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Abstract
We compare several approaches to scalar-on-density regression. With a dis-

crete point of view, the densities can be viewed as histograms whose frequency
vectors belong to a simplex SD and then classical compositional regression can
be used. An alternative with a functional point of view is to consider density
functions as infinite dimensional compositional objects, elements of the so-called
Bayes space B2, and then compositional scalar-on-density regression can be per-
formed. In the second approach, since the density covariate data is originally
available as an histogram, these first need to be sent to B2 using a smoothing
step performed by CB-splines smoothing. It is then interesting to investigate
the potential advantage of the smooth approach with respect to the discrete
one. We compare them through an application about the assessment of the
impact of climate change on rice yield in Vietnam, where density covariates are
the distributions of maximum daily temperatures during 30 years, from 1987 to
2016, in 63 Vietnamese provinces. Additional covariates such as precipitation,
regional dummies and a time trend are added to both models. Scenarios of cli-
mate change are modelled with perturbations of the initial density by a chosen
change direction producing a shift of the densities towards higher temperatures.
The impact on rice yield is then obtained in both models by computing a sim-
ple inner product, in SD and respectively B2, of the parameter of the density
covariate with the change direction. The comparison shows that the smooth ap-
proach outperforms the discrete one by a better evaluation of the phenomenon
scale which the discrete approach may fail to uncover.

Keywords: compositional scalar-on-density regression, Bayes space, com-
positional splines, climate change, rice yield, Vietnam.

1. Introduction

With the increasing complexity of recorded data, one finds nowadays models
involving more elaborate data objects such as random densities. We are focusing
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here on regression models where such density objects appear as explanatory
variables.

It is often the case that density are recorded in an aggregated fashion as
histograms (see e.g. Carter et al., 2018, for a survey of applications in climate
change econometrics). With this discrete approach, the sample space can be de-
scribed by the set of vectors of bin frequencies, which have positive components
adding up to one. These vectors are called compositions and their space is called
a simplex. The simplex can also be endowed with an Euclidian structure as is
done in compositional data analysis, see Aitchison (1986) or Pawlowsky-Glahn
et al. (2015) for an introduction. Scalar-on-composition regression models us-
ing the simplex representation are described for example in Hron et al. (2012).
They are constructed by transforming the simplex vectors into vectors of an un-
constrained linear space Rk (for some adapted k) and using on the right hand
side of the regression equation the inner product of the resulting vectors with
a parameter vector in this space. It is possible to use for example the so-called
centered log-ratio transformation.

On the other hand, Petersen et al. (2022) reviews the different approaches
for building regression models involving samples of probability density functions
with a functional perspective. In the world of functional data analysis, densi-
ties are particular functions due to the constraints they must satisfy. For one-
dimensional densities, the sample space is taken to be the space D of functions
with positive values and integral equal to one. One of the two main approaches
described by Petersen et al. (2022) uses the representation of densities in the
so-called Bayes spaces B2. Bayes spaces were introduced in Van den Boogaart
et al. (2014) by endowing the space D, for densities with a finite support [a, b],
with a Hilbert space structure. Functional scalar-on-density regression models
using this representation are presented for example in Talská et al. (2021). How-
ever if the data densities are initially recorded as histograms, one then needs
a preliminary step allowing to represent these histograms as smooth functions.
Machalová et al. (2021) propose a new class of splines, which they call composi-
tional splines or CB-splines, to approximate probability density from histogram
data taking their constraints into account.

Note that the second approach, which we call the smooth approach in the
sequel, uses the same kind of strategy to construct the sample space: the Bayes
space and its operations can be viewed as continuous versions of the simplex and
its operations. Similarly, the scalar-on-density regression model uses a transfor-
mation of the density functions called the functional centered log-ratio which is
the functional counterpart of the classical centered log-ratio transformation for
vectors of a simplex.

However the functional (smooth) approach is more complex to implement
and a natural question in practice is to assess the possible advantage that one
gets by using the functional model. Our objective in this work is to explore this
comparison with an original application to the study of the impact of climate
change on rice yield in Vietnam.

