Online Appendix for Optimally Stubborn

Rather than artificially separating the proofs of Propositions 4 and 5, I show convergence
and existence jointly. Given that the proofs are mostly constructive, the statements
in the appendix are usually stronger than what is stated in the main text. The proof
is structured as follows. First, I consider pooling equilibria. Then I consider semi-
separating equilibria and finally separating equilibria.

Propositions 7 to 9 (together with Proposition 3) establish that any pooling equi-
librium converges to the limits stated in Proposition 4. Moreover, they show such

sequences of pooling equilibria exist as stated in Proposition 5 (a) and (b).

Pooling Equilibria: Convergence and Existence

Pooling Equilibria with K > 2

Before proving the existence of pooling equilibria with K > 2, it is helpful to state the

following supplementary lemma and its proof:

Lemma 1. There exists a pooling equilibrium with support {ay,...,ax} only if the
demands oy through ag along with probabilities g, through to qx, and positive numbers

w1 through to g solve (5)-(8).

Proof. Fix z > 0, and an equilibrium, specifying {aq,...,ax}, p1,...,ux > 0, and

qi,---,q9x > 0. For any k < K, define
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For a detailed derivation of these payoffs see the supplementary material on my website.

For any k, k' < K, define

ko Uk~ Vi (3)

Z,k’ :/U’S{ - UZ/. (4)

Given z and {ay,...,ax}, define the following system in (g;, i1;), i = 1,..., K:

ki1 = 0, VE < K, (5)
Z,k—&-l - Ai,kﬂ =0, Vk < K (6)
K
> g " =z, and (7)
i=1

Z%’ =L (8)

Note that there are 2K equations (and as many variables). For a candidate equilib-
rium with support {a1, ..., ax}, both types need to be indifferent over all demands
through to ay, with probabilities ¢; > 0, given an ex ante probability of a player being
stubborn, z. Equation (5) shows the difference in payoff for a rational type between
making a demand of «a; and making a demand of aj,;, conditional on the opponent
mixing over the offers a; through to ax. Hence, equation (5) ensures indifference of the
rational type between any two offers, o and ;. In the same manner, equation (6)
ensures indifference of the stubborn type between any two offers, simplified using the
indifference of the rational type. Equation (8) ensures that the probabilities of being
faced with a given offer add up to 1; and equation (7) ensures that the conditional
probabilities of stubbornness, uf‘”, are consistent with the ex ante probability of a
player being stubborn, z.

Fix K demands (satisfying Lemmas 1 and 2). Suppose that for all Z > 0, there
exists z < Z, such that there exist ¢; > 0, and y; > 0 for ¢« = 1,2,..., K such that
with

(2,a,q, ) satisfies (5) to (8). Then there exists a sequence (2", ", ¢", t"), cn

lim, o 2" — 0, solving (5)—(8), such that it is not the case that o —af,; — 0
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for all i, i +1 < [K/2] —1 and all 4,4+ 1 > [K/2] with i + 1 < K. Recall,
that o”, ¢", ™ € [0,1]. Hence, without loss, assume that o™, ¢"™ and p™ converge. By
continuity, (z = 0,lim, o, lim,_, ¢, lim, ,o ) also solves (5)—(8). In the following, I
drop the subscript n; limits are indicated explicitly by lim,_,, throughout.

In other words, if the system has a solution for small enough z, then for at least one

z%{(K/QW—l,K},az;éaHl ]

Proposition 1 (Proposition 7). (a) Fiz demands {a,...,ax} (satisfying Lemmas
1 and 2), with K > 3. Then there exists Z > 0 such that for any z < Z, there exist

no q; >0, and p; >0 fori=1,2,... K such that (z,a, q, u) satisfies (5)-(8).

(b) Fiz a sequence z™ — 0, and a corresponding convergent sequence of equilibria

(a”,q", u™), where o = (o)1, with K > 3. Then there exists a; € (0,1/2] and

i /1

ak € (1 —ay, 1] such that

: n n
nh_{glo(al,---,Oék—hOék,---,OéK):(91,---&15 1—a1,...,1—a1,aK/),

[K/2]—1 terms K—[K/2]+1 terms

where k = [K/2]. Moreover, along any such sequence,

n—oo

lim ¢" = (0,...,0,1,0).
——
K—2 terms

Proof of Proposition 7. The proof that follows is divided into the following steps. First,
I show that in any sequence of equilibria, p; — 0 for any 7 > 1 (Claims 1 and 2). I then
show that there must be more than one immediate concession in the limit (Claim 3)! |

i.e., there exist 7,7 with ¢« > 5 > 1 such that

i

— — 0.
Hj
'Recall from Lemma ?? that p; < p; for any i > j. Hence, if there exist 7, with ¢ > j > 1 such
that
Lol 0,
Hj
then
LN}
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Finally, I show that if there is more than one immediate concession in the limit, an
equilibrium with support {aq,...,ax} does not exist for z small enough (Claim 4).
Together these claims establish that fixing any K demands satisfying Lemmas 1 and 2,

an equilibrium with support {aq, ..., ax} does not exist for z small enough.

Claim 1. For (5)-(8) to be satisfied, it is necessary that
lim pg = 0.
z—0

Proof. Recall that by Lemma 1, in order for (5) to be satisfied it must be that g1 <

pr, Yk, Vz > 0, and hence also ux < pug_x, Vz > 0. Note that (8) implies that

1

qZ_K

for at least one i¢. Therefore, by (7), lim, ,ou; = 0 for some i. It then follows that

lim, .o ux = 0. ]

Claim 2. Iflim, o uxg = 0, then for (5)—(8) to be satisfied it is necessary that for any
1> 1,

i =0

Proof. Suppose lim, o purr1 = 0 and lim, oy # 0 for some k > 1. Then for every

i < k, lim,_,o ; # 0, and hence, it follows from (7) that lim,_o >F , ¢; = 0.

