A Theory of Conglomerate Mergers
Online Appendix

Zhijun Chen*and Patrick Rey'

June 15, 2023

*Monash University. Contact Email: chenzj1219@Qgmail.com.

fToulouse School of Economics, University Toulouse Capitole, France. Email: patrick.rey@tse-fr.eu



A Product Differentiation

Consider highly concentrated markets where n4g = ng = 2. In each market, two products are
horizontal differentiated a la Hotelling, and consumers’ preferences over the two products are
perfectly correlated. There are two firms, A; and B, located at one end while the other two,
As and Bs, are located at another end. Let a; and 3, denote the margins for products A; and
Bj, respectively.

In market A, a consumer located at = € [0, 1] derives a net utility of w4 —ay —tx from buying
Aj and wq — ag —t (1 — ) from Ag, where ¢t > 0 indicates the degree of product differentiation.
Similarly, in market B, the same consumer obtains a net utility of wp — 8; — tx from B; and
wp — By —t (1 —z) from By. We assume that wa,wp > 3t, which ensures full market coverage.

We assume further that consumption synergies are uniformly distributed over [0, 1], with
F (s) = s for the sake of tractability in the analysis. Since the two markets, A and B, are
symmetric in this case, we focus on the symmetric equilibrium where oy = 5; = p; and ay =
Ba = pa.

Before a merger, the two markets are independent. Consumers located at x < & = % - %
will purchase the combination { A, B;}, while others will buy {As, Bo}. Firms A; and By earn
a profit of p;&, while A and By earn py (1 — Z). Their best responses are given by p; = 2t& and
py = 2t (1 — ). Solving for the best responses leads to the Hotelling price margins p} = p3 = t,

and each firm earns a profit of ¢/2.

Consider a merger between A; and B;. Suppose the conglomerate offers stand-alone products
Aq and By, as well as the bundle A; — By. Consumers prefer A to Ao if:

a1l — a2
r<rp=-— ——

(1)
and prefer By to By if:
r<zxrp=

Without loss of generality, let’s assume x4 < xp. Consumers with z < x4 buy the product
portfolio {Ay, B1} if s < 01 = p — a3 — 81, whereas consumers with 4 < = < zp buy the
portfolio {Ag, By} if:

1
s<021(x)5,u,—042—ﬁ1—|—2t<m—2), (2)
and consumers with z > zp buy {As, B;} if:
1
s<02(:1:)5u—a2—62+4t<:n—2>. (3)
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Conversely, consumers buy the bundle A; — By if:
s> o (zr) =max{o1,09 (z),092 ()},

where o (x) is continuous and satisfies 01 = 091 (£4) < 021 (x5) = 02 (xp) < 02 (1).

The analysis takes into account various configurations determined by the comparison between
o1 and oy (1) within the range of s € [0, 1], as well as the boundaries of 0 and 1. Specifically,
we focus on the scenario where 0 < 01 < 02 (1) < 1, with 0 < z4 < zp < 1, and this case is

illustrated in Figure A.O.
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We proceed to characterize the symmetric equilibria, where the conglomerate M sets sym-
metric stand-alone margins (a3 = 3; = p;), and the two stand-alone firms also charge symmetric

prices (g = B9 = py). Consequently, the thresholds x4 and zp are also symmetric:

_ 1 pr—po
= =r=-— . 4
TA=op =0 = 57 (4)
Throughout the analysis, we make the assumption that w4 and wp are sufficiently large to
guarantee that the entire market is served in equilibrium. The following lemma demonstrates

that, without loss of generality, we can further narrow our focus to the range where o1 < 1 and

<1

Lemma 1 Without loss of generality, we can concentrate on candidate equilibria where o1 < 1

and T < 1.

Proof. Consider a candidate equilibria in which o; > 1, or & > 1 4 2p;, implying that

no consumer buys the bundle. We first note that the portfolio {41, B1} must have a positive



market share. To see why, suppose the portfolio {Ay, Ba} attracts all consumers, implying that
M attracts no consumers and obtains zero profit. It must be the case that p, > 0; otherwise, the
stand-alone firms would incur a loss, and they would benefit from raising their prices to at least
cover costs. However, in that case, M could profitably deviate by charging p; slightly above p,
(along with a prohibitively high p, for instance). This deviation would attract (almost) half of
the consumers and generate positive profits.

Thus, we must have £ = % — % > 0 and p; > 0 (otherwise, M would incur losses
and could profitably deviate by increasing p; to cost). Now, let’s suppose that M reduces the
margin on the bundle to ' = 1+ 2p; — &, where ¢ is a positive but arbitrarily small value, so
that o) = p/ —2p; = 1 —¢ > 0. This deviation does not affect the demand from consumers
with s < o/, but it induces those with s > ¢ and z < Z to switch from {43, B1} to the bundle,
generating an additional margin of 1/ —2p; = o} > 0. Moreover, it also induces consumers with
x> & and s > o2 (x) to switch from {Ag, Ba} to the bundle, generating additional profits (as
w =2p; 4+ oy > 2p; >0). Thus, the deviation is profitable, which contradicts the assumption.

Consider a candidate equilibrium in which £ > 1, implying that no consumer purchases from
the stand-alone firms. Once again, we observe that the portfolio {A;, B1} must have a positive
market share. To see why, suppose that all consumers buy the bundle, resulting in M obtaining pu.
Now, consider a deviation where M charges p}| = (u —¢) /2 and i/ = p—e+0', where e > 0 and
o} € (0,1). In this deviation, all consumers with s < p/ — 2p} = o then purchase the portfolio
{A1, By} at a total margin of 2p] = u — ¢ (as this gives them a higher net surplus compared to
the candidate equilibrium). Additionally, all consumers with s > ¢ buy the bundle (as s then
exceeds the premium /' —2p!). By doing so, M obtains p' (1 — o) +2pj0} = p—e+0} (1 — o)),
which exceeds the profit of the candidate equilibrium, p, for any o} € (0,1) and € < o (1 — o}).

Hence, we must have 01 = p — 2p; > 0 (and, as mentioned earlier, o7 < 1). We now
demonstrate that p; cannot be negative. To see this, consider a candidate equilibrium where
p1 <0.If 2 > 1, then a slight increase in p; would not affect the sales of the bundle but would
reduce the loss incurred on the portfolio { A1, B; }, leading to a contradiction. If, instead, & = 1,
consider a small deviation to ¢/ = 4+ ¢ and p} = (,u' - Ull) /2 (such that o, = i/ — 2p| = 01).
This deviation induces some consumers with « € (1—¢, 1] to switch to the rival portfolio { A2, Ba}.
Specifically, those with s < o1 switch away from the loss-making portfolio { A, B;}, resulting in
an increased profit for M by (—2p;) x 01 x €. On the other hand, those with s € (01,071 + 4te)
stop buying the bundle, reducing M’s profit by p x 4te?. Since the gain is linear and the loss

is quadratic in ¢, it follows that, for sufficiently small €, the deviation has a positive net impact



on M'’s profit.

Therefore, we must have p; > 0. However, in that case, any stand-alone firm can profitably
attract some consumers (specifically, those close to z = 1 and s = 0) by charging slightly more
than p;, leading to a contradiction. m

Lemma 1 ensures that M sells the bundle in equilibrium (i.e., 03 < 1). As a result, we can
focus on two types of equilibria: "true" mixed bundling, where M sells the portfolio {41, B;}
alongside the bundle (i.e., o1 > 0), and "de facto" pure bundling, where M charges unattractive
stand-alone prices despite not committing to offering only the bundle (i.e., o1 < 0).

We proceed to characterize the candidate equilibria for each possible configuration before

addressing their existence.

A.1 Candidate symmetric equilibria

We begin by considering the true mixed bundling configuration, where M sells the bundle as
well as two stand-alone products: o1 € (0,1). Let T denote the location threshold such that

0’2(.’2‘):1: . ) ,
Py — K+

S22 oo

2 4t

T

A.1.1 Configuration 1: 0 < o; <o2(1) <1

This configuration arises when 0 < & < 1 < Z, as illustrated by Figure A.1 below. The

conglomerate M’s profit can be expressed as:
1

HM:uX{(1—01)§:+/ [1—02(x)]d:v}+2p1Xalsﬁ:u[l—[ oy (z) dz] — o3

T x

1

where the second equality follows from p—2p; = o1, & = 3 — 22 and 05 (z) = o1+ 4t (z — 2).
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Differentiating this profit function with respect to p; and using oy (&) = o1, we obtain:

Ol s o1 0% o1 o1 o1
= —— 4 T _— = — — 4 = ——= 4 = — 4tA — .
o, Hoy + 4012 + 5 = 9 (01— p) + 4012 vl + 4012 ; (4tz — py)

Solving for the first-order conditions for p; gives:

Consider a slight decrease of As’s margin as from as = p,. The profit of the stand-alone

firm Ay then becomes: .
zp
HA—ag[/ 021 (m)da:—i—/ o2 (z) dx],
A B

where x4, 091 (), and o3 (x) are given by (1), (2) and (3), respectively. Differentiating this
profit function with respect to ay and evaluating the derivative at ag = B9 = py leads to:

oIl 4

1 1
X o1
= +4 — — py— —
Dy /x [o1 + 4t (x — Z)] dz — py 5 pg/i dx

az=B9=p,

01 A X
= Zr-R-8) -,
Solving for the first-order conditions for ag = p, gives:

Combining these two FOCs leads to the equilibrium margins:

m_ 3
L =9

%
47

m
2

pr=0p t, py=1p

and the equilibrium threshold:

1 107
L m— 'y
iz Iz 5 + 61
1 85
Y= o=t
R s A
Then, the assumption o7 > 0 holds if:
t<tp,= 32
"T85



Conversely, whenever this condition holds, the other assumption also holds:

32Tt 3275t 1
~ 64 64 |, 177"

1—03(1) =1—[o] +4t (1 —2")]

Therefore, this candidate equilibrium arises whenever ¢ < t,,. We demonstrate in Online

Appendix B that this equilibrium indeed exists under this condition.

A.1.2 Configuration 2: 0 < o; <1 < oy(1)

This case arises when 0 < & < Z < 1, as illustrated by Figure A.2 below. M’s profit is then

equal to:

Oy =px{(l—01)z+ /x[l — o9 (z)|dx} +2p; X 018 = plT — /x oo(z)dx] — 03%.
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Figure A.2

We demonstrate that this configuration cannot arise in equilibrium. The proof consists of
two steps: first, we solve for the first-order conditions and derive the boundaries of parameters
for the best responses; second, we show that there is no interior solution for the best responses
in this configuration.

We first derive the first-order conditions for p; and py and identify the boundary of ¢; under

the candidate equilibrium. The derivative of II; with respect to p; remains the same as before:

8HM o1
= — (4tz — .
8p1 n ( x pl)

Solving for the first-order conditions for p; then gives: p; = 4tz.

Following a slight decrease in ag from ag = p,, As’s profit becomes:

M, = ag[/xBagl («) d + /xag (x)de + (1 — 7)),

A B



where x4, 021 (), and o3 (x) are given by (1), (2), and (3), respectively, while:

1_‘_0624-52—#4-1
2 4t '

z

Differentiating this profit with respect to as and evaluating the derivative at ag = 89 = py

yields:
8H T T
2 - / [01+4t(a:—92')}dx+(1—92')—p2[(;1—I—/dx]
Q2 |qy—B,=p, & L Jz
= [2t(T —2) — po) (%+:f—:i=)+1—:f

_ 4175{[1_2“1_;)2] (1+01)+4t(1—§s)—(1—01)}.

Solving for the first-order conditions for as = py and using 4t (z — &) = 1 — o then leads to:

10y 4(1-2)-(1—01)

Pr= 1+o0, '

Combine the two FOCs and using (4), we obtain the equilibrium margins:

26(5+01) — (1 —01)> 20t —3(1—o01)?
5 + 307 P27 T (5 4 30y)

P1 =

and equilibrium thresholds:

2(5+01)—(1—01)? _ t(B+or)+2(1-03) 5
4t (5 + 3071) T 2t (5 + 3071) ' )

T =

This candidate equilibrium arises under the condition z < 1, which amounts to:
t(5+01)+2(1—0f) <2t(5+4301) < (1+01) (25t —201) <0.

The above condition is equivalent to:

ot
012Q1(t)51—5-

Therefore, this candidate equilibrium can arise if o1 € (max{o; (¢),0},1). Note that g; (t) > 0
if and only if ¢t < 2.
Meanwhile, 01 > g; also implies:
1 (-0 +4tey 1 (B?+a(1-3%) 3

2 4t (54 301) 2 4(+3(1-%)) 8

The inequality follows from the fact that the numerator, (1 — 01)2 + 4toq, decreases in o for
o1 > gy (t), while the denominator, 4¢ (5 + 301), increases in o1, then the second term decreases

in o1.



We show that the first-order derivative for u, as evaluated at the candidate equilibrium, is
always negative. Differentiating M’s profit with respect to u, while keeping p; and p, fixed and
using T = (1 + 2py — p) /4t, yields:

81_[ T . T
Tf(u,pl;pg) = x—[ Uz(ﬂf)dﬂf—?mw—u[ dx

1—0’1 (1—0’1) (1—0’1)2 n N
— — -2 — + 8t
7 01 7 n 01T (0’1 .’L‘)

1—01
301 —1
8t (Ul )7

(1—o01)

= T+ 1

A

= —I —

where the second equality comes from z — & = (1 — 01) /4t, u = o1 + 2p;, and the first-order
condition p; = 4t%.

Moreover, using & = & (01) given by (5), we obtain:

Ol _ T—20t— (21 + 4t) 01 + 50% + 9073 ¢ (o1)

—— (s p15p = = -
o (1, 15 p2) s=i(on) 8t (54 301) 8t (5+ 301)

The function ¢ (-) = 7 — 20t — (21 + 4t) 01 + 502 + 9073 is strictly convex in oy for o1 > 0 (as
¢" (o) = 5do + 10 is positive) and satisfies ¢ (1) = —24¢ < 0. Thus, it is negative in the entire
range o1 € [max{o, (¢),0}, 1] if and only if it is negative at the lower bound of the range.

