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Abstract

We study oligopolistic competition by firms practicing second-degree price discrimination.
In line with the literature on demand estimation, our theory allows for comovements between
consumers’ taste for quality and propensity to switch brands. If low-type consumers are sufficiently
less (more) brand loyal than high types, (i) quality provision is inefficiently low at the bottom
(high at the top) of the product line, and (ii) informational rents are negative (positive) for high
types, while positive (negative) for low types. We produce testable comparative statics on pricing
and quality provision, and show that more competition (in that consumers become less brand-
loyal) is welfare-decreasing whenever it tightens incentive constraints (so much so that monopoly
may be welfare-superior to oligopoly). Interestingly, pure-strategy equilibria fail to exist whenever
brand loyalty is sufficiently different across consumers types. Accordingly, price/quality dispersion

ensues from the interplay between self-selection constraints and heterogeneity in brand loyalty.
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1 Introduction

Since as early as 1849, with the pioneering work of Jules Dupuit, economists have investigated
the effects of second-degree price discrimination on pricing and quality provision. Anticipating the
modern treatments of Mussa and Rosen (1978) and Maskin and Riley (1984), Dupuit noted that profit
maximization by a monopolist leads to under-provision of quality at the bottom of the product line.
Intuitively, under-provision prevents consumers with high valuations per quality from purchasing
low-quality products, therefore making it possible to set high prices at the top of the product line,
where more profits can be made.

This clarity of insight is missing in oligopolistic settings, where at least two firms compete for
consumers by offering menus of products. One critical feature of these markets is that consumers’s
preferences over product characteristics are often correlated with their propensity to switch brands.
The latter possibility has been recognized for long, and plays a key role in the empirical literature
that estimates demand employing discrete-choice models with random coefficients (in the tradition of
Berry, Levinsohn and Pakes 1995). In such models, consumers choose among different options from
competing product lines by weighing their respective price and quality dimensions. To produce more
flexible estimates, it is often assumed that consumer preferences over price/quality attributes are
random, while depending on demographics such as income, age, family size, etc (see, for instance,
Nevo 2001). These studies often find that consumers’ price sensitivity and taste for quality are
correlated, which implies that consumer segments (along the product line) systematically differ on
their propensities to switch brands (e.g., in response to price discounts).!

While there is no reason to expect this correlation to be always positive or negative (across
markets), it is intuitive that common factors determine both the consumers’ tastes for quality and
brand loyalty. To illustrate, suppose income is the main factor behind one’s tastes for quality (e.g.,
high earners like premium products) as well as behind brand switching (e.g., those with higher
marginal utility of money are more likely to react to price discounts). In this case, consumers with
stronger tastes for quality (high earners) are less likely to switch brands (for having a lower marginal
utility of money). This is consistent with the empirical findings of Kaplan and Menzio (2015) and
Kaplan et al (2019), who show that consumers with higher incomes are more likely to remain brand-
loyal, while caring more about product quality.? This is also consistent with Petrin (2002), who
finds, in the context of minivans, that those consumers with weaker brand preferences assign less

value to quality attributes such as horsepower or vehicle size.

IThis is particularly relevant for structural empirical work investigating product design in oligopolistic settings.

Examples include Gandhi et al. (2008), Chu (2010) and Fan (2013).
2 Anecdotal evidence suggests that a related story applies to airline markets. For instance, the most loyal customers

of Air France are likely to be business travelers who simultaneously exhibit higher tastes for premium features (extra
leg space, access to the pre-boarding lounge, etc), as well as a lower propensity to switch airlines (be it because the

employer pays the ticket, so they are less price sensitive, or because of the convexity of frequent flier rewards).



By contrast, Crawford, Scherbakov and Shum (2019), in the context of cable TV, find that
consumers with stronger tastes for quality are easier to poach through price discounts than those
who exhibit weaker tastes for quality.> One possible explanation to this finding is that consumers who
purchase premium packages (defined as containing more channels) are those who spend more time
watching TV, earn lower incomes,* and therefore exhibit a higher marginal utility of money (being
therefore more price-sensitive).> The authors then show that the quality of premium packages is set
inefficiently high by cable companies, which contrasts with the received wisdom from the monopolistic
screening literature (and also from oligopolistic models, as reviewed below).

All in all, the applied literature, as well as casual observations, suggest that correlation in
consumer preferences is not only empirically relevant, but also consequential for pricing and product
design. Yet, theory is mostly silent about how comovements between consumers’ tastes for quality

and brand loyalty affect market outcomes under competition. We try to fill this gap.
Model and Results

We embed the canonical Mussa and Rosen (1978) model of price discrimination into a discrete-
choice framework, with an arbitrary number of firms. Crucially, the dispersion of brand tastes (which
determines the amount of brand switching in response to price discounts) is assumed to vary with the
consumer’s taste for quality. Accordingly, “high types” (i.e., those consumers with a high valuation
for quality) may be more or less loyal to the their preferred brand than “low types.” As we shall
see, this degree of flexibility is crucial to explain the diversity of market outcomes observed under
competition.

Firms simultaneously offer menus of price-quality pairs designed to screen consumers’ unobserved
tastes for quality. Firms are blind to consumer brand preferences, reflecting the anonymity of past
market transactions, or privacy regulation.