Case 1: aj > 1/2. Then I can write (5) for & =k — 1 (ie., AL ;lay>1/2) as

1 1
Z Ui (og—1 — o) + Z Ui (g1 +; — 1)

i s.t. 4 i s.t. 4
a;<l—ayg :fo 1—ayp<o;<min{og,l—ar_1} :;O
+ E Qz (Oék 1+le “ (1 —Oéz'—Oék—1))
i s.t. ~\~ - (9)
ak>a;>max{ag_1,l—ak_1} —0
1—a; 1—a; _
+ E q; | Of— 1+lzk 1(1— —ak_l)—ak—li,k (1—0[1‘—0%) = 0.
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Since lim,_,og; = 0 for any ¢« < k, the first three terms go to 0. Note that there must
exist lim, ,qq; > 0 for some ¢ > k. Moreover, a1 # «y. For the last term to go to
0, it is necessary that lim, ,ol;; # 0 for some ¢. By assumption lim, o # 0, yet
lim, ,op; = 0 for any 7 > k. Hence, if lim, oy # 0 with oy > 1/2, (9) cannot be

satisfied. Therefore, it is necessary that Yoy > 1/2,

i e = .

Case 2: a; <1/2. Then I can write (5) for k' =k — 1 (i.e., A} }|ay<1/2) as:

1 1
2%5 (g1 — ag) + Z Ui (-1 + g — 1)

1<k < is.t. ~ ~
—0 ap<a; <l—ay <0
a1+ 1—q 1o
+ E q; # — O _'_li,k ¢ (Oéi + o — 1) (10)
i s.t. ~~—
l—op<a; <l—ag_1 26 —0

1—oy 1—oy
+ E g | an—1+ li,kfl (1—a; —ag_1) —ag — li’ka (1—a; —ag) | =0.
is.t. S~~~ S~~~
a;i>1l—ap_q —0 —0

As in Case 1, since lim,_,og; = 0 for any 7 < k, the first term goes to 0. The second
term is strictly negative if lim,_,q¢; > 0. Suppose the second term is strictly negative.
Then either the third or fourth term need to be strictly positive for (10) to be satisfied.
Regarding the third term, note that

41—y 1 1
O%l‘}‘f@_ak:§< k_lv_ Oékl+§£1—06i—06k2<0.
<0 <0

Hence, for either the third or fourth term to be weakly positive, it is necessary that
lim, ,ol;x # 0. Since lim, ,op; = 0 for any ¢ > k, this would require lim, oy, = 0.
However, by assumption this does not hold. Recall there must be at least one i for
which lim,_,qq; > 0. Therefore, at least one of the remaining three terms is strictly

negative, and no term is strictly positive. Hence, if lim,_,q up # with oy < %, Ar_1=0
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cannot be satisfied. Therefore, it is necessary that for any % > ap > o,
lim py, = 0.
z—0
Therefore, if lim, o ux = 0, then for (5)—(8) to be satisfied it is necessary that for

any ¢ > 1,

i =0

]

Note that the system (5)—(8) is linear in the probability of being faced with an offer

«;, q;- Hence, without loss, I normalize qx_1 = 1 for the remaining part of the proof.

Claim 3. There exist v,j with v > j > 1 such that
ll_f}r(l) l'i,j = 0.

Proof. Suppose not; i.e., suppose that for all 7,5 with ¢ > j > 1, there exist 1 >

limz_m l@j > O, such that

& - l@j.
Hj

Evaluating (6) for £ = 1 and rearranging, I get:

GK1 (1 _ Q/K—l) M32+QK_1*1M}€_¢11K—1 = qx (1 o OéK) Iu}(—ax (qulll'i‘()é}(—l _ IugcQ—i-aK—l)
(11)
Suppose lim, 01 > 0. Then I can write (11) as:
g1 (1= a1) pSPL S = are (1= axe) (11 — pS2l5™) , or
ag—o] Jo oK - a2—Q] Jo - 12
qK—1 (1 - aK—l) py? l2,11l}(—1{(2 ' =qx (1 - OéK) (l}m =y 1l2,11l}<,2 K) ( )
—0 >0 =0

Since qx_1 = 1, it must be that lim,_,qgx = 0.
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Suppose instead lim,_,o lx ;1 = 0. Since lim,_,o (g2 > 0, this implies that lim,_,ol>; =

0. Hence, I can write (11) as:

ajtag—1 ar—ay K —OK—-1 __ l—ak artag—1, as—aq
qr-1(1 —ax_1) 12,1 Ho ZK—1,2 =qx (1 — ak) lK,K—l 1- 12,1 223
A VvV 4 v A VvV 4
—0 >0 —0

(13)

Since qx_1 = 1, it must be that lim,_,qgx = 0.

Evaluating (5) for k = 1 gives:
ax (o (1= 1) = aa (1= 1ie5™)) — a1 = o) (5™ = 1ei™)

K—2
l—oq —ag- —Qg— g — X
_QKl( 12 N 1(042"‘04101_1) <1_l}<1[,(21))_2%( 22 1>:O.

=1

(14)

Note that the last three terms in (14) are negative. However, lim, ,oqx = 0, and
gix—1 = 1. Hence, (14) cannot be satisfied. Hence, it is necessary for there to exist i, j
with ¢ > j > 1 such that

ll_I}(l) l@j = 0.

Claim 4. Suppose that there exist v,j with © > j > 1 such that
ll_l’}r(l) l@j = 0.
Then for all (z = 0,lim,_,o v, lim, ¢ ¢, lim, o pt), solving (5)—(8), it must be that
lima; —a;p1 =0
z—0
foralli, i+1<[K/2] —1 and all i,i+ 1> [K/2] withi+1 < K.
Proof. Suppose there exist ¢, j with ¢ > j > 1 such that

ll_r)l(l) l@j = 0.



Recall that by Lemma 1, p; < p; for any ¢« > j. Hence, without loss, there exists ¢ such
that
It follows that

z—0

for i = 1,2. Note that this implies that:
lim qre (1 — o) (lies™ — Ugei™) = 0.

