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Abstract

Economic complexity methods have become popular tools in economic development,
economic geography, and innovation. Yet, despite their widespread adoption, we lack a
mechanistic model that provides these methods with a solid mathematical foundation. Here,
we analytically derive the economic complexity eigenvector associated with a mechanistic
model where the output of an economy in an activity (e.g. of a country in a product) depends
on the combined presence of the factors required by the activity. Using analytical and
numerical derivations we show that the economic complexity index (or ECI) is a monotonic
function of the probability that an economy is endowed with many factors, validating the
idea that it is an agnostic estimate of the presence of multiple factors of production. We
then generalize this result to other production functions and to a short-run equilibrium
framework with prices, wages, and consumption, showing that the derived wage function is
consistent with economies converging to an income that is compatible with their complexity.
Finally, we use this model to explain differences in the networks of related activities, such as
the product space and the research space, showing that the shape of these networks can be
explained by different factor distributions. These findings solve long standing puzzles in the
economic complexity literature and validate commonly used metrics of economic complexity
as estimates of the combined presence of multiple factors.

1 Introduction
A key tenet of the economic complexity literature is the idea that the combined presence of
factors of production can be estimated without having to define them. This notion is central
to the two key contributions that jump-started the study of economic complexity in the late 2000s.

The first example is the product space [1], a network of related products based on the idea that
“if two goods are related because they require similar institutions, infrastructure, physical factors,
technology, or some combination thereof, they will tend to be produced in tandem.” By using an
outcomes based measure, the product space can be used to create estimates of economic potential
that do not rely on defining specific factors of production, but that leverage instead implicit
information about unknown factors present in patterns of co-specialization. Networks of related
activities, such as the product space [1, 2], industry space [3–5], research space [6, 7], and tech-
nology space [8, 9], have become important tools in economic geography, innovation studies, and
international development, as they provide a means to formalize notions of path dependency and
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estimate the chances that an economy is endowed with the factors needed to engage in an activity.

The second example is the development of metrics of economic complexity, which attempt to
estimate the combined presence of factors available in an economy. In [10], economic complexity
metrics were introduced as a mean to estimate capabilities that are not directly observed or
named. These metrics of complexity have also become useful tools in economic geography,
international development, and innovation, because of their ability to explain international
and regional variations in economic growth [2, 10–28], inequality [29–37], and sustainability
outcomes [38–47].1. Yet, despite several attempts to develop a mathematical theory of economic
complexity [2, 10, 20, 21, 56–65], we still lack an analytical connection between the metrics used
in the empirical literature and a production function based model from where we derive these
metrics from first principles. 2 Here, we connect the empirical economic complexity literature
with a theoretical model to provide four contributions.

First, we provide an analytical derivation of the eigenvector known as the economic complexity
index (ECI) for a model where economies (such as countries or cities) are differently endowed
with the capabilities required by each activity (such as products or industries). In this model,
the output of an economy is constrained by the capabilities it has while the geography of an
activity is limited to the places endowed with the capabilities the activity requires. We solve the
one capability instance of this model analytically and show that the economic complexity index,
or ECI, is a vector separating economies with an above average capability endowment from
those with a below average capability endowment. Interestingly, this property is independent of
how capabilities are distributed and can be generalized to other production functions (such as a
shifted Cobb-Douglas factor intensity function).

Second, we extend this result numerically to models involving many capabilities assigned
idiosyncratically to each economy. We show that in this case ECI is a monotonic function of
the average capability endowment of an economy and recovers the first singular vector of the
matrix of capability endowments. By exploring models combining correlated and uncorrelated
capabilities, we show this result to be robust to substantial levels of noise, holding even when
more than 50 percent of the capability endowments are assigned at random. This helps show that
ECI is a measure of economic complexity, as it can captures whether an economy is endowed
with multiple capabilities without having to make assumptions about their nature.

Third, we extend the single capability model to a short-run equilibrium framework where we
calculate wages, prices, and consumption. We show analytically that under these assumptions
ECI still separates economies among those with high and low capability endowments. We
also determine an equilibrium wage to help interpret the known empirical relationship between
economic complexity and growth, and show that the prices of goods in this model follows a
concave function of their capability requirements, indicating a high premium for the production
of complex goods.

Finally, we use the multi-capability model to explain known variations in the shapes of
networks of related activities, such as the product space (based on product co-exports) and the
research space (based on co-publication patterns). We show that the core-periphery structure
observed in the product space [1], comes from correlated capability endowments and that the ring
structures observed in networks of related research fields [6, 68] can be explained by capability
endowments following a circulant matrix.

1Among other outcomes [48–55].
2For a review of the field see [66, 67].
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There are a few reasons why these results should be of interest to those working on economic
complexity, economic growth, and international development.

First, while the economic complexity index or ECI enjoys wide adoption in policy circles3, the
lack of a theoretical foundation has left it open to criticism of being an ad-hoc or uninterpretable
measure [21, 63, 80, 81]. Our findings provide a clear interpretation for ECI in the context of
multi-factor model of production. We show that ECI provides a monotonic estimate of the
factor endowment of an economy derived from a multi-product specialization matrix. This
provides an interpretation in terms of a model’s parameters that is consistent with previous work
exploring the interpretability of the ECI as a clustering method [58, 61, 62] and connecting
ECI with the notion of log-supermodularity [57].

Second, these findings dispel the notion that economic complexity is a measure of diversity,
as it was originally suggested [10]. The analytical solutions show that economies specialized
in the largest number of activities (the more diverse economies) are not necessarily the ones
with the highest probability of having a capability4. In fact, the model predicts that economic
development is a process of diversification only until a certain point, since economies with
the highest capability endowments are expected to specialize in complex activities–and are
therefore–less diverse than slightly less complex economies. This provides a theoretical founda-
tion for the finding that countries at high-level of development tend to specialize (e.g., Imbs and
Warcziag [82]) and is consistent with the notion that ECI is higher for “small” yet sophisticated
and somewhat specialized economies, such as those of Singapore, Switzerland, and Finland5.
Still, the model predicts a positive correlation between capability endowments and diversity, but
through a non-monotonic function, explaining why measures of diversity or concentration are
non-ideal estimates of the complexity of an economy.

Third, these results also provide a mean to interpret the structure of the networks of related
activities, such as the product space [1], industry space [3], or research space [6]. These networks
have been used extensively to model path dependencies and generate measures of export or
employment potential [3–6, 9, 66, 83–91]. Yet, the structure of these networks differs depending
on the data used to generate them. For instance, networks derived from co-export data, are
known to have a core composed of densely interconnected activities that are high in complexity
surrounded by a periphery of low complexity activities [1]. Research spaces, connecting academic
fields based on citations [68] or co-authorships [6], follow a ring structure, with fields connected
with a few neighbors and without a clear center6. While these differences in structure are
self-evident, we hitherto lacked a method to explain them based on a mechanistic model. Here,
we show how to generate network structures that resemble those observed in the empirical
literature by changing the shape of the capability endowment matrices.

Finally, we present a short-run equilibrium version of the model showing that our main result
is robust to these additional assumptions.

3For example, it is the number one mission of Malaysia’s New Industrial Master Plan [69], it was used in the
recent European competitiveness report by Mario Draghi [70], and it is a key development target for rich resource
intensive economies, such as Saudi Arabia and the United Arab Emirates. It has also motivated the creation of
regional reports for Australia [71], Turkey [72], Uruguay [73], Russia [74, 75], Mexico [76, 77], Quebec [78], and
Italy [79], among other places.

4The notion that economic complexity is different from diversity was noted theoretically by [58] and has been in
the literature from early on, since the work introducing ECI showed that measures of diversity or concentration,
such as entropy or the Herfindahl-Hirschmann index (HHI) failed to explain future economic growth as ECI
did [10].

5While larger and more diverse economies, like those of Spain and Italy, are not necessarily as complex.
6In simple, the ring is: medicine, biology, chemistry, physics, computer science and math, economics, cognitive

science, neuroscience, and back to medicine.
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Together, these findings help solve some long-standing puzzles in the economic complexity
and international development literature by providing a theoretical foundation for economic
complexity.

1.1 Empirical and Theoretical Work in Economic Complexity

Empirical work in economic complexity usually starts with matrices summarizing the geography
of many economic activities (e.g., exports by country and product, payroll by city and industry,
patents by city and technology, etc.). These rectangular matrices (or bipartite networks) are
then used for two things. The first one is to estimate networks of similar activities [1, 3, 6–
9, 66, 83, 91–93] which are used to estimate the diversification potential of an economy. These
measures of “relatedness” have been used to establish the principle that economies are more
likely to enter (and less likely to exit) activities that share capabilities with each other7.