To fix ideas, we first revisit the case of a “balanced oligopoly,” where the consumers’ propen-
sity to switch brands is independent of their tastes for quality. In line with the seminal works of
Armstrong and Vickers (2001) and Roche and Stole (2002), we find that quality provision is efficient
in equilibrium provided consumers are not too brand loyal. We however depart from these con-
tributions, rather following Bénabou and Tirole (2016), on how to model consumers’ participation
decisions. Crucially, in our model, variations in consumers’ propensity to switch brands do not affect

participation, enabling us to cover the whole spectrum of competitive intensity. Accordingly, we

3A similar pattern is found by Durrmeyer (2020), who studies the automobile market in France. She finds that
consumers with stronger preferences for “green” attributes (favoring cars which fuels emit less CO2) are the most

sensitive to automobile prices.
“There is indeed robust empirical evidence showing that the time spent watching TV is negatively correlated with

household income. See for instance Nielsen (2015).
® Another possibility is suggested by the behavioral literature on rational inattention (see Gabaix 2014 and the

references therein). This literature argues that consumers who spend more money on a product (premium cable TV)

tend to be more attentive to its price, and therefore more likely to switch brands in response to price differences.



show that, as consumers become more loyal to their preferred brands, the equilibrium approaches
the monopolistic outcome of Mussa and Rosen (1978).5

In the general case where brand loyalty is type-specific, our analysis delivers four main insights.
First, relative to its efficient level, equilibrium menus over-provide quality at the top of the product
line if the propensity of low-type consumers to switch brands is small relative to that of high types.
Intuitively, under this form of preference correlation, firms enjoy more market power among low
types, who then obtain lower payoffs in equilibrium. To avoid profit dissipation (stemming from low
types selecting the premium product, which profit margin is smaller), firms then inefficiently raise
the quality of the premium product. This is is consistent with the aforementioned contribution of
Crawford, Scherbakov and Shum (2019), who estimate “low types” to be less prone to switch cable
companies, while finding that cable companies design premium packages of inefficiently high quality.”

Conversely, equilibrium menus under-provide quality at the bottom of the product line if the
propensity of high-type consumers to switch brands is small relative to that of low types. The intu-
ition is the mirror image of that from the previous case: Here, firms enjoy more market power among
high types, who then obtain lower payoffs in equilibrium. To avoid profit dissipation (stemming now
from high types selecting the baseline product), firms then inefficiently reduce the quality of the
baseline product. This prediction is consistent with McManus (2007), who finds that (oligopolistic)
coffee shops distort product sizes for “sweet espresso” drinks, choosing inefficiently small servings
except at the largest cup size.® It is also consistent with anecdotal evidence from airline services:
lack of comfort is common in economy class seats, which are typically foregone by business travelers
exhibiting more brand loyalty than cheapskate tourists.

Second, we show that asymmetric information about one’s tastes for quality may either benefit
or hurt consumers, depending on the correlation between preferences for quality and brand loyalty.
To understand the novelty of this finding, let us reconsider the monopolist benchmark of Mussa
and Rosen (1978). Because of the self-selection constraints inherent to price discrimination, all
types (weakly) benefit from privately knowing their tastes for quality (i.e., informational rents are
necessarily non-negative). This conclusion holds true under competition if the consumers’ brand
loyalty is independent of their tastes for quality. The reason is that low types obtain zero payoffs
whenever incentive constraints bind, which implies they are indifferent between the cases of com-
plete and asymmetric information about their preferences. In turn, high types gain even more from

asymmetric information as one moves from monopoly to oligopoly. The reason is that asymmet-

5In contrast to our paper, Bénabou and Tirole (2016) study competition in linear contracts in a common-value

environment.
"See also Crawford (2012) for an earlier discussion on how to measure quality distortions in empirical models of

differentiated product demand.
8McManus (2007) posits in his structural model that price sensitivity is constant, being therefore orthogonal to

7

(random) preferences over product attributes. It is likely, though, that consumers of “sweet espresso drinks,” which are

the most differentiated across shops, have strong brand preferences, the more so among those who drink more coffee.



ric information magnifies competition, as relinquishing more utility to high types relaxes incentive
constraints, increasing the efficiency of low-type contracts.

By contrast, informational rents are negative to high types (but positive to low types) if brand
loyalty is higher among low types. The reason is that, under this form of preference correlation,
asymmetric information weakens competition for high types, as relinquishing more utility to these
consumers tightens incentive constraints, decreasing the efficiency of premium products. Conversely,
increasing the indirect utility of low types alleviates the upward distortion at the top of the product
line, which intensifies competition for these consumers. As a result, private information about one’s
tastes benefits low types but hurts high types.

On the other hand, informational rents are positive to high types (but negative to low types)
if brand loyalty is higher among high types. The reason is that, under this form of preference
correlation, asymmetric information weakens competition for low types, as relinquishing more utility
to these consumers tightens incentive constraints, decreasing the efficiency of baseline products.
Conversely, increasing the indirect utility of high types alleviates the downward distortion at the
bottom, which intensifies competition for these consumers. Therefore, private information about
one’s tastes benefits high types but hurts low types. Under either form of preference correlation, these
results contrast with the received wisdom according to which consumers are necessarily better off
under second- rather than third-degree price discrimination (where pricing by firms is not constrained
by consumer self-selection) - see, for instance, Varian (2006).

Third, we develop a number of comparative statics on pricing and quality provision that eluded
previous analysis. For instance, we find that, as low (resp., high) types become more prone to
switch brands, quality provision increases (resp., decreases) along the product line. As a result,
welfare decreases as low types become more prone to switch brands if quality provision is excessive
at the top, while it increases as low types become more prone to switch brands if quality provision is
deficient at the bottom of the product line. In the former case (over-provision at the top), this effect
is so pronounced that monopoly may produce higher welfare (although lower consumer surplus) than
oligopoly. Relatedly, we also show that the price charged to low types is non-monotone in the brand
loyalty of high-type consumers. These implications are testable, and differentiate our model from
other theories of price discrimination under competition.

