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3Institut de Mathématiques de Toulouse; UMR5219. Université de Toulouse
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Abstract

The main objective of this paper is to propose a new approach for estimating the entire collection
of Sobol’ indices simultaneously. Our approach exploits the fact that Sobol’ indices can be rewritten
as solutions to an optimization problem over the simplex of Rd, to construct an online sequence of
estimators using a stochastic mirror descent algorithm. We prove that our estimation procedure is
consistent and provide a non-asymptotic upper bound for its rate of convergence. Furthermore, we
demonstrate the numerical accuracy of our method and compare it with other classical estimation
procedures. 1
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1 Introduction

1.1 Motivation

The study of how a numerical code’s output depends on its input variables has become critically
important in many fields, including physics, engineering, applied mathematics, and signal and image
processing, among others. Sensitivity analysis is particularly important in fields where meta-models

1Acknowledgment The authors thank Paul Rochet for recognizing the Möbius function as well as Sébastien Da Veiga
for giving them access to the results of the numerical experiments performed in [10] and running his R code on the test
function of Section 4.2. This work benefits from the financial support of ANR project GATSBII (ANR-24-CE23-6645).
S. G. also wishes to thank the Lagrange Center for its support during the development of this research project.
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are used, such as modeling coastal flooding [3], optimizing aircraft geometry in aeronautics [43], and
in various other areas of engineering. Further examples can be found in [4, 37, 25]. The importance
of sensitivity analysis is growing with the advent of artificial intelligence techniques, as the use of
deep neural networks with highly sophisticated architectures is gradually replacing costly, traditional,
physics-based codes for computing outputs through a regression paradigm, for example [17, 16]. How-
ever, the complexity of these AI-generated models is often perceived as mysterious and difficult to
interpret, particularly with regard to how the output is influenced by the input variables. It is nev-
ertheless crucial to understand the effects of input variables on a code’s output, in order to improve
the generation of certain input variables and to enhance public acceptance of how the code operates.
Therefore, it is important to quantify the influence of variables on the system with a reasonably limited
number of evaluations and computations.

When these inputs are regarded as random elements, this problem is generally referred to as global
sensitivity analysis. Global sensitivity analysis considers the input vector as random and provides a
measure of the influence, in terms of output fluctuations, of each subset of its components. We refer
to the seminal book [48] for an overview, to [8] for a synthesis of recent trends in this field, and to
[12, 48, 50, 52] for a discussion of the practical aspects of global sensitivity analysis.

Of the various measures used in global sensitivity analysis, variance-based measures, derived from
Hoeffding’s decomposition of variance, are probably the most commonly used. When considering an
output Y of a computer code modeled as Y = f(X1, . . . , Xp), one obtains one of the most common
measures of the sensitivity of Y with respect to a subset of inputs Xi, i ∈ u for u ⊂ 1, · · · , p: the closed
Sobol’ index Σu, defined by

Σu = Var(E[Y |Xi, i ∈ u])
Var(Y ) = E[E[Y |Xi, i ∈ u]2]− E[Y ]2

Var(Y ) .

In recent years, a myriad of different estimators have been proposed (see [8, Chapter 4] for a full
review). A first class gathers spectral methods that aim at constructing estimators based on the
spectral analysis of the input/output functional relationship and Parseval’s formula. We refer to [55]
for a basic description of the method and to [8, Chapter 4] for more recent references. It should be
noted that the asymptotic properties of these methods have been little studied, as they are based
on the theory of non-linear (quadratic) functional estimation. A second class of methods requires
that the covariates (X1, . . . , Xp) be independent in order to obtain the asymptotic properties of the
estimators. Among them, the so-called Pick–Freeze design of experiments aims at computing a Monte
Carlo estimate of Σu from a sequence of evaluations of f on a sample of input values, fixing those
of the subset u. The main advantage is that only minimal assumptions on f are required to derive
consistency and central limit theorems. In particular, assumptions of integrability, but not regularity,
on f are necessary (see, for example, [26, 32]). Moreover, to estimate at rate

√
n a single Sobol’ index,

one needs a design of experiments of size 2n. This implies that estimating all the p first-order indices
involves a sample of size (p + 1)n, and a 2pn sample is required to estimate all Sobol’ indices. This
method has two drawbacks: the size of the DOE required to estimate all indices grows exponentially
with the number of input variables, and it relies on the very specific Pick–Freeze experimental design.
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In order to tackle these limitations, methods based on local averaging have been developed. Among
them are kernel estimators, which have been thoroughly studied for the case d = 1 [11, 7, 45, 54,
30], and provide central limit theorems and asymptotic efficiency as soon as the function f satisfies
regularity assumptions. Closely related are nearest- approaches, which have been studied by several
authors (see, e.g., [15, 34, 35, 13, 22, 29, 14]). For instance, in [14], the authors propose a plug-in
estimator with statistical consistency for any d, and a central limit theorem with rate

√
n for d ≤ 3,

provided that regularity assumptions hold. In parallel, [4] consider a variant that is consistent for any
d, but no rate of convergence is provided. When d = 1, a central limit theorem for estimators based
on ranks (i.e., nearest neighbors on the right) is also proved in [24]. Recently, in [9], the authors used
high-order kernels to build asymptotically efficient estimators of Sobol’ indices of any dimension from
a single i.i.d. n input/output sample. Their result requires strong smoothness assumptions on f and
on the support of the input variables which may be restrictive in some irregular situations.

In order to build an estimator of Sobol’ indices using any of the methods described above, the
practitioner needs to have access to the complete dataset. Unfortunately, in some applications, the
data are generated online and cannot be stored.The goal of this work is to introduce and to study a
new numerical scheme based on online data for simultaneously estimating the 2p Sobol’ indices taking
into account their geometrical constraints.

1.2 Main contributions

In this paragraph, we provide an overview of our contributions, acknowledging that some concepts may
not be fully introduced at this stage. Our aim here is to offer a concise and accessible summary that
enables the reader to grasp the core contributions of the paper within a short time. Readers seeking
a more detailed and systematic exposition will find a thorough presentation in Sections 2 through 5.

Framework In this work, we propose a sequential estimation method for all Sobol’ indices associated
with a numerical model Y = f(X), where X = (X1, · · · , Xp) is a random vector with an unknown
distribution and independent components in Rp, and f : Rp → R is a deterministic and unknown
function such that E[f(X)4] < ∞. Our method generates a sequence of estimators (Ŝn)n≥1, where,
at each iteration n, Ŝn denotes the current estimate of the collection of Sobol’ indices, based on 2n
evaluations of the numerical model f . The true collection of Sobol’ indices is denoted by S∗ = (S∗

u)u∈Υ,
where Υ represents the set of all possible subsets of 1, . . . , p.

Our scheme combines two ingredients that were neglected in previous studies: first, the Hoeffding
decomposition of the variance implies that the collection of Sobol’ indices lies on the unit simplex;
and second, Sobol’ indices can be interpreted as the solution to an optimization problem, as pointed
out by [32] in Equation (2.4). Indeed, the Hoeffding decomposition of the variance provides two
key insights: the indices take values between zero and one, and they sum to one. This information is
generally not taken into account in classical estimation procedures. Our online estimator is constructed
via a stochastic mirror descent algorithm that solves a constrained optimization problem associated
with the collection of Sobol’ indices. The main advantage of the mirror descent algorithm is that it
yields an explicit solution of the one-step optimization on the simplex without any projection, and
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a single evaluation of the function f allows the simultaneous update of 2p indices, resulting in a
significant reduction in computational cost. Our analysis requires access to two online sequences of
i.i.d. realizations of the random variable X, denoted by (Xn)n≥1 and (X ′

n)n≥1, as well as the ability
to perform sequential evaluations of the numerical model f .

Variational description of Sobol’ indices Our first contribution, although theoretically straight-
forward, has significant practical value for implementing our sequential estimation method for S∗.
Specifically, it provides a variational characterization of S∗ through a constrained convex optimization
problem, which generalizes the result stated in Equation (2.4) of [32]. For this purpose, we introduce
∆q as the set of probability distributions over Υ, while ∆∗

q denotes the same set restricted to vectors
with non-zero coefficients.

Theorem. Assume that a ∈ ∆∗
q is a discrete positive probability distribution over Υ. Then, a strongly

convex function Φa exists (defined in Equation (13)) such that S∗ is the unique solution to the convex
program:

S∗ = arg min
s∈∆q

Φa(s). (1)

The details of this statement are provided in Section 2, and in particular in Section 2.3, which
presents a detailed version of the previous result stated in Theorem 2.2.