Using regression models to relate agricultural yield and climate descriptors
is not new, see Fisher (1924). Climate change affects the different stages along

2



food systems (food production, storage, processing, distribution, retail and con-
sumption) directly and indirectly (Davis et al., 2021). Due to its direct exposi-
tion to weather conditions, crop production is all the more sensitive to climate
change. In countries such as Vietnam, crop production plays a vital role in
both the country’s economy and the well-being of its people. For instance, rice
growing activity occupies 63% of total agricultural land in Vietnam and is also
essential to the livelihoods of 63% of Vietnamese farming households. More-
over, rice production reached 43.4 millions of tons in 2019, making Vietnam the
fifth rice producing country in the world and the second largest rice exporter.
Rice production in Vietnam is threatened by climate change. Sea level rise
could adversely affect Vietnam’s prime rice-growing region, namely the Mekong
River Delta which accounts for 54.47% of rice-planted area in this country. Sea
level rise could reach 84cm under a high greenhouse gases global emissions sce-
nario, causing large parts of the Delta plain whose estimated average elevation
is around 80cm to fall below sea-level by the end of the century (see Chapters
1 and 3 in Espagne et al., 2021). On the other hand, temperature projections
(from ∼ 1.3◦C under a scenario of low greenhouse gases global emissions to ∼
4.2◦C under a high emissions scenario, with faster increases on the North of the
country than in the South) make it possible to anticipate what might be consid-
ered as chronic heat stress in some areas that could also affect rice production,
even under lower emissions pathways.

In the econometrics literature, the assessment of the impact of climate change
for a given economic sector relies on the specification and estimation of a damage
function that relates an outcome specific to that sector to climate indicators.
Hsiang et al. (2017) present empirical, micro-founded sector-specific damage
functions for a number of sectors: agriculture, crime, health and labor. Several
of these damage functions consider crop yield as the outcome of interest and re-
late that yield to temperature and precipitation. Those proposed by Schlenker
and Roberts (2009) are particularly interesting. A recent and complete sur-
vey can be found in Ortiz-Bobea (2021). They are based on the assumption
that temperature effects on yields are cumulative over time and that yield is
proportional to total exposure. This implies temperature effects are additively
substitutable over time. This assumption can be mathematically translated by
specifying the link between crop yield and temperature as a linear functional re-
gression of a scalar response, crop yield, on the probability density function, thus
involving an integral of the temperature density against the regression parame-
ter which is itself a function of temperature. The regression parameter captures
the sensibility of crop yield at different levels of temperature. The estimation
strategy adopted by Schlenker and Roberts (2009) consists of approximating
that integral. The damage function is then expressed as the regression of crop
yield on the numbers of days belonging to the different bins defining the his-
togram of the temperatures observed over the crop growing season. As in the
treatment of dummy variables, one bin is removed from the list of regressors
to take into account that the sum of the regressors is fixed and equal to the
total number of days in the crop growing season. The impact of one more day
in a given temperature bin is therefore measured with reference to the deleted
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bin. Several works have applied this estimation strategy, mainly after its use
by Deryugina and Hsiang (2017) in their paper about the identification of the
marginal effect of climate and their application to income in the US (see, for
instance, Aragón et al., 2021, in their study of subsistence Peruvian farmers’
response to extreme heat).

The estimation strategy proposed by Schlenker and Roberts (2009) can be
discussed in light of recent contributions to the statistical literature. We can see
that the original formulation of the model of Schlenker and Roberts (2009) uses
a function representation for the temperature density and is therefore directly
comparable to the functional scalar-on-density approach: in both cases the den-
sity function appears on the right hand side of the regression equation in a linear
fashion through an integral term. In the later treatment of their model however,
Schlenker and Roberts (2009) approximate their integral by a finite sum arriving
at a regression model on bin frequencies (after removal of a reference bin). The
model they implement is therefore comparable to a scalar-on-composition model
but an important divergence then appears. The Schlenker and Roberts (2009)
model uses the bin frequencies (except the reference bin) as explanatory vari-
ables in a linear model. By removing one bin they take into account the relative
nature of bin frequencies as is done in compositional data analysis. However in
compositional data analysis, people usually use transformations of the vector of
frequencies in order for the postulated linear model to be linear with respect to
the vector space structure of the simplex which is based on operations different
from the classical sum and multiplication by a scalar of RD.

