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Abstract

The Euler discretisation of Langevin diffusion, also known as Unadjusted Langevin
Algorithm, is commonly used in machine learning for sampling from a given distribution
p o< e”U. In this paper we investigate a potential U : R? — R which is a weakly convex
function and has Lipschitz gradient. We parameterize the weak convexity with the help
of the Kurdyka-Lojasiewicz (KL) inequality, that permits to handle a vanishing curvature
settings, which is far less restrictive when compared to the simple strongly convex case.
We prove that the final horizon of simulation to obtain an ¢ approximation (in terms
of entropy) is of the order e~ *d**2(+)*Poly(log(d), log(¢ 1)), where the parameter r is
involved in the KL inequality and varies between 0 (strongly convex case) and 1 (limiting
Laplace situation).

Keywords: Unadjusted Langevin Algorithm, Entropy, Weak convexity, Rate of
convergence

1 Introduction

Motivation: This paper is devoted to the study of the Langevin Monte Carlo method
for sampling a probability distribution over R?, that is absolutely continuous with respect
to the Lebesgue measure and that may be written as a Gibbs field, for which the density
1 1s written as

u(0) = . with zz/eU“’)de, (1)
Rd

where U : RY — R is a C? convex function and VU is L—Lipschitz. Sampling a measure p
that may be written in the form (1) is a fundamental problem of applied mathematics, as
it is involved in Bayesian estimation, Gelman et al. (2004), in high dimensional statistics,
Dalalyan and Tsybakov (2012), in machine learning, Andrieu et al. (2003) or in partial
differential equations, Lelievre and Stoltz (2016), among others.

State of the art: To solve the sampling problem raised by (1), many methods use
Markov kernels either in discrete or continuous settings as introduced by the physics
community in the seminal contributions Metropolis et al. (1953); Hastings (1970) on the
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Hastings-Metropolis method, and in Parisi (1981) on the over-damped Langevin diffusion
associated to U

A9, = VU (9,)dt +V2dB;, t >0, (2)

where (B;)¢>0 is a d—dimensional standard Brownian Motion.
Standard results on Markov processes guarantee the strong existence and ergodicity of
the continuous time process (¥¢);>¢ that converges in many senses (Wasserstein, L%(u),

entropy, total variation, ...) towards its invariant distribution p (see Pavliotis, 2016). In
what follows, we will use the standard generator £ defined for any f € C2(R%, R) by
Lf(0)=—(VU(0),Vf(0))+Af(0), (3)

which is associated to the diffusion (2).

Some probabilistic works are using coupling to obtain exponential mixing with
Wasserstein or total variation metrics and we refer, among others, to Meyn and Tweedie
(2012); Roberts and Tweedie (1996). Some other approaches are using the functional
analysis point of view: they differentiate either the entropy or the L? distance between
the law of (9;);>0 and p, which involves the Fisher information, and then exploits spectral
gaps or Log-Sobolev type inequalities to link this Fisher information with the energy itself.
A huge literature exists and it is far impossible to be exhaustive, we simply refer to Bakry
et al. (2007) for a link between dynamical repelling properties (Lyapunov) and functional
inequalities (Poincaré and Sobolev ones), to Bolley et al. (2012) for a Wasserstein approach
instead, and more generally to the book Bakry et al. (2014) and the references therein.

Even though of fundamental interest for the deep understanding of the mixing
properties of (J)¢>0, the previous works leave open the question of deriving some concrete
algorithm to approximate u, while being of major interest in the statistics and machine
learning community. In the past ten years, a myriad of papers have studied some
discretisation strategies of (2) and among them the most popular approach is certainly the
first order Euler-Maruyama scheme, also referred to as the Unadjusted Langevin Algorithm
(ULA for short). With a fixed step size h > 0, ULA is defined as

9(k+1)h - ekh - hVU(akh) + v 2h§k+1, k Z 0, (4)

where (&x)r>1 are standard Gaussian random variables in R?, mutually independent and
independent of #y. One of the first studies Dalalyan (2016) decomposes the distance
between the distribution of 0y, and p into two terms, an approximation one that induces a
mandatory choice of a small h, and then a mixing one that involves the ergodicity behaviour
of the continuous time diffusion. Regarding this latter term, the strong convexity assumed
in Dalalyan (2016) plays a crucial role for the understanding of ULA. To extend its study to
the non-strongly log-concave situation, Dalalyan (2016) introduces then a penalized ULA
and derives some trade-off to balance all the effects (bias, approximation and ergodicity).

Thereafter, a striking literature appeared, with the aim to understand the effect of the
dimension d, to improve the obtained computational costs Durmus and Moulines (2017);
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Durmus et al. (2019), to relax some structural hypotheses, and in particular the strongly
convex one Dalalyan et al. (2022); Vempala and Wibisono (2019); Chewi et al. (2022);
Erdogdu and Hosseinzadeh (2021), which is problematic for machine learning applications,
or to finally extend ULA to other frameworks like noisy or online ones Welling and Teh
(2011); Dalalyan and Karagulyan (2019); Crespo et al. (2023); Wibisono and Yang (2022).
Again, sampling has gained a lot of popularity and it appears to be rather difficult to be
exhaustive with this huge literature.

Our framework: In this paper, we will be interested in the ULA while trying to relax
the strong convexity assumption. In this view, we introduce a weakly log-concave situation
described by the family of Kurdyka-Lojasiewicz inequalities Kurdyka (1998); Lojasiewicz
(1963). These inequalities have been intensively used in optimization theory Bolte et al.
(2010) and have shown to be efficient for stochastic optimization Gadat and Panloup (2022)
or for sampling Gadat et al. (2022). We will assess our convergence results with the help of
the relative entropy (or Kullback-Leibler divergence) between the sampled measure and the
target one p. Our framework is therefore close to some extent to the recent contributions
Chewi et al. (2022); Erdogdu and Hosseinzadeh (2021).

We consider the probability distribution of i, thanks to the Euler explicit scheme (4)
that involves an elliptic Gaussian convolution, for any initial distribution mg, the law of
Oip, is absolutely continuous with respect to the Lebesgue measure and we denote by my
the associated density, which is indeed infinitely differentiable as soon as k > 1. We then
define the relative entropy of my, with respect to the target measure p as follows

Ji = R/ log (’Z*Eg)) dmi (). (5)

At each iteration k, Ji measures the divergence between the instantaneous law of the
process at time kh and the (presumably) invariant distribution p: a small value of Jj
induces the closeness of my, to . Of course, since we are studying the Unadjusted Langevin
Algorithm, for a fixed value of h, my corresponds to the distribution of a Markov chain
with an invariant measure up and up # p. Consequently, and oppositely to the MALA
modification (see, for example Roberts and Rosenthal, 1998), we cannot expect that J, —
0 when k£ — oo without any fine tuning of the parameter h, that must be chosen carefully
to balance the bias and the ergodicity of the chain.

In what follows, for a given small ¢, we will carefully address the choice of the step
size h., and of the horizon of simulation K. to guarantee an £ smallness of J, within our
framework of weak KL convexity. In particular, we will focus on the impact of d to the
computational cost, as well as the one of r involved in Hjy, (¢, L) (see below).

Our contribution: In this work we prove that for any weakly log-concave measure
whose potential has a Lipschitz gradient, the final horizon of simulation to obtain an &
approximation (in terms of entropy) is of order e~1d1+20+47)% where the parameter r is
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involved in the Kurdyka-Lojasiewicz inequality. In most situations this is the state of the
art result.

Structure of the paper: In Section 2, the hypotheses and main convergence results are
presented and compared with those previously used in the literature. Section 3 is dedicated
to proving Theorem 3, where Proposition 5 plays an important role. Section 4 has a more
probabilistic approach. In this section, we modify the Weak Log-Sobolev inequality: we
extend its validity to a general context and obtain quantitative upper bounds (in terms of
the dimension d and the convexity parameter r). Numerical experiments are presented in
Section 5 to support our theoretical findings.

2 Assumptions and main result

2.1 Main assumptions on U

We are interested in studying the convergence of the ULA in a weakly convex framework,
that is, when U is a convex function but not necessarily strongly convex. In Vempala
and Wibisono (2019), the order of convergence of the entropy in the strongly convex
case is obtained using the Log-Sobolev and Talagrand inequalities, which are equivalent
in this context. However, the Log-Sobolev inequality (LSI for short) generally requires
the convexity (see, for example Bobkov, 1999; Bakry et al., 2014) to be reasonably
dimension-dependent, and even the strong convexity to be dimension-free. As we said
previously, we have chosen to parameterize this lack of strong convexity with the help of
the Kurdyka-Lojasiewicz inequality. This hypothesis allows us to understand the influence
of the lack of strong convexity and not simply assume a LSI.

