Appendix to the paper “Extreme expectile
estimation for short-tailed data”

Abdelaati Daouia, Simone A. Padoan and Gilles Stupfler

This appendix contains all necessary proofs and provides extra finite-sample results about
our simulation study.

A  Proofs of the main results

A.1 Auxiliary results

We first of all list a number of facts that will be used numerous times in our proofs: if
condition Ca (v, a, p, A) holds, then

e Condition Ca(7, a, p, A) holds locally uniformly in z, see Remark B.3.8.1 on relation-
ship (B.3.3) in de Haan and Ferreira (2006).

e The right endpoint of F' is finite and will be denoted in the sequel by z*, see Theo-
rem 1.2.1 on p.19 of de Haan and Ferreira (2006).

e One has a(s)/(z*—=U(s)) = —y as s — oo, see Lemma 1.2.9 on p.22 of de Haan and
Ferreira (2006).

e The functions x — F(2*—1/z) and s + 2* — U(s) are regularly varying with indices
1/~ and 7, respectively, see Theorem 1.2.1.2 on p.19 and Corollary 1.2.10.2 on p.23
of de Haan and Ferreira (2006).

Our first auxiliary result is a useful asymptotic inversion lemma that will be used several
times.

Lemma A.1. Suppose that condition Ca(7,a, p, A) holds.
(i) One has

In particular

(ii) One has

i g (1o 1) =°

Proof of Lemma A.1. We only show (i); the proof of (ii) is similarly written by using an
equivalent second-order condition on F' (see de Haan and Ferreira, 2006, Theorem 2.3.8



p.48). Assume that A is positive; the proof for a negative A is similar. Condition
Ca(7y, a, p, A) holds locally uniformly in z, so pick € # 0 and apply this condition to obtain
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By definition of U as the left-continuous inverse of 1/F, one has U ([1+eA(1/F(z))]/F(z)) >
x when € > 0 (resp. <z when ¢ < 0), so
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and a similar lower bound applies. Let ¢ — 0 to complete the proof of the first convergence.
The second convergence follows because a(s)/(z* — U(s)) — —v as s — oo. O

A fine understanding of the asymptotic behavior of extreme expectiles requires an
asymptotic expansion of o) (z) = E((X — 2)1{X > z}) for  close to the right endpoint
2*. This is the focus of the below lemma, where we recall that more generally (%) (x) =
E(X —2)"1{X > z}).

Lemma A.2. Suppose that condition Ca(7,a, p, A) holds.

(i) Then, for any k > 1, and as x T x*,
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(ii) As x T x*,
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Proof of Lemma A.2. Statement (i) is shown by writing
¥ () ¥ —x H: —lx ¥ —x " o _0
ratarrar < (aamen) = (3 moarmay) @ om=ow
by Lemma A.1(i) and because a(s)/(z* — U(s)) = —7v as s — oc.

To show (ii) and (iii), recall that X 4 U(Y'), where Y is a unit Pareto random variable.
Write o) (2) = E(U(Y) — 2)1{Y > 1/F(x)}). By Lemma A.1(i),

P (@) = E(U(Y) ~ U(1/F(2))L{Y > 1/F(2)}) + o(F(z)a(1/F(x))|A(1/F (x))])
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with s = s(z) = 1/F(x) — oo (as z T 2*). Define now a, and A, as

1
a(s) <1 — pA(S)> , p<O0, lA(s), <0,
ay(s) = 1 and A.(s) =14 P (A.2)
o) (1-240)). o= s p=0

By the set of uniform inequalities in Theorem 2.3.6 of de Haan and Ferreira (2006),
there exist functions ag and Ay such that Ay is asymptotically equivalent to A, and
ap(s)/ax(s) =14 o(|A(s)|) as s = o0, and, for any € > 0, the following inequality holds
for s large enough:
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Write then
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and use (A.3) in conjunction with the dominated convergence theorem together with
straightforward calculations to get
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Combine this last identity with (A.1), (A.2) and a straightforward calculation to conclude
the proof of (ii). We turn to showing (iii). Start by writing

(X —2)? L (U(Y) - U(1/F()))?
+(U(1/F(x)) — z) x 2U(Y) — U(1/F(x))) + (U(1/F()) - x))



and use the results of the proof of (ii) along with Lemma A.1(i) to obtain
PP (@) = E(U(Y) = U(/F(2))* Y > 1/F(2)}) + o(F(z)[a(1/F(x))]*| A(1/F(x))])
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where again s = s(z) = 1/F(z) — oo as x T z*. Now
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Combine (A.3) with the dominated convergence theorem and straightforward calculations
to find
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Conclude the proof by combining (A.2) with (A.4) and further straightforward calcula-
tions. O

L{p <0} + - 27)211{p:0}+0(1)]>.

Inverting the limiting relationship (2.4), and providing an asymptotic expansion that
strengthens (2.5), requires in particular an asymptotic expansion of z* — ¢,. We do so in
the following lemma.

Lemma A.3. Suppose that condition Ca(7,a, p, A) holds with p < 0.

(i) The limit C = lims_yoo s~ (x* — U(s)) exists, is positive and finite, with

o —U(s) = Cs? (1 + p(77+ AG) + o(|A(s)|)>
and a(s) = —yCs? <1 + A/()S) + o(\A(s)])) as s — Q.

(i) With the notation of (i), as x 1 x*,
1
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Proof of Lemma A.3. The main difficulty is to show (i). We start by the assertion on U.
By Remark B.3.7 in de Haan and Ferreira (2006) with (c1,c2) = (1,0), the limit ¢ =
lims_,o0 s~ 7a(s) € (0,00) exists and the function g defined by

s7T—1

gl

g(s) = U(s) —c

satisfies i
i 962 —90s) _ 1 2L e o
s=ooa(s)A(s)  p y+p

By Theorem B.2.2 on p.373 of de Haan and Ferreira (2006) applied to —sign(A)g, ¢ =

lims_, 0 g($) exists and

lim <=9 1

soooa(s)A(s)  py+p)
The identity ¢ = limg_,o g(s) yields

N
d=a* +§ and thus ¢ — g(s) = 2* — U(s) —i—c%.

