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Abstract

Fixed-effect estimators for panel data models suffer from bias. In an n × m panel
the bias is usually of order 1/m, implying that it is non-negligible unless n/m → 0.
Moreover, the limit distribution features a bias term when n and m grow at the same
rate. A recent literature has shown that bootstrap inference can correctly account for
this asymptotic bias. This implies that inference based on the fixed-effect estimator,
when performed by means of the bootstrap, behaves on par with inference based on a
bias-corrected estimator. Both procedures are correct provided that n/m3 → 0. This
rate arises because the bootstrap, like bias correction, introduces additional bias of
order 1/m2. In this paper we argue that, by iterating the bootstrap, one accounts
for this higher-order bias, thereby yielding valid inference as long as n/m5 → 0. The
double bootstrap based directly on the (uncorrected) fixed-effect estimator therefore
delivers gains equivalent to working with a second-order bias-corrected estimator. To
illustrate we provide primitive conditions for iterating a residual bootstrap in the
autoregressive model and show by means of a simulation exercise that the gains of
iterating the bootstrap are substantial.
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1 Introduction

Estimators computed from n×m panel data usually suffer from bias due to the estimation

of fixed effects. The bias is of order 1/m, in general, while the variance shrinks like 1/nm.

This, then, implies that the estimator is asymptotically unbiased only when n/m → 0.

The literature has investigated several ways of accounting for the bias for the purpose

of inference under asymptotics where both n and m grow large. The initial literature

proceeded by working with bias-corrected estimators constructed as to remove the leading

1/m bias (Arellano and Hahn 2007 provide an overview). Such a strategy typically leads to

correct inference as long as n/m3 → 0 (Sartori 2003, Hahn and Newey 2004). Several more

recent contributions have shown that the bootstrap, applied directly to the uncorrected

estimator, delivers the same inferential gains (Gonçalves and Kaffo 2015, Higgins and

Jochmans 2024, 2025).

The intuition behind the requirement that n/m3 → 0 is that both the bias-correction

approach and the bootstrap, while accounting for the leading 1/m bias, do not correctly

capture the remaining 1/m2 bias, as they introduce additional bias terms of order 1/m2. This

higher-order bias becomes important in situations where n/m3 is not close to zero. In this

paper we show how simply iterating the bootstrap (Hall 1986, Beran 1987) reduces the

bootstrap error to order 1/m3, thereby providing correct inference as long as n/m5 → 0.

So, whereas the (single-layer) bootstrap automatically achieves the gains from a first-order

bias correction, the double bootstrap yields inference on par with what a second-order bias

correction would achieve. However, while many approaches to first-order bias correction

are available, very little is known about second-order corrections. Only the split-panel

jackknife corrections of Dhaene and Jochmans (2015) have been justified theoretically.

These, however, have the disadvantage that they demand to split the panel into subpanels,

which may have a detrimental effect on the small-sample performance of the estimator.

The jackknife, at least when applied to higher order, can also be demanding in terms of

stationarity requirements.

Our approach to iterating the bootstrap is to be contrasted with using the double
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bootstrap as a device to prepivot a statistic to account for bias. This route is followed

in Kim and Sun (2016). It amounts to a particular way of bootstrapping a (first-order)

bias-corrected statistic (as is discussed, for example, in Gonçalves, Cavaliere, Nielsen and

Zanelli 2024), and does not improve over a single-layer bootstrap applied directly to the

uncorrected estimator.

Our main illustration concerns inference in the autoregressive model with fixed effects,

where the within-group estimator is subject to the well-known Nickell (1981) bias. For this

problem, Hahn and Kuersteiner (2002) have shown how first-order bias correction yields

correct inference when n/m converges to a positive constant, and Gonçalves and Kaffo (2015)

established the validity of a (single-layer) bootstrap scheme under the same asymptotics.

We first improve on their results in showing that they continue to yield valid inference as

long as n/m3 → 0. We also show that this condition is sharp, as the bias of order 1/m2

is not correctly captured by either of the two procedures. We then show how the double

bootstrap fixes this problem, and correctly accounts for bias up to order 1/m3, thereby

leading to size-correct inference as long as n/m5 → 0. It is also interesting to note that,

while the first-order bias in the within-group estimator does not depend on the distribution

of the initial conditions, the second-order bias does. As such, a split-sample approach to

higher-order bias correction cannot be justified here unless the time-series processes are in

steady state at the beginning of the sampling period. To illustrate the improvement of

iterating the bootstrap we provide some numerical results on the distribution of p-values

in settings where n/m3 is bounded away from zero (and infinity). The gains from iterating

the bootstrap are considerable.

In the next section we describe the general inference problem for panel data. We

then show to what extent the bootstrap accounts for bias, and how the double bootstrap

improves on this. We initially focus on the distribution of p-values; critical values for tests

or confidence intervals are discussed afterwards. We then turn to the autoregressive model,

where our results are shown to hold as soon as moments of more than order four exist. All

proofs are collected in the Appendix.
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2 Incidental-parameter bias in panel data

Consider a statistic Tnm constructed from n×m panel data which, as n,m → ∞, satisfies

Tnm −Bnm
d→ Z,

for a random variable Z that follows a mean-zero normal distribution G and a bias term

Bnm arising from the presence of fixed effects. Typically, Bnm = O(
√

n/m), implying that

the bias is non-negligible for the purpose of inference unless n/m → 0. To see this, it suffices

to focus on the scalar case and consider the distribution of G(Tnm), the (left-sided) p-value

constructed from a naive normal approximation to Tnm.
1 From the continuity of G we have

G(Tnm)
d→ G(Z +Bnm) = G(Z) +O(Bnm) = V +O(

√
n/m),

with V ∼ Uniform[0, 1]. Hence, the distribution of the p-value is asymptotically uniform

only when n/m → 0.

2.1 Bootstrap p-values

Performing inference by means of the bootstrap instead of the naive normal approximation

mitigates the bias problem. To explain why this is so let T ∗
nm be the bootstrap version of the

statistic Tnm, and let P∗ refer to probabilities taken with respect to the bootstrap measure

(and, therefore, conditional on the original data). The (left-sided) bootstrap p-value equals

P̌ := P∗(T ∗
nm ≤ Tnm).

Gonçalves and Kaffo (2015) and Higgins and Jochmans (2024, 2025) have shown results of

the form

T ∗
nm − B̌nm

d∗→ Ž, (2.1)

where Ž ∼ G and

B̌nm −Bnm = Op(
√

n/m3), (2.2)

1As stated here, the p-value implicitly abstracts away from the need to estimate any nuisance parameters

on which G would depend in the absence of pivotality. In such a case the p-value would be Ĝ(Tnm), where

Ĝ is a some (uniformly) consistent estimator of the function G. The distinction is immaterial for the sequel.
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and the notation A∗ d∗→ A means that P∗(A∗ ≤ a)
p→ P(A ≤ a) for all continuity points a

of the distribution of the random variable A. Then

P̌
p→ P∗(Ž ≤ Z − (B̌nm −Bnm))

p→ G(Z − (B̌nm −Bnm)) = V +Op(
√

n/m3),

which is asymptotically uniform as n,m → ∞ as long as n/m3 → 0. This constitutes an

improvement of the uniform approximation by an order of magnitude in 1/m over the normal

approximation.

The bootstrap refinement is of the same order as what can be achieved by working with

a bias-corrected statistic of the form Tnm−B̂nm, where B̂nm is an estimator of Bnm. Several

such estimators have been proposed. Whichever estimator B̂nm is chosen, we usually have

B̂nm −Bnm = Op(
√

n/m3),

and so Tnm− B̂nm
d→ Z+Op(

√
n/m3) (see, e.g., Hahn and Newey 2004), from which it then

follows that

G(Tnm − B̂nm)
p→ G(Z − (B̂nm −Bnm)) = V +Op(

√
n/m3).

The bootstrap route is attractive as it by-passes the need to construct an explicit estimator

of Bnm, which can be a complicated task. It also does not require Z to have a pivotal

distribution, as G can depend on nuisance parameters, thereby sidestepping the need for

Tnm to be a suitably studentized statistic. Perhaps more importantly, though, the bootstrap

can be iterated, yielding further refinement to the uniform approximation. We turn to this

next.

2.2 Double bootstrap p-values

The reason that the bootstrap and the bias-correction approach control only for first-order

bias is that both B̌nm and B̂nm are biased estimators of Bnm, with bias O(
√

n/m3), in

general. In particular,

B̌nm = Bnm +
Dnm

m
+Op(

√
n/m5),
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for some Dnm = O(
√

n/m). Iterating the bootstrap can yield an improvement. To explain,

introduce a second-layer of bootstrap sampling. In complete analogy to P∗, let P∗∗ indicate

probabilities conditional on the original data and the first-layer bootstrap data. We will

write A∗∗ d∗∗→ A to mean that P∗∗(A∗∗ ≤ a)
p∗→ P(A ≤ a) for all continuity points a of the

distribution of the random variable A, where A∗ p∗→ A means that P∗(∥A∗ − A∥2 > ε)
p→ 0

for any ε > 0, and ∥·∥2 denotes the Euclidean norm. Later on, we will similarly use

A∗∗ p∗∗→ A to indicate that P∗∗(∥A∗∗ − A∥2 > ε)
p∗→ 0 for any ε > 0.

Let T ∗∗
nm be the second-layer bootstrap version of Tnm. Then it is reasonable to expect

T ∗∗
nm − B̌∗

nm
d∗∗→ ˇ̌Z, (2.3)

where ˇ̌Z ∼ G,

B̌∗
nm = B̌nm +

Ďnm

m
+Op∗(

√
n/m5),

and, in the latter expansion, the leading term is once again affected by the presence of

first-order bias, that is, it behaves like Ďnm = Dnm+Op(
√

n/m3). But in that case we have

(B̌∗
nm − B̌nm) = (B̌nm −Bnm) +Op∗(

√
n/m5). (2.4)

To see how this is useful for inference, Let

ˇ̌P := P∗(P̌ ∗ ≤ P̌ ), P̌ ∗ := P∗∗(T ∗∗
nm ≤ T ∗

nm).