Estimation of Sobol’ indices with a Stochastic Pick-Freeze mirror descent Our second,
and more substantial, contribution is a practical algorithm that solves the aforementioned convex
program via a sequence (Ŝn)n≥1, constructed from online arrivals of i.i.d. observations (Xn, X

′
n)n≥1.

We employ a stochastic gradient descent procedure, tailored to our setting, as detailed in Algorithm 1
and developed in Section 3. The sequence (Ŝn)n≥1 depends on a step-size sequence (ηn)n≥1, for which
we establish the following result.

Theorem. The sequence (Ŝn)n≥1 built in Section 3 satisfies

(a) Asymptotic almost sure convergence result.
Assume that

∑
ηn = +∞ and

∑
η2

n < +∞, then:

lim
n−→+∞

Ŝn = S∗ a.s. (2)

(b) Non-asymptotic upper bound Consider the Cesaro averaged sequence

S̄η
n =

(∑n
k=1 ηk+1Ŝk

)
(∑n

k=1 ηk+1) , ∀n ≥ 1,

then if η0 > 0 and (ηn)n≥1 = (η0n
−1/2)n≥1, we have:

E
[
Φa(S̄η

n)
]
−min Φa ≤ Cd

log(n)√
n

, (3)

where Cd is a dimension-dependent constant that will be made explicit later on.
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The two parts of the previous theorem are detailed in Theorems 3.3 and 3.4, where alternative
step-size sequences are also considered.

1.3 Organization of the paper

The article is organized as follows. Section 2 introduces a variational characterization of the collection
of all Sobol’ indices as the minimizer of a strongly convex function (Corollary 2.1). This section
also summarizes well-known key concepts from global sensitivity analysis. Section 3 presents the
Pick–Freeze Mirror algorithm, proposed to solve the constrained optimization problem and to construct
a sequence S∗

n of estimators for the Sobol’ indices. Section 4 then presents numerical experiments that
illustrate the performance and practical behavior of the proposed algorithm on benchmark problems.
Finally, Section 5 is devoted to the proofs of our theoretical results.

2 Constrained variational characterization of Sobol’ indices

We consider X = (X1, . . . , Xp), a real-valued p-dimensional random vector representing the input of a
numerical code, and Y , the output random variable associated with a black-box function f : Rp −→ R.
The output Y is linked to the input X through the simple relation

Y = f(X) where X = (X1, . . . , Xp). (4)

We assume that X follows an unknown distribution Q, and that its components (Xj)j ≤ p are in-
dependent. For numerical purposes, we further assume that the variables (Xj)j ≤ p can be easily
simulated. Our theoretical results require only that

E[Y 4] <∞. (5)

Subset notations Throughout the paper, we frequently consider subsets of variables, denoted by
u ⊂ {1, . . . , p} \ ∅. For convenience, we denote by Υ the set of all subsets of {1, . . . , p}. When u ∈ Υ,
|u| denotes the cardinality of the subset u, with the convention that |∅| = 0.

2.1 Sobol’ indices

A now-standard approach for global sensitivity analysis relies on the computation of Sobol’ indices,
a technique introduced in [42] and later popularized by [53]. These indices are particularly suitable
when the numerical code returns a real-valued output, denoted by Y . In this section, we recall some
key elements of global sensitivity analysis, which may be skipped by readers already familiar with the
topic.

Using the ANOVA-Hoeffding decomposition of the variance (see e.g. [31, 21]), the objective of
Sobol’ indices is to compare the conditional variance of Y , when fixing the values of a subset of
variables (Xi, i ∈ u), to the total variance of Y

Var(Y ) =
∑
u∈Υ

Vu with Vu =
∑
v⊂u

(−1)|u|−|v|Var(E[Y |Xi, i ∈ v]) ≥ 0. (6)
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We shall observe that V∅ = Var(E[Y ]) = 0, regardless the distribution of the inputs X, so that V∅ is
always zero and does not need any estimation procedure.
The Sobol’ S∗ = (S∗

u)u∈Υ and closed Sobol’ Σ∗ = (Σ∗
u)u∈Υ indices with respect to (Xi, i ∈ u) are

defined by:

S∗
u := Vu

Var(Y ) and Σ∗
u := Var(E[Y |Xi, i ∈ u])

V ar(Y ) . (7)

Dividing both sides of (6) by Var(Y ), we observe that S∗ belongs to the simplex of discrete probability
distributions over subsets defined by:

∆q :=

s = (su)u∈Υ, ∀u ∈ Υ : su ≥ 0 and s∅ = 0 and
∑
u∈Υ

su = 1.

 .
Moreover, we also deduce from Equation (6) that Sobol’ and closed Sobol’ indices are linked through
a a linear transformation. Using an indexation with subsets of Υ (see Appendix B for more details),
a square matrix M, triangular with diagonal terms equal to 1 exists such that:

S∗ = MΣ∗ with ∀(u, v) ∈ Υ×Υ Mu,v = (−1)|u|−|v|1v⊂u. (8)

Finally, the matrix M can be inverted using the Rota–Möbius inversion formula [47], thus

∀(u, v) ∈ Υ×Υ M−1
u,v = 1v⊂u and Σ∗ = M−1S∗. (9)

2.2 Pick-Freeze trick

In this section, we briefly recall the classical ”Pick-Freeze” strategy for estimating Sobol’ indices. We
consider X ′ = (X ′1, . . . , X ′p) an independent copy of X = (X1, . . . , Xp) so that (X,X ′) ∼ Q⊗Q.

Proposition 2.1 (Pick-Freeze trick). For any u ∈ Υ, we have:

(i) If Y = f(X), Y (u) = f(X(u)) where X(u) is built from X and X ′ as

∀i ∈ {1, . . . , p} X(u),i = Xi1i∈u +X ′i1i/∈u,

then Var(E[Y |Xi, i ∈ u]) = Cov(Y, Y (u)) and

Σ∗
u = Cov(Y, Y (u))

Var(Y ) . (10)

In what follows, (Y, Y u) will be refered to as a Pick-Freeze sample.

(ii) Furthermore

Σ∗
u = arg min

θ∈[0,1]
ψu(θ) with ψu(θ) := E

[(
(Y − E[Y ])θ − (Y (u) − E[Y ])

)2
]
,

where the expectation has to be considered with respect to the pair of random variables (Y, Y (u))
defined above.
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For a fixed subset u ∈ Υ, the “Pick–Freeze” trick leads to the so-called “Pick–Freeze” estimator,
which corresponds to a Monte Carlo version of definition (10). These estimators have been extensively
studied in the literature [53, 49, 38] and are known to be consistent and asymptotically normal [32].
In addition to their favorable asymptotic properties, it is worth noting that the number of evaluations
of f required to estimate Σ∗

u is 2n, yielding a convergence rate of
√
n. To estimate K Sobol’ indices,

this number increases to (K + 1)n, so that the total computational cost reaches 2pn, which grows
exponentially with p.

2.3 From the Pick-Freeze trick to a variational characterization of Σ∗ and S∗

In this work, we propose a method for the simultaneous estimation of all Sobol’ indices, assuming
access to a sequence of data compatible with the Pick–Freeze trick. The variational characterization
of Σ∗, stated in Proposition 2.1, implies that a standard gradient descent method can be naturally
applied to obtain an accurate approximation of Σ∗

u, since the functional θ 7→ ψu(θ) is strongly convex.
We perform a convex aggregation of all the functions ψu using a collection of weights (au)u∈Υ ∈ ∆q,

for now chosen arbitrarily, and define the function Ψa as follows:

∀x = (xu)u∈Υ Ψa(x) = 1
2
∑
u∈Υ

auψu(xu). (11)

The probability distribution (au)u∈Υ which will be denoted by La
Υ is for now chosen arbitrarily

such that:
min
u∈Υ

au > 0. (12)

For any such a, a straightforward consequence of Proposition 2.1 (ii) is that Ψa is minimized for
x = Σ∗.

Finally, recall that S∗ = MΣ∗ and S∗ ∈ ∆q, the simplex of discrete probability distributions over
the set Υ and define

∀s ∈ ∆q : Φa(s) := Ψa(M−1s). (13)

This leads to the following characterization result for the set of all Sobol’ indices, which will serve as
the cornerstone of our work.

Corollary 2.2 (Variational characterization of S∗). For any discrete positive probability distribution
a = (au)u∈Υ, satisfying (12), the collection of Sobol’ indices S∗ is uniquely defined as:

S∗ = arg min
s∈∆q

Φa(s), (14)

where Φa can be written as an strongly convex function represented as an expectation:

Φa(s) = E
[(

(Y − E[Y ])[M−1s]U − (Y (U) − E[Y ])
)2
]
, (15)

where U ∼ La
Υ and conditionally to U , (Y, Y U ) is a Pick-Freeze sample (see Proposition 2.1).
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Corollary 2.2 shows that S∗ minimizes the function Φa, which is strongly convex and differentiable,
over the space ∆q. Moreover, Φa is the expectation of a strongly convex function that can be readily
simulated using Pick-Freeze realizations. Consequently, the problem of estimating all Sobol’ indices
can be addressed via a constrained stochastic optimization algorithm. This is precisely the approach
we adopt in the following, employing a Stochastic Mirror Descent algorithm detailed in the next
section.