If t >2/5, max {g; (t),0} = 0. Then:
$(0) =7—20t < —1<0,

where the first inequality stems from ¢ > 2/5. If, instead, ¢ < 2/5, max {g, (t),0} = o, (t) > 0.
Then:

t

¢ (g1) = —3 (32— 750) (16 — 15) <0,

where the inequality stems from ¢ < 2/5.
Hence, for any p > 0 and any (p;, py) satisfying the associated first-order conditions, the

first-order condition for p is negative, implying that M can benefit from reducing p.

We now proceed to the candidate equilibria with de facto pure bundling, where o7 < 0. We
need to consider several configurations with different values of o2 (0) and o2 (1). However, we
can straightforwardly rule out two irrelevant cases. First, oo (0) < o2 (1) < 0, in which case the
stand-alone firms do not sell their products, resulting in p, = 0. Then, o9 (1) = p — 2py + 2t =
w2t < 0 implies p < 0, leading to a loss for the conglomerate from selling the bundle. Second,

0<1<02(0) <oz(1). In this case the conglomerate does not sell any products, and it must set



1 = 0 (otherwise, the conglomerate could attempt to sell the bundle by continuously reducing
w). However, this would imply o2 (0) = 0 — 2p, — 2t < 0, which contradicts the assumption.

We consider the following four configurations: configurations 3, 4, 5, and 6, respectively.

A.1.3 Configuration 3: 02(0) <0<o02(1) <1

Let 2 % — # denote the threshold such that o3 (Z) = 0. This case arises when 0 < & <

1 < z. Consider a candidate equilibrium in which:

e firm M charges prohibitively high (infinite, for example) margins for stand-alone products,

selling the bundle only to consumers with s > o3 (),

e firm M charges a margin of the bundle such that 0 < o5 (1) < 1, and
e stand-alone firms charge a margin such that o2 (0) < 0.

Since Z = 05 (0) > 0, all consumers with z < & will purchase the bundle. Using:
1 .
o2 (x) =p—ag— Py +4t (w—2> =4t (x — ),
the demand for the stand-alone firms can be expressed as:
1 1
Diaypyy = / oy (x)de = / At (x — &) do = 2t (1 — )%,
7 7

and the demand for the bundle is equal to 1 — Dyy, p,y}-

This configuration is demonstrated in Figure A.3 below.

|

Figure A.3



Then, the profits of the conglomerate and stand-alone firms are given respectively by:
My = o (1= Diayy) = (1-261 = 8)%), (6)
and:

4 = Dia,p,y =a2t(l—7)°,
HB = BzD{AQBQ} = BQQt (1 - '%)2 .

Each profit function is strictly concave in the firm’s own margin:

0%y 1
- 9(1_3) -~
o (1-2) -5 <0,
%Il 4 o9
A 91z _ 22
da3 (1-2) 4t <0,
91 B
2B 9(1-3)-2<0
T ST

Then, the best responses are characterized by the following first-order conditions, which are

expressed as the functions of the threshold 1 — Z:

1
= —2(1—3

ay = By=2t(1—7).

We now solve for the equilibrium threshold 1 — Z, which determines the equilibrium margins.

Note that:
~ |
o2 (2) = 7—ag—ﬂ2+4t<:ﬁ—2>
1 1
= —6t(l—7 -
1% 6t ( x)+4t<x 2),

then o3 (Z) = 0 amounts to:
106(1—2)>—2t(1—2)—1=0.

The above is a quadratic function of 1 — Z, and the solution is given by:

_tHVEE 410t

L
v 10t

The equilibrium margins are (where the superscript p stands for pure bundling):

. o AVI2 + 10t — 6t
poo= g = 5 ’
. o VE24 106+t
P2 = szf,
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and the corresponding threshold is:

e ap V210

T =1" =
10¢
It is straightforward to verify that # > 0 and o (1) < 1 under condition 22 <t < 3.

The conglomerate’s equilibrium profit:

44/12 + 10t — 6t 201 —t — V2 + 10t

and stand-alone firms’ profits are given by:

_p\3
H*_H*_vp ~p2_(pg)
a=Mp=py x 2t (1 -3)" = —;
This equilibrium arises when 0 < o9 (1) < 1, which requires t < ¢, = % Furthermore, to

prevent the conglomerate’s deviation leading to mixed bundling with 0 < o1 < g9(1) < 1, it

is required that t > ¢, = % (see the proof for existence of the equilibrium). Therefore, this

equilibrium exists if ¢,,, <t < ¢,. In the analysis of equilibrium existence, we demonstrate that

there are no profitable deviations within this parameter range.

A.1.4 Configuration 4: 05(0) <0< 1<o0o2(1)

This case arises when 0 < £ < Z < 1. In the candidate equilibrium:

e firm C charges prohibitively high (infinite, for example) stand-alone margins, selling the

bundle only to consumers with s > o3 (),
e firm C charges a high margin on the bundle such that o9 (1) > 1, and

e the stand-alone firms charge a margin such that o2 (0) < 0.

Recall that Z and Z denote the location thresholds such that o2 (Z) = 0 and o2 (Z) = 1.
The demand for the conglomerate and the stand-alone firms can be expressed respectively by

T — D{AQBQ} and 1 — 7 + ﬁ{Asz}, where:

- z 1
D{AQBZ}E/ oy () dr = —.

11



The demand in this configuration is illustrated in Figure A.4 below.

|

v

Figure A.4

The equilibrium margins are determined by the first-order conditions. Using o (Z) = 0 and
o2 () =1, we have:

1l a+fBy—p 1 14ar+By—p
T B B S . 7
TERt Ty 0 tTat At (7)

The conglomerate’s profit can be expressed as:

= 1 as+By—p 1
HMZM(JT—D{Ang}):H(Q‘FM*'St ) (8)

while the stand-alone firms’ profits are given by:

1 M*a2*ﬁ2_i
2 4t 8/’

IIg = s (1 _j'i_D{Ang}) = <+

M—a2—52_1>.

. 1
g = 52<1_x+D{A2B2}):ﬁ2<2+ At 8t

Each profit function is strictly concave in the firm’s own margin. Thus, the best responses

are characterized by the following first-order conditions:

I as+By—27; 1
F D = =0
ot f 2t At TR
1 p—200—09 1
F D - — =
orax ¢ o5 At st
1 p—as—2p 1
FOI'IBQ . §+4—t2_§:0

Solving these equations leads to a unique candidate equilibrium:

R ~P:§+l

:u _:u’—2 8’
3t 1

b= Feph =2 -

“2 be=m=5 -3



The corresponding thresholds are then given by:

5 3
_*:_pzf —_— ~*:~pszf—7‘
=g s 8 321
The equilibrium profits are:
. (i) 5 1)\°
o, = —t(Z+— 10
M 4t 17 16t) (10)
~D\2 2
T o e P (31
A B= Ty 4 16t

It is easy to verify that £ <1 if and only if ¢ > ¢, = 15—2 Therefore, this equilibrium occurs
when ¢t > t,. In the analysis of existence, we demonstrate that no profitable deviation exists

from this candidate equilibrium within this parameter range.

A.1.5 Configuration 5: 0 < 02 (0) <o2(1) <1

This case arises when T < 0 < 1 < Z. In this candidate equilibrium:

e firm C' charges prohibitively high stand-alone margins such that it sells the bundle only

to consumers with s > o9 (),
e firm C charges a margin on the bundle such that o9 (1) < 1, and

e the stand-alone firms charge a margin such that o2 (0) > 0.

The demand for the conglomerate and the stand-alone firms are given by 1— Dy4,p,} and

D¢ a,B,}, respectively, where:

1
Dyayy = /0 oo (2) da = (4 — an — By).

The profits of the conglomerate and the stand-alone firms can be expressed by:

s M(l_D{A2B2}):M(l_(ﬂ_a2_ﬁ2))a
11y @2 Dia,B,y = a2 (v — g — B3),
g B2D{A2B2} = 62 (7_042 _52)-

13



The demand under this configuration is demonstrated in Figure A.5.

Figure A.5

Solving for the best responses leads to:

W=5 =g (1)

The equilibrium exists if 09 (0) =y — ag — S5 — 2t > 0 and 03 (1) < 1, and these two conditions
hold when ¢t < 1/8. The equilibrium profits are: II}, = 1% and IT% =11}, = %6.

Now we demonstrate that the aforementioned candidate equilibrium cannot be sustained.
Let’s consider a deviation in which the conglomerate matches the rivals’ margins for the stand-
alone products: p; = py. This allows the conglomerate to cater to its loyal consumers located at
x < & = 1/2, who will purchase either the bundle A; — B; or the portfolio {A;, B;}. However,

such a deviation will lead some consumers to choose the stand-alone products {41, B1} instead

of the bundle. The net gain from this deviation can be calculated as follows:

Azu/ oy (z) dx — o3
0

e

Using the equilibrium margins 4 = 4§ and p3 = %, and noting that £ = 1/2 and 01 = i, we

3 (Y271 1 1 1 3t
A=" St —=))dr— —=——-2>0
4/0 (4+ <x 2)) TR 87

where the inequality holds when ¢ < 1/8. Hence, the candidate equilibrium cannot be sustained

obtain:

in this configuration under the conditions 0 < o2 (0) < o2 (1) < 1.

A.1.6 Configuration 6: 0<o02(0) <1 <o2(1)

This case arises when £ < 0 < Z < 1. In this candidate equilibrium:

14



e firm C' charges prohibitively high stand-alone margins such that it sells the bundle only

to consumers with s > o9 (),
e firm C charges a high margin on the bundle such that o2 (1) > 1, and

e the stand-alone firms charge a margin such that o9 (0) > 0.

Using o2 (Z) = 1, we can calculate:

4t '

xr =

The demand faced by the conglomerate and the stand-alone firms is given by & — b{ A2B,} and

1-x+ 15{ A3 Bo}s Tespectively, where:

. z (1 —=2t4+pu—-2
B = [ ostayia = (1722,

The conglomerate’s profit can be expressed as:
My = p ( T — ﬁ{Ang}) = 2ty, 7%,
and the stand-alone firm’s profits can be written as:
Iy=as (1-2t 2%, g =B, (1-2t7%).

The demand is demonstrated in Figure A.6.

=l
=

Figure A.6

We now solve for the candidate equilibrium. Differentiating IT4 with respect to ag, we obtain:

oIl 4

=1-2t 7% — pyZ.
davy vt

15



Taking a further derivative with respect to s, we have:

0114
da3

1
=—2T—py— <0

P2 At
The profit function is concave and the best response p, is characterized by the first-order con-
dition:

1-2t7?

Po=—7

Now, differentiating II; with respect to u, we have:

— = =2 :f?—u:zi =7 (2% — p)
o 2t '

There is a unique interior solution for the first-order condition, given by u = 2tZz.
Now we demonstrate that this interior optimum cannot be supported in the current config-

uration. From
142t +2py —
4t ’

T =

we can derive:

~ 2 — 4t T2 -
M =1+2t4+2py —p=1+2t+"—"" — 2z
X

By rearranging and using w = 1/t, we have 10 22 — (w +2) Z — 2w = 0. Solving for Z leads

(W+2) +1/(w+2)* + 80w

20
On the one hand, for Z < 1 to hold, we require w < %. On the other hand, 02(0) = 1—4tZ > 0

to:

Tr =

requires T < w/4, which implies w > %. These two conditions contradict each other. Therefore,
there is no interior optimum in this configuration, and the candidate equilibrium cannot be

supported for 0 < g3 (0) < 1 < o2 (1).

The equilibrium outcomes are summarized below:

Proposition 1 Consider a conglomerate merger between two markets where products are hori-
zontally differentiated a la Hotelling with perfect correlation across markets. Suppose the merged

entity does mot commit to pure bundling.

e When products are weak differentiated (i.e., t < ty, = %), there exists a unique symmet-
ric equilibrium where the merged entity engages in mized bundling. The equilibrium is

characterized in Configuration 1.
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o When products are mildly differentiated (i.e., t,, < t < t, = 15—2), a unique symmetric
equilibrium exists where the merged firm engages in de facto pure bundling. The equilibrium

is characterized in Configuration 3.

e When products are strongly differentiated (i.e., t > t,), a unique symmetric equilibrium
exists where the merged firm engages in de facto pure bundling. The equilibrium is char-

acterized in Configuration 4.

A.2 Existence of Equilibria

We have thoroughly characterized the candidate equilibria under product differentiation and
identified three configurations, each having a unique candidate equilibrium. We will now examine
the existence of each candidate equilibrium by verifying all potential deviations. As the second-
order conditions hold for each candidate equilibrium, there are no profitable local deviations
within their respective configurations. However, since a firm can unilaterally deviate to other
configurations, we must consider all possible “global deviations”. We will begin by analyzing
unilateral deviations by the conglomerate firm and subsequently assess deviations by the stand-

alone firms.

A.2.1 Deviations by the Conglomerate

We show that the conglomerate cannot benefit from any deviations, given the stand-alone firms’
margins o = 5 = p5. Firm M has the flexibility to adjust three margins under deviation,
namely aj, (;, and p, allowing for numerous possibilities. However, the following Lemma

enables us to focus on “symmetric” deviations and limit the number of relevant deviations:

Lemma 2 Without loss of generality, we can focus on deviations that result in x4 = zp € [0, 1]

and o1 € [0,1).

Proof. Without loss of generality, we can focus on deviations that satisfy a; > 34, which
implies 4 < xp. Furthermore, we can narrow our focus to deviations that result in x4 > 0 and
xp < 1. If x4 <0, firm M does not sell product A on a stand-alone basis. In this case, replacing
a1 with the "limit" margin o} = pj + ¢, leading to z/y = 0, would not affect its profit. On the
other hand, if zp > 1, it means that marginal consumers are not interested in By. Therefore,

firm M could increase its profit by slightly increasing p and 3, as it would not affect consumer
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demand (the choice between the relevant portfolios { A1, B1} and {A;, B2} only depends on «ay,
and the choice between the bundle and these portfolios only depends on p— /3;). Hence, we can
restrict our attention to deviations that lead to 0 < x4 < xp < 1.

Let’s consider a deviation where 0 < z4 < xzp < 1, implying a3 > ;. In this case, the
portfolio {A;, Ba} is strictly dominated by the portfolio {As, B1}, which provides the same
utility but at a lower total price (since oy = 3). As a result, consumers will choose either the
bundle (if their consumption synergies are significant) or one of the three stand-alone portfolios:
{Ag, B1}, {Ag, B2}, or {A1, B1}. Specifically, consumers with x < x4 will opt for {4y, By} if

s < 01, while consumers with x4 < z < xp will choose {Ag, By} if:

s <oz () =p—p3— B,
and consumers with z > zp will buy {Ag, By} if:
s < o9 () = p—2p5.
Conversely, consumers choose the bundle if:
s> o (zr) =max{o1,00 (z),02(x)}.