As the notation makes clear, ˇ̌P is obtained by bootstrapping the (single-layer) bootstrap

p-value P̌ by means of a second-layer bootstrap. Now, proceeding in the same way as we

did before, and using that G is a strictly-increasing function, it can be readily verified that

ˇ̌P
p→ P∗(Ž − (B̌∗

nm − B̌nm) ≤ Z − (B̌nm −Bnm)) = V +Op(
√

n/m5).

Hence, whereas the single bootstrap provides a refinement of order 1/m in the uniform

approximation to the distribution of p-values, the double bootstrap yields an improvement

to 1/m2. This refinement will be most noticeable when n/m3 is not close to zero, where the

single-layer bootstrap fails.
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The bootstrap can be iterated further, in the manner described in Hall (1986). Each

iteration would yield a further improvement of one additional order of magnitude provided,

of course, that the bias expansion holds up to a sufficient order; the latter is the case in the

autoregressive model that we study below, for example, and has equally been shown in other

specific cases (Dhaene and Jochmans 2015, 2017). Of course, the computational cost also

increases with the order of iteration, whereas the expected returns will only be substantial

in increasingly shorter panels. Whereas performing h iterations has a computational cost

that is exponential in h, the remaining bias is non-negligible only when m2h+1 is not large

relative to n.

2.3 Critical values

Before moving on we explain how the gains from iterating the bootstrap can be harnessed

for the construction of critical values. By the test-inversion principle, the argument equally

applies to confidence sets.

Consider a test that rejects the null hypothesis when

Tnm < Qα

for critical value Qα, chosen with the aim to control the size of the test at α, as n,m → ∞.

The bias in Tnm invalidates the use of critical values from a zero-mean normal distribution,

G−1(α) := inf{Q : α ≤ G(Q)},

unless n/m → 0.

The quantile function of the bootstrap distribution is

Q̌α := inf{Q : α ≤ P∗(T ∗
nm ≤ Q)}.

To construct a level-α test using the (single-layer) bootstrap we may use the critical value

Q̌α = G−1(α) + B̌nm +Op(
√

n/m3).
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Indeed,

P(Tnm < Q̌α) = P(Z < G−1(α) + (B̌nm −Bnm)) + o(1) = α +O(
√

n/m3)

follows.

To improve on the above we can use the double bootstrap. To explain how to do so, let

Q̌∗
α := inf{Q : α ≤ P∗∗(T ∗∗

nm ≤ Q)}.

The double-bootstrap test uses the critical value Q̌α̌, where α̌ is determined by the equality

P∗(T ∗
nm < Q̌∗

α̌) = α,

that is, by constructing a bootstrap test in the first-layer bootstrap that has actual level

equal to α. This calibration step, in tandem with the bootstrap-convergence results, implies

Q̌∗
α̌ +Bnm = G−1(α) + (B̌∗

nm − B̌nm)− (B̌nm −Bnm) + op∗(1).

The size of the double-bootstrap test then is

P(Tnm < Q̌α̌) → P(Z < Q̌α̌ +Bnm) = α +O(
√

n/m5),

which improves over the single-layer bootstrap by one additional order of magnitude in 1/m.

3 Linear autoregression

The model is

yit = ηi + αyit−1 + vit

where the vit are independent and identically distributed with mean zero and variance

σ2. The fixed effect ηi and the initial condition yi0 are random draws from some joint

distribution which we leave unrestricted. The time-series processes are presumed to be

stable, in that −1 < α < 1.
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3.1 Nickell bias

We will focus on the within-group estimator of α, which is

α̂ :=

∑n
i=1

∑m
t=1(yit−1 − ȳi−) yit∑n

i=1

∑m
t=1(yit−1 − ȳi−) yit−1

,

where ȳi− := 1/m
∑m

t=1 yit−1. The unit-specific de-meaning arises from treating the ηi

as fixed effects and is well-known to introduce bias that is O(m−1) in the within-group

estimator (Nickell 1981).

Hahn and Kuersteiner (2002) and Alvarez and Arellano (2003) both characterized the

asymptotic behavior of the within-group estimator under asymptotics where n,m → ∞

with n/m converging to a finite constant. For this it suffices to know the bias up to o(m−1).

They found

√
nm

(
α̂− α− c1(α)

m

)
d→ N(0, 1− α2), c1(α) := −(1 + α).

As our interest lies in higher-order corrections, we first generalize this result to higher order.

It is convenient to work with

τ 2 :=
E(yi0 − µi)

2

γ2
,

where

µi :=
ηi

1− α
and γ2 :=

σ2

1− α2

are the long-run steady-state mean and variance of the individual autoregressive processes.

As such, τ 2 is a measure of how far away the initial observation yi0 is from the relevant

stationary distribution (see also Dhaene and Jochmans 2016). To state our results, we let

c2(α, τ
2) := −(1− α)−1(α (1 + α)− (τ 2 − 1))

in the following theorem.

Theorem 1. Suppose that E(y4i0) < ∞, E(η4i ) < ∞, and E(v4it) < ∞. Then we have that

√
nm

(
α̂− α− c1(α)

m
− c2(α, τ

2)

m2

)
d→ N(0, 1− α2)

as n,m → ∞ so that n/m5 → 0.
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The theorem implies a sharpening of the limit result of Hahn and Kuersteiner (2002)

and Alvarez and Arellano (2003). Indeed, their approximation remains valid as long as

n/m3 → 0. It further reveals that, while the first-order bias does not depend on the joint

distribution of (yi0, ηi), the second-order bias does. One noteworthy implication of this

is that a jackknife approach to higher-order bias correction (Dhaene and Jochmans 2015)

is not theoretically justified unless the processes are in steady state at the beginning of

the sampling period. Finally, although the current statement of the theorem suffices for

our purposes here, the bias expansion extends to any higher power of 1/m which, by an

induction argument applied to our proofs, would allow to justify further iterations of the

bootstrap.

We turn to the bootstrap next.

3.2 Bootstrap approximations

In the current context a natural bootstrap scheme is a residual bootstrap. In particular, we

consider bootstrap samples y∗i0, . . . , y
∗
im generated recursively, starting at y∗i0 = yi0 followed

by iterating on

y∗it = η̂i + α̂y∗it−1 + v∗it,

where η̂i := ȳi− α̂ȳi− and each v∗it is a random draw from the set of residuals {v̂i1, . . . , v̂im},

where v̂it := yit− η̂i− α̂yit−1. Given the bootstrap data we then estimate the autoregressive

parameter α̂ by the within-group estimator

α̂∗ :=

∑n
i=1

∑m
t=1(y

∗
it−1 − ȳ∗i−) y

∗
it∑n

i=1

∑m
t=1(y

∗
it−1 − ȳ∗i−) y

∗
it−1

.

This bootstrap is different from the one considered in Gonçalves and Kaffo (2015) in that

they use a wild-bootstrap implementation and set y∗i0 = (1 − α̂)−1 η̂i =: µ̂i, whereas we

maintain y∗i0 = yi0, which is more natural when initial conditions are left unrestricted.

Furthermore, in light of Theorem 1, the latter subtlety will be important for the bootstrap

to be higher-order correct.2

2Gonçalves and Kaffo (2015) allow for the vit to have unit-specific variances σ2
i . Our bootstrap scheme

continues to apply to this case and the results require no modification. In fact, under a full i.i.d. assumption
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Theorem 2. Suppose that E(|yi0|2r) < ∞, E(|ηi|2r) < ∞, and E(|vit|2r) < ∞ for an r > 2.

Then we have that

√
nm

(
α̂∗ − α̂− c1(α)

m
− c2(α, τ

2)

m2
+

c1(α)

m2

)
d∗→ N(0, 1− α2)

as n,m → ∞ so that n/m5 → 0.

This result improves on Gonçalves and Kaffo (2015) in that it implies that the bootstrap

correctly reproduces the limit distribution of the (biased) within-group estimator as long

as n/m3 → 0; their Theorem 3.1 presumes that n/m converges to a (finite) positive constant.

The theorem also shows how the second-order bias in the bootstrap distribution differs from

that in the original within-group estimator, highlighting that the condition that n/m3 → 0

is sharp.

Theorems 1 and 2, when combined, justify the use of the (reverse-percentile) bootstrap

to perform inference, in that critical values computed from it or, equivalently, confidence

intervals constructed through it, will lead to asymptotically size-correct inference, and the

distribution of p-values will be asymptotically uniform as long as n/m3 → 0. We further

remark that, because the asymptotic variance in Theorem 1 is 1 − α2, and α̂
p→ α and

α̂∗ p∗→ α as n,m → ∞, the same holds true if these quantities are constructed based on the

studentized estimator.

3.3 Iterated-bootstrap approximations

The double bootstrap re-applies the residual bootstrap to the data obtained in each draw

of the first-layer bootstrap. Thus, starting at y∗∗i0 = y∗i0 = yi0, we recursively generate data

y∗∗it = η̂∗i + α̂∗y∗∗it−1 + v∗∗it ,

of the vit, the residual bootstrap could equally be applied by resampling from the full set of residuals across

both units and time. In our simulations this had no noticeable impact on performance, however. In either

of the two bootstrap designs, it is also possible to rescale the residuals by
√

m/(m−1); see e.g., MacKinnon

(2006). This degrees-of-freedom correction, while theoretically of note, again did not have any observable

impact in our numerical experiments. Alternatively, when the vit have time-specific variances σ2
t both bias

and variance formulae are affected. A wild-bootstrap scheme would correctly capture the bias in that case.
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by randomly drawing errors v∗∗it from the first-layer bootstrap residuals {v̂∗i1, . . . , v̂∗im}, where

v̂∗it := y∗it − η̂∗i − α̂∗y∗it−1 for η̂
∗
i := ȳ∗i − α̂∗ȳ∗i−. On these data we then compute the estimator

α̂∗∗ :=

∑n
i=1

∑m
t=1(y

∗∗
it−1 − ȳ∗∗i−) y

∗∗
it∑n

i=1

∑m
t=1(y

∗∗
it−1 − ȳ∗∗i−) y

∗∗
it−1

.

