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Abstract

Fixed-effect estimators for panel data models suffer from bias. In an n x m panel
the bias is usually of order 1/m, implying that it is non-negligible unless 7/m — 0.
Moreover, the limit distribution features a bias term when n and m grow at the same
rate. A recent literature has shown that bootstrap inference can correctly account for
this asymptotic bias. This implies that inference based on the fixed-effect estimator,
when performed by means of the bootstrap, behaves on par with inference based on a
bias-corrected estimator. Both procedures are correct provided that n/m® — 0. This
rate arises because the bootstrap, like bias correction, introduces additional bias of
order 1/m2. In this paper we argue that, by iterating the bootstrap, one accounts
for this higher-order bias, thereby yielding valid inference as long as n/m> — 0. The
double bootstrap based directly on the (uncorrected) fixed-effect estimator therefore
delivers gains equivalent to working with a second-order bias-corrected estimator. To
illustrate we provide primitive conditions for iterating a residual bootstrap in the
autoregressive model and show by means of a simulation exercise that the gains of
iterating the bootstrap are substantial.
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1 Introduction

Estimators computed from n x m panel data usually suffer from bias due to the estimation
of fixed effects. The bias is of order !/m, in general, while the variance shrinks like /nm.
This, then, implies that the estimator is asymptotically unbiased only when 7/m — 0.
The literature has investigated several ways of accounting for the bias for the purpose
of inference under asymptotics where both n and m grow large. The initial literature
proceeded by working with bias-corrected estimators constructed as to remove the leading
1/m bias (Arellano and Hahn 2007 provide an overview). Such a strategy typically leads to
correct inference as long as 7/m3 — 0 (Sartori 2003, Hahn and Newey 2004). Several more
recent contributions have shown that the bootstrap, applied directly to the uncorrected
estimator, delivers the same inferential gains (Gongalves and Kaffo 2015, Higgins and
Jochmans 2024, 2025).

The intuition behind the requirement that 7/m3 — 0 is that both the bias-correction
approach and the bootstrap, while accounting for the leading 1/m bias, do not correctly
capture the remaining 1/m? bias, as they introduce additional bias terms of order 1/m2. This
higher-order bias becomes important in situations where 7/m3 is not close to zero. In this
paper we show how simply iterating the bootstrap (Hall 1986, Beran 1987) reduces the
bootstrap error to order 1/m3, thereby providing correct inference as long as 7/m5 — 0.
So, whereas the (single-layer) bootstrap automatically achieves the gains from a first-order
bias correction, the double bootstrap yields inference on par with what a second-order bias
correction would achieve. However, while many approaches to first-order bias correction
are available, very little is known about second-order corrections. Only the split-panel
jackknife corrections of Dhaene and Jochmans (2015) have been justified theoretically.
These, however, have the disadvantage that they demand to split the panel into subpanels,
which may have a detrimental effect on the small-sample performance of the estimator.
The jackknife, at least when applied to higher order, can also be demanding in terms of
stationarity requirements.

Our approach to iterating the bootstrap is to be contrasted with using the double



bootstrap as a device to prepivot a statistic to account for bias. This route is followed
in Kim and Sun (2016). It amounts to a particular way of bootstrapping a (first-order)
bias-corrected statistic (as is discussed, for example, in Gongalves, Cavaliere, Nielsen and
Zanelli 2024), and does not improve over a single-layer bootstrap applied directly to the
uncorrected estimator.

Our main illustration concerns inference in the autoregressive model with fixed effects,
where the within-group estimator is subject to the well-known Nickell (1981) bias. For this
problem, Hahn and Kuersteiner (2002) have shown how first-order bias correction yields
correct inference when 7/m converges to a positive constant, and Gongalves and Kaffo (2015)
established the validity of a (single-layer) bootstrap scheme under the same asymptotics.
We first improve on their results in showing that they continue to yield valid inference as
long as /m3 — 0. We also show that this condition is sharp, as the bias of order 1/m2
is not correctly captured by either of the two procedures. We then show how the double
bootstrap fixes this problem, and correctly accounts for bias up to order 1/m3, thereby
leading to size-correct inference as long as 7/m> — 0. It is also interesting to note that,
while the first-order bias in the within-group estimator does not depend on the distribution
of the initial conditions, the second-order bias does. As such, a split-sample approach to
higher-order bias correction cannot be justified here unless the time-series processes are in
steady state at the beginning of the sampling period. To illustrate the improvement of
iterating the bootstrap we provide some numerical results on the distribution of p-values
in settings where 7/m3 is bounded away from zero (and infinity). The gains from iterating
the bootstrap are considerable.

In the next section we describe the general inference problem for panel data. We
then show to what extent the bootstrap accounts for bias, and how the double bootstrap
improves on this. We initially focus on the distribution of p-values; critical values for tests
or confidence intervals are discussed afterwards. We then turn to the autoregressive model,
where our results are shown to hold as soon as moments of more than order four exist. All

proofs are collected in the Appendix.



2 Incidental-parameter bias in panel data

Consider a statistic 715, constructed from n x m panel data which, as n, m — oo, satisfies

for a random variable Z that follows a mean-zero normal distribution G and a bias term
B, arising from the presence of fixed effects. Typically, B,,, = O(M), implying that
the bias is non-negligible for the purpose of inference unless 7/m — 0. To see this, it suffices
to focus on the scalar case and consider the distribution of G(7,,,,), the (left-sided) p-value

constructed from a naive normal approximation to 7},,.! From the continuity of G’ we have
G(Tom) 5 G(Z + Bum) = G(Z) + O(Bum) = V + O(\/"fm),

with V' ~ Uniform|0, 1]. Hence, the distribution of the p-value is asymptotically uniform

only when 7/m — 0.

2.1 Bootstrap p-values

Performing inference by means of the bootstrap instead of the naive normal approximation
mitigates the bias problem. To explain why this is so let T)¥ = be the bootstrap version of the

statistic T

nm?’

and let P* refer to probabilities taken with respect to the bootstrap measure
(and, therefore, conditional on the original data). The (left-sided) bootstrap p-value equals

Gongalves and Kaffo (2015) and Higgins and Jochmans (2024, 2025) have shown results of
the form

T B, %7 (2.1)

where Z ~ G and
Bnm — By = Op( V n/m3)7 (22)

I As stated here, the p-value implicitly abstracts away from the need to estimate any nuisance parameters

on which G would depend in the absence of pivotality. In such a case the p-value would be G (Thm), where

G is a some (uniformly) consistent estimator of the function G. The distinction is immaterial for the sequel.
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and the notation A* % A means that P*(A* < a) & P(A < a) for all continuity points a

of the distribution of the random variable A. Then
P LB PNZ<Z— (Bun— Bum)) 2 G(Z = (Bum — Bum)) =V + O,(\/"/m?),

which is asymptotically uniform as n,m — oo as long as ?/m® — 0. This constitutes an
improvement of the uniform approximation by an order of magnitude in !/m over the normal
approximation.

The bootstrap refinement is of the same order as what can be achieved by working with
a bias-corrected statistic of the form 7, — l%nm, where Bnm is an estimator of B,,,. Several

such estimators have been proposed. Whichever estimator B is chosen, we usually have

Bnm - Bnm = Op( V n/m3)7

5 d —_
and so Ty, — Bum — Z + Op(+/"/m?) (see, e.g., Hahn and Newey 2004), from which it then
follows that

G(Tym — Bum) = G(Z — (Bum — Bum)) = V + Op(\/1/m?).