The above convergence and the convergence a(s)/(z* — U(s)) — —v, as s — oo, then
provide

gﬁ—U@):—fz—pwipﬂ@pu@u+ou»
= —ci i *—Ul(s S o
= p(’Y+P)( U(s))A(s)(1 +0o(1)).

Set finally C' = —¢/~ to find
y
¥ —Ul(s :CSW<1+AS + o(|A(s ), 5 — 00,
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as required. To show the assertion on a, set h(s) = s™7a(s) and rewrite Equation (2.3.7)
on p.44 of de Haan and Ferreira (2006) as

h(sz) —h(s) 2 —1
s—oo s~ Ta(s)A(s)

By Theorem B.2.2 on p.373 of de Haan and Ferreira (2006) again,

, for all z > 0.
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The conclusion in (i) is now immediate since h(s) = s™7a(s) and ¢/C = —v. The expan-
sions in (ii) are obtained by taking s = 1/F(z) in the expansion of * — U(s) and then
using Lemma A.1(i). O

The following lemma is the essential element in obtaining the joint asymptotic nor-
mality of the LAWS estimator and empirical quantile when the data generating process
is a—mixing. In the proof of this lemma and later on we shall use the following result:
under condition Ca(7, a, p, A), if x,, uy, T «* satisfy (z* — z,)/(2* — u,) — 1, then

E(xn) — 1 and 7@(1/5(95”))
F(un) a(1/F(un))
The first convergence is found by using the regular variation property of z +— F(x* —1/x).

The second one is then obtained by combining the convergence a(s)/(z* — U(s)) — —v,
as s — 00, with the regular variation property of s — x* — U(s).

(A.5)



Lemma A.4. Assume that X satisfies condition Ca(7,a, p, A). Suppose that F' is contin-
uous and that (X¢)e>1 is a stmctly stationary sequence of copies of X satisfying conditions
M and D. Let finally u, 1 x* be such that nF(u,) — oo, roF(u,) — 0, and z,, 2!, T 2*
be such that (x* — xy,)/(2* — up) — 1 and (x* — a})/(z* —un) — 1.

(i) If sy, — o0 is such that s, = O(ry), one has

;Var Z (H{())?iaf:)} 1> —>1+2;Rt(1,1)7
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(i) If the assumption s, — oo is dropped, then each of the three sequences in (i) stays
bounded.

Proof of Lemma A.J. We prove both statements for the third sequence because the proofs

for the first two sequences are simpler, and we start by preliminary calculations. By
Lemma A .2(ii),

—Var Z Up ( (Xt — xn) L{X; > xp} _1>

E((X — 2,)1{X > x,})

Then, combining Lemma A.2(ii) and (iii) with (A.5) and s, F(uy,) = O(r, F(u,)) — 0,
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+ 22 (1 - ) // P(X; > v, X1 >0 ) dodo'1{t < s, }. (A.7)
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It remains to control the integral in (A.7). Taking into account the continuity of F', the
change of variables (v,v') = (2, — Y(x* — zp)w, Ty, — y(2* — xp)0') = (2% — (1 +yw) (x> —
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Tn), 2" — (1+~yw") (z* —x,)), convergence a(s)/(z*—U(s)) — —vy as s — oo, Lemma A.1(i)
and convergence (A.5) yield

1
F(up)[a(1/F(uy //[xnm P(X1 > v, X¢p1 > 0') dodd’
1 . )
B //[o,—l/vﬁ f(un)P(F(Xl) < Fla” = (1 +w)@” —a)),

F(Xiy1) < F(z* — (1 +~yw') (2" — 2))) dwdw' (1 +0(1)). (A.8)
Since x + F(x* — 1/x) is regularly varying with index 1/v, one has

‘ F(m* _ (1 + fyw)(x* — xn))
Yw € [0,~1/7), lim F(xy,)

= (1+~yw)~/.

Then, we find, using Potter bounds (see Proposition B.1.9.5 on p.367 of de Haan and
Ferreira, 2006) and the 1-homogeneity of the function R; in condition D (as a direct
consequence of its definition) along with (A.5) that, for any w,w’ € [0,—1/7) and ¢t > 1,

F(L )P(F(Xl) S F(a — (1 +yw)(e” = zp)), F(Xe11) < F(2* — (14 yw') (2" — z,)))
— Ry((1 4+ yw) Y7, (1 4+ yw) ") as n — . (A.9)

We now assume that s, — oo and we prove (i). Fix ¢ € (0,—1/7). From condition D,
Potter bounds and (A.5) again, we have, for n large enough,

miﬁwunsmﬁ—u+wwf—%»Fugusﬂf—u+wmf—%m

<C (p(t) \/ (14 ~yw) =751 + yw') =75 + F(un) (1 4+ yw) " /775(1 + 7w')1/7€>
(A.10)

for any ¢ > 1 and any w,w’ € [0,—1/7), where C is a positive constant. Notice that for
any ¢t < sp,

P(t)\/(l + yw) =Y (1 4 yw!) =75 4 F(un) (14 yw) "5 (1 4+ qw’) /e

— p(t) \/(1 +yw) "7 (1 + yw') /e (A.11)

as n — oo, and

Z // (1 + yw) /e (1 4 qw’) e
*1/7)2

+ Fun) (1 +yw) Y775 (1 + vw’)_lm_s) dwdw' 1{t < s,}

— (/[0’_1/7)2 \/(1+7w —1/7= 5dw> Zp (A.12)

by splitting the sum and using the assumption that s, F'(u,) = O(r, F(u,)) — 0. Combine
Theorem 1 in Pratt (1960) with (A.8), (A.9), (A.10), (A.11) and (A.12) to get

oA I/Fun 22(1—)//[%@* P(X; > v, X1 > 0) dvdv/1{t < s,}

— // Ri((1 +~yw) ™7, (1 4+ yw")V7) dw dw'.
0,—1/7)?