All of this is in complete analogy to the first-layer bootstrap.

The next theorem concerns the limit behavior of the second-layer bootstrap. Notice that

the theorem requires no additional conditions relative to the theorem for the single-layer

bootstrap.

Theorem 3. Suppose that E(|yi0|2r) < ∞, E(|ηi|2r) < ∞, and E(|vit|2r) < ∞ for an r > 2.

Then we have that

√
nm

(
α̂∗∗ − α̂∗ − c1(α)

m
− c2(α, τ

2)

m2
+ 2

c1(α)

m2

)
d∗∗→ N(0, 1− α2)

as n,m → ∞ so that n/m5 → 0.

Whereas Theorem 2 validates (2.1) and (2.2) for the autoregressive model, Theorem 3

yields (2.3) and (2.4). Taken together, they then imply that inference based on the double

bootstrap correctly accounts for bias in the within-group estimator up to order 1/m2, instead

of only 1/m. Again, α̂∗∗ − α = op∗∗(1), and so the claim equally applies to the studentized

estimator.

3.4 Numerical illustrations

We next provide numerical support for our analysis. We simulated data from autoregressive

processes with α = 1/2, all fixed effects set to zero, and all initial conditions set to zero,

in which case τ 2 is equal to zero. The innovations were drawn from the standard-normal

distribution.

Figure 1 contains the cumulative distribution function (over a total of 10, 000 Monte

Carlo replications for each design) of p-values obtained via the bootstrap (computed from

199 replications; dashed line) and by the iterated bootstrap (computed through a further

round of 199 replications in the inner loop; dashed-dotted line) for different combinations
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Figure 1: Empirical distribution of p-values
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of n and m. Each plot also contains the 45◦ line (the uniform distribution; full line) as a

reference point.

The data sizes consider have m = 2 ⌈ 3
√
n⌉ for growing values of n. This is to mimic an

asymptotic scheme where n,m → ∞ so that n/m3 is non-vanishing. In such a case, p-values

obtained via either a normal or a bootstrap approximation to a bias-corrected estimator

(such as, say, Hahn and Kuersteiner 2002 or Dhaene and Jochmans 2015) or through a

single-layer bootstrap of the within-group estimator are affected by (second-order) bias

and are, therefore, not asymptotically uniform.3 The p-values computed via the double

bootstrap, in contrast, remain valid.

The plots in the figure show a clear improvement of iterating the bootstrap for all

sample sizes considered. Furthermore, as predicted by the theory, as the sample size grows,

the distribution of the p-values from the (single-run) bootstrap converges to one that lies

above the uniform. This is so because it does not correctly replicate the second-order bias

in the within-group estimator. Iterating the bootstrap corrects this error in the original

bootstrap and so remains correct as long as n/m5 → 0. Indeed, the plots confirm that, as

n and m increase, the empirical distribution of the iterated-bootstrap p-values approaches

the uniform distribution.

3We note that our derivations for the autoregressive model allow to generalize the bias-correction

approach of Hahn and Kuersteiner (2002), ˆ̂α1 := α̂ − c1(α̂)/m, to second order. Moreover, the adjusted

estimator

ˆ̂α2 := α̂− c1(α̂)

m
− c2(α̂, τ̂

2)

m2
+

c1(α̂)

m2

is free of bias to order 1/m3. Consequently,
√
nm( ˆ̂α2 − α)

d→ N(0, 1 − α2) as n,m → ∞ with n/m5 → 0,

whereas
√
nm( ˆ̂α1 − α)

d→ N(0, 1 − α2) requires that n/m3 → 0. In our simulations, inference based on

a normal approximation applied to ˆ̂α1 and ˆ̂α2 performed similarly to the bootstrap, with distributions

somewhat further away from the 45◦ line. The curves for the naive approach that does not account for

bias is degenerate at zero in all our designs.
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4 Conclusion

The bootstrap has been found useful as a means to circumvent the incidental-parameter

problem in panel-data models, in that it automatically accounts for the first-order bias in

the fixed-effect estimator. We show how iterating the bootstrap correctly accounts for bias

to second order. Moreover, with n ×m panel data, the (single-layer) bootstrap is correct

provided that n/m3 → 0 whereas the double bootstrap only requires that n/m5 → 0. As such,

iterating the bootstrap on the (uncorrected) fixed-effect estimator yields gains on par with

working with a second-order bias-corrected estimator. In the linear autoregressive model

these gains were shown to come under no extra conditions, and simulations show them to

be substantial.

Appendix

Proof of Theorem 1. Let Am be the m×m strictly lower-triangular matrix

(Am)t,t′ :=

 αt−t′−1 if t > t′

0 if t ≤ t′

and let am be the column vector of length m with (am)t := αt−1. Backward substitution

towards the initial condition allows to write wi := (yi0, . . . , yim−1)
′, the vector of lagged

outcomes, as

wi = Amvi + am(yi0 − µi) + ιm µi, (A.1)

where vi := (vi1, . . . , vim)
′ and ιm is the vector of ones of length m. For the within-group

estimator we then have

α̂− α =

∑n
i=1

∑m
t=1(yit−1 − ȳi−) vit∑n

i=1

∑m
t=1(yit−1 − ȳi−) yit−1

=

∑n
i=1 w

′
iMmvi∑n

i=1w
′
iMmwi

,

where Mm := Im − ιm(ι
′
mιm)ι

′
m is the m × m demeaning matrix; in particular, for our

purposes, Mmwi = wi − ιmȳi−.

Using (A.1),

bm :=
E(w′

iMmvi)

m
=

E(v′iMmAmvi)

m
=

σ2 tr(MmAm)

m
= −σ2

m

(ι′mAmιm)

m
,

15



because E(viv′i) = σ2Im and the matrix Am has only zeros on the diagonal. Similarly, again

using (A.1),

γ2
m :=

E(w′
iMmwi)

m
=

E(v′iA′
mMmAmvi)

m
+

E(yi0 − µi)
2 (a′mMmam)

m
.

Here,

E(v′iA′
mMmAmvi)

m
=

σ2 tr(A′
mMmAm)

m
,

E(yi0 − µi)
2 (a′mMmam)

m
=

σ2

1− α2

τ 2 (a′mMmam)

m
,

using the definition of τ 2 given in the main text. Now consider the ratio of the expectations,

βm :=
bm
γ2
m

= − m−1(ι′mAmιm)

tr(A′
mMmAm) + τ 2 (1− α2)−1 (a′mMmam)

,

which depends only on m, the length of the panel, on α, the autoregressive parameter, and

on τ 2, our measure of how much the initial conditions of the individual time series processes

deviate from the respective steady-state means. The ratio βm is an exact expression for

the fixed-m probability limit of the within-group estimator. When τ 2 = 1 it corresponds

to the expression given in Nickell (1981).

We first consider the behavior of βm as m → ∞. A few lines of algebra suffice to obtain

ι′mAmιm =
1

1− α

(
1− 1

m

1− αm

1− α

)
, a′mMmam =

1− α2m

1− α2
− 1

m

(
1− αm

1− α

)2

,

and

tr(A′
mMmAm) =

(
m

1− α2
+

1

(1− α)2

)(
1− 1

m

1− α2m

1− α2

)
− 2

(1− α)2

(
1− 1

m

1− αm

1− α

)
.

Using that, as m → ∞, the quantity αm approaches zero faster than any power of 1/m, we

can proceed as in Dhaene and Jochmans (2015, Online Appendix) and obtain the expansion

βm =
c1(α)

m
+

c2(α, τ
2)

m2
+O(m−3),

for coefficients

c1(α) := −(1 + α), c2(α, τ
2) := −(1− α)−1(α(1 + α)− (τ 2 − 1)).

The expansion can be extended up to any order but the current form suffices for our

purposes.
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Next we turn to the asymptotic behavior of the numerator and denominator of the

within-group estimator, when centered around their expectation. Consider the numerator,

1

nm

n∑
i=1

m∑
t=1

((yit−1 − ȳi−) vit − bm) =
1

nm

n∑
i=1

m∑
t=1

(yit−1−µi) vit−
1

n

n∑
i=1

((ȳi− − µi) v̄i + bm) .

The first term on the right-hand side is a martingale difference sequence. We therefore

have

var

(
1√
nm

n∑
i=1

m∑
t=1

(yit−1 − µi) vit

)
=

σ2

m
E

(
m∑
t=1

E((yit−1 − µi)
2|yi0, ηi)

)
by the law of total variance. The conditional variances appearing inside the sum are the

diagonal elements of

E((wi − µi)(wi − µi)
′| yi0, ηi) = σ2 (AmA

′
m) + (yi0 − µi)

2 ama
′
m,

where we have once again relied on (A.1). Summing over time then amounts to taking the

trace of this matrix. Now,

tr(AmA
′
m) =

m

1− α2
− 1− α2m

(1− α2)2
, tr(ama

′
m) = (a′mam) =

1− α2m

1− α2
,

from which

var

(
1√
nm

n∑
i=1

m∑
t=1

(yit−1 − µi) vit

)
=

σ4

1− α2
+O(m−1) = σ2γ2 +O(m−1) (A.2)

follows readily. Furthermore, by a central limit theorem for martingale difference sequences,

1√
nm

n∑
i=1

m∑
t=1

(yit−1 − µi) vit
d→ N(0, σ2γ2)

as n,m → ∞. To see this, we verify the conditions of Corollary 5.26 in White (2001)

applied to the random variable zt := 1/√n
∑n

i=1(yit−1 − µi) vit. We show that E(z4t ) = O(1),

that var(1/√m
∑m

t=1 zt) is bounded away from zero for all m sufficiently large, and that

1/m
∑m

t=1 z
2
t

p→ var(1/√m
∑m

t=1 zt). First, using cross-sectional independence and the fact

that E(zt) = 0,

E(z4t ) = n−1 E((yit−1 − µi)
4)E(v4it) +

(
E((yit−1 − µi)

2) E(v2it)
)2

= O(1),
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because all variables involved have finite fourth-order moments. Second, from (A.2), we

have

var

(
1√
m

m∑
t=1

zt

)
=

∑m
t=1 E(z2t )
m

=

∑m
t=1 E ((yit−1 − µi)

2 v2it)

m
=

σ4

1− α2
+O(m−1),

which is clearly bounded-away from zero for all m sufficiently large. It remains only to

show that 1/m
∑m

t=1(z
2
t − E(z2t ))

p→ 0, which will follow from establishing that its variance,∑m
t1=1

∑m
t2=1 E(z2t1z

2
t2
)− E(z2t1)E(z

2
t2
)

m2
, (A.3)

converges to zero. We have

E(z2t1z
2
t2
) =

∑n
i1=1

∑n
i2=1

∑n
i3=1

∑n
i4=1 E(zi1t1 zi2t1 zi3t2 zi4t2)
n2

, zit := (yit−1 − µi) vit.