Fourth, we show that pure-strategy equilibria fail to exist whenever brand loyalty is sufficiently
different across consumers types, which implies equilibria are necessarily in mixed strategies. This
non-existence result is driven by the interplay between self-selection constraints and the fact that dif-
ferent types exhibit different propensities to switch brands. Accordingly, our theory identifies a new
rationale for price/quality dispersion in private-value settings, unlike previous literature that relates

dispersion to search/informational frictions, or to the unobservability of inventories.® Importantly,

9See Varian (1980), Burdett and Judd (1983) and Baye and Morgan (2001) for classical treatments of pricing under



we also characterize mixed-strategy equilibria, producing new (testable) predictions about the dis-
tribution of market offers. We cautiously interpret this result as consistent with the fact that many
oligopolistic markets practicing second-degree price discrimination are “unstable,” in that product

features and prices are constantly revised by competing firms (e.g., air travel).'”

Paper Outline

The rest of the paper is organized as follows. Section 2 sets up the model. Section 3 derives
some preliminary results, and revisits the benchmark where consumers’ propensity to switch brands
is independent of tastes for quality. Section 4 considers the general case where brand loyalty is
type-dependent, characterizing pure-strategy equilibria and deriving comparative statics. Section 5
explains why firms’ offers might be dispersed in equilibrium, and studies mixed-strategy equilibria.
Section 6 discusses some modeling assumptions and extensions to the baseline model, including the
case of a continuum of types. Section 7 reviews the pertinent literature, while section 8 collects our

main empirical implications. Proofs are in the Appendix at the end of the document.

2 Model

There is a unit-mass continuum of consumers with single-unit demands, and J > 2 firms indexed
by j € {1,...,J}. Consumers are heterogeneous in their tastes for quality, denoted by 6, and their
tastes for brands, described by the vector € = (¢!, ... ,e7). For each consumer, @ is a draw from a
distribution with binary support {6;,6,} C R, where Af = 6, —6; > 0, and associated probabilities
p; and py, (with p;,pp > 0 and p; = 1 — pp).'t In turn, the random vector € is a draw (independent
of ) from a symmetric distribution G' with convex support contained on R’ and density g.'2 The
pair (6, ¢) is private information of each consumer, and independently drawn across consumers. For
convenience, we abuse terminology and refer to the quality taste § as the consumer’s type.'3

Each firm j designs a menu (of arbitrary size) of quality-price pairs (or contracts), indexed by
n € N7, where N7 is the set of indexes associated with firm j’s menu. We denote by q% the quality
and by yfl the price of contract n offered by firm j.'* To guarantee full market coverage, we model

consumers’ (non-)participation in the following way: we add a “no-purchase contract” (0,0) to the

search/informational frictions, and Shelegia and Wilson (2020) for a substantial generalization of previous results. On
how unobservable inventories and advance production generate price dispersion, see Montez and Schutz (2020).

10Some of these markets do not suffer from severe informational frictions, nor involve advance production, but do
seem to exhibit heterogeneity in consumers’ brand loyalty.

See subsection 7.1 for the case of a continuum of types.

12YWe further impose some weak regularity conditions; namely, that the density g is differentiable in the interior of
the support and that €’ has finite moments for all j.

13This terminology reflects the fact that firms cannot screen consumers’ tastes for brands.

We thus rule out stochastic as well as reciprocal mechanisms (where the offer of a firm may depend on that of its

competitor).



menu of each firm, while assuming that consumers must pick a contract in some menu. Intuitively,
consumers can always find a low-quality low-price outside good that shares each firm j’s taste shock
(see Remark 1 and subsection 6.3 for further discussion). Accordingly, we consider menus of the
form m/ = {(gh,y%) : n € N7}, with the understanding that 0 € N7 and that (¢, %)) = (0,0) is firm
J’s no-purchase contract.

The utility that a consumer with taste vector ¢ and taste for quality 0k, k € {l, h}, obtains from
purchasing from firm j is then

max {6y} — i} + e, (1)

where the brand loyalty parameter t; > 0 captures the intensity of brand preferences by type-k
consumers. The comparison between ¢; and t¢; determines whether consumers with low or high
tastes for quality are more prone to switch brands in response to changes in firms’ offers. Naturally,
the brand loyalty parameter depends on the type of the consumer, but not on the contract chosen.

Firms incur a per-unit cost ¢(q) for providing a good of quality g. The cost function ¢(-) is
twice continuously differentiable, strictly increasing, strictly convex, and satisfies p(0) = ¢'(0) = 0
and limg o ¢’'(q) = oo. Accordingly, the profit per sale by firm j of its contract n is vl — gp(q%).
Firm j’s profit from contract n then equals the demand for this contract times its profit per sale.
The firm’s total profit adds up profits across all contracts in its menu.

Firms simultaneously post menus, after which each consumer chooses her preferred contract
across firms’ menus. A (possibly mixed) strategy by each firm is a distribution over menus o7. A
symmetric equilibrium (for short, equilibrium), possibly in mixed strategies, is a distribution over

menus ¢* that is a best response to itself.

3 Preliminaries

3.1 A Change of Variables

Because types are binary in the baseline model, it is without loss of generality to assume that firms
offer menus with at most two contracts (beyond no purchase). It is then useful to identify each
contract n offered by firm j with the consumer type 6 that would select that contract, conditional
on choosing firm j. Our choice of labels then implies the following incentive-compatibility constraints
for each j € {a,b} and k € {l,h}:

109, : ul = Opgl —yl > O0hgl — ) forall ne{0,1,h}.

We refer to ufc as type-k’s indirect utility under firm j’s menu (gross of brand preferences). In
particular, condition [ C’i implies that the contract targeting each type k£ has to be weakly superior
to the no-purchase contract. Therefore, ui > 0, which is the customary individual rationality

constraint.