The bootstrap route is attractive as it by-passes the need to construct an explicit estimator
of By, which can be a complicated task. It also does not require Z to have a pivotal
distribution, as G can depend on nuisance parameters, thereby sidestepping the need for
T,.m to be a suitably studentized statistic. Perhaps more importantly, though, the bootstrap
can be iterated, yielding further refinement to the uniform approximation. We turn to this

next.

2.2 Double bootstrap p-values

The reason that the bootstrap and the bias-correction approach control only for first-order
bias is that both B,,, and B,,, are biased estimators of Bpm, with bias O(1/"/m3), in

general. In particular,

= Dnm
Bnm = Bnm + + Op( V n/ms)a

m



for some D, = O(\/m) Iterating the bootstrap can yield an improvement. To explain,
introduce a second-layer of bootstrap sampling. In complete analogy to P*, let P** indicate
probabilities conditional on the original data and the first-layer bootstrap data. We will
write A* %5 A to mean that P (A*™ < a) LN P(A < a) for all continuity points a of the
distribution of the random variable A, where A* ?y A means that P(||A* — Alls > ¢) 20
for any € > 0, and [|-||2 denotes the Euclidean norm. Later on, we will similarly use
A= "5 A to indicate that P*(]|A** — All2 > ¢€) 25 0 for any € > 0.

Let 17" be the second-layer bootstrap version of 7,,,,. Then it is reasonable to expect

T B 57 (2.3)
where Z ~ G, §
BZm:Bnm—i_ m+OP*(Vn/m5)7

m

and, in the latter expansion, the leading term is once again affected by the presence of

first-order bias, that is, it behaves like Dy, = Dy + O,(y/"/m3). But in that case we have

(B:,. —B,.)=(B,,, — B,,.) + Op(\/?/m*). (2.4)

To see how this is useful for inference, Let

P=P(P*<P), P*=P*T" <T).

nm —

As the notation makes clear, P is obtained by bootstrapping the (single-layer) bootstrap
p-value P by means of a second-layer bootstrap. Now, proceeding in the same way as we

did before, and using that G is a strictly-increasing function, it can be readily verified that

P P(Z— (B, —B,,)<Z—(B,,—B,,)) =V +0,(/"/m).

Hence, whereas the single bootstrap provides a refinement of order 1/m in the uniform
approximation to the distribution of p-values, the double bootstrap yields an improvement
to 1/m2. This refinement will be most noticeable when n/m? is not close to zero, where the

single-layer bootstrap fails.



The bootstrap can be iterated further, in the manner described in Hall (1986). Each
iteration would yield a further improvement of one additional order of magnitude provided,
of course, that the bias expansion holds up to a sufficient order; the latter is the case in the
autoregressive model that we study below, for example, and has equally been shown in other
specific cases (Dhaene and Jochmans 2015, 2017). Of course, the computational cost also
increases with the order of iteration, whereas the expected returns will only be substantial
in increasingly shorter panels. Whereas performing h iterations has a computational cost

2h+1

that is exponential in h, the remaining bias is non-negligible only when m is not large

relative to n.

2.3 Critical values

Before moving on we explain how the gains from iterating the bootstrap can be harnessed
for the construction of critical values. By the test-inversion principle, the argument equally
applies to confidence sets.

Consider a test that rejects the null hypothesis when

Tom < Qa

for critical value @),, chosen with the aim to control the size of the test at o, as n, m — oo.

The bias in T}, invalidates the use of critical values from a zero-mean normal distribution,

G o) =inf{Q : a < G(Q)},

unless ?/m — 0.

The quantile function of the bootstrap distribution is

Qo = nf{Q : a <P(T), <Q)}.

To construct a level-ar test using the (single-layer) bootstrap we may use the critical value

Qo = G_l(a) + Bnm + Op( V" fm?).



Indeed,

P(Tpm < Qo) =P(Z < G™Ha) + (Bum — Bum)) + 0(1) = a + O(\/"/m?)

follows.

To improve on the above we can use the double bootstrap. To explain how to do so, let

Qo =inf{Q: a <P™(T77 < Q)}.
The double-bootstrap test uses the critical value Qg, where & is determined by the equality
P (T < Q%) = 0,

that is, by constructing a bootstrap test in the first-layer bootstrap that has actual level

equal to . This calibration step, in tandem with the bootstrap-convergence results, implies

Q:; + Bnm = G_l(a) + (B;,m - Bnm) - (Bnm - Bnm) + Op*(l)‘
The size of the double-bootstrap test then is
P(Tom < Qa) = P(Z < Qa + Bum) = a4+ O(\/7/m?),

which improves over the single-layer bootstrap by one additional order of magnitude in 1/m.

3 Linear autoregression

The model is
Yit = i + QYiz—1 + Vit

where the v; are independent and identically distributed with mean zero and variance
o%. The fixed effect n; and the initial condition y;, are random draws from some joint
distribution which we leave unrestricted. The time-series processes are presumed to be

stable, in that —1 < a < 1.



3.1 Nickell bias

We will focus on the within-group estimator of a;, which is

&= D it Doty Wit—1 = Uim) Yir
Yo > Wit — Uie) Yir—1

where §,— = m Y 1~ yiy—1. The unit-specific de-meaning arises from treating the 7;

as fixed effects and is well-known to introduce bias that is O(m™!) in the within-group
estimator (Nickell 1981).

Hahn and Kuersteiner (2002) and Alvarez and Arellano (2003) both characterized the
asymptotic behavior of the within-group estimator under asymptotics where n,m — oo
with 7/m converging to a finite constant. For this it suffices to know the bias up to o(m™1).

They found

vnm <a —a- #) L NO,1-0%), cfa)=—(1+a)

As our interest lies in higher-order corrections, we first generalize this result to higher order.

It is convenient to work with

where
11—«

and v ::1_052

are the long-run steady-state mean and variance of the individual autoregressive processes.

i -

As such, 72 is a measure of how far away the initial observation y; is from the relevant

stationary distribution (see also Dhaene and Jochmans 2016). To state our results, we let
e, )= —(1—a) Ha(l+a)—(r*—1))
in the following theorem.

Theorem 1. Suppose that E(y4) < oo, E(n}) < oo, and E(v},) < oo. Then we have that

Jnm <a —a- 017(;‘) - 62(0”2)) 4 N(0,1— a?)

m2

as n,m — oo so that "/m> — 0.



The theorem implies a sharpening of the limit result of Hahn and Kuersteiner (2002)
and Alvarez and Arellano (2003). Indeed, their approximation remains valid as long as
n/m3 — 0. It further reveals that, while the first-order bias does not depend on the joint
distribution of (y;0,7;), the second-order bias does. One noteworthy implication of this
is that a jackknife approach to higher-order bias correction (Dhaene and Jochmans 2015)
is not theoretically justified unless the processes are in steady state at the beginning of
the sampling period. Finally, although the current statement of the theorem suffices for
our purposes here, the bias expansion extends to any higher power of 1/m which, by an
induction argument applied to our proofs, would allow to justify further iterations of the
bootstrap.
We turn to the bootstrap next.

3.2 Bootstrap approximations

In the current context a natural bootstrap scheme is a residual bootstrap. In particular, we
consider bootstrap samples v, ..., vy, generated recursively, starting at v} = y;o followed
by iterating on

Yir = i + Qyj_q + vy,
where 7); == §; — ay;— and each v}, is a random draw from the set of residuals {0;1, ..., Vi },
where Uy = y; —1; — ayir—1. Given the bootstrap data we then estimate the autoregressive

parameter & by the within-group estimator

& = Z?:l Z:il(y:t—l - gz*—) Ui
Z?:l Z:ll(y;;kt—l - ?jz*—) Yir1

This bootstrap is different from the one considered in Gongalves and Kaffo (2015) in that

they use a wild-bootstrap implementation and set yj, = (1 — &)~'7; = fi;, whereas we
maintain ¥y, = ¥, which is more natural when initial conditions are left unrestricted.
Furthermore, in light of Theorem 1, the latter subtlety will be important for the bootstrap

to be higher-order correct.?