The expectation in the summand is non-zero only when (i) i1 = i2 = i3 = i4; (ii) i1 = i2

and i3 = i4; (iii) i1 = i3 and i2 = i4; or (iv) i1 = i4 and i2 = i3. The contribution of

quadruples of Type (i) to E(z2t1z
2
t2
) equals∑n
i=1 E(z2it1z

2
it2
)

n2
= O(n−1).

Type (ii) terms contribute E(z2it1)E(z
2
it2
), which then cancel out with the second term in the

summand in (A.3). The contribution of Types (iii) and (iv) are both E(zit1zit2)2; note that

this expectation is zero unless t1 = t2, in which case it is O(1). Consequently, the latter

two types provide a total contribution to (A.3) that is O(m−1) . We, therefore, obtain that∑m
t1=1

∑m
t2=1 E(z2t1z

2
t2
)− E(z2t1)E(z

2
t2
)

m2
= O(n−1) +O(m−1),

and so our final requirement for the central limit theorem to go through has been verified.

Now turn to variance of the second term in the numerator. After scaling by
√
nm it is

var

(√
m

n

n∑
i=1

((ȳi− − µi) v̄i + bm)

)
= mE((ȳi− − µi)

2 v̄2i )−mb2m

Here, mb2m = O(m−1). Further, m(ȳi−−µi) = ι′m(wi−µi) = ι′mAmvi+ ι′mam (yi0−µi), the

conditional variance E((ȳi− − µi)
2 v̄2i | yi0, ηi) is equal to

E((λ′
mvi)

2 (ι′mvi)
2)

m4
+ (yi0 − µi)

2 (ι
′
mam)

2 E((ι′mvi)2)
m4

+ 2(yi0 − µi)
(ι′mam)E((λ′

mvi)(ι
′
mvi)

2)

m4
,
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where we use the shorthand λm = A′
mιm. Here, the first term is

E((λ′
mvi)

2 (ι′mvi)
2)

m4
=

∑m
t1=1

∑m
t2=1

∑m
t3=1

∑m
t4=1(λm)t1(λm)t2E(vit1vit2vit3vit4)

m4
= O(m−2),

because E(vit1vit2vit3vit4) is zero unless all indices are equal (which happens onm occassions)

or two pairs of indices are equal (which happens on 3m2 occassions). The expectations in

the second and third term are easily seen to be of a smaller order of magnitude. Therefore,

mE((ȳi− − µi)
2 v̄2i ) = O(m−1), and so√

m

n

n∑
i=1

((ȳi− − µi) v̄i + bm) = op(1)

follows. Therefore, this second term in the numerator is asymptotically negligible for our

purposes.

Next consider the recentered denominator,

1

nm

n∑
i=1

m∑
t=1

((yit−1 − ȳi−) yit−1 − γ2
m).

Given the existence of fourth-order moments of all variables involved it is readily seen that

E

( 1

m

m∑
t=1

((yit−1 − ȳi−) yit−1

)2
 =

E((w′
iMmwi) (w

′
iMmwi))

m2
= O(1),

using (A.1) along with independence of the errors over time. Also, γ2
m = O(1). Therefore,

1

nm

n∑
i=1

m∑
t=1

((yit−1 − ȳi−) yit−1 − γ2
m) = Op(n

−1/2),

which will suffice for our purposes.

Combining the results obtained so far with an expansion yields

√
nm(α̂− α) =

√
nmβm +

1√
nm

n∑
i=1

m∑
t=1

(yit−1 − µi) vit
γ2

+ op(1),

noting that γ2
m → γ2 as m → ∞. Hence, as n,m → ∞,

√
nm(α̂ − α)

d→ N(0, 1 − α2)

provided that n/m → 0, whereas

√
nm

(
α̂− α− c1(α)

m

)
d→ N(0, 1− α2)
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provided that n/m3 → 0, while

√
nm

(
α̂− α− c1(α)

m
− c2(α, τ

2)

m2

)
d→ N(0, 1− α2)

provided that n/m5 → 0.

Proof of Theorem 2. In analogy to the previous proof, let Âm be the m × m matrix

with entries

(Âm)t,t′ :=

 α̂t−t′−1 if t > t′

0 if t ≤ t′

and let âm be the column vector of length m with (âm)t := α̂t−1. Then we can write

w∗
i := (y∗i0, . . . , y

∗
im−1)

′ as

w∗
i = Âmv

∗
i + âm(yi0 − µ̂i) + ιm µ̂i, (A.4)

where v∗i := (v∗i1, . . . , v
∗
im)

′ and µ̂i := (1−α̂)−1η̂i, and we recall that the bootstrap is initiated

with y∗i0 = yi0.

We have

α̂∗ − α̂ :=

∑n
i=1

∑m
t=1(y

∗
it−1 − ȳ∗i−) v

∗
it∑n

i=1

∑m
t=1(y

∗
it−1 − ȳ∗i−) y

∗
it−1

=

∑n
i=1w

∗′
i Mmv

∗
i∑n

i=1 w
∗′
i Mmw

∗
i

.

Using (A.4),

b̂m :=

∑n
i=1 E∗(w∗′

i Mmv
∗
i )

nm
=

∑n
i=1 E∗(v∗′i MmÂmv

∗
i )

nm
=

σ̂2 tr(MmÂm)

m
= − σ̂2

m

(ι′mÂmιm)

m
,

where σ̂2 := 1/n
∑n

i=1 σ̂
2
i = 1/nm

∑n
i=1

∑m
t=1 v̂

2
it. This is so because E∗(v∗i v

∗′
i ) = σ̂2

i Im for each

1 ≤ i ≤ n. The latter observation follows from noting that E∗(v∗2it ) = 1/m
∑m

t′=1 v̂
2
it′ = σ̂2

i

and E∗(v∗it1v
∗
it2
) = 1/m2

∑m
t1=1

∑m
t2=1 v̂it1 v̂it2 = (1/m

∑m
t=1 v̂it)

2 = 0 when t1 ̸= t2, because the

within-group residuals sum to zero for each 1 ≤ i ≤ n due to the estimation of the fixed

effects. In the same way

γ̂2
m :=

∑n
i=1 E∗(w∗′

i Mmw
∗
i )

nm
=

∑n
i=1 E∗(v∗′i Â

′
mMmÂmv

∗
i )

nm
+

∑n
i=1(yi0 − µ̂i)

2 (â′mMmâm)

nm
.

Here, ∑n
i=1 E∗(v∗′i Â

′
mMmÂmv

∗
i )

nm
=

σ̂2 tr(Â′
mMmÂm)

m
,
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and∑n
i=1(yi0 − µ̂i)

2 (â′mMmâm)

nm
=

σ̂2

1− α̂2

τ̂ 2 (â′mMmâm)

m
, τ̂ 2 :=

1/n
∑n

i=1(yi0 − µ̂i)
2

γ̂2
,

for γ̂2 := σ̂2 (1 − α̂2)−1. The bootstrap mean of both the numerator and denominator

are thus natural plug-in versions of their respective population counterparts. Moreover,

from the expansion of βm in the preceding proof, we have that, conditional on the data,

β̂m satisfies the same expansion, with the parameters α and τ 2 replaced by α̂ and τ̂ 2,

respectively. Furthermore, because it is a smooth function of the parameters, as n,m → ∞,

β̂m :=
b̂m
γ̂2
m

=
c1(α̂)

m
+

c2(α̂, τ̂
2)

m2
+Op(m

−3),

because both α̂ and τ̂ 2 are consistent under such an asymptotic. Moreover, from above we

know that α̂− α = βm +Op((nm)−1/2), whereas it is readily deduced that we equally have

τ̂ 2−τ 2 = O(m−1)+Op(n
−1/2). A simple expansion of the leading coefficients c1 and c2 gives

c1(α̂)

m
=

c1(α)

m
− (α̂− α)

m
=

c1(α)

m
− c1(α)

m2
+O(m−3) +Op

(
1

m
√
nm

)
,

and c2(α̂,τ̂2)/m2 = c2(α,τ2)/m2 +O(1/m3) +Op (1/m2√n) . Consequently, combining results yields

β̂m =
c1(α)

m
+

c2(α, τ
2)− c1(α)

m2
+Op(m

−3) + op

(
1√
nm

)
, (A.5)

and so the expansion for the bootstrap estimator agrees with the expansion for the original

estimator to first order, but not beyond.

We now turn to asymptotic normality of the term 1/√m
∑m

t=1 z
∗
t , for z

∗
t := 1/√n

∑n
i=1 z

∗
it

and z∗it := (y∗it−1 − µ̂i) v
∗
it. To do so we use a conditional version of Corollary 5.26 in White

(2001); this approach is similar to the one taken in Gonçalves and Kilian (2004). We

first show that, for an r > 2, E∗(|z∗t |
r) = Op(1). Note that E∗(z∗it) = 0 and that the z∗it

are independent across units conditional on the data. Hence, by Rosenthal’s inequality, it

suffices to show that ∑n
i=1 E∗(|z∗it|

r)

n
= Op(1).