Note that, by construction, o (z) is continuous and increasing in z, and o () = o for x < x4,
o(x) =091 (z) for xy <x <zp,and o (z) =02 (zp) for z > xp.

Let’s now replace oy and [3; with:

and denote & = as the resulting threshold for the choice between the stand-alone offers.

ZATTB
2
In other words, among the stand-alone offers, consumers will prefer the conglomerate if x < &
and will favor the stand-alone firms if > 2. Since this change does not alter o3 (z), it does not
affect the demand of consumers with consumption synergies exceeding o2 (z5), as they choose

between the bundle and {Asg, Ba}.

Furthermore, suppose there exists consumers with consumption synergies below o1 (when

o1 > 0). Then:

e consumers with < x4 or z > xp are not affected: the first ones continue buying { A1, B1},

and the latter continue purchasing {As, By };
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e consumers with x4 < x < & switch from {Az, B1} to the bundle (Area G in Figure A.7),
whereas consumers with & < z < zp switch from {4y, B1} to {A2, Bo} (Area L; in Figure
A.7). As there are an equal number of consumers in both categories (i.e., xtp—& = T —x4),

the net impact on M’s profit is:

(W=081) =By >p—ar—pBy=01>0,

where the first inequality follows from «; > [, and the second inequality arises due to

the existence of consumers with 0 < s < o7.

Finally, suppose there exists consumers with consumption synergies s € (01,02 (zp)). Let:
—1
2y (8) = 0qy (8)

denote the relevant threshold for the choice between the bundle and {A, B1} when facing the
margins a; and ;. Furthermore, let:

'y (s)+xp

¥ (s) = A

denote the similar threshold when facing the margins o/ and /3}. Then:

e consumers with z < 2/, (s) or x > xp are not affected: the former continue purchasing the

bundle, and the latter continue buying {As, Ba};

e consumers with 2/, (s) < z < &’ (s) switch from {Ag, B1} to the bundle (with net gain
p — 1 from each consumer; see Area Go in Figure A.7), while these with &' (s) <z < xp
switch from {Ag, B1} to {A2, Bo} (with a net loss 8, from each consumer; see Area Lo
in Figure A.7). As there are an equal number of consumers in both categories (i.e.,
zp — & = 1’ — 2y (s) and the Area Gy and Area Ly are equal), the net impact on M’s
profit is:

(b= B1) = B1 >0,
where the inequality follows from the existence of consumers with 0 < s < o2 (zp) =

p—2p;.

The gain and loss of demand resulting from this modification are illustrated in Figure A.7

(for the case with o1 > 0 and o2 (1) < 1), where Area G; and Area Gy stand for the gain of
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demand and Area L; and Area Lo are the loss of demand from this modification. Since Z is the

midpoint between x4 and zg, Area (7 is equal to Area L1, and Area G5 is equal to Area Lo.

»
5
s=oy(x)
4,-B,
5 =0y(x)
s=0
* G, L: {‘42 B,
o f———"n SOUREE
{AI?BI} G, L
0 X, X Xg 1 X
Figure A.7

Thus, we can focus on deviations involving symmetric stand-alone margins: a3 = 1, which
implies x4 = xp and 09 (x4) = 02 (xp) = 01. Furthermore, we can narrow our attention to
deviations satisfying o1 > 0. To understand why, consider a deviation where oy = [ and
01 < 0. In this case, consumers only choose between the bundle and the offers of the stand-
alone firms. Let & = o, 1(0) denote the lowest threshold above which some consumers may
prefer the stand-alone firms. Raising aq and f3; to o) = 8} = p1/2 would then yield ¢} = 0 and
z'y = 25 = 7, thereby leaving M’s profit unchanged. Consumers with < Z would still choose
the bundle on which M charges the same margin p, whereas consumers with x > & would opt
for the stand-alone firms if s < o2 (z) and revert to the bundle if s > o9 ().

Finally, we show that we can further narrow our focus to deviations satisfying o1 < 1. To see
this, consider a deviation with 1 and a3 = 5y, resulting in ;7 > 1. In this case, consumers do
not purchase the bundle but instead choose either {A;, B1} (if 2 < & = 24 = zp) or {Ag, By}
(if x > &). Now, if we reduce the margin for the bundle to 4 = 1 4+ a3 + ; — &, where ¢ is
a positive but arbitrarily small number, it does not affect the demand from consumers with
s < 1 —¢, who continue to choose either {A;, B1} or {4y, Ba}. However, among the consumers
with s > 1 — ¢, this change encourages those with z < & to switch from {A4;, B;} to the bundle
and also prompts some consumers with x > & (specifically, those for whom s > o9 (z)) to switch
from {Ag2, B2} to the bundle. It’s important to note that for this deviation to be profitable, the
initial deviation must satisfy a1 + 8; > 0. Then, the condition o7 > 1 implies p > a3 + 3; > 0.

Consequently, the alternative deviation resulting in o1 < 1 is strictly more profitable than any
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deviation with o7 > 1. m

Now we examine the existence for all three types of equilibrium under weak, mild, and strong

product differentiation, respectively.

Weak Product Differentiation (¢t < t,) We first verify the existence of the equilibrium
under weak differentiation (i.e., t < ¢, = 32). The candidate equilibrium with mixed bundling
is characterized in Configuration 1. In this equilibrium, the conglomerate offers a price discount
for the stand-alone products such that o1 > 0. The equilibrium arises under the conditions
0<o1<o3(l)y<land xy =xp =2 € (0,1). Denoting by w = %, this equilibrium occurs in
the parameter region w > %.

5¢

Now, we examine the relevant deviations by the conglomerate given o5 = 5 = py' = 7.

The relevant cut-off thresholds are now given by:

so= L_op—p 5
) 2t 8 2’
. 1 9
oo(x) = p—2py + 4t z—5 :u—§t+4ta:.

The next Lemma 2 shows that we can further ignore deviations for which o1 = 0 (i.e., any

deviations leading to pure bundling):

Lemma 3 Without loss of generality, we can focus on deviations that lead to x4 = xp € [0, 1]

and o1 € (0,1).

Proof. From Lemma 2, we can restrict our attention to deviations of the form oy = 8, = p;.
Consider such a deviation and further suppose p; = 11/2, which implies o1 = u — 2p; = 0. Two
cases can arise based on whether o3 (1) is below or above 1. Let u be the threshold value of
such that o3 (1) = p— 4t = 1.

Suppose o2 (1) > 1, which occurs when:

w=p=1+

DN | o+

Recall that Z and & denote the location thresholds such that o9 (Z) = 0 and o2 (Z) = 1, respec-
tively. The demands for the conglomerate and for stand-alone firms are equal to T — D{ A2Ba}

and 1 — % + E{AQBQ}, where:

- z 1
Dyia,By) :/ oo (z)dr = e
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Using 02 (Z) =0 and o2 (Z) =

—_
[\
>
[\
|
=
|

F=c+

Firm M’s profit is given by:

(5~ Deagin) = (2 2+ L),

8 4t st
which is strictly concave in in p. Solving for the best response yields:

—t.
4 4

However, t < % implies u? < . Hence, the maximum profit is achieved at the boundary u = p,
which is equal to:

HM:M@—ZJr;t):(H;) (1—;>:t<w+;> (1—3).

Comparing with the equilibrium profit:

4 " 64 4096w

- L, 107, 23752 (w107 2375
M=47 64 4096 ’

we have:

(Mar —Tar) N (w)
t 4096w’
where N (w) = 512w3 — 2816w 4 4800w — 2375. Note that N (53) > 0 and N’ (w) > 0 for w > 52

imply N (w) > 0 for w > %. It follows that IT; > IIs, and such deviation is not profitable.

Consider now the case where o9 (1) < 1, which occurs when:

p<p=1+

N | o+

Then, firm M’s profit can be expressed as:

Mar () = [1 =26 (1= 2],

where 7 is such that o3 (Z) = 01 = 0 and satisfies:

(1 —-2)=02(1).
Differentiating Il;; with respect to p yields:
oIl
6724 1-2t(1—2) - p(l—7)

l4+p  15t—4
> 1-— ==
8t 16t

> 0,
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where the first inequality comes from 1—2 = 05 (1) /4t < 1/4t and p < p, and the last inequality
32

follows from ¢ > ¢=. Hence, any deviation involving o1 = 0 and p < p is dominated by the
deviation with o1 = 0 and p = p (i.e.02 (1) = 1), and the latter is not profitable as we have
already shown. m

Relevant Deviations

It follows from Lemmas 2 and 3 that we can restrict our attention to deviations with sym-
metric stand-alone margins, of the form a; = 8, = p;, and for which 0 < 01 = p—2p; < 1. Two
cases can arise, depending on whether o4 (1) is above or below 1. For 0 < o1 < 03(1) < 1, we
know that the candidate equilibrium maximizes the conglomerate’s profit in this configuration,
and no such deviation can be profitable.

Hence, we only need to consider the deviation leading to 0 < o1 < 1 < o9(1). This case

arises when:

N o+

pw=p=1+

Recall that:
20— 4542t 9 S—p
_ 1y _ 2P2 _ 2
T=03 (5) At st w

which represents the largest location for which a consumer may be buying the bundle (any
consumer with = > & will patronize the stand-alone firms, as s <35 < 03 (z)). The demand for

firm M’s stand-alone offering is given by:

D{AlBl} (/"L7pl) = 0-1:%7

whereas the demand for the bundle is:

xr
Dayn () = (L=an)i+ [ (1= oa(w) o
x
Therefore, firm M’s profit can be expressed as:
v 2
1157, (:U’v pl) =pDa, -, + 2p1D{AlBl} =H |:$ - [ UQ(x)d$:| — o1t
x

We first characterize the optimal deviation under the configuration 0 < o1 < 1 < o2(1).
o

1)

Differentiating with respect to p; (noting that Z does not depend on p; and using oo(%) =

yields:
GHM o1 R g1
O (1 p1) = 5 (4tz — py) = 5 (2t + 2py" — 3py).
It follows from o1 > 0 that IIps (u, pp) is strictly quasi-concave in p; and is maximal for:
3
P1= P(f =5t



The condition o7 > 0 then amounts to (denote by fi the threshold of y such that o; = 0):
o __ d __
w> = 2p] = 3t.

Then:
5 5 1
—021—7 1—7 = - .
W= p 2t> th 17>0

The above condition implies that, for any u > p > ji:

Thus, the optimal deviation must satisfy p; = p‘li, implying:

2 2t 8

Now, we show that the optimal deviation is not profitable. Using:

_ ~ 1—0‘1
xr =
T
po= o1+2pf = o1+ 8,
[ oxaae = @-a to1_(L=o)(l+a)
& 2 8t

we can further express M’s profit as a function of oq:

N N 1-— 1— 1+ R
My (o1) = (o1 +8t2) (2 + o1 _(1-01)(1+01) — o2
4t 8t
1— 2
= (o1 +8t2) <5€+(851)>_0%5€'

The relevant range is o1 € (71, 1), and the derivative is given by

1 —8ti — 4oy + 307 1—3t— 401 + 307

s (1) = 8t - 8t
Then, II}, (1) is convex and satisfies:
m, (1) = =<0,
() = 20 <
where the second inequality comes from ¢ < %. It follows that IIp; (01) < 0 in the relevant

range 01 € (11, 1). Thus, any deviation leading to o1 > 7, is dominated by a deviation leading
to o1 = 13 (i.e., 02(1) = 1). However, we know that any deviation leading to 0 < o1 < 02(1) =1

is not profitable.
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Mild Product Differentiation (¢,, <t < t,) The equilibrium with de facto pure bundling
occurs under mild product differentiation occurs (i.e., % <t <t = %) The candidate
equilibrium is characterized in Configuration 4 with 01 < 0 < 05(1) < 1. Using w = %, the

relevant parameter range is:

12 85
—<w< —. 12
5 == 32 (12)
Firm M’s equilibrium profit can be rewritten as:
4v/1+ 10w — 6 20w — 1 —+/1 410
= (1) o (TS (B AT,
w

Thanks to Lemma 1, without loss of generality, we can focus on deviations with a; = 8, = py,
— VIOt
2= 5

given that the margins of stand-alone firms are o = 55 = p . Consumers’ relevant
options include the bundle and the two stand-alone portfolios offered by firm M and by the

stand-alone firms. Specifically, consumers with z < & will purchase {A;, By} if s < o1, where:

I pp—=pp  V1+10w+6 pg

== = .
2 2t 10 2t

Alternatively, these consumers will opt for the bundle if s > o1. Conversely, consumers with

x > 2 will buy {Ag, Ba} if s < 02 (z), where:

dtx, (14)

1 2t (v1+ 10w +6
ag(x)—,u—2,b2+4t(:c—2>—,u— ( 5 )+
These consumers will opt for the bundle if s > o2 (z).

The following Lemma demonstrates that we can further disregard deviations where 01 = 0

(i.e., any deviations leading to pure bundling):

Lemma 4 Without loss of generality, we can focus on deviations leading to x4 = xp € [0,1]

and o1 € (0,1).

Proof. From Lemma 2, we can limit our focus to deviations of the form a; = £, = p;.
Consider a deviation with p; = p/2, such that o3 = p — 2p; = 0. Two scenarios can then arise,
depending on whether o3 (1) falls below or above 1. Let’s denote by p the threshold value of u
for which o9 (1) = p — 2py + 2t = 1.