The paper is organized as follows. Section 2 reviews the methodological tools
involved in these discrete and smooth compositional models (simplex space and
Bayes space structures, centered log-ratio transformations) as well as the con-
struction of the compositional splines. Section 3 presents the rice yield data and
the weather data and their main features through exploratory analysis. Section
4 presents the discrete and smooth compositional scalar-on-density regression
models and their estimation results. Section 5 presents our proposal to build a
climate change scenario, derives the corresponding formulas for computing its
impact. An illustration of these impacts on the dataset allows to reveal the
interest of the smooth approach. Section 6 then concludes.

2. Methodological reminders

The density data at hand in our problem is a set of distributions of maxi-
mum daily temperatures during 30 years, from 1987 to 2016, in 63 Vietnamese
provinces. These densities will play the role of covariates in a regression model
explaining rice yield in Vietnam during that period. In the discrete approach,
we use compositional vectors to represent the covariates and we remind the ba-
sic tools for working with compositional vectors in Section 2.1. In the smooth
approach, we use smooth densities and we remind in Section 2.2 the construc-
tion of the Bayes space B2 of densities. For the regression part, in the case of
the discrete approach we can use scalar on composition regression as Hron et al.
(2012). For the regression part of the functional approach, since the density
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covariate data is originally available as an histogram, a first step is necessary
to smooth these histograms into B2 elements using CB-splines smoothing. We
briefly review CB-splines in Section 2.3 and CB-splines smoothing in Section
2.4.

2.1. Discrete densities representation as compositional vectors

Let us first remind that compositional data (CoDa thereafter) vectors can
be defined as vectors of D positive components adding up to one, elements of a
simplex denoted SD. A discrete density function associated to a random variable
with a finite number of outcomes is represented by its probability mass function,
or equivalently by the vector of probabilities of each of these outcomes which
satisfies the same constraints as a CoDa vector. This space can be equipped
with a vector space structure using the following operations, see e.g. Aitchison
(1986).

1. ⊕ is the perturbation operation, corresponding to the addition in RD:

For u,v ∈ SD,u⊕ v = C(u1v1, . . . , uDvD),

2. ⊙ is the power operation, corresponding to the scalar multiplication in
RD:

For λ ∈ R,u ∈ SD λ⊙ u = C(uλ
1 , . . . , u

λ
D),

where C denotes the closure of a vector (division by the sum of its components).
The above operations allow to define a proper average of a sample of n com-
positional vectors ui (for i = 1 to n) by ū = 1

n ⊙ (u1 ⊕ . . . ⊕ un) (thus the
average components are just obtained by a geometric average of the sample’s
components).
The clr transformation of a vector u ∈ SD is defined by

clr(u) = GD lnu,

where GD = ID − 1
D1D1D

T , ID is a D ×D identity matrix, 1D is the D-vector
of ones and where the logarithm of u ∈ SD is understood componentwise. For a
vector u in the orthogonal space 1⊥

D (orthogonality with respect to the standard
inner product of RD), the inverse clr transformation is defined by

clr−1(u) = C(exp(u)).

The simplex SD of dimension D − 1 can be equipped with the Aitchison
inner product

< u,v >A=< clr(u), clr(v) >,

where the right hand side inner product is the standard inner product in RD.
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2.2. Continuous densities representation as elements of the Bayes space

As in Van den Boogaart et al. (2014), density functions can be viewed as
elements of the so-called Bayes space denoted by B2([a, b]) composed of positive
functions integrating to one on a bounded interval [a, b] and whose log-transform
is square integrable. This space can first be equipped with a vector space struc-
ture using the following operations. For any positive function h on [a, b], let us
define the closure C(h) of h to be the unique density proportional to h. Then
for any two functions f and g in B2([a, b]) and any real α, one can define

• perturbation as (f ⊕ g)(t) = C(f(t)g(t))

• powering as (α⊙ f)(t) = C(f(t)α)

The centered log-ratio (clr) transformation is defined for f ∈ B2([a, b]) and
t in [a, b] by

clrf(t) = log f(t)− 1

b− a

∫ b

a

log f(u)du (1)

By construction the clr transformation maps B2([a, b]) into the space L2
0([a, b])

of square integrable functions on [a, b] with a zero integral. Its inverse exists
and is expressed as follows for a function g ∈ L2

0([a, b]),

clr−1(g)(t) = C exp (clrg(t)) .