By the Cauchy-Schwarz inequality,∑n
i=1 E∗(|z∗it|

r)

n
≤

(∑n
i=1 E∗(|y∗it−1 − µ̂i|2r)

n

)1/2 (∑n
i=1 E∗(|v∗it|2r)

n

)1/2

.
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We handle each term in turn. As E∗(v∗it
2r) = 1/m

∑m
t=1|v̂it|2r and the residuals have the

form v̂it = (vit− v̄i)− (α̂−α) (yit−1− ȳi−), for 1/n
∑n

i=1 E∗(|v∗it|2r) = Op(1) to hold it suffices

that ∑n
i=1

∑m
t=1 E(|vit − v̄i|2r)

nm
= O(1),

∑n
i=1

∑m
t=1 E(|yit−1 − ȳi−|2r)

nm
= O(1).

This is the case as E(|vit|2r) < ∞ and E(|yit−1|2r) < ∞. Next, for the second term in the

upper bound, using (A.4) and letting χ̂1, . . . , χ̂m be the columns of the matrix Â′
m, we have

that

E∗(|y∗it−1 − µ̂i|2r) = E∗(|χ̂′
tv

∗
i + α̂t−1(yi0 − µ̂i)|2r) ≲ E∗(|χ̂′

tv
∗
i |2r) + |α̂|2r(t−1) |yi0 − µ̂i|2r,

with the last transition following from the cr-inequality. Here and later, A ≲ B means that

A ≤ Op(1)B. Again using Rosenthal’s inequality,

E∗(|χ̂′
tv

∗
i |2r) = E∗

∣∣∣∣∣
m∑

t1=1

(χ̂t)t1v
∗
it1

∣∣∣∣∣
2r
 ≲

m∑
t1=1

|(χ̂t)t1|2r E∗(|v∗it1|
2r) +

(
m∑

t1=1

(χ̂t)
2
t1
E∗(v∗2it1)

)r

.

Applying Jensen’s inequality to the second term on the right-hand side and using that

E∗(|v∗it|2r) = 1/m
∑m

t=1|v̂it|2r gives∑n
i=1 E∗(|χ̂′

tv
∗
i |2r)

n
≲

((
m∑

t1=1

|(χ̂t)t1|2r
)

+

(
m∑

t1=1

(χ̂t)
2
t1

)r)∑n
i=1

∑m
t2=1|v̂it2|2r

nm
= Op(1),

as
∑m

t1=1|(χ̂t)t1 |2r
p→ (1− |α|2r)(1− |α|2r(t−1)) = O(1) and 1/nm

∑n
i=1

∑m
t2=1|v̂it2|2r = Op(1)

from above. For the remaining term, µ̂i = (1 − α̂)−1(ηi + v̄i)− (1− α̂)−1(α̂ − α) ȳi− gives

the decomposition∑n
i=1|yi0 − µ̂i|2r

n
≲

∑n
i=1|yi0|2r

n
+Op(1)

(∑n
i=1|ȳi−|2r

n
+

∑n
i=1|ηi|2r

n
+

∑n
i=1|v̄i|2r

n

)
= Op(1),

with the last transition again following from the moment requirements in the theorem. We

can thus conclude that E∗(|z∗t |r) = Op(1).

We next turn to the conditional variance of 1/√m
∑m

t=1 z
∗
t which, by the martingale

property, is equal to∑m
t=1 E∗(z∗t

2)

m
=

(∑n
i=1 σ̂

4
i

n

)
tr(ÂmÂ

′
m)

m
+

(∑n
i=1(yi0 − µ̂i)

2 σ̂2
i

n

)
(â′mâm)

m
.
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Here, m−1 tr(ÂmÂ
′
m) = (1−α2)−1 +Op(m

−1) and m−1 tr(âmâ
′
m) = op(1). Furthermore, by

an expansion, ∑n
i=1 σ̂

4
i

n
=

∑n
i=1(

1/m
∑m

t=1 v
2
it)

2

n
+ op(1).

The dominant right-hand side term behaves like∑n
i=1(

1/m
∑m

t=1 v
2
it)

2

n
=

∑n
i=1

∑m
t1=1

∑
t2 ̸=t1

v2it1 v
2
it2

nm2
+

∑n
i=1

∑m
t=1 v

4
it

nm2
= σ4 + op(1),

because∑n
i=1

∑m
t1=1

∑
t2 ̸=t1

v2it1 v
2
it2

nm2
= σ4 − σ4

m
+ op(1), and

∑n
i=1

∑m
t=1 v

4
it

nm2
=

E(v4it)
m

+ op(1).

This result, together with the fact that 1/n
∑n

i=1(yi0 − µ̂i)
4 = Op(1) (as shown above), also

implies that(∑n
i=1(yi0 − µ̂i)

2 σ̂2
i

n

)
≤
(∑n

i=1(yi0 − µ̂i)
4

n

)1/2 (∑n
i=1 σ̂

4
i

n

)1/2

= Op(1).

Taken together,

var∗
(∑m

t=1 z
∗
t√

m

)
p→ σ4

1− α2
= σ2 γ2

follows.

It remains only to show that 1/m
∑m

t=1(z
∗
t
2−E(z2t ))

p∗→ 0. As we have already established

that 1/m
∑m

t=1(E∗(z∗t
2)− E(z2t ))

p→ 0, we only need that 1/m
∑m

t=1(z
∗
t
2 − E∗(z∗t

2))
p∗→ 0. Now∑m

t=1(z
∗
t
2 − E∗(z∗t

2))

m
=

∑n
i1=1

∑n
i2=1

∑m
t=1(z

∗
i1t
z∗i2t − E∗(z∗i1tz

∗
i2t
))

nm

and, as E∗(z∗i1tz
∗
i2t
) = 0 when i1 ̸= i2, we can decompose this as∑n

i1=1

∑n
i2 ̸=i1

∑m
t=1 z

∗
i1t
z∗i2t

nm
+

∑n
i=1

∑m
t=1(z

∗2
it − E∗(z∗2it ))

nm

and analyze both terms separately. The variance of the first term (conditional on the data)

is ∑n
i1=1

∑
i2 ̸=i1

∑n
i3=1

∑
i4 ̸=i3

∑m
t1=1

∑m
t2=1 E∗(z∗i1t1z

∗
i2t1

z∗i3t2z
∗
i4t2

)

n2m2
.

By cross-sectional independence, the expectation in the summand is zero unless either

(i) i1 = i3 ̸= i2 = i4 or (ii) i1 = i4 ̸= i2 = i3 holds. In either of these cases, by the

23



martingale property, the expectation is non-zero only when t1 = t2 = t (say), where it

equals E∗(z∗2i1t)E
∗(z∗2i2t) in either case. Therefore, the variance of the first term takes the

form ∑n
i1=1

∑n
i2=1

∑m
t=1 E∗(z∗2i1t)E

∗(z∗2i2t)

n2m2
.

Now,

E∗(z∗2it ) = E∗((y∗it−1 − µ̂i)
2) σ̂2

i ≲ tr(χ̂tχ̂
′
t) σ̂

4
i + α̂2(t−1) (yi0 − µ̂i)

2 σ̂2
i ,

and so the variance is bounded from above (up to a multiplicative factor) by the sum of

the three terms∑m
t=1(χ̂

′
tχ̂t)

2

m2

(∑n
i1=1 σ̂

4
i

n

)2

,

∑m
t=1 α̂

4(t−1)

m2

(∑n
i=1(yi0 − µ̂i)

2 σ̂2
i

n

)2

,

and

2

∑m
t=1 α̂

2(t−1) (χ̂′
tχ̂t)

m2

∑n
i1=1(yi10 − µ̂i1)

2 σ̂2
i1

n

∑n
i2=1 σ̂

4
i2

n
.

Given our results so far it is immediate that each of these terms is of the form op(1)Op(1)

and, hence, op(1). Therefore, ∑n
i1=1

∑n
i2 ̸=i1

∑m
t=1 z

∗
i1t
z∗i2t

nm

p∗→ 0

follows. We then turn our attention to the second term. Its conditional variance is given

by

E∗

((∑n
i=1

∑m
t=1(z

∗2
it − E∗(z∗2it ))

nm

)2
)

=

∑n
i=1

∑m
t1=1

∑m
t2=1 cov

∗(z∗2it1 , z
∗2
it2
)

n2m2
.

Split the sum by cases, with Case (i) t1 = t2 and Case (ii) t1 ̸= t2. The contribution of

Case (i) is 1/n2m2
∑n

i=1

∑m
t=1 E∗(z∗4it )−E∗(z∗2it )

2, and we can then focus on establishing that∑n
i=1

∑m
t=1 E∗(z∗4it )

n2m2
= op(1).

For this we use that E∗(z∗4it ) = E∗((y∗it−1−µ̂i)
4)E∗(v∗4it ) is bounded from above by a multiple

of ( m∑
t1=1

(χ̂t)
4
t1

)
+

(
m∑

t1=1

(χ̂t)
2
t1

)2
 (∑m

t2=1 v̂
4
it2

m

)2

+ |α̂|4(t−1) (yi0 − µ̂i)
4

(∑m
t2=1 v̂

4
it2

m

)
.
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Here,

1

n2

n∑
i=1

(∑m
t2=1 v̂

4
it2

m

)2

≤
(∑n

i=1

∑m
t2=1 v̂

4
it2

nm

)2

= Op(1),

whereas∑n
i=1(yi0 − µ̂i)

4
(
1/m
∑m

t2=1 v̂
4
it2

)
n2

≤
∑n

i=1(yi0 − µ̂i)
4

n

max1≤i≤n

(
1/m
∑m

t2=1 v̂
4
it2

)
n

= Op(1),

because 1/n
∑n

i=1(yi0 − µ̂i)
4 = Op(1) and

max
1≤i≤n

(∑m
t2=1 v̂

4
it2

m

)
≤
∑n

i=1

∑m
t2=1 v̂

4
it2

m
= Op(n).

Therefore, as
∑m

t=1 α̂
4(t−1) = Op(1) and

∑m
t=1

∑m
t1=1(χ̂t)

4
t1
= Op(m), it follows on combining

results that ∑n
i=1

∑m
t=1 E∗(z∗4it )

n2m2
= Op(m

−1).

