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Abstract

Gradient extremals are loci along which the gradient is an eigenvector of the Hessian.
These objects provide a natural geometric framework connecting several notions,
notably valleys and talwegs, which we analyze from a variational viewpoint in the
generic case. We then show that trajectories of the gradient flow and of its discrete
counterpart exhibit directional alignment with the tangent spaces to gradient
extremals, and generically to the talweg. Under non-resonance assumptions, and
in contrast with the quadratic case, alignment rates are governed either by the
first spectral gap or by the smallest eigenvalue of the Hessian at the limit point.
Nonlinearities and the step length may both distort these rates in a complex manner.
We further prove a volume concentration phenomenon emphasizing the structuring
role of gradient extremals: for large times, the images of sets of initial conditions
concentrate inside valleys and asymptotically around talwegs.

1 Introduction

Cauchy’s gradient descent method is central in many branches of mathematics and
has gained renewed prominence because of its fundamental role in applications such as
modern machine learning, see e.g. [2], or optimal transport and PDEs, see e.g. [23].

In this paper we investigate the directional properties of the gradient descent dynamics
and of its discrete counterpart. This is not a new theme: it was, for instance, part of
the program surrounding what was known as Thom’s gradient conjecture, eventually
established in [I7]. Our objective here is rather different as we aim to clarify several
geometric structures that govern the behavior of trajectories near critical points in the
generic case, that is, for functions having a nondegenerate Hessian with simple spectrum
at their critical points.

To this end we formalize a number of natural objects that have appeared in various
contexts [I1], 8], sometimes in other fields (for instance in chemistry, see e.g. [24]), but
whose presentation in the literature remains scattered. We argue that these objects may
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be unified through the notion of gradient extremals. Gradient extremals are paths along
which the gradient is an eigenvector of the Hessian, and they are not, in general, gradient
curves. Equivalently, they may be interpreted as loci where the slope of the function
is critical relative to its level sets, under suitable nondegeneracy assumptions. This
framework naturally leads to the notions of valleys and crest extremals, and calls for a
clarification of their connection with the concept of a talweg. We study these notions
in the generic case and show in particular that the variational definition of a talweg
—minimal slope locus on each level set— corresponds to the gradient extremal associated
with the minimal eigenvalue Theorem We also investigate the infinitesimal structure
of valleys, see Proposition [2.9

Talwegs have a long history in topography and mathematics, starting with the pioneering
works of de Saint-Venant [9], Cayley [6], Maxwell [2I], and Boussinesq [5] on contour
and slope lines, and the definition of hills and dales. More recently, talwegs have played
a fundamental role in the theory of convergence, in particular through Lojasiewicz-type
inequalities [19]. Their definition is not uniform across the literature; here we view them
as paths along which the slope is locally minimal along the corresponding level set. The
works of D’Acunto [7] and Kurdyka [16] are pioneering in the use of this concept and
in establishing its connection with the convergence of gradient curves, although it also
appears in Lojasiewicz work [20]. In [4] a transparent link between the two notions is
provided as it is shown that the existence of a talweg of finite length is both necessary
and sufficient for the Kurdyka-Lojasiewicz inequality to hold.

Our analysis departs from these general situations and focuses on the generic case, where
gradient trajectories are known to converge generically to local minimizers [26, 22 [18].
In this stability framework, gradient extremals, talwegs, and crest extremals form locally
one-dimensional manifolds that intersect orthogonally at their common critical point.
They provide a geometric skeleton for the gradient flow, much as eigenspaces provide
natural coordinates for gradient descent quadratic functions, i.e., for the exponential
function of a symmetric matrix. In a second part of the paper we show that talwegs
act as secondary attractors to gradient dynamics: generically, directions and secants of
gradient trajectories, both in continuous and discrete time, asymptotically align with
the tangent directions of the talwegs, see Section [3] and Section [d Alignment occurs
exponentially in the first spectral gap and the first eigenvalue. Actually the phenomenon
is not only generic as it happens for all initial conditions, and at many scales with
alignment to other gradient extremals with convergence rates governed by spectral gaps,
see Theorem [3.3] and Theorem [£.6, We thus, partially, recover the behavior observed
in the quadratic case with a convergence structured by eigenspaces. Let us observe,
however, that the nonlinear case differs from the linearized one, as nonlinearities may
disrupt the dominant effect of the first spectral gap when the conditioning along the
talweg is too poor, i.e., when the smallest eigenvalue at a local minimizer is too small
compared to the others; see Remark and Remark [£.7] Finally, we establish volume
concentration phenomena within the valley: for sets of initial conditions of positive
measure, discrete and continuous flow concentrates along talwegs as time grows, see

Theorems 3.6 and 4.9

The tools used in this work rely on optimization techniques together with classical
results from the theory of dynamical systems around hyperbolic points, in particular in
the case where the real eigenvalues have the same sign, see [14], 25]. To facilitate the
reading easy or routine proofs are postponed to the Appendix.



2 Gradient extremals, talweg, and valleys

2.1 Preliminaries
We assume d > 2, R? is endowed with the Euclidean scalar product (-, -) and associated
norm | - |. For a nonempty subset F' C R?, we write dist(z, F) = inf{|z —y| : y € F}.

Given f: RY — R, for every r € R, we denote by [f = 7], [f < 7], [f < r] level and
sublevel sets. When some point a belongs to [f < r], we denote by [f < r], the connected
component of [f < r] containing a. If f is C? and the Hessian at x* is positive definite,
the family [f < 7]« forms a family of connected open neighborhoods of z* for r > r*
with r* := f(z*). For this, one can, for instance, observe that

f(@) > f(2*) + cflr — x*|?, with ¢; > 0, (2.1)
on a nonempty open ball centered at z*. For r > r*, one defines similarly [f < 7], and
set [f =rlesi={z € [f <rlew: fz) =71}

Let us consider the following generic situation [12]:

Assumption 2.1 (Blanket assumption). f: R? — R is of class C® and z* € R% is a
nondegenerate critical point with simple spectrum, i.e.,

Vf(z*) = 0 and V2 f(x*) has pairwise distinct nonzero eigenvalues, (2.2)

where Vf and V2 f denote the gradient and the Hessian of f, respectively.

When Assumption holds, we adopt some notations and convention (on 7, A;, v;,
i =1,...,d) that we now proceed to describe. Locally the spectrum of V2f varies
smoothly near z* (see Corollary in the Appendix): there indeed exist n > 0 and
C' maps \;: B(z*,n) — R and v;: B(z*,1) — R? (i = 1,...,d) such that, for every
x € B(x*,n), \i(z) is a simple eigenvalue of V2 f(z) with associated eigenvector v;(x)
and the family {v;}¢_, is orthonormal. We denote by P(z) the orthogonal matrix whose
i" column is v;(z), and by 2(x) the diagonal matrix whose i*" diagonal entry is \;(z).
After relabeling, if necessary, we may assume

Al(x) < Aa(z) < -+ < Ag(x), forall zin B(z*,n), (2.3)
and thus, by the inverse function theorem, we may further assume that

Vf(x)#0, forallze B(z",n)\{z*}. (2.4)

We shall also consider the assumption

Assumption 2.2 (Strong local minimizer). For z* as in Assumption we have
A1 > 0 throughout B(z*,n).

Under Assumption x* is a strict local minimum satisfying (2.1) and there exists
7 € (r*,00) such that [f < 7]« C B(z*,n).

2.2 Gradient extremals

For a C! function, gradient extremals are rectifiable curves (r) € E(r) selected in the
multivalued mapping:

r=E(r):={ze[f=r]:Vf(z)#0and x is a critical point of |V f| over [f =]}



where r ranges over the values of f. But under Assumption 2.1} which is a local
assumption, and using Lagrange multipliers conditions, it is more convenient to adopt
here the following:

Definition 2.3 (Gradient extremals). Under Assumption for i =1,...,d, the i
gradient extremal is the set

Ext; = {z € B(z*,n) : V?f(2)Vf(z) = Ni(z)V[(z)}.

Theorem 2.4 (Gradient extremals are one dimensional smooth manifolds). Under
Assumption for alli=1,...,d, the gradient extremal Ext; is a one-dimensional C'
embedded submanifold passing through =*, its tangent space at x* is given by T,-Ext; :=
Rvi (a:*)

Proof. Defining B(z*,n) > 2 — z(x) = PT(2)V f(z) € R?, Definition [2.3| implies that,
for every i = 1,...,d and = € B(z*,n),
rebxt; & YD(x)z(x) =N(z)2(z) < zj(x) =0 forall j #i. (2.5)

Notice that z is of class C! with
Dz(z*) = P (z")V2f(z*) + DP " (z*)V f(z*) = P (z*)V?f(z") (2.6)

invertible. Therefore, z is a local diffeomorphism. Let us show the result for i = 1:
let 7 be the canonical projection on the last d — 1 coordinates. Define S: B(z*,7n) >
z — m(z(z)) € RTL. By (2.5), we have that Ext; = S~!({0}) > 2*. Moreover, S is a
submersion. Indeed, DS(z) = 7(Dz(x)) and z is a local diffeomorphism. As a conclusion,
Ext; is a one-dimensional C'! embedded submanifold with T}« Ext; = ker DS(z*). Since,

by (2.6),
DS(z*) =7 (PT(x*)VQf(a:*)) —n <@(x*)PT(:p*)> ,

the result follows from ker DS(z*) = span{va(z*), ..., vg(z*)}+ = Ruy(z*). O

2.3 Talweg and crest extremal

Let us recall the notion of a talweg around :1:*E| see, e.g., [7, 8, 4] and references therein.