For any twice differentiable function V', we denote the spectrum of the Hessian matrix
of V as Sp(V2V(0)). Furthermore, if V is convex, we denote

Avzy (0) = inf Sp(V2V(9)), VO € R%

Hypothesis Hi (¢, L): We say that a function V : R? — R satisfies a Hi (¢, L)-condition
if:

a) V is a C%-function.
b) V is a convex function and mingcra V(0) = V(6*) > 0.
c) VV is L-Lipschitz.
d) There exist two constants 0 < r < 1 and ¢ > 0 such that
V() < Avey(0), VO e R
In almost all the results of this study we assume that U satisfies a Hjy (¢, L)-condition,
S0, let us comment this assumption.
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e The hypothesis assumes a lower bound for the smallest eigenvalue of V2V (6),
similarly we could consider the same type of upper bound for the the highest
eigenvalue of V2V (0): Ag2y () = supSp(V2V(0)), 6 € R where Ay () <
¢V=10), ¢ > 0 and 0 < g < r. This parameterization is considered in Gadat
et al. (2022). When ¢ = r, a global standard KL inequality is recovered (see Gadat
and Panloup, 2022; Bolte et al., 2010). In our study, we chose to keep a simpler case,
note that the L-Lipschitz continuity of VV implies that particularly ¢ = L and g = 0.

e A value r = 1 would correspond to the limiting Laplace case, while » = 0 represents
the strongly convex situation where the curvature of the function is uniformly
bounded by c.

e The function V(0) = (1 4 [|0]|?)?, for § € R? and p € (1/2,1] satisfies a
k1. (¢, L)-condition with r = 1%”, ¢ =2p(1 —2(1—p)) and L = 2p (see Remark 7 of
Gadat et al., 2022).

e Our work is tightly related to Erdogdu and Hosseinzadeh (2021): in its Assumption 1,
it is considered that the potential function U is degenerately convex at infinity, which
means that there exists a function U such that for a constant € > 0, |U — Ul < €

where A5 (0) > w(1+ 1110]12)=7/2 for some k£ > 0 and 7 > 0. This parameterization

have a close relation with that presented in hypothesis H}y (¢, L). The previous

example which satisfies a Hi (¢, L)-condition with r = 1]'%1” is also degenerated at

infinity since U(0) = U(0) = (1 +[|0]|%) and 7 = 2(1 — p) = £

However, in the general case, the hypothesis Hf (¢, L) states a lower bound of the
eigenvalues of V2U () by the function U"(6), while in Erdogdu and Hosseinzadeh
(2021) it is compared to ||#||”. Below, we will compare our results with Hi (¢, L) with
those of Erdogdu and Hosseinzadeh (2021) even though their quantitative hypothesis
is not strictly equivalent to ours (see details in Section 2.2).

Assumption on minU and argminU: One of the advantages of assuming Hy, (¢, L) is
that it is possible to obtain upper and lower bounds of U(6) through min U and powers of
|0 — argmin U ||, see Appendix A. Therefore, we need to specify the dependence of min U
and arg min U with respect to the dimension d in order to later understand the dimension
dependence of the convergence result.

Similarly to Crespo et al. (2023), we will assume that the minimizer of the function U is
contained in a ball of radius that only depends on d. Furthermore, we consider that min U
is at most of the order d. For this purpose, we introduce a <yc b (@ 2y b), which means
a < cb (respectively a > ¢b) where ¢ is a universal constant that is a positive constant
independent of d.

Hypothesis Hpyin:

|argminU|| Sue Vd  and  min U(0) Sy d.
feRd



DISCRETISATION OF LANGEVIN DIFFUSION IN THE WEAK LOG-CONCAVE CASE

Assumption Hyi, is not restrictive and includes translations as simple as for example

U@0) = (1+ 10 — 14]%) ™ where 15 = (1,...,1) € R%,

2.2 Entropic convergence result

We specify the initial distribution mg, which is chosen by the user. We decided to use
a Gaussian distribution which is a standard option and has the advantage of providing
simpler computations. Implicitly, to fix mg, we assume that L, ¢ and r are known. We
denote by 0g = (0,...,0) € R? and I; € R? x R? the identity matrix.
Hypothesis H}, (¢, L): A positive constant 02 exists such that mg = N(04,0%1y).
Moreover,

o2 < min {1/(2L),4/c$} .

1
Conditions 02 < 1/(2L) and 02 < 4/c¢T will be used in the proof of Proposition 1 and
Lemma 15, respectively, to upper bound initial terms determined by mg. A consequence
of Hpy, (¢, L) is an upper bound of the initial entropy Jy as shown below.

Upper bound on the initial entropy:
Proposition 1 We assume Hy, (¢, L) and that U satisfies Hiy, (¢, L) and Hupin. Then

Jo = / log (”;22?) dmo(0) <ue d(1+rlogd).

Rd
The proof of Proposition 1 may be found in Appendix B.1. Although the term Jj is
commonly ignored to describe the order of convergence of Jj, even with a simple choice
such as an initial Gaussian distribution, Jy depends on the dimension d in the strongly
convex situation, and also depends on d and r in our settings.

Density of the discrete explicit Euler-Maruyama scheme under Hjy (¢, L): The
discrete Euler-Maruyama scheme (4) involves a Gaussian convolution kernel at each
iteration, of variance 2h. Then, as said before, the distribution of 6, has an infinitely
differentiable density myj with respect to the Lebesgue measure for any k& > 1. The next
result states a uniform (over the iterations) upper bound of the density my and will be
of primary importance for our analysis. Up to our knowledge, such a result is new in
numerical probability, and has never been investigated.

Proposition 2 We assume Hy, (¢, L) and that U satisfies Hiey, (¢, L) and Huyin. If b Sue
min{1/L,1/d}, a positive constant Ay exists (that could depend on d) such that

VOERY, VE>0,  my(0) < Age 10UO),
Moreover log(Ag) Sue AT |

For the sake of readability, the proof of Proposition 2 is deferred to Appendix B.2.
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Entropic convergence: Let us present the principal result of our work, which proves
a decrease in the relative entropy of mj towards the correct measure pu, as the number of
iterations increases and the step-size h of the scheme decreases.

Theorem 3 We assume Hy, (¢, L) and that U satisfies Hicy (¢, L) and Huin. Then

i) If r =0, we reach Ji < ¢ after

1 5
-1 i
E Zue e \dlog(d/e)  and hsucmm{mmw}’

where Crs; = Crsr(w) is the Log-Sobolev constant of .

it) If r > 0, we reach Ji < e after

1 €
> —1 7142(147)2 2 < : =
kZuce d log“(Ag/e)log(d/e) and h <y min { L’ a7 log(Ag/e) } :

Let us briefly comment this result. First, our bound obtained in Proposition 2 yields

log(Ag) Sue dT= . Even if this result is worthwhile and new, one could expect a polynomial
dependency with d of A, even in the limiting case » = 1, that is log Ay <. log(d). We
have chosen to leave this important axis of research and of improvement open as it is not
the main subject of this paper. Second, when compared to the result stated in Crespo et al.
(2023) in the same setting (Hy, (¢, L) and entropic convergence) but that only studies the
continuous time stochastic Langevin diffusion, we observe that the computational time
becomes Poly(d) !, while it was Poly(d) log?(¢~') in Crespo et al. (2023). Again, this
exemplifies the price to pay to turn the continuous time diffusion into a tractable numerical
discrete algorithm. Thanks to Theorem 3 it follows that J; < e after approximately

k Zue €*1d1+2(1+T)2Poly(log(d), log(efl))

iterations, where A, is considered proportional to a polynomial of d.

State of the art comparison: Below we start by comparing our main result (part i)
of Theorem 3) with those of Cheng and Bartlett (2018), Durmus et al. (2019) and Erdogdu
and Hosseinzadeh (2021) that establishes some results for the ULA in a similar framework.
The hypothesis of the previous papers were adapted to the our Hjy (¢, L) context where
r € (0,1) and assuming Huyin and Hy, (¢, L). In particular, we pay special attention to
the dependency with e, the dimension d and the parameter . Table 1 shows a summary
of these results while omitting the log-terms log(d) and log(e~1).

e When compared with the bounds obtained in Durmus et al. (2019) (and in Cheng
and Bartlett, 2018), we obtain a far better dependency with ¢ and a slight degradation
with the dimension d. When paying a specific attention to the approach of Durmus et al.
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Iteration cost for Entropy Ji < e
7Cheng and Bartlett7(2018) e 3gi+2(1+r)
Durmus et al. (2019) e 2q1+2(14)
Erdogdu and Hosseinzadeh (2021) 5_1d3'5+%
This paper e~ 1gi+2(1+r)?

Table 1: Comparison of iteration complexity when U satisfies Hy, (¢, L) and Hmin and the
initial distribution is defined as in Hy, (¢, L), admitting that log(A4) Sue log(d), of the
Unadjusted Langevin Algorithm, in the weakly log-concave situation.

(2019, Corollary 7), the improvement from £72 to e~! comes from a direct study of the

Entropy in our paper, and not from a general catch-all inequality between entropy and
the Wasserstein distance. We refer to Villani et al. (2009) for a complete presentation
of Wasserstein distance. That being said, the coupling strategy of Durmus et al. (2019)
generates a better dependency with respect to d than ours and an obvious computation
shows that the bound stated in Durmus et al. (2019) is better than the one of this paper
for some very high dimensional settings: log(d) > (2r(1+7))~!log(¢~!). Oppositely, when
¢ is chosen smaller than d=2"(*") our bound is tighter.

