥| Hence (WM)
simplifies to

Eo [veéu% > cy.

Second, the continuation utilities after verification must be equal, i.e., uy = ul; =
ull. A mean-preserving contraction of uff and uf does not affect (WM]). Therefore
the continuation utilities in the case of verification must be identical. Intuitively,
when the agent provides evidence after verification, rewards or punishments are
independent of the agent’s actions.

18Note that if u% = u®,, then a mean-preserving contraction between continuation utilities
cannot be implemented. However, she can reduce the cost of verification by decreasing the
probability of verification v?, provided that v® # 0. If v* = 0, the agent would (weakly) prefer to
deviate.

12



Third, when is slack, distorting u%,, or uf%, is not beneficial, i.e., uly, =
uf, = u. The continuation utilities in the case of no verification, u%,, do not appear
in the incentive constraints. Thus, spreading them away from the initial utility «
in state M does not help the principal. Hence, in the absence of verification, the
state remains in M.

Fourth, when is slack, must bind, i.e., vouy = cy. Otherwise, reduce
slightly the probability of verification. Therefore, the probability of verification and
the continuation utility in the case of verification serve as substitutes for providing
incentives: reducing one requires increasing the other.

These four observations extend to the principal’s preferred equilibrium for the
main model, without the assumption of the principal’s commitment and the focus
on three-state automata.

When the agent is unbiased, the above results, along with the agent’s promise-
keeping, pin down v and uVE We are left with solving for the optimal value of u
in state M. It is easy to show that wy > w. Intuitively, if verification occurs and
the agent has complied, then she does not expose the agent to firing. When the
only binding constraint is , the agent is not fired on the equilibrium path.

Figure 2: When verification does not occur, the state remains unchanged. If verification
occurs and the agent provides evidence, the state transitions to R with proba-
bility p = (uy —u)/ (11‘%? —u). If, after verification, the agent does not provide
evidence (s # 0), the state transitions to F (dashed arrow).

To sum up, there are only two candidates for the optimal three-state automaton.
If the verification cost is small (cp < ¢p), the state always remains at M, i.e.,

YFormally, u = E [u(6) +v/6uf, + (1 —v?)6u’ ;] — ca. Therefore v = % and, uy =
caAlu

cA
v~ wHdu—u-”
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uy = um In this case, the agent is neither fired nor retired (since, as noted earlier,
uly, = uf, = uy = u). If instead, cp > ¢p, the state transitions from M to R
with positive probability, i.e., uy > w. This result is intuitive: when cp is small,
the principal prefers to verify more often and never retire the agent, rather than to
reduce the probability of verification and retire the agent with positive probability.
Figure 2| depicts the three-state automaton for the unbiased agent.

For sufficiently low verification costs, the principal never retires the agent—verification
alone suffices. Surprisingly, however, this is an artifact of the very simple automaton
considered here. As more complicated automata are considered, retirement is used
over a larger range of cost parameters. Indeed, for a sufficiently rich automaton,
retirement is always used, no matter how small the verification cost is.

To see this, let us consider using a sequence of three-state automata. First,
consider an auxiliary three-state automaton with states F, R, and M. In state
M, the agent always complies; the principal retires the agent after the first
verification. If verification does not occur, the state remains M. The principal
verifies after both actions with the same probability v, chosen so that the agent is
indifferent between working and shirking@

Next, replace R with M in the initial three-state automaton.ﬁ Simple algebra
shows that uy > u if and only if cp > ¢h, where ¢h < ¢p. Intuitively, retirement
now occurs after two rounds of verification: once from M to M; and once within
My, from M; to R. Retirement after two rounds saves on verification costs
compared to a scenario in which retirement does not occur at all. Therefore, for
a larger range of verification costs, retirement with positive probability becomes
optimal. Figure |3| depicts this replacement.

This intuition generalizes. Introduce another auxiliary three-state automaton
with states F, My, and Ms. In state My, the agent complies and after the first
verification, the state transitions to My, and if verification does not occur, the
state remains in Ms. The principal verifies after both actions with the same
probability v, chosen so that the agent is indifferent between working and shirking.
Replace R with M in the original three-state automaton. Simple algebra shows
that uy > w if and only if cp > &%, where ¢% < Cp. Similarly, one can introduce
M, and show that the sequence {¢}} is decreasing and converging to zero when n
goes to inﬁnity.ﬁ

By retiring the agent after n verifications, the principal reduces the verification
probability at each of the n steps. The promise of future retirement creates

s (LD
20Explicitly, ep = Lﬁﬁ).

2+ W—CA
2lFormally, Vo7 = ca.
22Formally, replace R with the payoffs of M; and treat it as an absorbing state.
57 (22 —1)

n4+2+4—4

w—cy

BExplicitly ¢p =
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Figure 3: Replacing R with M.

incentives in all earlier periods. The savings from reduced verification costs
accumulate across n periods, whereas the disutility of retirement is incurred only
once. As a result, the ratio of the benefit from reduced verification costs to the
disutility of retirement grows at rate n. For sufficiently large n, the benefit always
outweighs the disutility. Refer to this phenomenon as “snowballing.”@

Note that snowballing differs from the standard backloading result. While delay-
ing rewards—i.e., backloading—is effective for sustaining incentives and is indeed op-
erative in our model, the accumulating impact of such deferrals—snowballing—renders
the deferred rewards effectively unavoidable, regardless of how small the verification
cost.

2) The agent with zero cost of working. Now suppose ¢4 = 0. Hence
without loss of generality, assume that the agent knows the state. In contrast to
the unbiased case, is slack. Intuitively, since the agent knows the state,
working is not a concern for the principal; the only concern is that he matches the

24Note that while the ratio of benefits to disutility grows at rate n, the net gain—that is, the
benefit minus the disutility—converges to zero as n becomes large. Let 7, denote the principal’s
payoff in state M, and let 7* denote the payoff when retirement never occurs. Therefore,

()" (nef — 55

MTpo1 — T =

Hence, the benefit from reduced verification cost is: - (:’) , and the disutility is:

e ()"

1_(%)71,7
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action with the state.

Four results are worth highlighting. First, the probability of verification after R
is strictly higher than after L, i.e., v® > v*. The reason is that the agent is biased
toward action R, to incentivize him to match the action with the state, verification
occurs more frequently after R than after L.

Second, there is no need to verify after L, i.e., v = 0. Verification after L only
matters for the incentive to work, which is absent here. Shifting verification from
L to R always strengthens incentives.

Third, since is not binding, the continuation utility after verification

remains undistorted, i.e., uff = u. After verification, if the agent provides evidence,

the state does not transition to R or F. Since never binds and the only
binding constraint is , ufl does not appear in any binding constraint. Thus,
ufl is not used to provide incentives; it must therefore remain undistorted.

Fourth, in the absence of verification, the continuation utility is lower than the
initial utility when the agent takes R, and higher when the agent takes L; that
is, uly, > u > uf,. Intuitively, when verification does not occur, the agent is
exposed to firing (punished) after taking his preferred action (R) and to retiring
(rewarded) after his less preferred action (L). If ut, < uff,, then a mean-preserving
contraction of u%, and u®, relaxes and benefits the principal. Hence, it must
be that u%,, > uf,. Moreover, the envelope theorem implies that the continuation
utilities, u%,, and u%,, must bracket w.

These four observations extend to the principal’s preferred equilibrium (without
the focus on three-state automata). Figure |4] displays the three-state automaton
when c4 = 0.

We can characterize the use of retirement and firing in terms of two thresholds,
cé > cp > 0. Retirement occurs with strictly positive probability if and only
it cp > cp, whereas firing occurs with strictly positive probability if and only if
cp > cﬁ. The intuition is simple: when verification cost is low, verification is the
most efficient instrument, and the principal exclusively relies on it. As cp increases,
it becomes too costly to rely solely on verification, and the principal introduces
retirement as a device: promising eventual retirement allows her to reduce the
frequency of verification while still giving the agent incentives to comply. Firing, by
contrast, is the harshest instrument because it terminates the relationship. Hence,
firing appears only when verification costs are so high that neither verification nor
retirement alone can sustain incentives.

Fixing cp, an analogous set of thresholds b/ > b" > 0 can be defined in terms
of the agent’s bias b. For small biases, verification alone suffices to discipline the
agent. As the bias increases beyond 0", the temptation to mismatch the action
with the state grows, and the principal must rely on retirement as an additional
incentive device. When the bias becomes large (b > b/), retirement is not enough,
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Figure 4: Three-state automaton with ¢4 = 0. The transition probability from M to R
under verification is (uy — u)/ (%‘g —u). If verification does not occur and the
action is L, the transition probability from M to R is (uly — u)/(%EL —u). If
verification does not occur and the action is R, the transition probability from

M to Fis (u—ult,)/(u—0).

and firing is used with positive probability.

In summary, for small biases or verification costs, the state always remains at
M and the principal does not use firing or retiring.

Interestingly, in the principal’s preferred equilibrium (without the focus on
three-state automata), allowing the agent to shirk is always valuable: the principal
benefits from snowballing even when cp is small and 7 is large. To satisfy ,
the principal can either increase verification (v%) while keeping u%,, undistorted at
u, or reward the agent by raising uy, above u. However, the latter is better. The
cumulative savings in verification costs dominate.

Moreover, firing the agent—even without deviation—serves as an effective in-
strument if [M-L)| binds on the equilibrium path (as in the case ¢4 = 0). To satisfy
(M-L)| she must either increase verification (v) while keeping v, undistorted
at u, or punish the agent by reducing uf, below u. The threat of future firing
complements verification and reduces verification costs across multiple periods.
Snowballing, by promising future punishment, renders the use of firing unavoidable,
regardless of how small b is.