If o02(1) < 1, then the demands for the conglomerate and for the stand-alone firms are
respectively equal to 1 — Dya,p,y and Dya,p,y, where Diy,p,y = 2t (1 — :i)2, and T is such
that oo (Z) = 0. Consequently, the profit of firm M, as given by (6) (with the margins of the
stand-alone firms set to their equilibrium values: ag = 85 = ph), is strictly concave in p and

reaches its maximum for p* = .
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Let’s consider the case where o3 (1) > 1. Using (14), this condition arises when:

t (214 10w — 8)
= .

p>p=1+2p, —2t=1+

Firm M’s profit can be expressed as:

_ 1 2p—p 1
M () = o2~ Dnam) = (5 + 2724 1),

where Z is such that oy (Z) = 1.
Differentiating I1;; with respect to u, we obtain:

1 2py,—2 1
L2221

Mar () =5 At 8t
3 300 pz
S 378 Ty
_ 3 3w VIFIw+l
2 8 10 -

where the first inequality comes from p > p, and the last inequality follows from w > % Hence,
any deviation involving o1 = 0 and p > p is dominated by the deviation with oy =0 and u =
(i.e. 02 (1) = 1). However, we have already shown that deviations leading to o3 (1) = 1 is not

profitable. m

It follows from Lemmas 2 and 4 that we can restrict our attention to deviations with sym-
metric stand-alone margins oy = 87 = p; satisfying 0 < 01 = p — 2p; < 1. We examine two
relevant cases that depend on whether o3 (1) lies above or below 1.

(1): Deviations leading to 0 < 01 < 02(1) <1

Using (14), this case arises when p < p. The demand for firm M’s stand-alone products is
given by:

Dy, By (1, p1) = 012,

whereas the demand for the bundle is given by:

1
D (wp) = (L=an)i+ [ (1= aa(o)] do.

T

Then, firm M’s profit can be expressed as:

1
oy (1, p1) = D ay—B, + 2p1Da, By = [1 —/ oa(x) dw] — ofi.
X

First, we solve for the optimal deviation. By differentiating Firm M’s profit with respect to

pp and using 09(%) = o1, we get:
Ol
9py

01 R 01 .
(1, p1) = s (4tz — py) = e (2t +2py — 3p1) -
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Given that o1 > 0, it follows that IIps (u, pq) is strictly quasi-concave in p; and reaches its

maximum at:

g 2t+2py 2t (/1410w +6)
P1=pP1 = 3 = 15 .

The condition o1 > 0 then implies:

4t (V14 10w + 6)
15 ’

p> i =2pf =

where /1 denotes the threshold of y such that o1 = 0.

We will now demonstrate that the optimal deviation is not profitable. To do this, we need
to compare ji with u, considering two scenarios: either either j > p or 1 < p.

Suppose j& > p. Then, p < p < fi implies o1 < 0. Since [T (1, p1) is continuous and strictly
quasi-concave in pq, it follows that any deviation leading to 0 < o1 < 1 < 03(1) is dominated by
the deviation that leads to 01 = 0 (maintaining p and adjusting p; to 1/2). However, according
to Lemma 4, deviations where o1 = 0 are not profitable.

Suppose i < p. For any p € (ji, ], o1 > 0 and the optimal deviation must satisfy p; = od,
which implies:

Lopf—py 1 ph

TTYT T T6 e

Using o9(x) = p—2py + 4t (z — %) =01 +4t (x — ), we can rewrite I, as a function of oy:
My (01) = (01 + 8t2) [1 o (1—7)—2t(1— 5;)2} ~ o2
The relevant range is 01 € (0,1) and the derivative is given by:
Iy (01) =1 — 201 — 2t (1 — 2)* — 8t& (1 — &),

which satisfies:

(1) =—1-2t(1—&)?—8t&(1—&) <0,

and:
() = 1-2t(1-2)(1+3%)
160w — 383 — 8y/1 + 10w
B 150
160 x 55 — 383 — 84/1+10 x £
< =0,
- 150

. . 85
where the inequality comes from w < £3.
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Given that the second-order derivative is negative, it follows that Iy (o1) < 0 within the
relevant range of o1 € (0, 1). Therefore, any deviation leading to o1 > 0 is once again dominated
by the deviation resulting in 01 = 0. However, according to Lemma 4, there are no profitable
deviations when o1 = 0.

(2): Deviation leading to 0 < 01 < 1 < 02(1)

This case arises when p > p. Recall that:

_ 200 —p+1+2t 3 V1+10w w
z=0y'(1) = it :,4_74_7_&’
4t 5 10 4 4

which represents the maximum location z at which a consumer will choose to buy the bundle.

The demand for M’s stand-alone products is given by:

D{AlBl} (M?pl) = 0-1:%7

while the demand for the bundle is:
z

Day_py (o) = (1— o) @ + / [1— 02(x)] da

T

Therefore, firm M’s profit can be expressed as:

T
s (s p1) = pDay—p, + 2p1Dgay By = 1 [97: - / 02(w)dw] —oid.
X

First, we characterize the optimal deviation. Differentiating I1y; with respect to p; (noting

that & does not depend on p;, and using o2(Z) = 1), we obtain:

Ol o1 o2 o1
— =—p—+ — +4012 = — (4% — p;) .
) (15 p1) Koy r o1f =~ (4tz — py)

Given that o1 > 0, it follows that ITys (u, p;) is strictly quasi-concave in p; and is maximized

when:
d_ 2t + 2py

The condition o1 > 0 then corresponds to u > [ = 2pcll. Similarly, we need to consider

P1L =P

two cases, depending on whether i > p or i < pu (recall that u is the threshold of x4 such that
oy (1) =1).

Suppose i > p. Given that IIns (i, pp) is continuous and strictly quasi-concave in py, it
follows that any deviation involving p € [u, 1) (i-e., 01 < 0) is dominated by a deviation leading

to o1 = 0. But deviations where o1 = 0 is not profitable from Lemma 4.
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We now focus on the case where > [ (i.e., 1 > 0). From the above analysis, for any such

1, the optimal deviation involves p; = p‘li, which implies:

P S et T Y
2 2t 6 6t
Using:
_ A+1*01
T = I
a

po= o1+2pf =01+ 8t

/aco-z(m)d;p — (j_ﬁ:)l—zdlz(l—al)&il—l—al),

we can express M’s profit as a function of o7:

1-— 1— 1
Iy (o1) = (01 + 8t) <§:+ 4:1 | Uléi +01)> 25

where the relevant range is o1 € (0,1).

Differentiating I1ys (1) with respect to o1, we have:

1 — 8tz — 4o + 302

I/ =
w (01) 3t

which is convex and satisfies:

and:

_9.d
My (0) = 1—2p§ _1<w_4\/1+10w+24> <0,

8t 8 15
where the inequality comes from w < %.

It follows that IIjs (1) < 0 in the relevant range o1 € (0,1). Hence, any deviation leading
to o1 > 0 is once again dominated by a deviation that leads to o1 = 0, which is not profitable
from Lemma 4.

Suppose ji < p. Note that, given p; = pd, Ty (1) = M (01) < 0 with the relevant range
o1 € (0,1), which corresponds to the relevant range of p € (fi, 1) with i = 2p¢ 4+ 1. Also note
that w < % implies:

4t + 4ph

t
pp=——g —2p§’+2tzﬁ(48—2\/1+10w) > 0.

Therefor, for i > p > p > 1, any deviation leading to u > p is dominated by a deviation leading
to = p (and 02(1) = 1). However, we have already demonstrated that such a deviation is not

profitable.
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Strong Product Differentiation (¢t > ¢,) Another equilibrium with de facto pure bundling
arises under strong product differentiation (i.e., t > ¢, = 1—52), and the candidate equilibrium
is characterized in Configuration 5 with o9 (1) > 1 and o1 < 0. We can rewrite the relevant

parameter region as:

5 1 1
1> — <= w=-<—. 15
=12 “Ti=5 (15)
Now, we demonstrate that the conglomerate cannot benefit from deviations, given that the

stand-alone firms set their margins o3 = 85 = ph = 3 —

%. Thanks to Lemma 2, we can
restrict our attention to relevant deviations with x4 = zp € [0,1] and o1 € [0,1). Under such

deviations, the thresholds are given by:

sl o= 5w oy
2 2t 4 16 2t’

and:

1 1
Ug(ﬂ:)zp—?ﬁg+4t<x—2>:u+4—5t+4t:c. (16)

The following Lemma demonstrates that we can further disregard deviations for which o1 =

Lemma 5 Without loss of generality, we can focus on deviations leading to x4 = xzp € [0,1]

and o1 € (0,1).

Proof. From Lemma 2, we can restrict our attention to deviations with a; = 8; = p;.
Let’s consider a deviation with p; = /2, implying 01 = u — 2p; = 0. Two cases can then arise,
depending on whether o2 (1) lies below or above 1. Let 7, denote the threshold of 4 such that
oo()=p+1i-t=1

Suppose o2 (1) > 1. Then, the demand for the conglomerate and for the stand-alone firms
is respectively equal to T — 13{ AsBy}y and 1 — T + 13{ AsB,}» Where [){ 4,B,} = w/8. Consequently,

the profit of the conglomerate is given by:

. 1 p—2py w

which is strictly concave in p and is maximized at p = p?.

Suppose o2 (1) < 1. Using (16), this implies:

e~ w

p<p=t+
The merged firm M’s profit can be expressed as:
My () = [1 =26 (1= 3]
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where 7 is such that o3 (Z) = 0 and satisfies:
A(l—2)=02(1).

Differentiating IIns (p) with respect to p, we obtain:

12t -5
> )
16t —

Wy (u) =1 =2t (1— &) — p(1— &) >

where the first inequality comes from 1 — % = o2(1) /4t < 1/4t and p < p, while the last
inequality follows from (15). Hence, any deviation involving o1 = 0 and p < p is dominated by
the deviation with o1 = 0 and p = p (02 (1) = 1). However, we have already shown that the
deviation leading to o2 (1) = 1 is not profitable. m

As inferred from Lemmas 2 and 5, we can narrow our focus to deviations where the stand-
alone margins are symmetric, i.e., a; = 7 = p;, which satisfy 0 < 01 = p—2p; < 1. Under this
condition, two cases can arise depending on whether o2 (1) is greater or lesser than 1.

(1): Deviation leading to 0 < 01 < 1 < 09(1)

This case arises when p > |2 Note that:

Wy — i +54+2t 5 3w
a2 5 3w p
T=0;(5) i 1716w

Firm M’s profit can be expressed as:

HM(MMH)ZM{E—léxaﬂmﬁm]—o%ﬁ

First, we characterize the optimal deviation. Differentiating I15; with respect to p;, we have:

8HM o1 R 01 1
oM =24tz —p) =2 (5t—>—3p, ).
am(mm) t(x p1) ; 1P

Given that o1 > 0, it follows that IIns (p, py) is strictly quasi-concave in p; and is maximized at:

a2t 1
PL=P1= 37 1o
Then, the condition o1 > 0 implies:
10t 1
>p=2p0="F—=
w=>p P1 3 6
Then:
HoE=3 " 12=18 " "

where the first inequality comes from (15).
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Given that IIps (p, p) is continuous and strictly quasi-concave in py, it follows that any

deviation involving p € [, it] and o1 € (0,1) is dominated by a deviation leading to o1 = 0,
which is not profitable from Lemma 5.

Then, we only need to examine the case where p > [ (i.e., oy > 0). From the previous

discussion, for any such p, the optimal deviation must satisfy p; = p‘li, which implies:

1 d_ 5 5
- _P17P2 _ _w

2 2t 12 48"

Firm M’s profit can then be rewritten as a function of o:

— o9z,
8t 1

X 2
s (01) = (01 + 8t&) <8tz+(1—01) ) 12

where the relevant range is o1 € (0,1). The derivative is given by:

T, (1) = 1 — 8t2 — 4oy —1—30%’

8t
which is convex and satisfies (using (15)):
Tw —20 1
I/ = — < ——
m (0) 18 15 <"
Iy, (1) = —-2<0.

This implies that I (¢1) < 0 in the relevant range o1 € (0,1). Thus, any deviation leading

to o1 > 0 is once again dominated by a deviation leading to o1 = 0, which is not profitable
according to Lemma 5.

(2): Deviation leading to 0 < 01 < o02(1) <1

This case arises when p < p. Firm M’s profit can be expressed as:

Ty (1 p1) = [1 _ /; oo (2) d:c] _ 0%,

Differentiating 115, with respect to p; and using o2(Z) = 01, we obtain:

Oll s

2
01 01 N 01 N
=t T i = 2L (4t — py).
o, (1, p1) pop T o Hdod =~ (4tz — py)

For o1 > 0, the optimal deviation must lead to p; = p‘li = 4tz. However, p < p < ji = 2p,
implies o1 < 0. Since Is (i, py) is continuous and strictly quasi-concave in p;, it follows that

any such deviation is dominated by a deviation leading to o1 = 0, which, as we’ve previously
established, is not profitable.
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A.2.2 Deviations by Stand-alone Firms

We demonstrate that the stand-alone firms cannot benefit from deviations from three types of

equilibria.

Weak Product Differentiation (¢ < t,,) This equilibrium arises when t < %. The can-
didate equilibrium is characterized in Configuration 1, where equilibrium margins are given by
pt=pm =1+ %t, of = Bf = p = 3t, and of = 5 = pf' = 5t. Given the symmetric
positions of the two firms, we need to consider two situations. First, one firm, say, stand-alone
firm As reduces aw, resulting in x4 < xp = 2. Second, stand-alone firm Bs increases 35, leading

toxp=2<zxp.

Deviations by Stand-alone Firm A; Suppose firm Aj sets ap < a5 = p5'. Consumers

with x4 < z < zp = & prefer the mix of { Ay, B1} than other options if:

1 1 53
< = — — B7 4+ 2t — = ==——t+2tx — as.
s<o9(z)=p"—as—p7+ (m 2) 5~ 6l + 2tz — ag
Moreover, consumers prefer { Ag, Ba} than other options if:
1 1 101
< =u* - — B5 + 4t — = | === —t+ 4tz — as.
s<og(x)=p"—ay—F5+ <x 2> 5~ 64 +4dtr — o

We will examine the following four relevant deviations respectively:
(1). Deviations leading to 02(1) <land 0 <z4 <zp=2

This case arises when:

1 155
1) = -4+ —t— <1
oa(1) 5" 64 o2 = L
a9 1 3
0 _ %2 -0
= AT iR
This requires ay € [ay, o3], where oy = min{%2¢ — 2 L}, Firm Ay’ profit function can be

written as:

Ma(as) = as { / " (@) + / 102(x)dm}

A x
o (6403 — 202(32 + 75¢) + 5¢(32 + 151))
B 256t '

Differentiating 114 with respect to aws, we obtain:

, (4 — 51)(48as — 32 — 15¢)
Ma(az) = 25611 '
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Solving for the first-order condition leads to:

5t
oy = i and a3 =

32 + 15t
48 7
where a3 = a} < a3.
Differentiating H:4 (cve) further with respect to g leads to:

384aip — 128 — 300¢

Ta(02) = 2561 ’
and
T (02) = o
Note that t < % implies:
H;(a%) _ 180;5—6;28
It is straightforward to verify that H;‘(gz) > 0. Hence, the profit function is strictly increas-
ing in the relevant range as € [min{%t — %, % , %t] and is maximized at o} = as.