The second one is to create measures of the value of the portfolio of activities an economy spe-
cializes in, known as measures of economic complexity [2, 10, 19–21, 66, 94, 95]. These measures
were also motivated as agnostic estimates of the capabilities available in an economy [10] and
are often based on the assumption that high-complexity economies specialize in high-complexity
activities. In fact, the economic complexity index or ECI, defines the complexity of an economy
as the average complexity of the activities it specializes in, and the complexity of an activity
as the average complexity of the economies specialized in that activity.8. These measures of
complexity, in particular ECI, enjoy wide adoption in international and regional development
circles, as they have been shown to be robust estimators of future economic growth [2, 10–21],
and of international variations in inequality [29–33, 37, 44], and emissions [38–43, 45, 46, 96].

These two strands of literature support the notion that an economy’s pattern of specialization
matters for subsequent economic development [97, 98], which has been a key intuition motivating
these efforts9. Yet, despite copious empirical work, we still lack an understanding of why the
eigenvectors used as measures of economic complexity are good predictors of an economy’s
subsequent growth and development.

Theoretical work on economic complexity has focused instead on the construction of models
of development and innovation that follow a combinatorial tradition [10, 56, 108–117]. This tra-
dition builds on the notion that economies are endowed with capabilities [2, 118–122], or factors,
which activities may or may not require. Since these capabilities are complementary, producing
an activity requires the simultaneous presence of many of them. That’s why these theories have
been dubbed as the “Lego” or “Scrabble” theory of development. In these models, the ability of
economies to produce a product depends on having the right combination of capabilities, like in a
proverbial game of scrabble where products are “words” and economies are endowed with “letters.”

7What is know in the specialized literature as The “Principle of Relatedness” [83].
8A similar definition was proposed over a decade later by [21]. In their words: “If a country is known to be

more capable than another, say the United States (US) versus Bangladesh (BG), then one can identify any good k
as more complex than another reference good k0 if, relative to the reference good, it is more likely to be exported
by the United States than Bangladesh. [. . . ] Conversely, if a good is known to be more complex than another, say
medicines (ME) versus men’s underwear (UW), then one can identify any country i1 as more capable than another
reference country i0 if, relative to the reference country, it is more likely to export medicines than underwear. ”

9This policy intuition is connected to an old debate in development economics, going back to at least Alexander
Hamilton’s Report on Manufactures [99], which advocated for the industrialization of the United States, and
has been central to the works of scholars such as Rosenstein-Rodan [100, 101], Rostow[102], Hirschman[103],
Prebisch[104], Gerschenkron[105], and Balassa[106]. For a discussion on how these different development theories
related to economic complexity see [107].
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Here we build on the combinatorial model introduced by [10], which is a generalization of
Kremer’s O-Ring model of development [110], or more precisely the Kremer-Shockley model of
productivity, since the same multiplicative formula was introduced in 1957 by William Shockley
in a paper explaining differences in productivity among researchers [123].

The Kremer-Shockley model assumes a multi-step production process where the output of
an economy is the product of the probabilities that it succeeds at each step. In other words,
producing an item in this model requires a sequence of tasks, each of which has a probability
of failing. This implies that the output of an economy decays exponentially with the length
of the production chain at a rate determined by the probability of succeeding at a task. The
key outcome is that economies with higher probabilities of completing a task should specialize
in activities requiring multiple steps10. Here we focus on a generalized version of this model,
where economies are endowed with probabilities of having a capability (similar to the probability
of succeeding at a task in the Kremer-Shockley model) and where activities also differ in the
probability of requiring a capability. This allows us to model matrices involving an arbitrary
number of economies, activities, and capabilities, while also making the capabilities specific to
activities and economies. The resulting matrices, which can be made as large as the ones used in
the empirical literature, can be used to create theoretical estimates of the economic complexity
eigenvector ECI that we can interpret in connection with the key parameter of the model: the
unobservable matrix of capability endowments.

We find that, for a wide variety of model specifications, ECI recovers the probability that
an economy is endowed with multiple capabilities, even when these are highly idiosyncratic. We
then generalize this finding to a Cobb-Douglas type factor intensity production function and
find that the ability of ECI to separate among better and worse endowed economies can be
generalized to any shifted production function of the form Ycp = B + fcgp where fc is a gen-
eral function characterizing an economy c and gp is a general function characterizing an activity p.

As in Kremer-Shockley [110, 123], we start from a supply-side model that assumes prices
are exogenous and do not provide an explicit model of wages or demand. So, we then embed
the single capability model in a short-run equilibrium framework to estimate functions for the
implied wages, consumption, and prices. We show that wages increase with the capability
endowment of an economy, consumption grows with income, and prices are higher for more
complex products (products that are more demanding of the capability). This also allows us
to show that our main result–that the economic complexity eigenvector separates high- from
low-capability economies–holds after introducing these additional assumptions.

Finally, we use this model to explain the structures of networks of related activities, such
as the product space and research space, and show that it is possible to generate networks
with a similar structure than the ones observed in the empirical literature by manipulation the
capability endowment and capability requirement matrices.

The remainder of the paper is organized as follows. The next section (Section 2) introduces
the single-capability model and presents an analytical derivation of the economic complexity
index (ECI). Section 3 generalizes these results numerically to several versions of a multi-
capability model. Section 4 explores additional production functions and Section 5 embeds the
model in a short-run equilibrium framework. Section 6 uses the model to explain the structure
of networks of related activities, and Section 7 concludes.

10See also [124] for an extension of the O-Ring model to trade.
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2 The Single Capability Model
We start with the basic model of economic complexity introduced numerically in [10]. This
model assumes that an economy c is endowed with capability b with probability rc,b and that
activity p requires a capability b with probability qp,b.11

For pedagogical reasons we start with the a single capability or factor and an arbitrary
number of economies and activities (that is rc,b −→ rc and qp,b −→ qp). This case will allow us
to get a basic intuition that we will then generalize to more complex versions of the model.
The advantage of starting with the single capability model is that we can derive its economic
complexity index (ECI) analytically.

Let the output Ycp of economy c in activity p be given by the matrix12:

Ycp = A(1 − qp(1 − rc)) (1)

where A is a constant or scale factor and 1 − qp(1 − rc) is the probability that economy c has
the capability that product p requires. This probability is written as a complement. That is,
one minus the probability that the activity requires a capability (qp) that the economy does not
have (1 − rc). In matrix form, the output matrix implied by this model is given by:

Ycp = A

1 − q1(1 − r1) 1 − q2(1 − r1) . . .
1 − q1(1 − r2) . . . . . .

. . . . . . 1 − qN (1 − rN )

 (2)

Going forward, we sort rows in descending order of r and columns in ascending order of
q. That is, the first cell of the matrix (Y11) is the output of the economy with the highest
probability of having the capability in the activity with the lowest probability of requiring it.
This sorting convention will greatly facilitate the visual inspection of these matrices.

A key difference between this implementation of the model and previous work[10, 56] is
that here we use the model to simulate an output matrix (Ycp), whereas previous work used
it to simulate a specialization matrix (what we will later call Mcp). Specialization matrices
have already been through important manipulations and normalizations. Our results show that
these steps are essential for connecting ECI with the model parameters. So, the remainder of
this section will focus on performing the manipulations used in the empirical literature to this
theoretical matrix. These manipulations are:

(i) Estimating the matrix of revealed comparative advantage or RCA Rcp according to
Balassa’s (1965) definition[125]. This matrix normalizes the output matrix Ycp by the sum of its
rows and columns and it is equivalent to a matrix comparing the observed output (Ycp) with
the expected output in a probabilistic model (see eqn. (3)). RCA is also known as the location
quotient (LQ) in economic geography and innovation studies.

(ii) Estimating the binary specialization matrix Mcp. This is a matrix that is 1 if Rcp ≥ 1
and 0 otherwise. This binary matrix is motivated in the empirical literature as a means to

11This deviates from previous work [10, 56] which tended to assume a distribution of rs and qs for all economies
and activities instead of endowing each country and activity with an individual parameter.

12We note that for qp = 1 this is the rectifier or ReLU function, which is a key activation function in neural
networks.
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remove the tails of the Rcp matrix, since the ratio definition of Rcp results in larger variance
for economies with low levels of output (small Yc =

∑
p Ycp) and activities with small markets

(small Yp =
∑

c Ycp).

(iii) Estimating the complexity matrix Mcc′ . This is a square matrix connecting economies
with similar specialization patterns and is the one used to derive the economic complexity
index. This matrix is defined using the reciprocal averaging method known as the method of
reflections [10], but it can also be defined as the product of a four matrices (we will introduce
the exact formula at that point).