In light of the above, we can compare the net utilities in (1) to derive the firms’ demands from

each consumer type. To do so, let u,? = (u},...,ul, ! fjl, ...,uj) and denote by

H,Z’l <a: ‘u,;j) = Probg [tkel —tred <z and = arg max {ufk + tksi} s.t. i;é j]
i

the probability (induced by the joint G) that the difference in consumers’ brand tastes for firms [
and 7 is less than = € R, and that firm [ is j’s best competitor for type-k consumers. The demand

from type-k consumers faced by firm j is then
D] (uk,uk) ZHJZ< j—uk‘uk). (2)

I#5

Our discrete-choice framework admits as special cases the Hotelling specification (where J = 2,
el ~ U[0,1] and €2 = 1 — £1),!5 the Probit specification (where ¢/’s are iid draws from a standard
Normal cdf), and the Logit specification (where &/’s are iid draws from a standard Gumbel cdf). For

instance, equation (2) simplifies to

.7
. 7lc
Di(ui,uﬁg) = pi (2 + I’“th) and D’ (uk,uk =
k Zl 1 €Xp ( >

A crucial feature of equation (2) is that firms’ demands only depend on the (gross) indirect

in the Hotelling and Logit cases, respectively.'6

utilities offered by firms to each consumer type. Accordingly, we find it convenient to formulate the
firms’ problem in terms of indirect utilities, rather than price-quality pairs. To this end, the next
lemma addresses the following question: which menu m maximizes a firm’s profit conditional on

delivering the indirect utility profile (u;, up)? Before stating the result, let us denote by
g = argmax frq — ¢(q) and Sk = Ok — (ak)

the type-k’s efficient quality and efficient surplus.!” From now on, we drop the superscript j on

firms’ menus to lighten notation.

Lemma 0. [Incentive Compatibility] Consider an equilibrium menu m, and let (uj,up) be its

profile of indirect utilities. Then the menu’s qualities are given by

gt if up —u < gf A0
q  if up—uw > q/A0

het if up —up > g A0

qy, if up —u < g A

q (ug,up) = { and  qp (ug,up) = {

5More generally, the spokes model of Chen and Riordan (2007), which extends Hotelling to an arbitrary number of
firms, is also a special case of our discrete-choice framework.

181 the Hotelling case, we set Di(ui,ul )=0if ui —ul, < —t), and Di (ui,ul )=11if ui —ul >t

"Because ¢’'(0) = 0 and limg— 00 ¢’ (q) = o0, the efficient qualities and surpluses exist and are strictly positive for

both consumer types.



Given (ug,up), one can determine via Lemma 0 the equilibrium quality levels (g;, ¢5), and hence
also the prices (y;,yp) of any equilibrium menu. It is therefore convenient to abuse notation and
identify each menu to its indirect-utility profile: m = (u;, up). The surplus generated by each contract

k€ {l,h} in menu m = (u;, up,) is then given by

Sk(ur, un) = qi (ug, up) Op — @ (qr (ur, up)),

and the firm’s profit per sale of this contract is Sk (uy, up) — ug.

For future comparison, it is useful to revisit the monopolistic (or Mussa-Rosen) outcome, for-
mulated in the indirect-utility space. Namely, the monopolist menu, denoted by m*> = (u;®, u;°),
solves

max  {p; (Sp(ug, up) —wy) + pp (Sp(ug, up) —up)} st up > up > 0. (3)

(ul’uh)
As previous literature has shown, the solution to this problem entails u;® = 0 (low types obtain no
rents) and u3® < ¢f A# (constraint IC}, binds). Moreover, low types are not served (¢;° = 0) in case

0, — %’;AG < 0. Otherwise, u° > 0 is implicitly given by

B (0,uF) = 1=0, (4)
in which case low-type consumers are offered a positive but inefficiently low quality level. By contrast,
consumers appropriate the entire efficient surplus in the perfectly competitive (or Bertrand) menu
m? = ( 7, S}), where quality provision is efficient to consumers of all valuations and firms derive

zero profits from each contract in the menu.

3.2 Balanced Oligopoly

Before analyzing the full-fledged model, we shall first revisit the case of a “balanced oligopoly,” where
brand loyalty is invariant to type. To this end, we shall introduce the following regularity condition,

which we retain for the rest of the paper.

Assumption 1. (log-concavity) Consider the cdf
H(z) = Probg [¢' — &® < z|e? = max{e?,...,e’}],
which density is h(x). Then H is strictly log-concave.

Assumption 1 calls for the firms’ demand to be strictly log-concave when all competitors play
symmetric strategies. This requirement is satisfied by most specifications of interest (Hotelling Logit,
Probit, etc) and is common in models of oligopolistic competition.'® For future use, let us denote by

A= % the baseline markup. To understand this terminology, note that, in the equilibrium under

18Gee, for instance, Anderson et al (1992).



complete information, all firms offer the efficient quality level and sell at a profit margin equal to Atg.
In the Hotelling specification, the baseline markup is A = 1; in the Logit specification, it is A = ﬁ

The next proposition derives the equilibrium when brand preferences are equally intense across
consumer types. For convenience, we let 7 = S — q7Af. This threshold measures the “slackness” of

constraint IC},, determining the smallest brand loyalty parameter that activates this constraint.

Proposition 0. (Equilibrium: Balanced Oligopoly) Suppose the intensity of brand preferences
1s the same across types, and let t = t; = ty,. Then there exists a unique pure-strateqy equilibrium,

which is such that:
(a) If t € [0, %], uj = max {S¢ — At,0} for k € {I,h}. Quality provision is efficient.

(b) If t > ;, u; = 0 and, whenever positive, uj is implicitly given by

Sh —uj, n p; 05

Iy o Ou, (0,up) —1=0. (5)

Moreover, uj is decreasing in t, and converges to the monopolistic level up° as t grows un-

bounded. Quality is efficiently (resp., under-) provided to high-type (resp., low-type) consumers.

When ¢ is small (i.e., t < %), the equilibrium is close to the perfectly competitive outcome,
where neither individual rationality or incentive constraints bind. Accordingly, quality is efficiently
provided to consumers of all valuations, and firms’ markups are constant across the product line (and
equal to At). This outcome coincides type-by-type with that under complete information. Moreover,
it can be implemented by the “cost-plus-fee” tariff T'(q) = At + ¢(q), as first observed by Armstrong
and Vickers (2001) and Roche and Stole (2002).