Plug this into (A.7) and use a change of variables to complete the proof of (i). To show
(i), write s, < C'r, where C’ is a positive constant, and note that, by (A.7),

Si Var (i(xt C )X > xn}>

t=1
2

_(1—7) (1-2

F( ) a(1/F(un))]*(1+ o(1))
+2Z (1 - C”rn> //mnz* P(X1 > v, Xipq > 0)dodd'1{t < C'r,,}.

Follow then the proof of (i) and use (A.6) to obtain that the upper bound converges as
n — 00. The desired conclusion is now immediate. O

Lemma A.5 below provides the asymptotic normality of the empirical survival function

~

FE,, at intermediate levels, when the data generating process is at least a—mixing. The
asymptotic normality of the intermediate LAWS estimator will follow from that result.

Lemma A.5. Assume that X satisfies condition Co(7y,a, p, A). Suppose that F' is contin-
uous and that (Xi)i>1 is a strictly stationary sequence of copies of X satisfying conditions
M and D. Let finally u, 1 x* be such that nF(u,) — oo, roF(u,) — 0, and z,, 2!, T 2*
be such that (x* — ) /(x* —up) — 1 and (2% — a}) /(x* — up) — 1.

(i) If there is 6 > 0 such that r,,(rn/\/nF (uy))? — 0, then one has

~(1) =
Pn’ (zn) Fo(x7,)
nF (uy,) ((p(l)(%) —1, Ta) 1) L N(0,2(7) + 2D(v, R))

where the 2 X 2 symmetric matrices X(7y) and D(vy, R) are defined elementwise as

Y11(y) =2(1 = v)/(1 = 27), T1a(7) = Taa(y) =1,

D R) = (1= [[ S Rla g dedy
(0’1}2 =1

Dis(y, R) = §<1 —yY) /O SR ) R(1, )] de

t=1

and Das(, R ZRt (1,1).

(i) If, choosing & > 0 as in (i), one has E(| min(X,0)[>*%) < 0o and 35, 1*a(l) < oo,
then B

~

En(ra) . Fuleh) ‘
nF (uy) (E(a;n) -1, F) —1) — N(0,3(y) +2D(v, R)).

If X is bounded, then in (ii) assumption S, 1%/%a(l) < oo can be weakened to 3~ a(l) <
oo and no integrability assumption on X is necessary.

If the X; are in fact i.i.d. then both results hold with D(vy, R) = 0 under the sole assump-
tions that X satisfies condition Co(7y,a, p, A), u, 1 2% is such that nF(u,) — oo, and
T, x), T 2 are such that (x* — z,)/(x* — u,) = 1 and (z* — ) /(x* — up) — 1, with the
extra requirement that E(| min(X, 0)|?) < oo for (i) only.



Proof of Lemma A.5. (i) Pick (A, p) € R?\ {(0,0)}. Clearly

~

~(1) T (o
" F(un) (Xt — .%‘n)]l{Xt > xn}
=2 > <E((X ") 1(X > 2n))

O

n

—1>—|—p><

= Z Xn,t()‘, :u)
t=1

is a mean of identically distributed and centered random variables for every n. We start
by the case when (X;);>1 is an a—mixing sequence. We aim to apply Lemma C.7(ii)
in Davison et al. (2023), of which we check each condition. By Lemma A.4, and using
condition M,

In
2 Var (Z Xt(N, M)) = O(lp /1) — 0,

T
n t=1

n—rn|n/ry |

Var Z Xot(A 1) | = O((n — raln/ra))/n) = Ory/n) — 0,

.n -
Jim . Var (Z Xt (A, M)) = X(Z1(y) + 2D11 (v, R)) + 22u(T12(y) + 2D12(7, R))
" t=1

+ 1 (S22(7) + 2D22(7, R)).

Besides, for any € > 0,

246

Tn

Z th()‘a M)

t=1

Tn

Z Xn,t()‘a M)

n n
—E > ¢ < e 0x —F
'n t=1

Tn

R

Zn Xn,t(Aa :u)
t=1

= O (nryPE( X1 (A, 0)9))

1)
Tn

=0 |ry

by the Holder inequality and Lemma A.2(i) and (ii). This converges to 0 by assumption,
so Lemma C.7(ii) in Davison et al. (2023) applies and yields the desired conclusion in
the a—mixing framework thanks to the Cramér-Wold device. When the X; are i.i.d., one
may apply the standard Lyapunov central limit theorem (Billingsley, 1995, Theorem 27.3
p.362) instead: first of all

2(1 —
n Var(X, 1(\, 1)) — )\21(_21) + 22\ + p?

by Lemma A.2, because of (A.5). Then, by the Holder inequality and Lemma A.2(i) and
(i),

n 4 _ n F(un) ? 90(4)(1"'”) 1 = 1
E|Xn,1 (A )] —0< ( n ) <[¢(1)(xn)]4+[F(un)]3>> _O<nF(un)>‘




This converges to 0, so the Lyapunov central limit theorem applies and the proof of (i) is
complete.