B2([a, b]) can then be equipped with the following inner product which makes
the clr transformation isometric when the classical inner product is used in
L2
0([a, b]).

< f, g >B2=

∫ b

a

clrf(t) clrg(t)dt =< clrf, clrg >L2
0([a,b])

. (2)

2.3. Reminder on CB-splines and ZB-splines

Spline functions are made of pieces of polynomials of a given degree connect-
ing at knots points with given smoothness conditions (see e.g. De Boor, 1978).
For our purpose, because the objective is to approximate density functions, we
need particular constrained splines. One way to construct them is described in
Machalová et al. (2021) using the so-called ZB-splines in L2

0([a, b]) and corre-
sponding CB-splines in B2([a, b]). A basis of spline functions satisfying the inte-
gral constraint is first constructed in L2

0([a, b]) and pulled back to B2([a, b]) by
the inverse clr transformation. The final system of B-splines are entirely defined
by a sequence of knots (points at which polynomial pieces connect) and an order
(polynomial degree plus one). Let Λ = {(λ1, . . . , λg) : a < λ1 < . . . λg < b} be
the set of so called inside knots. For technical reasons, additional knots are
necessary at the boundary: if k is the degree of the polynomial pieces (d = k+1
the corresponding order), k knots equal to a are added at the beginning of the
interval and k knots equal to b at the end. Then the dimension of the ZB-splines
basis (basis of L2

0([a, b])) is equal to g + k while the dimension of the B-spline
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basis corresponding to the same set of knots and order is equal to g + d, one
dimension is lost for the ZB-basis due to the integral constraint. The inverse clr
of the ZB-basis functions are called the CB-basis functions. For this applica-
tion, we restrict attention to cubic splines for which k = 3 and d = 4. Let SΛ

k be
the subspace of L2([a, b]) generated by the B-splines basis and ZΛ

k be the space
generated by the corresponding ZB-splines basis. Machalová et al. (2021) show
the correspondence between the representation of any function in ZΛ

k in both
basis systems. This correspondence is handy because it allows to manipulate
ZB-splines using classical code designed for B-splines.

In our subsequent application, the data is given as a set of histograms of daily
maximum temperatures, in a given province and a given year, with 28 bins of
length 1 on the interval [a, b] = [12, 40]. We use cubic splines (k = 3) with g = 7
(respectively g = 9) inside knots to approximate the densities underlying these
original histograms. The dimension of the ZB-spline basis is thus 7+3 = 10 for
7 inside knots (respectively 9 + 3 = 12 for 9 inside knots). The position of the
knots is chosen with respect to the data points position as argued in Machalová
et al. (2021) using quantiles. Figure 1 represents the two sets of basis functions
thus obtained in L2

0([a, b]) and in B2([a, b]). The knots position is indicated by
vertical dotted lines on the plots. We see that the two additional knots in the
bottom plots bring more basis functions with support around the mode of the
distribution thus allowing a finer approximation of the densities in the region
where we have more temperature data points.

2.4. Smoothing histograms with CB-splines

Our original temperature data are sequences of daily maximum tempera-
tures. In order to use the same technique as Machalová et al. (2021), we first
preprocess the data into intermediate histogram representations and then into a
smooth density using CB-splines as in Machalova et al. (2016). The CB-spline
smoothing step consists in choosing a ZB-spline basis in L2

0 and viewing the
estimation of the clr transformed densities expressed in the ZB-basis as a penal-
ized least squares regression. In this regression, the clr transformed histogram
frequencies are explained by the covariates obtained by evaluating the ZB-spline
basis functions at the midpoints of the histograms bins. Smoothing with ZB
splines does not allow bins with zero counts because of the log transformation.
For this reason, we apply a simple zero-replacement procedure by first replacing
any zero count by 10−7 and then applying the closure operator. The smoothing
parameter is chosen by generalized cross-validation using a regular grid of 100
points on a log-scale.