Definition 2.5 (Talweg: “path in the valley”E[). Under Assumptions and the
talweg of f around z* is the set-valued map Tal : [r*,7) =% [f < 7|+ defined through:

0(r) € Tal(r) <= 0(r) is a local minimizer of |V f| over [f = 7]y=. (2.7)

Since [f = r|,~ is compact, we have Tal(r) # 0.

Theorem 2.6 (The talweg is the gradient extremal of minimal eigenvalue). Under

Assumptions and
Tal([r*,7)) = Ext1 N [f < Flp=, (2.8)

for 7 close enough to r*. In particular, Tal([r*,f)) is a one-dimensional C' embedded
submanifold containing x* and

Ty [Tal([r*,7))] = Roi(z"). (2.9)

We restrict to the case when z* is a local minimizer.
2English translation of the German word borrowed from topography: Talweg or Thalweg.



Proof. Let z € Tal([r*,7)). If f(z) = r*, then = z*, whence x € Ext, N [f < ry].
Thus, let us assume that r := f(x) € (r*,7). The Lagrangian L, : [f < 7|;« x R - R
associated to the optimization problem in ({2.7)) is given by

Le(y: A) = 31V f)* + A(r = f(9)
for all y € [f < 7|2+, A € R. Since V f(z) # 0, there exists a unique A(z) € R such that
V2L (x,\(z)) = 0, or, equivalently,
V2 f(2)V f(z) = A2)V f(z). (2.10)

Moreover, the following second-order necessary condition holds (see, e.g., [10, Chapter
2, Theorem 2)):

(V2 L.(x,\(z))h,h) >0, for all h € R?such that (Vf(z),h) =0, (2.11)
which can be rewritten as
(D*f(@)Vf(2) + V2f(2)® = M@) V2 f(x)) b, h) >0, (2.12)
for all h € R? such that (V f(x), h) = 0. If A(z) # A1 (z), we can take h = v (z) in (2.12).
Indeed v; has to be orthogonal to V f(x) which is also an eigenvector. This yields
(D?f(2)V f(2)v1(z),v1(z)) + M (2) (A1 (z) — A(z)) > 0. (2.13)

Since the first term tends to zero when z approaches z* and A(z) € {\2(z), ..., A\g(2)},
the continuity of the spectrum of V2f at z* shows that can not hold for |z — z*|
small enough. Thus, reducing 7 — r*, if necessary, we deduce that A(z) = A\ (z) and,
hence, z € Ext; N [f < 7]px.

Conversely, let € Ext; N [f < 7]+ and h € R? be such that (Vf(z),h) = 0. Since
Vf(z) is in Roj(x), there exist ua, ..., uq € R such that h = Z?:2 wivi(z). Thus,

((V2f(@)? = A\ (2)V2f(2)) h, )
d
= > (M(2) = M(@)Ai(2)) g

=2
; (2.14)

> Na(x) (a(z) — M) Y a2

=2
= Xa(z) (A2(x) = Ai(2)) []*.

On the other hand, since D3f, Vf, and Aa — A1 are continuous and V f(z*) = 0, reducing
7 — r*, if necessary, there exists ¢ > 0 such that

Xa() Q@) — M (@) — | DX F@)|| V()] > .
Then we deduce from that
((D*F@)V (@) + (V2 @)" = M (@) V2 (@) b ) > elhf, (2.15)
Thus, setting r = f(z), we get
VoLr(z,A1(2)) =0 and (V2,L.(x, \1(z))h, h) > 0, (2.16)

for all h € R?\ {0} such that (Vf(x),h) = 0, which by [I0, Theorem 4] implies that
T € Tal([r*, f)) Altogether, we have established (2.8)). Finally, since [f < 7|+ is an
open subset of R?, we deduce (2.9) from (2.8) and Theorem O



Remark 2.7. (a) (Talweg structure) As shown in Proposition (see Appendix), if
r > r* is close enough to r*, Tal(r) has exactly two points, while Tal(r*) = {z*}.
(b) (Crest extremal) One could also define a notion of a crest extremal Cre: [r*,7) = R?

through
~(r) € Cre(r) <= ~(r) is a local maximizer of |V f| over [f = r],~. (2.17)

Using similar arguments one can prove that the crest extremal is associated to the
gradient extremal of maximal eigenvalue Extg.

Figure 1: Black level lines, blue talweg,
and red crest extremal for f(zy,z2) =
x3 + (z1+ 32+ x%)Q Gradient curves,
in light blue, ultimately align with the
talweg, see Theorem [3.2] and Theorem [3.3]

Figure 2: The valley has a simple infinites-
imal structure near a local minimizer as it
has the structure of a second-order cone,
see Proposition Farther away, it may
become more complex.

2.4 Valleys and their variational structure

Under Assumptions [2.1] and [2.2] and given w > 0, define the valley of width w around

z* by
Valy  (a) L V@)V f(2) = M(@)V ()] < w]V ()]}

The “width measure” w evaluates the relative error of being an eigenvector for the
Hessian and quantifies a form of enlargement of the talweg. Other measures could be

= {z € [f < (2.18)

proposed as in [4], but as we will see, this one has interesting properties.

By Theorem we have Tal([r

w = 0. Note also that when the width is such that w > Ag(x)
a simple computation shows that the valley is so wide that it coincides with

the whole neighborhood [f < 7]g«.

*,7)) C Valy,(z*) for all w > 0, with equality when

— A1(z) for all z in

Consider the Taylor expansion at order two of f — f(z*) at z*, i.e. q(y) = f(z*) +
$(V2f(2*)y,y), with y in R?, and introduce its valley (at 0)

Valgw = {zeR?: [(Vf(x*)>?

— M (z*)V2f (")) x| < w|V2f(a*)z]} .

One easily sees that Val, ,, is a non-empty closed cone whose generator is the eigenspace
Rwy(2*). For every 0 < wi < wa, one has Valy,, C Valgy,.



Proposition 2.8 (Valley and conic approximation). Under Assumptions and
given w > w' > 0, the following hold:

(i) Diminishing ¥ > r* if necessary, we have (z* + Valg ) N [f < 7lge C Valy,(z*).
(i) Diminishing 7 > r* if necessary, we have Valg,y C (a:* + Valqw) N[f < Tlax.

Proof. The proof of (ii) being analogous to the proof of (i), we only show the first
assertion. Since f is C3, Vf(z*) = 0, and V2 f(z*) are invertible, by Taylor expansions
we have the existence of ¢;, ¢g in (0,00) such that, if § > 0 is small enough and z in
B(x*,9), |z — 2*| < 1|V f(x)| and |V f(z) — V2f(z*)(z — 2%)| < ea|lz — 2*|?. Thus,
setting ¢ = c1co > 0, we have

IVf(z) = V2f(2*)(x — 2*)| < clx — 2*||Vf(z)], forall z € B(z*,6).

The continuity of V2 f and \; implies then the existence of an increasing and continuous
function m: Ry — Ry, with m(0) = 0, such that for any = € B(z*,J),

92109 0) = M9 @)] = [(F2F0) = @) V)@ =)y
< m(|jzx —2*)|Vf(z)]
Let 0 < w’ < wand 0 < 6 < 7 be given and let z € z*+Val, ,»NB(0,0), i.e., [r—z*| < ¢
and
[(V2F (") = M(a*)1a) VP f(z") (@ — 2%)| < o |V2fa")(z - 2")]. (2.20)

By reducing 4, if necessary, we can assume that m(d) < w —w'. Thus, (2.19)) yields
V2 f(@)V f(z) = M(2) V(@) < (@' +m(le —2*])|VF(2)] < V)],
i.e., x € Valy,,. Diminishing 7 so that [f < 7], C B(z*,0) gives (i). O

Recall that given a non-empty closed set A C R?, the (Bouligand) tangent cone Ta(x)
to A at x € A is defined by

Ta(z) = {h € R* : 3(hp)nen CRY (Tn)nen C (0,00),
T — 0, hpy — h, and x + m,h,, € A, fornEN}.

Notice that, for every w > 0, ’R/al;v(O) = Valy 4.

Proposition 2.9 (Tangent cone to the valley). Under Assumptions and given
w > 0, one has
Taly o (a*)(@") = Valgu.

Proof. Fix w' > w and let h in Tyal, , (2*)(2%), (hn)nen C R? and (7, )nen a positive
sequence such that z* + 7,h,, € Valy,(2*), h, — h and 7, — 0. Since 1,h, — 0,
Proposition [2.8](ii) implies the existence of § € (0,7) such that, for n € N large enough,
Tphy € Valg,y and, hence, h, € Valg,s. Since Val, - is closed, we get that h € Val,
and, since w’ > w is arbitrary, we obtain that h € Val,,. Now, let h € Val,,, and
take two sequences (wy)nen C [0,w) and (hy)neny C R? such that, as n — oo, wy, T w,
hy — h and h,, € Valg, , for all n € N. Proposition (1) then implies the existence of
(0n)nen C (0,n) such that z* + Valg ., N B(0,0,) C Vals,(2*). Let (tn)nen C (0,00) be
such that t,, | 0 and t,h,, € Valy ., NB(0,6,), for all n € N, then z* +t,h,, € Valy,(x*)
and hence h € Ty, , (2+)(27)- O



3 Directional convergence of gradient trajectories

3.1 Preliminaries

Radial projection We make repeated use of the radial projection

p R4\ {0} — 5(0,1), p($)=zﬁﬂ.

where S(0,1) is the unit sphere. For later use, let us record the following elementary
properties of p. First, we have p(¢x) = p(x) for all £ > 0 and x # 0. Moreover:

0]

lp(a+b) — p(a)| < QH, for all a, b € R%, a # 0, a + b # 0. (3.1)
a+b a a+b a+b b 1 1 b
Observe indeed -2 = = = - =)+
serve indeed ¢ Tl T Taw ol Jal o - @ )<ra+b| |a|> fal’
and thus,
b — b b b
atb ol oy plal=lal | Bl
PETET arolal "l =2

Gradient trajectories In view of our regularity assumptions one considers the
gradient flow ®; : R* — R? ¢ >0, of f, which is defined through

0iPi(x) = =V f(P(z)) forteR,
Do(z) =z, forzcRY

If f is coercive, and generic in the sense of C? topology [12, Theorem 6.2], i.e. f is a
Morse function, then any critical point * of f satisfies Assumption In that case
gradient curves generically converge with respect to initial conditions towards local
minimizers, see Theorem (i). The latter seems to be due, in essence, to [26]; it was
rediscovered several times, e.g., by [22] 13| (18] under different forms and settings.