(2). Deviation leading to o2(1) <1 and z4 <0

This case occurs when:

Firm As’ profit function can be expressed as:

T4 (0s) = o [/0 oo (2)dz + /; Jg(x)d:c} _ 0‘2(_160‘126+ 8+9%)

The first-order derivative of II4(«) is given by:

—32a2 + 8+ 9¢

HA(OQ) = 16

Then, the profit function is strictly concave:
Iy (a) = —2 < 0.

It is straightforward to verify that H:4(a2) > 0 for ag < %, given that t < %. Therefore, the
profit function is strictly increasing in the relevant range and is maximized at ag = % The

maximum profit from deviation is equal to:

g tB1+t)  tBw+1)
HA — — .
32 32w

Comparing it with the equilibrium profit:

—_ 25t(32 — 5t)  25¢(32w — 5)
AT o048 2048w
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it follows that:

(I —I%)w 2532w —5) (Sw+1)  9(32w — 21) -
t 2048 32 2048 ‘

Hence, such deviation is not profitable.
(3). Deviation leading to o2(1) > 1 and x4 >0

This case occurs under the following conditions:

t <om <5 15575 1
—<ay<ay=—t——.
2 =TT e 2
This requires:
32 ci< 32
123 85’
or equivalently:
1
32 32

In this case, firm As’ profit function can be written as:

Ha(a2) = a2 [/; 0211(m>d:c + /: Uin)dx +(1-2)

g [1024 (403 — 1200 — 1) + 320t(2a + 95) — 14425¢7]
32768t '

The profit function is cubic with respect to as and the derivative satisfies:

m 3
Ma(a2) = .

Taking the first-order derivative leads to:

1024 (1203 — 24as — 1) + 320t(4ag + 95) — 14425¢

/ f—
Talaz) = 32768t
Solving for FOC yields two optimal values:

ol 192110t — V39936 — 95040t + 43375¢
2 - 192 ’

L2 1921100+ V39936 — 95040t + 43375t2
2 )

192

where ol < a3.
We now show that both values are out of the range for as, and thus the optimal deviation

must be at the boundary. To see this, note that:

1 —
g — @ 3 475 1
= Cw—2 L /3003602 — 95040w + 43375
; 2% 7 102 192 v w Wt
9288w — 475 — /3993602 — 95 040w + 43375

192
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The above expression is positive since:

M(w) = (288w — 475)* — (39936w? — 95 040w + 43375) .
465\2% 21600
85  465\% 21600
4 27 2 14
> 43008 (32 224> = 00,

where we used w > % to obtain the inequality.
Hence, the profit function is strictly increasing in the relevant range for as < a9 and is

maximized at ay. The maximum profit is equal to:

(155t — 32) (3072 — 4800¢ + 5575t2)

% (a2) =
A@z) 1048576t
1155 — 32w) (3072w? — 4800w + 5575)
B 1048576w '
It is less than the equilibrium profit IT%, since w > % implies:

I — 0% (as)  3(32w — 75)2
= 32w — 55) > 0.
¢ 10185760 (02w = 95) >

(4). Deviation leading to o3(1) > 1 and x4 <0

This case can occur in the following range: as € (0, &2 = min % - %, %}) It requires:
32 i< 32
155 85’
or equivalently:
85 cw< 155
—<w< —.
32 32

In this case, firm As’ profit function can be written as:

Ma(z) = as Ujom(x)dﬁ/jag(m)dﬁ(l—x)

g [648(411 — 2020r2) — 1024(20r2 + 1)? — 5593¢2]
32768t ’

The profit function is cubic with respect to as and the derivative satisfies:

" 3

The first-order derivative of IT4 () is given by:

64£(411 — 40402) — 1024(202 4 1)(6crg + 1) — 5593¢2

ng —
al2) 327681
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Solving for the relevant optimum leads to
V1024 + 104768t + 240252 — 64 — 202¢

Qy =

192
_ t\/1024w2 + 104768w + 24025 — 64w — 202
N 192 ‘
Comparing with the upper bound as, we have:
Qg — Qg 123 155
= £ fainhiiehd
; kl(w),orw€(32,32)
g — Q9 85 123
= k f — ==
t 2(w)7 orw€(32, 32 )7
where:
ag — (12— 1) /102402 + 104768w + 24025 — (667 — 32w)
k (w) = = ,
t 192
ag — & /1024w? + 104768w + 24025 — (64w + 298)
o) = ——= 192 '

Note that k; (w) is positive in the relevant range:
ki (w) = 1024w? 4 104768w + 24025 — (667 — 32w)?
= 147456w — 420864 > 147 456 x 132—23 — 420864 > 0.
Moreover, ko (w) is also positive in the relevant range:
ko (w) = 1024w? + 104768w + 24025 — (64w 4 298)% = 66 624w — 64779 — 3072w? > 0.

This is true since kb (w) = 66624 — 6144w > 0 for w € (533,12) and ky (53) = 90516 > 0. It
follows that the profit function is strictly increasing in the relevant range as € [0,a2) and is

maximized at &y. The maximum profit under deviation is:
_ 155t 1 t
1t} (a2) = max { (G~ ). 104(5) ).
We now show that I1% (az) is less than the equilibrium profit. Note that:

H*_de H*_Hd 155¢ 1 H*_Hdl
A A(O@):min{ A 4 (Gez Q)Idl(w)’ A A(Q):dg(w) ,

t t S

where:

(18195 — 12128w) w
d = —
1) 4096w Ty

3(3027 + 448w) | w

65536w * 64

It follows that dy (w) is positive in the relevant range w € (122, 122) and dy (w) is also positive

dy (w) =

in the relevant range w € (g—g, 132—23)
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Deviations by Stand-alone Firm Bs Lastly, we confirm that the standalone firm Bj
cannot profit from any deviations. Consider the deviation where firm B increases 3, such that
r4 = T < xp. It is never optimal to deviate such that zp > 1, as firm By would then face no
demand. For simplicity, we focus on cases where z4 = £ < xp < 1. Furthermore, increasing /3,
reduces oa(z) = 1 — a} — By +4t(z — 1), eliminating the possibility of g2(1) > 1 since o5(1) < 1
in the equilibrium.

Hence, the relevant deviation arises under the following constraints:

155 1 5t 5t
ma{ gt -5 ghshsg

In this case, firm Bs’s profit can be written as:

1 - J—
p(B;) = By [/wB ag(x)dw} _ Ba(5t 2255261(32 5t)'

The profit function is quadratic and its derivative is given by:

(5t — 45,)(32 — 5¢)

IT] =
Solving for the optimum leads to:
. ot
By =Py = e

and the profit function is exactly equal to the equilibrium profit IT;;. Thus, there are no profitable

deviations for firm Bs.

Mild Product Differentiation (¢,, <t < t,) In this candidate equilibrium, the conglom-
erate only sells the bundle and the margins of its stand-alone products must satisfy o1 + 8, >
w* = pP. Without loss of generality, we focus on the candidate equilibrium with a;, 8; =
(any other candidate equilibrium with lower stand-alone prices for the conglomerate would only
generate fewer sales and profits for a deviating stand-alone firm) and on deviations by firm As
(given the symmetric positions of the two standalone firms, they face the same deviation profits).
As firm M charges prohibitively high stand-alone prices, the demand for A can only come from

consumers buying { Az, B2}, which requires s < o9 (), where:

1
o2 (z) = /lp—a2—bg+4t<:v—>

2
3Vt2 4+ 10t — 17t
= 5 + 4tz — Q9.
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Recall that the equilibrium margins are given by:

AW+ 106 — 6t t(4y/T+ 10w — 6)

* — hyY =
I i 5 5 )

\ g = VEZ+10t+t ¢t (VI+10w+1)
a2 = 2 = p) = = .

5 5

and the equilibrium arises in the parameter range % <w< g—g.

As before, let & and = denote the location thresholds such that o2 (Z) = 0 and o2 (%) = 1.
By construction, Z > % and, as long as £ > 0 and T > 1, firm Ay’s profit is given by 114 =
a2t (1 — )%, which is strictly concave in . It follows that there is no profitable deviation in
this range. We now consider deviations leading to either t <O0or 0 <z <z < 1.

(1). Deviation leading to Z < 0

This case arises when o2(0) > 0. This condition holds when:

_ 3V 10017t _
- -

% (3v1+ 10w — 17) < 0,

a2

where the last equality comes from w < %. Hence, this deviation cannot profitable.
(2). Deviation leading to 0 <z <z <1
This case arises when o2(1) > 1, which holds when:

3Vit2 + 10t + 3t B
5

o < Qg = 1.

Using 02 (Z) = 0 and o2 () = 1, we have:

1 — 1 1 —
:%:5_'_052—1—62 Poondz— Ly +az+ By —p

4t 2 4t ’

and:

r 1
/55 oy (x)de = e

We can rewrite firm As’s profit as:

II4 (CMQ) = Q9 </ O’Q(%)d.ﬁl?-i- 1 —a;)
. (3\/t2+10t+3t 1 a2)
= 2 _—_— = — .

20t 8t 4

Differentiating II4 with respect to ao, we obtain:

T (QZ):3+3\/t2+10t 1
A 20 20t 8t 2"
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Then, as < &g implies:

3 " V2410t 1 @

T il -
alaz) > o 20t 8t 2t
31 3V 10043t
8t 20t

3

= — (bw—2-2V1+ 10w) >0,
40

where the last inequality follows from w > % It follows that IT4 () is increasing in the relevant
range ag < ag. Thus, any deviation leading to £ < 1 is strictly dominated by the deviation

leading to & = 1, which is not profitable as we have already shown.

Strong Product Differentiation (¢ > t,) This equilibrium with de factor pure bundling
arises when ¢ > % The candidate equilibrium is characterized in Configuration 5 where o2 (1) >
1. Without loss of generality, we focus on the candidate equilibrium with a3, 8; = co and on
deviations by firm As. As firm M charges prohibitively high stand-alone prices, the demand for

Ay can only come from consumers buying { A2, B2}, which requires s < o3 (x), where:

1 1
oy (x) = p* —ag — 05+ 4t (x—2> = Z—t+4tw—a2.
The equilibrium margins are given by:
ot 1 3t 1
P =—+-and p, = — — —.
=g rgamd =5 g

Let Z and Z denote as before the location thresholds such that o2 (Z) = 0 and o2 (Z) = 1.
Then o2 (1) > 1 amounts to z < 1. By construction, Z > % and, as long as £ > 0 and z < 1,
firm Ay’s profit remains given by (9), and is strictly concave in ao. It follows that there is no
profitable deviation in this range. We now consider deviations leading to either < 0 and Z > 1.

(1). Deviation leading to z > 1

This case arises when o2(1) < 1, which amounts to:

3
g > 0y =3t — 1
Using;:
1
4t(1 — ) =o09(1) = 1 + 3t — o,

firm As’s profit can be written as:

1
HA (()[2) = 012/ O'2($)dl‘ = a2t (1 — f)Q = Q9
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Differentiating II4 with respect to ao, we get:

oz (1)

Iy (a2) = o (02(1) = 202)
— “28551) <i+3t—3a2>

3o2(1) (5
(2 )

where the first inequality comes from ay > as and the second inequality follows from ¢ > %
Hence, any deviation leading to z > 1 (or, equivalently, to as > a5) is dominated by the
deviation that leads to ag = ai, which is not profitable as we have already shown.

(2). Deviation leading to Z < 0

This case arises when o2(0) > 0, which amounts to as < ag = % —t. Since t > % implies

g < 0, this deviation cannot be profitable.

A.3 Welfare Comparison

We compare firms’ profits and consumer surplus before and after the merger. We consider three
types of equilibria respectively. Recall that before the merger, firms compete a la Hotelling in
each market and set equilibrium margins equal to t. Each firm earns a profit equal to % Total
consumer surplus before the merger can be expressed as:
1/2 1 5
5’05/ (w—2tw—2t)d:v—|—/ (w—2t(1—x)—2t)de =w — =t.
0 1/2 2

For simplifying the exposition, we will use w = 1/t.

A.3.1 Weak Product Differentiation

The conglomerate engages mixed bundling in the equilibrium when ¢ < % (equivalent to w > %)
Using w = 1/t, we can rewrite firm M’s equilibrium profit as:

w 107 2375
II =t|—-—+— - ——
i (@) (4 T 64 4096w> ’

It appears that II); (w) increases with w, and w > % implies that the merger is profitable:

s (w) >y (22)

36
t

=2t
7

It is straightforward to check that the stand-alone firms are worse off after the merger:

_25(32w —5)t  25(32w)t 25t ¢

A4 w) =15 () 2048w 2048w 64 "2
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We now examine consumer surplus. Following the merger, the conglomerate charges p'™ for
the bundle, while the margins for the stand-alone products are af = ] = p}* and o = 55 = pb’,
respectively. The cut-off threshold is & = %. Consumers with x < # and s < o1, who purchase
{A1, By}, obtain a surplus of w — 2tz — 2p". Those with & < z < 1 and s < o3 (x) who buy
{A2, By}, receive a surplus of w — 2t (1 — x) — 2p4*. The remaining consumers, who opt for the
bundle, receive a surplus of w + s — 2tx — u™.

Using 01 = p™ — 2p" and o3 () = p™ — 2p5* + 2t (2 — 1) = 01 + 4t (x — ™), the total

consumer surplus post-merger can be expressed as:

S = / / w — 2tz — 2p") dsdx—i—/ / w—2t(1—x)—2py")dsdx
+/ / (w+8—2t$—um)d8dm+/ / (w+ s —2te — ™) dsdz
0 o1 gmJoa(x)
™ oy 1 roz(x)
= / / (w — 2tz — 2p1") dsdx + / / (w—2t(1 —z)—2py")dsdz
o Jo amJo
am ol 1 1 am 1 1l
—|—/ / (w—2tx — p'™) dsdx + / / (w—2tx — ™) dsdx + / / sdsdzx + / / sdsdx
0 o1 gmJog(x) 0 o1 zmJoo(x)

&m 1 12 2
1
= w—/ (2tw+,um)dx—/ (2t:):—|—,um)dx++/ a2(w)dw+ﬁ:f:m
0 Tm T

2 om 2 2
1 o 82 (1 — a™)°
= w—t—um—|—2+021—|—2t01(1—:ﬁm)2+<3w).