As an illustration, Figure 2 shows an histogram of the daily maximum tem-
peratures in 1995 in the Yen Bai province (North-East of Vietnam), as well as
the corresponding smooth density obtained by the above procedure on the left
plot, and the smoothed clr transform on the right plot.
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Figure 1: CB-splines (left) and ZB-splines (right) with 7 inside knots (top) and 9 inside knots
(bottom)

Figure 2: Density of daily maximum temperature in 1995 in Yen Bai province (left) and its
clr transform (right)

3. Data and exploratory analysis

3.1. Rice yield data
The dataset about rice yield comes from the International Rice Research

Institute1. The data set contains information on annual rice production, area

1IRRI is an organisation that promotes research and development of rice production in the
world. Information about the institute can be found at https://www.irri.org/
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harvested, rice yield at provincial level from 1987 to 2016. Rice yield is measured
in tons per hectares. Figure 3 shows the overall evolution of rice yield over the
considered period. After stagnation between 1987 and 1992, rice yield has grown
steadily since 1992, and this growth has affected all Vietnamese provinces. This
growth may be explained by the progress of agronomic techniques over the years.
Since we have no proxy to measure it, we will take it into account with a linear
time trend, as supported by Figure 4, which reports the evolution of average
rice yields for the six different agronomic regions in Vietnam and Figure 5 for
the three provinces of Yen Bai, Ninh Binh and Dong Thap.

Figure 3: Rice yield distributions from 1987 to 2016

Figure 4: Average rice yield by agronomic regions from 1987 to 2016
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Figure 5: Average rice yield in Yen Bai, Ninh Binh and Dong Thap province from 1987 to
2016

3.2. Weather data

Weather data used in this study are daily maximum-temperatures and pre-
cipitation. Temperature data comes from the Climate Prediction Center (CPC)
database developed by the National Oceanic and Atmospheric Administration
(NOAA). We extract historical data on daily maximum temperature for a grid
of 0.50 × 0.50 degree of latitude and longitude for Vietnam. The data is con-
verted into the daily maximum temperature for each of 63 Vietnamese provinces
and during 30 years (1987-2016) (365 or 366 values for each year) yielding one
temperature distribution for each of 1890 statistical units.

Figure 6 displays the average histograms of each of the 6 regions where
average is understood with the simplex operations as defined in Section 2.1.
These histograms show that the range of maximum temperature is quite different
from one region to the other.

Using the CB-spline smoothing tool we can also explore other aspects of the
variations of the temperature densities across time and space. Figure 7 displays
the daily maximum temperature density (and clr transform) in the province
of Ninh Binh (from Red River Delta) which is one of the major provinces for
rice production. We use the viridis color palette with 30 values, changing from
yellow in 1987 to dark violet in 2016 with green values in between. The top
part of Figure 7 clearly reveals the right shift of the temperature densities cor-
responding to climate change. Finally Figure 8 displays the densities and their
clr transforms in 2015 for all provinces. On the clr transforms we can see groups
of provinces and it would be interesting to explore their respective spatial po-
sition. It seems that they differ mainly in the range of the observed maximum
temperatures.

For using the smoothed histograms in the regression model later, we need
to express them in the same basis of CB-splines, therefore we need to use the
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Figure 6: Maximum temperature histograms across the Vietnamese regions in 2015

same knots position for all the 63 ∗ 30 = 1890 histograms. For this reason, we
first pool all observations into a single distribution and place the knots at the
quantiles of this global distribution.

4. The discrete and smooth regression models

The goal in this application is to construct a regression model to explain rice
yield in a given province and a given year by the distribution of daily maximum
temperature over that year in that province and possibly additional covariates.
The purpose of this model is to understand the impact of the temperature
distribution on rice yield controlling for other effects. Considering the effect
of time, given our purpose, we are not interested in a time series model to
predict yield in the future but rather we want to take advantage of the spatio-
temporal variability in order to measure the impact of temperature on rice yield.
Therefore we decide to include a simple linear time trend in the model as a proxy
for unobserved factors which may have evolved with time, like the evolution of
the production techniques. In view of Figures 3, 5 and 4, the linear trend seems
a reasonable choice. We further use other controlling factors: precipitation
and regional dummies. Because our covariate of interest has a distributional
nature, we need an adapted regression model and the choice is between using
an histogram of the daily temperatures as a compositional covariate, as in Hron
et al. (2012), or using a smoothed version of the temperature density as a smooth
density covariate, as in Talská et al. (2021). We first review the principles of
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Figure 7: Density (top panel) and clr transform (bottom panel) of the smoothed daily maxi-
mum temperature from 1987-2016 in Ninh Binh province

these two models before presenting their results.