Furthermore, the result of Durmus et al. (2019) does not involve the distribution of
ULA at iteration n, but a Césaro average over all iterations of ULA, which is an additional
numerical difficulty when compared to simply construct one trajectory and take the value
of the procedure attained at the final iteration.

e In order to compare our result with the one that would be obtained in Erdogdu and
Hosseinzadeh (2021), let us consider for example U(0) = (14|60 — 1d\|2)$, where r € (0,1)
and adjust their a-dissipativity and (-growth of gradient assumption. They establish that
there exist two constants a > 0 and b > 0 such that (VU(6), ) > al|§||* — b, for all § € R
If we take § = argmin U, then ||argmin U|| < (b/a)é, so the dependence on d is not explicit
or doesn’t exist. Then, we consider that a is a universal constant and b = dz = dﬁ in
the particular case been studied. Furthermore, they assume that there exist two positive
constant ¢ and M such that |[VU(6)| < M(1 +|0||¢), for all # € R%. Using the specific
function U, we get that M V.

After specifying the dependence on d of the constants b and M, Corollary 4 of Erdogdu
and Hosseinzadeh (2021) shows that an e-error is reached after

2r(2+4r)

k 2. e 1d>PT 15 Poly(log(d), log(e 1))
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iterations. Comparing both results, we can notice that for small values of r, our lower
bound of k is better than the previously known one, while the bounds of Erdogdu and
Hosseinzadeh (2021) are better for values of r close to 1 (the limiting case being r ~ 0.38).

3 Proof of the main result

In a similar way to Vempala and Wibisono (2019) and with the objective of studying the
order of convergence of Jj, for any k > 0 we define a continuous time process (Oxn+t)o<t<n
in the time interval [kh, (k + 1)h], such that the distributions at the ends of the interval
coincide with my and my1 respectively. The entropy of the density of said continuous
process with respect to the law p will allow us to obtain the order of convergence of Jg.

We consider one fixed step k of (4), then the output 61, is in fact the output at
time h of the stochastic differential equation

A0y e = —VU (Ogp)dt + V2dW,, ¢ € [0, R, (6)

where (W;)o<t<p is a standard Brownian Motion in RY. Indeed, at time t € [0,h], the

solution of (6) is
Ophat = Orn — tVU (Bgn) + V2W4, (7)

50 if £ = h, then Oy — hVU (B4) + V2Wi, L 011 1n-
The process (0xn+t|0kn)o<i<n that evolves following equation (6) is a continuous time
Markov process associated to the generator £F of the Markov semigroup, where

LEF(0) = —(VU(Okn), V£ (0)) + AF(0),

for all f € C?(R?%) and 0 € RY.

We denote as ng ¢ and ny), the probability distribution with respect to the Lebesgue
measure of gy and Oxp 4|0k, respectively. Using (7), we have that ny(6]n) = N(n—
tVU(n),2t) for all 6,1 € R?, then Ny, 18 C®(RY), ng, is also C°(R?) and Oy, exists.

We recall that if £5* denotes the adjoint operator of £¥, the forward Kolmogorov
equation yields

Aumgu(Oln) = L¥ngu(Oln).  (0.n) € BRI x B

This equality is used in the proof of Lemma 4.
Similarly to (5), for any £ > 0 and t € [0, k], the relative entropy of nj; with respect
to the target measure p is denoted as

Tt = / log ("zgé(??)) dnyg4(0).

R4

Observe that, in particular ng o = my and nyp = mpy1, then Jp g = Ji and Jp = Jp41.
We also define the Dirichlet form (or relative Fisher information) of ny; with respect to p
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as

dp(8),

2

[ o (i)

for any k£ > 0 and ¢ € [0,h]. We recall that in the proof of Lemma 3 of Vempala and
Wibisono (2019) it was obtained the following link between 0;J;; and & ¢

2 B np.4(6) ’
2dn,€,t(9) _4Rle (,/ O )

3
Ot < =7t + By [IVU (Okne) — VU (0n)[1%),

where the second term is the discretisation error which in the strongly log-concave context
was controlled using Talagrand (or equivalently Log-Sobolev) inequality. Since we are
generally not in the strongly log-concave context, we control differently the error term
in Lemma 4, the proof may be found in Appendix A. Furthermore, we remark that the
procedure used to prove Lemma 4 is equivalent to that of Vempala and Wibisono (2019)
but is based on the infinitesimal generator £* and Kolmogorov’s forward equation.

Lemma 4 We assume that VU is L-Lipschitz and h < 1/4L, then for any k > 0 and
t € [0, h]

1
Olrs < —5&ka+ 5dL*t.

To construct a differential inequality from the previous result, we have to use a
functional inequality that lower bounds the Dirichlet form & ; by the entropy Ji;. In
the strongly log-concave situation (r = 0) it is possible to directly apply LSI. While in the
weakly log-concave situation (r > 0) it is not possible for functions like U (8) = (1+10/|?)?,
when 1/2 < p < 1, § € R%. An alternative is to consider the Weak Log-Sobolev inequality
(WLSI) but one of its terms depends on ny./p being bounded and, in general we do not
have such a result. So, we modify the WLSI proof in Section 4 to obtain an inequality that
can be applied in our Hiy, (¢, L) context.

From now on we study the cases » = 0 and r > 0 separately.

e Caser =0.

Since p is a strongly log-concave measure, we follow the strategy used in Vempala
and Wibisono (2019), which is based on applying LSI to fZ, = ng+/u, see details
about functional inequalities in Section 4. Then, there exists a constant Crsr >0
independent on d such that

it < Crsi€iut, (8)

We combine Lemma 4 and inequality (8) to get that for any & > 0,

O Tt < — Jrt +5dL*h, € (0,h),

1
2CLs1

10
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where we used ¢t < h in the second term of the right hand side. We recall that
Jro = Ji and Jip = Ji41, for any k, then if we apply Gronwall’s lemma to the
differential inequality it results that for all £ > 0,

__h __h
Jrr1 < Jpe 2CLs1 + CdL*hCrsr [1 —e 2CLSI:| ,

where C' is a universal constant. Using a recursive argument and Proposition 1 to
upper bound Jy, we get

kh kh kh
Jp < Joe 2%ust + CdL*hClrsy [1 — e‘msz} < Cd [e‘msz + LQhCLSI] )

Given ¢ > 0 small, a sufficient condition for J; < ¢ is

h Sue €(dL?Crsr)™  and k=, e 'dlog(d/e).

Case r > 0.

In the weak log-concave case we need to modify WLSI as is shown in the following
proposition. Further details and the proof of this functional inequality under a
k1. (¢, L)-condition may be found in Section 4.

Proposition 5 We assume Hy, (¢, L) and that the function U satisfies Hicy, (¢, L)
and Hmin- If b Sye min{l/L,1/d} then there exist a non-increasing and positive

~

function B and two positive constants C and q > 1 such that for any k > 0 and
t € 0,h],

Jet <166(s)Et + C [s + Adsrli’ff} , s>0.
Moreover, the function 8 could be defined as

1+7)2 1 2
ad( +7) log(g), O<S§2e§ﬁ

(1+47)? e2
bd » 5> g

Bls) =

)

where a and b are two positive constants.

We are now ready to derive a good differential inequality for Jj, ; by combining Lemma
4 and Proposition 5, then for all s > 0,

O < — ; — Agst+2a 5dL*h.
tdkt < 323(s) + 5(s) {s—i— ds ] +

11
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where we used ¢ < h. If we consider that s is constant with respect to ¢, then we
apply Gronwall’s lemma and for any £ > 0 we have

h h
Jpp1 < Jye @ 4 C [s + AgsT 4 dhﬁ(s)] [1 - 6_7325(8)] .

We recall one more time that J o = Ji, and Jj, j, = Jp41, for any k. Using a recursive
argument and the result Jy <. d(1 + rlogd) proved in Proposition 1, we get

Jk

IN

_ _kh 1 __kh
Joe 3286) + C [s + AgstHza + dhﬁ(s)} [1 —e 32ﬁ(8>]

kh
< C {d (1+rlogd)e 3280 + s+ Adsﬁ + dhﬂ(s)} .

Given ¢ > 0 small, a sufficient condition for J; < ¢ is

o 1 1+2q < €
= AT S G g A e)

and
k Zue e 1204 1002 (A f2) log((1 + rlog(d))d/e),

which concludes the proof.

4 Modified Weak Log-Sobolev Inequality under Hjy (¢, L)

This section is devoted to the study of some functional inequalities starting by Poincaré,
Log-Sobolev and Weak Log-Sobolev inequalities, which were previously used. It is
precisely in the previous context of a non-strongly log-concave measure where we needed
to apply Weak Log-Sobolev inequality to upper bound the relative entropy of a presumable
unbounded function. Therefore, we present in Proposition 9 a modification of WLSI that
is suitable for a family of unbounded functions. Furthermore, in the Hjy (¢, L) setting
we obtain a particular result paying special attention to the dependence of the constants
involved in the inequality in terms of the parameter r and the dimension d.