Next, exploiting symmetry, the Case (ii) term can be written as∑n
i=1

∑m
t=1

∑
t2 ̸=t1

cov∗(z∗2it1 , z
∗2
it2
)

n2m2
= 2

∑n
i=1

∑m
t=1

∑m−t
d=1 cov∗(z∗2it , z

∗2
it+d)

n2m2
.

It is useful to introduce, for given t and d > 0, the vectors

( ´̂χt+d)t′ :=

 (χ̂t+d)t′ if t′ < t

0 if t′ ≥ t
, ( `̂χt+d)t′ :=

 0 if t′ ≤ t

(χ̂t+d)t′ if t′ > t
.

Then χ̂′
t+d v

∗
i = ´̂χ′

t+d v
∗
i + α̂d−1v∗it +

`̂χ′
t+d v

∗
i separates the shocks in time periods running

up to t from the one occurring at t and from those occurring afterwards. It will not

be necessary to carry this additional notation around for long. Moreover, observing that

´̂χ′
t+d v

∗
i = α̂dχ̂′

t v
∗
i , we can combine this decomposition with recursive substitution to obtain

z∗it+d = α̂d v∗it+d (y
∗
it−1 − µ̂i) + α̂d−1v∗it+d v

∗
it + v∗it+d (

`̂χ′
t+dv

∗
i ).

With z∗it = v∗it (y
∗
it−1 − µ̂i), the covariance cov∗(z∗2it , z

∗2
it+d) is then composed of three terms.

These are

α̂2(d−1) cov∗(v∗2it (y
∗
it−1 − µ̂i)

2, v∗2it+d v
∗2
it ), α̂2d cov∗(v∗2it (y

∗
it−1 − µ̂i)

2, v∗2it+d(y
∗
it−1 − µ̂i)

2),
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and

2 α̂2d−1 cov∗(v∗2it (y
∗
it−1 − µ̂i)

2, v∗2it+dv
∗
it(y

∗
it − µ̂i)).

We note that all terms involving `̂χ′
t+dv

∗
i do not contribute to the covariance as they involve

only future shocks. For the first of these three covariances, by the law of total covariance,

cov∗(v∗2it (y
∗
it−1 − µ̂i)

2, v∗2it+d v
∗2
it ) = σ̂2

i E∗((y∗it−1 − µ̂i)
2) var∗(v∗2it ),

where E∗((y∗it−1 − µ̂i)
2) ≲ E∗((χ̂′

tvi)
2) + α̂2(t−1) ((yi0 − µ̂i))

2 and E∗((χ̂′
tvi)

2 = (χ̂′
tχ̂t) σ̂

2
i , and

var∗(v∗2it ) ≲ E∗(v∗4it ) = 1/m
∑m

t=1 v̂
4
it. Therefore, the total contribution of these terms, that

is, ∑n
i=1

∑m
t=1

∑m−t
d=1 α̂2(d−1) cov∗(v∗2it (y

∗
it−1 − µ̂i)

2, v∗2it+d v
∗2
it )

n2m2
,

is bounded by the sum of∑m
t=1(χ̂

′
tχ̂t) (

∑m−t
d=1 α̂2(d−1))

m2

∑n
i=1 σ̂

4
i (1/m

∑m
t′=1 v̂

4
it′)

n2
= Op(m

−1)

and ∑m
t=1(α̂

2(t−1)) (
∑m−t

d=1 α̂2(d−1))

m2

∑n
i=1(yi0 − µ̂i)

2 σ̂2
i (1/m

∑m
t′=1 v̂

4
it′)

n2
= Op(m

−1).

Here, the orders of magnitude follow from previously-established results. For example, for

the first term, we used
∑m−t

d=1 α̂2(d−1) ≤
∑m

d=1 α̂
2(d−1) p→ (1 − α2)−1(1 − α2m) = O(1) and∑m

t=1(χ̂
′
tχ̂t)

p→ (1− α2)−1m+ o(m) = O(m), along with∑n
i=1 σ̂

4
i (1/m

∑m
t′=1 v̂

4
it′)

n2
≤ max1≤i≤n σ̂

4
i

n

∑n
i=1

∑m
t=1 v̂

4
it

nm
= Op(1).

The two other covariance terms can be handled similarly. Moreover, again by the law of

total covariance,

cov∗(v∗2it (y
∗
it−1 − µ̂i)

2, v∗2it+d(y
∗
it−1 − µ̂i)

2) = σ̂4
i var

∗((y∗it−1 − µ̂i)
2) ≲ σ̂4

i E∗((y∗it−1 − µ̂i)
4).

Here E∗((y∗it−1 − µ̂i)
4) ≲ (χ̂′

tχ̂t)
2 (1/m

∑m
t′=1 v̂

4
it′) + α̂4(t−1) (yi0 − µ̂i)

4, and so we have the

upper bound(∑m
d=1 α̂

2d

m

)(
(
∑m

t=1(χ̂
′
tχ̂t)

2)

m

∑n
i=1

∑m
t=1 σ̂

4
i v̂

4
it

n2m
+

(∑m
t=1 α̂

4(t−1)
)

m

∑n
i=1 σ̂

4
i (yi0 − µ̂i)

4

n2

)
,
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which is again Op(m
−1). For the final term,

|cov∗(v∗2it (y∗it−1 − µ̂i)
2, v∗2it+dv

∗
it(y

∗
it−1 − µ̂i))| ≤ E∗(v∗2it+d)E∗(|v∗it|3)E∗(|y∗it−1 − µ̂i|3).

Now, E∗(|v∗it|3)2 ≤ E∗(|v∗it|4)E∗(|v∗it|2) and E∗(|y∗it−1− µ̂i|3)2 ≤ E∗(|y∗it−1− µ̂i|4)E(|yi0− µ̂i|2)

by the Cauchy-Schwarz inequality. Then, using the well-known inequality (a+ b) ≥ 2
√
ab,

E∗(|v∗it|3)E∗(|y∗it−1 − µ̂i|3) ≲ E∗(v∗4it )E∗(|y∗it−1 − µ̂i|2) + E∗(v∗2it )E∗(|yit−1 − µ̂i|4).

Then, exploiting that E∗(v∗2it+d) does not depend on d and that E∗(v∗2it )
2 ≤ E∗(v∗4it ), these

contributions translate into an upper bound on the final term that is composed of the sum

of(∑m
d=1|α̂|2d−1

)
m

max1≤i≤n (1/m
∑m

t=1 v̂
4
it)

n

∑n
i=1

∑m
t=1 E∗(v∗2it ) E∗(|y∗it−1 − µ̂i|2)

nm
= Op(m

−1)

and (∑m
d=1|α̂|2d−1

)
m

max1≤i≤n (1/m
∑m

t=1 v̂
4
it)

n

∑n
i=1

∑m
t=1 E∗(|y∗it−1 − µ̂i|4)

nm
= Op(m

−1),

where the order of magnitude of each term is again immediate given previously-established

results. This handles the Case (ii) term, and so∑n
i=1

∑m
t1=1

∑m
t2=1 cov

∗(z∗2it1 , z
∗2
it2
)

n2m2
= Op(m

−1)

follows. We have thus shown that 1/m
∑m

t=1(z
∗
t
2 − E(z2t ))

p∗→ 0, and so, with all conditions

for the central limit theorem verified, we obtain

1√
nm

n∑
i=1

m∑
t=1

(y∗it−1 − µ̂i) v
∗
it

d∗→ N(0, σ2γ2) (A.6)

as n,m → ∞.

To complete the analysis of the numerator of the within-group estimator we show that√
m

n

n∑
i=1

(
(ȳ∗i− − µ̂i) v̄

∗
i + b̂m

)
= op∗(1). (A.7)
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The summand has (conditional on the data) mean zero by construction. Moreover, from

above,

b̂m = −1/n
n∑

i=1

σ̂2
i

m

(ι′mÂmιm)

m
,

and so the conditional variance is

m

n

n∑
i=1

E∗((ȳ∗i− − µ̂i)
2 v̄∗2i )− m

n

n∑
i=1

(
σ̂2
i

m

(ι′mÂmιm)

m

)2

.

The second term on the right-hand side can be written as(
(ι′mÂmιm)

m

)2
1/n
∑n

i=1 σ̂
4
i

m
≲

1/n
∑n

i=1 σ̂
4
i

m
= Op(m

−1).

For the first right-hand side term, the recursion in (A.4) gives

E∗((ȳ∗i− − µ̂i)
2 v̄∗2i ) ≲

E∗((λ̂′
mv

∗
i )

2 (ι′mv
∗
i )

2)

m4
+ (yi0 − µ̂i)

2 (ι
′
mâm)

2 E∗((ι′mv
∗
i )

2)

m4
,

where, in analogy to λm, we let λ̂m = Â′
mιm. Now, using results from above, we easily have

m

n

n∑
i=1

E∗((λ̂′
mv

∗
i )

2 (ι′mv
∗
i )

2)

m4
≲ Op(m

−1)

(∑n
i=1

∑m
t=1 v̂

4
it

nm
+

∑n
i=1 σ̂

4
i

n

)
= op(1).

Similarly,

m

n

n∑
i=1

(yi0 − µ̂i)
2 (ι

′
mâm)

2 E∗((ι′mv
∗
i )

2)

m4
=

(ι′mâm)
2

m2

∑n
i=1(yi0 − µ̂i)

2 σ̂2
i

n
= Op(m

−2),

because ι′mâm = Op(1) and 1/n
∑n

i=1(yi0 − µ̂i)
2 σ̂2

i = Op(1) again follow from established

results together with the Cauchy-Shwarz inequality. This yields (A.7).

For the denominator of the within-group estimator, in turn, it is enough to show that

1

nm

n∑
i=1

m∑
t=1

((y∗it−1 − ȳ∗i−) y
∗
it−1 − γ̂2

m) = Op∗(n
−1/2). (A.8)

Here, again, the conditional mean is equal to zero and, for the conditional variance, we

need only show that ∑n
i=1 E∗((w∗′

i Mmw
∗
i )

2)

nm2
= Op(1).
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Let Ĥm := MmÂm and Ĥ2
m := Ĥ ′

mĤm = Â′
mMmÂm. Then

E∗((w∗′
i Mmw

∗
i )

2) ≲ E∗((v∗′i Ĥ
2
mv

∗
i )

2) + (yi0 − µ̂i)
2 σ̂2

i ∥Ĥ ′
mâm∥22 + (yi0 − µ̂i)

4 ∥Mmâm∥42.