To show (ii), write

A~

E (1) ~(1) =
log E;n($n) — log on’ (Tn) ~log 200 (xn) + xn — Xy ‘
E(zy) oW (2,) 20 () + 2 — E(X)
Since
2@%1)(:5”) + x5 — Xn o 2(@,(11)(@«”) — w(l)(xn)) — (Xn — E(X))
200 (2,) + 2 — E(X) 2600 () + 2 — E(X)

M (z, — 5 (z, 1 _
— 0s W % () (M - 1) 1 0p (ﬁ X (X E(X))) 7

it follows that

200 (@) ¥ o =X | _ 1

280(1)(3371) + x, — E(X) T -
by Lemma A.2(i) and Corollary 1.2 on p.10 of Rio (2017) along with (1.25a) and (1.25b) on
p.12 therein, when the X; are a—mixing and under the assumptions E(] min(X, 0)]>*°) <
oo and Y5, 1%%a(l) < oco. [When X is also bounded, condition > 5, a(l) < oo is
sufficient, see (1.24) on p.11 of Rio (2017).] In the case when the X; are i.i.d., the usual

central limit theorem can be applied instead in order to control X, — E(X), under the
condition E(] min(X, 0)|?) < co. Hence, in both cases, the equality

5ol ~(1)
log %(wn) = log 907(11)(%1) + op _
E(zy) oM (an) nF (un)
from which (ii) follows by applying (i). O

A.2 Proofs of the main results

Proof of Proposition 1. The starting point is to combine Equation (2.2) and Lemma A.2,
in order to obtain
2 —E(X)— (2" - &)

_2r—1  F(&)a(l/F(&r)) 1
BT 11—~ (1+1—7—p

AU/F(&) + ollAG/F(E)D))
as 7 T 1. In other words,

F(&)a(1/F (&)

1-—7

= (1= —~EX)) - (2" = &) x (1 =21 - 7))~

< (1= T E AR +oAU/FEND ) as i1 (A3
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Then, by Lemma A.3(i) with s = 1/F(g,) and Lemma A.3(ii) with s = 1/F(&,;) combined
with Lemma A.1, one has the alternative expansion

Fe)a/FE) _ (=)™ (L prl
SN 28 (1 L a/Fe) + oA /Fle))
X <1 - p(’y:— p)A((l — 7)™ +o(JA((1 - T)_l)\)) as 71 1.

A consequence of Equation (2.3) is that 1/F(¢;) = o((1 — 7)7!). Therefore, since |4| is
regularly varying with index p < 0, one has A((1 — 7)71) = o(|A(1/F(&;))]), from which
it follows that

F&)a(/F(&) _ (@ —&)'1h (1 + 2

-7 (@)W (v +p)

AQ/FE)) + o<|A<1/F<5T>>|>)
(A.14)
as 71 1. Combine (A.13) and (A.14) to find

(x* _ &_)171/7

o gy = @ BT [1 ~ B 57)] x (1-2(1—7))"!

1—7x o N
< (1 S = A/ + olAQ/FEN)) w11

A consequence of Equation (2.4) is that 1 — 7 = o(z* — &;). Hence

(SE* _57)1—1/7 ) 3
) (z" —E(X))(1 -~ [1_:U*—IE(X)

1—7 o B
X <1 — £ == p)A(l/F(f‘r)) + O(’A(l/F(&-))D) as 7 T 1.
(A.15)

(% = &) to(z” — é})]

Combine the above expansion with Equations (2.4) and (2.5) and the regular variation
property of |A| to get

(l‘* _ 57_)1—1/7
(.T* - QT)_l/,Y
= (a" —E(X))(1 -7

% [1= @ = ECO)TY O (1 =y )T O @ — ) VO (14 0(1)

o (- A=l —EXO))(A - AP/ 0=)
p(v+p)(1 =~ —=p)

A1 =)@ =) (1 + 0(1))>
as 7 T 1. Then clearly

7~ & = (@~ BOO)(1 7 )0 (@ — gp) /0
x [1 = [(@* = BQO)1 =y ) YO0 @ — g )Y 0D (1 4+ o(1)

y <1 Ll —EQO)(1 =70

S A VB o
P+ )1 —7=p) A((L=7)" (2" —¢) ") + (1)))

as 7 1 1, which is the first desired asymptotic expansion. The second statement is then

a direct consequence of a combination of Lemma A.3(i), for s = (1 — 7)71, with this
asymptotic expansion. ]
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Proof of Theorem 1. Fix u,v € R. To prove the desired joint convergence, it is sufficient
to examine the convergence of the sequence

\/nF (&) \/nE(Ex)
F

Enl (ng - &Tn) S U, = (Z]\ﬂ'n - qT(r,L) S v

a(1/F(&r,)) a(1/F(&r,))

First of all, since a(s)/(z* — U(s)) — —v as s — 00, and s — z* — U(s) is regularly
varying, the assumption F'(&;,)/(1 — m,) — 1 yields

VrEEn)  /n( =)

(FE,) ~ al(l—m) oW

As a result, it is equivalent to analyze the asymptotic behavior of

\/ nF(é,) n(l—m,) .

m( Tn gm) < u, a((l — ﬂ_n)fl)(%rn — qwn) <w

The key observation in order to do so is that, for fixed u,v € R, if

al/F()) g T = Tp(0) = Gr + v

Ty = xp(u) =&, +u nf(fq-n) ﬂ

then, following a simple calculation,

m(&—n _gm) < u, a((l—ﬂn)_l)(qW” _QWn) <w
_p(\JuFe ((Enten) _ e (B
=P ( F(an) ( —(xn) 1) < F(é‘Tn) (E(Clln) 1) ,
— %n(:c;) — 1—m,
nk(&s,) (F(%) - 1> <\/nF(&,) <F(%) - 1>> (A.16)

because &, (resp. ETn) is the 7,th quantile of the continuous distribution function E
(resp. the distribution function E,), and likewise g, (resp. gy,) is the m,th quantile
of the distribution function F' (resp. the distribution function F\n) We first handle the
right-hand sides of both of the inequalities in (A.16). Note that

x* — 1= _ua(l/F(éTn)) % 1 -0 # -0 (A.17)

T =& T b nﬁ(fnz) nf(ﬁm)

using the convergence a(s)/(z* —U(s)) = —v as s = 0o, and Lemma A.1(i). Note further
that the function FE is absolutely continuous on any compact interval, because

e The function z — ¢ (z) = [ F(y) dy is Lipschitz continuous,

e The denominator z — E(|X — z|) = 20()(z) + 2 — E(X) of E defines a Lipschitz
continuous function that is bounded away from zero.