4.1 Functional inequalities

Functional inequalities as Poincaré, Log-Sobolev and Weak Log-Sobolev inequalities are
defined in a Sobolev space and link the norm of a function or a related quantity to the
norm of its derivative. This family of inequalities have a wide range of applications such as
in partial differential equations, functional analysis, theory of Sobolev spaces, probability
theory and statistics, etc. Particularly in these last two areas, they are powerful tools used
to derive concentration inequalities and the convergence of Markov processes, see Ledoux
(2001) and Bakry et al. (2014) for a more in-depth study.

12
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In order to understand the behavior of these inequalities in a setting described by an
k1 (¢, L) hypothesis, we have to present some definitions and recall some well-known

facts.

Let m be a probability measure defined on R and p > 1, we define as
[ Jga Il fIIPdm] YP the p-norm of a real-valued function f when this quantity is finite.
The space of functions with finite p-norm is denoted as LP(R?). Moreover, H;(R%) =
{f R R;fe LR, Vfe L*(RY)} and C}(RY) is the set of bounded and derivable
functions on RY.

For any function f such that f € L'(R?), we define the variance of f as

Vara(f) = [(f = mlf)dm

Rd

where m[f] = [pq fdm and when f € H1(R%), the Dirichlet form of f is defined as

En(f) = / IV 7|2dm.
Rd

We briefly introduce the Poincaré (or spectral gap) inequality which links the variance of
f to its Dirichlet form as follows

Definition 6 (Poincaré inequality) The measure m satisfies a Poincaré inequality if
there exists a positive constant Cp(m) such that for any f € H'(R?),

Cp(m)Varm(f) < Em(f)-

An important property of log-concave measures is that they satisfy a Poincaré inequality
and in this situation a bound on the Poincaré constant may be found in Theorem 1.2 of
Bobkov (1999).

Another powerful tool is the Log-Sobolev Inequality (LSI for short) which played
an important role in the previous section. This inequality is commonly used to prove
the convergence to equilibrium in Markov chain Monte Carlo methods and the study of
log-concave distributions.

For any function f : R¢ — R such that Jga f?|log(f)|dm < oo, we define the entropy
of f? as

Enty(f?) = [ f2log(f*)dm — [ f2dmlog f2dm |,
Jtrn [ s

in this definition 0log0 is interpreted as 0. We are now able to introduce LSI and we refer
to Bakry et al. (2014) for further details.

13
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Definition 7 (Log-Sobolev Inequality) The measure m satisfies a LSI if there ezists
a positive constant Crgr(m) such that for any f € H'(RY),

Enty(f?) < Crsi(m)Em(f)-

In the particular case when m is a strongly log-concave measure, a LSI is verified, see Bakry
and Emery (1985), and the Log-Sobolev constant Crg7(m) is independent of the dimension
d. Using this result and Lemma 4 a convergence rate bound is obtained in Section 3 under
the hypothesis Hy, (¢, L) when r = 0.

However, when 0 < r < 1, we are in a weakly log-concave setting and a Weak
Log-Sobolev Inequality (WLSI for short) would seem to be suitable to derive a convergence
rate bound under a Hiy, (¢, L) assumption.

Definition 8 (Weak Log-Sobolev Inequality) The measure m satisfies a WLSI if a
non-increasing function B : (0, +00) — Ry ezists such that for any f € CH(R?) and s > 0,

Entm(f2) < B(s)Em(f) + sOscz(f),
where Osc(f) = sup f — inf f.

This functional inequality was introduced in Cattiaux et al. (2007) and in said
study they showed that if a probability measure m verifies a particular measure-capacity
inequality (defined below) then m satisfies WLSI.

Modified WLSI: In the proof of Theorem 3, we needed to lower bound the Dirichlet
form by the entropy of a function f with respect to a probability measure which is weakly
log-concave. To apply WLSI the function f must be bounded which, in general, seems not
to be true. The following result modifies WLSI and is suitable for a family of unbounded
functions.

Proposition 9 (Modified Weak Log-Sobolev Inequality) We assume that m(0)
e VO where V is a convex function and there exists a positive constant R such that
V(0) Zuc 10ll, for all ||0]] > R. Then, for any function f € H'(R?) such that
f2(0) < APV where A > 0 and 0 < b < 1, there exist two positive constants C and
q > 1 and a non-increasing function B : (0,+00) — Ry such that for all s > 0,

Entn(f2) < B(5)En(f) +C |5+ 5757
Moreover, the function B could be defined as

a 1 e2
6(3) _ Cp(m) log (E) ; 0<s< 2e2+1 :

b 5> o
Cp(m)’ 2e2+1

where a and b are two positive constants.

The proof is based in the proof of Proposition 2.2 in Cattiaux et al. (2007) and will be
postponed to Section 4.3.

14
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4.2 Preliminary results

A measure - capacity inequality: The measure - capacity inequalities are a class
of inequalities introduced by Barthe and Roberto (2003) and allow some functional
inequalities to be equivalently described, see Bakry et al. (2014) for a more detailed study.
In order to prove Proposition 9 we need to specify the role of a particular measure-capacity
inequality which is linked to WLSI. So, let us first define the capacity of a measurable set.

Definition 10 (Capacity) Let A and Q be two measurable sets of R? such that A C (,
the capacity Capy, (A, Q) is defined as

Capm(A, Q) = inf {€n(f), 14 < [ < 1o},

where f is a Lipschitz function on R%. If m(A) < %, then we denote

Capm(A) = inf {Cme(A, Q),AC Qm(Q) < - } .

The following lemma presents the capacity-measure inequality which is a sufficient
condition to prove WLSI.

Lemma 11 Assume that the measure m satisfies a Poincaré Inequality of constant Cp(m),
then there exists a mon-increasing and positive function B such that for any measurable
subset A with m(A) < 1/2 and for any s > 0,

m(A)log (1 + #%) —s
B(s)

Moreover, the function 3 could be defined as

< Capp(A). 9)

1 2
Cp () 108 (5), 0<s< 567 T

Bls)=49 7 ) ;

b e
Crm) 57 2211

where a and b are two positive constants.

Although the existence of the 8 function in the previous inequality is known, we include
the proof in Appendix C.1 to explicitly find the function.

A technical result to avoid Osc(f) in WLSI: We were interested in establishing
an inequality similar to WLSI but for a function f not necessarily bounded, so we had to
replace the role of the term Osc(f) in the proof of Proposition 2.2 in Cattiaux et al. (2007).
Let’s show how they used that f is bounded.

15
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For any f € H'(R?), let M be the median of f with respect to the measure m and Q C
{f > M}. For any non-negative function H : R? — R such that [p, eHOdm(0) < e +1,
the term [, (f — M )2Hdm is conveniently upper bounded as follows

/ (f = M)>?Hdm < Osc?(f) Q/ Hdm,

Q

since the function f is assumed bounded.
In order to replace the role of Osc(f), the following proposition shows an upper bound
of [o(f —M)*Hdm by a power of [, Hdm in a particular setting.

Proposition 12 We assume that m(6) o< e~V ®) where V is a convex function and there
exists a positive constant R such that V(0) Zu. |0, for all ||8]] > R. Then, for any
function f such that f2(0) < AetV(®) where A >0 and 0 < b < 1, there exist two positive
constants ¢ > 1 and Capq such that for any Q0 C R? and any function H > 0 such that
Jra €O dpu(0) < €%+ 1, we get

1/q

/(f — M)?*Hdm < Cay, /Hdm
Q Q

The previous result is a key point to prove Proposition 9 and its proof is postponed to
Appendix C.2.

4.3 Proof of the Modified Weak Log-Sobolev Inequality

The changes in the proof of Proposition 9 with respect to the one of the WLSI (Proposition
2.2 in Cattiaux et al., 2007) are based on Lemma 11 and Proposition 12. The rest of the
proof remains quite similar.
Proof [Proposition 9] Let M > 0 denotes the median of f with respect to m and let
Q= {f > M}, Q_ = {f < M},

Fi=(f-M)lg, and F_=(f-M)lqg_.