Therefore, the unique candidate solution to (14) is:

lirr(l)qi =0, foranyi# K — 1 (15)
z—r
lim lK—l,Q = 1, and (16)
z—0
ll_r% o] +ag_ = 1. (17)

Note that in this case, the rational type is indifferent between any two demands — ax_;

never concedes to a lower demand, and a player is faced with a demand of ax_; with

probability 1. Hence, the rational receives 1 — ax_; regardless of his demand.
Evaluating (6) at £k = 2 and rearranging gives

agtag_o2—1 l—ax_ —a aotag— aztar—
gr—2 (1 —04K—2),Ug3+ e MK_QK *=qrx (1 —ak) /4&( ® (M22+ o _N33+ ® 1)

Faron (1= ago) (s ),

—

G-z (1 — ax_o) i1 5" = ai (1 — ax) (

+qr-1 (1 —ag-1) (l}(_fall,{ilﬂ? - l}(_fa11,<371/ﬁ§3> )

l—ag a2 l—ag , as
lK,z Ko _lK,3 Ns)

—

Q-2 (1 — ag_2) 1550577 1595 = qie (1 — ax) (

l—ag l—agjas , as—as
lK,Q _lK,S l3,2ﬂ2 )

(18)



Recall that lim,_,oq; = 0, for any ¢ # K — 1. Hence, the LHS and the first term on the
RHS of (18) go to 0. Further, recall that lim, ,olx_12 = 1 and lim,_,o uo = 0. Hence,

it follows from (18) that lim, o qx—1 = 0. A contradiction since by (15),
limgx_1 = 1.
z—0
Hence, if there exist i, 7 with ¢ > j > 1 such that

lim{; ; =0
250 7 ’

then for all (z = 0,lim, ¢ v, lim,_, ¢, lim, ;o i), solving (5)—(8), it must be that

lima; —a;0 1 =0
z—0

foralli, 1 +1 < [K/2] —1and all i, +1 > [K/2] with i + 1 < K. But by Claim 3

there exist ¢, 7 with ¢ > 7 > 1 such that
lim{; ; = 0.
Lim &3 5 0

Hence, T have established that for all (z = 0,lim, ¢ @, lim, ¢ ¢,lim, o x) solving (5)—
(8), it must be that

lim O — Oy = 0
z—0

foralli, i+1<[K/2] —1landalli,i+1>[K/2] withi+1< K. O

Define

(1—% 0 Hl) if ap>1— % — \/ay(8 — Tag),

o 2—a1—az’ 7’ 2—aj—as
(817 S2, 83) -

(0,1,0) otherwise.

Proposition 2 (Proposition 8.). (a) Let (2",7™,s") be a convergent sequence of pool-
ing equilibria with | suppr™ U supp s”| = 3 and lim,,_,, 2" = 0. Then there exist

ar € (0,1/2] and a3 € (1 — ay, 1] such that
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lim (af,of,af) = (a1,1 — ay,a3) . (19)
n—oo

Moreover, along any such sequence,

lim " = (0,1,0), lim s" = (s, 52,S3) . (20)

n—oo n—oo
(b) Fiz a sequence z* — 0 and fir a; € (0,1/2] and a3 € (1 — ay,1]. Then there
exists N such that for any n > N, a corresponding sequence of pooling equilibria

(2", r", ") satisfying (19) and (20) exists.

Proof of Proposition 8. When K = 3, I can write (5) for k = 1,2 as:

Qg — (1 1— a1 — Qg
—q1 — 42
2 2 (21)
+g5 ((ar+as—1) (1 =137") — (e +az — 1) (1 = 155,™)) =0,
1-— a1 — Q9

2

—q +g3(a+az—1)(1— z;;as) =0, (22)

and respectively, I can write (6) for £k = 1,2 as:

1—as aj+az—1

G2 (1 — a2) 5 — g3 (1 — ) g~ (g

0 (1—an) pf? — g2 (1 — ) (5> — p5*) — g3 (1 — ag) (15" 5> — p5*) = 0. (24)

ey = o, (23)

The proof that follows is divided into the following steps. I first show that in any
sequence of equilibria, p; — 0 for any ¢ > 1 (Claim 5). I then show that if ap + oy < 1,
an equilibrium with support {aq, as, az} does not exist in the limit (Claim 6). Next,
I show that if ap + a3 = 1, an equilibrium with support {a, as, a3} does exist in the
limit (Claim 7). Finally, I show that if as + @ = 1 and K = 3, the system (5)—(8) can
be solved locally around z = 0, with ¢; € (0,1), and p; € (0,1) for i = 1,2,3 (Claim
8). Together these claims establish that fixing any 3 demands satisfying Lemmas 1 and
2 with ay = 1 — a4, an equilibrium with support {ag, as, a3} does exist for z small

enough.
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Claim 5. For (5)-(8) to be satisfied when K = 3, lim, o p; =0 fori=2,3.

Proof. By (7), either lim, ,oq; = 0 or lim,_,ou; = 0. By (8) and (7), there must exist
lim, .o u; = 0. Recall that by Lemma 1, u3 < s < py. Hence, lim, o us = 0. Suppose
lim, ,o o # 0. Then lim, ,oq; = 0, for i = 1,2. But then (21) cannot be satisfied —

since the last term is non-zero. Hence, it must be that lim, .o us = 0. O
Claim 6. If as + a; <1 and K = 3, the system (5)-(8) cannot be solved in the limit.

Proof. Using (8), I can replace g3 by 1 — ¢; — g2 in (21) and (22). I can then solve
(21) and (22) for ¢; and ¢ as a function of p;, ¢ = 1,2, 3, only. I can then replace g;,
i=1,2,31in (23). I can then write (23) as a function of y;, i = 1,2, 3 only, which allows
me to solve for pus:

pimos _ 2 (1= as) (a2 — ) (g — o) I33 py 0 F 27 -
(1 — Q1 — a2)2 (1 — Qg) + /CQ;L;Q_O“ ’

where
ko = (—of (1= as) + (1 — a2) (200 (202 + a3 — 1) — (a2 + a3 + aza — 1)) 557!
+2(1— ) (1 — g — as) (g +az — 1) 15},

Note first that ko is only a function of the demands and I, all of which are bounded,

and hence, kg is bounded. Since lim, o pug?~“" = 0, the denominator of (25) is positive

for n large enough. Moreover, all terms in the numerator of (25) are positive. This
implies there exists N (finite) such that for any n > N, u3 < 0. But by definition this
cannot be. Hence, if ag # 1 —ay and K = 3, (5)—(8) cannot be satisfied. O

Claim 7. If ag = 1 — oy and K = 3, the system (5)-(8) has a solution in the limit.