2Goncalves and Kaffo (2015) allow for the v;; to have unit-specific variances 2. Our bootstrap scheme

continues to apply to this case and the results require no modification. In fact, under a full i.i.d. assumption
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Theorem 2. Suppose that E(|yo|*") < oo, E(|n:]*") < oo, and E(|vi|*") < oo for anr > 2.
Then we have that

Jnm (@* —h— cls‘) _e@r) | Cl(a)) 2 N(0,1 — o?)

m2 m2

as n,m — oo so that "/m> — 0.

This result improves on Gongalves and Kaffo (2015) in that it implies that the bootstrap
correctly reproduces the limit distribution of the (biased) within-group estimator as long
as /m? — 0; their Theorem 3.1 presumes that 7/m converges to a (finite) positive constant.
The theorem also shows how the second-order bias in the bootstrap distribution differs from
that in the original within-group estimator, highlighting that the condition that n/m? — 0
is sharp.

Theorems 1 and 2, when combined, justify the use of the (reverse-percentile) bootstrap
to perform inference, in that critical values computed from it or, equivalently, confidence
intervals constructed through it, will lead to asymptotically size-correct inference, and the
distribution of p-values will be asymptotically uniform as long as 7/m? — 0. We further
remark that, because the asymptotic variance in Theorem 1 is 1 — a2, and & = « and
a* 2 o as n, m — oo, the same holds true if these quantities are constructed based on the

studentized estimator.

3.3 Iterated-bootstrap approximations

The double bootstrap re-applies the residual bootstrap to the data obtained in each draw

of the first-layer bootstrap. Thus, starting at y/; = v, = 0, we recursively generate data

Ak kk

kk 0 Ak *k
Yir =1 T Y51+ Uy,

of the v;, the residual bootstrap could equally be applied by resampling from the full set of residuals across
both units and time. In our simulations this had no noticeable impact on performance, however. In either
of the two bootstrap designs, it is also possible to rescale the residuals by \/m ; see e.g., MacKinnon
(2006). This degrees-of-freedom correction, while theoretically of note, again did not have any observable
impact in our numerical experiments. Alternatively, when the v;; have time-specific variances o2 both bias

and variance formulae are affected. A wild-bootstrap scheme would correctly capture the bias in that case.

11



by randomly drawing errors v} from the first-layer bootstrap residuals {07, . . . }, where

s Vim
0y =y — 0 — aty),_y for nf =y — &*y_. On these data we then compute the estimator
e T T i — B
D1 2 Wit — ) i

All of this is in complete analogy to the first-layer bootstrap.

The next theorem concerns the limit behavior of the second-layer bootstrap. Notice that
the theorem requires no additional conditions relative to the theorem for the single-layer

bootstrap.

Theorem 3. Suppose that E(|yo|*") < oo, E(|n:]*") < oo, and E(|vy|*") < oo for anr > 2.
Then we have that

2
Jm (a _goal _aler) Cl((j)) TN, 1 - a?)
m

m2 m

as n,m — oo so that "/m> — 0.

Whereas Theorem 2 validates (2.1) and (2.2) for the autoregressive model, Theorem 3
yields (2.3) and (2.4). Taken together, they then imply that inference based on the double
bootstrap correctly accounts for bias in the within-group estimator up to order 1/m?, instead
of only /m. Again, &** — a = o0, (1), and so the claim equally applies to the studentized

estimator.

3.4 Numerical illustrations

We next provide numerical support for our analysis. We simulated data from autoregressive
processes with a = 1/2; all fixed effects set to zero, and all initial conditions set to zero,

2 is equal to zero. The innovations were drawn from the standard-normal

in which case 7
distribution.
Figure 1 contains the cumulative distribution function (over a total of 10,000 Monte
Carlo replications for each design) of p-values obtained via the bootstrap (computed from
199 replications; dashed line) and by the iterated bootstrap (computed through a further

round of 199 replications in the inner loop; dashed-dotted line) for different combinations

12
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of n and m. Each plot also contains the 45° line (the uniform distribution; full line) as a
reference point.

The data sizes consider have m = 2 [/n] for growing values of n. This is to mimic an
asymptotic scheme where n, m — oo so that n/m? is non-vanishing. In such a case, p-values
obtained via either a normal or a bootstrap approximation to a bias-corrected estimator
(such as, say, Hahn and Kuersteiner 2002 or Dhaene and Jochmans 2015) or through a
single-layer bootstrap of the within-group estimator are affected by (second-order) bias
and are, therefore, not asymptotically uniform.® The p-values computed via the double
bootstrap, in contrast, remain valid.

The plots in the figure show a clear improvement of iterating the bootstrap for all
sample sizes considered. Furthermore, as predicted by the theory, as the sample size grows,
the distribution of the p-values from the (single-run) bootstrap converges to one that lies
above the uniform. This is so because it does not correctly replicate the second-order bias
in the within-group estimator. Iterating the bootstrap corrects this error in the original
bootstrap and so remains correct as long as ?/m5 — 0. Indeed, the plots confirm that, as
n and m increase, the empirical distribution of the iterated-bootstrap p-values approaches

the uniform distribution.

3We note that our derivations for the autoregressive model allow to generalize the bias-correction
approach of Hahn and Kuersteiner (2002), &1 == & — ¢1(&)/m, to second order. Moreover, the adjusted

estimator
Cl(d) _ CQ(CAV,’IA'2) 61(6[)

Qg ‘= — 3 + 5

m m m
is free of bias to order 1/m3. Consequently, /nm(bs — ) A N(0,1 — a?) as n,m — oo with n/m® — 0,
whereas /nm(&d; — ) A N(0,1 — a?) requires that »/m®* — 0. In our simulations, inference based on
a normal approximation applied to &; and &o performed similarly to the bootstrap, with distributions
somewhat further away from the 45° line. The curves for the naive approach that does not account for

bias is degenerate at zero in all our designs.
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4 Conclusion

The bootstrap has been found useful as a means to circumvent the incidental-parameter
problem in panel-data models, in that it automatically accounts for the first-order bias in
the fixed-effect estimator. We show how iterating the bootstrap correctly accounts for bias
to second order. Moreover, with n x m panel data, the (single-layer) bootstrap is correct
provided that 7/m3 — 0 whereas the double bootstrap only requires that 7/m5> — 0. As such,
iterating the bootstrap on the (uncorrected) fixed-effect estimator yields gains on par with
working with a second-order bias-corrected estimator. In the linear autoregressive model
these gains were shown to come under no extra conditions, and simulations show them to

be substantial.

Appendix

Proof of Theorem 1. Let A,, be the m x m strictly lower-triangular matrix

(A al=t'=1 if >
t,t/ =
" 0 i<t

and let a,, be the column vector of length m with (a,,); = a'~'.

Backward substitution
towards the initial condition allows to write w; = (Yo, - -.,%im-1)’, the vector of lagged

outcomes, as

w; = Apvi + am(Yio — i) + tm i, (A1)
where v; == (vj1,...,Um)" and ¢y, is the vector of ones of length m. For the within-group
estimator we then have

b— o = D i1 2o i1 — Pim) Vit _ > i WM, v,
Yo Do Wit = G ) Y1 Yo WM w;
where M, = I — (¢ ¢, )t is the m x m demeaning matrix; in particular, for our

purposes, M, w; = w; — tyi_.