We begin with the standard definition of the RCA matrix or Rcp which is:

Rcp =
Ycp

∑
c,p Ycp∑

c Ycp
∑

p Ycp
(3)

Also, since it will simplify the math going forward, we use Einstein’s notation, where summed
indices are “suppressed” or “muted” (e.g. Yc =

∑
p Ycp). In this notation Rcp takes the more

compact form:

Rcp = YcpY

YcYp
(4)

To estimate Rcp for the single capability model we need to notice a couple of things. First,
since the scale factor A is common to all terms, it cancels out of Rcp (so we can ignore it).
Second, we should notice that applying the sum operator to the terms in Rcp transforms variables
into averages. We can illustrate this by using the sum over p as an example (the derivation is
analogous for the other terms):

Yp =
∑

p

(1 − qp(1 − rc))

Yp = Np − (1 − rc)
∑

p

qp

Yp = Np(1 − (1 − rc)⟨q⟩)

(5)

where Np is the number of activities or products and ⟨q⟩ is the average of qp over all activities.
Using this property, we can now rewrite Rcp as:

Rcp = (1 − qp(1 − rc))(1 − ⟨q⟩(1 − ⟨r⟩))
(1 − qp(1 − ⟨r⟩)(1 − ⟨q⟩(1 − rc))

. (6)

To derive Mcp we need to identify when Rcp is larger or smaller than one. We can do this by
manipulating the inequality.

(1 − qp(1 − rc))(1 − ⟨q⟩(1 − ⟨r⟩)) ≥ (1 − qp(1 − ⟨r⟩)(1 − ⟨q⟩(1 − rc)). (7)

Which simplifies to:

qp(1 − rc) + ⟨q⟩(1 − ⟨r⟩) ≤ qp(1 − ⟨r⟩) + ⟨q⟩(1 − rc) (8)
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leading to the condition:
(rc − ⟨r⟩)(qp − ⟨q⟩) ≥ 0 (9)

Since this is an inequality, we need to be careful about the signs of (qp − ⟨q⟩) and (rc − ⟨r⟩).
Changes in sign flip the inequality operator. So what this condition means is that Rcp ≥ 1
when rc ≥ ⟨r⟩ and qp − ⟨q⟩ ≥ 0 or when rc < ⟨r⟩ for qp − ⟨q⟩ < 0. We can also get this
condition intuitively by by considering the case when qp = ⟨q⟩ or rc = ⟨r⟩. In these two cases
Rcp = 1, meaning that these lines divide the matrix into regions where the values of Rcp are higher
or smaller than one. In sum, from the condition above Mcp is a matrix divided into four quadrants:

Mcp = 1 if rc ≥ ⟨r⟩ & qp ≥ ⟨q⟩
Mcp = 1 if rc < ⟨r⟩ & qp < ⟨q⟩
Mcp = 0 if rc < ⟨r⟩ & qp ≥ ⟨q⟩
Mcp = 0 if rc ≥ ⟨r⟩ & qp < ⟨q⟩

(10)

This matrix represents a world where countries with a high probability of having the ca-
pability (rc higher than average), specialize in products with high probability of requiring the
capability (qp higher than average), and countries with low probability of having the capability
specialize in products with low probability of requiring it. This is related to the idea of log
super-modularity in trade theory [57].

As an example, consider a world with four countries and six products, where two countries
have above average rc and three products have above average qp. In this example, the binary
specialization matrix Mcp takes the form:

Mcp =


0 0 0 1 1 1
0 0 0 1 1 1
1 1 1 0 0 0
1 1 1 0 0 0

 (11)

Finally, we use Mcp to derive Mcc′ . Here we use the standard reciprocal average method or
method reflections. This method proposes that the complexity of an economy is the average
complexity of the activities that economy is specialized in, and that the complexity of an activity
is the average complexity of the economies specialized in that activity. Using the economic
complexity index (ECI) and the product complexity index (PCI) to indicate the complexity of
economies and activities we obtain:

ECIc = 1
Mc

∑
p

McpPCIp

PCIp = 1
Mp

∑
c

McpECIc

(12)

putting the second equation into the first one can show that ECIc is the solution to the
following self-consistent equation:

ECIc =
∑
c′

Mcc′ECIc′ (13)
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with
Mcc′ = 1

Mc

∑
p

McpMc′p

Mp
(14)

Meaning that the economic complexity vector ECIc must be an eigenvector of the Mcc′

matrix representing the steady state of the mapping defined by the system in eqns. (12) (the
same derivation can be used to define the Mpp′ matrix used to estimate PCI).13

Estimating the first eigenvector of Mcc′ is trivial because Mcc′ is a stochastic matrix (each
row adds to one). That means its first eigenvector will always be the vector 1. This is easy to
prove by summing Mcc′ over c′.

Mcc′1 =
∑
c′

1
Mc

∑
p

McpMc′p

Mp

Mcc′1 = 1
Mc

∑
p

McpMp

Mp

Mcc′1 = 1
Mc

∑
p

Mcp = 1

(15)

Since the first eigenvector is 1, the steady state of the system represented by eqns (12) is
given by the second eigenvector. To estimate that eigenvector, we need to calculate Mcc′ . Here,
we consider three cases. When the number of economies and activities is even, when the number
of economies is odd and the number of activities is even, and when both the number of economies
and activities are odd. The need to consider these cases separately will become self-evident once
they are introduced.

We begin with the simplest case, that of an even number of economies and activities. We
let also ⟨r⟩ and ⟨q⟩ be the medians of their distributions. In that case, Mcc′ reduces to a block
diagonal matrix with two blocks with values of 1/Mp (all economies have the same diversity and
all activities the same ubiquity). That is:

Mcc′ = 1
Mp

if rc & rc′ ≥ ⟨r⟩ or rc & rc′ < ⟨r⟩

Mcc′ = 0 otherwise
(16)

For the example above, with four economies and six activities, Mcc′ takes the form:

Mcc′ =


1/2 1/2 0 0
1/2 1/2 0 0
0 0 1/2 1/2
0 0 1/2 1/2

 (17)

Since we know the first eigenvector of this matrix is the vector e1
c = 1, and since this matrix

is symmetric, and has therefore orthogonal eigenvectors, we can use these properties to find the
second eigenvector, which is:

13Mcc′ can also be defined as the product of four matrices Mcc′ = DcMcpDpMpc′ where Dc is a diagonal matrix
of 1/Mc and Dp is a diagonal matrix of 1/Mp.
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e2
c = ECI =


1
1

−1
−1

 (18)

In this case, this eigenvector is also associated with the eigenvalue of one (this matrix is de-
generate, meaning that it has more than one eigenvector associated with the same eigenvalue).14

This eigenvector is easy to verify through multiplication.

What it is important for us is that this eigenvector separates economies with above and
below average r, that is:

e2
c = ECIc = 1 if rc ≥ ⟨r⟩

e2
c = ECIc = −1 if rc < ⟨r⟩

(19)

showing that in this example the second eigenvector of the Mcc′ matrix or ECI separate
economies that are above or below average in their probability of having the only capability in
the model.15

Figure 1 visualizes the matrices in the single capability model for a case involving an even
number of economies and activities (10 economies and 20 activities). These graphical representa-
tions will help us develop our intuition when interpreting more complex models later.

From top left to bottom right, we start with the output matrix (Ycp), the specialization
or RCA matrix (Rcp), the binary specialization matrix Mcp, and the complexity matrix Mcc′

from which we derive ECI. The output matrix Ycp shows a nested pattern, which is a tendency
for the rows that are less filled to be subsets of the rows that are more filled. Nestedness is a
well-known feature of matrices summarizing the geography of fine-grained economic activities,
such as exports by country and product, employment by city and industry, or patents by
city and technology [126]. It is also a common feature of bipartite networks in ecology (e.g.
pollinator networks or geographic specialization networks[127, 128]). This example shows how
these transformations simplify Ycp, reducing it to a couple of clusters with above and below
average probability of having a capability. Yet, the symmetry of this example limits our ability
to explore key properties of the method, such as the ability to separate capability endowments
from simple measures of diversity. For that, we need to consider other cases.

Next, we focus on the case where the number of economies is odd and the number of
activities is even (and where the averages of r and q are still their medians). For example,
Nc = 5 and Np = 6. This example is interesting, because unlike in the previous case where

14In this case, all linear combinations of these eigenvectors are eigenvectors themselves. For example the vector
[a, a, b, b] is also an eigenvector, since we can construct it as a linear combination of [1, 1, 1, 1] and [1, 1, −1, −1].

15At this point it is worth noting that a standard property of eigenvectors is that they have a freedom of sign.
That is, if ec is an eigenvector of a matrix M so is −ec. This is trivial from the fact that if Mec = λec then
M(−ec) = λ(−ec). This means that the eigenvector derivation of ECI separates among economies based on
their capability endowments, but is agnostic about which of the two clusters is the high-capability cluster. In
the empirical literature, this is solved by iterating the system of eqns. 12 to estimate ECI starting from an
initial condition that is correlated with the high-capability cluster (e.g. initializing the system with diversity Mc)
and stopping at an even iteration. Other methods to estimate complexity empirical (e.g. [21] also rely on an
initialization guess).
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Figure 1: Graphical description of the four matrices involved in the single capability model for 10 countries and 20
products. In cp matrices row represents economies (countries) and columns represent activities (products). Rows
are sorted from highest rc to lowest rc and columns are sorted from lowest qp to highest qp. That is, cell (1, 1) is
the output of the country with the highest probability of having the capability on the product with the lowest
probability of requiring it, and cell (10, 20) is the output of the country with the lowest probability of having a
capability in the product with the highest probability of requiring it.

the diversity of economies and the ubiquity of activities was constant, here only the ubiquity
of activities remains fixed. This example is important because it will teach us about the
ability of ECI to recover rc, even when the most diverse economy is the one that has a probabil-
ity of having a capability equal to the average (rc = ⟨r⟩) (it is actually specialized in all activities).