For t larger than %, the individual rationality constraint is binding for low-valuation consumers,
whose surplus is fully extracted by firms. As long as t < g, this is the only binding constraint, and
quality provision remains efficient to both consumer types.!® Otherwise, the incentive constraint
of high-valuation consumers also binds, and equilibrium is characterized by equation (5). As the
intensity of brand preferences increases (i.e., t grows large), firms are able to extract more rents from
high-valuation consumers, which requires decreasing the low-type quality away from its efficient level.
In the limit as ¢ — o0, equilibrium converges to the monopolistic outcome. This is can be readily seen

from equation (5): Its first term vanishes as ¢ grows unbounded, making the equilibrium condition

coincide with the monopolist’s optimality condition in equation (4).

Remark 1. (Participation) It is common to assume thal consumers have access to an outside

option that delivers a certain level of utility (normalized to zero) against which they compare the

¥Tndeed, 7 > S, as implied by the convexity of the cost function . This implies that constraint IR; binds “before”

(i.e, for smaller t’s) IC; in the balanced-oligopoly case.



efficient quality provision under-provision for low types

IR and IC’s slack IR binds for low type IR binds for low type, IC for high
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0 cost-plus-fee-pricing ge i t =00
ad B L
A

Figure 1: Equilibrium in a balanced oligopoly.

net utilities from each firm, as in (1) - call it the standard approach.? Instead, we model non-
participation by endowing each firm with a mo-purchase contract and requiring consumers to select
one available contract (possibly a no-purchase one). This is the discrete-choice equivalent of the “co-
located outside option” model proposed by Bénabou and Tirole (2016).* This alternative approach
18 more suitable to study competition in the presence of price discrimination than the standard one,
as it assures that changes in the intensity of brand preferences do not affect the consumers’ decision
to withdraw from the market. To better understand this point, note that the standard approach
implies that those consumers who are indifferent between two goods (say, a GM and a Ford car) are
the ones who most value the outside option (say, public transport), and the more so the larger the
parameter t is. Accordingly, in the context of Proposition 0, when t is slightly above % 7, firms are
local monopolists for low-type consumers (as those consumers with x close to % left the market), but
compete under full market coverage for high types. As a result, variations in t affect the intensity of
brand preferences of the latter (whose relevant comparison is across firms’ contracts), while affecting
consumer participation for the former (whose relevant comparison is between the closest firm and the
outside option). Ast grows large, the volume of sales to consumers (of any type) shrinks to zero. In
the alternative approach followed here, by contrast, the value of the no-purchase option (relative to
the closest brand) is not affected by changes in t, which therefore can be identified with the intensity of
brand preferences. As a result, firms are always in competition for both consumer types. In contrast
to previous work, our model covers the whole spectrum of competitive intensity, converging to the

Mussa-Rosen outcome as consumers become intensely brand loyal.

20This is the case of Roche and Stole (2002) and Armstrong and Vickers (2001) as well as of most related literature,

as discussed in Section 7.
21Bénabou and Tirole provide an spatial interpretation according to which each consumer has to travel to a shopping

mall (there are two, each located in one extreme of the Hotelling segment) to purchase either a product of one of the
competing firms or some unmodelled outside good. For a probabilistic interpretation, see Poletti and Wright (2004),

who propose an equivalent formulation.
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Figure 2: Equilibrium distortions and brand substitutability across types.
4 Equilibrium

Just like in some markets low-valuation consumers have stronger brand preferences than those with
high-valuations (e.g., cable TV), in others the reverse pattern is verified (e.g., air travel). We now
study equilibrium outcomes in the full-fledged model, where brand loyalty is positive (¢;,t; > 0) and

type-dependent. In this section, we focus on pure-strategy equilibria, whenever such equilibria exist.

4.1 Characterization

To describe equilibrium patterns, consider the thresholds n, = S; — ¢; A0 > 0 and n; = Sj, — ¢qf A0,
which measure the “slackness” of constraint IC; and IC}, respectively, when brand loyalty differs

across types. To streamline the exposition, we assume that:
Assumption 2. n, > 0.

When the cost function has the power form, ¢(q) = %q“, where a > 1, Assumption 2 is satisfied
if and only if af; > 0}, Intuitively, this assumption requires consumer types to be sufficiently close
so that the self-selection constraint IC; may bind in equilibrium. If this condition is violated, we
obtain the less interesting case where the constraint IC is slack for all brand loyalty profiles (¢, tp,).

It is useful to define the function A(t;,t,) = Aty + max{S§ — At;,0}. After noting that ny, < 7,

consider the following parameter regions, illustrated in Figure 2:
E={(t;,ty) € R, :np < Aty ty) <7},

Dy ={(t;,tn) ERE, t Aty tn) <mn}, and D_={(t;,tn) ERI, : A(ti,tp) >0} .

The next proposition characterizes pure-strategy equilibria in each of these regions.

?2Indeed, by definition, 1, = S§ — ¢i A0 < S§ — gf A0 = 7.
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Proposition 1. (Characterization) Suppose (t,t,) € R% . Then:

(a) Region E: There is a unique pure-strategy equilibrium, in which uj = max {S} — Aty,0} for
each k € {l,h}. Quality provision is efficient to both consumer types, who obtain the same

payoffs as under complete information.

(b) Region D : A pure-strategqy equilibrium exists if t, > 1(t;), where the threshold 1p,(t;) is such
that (t;, 7,(t;)) € Dy. This equilibrium is unique and (u],u;}) solve

Sh

Sp(uy,up) — up + Aty (gu(%%) - 1> =0 and St + (ph 051
h

At DI 8ul (ul ’ uh) > <0

where the second condition is an (in)equality if uf > 0 (uj = 0). Quality is over-provided to high
types, but efficiently provided to low types. Relative to the complete information benchmark,

high types lose, while low types gain from asymmetric information.