Using (A.1),
. E(wjM,,v;)  E(M,A,v) o*te(M,A,) _0_2 (e A tm)
e m N m N m om m
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because E(v,v!) = 021, and the matrix A,, has only zeros on the diagonal. Similarly, again
using (A.1),
o _ E(wiM,w;)  E(jA, M, Av) | E(yio — i)* (@, M,,a,,)

- _ K3 m m m 1 m mm
Yo = = + .
m m m

Here,

E(vjA, M, A, v;) o tr(AL M ALY E(yo — p)? (an,M,a,) o> 72 (a,M,a,,)

2T TmT M Tm 1 mT TmTTm mTTTmTm mTTTmoTm

b

m m m 1—a2 m

)

using the definition of 72 given in the main text. Now consider the ratio of the expectations,

b m~ Y A L
i nlut)

':ﬁ—_tr(A’M A )+ 72 (1—a?) 1 (a, M, a,,)’

m>=TmT™m mTTmom

which depends only on m, the length of the panel, on «, the autoregressive parameter, and
on 72, our measure of how much the initial conditions of the individual time series processes
deviate from the respective steady-state means. The ratio (,, is an exact expression for
the fixed-m probability limit of the within-group estimator. When 72 = 1 it corresponds
to the expression given in Nickell (1981).

We first consider the behavior of 5, as m — oco. A few lines of algebra suffice to obtain

1 11—a™ 1—a? 1 [1—am™\?
L;nAmLm— <1—— @ ), a;anam:—a——< @ ),
m

T 1-a 1—« 1—a2 m\ 11—«

and

1 11—a2m 2 11—a™
(A M, A )= 1-— - 1= :
(A, M, A,) (1_&2"‘(1_&)2)( ml—oﬂ) (1—a)2( ml—a)

Using that, as m — oo, the quantity o™ approaches zero faster than any power of 1/m, we

can proceed as in Dhaene and Jochmans (2015, Online Appendix) and obtain the expansion

(@) N ca(a, 72)

- 3 +Oom™),

ﬁm:

for coefficients
cla) =—(1+a), CQ(Q,TZ) =—(1-— a)_l(a(l +a) — (7'2 —1)).

The expansion can be extended up to any order but the current form suffices for our

purposes.
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Next we turn to the asymptotic behavior of the numerator and denominator of the
within-group estimator, when centered around their expectation. Consider the numerator,

n m n m n

E:E: Vi1 = Gin) Vit — mn}:}:ynl i) Vit — 1}:«%_—u0@+bm%

=1 t=1 i=1 t=1 i=1
The first term on the right-hand side is a martingale difference sequence. We therefore

have

( ZZ Yit—1 — i Uzt) = %21@ (Z E((yitfl - Mi)2|yio,77¢)>

=1 t=1

by the law of total variance. The conditional variances appearing inside the sum are the

diagonal elements of

E((w; — Mi)(wi - Mi)'| Yio, i) = o’ (AmAlm) + (Yo — Mz) ap,a ;n?

where we have once again relied on (A.1). Summing over time then amounts to taking the

trace of this matrix. Now,

m 1—a?™m , ) 1—a
=T e tr(a,,a ) = (a, a,)=——

tr(A,A7,)

from which

1 n m 0_4 - -
( T o D s — 1 vn>=1_a2+0<m H=oP+0m)  (A2)

i=1 t=1
follows readily. Furthermore, by a central limit theorem for martingale difference sequences,

1 n m

Mzzyztl ,uz fUzt—>N(00-’y>

i=1 t=1

as n,m — oo. To see this, we verify the conditions of Corollary 5.26 in White (2001)
applied to the random variable z;, == 1/yvn > 1" (yir—1 — pt;) vir. We show that E(z}) = O(1),
that var(l/vm >, z) is bounded away from zero for all m sufficiently large, and that
U S0 22 B var(t/ym SO 2). First, using cross-sectional independence and the fact
that E(z;) =0,

E(Zf) =n! E((yi—1 — Hi)4) E(U?t) + (E((yit—l - Mz‘)Q) E(U?t))Z = 0(1),

17



because all variables involved have finite fourth-order moments. Second, from (A.2), we

have

( ZZt> ELEG) DL E e —n'd) o' o,
which is clearly bounded-away from zero for all m sufficiently large. It remains only to
show that /m Y 1" (22 — E(22)) & 0, which will follow from establishing that its variance,

Ztl 1 Z@ 1 (Ztlth) - E(Zfl) ]E(ZtQQ)

m2

(A.3)

?

converges to zero. We have

ZZ:I 22:1 zgzl ZZ:I E(Ziltl Rigty Rigty Zi4t2>

]E(Ztiztzz) = n2

) Zig = (yit—l - Mi) Uit -

The expectation in the summand is non-zero only when (i) i; = iy = i3 = iy; (ii) 71 = i
and i3 = i4; (iii) ¢; = 43 and iy = i4; or (iv) iy = 14 and iy = i3. The contribution of
quadruples of Type (i) to E(z7 z7) equals

ZZ 1E< ltl 7,t2)

n?

=0(n™).

Type (ii) terms contribute E(z7;, ) E(z7,), which then cancel out with the second term in the

summand in (A.3). The contribution of Types (iii) and (iv) are both E(z;, zi,)?; note that
this expectation is zero unless t; = t5, in which case it is O(1). Consequently, the latter
two types provide a total contribution to (A.3) that is O(m™!) . We, therefore, obtain that

ZZL:l Zz:l E(Zfl Zt22) - E(’Zt21> E(Zti)

m2

=0(n™) +0(m™),

and so our final requirement for the central limit theorem to go through has been verified.

Now turn to variance of the second term in the numerator. After scaling by /nm it is

a <\/§Z (i — pa) v + bm)> = mE((gi- — u)?07) —mb2,

Here, mb?, = O(m™'). Further, m(g;— — ;) = o), (w; — ;) = 1}, A, 0; + tha,, (Yo — 1), the

conditional variance E((7;— — p;)* 92| yi0,7:) is equal to
E((\,v,)? (¢,v;)? ooa, VP E((,v;)? Uoa Nov) (v
(( )4( ))+(yi0_ﬂi)2< ) i( ))+2(yio—ui)( ) E(( : )(0:)")
m m m

18



where we use the shorthand A, = A],.,,. Here, the first term is

E((A%0:)? (1v:)*) _ Doti—1 2 tom1 2 otaet 2atsmt (A )ty (Am) o (it Vit Vit Vit )

mi mA

=0(m™),

because E(v;t, Vi, Vs Vir, ) 18 zero unless all indices are equal (which happens on m occassions)
or two pairs of indices are equal (which happens on 3m? occassions). The expectations in
the second and third term are easily seen to be of a smaller order of magnitude. Therefore,

mE((Gie — 1:)282) = O(m™1), and so

\/72 yz—_ﬂz Uz+b)_0p(1)

follows. Therefore, this second term in the numerator is asymptotically negligible for our
purposes.

Next consider the recentered denominator,

n m

%ZZ Yit—1 — yzt 1= ’77271)

i=1 t=1

Given the existence of fourth-order moments of all variables involved it is readily seen that

m

E (% Z((yitfl — i) yit1> = E((ngmwi)Q(ngmwi)) =0(1),

m
t=1

using (A.1) along with independence of the errors over time. Also, 72 = O(1). Therefore,

n m

% Z Z((%t—1 — Gim) Yir1 — ) = Op(n™7),

i=1 t=1
which will suffice for our purposes.