Using the argument of Lemma 5 in Barthe and Roberto (2003), we obtain that
Entn(f?) < sup{/F?erm,H > O,/eHdm < 62+1}
+ sup{/FEHdm,H>O,/eHdm<62+1}. (10)
Let’s study each term separately.
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e First term of (10). Let be ¢ > 0 and p € (0,1). We introduce for any i = 0,1,2,...,
the sequence of measurable subsets

which is increasing and UiZO Q; = Q4 so that, for every function H > 0,

/FQHdm /FQHdm+Z / FZHdm. (11)

k>09 Qi1

— First term of (11). Thanks to Proposition 12, there exists two constants Cy p 4 >
0 (which could proportionally change from line to line) and ¢ > 1 such that

1

q
/ F2Hdm < Capy / Hdm
Qo

Lemma 6 of Barthe and Roberto (2003) implies that

2
sup /Hdm,HZO,/eHdm§62+1 =m(Qo)log 1+ ° .
m (o)

Using that Q¢ C {f2 > c} C {AebV > c}, we verify that

!/
m(Qp) = /dm <A / e Ve 170V < é,

C
Qo AebV >c

where A’ is proportional to A% and the normalizing constant of the measure
e~ 1=V Moreover, the inequality log(1 4 z) < for all z > 0, guarantees

/1 7
that
2 2 A’
m(Qo)log (1+ eQ ) < ‘ <e\—,
m()) = Jer T Ve
then
sup /FﬁHdm,H > 0,/eHdm <e41p = CAybch_qu. (12)
Qo

17



DISCRETISATION OF LANGEVIN DIFFUSION IN THE WEAK LOG-CONCAVE CASE

— Second term of (11). We have for all i > 0, due to the fact that cp’ < Fi < cpi~t
on € \ Qi_1,

/ F2Hdm < cp™! / Hdm.
Qi\Qi—1 Qi\Qi—1

Then using again Lemma 6 of Barthe and Roberto (2003), for any i > 0, we
obtain that

sup / F_%Hdm,HZO,/eHdmgez—i—l
Q:\Qi—1

cp" " tm (4 \ Qi—1) log (1 + 62>
m (Qz \ Qi—l)

< sep ™!+ cp 1 B(s)Capm (O \ Qi)

IN

where we used inequality (9) applied to p in the second step.

Let set for any i > 0,

so that we have 1o, < g; < lg,, recall that m(€;) = 1/2. This implies, using
the definition of Capy, (2; \ Q;—1), that

4 1
i—1 2
cp'  Capm (2 \ Qim1) < ————=5 / |V FL|[“dm,
1— 2
ol VP) Qs

then

sup / F_EHdm,HZO,/eHdmgeQ—l—l
Q:\Qi—1

p(f_(%? [ v Pan (13)

Qi1 1\ Qs

< sepl 4
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We replace (12) and (13) in (11),
sup{/F_%Hdm,H > 0,/eHdm < ¢? —|—1}

< sup /FJQFHdm,HZO,/eHdmgeQ—i—l

-+ B(s) 2
< Capgc 2+ + / VF,[[*dm.

142
The optimal values of ¢ and p are s 2 and 1 /4 respectively, so we get
sup{/FfHdm,H > 0,/@Hdm <e?+ 1}

4\ 1
< (Canat3) 77 +165(9) [ IV fualPa.
Q4

e Since 0 < f < M on §_, the second term of (10) will be treated exactly as in
Cattiaux et al. (2007). Then

2
sup{/FEHdm,HZO,/eHde €2+1} < M

s+ 168(s) / IVE_|2dm.

We obtain that

Ent( 1) < Ciagg (5+57%) + 5(s) [ 9] %am,
Rd

which concludes the proof. |

4.4 Modified WLSI under Hy (¢, L)
Let us recall that the measure m is in fact denoted as u(6) = %e*U(G)

k1 (¢, L)-condition. In Lemma 4 we obtained the inequality

, where U satisfies a

1
Vk >0, Vte[0,h], Oplri < —5Eki+ 5dL*t,
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and we were interested in an inequality that linked the relative entropy Jj, ; and the Dirichlet
form &4 of fry = \/nke/p when 0 < r < 1. Since the function fj; is not necessarily
bounded we can’t apply WLSI so we are going to use Proposition 9.

To do this, we need first to lower bound the Poincaré constant C'p(u) to determine the
function /8 involved in the measure inequality (9) and obtain an upper bound of ny; of the

type
ng(0) < Ae~(170)U)

which would imply that fl?,t < AZexp{bU(0)}.

4.4.1 UPPER BOUND ON THE DENSITY OF THE ULA UNDER My (¢, L)
Proposition 2 states an upper bound of the density mj which is proportional to e~ 16U
Using the same procedure but applied to the continuous process

Okhst = Ok, — tVU (On) + V2Wr,
for any k£ > and any fixed t € (0,h) we prove the following result.

Proposition 13 We assume Hy, (¢, L) and that the function U satisfies Hicy (¢, L) and
Humin- If b Sye min{1/L,1/d}, a positive constant Ay exists (that could depend on d) such
that

VOERY, Vk>0, We[0,h], np0) < Age 1O

Moreover log(Aqg) Sue AT |

Performing a similar proof to that of Proposition 12 and using the bound of the ng 4,
we obtain the following corollary.

Corollary 14 We assume Hy, (c,L) and that the function U satisfies Hiy, (¢, L) and
Hmin- If h Sue min{1/L,1/d} then there exist two positive constants ¢ > 1 and C > 0 such
that for any Q@ C R% and any function H > 0 such that fRd eH(e)du(G) <e?+1, we get

1/q
/Hdnkﬂg < Ad /Hd/,L .
Q Q

The proof may be found in Appendix C.3.

4.4.2 POINCARE CONSTANT

Since p is a log-concave measure, a Poincaré inequality is verified with constant Cp(u).
Using the Bobkov bound of the Poincaré constant in Bobkov (1999) and the procedure of
Proposition 3.5 in Crespo et al. (2023), we formulate the following lemma, which proof is
deferred to Appendix C.4.
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Lemma 15 We assume Hy, (¢, L) and that U satisfies hypothesis Hiy, (¢, L) and Hmin,
then
CP(M) zuc d7(1+r)2-

As a consequence of the lemma above, we recall that the measure-capacity (9) applied
to w is verified and the function § could be defined as

1 2 1 2
B(s) = ad(*7)” Jog (g) , 0<s< TSH
2 2 ’
bd(l—‘rr) , S§> #ﬂ

where a and b are two positive constants.

5 Numerical experiments

In this section, we study two numerical experiments: an application of the ULA to a
Bayesian logistic regression problem and a simulation study in a synthetic situation where
we can estimate numerically and verify the entropic convergence stated in Theorem 3.

5.1 Bayesian logistic regression

We are interested in applying ULA to the Bayesian logistic regression problem studied in
Durmus et al. (2019) (see also Held and Holmes, 2006; Gramacy and Polson, 2012; Park
and Hastie, 2007).

We consider N > 1 iid. observations (Xi1,Y7),...,(Xn,Yn) where Xi,..., Xy
are d-dimensional input variables and Y7,..., YN are binary output responses. Logistic
regression framework amounts to assume the responses to be distributed as Bernoulli
random variables such that

Y,, ~ Ber (¢(9TXn)> . mell,...,N},
where ¢ is the logit function defined by ¢(x) = (1 + e*m)fl, x € R and 0 is the parameter
of interest. We consider a prior distribution given by the following density with respect to
Lebesgue measure on R?,

d d
pr(6) o< exp {—a1 109 —ag Y \9“)!2/(1*“} , 0=, .. 0D)eRr?,
=1 =1

where we particularly consider a; = 0.1, ag = 0.9 and r € [0,1). The variations of p, with
r enable to address situations from strongly log-concave posterior distributions (r = 0) to
weakly log-concave ones (0 < 7 < 1). This choice of prior leads to the log-concave posterior
distribution of € which is given by the density

N d d
pr (01(X1,Y1), ..., (XN, YN)) o exp {— D (@) —ar Y (09 —ax) \9<i>|2/<1+7'>} ,
n=1 =1 i=1
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where the log-likelihoods are given by

0,(0) = log (1 + exp ((1 - QYH)OTXH)) .

We now introduce the potential

N d d
UN©O) =3 a(0) +a1 3169 + a5 3 (60204,
n=1 i=1 i=1

which verifies a My (¢, L)-condition. The associated gradient (sub-differential indeed)
defined by VUN (0) = (1UN(0),...,04UN(9))7 is given by

N
BUNO) = S (1-2¥)6 (1= 2¥)87 X, ) Xy + arsign(6)

n=1
2a509), ifr=0

242 9| (1=n/(A+0) i 0 < p < 1

+

for any j € {1,...,d}.
Given a step size h > 0 and an initial standard deviation factor o > 0, we introduce
the sequence (0 )x>o defined by the following recursion,

o =0& and Opp1 =0, — hVUY (0k) + V2h&k1, k>0,

where (§;)k>0 is a sequence of i.i.d. standard Gaussian random variables in R,
In order to verify the convergence of the ULA, we define the Césaro average of the j-th
component of a path of length K starting at Ky as

— K—1

G 1 () :

QKO,K—KKOI;I;%, je{1,...,d}.
=no

When Ky = 0, we only write 9%).

We consider two datasets from the UCI repository: the Heart disease dataset with
dimensions N = 214 and d = 13 (see Janosi et al., 1988) and the Musk dataset with
dimensions N = 6598 and d = 166 (see Chapman and Jain, 1994). In both cases, we
standardize the data and run 100 independent trajectories of ULA for different values of r
and initial standard deviation factor o = 0.2. For each dataset and for each r, we compared
the results with a true value obtained by performing K = 10° steps with h = 10™* for
Heart disease dataset (K = 10° and h = 107° for Musk dataset) and taking the Césaro
average over the last 10° (respectively 10%) values. The results are presented on Figures 1
and 2.
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(a) (b)
Figure 1: (a) Mean square error of the first component estimator at time k, 9](61), for
Heart disease dataset where we run 100 trajectories with step size h = 1072 and initial
standard deviation factor o = 0.2. (b) Boxplot of the absolute error of the estimator at

time K = 10%.