(¢) Region D_: A pure-strategy equilibrium exists if t; > 7;(ty,), where the threshold T(ty) is such
that (1y(tn),tn) € D—. This equilibrium is unique and (u;,u}) solve

ity (1m0

a5 >
o uf,up)—1) <0 and  Sp(uf,up) —uf + Xy | —(u,up) —1) <0,
e (22 g 1) < (a0 = -+ A (G )

where the first condition is an (in)equality if uy > 0 (uj = 0), while the second condition is an
(in)equality if uf >0 (uj =0). Quality is under-provided to low types, but efficiently provided
to high types. Relative to the complete information benchmark, high types gain, while low types

lose from asymmetric information.

Recall from Proposition 0(a) that IC’s are slack in the “diagonal” (i.e., when t; = t},) provided
the intensity of brand preferences is low (in the sense that ¢; = t;, < %) The equilibrium is then
identical to that under complete information. Proposition 1(a) shows that the complete-information
outcome is an equilibrium provided brand preferences are not “too different” across consumer types
(in which case IC’s remain slack). The same holds true over the horizontal band in region E (in which
t > %) The reason is that raising ¢;, while keeping t; constant, does not affect firm’s incentives
(as uj is already at zero). So the balanced-oligopoly equilibrium remains (the unique) equilibrium,
and quality is efficiently provided to both consumer types.

Consider now region Dy. There, high types are sufficiently less brand-loyal than low types,
who constitute the market segment with higher potential for profits. To prevent profit dissipation,
whereby low types migrate to the high-type contract, firms set the quality of the “premium” product

inefficiently high, which renders this product less attractive to low types. In the simpler case where

12



u; = 0, the equilibrium condition from Claim (b) reveals that u} is determined by

Sk(0,up) — uy, 0S}, N

2 A h 1 —=(0 = 0. 6
)\th \ , + 8Uh ( ) uh) ( )
' ) mark-up ’

poaching gain efficiency loss per sale

loss per sale

Intuitively, when choosing how much utility to leave to high types, firms balance the gains from
poaching consumers away from the competitor, which is the first term in (6), with the per sale
loss from reducing the price, which is the second term, compounded with the efficiency loss from
tightening the incentive constraint, which is the last term. The latter is absent in the complete

information benchmark, what explains why informational rents are negative for high-type consumers:
aS
wl = Sp(ul,ul) — Mp, + AthaTZ(u;k, ul) < S5 — Aty

Intuitively, firms have less incentives to increase the high-type payoff relative to the complete in-
formation benchmark. The reason is that IC; binds, so raising uj tightens this constraint, thus
decreasing the efficiency of the high-type contract. The opposite applies to low types, for which
firms are more compelled to provide rents (so as to relax this constraint).

By contrast, in region D_, low types are significantly less brand-loyal than high types, who
constitute the market segment with higher profit potential. Accordingly, firms under-provide quality
at the bottom of the product line, which prevents high types from purchasing the low-quality good
(which exhibits a smaller profit margin).

The pattern of informational rents is the mirror image of that obtained in region D,. Namely,
relative to the complete information benchmark, high types gain, while low types lose from asymmet-
ric information. Intuitively, firms have an extra incentive to increase high-type payoffs relative to the
complete information benchmark. On top of the usual poaching gains and mark-up losses, increasing
up, relaxes the binding constraint ICy, thus increasing the efficiency of the low-type contract. The
opposite applies to low types, for which firms are less compelled to provide rents (so as not to tighten
this constraint).

Interestingly, the latter effect is shrouded in the balanced oligopoly case, where IC} binds only
when u; = 0 (as, note from Figure 2, t; > S; whenever the 45-degree line belongs to region D_). In
this case, low types obtain the same payoff as under complete information (zero), while high-types
obtain positive informational rents.

It is worth noting that Proposition 1 guarantees the existence of a pure-strategy equilibrium
in region F, and in regions D4 and D_ provided one is “close” to region F. It turns out that
pure-strategy equilibria fail to exist if brand loyalty is sufficiently different across types (i.e., fixing
t; > 0, tp is sufficiently small, and vice-versa). We will come back to this point in next section,

clarifying where and why non-existence obtains. Before doing so, the next subsection leverages on

13



the characterization of Proposition 1 to understand how changes in brand loyalty affect equilibrium

outcomes.

4.2 Comparative Statics

Proposition 2. (Comparative Statics on Quality and Payoffs) Consider a neighborhood
around (t;,ty) € ]R?H_ where the pure-strategy equilibrium exists. Then, for k € {l, h},

8u;; 8% and % <0< %

oty otp — ot, — — 0t

If (t1,ty) ¢ E anduy > 0, then gttbk, %1;’“ < 0 fork € {l,h}. In this case, if g # g, then 8tk <0< 8331}.

Not surprisingly, the equilibrium indirect utility of both consumer types strictly decreases as
brand preferences (of either type) become more intense. More interesting, perhaps, is the effect on
qualities when some incentive constraint binds (otherwise, quality levels are efficient). In this case,
as high types develop more intense brand preferences, equilibrium quality levels go down. The reason
is the following: changes in t directly affect competition for high types, but only indirectly for low
types (through incentive constraints). As a result, an increase in ¢j, decreases uj faster than uj,
what implies that the quality of the inefficient contract decreases. When constraint I1C; is binding
(as in region D), it is the high-type quality that is inefficient. As such, g; goes down (reducing the
distortion) as t;, goes up, whereas ¢; remains constant at its efficient level. In turn, when constraint
IC}, is binding (as in region D_), it is the low-type quality that is inefficient. As such, ¢ goes
down (magnifying the distortion) as ¢, goes up, whereas ¢; remains constant at its efficient level.
Therefore, variations in t; can either increase or decrease equilibrium welfare, depending on whether
the preference profile (¢;,t;) belongs to regions D, or D_. When (t;,t;) lies in the efficient region
E, variations in t; have no effect on equilibrium qualities.