In this odd-even case, Mcp is given by:

Mcp = 1 if rc > ⟨r⟩ & qp > ⟨q⟩
Mcp = 1 if rc < ⟨r⟩ & qp < ⟨q⟩
Mcp = 1 if rc = ⟨r⟩
Mcp = 0 otherwise

(20)

which for Nc = 5 and Np = 6 results in the binary specialization matrix that is completely
filled on the third row (so the matrix is no longer symmetric):

Mcp =


0 0 0 1 1 1
0 0 0 1 1 1
1 1 1 1 1 1
1 1 1 0 0 0
1 1 1 0 0 0

 (21)

Clearly the most diverse economy is the one in the third row, which is specialized in all activities.
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Figure 2: Graphical description of the four matrices involved in the single capability model for 11 economies (e.g.
countries) and 20 activities (e.g products). In cp matrices row represents economies (countries) and columns
represent activities (products). Rows are sorted from highest rc to lowest rc and columns are sorted from lowest qp

to highest qp. That is, cell (1, 1) is the output of the country with the highest probability of having the capability
on the product with the lowest probability of requiring it, and cell (11, 20) is the output of the country with the
lowest probability of having a capability in the product with the highest probability of requiring it.

Moving to Mcc′ gives us:

Mcc′ = 1
Mp

if c = c′

Mcc′ = 1
Mp

if rc & rc′ > ⟨r⟩ or rc & rc′ < ⟨r⟩

Mcc′ = 1
Mc

∑
p

McpMc′p

Mp
if rc & rc′ = ⟨r⟩ & c ̸= c′

Mcc′ = 0 otherwise

(22)

which for five economies and six activities results in the matrix:

Mcc′ =


1/3 1/3 1/3 0 0
1/3 1/3 1/3 0 0
1/6 1/6 1/3 1/6 1/6
0 0 1/3 1/3 1/3
0 0 1/3 1/3 1/3

 (23)

This matrix is also quite regular, and has the following second eigenvector which can be verified
simply using matrix multiplication:

e2
c = ECIc =


1
1
0

−1
−1

 (24)
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In more general terms it is given by:

e2
c = ECIc = 1 if rc > ⟨r⟩

e2
c = ECIc = −1 if rc < ⟨r⟩

e2
c = ECIc = 0 if rc = ⟨r⟩

(25)

This is an interesting result, since it shows that the second eigenvector or ECI is not “fooled
by diversity.” On the contrary, it is able to recover the fact that the economy that is specialized
in all activities has a probability of having a capability that is in between that of the high
probability and low probability clusters.

Figure 2 summarizes the matrices in the single capability model for a case involving an odd
number of economies and an even number of activities (11 economies and 20 activities). In
this case, the key difference is that center row of Mcp which extends through all columns of the
matrix and results in a small overlap between the two clusters in Mcc′ .

Next, we consider the case in which the number of economies and activities are odd. In this
case, the diversity of economies and the ubiquity of activities is no longer constant. Now the
Mcp matrix has both, one row and one column that are completely filled, which correspond
respectively to the economy and activity with rc = ⟨r⟩ and qc = ⟨q⟩. That is:

Mcp = 1 if rc > ⟨r⟩ & qp > ⟨q⟩
Mcp = 1 if rc < ⟨r⟩ & qp < ⟨q⟩
Mcp = 1 if rc = ⟨r⟩
Mcp = 1 if qc = ⟨q⟩
Mcp = 0 otherwise

(26)

Which we can bring to an example with five economies and seven activities:

Mcp =


0 0 0 1 1 1 1
0 0 0 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 0 0 0
1 1 1 1 0 0 0

 (27)

In this case Mcc′ will have a more complex form which we can express by noticing that the
diversity and ubiquity of the economy and activity in the middle row and column of Mcp is
the number of economies Nc and the number of activities Np. Since all other economies and
activities have the same diversity and ubiquity, which we will denote by Mc and Mp, we obtain:
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Mcc′ = 1
Mc

(
1 + 1

Np

)
if rc & rc′ > ⟨r⟩ or rc & rc′ < ⟨r⟩

Mcc′ = 1
McNp

if rc > ⟨r⟩ & rc′ < ⟨r⟩ and vice versa

Mcc′ = 1
Nc

(
1

Np
+ Nc − 1

Mp

)
if c = c′ & rc = ⟨r⟩

Mcc′ = 1
Nc

(
1 + 1

Np

)
if c ̸= c′ & rc = ⟨r⟩

Mcc′ = 1
Mc

(
1 + 1

Np

)
if rc′ = ⟨r⟩

(28)

Which might be easier to parse when presented in matrix form:

Mcc′ =



1
Mc

(
Np+1

Np

)
. . . 1

Mc

(
Np+1

Np

)
. . . 1

McNp

1
Mc

(
Np+1

Np

)
. . . 1

Mc

(
Np+1

Np

)
. . . 1

McNp

1
Nc

(
1 + 1

Np

)
. . . 1

Nc

(
1

Np
+ Nc−1

Mp

)
. . . 1

Nc

(
1 + 1

Np

)
1

Mc

(
1

Np

)
. . . 1

Mc

(
Np+1

Np

)
. . . 1

Mc

(
Np+1

Np

)
1

Mc
( 1

Np
) . . . 1

Mc
(Np+1

Np
) . . . 1

Mc
(Np+1

Np
)


(29)

Bringing this the five economies and seven activities example gives us:

Mcc′ =


3/10 3/10 3/10 1/20 1/20
3/10 3/10 3/10 1/20 1/20
6/35 6/35 11/35 6/35 6/35
1/20 1/20 3/10 3/10 3/10
1/20 1/20 3/10 3/10 3/10

 (30)

Which again has a second eigenvector of the form:

e2
c = ECIc =


a
a
0

−a
−a

 (31)

This is easy to verify through multiplication. Since the vector adds all of the elements up to
the center column and then subtracts all of the elements after the central column, and since the
number of elements before and after the central column are the same, we can simply subtract
the first and last element of the first row of matrix (eqn. 29) to obtain:

Mcpvc = a

Mc

(
1 + 1

Mp

)
− a

Mc

1
Mp

= a

Mc
(32)

Doing the same operation on the last row we get:
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Figure 3: Graphical description of the four matrices involved in the single capability model for 15 economies (e.g.
countries) and 17 activities (e.g products). In cp matrices row represents economies (countries) and columns
represent activities (products). Rows are sorted from highest rc to lowest rc and columns are sorted from lowest
qp to highest qp. That is, cell (1, 1) is the output of the economy or country with the highest probability of having
the capability on the product or activity with the lowest probability of requiring it, and cell (11, 20) is the output
of the economy with the lowest probability of having a capability in the activity or product with the highest
probability of requiring it.

Mcpvc = a

Mc

(
1

Mp

)
− a

Mc

(
1 + 1

Mp

)
= − a

Mc
(33)

Since in the central row of the matrix all elements, except the one in the diagonal, are the same,
this vector sends that row to zero. Thus, up to a normalization constant, the second eigenvector
of Mcc′ is given by:

e2
c = ECIc = a if rc > ⟨r⟩

e2
c = ECIc = −a if rc < ⟨r⟩

e2
c = ECIc = 0 if rc = ⟨r⟩

(34)

Figure 3 presents these matrices in graphical form. We would like to notice two things about
this version of the single capability model. The first one is that in this case Mcc′ no longer
has blocks of 0s. The second one is that this is also an example in which the highest diversity
economy (the 3rd row in Mcp is correctly identified as not being the economy with the highest
probability of having the capability.

Thus, we have shown that, in the context of the single capability or single factor model,
the second eigenvector of the Mcc′ matrix, known as the economic complexity index or ECI,
separates economies among those that have a higher and lower than average probability of
having the single capability in the model.
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In the next section we will use similar figures to explore more complex forms of this model,
involving multiple and heterogeneous capabilities. We will then move to different production
functions to explore the generalizability of this result.