4.1. The discrete regression model

The scalar-on-composition regression model as presented for example in Hron
et al. (2012) is a regression model in which at least one of the covariates is a
compositional vector. In our discrete regression framework we use temperature
histograms as compositional vectors and these can also be viewed as discrete
densities. The expression of any linear function of a compositional explanatory
variable X ∈ SD must be of the form < β,X >A, where β is a parameter vector
of SD and we recall that < ., . >A is the classical Aitchison inner product in SD

(see e.g. Pawlowsky-Glahn et al. (2015). Therefore a linear model to explain
a scalar variable Y with possibly several compositional variables Xj ∈ SLj for
j = 1, . . . J and several scalar variables Zl for l = 1, . . . L is formulated by an
equation of the form

Yi = α+

J∑
j=1

< βββj ,Xij >A +

L∑
l=1

γlZil + ϵi, (3)
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Figure 8: Density (top) and Clr transform (bottom) of the smoothed daily maximum temper-
ature from in 2015 for all provinces

where the parameters βj ∈ SLj and the errors ϵi are i.i.d. gaussian variables
with mean zero and variance σ2. For our application, we need to index all
observations by province i and year k therefore the index i of equation (3) is
replaced by the two indices i and k so that Yik is rice yield for province i (i = 1 to
63) in year k (k = 1 to 30). In this application, we have a single discrete density
as compositional covariate (L = 1) which is maximum temperature histogram
with corresponding parameter βmax and several classical scalar variables (L = 8)
with time, precipitation and six regional dummies. For the discrete covariate,
the histogram of maximum daily temperature has been reported with equal bins
of length 1 degree Celsius.

The estimation of such a model is done by ordinary least squares using a
transformation of the compositional covariates (any choice between ilr or alr
transformation, see e.g. Coenders and Pawlowsky-Glahn (2020)).

4.2. The smooth regression model

Extending the model in Talská et al. (2021) to the case of several density
covariates as well as additional scalar covariates, we consider the following linear
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scalar on density regression model

Yi = β0 +
∑J

j=1 < βj(t), fij(t) >B2 +
∑L

l=1 γlZil + ϵi, (4)

where Yi is the scalar dependent variable, β0 is a real intercept, βj(t), j = 1, . . . J
are curve-parameters for the effects of the densities fij , Zl (l = 1, . . . , L) are
real covariates with their corresponding parameters γl, and finally ϵi are normal
errors with mean zero and standard deviation σ2. The densities fij as well as
the curve-parameters βj are assumed to belong to the Bayes space B2([a, b]).

Using the fact that the clr transform is an isometry between B2 and L2
0([a, b])

equipped with their respective inner products, we can rewrite the model as
follows

Yi = β0 +
∑J

j=1 < clrβj(t), clrfij(t) >L2
0

+
∑L

l=1 γlZil + ϵi, (5)

In order to estimate this model, we first need to use a basis expansion of the
functional parameters βj(t), as well as a similar expansion for the densities
fij(t). For the sake of simplicity, we will use the same basis system to express
the functional regression parameters and the observed functional explanatory
variables but it is possible to take a different basis. The expansion can be
written directly in B2([a, b]) or equivalently for the clr transforms in L2

0([a, b]).
Once we replace these functions by their expansion in the inner products of the
model equation (5) for example, the inner products appear as a linear function
of the expansions coefficients multiplied by the Gram matrix (inner products
of all pairs of basis functions) as in Talská et al. (2021). After this step, we
are back to a classical linear model for ordinary covariates that we can fit with
ordinary least squares.

As before in our application, all observations are indexed by province i and
year k therefore the index i of equation (4) is replaced by the two indices i
and k so that Yik is rice yield for province i (i = 1 to 63) in year k (k = 1 to
30). β0 is a real intercept. We include a single smooth density covariate fmax

ik

which is the density of daily maximum temperature, in province i and year
k, and βmax(t) is the corresponding curve-parameter. We have additionally
the same L = 8 classical covariates (time, precipitation and regional dummies)
with their corresponding parameters γl, and finally ϵik are normal errors with
mean zero and standard deviation σ2. fmax

ik as well as the curve-parameter
βmax are assumed to belong to the Bayes space B2([a, b]). The number of basis
functions for the expansion is a function of the number of knots. In order to
reduce variability, it is advisable to use a small number of knots compared to
the sample size. As in Section 2.3, we will try two different knots number equal
to g = 7 and g = 9 corresponding to dimensions for the corresponding ZB-basis
of 7 + 3 = 10 in the first case and 9 + 3 = 12 in the second case.