I first simplify (7)—(8) and (21)—(24) by as = 1 — ay. In particular, simplifying (22)

g5 (a2 + g — 1) (1 - (%)1_%) —0. (26)

11
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It follows immediately that ps = po. I can solve the simplified versions of (21) and (23)
for ¢; and ¢s:

200 (a1 + a3 = 1) (i "I — py " gh)

7= —201 jou —2a1 ja3— 27
T 20 (- as) — oy T — 1) Qo =05 — o) )
¢ = (1= 20) (1 =) (1= " 1517™) (28)
(1= 201) (1— ) — (0 + g — 1) aagy 08, — puf 25
Note that it follows immediately from this that,
limg; =0, limg, =1, and limgs; = 0.
z2—0 z—0 z—0
Replacing ¢; through g¢s in (24), dividing by a5 *" and simplifying, I get:
1—aq
2 (1 — 061) (Oél + a3 — 1) <M?3*o¢1 - :i—ﬁ) 4 (1 - 20{1) (1 . 043) (1 o luquras*l) ;
— (1 =2a1) (1 — a3) + (o + a3 — 1) (e py 215 — g 2155 ) -
(29)

Note the second term of the denominator of (29) is 0 in the limit, and hence, the limit
of the denominator is a constant. For (29) to be satisfied, it must then be that

™ (1= 2a) (1 - ay)
z—0 ,UJ;_OQ 2 (1 — Oél> (061 + a3 — 1) ’

Put differently,

l—ag

1 = kopid 1+ O(u3), (30)

where 1y = min {oq +a3—1+ 1:3?, t—zi’ (1+ a3 —aq) } and

< (1= 2a1) (1 — a3) )121
ko = .
2(1—041)(041—|—a3—1)

Using (30), I can rewrite (27) and (28):

201 (ap +az—1) 1 o 4 M i
¢ :(1—2a1) (1—043)]{% BTy, T +O(u2), (31)

(2&3 _ 1) ay (I*Oq)i*&g(l*as)

g2 =1 — k@37 A= 20 (1= a3)u2 o + O(u3?), and similarly, (32)
O oo %330—%) .
= 1— a3 R 1 ' +O(p3"), (33)
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where
(1—a1)’—(1-ad)

1 = X + 1_ o y
and ,
1-— — 1—
To = min {xl, 2( al) i ( ag) }
1— Qanq
Equivalently,
_ 1— 3 _
T, = min{a?’ (o al), o o1 — ) }, and
1-— (0%} 1-— (03]
— l—a; (3—a; — 1—on) —as(1—
2y = min {043 (043 011)7 aq ( aq 043) 7 2( al) a3 ( 043) }
1-— aq 1-— aq 1-— aq

l—ag

Recall that using po = pg and p; = kop, ™ +O(u5°). With some abuse of notation,

I can write (7) as:

1—ag 1—ag
7 (kzué“ + 0(#5”)) + g3 + gapiy = z, (34)
with ¢, through ¢ defined in (31) through (33). This simplifies to:
2
ar (2(taz—1) I—an—ay, e g
k_ [0%1 1 l{f a1 —a3 1 a1 (/) T3\ —
1—a3( 1— 20, 2 + 2 Ha +pgt + O (13°) = 2,
(35)
where
. {1—al—a3+a§ 2—a3—a1(4—a1—2a3)}
3 = min , .
1-— a 1-— aq
If ,
1— — 1—
) < ( al) a3 ( a3) +1-— Qag,
1— Qaq
then i
(1-ay) *a3(1*a3)+17a
pst + O (MQ e 3) =z.
Similarly, if
l—o)’ —as(1—
o > ( al) QS( a3) +1-— Qg,
1-— a1
then
2
a1 2 (011 + ag — 1) 1— 1—ay — —(17(11)1:23(170‘3)4-1—043
ky 41 ) ky s ! O (us") = 2.
1_(13( 1— 20, 2 T 2 Ha +0(p3') =2

1—ay

Recall that s; = %
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(1—a1)?—as(1—as)

Case 1: a1 < + 1 — a3. Taylor approximation as before yields:

1—ay
oy _a11+a3—1 2(1—01)2;043(2—‘11)-%0(%
51 1 R o + O(p3"), (36)
2(1*&1)27(13(27041)«&»04%
So=1—0 | iy e (37)
aq 2(1*(11)27043(27041)4»(1%
5877 k= g o + O (13") (38)
where
(- —as4+a} (1—-201) 22— —a3) 2(1—)” —a3(2—ay) + a?
T4 =min { , )2
1-— (0751 1-— (03] 1-— (03]

)27043(17043)
1—ay

Case 2: q; > 1= + 1 — a3. Then we get,

1 _
S = L O(ul), (39)

2—051 — (O3
(1 — Ozl) (20{3 — 1)

— a1+az—1 O x6 40
1-— (0%} —

= + O (ugrte! 41

S3 2—041—0./3+ (M2 )a ( )
where
o 2 - - _ . - 2 2
R { (1—a1)" —a3(1 ag)’ a3 (2—aq) —2(1—ay)” — a3 }7
1-— (0%} 1-— aq

- — a3 —20m) —3(1 —ay)?
g :min{ag (Oég Ckl)7 (6%} (3 Qg O./l) 3( Oé1> }
1-— (03] 1— aq

To summarize:

Casel a1 < }1 (4 —az—+/(8— 7a3)a3>. Then:

lims; =0, limsy, =1, limsz =0,
z—0 z—0 z—0 (42>

limr; =0, limry =1, limrg =0.
z—0 z—0 z—0

14



Case 2 «; > i (4 —az—4/(8— 7a3)a3). Then in the same fashion, I derive:

. l—a3 . . I—o

lims; = ——, limsy, =0, limsg= ———,

2—0 2—o1 — a3 20 2—0 2— a1 — a3 (43)
limr; =0, limry =1, limrg =0.

z—0 z—0 z—0

When o = i (4 —az— /(8= 7a3)a3), then lim,_,gso = 1;?‘3. Hence, in this case
all three probabilities of the stubborn player are strictly interior (everything else un-

changed).
Claim 8. If as =1 — oy and K = 3, the system (5)-(8) can be solved locally around
z =0, with ¢; € (0,1), and p; € (0,1) fori=1,2,3.
Proof. Define
A(pr, p2) =2 (1 — 1) (on +az — 1) (u?‘”’*” - ui*muz_(l_%))
(1= 200) (1 - ) (1 g =~)

B, pia, z) = (1= 2an) (1 = az) pi5" + g~ 705> (apay ** — (1 — ag) pis*))

+ 201 (1 +ag — 1) pg 2 (g~ ps? ™ — py ) — dz,

(44)

(45)

where
d=(1-20)(1—a3) = (a1 +ag — 1) (200, " ™ — 75 ™™) . (46)

Following identical steps to the first part of the proof, I can reduce the system (5)—(8)
to A1, pe) = 0 and B(uq, pe, 2) = 0.