12



A straightforward calculation shows that £ has Lebesgue derivative

-/

() — _ #) + Fla)(r —E(X))

(2eW(2) + = —E(X))?

In particular, it comes as a consequence of Lemma A.2(ii) that — ( V/F(z) = 1/(z* —
E(X)) as T z*. Then

Pl (et - 1) wFe [ ggiy))d

F(&) / ( PG40 4 0(1)

1/FT$nD
—&r,
) = (Lt o(l
Pl e (U o)
= (1—=7v)u (A.18)
as n — oo, by combining (A.5) with Lemma A.2(ii) and (A.17). Besides
* ) * o —1
- %—4:<i%ﬁ—g—vdq ™)) 1re® (A.19)
=&, =&, " — 4, NF(fT )

because of the convergence (v*—qy, )/(x*—&;,) — 1, granted by the assumption F(&,)/(1—
) — 1, the regular variation property of s — x* — U(s) and convergence a(s)/(z* —
U(s)) = —y as s — o0, and Lemma A.1(i). Then

P (1) e (5

Flam) ) F(eh)
P (e (P 1) o)

because of Lemma A.1(ii), the asymptotic equivalence between F(qy, ), F(&,,) and F(a))

due (in part) to (A.19), assumption y/nF (&, )A(1/F(&,)) = O(1) and the regular vari-
ation property of |A|. Note now that the convergence in Theorem 2.3.8 on p.48 of de Haan
and Ferreira (2006), which is equivalent to the convergence granted by condition Ca(7y, a, p, A),
is actually locally uniform by Theorem B.3.19 on p.401 of de Haan and Ferreira (2006),
and therefore

— F(q n) B _ )7 F(Qﬂ'n) _
Flr) (p(:cm 1> Hien) (F@M +va((1—m)™1)//n(1 =) 1>
— v

using the asymptotic equivalence between 1 — 7, F(q,,) and F(&,,). Conclude that

(&) (;ﬂ;’; - 1) Lo (A.20)

13



Combine (A.16), (A.18) and (A.20) to get

nF ™)~ n(l—m
P (Cl((g)(ffn - gm) < u, N(Z]\ﬂn - Q7rn) < U)

1/F(£Tn)) (1 _Wn)_l)
p( P (Bl 1) oty < e (1) ot o]

Use Lemma A.5(ii) (this is allowed because of (A.17) and (A.19)) to conclude the proof. [

Proof of Corollary 2. Fix v € R. The proof relies on the identity

~

{ nF (&) (?((ggn)) - 1) : U} ]

T = Tn(v) = 1 — F(,) (1+ - ) .
nF (&)

where

We therefore investigate the asymptotic behavior of P(gy, < ET,L) To this end we write
{aﬂ'n S ETn}

”7(57-”) . nF(ﬁTn) . nﬁ(&n)
{MUH%»%“QMMUN&»@%£“<MUNa»@"q“}'

—1
1 v - 1 o [ W/F (&)
U(F“Tn) (H nF@m)) ) U<F<€Tn>>]+ ( nF(ﬁm)

by Lemma A.1(i) and condition \/nF (&, )A(1/F(&,,)) = O(1). Since condition Ca (7, a, p, A)

Now

f’rn —4qn, = —

holds locally uniformly in z, a Taylor expansion and condition \/nF (&, )A(1/F (&) =

O(1) yield
VnF (&) (

AFE)

- qr,) = V.

As a consequence

. \V F (&, nF(&,)
{z]\ﬂn San}: {() 7 ()(ngng)+0(1)<U}'

a(1/F (e, T ) T L1 Fe))

The conclusion follows by applying Theorem 1. O
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Proof of Theorem 2. Recall from Equation (2.4) that 1 — 7, = o(F(&,,)) and write

vl —m) e
a(1/F(E,)) G )
_ynl-m) g
" a1/,
((1 - Tn)/pn)an/(l_ﬁn) -1
Fne < ) 1) A
+vf< 1—m/@mw“vw—l_«l—mwggmkﬂ—1>
e ( (1 = 72)/pa) /0 q/<zr<57n>/zv<§1_pn>yv>
b1pn —En (Flr) [T (1) 1

\/7< 1/F &n . > (A.21)

" (1_Tn>< “‘WW/ ’Y<F<£T,L>/F<£1-pn>>”>+on»<1> (A.22)

by Theorem 1 (for the control of the first term in (A.21)), the assumption on &, the
convergence of 7, to v < 0, the assumption (1 — 7,)/p, — oo (for the second term
n (A.21)), Lemma A.1 and the arguments leading to the control of the nonrandom bias
term IV in the proof of Theorem 4.3.1 on p.134 of de Haan and Ferreira (2006) (for the
fifth term in (A.21)). Now