3.2 Directional convergence: the generic case

In this section we focus our attention to local minimizers.

Based on some fundamental results by Hartman (see [14] and Chapter 9 in [15]), we
establish in Theorem below that, generically in terms of the initial condition x
near x*, the asymptotic direction of the trajectory (®:(x)):>0 belongs to the eigenspace
associated with the smallest eigenvalue of V2f(z*). Theorem shows that this
phenomenon is actually generic over R% under coercivity assumptions, and that for
sufficiently smooth functions generic convergence rates may be provided.

As in Section [2] consider a local parametrization {(\;(z),v;(x)) : i = 1,...,d} of
eigenvalues and eigenvectors of V2 f(z), for x near z*, satisfying Assumption Let
us introduce a useful partition of R?. Let Sy = {0} and, for every 1 < i < d, set

d
S; = Z ajvi(z*) c oy €R forallj=d—i+1,...,d with ag_;41 #0
j=d—i+1
(3.2)
Note that each S; is a manifold of dimension i and {S;}%, forms a partition of R?.
Moreover, Sy is dense and the radial projection p maps S; onto a dense open subset of
the unit sphere.



For (t,y) in [0,00) x RY set

U, (y) = exp (—VQf(x*)t) (3.3)
the flow associated with the linearized system y — —V?2f(2*)y on R%. Note that for
. d *
every i =1,...,dand y = >0, ;. ojv;(z*) € S; we have
d
Vte0,00), T(y)= > ajexp(—X(z*)t)v;(z"), (3.4)
j=d—it1

and hence, by (12.3)),

vt e [0,00), [Wi(y)| < [ylexp(=Aa—ir1(z7)1). (3.5)

The following result describes the asymptotic directional behavior of the flow .

Lemma 3.1 (Directional convergence quadratic case). Let i = 2,...,d, y =
Z?deiﬂ a;vj(z*) € S;. Then, for every t € (0,00), we have

lp (We(y)) — sign(ag—it1)va—it1(2z")| < |Oéj‘—i/u|r1 exp (—(Aa—it2(2") — Ag—it1(z"))t) ,
(3.6)
lp (0:W(y)) + sign(ag—ir1)vg—i+1(x")]
- 3.7
a |O‘j—?j—||—1| <)‘dij—f—l(;*)> exp (—(Ad—i+2(27) = Aa—it1 (27))1) - 3.7

Proof. We only prove (3.6 as the proof of (3.7) is analogous. Since exp(Ag—;11(x*)t) >
1

exp()\d_iﬂ(az*)t)\l!t(y)). It follows from (3.1))

a

log—iq 1]

0, we have p(¥y(y)) = p
and (3.4) that

lp (Wi(y)) — sign(ag—ir1)va—it1(z™)]

= ‘P <|ad_1i+1| GXP()\d—z‘Jrl(x*)t)‘I’t(y)) - p(Sign(ad—i+l)vd—i-i-l(x*))‘

d
2 * * *
< | 3 ayexp(—(\ (@) = A (@)D ()
|O‘d—z+1’ A
j=d—i+2
2|y| . .
< exp (—(Ad—it2(2") — Ag—iy1(z7))t) .
|O‘d—i+1’
Hence the result. O

The next result shows, in particular, that, as t — oo, the directions of the trajectories
(®4(z))e>0 generically align, in terms of the initial condition z € B(z*,n), with the
tangent space to the talweg at x*.

Theorem 3.2 (Directional convergence of the gradient flow). Under Assumptions
and[2.3, the following results hold:

(i) (C* conjugacy) For n > 0 small enough there exists a local C*-diffeomorphism
H: B(z*,n) — R? satisfying H(z*) = 0 and DH(x*) = Iy, such that

H(®(z)) = U (H(x)), foralltel]0,00) and x € B(z*,n). (3.8)



(i3) (Stable stratification) Setting SH (z*) := H-Y(S;) for all i = 0,...,d, SH(z*))
is a manifold of dimension i, {SH(x*)}L, forms a partition of B(x*,n) such that
O,(SH(x*)) C SH(x*) for all t >

(i7i) (Directional convergence) For allt € [0,00), and, for everyi =1,...,d and xz € S{*,
the following hold:
[®¢(x) — 27| = O(exp(—Ad—i+1(z)1)), (3.9)
Jim p (®4(x) —2") = = lim p (9 @(2)) € {—va-it1(27), va—i+1(2")}. (3.10)

Proof. Let n > 0 be as in Lemma It follows from [I4, Theorem (I)] that,
reducing 7 if necessary, there exists h: B(z*,n) — R? of class C' such that h(z*) = 0,
Dh(z*) = Iy, and h(®1(z)) = ¥y(h(z)) for all z € B(x*,n). Set A = —V?f(z*) and
define H: B(z*,n) — R? by

1
H(z) = /o e h (dy(x))ds, for all z € B(z*,n).

From classical results H is C'. A change of variable as in the proof of [25, Lemma 4]
(see also [27), Section 9.3.3]), shows that H satisfies (3.8). Moreover, since ®,(z*) = z*
standard computations show that D,®¢(x*) = e* for all s € [0, 00). On the other hand,
H(z*) =0 and, since Dh(z*) = I;, we have

1
DH(z*) = /0 e~ DDy (x")) Dp®,(2*)ds = 1.

In particular, by the inverse function theorem, H is a local C'-diffeomorphism. This

proves (i).

Let us prove (ii) and (iii). Note that implies that, for every ¢ = 1,...,d and
€ [0,00), U¢(8;) C S;, which, by (3.8), implies that ®;(S}7) c S} for all t € [0, 00).

Moreover, for every x € B(z*,n) and t € [0,00), we have ®;(z) —z* = H~1 (U, (H(x)))—

H~1(0) and, hence, follows from the boundedness of DH ! and (3.5).

Let # € SH with i > 1. Note that since i # 0, we have ®;(z) — 2* # 0 and 9,®;(z) # 0
for all ¢ > 0 so that both directions can be evaluated. For every j = 1,...,d, set
a; = (H(x),vj(z*)). For every t € (0,00) we have

|p (®(2) — 2¥) — sign(aq- z+1)vd i+1(2")]

< 1o (@la) = ") — p (@) + | (B (@) —sign@assva i @)
By and the orthogonality of the family {v;(*)}%_; we have
x4 () T(H(@))] > |ag_ia] > 0.
Thus, yields
lp (®e(z) —2") — p (Ve(H (2)))]
= o xp(ai11(5°)0) () — %) = p (P Oasst GGy
<2exp()\d i1 (2*)t)

|®4(z) — 2" — WUy (H(x))].
\Oéd z+1’

On the other hand, it follows from (3.8) and DH~1(0) = I, that

1
Dy(x) - 2" — Wy (H(x)) = ( / (DH'(rW,(H(x))) - DH'(0)) df) U(H(x)), (3.13)

0

3When no confusion can occur, we shall write S = SF (z*)
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which, together with (3.12)), (3.5)), and the continuity of H~!, implies that

0 (Pu(x) — %) — p (Ve(H(x)))|
2 H(z 3.14
2|5 @)l / |DH ™ (7W,(H (2))) — DH™'(0)|| dr — 0. (3.14)
Therefore, we deduce from (3.11]) and Lemma that
10 (@4(w) — ") — sign(0u-i1)va-spa ()] — 0. (3.15)
Similarly, we have
p (0Pt () + sign(atg—it+1)va—it+1(z")]
(3.16)

<[p (0:®i(x)) — p (0:V:(H (2)))| + |p (0:¥:(H (x))) + sign(@a—i+1)va—it1(z7)] -

By (3.4), we have

d
Vte[0,00), OW(H(z))=— Z a;Aj(x™) exp(—Xj(x*)t)vj(z").

j=d—i+1
The orthogonality of the family {v;(z*)}%_; implies that
Aa—it1(z") "t exp(Aa—i1 (@*)8) Wi (H ()] > [ag—ita| > 0.

Thus, (3.1) yields

10 (0(2)) — p (O, (H ()] < 22PN D 15 0 ) BB (2))]. (317)
Ad—it1(2*)|ag—it1]

Since (3.8) implies DH (®(z))0,®.(z) = 0,V (H (z)), we deduce that

[0:®(2) — 0V (H (x))| < |0,Ve(H (x))| |DH™H(Pe(H(2))) = DHTHO)]l,  (3.18)

which, together with (3.16)), (3.17)), (3.5)), the continuity of H~!, and Lemma implies
that

P (0r®¢(x)) + sign(@g—i+1)va—i+1(z")| — 0. (3.19)

t—o00

Therefore, ) follows from and (3.19). O
Theorem 3.3. If Assumption holds at each critical point then:

(i) (Generic alignment) If f is coercive, the set of initial conditions whose gradient flow
trajectories converge to local minimizers of f with the velocities and the secant aligning
to the talweg has full Lebesgue measure.