Case 1 Throughout Case 1, (=ca)(es=o) - a1 +az—1. Let me introduce two auxiliary

1—aq
variables, vy, and ny, where
(—ap?+(1-ag)(l—aj—ag)
11—«
Yo =Hq ’ ) and (47>

(1—a)?+(1-az)(1-aj—a3)

1
_lme 2 (1 — 061) (041 + a3 — 1) T—ag (1—ap)(eg+az—1)
— I-a3 _ . 48
Ty (/@/M ( (1 _ 20[1) (1 _ Oég) ( )
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Using the IFT, I will explicitly derive the derivatives:

]

d 1 —_— 2 1 — — 1 11—«
aYv :( az) ( (1 —o) (a1 +ag )> S 0, and (49)
dz Yp=np=2=0 aq (1 - 2041) (1 - Ofg)
1— 2+af—a1(3—ag)—ag(2—ag)
dnb - (1 — 053) (A—ay)(ag+ag—1)
dZ Yp=np=2=0 a1 (50)

1—a1+ l—aq 1-2aq—ag

(2 (1—o1) (g +as— 1)) T-ag " arfag-1  I-aj

(1-20[1) (1 —Oé3> - O

In order to compute those derivatives, it is useful to further introduce y, and n,:

(I—aj)(agtag—1)

Yo =M 1=e3 s and (51)

1
11—« i—a
— M_lia; 2(1—061) (Oél+043— 1) 1-ag (52)
=y — )
¢ ! (1—2a1) (1 — ag)
Note that
(I—aj)(ogtagz—1)
d y(l—a1)2—(1—a3)(a1+a3—1)
b
dya
dn - (1—aq)(a1+az—1)
w=m=2=0 o (G-a)?-(-ag)(ar+az—1)
b (53)
Yyp=np=2=0
(1—oay)(ogtagz—1) 1
B <yb> (1I—a1)?=(1-ag)(a+ag—1) dyy
np dny yp=np=2=0
Yp=np=2=0
Hence,
(1-a1)?-(2-aj—ag)(a; +az—1)
dyp (ya> (=an(arFas=1) dyq
dnb Yo=np=2=0 Na dna Yp=np=2=0
Z;’b:nb:zz0 (54)
(1=a1)?~(1—ag)(ag+az—1)
(dya (I=ap(ai+az=1)
-~ \dn,
Yp=np=2=0
Using the IFT on (44), I show that:
oA,
dya on,
in == 34 > 0. (55)
¢ a=na=o 9a lya=na=0

I can rewrite (44) as a function of y, and n,, using (51) and (52). Denote this new

function A; (y4,n,). Note that y, is simply constructed such that the smallest exponent
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on y, in Ay is 1. Taking derivatives of A; w.r.t. y, and n,, and evaluating the derivative

at y, =ne =0, I get

ajtag—1
A, (2(1—041)<041+043_1))1a3
(1240 (1 — o > 0, 56
OYa Ya=na=0 ( 1) ( 3) (1 - 20&1) (1 N 043) ( )
okl 00w (20-meras )T
ol o (1—2) (1 —as)
Hence,
dy, %
dn T ”
a |yg=ng=0 0Ya Ya=nq=0
_2aj3tagz—1
1o (2(1—041)(041+O‘3_1>) T > 0. (59)
o (1—201) (1 — as)

Similarly, I can rewrite (45) and (46) using (47) and (48). Denote these new functions

By (yp, mp, 2), and dy, where

di =(1—2m) (1 —a3)

(1ga1)(a1+a3—1) l-ag - (1—2a1>2—a1(1—03)
11—« +(1—a l—-a]—«a 11—« 11—« —(1— aqtag—1
_ 20(1 (al + g — 1) né 1) +(1—a3z)(l-a;—a3) + k2 3 ( 1)*—(1—-ag)(a;+agz—1)

(1;a1)(a1+a3—1) 1-ag 3T 1— él—ag)(l—al)

jEyet 11—« l-a]—«a 11—« j et —(1—« a1+az—1

+ (al + g — 1) né 1)+ (1—az)( 1—3) 4 k,2 3 y ( 1)*—(1-ag)(ar+ag ).
Note that, y, is simply constructed such that the smallest exponent on vy, in By — d; 2.

Taking derivatives of B; with respect to y,, n, and z, I get:

l—aq

OB 2(1- — D\
oby —oy (1—2041) < ( 041) (a1+a3 )) 3 >0, (60)
ayb Yp=np=2=0 (1 — 2041) (]_ — 043)
B
9B, —0, (61)
Iy Yp=np=2=0
0B
oo =—(1-2a1)(1—a3) <0. (62)
0z yp=np=2=0
Since
dyy ¥
. =— 25 , and (63)
yp=np=2=0 Oy |yp=ny=2=0
oB
dny e (64)
dz 9B1 | 9B1 0w ’
yp=np=2=0 ony Oyp Mo lyy=ny=2=0
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(49) and (50) follow immediately. Note that the exponents on y, in d; are less than 1.
It is easy to verify that the derivative of d; w.r.t. y,, evaluated at y, = n, = 2 =0

is 0. I simply need to take into account the rate at which y, goes to 0 relative to z.