Combining the results obtained so far with an expansion yields

Vim(G — a) = vam B + ZZ Wier — i) ou | o 0y,

zltl

noting that 2, — ~* as m — oo. Hence, as n,m — oo, v/nm(& — a) = N(0,1 — a?)

provided that 7/m — 0, whereas
vnm (éz —a— w) KN N(0,1 —a?)
m
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provided that »/m® — 0, while

Jnm (d —a- Clﬁfj‘) - CQ(O"T2)) 4 N(0,1— a?)

m2

provided that 7/m> — 0. O

Proof of Theorem 2. In analogy to the previous proof, let A,, be the m x m matrix

with entries

A =ttt oife >
(Am)t,t/ =
0 ift <t
and let a,, be the column vector of length m with (a,,); = &'~'. Then we can write
w; = (y%? e 7y;km71), as
’U): = Amv'zk + &’m<y10 /’I”L) + bm ﬂi? (A4>

where v} = (v, ..., v},) and ji; = (1—&)~'%;, and we recall that the bootstrap is initiated

with v} = vio-

We have
& — o= Zz 1Zt l(yzt L= U v _ Z? 17~U*/M v}
Zi:1 thl(yztfl Yi) Vi Z?  wi' M, wi
Using (A.4),
l; — Z?:l ]E*(wl*/MmU;k) — Z?:l E*( */MmAmUz) — 6-2 tr(MmAm) — _6-_2 (I‘{m‘AAmLm)
me nm nm m m m ’

where 62 :=1/n Yy " 62 =1/nm Yy 5 >0 02, This is so because E*(vfv}) = 621, for each
1 <i < n. The latter observation follows from noting that E*(v;?) = Ym > j, 0%, = 67
and E* (v, v,) = Ym2 30 D00 Vi Uiy = (Ym )%, 0)* = 0 when ) # t5, because the
within-group residuals sum to zero for each 1 < i < n due to the estimation of the fixed

effects. In the same way

,3/2 — Z?:l E*<w:</me:<) _ Z?:l ]E’*( */A;anAmvz) + Z?:l (yz() - ﬁ’l)2 (d{mMm&m)
m nm nm nm '

Here,

"OErr A M A vf) 62tr(Al M, A
i=1 _ m

m mTTm "1

nm m
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and

Z?zl (yZO B :&2)2 (&lmMmdm> _ 6% 7’ (&;’andm) 7:2 — 1/” Z?:l(yi() - ﬂz)z

nm C1-a2 m ’ ' A2 ’
for 4% .= 6%(1 — &*)~'. The bootstrap mean of both the numerator and denominator

are thus natural plug-in versions of their respective population counterparts. Moreover,
from the expansion of f,, in the preceding proof, we have that, conditional on the data,
Bm satisfies the same expansion, with the parameters a and 72 replaced by & and 72,

respectively. Furthermore, because it is a smooth function of the parameters, as n, m — oo,

oo i)m 2 (d) 02<d> 722) -3
Bm = 22 - m + m2 + Op(m )a

m

because both & and 72 are consistent under such an asymptotic. Moreover, from above we

know that & — a = S, + O,((nm)~"?), whereas it is readily deduced that we equally have

7272 = O(m™1)+0,(n~"?). A simple expansion of the leading coefficients ¢; and ¢, gives

and c2(@7%)/;m2 = e2(@m) /2 + O(1/m3) + O, (Y/m?ym) . Consequently, combining results yields

Bm _ clT(:) n C2<a7722_ c1(o) +0,(m™%) + o, (\/%) , (A.5)

and so the expansion for the bootstrap estimator agrees with the expansion for the original

estimator to first order, but not beyond.

We now turn to asymptotic normality of the term /vm > " 2/, for zf =1/ " | 25
and 2z}, == (yj,_; — ;) v}. To do so we use a conditional version of Corollary 5.26 in White
(2001); this approach is similar to the one taken in Gongalves and Kilian (2004). We
first show that, for an r > 2, E*(|zf|") = O,(1). Note that E*(z}) = 0 and that the z}
are independent across units conditional on the data. Hence, by Rosenthal’s inequality, it

suffices to show that
TR 2x|"
Zz:l (‘Zzt’ ) Op<1)

n

By the Cauchy-Schwarz inequality,

n * ® |7 n * * ~ 127 /2 n * % |21 1/2
S Bzl _ <2E (i >> (ZE (o5 >) !

n n n
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We handle each term in turn. As E*(v;*") = Ym Y ", |0:|* and the residuals have the
form 0y = (v — ;) — (@ — @) (Yir—1 — Gi— ), for Yu D0 E*(Jvi]*") = O,(1) to hold it suffices
that

Z?:l Z?ll E(|vir — 771“2r> —0(1), Z?:l Z:&zlE(’yiH - 37@'*|2T) —0(1).

nm nm
This is the case as E(|v;|*") < oo and E(|y;;_1|*") < oo. Next, for the second term in the
upper bound, using (A.4) and letting X1, .. ., Xmn be the columns of the matrix A;n, we have
that

E*(|gsms — ml™) = E*(IX40f + " (yio — @a)™) SE (1507 P7) + 1 Jyao — il

with the last transition following from the c¢,-inequality. Here and later, A < B means that

A < 0,(1) B. Again using Rosenthal’s inequality,

m 2r m r
i) = (S| | £ 3560 i+ (30 i)
t1=1 t1=1 t1=1

Applying Jensen’s inequality to the second term on the right-hand side and using that
B (Jo3*7) = Ym 3240l gives

L PO o ((2] |) <Z<xt>tl>>z“z7;;;’”’”' _ 0,

t1=1 t1=1

as S0y |(R)a [ B (1= [al™)(1 = | “Y) = O(1) and Yam 320, S50 [0, = Op(1)
from above. For the remaining term, ji; = (1 — &) ' (n; +v;) — (1 — &) H(& — @) ;— gives

the decomposition

n o n2r n |2r
Zi:llylo /J“l| 5 Zz:1|y20| —|—Op(1) <

n n

DI 7 n oIl n P 1l
n n n

) = Op(l)a
with the last transition again following from the moment requirements in the theorem. We
can thus conclude that E*(|2}]") = O,(1).

We next turn to the conditional variance of 1/ym Y ", z; which, by the martingale
property, is equal to

SLE () <2?1 6?) £

m n

A A )+ <Z?1(yi0_ﬂi>2&i2> (d{mdm)

n

m
m
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Here, m ™' tr(A,, A" ) = (1 —a®)~" + O,(m™~') and m "' tr(a,,a’,) = o,(1). Furthermore, by

mm

an expansion,

Z?:l &? _ Z?:l(l/m Z;il Uz‘zt)z
n

- + 0,(1).

The dominant right-hand side term behaves like

YSRGS ST D S D S/ D SN R D 300 T B
_ + =0 + Op(l)’
n nm? nim?
because
noo§mo V2 2 4 n mo4 E(vi
21_1 Ztl_l 22,527&151 it] Vitg _ 0_4 o 0__ + Op(]-)7 and Zz:l Z;:l Uiy — (Uzt> + Op(l).
i m nm m

This result, together with the fact that 1/n > " (yio — f:)* = O,(1) (as shown above), also

implies that

(S i) ¢ (Thlve=i) " (L) _ o

n n n

Taken together,

¥ Z?;Z: p. o 2 2
(2R ) 8 100 =t
follows.