(i1) (Ahgnment rate) Assume that f is COO(ED let x be an initial condition so that,
Py () — z* as t — oo with y(zx) € S (x*) for some t > O(ED and suppose, in addition,
the non resonance conditions at x*: for all integers my,...,mg such that 23:2 m; > 2,

we havd?] .
Vi=1,...,d, X(z") # Y mjrj(z")
j=1

4Actually we may assume that f is of class C* with k sufficiently large, see [25] for more details.
5This corresponds to the generic case in (i).
50Observe this is a generic condition as the m; are integers.
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Then the trajectory aligns with the tangent to the talweg at a rate governed by:
dist( p(@,,(2), T, Tal([r*,7))) = Ofexp(~(ha — A1) + Olexp(~Ait)).
dist(p(q)t(x) — &%), Tp-Tal([r", F))) = O(exp(— (A2 — A)E)) + O(exp(—Ait)) ,

where 7 > r* is sufficiently close to r*.

Proof. Ttem (i) extends [26] and also [22), 1§].

In view of Assumption all the critical points of f are isolated; hence the set of
critical points is at most countable. Local uniqueness of critical points entail the well
known fact:

Claim 1. By coercivity, f is inf-bounded so the flow ®; is defined for all ¢ > 0, and
moreover one can prove that for all  in R?, ®,(z) converges to some z* belonging to
the critical set critf = (V£)~1({0}).

Let us partition critf into the set of local minimizers argmin-loc f and the set of
unstable critical points crit“f, i.e., those whose Hessian has a negative eigenvalue.
Whence critf = argmin-loc f U crit" f.

Let us recall two facts:

(a) For each x* € argmin-loc f, with the notation 1 := n,~ of Theorem we have

d
B(a*,n) = | J 8 (@).

=1

(b) For each x* € crit"f, using Assumption we may apply the Hadamard—Perron
decomposition into stable and unstable manifolds, see [27]. Let W2. denote the
local stable manifold of x*, which has dimension strictly less than d as z* is not a
local minimizer, and which is defined locally as

Wi ={x € B(z",e5+) : ®(z) — 2" as t — oo} for 4+ > 0 small enough.

We then define the following two subsets of R?

d—1
- U UUstere) s U Ustme). e

r*€cargmin-loc f i=1 teN r*ecrit* f teN

F= U U @' (SF (=) (3.21)

x*€argmin-loc f teN

Let us observe (and check) that we have the partition

R =NUF. (3.22)

By the fact that {SH};—1 4 is a partition, we have N'NF = (). Let z in R%. We know
by Claim 1 that ¢t — ®;(x) converges to some critical point z* € critf. Two cases may
occur:

Case 1: z* € crit”f. Since ®;(x) — x*, by definition of the stable manifold of z*,
there exists 7' > 0 such that ®;(z) in W2. for all t > T. Thus, for any integer ¢ > T,
®,(z) € W5., and therefore

zed (W) CN.
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Case 2: z* € argmin-loc f. There exists T' > 0 such that, for any ¢ > T,

d
i (x) € Ba®,ner) = | S ().

i=1

Take an integer ¢ > T. Since {SH (z*)}, forms a partition, we have either ®,(z) €
SH () or ®y(x) € U] S¥ (). Hence either z € F or z € N. This proves (3:22).

Let us observe that N has Lebesgue measure zero. This follows from the fact that
each @, is a diffcomorphism, and that the sets S7 (z*) for i = 1,...,d — 1 and Wy, are
manifolds of dimension strictly less than d. Hence N is a countable union of sets of
Lebesgue measure zero, and therefore has Lebesgue measure zero.

To conclude we just need to observe that z € F implies that x converges to some local
minimizer z* with in addition ®;(z) € S, so that Theorem applies and we have
directional alignment of the secant and the velocity with the talweg.

Let us prove (ii). Recall that since z* is a local minimizer the tangent space to the
talweg is Ruq(2*). Shifting time if necessary, we may assume z € S¥. Thus with the
notation of Theorem we have a1 # 0 in the expression H(z) = Z‘f a;vi(T*).

By Sternberg’s theorem [25, Theorem 2], under the non-resonance assumptions the
conjugating diffeomorphism H may be assumed to be of class C?. In particular, shrinking
neighborhoods if necessary, there exists C' > 0 such that DH and DH~! are locally
C-Lipschitz continuous.

We estimate the alignment rate for the direction of the secant. From (3.11]), we have

< |p(®e(z) — 2*) — p(Ve(H ()| + |p(Ve(H(2))) — sign(on )vi(z¥)] - (3.23)

Using and , we obtain
|p(®i(x) — 2*) — sign(ar)v (2*))|
2 H _
< | |/ |DH (9(H(z))) — DH(0)|| d7 +

v |

2|H ()|
o |

exp(— ()\2 — )\1)15) .
(3.24)

Since DH~! is locally Lipschitz,
1
/ |DH (r¥,(H(z))) — DH™Y(0)|| dr < C|¥y(H(z))].
0

Thus, using |U(H(z))| = O(exp(—A1t)), yields

|p(P@¢(x) — 2*) — sign(on )vi (z*)| < O(exp(—Ait)) + 2’{2(17;” exp(—(A2 — A1)t). (3.25)

Since sign(aq)vi(z*) € Typ=Tal([r*, 7)), we infer

dist(p(@4(z) — ), Tp=Tal([r*, 7)) = O(exp(—(Aa — A1)t)) + Olexp(—A1t)).  (3.26)

The proof for the velocity alignment is similar as it also relies on the local Lipschitz
continuity of DH !, on the inequalities in the proof of Theorem and on the estimate

BD. O
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Remark 3.4 (On the sharpness of the alignment rate). In the quadratic case the
directional convergence is governed by the spectral gap Ao — A;. One might therefore
wonder whether the alignment rate is always exp(—(A2 — A1)t). In the nonlinear world
the slower coordinate, corresponding to the small eigenvalue, can act back on the fastest
one through the nonlinearity and eventually mitigate the influence of Ay. This is what
happens with f: R? — R, defined by

1 1
f(x1,29) = §A1$% + §A2x§ + ax%xg, a # 0, where 0 < 2\ < Ag.

A O
0 Ao
space to the talweg is ToExt; = R(1,0). Let 29 = (a1, a2) € RY, with a; # 0, and for
every t € [0,00), set z(t) = ®;(xg). We prove in Section in the Appendix that,
provided that |zg| is small enough,

The origin is a nondegenerate critical point and V2 f(0) = < > Thus, the tangent

dist(p(x(t)), ToExt1) = Cexp(—A1t) + o(exp(—Ait)), for some C > 0. (3.27)

Since here Ao — A1 > Ay, the spectral gap would predict a faster decay of order
exp(—(A2 — A1)t). This example shows that such a rate cannot be expected in general.

Corollary 3.5 (Valley is generically reached in finite time). Under Assumptions
and let n >0 and H: B(z*,n) — R? be as in Theorem . Then, for every w > 0
and x € SH, there exists ty € [0,00) such that

O, (x) € Valy,(2*), for allt > to.

Proof. Let 0 < wy < w. By Proposition [2.8)(i), there exists § € (0,7) such that
z* + (Valgw, N B(0,0)) C Valg,(z*). (3.28)

Assume for instance that p(®¢(x) — 2*) — v; as t — +o00. Since Valy,, is a cone
generated by vy, this implies that for ¢ large enough, ®;(z) — 2" € Valy,,. On the
other hand, we know that ®,(x) — z*, as t — +o0, therefore, for ¢ sufficiently large,
®y(z) — x* € Valg, N B(0,6). Using (B.28), we conclude that ®¢(z) € Valy,(z*) for
all ¢ large enough. O

Given a Lebesgue measurable set S, we denote by vol(S) = / 1dx its volume.

S
Theorem 3.6 (Volume concentration in valleys). Suppose that Assumptions and
hold and let n > 0 be small enough. Then for every measurable set S C B(x*,n) of
initial conditions, with vol(S) > 0, and w > 0, we have

- vol (®4(S) N Valg,,(z*)) _

Proof. For every t € [0,00), ®; is a local diffeomorphism and, for every = € R?, setting
Z(t,x) = det 0;P¢(x), Jacobi’s formula implies

d
WZ(t,x) = —tr(V2f((w))) Z(t,z) = — (Z i (@t(x))> Z(t,x),
Z0,2) = 1. -
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X1 X1
t=0.17 t=0.3 t=1.0

-15 -1.0 -0.5 0.0 0.5 1.0 15 -15 -1.0 —0.5 0.0 0.5 1.0 15 -15 -1.0 —0.5 0.0 0.5 10 15
X1 X1 X1

Figure 3: Uniformly distributed balls form the set S on [—5,5]? of Theorem
They are randomly sampled and deformed by the gradient flow. This illustrates the
concentration phenomenon of formula and provides some mathematical insights
into the “formation of rivers”.