l1—aq 2
. _ N .p (1— —aa(1—
eca, at lim,_ 05— = . Moreover, (i) i -« Q en
Recall that lim, o Y= = k3. M (i) if Umeizeslzas) 4 — gy <, th
Ha
ay
lim,_, ’% = 1. Therefore,
(—aj)ag
(1—ap)?—(1—ag)(a+az—1)
lim b = kg,
z—0 z
where ks is some positive constant. It follows that?
(1-a1)%-aj(1-ag) _
lim yélfan?—ufag)(aﬁagfl) 2 =0, and
z—0
_ (1-—ag)(l1—aq)
lim n (1—ap)?—(1-az)(aj+az—1) - = 0.
z—0

Similarly. (i) if G=ca)’=as(=as) B
. (i) § +1— a3 < aj, then

l—ay

(1—a1)?:3f<1—a3> 1-as

L
lim —2 = ky,
z—0 z

where k, is some positive constant. Therefore, lim,_,o yz—b = ks, where k5 is some positive

constant. Hence,

(—op?—aj(i-az)
(1—a1)?=(1—ag)(a+az—1)

lim y, z =0, and
z—0
_ (1—ag)(1—ay)
lim y, (1—ap?-(-eg)(artez—1) . _
z—0

Therefore, if U=22)@5=01) & 4 42— 1, 4y = 1 — oy and K = 3, the system (5)—(8)

1—aq

can be solved locally around z = 0, with ¢; € (0,1), and p; € (0,1) for i = 1,2, 3.

2Note that

0>< (1—a1)m >_1 (_ I-a3)(1—ay) >+1.
(1—)’ = (1—as) (g +as—1) (1—a)’ = (1—as) (o +as—1)
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Case 2 Throughout Case 2, % < aq + a3 — 1. Case 2 has two subcases,
where I will introduce a pair of auxiliary variables for each subcase. Let me first state
the auxiliary variables, and the derivatives for each case before giving a sketch of the

proof.

Case 2.1 Throughout Case 2.1, (—o1)*~asl-as) 4§ a3 < ai. Let me introduce two

1—an
auxiliary variables, vy, and my, where
(1-a1)?+(1-ag)(1-aj—ay)
-«
Yo =Ho ' , and (65)

) (1—a1)2+((11—a3))(1—01—a3)
—1:a3 (1 — 20[1) (1 — Oég) T-ap -
— 1-a; _ . 66
" (’“‘1“2 (2(1—a1)(a1+a3—1) (66)

Using the IFT, I will explicitly derive the derivatives:

altagz—1

_1 — Q3 (1 - 2&1) (1 — 043) T—a; .
oo Qﬂ—mﬂm+%—n) >0, and  (67)

dys
dz

Yp=mp=2=0
l—aq

l—as (1—=2aq) (1 —a3) [-ay
o (2(1—a1) (a1+a3—1)) > (68)

dmy
dz

yp=mp=2=0

Case 2.2 Throughout Case 2.2, (1) —as(l-0g) | —ag > . Again, let me introduce

1—aq

two auxiliary variables, vy, and my, where

(I—oq)(ag—aj)+(1—agz)(2—2a1—ag)

Ub =Hs o

, and (69)

(A—aj)(ag—aj)+(l-—agz)(2—2a; —ag)

1
— 1—201)(1 -« a1 (i—a1)(ag—a1)
my = <,u1,uQ e (2(( 1) ( 3) >> ) (70)

1—0(1)(Oé1+063—1

Using the IFT, one can again explicitly derive the derivatives:

a1+a3—1

1o (1—20)(1—as5) .
o (qaty) T e @

1—aq

- (1—-2aq) (1 —a3) T-a3
N aq (2(1—011) (a1+a3—1)) > 0. (72>

dys
dz

yp=mp=2=0

dmy
dz

yp=mp=2=0
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For both Case 2.1 and Case 2.2, in order to compute the above derivatives, it is
useful to further introduce y, and m,, where where

(I1—ag)(ag—ay)

Ya =2 e (73)

_ T (1-201)(1—az) \Tw
Hemie (2<1 —au) (a1 + ag - 1>> (74)

As set out in great detail for Case 1, I can rewrite (44) as a function of y, and m,,
using (73) and (74). As with Case 1, taking derivatives and using the IFT, this gives

me

az—a]

- (2((1_20‘1)(1_0‘3> )_ ) (75)

dmg l—ay) (g +az—1)

Following the identical steps of Case 1, we get the derivatives given in (67), (68), (71),

and (72). Therefore, if (zos)(os—on) ) 4 g — 1, and ap =1 — oy and K = 3, the

1—an

system (5)—(8) can be solved locally around z = 0, with ¢; € (0,1), and p; € (0,1) for
i=1,2,3. 0

]

Pooling Equilibria with K = 2
See Proposition 3.
Pooling Equilibria with K =1

Proposition 3 (Proposition 9). Pooling equilibria where players make a demand o

with probability 1 exist. In any such equilibrium, there is either
(a) infinitely long delay and o =1, or
(b) immediate agreement and o = 1/2.

Proof of Proposition 9. Suppose players choose a demand o < 1/2. Then both types of
players have an incentive to deviate to 1 —a. Suppose instead players choose a demand

1 > a > 1/2. The expected payoff for a rational player in this candidate equilibrium is
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1 — . The expected payoff for a stubborn player from demanding « is (1 —a)(1— zﬁ)
However, a stubborn player could receive 1 — «, by demanding 1 — «. If players demand
1/2, then @ = 1 — «, and hence, there is no such deviation. Suppose o« = 1/2. Then
if any deviation is believed to come from a rational type, neither player type wants to

deviate. If players demand a = 1, then similarly there is no such deviation. O

Semi-Separating Equilibria: Convergence and Existence

Recall that

(a) for any z > 0, there is at most one separating demand by the stubborn type
(Lemma 3.3).

(b) the lowest and highest pooling demands are incompatible (Lemma 2.1).

Note also that if there are multiple pooling demands, then the highest pooling demand
is compatible with the separating demand of the stubborn type (a straightforward

consequence of Lemma 2).

Lemma 2. If there are multiple pooling demands, then either both types separate or

neither.