4.3. Model results

For the smooth regression, the 7 knots model does not yield significant re-
sults for the temperature distribution while the 9 knots model all coefficients
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in coordinate space are significant at the 5 percent level. The coefficients and
corresponding significance of the other explanatory variables are presented in
Table 1 for the discrete and the smooth with 9 knots models. Concerning the

Table 1: Estimated coefficients associated to regional dummies, total precipitation and year

Regression type
Variable Discrete Smooth

regression regression
(9 knots)

Region
Northern Midland and Mountainous Region −1.14∗∗∗ −1.135∗∗∗

North Central Coast −0.42∗∗∗ −0.39∗∗∗

Central Highlands −0.73∗∗∗ −0.70∗∗∗

Southeast Region −1.59∗∗∗ −1.60∗∗∗

Mekong Delta Region −0.23∗∗∗ −0.23∗∗∗

(Reference = Red River Delta)
Total precipitation (Thousand ml per year) −0.17∗∗∗ −0.163∗∗∗

Year 0.11∗∗∗ 0.106∗∗∗

Note: *, **, and *** mean significant at 10%, 5%, and 1%, respectively

regional differences, Table 1 shows that these five regions have negative param-
eters meaning that their average rice yield is below that of the reference region
Red River Delta, which is a natural result since Red River Delta is quantitatively
the first most important rice-producing area in Vietnam in terms of average rice
yield, see Figure 4.

Figure 9 compares the fitted and observed values of both regressions and
reveal that the smooth model has a smaller residual sum of squares while having
a smaller number of parameters.

Figure 10 shows on the left the histogram of the discrete β vector and on
the right of the smooth β curve. Note that the bins of the histograms have been
labelled using the lower bound of the bin interval. The comparison between
both graphs shows the similarity between the general shape of the two graphs
except that the size of the effect is different.

5. Climate change scenario and its marginal effect

Covariates impact in scalar-on-composition regression can be evaluated ei-
ther using finite increments as in Coenders and Pawlowsky-Glahn (2020) or
infinitesimal increments as in Morais et al. (2018). To simplify comparisons
between the discrete and the smooth regression models, we choose a finite in-
crement perspective here. In order to assess the impact of a compositional
covariate in a model such as (3) or (4), that is in our case the impact of climate
change, we imagine scenarios for a change in this covariate. In the discrete
case, to be coherent with the simplex space to which the densities belong, the
change scenario should be linear with respect to the vector space structure of

15



Figure 9: Fitted value versus dependent values of discrete regression (left) and smooth regres-
sion (right) using 9 inside knots

Figure 10: Beta parameters in the discrete (left) and smooth (right) regression models

16



the simplex S28. In the smooth case, the change scenario should be linear with
respect to the vector space structure of the Bayes space B2([a, b]).

For this reason, we use finite linear increments to create the change scenarios
as follows. In the discrete case, the change is given by

Thfik = fik ⊕ (h⊙ φ) , (6)

where φ is a direction of change in S28. In the smooth case, the change is given
by

Thfik(t) = fik(t)⊕ (h⊙ φ(t)) , (7)

where φ(t) is a direction of change in B2([a, b]). To simplify comparison, we
decide to choose a change direction curve in B2([a, b]) which coincides with a
histogram with bin length of one so that the change curve φ(t) is described by
its vector of histogram frequencies φ which is the same as the φ used for the
discrete model.