3 The Multi Capability Model
The multi capability version of the combinatorial model can be defined by letting the probability
that a country has capability b be rc,b and the probability that a product requires a capability
b be qp,b. For a country to produce a product it needs to have all of the capabilities that the
product requires. That is, the product of these probabilities for all of the capabilities in the
model. Mathematically, that translates into an output matrix of the form:16

Ycp = A
Nb∏
b=1

(1 − qp,b(1 − rc,b)) (36)

To avoid over-parameterizing the model too early, and to simplify our exploration, we will
begin with the case in which these probabilities are independent of the capability index and of
each other, and where the pre-factor Acp is constant. That is:

Ycp = A
Nb∏
b=1

(1 − qp(1 − rc)) (37)

Which reduces to a well-known binomial form17:

Ycp = (1 − qp(1 − rc))Nb (39)

This form assumes that a country has the same probability of having each of the different
capabilities required by a product. The need for multiple capabilities, therefore, enters only
in the probability of missing one of them, making this similar in sprit to Kremer’s O-Ring
model [110]. In fact, Kremer’s O-Ring production function can be recovered from eqn.(37) by
setting qp,b = 1 for all activities and rc,b = rc for each economy.18

16This model assumes capabilities are not substitutable. A model with substitutable capabilities would take the
form

Ycp = Acp

Nb∏
b=1

(1 − qp,b(1 − rc,b −
∑
b′ ̸=b

Sbb′ rcb′ )) (35)

where Sbb′ is a matrix describing the level of substitutability between capabilities b and b′.
17While this form looks relatively simple, even the solution for Nb = 2 can result in a mathematical form that is

substantially more complicated than the one for the single-capability model. In fact, after some algebra one can
show that the condition for Rcp ≥ 1 in the Nb = 2 case is:

[q2
p − ⟨q2⟩][r2

c − ⟨r2⟩ + 2(rc − ⟨r⟩)] + 2[qp − ⟨q⟩][rc − ⟨r⟩]+
2[qp⟨q2⟩ − ⟨q⟩q2

p][rc − ⟨r⟩r2
c ⟨r⟩ − ⟨r2⟩rc + ⟨r2⟩ − r2

c ] ≥ 0.
(38)

18In that case, the production function reduces to the Kremer-Shockley function:

Yc = A

Nb∏
b=1

rc = rNb
c . (40)
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Figure 4 shows the same matrices we derived analytically for the single capability model
but for a model involving ten capabilities, one hundred economies, and one thousand activities.
This gets to a granularity that is similar to the one used in empirical economic complexity studies.

In this example, economies and activities are modeled using evenly spaced probabilities
in the [0, 1] interval. That is, for an eleven economy model the probabilities are given by
0, 0.1, 0.2, . . . , 0.9, 1. The result is a highly nested output matrix Ycp and strongly off-diagonal
specialization matrices (Rcp and Mcp).

It is worth noting that the more diverse economies in this model are not the ones with the
highest rc, but the ones with an rc that is below the largest (around 0.8). This is because the
reduced output of these economies in the most demanding activities (the ones with highest qp)
means they are relatively more specialized in products with lower qps compared to the highest
rc economies. This effect is analogous to what we saw in the one capability model when we
considered an odd number of economies.

Figure 4 also shows that Mcc′ follows a similar block diagonal structure than before, but
much smoother than in the single capability model.

While it would certainly be substantially more difficult to estimate the eigenvectors of this
model analytically, we can still explore them numerically. Figure 5 compares the rc of each
economy with its second eigenvector of the Mcc′ matrix (the non-normalized ECI), diversity
(Mc), and the ranking of economies according to ECI. Unlike in the single capability model,
where ECI told us only if an economy was above or below average, in this example we get a
less discrete second eigenvector that increases monotonically with r. This results in a perfect
correlation between the ranked values of r and ECI. Diversity, however, peaks for economies
with rc less than the maximum, meaning that it is a non-ideal way to estimate the capability
endowment of economies in this model. That is, we recover the fact that the second eigenvector
of Mcc′–the economic complexity index (ECI)–is a good method to estimate the key parameter
for the economies in the model (rc), extending our previous result to a multi-capability setting.

Figure 6 illustrates the behavior of this model for different number of capabilities (from 2 to
60). Overall, the behavior observed is consistent with the one observed for the ten capability
example. Across the board, ECI behaves as a perfect estimator of the probability that a country
is endowed with a capability. We can observe, however, that diversity improves as an indicator
for the models with the highest number of capabilities (60), becoming almost perfectly monotonic
in that case.

To continue our exploration we relax our assumptions about the distributions of rc and
qp. So far, our simulations have involved evenly spaced rcs and qps in the [0, 1] interval, which
are an idealized uniform distribution. So we replace these uniform distributions for Gaussians
by drawing a random number from a normal distribution for each rc and qp and min-max
normalizing these random numbers to ensure they fall in the [0, 1] interval.

Figures 7 and 8 show the results of this exercise. Unlike in the previous example, the
specialization matrix Mcp exhibits a bit more “roughness”, with non-perfectly smooth edges.
That said, the behavior of this model is otherwise similar to the previous one. Mcc′ is roughly
block diagonal and the second eigenvector of Mcc′ or ECI almost perfectly captures rc, as seen
in its monotonic relationship with r and in their rank correlation (Figure 8), whereas diversity
peaks for economies with an rc of around 3/4, making it a non-ideal estimator of rc.
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Figure 4: The four matrices involved in economic complexity calculations using a ten capability model for 100
countries and 1,000 products. In cp matrices row represents economies (countries) and columns represent activities
(products). Rows are sorted from highest rc to lowest rc and columns are sorted from lowest qp to highest qp.
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Figure 5: Comparison between the key parameters representing economies in the model (r), the second eigenvector
of the Mcc′ matrix (ECI), and the diversity (Mc) of economies in the model. The top two panels show the raw
relationship between the variables while the bottom two compare their rankings.
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Figure 6: Comparison for the binary specialization matrix and the correlation between complexity, diversity, and
the probability that a country is endowed with a capability r for models using 2, 5, 10, 15, 30, and 60 capabilities.
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Figure 7: The four matrices involved in economic complexity calculations using a ten capability model for 100
economies and 1000 activities using randomly assigned rcs and qps according to a normal distribution. In cp
matrices row represents economies (countries) and columns represent activities (products). Rows are sorted from
highest rc to lowest rc and columns are sorted from lowest qp to highest qp.
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Figure 8: Comparison between the key parameter representing economies in the model (r), the second eigenvector
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show that relationship in rankings.
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Figure 9: Parametrization of rc,b and qp,b for ten capabilities in a model where the probability that an economy is
endowed with a capability, or that an activity requires it, is 3/4 of a linearly spaced baseline in the [0, 1] interval
and 1/4 random.

Now we consider the case in which the probability that an economy is endowed with a
capability, and that an activity requires one, is not equal across all capabilities. That is, we
consider heterogeneous capabilities of the form:

rc −→ rc,b (41)
qp −→ qp,b (42)

Using the following parametrization:rc,b = αrc + (1 − α) random(0, 1),

qp,b = αqp + (1 − α) random(0, 1).
(43)

That is, we set a baseline level for the probability that an economy has a capability or that
an activity requires one (which we do through a linear function), and mix that with a random
number according to the proportions α and 1 − α. When α = 1 the probability that an economy
is endowed with a capability is the same for all economies and we recover our previous case.
When α = 0 the capability endowments are fully random.

In this case, our goal is to explore whether ECI is able to recover the underlying structure
of capability endowments. So, we compare ECI with both the average capability endowment
⟨rc⟩ =

∑
b rcb/Nb and the leading singular vector of the capability matrix rcb. The average

captures the overall level of capabilities in each country, whereas the leading singular vector
identifies the dominant mode of variation–the main direction along which countries differ in
their capability profiles.

Figure 9 provides an illustration of this parametrization for the case when the probability
that an economy is endowed with a capability, or that an activity requires it, is 3/4 of a linearly
spaced baseline in the [0, 1] interval and 1/4 random. The matrices resulting from this model
are shown in Figure 10.

We can see that despite introducing substantial variation in the capability endowments,
the matrices retain a similar shape. In fact, we find that ECI continues to perform well as
an estimator of both the average capability endowment ⟨r⟩c and the leading singular vector of
the capability matrix, as shown in Figure 11. This means that in the context of a model with
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Figure 10: Matrices for a 10 capability, 100 economies, and 1000 activities model, where the probability that an
economy is endowed with a capability, or that an activity requires it, is 3/4 of a linearly spaced baseline in the
[0, 1] interval and 1/4 random.
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multiple capabilities we can interpret ECI as an estimate of both the average capability en-
dowment of an economy and of the dominant direction of variation in capabilities across locations.

But how far can we take this intuition? Does this method work for completely random
capability endowments? Or does it require an adequate level of correlation between the different
capabilities?