Substituting p™ = 2 + 107t T = %t, o1 = um —=2p" = % —%t, and 2" = % into the above

expression leads to:

Si=w+ 3072w” — 72 384w + 12175) .

oo
24 576w
Comparing with the total consumer surplus before the merger, we obtain:

51— S, 1 12175
Ay (w) =220 = <3072w—10944+ - )

t 24576
Note that Aq (g—g) = 3223694 when w = gg Furthermore, w > 1mplies:

1 12175 85\ 95
/ N _ (%2 U0
A @) = 31576 <3072 7 ) > & (32) 1731~ Y

It follows that the merger increases total consumer surplus in this equilibrium.

A.3.2 Mild Product Differentiation

The conglomerate engages in de facto pure bundling in the equilibrium when 32 < ¢ <

85
(equivalently 2 < w < 35). The equilibrium margins for the bundle and the stand-alone

5
12
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products are given by:

(4y/T0w 1 - 6) ¢
)

(VI0w+1+1)¢t
5 Y

pP = apg:

while the corresponding threshold is:

L, 910w+ 1
wr=—.
10

In equilibrium, firm M’s profit is given by:

_ t(4/10w +1-6) y (20w — 1 — /10w + 1)

I
w () 125 w

It is easy to check that both terms increase in w. Then, w > % implies:

12 49

My (w) > Iy (5> = —t >t

Thus, the merger increases the conglomerate’s total profit.
We now demonstrate that the stand-alone firms earn lower profits after the merger than

before. The equilibrium profits for the stand-alone firms are given by:

e (VI T T+ D (w)
Halw) =15 (@) =5 = 250w ~ 7250

where: 5
(V10w +1+1)

D (w) = "

Note that w > % implies:

(VI0w +1+1)% (5w —1— /10w + 1 0
w? V10w + 1 '

It follows that IT% increases with w. Then, w < % implies:

85\ t _/85\ 25, ¢
Alw) < A<32) 250 (32) 6 2

Next, we assess the consumer surplus following the merger. In this scenario, the conglomerate

P (w) =

offers the pure bundle only. Consumers with = > & and s < o2 (z) purchase {As, B2}, and they
achieve a surplus of w — 2¢t(1 — z) — 2p5. In contrast, others who purchase the bundle receive a

surplus of w + s — 2tx — i?. The total consumer surplus can be calculated as follows, using the
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expression o9 (z) = i — 2ph + 2t (22 — 1) = 4¢ (z — 2P) for z > P

Sy = / / (w+s—2tx — 1 dsda:+// (w+ s —2te — 4P) dsdx
TP 02
// w—2t(1 — z) — 2ph) dsdx
TP
1

1
= w_/o (2tx + P )dx—[p(2ta:+ﬂp)(1—Ug(x))da:—/ (2t(1 — z) + 2ph) o2 (z) dx
[,

TP
2 p 2
1 82 3
= —t— —(1—2)°.
w u+2+3( 7)

Substituting the value of i and ph, we obtain:

tAVIOwFT—1) 1 8 <1+\/1Ow+1)3

Sp=w— 5 273 10

Comparing with the total surplus before the merger, we have:

M) = S2=So_ 20 1 4VIOw] 1+V/I0w+1)°
W) = t 10 2YT T 5 3w 10
1 VI 1 201 1)3
_ L (gpgpq OO0 HTL 2000+ 12 L rn GoovTom T4 S )
50 w w w
Note that:

A (12) _ 6,7 24 1006) 7
\5) ~ 572 5 "9\10) 50
(8

3
A(BY - 8B T o 8 (14 2\ 239
\32) ~ 64 "2 3x 8\ 10 T 3264
Moreover, % <w< % implies:
1 30w + 6 VI0w + 1 (17w + 2 3000 8
A’Q(w):(— wit0% Wt g Wt )+375——2><0.
750 \ w2y/10w + 1 w VIlw+1 w

It follows that Ay (w) > 0 for £ < w < 2. Thus, the merger increases total consumer surplus

in this equilibrium.

A.3.3 Strong Product Differentiation

The conglomerate offers the pure bundle only when ¢t > 5/12 (equivalently w < 15—2) The

equilibrium margins are given by:

5 w 3 w
P=¢t| 2+ = P =t =
fi (2+8),p’2’ <2 8>,
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while the corresponding thresholds are:

5 bw

s T30

3w

5
P — _
o 8 32

~ps __

The conglomerate benefits from the merger since:

5 w)?
IIy = -4+ — .
M t<4+16> >t

The stand-alone firms’ profits after the merger become:

my =t = (32
ATTBT 4 16)

t

Comparing with the profit before merger, 5, the merger increases their profits if:

w < 12 — 8v2 ~ 0.686 29,

or equivalently:
34+2v2
—

Thus, the merger reduces the stand-alone firms’ profits when % < t < t, but increases their

t>t, =

profits when ¢ > ¢,.

We now compare the total consumer surplus. Consumers with Z < z and s < o (z) will
choose to buy {A2, Bz}, and they obtain a surplus of w — 2¢(1 — z) — 2p5. On the other hand,
those who purchase the bundle receive a surplus of w+ s — 2tz — iP. The total consumer surplus

can be expressed as (using o9 (z) = i — 2p5 + 2t (2z — 1) = 4t (x — &P%) for © > TP):
FPs 1 zP rl
= [ [ wes-re-myasdor [ [ (st ) dsdo
0 0 zps Joa(x)

+/i:/ogz(x) (w — 26(1 — 2) —2ﬁ§’)dsdm+/x:/ol (w — 24(1 — ) — 27) dsda
_ w_/jps (th—i-ﬁp)d:c—/:p(%x—i-,&)(l—Jg(:ﬂ))dx—i-;fp—/ Tos (@) g,

] FPps 2

T

P 1
—/ (2t(1 — ) + 2pb) 02 (z) dw — / (2t(1 — ) + 2pb) dx

7P zP

1 8t2 (zP — zPs)3

= w—t(@p)Q—ﬁpr+§@p+ 2 —2ph (1 — zP) — t(1 — zP)2.

Substituting zP = % + %, P — P = w/4, pP = t(% + %), and ph =t (% — %) into the above

expression, we obtain:
S (29 e 2, 108
= — Wt —w——.
ST 1367 T et T 32
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Comparing with the total consumer surplus before the merger, we get:

S3—S 19 , 21 23
= w _|_ — W — —
t 1536 64 32

19 | 252 84480
~o1s36 \\ 19 361 )
Note that Ag (w) is a quadratic function. Furthermore, we have Az (£) = T and Az (0) =

5/ 7 507
—23. Then, Az > 0 if:

Ag (w)

16330 — 252

19 ’

w>w

or equivalently:

19
t<ty= ——— ~049.

161/330 — 252

Thus, the merger increases consumer surplus when % < t < ts. Conversely, the merger reduces

consumer surplus when t > t,.

B Merger Dynamics

In this section, we begin by proving Lemma 1 in the text.

Proof. Intuitively, in the absence of mergers, firms always have an incentive to initiate the
first merger, as portfolio differentiation allows for profit generation. Conversely, if a conglomerate
L already exists, attempting to form a second conglomerate with an identical portfolio would
trigger unprofitable Bertrand-type competition between the two conglomerates. We now prove
that there cannot be two medium-sized conglomerates in equilibrium.

Let’s assume the existence of two conglomerates, M; and Ms, where M; is formed by the
first merger between firms A; and Bi, and My is formed by the second merger between firms
By and (5. Firm M offers the bundle A; — By at a margin M}\J while firm M5 offers the bundle
Bs — (5 at the margin ,u%\/[.

When consumers combine the bundle A; — B; with a stand-alone product Cj, they obtain
a net consumer value of w + s — /LIIVI — 7, where 7, represents the margin for C;. On the
other hand, mixing the bundle B, — C with a stand-alone product A; yields a net surplus of
w+Ss— ,u?w — a5, where o represents the margin for A;. Consumers prefer the first portfolio over
the second portfolio if and only if u}, + 7 < p2, + aj. This triggers Bertrand-type competition

between these two portfolios, resulting in zero margins for all products.
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Suppose u}w +7, > ;ﬁ\/] +a; > 0. In this case, the merged firm M5 can benefit from raising
its margin /ﬁw. Similarly, suppose /ﬁw +aj > M}w +7, > 0. In this scenario, firm M; can benefit
from raising its margin p}, slightly. Finally, suppose M?w +aj = piy + 7, > 0. In this situation,
either M; or My can benefit from undercutting the rival. Therefore, u, +7;>0or u?\4+aj >0
cannot be an equilibrium outcome. Since firms will not charge a negative margin, in equilibrium,
we must have M}w = ,u?w = aj =, = 0. Thus, if there is already a conglomerate M; formed, it

is never profitable for the remaining stand-alone firms to form another conglomerate Ms. m

Hence, without loss of generality, we can focus on market configurations that have at most
one conglomerate of any size. This means we consider market configurations where there is one
large conglomerate L offering all three products and one medium-sized conglomerate M offering
two products. In this case, we can analyze the medium-sized conglomerate merger involving two
firms A; and B; without any loss of generality.

In the subsequent analysis, we will examine the equilibria in three scenarios: highly concen-
trated markets with n = 2, mildly concentrated markets with n = 3, and dispersed markets with
n > 4. For each scenario, we will consider different market configurations resulting from the
mergers. These configurations include two conglomerates L and M, only one conglomerate L,
and only one conglomerate M. We characterize the equilibrium under different bundling options
and calculate the equilibrium profits of the merged firms. By comparing the profits obtained
under different configurations, we can determine the subgame perfect Nash equilibrium for the
dynamic merger game.

As a result of conglomerate mergers, there will be three possible product portfolios available

to consumers:

e Portfolio Py, includes the bundle By, offered by the conglomerate L. Consumers derive a

gross value of w + 2s from consuming this portfolio.

e Portfolio Py consists of a bundle Bys (e.g., Aj — B;) offered by the conglomerate M and
a stand-alone product C;. Consumers derive a gross value of w + s from consuming this

portfolio.

e Portfolio Pg comprises three stand-alone products, namely A;, B;, and C;. Consumers

derive a gross value of w from consuming this portfolio.

We assume that the aggregate social value generated by the three products w is sufficiently

large such that w > 3/4. This assumption ensures that all consumers will purchase all three
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products in equilibrium. We will also introduce p; and p;, as the margins for the bundles By,

and By, respectively.

B.1 Highly concentrated markets

We first analyze the merger decisions in highly concentrated markets with n; = 2 for each market
1= A, B,C. We consider three market configurations in the candidate equilibria: both L and

M are present, only L is formed, and only M is formed.

B.1.1 Configuration 1: two conglomerates

In the first market configuration, both conglomerates L and M have been formed by the end
of Stage 2. Suppose conglomerate M is formed by two firms from market A and market B,
respectively. After the two mergers, there is only one stand-alone firm remaining in market C,
while there are no stand-alone firms in the other markets. We analyze the equilibrium prices

and profits in Stage 3.

Mixed bundling by both L and M Suppose both merged firms, L and M, continue to
supply stand-alone products in addition to their bundles. In this case, all three markets for
stand-alone products remain competitive, and the stand-alone products are supplied at cost.

Consumers have three product portfolios to choose from:
e opting for portfolio Py, provides a net utility of w + 2s — ur;
e purchasing portfolio Py yields a net value of w + s — piy;

e selecting portfolio Pg results in a net surplus of w.

Then, consumers with s < 1, opt for portfolio Pg, these with p,, < s < puj — pp; purchase
portfolio Pas, and those with s > p; — p, buy portfolio Pr,. In the candidate equilibrium where

all three options attract consumers, the profits of the two merged firms are as follows:

O = w1 —F(up —pa)] = pp (34 ppy — p1)

Oy = por [F(pp — poar) — F ()] = e (0 — 2p000) -

By solving for the equilibrium margins, we find:

mm —
KL =



where the superscript mm stands for "mixed bundling by L and mixed bundling by M". The

equilibrium profits of the merged firms are:

16 2
49°

omm = —  [pmm
L 49 ’ M

Pure bundling by both L and M Suppose conglomerate L commits to offering only the
pure bundle By, while conglomerate M commits to offering only the pure bundle By;. In this
case, there are no stand-alone firms in markets A and B. However, in market C', there remains
a single stand-alone firm that charges a positive margin v. Consumers have two portfolios to
choose from. Choosing portfolio Py, yields a net utility of w+ 2s — uz,, while opting for portfolio
Par provides a net value of w+ s — py; — .

In the candidate equilibrium where both options attract consumers, those with s > u; —
s — v choose portfolio Pr,, while others opt for portfolio Pjs. The profits of the three relevant

firms are given as follows:

Oy = pp[1=F(pup —ppy =) =pp (L+pp +v—pr),
Oy = ppgF (g — pipg — ) = g (g, — par — )

s = AF(pp —par =) =7 (bp — par —7) -
The equilibrium margins are given by

pp

pp pp
Ky,

=~

1
) ’y 47
where the superscript pp stands for "pure bundling by L and pure bundling by M". The

equilibrium profits are:

pp
HL

pp __ TTPP
HS _HM

_ L
=16

We examine whether all three options attract consumers in equilibrium. Consumers opting

9
16’
for portfolio Pys obtain a net surplus:

1
w—u%—ypp+s:w—§+s>w—§.

On the other hand, buying only the stand-alone firm’s product C; would give them:

The assumption w > % implies w — % >3 — i > 0, which ensures the existence of the above

interior equilibrium.
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Pure bundling by L only Suppose conglomerate L commits to offering only By, while
conglomerate M continues to supply stand-alone products A; and B; alongside its bundle Bjy.
Conglomerate M charges positive margins a and 8 for the stand-alone products A; and Bj,

respectively. Consumers have three options:

e buying portfolio Py, yields a net utility w + 2s — p;
e purchasing portfolio Pjs provides a net value w + s — iy — 7;

e opting for portfolio Pg results in a net surplus w — a — 8 — 7.