It remains only to show that Y/m > 1" (27 —E(2?)) 75 0. As we have already established
that 1m S°7 (E*(2%) —E(22)) & 0, we only need that Vm 37" (22 — E*(2%)) 5 0. Now

Z:ﬁil('z:Q —E (Z;Ek2)) . ZZZl Z?2=1 Z:il (Zlitz:zt - E*(Z;tz;;t))

m nm
and, as E*(z;,2,) = 0 when i; # i, we can decompose this as

ZZ:1 2?2757:1 it 23t %t n 2?21 2121('2;&2 - E* (7))

nm nm

and analyze both terms separately. The variance of the first term (conditional on the data)
iS n n m m
* * * * *
Zi1:1 Zméil Zig,:l Zz;géig Ztlzl Zt2:1 B (2] 1, 20t ot )

n2?m?

By cross-sectional independence, the expectation in the summand is zero unless either

(1) 4y = i3 # ia = 44 or (ii) iy = 44 # io = i3 holds. In either of these cases, by the
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martingale property, the expectation is non-zero only when ¢; = ty = t (say), where it

equals E*(z;%) E*(275) in either case. Therefore, the variance of the first term takes the
form . . .
Zilzl 212:1 thl E*(Zz*ft) E*(Z;;Qt)
n?m? '
Now,

E*(z7) = E*((y5-1 — iu)?) 67 S te(X,xp) 67 + &>V (yio — fu:)* 67,
and so the variance is bounded from above (up to a multiplicative factor) by the sum of

the three terms

m Al A n A4 2 m  A4(t— n ~ ~ 2
Zt=1(X§Xt)2 (Zi11 Uz’) Zt:l o=l <Z¢=1(%0 —M)Q Uiz)

m2 n m2 n

and
S 20D (§43) o — 08 S
m?2 n n '

Given our results so far it is immediate that each of these terms is of the form o0,(1) O,(1)

and, hence, 0,(1). Therefore,

ZZ:1 Zg#l Z?ll 2125t b

=0
nm

follows. We then turn our attention to the second term. Its conditional variance is given

by

nm n2m?

E* <(Z:l:1 Z;L(zft? - ]E*<zz*t?)) > 2) _ Z?:l Z:le 25:1 COV*(Z;&, Zz*tzz)

Split the sum by cases, with Case (i) t; = t2 and Case (ii) t; # to. The contribution of
Case (i) is Yn2m2 > 1 > E*(23) — E*(237)?, and we can then focus on establishing that

Z?:l Z:ll E*(Z;t4)

n2m2

= 0,(1).

For this we use that E*(2;!) = E*((y;,_, — f1:)*) E*(v}!) is bounded from above by a multiple
of

m m 2 m ~4 2 m ~4
. N4 ~\2 to=1 Vit A A(t—1 . N4 to=1 Vit
(Zm)h) v (tzfxt)tl) () jap e (- )¢ (Ze )
=
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Here,

1 & :Z 1 th Zz 1 ?; 1 ’Lt2
il Lta=1 "ita =0,(1
(== i (1),
whereas
m a4

Z?:l(yio - ﬂz) ( /mzm 1 ztg) < Z?zl(yio - ﬂi)4 maXi<i<n (1/m ta=1 Vity
n? - n n

) = Op(1)7

because /> """ (yio — f;)* = Op(1) and

max ( g 1 th) Zz 1 Z 1 Zt2 :Op(n)

1<i<n m m

Therefore, as ;" | ¢4~ = O, (1) and 31" S0 (o), = Op(m), it follows on combining
results that

Zz 121& 1E*< *) Op(,rnfl).

n?m? -
Next, exploiting symmetry, the Case (ii) term can be written as

Zz IZt 1Zt2¢t1 cov™( 225217 :t22> - Zz 121& 1Zd , cov( ;272:;2-‘1-d>

n2m2 n2m?

It is useful to introduce, for given ¢ and d > 0, the vectors

2 . (Xera)y ift <t N . 0 ift' <t
(Xe+a)v = e ) (Xe+d)y = . e

Then X, v = Xjia ¥ + &% M0f 4+ X}, 4 vf separates the shocks in time periods running

up to t from the one occurring at ¢ and from those occurring afterwards. It will not
be necessary to carry this additional notation around for long. Moreover, observing that

Xipa Vi = &y} v¥, we can combine this decomposition with recursive substitution to obtain

~d—1, *

* _o~d % *
Zitrd = O Vg g (Y51 — i) + & Vit+d vy + Uzt—i—d (Xt—i—dv )-

: * 0k * p : (%2 %2 :
With 2}, = v}, (y5,_; — f1;), the covariance cov*(z;y, 2;7 ;) is then composed of three terms.
These are

~2(d-1) *( %2/ % *2 *2 ~2d * 0 k(% A N2 %2 * ~ N2

a cov” (0 (Ys—y — 1), v Vityq Vit ); &~ cov™ (v (V-1 — )™ Vita(Wi—1 — )7,
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and
262! COV*(U;E(?J; 1 Mz), zt-i—dvzt(yzt fli))-

We note that all terms involving )Ad +qV; do not contribute to the covariance as they involve

only future shocks. For the first of these three covariances, by the law of total covariance,
cov” (U;‘? (Y1 — ﬂi)zv U;kt%rd U;f) = (}iz E*((yi—1 — i) )Var*(@?%
where E*((yf,_; — 1)) S E*((%vi)*) + &Y ((yio — f1:))? and E*((xjvi)* = (Vi) 67, and

var*(vi2) S E*(vit) = Ym Yyt 0. Therefore, the total contribution of these terms, that

is,
Zz IZt 1Zd 1 f g2 COV*(UZ‘/Q(yft 1 Nz) ) :t%rdU*Q)
n2?m?2

Y

is bounded by the sum of

ZZ1(>AC;)AQ) (Z;n 1t a*t- 1) Zz 105 (/m Zl 1 1t/) _ Op(mfl)

m2 n?

and

2211(&2(#1)) (Z;n:_lt dQ(dil)) Zz 1(%0 ) (/m :/1 1 @t') _ Op(m_l).

m2 n2

Here, the orders of magnitude follow from previously—established results. For example, for
the first term, we used Y7 424D < 3™ @200 B (1 — a?)7H(1 — a?™) = O(1) and
> (WX = (L= a?)"m+o(m) = O(m), along with

2 im0 (/mzﬂ 1 D) maXi<icn 67 2000 D O 0,(1).

n? - n nm

The two other covariance terms can be handled similarly. Moreover, again by the law of

total covariance,
COV*(U;FE(y:t—l - ﬂi)QvU:t%rd(y;t—l - ﬂz)Q) = 614 var®((Yz—1 — /11)2) N 6? E*((y5-1 — ﬂi>4)'

Here E*((y, — u)*) S (002 (Yo Y0, 4) + 640D (g — f)*, and so we have the
upper bound

(&ﬂd)(@ () T X ot ol (i o >zzla<yzo—m>>,

m m n?m m n?
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which is again O,(m ™). For the final term,
leov™ (v (i1 — i), Vi aVie (W1 — )| < B (072 ) EX (10 P) B (lyf—y — ful?).
Now, E*(|vj;*)? < E*(Joj ") B*(Jvj*) and E*(|ys,_y — f1l*)* < B (|y5y — ful*) Elyio — iul*)
by the Cauchy-Schwarz inequality. Then, using the well-known inequality (a4 b) > 2v/ab,
E*(Joi ) E*(Jysy — l®) S E (i) E*(Jgi-1 — fal®) + E* (077 E"(lya—1 — ful*).