3 On-line estimation of Sobol’ indices with Pick-Freeze S.M.D.

Our estimation strategy is based on a mirror descent introduced in the pioneering work of [40]; it
provides a versatile approach that naturally handles constrained optimization problems through an
appropriate mirror map. Mirror descent can be seen as a natural generalization of the gradient descent
method, seen as an iterative Maximization-Minimization procedure. It is particularly suited for the
smooth minimization of a strongly convex function Φa over the constrained set ∆q (see, e.g., [33], [5]).
The mirror descent algorithm defines a smooth trajectory that remains within the constrained set
without requiring an additional projection step and effectively ”pushes” the boundaries of the simplex
to an infinite distance from any point strictly inside ∆q. Moreover, it can be easily extended to a
stochastic setting using iterative noisy realizations of the gradients.

3.1 Bregman divergence on ∆q and mirror descent

We first introduce the strongly convex negative entropy function over ∆q:

∀v ∈ ∆q : h(v) :=
q∑

i=1
vi log vi. (16)

If ⟨·, ·⟩ denotes the standard Euclidean inner product, the h-Bregman divergence Dh between two
probability distributions is defined as

∀(w, v) ∈ ∆2
q , Dh(w, v) := h(w)− h(v)− ⟨∇h(v), w − v⟩.

Remark 3.1. A Bregman divergence induces a natural metric associated to u ∈ ∆q while we emphasize
that the strong convexity of h induces the following lower bound:

Dh(w, v) ≥ ∥w − v∥
2

2 . (17)

A (deterministic) mirror descent with a step-size sequence (γn)n ≥ 1 consists of minimizing, from
n to n + 1, the first-order Taylor approximation of Φa penalized by the Bregman divergence. The
iterative step corresponds to a sequence (θn)n ≥ 1:

θn+1 = arg min
θ∈∆q

{
Φa(θn) + ⟨∇Φa(θn), θ − θn⟩+ 1

γn+1
Dh(θ, θn)

}
. (18)
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Equation (18) defines a general “proximal” descent method built using the Bregman divergence Dh

on the function Φa. When Dh is replaced by the standard Euclidean distance, this reduces to the
standard gradient descent with step-size sequence (γn)n≥1. A remarkable feature, see e.g. [33, 6], is
that the minimization in (18) can be made explicit when Dh is derived from Equation (16). Using a
Lagrangian formulation, one can indeed verify that:

θn+1 = θne
−γn+1∇Φa(θn)

∥θne−γn+1∇Φa(θn)∥1
, (19)

where this last equation has to be understood within a q-dimensional vector structure, coordinate per
coordinate. We refer to [33] for further details.

3.2 The Pick-Freeze Mirror algorithm

An important feature of the definition of Φa is that this function can be expressed as an expectation
over a triplet of random variables (U, Y, Y U ), which are assumed to be easily sampled in our context.
To design the Pick-Freeze Mirror algorithm, we begin with the computation of ∇Φa, which is given in
the following statement as an expectation.

Proposition 3.2 (Computation of ∇Φa). Assume that U is a random subset sampled according to
La

Υ and conditionally on U , (Y, Y U ) is a Pick-Freeze sample, then for any s ∈ ∆q, one has:

∇Φa(s) = ∇sE[ϕ(s, Y, Y U , U)] = E
[
∇sϕ(s, Y, Y U , U)

]
where ϕ(s, Y, Y U , U) is the random variable defined by:

∇ϕ(s, Y, Y U , U) := (Y − E[Y ])M−1
U,:

(
(Y − E[Y ])[M−1s]U − (Y U − E[Y ])

)
. (20)

In our setting, an additional challenge arises from the fact that E[Y ], which is involved in the
computation of ∇Φa via Equation (20), is unknown and must be estimated online. Consequently, we
introduce a biased Stochastic Mirror Descent algorithm, which jointly estimates both the mean of Y
and all Sobol’ indices. This biased framework is similar to that used in [6].

Description of the algorithm with unknown mean We assume that we have at our disposal a
sequence of i.i.d. random variables (Xn, X

′
n, Un)n ≥ 1, where (Xn, X

′
n, Un) ∼ Q ⊗ Q ⊗ LaΥ, and La

Υ
denotes the discrete distribution over Υ such that

∀n ≥ 1 ∀u ∈ Υ P (Un = u) = au.

We can therefore compute, for each n ≥ 1, a Pick-Freeze sample (Yn, Y
(U)

n ) = (f(Xn), f(XUn
n )), as

stated in Corollary 2.2. In particular, Proposition 3.2 shows that ∇ϕ(s, Yn, Y
(U)

n , Un) is an unbiased
estimator of the gradient ∇Φa for any s ∈ ∆q. We estimate E[Y ] using the empirical mean of the
samples (Yn). Let m̂n be defined by

9



m̂n = 1
n

n∑
k=1

Yk.

Then, based on Proposition 3.2 and, specifically, Equation (20), a recursive estimator can be
derived by substituting the unknown mean with its empirical counterpart m̂n:

∇̂ϕn+1(s) = (Yn+1 − m̂n)M−1Un+1, :
[
(Yn+1 − m̂n)[M−1s]Un+1 − (Y (U)

n+1 − m̂n)
]
. (21)

We emphasize that in Equation (21) above, we use m̂n and not m̂n+1 to compute ∇̂ϕn+1, for the
sake of the simplicity from a mathematical point of view.

Finally we can define the recursive sequence (Ŝn)n≥0 as:

Ŝn+1 = arg min
s∈∆q

{
⟨∇̂ϕn+1(Ŝn), s− Ŝn⟩+ 1

ηn+1
Dh(s, Ŝn)

}
= Ŝne

−ηn+1∇̂ϕn+1(Ŝn)

∥Ŝne
−ηn+1∇̂ϕn+1(Ŝn)∥1

. (22)

The Pick-Freeze Mirror algorithm then derives from a sequence of iterations that respectively
computes m̂n, samples (Yn, Y

(U)
n , Un) and uses (22). This new method is summarized in Algorithm 1.

3.3 Theoretical results

We state below our theoretical results.

Almost sure convergence Theorem 3.3 is a purely asymptotic convergence result. It establishes
the convergence of our algorithm (Ŝn)n≥1 to the set of Sobol’ indices S∗ under weak assumptions on the
sampling process (finite fourth moment of Y ) and on the step-size sequence. In particular, our result
does not require any smoothness assumptions on the numerical code f , unlike recent contributions
[11, 7, 45, 54, 30], which use a kernel-based approach that inherently imposes regularity conditions on
the numerical code.

Theorem 3.3 (Almost sure convergence of (Ŝn)n≥0 ). Assume that the sequence (ηn)n≥1 satisfies:∑
ηn+1 =∞, and

∑
η2

n+1 <∞. (23)

Assume furthermore that Y has a 4-th order moment and that the discrete probability distribution a is
lower bounded:

min
u∈Υ

au > 0,

then (Ŝn)n≥1 almost surely converges towards S∗.

These results hold for a standard setup in stochastic algorithms with a decreasing learning rate
(ηn)n≥1. The key condition is the convergence of the series ∑n≥1 η

2
n together with the divergence of∑

n≥1 ηn. A typical application of Theorem 3.3 corresponds to ηn = η0n
−α with α ∈ (1/2, 1]. Finally,
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we note that the previous result is not quantitative, in the sense that the ”rate” of convergence of
the sequence (Ŝn)n≥1 towards the target S∗ is not explicit. In particular, it would be highly valuable
to complement our result with an almost sure convergence rate, see [28, 51, 36], which is a stronger
statement. Another possible extension would be to establish a central limit theorem for the properly
rescaled algorithm (Ŝn − S∗)n ≥ 1, to obtain a precise characterization of the limiting variance. See,
e.g., [20, 23, 1] for examples of CLTs derived in various contexts using martingale representations or
the Markov process perspective. Such extensions could be the topic of further research.