We now combine the two cases, allowing for both a positive bias and a cost of
working. In the principal’s preferred equilibrium, (1) allowing shirking is always
valuable; (2) if binds along the entire equilibrium path, then firing occurs
with probability one, which happens when the expected benefit from bias exceeds
the cost of working, i.e., (1 — p)b > ca; and (3) if binds only on part of
the equilibrium path, the principal verifies both actions with positive probability
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to detect shirking, and firing does not occur. In this case, greater verification
substitutes for firing and prevents its snowballing effect.

Non-commitment. So far, we have assumed that F and R are absorbing states
with predetermined behaviors. Also, we have assumed the principal never deviates
from verifying whenever she is “supposed to.”P’| Since F corresponds to the minmax
equilibrium, it is sequentially rational. However, the agent cannot be permanently
retired in R; otherwise, the principal would deviate and fire him. Sequential
rationality can be restored with a slight modification of the automaton introduced
above. To prevent this deviation, the agent must work at least occasionally. By
replacing R with RW (reduced workload), we allow transitions from RW to M.
Finally, the transitions must be chosen such that the principal’s payoff in RW
exceeds <. This ensures that the principal has sufficient incentive to verify in M.
Figure 5[ depicts the three-state automaton when the principal cannot commit and
the agent is unbiased.

Figure 5: Three-state automaton when b = 0, where R is replaced by RW. The state
transitions from RW to M with probability q.

5 Results

Section formalizes the Principal’s problem. Section then characterizes (i)
the behavior underlying equilibria that attain payoffs on the upper boundary of

25When we say the principal is “supposed to” verify or fire, we mean that the prd recommends
verifying or firing.
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the equilibrium payoff set, (ii) the evolution of continuation utilities along this
boundary, and (iii) the long-run dynamics of the Principal’s preferred equilibrium.

5.1 Principal’s Program

Our goal is to characterize the preferred equilibrium of the principal. The history
of the game can be summarized by the agent’s continuation utility. The upper
boundary of the equilibrium payoff set is self-generating, in the sense of Abreu,
Pearce, and Stacchetti (1990). Accordingly, the problem can be formulated as a
recursive program, subject to incentive constraints.

Lemma [3] in the Appendix shows that, without loss of generality, the agent’s
continuation utility may depend on his action when he is supposed to work, but
is independent of his action when he is supposed to shirk. In the latter case, the
principal does not verify because verification provides no additional information.

Therefore, along the equilibrium path, the agent’s continuation utility at the
end of each period takes one of three values:

1 u{,, when the agent is supposed to work, he takes action a € {L, R}, and the
principal verifies.

2 u®,, when the agent is supposed to work, he takes action a € {L, R} and
the principal does not verify.

3 u-w, when the agent is recommended not to WorkE]

Let I1(u) be the principal’s highest equilibrium payoff consistent with the agent’s
payoff being u. Let II(u) = —oo if no such equilibrium exists. Let @ denote the
maximum promise such that II(u) > —oo. The principal’s program is:

P I(u) =sup ]E[]LF(W(H, a)—cply —w+ (5H(U/))]»

subject to the agent’s incentive constraints, namely:
1) Working and matching the action with the state

E [u(0) + v*6uf, + (1 — v”)su’ ] — ca > max{u(a) + (1 —v*)dusy,}.  (WM)
2) Conditional on working, matching the action with the state,

u(a) + voul, + (1 — v?)duly, > u(d’) + (1 — v¥)ousy,. (M)

26Subscript “V” stands for working and verifying, subscript “=V” stands for working and not
verifying and subscript “—W?” stands for not working.
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for all a,a’ € {L, R}.
3) The promise-keeping constraint:

u=E[1 p(u(®) —calw +du)], (PK)
and subject to the principal’s incentive constraints:
1) Firing
E [W(@, a) —cply —w+ (5H(u')} >0, (Fi)
2) Verifying
oll(uy,) —ecp >0, (Ve)

for all @ € {L, R}.

The supremum is taken over the continuation utility «’, the probabilities of
firing, working, verifying and of the agent taking action R when he does not
work. The continuation utility «’ can take one of the three aforementioned values,
ul, uly, Uy € [O,ﬂ]ﬂ

The working and matching constraint ensures that the agent works and
matches the action with the state. The matching constraint guarantees that
if the agent works, he matches the action with the state. The promise-keeping
constraint requires that the agent’s promised utility is equal to his actual
utility.

The firing incentives of the principal are as follows: (i) The principal fires the
agent when she is supposed to. However, not firing is an observable deviation and
triggers the minmax equilibrium. Therefore this incentive constraint is trivially
satisfied, and omitted. (ii) The principal retains the agent when she is supposed to.
The principal’s payoff must be positive for all on-path utility levels of the agent.
This incentive constraint is given by equation (Fi).

The verification incentives of the principal are as follows: (i) The principal does
not verify when she is not supposed to. This constraint is trivially satisfied, as
the principal knows that the agent has worked and has matched the action to the
state, making verification unnecessary. (ii) The principal verifies whenever she is
supposed to. The principal’s incentive to verify when she is supposed to is that
the discounted expected payoff from verification, éII(u{.) (for a € {L, R}), must
be at least as large as the cost cp, as represented by equation .

2"Expectations are taken with respect to the random outcomes, namely the state, firing status,
working status, verification status and the agent’s action (when the agent is supposed to shirk).
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5.2 Analysis

To analyze the long-run dynamics of this relationship, we proceed in two steps.
First, we characterize behavior as a function of the agent’s utility; second, we
characterize the evolution of the agent’s continuation utility.

Theorem [I| characterizes the behavior as a function of the agent’s utility along the
upper boundary of the equilibrium payoff set. Theorem [2| examines the evolution
of continuation utilities on this boundary. Theorem [3| combines these results to
describe the evolution of the relationship in the principal’s preferred equilibrium.

Let u := %5 denote the agent’s utility when he consistently shirks and chooses
L, and the principal neither verifies nor fires him. The parameter @ is useful for
characterizing players’ behavior in the following theorem.

Theorem 1 (Behavior). There are unique thresholds u; and u., with 0 < uy <
Ue < U, such that the behavior along the upper boundary of the equilibrium payoff
set is characterized as follows:

1. Firing Region, u € [0,uf): The firing probability declines linearly from 1
atu=0to 0 at uw=wuy. For all u> uy, the agent is never fired.

2. Verification Region, u € [us,u.): The probability of verification after R is
strictly higher than after L for all u € (0,1, i.e., v® > vl. Both vf and v*
are continuous in u and remain constant on the intervals [0, uy] and [u., .
On the interval [ug, u.|, v7 is strictly decreasing, while v* is zero if 4 < uy;
otherwise it is strictly decreasing up to min{a,u.} and, if @ < u,, equal to
zero in [, u,).

3. Reduced Workload Region, u € [u.,u|: The agent works with probability
one whenever u < u.. The probability of working strictly decreases over
[ue,w]. Moreover, the agent chooses R if the principal’s marginal payoff at

1s less than W(IT_%), and chooses L otherwise.

Proof in Appendix.
Figures [0] and [7] illustrate the firing, verification, and working probabilities as

functions of the agent’s utility. In what follows, we discuss the intuition behind
Theorem [1] for each region.
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Figure 6: Working and firing probabilities as functions of the agent’s utility.
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Figure 7: Verification probability as a function of the agent’s utility.

Firing. When the agent’s utility is low (v < uy), firing with positive probability
is necessary to deliver the utility to the agent. As u increases, the firing probability
decreases linearly, reaching zero at uy. Beyond this point, firing is not used.

Verification. Because the agent is biased toward R, when the state is L,
verifying more frequently after R than after L (i.e., v > v) raises the cost of
choosing R when the state is L.

Verification remains constant in regions where the principal primarily relies on
other instruments to deliver the promised utility—mnamely, firing at low utility
levels (u € [0,us)) and reduced workload at high utility levels (u € [u.,u]). In the
low-utility region, verification is frequently used; less so for high utilities.

In the intermediate region [uy, u.), the verification probability decreases with w.
In each period in which the agent is closer to being allowed to shirk, the principal
can further decrease the intensity of verification. The reason is that the threat of
firing is stronger the closer the agent is to shirking; hence, the intensity can be
reduced. Verification after L is unnecessary, except to ensure that the agent is not
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repeatedly shirking and choosing L, thus v = 0 for all u > @%. We call the region
[us, ) (if nonempty) evidence-based and [w, u.] hybrid.

Reduced Workload. For all u < u,, the agent works with probability one. For
u > u,, some shirking is expected: the agent is no longer expected to exert effort in
every period, and the probability of work declines as u increases. This shift marks
a move toward implicit delegation, where the agent’s past performance earns him
greater discretion. Nevertheless, the agent never shirks with probability 1/

In the reduced-workload region, for small biases, the agent’s private gain from
choosing R while shirking is negligible relative to the principal’s loss. As the bias
grows large, the agent’s gain becomes comparable to the principal’s loss, making
shirking with R part of the equilibrium. Formally, if the agent’s net benefit from
shirking and taking R rather than L exceeds the principal’s marginal payoff (if the

principal’s marginal payoff at w is less than @), the agent takes R.

A consequence of Theorem (1] is that the principal may, in fact, benefit from
the agent’s bias. Although bias makes it harder to get the agent to match action
with the state, it simultaneously increases the agent’s motivation to work and to
demonstrate that the state is R. The benefit comes from two sources. First, the
agent’s reward in the reduced workload region increases, since the agent chooses R,
which allows the principal to sustain work over a larger interval [ug, u.|. Second, as
the bias increases, the agent becomes less inclined to shirk because he is more eager
to work and demonstrate that the state is R, allowing the Principal to reduce v*.

Before characterizing continuation utilities, we first discuss their role in shaping
incentives. In the absence of transfers, continuation utilities serve as the main lever
and provide two distinct instruments: the continuation utility when verification
occurs and the continuation utility when verification does not occur. The former
induces the agent to work, while the latter encourages matching the action to the
state.