In the candidate equilibrium in which all options attract consumers, consumers with s <
s —a— B opt for portfolio Pg, these with s > uy — par — v buy portfolio Py, while others opt

for portfolio Pys. The profits of the relevant firms in the candidate equilibrium are as follows:

O, = pp[1—F(up—py =] =pp (U= pp+pp+7),
Uy = ppg [F(pp —pipg =) = F(pyy —a = B) + (a+ B) F (pp —a—fB)
= ppF (g —ppr =) — (b —a = B) F (ppyy —a—B),

Os = ~YF(pp —ppr =) =7 (p, — tipr — ) -

In this case, M can increase its profits by squeezing the demand for its stand-alone products.
By replacing a+3 < p; with o/ +3" = p,,, M’s profit increases by (py; — a — B) F (pyy — o — ) >
0. Thus, conditional on L engaging in pure bundling, M strictly prefers to do the same even if
it did not commit to it. As a result, the equilibrium margins and profits are the same as if M

had committed to pure bundling:

3
HLEHL =

and
9
Him = HIL'P — 16’
1
Ilgm = Ilgp = II?\Z” = Ilpﬂpr = —16

Pure bundling by M only Suppose M commits to offering only the pure bundle B, while
L continues to offer stand-alone products along with the bundle By,. L becomes the sole supplier
of stand-alone products in markets A and B, charging positive margins a and S respectively.

However, it is not optimal for L to offer the stand-alone product in market C' since there is
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already a stand-alone firm C; in that market. Therefore, L commits not to offer the stand-alone
product in market C', and the remaining stand-alone firm C; charges a positive margin ~.

Consumers can choose from three options:

e buying portfolio Py, yields a net utility w + 2s — uy;
e purchasing portfolio Pjs provides a net value w + s — ppr — 7;

e opting for portfolio Pg results in a net surplus w — o — 8 — 7.

The profits of the three firms in the candidate equilibrium where all three options attract

consumers are as follows:

I, = pp(l—=Fup—py =]+ @+ B) F(py —o—p)
= pp(L+py +v—pp) + (@+B) (py — = B),
My = par[F (pp = ppr =) = F(py —a = B)]
= (B +a+B8=2uy —7),

Os = v (pp — par —7)

The equilibrium margins are:

12 2
//an = ﬁ? :uﬂ]\j[p = ﬁv a™? + Bmp =

mp

€ 5
AR VA
where the superscript mp stands for "mixed bundling by L and pure bundling by M". In this

equilibrium, the profits of the firms are:
Bundling decisions Based on the analysis, it is evident that pure bundling is a dominant
strategy for the merged entity L. Regardless of M’s bundling decision, L prefers pure bundling
over mixed bundling or mixed bundling by M. The profit comparison supports this:

0 145 981
pr_Hmp - 2 _ -7 _
L ~HL 16 289 1624
9 16 185
pr_Hmm - __ _ - -7 X
L ~HL 16 49 781

Thus, L always engages in pure bundling. Furthermore, L is better off by offering only one
bundle Br. On the other hand, given that L engages in pure bundling, M is better off also
opting for pure bundling.
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In conclusion, when there are two merged firms, L and M, they both commit to pure bundling

strategies: L provides only By, while M offers only Bj;. The resulting equilibrium profits are:

9 1
PP = = IIPP =1IPP = —.
L1er 7 M 16

B.1.2 Configuration 2: large conglomerate only

In the second configuration where only the large conglomerate L has been formed, there is no
benefit for L to supply the stand-alone products after the merger. In this case, L has the option
to offer either one bundle or two bundles. We will consider the two possible bundling options:

L offering one bundle By, only or L offering two bundles By, and Bj,.

L offers one bundle By only Suppose L offers one bundle By only. In each market there
remains one stand-alone product which charges a positive margin «, 5, and -y respectively. There

are two options available to consumers:

e buying portfolio Py, yields a net utility w + 2s — uy;

e purchasing portfolio Pg offers yields a net value w — a — 5 — 7.

Consumers with s > (u;, —a — f — ) /2 buy Pr, while the others opt for Pg. In the candi-
date equilibrium where both options attract consumers, the profits of the conglomerate L and

the stand-alone firm in each market (A, B, ') are given respectively by:

I, = ML{l—F<ML_OC2_5_fY>]:;HL(2+04+5+7—ML),
Ha = QFC%_a;B_V):;aWLaﬁw,

g = ﬁF(“L_az_ﬂ_7> %/B(/LL_CV—/B_V)7

ML_a;5_7> :%’Y(UL_Q_/B—V)-

[ = fyF(

Solving for the equilibrium margins yields:

6
R

Il
vl oo

where the superscript [ stands for "large bundle only". The corresponding profits are:

2
my =1y =1, =1 = —.
A B C 25

;32

II5 = —
L= o5
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L offers both bundles B, and B); Suppose now L offers both bundles By, and By (A1 —By).

Consumers face three options:

e buying portfolio P, yields a net utility w + 2s — uy;
e purchasing portfolio Pjs provides a net value w + s — iy — 7;

e opting for portfolio Pg leads to a net surplus w — a — 3 — 7.

Consumers with s > pu; — pup, — v buy Ppr, these with p), —a— 8 < s < pp — pp — v buy
Par, and the others purchase Pg. In the candidate equilibrium where all three options attract

consumers, the relevant firms’ profits are given respectively by:

I, = pp[l=F(ug —par — N+ b [F (g — oy =) = F (pay — o = B)]
= pp (L4 ppr +7 = pp) + poar (g = 200 — 7 +a+8),

My = aF (uy —a—pB)=aluy —a—p),

I = BF(uy—a—p)=8y—a—75),

o = ~YF(pp —pipg —7) =7 (p — g — ) -

Solving for equilibrium margins leads to

17

3
it =g mif =, oM =" =

Im _ —
47 >7 -

=~ =

where the superscript (m stands for "large and medium-sized bundles". The corresponding

equilibrium profits are:

145 1
Im __ lm — LM — Im
" =1 WA =1g" = 40 o =

1
Offering the medium-sized bundle Bj; on top of the large bundle By, can indeed lead to can-
nibalization and increased competition with the stand-alone firms. This can negatively impact

L’s profits. Comparing L’s profits under the two cases, we find that L is worse off in offering

CTIL — 32 LM _ 145
both bundles after the merger: II7 = 5= > 17" = {73.

B.1.3 Configuration 3: medium-sized conglomerate only

Consider the third configuration in which a medium-sized conglomerate, M, has been formed
after the merger between firms A; and B; by the end of Stage 2. In this configuration, only one

stand-alone firm remains in markets A and B, while two stand-alone firms remain in market C.

53



As a result, the remaining stand-alone firm in market A (resp. B) charges a positive margin
a (resp. f3), while the margin for the stand-alone product in market C' remains zero. The
conglomerate M does not benefit from supplying the stand-alone products.

Suppose M commits itself to pure bundling. Consumers face two options:

e buying Py, yields a net utility w + s — ppy;
e purchasing Pg provides a net value w — a — .

Consumers with s > py; — a — 8 buy Py while the others opt for Pg. In the candidate
equilibrium where both option attract consumers, the profits for the conglomerate and stand-

alone firms in markets A and B are given respectively by:

Oy = pyl—=Fpy—a—=B)=py(1+a—5—puy),
My = aF (uy—a—p)=aluy —a—45),
g = BF(uy —a—PB)=p(uy—a—p).

Solving for equilibrium margins leads to:

3 1

m _ ° m _ gm _
IU/M_47a 5 47

where the superscript m stands for "medium-sized bundle". The equilibrium profits are:
9

16 16°

B.1.4 Merger decisions

We analyze the merger decisions in the subgame perfect Nash equilibrium and consider the six

possible candidate equilibria based on Lemma 1:

e (a). Conglomerate L formed in Stage 1 followed by M in Stage 2;

e (b). Conglomerate L formed in Stage 1 and no merger in Stage 2;

e (c). Conglomerate M formed in Stage 1 followed by L in Stage 2;

e (d). Conglomerate M formed in Stage 1 and no merger in Stage 2;
e (e). No merger in Stage 1 followed by L in Stage 2;

e (f). No merger in Stage 1 followed by M in Stage 2.
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We proceed by eliminating dominated candidate equilibria to identify the subgame perfect
Nash equilibrium.

Suppose a large conglomerate has already emerged in Stage 1, and consider a subsequent
merger decision between two firms present in markets A and B in Stage 2. It is evident that
the second merger is never profitable if the conglomerate L is committed to providing both
bundles By, and Bjs. Suppose L is committed to offering the large bundle By, only. In this case,
by remaining independent, each firm obtains profits II}, = Hﬁg = % On the other hand, if a
merger occurs to form conglomerate M, where both merged firms engage in pure bundling, the

. : pp _ 1 : . .
resulting profit is II}y; = 5. However, considering the comparison

1 9 39
PP — oMl = — —2x — =" <0
M 6 °% 25~ 400 =

we conclude that the two firms are better off remaining as stand-alone entities. Hence, we can
rule out candidate equilibrium (a).

Suppose a medium conglomerate M between two firms in markets A and B has been formed
in Stage 1, and consider a subsequent merger decision between three firms present in markets
A, B, and C in Stage 2. Since mixed bundling is dominated, we only need to consider pure
bundling by M. By remaining stand-alone, each firm in market A and B earns I’} =11} = 1—16,
while firms in market C earns zero profit. On the other hand, a subsequent merger forming a
larger conglomerate yields a total profit IT}” = 1%. Comparing this with three times the profit

of a stand-alone firm 31IY = 13—6, we have

9 1 3
P -3y = = —-3x — == >0.

This indicates that the merger is profitable. Therefore, we can exclude candidate equilibrium
(d) as it is not viable.

Suppose that the three firms decide not to merge in Stage 1, anticipating a potential merger
in Stage 2. It is evident that forming the large conglomerate L would be more profitable
than forming the medium conglomerate M in Stage 2. Therefore, we can rule out candidate

equilibrium (f) as it is not a viable option.

We now turn our attention back to Stage 1 and examine the merger decisions made by the
three randomly selected firms in the remaining candidate equilibria (b), (c), and (e).
In candidate equilibrium (b), all three firms decide to form the conglomerate L without any
_ 32

subsequent mergers. In this configuration, the merged entity L earns a total profit of IT}, = 5 -
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In candidate equilibrium (c), two firms choose to merge and form the conglomerate M, while
one firm remains as a stand-alone entity. This is followed by a subsequent merger to form the

conglomerate L. In this equilibrium, the merged entity M earns a profit of IIt) = 1—16, while the
1

stand-alone firm earns a profit of ITY’ = 5,

resulting in an aggregate profit %.
In candidate equilibrium (e), all three firms opt to remain as stand-alone entities in Stage 1.
Then, in Stage 2, a subsequent merger occurs, leading to the formation of the conglomerate L.

In this case, each stand-alone firm earns a profit of Hfg =

6
25°

%, resulting in an aggregate profit of

Comparing the aggregate profits for the three selected firms and assuming efficient merger
bargaining, we find that candidate equilibrium (b) yields the highest total profit among the
three. Therefore, it dominates the other equilibria. Consequently, based on the analysis, we
can conclude that there exists a dominant candidate equilibrium, namely (b), in which the
conglomerate L is formed in Stage 1 without any subsequent mergers. The merged entity L will

offer a pure bundle B;, only, as summarized below:

Proposition 2 Consider a two-stage dynamic merger game involving three product markets,
where each market is served by two identical stand-alone firms. There exists a unique SPNE
in which only the large conglomerate will be formed in Stage 1, with no subsequent mergers. In

this equilibrium, conglomerate L offers a pure bundle consisting of three products and charges a

margin /ﬂL = %, resulting in a profit II4 = %, while each stand-alone firm charges a margin of
g and earns a profit 11k, = %

B.2 Mildly concentrated markets

We now analyze the merger dynamics in the context of mildly concentrated markets, where there
are three firms operating in each market. We will consider the same three market configurations

as discussed previously.

B.2.1 Configuration 1: two conglomerates

Consider the first market configuration, where both conglomerates L. and M have been formed
by the end of Stage 2. Suppose conglomerate M is formed by one from market A and the other

from market B. As a result of the mergers, there is now only one stand-alone firm remaining in
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markets A and B, while in market C there are still two stand-alone firms, and the margin for
the stand-alone product in market C' remains zero.
We will now analyze the equilibrium prices and profits under different bundling decisions,

following the same approach as before.

Mixed bundling When there are three firms in each market and at least one of the conglom-
erates does not commit to pure bundling, Bertrand-type competition leads to all stand-alone
prices being driven down to cost. In this case, the equilibrium outcomes are exactly the same as
under mixed bundling in highly concentrated markets. The profits of conglomerates L and M,

1

denoted by superscript m for "mixed bundling by at least one conglomerate," are as follows:

Iy = —, 1y

49

Pure bundling by both L and M Suppose that both conglomerates commit themselves to
pure bundling. In this case, the remaining stand-alone firm in market A (resp. B) will charge a
positive margin « (resp. (). However, competition among the two stand-alone firms in market

C drives their margins to zero. Consumers face three options:

e buying Py, yields a net utility equal to w + 2s — uy;
e purchasing Py yields a net value w + s — ppy;

e opting for Pg provides a net surplus w — a — .

Consumers with s > py — s buy Pr, these with py; —a— 8 < s < pp — pps purchase Pay,
and those with s < p; — a — 8 buy Ps.
In the candidate equilibrium where all three options attract consumers, the profits of relevant

firms are given respectively by:

Oy = w1 =F(pp—pa)) = w1+ pa — pp)

Iy = par[F (e — pag) = F(pyg —a = B) = pay (g + o+ B —2py),
My = aF (uy —a—0)=a(uy —a—7),

g = BF(uy —a—B)=p8(uy—a—0).