We observe that in both cases the mean square error has a tendency to decrease when
the number of ULA steps increases. The convergence of the error for the Musk dataset
is slower also due to the large size of the dimension d. In the strongly convex situation
the convergence is faster and the curve is apparently different from the rest of the curves.
Likewise, the absolute error is much lower in the case r = 0. These numerical results show
the complexity of the study when dealing with a weakly log-concave distribution compared
to a strongly log-concave one.

5.2 Synthetic example and entropy convergence

We are interested in verifying the order of convergence of the entropy obtained in Theorem
3 through simulation. It is important to mention that so far we have not found a numerical
study in the related literature in which entropy is estimated.

We consider 0 < r < 1 and we define the potential function U, : R* — R as

U, (6) = (1 +6]%) 7,
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Figure 2: (a) Mean square error of the first component estimator at time k, 9](61), for Musk
dataset where we run 100 trajectories with step size h = 1075 and initial standard deviation
factor o = 0.2. (b) Boxplot of the absolute error of the estimator at time K = 10%.

which verifies a Hfp (¢, L)-condition. Then its associated gradient is given by VU, (§) =

1—J2FTUTT "(6)6. This choice of potential leads to the log-concave density function

; o—Ur(0)
/’L'I‘( ) - Z )

where the normalizing constant could be computed using a change to d-dimensional
spherical coordinates and, in the case 0 < r < 1, we approximated the integral for the
radial coordinate z,

/21, if r=0,

Z:/e_Ur(G)dﬂ: p 4/2 o a1 , , li
Rd e Jo s et te U e, 0 <r < 1.

Once again, the value of r allows describing from strongly log-concave distributions (r = 0)
to weakly log-concave ones (0 < r < 1).

Given a step size h > 0 and an initial standard deviation factor ¢ > 0, we introduce
the sequence (0j)x>o defined by the following recursion,

90 = U&) and 0k+1 = Hk — hVUr(0k> + Vv 2h§k+1, k > O,

where (§;)k>0 is a sequence of i.i.d. standard Gaussian random variables in R,
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We recall that the entropy at any step k& > 0 is defined in (5) as

e e (8

where my, is the density function of 8. Then, if we observe N > 1 independent trajectories
(9/1.3)14207 (9;3)1@07 e (chv)kzo, we are able to estimate at any step k, the density function

my, as follows
N .
R 1 0 — 0
m{y(e):—m > 71< 5 ’“)
i=1

where 71 is the standard normal density function and the bandwidth § is chosen such that
it minimizes the mean integrated square error (for a more in-depth study see Scott, 2015;
Silverman, 2018).

We estimate the entropy using

AN 91

N
Zlo [ 0 ] = " llow(mfY (6)) + U (6))] +lo(2)
=1

Of course we expect j;CN to be biased, since for fixed (even if small) h, my, is the distribution
of a Markov chain with invariant measure iy, # p. Therefore, in the simulations we will
focus on the order of convergence of Jk, when the number of iterations k increases, which
should be approximately proportional to k~1d'*2(147)? when 0 < r < 1 and k~'d when
r=0.

We consider three space dimension d = 3, d = 10 and d = 30 with step sizes h = 1074
h = 107° and h = 1077 respectively, initial standard deviation factor ¢ = 0.2 and fives
values of the r parameter. We simulate N = 100 trajectories of (6y)r>0 and for each k we
estimate j;CN . The results are presented on Figure 3.

We observe that the entropy estimator decreases as the number of steps increases, with
the convergence of the curve apparently being faster for r = 0. The curves are arranged
according to the value of r, as expected while the increasing dimension d is reflected in the
need to use a decreasing value of A and in the slope of the curve.
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Figure 3: Convergence of JAkN where the initial standard deviation factor is ¢ = 0.2 and the

number of trajectories is N = 100.
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Appendix A. Some basic properties under a Hj; (¢, L)-condition

We recall some important consequences of the Hiy (¢, L) hypothesis that implies several
relations between the function and the norm of its gradient. These results appear in
Lemma 15 of Gadat et al. (2022) (a factor 2 appears in the statement that has already
been corrected by Crespo et al., 2023).

Proposition 16 Assume that a function V satisfies Hyy, (¢, L), then for all 6 € R?,

2¢

C (VI"(0) —min V7] < [|[VV(0)|]> < 2L[V(0) —min V].

Furthermore, it is possible to obtain lower and upper bounds of any function that
satisfies Hip, (¢, L) by a positive power of the distance to its minimizer.

Proposition 17 Assume that a function V satisfies Hiy (¢, L), then for all § € RY,

1
VI+7 () — min(V) 14" > (ZT)CH&) _ argmin V||?
and I
V(6) — min(V) < §||0 — argmin V2.

We state the following result which upper bounds the normalizing constant Z of u by
using Proposition 17. We will use it several times.

Proposition 18 Assume that U satisfies a Hiy (¢, L)-condition, then the normalizing
constant of u verifies the following inequality
Z <2(2n/0)2d%.
Proof We compute an upper bound of Z using the lower bound of U induced by
Proposition 17,
2
U(®) = c[|6 — 07|+, (14)

1
where ¢, = <(1J;T)°> 7 and 0* = argmin U. Then,

Z= /e—U<9>d9 < /e—Cr”f’—@*”lirde.
R R
Using the well known equality

dr¥2T(d/0)
Ca/'T(d/2 4+ 1)’

Ya >0, Y¢>0, /e—aWde —

]Rd

(15)
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we then deduce that

2 < ((1 Tr)c)

vl

T (d(1+7)/2) 21\ 2 ar
T (d/2+1) §2< > 4z,

where we used standard relations on the Gamma function. [ |

Appendix B. Proofs of the results in Sections 2 and 3
B.1 Proof of Proposition 1

mo(6)

The initial relative entropy is defined as Jy = [palog (W) dmo(0). Replacing my =
N(0,021,) and u(0) = 2eU®, we observe that

zZ 1
Jo = log ((m)> + [ (v6) = gl ) amafo).

Rd
Let’s study each term separately.

e From Proposition 18, we deduce that the first term is upper bounded as follows

dr

= dr
log| —— | <log 2d> Sue d(1 + rlogd).
(2mo?)2 (co?)

e Let be 0* = argmin U, applying Proposition 17, we have that

[S]ISW

U0) — 01> < =10 — 0** — = 10]* + min U.
20 2

1
202
If 02 < 1, then the function § — Z|6 — *||2 — 752 [|0]|% + min U attains its global

. 2
maximum at —7 LE 70" and

1 L
U(0) — == l0]* <
20 2

= 60*? + minU <. d,

where we used hypothesis Hpin in the last step. Therefore

[ (70 = 5ral61?) amo(0) 5.

Rd

Putting both parts together, the result is proven.
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B.2 Proof of Proposition 2

A key part in our analysis is the Proposition 2 which bounds the density mj proportional
to e~ 10U ), where the constant of proportionality is denoted as A4 and could depend on
d.

Proof The goal of the proof is to prove the following inequality

FA4;>0  Fb>0:  VE>0, VOeR?  mp(h) < Age tUOVI (16)

where = V y = max{z,y}. After obtaining this inequality with b = 1/10, the result in the
statement is immediate.

We recall the ULA defined in (4) as
9(k+1)h = Okp — hVU (Okn) + V2h&ky1, VE > 0.

The structure of the proof is divided in three parts. During the first part, we establish
several preliminary considerations that will be used later. Secondly, we study the drift of
the ULA. Finally, we define two compact sets B1 and By and we upper bound the density
my(6) by using two different techniques: one for § € B; U By and another for 6 ¢ B; U Bs.

We assume, without loss of generality, that min U = U(0).

Preliminary considerations: We introduce the key application ¢y, defined by

op 00— 0 —hVU(0)

We shall observe that ¢y, is one to one for h small enough.
Injectivity: Consider (z1,x2) such that pp(z1) = @p(z2), we then get

Tr1 — Ty = h[VU($1) — VU(%’Q)]
We then take the norm and use the L-smoothness condition on U to derive
|21 — 22|| < Lh||z1 — 22].