Non-asymptotic upper bound Using the perspective introduced in [39, 27] to assess the com-
putational cost of convex stochastic optimization, it is possible to derive a more quantitative result
on the sequence (Ŝn)n≥1. This result is expressed in terms of the expected value of Φa throughout
the algorithm. For this purpose, we introduce below a quantity related to the discrete probability
distribution used for sampling the subsets U according to a:

|a|exp,ℓ := E
[
2ℓ|U |

]
=
∑

u ∈ Υau2ℓ|u|. (24)

Theorem 3.4 (Non-asymptotic risk bound). Consider any finite horizon n > 0 and the sequence
(S̄η

k)k≥1, the Cesaro averaged sequence built from the sequence (Ŝk)k≥1:

S̄η
n =

∑n
k=1 ηk+1Ŝk∑n

k=1 ηk+1
.

i) Assume that (ηk+1)k≥0 is piecewise constant defined by:

ηk+1 = 1k≤n−1√
(1 +

√
∥a∥exp,2)n

,

then

E[Φa(S̄η
n)]−min Φa ≤

√
1 +

√
∥a∥exp,2

(
Dh(S∗, Ŝ1) + CE[Y 4]

) 1√
n

+ 5∥a∥expVar(Y ) log(n)
n

.

ii) If (ηk+1)k≥0 is horizon free (that does not depend on the stopping iteration n) defined by:

ηk+1 = η0(k + 1)−1/2,

then ∀n ∈ N

E[Φa(S̄η
n)]−min Φa ≤ C

(
Dh(S∗, Ŝ1) + ∥a∥exp,2 + E[Y 4]

) logn√
n
,

We emphasize that item i) of Theorem 3.4 does not constitute a true convergence result, which
is indeed impossible to obtain for a constant step-size stochastic algorithm. Nevertheless, it can

11



be regarded as a benchmark result, following common practice in convex optimization for machine
learning. It provides a convenient way to assess the mean-square behavior of a stochastic optimization
algorithm in a convex landscape. Even if the bound does not appear to explicitly involve the ambient
dimension of the problem, it is implicitly present both in the term ∥a∥exp,2 and in the fourth-order
moment of the random variable Y . This result captures both the effect of the final horizon on the
”convergence” rate and the dependence of the final bound on the dimension of the ambient space
when the algorithm is averaged over all iterations. The appearance of both the ”dimension” and the
factor

√
n is not surprising, as it corresponds to the minimax rate of convergence in many stochastic

optimization problems with convex landscapes (see, e.g., [40]).
Point ii) of the previous theorem concerns the case of a decreasing step sequence. The result

holds for any finite simulation horizon but leads to a slightly weaker upper bound with an additional
logarithmic factor in the bound of point ii).

In both cases, the quantity ∥a∥exp,ℓ captures the dimensional effect, e.g., the number of unknown
Sobol’ coefficients to be estimated. In particular, it satisfies a universal upper bound, independently
of the weight distribution a:

∥a∥exp,ℓ ≤ 2ℓp.

Furthermore, for a fixed number of coefficients, the quantity ∥a∥exp,2 decreases as the distribution
a increasingly favors subsets of smaller size. Nevertheless, one should not conclude that it is advisable
to choose a distribution a such that ∥a∥exp,2 is very small, since the result concerns the value of Φa,
not of S̄ηn itself. Indeed, while it is possible to relate the proximity of Φa(S̄ηn) to its minimum with
the proximity of S̄ηn to S∗, this relation critically depends on the strong convexity constant of Φa

(associated with ∇2Φa), which is significantly degraded if a is chosen to produce a very small ∥a∥exp,2.
Hence, the influence of a through ∥a∥exp,2 and the spectral properties of ∇2Φa warrants a deeper

mathematical investigation, which lies beyond the scope of the present paper and will be addressed in
future work.

4 Experimental results

In this section, we explore the numerical performances of our algorithm.

4.1 Baselines and Competing Methods

Our study focuses on comparing our method with two existing estimation techniques for Sobol’ indices:
the standard Pick-Freeze estimator for individual Sobol’ indices [32], and the kernel-based estimator
of [10]. We consider both regular and irregular functions f . Let us first briefly discuss the advantages
and limitations of these two methods.

• The asymptotically efficient version of the Pick-Freeze estimator for closed Sobol’ indices studied
in [32] (referred to as ”PF1” below). For each subset u, it computes a Monte Carlo estimator

12



Algorithm 1 Pick-Freeze Mirror algorithm
Require: N ≥ 0, Step-size Sequence (γn)n≥1
m̂0 ← 0
Ŝ∅

0 ← 0 and Ŝ∗
0 ←

1q−1
q−1 ▷ Initialization with a uniform distribution of weights over ∆q

for n← 1 to N do
Sample (Xn+1, X

′
n+1, Un+1) ∼ Q⊗Q⊗ La

Υ and compute Yn+1, Y
(U)

n+1
Update the estimator of the expectation of Y :

m̂n+1 = m̂n + 1
n+ 1(Yn+1 − m̂n)

▷ Empirical mean estimation
Compute the estimator of ∇Φa at step n:

∇̂ϕn+1(Ŝn) = (Yn+1 − m̂n)M−1
Un+1,:

[
(Yn+1 − m̂n)[M−1Ŝn]Un+1 − (Y (U)

n+1 − m̂n)
]

▷ Gradient estimation
Update the estimator of the collection of Sobol’ indices:

Ŝn+1 = Ŝne
−ηn+1∇̂ϕn+1(Ŝn)

∥Ŝne
−ηn+1∇̂ϕn+1(Ŝn)∥1

▷ Stochastic Mirror Descent
end for

Tu,N of Σu based on a Pick-Freeze sample (Yi, Y
(u)

i )1≤i≤N :

Tu,N =
1
N

∑N
i=1 YiY

(u)
i −

(
1
N

∑[
Yi+Y

(u)
i

2

])2

1
N

∑[
Yi+Y

(u)
i

2

]2
−
(

1
N

∑[
Yi+Y

(u)
i

2

])2

– Advantages: The Pick-Freeze estimators are consistent and satisfy a (joint) central limit
theorem under the sole assumption that the output has a finite fourth-order moment.

– Drawbacks: To estimate all 2p−1 Sobol’ indices at a
√
n rate, a sample of size 2pn is required.

• The kernel-based estimator given in equation (20) of [10], using an Epanechnikov kernel of order
2 and 4 (see [19] for a definition), with the kernel bandwidth optimized via leave-one-out on the
regression function (”Kernel 2” and ”Kernel 4”).

– Advantages: A simple i.i.d. sample of size n is theoretically sufficient to estimate all Sobol’
indices at the

√
n rate.
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– Drawbacks: The input variables are assumed to be compactly supported and absolutely
continuous with respect to the Lebesgue measure. Moreover, regularity assumptions on
the regression function are also required. Although asymptotic normality is established
for all Sobol’ indices, the computational cost of evaluating the estimator appears to grow
exponentially with the order of the indices.

For all these techniques, 50 replicates of the estimators are computed up to step N0 = 500. We compare
these methods with our Pick-Freeze Mirror Descent algorithm (Algorithm 1) using a decreasing step
sequence ηn = η0/

√
n+ 1, where η0 is a tuning parameter. To fairly compare the results and account

for the fact that the Pick-Freeze Mirror algorithm computes all indices simultaneously, we consider
the algorithm at times N0 and 2pN0, corresponding respectively to ”Mirror PF-1” and ”Mirror PF-2”.

4.2 Numerical code used and comparison

4.2.1 Case of a smooth regular function: the Bratley function

We first consider the Bratley function, defined as

fBratley(X1, . . . , Xp) =
p∑

i=1
(−1)i

i∏
j=1

Xj ,

where Xi ∼ U([0, 1]) are i.i.d. and p = 5. For this function, [10] considered the performance of their
algorithm for the estimation of both the first-order and total-order indices. Recall that the first-order
indices are the Sobol’ indices associated with singletons, while the total-order indices are defined as

Stot
i = 1− Σ∗

{1,...,p}\{i}.

In particular, since the total-order indices depend on the closed Sobol’ indices, we estimate them using
our sequence (Ŝn)n≥1 and (8).

4.2.2 Case of a discontinuous function

We then consider a discontinuous function defined by

fdisc(X(1), X(2), X(3)) = X(1)1X(3)<0 + (X(2))21X(3)≥0 +X(3),

for Xi i.i.d N (0, 1) random variables. This case is interesting because it does not satisfy the regularity
assumptions required for the kernel based methods, nor the assumption on compactly supported
random variables.