Solving for equilibrium leads to:



The corresponding equilibrium profits are:

Bundling decisions It can be concluded from the analysis that pure bundling is a weakly

dominant strategy for both conglomerates.

e If conglomerate M chooses mixed bundling, conglomerate L is indifferent between mixed
and pure bundling. In either case, the margins for stand-alone products are zero, and the
conglomerates earn their profits solely from their bundles. However, if conglomerate M

chooses pure bundling, conglomerate L prefers pure bundling as well, as shown below:

100 16 276
mP = — > =0
L ~HL T 989 T 19 T 14161

e Similarly, if conglomerate L chooses mixed bundling, conglomerate M is indifferent be-
tween mixed and pure bundling. However, if conglomerate L chooses pure bundling,

conglomerate M prefers pure bundling as well, as shown by:

18 2 304
mr -1y, = — — — = ——— > 0.
Mo TMTT989 49 T 14161
Suppose two conglomerates, L and M, have been formed. There are two Nash equilibria
in pure strategies: one in which both L and M commit themselves to pure bundling, and one
in which none of them does. However, eliminating weakly dominated strategies pins down a

unique outcome, in which both conglomerates commit themselves to pure bundling. The related

equilibrium profits are:

Hiﬁ_@ pp_ﬁ pr: pp __ 1

© 2897 M 289’ B 289"
B.2.2 Configuration 2: larger conglomerate only

Consider the second market configuration, where only the large conglomerate L has been formed
by the end of Stage 2. In this scenario, there are at least two stand-alone firms remaining in
each market. Regardless of the bundling decision made by L, Bertrand-type competition drives
stand-alone prices down to the cost.

Suppose L offers only one bundle By. Consumers face two options:

e buying Py, yields a net utility w + 2s — uy;
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e purchasing Pg provides a net value w.

Consumers with s > p; /2 buy Pr, whereas the others opt for Pg. In the candidate equilib-
rium where both options attract consumers, the conglomerate’s profit is given by

Ur = pr, [1—F<M7L>] :%ML(Q—ML)-

Solving for the equilibrium margin and profit leads to
/LlL =1, 1Y ==.

Suppose now L offers both bundles By, and By; ( A; — B1). There are three options available

to consumers:

e buying Py, yields a net utility w + 2s — ur;
e purchasing Py yields a net value w + s — pp;

e buying Pg provides a net value w.

Consumers with s > p; — pp; buy Pr, these with pu,, < s < p; — pys purchase Py, and the
others opt for Pg.

Providing bundle Bj; does not affect the margins for stand-alone products, which remain at
zero. However, offering B, has the effect of diverting some consumers from option 1 to option
2. Since option 2 generates less consumer value than option 1, the conglomerate L does not
benefit from offering bundle Bj;. This can be shown by examining L’s profit when both bundles

are offered:

My = pp[l—F(up —pa)) + poar [F (pp — par) = F ()]

= pp (L= pp+ par) + par (B — 2007) -

The first-order condition for p, leads to p;, = 2u,, (the second-order derivative is negative),
which implies that at the optimum, F' (pu;, — pps) = F (). Thus, L will set a sufficiently high
margin p,, to ensure that no consumers choose to buy bundle B;;. Consequently, the resulting

1

equilibrium remains the same as before: ,ulL =1land I} = 3
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B.2.3 Medium-sized conglomerate only

Suppose that only a medium-sized conglomerate, M, has been formed. In this case, regardless
the bundling decision by M, the margin for the stand-alone products remains zero in all three

markets. Consumers face two options:

e purchasing Py yields a net value w + s — pp;

e buying Pg provides a net value w.

Consumers with s > u,, opt for the first option, whereas the others opt for the second

option. The conglomerate M’s profit is:

I = ppr [1 = F (par)] = g (1= pay) -

Solving for the equilibrium margin and profit leads to:

1 1
mo_ Hmzi.
Hr 9 M Ty

B.2.4 Merger decisions

We now proceed to analyze the merger decisions. Similar to our previous analysis, we consider

the following six candidate equilibria:

e (a). Conglomerate L formed in Stage 1 followed by M in Stage 2;

e (b). Conglomerate L formed in Stage 1 and no merger in Stage 2;

e (c). Conglomerate M formed in Stage 1 followed by L in Stage 2;

e (d). Conglomerate M formed in Stage 1 and no merger in Stage 2;
e (e). No merger in Stage 1 followed by L in Stage 2;

e (f). No merger in Stage 1 followed by M in Stage 2.

By eliminating dominated candidate equilibria, we can determine the subgame perfect Nash
equilibrium.

Suppose conglomerate L has been formed in Stage 1. Consider a subsequent merger decision
between two firms from markets A and B in Stage 2. If these firms choose to remain stand-alone,

they will make zero profit due to intense Bertrand competition. However, if they decide to merge
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and form conglomerate M, it results in a positive profit. In this case, if both conglomerates

commit to pure bundling, L will earn a profit of II?Y = %. If at least one merged firm engages

. . . s . __ 16
in mixed bundling, L’s profit will be II7" = 75.

On the other hand, if L commits to providing both bundles By, and By, the second merger

will not occur. In this scenario, L’s profit will be IT}, = % Comparing the profits, we have

L e _ 100 16

m

L=5>1 :@>HL =10

Thus, L will commit to offering two bundles to prevent the subsequent merger. Therefore,
candidate equilibrium (a) cannot arise in the subgame perfect Nash equilibrium.

Suppose a medium-sized conglomerate M has already formed in Stage 1. In this case,
a subsequent merger to form conglomerate L is always profitable, which rules out candidate
equilibrium (d). Additionally, choosing not to merge in Stage 1 and anticipating a merger in
Stage 2 is a dominated strategy. Any selected firm would strictly prefer to participate in the
merger rather than remaining stand-alone because all stand-alone firms earn zero profits when
there is only one conglomerate. Therefore, we can rule out candidate equilibria (e) and (f).

When comparing candidate equilibria (b) and (c), conglomerate L is strictly better off in
case (b). As a result, in the scenario where there are three firms in each market, there exists a
unique subgame perfect Nash equilibrium in which the large conglomerate L is formed in Stage

1 and commits itself to offering two bundles. No subsequent mergers occur in this equilibrium.

B.3 Dispersed markets

In dispersed markets where each market has at least four firms (n;, > 4 for i = A, B,C),
regardless of the number of conglomerates formed, the competition among stand-alone firms
drives all stand-alone prices down to cost. In this context, both pure bundling and mixed
bundling strategies lead to the same equilibrium outcomes, resulting in zero profits for stand-
alone firms. The conglomerates, on the other hand, earn positive profits solely from their bundles

and not from the stand-alone products.

B.3.1 Configuration 1: two conglomerates

If both conglomerates have been formed in dispersed markets, the situation is indeed similar to

the case of fully mixed bundling in more concentrated markets. Therefore, the conglomerates’
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profit are given by:

1 2
H?zgandﬂmzzg.

B.3.2 Configuration 2: larger conglomerate only

Suppose only the large conglomerate L has been formed. Then the equilibrium outcome is the

same as with mildly concentrated markets, in which L earns a profit

1
I, = -.
L=

B.3.3 Configuration 3: medium-sized conglomerate only

Suppose only a medium-sized conglomerate M has emerged. Once again, the equilibrium out-

come is the same as with mildly concentrated markets, in which M earns a profit

B.3.4 Merger decisions

Since HZL > II7*, the large conglomerate L is better off when only one conglomerate has been
formed. Consequently, L will strategically commit itself to offering two bundles after the merger,
in order to preempt the subsequent merger. The equilibrium outcome is the same as in the case
with mildly concentrated market.

Summarizing the above analysis leads to the following proposition:

Proposition 3 Consider a two-stage dynamic merger game involving three product markets
where each market is served by at least three identical stand-alone firms. There exists a unique
SPNE in which only the large conglomerate is formed in Stage 1, with no subsequent mergers.
In this equilibrium, the conglomerate L commits itself to offering two bundles By, and By; and
charges the margins ulL =1 and ulM > 1/2 for bundles By, and By respectively, making a profit
L =1/2.

B.4 Welfare Analysis

In highly concentrated markets where each market has only two firms, after the first merger to

form the large conglomerate L, there are no subsequent mergers. In this equilibrium, L commits
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itself to offering the pure large bundle By only. However, the merger leads to an increase in

utlco

prices for the stand-alone products. The equilibrium prices are determined as follows: MZL =
and of = ! = A = %, while the cut-off threshold is given by (ulL —aol—p! —’yl) /2 = é
The welfare loss resulting from the price increases outweighs the welfare gain from consumption

synergies. Consequently, the total consumer surplus reduces after the merger:

1 1
14
Sé:/5 (w—al—ﬁl—’yl>ds+/ (w+23—ulL>ds:w—2—5<w.
0 8

In less concentrated markets where each market has at least three firms (n; > 3), after the
first merger, conglomerate L will commit itself to offering two pure bundles, and there will be
no subsequent mergers. Unlike in highly concentrated markets, the merger in this case does not
result in higher prices for the stand-alone products. As a result, the merger actually increases
the total consumer surplus.

However, the large conglomerate’s preemptive behaviour harms consumers. It is straightfor-
ward to see that, in dispersed markets with n; > 4, the subsequent merger to form a medium-
sized conglomerate M is welfare enhancing. This merger does not result in higher prices for the
stand-alone products and, in fact, provides consumers with more options. By committing to its
preemptive strategy, conglomerate L reduces competition and limits consumer choice, ultimately
harming consumer welfare.

In the mildly concentrated markets with n; = 3, the formation of conglomerate M in the
second merger raises the prices for the stand-alone products. However, the net welfare effect of
this merger is not straightforward and requires further analysis. To assess the welfare impact,
we compare the consumer surplus under two candidate equilibria.

In the equilibrium where only the large conglomerate L exists, the margins for the stand-
alone products remain zero, while the margin for the bundle is ui = 1. The relevant cut-off

threshold is uf /2 = 1/2. In this equilibrium, the total consumer surplus is given by:

1 1

1

Sé:/zwds—l—/ (w+28—,ulL>ds:w—|—Z.
0 ;

By contrast, if L. commits itself to the large bundle By, only, there will be two conglomerates

L and M in equilibrium. The corresponding margins are:

10 3 1
pp— Y pp— 2 pp_gop— -
IU’L — 177 NM — 177 (0% /B 177
while the cut-off thresholds are:
7 gL
L =FHym = 77 P — @ 1T
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In this equilibrium, the total consumer surplus is given by:

1 7
. 17 2 7 3 ! 10
sim = /0 <w—17>ds—i—/1 <w+s—17)ds+/7<w+25—17>d5.

17 17

n 144
= w4+ —.
289
Since % > %, L’s preemption reduces total consumer surplus.

Proposition 4 Consider a two-stage dynamic merger game involving three product markets.
When each market is served by two stand-alone firms, the conglomerate merger with pure
bundling increase the prices for stand-alone products and reduces total consumer welfare. When
each market is served by more than three stand-alone firms, the conglomerate merger increases
total consumer surplus. However, the large conglomerate’s preemptive strategy to prevent the

second merger reduces consumer welfare.

C Monopoly in Market A

We provide an illustrative example for the equilibrium outcome and welfare comparison. Assume
F(s) = s and G (w) = w/u. Before the merger, then the monopoly margin for product A is
Q= /2.

Equilibrium outcome

After the merger, the merged firm maximizes the following profit by choosing i and a:
1 [¢ o o
HM:,u[l—_/ (,u—w)dw—(l—_)(,u—a)}—f—oz(l—_)(u—a).
aJo U U
The equilibrium margin o* is the solution to a = 2X (a) = 2 (& — «), which gives:

*

O = —1U.

wl N

On the other hand, the equilibrium margin for the bundle y* is determined by the following

first-order condition:



This equilibrium exists only if u* > o, which holds when « < %
Welfare Analysis
Before the merger, consumers obtain a net value of w+wp —an, if w > ay, and wp if w < a,.

After the merger:

e consumers with w < o* and s < a* — w + pu* — o purchase the stand-alone product B;
only and receive wp;

e consumers with w < o* and s > o — w + p* — a* purchase the bundle and receive
w4+wp+s—a* —pu*—a;

e consumers with w > o* and s < p* — a® mix A and B; and get w + wp — a*;

e consumers with w > o* and s > pu* — o™ opt for the bundle and receive w +wp + s — o™ —

* *

W= ar.

For comparison, consider three different parameter regions: w > o*, a, < w < o, and

w < Q4. Then:

e consumers with w > a* and s < p* — a* are worse off since w +wp — a* < w4+ wp — Ay;

e consumers with w > a* and s > p* — a* are better off if s > p* — oy, > p* —a*, and these

with p* — o* < s < u* — oy, are worse off.

e consumers with a,;, < w < o* and s < p* — w now opt for the stand-alone product B;

only, and they are worse off since wp < w + wp — am;

e consumers with o, <w < o® and s > p* —w are better off if s > p* — vy, > p* — @™, and

these with p* — a* < s < pu* — «,, are worse off.
e consumers with w < a,, and s < p* — w receive the same net utility as before, wp;

e consumers with w < a;, and s > u* — w are better off since w + wp + s — u* > wp.

The merger does not have a negative impact on consumers who do not purchase A before
the merger, e.g., these with w < «,,. However, it harms consumers who choose to combine A
and B; both before and after the merger. These consumers have w > «,,, and low consumption
synergies such that s < {u* — o*, u* —w}. Furthermore, the merger also harms consumers with

w > ay;, and moderate consumption synergies such that w > «,,, who switch to purchasing the
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bundle after the merger. On the other hand, the merger benefits consumers with sufficiently
high consumption synergies.

Total Consumer Surplus

We show now, under uniform distributions, the merger leads to an increase in total consumer
surplus.

The total consumer surplus before the merger is given by

1 u
Sb:w3+_/ (w—ap)dw=wp +
U /g,

|

Denoting by 7 (w) = p—w the cut-off threshold, the total consumer surplus after the merger
can be expressed as:

wp + = // (s—7( dsdw—i—l/u/l (s—T(w))dsdw—i-i/ou_a/:(w—a)dsdw

UJa Jpu—a
1 [ a
= wB—I—/ (1—7(w dw—%/a (—a—7(W))? dw—l—'uu /Oé(w—a)dw.
1

Substituting o* =5— %ﬁ we obtain:

1 /%71 1. \? 1 [ 2 \? 1/1 1.\ [¢ 2
S, = wB—I—% ; (2—3u+w> dw—ﬁ §u<w—3u> dw—l—_<2—3u>/2 (w—gu)dw

Sa

3uandu —a

5 5, 1

U_2 g2 3 Lo
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Therefore, the merger results in an increase in total consumer surplus under mixed bundling
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