From above we have 1/n
∑n

i=1(yi0 − µ̂i)
4 = Op(1) and 1/n

∑n
i=1 σ̂

4
i = Op(1), and so also

1/n
∑n

i=1(yi0 − µ̂i)
2 σ̂2

i = Op(1), whereas ∥Ĥ ′
mâm∥22 = Op(1) and ∥Mmâm∥22 = Op(1) both

follow from the consistency of α̂ and the fact that −1 < α < 1. Therefore, we readily have∑n
i=1 E∗((w∗′

i Mmw
∗
i )

2)

nm2
=

∑n
i=1 E∗((v∗′i Ĥ

2
mv

∗
i )

2)

nm2
+Op(m

−2).

For the remaining right-hand side term,∑n
i=1 E∗((v∗′i Ĥ

2
mv

∗
i )

2)

nm2
≲

tr(Ĥ2
m)

2

m2

1

n

n∑
i=1

(∑m
t=1 v̂

4
it

m
+

(∑m
t=1 v̂

2
it

m

)2
)

= Op(1)

again follows by the same arguments as used before, because tr(Ĥ2
m) = Op(m). This

establishes (A.8).

The results in (A.7) and (A.8), together with the fact that γ̂2
m

p→ γ2, allow us to write

√
nm(α̂∗ − α̂) =

√
nm β̂m +

1√
nm

n∑
i=1

m∑
t=1

(y∗it−1 − µ̂i) v
∗
it

γ2
+ op∗(1),

which may be combined with the expansion of β̂m in (A.5) and the asymptotic-normality

result in (A.6) to see that, as n,m → ∞,
√
nm(α̂∗ − α̂)

d∗→ N(0, 1 − α2) provided that

n/m → 0, whereas
√
nm

(
α̂∗ − α̂− c1(α)

m

)
d∗→ N(0, 1− α2)

provided that n/m3 → 0, while

√
nm

(
α̂∗ − α̂− c1(α)

m
− c2(α, τ

2)− c1(α)

m2

)
d∗→ N(0, 1− α2)

provided that n/m5 → 0.

Proof of Theorem 3. The proof of this theorem is similar to the proof of Theorem 2.

Now,

(Â∗
m)t,t′ :=

 α̂∗t−t′−1 if t > t′

0 if t ≤ t′
,
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and â∗m is the column vector of length m with (â∗m)t := α̂∗t−1. We can then again write

w∗∗
i := (y∗∗i0 , . . . , y

∗∗
im−1)

′ as

w∗∗
i = Â∗

mv
∗∗
i + â∗m(yi0 − µ̂∗

i ) + ιm µ̂∗
i , (A.9)

where v∗∗i := (v∗∗i1 , . . . , v
∗∗
im)

′ and µ̂∗
i := (1− α̂∗)−1η̂∗i , where we recall that the processes start

at y∗∗i0 = y∗i0 = yi0.

We have

α̂∗∗ − α̂∗ :=

∑n
i=1

∑m
t=1(y

∗∗
it−1 − ȳ∗∗i−) v

∗∗
it∑n

i=1

∑m
t=1(y

∗∗
it−1 − ȳ∗∗i−) y

∗∗
it−1

=

∑n
i=1w

∗∗′
i Mmv

∗∗
i∑n

i=1 w
∗∗′
i Mmw

∗∗
i

.

Using (A.9),

b̂∗m :=

∑n
i=1 E∗∗(w∗∗′

i Mmv
∗∗
i )

nm
=

σ̂∗2 tr(MmÂ
∗
m)

m
= − σ̂∗2

m

(ι′mÂ
∗
mιm)

m
,

where, in analogy to the first-layer bootstrap, σ̂∗2 := 1/n
∑n

i=1 σ̂
∗2
i = 1/nm

∑n
i=1

∑m
t=1 v̂

∗2
it .

Also,

γ̂∗2
m :=

∑n
i=1 E∗∗(w∗∗′

i Mmw
∗∗
i )

nm
=

σ̂∗2 tr(Â∗′
mMmÂ

∗
m)

m
+

σ̂∗2

1− α̂∗2
τ̂ ∗2 (â∗′mMmâ

∗
m)

m
,

for

τ̂ ∗2 :=
1/n
∑n

i=1(yi0 − µ̂∗
i )

2

γ̂∗2

and γ̂∗2 := σ̂∗2 (1− α̂∗2)−1. Then, in the same way as in the previous proof, we can expand

β̂∗
m :=

b̂∗m
γ̂∗2
m

=
c1(α̂

∗)

m
+

c2(α̂
∗, τ̂ ∗2)

m2
+Op∗(m

−3),

first around α̂ and then around α, and use Theorems 1 and 2 to arrive at the bias expansion

β̂∗
m =

c1(α)

m
+

c2(α, τ
2)− 2 c1(α)

m2
+Op∗(m

−3) + op∗

(
1√
nm

)
. (A.10)

Observe that then, indeed,

√
nm(β̂∗

m − β̂m)−
√
nm(β̂m − β̂∗

m) = Op∗(
√

n/m5),

as desired.
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We then move on to establish that

1√
nm

n∑
i=1

m∑
t=1

(y∗∗it−1 − µ̂∗
i ) v

∗∗
it

d∗∗→ N(0, σ2γ2) (A.11)

as n,m → ∞. To do so we again verify the conditions required for the central limit theorem

in Corollary 5.26 in White (2001). Letting z∗∗it := (y∗∗it−1 − µ̂∗
i ) v

∗∗
it and z∗∗t := 1/√n

∑n
i=1 z

∗∗
it ,

the first of three conditions that needs to be shown to hold is that, for some r > 2, we have

E∗∗(|z∗∗t |r) = Op∗(1). Again, by an application of Rosenthal’s inequality, this is implied by∑n
i=1 E∗∗(|z∗∗it |r)

n
= Op∗(1),

which we now show. By the Cauchy-Schwarz inequality,∑n
i=1 E∗∗(|z∗∗it |r)

n
≤
(∑n

i=1 E∗∗(|v∗∗it |2r)
n

)1/2 (∑n
i=1 E∗∗(|y∗∗it−1 − µ̂∗

i |2r)
n

)1/2

, (A.12)

and we take each of the right-hand side terms, in turn. First, as E∗∗(|v∗∗it |2r) = 1/m
∑m

t=1|v̂∗it|2r

and v̂∗it = (v∗it − v̄∗i )− (α̂∗ − α̂) (y∗it−1 − ȳ∗i−), it suffices to show that∑n
i=1

∑m
t=1|v∗it − v̄∗i |2r

nm
= Op∗(1),

∑n
i=1

∑m
t=1|y∗it−1 − ȳ∗i−|2r

nm
= Op∗(1),

because we know from Theorem 2 that |α̂∗ − α̂| = op∗(1). Now, for these two conditions it

is, in turn, sufficient to verify that∑n
i=1

∑m
t=1 E∗(|v∗it − v̄∗i |2r)

nm
= Op(1),

∑n
i=1

∑m
t=1 E∗(|y∗it−1 − ȳ∗i−|2r)

nm
= Op(1),

by appealing to Markov’s inequality. The first of these is immediate as we have already

established that ∑n
i=1

∑m
t=1 E∗(|v∗it|2r)
nm

=

∑n
i=1

∑m
t=1|v̂it|2r

nm
= Op(1).

The argument for the second result equally follows from previous results. Moreover, we

have the bound∑n
i=1

∑m
t=1 E∗(|y∗it−1|2r)
nm

≲

∑n
i=1

∑m
t=1|v∗it|2r

nm
+

∑m
t=1|α̂|2r(t−1)

m

∑n
i=1|yi0 − µ̂i|2r

n
+

∑n
i=1 µ̂

2r
i

n
,
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where each of the right-hand side terms has already been shown to be Op(1). This handles

the first term in (A.12). For the second term, using (A.9), we have∑n
i=1 E∗∗(|y∗∗it−1 − µ̂∗

i |2r)
n

≲

∑n
i=1 E∗∗(|χ̂∗′

t v
∗∗
i |2r)

n
+ |α̂∗|2r(t−1)

∑n
i=1|yi0 − µ̂∗

i |2r

n
.

By Rosenthal’s inequality and the observation that |α̂∗ − α| < |α̂∗ − α̂|+ |α̂− α| = op∗(1),∑n
i=1 E∗∗(|χ̂∗′

t v
∗∗
i |2r)

n
≲

∑n
i=1

∑m
t=1|v̂∗it|2r

nm
= Op∗(1).

Further, |α̂∗|2r(t−1) = Op∗(1) and 1/n
∑n

i=1|yi0|2r = Op(1) because E(|yi0|2r) < ∞, whereas

we have ∑n
i=1 µ̂

∗2r
i

n
=

1

|1− α̂∗|2r

∑n
i=1|η̂i + v̄∗i − (α̂∗ − α̂) ȳ∗i−|2r

n
= Op∗(1)

because |1− α̂∗|2r = Op∗(1) and the term on the right-hand side is bounded by a multiple

of ∑n
i=1|η̂i|2r

n
+

∑n
i=1|v̄i|∗2r

n
+ |α̂∗ − α̂|

∑n
i=1|ȳi−|∗2r

n
= Op∗(1).

This concludes the analysis of (A.12) and confirms that the first condition for the central

limit theorem holds.

The second requirement for the central limit theorem is that

var∗∗
(∑m

t=1 z
∗∗
t√

m

)
p∗→ (1− α2)−1σ4.

In the same way as before, the variance can be written as(∑n
i=1 σ̂

∗4
i

n

)
tr(Â∗Â∗′)

m
+

(∑n
i=1(yi0 − µ̂∗

i )
2 σ̂∗2

i

n

)
(â∗′mâ

∗
m)

m
.