We can explore this by using the parametrization introduced in equation (43) to vary the
level of randomness in capability endowments. Figure 12 performs this exploration, by showing
the capability endowment matrices, Mcp, and the correlation between the ranks of ECI and 1)
the average capability endowment of an economy ⟨r⟩c and 2) the leading singular vector, for
α = [0.9, 0.75, 0.6, 0.45, 0.3, 0.15]. This exercise reveals that ECI is rather robust, and is able to
capture both the average capability endowment and the dominant pattern of variation for an
economy even when the endowment is 60 percent random and 40 percent based on a baseline.
This exercise also shows that the relationship between ECI and both ⟨r⟩c and the first singular
vector breaks somewhere between α = 0.45 and α = 0.3, suggesting a potential phase transition
in this behavior.

Figure 13 explores this phase transition by presenting the average correlation between
ECI and ⟨r⟩c (left panel) and ECI and the first singular vector (right panel) observed after
sweeping through the parametrization parameter α 250 times using a linearly space grid of
50 points for the interval α = [0.01, 1]. We can see that there is a phase transition around
0.35, meaning that the ability of ECI to recover the average capability endowment and the
pattern of variation in rcb of an economy in this model (⟨r⟩c) is valid as long as there is a strong
enough correlation among the probabilities that an economy is endowed with different capabilities.

Overall, despite the added complexity of the multi-capability model, and the added variation
of using randomly drawn probabilities for rcb and qpb, the behavior of the second eigenvector of
Mcc′ or ECI, and the shapes of the matrices leading to its calculation, are largely consistent
with the intuition we developed in the single capability model. That extends the robustness
of this idea to models with a wide range of capabilities, including models with heterogeneous
capabilities and substantial levels of noise on how those capabilities are assigned.

But are these observations particular to models based on capabilities and probabilities? Or
can we use the second eigenvector method of economic complexity to recover factors in models
based on other production functions?

In the next section we explore extensions of this method to other production functions to
delineate the effective boundaries of this theory.

4 Other Production Functions
You may now be wondering if the ability of ECI to recover the key parameters characterizing
an economy is a property that applies to a wider family of production functions. Is this an idea
that applies only to stochastic models of capabilities? Or is it a more general idea that works
also for other production functions? In the case of the latter, what are the characteristics that a
production function needs to satisfy to fall within the scope of this theory?

We begin by considering a production function that won’t work and that will teach us
a valuable lesson about those that do. This is a relative factor intensity Cobb-Douglas type
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Figure 11: Relationship between the average capability endowment of an economy ⟨r⟩c, the leading singular vector
of the capability matrix rcb, ECI, and diversity, including their rankings. The model assumes that the probability
an economy is endowed with a capability or that an activity requires it is composed of a structured component
(3/4 linearly spaced in [0, 1]) and a random component (1/4). The top two rows show the relationship between
⟨r⟩c, ECI, and diversity, while the bottom two rows show the same relationships using the leading singular vector
of rcb instead of the average.
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Figure 12: Numerical implementation of the multi-capability model for 100 economies, 1000 activities, and 10
capabilities. The probabilities that economies are endowed with a capability, or that activities require them,
follows the parametrization in equation (43). Each row of this figure represents a different level of mixing between
a baseline probability and a uniform random number. From top to bottom, the weight of the baseline α are 0.9,
0.75, 0.6, 0.45, 0.3, and 0.15.
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Figure 13: Average correlation between ECI and 1) the average capability endowment of an economy ⟨r⟩c and
2) the leading singular vector or rcb as a function of the mixing probability α. We can see that the correlation
remains close to one for mixing probabilities above 0.4.

production function of the form:

Ycp = A(Kc/Kp)γ (44)

The problem with eqn. (44) is that in this model all economies have a comparative advantage
equal to one in all activities. This is because, in this model, the output of an economy is
perfectly proportional to a power of its factor endowment, meaning that there cannot be any
visible specialization (at least not visible using Balassa’s (1965) revealed comparative advantage
indicator). This is easy to prove using the formula for Rcp.

Rcp =
(Kc/Kp)γ ∑

c,p(Kc/Kp)γ∑
c(Kc/Kp)γ

∑
p(Kc/Kp)γ

(45)

which after some manipulation becomes

Rcp =
(Kc/Kp)γ ∑

c Kγ
c

∑
p(1/Kp)γ

(Kc/Kp)γ
∑

c Kγ
c
∑

p(1/Kp)γ
= 1. (46)

In fact, we can extend this property to to all separable functions of the form:

Ycp = Af(Kc)g(Kp) (47)

using the same calculation.

This gives us a hint of what was special of about the capability model. What made the
capability model work was not that we were working with probabilities and the concept of
capabilities, but that we were working with a non-multiplicative-separable function of the form
B +fcgp

19. So next, we explore a shifted version of the Cobb-Douglas factor intensity production
function which breaks the separability symmetry by adding a term B which we can interpret as
a baseline cost when it is negative and a baseline level of production when positive. That is, we let:

Ycp = B + fcgp (48)
19With B = 1, fc = 1 − rc, and gp = qp
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Where fc is a function describing the factor endowment of an economy and gp is a function
describing the factor intensity requirements of an activity. Applying the revealed comparative
advantage formula to this shifted production function we get:

Rcp =
(B + fcgp)

∑
c,p(B + fcgp)∑

c(B + fcgp)
∑

p(B + fcgp) (49)

Bringing this to an inequality in which Rcp ≥ 1 and doing some algebra will lead us to the
condition:

(fc − ⟨f⟩)(gp − ⟨g⟩) ≥ 0 (50)

which means:
Mcp = 1 if fc ≥ ⟨f⟩ & gp ≥ ⟨g⟩
Mcp = 1 if fc < ⟨f⟩ & gp < ⟨g⟩
Mcp = 0 otherwise

(51)

In words, we recovered the binary specialization matrix of the single capability model, and
the results that come downstream from that.

At this point, it is important to note one more peculiarity of the Cobb-Douglas factor
intensity function that can teach us a lesson. Note that equation (50) is expressed in terms
of the functions, not the factors. This is important because it means that the slopes of these
function come into play. The Cobb-Douglas factor intensity model in equation (44) has opposite
derivatives for the factor related to economies and the factor related to activities. That is:

dYcp

dKc
> 0 & dYcp

dKp
< 0 (52)

when γ > 0.

This means that when Kp is large gp will be smaller than average gp < ⟨g⟩ and economies
with a high factor endowment will specialize in activities with low factor intensity requirements.
That will make Mcp block-diagonal. Yet, even though this is economically unreasonable (it
means high complexity economies specialize in low complexity activities), it does not change the
ability of the second eigenvector to separate among these two clusters.

Zooming out, there are three reasons that make the condition in equation (50) interesting.

First, it tells us that the single capability model results are valid for any production functions
of the form Ycp = B + fcgp. Second, working through the algebra tells us that this comes from
the symmetry break introduced by adding the shifting term (B in this case), which makes the
function non multiplicative-separable, and hence, the specialization of economies in activities
not perfectly proportional to their factor endowments. And third, since the single capability
model divides the world into two clusters, the more continuous eigenvectors we observe in the
empirical literature, as well as the specialization matrices (e.g. Mcp) can be taken as evidence of
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a more complex model, or at least, a model with multiple factors.

5 Prices, Wages, and Consumption
We conclude our theoretical exploration by considering an extension of the single-capability
model to a short-run equilibrium framework, with variable prices, wages, and consumption. We
let the output of an economy in an activity depend explicitly on the price of each activity πp by
generalizing our output function to:

Ycp = πp(1 − qp(1 − rc)) = πpycp (53)

We use this function to explore a few things. First, we derive a simple relationship between
capability endowments and wages. Then, we derive a new condition from the specialization
matrix Rcp, which is the key condition connecting the empirical economic complexity estimate
ECI with the model’s capability endowment. Finally, we estimate product prices by exploring
an extension of the model where economies maximize their utility of consumption constrained
by their income and the global supply of goods.

First, we focus on wages.

In a perfectly competitive market where labor is the only factor, and all income goes into
wages, then the total income of an economy Yc must equal the wages wc it pays times the amount
of labor Lc it employs. That is:

Yc = wcLc (54)

Which implies:

wc =
∑

p πp(1 − qp(1 − rc))
Lc

(55)

dividing the numerator and denominator by 1/Np (one over the total number of activities)
we can transform the sums into averages to obtain an expected wage w∗

c :

w∗
c = Np (⟨π⟩ + ⟨qπ⟩(rc − 1))

Lc
(56)

which means that wages are proportional to the probability an economy is endowed with a
capability rc–which we can interpret as a measure of human capital, knowledge, or skill in that
capability. In fact, wages grow in proportion to the product of prices times the probability an
activity requires a capability and are inversely proportional to population:

dw∗
c

drc
= Np⟨qπ⟩

Lc
(57)

This finding is consistent with the notion that economic complexity, which we now understand
as an estimate of rc, implies an equilibrium level of wages for an economy, and thus, explains
future economic growth. In this model, economies must have a wage given by eqn. 56 in
equilibrium. When out of equilibrium, economies should adjust (to first order) according to:

dwc

dt
∝ −η(wc − w∗

c ) (58)
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where η is some proportionality constant (e.g. a speed or rate of adjustment). Economies
with wages larger than equilibrium experience a downward pressure, whereas those with wages
lower than equilibrium experience an upward pressure on their incomes.