Then, exploiting that E*(v}Z ;) does not depend on d and that E*(v}?)* < E*(v}!), these
contributions translate into an upper bound on the final term that is composed of the sum

of

(Z?:ﬂédm_l) max <i<y (1/m ?1 1t> Zz 1Zt B (v ) E*(lyfq — ;%) —0 -1
= Op(m™")

m n nm

and

(Zglzllmgd_l) maxi<in (m 30 03) Do0m Doy BX (5o — ful*)

m n nm

= Op(mil)a

where the order of magnitude of each term is again immediate given previously-established
results. This handles the Case (ii) term, and so

=1 t1=1 to=1 ;ktl’;fg
D it Dotiet Dtgy COVI(ZE, 2

n2m?

= Op(mA)

follows. We have thus shown that Vm > /" (2% — E(22)) LN 0, and so, with all conditions

for the central limit theorem verified, we obtain

:uz Uzt _> N(O 0 7 ) (A6>

zltl

as n, m — oo.

To complete the analysis of the numerator of the within-group estimator we show that

\/72 yz 15) 05+ b )=op*(1)- (A7)
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The summand has (conditional on the data) mean zero by construction. Moreover, from

above,

b = a3 72 Cihut)

- m m
=1

and so the conditional variance is

2
_ZE yz 12 2_;;( ) :

The second term on the right-hand side can be written as

((L'/rnAmLm)>2 Ynd e 1J /” D i 10 _ Op(m—l)'

m m

For the first right-hand side term, the recursion in (A.4) gives

E*(A,08)” (6,01)°) 2 (tmnn) B ((17,07)%)
ma

E (g — )*0%) S + (Yio — f1:)

~ A

where, in analogy to A\,,, we let A\, = A} ¢... Now, using results from above, we easily have

*

m e E* (X, 02 () vF)? _ > U v o}
EZ (( Tr)}/4( ) ) S Op(m 1) (Zz—l Zt—l t + Zz—l ) — Op(l).
i=1

nm n

Similarly,

_Z Yio — /M ) E* (4, )2) _ (L;’n&m)Q Z?ﬂ(%o - ﬂi)Q &1'2 Op(m’z),

m4 m2 n

because ¢,a,, = O,(1) and Ynd> 1" (yio — f1:)? 67 = Op(1) again follow from established

results together with the Cauchy-Shwarz inequality. This yields (A.7).
For the denominator of the within-group estimator, in turn, it is enough to show that

n m

% Z Z((y:t—l — Ui ) Yi1 — ;an) = Op*(nfl/Q). (A.8)

i=1 t=1
Here, again, the conditional mean is equal to zero and, for the conditional variance, we

need only show that
iy B ((w) Miwy)?)
=L = 0,(1).

nm?
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Let H,, = M, A and H2 := H H_ = A’ M_A . Then

E*((w; My wi)?) S EX (0 Hyv?)?) + (gio — ) 67 || Hp 13 + (930 — f1)* | Minéi5.

From above we have U/nYy " (yio — fi)* = O,(1) and Ynd © 67 = Op(1), and so also
Y3y (o — f1)? 67 = Op(1), whereas | Hy,a, |3 = Op(1) and [[Mpnanll3 = Op(1) both
follow from the consistency of & and the fact that —1 < o < 1. Therefore, we readily have
nE* >'o<lm>'o<2 ’ﬂE* f/]f[2§<2
Zz:l ((wz ’LUZ) ) _ Zz:l ((Uz mvz) ) + Op(mf2).

nm? nm?

For the remaining right-hand side term,

noR* T/[f[Q )2 tlﬁ[221n mo a4 mo 2 2
Soiy B (0 R ) m>_z( L ( t:lvn)>:op<1>

nm? m2 n 4 m m
1=

again follows by the same arguments as used before, because tr(H2) = O,(m). This
establishes (A.8).
The results in (A.7) and (A.8), together with the fact that 42 2 ~2, allow us to write

m

A A 1 ¢ (Wi — i) v}
Vom(&* — &) = /nm By, + N ZZ % + 0, (1),

i=1 t=1
which may be combined with the expansion of Bm in (A.5) and the asymptotic-normality
result in (A.6) to see that, as n,m — oo, Vam(é* — &) & N(0,1 — o?) provided that

n/m — 0, whereas

Jnm (a - Cl(o‘)) 2 N(0, 1 — o?)

provided that 7/m3 — 0, while

Jnm (a _a— 017(5‘) G cl(o‘)) 2 N(0,1 — o?)

m2

provided that 7/ms — 0. O

Proof of Theorem 3. The proof of this theorem is similar to the proof of Theorem 2.

Now,
A A

0 i<t
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xt—1

and af, is the column vector of length m with (a},); = &*"". We can then again write

Wit =Yg Yima) as
Wi = A A g (Yoo — 17) L 15 (A.9)
where v}* = (vf,...,v55) and fif == (1 —&*)"'7)}, where we recall that the processes start

at yio = Yo = Yio-

We have
G — 4t = Dicn 2o Wiy — U) viy _ i wi M, v
Z?:l 2211 (y;t*_l — Y)Y Z:‘L:l w;™ M, wi™
Using (A.9),
S EuMyer) o tu(MyAn) 6 (A,
m - - )

nm m m om
where, in analogy to the first-layer bootstrap, 6** == 1/n > " 1 67% = Ynm > 0 > 02

Also,

o S B M) e (M, A 67 i M)
Yo = =

— m m m m m
m nm m 1 — a*2 m ’
for
1 n o nx)2
42 /" Zi:l(ylﬁ /%)
T ,3/*2
and 4*? := 6*2 (1 — &*2)~!. Then, in the same way as in the previous proof, we can expand
e O ald?) | (@ 1) 3
m = =43 = + 2 +Op*(m )’
B2 om m

first around & and then around «, and use Theorems 1 and 2 to arrive at the bias expansion

b - 0175;)4) N 02(04,7-237; 2¢i(a) + 0, (m3) + oy <\/%) . (A.10)

Observe that then, indeed,

as desired.
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We then move on to establish that

m

— i) v 5 N(0,0%42) (A.11)

i=1 t=1
as n, m — oco. To do so we again verify the conditions required for the central limit theorem
in Corollary 5.26 in White (2001). Letting 23" == (v, — ff) v and 2 =1 ym Y " | 25,
the first of three conditions that needs to be shown to hold is that, for some r > 2, we have
E**(|2*]") = O, (1). Again, by an application of Rosenthal’s inequality, this is implied by

T'l_ E** Z;*r
Zz—l (’ i ) — Op*(1>7

n

which we now show. By the Cauchy-Schwarz inequality,

TLE0) (B R !”)) (BB - 2‘I2’">>1/2, (A12)

n n n

and we take each of the right-hand side terms, in turn. First, as E**(|v[*") = Ym >/ |05*"

*

and 0}, = (v, — 0F) — (&* — &) (y5,_; — ), it suffices to show that

n m ke |2r n m * — gr |?r
Zi:l thl\vzt Uz ’ _ Op* (1)’ 21:1 Zt:1|yzt—1 yz—| — Op* (1)’

nm nm

because we know from Theorem 2 that |&* — &| = 0,+(1). Now, for these two conditions it
is, in turn, sufficient to verify that

L B (o — ] i1 et Bl — o [
Zflztfl (| t ’ ):Op(l), 2_121&_1 <| t—1 | ):OP<1)7

nm nm

by appealing to Markov’s inequality. The first of these is immediate as we have already

established that

nS R (fuk |2 i1 Do [ D™
Zz:l Zt:l (|U%t‘ ) — lel Zt:l|vt| = Op(l)-

nm nm

The argument for the second result equally follows from previous results. Moreover, we

have the bound

Z?:l 221 E*(’y;t—l‘%) < Z?:l ZZL’UZPT 4 Z:i1|d|2r(t_l) Z?:1|yi0 — ﬂz‘|2r 4 Zy 1 ﬂ?r