4.2.3 Comparison

We first observe that, as expected, the ”Mirror PF-1” method performs worse than ”Mirror PF-2”.
This is entirely reasonable, since the comparison essentially reflects the behavior of our algorithm
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Figure 1: Estimators of the first-order indices (left panel) and total-order indices (right panel) of the
Bratley function obtained with different methods. The reference value is shown as a gray line.
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Figure 2: Estimators of the first-order indices (left panel) and the total order indices (right panel) for
the function fdisc for the different methods. The reference value is represented with a gray line.

after 1 and N0 epochs, respectively (where one epoch corresponds to the full set of 2p variables in
our problem). Nevertheless, in many cases, ”Mirror PF-1”, despite using an extremely small number
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of iterations, still achieves reasonably good performance given its very low computational cost for
estimating all Sobol’ indices.

Next, it should be noted that the ”Mirror PF-2” method consistently outperforms the baseline
”PF1” method, which consists in independently repeating the Pick-Freeze procedure for each variable
under consideration: in particular, the variance of ”Mirror PF-2” are smaller than those of the Pick-
Freeze method when considering the mirror algorithm at step 2pN0. This clearly demonstrates the
benefit of formulating our problem as a constrained optimization task, which allows all indices to be
updated simultaneously. Moreover, the ”Mirror PF-1” method with a single epoch sometimes achieves
results comparable to the baseline ”PF1” (this is in particular the case for the null indices of X(3), X(4)

and X(5) for fBratley), thus efficiently exploiting the simplex constraint in the search for the Sobol’
indices.

Finally, the comparison of our methods with the kernel-based methods Kernel2 and Kernel4 re-
quires more nuance. Indeed, for the regular Bratley function, the two kernel methods produce results
that are quite close to each other, while, for an equivalent number of iterations in the algorithm,
they perform similarly to the ”Mirror PF-2” method and clearly outperform both ”Mirror PF-1” and
PF1. However, this observation for the class of regular functions completely disappears in the case
of non-regular functions. In this case, we observe that the kernel estimators fail to estimate the cor-
rect Sobol’ indices, whereas the Mirror Pick-Freeze and the Pick-Freeze methods still provide good
results. The rather excellent results of kernel methods for smooth functions and the very disappointing
performance for discontinuous functions are entirely consistent with the behavior of the kernel-based
methods, which rely on a function decomposition that is not valid when the functions are non-smooth.
Finally, let us stress that a major drawback of kernel methods is the cost in memory required to run
the estimation. On this aspect, our on-line algorithm performs at low memory cost even for a large
number of input variables.

4.3 Investigating different sampling strategies

Finally, in this paragraph, we briefly describe the influence of the sampling strategy resulting from
the choice of the distribution a. The distribution a impacts the way our algorithm will chose the
different subsets all along the iterations. We chose to compare uniform sampling (”unif”) with two
adaptive strategies. In the latter, the distribution a is updated at each step of the algorithm based
on the current value of the sequence Ŝn. Specifically, we set a ∝ Ŝn in strategy ”S” and a ∝ 1/Ŝn in
strategy ”1/S”. We also computed an averaged version of the algorithm in the uniform case, referred
to as ”avg”.

We performed 100 repetitions of the algorithm for different time horizons

n ∈ (2p)× {500, 1000, 1500, 2500, 3500, 5000}.

We consider the discrete function fdisc,2 defined by

fdisc,2(X1, X2, X3) = X11{X3>0} +X21{X3<0} +X3,

and a step sequence ηn = 0.3/
√
n+ 1.
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The advantage of this choice lies in the fact that the true values of the Sobol’ indices can be
computed through an exact calculation. For each strategy, we compute the mean squared error of
the estimated closed Sobol’ indices, obtained as M−1Ŝn. For comparison, we also computed the 2p

Pick-Freeze estimators based on {500, 1000, 1500, 2500, 3500, 5000} observations. The mean squared
errors obtained in this case correspond to the line labeled ”PF” in Figure 3.

Figure 3: MSE on the 25 closed Sobol’ indices computed over 100 repetitions of the Pick-freeze mirror
algorithm for different choices of the sampling distribution a.

Interestingly, we observe that the uniform strategy performs better than the adaptive strategies
in this case. Furthermore, when considering an averaged version of the algorithm, we recover a
convergence rate of 1/n, similar to that of the Pick-Freeze method. Finally, this last method, using a
uniform weight for a combined with Cesàro averaging, appears to achieve the best results among all
our strategies.

These simulations illustrate that the choice of a has a direct impact on the quality of our numer-
ical results. Similarly, the choice of a also likely affects the performance of the averaged algorithm.
The theoretical study of this influence is not addressed in the present work, as it requires nontrivial
developments that go well beyond this initial study. We therefore leave this analysis for future work,
in particular by studying the asymptotic behavior of our methods as a function of a, through a central
limit theorem with a variance that likely depends on this distribution a.

5 Proof of the theoretical results

This technical section is devoted to the proof of Theorem 1.2 stated in the early introduction of the
paper. The result contains two parts that are then detailed in Theorem 3.3 and in Theorem 3.4.
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5.1 Gradient of Φa

Proof of Proposition 3.2. For s ∈ ∆q and h ∈ Rq we verify that:

Φa(s+ h)− Φa(s) =
∑
u∈Υ

auE[(Y − E[Y ])[M−1h]u
(
(Y − E[Y ])[M−1s]u − (Y u − E[Y ])

)
] + o(|h|2)

=
∑
u∈Υ

auE
[
(Y − E[Y ])

∑
i

M−1
u,i hi

(
(Y − E[Y ])[M−1s]u − (Y u − E[Y ])

)]
+ o(|h|2)

=
∑
u∈Υ

au

〈
E
[
(Y − E[Y ])M−1

u,:

(
(Y − E[Y ])[M−1s]u − (Y u − E[Y ])

)]
, h
〉

+ o(|h|2)

= ⟨∇Φa(s), h⟩+ o(|h|2)

where M−1
u,: refers to line u of the matrix M−1. Let us finally remark that if U is a discrete Υ-valued

random variable distributed according to the probability distribution a, then we can rewrite ∇Φa as:

∇Φa(s) =
∑

u

auE
[
(Y − E[Y ])M−1

u,:

(
(Y − E[Y ])[M−1s]u − (Y u − E[Y ])

)]
= E

[
(Y − E[Y ])M−1

U,:

(
(Y − E[Y ])[M−1s]U − (Y U − E[Y ])

)]
.

5.2 Proof of Theorem 3.3 (almost sure convergence)

The proof of almost sure convergence follows the general approach of [33], with specific attention given
to the presence of an estimation bias in the algorithm due to the online approximation of E[Y ]. This
bias is handled in a manner quite similar to that of [6], although the control of this bias term is, of
course, specific to the context considered in the present work. Finally, although the approach based
on relative smoothness introduced in [2] offers a powerful framework for analyzing mirror descent
methods (even in the stochastic cases, see [19, 18]), it cannot be employed in our setting, as the
conditions required to apply the results of [19, 18] are not satisfied. Indeed, while the function Φa

exhibits uniform Hessian bounds over the entire simplex (see in particular Appendix B), the entropy
function h given in Equation (16) defining our Bregman divergence is not differentiable on the boundary
of the simplex so that the metric induced by Dh cannot be upper-bounded by the one induced by the
Hessian of Φa.

Proof of Theorem 3.3.
The proof is organized into three parts. The first part leverages the variational formulation of mirror
descent to establish a one-step inequality for the Bregman divergences. The second part provides a
precise, quantitative estimate of the bias between the estimated drift at iteration n and the theoretical
drift, which arises from replacing E[Y ] with the empirical mean m̂n in the gradient. In the final part,
the convergence of the sequence is established using the Robbins–Siegmund lemma, together with
several technical estimates.
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Step 1: Obtaining a recursion on Dh(S∗, Ŝn) Recall the definition of Ŝn+1

Ŝn+1 = arg min
s∈∆q

{
⟨∇̂ϕn+1(Ŝn), s− Ŝn⟩+ 1

ηn+1
Dh(s, Ŝn)

}
,

then the first order condition reads

∀s ∈ ∆q : ηn+1⟨∇̂ϕn+1(Ŝn), s− Ŝn+1⟩+ ⟨∇1Dh(Ŝn+1, Ŝn), s− Ŝn+1⟩ ≥ 0,

where ∇1Dh refers to the gradient with respect to the first variable. As ∇1Dh(x, y) = ∇h(x)−∇h(y)
(Lemma A.2) we deduce that:

∀s ∈ ∆q : ηn+1⟨∇̂ϕn+1(Ŝn), Ŝn+1 − s⟩ ≤ ⟨∇h(Ŝn+1)−∇h(Ŝn), s− Ŝn+1⟩
≤ Dh(s, Ŝn)−Dh(s, Ŝn+1)−Dh(Ŝn+1, Ŝn),

where the second inequality derives from the three point lemma A.1. Therefore, using simple algebra
and Inequality (17), we obtain that:

Dh(s, Ŝn+1) ≤ Dh(s, Ŝn)− ηn+1⟨∇̂ϕn+1(Ŝn), Ŝn+1 − s⟩ −
1
2∥Ŝn+1 − Ŝn∥22.