Mutatis mutandis, the same logic explains the effect of ¢; on equilibrium quality levels. Because
an increase in ¢; decreases u] faster than ujy, the quality of the inefficient contract (if positive) shall
increase. Accordingly, an increase in ¢; strictly increases ¢ when (¢;,t,) € Dy (magnifying the
distortion), but strictly increases ¢/ when (¢;,t,) € D_ and ¢ > 0 (reducing the distortion).

Accordingly, Proposition 2 reveals that, in the presence of self-selection constraints, competition
and welfare are often misaligned, in that more competitive markets (in the sense that consumers
are less brand-loyal) often produce lower welfare. At the heart of the matter lies the idea that,
under asymmetric information, contract offers are interdependent across consumer segments. This
interdependency renders competition welfare-decreasing whenever it tightens incentive constraints.

In light of this discussion, it is natural to inquire how a merger, creating a monopoly that designs
and prices both firms’ product lines, affects consumer surplus and welfare. To this end, note that

the profit-maximization problem of the merged entity (controlling firms a and b) coincides with that
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of a Mussa-Rosen monopolist, described in equation (3).23 Conveniently, the Mussa-Rosen outcome
(applied to each firm) is the limit equilibrium as the brand loyalty parameters ¢; and t;, grow large
(as shown in Proposition 0). It then follows that we can perform merger analysis by comparing the
equilibrium outcome at a given profile (¢;,t5) to the limit outcome as t;, t;, — oo.

The comparative statics developed in Proposition 2 come in handy for this purpose. In particular,
it implies that the merger always decreases consumer surplus, as the equilibrium payoffs u; and uj
are decreasing in the brand loyalty parameters. The effect on welfare is more nuanced, as explored

in the next corollary.

Corollary 1. (Welfare Effect of a Merger) Consider a brand loyalty profile (t;,t,) € R3 , where
a pure-strategy equilibrium exists. If (t;,tn) € D_, the merger from oligopoly to monopoly decreases
welfare. If, however, (t;,t,) € Dy, the merger may increase welfare provided low types are sufficiently

brand-loyal, while high types are little brand-loyal.

According to Corollary 1, if the oligopolistic outcome involves downward distortions at the
bottom of the product line, the merger decreases welfare. The reason is that, under oligopoly, the
quality of the baseline good is always greater than under monopoly. Intuitively, business stealing
creates an extra incentive (relative to monopoly) for the competing firms to relinquish indirect utility
to high types, which relaxes the incentive constraint.

The merger can however increase welfare if the oligopoly outcome exhibits over-provision at
the top of the product line. To understand why, note that, in this case, the merger substitutes
one distortion (under-provision at the bottom) for another (over-provision at the top). As implied
by Proposition 2, the latter distortion is more detrimental to welfare when low (resp., high) types
are sufficiently (resp., little) brand loyal. In this case, the welfare comparison favors the monopoly
24

outcome (for a wide range of parameters).

The comparative statics on prices is explored in the following result.

Proposition 3. (Comparative Statics on Prices) Consider a neighborhood around (t,t) € R

where the pure-strategy equilibrium exists and qf > 0, and denote by (y;,y;) the equilibrium price

profile.
(a) If (t;,tn) € E, then yi = ¢(qf) + min { Ay, S;}.

(b) If (t;,tn) € Dy, then
Oy, Ovi. Oy
ot oty ot —
with strict inequality if and only if the constraint IR; is slack. Moreover, y; is decreasing in ty,

if IRy binds, but is quasi-convez in ty, if IRy is slack and ©"'(q) < 0.

23This follows from noting that the merged entity optimally chooses the same menu for firms a and b.
24The exact condition, which depends on the support of types {6;,0,} and their respective probabilities, appears in

the Online Appendix.
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(c¢) If (ti,tp) € D_, then
oy, oy Oy
—Zh -5 d = =2 >
oty, >0, an 8tl’ ot — ’

with strict inequality if and only if the constraint IR is slack. Moreover, y is decreasing in tj,

if IRy binds, but is quasi-convex in ty, if IRy is slack and ¢ (q) < 0.

Prices always increase with the intensity of brand preferences when the quality of the product is
set efficiently. This familiar intuition explains why prices increase with (¢, ;) in region F, and why
the baseline price y; (resp., premium price y; ) increase with (¢;,¢5) in region D (resp., D_).

The analysis is more subtle when changes in the intensity of brand preferences jointly affect
quality provision and utility levels. This occurs, for instance, with the premium product when
(ti,tn) € D4. As t; increases, high types are worse-off (uj decreases), whereas the quality of the
premium product increases (g; increases), so y; has to increase as well. By contrast, as tj, increases,
high-type payoffs decrease, as so does the quality of the premium product. The latter effect dominates
when IR; binds, which implies the premium product becomes cheaper as high types become more
brand loyal. When IR; is slack, this pattern is more nuanced, as the premium price y; is U-shaped
in the brand loyalty parameter t;. To prove this global quasi-convexity result, we need to impose a
weak regularity condition (namely, that ¢"(¢) < 0).

A similar logic explains why, in region D_, the baseline product may become cheaper as high
types becomes more brand-loyal. When IR; binds, the baseline price goes down with ¢;, because the
quality of the baseline product falls more than the equilibrium payoff of low types. When IR; is
slack, the race between quality and payoff changes leads to U-shaped pattern.