If the agent deviates by shirking whenever he is supposed to work, he obtains
the same utility from taking L or R (see Lemma [3|in Appendix). That is,

u(L) + (1 —v")outy, = w(R) + (1 — v™)oul,. (1)

The intuition behind this lemma is as follows: if shirking and taking a is worse
than taking o/, then a mean-preserving contraction with respect to u{, (in the case
of verification) and u%,, (in the case of no verification) would benefit the principal.
Narrowing the gap between continuation utilities increases the principal’s payoff

281f the Agent shirks with probability one, the Principal receives a negative payoff. Such an
outcome cannot occur on the equilibrium path, since the Principal would instead fire the Agent.
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without affecting the agent’s incentivesﬁ
The above observation allows us to replace with the stronger condition .
Furthermore, (WM)) can be replaced by

pofisull + (1 — p)wtsul > cy. (W)

Thus, the cost of working (c4) must be compensated by the probability of
verification and the continuation utility in the case of verification. Condition
implies that the incentive to match the action with the state is supported by
the probability of no verification and the continuation utility in the absence of
verification.

The upper boundary is linearly increasing in u for u € [0,uy], concave for
u € [ug,u.], and linearly decreasing in u for u € [u., @] (see Claims [l and [5| in
Appendix) ﬂ Due to the linearity of the upper boundary for low and high utilities,
a straightforward approach for implementing the equilibrium along these segments
is to randomize over the segment’s extreme points.

Theorem 2| characterizes continuation utilities for u € {[uy, ue] Uu} P The result
highlights a crucial threshold, u, that separates regions in which the principal
verifies after both actions from those where verification only after R suffices.

Theorem 2 (Continuation Utilities). For all u € [uy, u.] in the verification region,
on the equilibrium path the continuation utility after verification is independent of
the agent’s action:

uy = ujr = ui.
In addition, the continuation utility after verification is always higher than the
continuation utility when verification does not occur and the agent takes R, i.e.,

2Note that if u{, = u%,,, then the principal cannot implement a mean-preserving contraction
between continuation utilities. However, she can reduce the cost of verification by decreasing the
probability of verification v®.

30Tntuitively, firing with probability f scales down the utility by 1— f. Due to the multiplicative
structure of the principal’s payoff with respect to the firing probability, this also proportionally
reduces the principal’s value by 1 — f. The concavity of the upper boundary in the intermediate
utility region arises from the prd. The principal’s preferred equilibrium is achieved at an interior
utility u* € [uy, u.]. Decreasing the probability of working (e) in [u., @] increases the utility
linearly and decreases the principal’s payoff linearly. Linearity arises for two reasons. First, in the
agent’s utility, the expected cost of exerting effort is given by eca, so the probability of shirking
affects the agent’s stage-game payoff linearly. Second, since the principal’s payoff is scaled by the
probability that the agent exerts effort, variations in shirking also induce a linear effect on the
principal’s continuation value.

31The unique equilibrium at u = 0 involves firing.
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In the absence of verification, the continuation utilities satisfy:

o Fvidence-based region: no distortion,

— 0 — L
UZy = U= uly.

e Hybrid region: strict separation,

R L
usy < u < uly.

Moreover, at uw = u, the continuation utilities under working are equal to those at
Ue, and U—y = U.

Proof in Appendix.

Theorem [2] describes the structure of continuation utilities. The first takeaway is
that when the principal verifies and the agent provides evidence, the continuation
utility is independent of his action, i.e., uy = ufl = uf;. The continuation utilities
after verification matter only for the working constraint . A mean-preserving
contraction of uf; and uf does not affect the incentive constraints. Therefore, by
the concavity of the value function, the continuation utilities in the case of verifica-
tion must be equal.@ Intuitively, hard information from verification dominates soft
information from actions. Moreover, the agent is rewarded whenever the principal
verifies and the agent provides evidence; that is, if v* > 0, then uy > u?,,.

The second takeaway is that, in the absence of verification, for continuation
utilities lower than 4, the agent is neither rewarded nor punished for taking L or
R; that is, uf, = u = u’,. We refer to the region [us, a] (if it is nonempty) as
the evidence-based region, since continuation utilities evolve only based on hard
information.

In the evidence-based region, the agent’s continuation utility lies below what he
could secure by shirking, choosing L, and repeatedly obtaining the flow payoff w.
Since the principal cannot detect or punish such deviations without verification,
the principal must verify with positive probability, even when the agent selects the
less-preferred action. Verification probabilities are the more effective instrument:
because of linearity, it yields a constant return. Hence, as long as both verification
probabilities are strictly positive, the principal prefers to use differential verification
rather than dispersion in the continuation utilities.

In the evidence-based region, the only binding constraint is , while

is slack. Continuation utilities in the case of no verification are used only to

32Note that a mean-preserving contraction of uff and uf; weakly increases min{II(ul;), II(uf})},
and thus does not affect (Ve)).
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incentivize the agent to match the action with the state. Therefore, when is
not binding, distorting them away from the initial utility u is unnecessary.

The third takeaway is that for utilities higher than w, the agent is punished for
taking his preferred state and rewarded for taking the less-preferred one; that is,
uf, < u < uk,. The relationship is now shaped by both hard (evidence) and soft
(unverified) information. We refer to the region [u, u.] (if it is nonempty) as the
hybrid region.

In the hybrid region, once v“ = 0 (i.e., for all u > ), the principal relies
on spreading out continuation utilities to induce the agent to match the action
to the state when the state is L. The agent is rewarded for choosing his less-
preferred action, and punished otherwise. If u,, < uff,, then a mean-preserving
contraction of uly, and uf, relaxes the matching constraint for state L and benefits
the principal. Therefore, it must hold that uly, > uff,. Moreover, the envelope
theorem implies that the continuation utilities u%,, and u%,, must bracket u. Figure
depicts the structure of continuation utilities in the verification region.
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Figure 8: Continuation utilities in the verification region.

Agent’s preferred equilibrium. To characterize the reduced-workload region,
it suffices to describe the equilibria at u, and u. Because the value function is
linear over this region, any equilibrium within the region can be implemented by
randomizing between the two endpoint equilibria. The properties of the equilibrium
at u, were established in the verification region, while the equilibrium at w is the
Agent’s preferred equilibrium.
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In this equilibrium, the principal’s payoff is zero (II(w) = 0), and the workload is
minimized. If the agent is required to work, the game transitions to u.; when wu, lies
in the evidence-based region, the agent remains indefinitely in the reduced-workload
region without returning to verification, whereas if u, lies in the hybrid region, the
agent ultimately moves to the verification region with probability one. If the agent
is not required to work, then depending on the extent of biases (as discussed in
Theorem 1), the agent chooses either L or R. In the following period, after not
working, the continuation utility stays at u_y . Figure [9] displays the continuation
utilities at w.
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Figure 9: Continuation utilities at w.

Let u* denote the utility level of the agent that maximizes the principal’s
equilibrium payoff, i.e., u* = argmax, II(u). Note that u* always lies in the
verification region, u* € [uy, u.], because the value function is strictly increasing in
the firing region and strictly decreasing in the verification region. Intuitively, the
relationship begins when the agent complies—works, learns the state, and matches
the action with the state. This raises the question of whether the principal ever
uses firing or a reduced workload. Theorem [3[ addresses this question.

Theorem 3 (Dynamics). In the principal’s preferred equilibrium,

1. The principal uses reduced-workload with positive probability.

2. The principal fires the agent with probability one if and only if the evidence-
based region is empty.
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The first part of Theorem 3 states that allowing the agent to shirk is always
valuable, even when the cost of verification is small and the loss from not working
(and thus potentially mismatching the action with the state) is large. By promising
a lighter workload in the future, the cost of verification decreases in all preceding
periods. As explained in Section [4], this is snowballing.

In the evidence-based region, the agent’s reward for complying takes the form of
an increase in continuation utility (uy > u). Such rewards move the relationship
either into the hybrid region or directly into the reduced-workload region. In
the hybrid region, compliance is rewarded through continuation utility when the
agent chooses his less-preferred action, L, i.e., uly, > u, which leads with positive
probability to the reduced-workload region |

The second part of Theorem 3 asserts that if the evidence-based region is empty,
verification and reduced workload do not suffice, and the principal must rely on firing
along the equilibrium path. The threat of future firing complements verification
and lowers verification costs across multiple periods. Hence, snowballing—through
the promise of future punishment—renders the use of firing unavoidable.

In the hybrid region, the principal punishes the agent—despite compliance—through
continuation utilities when verification does not occur and the agent selects his
preferred action, i.e., u®, < u. Such punishments shift the relationship toward
the firing region if the evidence-based region is empty, in which case the agent is
eventually fired with probability one. By contrast, if the evidence-based region
is nonempty the relationship moves toward the evidence-based region where the
principal verifies both actions with positive probability to detect shirking, and
firing does not occur. Greater verification substitutes for firing and prevents its
snowballing effect.

When the bias is large ((1 — p)b > ca), the evidence-based region is empty. If
the benefit from the agent’s bias ((1 — p)b) exceeds the cost of working (c4), the
agent prefers to comply rather than shirk and choose L, i.e., w4+ (1 —p)b—ca > w.
When the evidence-based region is nonempty it serves as a barrier to firing.

Principal’s preferred equilibrium. The dynamics of the principal’s preferred
equilibrium follow from theorems 1-3. As discussed earlier, the relationship begins
in the verification region, i.e., u* € [ue, us]. We consider three cases.