We can now substitute Ŝn+1 − s by Ŝn − s in the middle term and write that:

ηn+1⟨∇̂ϕn+1(Ŝn), Ŝn+1 − s⟩ = ηn+1⟨∇̂ϕn+1(Ŝn), Ŝn − s⟩+ ηn+1⟨∇̂ϕn+1(Ŝn), Ŝn+1 − Ŝn⟩.

The Young inequality induces:

ηn+1|⟨∇̂ϕn+1(Ŝn), Ŝn+1 − Ŝn⟩| ≤
1
2η

2
n+1∥∇̂ϕn+1(Ŝn)∥22 + 1

2∥Ŝn+1 − Ŝn∥22

This finally leads to the key inequality:

Dh(s, Ŝn+1) ≤ Dh(s, Ŝn)− ηn+1⟨∇̂ϕn+1(Ŝn), Ŝn − s⟩+ 1
2η

2
n+1∥∇̂ϕn+1(Ŝn)∥22. (25)

Step 2: Comparison between ∇̂ϕn+1(Ŝn) and ∇Φa(Ŝn). Recall that from Proposition 3.2

Φa(Ŝn) = E
[
∇H(Ŝn, Yn+1, Y

(U)
n+1, Un+1)|Fn

]
,

we can then write
∇̂ϕn+1(Ŝn) = ∇Φa(Ŝn) + ∆Mn+1 +Rn+1, (26)

where ∆Mn+1 is a (Fn)-martingale increment defined by:

∆Mn+1 = ∇̂ϕn+1(Ŝn)− E
[
∇̂ϕn+1(Ŝn)|Fn

]
, (27)
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and Rn+1 is a rest/bias term that comes from the estimation of E[Y ] with m̂n in Equation (21):

Rn+1 = E
[
∇̂ϕn+1(Ŝn)|Fn

]
−∇Φa(Ŝn). (28)

Using Equation (26) in (25), we deduce that:

Dh(s, Ŝn+1) ≤ Dh(s, Ŝn)− ηn+1⟨∇Φa(Ŝn), Ŝn − s⟩ − ηn+1⟨∆Mn+1, Ŝn − s⟩

− ηn+1⟨Rn+1, Ŝn − s⟩+ 1
2η

2
n+1∥∇̂ϕn+1(Ŝn)∥22

Let us choose s = S∗ in the previous inequality to obtain

Dh(S∗, Ŝn+1) ≤ Dh(S∗, Ŝn)− ηn+1⟨∇Φa(Ŝn), Ŝn − S∗⟩ − ηn+1⟨∆Mn+1, Ŝn − S∗⟩

− ηn+1⟨Rn+1, Ŝn − S∗⟩+ 1
2η

2
n+1∥∇̂ϕn+1(Ŝn)∥22 (29)

Now from the Cauchy-Schwarz inequality and then the Young inequality, we have

−ηn+1⟨Rn+1, Ŝn − S∗⟩ ≤ ηn+1∥Rn+1∥2∥Ŝn − S∗∥2

≤ ηn+1∥Rn+1∥2
1 + ∥Ŝn − S∗∥22

2 . (30)

We now use Inequality (30) in (29)together with the strong convexity of h in inequality (17) to obtain:

Dh(S∗, Ŝn+1) ≤ Dh(S∗, Ŝn)(1 + 1
2ηn+1∥Rn+1∥2)− ηn+1⟨∇Φa(Ŝn), Ŝn − S∗⟩ − ηn+1⟨∆Mn+1, Ŝn − S∗⟩

+ 1
2ηn+1∥Rn+1∥2 + 1

2η
2
n+1∥∇̂ϕn+1(Ŝn)∥22.

We observe that Rn+1 is Fn-measurable and computing the conditional expectation with respect to
Fn leads to:

E[Dh(S∗, Ŝn+1)|Fn] ≤ Dh(S∗, Ŝn)(1 + 1
2ηn+1∥Rn+1∥2)− ηn+1⟨∇Φa(Ŝn), Ŝn − S∗⟩

+ 1
2ηn+1∥Rn+1∥2 + 1

2η
2
n+1E[∥∇̂ϕn+1(Ŝn)∥22|Fn] (31)

Step 3: Conclusion of the proof. Using Lemma 5.1 and our set of assumptions on the step-size
sequence (23), we deduce that: ∑

ηn+1E [∥Rn∥2] <∞.

Notice that since all the terms are non-negative,

E
[∑

ηn+1∥Rn∥2
]
≤
∑

ηn+1E[∥Rn∥2],
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and it shows that ∑ ηn+1∥Rn∥2 is almost surely finite and ∏n≥0(1 + ηn+1∥Rn∥2) < ∞ almost surely
as well. In the meantime, Lemma 5.2 associated with conditions (23) also shows that:∑

n

E[η2
n+1∥∇̂ϕn+1(Ŝn)∥22] <∞

We can now apply the Robbins-Siegmund Lemma (stated in Lemma A.4) and deduce that a random
variable D∞ exists such that:

Dh(S∗, Ŝn+1) −→ D∞ ∈ L1 and
∑

ηn+1⟨∇Φa(Ŝn), Ŝn − S∗⟩ <∞, a.s. (32)

Using the convexity of Φa we obtain∑
ηn+1

(
Φa(Ŝn)

)
≤
∑

ηn+1⟨∇Φa(Ŝn), Ŝn − S∗⟩ < +∞, a.s. (33)

The rest of the proof proceeds now in a standard way in stochastic approximation theory. From
Equation (33) and ∑ ηn+1 = +∞, we know that a subsequence (Ŝnk

)k≥1 exists such that:

lim
k→+∞

⟨∇Φa(Ŝnk
), Ŝnk

− S∗⟩ = 0, a.s.

The strong convexity of Φa may be translated into the following inequality:

∀s ∈ ∆q ⟨∇Φa(s), s− S∗⟩ ≥ ρa∥s− S∗∥2,

where ρa > 0 refers to the lowest eigenvalue of ∇2Φa over ∆q (see Proposition B.2 in the appendix).
It then implies that

lim
k→+∞

Ŝnk
= S∗, a.s.

In the meantime, we also deduce from Equation (32) that Dh(S∗, Ŝnk
) −→ D∞ a.s. and the continuity

of the Bregman divergence Dh yields D∞ = 0 a.s. Finally, the lower bound (17) implies that the entire
sequence Ŝn converges towards S∗.

5.3 Proof of Theorem 3.4 ( non-asymptotic upper bound)

The following proof follows an approach recently proposed in [6] to obtain a non-asymptotic bound for
biased stochastic mirror methods. Nevertheless, care must be taken to meticulously track the sequence
of inequalities in order to preserve the dimension-dependent constants that have a significant influence
on the final bound. Moreover, although the proof strategy is similar to that of [6], it still requires bias
controls that are specific to the model considered here, as well as precise inequalities on the spectra
of the change-of-variable matrices M used.
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Proof of Theorem 3.4. The starting point of the non-asymptotic bound is Equation (31) that can be
written as

E[Dh(S∗, Ŝn+1)|Fn] ≤ Dh(S∗, Ŝn+1)− ηn+1⟨∇Φa(Ŝn), Ŝn − S∗⟩

+ ηn+1∥Rn+1∥2
2 (1 + ∥Ŝn − S∗∥22) + 1

2η
2
n+1E[∥∇̂ϕn+1(Ŝn)∥22|Fn]

≤ Dh(S∗, Ŝn+1)− ηn+1(Φa(Ŝn)− Φa(S∗))

+ 5
2ηn+1∥Rn+1∥2 + 1

2η
2
n+1E[∥∇̂ϕn+1(Ŝn)∥22|Fn],

where we used in the last line the convexity of Φa that yields −⟨∇Φa(Ŝn), Ŝn − S∗⟩ ≤ −(Φa(Ŝn) −
Φa(S∗)) and the compactness of ∆q that yields ∥Ŝn − S∗∥22 ≤ ∥Ŝn − S∗∥21 ≤ 4. We now compute the
overall expectation, use Lemma 5.1 and Lemma 5.2, and obtain that:

ηn+1E[Φa(Ŝn)− Φa(S∗)] ≤ E[Dh(S∗, Ŝn)−Dh(S∗, Ŝn+1)]

+ 5ηn+1E[∥Rn+1∥2] + η2
n+1
2 E[∥∇̂ϕn+1(Ŝn)∥22]

≤ E[Dh(S∗, Ŝn)−Dh(S∗, Ŝn+1)]

+ 5∥a∥expVar(Y )ηn+1
n

+ C

(
1 +

√
∥a∥exp,2

)
E[Y 4]η

2
n+1
2 .