In turn,

t d
det 0;P¢(z) = exp (—/0 Z)‘i (Ps(x)) ds) , for all (¢,x) € [0,00) x RY.
i=1

On the other hand, it follows from Theorem Lemma and Corollary in the
Appendix, one can shrink 7 to obtain a local diffeomorphism H: B(z*,n) — R? such
that H(2*) =0, DH (z*) = 14, ®:(B(z*,n)) C B(z*,n), for all t € [0, 00), the conjugacy
relation holds, and

sup |H(z)|+ max sup |VN(x)|+sup ||DH (y)|| < oo, (3.30)
z€B(z*,n) i=1,...d pc B(z*,n) yeEN

where N is a closed convex neighborhood containing H(B(z*,7)) and on which DH !
is well defined. In particular, by the mean value theorem there exists C'y > 0 such that,
for every x € B(z*,n) and t € [0, 00),

d t
exp (—tZ)\i(x*) — C’l/ |Ps(z) — x*|ds> < det 0, P ()
i=1 0
gexp< tZ)\ +C’1/ |Ds(x —x*\ds).

Using (3.9) and (3.30), we get sup,c gz« Jo  1®s(x) — 2*|ds < oo and, hence, there
exists ¢ > 0 such that, for every z € B(z*,n) and ¢ € (0, oo)

d
exp <—t2)\i(a:*) - §> < det 9, P4 (z) < exp < tZ)\ ) . (3.31)

i=1
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Finally, let S C B(z*,n) be a measurable set, with vol(S) > 0, and w > 0. Since, for
every t € [0,00), ®; is a local diffeomorphism, we have vol (®,(S)) > 0 and

vol (®4(S) N Valy ,(x*))

vol (,(9)) =1-—R(t), forallte|0,0c0), (3.32)

where, by the change of variable formula,

/ det (0, P+(x)) dx
vol (®4(S) \ Valy(z*))  Js\@;}(Valy,,(a*))

R(t) = vol (®¢(S5)) N Js det (Bz®¢(x)) dz

Estimate (3.31]) yields

vol (S \ @;1(Va1f,w($*)))

R(t) < eXp(2C) VOI(S) ’

for all t € (0, 00).

In turn, it follows from Corollary vol(B(z*,1)\SH) = 0, and dominated convergence
that R(t) — 0, as t — oo, and, hence, (3.29)) follows from ([3.32]). O

3.3 Directional convergence for saddle points

The previous section was centered on the behavior of the flow for the convergence toward
local minimizers; the same analysis may be applied, in a Riemannian fashion, to any
generic saddle point x*, i.e., for which Aj(z*)A\g(z*) < 0, after restricting f to its local
stable manifold W5.; see [27] for theoretical elements.

Indeed, if we endow W5, with the induced Euclidean metric of R%, then W2, is a smooth
Riemannian manifold and the restricted function f := fjys, has z* as a strong local

minimizer. Moreover, the Riemannian gradient flow of f is exactly the restriction of
the ambient gradient flow to W.. Hence the notions introduced in Section |Z|, gradient
extremals, talweg, and valleys, are Riemannian objects that are well defined on W73, (-, -),
and the alignment and concentration results of this section may be developed in this
non-FEuclidean setting.

Recent results also show that maxima, minima, and alignment phenomena share inter-
esting connections. For this, we also refer the reader to [3], where, using Hartman’s
theorem as in the proof of Theorem it is shown that if z* is a nondegenerate local
maximum, then, generically, one can associate to * two local minimizers, m_(z*) and
m4(z*), such that gradient trajectories starting near z* converge, with high probability,
to one of these two minima.

4 Directional convergence for the gradient method

As convergence of the gradient method generically occurs to a local minimizer [18], we
work throughout this section under Assumption with z* being a local minimizer.
We shall systematically use the constants Li, Lo > 0 defined through

Ly:= sup [[V?f(2)]| < oo, (4.1)
z€B(0,n)
and
(V2f(z)h, h) > Li|h]?, (4.2)
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for any = € B(x*,n) and h € R%.

Given v > 0, we consider the constant step gradient method
r € B(x*,n), xo =1z, vk =) — YV f(28), (4.3)

for any k > 0. Given k € N and = € B(z*,7), we denote by ®;(x) the k' iterate in
E3).

We will need the following standard result on the discrete flow ®;. For the sake of
completeness, we provide its short proof.

Lemma 4.1 (Gradient descent stability for strong minimizers). Suppose that v €
(0,2/Ly) and define s(y) € (0,1) by

1—L1% Zf’YE O)ﬁ}v
s(7) = max{[l — yL1[,[1 — yLo[} = , ( 21 22
Loy —1, @f’)’E(m;Lj)-
Then @1 is s(vy)-Lipschitz on B(x*,n) and

(VE=>0) [Prpi(z) — 2™ < s(y)[Pr(z) — 27, (4.4)

In particular, ®,(B(z*,n)) C B(x*,n) for all k € N.

Proof. It follows from (4.1)) and (4.2) that, for every € B(x*,n), the spectrum of the
symmetric matrix D®1(z) = Iy — yV?f(z) is contained in [—s(7), s(7)], which implies
that @ is s(vy)-Lipschitz on B(z*,n). In particular, for every xz € B(z*,n),

|pt1(z) — 27| = |@1(Pr(2)) — 1(2")] < s(7)|P(2) — 27,
from which follows. O

For every k € N and y € R?, denote by Wy (y) the k'" iterate of the sequence

Yo=Y Yrer1 =Yk — YL (@), (4.5)

ie. yp = (Ig— YV2f(2*))Fyo for all k € N. Recall that the manifolds S; (i = 0,...,d)
are defined in (3.2). Since V2f(z*) = P(z*)2(z*)P" (x*), for every i = 1,...,d and
y = Z?:d_iﬂ ajvj(z*) € S;, we have for all k> 0,

d
Ur(y) = D (1= (") aos(a”) (4.6)
j=d—it1
and hence, if v € (0,2/\;(z*)), one has
Ui (y)| < mi()Flyl,  for all k >0, (4.7)

where k;(y) € (0,1) is given by

L =7Aa-it1(2%), if v € (0, /\d7i+1(ff3)+>\d(1*)} ’

(4.8)
" . 2 2
PY)\d(x ) - 17 if e Ad—it1(xz*)+Ag(z*)’ )‘d(x*)> ’

The following result provides the asymptotic directional behavior of the discrete flow V.
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Lemma 4.2. Let i = 2,....d, let y = Z;'l:d—i—l—l avi(z*) € S, and take v €

(0, )\d_iﬂ(xg)“\d(x*)). Then, for every k > 0, we have

2|y

P (Ur(y)) — sign(ag—it1)va—ir1(z")] < |ad_i+1’/€dir,z’(”y)k7 (4.9)

it1(y) — Pi(y) . e (g 2[y| Ad(®)
’p< v > + slgn(ag-n1)va-in (7)) < |tg—it1] <)‘d—z’+1(x*)> dlr’z((v) 7)
4.10

where Kqir; () € (0,1) is given by

1—yXg—it2(z*) . 2
(7) G Y€ (O’ Ad_i+2(z*>ﬂd(m*)} ’ (4.11)
Kdir.i = .
dlr;'b f‘}/ ’yAd(x*)fl Zf c ( 2 9 )
i@ 17 S \ XD E) @) Y @) aa@) )

Proof. We only show (4.10) as (4.9) follows from similar computations. By (4.6]), we

have

Up1(y) — Vi(y)
Y

= —ag_it1Aa—ir1 (@) (1 = YAait1 (%)) vg_ip (z¥)

d

— Y a1 = () (). (412)
j=d—i+2

On the other hand, since A\g_;11(z*) > 0 and 1 — yA\g_;41(x*) > 0, we have

p <‘11k+1(y),y \I,k(y)) =p ()\d—i+1(55*)1(1 — YAdipa(z*)) " \I'k+1(y)7 Wk(y))

and, hence, (3.1]) yields
‘p (‘l’k+1(y) - Wk(?/))
Y

+ sign(ag—it1)va—it1(z*) ‘

< ‘p (\I’k+1(y) — Uy(y)

. ) - P<_adi+1vdi+1(x*))‘

2 *\ — *\\ — v - *
< ——— i (@)1 =y Agiga (2) 7" k1(0) £(0) + ag—i+1Va—i+1(x )'-
log—iq1] Y
(4.13)
Combining with (4.12) and noting that
1 —A;(z") , . }
Kdir.i = max rj=d—1i14+2,...,d;,
i) {‘ T hacin(@)| 7
we get
v - v
‘P < k+1(y)7 k(y)> + Sign(ad—i+1)vd—i+l($*)‘
- N (1=
— 7 (x* 4.14
|ag—it1] j:dz—:z’+2 & Ad—it1(x*) <1 — ’Y)\di+1(;v*)> v () ( )
2[y| < Ad(z”) ) ik
" ag—it1] \Aa—it1(z*) e (1)
This ends the proof. ]
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Remark 4.3 (Link with the power method). One can easily recover estimate (4.9)
by interpreting the sequence of directions (p(¥(y)))ken as the iterates of the power
method to approximate vy_;+1(z*) (see, e.g., [IL Theorem 10.3.1]).

The following result deals with the asymptotic directional behavior of the discrete flow
b.