Proof. Recall that if there are multiple pooling demands, then it must be that the
lowest pooling demand must be incompatible with the highest pooling demand. If the
highest pooling demand is incompatible with the lowest pooling demand and there is
no separating demand by the stubborn type, then the rational type cannot benefit from
making a separating demand: he would receive the same payoff from facing any pooling
demand and would receive a lower payoff conditional on facing a separating demand
by the rational type. Hence, if there are multiple pooling demands, then either there
are no separating demands by either type or there are separating demands by both

types. O
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Lemma 3 (Lemma 6). There exists a semi-separating equilibrium with supp s C {ag, g, . . .

andsuppr C {aq,...,ax,..., i} for some K, L > 1 only if the demands oy through

a1 along with probabilities qo through to qx 1 and positive numbers iy through g g,

solve (76) — (79).

Proof. Given z and {«ag,aq,...,ak,..., a1}, define the following system in (g;, ),

i=01,...,K,..., K +Lt:

Abgr1 = 0, Yoy, agqq € suppr, (76)
rke1 = 0, Vag, agy1 € supp s, (77)

K+L

Z qip; = 2z, and (78)

i=0

K+L

Z ¢ =1 (79)

The proof of Lemma 6 follows the same lines as the proof of Lemma 4 (with the

obvious adjustments for separating demands). O

Proposition 4 (Proposition 10). (a) Fiz supps = {ap,a1,...,ax} and suppr =
{ag,...,ag,...;axi} for some K > 2 and L > 1. Then there ezists Z > 0 such
that for any z < z, there exist no ¢; > 0, and p; >0 fori=0,1,2,... . K,..K+L
such that (z,«, q, 1) satisfies (76) — (79).

(b) Fiz a sequence z" — 0, and a corresponding convergent sequence of semi-separating

equilibria (o™, q", p™), where o™ = (a?)fio + L with K > 2 and L > 1. Then there

exist ag < ay, a1 € (0,1/2], ax € (1 —ay, 1] and agxye > ax foral 0 =1,...,L
such that
lim (ozg,o/f,...,ozk_l,ozk,...,a"K,oz"KH,...,a?GL)
n—oo
= (ag, a1,...,a1, 1 —ay,...,1 —ay,ax,ar541,...,0K+1),
NS ~~ ~~ 7 G ~ 7
[K/2]—1 terms K—[K/2]+1 terms L terms

where k = [K/2]. Moreover, along any such sequence,

lim ¢" = (0,...,0,1,0,...,0).
N—— N——

n—00
K—2 terms 1+L terms
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Proof of Proposition 10. The proof of Proposition 7 does not rely on the equilibrium
being a pooling equilibrium. Consider instead a potential semi-separating equilibrium
with supp s = {ap, a1,...,ax} and suppr = {a,...,ak,...,ax,p} for some K > 2
and L > 1. Claims 1 and 2 and the proofs thereof require no changes (other than
adjusting the sum over probabilities in equations (7) and (8) to include the separating
demands - see (78) and (79)). Claim 3 holds, but the proof requires cosmetic changes. In
particular, when (5) is evaluated at k = 1, additional terms for the separating demands
are needed - however, conditional on facing a separating demand by either type, the
payoff from making higher pooling demand (ay) is strictly higher than the payoff from
making the lower pooling demand («y). Hence, the argument goes through as before.
Claim 4 also holds, but convergence in the value of demands is only established for
pooling demands. Therefore, if there exist at least two pooling demands, lim,, ., ¢" =
lim,, oo ™™ = 11_,.

]

Lemma 4. For any z > 0, and any oy, ag, az with o; = o fori,j = 1,2, 3, there exists

no equilibrium with supp s = {aq, as} and suppr = {as, az}.

Proof. Suppose there exists exactly one pooling demand, and both types separate. Then
it must be that the separating demand by the stubborn type and the pooling demand
are incompatible - otherwise the stubborn type is not willing to separate. Suppose
then that the separating demand by the stubborn type and the pooling demand are
incompatible. It then follows that the lowest separating demand by the rational type
does just as well as the pooling demand when facing either the separating demand by
the stubborn type or the pooling demand. However, when facing a separating demand
by the rational type, the separating demand by the rational type does strictly worse
than the pooling demand. Hence, the rational type does not want to separate. Hence,
there exists no equilibrium with one pooling demand where both types make separating

demands.
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Lemma 5. Fiz any oy, as and any z > 0. Then there exists an equilibrium with

suppr = {ag} and supp s = {aq, as} if and only if oy + g =1 and ag > %

Proof.

Claim 9. Fiz any {aq, as}, with aq + ag # 1. Then there exists no symmetric equilib-

rium with suppr = {as} and supp s = {aq, as}.

Proof. Since strength is decreasing in any equilibrium and p; = 1, it follows that

o < Qm.

Case 1: «; > 1/2. In this case, the rational type has an incentive to deviate to a;:

of = g (1= an) o (1= pb™0) o+ b2 (1~ ). (80)

vy=q (1—a)+q(l-70). (81)

T T
Hence, v] > vs.

Case 2: ay < 1/2. In this case, the rational type has an incentive to deviate to
1 — a;: Conditional on facing a demand of a1, demanding as gives 1/2 (g + 1 — o),
while demanding 1 — oy gives 1 — a; > as. Conditional on facing a demand of as,
demanding «s gives 1/2, while demanding 1 — «; gives at least 1 — ay. Hence, the
rational type has a strictly higher payoff from demanding 1 — ; than from demanding

9.

Case 3: a1 < 1/2 < as. If a5 + ap < 1, then the stubborn type has an incentive
to deviate from «; to 1 — ap: Conditional on facing a demand of aq, a stubborn type
receives 1/2 from demanding oy and receives 1/2 (1 — a3 + o) from demanding 1 — av.
Note that @ > ;. Conditional on facing a demand of as, a stubborn type receives
1/2(ay + 1 — ag) from demanding «;, while demanding 1 — i would give the stubborn
type 1 — as. Hence, the stubborn type has a strictly higher payoff from demanding

1 — ay than from demanding ;.
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Hence, it must be that a; + as > 1. A stubborn type’s payoff from demanding as

and az = 1 — ay is:

vy =ga (1 =) (1 = p3?), (82)
s l—a+1-a
Vi =q ( 2 5 1) + g2 (1 —ag). (83)
Hence, v5 < v3. [

Claim 10. Fiz any oy, ag, with ag =1 — «y > 1/2. Then there ezists an equilibrium

with suppr = {as} and supp s = {a, as}.