(1= 7)o/ 0 — 1 (1= 7) fpu)?/ 1) — 1

Yn gl
_ (= Tn)/pn)%/(l_%;; (= Tn)/pn)w(l_w +((1- Tn)/pn)v/(l—v) _ 1](;y\n—1 _ ’Y_l)
_ @z Tn)/ypn)w/(lw (1 = 7)/pa) T/ A==/ — 1) (14 0p(1)) + n (1 + 02(1))
Fp — 1—7)/pn)” " Tog((1 = 7)/pn
_7 g T(1 + op(1)) + Op <<( )/Pn) i Tf)(( )/p ))
_ %7; Y 1 op ( n(ll— - )) (A.23)

because 7, is \/n(1 — 7,)—consistent and 2~ ¢logz — 0 as * — oo for any ¢ > 0. Finally,
combining Lemma A.3 with Corollary 1 results in

F&,)  [1—m)\Y0 * . )
Ferp) ( o > (1 +0((z* = 7)) + O(JA((1 = 7) 1)|)) (A.24)
because 1/7(57) =o((1— 7-)*1) as 7 1T 1, and therefore A((1 — Tn)fl) _ 0(|A(1/F(€rn))\).
Combine (A.22), (A.23) and (A.24) to complete the proof. O
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Proof of Theorem 3. We decompose §f_pn — &1—p, in the following way:
gf*ﬁn - 5]-_p'n
=7 2" = (T =&, — (@ = &p,))
— 7 _ ¥
—{[(@ = X)) =7 ) O — (@ —E(X))(1 -y ]I @ - gty
— [ =BG~y O - G, O — (o gy,) )
+ (@ = &p,) — (@ —E(X)(1 =y ]I @ — gy, )0
By Proposition 1 and Lemma A.3(i), it follows that

éf—p" o glfp’ﬂ

—{[(@ = X)L =7 )T O (@ —E(X))(1 -4 E - g, )Y O
—[(@* = E(X)(1 = @ - g, )V — (@ = qup,) V)
_|_O(p;7/(1—”/)( —v/(1 7)+|A( —1/(1— ))’))- (A.25)

We control each of the three terms in (A.25). By the Skorokhod lemma, up to changing the
probability space and with appropriate versions of the estimators involved, Theorem 4.5.1
on p.146 of de Haan and Ferreira (2006) provides

o on/k) 1

v
Tt = X —(T+~*B—~A - A\—— +0 1>. A.26
VEk 72< 7 7 ) #(1) ( )

Writing
(@ =X (1= 570 — [(@* ~ BE))(L =70

X —An/(1=n)
- [(%)) - 1] (% — E(X))(1 -7, )] /(0=

+{(a* = E(X))(1 =3, )] — [(a* — B(X)) (1 — )]/,

and combining (A.26) with the assumption that vVE(X, — E(X)) ~%, 0 and the delta-
method, we find

(@ = Xa)(1 = 30 (@ - BOO)L -y 0 = 0p (1) (a)
It follows from our assumptions that log(k/(np,))/vk = O(log(n)/vk) — 0, and therefore
&~ @y, = —aln/k) LD (T%i D
(k/(npn))” log(k/(npn)) logn
—a(n/k) S (1 + Th '+ op ( N >> . (A.28)

Recalling that, by Lemma A.3(i), (k/n)Ya(n/k) - —yC < oo with C' = limg_yoo s~ 7 (2* —
U(s)), it follows that
T — Gt )1/(1*%)*1/(1*7)

i <Q;(;;k)W> 1/(1=An)—1/(1=7) (1 o <1(§£>)
1 10%}%") < T+ or(D) +or <l‘ifgn> .
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Hence the asymptotic expansion
@ = Gip,) /O

B <_a(”/ ’f)(’f/(”Wy/u_w

5 log(k/(npn)) ., 1 . log(pn) ol on (logn
(” N vk X(l—w?”P( >>

- <_a(n/k)ww>l/(l_w (1 + log(k/ (npx/ 7)) x —1 Ty op (109;"))

gl Vk 1—vy

" 1/(1-7)
= Op ((—a(n/kz)W) ! ) (A.30)

where the convergence (k/n)Ya(n/k) — —yC < oo was used. Combining (A.27) and (A.30)
results in particular in

(@~ X1 =377/ (o ~ B(X))(1 — 7 )OI @ - g, O

_ (k/(npa))\ 77 logn
—0p<<—a(n/k‘)7 > i (A.31)

Using Lemma A .3(i) and the convergence (k/n)Ya(n/k) — —yC < oo again in conjunction
with the regular variation property of |A|,

* _ r*— d1—p, a<1/pn)a n
T e = S k) )

= _a(n/k)W (1 SIS <1>> (A.32)

vk p vk
and so
. k/(npn)W)l/“‘”( 1 A ( 1 >>
. _ V0= — [ _g(n /i) E/(Pn)) - L 1
5 — qi—p, a(n X +o0 .
@~ 1) < = Vi p(1=7) z
(A’33)
Combine (A.29) and (A.33) to obtain
(@ Gy ) O — (@ — g1y, YO
<k/<npn>>V)”“—”> log(k/(npi/ ")) T <logn>
= |- k)———7"""— + . A.34
< a(n/k) » NG e (A.34)
Finally, combine (A.26), (A.31) and (A.34) to complete the proof. O

Proof of Corollary 3. Under the assumptions of the result, and by Lemma A.3(i), a(n/k)
is asymptotically proportional to n(*=X)7 and [a(n/k)(k/(npy))?]"/ =) log(np,li/(l_w/k‘)
is asymptotically proportional to n®?/(1="logn. The assumption x < 1 — w/(1 — ~)
therefore ensures

a(n/k) _ la(n/k)(k/ (npn)) ] = log(npy W7 k)
vk NG ~

17



Moreover, it is a consequence of Proposition B.1.9.1 on p.366 of de Haan and Ferreira
(2006) that |A(s)| = o(s”1%) as s — oo for any & > 0, so A(n®/(1=7) = o(nwr/(1=1+9) for
any ¢ > 0. Hence, using the assumption x < 2w min(—+, —p)/(1 — ), the convergence
Vk
[a(n/k)(k/ (npa)) 1/ 0= Tog(npr! 77 /1)

Apply Theorem 3 to complete the proof. ]

x p@ (=) (e A=7) ) A(p@/ (7)) = 0.