Theorem 4.4 (Directional convergence of the gradient method). Under Assumptions
21 and [2.2:

(i) (C* conjugacy) For n > 0 small enough there exists a local C*-diffeomorphism
H: B(z*,n) — R¢ satisfying H(z*) = 0 and DH(z*) = I;, such that, if
v e (07 2/)‘d(x*))7

H(®y(x)) = Ui (H(x)) for all z in B(x*,n) and k > 0. (4.15)

(i) (Partition into stable manifolds) Setting S? = H=Y(S;) fori=0,...,d, the family
{SiH}f:O forms a partition of B(x*,n) into manifolds such that, for alli = 0,...,d,
dimSiH =1, and for all k > 0,

1

O (SH) c SH whenever _—.
K(87) V#Adfﬂrl(x*)

(i4i) (Convergence and directional alignment) There exists ¢ > 0 such that, for all
T € SiH and k >0,
() — 2" < c|[H(@)|Ki(7)", (4.16)

where k; is defined in (4.8). In addition, if v € (0,2/(Ag—it1(z*) + Aa(z"))), then, for
every x € SH,

Hm p(@x(z) —a”) = — Um p(Pps1(2) = Pu(2)) € {~va—i+1(27), va—i+1(27)}-
(4.17)

Proof. Ideas are similar to Theorem [3.2] By [14, Theorem (I)] there exist n > 0
and a local diffeomorphism H: B(z*,1) — R of class C! such that H(z*) = 0,
DH (z*) = 14, and H(®1(z)) = U1 (H(x)) for all x € B(z*,n). Since v < 2/\4(z*) and
Aq is continuous in B(x*,n), by reducing 7, if necessary, we can assume that v < 2/Lo,
where Ly satisfies (4.1]). Thus, Lemma [4.1] implies that, for every € B(z*, 1), we have
Oy (z) € B(x*,n) for all k> 0. Using that g, 1k, = (Pk, 0 Pr,)(x) for all z € B(z*,n)
and k1, ko > 0, we deduce that the conjugacy of (i) holds.

Since implies that for every ¢ = 1,....d, k > 0, and v € (0,2/Ag(z*)) \
{1/ Md—ip1(a®)}, ¥i(Si) C S;, it follows from that ®,(SH) ¢ SH. Moreover,
for every k > 0 and = € B(x*,7n), we have ®(x) —2* = H~ ! (¥, (H(x))) — H 1(0) and,
hence, follows from the boundedness of DH ! and .

Let us establish (ii). In order to show , let z € SZ-H and, for every 7 =1,...,d,
set aj = (H(x),vj(x*)). Since v € (0,2/(Ag—it1(z*) + Ag(2*))), one has, by definition,
ki(7) =1 —yAg—it1(z*). For every k > 0, we have

) — sign(ag—i+1)va—iy1(z")]
) = p (Wk(H(2)))| + [p (Vi (H(x))) — sign(ag—i+1)va—i+1(z7)|.

Note that (4.6) and the orthogonality of the family {v;(z*)}{, imply that

(4.18)

19



nz_k(’y)\llk(H(x))‘ > |ag—it1] > 0. In turn, (3.1)) yields

P (Px(x) = 2%) — p (Vi (H (2)))]

= |p (57 () (@1(@) = 2") = p (75 ()W(H(@)) )| (4.19)

< R0 [B(a) — W (H ()|

Since ®(z) — 2* = H (Vi (H(x))) — H~1(0) and DH~1(0) = I, we also have

1
| o ) - v ) ar) wie),

0

¢A@—ﬁ—WMH®D=<

(4.20)
which, together with (4.19)), (4.7), and the continuity of DH ™!, yields
!P(‘Pk( —a") = p (Ve (H(2)))]
2 H(x 4.21
| / |DH " (7V(H(x))) — DH™'(0)|| dT —— 0. (420
‘Ozd Z+1’ k—o0
It then follows from ((4.18) and Lemma [4.2] that
o (@(x) — 2°) — sign(ou—ic1)oa-ip1 ()] —— 0. (4.22)
Similarly, one has
P( ke )7 K )> + sign(ag—it1)va—it1(z*)
<, <‘I’k+1(9€) - ‘bk(ﬂﬁ)) -, (‘I’k+1(H(ﬂf)) - ‘I’k(H(x))>‘ (4.23)
Y Y
v H(x)) — Vi (H(x . *
+p<k“((ﬂ/k((”)+%m%%mW%wa
From (4.12) and the orthogonality of the family {v;(z*)}%,, we have
1 — v H(x)) — Vi (H(x
)‘d—i+1($ ) 1,% k(’)/) ( k+1( ( ))ry k( ( )))‘ > |05d—i+1’ >0,
which, by , implies after proper rescaling
‘p <‘1>k+1(~’13) - ‘M(I)) ), (‘Pk+1(H($)) - Wk(ﬂl“)))'
L 7 (4.24)
2k, () Ppt1(w) — Pp(x) Wiy (H(x)) — Vp(H(x))
A1 (@) |aa—iyal v v .

Note that, by (4.3) and (4.5)), we have

Dppa () — Bu(2) Vot (H(2)) — U(H ()

S S = |Vf(@r(z)) — V2f(2*)Uy(H(2))| .

Since f is of class C2 and V f(x*) = 0, there exists ¢ > 0 such that

IV f(@i(2)) = V2f (") (@r(2) — 2")| < ¢ Pp() — 2™
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and, hence, by the triangular inequality, (4.1)), and (4.20)),

Dppi1 (@) — Pp(x) Wiy (H(z)) — Uy (H(x))
Y Y
< c|@y(x) — 2> + Lo @y (x) — 2™ — Uy (H(x))| (4.25)

1
< | ®p(z) — z*|* + L2/0 |DH ™ (r¥y(H (2))) — DH(0)|| dr [¥x(H (2))].

It then follows from (4.23)), (4.24)), (4.16)), (4.7), the continuity of DH !, and Lemma
that

[P (Ppr1(2) = Pi(2)) + sign(ag—i+1)va—i+1(z")| ~—— 0. (4.26)
Therefore, (4.17)) follows from (4.22)) and (4.26]). O

Remark 4.5 (The strict stepsize condition is sharp). Indeed, in the quadratic case,
if v € [2/(Ag—iz1(x*) + Aa(2%)),2/Ag) and = € SHT, the directions p (¥ (H(x))) and
p (Vi1 (H(z)) — Yi(H(x))) do not converge in general.

For instance, in the case of (p (Vi(H(2))))pen, if v > 2/(Aa—it1(z*) + Aa(2*)) and
ag = (H(z),v4(x*)) # 0, arguing as in the proof of Lemma one gets that

p (a(H (@) —— sign(aa)va(s”),

p (o (H(2)) —— —sign(aq)ua(s”)

i.e., p(¥r(z)) aligns, in an oscillatory manner, with Rug(z*), the eigenspace associated
with the largest eigenvalue A\g(x*) of V2f(x*). If v = 2/(Ag_is1(z*) + Ag(z*)), which is
the stepsize for which one has the optimal rate of convergence in (4.7)), then

Qd—i+1Vd—i+1(2*) + agug(z*)

b
k—oo 2 2
\ ¥d—i+1 +ag

Qd—i41Vd—it1(T*) — agua(z”)

p (Wapir (H(2)) —— ne) - ces),
\ ¥d—i+1 +tag

ie. p(Pi(x)) oscillates between two elements of span{vg_;+1(z*),vq(z*)}. The
same behavior occurs for p (Vi1 (H(x)) — Y (H(x))). The sequences p (Px(x)) and
p (Pri+1(z) — Px(z)) can be studied as in the proof of Theorem

p (Vor(H (7))

Theorem 4.6. (i) (Generic alignment) Suppose that Assumption holds at each
critical point x* and that V f is L-Lipschitz continuous with L > 0. If v € (0,1/L) and
f is coercive, the set of initial conditions for which the gradient method converges to
local minimizers of f, with both velocities and secants aligning with the associated talweg,
has full Lebesgue measure.

(ii) (Alignment rate) Suppose that f is C*°, let x be such that ®p(x) — z* as k — oo,
where x* is a minimizer as in Assumptz'on and ®y(z) € SH(2*) for some k. Assume
in addition the non-resonance conditions at x*: for all integers mq, ..., mq such that

d
>j—1my 2 2,

d
Ai(x™) # ij)\j(x*) foralli=1,...,d.
j=1
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If vy € (0, WED) i \ (ﬂ)) , then alignment with the tangent to the talweg goes at a
rate: ' ’
. * * = o 1 —7)\2($*) i *
dlst<p(<I>k(x) — &%), Ty Tal([r ,7’))) = O((MM(m*)) ) +O((1 = yAs (2))F)
. * = 1 7’Y>‘2(1’*) i *
dist (p(@k_,_l(z) — ®y(2)), To-Tal([r ,r))) - O((l—w(m) ) +O((1 =i (z™)F) .

Proof. Ttem (i) is a mere adaptation of the proof of Theorem [3.3] - , using Theorem
and the fact that, for every critical point z*

2
A1(x*) + Ag(z*)

We prove (ii). Observe that, by assumption ®j(z) # ®r11(x) for £ > 0, both being
different from x*. Under the non-resonance condition and the smoothness of f, Stern-
berg’s theorem [25, Theorem 2| ensures that the conjugacy H may be chosen C* with
k > 2, so that there exists C'y > 0 such that

>1/L.

|IDHY(y) — DH™'(0)|| < Cxly| for y in a neighborhood of 0.
Write H(x) = Z?:l a;vj(z*), with ag # 0.

Let us estimate for p(®;(z) — 2*). Using the same triangular decomposition as in the
proof of Theorem

") — sign(ar)vr (27)|
") = p(Vi(H (2)))] + [p(Vi(H (2))) — sign(a)vi (z7)] .

The second term is controlled by Lemma lp(Vr(H(z))) — sign(aq)v1(z)

O(/ﬁidir71(’)/)k) . For the first term, using (4.21)) and (4.7) together with the Lipschitz
continuity of DH ™! yields

p(@k(x) = &) = p(Wk(H(2)))] = O(r1(1)") .