We conclude that ¢y, is injective when h < L~

Surjectivity: The proof use the Fenchel-Legendre associated to vy : x — @ — hU(x).
When hL < 1, we verify that 1, is a strictly convex function and we shall define

{n}"(y) = max {(y, z) — ¥n(z)}.
z€R4
The maximum is attained at a x solution of
y=x—hVU(x) <= ¢p(z) =y.
We then deduce that ¢, is a one to one mapping, and we define Zx = ¢p(0xr), so that

O+1)h = Zr + V2h&k 1,
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which results into the convolution decomposition

mk+1(9) = (pk * '72h)(9)7

where o, refers to the density function of a AN(04,2h1;) random variable and py is the
density function of Zj. Using the push-forward operator with ¢y, we observe that

e
) = (G oo )]

where | B| denotes the determinant of the quadratic matrix B. An immediate computation
shows that |Vp(p;, *(2))| is lower bounded when h < L™! with

Ven(er ()] = (1 - hL)?.

this inequality being sharp when U(6) = %‘QHQ.
Drift analysis: Our starting point is the L-smoothness property of U

L
Uy) <U(@) +(y =2, VU (@) + S lly - z||?,  Va,y R

We apply this inequality with y = ¢, (x) and obtain that

Lh

Ulonta)) < U) ~ 1 (1= 51 ) VU@

['hen, we deduce that
U(pl > U +h 17—]1 VUgol 2

To lower bound || VU (¢}, " (2))]|?, we use the triangular inequality and the fact that | VU |
is L-Lipschitz as follows

IVU(en(@))] < [[VU(en(2)) = VU ()] + VU (2)]]
< Llen(z) =zl + VU (2)]|
<

(1+hL)|VU ()]

We rewrite this inequality with z = ¢p(z) and deduce that

- VU(2)|?
Loy s | |
VU@ DI 2 1 e
We finally conclude the key inequality
vzeRY  U(p,'(2) 2U(2) + e VU (2)I%, (17)
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Lh
-5

h = TA¥Lh)?
C¥ inequality

where ¢ . We also state some inequalities that will be useful later on. First the

1

IVU@© = 2)|* = SIVUO)* = L=, (18)
and second the convexity inequality
U@ —x)>U(0) — (x,VU(9)). (19)

Upper bound: We will use all along our bound, a value of h small enough, and in
particular A < 1/4L. In the meantime, we will also use

vt € [0,1/2], log(1 —t) > —2t,

which is a standard consequence of the first order Taylor formula for ¢ — log(1 — t).

Below, we study two situations according to the size of ||#]|. For this purpose, we will
need to define a specific value for b, that should not be too large. Even though mysterious
at the first glance, we will need to choose

TO’
and this choice will be made clearer in what follows.
We also introduce two compact sets. The first one is defined by

2\/§>

B, =B |0y
1 ( 27

We then observe that Proposition 17 yields

Vo ¢ B |z > ‘“g” — U(z) > L.

The second compact set is defined through the constraint set

; ; e RIVU©) h
(1= hL)2(1 = h2L2/2)]%2 =

We shall observe that
0cC s %HVU(@)\F < _(d+1)log(1 — hL) — d/2log(1 — h2L/2)
— %HVU(G)HQ < 9(d+ )AL + dh?L2/2

— |[VUO)|? < 32Lb~1(1 + hL)d = ||§]] < RdT-»,
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where R is a constant independent of d and was obtained using the hypothesis H,, and
Propositions 16 and 17. We are led to define

By = B (od,Rd%) ,

and we then observe from our construction that
e*%HVU(G)II2

(1= hL)2(1 — REL2/2)[ =

V0 ¢ Bo, 1— Lh.
Case 6§ € B{UBy:  This situation is certainly the easiest to consider. Indeed, my, refers to
the density at iteration k of an homogeneous Markov chain. This Markov chain is recurrent
(we refer to the standard contributions of Meyn and Tweedie (2012) to verify the mean
reverting effect conditions). The Markov chain is also irreducible thanks to the Gaussian
noise at each iteration. Hence, the Markov chain is ergodic and converges towards its
invariant distribution, that possesses a density p, with respect to the Lebesgue measure.
We also know that p, — Z7'e~V when h — 0, which proves that for h small enough
pn is bounded on compact sets. Using that my evolves through a smooth convolution
operator with Gaussian kernels, we then deduce that for any k, my, is a C* density function
over RY.
Finally, for A small enough, a constant M exists such that

VO e BiUBy, VEk>0, mk(ﬁ) < M.

U being upper bounded inside the compact as follows

Cd = max U(0),
0eB1UB,

where C is a constant independent of d (and could change proportionally from line to line).
We finally deduce that V0 € By U By, Vk > 0,

me(0) < Age VOV with Ay = A eblCdTT V] _ eC’dllr,

where we assumed log M <. dr.
Case 0 ¢ By UBy: We assume that my, satisfies (16). We decompose my1 as follows
my11(0) = (pr *72n) (0)
— [rn()onlo - z)do
Rd

= [ m@n-ad Jon(@)pu(6 — ).

lel

0
llz—o/)> 12l |lz—o <121
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e Let us first consider = such that ||§ — z|| > ||0||/2, we apply the recursive hypothesis to
my,
Ade—b[U(go;l(G—z))vl]

[ momb-aas [ @ .

0
|lz—o]|> 141 [la—g]|> 121

Furthermore, we observe from (17) that U(y, ' (§ —x)) > U(# — z). Using that 6 ¢ By and
16 — || > ||6]|/2, we deduce that U(p; *(6 — x)) > 1, which entails that the V1 may be
removed in this case, and leads to

Age~tU (e (0-2)

/ Yo () pr (0 — x)dx < / Yo () A= hi) dz.

0 (4
Je—6)1> 15 Jle—6]1> 131

We now use (17) and then (18) and (19) to obtain

Yo () pr (6 — x)dx

lo—0)1> 15!
Ad —b[U(x—0)+c1 | VU (z—6)?]
S {—hny an)e &
Jle—e]1> 131
Ad _BU(0)+b(z, VU (8))— L VU (6) | 2+-ben L2 1|2
< — Yon(z)e ’ 2 h dz
=y
o013t

Aye VO3 [VUO)]

< b(a, VU (0))+ben L? ||z 4
= (1— hL)d v

Yon(x)e

|lz—6]|> 121

e llzl|?(1/4h—bL?ch)+b(z, VU (6))
(47h)d/2

be
Age—tUO-"LIVUO)|?

< .
= (1— hL)d de

\

lz—0)> 121

Some almost straightforward computations show that

be 2
be(9>7( bt 2)||VU(9>||2
Age 2 T 1—4hbe, L

0 —z)dx <
/||0| nen(@)pn0 = @)de < e T e 1272
Jla—6]> 121
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Using now h < 4L and b = we then get

10’

Age-UO="LIVU @) Age-UO-2IVUO)?
< .
[(1—AL)*(1—n2L2/2)]42 = [(1 — hL)*(1 — h2L?/2)]4/2

/ on (@) p (0 — )dz <
lo—0)1> 15!
We are led to use that 0 ¢ By, which entails

Age VO FlIvu©)l?

[(1—hL)?(1 — h2L2/2)]4/2 — < (1— Lh)Age V),

Consequently, we have shown that when 6 ¢ B U B

/ Yo () p(0 — z)dz < (1 — Lh) Age V(@) (20)

0
Ja—o]1> 121

e We finally consider the complementary set of integration. For this purpose, we compute
a rough upper bound of the d dimensional integral and get in our setting

Ag Ag a _lel?
_ < ¢ — 22 2k,

[
la—o)< 5t > 121

The growth property of U that is upper bounded as U(f) < minU + L||0||?/2 shows that
for hL <1/4 and 6 ¢ Bo

A 2
Ao pgie 5 < Lhdge™ O (21)

e Gathering the two previous upper bounds (20) and (21) and taking into account that
U(f) > 1if 6 ¢ By U Ba, we therefore deduce that

V@ ¢ Bl U BQ mE+1 (0) S Ade_b[U(e)Vl]‘

B.3 Proof of Lemma 4

We begin by formulating the following lemma to control the expectation of |VU|? under
a change of measure. This result will be useful to prove Lemma 4. Its proof is taken from
Chewi et al. (2022) and we include it for the sake of completeness.
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Lemma 19 Assume that VU is L-Lipschitz. For any probability measure m, it holds that
m(6
of [m®)
1(0)

Proof We recall that £ is the infinitesimal generator of the Langevin diffusion in (2), then
applying (3) to U, we observe that LU = ||[VU||?> — AU. We use integration by parts then,

2

E, [IVU(0)]?] < 4E,, + 2dL.

B m(0)
En [[VU@)] = EnlCU0)] +EnAU®)] < R/ £U(B)" 55 (o) + dL

= o). (25 )auo) + e

m(0) m(6)
§2/ —=VU ),V ——= |)du(0) +dL
Wiy T ( wie) )
2

1 m(6)
< ZEn [IVUO)|P] +2E, ||V | 1/~ +dL.

SEn [IVU(0)]%] + 2E, ( u(9)>

Rearrange this inequality to obtain the desired result. |

Lemma 4 recalls the link obtained in Vempala and Wibisono (2019) between the
derivative of the relative entropy of n;; with respect to u and its Dirichlet form. However,
we use Lemma 19 to control the discretization error as it appears in Balasubramanian et al.
(2022).

Proof [Lemma 4] Let k be fixed, the existence of 0;J;; is due to Proposition 3 and
hypothesis 3 of Miclo (1992). Moreover

Oyt = / a [log (”Zéé?) nk,t(a)] de.