The rest of the proof then proceeds following a standard argument with Cesaro mean and telescopic
sums:

n∑
k=1

ηk+1(E[Φa(Ŝk)]− Φa(S∗)) ≤ Dh(S∗, Ŝ1) + 5∥a∥expVar(Y )
n∑

k=1

ηk+1
k

+ C

(
1 +

√
∥a∥exp,2

)
E[Y 4]

n∑
k=1

η2
k+1
2

Defining now the weighted Cesaro average as:

S̄η
n =

∑n
k=1 ηk+1Ŝk∑n

k=1 ηk+1
,
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then, the convexity of Φa yields:

E[Φa(S̄η
n)]−min Φa ≤

n∑
k=1

ηk+1(E[Φa(Ŝk)]− Φa(S∗))

n∑
k=1

ηk+1

≤ Dh(S∗, Ŝ1)
n∑

k=1
ηk+1

+ 5∥a∥expVar(Y )

n∑
k=1

ηk+1k
−1

n∑
k=1

ηk+1

+ C

(
1 +

√
∥a∥exp,2

)
E[Y 4]

n∑
k=1

η2
k+1

2
n∑

k=1
ηk+1

(34)

It remains to optimize both terms of the right hand side of Inequality (34) by choosing an appropriate
step-size sequence (ηk+1)k≥0. There exists two classical choices:

• Either (ηk+1)k≥0 is piecewise constant (depending on the final number of performed simulations):

ηk+1 =
{

η∗ ∀k ≤ n− 1
0 ∀k > n− 1.

, In that case, Inequality (34) reads:

E[Φa(S̄η
n)]−min Φa ≤ Dh(S∗, Ŝ1)

nη∗ + 5∥a∥expVar(Y ) log(n)
n

+ C

(
1 +

√
∥a∥exp,2

)
E[Y 4]η∗

We finally optimze the choice of η∗, which leads to:

η∗ =
√√√√ 1

(1 +
√
∥a∥exp,2)n

.

Our final upper bound is then:

E[Φa(S̄η
n)]−min Φa ≤

√
1 +

√
∥a∥exp,2

(
Dh(S∗, Ŝ1) + CE[Y 4]

)
n−1/2 + 5∥a∥expVar(Y ) log(n)

n
.

• Or (ηk+1)k≥0 is a decreasing step-size sequence of the form ηk+1 = η0(k+1)−α with α ∈ [1/2, 1).
In that case the right hand side of Inequality (34) decays as (∑n

k=1 ηk+1)−1 ≤ η0(n + 1)−α+1.
The situation becomes somewhat more technical and tedious to describe precisely, and only the
dependence on the number of iterations remains straightforward to characterize. In particular,
one can verify that choosing α = 1/2, and η0 ≍ 1 leads to:

E[Φa(S̄η
n)]−min Φa ≤ C

(
Dh(S∗, Ŝ1) + ∥a∥exp,2 + E[Y 4]

) logn√
n
,

which constitutes a slightly weaker bound than the inequality obtained in the previous case.
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5.4 Controls on the bias terms

Lemma 5.1. Control of E[∥Rn+1∥2] For any n ≥ 1, one has:

E[∥Rn+1∥2] ≤
∥a∥exp,1/2Var[Y ]

n
.

Proof of Lemma 5.1. We recall that the bias term involved in Rn+1 is given by:

Rn+1 = E
[
∇̂ϕn+1(Ŝn)|Fn

]
−∇Φa(Ŝn)

According to definition (28), we are led to compute:

E
[
∇̂ϕn+1(Ŝn)|Fn

]
= E

[
(Yn+1 − m̂n)

(
(Yn+1 − m̂n)[M−1s]Un+1 − (Y (U)

n+1 − m̂n)
)

[M−1]TUn+1,:|Fn

]
Let us use the decompositions:

Yn+1 − m̂n = (Yn+1 − E[Y ]) + (E[Y ]− m̂n) and Y
(U)

n+1 − m̂n = (Y (U)
n+1 − E[Y ]) + (E[Y ]− m̂n)

and the simple algebra:

(α+ ϵ)
(
(α+ ϵ)C − (β + ϵ)

)
= α

(
αC − β − α

)
+ ϵ(2αC − α− β) + ϵ2(C − 1),

we deduce that

∇̂ϕn+1(s) = ∇H(s, Yn+1, Y
(U)

n+1, Un+1)

+ (E[Y ]− m̂n)
(
2(Yn − E[Y ])[M−1s]Un+1 − (Yn − E[Y ])− (Y (U)

n+1 − E[Y ])
)

[M−1]TUn+1,:

+ (E[Y ]− m̂n)2
(
[M−1s]Un+1 − 1

)
[M−1]TUn+1,:.

We then compute the conditional expectation with respect to Fn of the previous expression and
combine our last decomposition with Equation (21) to get:

Rn+1 =(E[Y ]− m̂n)E
[{

2(Yn − E[Y ])[M−1Ŝn]Un+1 − (Yn − Y (U)
n+1)

}
[M−1]TUn+1,:|Fn

]
+ (E[Y ]− m̂n)2E[([M−1Ŝn]Un+1 − 1)[M−1]TUn+1,:|Fk] (35)

We first consider the conditional expectation:

E
[{

2(Yn − E[Y ])[M−1Ŝn]Un+1 − (Yn − Y (U)
n+1)

}
[M−1]TUn+1,:|Fn

]
= E

[
2(Yn − E[Y ])[M−1Ŝn]Un+1 [M−1]TUn+1,:|Fn

]
− E

[
(Yn − Y (U)

n+1)[M−1]TUn+1,:|Fn

]
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For the first term remark that Yn is independent of Un+1 and of Fn, therefore

E
[
2(Yn − E[Y ])[M−1Ŝn]Un+1 [M−1]TUn+1,:|Fn

]
= 2E[Yn − E[Y ]]E

[
[M−1Ŝn]Un+1 [M−1]TUn+1,:|Fn

]
= 0

Similarly, we can rewrite the second term as

E
[
(Yn − Y (U)

n+1)[M−1]TUn+1,:|Fn

]
= E

[
((Yn − E[Y ]) + (E[Y ]− Y (U)

n+1))[M−1]TUn+1,:|Fn

]
= −E

[
(Y (U)

n+1 − E[Y ])[M−1]TUn+1,:|Fn

]
= −E

[
(Y (U) − E[Y ])[M−1]TU,:

]
Let us consider a coordinate of the above column vector

E[(Y (U) − E[Y ])M−1
U,j ] = E

[
E[(Y (U) − E[Y ])|U ]M−1

U,j

]
= 0.

As a consequence, the bias term simply reduces to the following q-dimensional vector:

Rn+1 = (E[Y ]− m̂n)2E[([M−1Ŝn]Un+1 − 1)[M−1]TUn+1,:|Fn] (36)

We are led to compute for s ∈ ∆q, and U the discrete random variable distributed according to a the
following vector: E[([M−1s]U − 1)[M−1]TU,:]. At this stage, we use the value of M−1 given in Equation
(9), the triangle inequality and get:

∥Rn+1∥2 ≤ (E[Y ]− m̂n)2E
[
|[M−1Ŝn]Un+1 − 1|

∥∥∥M−1
Un+1,:

∥∥∥
2
|Fn

]
Since for any s ∈ ∆q, we have [M−1s]U = ∑

v⊂u sv ∈ [0, 1] and that

∥M−1
U ∥

2
2 =

∑
V ∈Υ

1V ⊂U = 2|U |,

we then use our definition of ∥a∥exp,1/2 given in Equation (24) and get:

∥Rn+1∥2 ≤ ∥a∥exp,1/2(E[Y ]− m̂n)2.