— T
— T

Recalling that sign(aq)vi(z*) € Tp«Tal([r*,7)) proves the secant estimate. Let us
estimate now the direction of the “discrete velocity”. Arguing as in (4.23)),

' <<1>k+1 — O (z )) +sign(a1)vl(1’*)’
<l

(‘I)kﬂ — Pi(z )) B p<‘Pk+1(H(l‘))7— ‘I’k(H(l’))N

L H — Ui (H
‘,0( k-‘rl( ( ))’y k( (CC))) +sign(a1)v1(m*)‘.
The second term is again controlled by the quadratic case Lemma The first term
is estimated using (4.24), (4.25)), (4.16), , and the Lipschitz property of DH ™!,
yielding a term of order O(x1(7)¥). Combining the above estimates concludes the
proof. O
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Remark 4.7 (Sharpness of the alignment rate in the discrete case). Unlike in the
quadratic case, considered in Lemma one cannot, in general, expect a pure spectral-
gap rate. Indeed, as in Remark onsider f(x1,m0) = %)q:z:% + %)\2$% + az?zy
with 0 < Ay < A2 and a # 0. Assume that Ay > 2X; and let v € (0,1/X2). Given
xo = (a1, a2), with a; # 0, we consider the gradient descent iterates z = (zk 1, Tk 2)
defined through

11 = (1 =\, — 20721 T2k,

2
To 1 = (1 =y 2)zok — avyaiy,

for all £ € N. We show in Section in the Appendix that, provided that |zg| is small
enough,

(4.27)

dist(p(xy), ToExty) = C(1 —yA1)* 40 ((1 - 7)\1)k> , for some C' > 0. (4.28)

Corollary 4.8 (Valley is generically reached in finite time (discrete case)). Suppose that

Assumptions (md hold, let n > 0, H: B(x*,n) — R? be as in Theorem (i),
and let v € (0,2/(A1(x*) + Aa(z*))). Then, for every w > 0 and x € S (x*), there
exists kg € N such that

Oy (x) € Valy,(2*)  for all k > ky.

Proof. Using directional convergences to the talweg and Proposition [2.8] the proof is
similar to that of Corollary O

Let us conclude by a result on gradient iterates concentration within valleys:

Theorem 4.9 (Volume concentration in valleys for the gradient method). Suppose that
Assumptions [2.1] and [2.9 hold. Then, if n > 0 is small enough and v € (0,1/A4(z*)),
for every measurable set S C B(x*,n), with vol(S) > 0, and w > 0, we have

lim vol (@ (S) N Valyf,(2*))
k—o0 vol (P (5))

=1. (4.29)

Proof. Since v < 2/Ly for n small enough, Lemma implies that, for every k > 0,
i (B(x*,n)) C B(z*,n). Using that v € (0,1/\g(z*)), one has that ®;: B(z*, 1) — R?
is a local diffeomorphism, and hence ®; = ®; 0 --- o ®; (k times) is also a local
diffeomorphism. Moreover, for every x € B(z*,n) and k > 1, the chain rule yields

det (0, Py () = det ((Ig — YV f (Pg—1(2))) OpPr—1(z))

k—1
= ] det (Is — yV2F (2e(2))) . (4.30)

=0

Set p := det (I; — yV2f (z%)) = Hle(l — y\i(z*)) > 0 and notice that, since R? >
a’ — det (I —yV2f (2')) € Ris of class C! and ®,(B(z*,n)) C B(z*,n), for all £ > 0,
there exists a constant C7 > 0 such that

p—C1|®¢(x) —2*| < det (I — YV f (4(2))) < p+Ci|Pp(z)—a*| for all x € B(z*,n).
(4.31)

Shrink 7 so that 0 < n < p/Cq, set a = p— Cinp > 0 and b = p + Cyn. For every
x € B(z*,n) and £ > 0, setting py(z) = C1|Py(z) — 2*|, Lemma implies that
pEpe(x) € la,b] C (0,00) for all £ > 0. It follows from (4.30)), (4.31]), and the inequality
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|log(a) —log(B)| < |ao— f|/a for all a, B € [a,b], that, for every x € B(z*,n) and k > 0,

we have
k—1 o, k=l
det (0,1 (x)) > exp (Z log (p —m(a:))) > exp (k: log(p) — =1 Y |®e(x) - 2* )
£=0 =0

and

k—1 k—1
det(9,Px(x))) < exp (Z log (p +Pe($))> < oxp (k loa(p) + - S @) - x*|> .
£=0 £=0
(4.33)

Let H be given by Theorem From (4.16]), the fact that H can be taken to be
bounded, and (4.8)), we deduce that

_ Oy

a

¢:

sup |Py(z) — x¥| < 4o0.

In turn, (4.32) and (4.33)) yield
exp (klog(p) — ¢) < det(9,Px(2)) < exp (klog(p) + (), (4.34)

for all x € B(z*,n) and k > 0. Since @, is a local diffeomorphism, if S C B(z*,n) is
measurable, with vol(S) > 0, one also has vol(®x(S)) > 0. Moreover, for every w > 0,
we have

vol (®(S) N Valg (%))
vol (P (9))

=1— Ry forall keN,
where

/ dz / det(D, B4 (2))dz
Ry = vol (P (9) \ Valyw(@®)) _ Jaws)\Valpuw@) — JS\ep ' (Valpu(e®)

VOl (q)k(S)) ’
L;«(S) o /Sdet(ax‘l’k(w))dz

which, together with (4.34]), implies that

vol (S'\ @, (Valy,(z*)))
vol(\S) .

Ry < exp(2()

In turn, Corollary vol (B(z*,n) \ S (2*)) = 0, and Lebesgue dominated convergence
imply that Ry — 0, as k — oo, from which (4.29)) follows. O
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A Appendix

A.1 Additional facts

Proposition A.1 (More properties of the talweg). Make Assumptions and .
If 7 is sufficiently close to r*, then for every r € (r*,7) the set Tal(r) has exactly two
elements:

Tal(r) = {0~ (r), 0% (r)} and they satisfy (8% (r) — z*, vi(z*)) > 0. (A.1)
Moreover, the curves (r*,7) 3 r — 60%(r) € R? are of class C' and, denoting by 6F their

derivatives, we have lim,_, p(ze) r> f(av) 0 (r) = o*,

lim 0 (r)) = tu1(z*), and lim 6F ViOF(r)| =1.
Lalm o (650) = ui(a) olm VO ) o
2

Proof. By Theorem [2.6| -, for n > 0 small enough, there exist £ > 0 and a C' and
a curve v: (—t,t) = By N[f < 7, satisfying v(0) = 2* and 4(0) = v1(z*). Hence,
v(t) = z* 4+ tvr (z*) + o(t) for t € (—t,t). Let us define ¢(t) := f(y(t)) on (—t,¢). Since

V(1) = V2 f @) (y(t) — %) +o(t) and §(t) = (V[ (4(t)),4(8)) = (VS (7(1)), v1(2") +
o(1)), we deduce that

= (V2f(@*)(y(t) — 2*) + o(t), v1(z*) + o(1)) = A1 (z*)t + o(t), for all t € (—1, 7).

Reducing 7, if necessary, we have ¢ < 0 in (—t,0) and ¢ >0in (0,%). In particular,
for every r € (f(z*), min{lim,_, _;¢(¢),lim;_,;#(¢)}) one has the existence of ¢t~ €
(—t,0) and t* € (0,%) such that 6= (r) := y(t7) and 61 (r) := y(¢1) satisfy Tal(r) =
{6~ (r),0%(r)}. Notice that (1 (r) —z*, v1(z*)) = tT +o(t1) and (0~ (r) — z*, vy (a*)) =
t~ 4 o(t™), and hence, reducing t if necessary, we get (07 (r) — 2*,v1(z*)) > 0 and
(0~ (r) — 2*,v1(2*)) < 0. In conclusion, if ¥ — r* > 0 is small enough, holds.

Define F: B(z*,n) x R x (r*,7) — R x R as
F(z, A\ 1) = (V2 f(2)Vf(z) = AV f(2), f(z) — 7).
Setting (6, Af,) := (6%(r), A (6%(r))), for all r € (r*,7), one has
F(07, M1, 7) =0.

In view of applying the implicit function theorem, we consider the linearized system of
equations, with unknowns (61,d2) in R? x R, (¢, \') in R? x R,

(517 52)
= D(m,A)F(ei )‘itra )'(9/7 )\,)

= (D FE)VHO9)0 + (V6020 = M, V2F0)0 = XV F(65), V£(6F)-0')
(A.3)

Back to the proof of Theorem (see (2.16))), if 7 — r* > 0 is small enough, we have

<V?E$LT(0;'E, N, h> >0, forall he R\ {0} such that (VF(6Z),h) =0,
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which implies that

: 1 2 + &+ !l /
min, 5 <vzer(9T NE0 L6 > 510

st. (VF(6),0) = 6.