Proof of Corollary 4. Tt was shown in the proof of Corollary 3 that a(n/k) is asymptoti-
cally proportional to n(!=X)7 and [a(n/k)(k/(npy))?]/ A=) log(np}/(l*w/k) is asymptot-
ically proportional to n®?/(1=7) logn. Under the assumptions of the result,

[a(n/k)(k/ (npa)) 11— Tog (npi/ " /k) (“<n/k>)
vk VE )

Apply Theorem 3 to complete the proof. O

Proof of Proposition 2. Write

logli?”zlog Ec‘*—af_pn g - X, log 1-7;71
1—7, ¥ — qi—p, x* — E(X) 1—471

x* — q1—p, DPn
+log ((ﬁ B0 71— ) | (4.35)

Note that condition y < min(—2wy, —2p/(1—2p)) ensures in particular that vVEA(n/k) —

0. Combine (A.26), (A.28), (A.32), convergence VE(X, — E(X)) %5 0 and the delta-
method to get

ey (o G ) 1o (i) e (35))
log(k/(npn) \ ° \2* — 41—, ®\o —E(X) BTt

Vk -1,

= log =

log(k/(npy)) T* = q1-p,

Combine now Proposition 1 and Lemma A.3 with the relationship 1 — 7 = o(z* — §;) as
711 (coming as a consequence of Equation (2.4)) to get

(z* — ‘ST)F(&')

1—71

) +op(1) -5 T (A.36)

= (" ~E(X))(1 =77 (1 +O(z* — &) + O(JA(L/F(&)]) as 71 1.
With 7 = 7, such that & = &, = ¢1—p, and using Lemma A.1(ii), we find

(SL‘* - Qprn) Pn
(@ —EX)A-7H1-m

=1+0(x" — qi—p,) + O(JA(1/pn)|) as n — c0.  (A.37)

Assumptions x + w —1 > 0 and x < min(—2wvy,—2p/(1 — 2p)) ensure that A(1/p,) =
o(|A(n/k)|) and Vk(z* — q1_p,) — 0. Plug (A.36) and (A.37) into (A.35) to complete the
proof. ]

Proof of T/l\zeorem 4. We know that 7 — fAT is the inverse of the distribution function
En =1 — E,, defined by

= on(z ~ ~ 1 n n
En(z) = — @) where 3, (x) = 30 (@) = ~Y @Y 2" > a).
20n(x) + — n D i1 & t=1
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The conclusion of the proof of Theorem 1 contains the fact that for any fixed u € R,

nF(&,)
m(&n —&,) <u

= ( nF(an)(]j; —)

F(&r,)
(V) <(wn)_ ot )

L=v \ E(zn)

(5 1)

where

a(1/F (&)
nF(&,)

Define also the unfeasible, innovation-based LAWS estimator of &, (¢) by

Ty = Tn, =&, tu——m—=—"m=

G = argin'y ", (1),

Then 7 +— ET is the inverse of the distribution function E, = 1 — E,, given by

n

~ on(x N 1
Pale) = gy gz e Fale) = A0 = 1S - e > )

and g, is the sample mean of the ¢, 1 <t < n. We are going to prove that if x,, = x,(u)
as above, then

——|Eu(z) — Eulan)| »
nF (&) B — 0. (A.38)
This will result in the fact that, for any fixed u € R,
nF(&,) - B nF(&) (Eplxn)
m(&n—ﬁm)ﬁu =P T (E(%) —1) +op(l) <u|,

from which the conclusion will immediately follow by applying Lemma A.5(ii) to the
i.i.d. sequence (&¢).

Clearly

On(zn) B on(n)
200 (zn) + Tn — % Z?:l é(tn) 200 (Tn) + Tn — En
2B (@n) — Bulan)| + |2 320 & — 2,
(2Bn(zn) + 20 — L 30 &Y (25, (20) + 20 — E0)
. A.
" 20n(Tn) + T — En (A.39)

< Sb\n (!Tn)
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Our assumption on ]éfn) — £¢| immediately entails

1 1/F (&,
- Zcﬂ(; —Zp| < max |5t — & =op M (A.40)
In particular,
1 — P
= 2 am o (A.41)
t=
from the law of large numbers and the fact that a(z) — 0 as z T e*. Besides
|Pn(Tn) — @n(zn)| < = Z |5t —e|l{ey > xn}
+= Z B — 2 146" > 2} — 1{e; > 20} (A.42)
Denoting the empirical survival function of the ; by %n, we obviously have
F 1/F
- Z E™ ey 1{er > wn) < F (xn) max | — e = op (5T")“i/ (6r)) (A.43)
t 1 nF(é-Tn)

using our assumption on ]é(tn) — ¢¢|, along with the Chebyshev inequality showing that

Fo(x,)/F(z,) = 1+ op(1) and the asymptotic equivalence between F(z,) and F(&;,)
due to a combination of (A.5) with (A.17) applied to the distribution of €. Note then
~(n)

that, using again our assumption on |€; ' — &|, one may define by induction a sequence of
increasing integers N, for k > 1, such that for any n > N,

nF(¢,) 1) 1
" ~(n)
——————max [, —&]| >~ | < .
(/B (&, ) 12 T ) S
Setting 6, = 1/k when n € {Ny + 1,..., Nx41} results in a nonrandom positive sequence

(0,) converging to 0 and such that the event

——— max |é<tn) — & <o
(1T, 12

n pumy
has probability arbitrarily close to 1 as n — co. On A,
1 n
SODICREEN
n
t=1