Here, it is easy to see that m−1 tr(Â∗Â∗′)
p∗→ (1 − α2)−1, using α̂∗ p∗→ α. Furthermore, we

can see that ∑n
i=1 σ̂

∗4
i

n
=

∑n
i=1(

1/m
∑m

t=1(v
∗
it − v̄∗i )

2)2

n
+ op∗(1),

by expanding the square and using that α̂∗ p∗→ α, 1/nm
∑n

i=1

∑m
t=1(y

∗
it−1 − ȳ∗i−)

4 = Op∗(1),

and 1/nm
∑n

i=1

∑m
t=1(v

∗
it− v̄∗i )

4 = Op∗(1). We can then focus on the dominant term. Adding

and subtracting σ̂2
i to the summand and working out the square we can establish that we

have ∑n
i=1(

1/m
∑m

t=1(v
∗
it − v̄∗i )

2)2

n
=

∑n
i=1 σ̂

4
i

n
+ op∗(1).
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Indeed,∑n
i=1(

1/m
∑m

t=1(v
∗
it − v̄∗i )

2 − σ̂2
i )

2

n
≲

∑n
i=1(

1/m
∑m

t=1 v
∗2
it − σ̂2

i )
2

n
+

∑n
i=1(

1/m
∑m

t=1 v
∗
it)

4

n
,

where

E∗
(∑n

i=1(
1/m
∑m

t=1 v
∗2
it − σ̂2

i )
2

n

)
=

1

m

(∑n
i=1 E∗(v∗4it )− σ̂4

i

n

)
= Op(m

−1),

and

E∗
(∑n

i=1(
1/m
∑m

t=1 v
∗
it)

4

n

)
≲

1

m3

(∑n
i=1 E∗(v∗4it )

n

)
+

1

m2

(∑n
i=1 E∗(v∗2it )

2

n

)
= Op(m

−2).

Therefore, ∑n
i=1 σ̂

∗4
i

n
=

∑n
i=1 σ̂

4
i

n
+ op∗(1).

Also, m−1 (â∗′mâ
∗
m)

p∗→ 0 while(∑n
i=1(yi0 − µ̂∗

i )
2 σ̂∗2

i

n

)
≤
((∑n

i=1(yi0 − µ̂∗
i )

4

n

))1/2 ((∑n
i=1 σ̂

∗4
i

n

))1/2

= Op∗(1)

is readily deduced. Hence,

var∗∗
(∑m

t=1 z
∗∗
t√

m

)
=

1

1− α2

∑n
i=1 σ̂

4
i

n
+ op∗(1)

p→ σ4

1− α2

follows on recalling that 1/n
∑n

i=1 σ̂
4
i

p→ σ4, as was shown previously as part of the proof

of Theorem 2. This, then, shows that the second condition for the central limit theorem

holds.

The third and final requirement for (A.11) is that∑m
t=1(z

∗∗2
t − E∗∗(z∗∗2t ))

m
= op∗∗(1).

We again proceed by splitting the term into two contributions, as∑n
i=1

∑m
t1=1

∑
t2 ̸=t1

z∗∗it1 z
∗∗
it2

nm
+

∑n
i=1

∑m
t=1 z

∗∗2
it − E∗∗(z∗∗2it )

nm
.

The variance of the first term is

E∗∗

(∑n
i=1

∑m
t1=1

∑
t2 ̸=t1

z∗∗it1 z
∗∗
it2

nm

)2
 ≲

∑n
i1=1

∑n
i2=1

∑m
t=1 E∗∗(z∗∗2i1t

)E∗∗(z∗∗2i2t
)

n2m2
.
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Denoting by χ̂∗
1, . . . , χ̂

∗
m the columns of the matrix Â∗′

m we can again use familiar arguments

to obtain the decomposition E∗∗((y∗∗it−1 − µ̂∗
i )

2) = (χ̂∗′
t χ̂

∗
t ) σ̂

∗2
i + α̂∗2(t−1) (yi0 − µ̂∗

i )
2, with

which we can readily verify that the bound on the variance itself is bounded by the sum of

(multiples of)∑m
t=1(χ̂

∗′
t χ̂

∗
t )

2

m2

(∑n
i1=1 σ̂

∗4
i

n

)2

,

∑m
t=1 α̂

∗4(t−1)

m2

(∑n
i=1(yi0 − µ̂∗

i )
2 σ̂∗2

i

n

)2

,

and

2

∑m
t=1 α̂

∗2(t−1) (χ̂∗′
t χ̂

∗
t )

m2

∑n
i1=1(yi10 − µ̂∗

i1
)2 σ̂∗2

i1

n

∑n
i2=1 σ̂

∗4
i2

n
,

all of which are op∗(1) from previous calculations. This deals with the first contribution.

The second contribution has variance∑n
i=1

∑m
t=1 var

∗∗(z∗∗2it )

n2m2
+

∑n
i=1

∑m
t1=1

∑
t2 ̸=t1

cov∗∗(z∗∗2it1
, z∗∗2it2

)

n2m2
.

For the first term, ∑n
i=1

∑m
t=1 var

∗∗(z∗∗2it )

n2m2
≲

∑n
i=1

∑m
t=1 E∗∗(z∗∗4it )

n2m2
,

where, in the same way as in the proof of Theorem 2, E∗∗(z∗∗4it ) is bounded by a multiple of( m∑
t1=1

(χ̂∗
t )

4
t1

)
+

(
m∑

t1=1

(χ̂∗
t )

2
t1

)2
 (∑m

t2=1 v̂
∗4
it2

m

)2

+ |α̂∗|4(t−1) (yi0 − µ̂∗
i )

4

(∑m
t2=1 v̂

∗4
it2

m

)
.

We can handle each of these terms by the same arguments as used in the previous proof.

We then find that ∑n
i=1

∑m
t=1 E∗∗(z∗∗4it )

n2m2
= Op∗(m

−1),

as desired. Finally, for the second term, we again write∑n
i=1

∑m
t=1

∑
t2 ̸=t1

cov∗∗(z∗∗2it1
, z∗∗2it2

)

n2m2
= 2

∑n
i=1

∑m
t=1

∑m−t
d=1 cov∗∗(z∗∗2it , z∗∗2it+d)

n2m2
,

and proceed as before. Moreover, we use χ̂∗′
t+d v

∗∗
i = ´̂χ∗′

t+d v
∗∗
i + α̂∗d−1v∗∗it + `̂χ∗′

t+d v
∗∗
i , where

( ´̂χ∗
t+d)t′ :=

 (χ̂∗
t+d)t′ if t′ < t

0 if t′ ≥ t
, ( `̂χ∗

t+d)t′ :=

 0 if t′ ≤ t

(χ̂∗
t+d)t′ if t′ > t

.
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Here, ´̂χ∗′
t+d v

∗∗
i = α̂∗dχ̂∗′

t v∗∗i . Therefore, the covariance between z∗∗2it and

z∗∗2it+d = (α̂d v∗∗it+d (y
∗∗
it−1 − µ̂∗

i ) + α̂∗d−1v∗∗it+d v
∗∗
it + v∗∗it+d (

`̂χ∗′
t+dv

∗∗
i ))2,

cov∗∗(z∗∗2it , z∗∗2it+d), has the three components

α̂∗2(d−1) cov∗∗(v∗∗2it (y∗∗it−1− µ̂i)
∗2, v∗∗2it+d v

∗∗2
it ), α̂∗2d cov∗(v∗∗2it (y∗∗it−1− µ̂∗

i )
2, v∗∗2it+d(y

∗∗
it−1− µ̂∗

i )
2),

and

2 α̂∗2d−1 cov∗∗(v∗∗2it (y∗∗it−1 − µ̂∗
i )

2, v∗∗2it+dv
∗∗
it (y

∗∗
it − µ̂∗

i )).

These terms are completely analogous to the terms encountered in the proof of Theorem

2, and they can be handled in the same way. As an example, for the contributions of the

second term we have the upper bound(∑m
d=1 α̂

∗2d

m

)(
(
∑m

t=1(χ̂
∗′
t χ̂

∗
t )

2)

m

∑n
i=1

∑m
t=1 σ̂

∗4
i v̂∗4it

n2m
+

(∑m
t=1 α̂

∗4(t−1)
)

m

∑n
i=1 σ̂

∗4
i (yi0 − µ̂∗

i )
4

n2

)
and we have already analysed all of its components; from these we can obtain that the

bound is Op∗(m
−1). Therefore,∑n

i=1

∑m
t=1

∑
t2 ̸=t1

cov∗∗(z∗∗2it1
, z∗∗2it2

)

n2m2
= op∗(1),

and the final condition for the central limit theorem has been verified. Hence, (A.11)

follows.

To complete the proof of Theorem 3 it only remains to verify the asymptotic negligibility

of two terms. The first of these relates to the numerator of the within-group estimator and

is √
m

n

n∑
i=1

(
(ȳ∗∗i− − µ̂∗

i ) v̄
∗∗
i + b̂∗m

)
= op∗∗(1).

The second, in turn, is about the denominator and reads

1

nm

n∑
i=1

m∑
t=1

((y∗∗it−1 − ȳ∗∗i−) y
∗∗
it−1 − γ̂∗2

m ) = Op∗∗(n
−1/2).

Both conditions are direct double-bootstrap counterparts to the first-layer bootstrap results

in (A.7) and (A.8), respectively, and their proofs are essentially the same. For brevity we

omit the details here.
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Combining all results, we have that, as n,m → ∞,
√
nm(α̂∗∗ − α̂∗)

d∗∗→ N(0, 1 − α2)

provided that n/m → 0, whereas

√
nm

(
α̂∗∗ − α̂∗ − c1(α)

m

)
d∗∗→ N(0, 1− α2)

provided that n/m3 → 0, while

√
nm

(
α̂∗∗ − α̂∗ − c1(α)

m
− c2(α, τ

2)− 2c1(α)

m2

)
d∗∗→ N(0, 1− α2)

provided that n/m5 → 0.
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Gonçalves, S. and M. Kaffo (2015). Bootstrap inference for linear dynamic panel data models

with individual fixed effects. Journal of Econometrics 186, 407–426.
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