We finally obtain the desired result while considering the global expectation:

E[∥Rn∥2] ≤ ∥a∥exp,1/2E[(E[Y ]− m̂n)2] ≤ ∥a∥exp,1/2
Var[Y ]
n

.
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Lemma 5.2. Control of E[∥∇̂ϕn+1(Ŝn)∥2] A constant C independent of p exists such that:

E
[
∥∇̂ϕn+1(Ŝn)∥2

]
≤ C

(
1 +

√
∥a∥exp,2

)
E[Y 4]

Proof of Lemma 5.2. Let us recall that

∇̂ϕn+1(Ŝn) = (Yn+1 − m̂n)
(
(Yn+1 − m̂n)[M−1Ŝn]Un+1 − (Y (U)

n+1 − m̂n)
)

[M−1]Un+1,:

We can then compute the square norm and obtain:

∥∇̂ϕn+1(Ŝn)∥2 = (Yn+1 − m̂n)2
(
(Yn+1 − m̂n)[M−1Ŝn]Un+1 − (Y (U)

n+1 − m̂n)
)2
∥[M−1]Un+1,:∥2

≤
{

2(Yn+1 − m̂n)4([M−1Ŝn]Un+1)2 + 2(Yn+1 − m̂n)2(Y (U)
n+1 − m̂n)2

}
∥[M−1]Un+1,:∥2

We apply the Cauchy-Schwarz inequality and obtain:

E
[
∥∇̂ϕn+1(Ŝn)∥2

]
≤ 2E

[
(Yn+1 − m̂n)4([M−1Ŝn]Un+1)2

]
+ 2

√
E
[
(Yn+1 − m̂n)4∥[M−1]Un+1,:∥4

]√
E
[
(Y (U)

n+1 − m̂n)4
]

≤ 2E
[
(Yn+1 − m̂n)4([M−1Ŝn]Un+1)2

]
+ 2

√
E [(Yn+1 − m̂n)4]

√
E
[
∥[M−1]Un+1,:∥4

]√
E
[
(Y (U)

n+1 − m̂n)4
]
,

where in the last line we used the independence between Yn+1 and Un+1. From the same argument as
the one used in Lemma 5.1, we have for any s ∈ ∆q:

[M−1s]U =
∑
v⊂U

sv ∈ [0, 1] and ∥[M−1]U,:∥42 =

∑
v∈Υ

1v⊂U

4

= 22|U |. (37)

We then deduce that:

E
[
∥∇̂ϕn+1(Ŝn)∥2

]
≤ 2E

[
(Yn+1 − m̂n)4

]
+ E

[
(Yn+1 − m̂n)4

]√
E
[
∥[M−1]Un+1,:∥4

]
≤ 16

(
E[(Yn+1 − E[Y ])4] + E[(E[Y ]− m̂n)4]

)(
1 +

√
E
[
∥[M−1]Un+1,:∥4

])
≤ 16

(
E[(Yn+1 − E[Y ])4] + C4

E[Y 4]
n2

)(
1 +

√
∥a∥exp,2

)
where the last bound follows from Lemma A.3. Combining all these inequalities proves the result.

26



Appendices
A State of the art results

We list below some technical results that will be useful for our purpose in the proof of Theorem 1.2
(a) and (b).

Properties of Bregman divergence We recall some standard results that are valid for any Breg-
man divergence Dh. We refer to [41] for further details.

Lemma A.1 (Three points lemma). For any triple of points (x, y, z), one has:

Dh(x, z) = Dh(x, y) +Dh(y, z)− ⟨∇h(z)−∇h(y), x− y⟩.

Lemma A.2 (Gradient of the Bregman divergence). For any pair of points (x, y), one has:

∇xDh(x, y) = ∇h(x)−∇h(y).

Moments of sums of random variables

Proposition A.3. [Dharmadhikari and Jogdeo, see [44], Example 16 p. 60] Assume that X1, . . . , Xn

are centered independent random variables with finite moments of order p ≥ 2. Then an explicit
constant Cp exists such that:

E [|X1 + . . .+Xn|p] ≤ Cpn
p/2−1

n∑
k=1

E|Xk|p,

Moreover, Cp is universal and given by:

Cp = p(p− 1)
2 (1 ∨ 2p−3)

(
1 + 2

p
K

(p−2)/2m
2m

)
with m = ⌊p/2⌋ and K2m =

2m∑
r=1

r2m−1

(r − 1)!) .

Robbins Siegmund Lemma We shall state one of the most useful result on stochastic algorithms.
This result is known as the Robbins-Siegmund Lemma and stated below.

Lemma A.4 (Robbins-Siegmund Lemma, see [46]). Consider a filtration (Fn)n≥0 and 4 sequences of
random variables (An)n≥0, (Bn)n≥0, (αn)n≥0 and (βn)n≥0 that are Fn-measurables, non-negatives and
integrables such that these sequences enjoy the next assumptions:

(1) (αn)n≥0, (An)n≥0 and (βn)n≥0 are Fn-predictables.

(2) supω∈Ω
∏

n≥1(1 + αn(ω)) < +∞ and
∑

n≥0 E[βn] < +∞.

(3) E[Bn+1|Fn] ≤ (1 + αn+1)Bn + βn+1 −An+1.
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Then,

(i) Bn −→ B∞ in L1 where B∞ is an integrable random variable and supn≥1 E[Bn] < +∞

(ii)
∑

n≥0 E[An] <∞ and
∑

n≥0An < +∞ almost surely.

B Properties on the matrix M and on the spectrum of ∇2Φa

This section is devoted to obtaining properties of the matrix M depending on the dimension. Here,
we will stress the dependency by writing

Υp = {u ⊂ {1, . . . , p}}

and Mp the matrix such that for all u, v ∈ Υp

[Mp]u,v = (−1)|u|−|v|δv⊂v.

Let us remark that the elements of Υp can be ordered using the lexicographic order on numbers
written in binary. The correspondence writes

∅ = 0, {1} = 1
{2} = 10, {1, 2} = 11
{3} = 100, {1, 3} = 101, {2, 3} = 110, {1, 2, 3} = 111

· · ·

Furthermore
Υp+1 = Υp ∪ {u ∪ {p+ 1}, u ∈ Υp}

This recursion allows to write a recursion on matrices Mp when lines and column are ordered as above:

Mp+1 =
(

Mp 0
−Mp Mp

)
. (38)

Invert of M Upon closer examination of the matrix M, the general term Mu,v corresponds to the
Möbius function for subsets ordered by inclusion2:, denoted by µΥ(v, u) = (−1)|u|−|v|1v⊂u. This, in
turn, allows for the use of the Rota–Möbius inversion formula [47] that states that for two functions
f and g:

∀v ∈ Υ : g(v) =
∑
v⊂u

f(u)⇐⇒ ∀u ∈ Υ : f(u) =
∑
v⊂u

µΥ(v, u)g(u).

As a consequence
∀(u, v) ∈ Υ×Υ M−1

u,v = 1v⊂u.

2This observation was kindly shared with us by P. Rochet, to whom we extend our sincere thanks.
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Eigenvalues of MpMT
p From (38), we deduce that if Vp = MpMT

p , then

Vp+1 =
(
Vp −Vp

−Vp 2Vp

)

Lemma B.1. For any p ≥ 1 the eigenvalues of Vp = MpMT
p can be obtained by a recursion as

Sp(V0) = {1}, Sp(Vp+1) =
{

3 +
√

5
2 λ,

3−
√

5
2 λ, λ ∈ Sp(Vp)

}
.

In particular the largest eigenvalue of Vp equals
(

3+
√

5
2

)p
and its smallest is

(
3−

√
5

2

)p
=
(

3+
√

5
2

)−p

Proof. Let λ be an eigenvalue of Vp and u an eigenvector, then for a ∈ R

Vp+1

(
u
au

)
=
(
Vp −Vp

−Vp 2Vp

)(
u
au

)
=
(

λ(1− a)u
λ(−1 + 2a)u

)
=
(
λ(1− a)u
λ (−1+2a)

a au

)

As a consequence,
(
u
au

)
is an eigenvector of Vp+1 if and only if

1− a = (−1 + 2a)
a

⇐⇒ a2 + a− 1 = 0.

This amounts to choose
a = −1±

√
5

2 .

We deduce from this reasoning that if λ is an eigenvalue of Vp then 3±
√

5
2 λ are eigenvalues of Vp+1. By

recursion we obtain all the eigenvalues of Vp+1 which concludes the proof.

Proposition B.2. For any distribution a and any s ∈ ∆q the Hessian Matrix ∇2Φa(s) verifies:

∇2Φa(s)i,j = Var(Y )E[M−1
U,iM

−1
U,j ] = Var(Y )

 ∑
u⊂{1,··· ,p}

auM−1
u,iM

−1
u,j

 , ∀i, j ∈ Υ.

Moreover, the lowest eigenvalue of ∇2Φa(s) verifies:

inf{λ : λ ∈ Sp(∇2Φa(s))} ≥ Var(Y ) min
u∈Υ

au

(
3−
√

5
2

)p

.

Proof. The formula for the Hessian matrix derives from a simple computation. Concerning the smallest
eigenvalue, let us remark that in the case of a uniform distribution a, the computation can be carried
out explicitly:

∇2Φ(unif)(s) = Var(Y )
2p

(MMT )−1.

In the general case with a lower bounded discrete probability distribution a, we can apply Lemma B.1
and obtain that the lowest eigenvalue is Var(Y )×minu∈Υ au ×

(
3−

√
5

2

)p
.
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