We propose the following choice for the change direction: φ is the bin fre-
quency vector C(1, . . . , 1, e, . . . , e) with the first component equal to e being
component number m. Alternative choices are of course possible. The real h
reflects by its sign the orientation on the direction φ(t) and by its absolute value
the intensity of the change. Note that in clr space, the change writes as follows

clrThfik(t) = clrfik(t) + hclrφ(t). (8)

For a choice of h = 1, the lth component of Thf(t) is then given by

Thfik(t)l =
fik(t)lφ(t)l

Sm + e(1− Sm)
, (9)

where Sm =
∑m−1

j=1 fikj(t). Then it is easy to see that if l ≥ m and l′ < m

Thfik(t)l
fik(t)l

Thfik(t)l′
fik(t)l′

= exp(1) =

Thfik(t)l
Thfik(t)l′

fik(t)l
fik(t)l′

(10)

Formula (10) can be interpreted as follows: the ratio between two frequencies,
one above the thresholdm relative to the other below the threshold, is multiplied
by a factor of exp(1) ∼ 2.7 after the change. The factor exp(1) can be adapted
using an intensity h different from 1. Figure 11 illustrates this scenario for four
selected provinces, for the threshold m = 18 corresponding to temperatures
between 29 and 30 Celsius degrees and for h = 1: we can see that the frequencies
in warm temperature bins are higher after the change but that the change is
relative and not obtained by adding a constant to all bins after the threshold.

Were this hypothetical climate change to happen in a given province and
year, we can now predict for each h the resulting rice yield change Ŷik(h)−Yik,
where Ŷik(h) denotes the projected rice yield under the change scenario. Given
that both our models are linear for the simplex structure and that Thfik(t) −
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Figure 11: Climate change scenarios in four provinces

fik(t) = h⊙ φ(t), the resulting change of rice yield for a given province i and a
given year k are given by

Ŷik(h)− Ŷik = h < β̂max, φ >A= h < clrβ̂max, clrφ >R28 , (11)

in the discrete regression model and by

Ŷik(h)− Ŷik = h < β̂max(t), φ(t) >B2= h < clrβ̂max(t), clrφ(t) >L2
0
, (12)

in the smooth regression model. The inner products < clrβ̂max, clrfφ >R28

and < clrβ̂max(t), clrfφ(t) >L2
0
therefore characterize the impacts of a change

in temperature density in the respective models and these are constant for all
provinces in both models. In our application, we find a decrease in rice yield
of 0.055 tons per hectare in the discrete model and 2.417 tons in the smooth
model. The discrete model turns out to underestimate the impact of the change.
Another exploration with a smaller bin width, corresponding to an intermediate
situation between the bin 1 histograms and the smooth curves, revealed an
intermediate result in terms of rice yield showing that the approximation error
should be the source of the difference in the model’s appreciation of the impact
of a change.
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Alternative climate change scenarios could also be considered. For example,
one could change the threshold for the direction change vector we considered or
imagine a completely different vector which would weight the change differently
for the modified bins i.e. replace h by a vector (hm, . . . , h28). Another possibility
would be to choose a change vector adapted to each region: we have seen in
Section 3 that the 6 regions presented histogram shapes with different ranges
of temperatures (i.e. support of the density). All of these scenarios are easy to
implement with the above procedure.

6. Conclusion

We have compared two compositional approaches for the regression of a
scalar on density objects by applying them to a concrete case study of the
impact of climate change on rice yield production in Vietnam. The results show
that the smooth or functional approach allows to keep more information from
the density objects. The impact thus measured by the smooth model appears
larger than that measured by the discrete one. Our model however is very
simple and it would be interesting, for a more realistic application, to include
the additional density of daily minimum temperatures that was available to us.
Another improvement would be to take into account the cropping season in
each region but from the practical side we did not have this data and this would
open other issues from the methodological side since we have taken the same
spline basis for all densities so far. It could be justified to include among the
explanatory variables the number of days with maximum temperature above a
chosen threshold which would complement the bins relative values reflected by
the histograms. Alternative methods of estimation could be considered: instead
of choosing a small number of knots, one can use penalized regression. However
in that case it seems more difficult from the implementation point of view to
include several explanatory densities.

In order to measure the impact of climate change, we have chosen to consider
simple change scenarios. Further work could involve, while remaining in the
realm of linear changes, to explore more complex scenarios by choosing other
change directions, or consider changes non constant in space. Finally, we intend
to explore further the comparison between the discrete and the smooth models
by simulations which would allow to compare their respective result to a ground
truth and could confirm our claim that the smooth model is yielding better
results due to a smaller approximation error.
Acknowledgments The authors acknowledge funding from the French Na-
tional Research Agency (ANR) under the Investments for the Future (Investisse-
ments d’Avenir) program, grant ANR-17-EURE-0010 and the GEMMES project
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