First, suppose the evidence-based region is empty (@ < uy). In this case, the
entire verification region falls within the hybrid region. If the agent chooses L, the
principal does not verify and the continuation utility increases, i.e., u’, > u. The
relationship may remain in the verification region, but with a lower probability of

33Except when (Ve)) binds, IT'(uy) < II'(u), which implies uy > w if TI(+) is strictly concave at
u. Therefore, even in the hybrid region, the agent might also be rewarded through continuation
utility if verification takes place.
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verification, or it may transition to the reduced-workload region. If it transitions
to the reduced-workload region, the game moves either to u. or to the agent’s
preferred equilibrium, EE] Once the relationship enters the reduced-workload
region, however, it ultimately returns to the hybrid region with probability one.

If the agent instead chooses R, the principal verifies with positive probability.
If verification does not occur, the agent is punished through a reduction in con-
tinuation utility, i.e., uf, < u. The relationship then either transitions to the
firing region or remains in the verification region but with a higher probability
of verification. Ultimately, the agent is fired with probability one. Figure
illustrates these transitions when the evidence-based region is empty.

Hybrid
Region

Figure 10: Equilibrium-path transitions between regions when the evidence-based region
is empty.

Second, suppose the hybrid region is empty (@ > w.). The relationship begins in
the evidence-based region, where the principal verifies after both actions, though
more frequently following R. In this region, continuation utility increases only
when the principal verifies and the agent provides evidence. This, in turn, implies
that verification in the next period occurs with lower probability for both actions.
If verification does not occur, continuation utilities remain unchanged (ul, =
uf, = u), and the probability of verification does not change from one period to the
next. Following verification, the relationship either remains in the evidence-based
region or transitions to the reduced-workload region. Once it moves into the
reduced-workload region, it remains there indefinitely. Figure [11]illustrates the
equilibrium-path transitions when the hybrid region is empty.

34When we say the relationship moves to u, we mean it moves to the game associated with
continuation utility wu.
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Evidence
Based

Figure 11: Equilibrium-path transitions between regions when the hybrid region is empty.

Third, suppose both the evidence-based and hybrid regions are nonempty. If
u* € [uy, u], the relationship begins in the evidence-based region. After verification,
it either remains in this region, transitions to the hybrid region, or moves to the
reduced-workload region. Once the relationship leaves the evidence-based region,
it cycles between the hybrid and reduced-workload regions but never returns to
the evidence-based region. Figure [12]illustrates this case.

If u* € [@,u.], the relationship begins in the hybrid region, and the dynamics
follow the same pattern as in the previous case after the transition to the hybrid
region. In this third case, firing never occurs.

5.3 Discussion

Trust. A possible interpretation of our model is to view the absence of verification
as trust: the less frequently the principal verifies, the greater the trust in the agent.
More precisely, when the agent is required to work and the principal chooses not
to verify, we interpret this as an act of trust.

Our results answer the following questions: how often should the principal trust
and delegate decisions to the agent, and how does trust evolve over time? How is
the evolution of trust related to the agent’s bias?

The results show that trust builds gradually. In the evidence-based trust region,
the principal never fully trusts the agent’s actions, even when he chooses the
less-preferred action. Nevertheless, she places relatively more trust in that case.
In this region, trust increases only after the agent provides evidence—that is, the
probability of verification decreases in subsequent periods.

In the hybrid trust region, the principal fully trusts the agent when he takes L,
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Evidence
Based

Figure 12: Equilibrium-path transitions between regions when both the hybrid and the
evidence based regions are nonempty.

and trust increases in the following period. By contrast, if the agent takes R and
verification does not occur, trust decreases. In this region, trust is shaped by both
hard information (evidence obtained through verification) and soft information
(the agent’s actions when not verified).

At the lowest level of trust—when verification is most frequent—the relationship
is fragile and may terminate. At the highest level of trust—when verification is
rare—the agent benefits from a reduced workload.

Commitment. When the principal is assumed to have commitment power, the
results remain largely the same. In this case, the principal’s problem coincides with
P except that the two constraints and are no longer required, since the
principal’s own incentives need not be considered. Theorems 1, 2, and 3 continue
to hold, with the exception that the highest continuation utility is 11%? (the agent
is retired forever), and the reduced-workload region may become piecewise linear
(with a kink at t5), in contrast to the linear form that arises in the no-commitment

case.

Transfer. Suppose that, instead of the fixed transfer w, the principal can use
a flexible and positive transfer T > 0 at the end of each period. Since transfers
are a more efficient instrument, the principal never relies on reduced workload or
firing on the equilibrium path. The upper boundary is linear and the principal’s
preferred equilibrium is stationary.
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Denote by T the transfer when the agent takes action (a) and the principal
verifies, and by 7%, the transfer when the agent takes action (a) and the prin-
cipal does not verify. As in the model without transfers (uy = uls = uf}), it is
straightforward to show that Ty = T = T}

When verification occurs, transfers provide incentives for working, i.e., (pv® +
(1 — p)vB) Ty = ca. When verification does not occur, transfers provide incentives
to match the action with the state, i.e., (1 —v®)TE, = b+ (1 —vL)TL,. The value
function is linear; it follows that 7%, = 0, while the transfer when the agent takes L
and the principal does not verify compensates for the agent’s bias: (1 —v")T%, = b.

The principal’s problem is therefore equivalent to minimizing her cost by selecting
transfers and verification probabilities:

p(1 = )T + (pv" + (1 = p)o™) Ty + cp(po™ + (1 — p)ot).

The first two terms are fixed by the incentive constraints. Hence the principal
minimizes the last term subject to her own incentive constraints:

verification: oIl — Ty —cp > 0, firing: OT1 — T%, > 0.

The verification constraint always binds; otherwise one could reduce v and increase
Ty . Hence, the transfer after verification equals the principal’s entire future payoff
minus the current cost of verification. It follows that

67)

L R
1— - °
pv” + (1 —p 5 .

Therefore, II satisfies

(677

M=m—b—cy—cp——.
m ca CP(SH—CP

Finally, two conditions must be satisfied. First, the expected probability of
verification must not exceed one, pvf* + (1 — p)vl < 1, or, equivalently (using
the verification incentive constraint), 611 > ¢4 + c¢p. Second, the firing constraint
requires OI1(0I1 — c4 — cp) > (011 — cp) pb. For sufficiently large 7, both conditions
are satisfied.

The agent’s bias is toward the more likely state. Suppose the agent is
biased toward the more likely state, i.e., u(L) = w + b and u(R) = w. In this case,
the preferences of the principal and the agent are congruent in terms of the action
that should be taken when the state is unknown: both prefer L. Consequently,
when the agent is expected to shirk (in the reduced-workload region), he chooses
L. Aside from this difference, the structure of the principal’s preferred equilibrium

32



remains unchanged, and Theorems 1, 2, and 3 continue to apply.

6 Conclusion

We studied an infinite-horizon principal-agent relationship in which the agent
exerts costly effort to learn a privately observed binary state before choosing an
action. The principal wants action—state alignment, while the agent is biased toward
one action. As a result, the principal faces an adverse selection problem followed
by a moral hazard problem. The principal cannot observe payoffs directly but
disciplines the agent through verification, workload adjustments, and termination.
Continuation utilities summarize history. The upper boundary of the equilibrium
payoff set is self-generating, allowing the problem to be formulated as a recursive
optimization subject to the objectives of both the agent and the principal.

We showed that equilibrium behavior along the upper boundary of the payoff
set divides into three regions: a firing region at low continuation utilities, in which
the firing probability declines as utility rises; a verification region at intermediate
continuation utilities, in which verification occurs more frequently after the biased
action; and a reduced-workload region at high continuation utilities, in which the
probability of working declines as utility increases.

In the evidence-based region, continuation utilities evolve only through hard
information from verification. The principal verifies after both actions with positive
probability, including when the agent chooses his less-preferred action to ensure ef-
fort. Since both probabilities are strictly positive, the principal relies on differential
verification rather than distorted continuation utilities. In contrast, in the hybrid
region, continuation utilities evolve through both hard information (verification)
and soft information (unverified actions). Here, the principal never verifies after L.

We showed that snowballing leads the principal to tolerate shirking even when
the loss from shirking is high and the cost of verification is negligible. When
the agent’s bias is high, the threat of future firing complements verification and
reduces verification costs across multiple periods. In contrast, for small biases,
the evidence-based region is nonempty, and the principal must verify after both
actions with positive probability. This higher level of verification substitutes for
firing and prevents its snowballing effect.
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7 Appendix

Let G denote the game presented in Section . Let € denote the set of all equilibria
of G, and let €& C & be the subset of equilibria in which the agent matches the
action to the state whenever the agent works. In Section we provide proofs of
the results in Section [5 which characterize the principal’s preferred equilibrium in
E. Section we show this focus is without loss of generality. Formally we show
the principal’s preferred equilibrium of € is also an equilibrium in €.

7.1 Proofs of Results in Section

We begin by stating some claims; we then use these claims to establish the proofs
of the theorems.

Define the Lagrangian associated with problem P. Let f denote the probability of

firing, e the probability of working, and afy;, the probability of choosing R when
the agent is not supposed to work. Using Lemma 3| (iii), the constraints and

(WM]) can be replaced by () and (W)). Therefore, the Lagrangian is given by
cz<1—ﬂl{w—w+uw3+a—pwﬂMHw%+pu—v%ﬂﬂd@)
(1= p)(1—vh)aTI(uky) = (oo + (1= p)ot) )

(1—e) (ﬂ'p +af,(1—2p)m + 5H(uﬁw))

~Apx [u (-5 (e (w (1= p)b+ (o + (1 = p)oB)ouy + p(1 — vP)oul,

L= )+ 0 bty )

(" + (1= Py — )

- n(w +ovtuly +6(1 = v )uy — (w+b+ (1 — UR)“EV))' (L)

Since the value function is concave, the firing constraint is equivalent to
assuming continuation utilities are non-negative and do not exceed u. Moreover,
the constraint (Ve]) implies that uy € [uy, Uy | for some w,,, wy € (0,u7). Hence, the
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additional constraints are
fre, ool oy €01, uy € [uy,uy], ufy,uf, €01, u-w €[0,7].