~Y
nm nm m n n

)
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where each of the right-hand side terms has already been shown to be O,(1). This handles
the first term in (A.12). For the second term, using (A.9), we have

i B (i, — ai17) o i B (X ) (@ ey S lyio — fr*
n ~ n n '

By Rosenthal’s inequality and the observation that |&* — o] < |&* — &| + |& — a| = 0, (1),

2?21 E**(W:/U;*Pr) < Z?:l ZLWZ%I” .
S = Op*(l).
n nm

Further, 6% =D = O, (1) and /a7 [yi0|*" = Op(1) because E(|y,|*") < oo, whereas

we have
ST 1 Sl (60— &) g [
n |1 — &> n

— 0,-(1)

because |1 — &*|*" = Op+(1) and the term on the right-hand side is bounded by a multiple
of

n ~ 127 ﬁ ~ |*2r 7.1 7. *2r
Zi:1|n’b| + ZZ:1|UZ| + |O’\é* _ OA(| M = Op*(l)
n n n

This concludes the analysis of (A.12) and confirms that the first condition for the central
limit theorem holds.
The second requirement for the central limit theorem is that
var** (—Z%g;*) LN (1—a?) ot
In the same way as before, the variance can be written as

(22;1 6:4) tr(A*A*) . (zz;gyio—ﬂ:)?&:?) (azaz,)

n m n

*

Here, it is easy to see that m ' tr(A*A*) & (1 — o2)~', using &* & o. Furthermore, we

can see that

> i 07! _ Do (Ym 3o (Vi — 97)?)°
- + Op~ (1)7
n n
by expanding the square and using that &* LN o, Ynm 30 S (Yt — Ui )t = Ope(1),
and Ynm >0 S (v, — 07)* = O, (1). We can then focus on the dominant term. Adding
and subtracting 67 to the summand and working out the square we can establish that we
have

Do i (Ym 3o (v — 97)?)? _ >0}

i=1 %5
«(1).
n n + 0p<(1)
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Indeed,

Z?ﬂ(l/mzzl(?}?t_@fy_&?) Zz 1(/’" t 1 zt 62'2>2+Z?:1(1/m221vit>
n N n n )
where
o (STl - o) L (ELEI o) g,
n m n

and

. ?_ m ”11}:4 1 i Ex(v* 1 ?_E*U;QQ B
g (Shalie LY ¢ 4 (ELEWY , 1 (SLEWE g0
Therefore,

n ~x4 n o ~4
Zz‘nlai :Zinlo-i +Op*(1)'

Also, m~t (a¥ar,) ¥, 0 while

(Z?l(yion— /l;-“)%;*?) < <(Z?1(yj;> —ﬂi‘)‘*))l/z ((%ﬂ“))/ —0,.(1)

is readily deduced. Hence,

m *k 1 no =4 4
o (S0 ) = B, () 5 1
4

1—a?2 n 1—a?
follows on recalling that 1/» " 6} 5 o,

as was shown previously as part of the proof
of Theorem 2. This, then, shows that the second condition for the central limit theorem
holds.

The third and final requirement for (A.11) is that

Zt 1( *%2 E**( **2))

m

= 0p=+(1).
We again proceed by splitting the term into two contributions, as

i1 Dtimt Dt Sy ity | Dy gy g — B (Z)

nm nm

The variance of the first term is

2
B <Zz 1 D t—1 Dttt ity zt2> < D1 D ey B () B (2557)

nm n2m?2
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Denoting by X7, ..., X;, the columns of the matrix fl*’ we can again use familiar arguments
to obtain the decomposition E*((y, — 1)) = (X7'X;) 672 + a2 (o — 7)?, with
which we can readily verify that the bound on the variance itself is bounded by the sum of
(multiples of)

m ®/ 0% n AxdN 2 A % ~E\2 Ak 2
o (Xx)? (Zill i ) > 41 (Zz (o — fi7)? UiQ)
) n )

m2 n m2

and

22;11 @*Q(t_l (X:/X;() ZZZl(yilo le) :12 io=1 &:24

m? n n
all of which are 0,-(1) from previous calculations. This deals with the first contribution.

The second contribution has variance

Zz 1 Zt 1 Var ( **2) Z’L 1 Etl 1 th;ﬁtl COV ( ;({;27 Z’ZZ;Q)

n2m?2 n2m?2

For the first term,

Dimt Doiey VI (2 **2) Zz 12 EY (2 )

n2m? n2m?

Y

where, in the same way as in the proof of Theorem 2, E**(z%**) is bounded by a multiple of
m m 2 m . @fktll 2 m ) ,&ftél
A % A % to= 2 A% — ~ % to= 7
SoG ) + (o0 ) | (ZE ) e -yt (S
t1=1 t1=1

We can handle each of these terms by the same arguments as used in the previous proof.

We then find that
Zz Z E**( **4) B
1 t=1 — Op* (m 1)’

n2m?

as desired. Finally, for the second term, we again write

Z?:l 221 Ztg;étl COV**(Z;;Qv Z?t?) ZZ 1 Zt 1 Zd 1 cov( :;:*2’ Z;&fd)

n?m? n?m? ’
and proceed as before. Moreover, we use Xy, v;* = =X LU AT+ )A(Z‘jrd v;*, where
. (Ve ift <t .. 0 ifr<t
(Xira)v = ) ) (Xtta)e = ) )
0 it >t (Xipa)y  ift >t
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Here, fé:&id vi* = a4y} vr*. Therefore, the covariance between z3** and
S = (@ Vitra Wiy — ;) + & e Wia v+ Vi (Xt—i—dv o)
cov** (22, z1*2,), has the three components
&Y cov™ (02 (gt — )™, :tfdvjt*2)v & cov* (v (i — i), jtfd(yzt =),
and

*%2

262 cov** (v **2<yzt 1 Nz)  VirraVie Wi — i47))-
These terms are completely analogous to the terms encountered in the proof of Theorem
2, and they can be handled in the same way. As an example, for the contributions of the
second term we have the upper bound

(zd . A*?d)(@ (RFRD) T S ot | (0 aTY) S 67 (o — W)

m m n?m m n?

and we have already analysed all of its components; from these we can obtain that the

bound is Op«(m™'). Therefore,
Dl Dot 12@#1 cov™( 1*;;27 :?;2)

n2m2

= op(1),

and the final condition for the central limit theorem has been verified. Hence, (A.11)
follows.
To complete the proof of Theorem 3 it only remains to verify the asymptotic negligibility

of two terms. The first of these relates to the numerator of the within-group estimator and

\f > (o +in) = o)

The second, in turn, is about the denominator and reads

18

n m

1 sk A% —
nm ZZ Yirs = U5) Uit = Ame) = Opee(n 1/2)'

nm
i=1 t=1

Both conditions are direct double-bootstrap counterparts to the first-layer bootstrap results
n (A.7) and (A.8), respectively, and their proofs are essentially the same. For brevity we

omit the details here.
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Combining all results, we have that, as n,m — oo, /nm(&** — &*) o N(0,1 — a?)

provided that 7/m — 0, whereas

provided that 7/m3 — 0, while

2y _9 o
Jam (a _groale) el Cl(o‘)) N0, 1 — o?)
m

provided that 7/ms — 0. O
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