Proof. Evaluating (77) for k = 1 gives:

Al =—(1—q) (a2 - %) < 0. (84)

Hence, the rational type has no incentive to deviate to «;. Evaluating (??) for k = 1,

ie. Af,, gives:

@ (1 — ag) py” — (1 — g2) (042 — 1) =0. (85)

Solving (85) for ¢o 1 get:

. 20[2—]_
C 20 — 142052 (1 — ay)

g2 € (0,1]. (86)

Plugging (89) into (??) and simplifying, T get:

Lo 2’ (1—ag) + p " (200 — 1)

87
2057 (1 — ag) + 209 — 1 (87)
Note that p5? < uy %, and hence,
py )z — 1. (88)
[l

Note that 1 — ¢» = zs; and recall that 2z =1 — ¢y + qg,ué_”. Hence,

1 —q
1—as

S1 =
I — g2+ qapiy
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Given that
20[2 —1

T 20— 1+ 2457 (1 — o)

g2 € (0,1]. (89)

we can write

o 2(1 — ag)py _ 2(1 — ag) s>
1= = — )
21 — ao)pts + 42 (200 — 1) 2(1 — a2) 3 + 205 — 1

Hence, lim,,_, s} = 0.

Hence,
lim s" = (0,1),
n—oo
and
lim " = (0,1).
n—oo

]

Lemma 6. (a) Let (2",r", s") be a convergent sequence of equilibrium triples with

lim,, oo = 0 with supps = {1} and suppr = {ay,...,ax}. Then there exists
ay <% and a; > 1 —ay fori=2,..., K such that
K
nh_}nolo " =1,,2 <a1 — Zn(l — ai)) + Z Lo,7,
=2 il

with 2#1 ri=1-—r.

a1+a271)

(b) Fiz any oy < % and any as > 1 — ay. Then for any z < XA el there exists

an equilibrium with s = 1,, and

(i) o (i)

Proof. Suppose the rational type separates over multiple demands. Then the lowest

such demand, call it as, cannot be strictly compatible with the pooling demand «y: we
require ag + a7 > 1. Otherwise, the rational type has no incentive to separate to a
demand that is strictly compatible. Hence, all rational demands are incompatible with
the pooling demand. As a result, it must be that fixing a demand of the opponent,

the payoff from making any of the rational separating demands is identical. Since the
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lowest demand is a pooling demand, and the higher demands are separating demands
incompatible with other demands made, the stubborn type has no incentive to deviate.
The rational type is willing to randomize over the demands if the payoff from the pooling

demand is identical to the payoff from any of the rational separating demands:

1

K
Ny +(1—=q)oy = ;%(1 — ).

Hence,
K
G =2 (Oél - Z%‘(l - Oéi)) .
i=2

Given ¢ = z+ (1 — z)r; and ¢; = (1 — 2)r; for all ¢ > 1, the first part of the lemma

follows. The second part of the lemma follows when we set K = 2. In particular, r; > 0

i 2 < (1 - e=2).

T Raz—1)(1—2)

Separating Equilibria: Convergence and Existence

Proposition 5. (a) Fiz any set of demands {a,...,ax} with K > 2 and fix any
probability distribution over demands {an, aq, ... ,ax}: 7= (0,79,...,7x). Then
there exists a fully separating equilibrium with s = (1,0,...,0) and r = 7 if and

only if a1 < 1/2, a1 +as > 1 and

2 (al — il - az‘))

z>zZ= T
1=257507(1 — )

(b) Let (2™, r™, s") be a convergent sequence of separating equilibrium triples such that

lim,, o 2" = 0. Then there ezists a € (0,1/2) such that

lim r" = 11_,,
n—oo

and

lim s" = 1,.
n—oo
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Proof of Proposition 14. Recall there exists at most one separating demand by the stub-
born type. Moreover, note that the rational type’s separating demands must be incom-
patible with the stubborn type’s separating demand - otherwise, the stubborn type has
an incentive to deviate to the lowest separating demand by the rational type. Hence,
a1 + ag > 1. Suppose the rational type randomizes over demands ao,...,ak, i.e.,
r = (0,79,...,7k). Then the rational type has no incentive to deviate to the stubborn

type’s demand iff

K
1 -
a5t (1—2)an <z(l—a1)+(1—2) ;_2 (1 — ).
Hence, a separating equilibrium with s = (1,0,...,0) and r = 7 exists iff:

2 (041 — STl - ai))
1—= 221'];27:1‘(1 ) .

Note further that as z — 0, it is clear that z > z iff Moreover, take a sequence of

z2>Z= (90)

separating triples such that lim,,_,,, 2" = 0. Then it follows from (90) that there exists
a € (0,1/2) such that

lim »" = 11_,,
n—oo

and

lim s" = 1,.
n—oo

In other words, in the limit the two types make demands with probability 1 which are

exactly compatible.

Refinement: D1

Proof of Proposition 6. Denote a potential deviation by d, and the associated strength
by pq. Moreover, denote the strength that makes the rational type indifferent between
his equilibrium demand and d by ;. Consider a pooling equilibrium, where both players

randomize over exactly three demands. Moreover, suppose as = 1 —ay. Clearly, neither
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type wants to deviate to d < 1 — a3. Moreover, the rational type is always willing to
deviate to d > a3 regardless of the opponent’s belief.
If d € (1 — as,aq), then the stubborn type’s payoff difference between a; and d

evaluated at p; is given by:

Uis . Ué‘/hi:llg = —q3 (1 o a3> pé—as (Iu(fq-i-ocg.—l . (Mg)d+a3_1) ) (91)

Since pg > p1 and oy > d, v{ — v, 4=z, > 0. The stubborn type prefers his equilibrium
demand to d at pf;.
If d € (aq,1 — aq), then the stubborn type’s payoff difference between ay and d

evaluated at p; is given by:

V3 = Vlpampr = — @2 (1 — o) (152 — ()27 =02 (02)
— g3 (1 — az) (152 — (up)™T s~y =o%) .

Since ap > d and py > pa = p3, V5 — Vgluu=ur > 0.
If d € (1—aq,a3), then the rational type is willing to deviate regardless of the belief
of the opponent.

Hence, any three offer pooling equilibrium with ay = 1 — oy satisfies D1. O]
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