Observe that the value function II(-) is concave and therefore locally Lipschitz
continuous on the interior of its effective domain. By Rademacher’s theorem,
any locally Lipschitz function is differentiable almost everywhere with respect to
Lebesgue measure. This property is employed in the subsequent analysis. The
following claims characterize both the solution to problem P and the associated
value function II(-).

Finally, note that in the linear segments of II(-), the equilibrium can be imple-
mented through randomization over the extreme points of the segment. Accordingly,
in the proofs that follow we always assume u is not located in the interior of a
linear segment of TI(-).

Claim 1 (Firing). There exists uy € [w + b, %ré’} such that f > 0 if and only if

u < us. Moreover, II(u) = ayu for some ag >0 and f =1 — % foru < wuy.

Proof. If f =1, then the value of P is zero, and by equation (PK]) we obtain u = 0.
Suppose f < 1. The first-order condition with respect to f implies
II(u) u
A
1—f + APk 1—f
which is equivalent to II(u) + Apgu = 0 for f € (0,1). Furthermore, if II(u) +
Apru > 0, then f = 0. Define

=0,

wp = inf{u | M(u) — II* (u)u > 0},
where 17 (u) denotes the right derivative. By concavity of II(-), it follows that
() =T (u)us > M(uy) =T (un)uy > W(uy) = I (up)uy,

for all u; > uy, where II7(-) denotes the left derivative. By the Subdifferential
Envelope Theorem, we have 117 (u;) > —Apg. Thus,

H(U1> +>\pKU1 Z H(Ul) —H*(ul)ul > 0,

which implies that f = 0 for all u; > uy.
Moreover, optimality with respect to f requires

M(ug) — OF (ug)ug > M(ug) + Apgus > 0,

for all uy < uy. By the definition of uy, it follows that II(us) — II* (ug)us = 0 for all
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uy < us. This condition implies that II(u) is differentiable for all u < u;. Hence,
for all us < up we have IT(uy) — II'(uz)us = 0, which yields II(u) = afu for some
af > 0.

Since the value function is linear on the interval [0, uf], it can be implemented as

a randomization between the two points 0 (with probability 1 — %) and uy (with

probability %) Therefore, f =1— % ]

ug’
Claim 2. For all u € [0,7], II(u) — wIl™(u) > 0.

Proof. Suppose, for contradiction, that for some u € [0, %] we have IT(u) —uIl* (u) <
0. The first-order condition with respect to f implies that if II(u) + Apgu < 0,
then f = 1. This can occur only for u = 0; therefore, for all u > 0 we have
II(u) + Apxu > 0. The envelope theorem implies that —Apx € OII(u), hence
—Apg > I (u). Therefore,

O(u) — I (u)u > T(u) + Apgu > 0.

Claim 3 (Continuation utility in case of not working, i.e., u_y ).

1 If u-w < wu, then either 1.1) uy = u or 1.2) II" (u-w) = I (u) and the
value function is linear in [u—w,u].

2 If u_w > u, then either 2.1) uyw = w or 2.2) Ut (u_w) = 11~ (u) and the
value function is linear in [u, u-w| or 2.3) u_w = a.

Proof. Without loss of generality, we can assume f = 0 and e < 1. Suppose
u—w < u. The first-order condition with respect to u_y gives us —Apx € Oll(u-w ).
By the Subdifferential Envelope Theorem, —Apx € Oll(u).

Suppose u > u_y. Then, by the concavity of II(-), either 1) u_y = u or 2)
I~ (u-w) = I (u) and the value function is linear in [u_y, ul.

Suppose u < u_y. Then, by the concavity of II(-), either 1) u_y = u or
2) IT* (u—w) = II" (u) and the value function is linear in [u, u-y|. Now suppose
u—w = u. The first-order condition with respect to u_y, implies Il'(7) < —Apg. O

Claim 4 (Action in case of not working, i.e., afy;). There exists U € [u.,1]

such that for all u < u, oy, € [0,1), and for all u > u, a®y; = 1. Moreover,
(1 —2p)7 + Aprb > 0 if oy = 1, (1 = 2p)7 + Apxb = 0 if oYy, € (0,1), and
(1 —2p)7 + Aprb < 0 if offy, = 0.

Proof. Without loss of generality, we can assume f = 0 and e < 1. The first-
order condition with respect to afy, gives (1 — 2p)7m + Apxb > 0 if offy, = 1,
(1 —2p)7 + Apxb =0 if affy, € (0,1), and (1 — 2p)7 + Apxb < 0 if offy, = 0.
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By the Subdifferential Envelope Theorem, —Apx € Oll(u). Therefore, by

concavity of II(+), there exists @ € [0, “E2] such that for all v < @, aff;, € [0,1),

and for all u > u, afy;, = 1. O

Claim 5 (Shirking region). I1(-) is linear on the interval [u.,u]. Moreover, oy, =1

. : m(1—2p) R _
if and only if the slope of the value function is less than = 1_6” ; otherwise, o’y = 0.

In addition, for u € [u.,u] suppose I1(u) takes the form (u) = au + d for some

a,d € R. Ifa > ”(ifgp), then a({%) +d = 2=, and if a < ”(ijp), then
w—+b (1—p)m—w
() +d =5

Proof. Without loss of generality, we can assume f =0 and e € (0,1). Let
A= E[w(&,a) cp Ly —w+611(u') | W} [7‘(‘(9,&) cp Ly —w+11(u') | ﬂW]

B=E[u(a) — calw +6u | W] —E[u(a) —caly +0u | =W].

The first-order condition with respect to e implies A + A\pxgB = 0. Using the
definition of the value function,

T(u) — E[ (0,a) — cp Ly —w + 6 (u ‘ﬂW]—eA.

In addition, by (PK]),

u—Efu(a) —caly +0u | =W]
5 :

e =
Therefore, by substituting e and using the first-order condition,

(u) — (pr + afy (1 — 2p)7 — w + 6 (u—w)) = —Apx(u — w — afyb — 5uﬁwz |
1

Suppose II(-) is differentiable at w. Then, by the envelope theorem, IT'(u) =

—Apk. Using the above equation, We consider two cases. By Claim [4], there exists

i € [ue, u] such that for all u < @, offy, € [0,1), and for all u > @, aff;, = 1.

First, consider u < . Using Claim [4] for all v < @ the above equation
simplifies to

(u) — (—w + pm + 6 (u-w)) = ' (u) (u — w — du—y).

By Claim , either Il'(u) = W, Or U~y = U, OF U~y = U.

First, suppose u-y # uw. Then

O(u) + w — pr = T'(u) (u — w) + 6TI(u) — oull’(u).
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This is a first-order ODE, and it is straightforward to show that II(-) is affine.

Suppose [I(u) takes the form II(u) = a;u+ d; for ay,d; € R, where a; (1%5) +d; =
pT—w

=5 -
Now suppose u—y = u. Then

H(u) +w — pr = 1" (u) (u — w — u).

This is a first-order ODE, and again it is straightforward to show that II(-) is affine.
Suppose II(u) takes the form Il(u) = asu + dy for as, dy € R, where

oriy +dy = g - gt
Therefore, in both cases I1(-) is affine. Hence, for all u € [ue, @, II(+) is piecewise
linear. However, it is straightforward to show it cannot have more than two linear
parts. Formally, there exists u; € [ue, @] such that II(u) = ayu + d; for u € [ue, uq],
and for all u € [uy, d], [I(u) = asu + dy. Moreover, by Claim , a; > @
since ast + dy > 0, in both cases a;7% + d; < 5= for i € {1,2}.

If & =@, then aou + dy = 0. Since II(+) is concave and both affine functions pass
through the point (%, %), these two affine functions must coincide. Hence,
for all u € [u,,u|, I(u) takes the form II(u) = au + d for a,d € R, where
o) +d = B2

Second, consider u > @. Thus, af;, = 1. Equation [1|simplifies to

, and

O(u) — (1 = p)m —w + 6l (u—w)) = IT'(u) (u — w — b — du—_yw).

By Claim , either TI'(u) = 20=w)=10) “6p o) 10 = u, or sy = T

U —U
First, suppose u-y # u. Then

() — O =10 (w) (u — 53).

Thus, I1(u) takes the form II(u) = azu + ds for as, ds € R, where (13(%) +ds =

(I—p)m—w
-5
Now suppose u—y = u. Then

H(u) +w— (1= p)mr =1 (u) (u—w—b— ).

Thus, II(u) takes the form II(u) = aqu + dy4 for ay4,ds € R, where

+b _ (Q—p)r—w d(aqt+dy)
agyy tdo= "5 — T

Similar to the first case, there exists ug € [@,w] such that II(u) = azu + ds for
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u € [@,us], and for all u € [us, @], II(u) = agu + dy. In addition, a,u + dy = 0.
Therefore, these two affine functions must coincide. Hence, for all u € [, u], I1(u)

takes the form II(u) = azu + ds for as,ds € R, where ag(w+b) +ds = %.

If 4 = u,, then for all u € [u., @], II(u) takes the form II(u i— azu + dg for

as,d3 € R, where a3(w+b) +ds = w Moreover, by Claim W], a3 < —(1_3")“,

Finally, suppose @ € (u., ). We show that this case cannot occur. Combining the
first and the second cases, I1(-) would be a piecewise linear function with three linear
parts. Formally, II(u) = aju + by for u € [u,, uq], II(u) = asu + by for u € [uy, @,

and II(u) = agu + bs for w € [u,7u]. Using the facts that a;1%5 + dy = 4=,

ap7%s +dy < B, ag,ap > (lig) CL3(w+b)—|—d _% and as < (1 2p) a

simple algebra shows that II() cannot be concave. This leads to a Contradlctlon ]

Claim 6. Let u; = min{u | IT*(u) = I'(u)}. Without loss of generality, the
probability of working at u, denoted by e € (0, 1), satisfies

T =euy + (1—e)(w+afyb+on),

and the continuation utility in case the agent is not supposed to work (u-w ) is
equal to w. Moreover, continuation utilities and verification probabilities when the
agent is supposed to work are the same as u;.