Next, we calculate Rcp to determine the condition separating the two specialization clusters
that are key to determining economic complexity. Going back to the definition of Rcp implies
the condition :

Rcp =
πp(1 − qp(1 − rc))

∑
cp πp(1 − qp(1 − rc))∑

c πp(1 − qp(1 − rc))
∑

p πp(1 − qp(1 − rc))
≥ 1 (59)

which after some algebra results in the inequality:

(rc − ⟨r⟩)(qp⟨π⟩ − ⟨qπ⟩) ≥ 0 (60)

That brings us again to a specialization condition based on two clusters where economies
with an above average probability of being endowed with the capability (rc > ⟨r⟩) are specialized
in products with a higher probability of requiring the capability, and where those with a below
average probability of being endowed with the capability (rc < ⟨r⟩) specialize in less demanding
products. Yet, the threshold for activities is now:

qp ≥ ⟨qπ⟩
⟨π⟩

(61)

which using the standard covariance identity

⟨qπ⟩ = ⟨q⟩⟨π⟩ + cov(q, π) (62)

yields:

qp ≥ ⟨q⟩ + cov(q, π)
⟨π⟩

, (63)

this means that we recover the naked single-capability model when prices are uncorrelated
with the probability that an activity requires a capability (when cov(q, π) = 0). This equation
also tells us that the specialization of high complexity economies in demanding activities is
more pronounced when there is a positive correlation between the price of an activity and the
probability it requires the capability in the model (which is a reasonable assumption). That is,
in a world where prices are higher for more demanding activities, high complexity economies
will specialize in a more narrow set of complex activities. Yet, for the purposes of this paper,
what is important is that the specialization matrix is still divided into two clusters, just like in
the single-capability model with no prices, and that these clusters separate among economies
with high and low capability endowments.

Finally, we explore an extension of this model including a demand side, by assuming a
logarithmic utility function. That is, we let the utility of economy c be given by:

Uc =
∑

p

Bcplog(Ccp) (64)
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We also assume that consumption is limited by the budget constraint:∑
p

πpCcp ≤ Yc (65)

which means that economies consumption is limited by the revenue generated by their total
output. We also assume that the global production of goods is limited by the availability of
capabilities, thus: ∑

p

Ccp = yc (66)

This means that in this model production capacity is fixed, and what adjusts is the price of
an activity based on how demanding it is and how preferences for that activity are distributed
across economies.

We start by maximizing utility following the Lagrangian:

L =
∑

p

Bcplog(Ccp) − λ(
∑

p

πpCcp − Yc) (67)

differentiating against consumption Ccp and equating to zero we obtain the condition:

Ccp = Bcp

λπp
(68)

And using the budget constraint equation (which we use here as an equality) we can solve for λ:

∑
p

πp
Bcp

λπp
= Yc −→ λ =

∑
p Bcp

Yc
(69)

meaning that consumption is given by:

Ccp = BcpYc

πp
∑

p′ Bcp′
(70)

Finally, since:

Yc = Np(⟨π⟩ − (1 − rc)⟨qπ⟩) (71)

then, consumption is given by:

Ccp = BcpNp(⟨π⟩ − (1 − rc)⟨qπ⟩)
πp
∑

p Bcp
(72)

moving the Np to the denominator allows us to transform the remaining sum into an average:

Ccp = Bcp(⟨π⟩ − (1 − rc)⟨qπ⟩)
πp⟨Bc⟩

(73)

which means that consumption is downward slopping with the price of a good (πp appears only
in the denominator 20) and grows with an economy’s preference for a specific activity (Bcp) and

20πp also appears implicitly in the average ⟨π⟩ and ⟨qπ⟩ but its contribution is much smaller (divided by 1/Np).
Also, the average can be thought of as a common price level, since it is the same for all products p
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its capability endowment (rc).

Now, we estimate prices by using the market clearing condition:∑
c

Ccp = yp (74)

and since:

yp = Nc(1 − qp(1 − ⟨r⟩)) (75)

then:

∑
c

Bcp(⟨π⟩ − (1 − rc)⟨qπ⟩)
πp⟨Bc⟩

= Nc(1 − qp(1 − ⟨r⟩)) (76)

which after some algebra can be brought to the form21:

πp =
∑

c
Bcp

⟨Bc⟩(⟨π⟩ − ⟨qπ⟩(1 − rc))
Nc(1 − qp(1 − ⟨r⟩)) (77)

which means the price of activity p grows with the probability it requires the capability
(qp), since the denominator is the smallest it can be when qp = 1 and it is the maximized for
qp = 0. Prices also grow when high capability economies (high rc and hence high-income Yc and
high-wage economies) have a stronger preference (Bcp) for an activity.

6 Relatedness and The Product Space
Another observable used frequently in the economic complexity literature is the network of
related activities [1–3, 5–7, 83, 87, 89–91, 129–136]. When these activities are products, this
network goes by the name of "product space." From an application perspective, the product
space is used to estimate the potential of economy in an activity (e.g. the probability that
a city specializes in an industry [3–5, 89], a country starts exporting a product [1, 2, 83], or
a university starts producing papers in a given field [6, 7]. These estimates of potential are
known as measures of relatedness, and are akin to traditional recommender system methods
in computer science [137]. Yet, in the economic complexity literature, they are used to explain
economic development trajectories (e.g. countries entering new products) instead of individual
consumption patterns (e.g. customers choosing to purchase a products at an online retailer) and
to explore strategies to optimize industrial promotion efforts[138–140]22

Product space type networks are important in empirical work since they help capture infor-
mation about an economy’s productive structure that is specific to an economy and activity.
Thus, they can be used to either model path dependencies, or to control for them in work looking
at the impact of other factors in economic diversification[149–152].

Here we begin by focusing on a particular characteristics of the product space that was
emphasized when it was introduced nearly twenty years ago: the fact that the core of the product

21here we used the notion that averages are constants to arrive to an expression where πp is expressed as a
function of its ensemble averages.

22In recent years there have also been multiple efforts to look at relatedness in the context of sustainability,
starting from the idea of a green product space, [141–148]
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space, its most densely connected part, is composed of high-complexity activities[1].

This is a characteristic that is particular to networks derived from trade data, since networks
derived from other sources can have different forms. For example, networks connecting research
fields based on citation patterns or co-authorships tend to follow a "ring" structure [6, 68].
Networks connecting skills based on the occupations that require them tend to follow a "dumbell"
structure (two big clusters connected by a bridge) [91].

We begin our exploration of the structure of the product space by estimating a measure of
proximity, which is an estimate of the similarity between products. Unlike in the case of ECI,
where we have a more strict definition based on a second eigenvector, measures of proximity, in
both the economic complexity and recommender systems literature, tend to be more free. In [1]
for instance, proximity was introduced using the minimum of the conditional probability that
two products are exported in tandem. In our notation, this translates to:

ϕpp′ =
∑

c McpMcp′

max(Mp, Mp′) (78)

In [3] proximity is simply the number of activities that are common to two economies.

ϕpp′ =
∑

c

McpMcp′ (79)

In general, it is not uncommon to find proximity matrices and recommender systems based
on variations of

∑
c McpMcp′ (usually with a normalization), so we will focus our exploration in

this basic form.

The product space implied by the single-capability model can be derived easily for the case
in which the number of economies and activities is even. In that case, the proximity matrices
are:

ϕpp′ =
∑

c

McpMcp′ = Mp if qp > ⟨q⟩ & qp′ > ⟨q⟩ (80)

ϕpp′ =
∑

c McpMcp′

max(Mp, Mp′) = 1 if qp > ⟨q⟩ & qp′ > ⟨q⟩ (81)

Which means a network composed of two clusters, one connecting the activities that are
produced in high-complexity economies, and one connecting the activities produced in low
complexity economies.

A more interesting exercise is to consider the networks implied by the heterogeneous multi-
capability model. Here we present three examples in which we estimate networks for different
model parameters that we visualize by estimating their minimum spanning tree and adding on
top of that all of the links that are one standard deviation above the mean. This is a similar
visualization exercise than the one used in the paper that introduced the product space network
and will ensure the same visualization method is used for all examples.

Figure 14 presents this exercise for a model involving 200 activities, 100 economies, and
10 capabilities. Darker nodes indicate higher complexity. The number on top of each network
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Figure 14: Networks of related activities generated for models with 200 activities, 100 economies, and 10 capabilities.
Node shading corresponds to activity complexity (darker nodes denote greater complexity). Each panel is labeled
with the value of the mixing parameter π, which specifies the degree to which random and non-random capabilities
are combined (Equation (43)).
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visualization shows the mixing parameter α used to combine random and non-random capabilities.