1 e (n
S IE" — (e > wa) — e > a0}

1{e" > 2} — 1{e; > 2}

<
t=1
< 2 (Y el e = wal) (e > 0} Mot > 0,s)
t=1
< 25nM X 1 Z I{e; >y} — L{er > xp 4 }) (A.44)
nF(&,) M=
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where

Tt = Tn T 5"@ =&, + (u+ 571)@
nF(&,) nF(E,)

and &y, = an — 5"@ =&, +(u— 571)%‘
nF(&,) nF(E,,)

The upper bound in (A.44) is positive, so it is stochastically bounded from above by its
expectation in view of the Markov inequality. This means that

LS 0 [ 5 ) 1o )| = op [ PP )
[ nf(éTn )

Combining this with (A.42) and (A.43) yields

Bulan) — Bnea)] = op | o)L/ TEr) (A45)
nF(&r,)
In particular, if p(z,) = E((¢ — z,)1{e > x,}),
Pn(Zn) N 1, so that Pn(n) %5 1 and then On(Tn) 20 (A.46)

o(Tn) P(zn)

from Lemma A.5(i) in the i.i.d. setting. Finally, recalling that, from Lemma A.2(ii),

ol P {Tn P\ Tn
Elan) = 2¢(xy) —ifxn)— E(e) - 2¢(mi) —|)—xn
gl Fana(l/Fa)  Fen)al/FE,)
e* (1—7)er (1—7)er
as n — 0o, (A.38) follows from combining (A.39), (A.40), (A.41), (A.45) and (A.46). O

B Further finite-sample results

We enclose here the full set of graphs we obtained in our numerical results for the six
models we discuss in Section 3 and for the three sample sizes n = 150, 300, 500.
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Figure B.1: Empirical relative bias, variance and MSE (left, middle and right), multiplied
by 100, for the estimators of §;/ obtained with i.i.d. observations from a Beta distribution
(simulation setup (i)), 7;, = 1 — 1/n and sample size n = 150, 300,500 (top, middle, bot-
tom). Purely empirical estimator ET{L (orange line), extrapolating LAWS estimators 5:7,1
(magenta lines) and E;Q (blue lines), and extrapolating QB estimators E*;, (black lines).
The versions of the extrapolating estimators based on the GPML scale and shape param-

eter estimates are referred to using solid lines, and those based on the Moment estimators
are referred to using dashed lines.
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Figure B.2: Empirical relative bias, variance and MSE (left, middle and right), multiplied
by 100, for the estimators of £,/ obtained with i.i.d. observations from a power-law distri-
bution (simulation setup (ii)), 7,, = 1—1/n and sample size n = 150, 300, 500 (top, middle,
bottom). Purely empirical estimator &,/ (orange line), extrapolating LAWS estimators 5:7,1
(magenta lines) and E;Q (blue lines), and extrapolating QB estimators E*;, (black lines).
The versions of the extrapolating estimators based on the GPML scale and shape param-

eter estimates are referred to using solid lines, and those based on the Moment estimators
are referred to using dashed lines.
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Figure B.3: Empirical relative bias, variance and MSE (left, middle and right), multiplied
by 100, for the estimators of £, obtained with i.i.d. observations from a GEV distribution
(simulation setup (iii)), 7;, = 1 — 1/n and sample size n = 150, 300,500 (top, middle, bot-
tom). Purely empirical estimator ET{L (orange line), extrapolating LAWS estimators 5:7,1
(magenta lines) and E;Q (blue lines), and extrapolating QB estimators E*;, (black lines).
The versions of the extrapolating estimators based on the GPML scale and shape param-
eter estimates are referred to using solid lines, and those based on the Moment estimators
are referred to using dashed lines.
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Figure B.4: Empirical relative bias, variance and MSE (left, middle and right), multiplied
by 100, for the estimators of ;; obtained with nonlinear AR(1) observations from a Beta
distribution (simulation setup (iv)), 7,, = 1 — 1/n and sample size n = 150,300, 500
(top, middle, bottom). Purely empirical estimator ETT/L (orange line), extrapolating LAWS
estimators E;, (magenta lines) and ?Tiﬁ (blue lines), and extrapolating QB estimators E:,
(black lines).nThe versions of the extrapolating estimators based on the GPML scale and

shape parameter estimates are referred to using solid lines, and those based on the Moment
estimators are referred to using dashed lines.
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Figure B.5: Empirical relative bias, variance and MSE (left, middle and right), multiplied
by 100, for the estimators of &/ obtained with nonlinear AR(1) observations from a power-
law distribution (simulation setup (iv)), 75, = 1 — 1/n and sample size n = 150, 300, 500
(top, middle, bottom). Purely empirical estimator ETT/L (orange line), extrapolating LAWS
estimators E;, (magenta lines) and ?Tiﬁ (blue lines), and extrapolating QB estimators E:,
(black lines).nThe versions of the extrapolating estimators based on the GPML scale and
shape parameter estimates are referred to using solid lines, and those based on the Moment
estimators are referred to using dashed lines.
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Figure B.6: Empirical relative bias, variance and MSE (left, middle and right), multiplied
by 100, for the estimators of £;, obtained with nonlinear AR(1) observations from a GEV

/

distribution (simulation setup (iv)), 7, = 1 —1/n and sample size n = 150, 300,500

n
(top, middle, bottom). Purely empirical estimator &/ (orange line), extrapolating LAWS
estimators E;, (magenta lines) and ?Tiﬁ (blue lines), and extrapolating QB estimators E:,
(black lines).nThe versions of the extrapolating estimators based on the GPML scale and
shape parameter estimates are referred to using solid lines, and those based on the Moment
estimators are referred to using dashed lines.
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