Rd

Now, we follow an argument equivalent to the one used in Lemma 3 of Vempala
and Wibisono (2019). This argument is based on the infinitesimal generator £ and
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Kolmogorov’s forward equation. The time derivative of Jj ; satisfies that

Okt

[ e i ) o] o

R4

/ Dymo(0)d6 + / log (”;é?)) Byn ¢ (6)d0
ke S

= [ 1og (M2l Dym1(0)do,
J 1(6)

where it’s easy to check that the first term vanishes

/8tnk7t(9)d9 = 8t /nk,t(ﬁ)dO = (9,5[1] = 0.
Rd d

We recall that ny;, and my are the distributions of g1, conditional to Ok, and Oy,
respectively, then we replace ny((0) = [ga nyx(0]n)dmg(n) in the equation for 9.y,

O Ikt

)

/ o (n,iféf)) O / ny(0]n)dmy(n) | dO

2
[ 1o (") dungublmam n)as

R xRd M(

Nk ¢ 0
log ( Z’(é))> Oy 1. (8]m)dodmy (n)

R xRd

¥ log (”Z(gf)) Ay (Om)dmi(n),

R xRd

where we used Fubini’s theorem and Kolmogorov’s forward equation in the last two steps,

respectively.
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We introduce the infinitesimal generator £ given in (3), to obtain the Fisher information
Ert

B nk,t<0)
atJm = /ﬁlog < M(e)
Rd

Janao)+ [ (28210 (245 angu(olnan )

1(0)
R4 x R4
- R/ Llog <"z€§§)> dny4(0) +R /R <VU(9) — VU (y), Vlog (“Z(tg)) > dny (6]m)dmy (n)
= & +Rd /R d <VU(9) —VU(n),Vlog (“Z(tg)) > dnyi (6]m)dmy (). (22)

Let’s study the second term. Using Young’s inequality (a,b) < £|lal|? + 2||b]|?, where
€ > 0 and will be fixed later on, we observe that

[ {0 ® - v Tiog (") ) angoimamsto
R xR4
€ 1 ”k,t(‘g) 2
< 2Rd/Rd HVU(Q)—VU(n)H?dnﬂk(e|n)dmk(n)+26R[Hv10g( n ) dn o (9)
26
< 55 [ 10— al dngBlndmin) + 5 8 (23)
Ré xR

where we used that VU is L—Lipschitz at the end.
Note that the error term can be written as follows

10 = 011 drgyi (81n)dmi(n) = By, | 10kn1c — Ornl|*| -

R4 xR4

Moreover, the solution of (6) at time ¢ is such that 0gp,. s — Ogp 4 —tVU (Ogp) + V/2t€ where
€ is a standard Gaussian in R? independent of 6. If 71 denotes the standard Gaussian
density function, then the error term is

2
Emknuk ”gktht - ethQ - Emkm [H_tVU(Qkh) + \/%SH ]
= LBy, [IVUO0)I] + 20t (24)

Next, since VU is L-Lipschitz,

IVUB)| < VU Bknie)ll + L Okiss — Ol
< VU Oknge) || + L[| VU (Orn)|| + V2LLE],
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for h < 1/L, we can rearrange this inequality to obtain an upper bound for ||VU (0xn)||

1 2tL
0 < U6 —I&]I-
VU@ < = VU Bon)] + 2 e
Taking squares and expectations above, then using (a + b)? < 2(a? + b?), it results
2 4dL*t
2 2
B, [IVUOrn)|?] < mEnk,t VU Orni0)11%] + A= Loe
2 4dL(1 + Lt)

< & 25

S Uttt Ta—roz (25)
where we used Lemma 19 with probability measure m = ny ;.

Plugging (23), (24) and (25) into (22), we observe that
1 eL*t? (1+ 3L%?)
< (1-=—- = AL~
Otk < ( 2 (1— Lt)2> Ehete (1— Lt)?
If we assume h < ﬁ and optimize € such that 1 — i — % > %, we get € = @ and
finally conclude that
1
Ot < _igk’t + 5d L.
|

Appendix C. Proofs of the results in Section 4
C.1 Proof of Lemma 11
Poincaré inequality implies the capacity inequality
m(A)Cp(m)
2

(see Proposition 8.3.1 of Bakry et al., 2014). Then, we obtain inequality (9) from the
previous result if we find a positive function 8 such that

@imb%<LU§;>‘m&J<ﬁ@’

where 0 < m(A) <1/2.
Let us fix s > 0 small and define the function gs(x) = log (1 + é) — 2, for x € (0,1/2].

x

< Capm(A)7

. . . 2
Using that gs reaches its maximum at zmax = 3=, then we have

log (L) +5+1, 0<s< 55—
gs(ﬂ?)égs: s) e 226 +1
log(1 + 2¢?) — 2s, s> 2T
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After some simplifications, we define 5 as in the statement.

C.2 Proof of Proposition 12

On Q = {f > M}, we simply upper bound f — M by f, then
[0~ 22mee) / F2(0)H(8)dm(6).
Q

We apply Holder’s inequality where p,g > 1, 1/p+1/q = 1 and could be fixed later on

q

/ (0 H(0)dm(0) < / H(0)dm(0) / £2(0)H(0)dm (0)
Q Q

Q

Let’s study the second integral. Consider another constant ¢’ > 1 to fix later on. Since

1g_
0 < q’eq/e ! ( or equivalently 1+ z < e* where x = %0 — 1), then

[rroneane < L [ o Oame

Q Q
< % / eHO dim () / F2'P(0)dm(6)
Q Q)
< Lt | [ o)
Q

where we used one more time Holder’s inequality with constants p/,¢’ > 1 such that
1/p' +1/¢' =1 and the hypothesis [q e Odpu(f) < e?+ 1.
We have proven that

1
p'p

/f2(e)H(9)dm(9)g (qe/ (e +1) 1’) /H Ydm(0) g /f2P’P(e)dm(0) . (26)
Q Q

Let be m(8) = Ce ™V and f2(8) < Ae®V () then the expression inside the second
integral in (26) is

f2p’p(9)m(9) < APPCe(1-b'p)V(O),

If we choose p > 1 and p’ > 1 such that p'p < % then the exponent is negative and the
integral converges since V(0) 2. ||0] when ||6]| is large.
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C.3 Proof of Corollary 14

Let k£ and ¢ be fixed. We change of measure and then we apply Holder’s inequality two
times as in the proof of Proposition 12, see Appendix C.2 where m = p and f? = ny/p,
then

/ H(0)dn,(0) = Z / H(0)eV Ony, ,(6)du(6)
Q Q

-

1
P S /
) / H(0)du(0) / PPV 2P (9) df

Q Q

3
]

IN

Zl_ﬁ <i/ (62 + 1) q

where p,q,p’,¢' >1,1/p+1/g=1and 1/p'+1/¢ =1 and we used that [, eHOau9) <
e? +1.
From Proposition 18, we get that

1
p'p

1

q
/ H(O)dn1(0) < Curpr / H(O)dpu(6) / PV 22 (9) g
Q Q Q

o & -0 N
TN\2 dr q L\»r
Carppy = (2 (c) d> ) (e ( >+ 1) ) :

Now we study the second integral. The expression inside the integral is upper bounded
using Proposition 13 as follows

/
eP'P=1)U(0) ni?(@) < Azpexp { <9pp - 1) U(H)} ,

where

’ 10

If we choose p > 1 and p’ > 1 such that p'p < 1@0 then the exponent is negative. Let’s

consider particularly the midpoint of [1,10/9], then p’p = 19/18 and

o (P'P=1)U(6) ”ilf(e) < AZ’PG—%U(G).

Using (14) and (15) one more time, we get

/e(p/pl)U(e) niff(e) do < Alé'p/egloU(G)de < Azxp/e;g||e||12+rd9
Q

R4 R4

IN

201+T27r>g

dr
zdzA§p< :
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The results above imply the inequality

[ @m0 < ad| [ #0300
Q Q

where the constant A, changes proportionally. If we choose p > 1 and p’ > 1 such that
p'p =19/18, we would obtain the value of gq.

C.4 Proof of Lemma 15

We recall that the Bobkov bound on the Poincaré constant Cp(m) for the log-concave
probability measure m is, see Bobkov (1999)
1

>
Cr(m) 2 ey armtid)’

(27)

where K is a universal constant and id is the identity function on R, that is id(6) = @ for
any 6 € R%. From now on, we simply denote Var,,(id) as Var,,(6), where § ~ m.

We prove Lemma 15 using the Bobkov bound applied to p and following the same
procedure as in Proposition 3.5 of Crespo et al. (2023).
Proof Since U satisfies hypothesis Hiy, (¢, L), Proposition 17 implies that

2
(I1+7)c
where §* = arg min U. We use the fact that for any distribution m, Var,,(8) < E,.[||0—al?],
for any a € R?, then

Vary(e) < [ 9= o |Pd <
Rd

16 —60%))* < U'*(6), v6eR’

T U0

We formulate the following lemma to control the moments of U along the Langevin

dynamics (2). This lemma is taken from Crespo et al. (2023) but the proof will be omitted.

Lemma 20 Assume that U satisfies Hyy, (¢, L) and Hmin, then for any o > 1 and any
t>0
Ept [Ua(ﬂt)] Suc da(l—&-r)’

where ¥y ~ py is the Langevin dynamics in (2) with initial distribution N'(0,0%14).

The ergodic behaviour of (9;):>¢ yields

(1+7)e liHtl>soupIEJvt U7 (9,)] < CdH+”,

We conclude by using the Bobkov bound in (27). |

Var,(9) <
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