Proof. By Claim [5], II(-) is linear for all u € [u.,u]. Hence, II(-) is also linear for
all u € [uq, ). Suppose H( ) = au + d for some a,d € R on this interval. Define
U — (w+ aftyb + ou)

up — (w+ ol b+ 0u)’

e =

Note that @ — (w + affy, b+ 6u) < 0 since u < w%;éw Therefore, e € (0,1). Using
(7)) = au + d, H(ul) = au; +d, and Claim [4] it follows that

() = ell(u;) + (1 — €) (—w + pr + %y (1 — 2p)7 + 511 (7)).
[l

Claim 7. Let u € [uy,u.] and suppose constraint|(M-L) is slack. Then uk,, =

R _
uly, = u.

Proof. Since constraint [(M-L)| is not binding, we have n = 0. The first-order
conditions of the Lagrangian with respect to u%,, and uf, yield

—Apx € 8H(ufv), —Apk € aH(U}_?“V),

and by the envelope theorem, —Apy € Oll(u).
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If T1(-) is strictly concave at u, it follows that u%,, = uft, = u.

Now suppose instead that II(-) is linear on a right neighborhood It of w, so that
[I(z) = ax + d for x € I'". The envelope theorem then implies —Apx > a.

Consider the case u, > u. The derivative of the Lagrangian £ with respect to
uly, is a+ Apr. If =A\px > a, then uly, = u. Suppose instead that —A\px = a and,

for contradiction, assume u’y, > u. The value function is

M(u) =7 —w+ (pof + (1 — p)o’) 5H(u5) + p(1 — o™ 51‘[(us)
+ (1= p)(1 =) dll(uly) = (po" + (1 = p)v*)e,.

Since 1 M—Lj does not bind, the left derivative with respect to uly, implies I~ (u) =
1~ (uly,). Moreover, fixing other variables and lowering u%,, extends the linearity
of the value function beyond u, so that u lies in the interior of a linear segment of
I1(-). However, without loss of generality we assume that « is not in the interior of
a linear segment of II(-). This yields a contradiction.

If instead uly, < u, then a symmetric argument using a left neighborhood of u
leads to the same contradiction.

The same reasoning applies to u%,,. Hence u%,, = u%, = u. O

Claim 8. Suppose that, for u € [uy, uc] N [y, Ty], (W) does not bind. Then
uy = u.

Proof. The first-order condition of the Lagrangian with respect to wy implies
—Apk € Oll(uy). By the envelope theorem, —Apg € Oll(u).

For a contradiction, suppose uy # u. Then II(-) must be linear on the interval
[min{uy, u}, max{uy,u}| with slope —Apr. Without loss of generality, assume
uy > u. The value function is

M(u) = 7 —w+ (pu + (1 = p)o’) o1 (uf) + p(1 — %) 6T (ulsy,)
+ (1= p)(1 =) dll(uly) = (oo + (1 = p)ot)e,

Since is slack, the left-hand derivative with respect to uy implies 11~ (u) =
[T~ (uy). Moreover, holding other variables fixed and lowering wy extends the
linearity of the value function below u, so that u lies in the interior of a linear
segment of II(-). However, without loss of generality we assume that u is not in

the interior of a linear segment of II(-). This yields a contradiction.
The argument is analogous if uy < u, again leading to a contradiction. O]

Claim 9. For all u € [uy, u,],

[T (u) = pIT* (uly)+(1=p) T (ully)  and TI7(u) = pIT™ (uly)+(1=p) I (ufy).
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Proof. By the second part of Lemma [3]
w4 §(1 —vM)uty, = w4+ b+ 5(1 — o),
Substitute
—b+5(1—vE)ul
u=w+ (1—ov")ouly + (p* + (1 — p)o)ouy —ca, v, = %

into the expression

[I(u) =7 —w + (pv + (1 — p)v") M (uy) + p(1 — ) STI(u5)
+ (1= p)(1 =) dll(uly) = (po + (1 = p)vt)e,.

Taking the right and left derivatives with respect to uly, yields the stated result. [

Claim 10. Suppose v® > 0 and uy € (uy,uy). Then

(uy) — T (uy) — [(ulh) — uff T ()] < 2,
M(uy) — uy T (uy) = [(ulh) = uff 10 (uf))] > 2.

Proof. First suppose binds. We have e > 0. Using and the fact that
binds,
o7 (1—e)(w+ b + du_w) — ew

L _
v ed(1 —ol) ’
and
uR = ﬁ_u_e)(w"i‘aﬁwb‘f‘(suﬁw)—ew
v ed(1 — vf)

Now substitute uZy,, uf%,, and uy = (=L into the objective

S((A=pwf+pol)

(1-) [e(w e (L= )"+ pu )T ur) + (1= p)(1 = o) T
+p(1 = v TI(uky) = (1= p)o" + po*) )
+(1—e) (ﬂ'p + oty (1 —2p)7 + 5H(uﬁw)>] .

The left and right derivatives with respect to vt yield the result. Note that the

argument is independent of whether ((M—L))) binds, or equivalently, of whether
L

v =0.
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Now suppose ((M-L)|) binds; hence v = 0 and does not bind. Using (I)),

e — (1 —e)(w+ afyb + du_w) — e(w + (1 — p)vRouy — ca)

L _ 1-f
= ed ’
and
R 17 (1 —e)(w + alfyb+ du-w) — e(w + (1 — p)vfiduy —ca)
= ed(1 —vft) '

Now substitute uly, and uff, into the objective. Employing Claim [§f and Claim |§|,
T (uy) = pIT* (uly ) +(1=p) I (uffy) and  TI7(uy) = pII~ (uly ) +(1—p) I~ (uf5y).

The left and right derivatives with respect to v’ yield the result. O

Claim 11. Suppose uy < 1%. Then for every u € |uy, min{{%, u.}| such that

W € [uy,uy], the following statements hold:

1 uby, =ulff, = u.
L _ 1 __ 1 w. R_1_1 w+b
2ovr=1—5+5 andv” =1— 5+ %52,

3UV: >U+A

CA
671+w+(i_9)b
Proof. Consider the relaxed problem obtained by dropping constraint |(M-L)| from
the Lagrangian £. A mean-preserving contraction argument in this relaxed problem

implies that, without loss of generality, we may impose uly, = uff,. Let u_y =

uly, = uf, and define v := pvft + (1 — p)ot.
First, note that constraint binds. Otherwise, reduce v to some v' < v so

that binds at v’'. Next set the continuation utilities as follows:

e upon verification (which now occurs with probability v’), set the continuation
utility to uy;

e upon no verification (probability 1 — v’), assign u—y with probability 1 — v
and assign uy with the remaining probability v — v'.

This modification leaves the distribution of continuation utilities—and hence
the agent’s expected utility—unchanged, while strictly increasing the principal’s
objective because the verification probability falls. Therefore must bind at
the optimum.

(1) Since is slack and by Claim [7} it follows that u_y = u.
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(2) Using (PK) together with (I)), we obtain

1 w 1 w+b
=124 — d B— 1 .
v 5Ty v 5T o

(3) Because binds, and using part (2), we have

— CA B
o 5—1+M € luy, uv].

We first show uy > u. Suppose, to the contrary, that uy < u. Dual feasibility
(KKT) then implies v < 0. The first-order condition with respect to uy yields

—)\pK‘f"Y c aH(Uv)7

and since uy € [y, Uy], constraint (Ve) is slack’] By concavity of II on [uy,, Ty,
together with uy < u-y = u, we conclude v < 0 and thus v = 0. Hence either
uy = u-y = u (contradicting uy < u), or

H(UV) — H(Uﬁv)
uy — U-y

= —Apk.

The first-order condition with respect to v in L is

(I(uy) — M(usy)) + Apic (uy — usy) — yuy — CFP = 0.
Combining the last two displays yields yuy — < = 0. Since v = 0, this implies
%’” = 0, a contradiction. Therefore uy > u.
We now show: there exists A > 0 such that uy > u + A. Suppose not. Then
there exists @ such that either uy (@) = @, or there is a sequence {u;} with @; | @
and wy (4;) — 4. In either case, using u—y = u, one obtains

w+ (1 —p)b—rca
1—0 '

By Claim [10] and u_y = u, for all u > 1,

—(T(u) — Il (u)) + (W(uy) — up T (uy)) > %P

Consider a decreasing sequence {u;} with u;,1 = uy(u;) and u; | @. Since
IT(u;) — UiH+(Ui) < H(wig1) — vt 1T (uig),

35Because uy € [uy,uy], @) does not bind.
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we obtain, for all 7,

c
—(H(UZ) — u,H+(u,)) + (H(UH_Q) —Ui+2H+(UZ’+2)) Z FP
By Claim [2| II(u) — uII*(u) > 0 for all u € [0,7]. Hence
0 > Tl(ug;) — uglTt (ug;) > T(uy) — ug I (ug) — %7

which yields a contradiction for n large enough. Therefore uy > wu, and thus
uy > u+ A for some A > 0.

Finally, since the solution to the relaxed problem satisfies and [(M-R)] it
O

is also a solution to the original problem P.

Claim 12. If[(M-L) is slack, then (W) binds.

Proof. 1f is slack, then v” > 0. Suppose, for contradiction, that does
not bind. Decrease v* while keeping the distribution of continuation utilities the
same. Let the reduced value be 9. With probability 97, the continuation utility
is ul;. With probability v — o, the continuation utility is uf. With probability
1 — v%, the continuation utility is uy,. The distribution of continuation utilities

remains unchanged. Since is slack, this change does not affect [(M-R)| It

does not affect (Ve), or (W), and it keeps the agent’s utility constant while
increasing the principal’s payoff. This yields a contradiction. O]

Claim 13. The constraint uy > wy, is always slack.