We can see clearly in this example that all of the networks that are above the phase transition
threshold are centered around a core of high-complexity activities, with lower complexity activi-
ties being peripheral. This reproduces the empirical observation that the core of the product
space is composed of more sophisticated activities.
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Figure 15: Parametrization of capability endowments and requirements using a symmetric Toeplitz circulant
matrix combined with a random matrix in 80 percent and 20 percent proportions.

Figure 16: Network of related activities derived from the parametrization presented in figure 15.

But can we use this model to generate the network structure of the research space, which
follows a ring instead of a core-periphery structure? Or do we need to radically change our
assumptions to obtain that shape?

To generate a ring type network we can use Toeplitz-like matrices for the capability endow-
ments. A Toeplitz matrix is constant along each diagonal. By setting diagonals with decreasing
values or rc,b and qp,b we can define correlations among subsets of related activities.

Here, we use a parametrization where we combine a symmetric Toeplitz circulant matrix
and a random matrix by using proportions of (α) and (1 − α). A circulant matrix is a particular
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type of Toeplitz matrix that has periodic boundary conditions. A symmetric circulant matrix
can be constructed by starting from a row that is symmetric with respect to the center. Here,
we generate these circulant matrices using linearly spaced probabilities for rc and qp that grow
symmetrically from the center column of the first row. Figure 15 shows an example of this
parametrization for a model with 200 economies, 200 activities, and 200 capabilities. We note
that in this model talking about higher and lower complexity economies is not a useful construct,
since economies do not differ on their average capability endowment (they are all equal on
average), but in which subset of capabilities they are specialized in.

Figure 16 visualizes the network derived form this parametrization using the same method
than before (minimum spanning tree, plus links that are one standard deviation above the
average weight). The visualization shows a clear ring structure mimicking the one observed in
networks involving research fields. The connectivity pattern of this network can be interpreted as
research fields having a few related activities that share capabilities among them (e.g. capabilities
are more re-deployable between molecular biology and biochemistry, than between polymer
sciences and experimental psychology). This results in a network structure where each field is
connected to a few neighbors.

Finally, we use the same approach to model a “dumbbell” network, which is a network with
two well-defined clusters, such as the one observed when connecting skills and occupations [91].
Figures 17 and 18 show an example with 100 economies, 500 activities, and 20 capabilities. We
note that obtaining this dumbbell structure requires a good level of mixing between the clusters,
which can be achieved by setting the noise levels to be high enough so that some of the between
cluster links are comparable in strength to the withing cluster links.

What is exciting about this general idea is that it provides us with an intuitive way to read
capability endowments from network structures. For instance, the core periphery-structure of
the product space tells us that the capabilities associated with exporting products are correlated
among economies, with high complexity economies like that of Singapore, Japan, or the United
States, being well endowed with a wide set of capabilities. The ring structure of the research
space tells a different story. It is a story of specialization in a world of fine grained capabilities.
Similarly, we can use this intuition to think about dumbbell structures, which can be modeled
by assuming capability endowments made of slightly overlapping blocks.
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Figure 17: Parametrization of capability endowments and requirements using a 25 percent of a block diagonal
matrix and 75 percent of a random matrix.
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Figure 18: Network of related activities derived from the parametrization presented in figure 17.

7 Conclusion
Economic complexity has for long attempted to study economic growth and development using
methods that are agnostic about the exact nature of factors of production. In this paper, we
contribute to this goal by providing an analytical foundation for the economic complexity index
(ECI) and showing that it can be indeed consider an estimate of the combined presence of
undefined or unknown factors of production. For the single-capability model, we could derive
the key eigenvector analytically and show that ECI separates economies among those with an
above- and below-average probability of having the capability. We then extended this result
numerically to a multi-capability setting to show that ECI is a monotonic estimator of an
economy’s average capability endowment—even when a substantial share of the capabilities are
randomly assigned. In the multi-capability model, ECI is no longer a discrete measure separating
low from high capability economies, but a monotonic transformation of the average capability
endowment of an economy that recovers the first singular vector of the capability endowment
matrix rcb. These findings differentiate ECI from measures of diversity, which peak for capabil-
ity endowments below the maximum (they are non-monotonic functions of rc), and thus are
non-ideal estimates of the complexity of an economy. These results validate ECI as a measure
of composition or complexity, since they show the eigenvector captures information about an
economy being endowed with multiple capabilities, regardless of how these capabilities are defined.

Interestingly, our main result does not depend on assuming an stochastic model or a theory
based on capabilities, since this idea can be easily generalized to models including factors that are
specific to economies and activities. The key condition for the measure of complexity to work is for
output to not be perfectly proportional to factor endowments. This condition can be achieved by
simply shifting the production function by a constant to make it non-multiplicatively separable.23

What is also interesting is that the condition needed for our main result to hold comes from
23This mechanism is akin to the idea of symmetry-breaking in physics, since the shift removes symmetries of

the function. For example Kγ
c satisfies the scale-invariance symmetry f(λK) = λγf(K), whereas B + Kγ

c lacks
this symmetry.
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calculating the matrix of specialization Rcp. This is a key difference with previous attempts to
connect economic complexity theory and empirics [10, 56] which jumped directly to the binary
specialization matrix Mcp. That assumption results in a monotonic relationship between the
number of activities an economy is specialized (its diversity) and its capability endowments24,
which is an uncomfortable result since we have known for a long time that measures of diversity
fail to explain future economic growth like measures of complexity do [10]. We now understand
that calculating these specialization matrices is a key step, and that skipping this step in
theoretical work results in a flawed connection between complexity and capability endowments.
This change not only uncovers a tight connection between the economic complexity index and
the capability, but explains other findings, like that of Imbs and Warcziag [82], which says that
economies diversify only until a certain point.

Our results also open questions about alternative measures of complexity. During the last
fifteen years, many alternatives to the economic complexity index have been proposed, such
as the Fitness index [19], the Ability index [20], and many others [21, 63, 80, 81, 153–156].
Since these indexes tend to exhibit strong correlations with ECI, our results provide a way
to theoretically explore whether they are also monotonic functions of an economy’s capability
endowment. If they are, this opens up the question about the importance of the functional form
connecting measures of complexity and capabilities.

Our work also speaks to the literature attempting to explain the economic complexity index.
A key result in this literature is the idea that ECI is a clustering algorithm [58, 62], separating
economies into different groups. Our work is consistent with this idea and provides a theoretical
interpretation for the clusters, as it shows that what ECI is doing is providing a sigmoid function
sorting economies into a high- and low-capability cluster. This sigmoid behavior is a well known
feature of the second eigenvector or eigenfunction of diffusion maps, Fokker-Planck operators,
and spectral clustering methods (e.g. see [157]). This provides an interesting link to the general
idea of diffusion albeit in the context of a model of economic development, opening the door to
the notion that these methods could be capturing a generalizable property of economic systems
subject to spillovers.

We also embedded this model in a short-run equilibrium framework to estimate wages,
consumption, and prices. In this framework, wages increase with capability endowments and
prices are higher for products that demand more capabilities. The latter result is highly concave
(∼ 1/(1 − q)), meaning that there is an important premium for producing high complexity
products. Interestingly, prices do not strongly affect the specialization condition, meaning that
they leave the connection between capability endowments and economic complexity mostly
unchanged.25

Finally, we showed that the model can explain structural differences in networks of related
activities, such as the product space and research space. By controlling the shape of the capability
endowment matrices, we were able to reproduce the core-periphery structure observed in the
product space [1], the ring structure observed for scientific publications [6, 68], and the dumbbell
structure observed for networks of occupations and skills [91].

Together, these findings help resolve a few long-standing tensions in the economic complexity
literature. First, and most importantly, the disconnect between its empirical metrics and their
theoretical underpinnings. Our findings show that ECI is not an arbitrary or ad-hoc measure,
but can be thought of as an estimator of an economy’s capability endowments derived from its

24That equation is provided in [56].
25We assume prices are the same across economies.
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pattern of specialization. This is an interesting finding, since it provides a mean to estimate the
combined presence of factors or capabilities even when these cannot be identified.

Second, we use standard macroeconomic assumptions to estimate the wages and prices
associated with this model, which help support the well known empirical fact that economies
tend to converge to a level of income that is related to their economic complexity [2, 10–27].

And third, we provide theoretical underpinnings for the structure of the networks of related
activities. Our findings show that the structure of these networks is a reflection of how capabilities
are distributed across economies and activities.

More broadly, our work helps clarify a field that had grown rapidly in its empirical scope
while lacking a shared theoretical core. By grounding complexity metrics in production functions,
and explaining the structure of networks of relatedness using a capability-based model, we offer
a framework that not only explains the empirical robustness of ECI, but should also open new
paths for integrating economic complexity ideas further into development economics and trade
theory.
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