(A4)

admits a unique solution 6 and, thanks to (2.4), a unique Lagrange multiplier A
Therefore, by the implicit function theorem, the curves r — 6 and r — /\fr are C'! on

(r*,7), with derivatives #F and A* satisfying

(D2FO)VF0F) + (V2F(65))" = X5, V2H(65)) 65 = SFVi(0F),

) (A.5)
(VI(07),00) = 1

Notice that, by and the continuity of A1, 6 — x*. As a consequence, since
p(0F) € T,+ Ey, one deduces that, as r — r*, with r > r*, any cluster point of p(6F)
belongs to Ty«E; = Rovy(2*) and hence must belong to {—vi(z*),v1(z*)}. On the
other hand by Theorem [2.6] the gradient is an eigenvector along the talweg thus
p (VF(0F)) = SFvy(6F), with S € {—1,1}. Tt then follows from the second equation
in that (v1(AF),6F) = +1 and hence p(6F) has only one cluster point given by
+v;(x*), from which the first equality in follows. Finally, from the second equation
in , we also have

. . . VIr) 6F 1
L= (@) u6) = lm <f()

, = = lim —
IV £(67)] !9?\> r=rt >t |V £(67)]167]
from which the second equality in (A.2)) follows. O

Remark A.2. As a consequence of the second relation in (A.2)), one can provide
an estimate for the blow-up of % (r)| as r — f(z*), with r > f(z*). Indeed, since

VF(OF(r)) = V2f(2*)(0F(r) —2*) +0o(|0F (r) — *|), if n is small enough, (A-2)) and
imply that

1 1
> >
2 B ] © e

Observe that this estimate can be combined with the results of [4], to show the existence
of ¢ > 0 such that

0% (r) for all r € (r*,7).

IVVf=r|(z) 2 ¢ over [f<7le\ {27}

Lemma A.3 (Balls are absorbing). Under Assumption if n > 0 is small enough,
then ®(B(z*,n)) C B(x*,n), for allt € [0,00).

Proof. Just observe that if n > 0 is small enough f: B(z*,n) — R is convex, as A; > 0
on B(xz*,n). It suffices then observe that |®;(z) — x*| is decreasing as %|<I>t(1:) — x| =
2Vf(a") = V[(®i(x)), () —27) < 0. 0
Denote by Dy(R) (respectively, O4(R), Sq(R)) the set of diagonal (respectively, orthogo-

nal, symmetric) matrices. We have:

Lemma A.4 (Parametric diagonalization). Let F': O4(R) x Dg(R) — Sy(R) be defined
by F(P,2) = PZP" and let (Py, %0) € Oq(R) x Dy(R) be such that for any i # j,
()i # (Z0)jj. Then there exist two open sets U C Og(R) x Dg(R) containing (Po, o)
and V' C §4(R) such that Fiy; : U — V is a C*°-diffeomorphism.
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Proof. Let G : My(R) x Mg(R) — My(R) be defined by G(P,2) = PZP". The
function G is of class C* and, for every (M, A) € My(R) x My(R),

DG(Py, 20)(M,A) = MPyPy) + PyZoM " + PyAF, .

It follows that F' = G|, r)xp,(®) is differentiable at (P, ). Take an element H of
the tangent space Tp,O4(R) at Py. Then H = PyA for some antisymmetric matrix A.
Let A € D4(R). From above, we get

F(Py, 20)(PyA,A) = Py(ADy — DA+ AP, .
If DF(Py, 20)(PoA,A) =0 then A%y — ZpA + A = 0. Since, for any i # j,
(A0 — D0A+ A)i; = (A%) — DoA)ij
= Yhoy (Aik(20)k; — (Z0)ikAr;)
= Aij(%0)j5 — (Z0)iiAij
= A ((Z0)j; — (Z0)us)

and (2);; # (%0)4i, it follows that A;; = 0. But A is antisymmetric so that A; = 0.
Hence A = 0. This yields, 0 = A%y — 2pA + A = A. Hence DF(Py, %) is injective
and since dim (O4(R) x Dg(R)) = X2 4 g — WH) _ Gim S,(R), DF(Py, Zp) is an
isomorphism. We conclude with the inverse function theorem. O

Corollary A.5 (Parametric diagonalization of Hessian). Under Assumption let
(P*, 2*) € O4(R) x Dy(R) be such that V2f(x*) = P*P*(P*)". Then there erists
n >0, and a unique couple (P, 2) € C*(B(z*,n); O4(R)) x C*(B(z*,1); D4(R)) such
that (P(z*), 2(a*)) = (P*,2%) and

V2f(x) = P(x)2(x)P(z)", for all x € B(z*,n). (A.6)

Proof. Let F' be defined as in Lemma Let U > (P*,2*) and V be given by
Lemma [A.4l Since F(P*,2%) = P*2*(P*)" = V2f(z*) € V and f € C3(R%R), we
may choose 7 > 0 small enough to have V2f(x) € V, for any x € B(z*,7n). By Lemma
F is a C*°-diffeomorphism from U onto V. We infer that for every x € B(x*,n),
there exist unique P(z) € Oq and Z(z) € Dy(R) with (P(z), Z(x)) € U such that

V2f(x) = F(P(ac), 9(z)) = P(z)2(x)P(x)".

In particular, (P(z*),2(z*)) = T*) and for any z € B(z*,n), (P(z),2(z)) =
“1(V2f(x)). Since f € C3(R ) d F~1is C*, it follows that P and Z are C! on
B(z*,n). O

A.2 Some proofs

Proof of Remark For x(t) = (z1(t), z2(t)) the gradient flow reads

1 = (=1 — 2ax2) x1, T9 = —Aoxg — aa:%. (A7)
From the first equation and z(0) = (a1, a2), we have
¢
x1(t) = o exp(—)\lt - Qa/ x2(8) ds> .
0
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By Theorem if |x(0)| = |(a1, a2)] is small enough, then the trajectory converges
exponentially to 0, and hence the function xs is integrable on [0,00). Therefore,
L := [;° x(s)ds is well defined. Setting C' := x1(0) exp(—2aL) > 0, we may rewrite
the above identity as

x1(t) = C exp(—M\it) exp (2& /too x2($) ds) .
Substituting this expression into the second equation in yields
&9 + Aoxy = —aC? exp(—2\1t) exp <4a /too xa(s) ds) .
By variation of constants,
z2(t) = exp(—Aat)ag — aC? /Ot exp(—Az2(t — s)) exp(—2A18) exp <4a /00 xa(u) du) ds.
We split this as
T9(t) = exp(—Aat)ag — aC? /Ot exp(—Aa(t — s)) exp(—2A1s) ds + R(t),

where

R(t) :== —aC? /Ot exp(—Aa(t — s)) exp(—2A1s) [exp <4a /OO xo(u) du> — 1] ds. (A.8)

Since Ao > 2\, we have

exp(—2A1t) — exp(—Aat)
A2 — 2\ ’

t
/0 exp(—Aa(t — s)) exp(—2A1s)ds =

2

Hence z5(t) = —)\;02)\1 exp(—2A1t) + C exp(—Aat) + R(t) for some constant C' € R.

It remains to estimate R(t). Since [;° |z2(u)|du < oo, by the mean value theorem,

exp <4a /:O m(u)du) - 1’ ~0 ( /:O 2o (u)du

and hence, there exists C > 0 such that

) = Otexp (=)

|R(t)| < C exp (—Aat) /0 exp ((A2 —3A1) s)ds = o (exp (—2\1t)) .

Thus, we have

aC?
xo(t) = BTy exp(—2A1t) + o(exp(—2A1t))
and, consequently,
xa(t) aC

(D) g =2y SPAt) Fo(exp(=hut)). (A.9)

Finally, since x2(t)/z1(t) = 0 as t — oo, (A.9) implies

(o). Tobn) = P71 = 20 +o (2
aC

b vsTw exp(—A1t) + o(exp(—A1t)),
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which shows (3.27)). O

Proof of Remark Set u; =1 —~A\; € (0,1) for i = 1, 2 and notice that, since
A2 > 2\1, one has p? > . System (4.27) takes the form

Ty g1 = (1 — 2avTok) T1 ks

) (A.10)
L2,k+1 = H2X2k — ALY -
On the one hand, let us show the existence of @; # 0 such that, as k — oo,
_ ~ k k
T1 g = Qi +0 (,u1> . (A.11)

Indeed, by the first equation in (4.27), for every k& > 1, one has

k-1
wip =y [ (1= 2ay@a,/m)
i=0

From (4.16), if |zo| is small enough, there exists ¢ > 0 such that |zo,;| < cu} for all
i >0, and hence ) ;2 |22 < oo, which implies that

o0
0<P= H(l —2ayx2; /1) < 0.
=0

In turn, (A.11)) holds with & := a; P > 0. On the other hand, let us show that, as
k — oo,
a’ya%

2k 2%k
Top = — pi™ + o(ut™). (A.12)
{1y — o ! !
Setting y = 2,,/ui", (A.10), and (A.1T)) yield

j25) a’Yx?,k:
(VE>0) yrps1= ?Z/k— 2011 =qyr + b+ ey,
1 H1

‘"‘;
)

where ¢ = £ € (0,1), b = —ava3/u?, and g, — 0. Letting § = b/(1 — q) =
1
—aya?/ (it

| =

w2) and np = yr — y, we have

k
(VEk>0) M1 =qme+er=0""no+> ¢ e (A.13)
=0

Let 6 > 0 and pick N € N such that |g;| < ¢ for all ¢ > N. Then, for £ > N,

k N—-1 k
=0 1=0 =N
N-1 k N-1 00
<D qE|+6Y <D qTE|+6> d
=0 =N =0 =0

Using that ¢ € (0,1), we get that limsup,_, ‘Zf:o q" ;| < 05232, ¢, and, since

Z?io ¢* < oo and ¢ is arbitrary, we deduce that Zf:o qk_iei — 0 and, hence, by (A.13),
N — 0, which implies that

Tok = guit + o(ui"),

from which (A.12]) follows.
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Finally, it follows from (A.11) and (A.12]) that

_ k aya; o 2%
T = (alul + 0(#1)) e1+ R +o(ui") ) ez,
2

which yields |xx| = |a1| 1} + o(u¥), and hence

_lwakl _ lalyed

dist(p(zy,), ToExt;) = = — py 4 o(uf),
P OB = T T Tl = 1 0

which shows (4.28)). O
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