Proof. Consider the relaxed problem obtained by ignoring the constraint wy, >
uy,. We show that, in this relaxed problem, w; < uy. Since uy > u for all
u € [ug, min{u,, wy }|, it follows that in the relaxed problem uy > w,.

Suppose, for contradiction, that for some u > uy we have uy < u;,. Claim
implies that

(uy) = wpTT (o) — [T(af,) — uff T (65,)] > 2.
By Claim 2] for all u we have II(u) — ull~(u) > 0. Hence,
H(uv) — UVH+(Uv> Z CTP.

However, we know II(uy) <II(w,) = %, and since uy, lies on the increasing part
of TI(+), we have I (uy) > 0, yielding a contradiction. O

Claim 14. If binds, then |(M-L) binds.
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Proof. Suppose, for contradiction, that does not bind, and therefore v* > 0.
By Claim , constraint binds, and by Claim , we have uf, = uly, = u. By
(L),

szl—%—i-% and szl—%—i-ug—tb.
Since binds, uy can be expressed as a function of u. Therefore

— CA — 77
Uy = T — Uy .
PRPCEECET)

Hence, except possibly at a particular knife-edge value of u, this yields a contradic-

tion. Therefore |(M—L)| must bind. O
Claim 15. Suppose v > 0, and (W) does not bind. If (1 — p)uy > uf,, then

uR . B
(uy — 1:‘;)H+(u) = I(uy) — H(u}jv) — - TinufbVH (ufv)7

UR _ .
(uy — ST (u) = W(uy) — W(ufy) — & — 2w, ITF (uky).

If (1 = p)uy < u®,, then the direction reverses at u: in the preceding equations,
replace TIT (u) with I1™(u) and replace I~ (u) with TIT (u).

Proof. We have e > 0. Using (),
L b+5(1va)u}fV
-V = Tsaty
By the promise-keeping constraint,
u=(1—f) {e(’w + (1= p)b+ (1 — p)of + pv™)ouy + (1 — p)(1 — vF)sut,

+p(1 — vL)éufv) —(1—e)(w+afy b+ 5uﬁw)} :
Now substitute u and uff, into the expression
fw) = (1 [ (7= w0+ (1= )+ o0 + (1= p)(1 — v T )
+p(1 = v TI(uky) = (1= )" + po*) )

+(1—e¢) (ﬂ'p + oty (1 —2p)7 + 5H(uﬁw)>] :

The left and right derivatives with respect to v’ yield the result. O]
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Claim 16. Suppose|(M-L) binds and@ does not bind. Then it cannot be the case

that u = ut, = ult, = uy.

Proof. Suppose u = uly, = u®, = uy. Claim [15]implies

Tl () = =~ T (),

1—0p o 1—p
pu cpopu
- — P ).
T, W= -y
There is no IT*(u) and II™ (u) such that solves the above equations. A contradiction.
[l

Claim 17. Suppose binds and (W) does not bind. Then 11~ (u) = I~ (uy).
Hence [min{u, uy }, max{u, uy }] is a linear segment of 11(-).

Proof. By the promise-keeping constraint,
u=(1-f) {e(’w + (1= p)b+ (1 — p)of + pv®)ouy + (1 — p)(1 — vF)sut,
+p(1 — UL)MEV) —(1—e)(w+afyb+ 5uﬁw)} :
Now substitute v into the expression
() = (1— /) [ (7w (1= )+ po")O T} + (1= p)(1 — 03 TI(u)
+p(1 = v TI(uky) = (1= )" + po*) )
F(1—e) (m +altu(1—2p)m + 5H(uﬁw)>] .

The left derivative with respect to uy yields the result. O]

Claim 18. Suppose (1 — p)b > ca. Then uy > @.

Proof. Suppose u € [us,@]. Then ut, = u¥, = v and uy > u. By the promise-

keeping constraint,

u=w+(1—p)b+ ((1—p)™+ po")uy + (1 — p)(1 — vF)suf, + p(1 — v¥)duly — ca
>w+ (1—p)b—ca+ ou.

w+(17 )bch > _w

=5 > 1%, a contradiction. ]

Hence u >
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Claim 19. Suppose u. > 1*5. Then for all u € [max{ug, 15}, Ue],
1) vF >l =0.
2) There exists A > 0 such that uf, + A < u < uk, — A.

Proof. Step 1: Show v” = 0 (hence v > vl). Suppose, for contradiction,
that v > 0. Then constraint does not bind. By Claim [12] binds.
Moreover, since does not bind, Claim m gives u = uly, = uf,. Using the
promise-keeping constraint , we obtain

1w
L
=l
! 5 u
Because u > 1%, this implies v* < 0, a contradiction. Therefore v* = 0 and |(M-L)
binds.

Step 2: Show uf, < u < u’,. We consider two cases according to the
multiplier 7.
Case A: = 0. The derivatives of the Lagrangian £ with respect to uly, and
uft, imply
—Apr € 8H(ufv) and — Apg € 8H(u§v),

and the envelope theorem implies —Apx € 0ll(u). Since the value function is
concave, if u # u?,, then II(+) is linear on the interval [min{w, u%; }, max{u, u?, }]
for a € {L, R}. Without loss of generality, we assume u is not in the interior of a
linear segment of II(-). Claim [9] then implies u%y, = u = uf,,.

If inds, straightforward algebra shows v¥ > 0 and u < 175, a contradiction;
hence (W) does not bind. If does not bind, then by Claim (8 we conclude
uly, = u = u®, = uy, which contradicts Claim

Now suppose binds.
o If (1 — p)uy > u, then Claim [15| implies

(@ —5) 07 (u) = —I(u) =51 (), (Gy—2)1T (u) = —TI(u) =2 107 (u).

1-p

Therefore Ty = “142) and £ (0 (u) + 117 (u)) = —II(u). Using Claim ,

1-p
since uy > u, we have I (u) = II” (u). Hence

o) Ow-F ) E
M) = 25 = ==~ = —amigy
1-p “T1—p

which yields II(u) = II(u) — %, a contradiction.
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o If (1 — p)uy < u, then Claim [15|implies

(@~ )T () = —TI(0) £ (), (T — 25T () = ~T(u)~ £5 1T (u).

P 1-p 1-p

Therefore 11~ (u) = IT* (u) = %(_72 By Claim , [min{wu, uy }, max{u, uy }|
T 1w

is a linear segment of II(-). Hence I'(u) = -.——. This contradicts the

—II( “

earlier identity IT'(u) = E—“u) Therefore we may conclude n < 0.

Case B: 1 < 0. The derivative of the Lagrangian £ with respect to u%,, implies
—Apx +n € Oll(uly,), and with respect to uf, it implies —A\px — n € Ol (ul},).
By concavity of I, we have uf, < u < uly,. Therefore, if TI(-) is differentiable at
u, it follows that uf, < u < uly,. Suppose instead that II(-) is not differentiable
at u. Consider three cases:

Loulft, =u=uly, =uy. If binds, straightforward algebra shows v > 0
and u < =%, a contradiction; hence does not bind. If 1) does not

-3
bind, Claim (8 implies u’, = u = uf, = uy, which contradicts Claim [16] If
(Ve) binds, an argument analogous to the case n = 0 yields a contradiction.

2. uby, =u > ufy,. Claim [J] yields a contradiction.
3. uf, = u > uly,. Similarly, Claim |§| yields a contradiction.

Thus uff, < u < uly,.

Step 3: Strict separation by a margin. We now show that there exists
A > 0 such that uff, + A < u < uly, — A. Suppose, toward a contradiction and
without loss of generality, that there exists a sequence u; — @ with uly (u;) — .

Claim [9] implies I~ (uf, (u,;)) — I~ (@) and TT* (uf, (u;)) — I (a). Since TI(-) is
concave, the sequence u®, (u;) also converges to 4. Consider two cases:

e For a subsequence u}, constraint binds. Simple algebra then yields

u < 1“%5, a contradiction.

e There exists a subsequence u! such that does not bind. Using Claim
yields a contradiction.

This completes the proof of both (1) and (2). O

Proof of Theorem [1}
Proof.
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1 Tt follows from Claim [1I
2 Tt follows from Claims [11 and [19

3 It follows from Claims [4] and [Bl

O
Proof of Theorem [2t
Proof. 1t follows from Claims [6] [LT] and [I9} O
Proof of Theorem [3t
Proof. Tt follows from Claims [T}, [I8] and 19} O

7.2 Characterization of the Principal’s Preferred Equilibrium in
E

In this section, we show that focusing on £ to characterize the principal’s
preferred equilibrium is without loss of generality.

Lemma 1. Suppose f(-) : R — R is a continuous and concave function. Let
v,y €R, 2 € R" and a € (0,1) such that v >y and x — 2 > y + 7= Then, the
following inequality holds:

z

af(@)+(1—a)f(y) < af(e— )+ (1—a)fly+

a l1—a

)

Furthermore, the inequality is strict if f(-) is not linear on [y, z]|.

Proof. The inequality holds if and only if
f@) - fe-32) _fw+) -1
r—(x—-2%2) = (W+iL)-y
Let o € (0, 1) such that ax+(1—a)y = x—Z and 3 € (0, 1) such that Sz+(1—5)y =
y + 1= Therefore the inequality in the Lemma holds if and only of
f(z) = flaz + (1 - a)y)
(1—a)(z—y)

Since x > y, equivalently

fBz+ (1 - B)y) — f(y)
Bz —y) ‘

<

Bf(@)+ (1 —a)f(y) < Bflax+ (1 —a)y)+ (1 —a)f(Bz+ (1 - By).
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By concavity of f(-) we know f(az + (1 — a)y) > af(z) + (1 — a)f(y) and
f(Bx+ (1= B)y) > Bf(x) + (1 — B)f(y). Combining both inequalities gives
us the last inequality. In addition, if f(-) is not linear in interval [y,x], then
flar+(1-a)y) > af(z)+(1—a)f(y) and f(Bz+(1=P)y) > Bf(z)+(1-5)f(y)

which imply the inequality in the statement is a strict inequality. O]

Lemma 2. It is without loss of generality to restrict attention to direct, truthful
communications in € with message space L, R.

Proof. Let Gy be the same game as G but with message space M. We show that
for any equilibrium e,; € GG, there exists an outcome-equivalent equilibrium e € G.
Fix a history h*~! in e;;. Assume the agent is not fired and is supposed to work
after h'~1', i.e., ff = ~F and wi = Wm Assume he sends a message m! € M.
Define €’ to be the same as ej, except that after {h'~!, —~F, W} the message
space is restricted to {ﬁ, }?} and the agent reveals the state. We show that ¢’ is an
equilibrium. Consider two cases:

1. Separating messages in e);: If the agent plays a separating strategy when
sending messages m! in e, then truthful direct communication in €’ is clearly
outcome-equivalent to ey;.

2. Pooling messages in e);: If m! is pooling in e, suppose instead that the
agent reveals the state in €/. Continuation strategies in €’ following revelation
are defined to coincide with continuation strategies in ey, after sending m!.
The principal’s incentive to verify or not verify in €’ is the same as in €.
After the action a is taken, the principal’s payoff in €’ is identical to that in
e, since the action itself is sunk. Moreover, in the continuation game both
players face the same incentives in €’ and e,;. Because the agent has already
taken the action, verifying and learning the state is payoff-irrelevant.

The argument above is not specific to the message space following h!~!; it applies
to all message spaces on the equilibrium path. O

7.2.1 Principal’s Preferred Equilibrium of £

Our objective in this section is to characterize the principal’s preferred equilibrium
within €. The history of the game can be summarized by the agent’s continuation
utility. The upper boundary of the equilibrium payoff set is self-generating in the
sense of Abreu, Pearce, and Stacchetti (1990). Consequently, the problem can be

36If the agent is not supposed to work (wé = W), messages are superfluous.
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formulated as a recursive program subject to the incentive constraints of both the
agent and the principal.

As noted earlier, the principal does not verify when the agent is recommended
not work. Thus, on the equilibrium path, the agent’s continuation utility at the
end of each period can be classified into three cases:

1 uy®, when the agent is supposed to work, he sends message m € {f/, R} and
he takes action a € {L, R} and the principal verifies.

2 u”y, when the agent is supposed to work, he sends message m € {i, f{} and
he takes action a € {L, R} and the principal does not verify.

3 uly,, when the agent is recommended not work and the he takes action

a€{L, R}

Let v™ be the verification probability when the agent sends message m € {I:, f%}
and he takes action a € {L,R}. Let ojj* be the probability that the agent
is recommended to take action action a € {L, R} when the he sends message
m € {I:, fi} When he is supposed to work. Let a®%. be the probability that the
agent is recommended to take action action a € {L, R} When he is supposed to
shirk. Let f[(u) be the principal’s highest equilibrium payoff consistent with the
agent’s equilibrium payoff being u. Let ﬁ(u) = —o0 if no equilibrium exists that
gives the agent u. Let @ denote the maximum promise such that II(u) > —oo.
Note that by Lemma [2] we can restrict attention to truthful direct mechanisms.
The principal’s program is:

P II(u) =sup ]E[]LF(W(H, a) —cply —w+ 5ﬁ(ul))]»

subject to the agent’s incentive constraints: 1) Working and reporting truthfully
the state

E [u(a) + 0%6ulf + (1 — 0")6u’s] — ca > mg%zj{m{E [u(a) + (1 —v™)6u™e | m]}.
(WT)

2) Conditional on working, reporting truthfully the state
E [u(a) + v?6ul + (1 — 0% 6us, | 0] > E[u(a) + (1 — W Neule | 6], (1)

for all 6,0" € {L, R}. Specifically, let (T-L) denote the constraint corresponding
to # = L and 0’ = R, and let (T-R) denote the constraint corresponding to § = R

37Tt is easy to see messages m is superfluous when the agent does not work.
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and 0’ = L. 3) The promise-keeping constraint:
u=E[1.p(u(a) — calw +du)]. (PK)
Principal’s incentive constraints: 1) Firing
E |:7T(0, a) —cply —w+ 61:I(u')} >0, (Fi)
2) Verifying
STI(ud®) — cp > 0, (Ve)

for all a,0 € {L, R}. The supremum is taken over the continuation utility ', the
probability of firing, the probability of working, the probability of verification
and the probability of actions. The continuation utility u’ can take the three
aforementioned forms, uf?®, u™%, u®,, € [0,

Lemma 3. In the principal’s preferred equilibrium, without loss of generality:

1 The probabilities of verification and the continuation utilities are independent
of the action recommendations. Formally, uy® = u’{}w', u” = UT‘C}/; uly =
u®y, and v = v for m € {L, R} and a,a’ € {L, R}.

2 If the agent deviates and shirks whenever he is supposed to work, he will
obtain the same utility from reporting L or R. Formally,

E [u(a) +(1— vRa)éuf’“} | ]:2] =E [u(a) +(1— vﬁ")&&@ | fj] :

3 The continuation utility of the agent after verification is independent of the
agent message. Formally uy} = uy}, for m,m’ € {L, R}.

Proof. 1 By Lemma [T, a mean-preserving contraction applied to each pair
(e, up®), (umd,u™y), and (u®y,,usy,,) weakly increases the principal’s
payoff while leaving all incentive constraints unchanged.

Furthermore, since these continuation utilities are independent of messages,

a mean-preserving contraction between v™* and v™* does not alter the
principal’s payoff, the agent’s utility, or any incentive constraint.

38Expectations are taken with respect to the random outcomes, namely the state, firing status,
verification status, working status, and the agent’s action.

39The agent has another incentive constraint. The agent must follow prd’s action recommen-
dation. For now we ignore this constraint and later we show with our assumptions this constraint
never binds on the equilibrium path.
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2 Using part (1) of the lemma, we adopt the convention of dropping the
superscript “a” from continuation utilities and verification probabilities. We
proceed the proof by contradiction. Without loss of generality, suppose

E[u(a) + (1 — UR)&ulsz ’ R] < E[u(a) +(1- vﬁ)dufv [3} :

Then vR > 0; otherwise, this would contradict constraint (T-R). Now decrease

R glightly while keeping the distribution of continuation utilities the same.
Let the reduced value be UR With probability &7, the continuation utility
is u{}z With probability v — 5B the continuation utility is u{}z With
probability 1 — ’UR the continuation utility is u%,,. Therefore, the distribution
of continuation utilities remains unchanged. Since (T-L) is slack, this change
does not affect that constraint. It does not affect other constraints, because
the distribution of continuation utilities remains unchanged. It keeps the
agent’s utility constant while increasing the principal’s payoff. This yields a
contradiction.

3 Using parts (1) and (2) of the lemma, constraints and [T] are equivalent

to
E [u(a) + (1 — v 5ul [:] :

A] =K [u(a) +(1— vi“)éué‘{,

and o o
pvEouls + (1 — p)ofoull > ca.

By Lemma , a mean-preserving contraction between uff and ul; leaves all

incentive constraints unchanged while weakly increasing the principal’s payoft.

R _ L
Hence uy = uy.

O

Claim 20. Suppose aII,%VL € (0,1). ThenIl'(uf,) =% If oz%L =1, then H*(ufzv)
=, Similarly, if ofift € (0,1), then IT'(uky,) = =%, and if off = 1, then II* (uly,) =

SE|

Proof. By Lemma 3] part (2),

i _b(l—aw)—ba +6(1—o" )uRV
5(1—UL) .

uZy, =
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By the promise-keeping constraint,
—(1-§) [e(w (1= o)+ (1= 0M)aul, + (oo + (1= ppoR)ouy — e
—(1—e) (w alt bt 5uﬁw)}
Now substitute u and uZ,, into
) = (1 - 1) [e<p<1 o)+ (- )1 - aff)r
+ (0" + (1= p)o") 3 T0(uy) + p(1 = " >5H< )+ (L= p)(1 - 0h) oTi(uly)

— (pvR +(1— p)vi)cp> +(1—e) <7rp + ol (1 = 2p)7 + 6 Tl (u-, ))] :

Taking the derivative with respect to cv{?VL and evaluating the appropriate one-
sided limits at the boundary yields the stated identities: at interior values afif €

(0,1) we obtain IT'(uf,) = %, while at aévL = 1 the left derivative satisfies
[T~ (uf,) = . The analogous argument with respect to oi/* delivers II'(uly,) = —%
for interior pomts and IT*(u’,) = =% at the boundary. O
Claim 21. Suppose == <7 Then 7 (u) < . Moreover, a{?VL =0.

Proof. The slope of the upper boundary of the feasible payoff set is always less than

T e, Hence 7'(0) < ST e, Since I1(-) is concave, the left derivative

7~ (u) is nonincreasing; therefore 77 (u) < 7. Finally, by Claim , we conclude
that offF = 0. O

Claim 22. a%VR = 0.

Proof. By an argument analogous to Claim , one can show that II(-) is linear

on the interval [u.,u]. Moreover, af;, = 1 if and only if the slope of the value
function is less than ”q*;p ). otherwise, aft, = 0. In addition, for u € [u,,]

suppose II(u) = au + d for some a,d € R. Ifa>M then

and if a < M then

26



Moreover, the slope of the upper boundary of the feasible payoff set is weakly higher

than _p’;ch > —%. Therefore 7% (u) > —7, and hence, by Claim okt =0. O

Claims [21] and [22 imply a{,%VL =0 and a%/R = 0.

o7
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