More broadly, Proposition 3 reveals that, under self-selection constraints, variations in the level
of prices are a misleading indicator of the degree of competition in the market. This is consistent
with the ambiguous relationship found in the empirical literature between the degree of competition
and the level of prices in markets characterized by self-selection. For instance, Chu (2010) documents
that cable companies in the US reacted to new competition by satellite television by raising both
price and quality (as determined by the number of available channels), with consumers benefiting

overall from the higher-priced offerings.

5 Dispersion of Offers

The previous section studied pure-strategy equilibria, revealing their properties and performing com-
parative statics. Yet, such equilibria may fail to exist, in which case we have to look for mixed-strategy
equilibria, where firms randomize over menus of contracts. In this section, we start by investigat-
ing the reasons for non-existence of pure-strategy equilibria, to then study equilibria under mixed

strategies.
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To understand the non-existence phenomenon, it is instructive to look at the following special

case of our model, where there is perfect competition for one consumer type.

5.1 Bottom-of-Barrel Oligopoly

A bottom-of-barrel oligopoly bears its name due to the fact that brand preferences are stronger
among those consumers who have the lowest willingness to pay for quality (and therefore the lowest
potential for profits). To capture this possibility in the starkest manner, we assume that high-
valuation consumers see firms as perfect substitutes, i.e., t, = 0. In turn, the intensity of brand
preferences among low-valuation consumers is unconstrained, as t; is allowed to take any positive
value.

Before investigating equilibrium outcomes, it is convenient to define the zero-profit h-type utility
1y, as the implicit solution to

Sn(0, ) — i, = 0. (7)

In words, @y, is the highest indirect utility that firms can relinquish to high-type consumers while
obtaining zero profit from the high-type contract and fully extracting rents from low types. By
Assumption 2, 4, > ¢ A§, which implies that the high-type quality of the menu (0, %) is distorted
upwards: g (0,ap) > ¢f.

The next proposition clarifies when a pure-strategy equilibrium exists.

Proposition 4. (Pure-Strategy Equilibrium: Existence) Suppose there is perfect competition
for high types (tp, = 0), but imperfect for low types (t; > 0). Then:
(a) If 0 < t; < @ there is a unique pure-strategy equilibrium, with uj = S; — M; and uj, = S} .

Quality provision is efficient.

(b) No pure-strategy equilibrium exists if @ < t; < t, where the threshold:

o a8, . 1p S5
fi=inflt: 20 O
L= { Y ou (0,n) < J ph ( X))

and t; = oo if the inequality inside brackets is violated for all t; > 0.

(c) If t; > t;, there is a unique pure-strateqy equilibrium, with uf = 0 and uj, = 1. Quality is

over-provided to high types, but efficiently provided to low types.

As illustrated in Figure 3, Proposition 4 identifies three regions. When ¢; is small, we are in
region E of Proposition 1. Accordingly, an equilibrium in pure strategies exists, which is unique and
coincides with that under complete information. Because t; > t;, = 0, firms obtain zero profits from

high types, but a positive profit from low types.
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Figure 3: Equilibrium in a bottom-of-barrel oligopoly.

When t; exceeds the threshold St ;"h , the “complete-information” equilibrium described above
can no longer be sustained, as constraint I1C; would be violated. This means that no pure-strategy
equilibrium exhibits efficient quality provision. Perfect competition, however, implies that firms
obtain zero profit from high-type consumers. As a consequence, firms can ignore the existence of
high-type consumers and respond as if they were playing a competition game where only low types
are present. These two observations imply that, if an equilibrium in pure strategies exists, it has to
satisfy

uf =57 —AM;  and  Sp(uy,u) —up =0. (8)

Crucially, Assumption 2 implies that the high-type quality is above its efficient level in this putative

equilibrium.

There is always a profitable deviation from this putative equilibrium provided &1 ;m‘ <t <t

It works as follows: the deviating firm grants a small discount § > 0 to low types, which relaxes
the IC; constraint. This enables the firm to reduce the quality provided to high types, therefore
increasing the efficiency from their respective contracts (recall there was over-provision in the putative
equilibrium). Because there is perfect competition among high types, the deviating firm can then
adjust prices to slightly undercut its rival, conquering the whole high-type market and appropriating
the correspondent efficiency gain. That this deviation is profitable comes from the fact that the
profit gain among high types is of first-order magnitude, while the discount § to low types entails
only a second-order profit loss.?> We refer to this strategy as the relaz-and-undercut deviation, as it
involves relaxing incentive compatibility to enable undercutting the rival firm.

For ¢; > %, the IR; constraint necessarily binds. By the same reasoning above, if an equilibrium
in pure strategies exists, it has to be such that (uj,u;) = (0,4y), where 1y, is zero-profit h-type
utility given by equation (7). In this menu, because IC; binds, high types are provided inefficiently
high quality, while appropriating the full (inefficient) surplus produced by their contract. Low types

25To see why, note that uj = S¢ — M; in an interior optimum, therefore being a local maximand.
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endure full rent extraction, as u; = 0, and are offered their efficient quality level.

The relax-and-undercut deviation now produces a first-order profit gain among high-types at the
expense of a first-order profit loss among low types. The loss is now first-order because the putative
equilibrium utility u; = 0 is at the corner dictated by the IR; constraint (therefore exhibiting a non-
zero shadow cost). The race between these two effects is resolved in favor of deviating if and only
if #; is below the threshold #;. Intuitively, if brand preferences are mild (in the sense that ¢; < &),
the business-stealing effect from discounting the low-type price is sufficiently large to render the
relax-and-undercut deviation profitable. This is always the case when #; = 00.26

In sum, Proposition 4 reveals that, whenever 1C; is the only constraint binding, a pure-strategy
equilibrium fails to exist. Crucially, non-existence is solely due to the interplay between heterogenous

brand loyalties and self-selection by consumers. In this case, the equilibrium exhibits dispersion of

offers, whereby firms randomize their choice of menus.

Remark 2. (Cream Skimming) Mirror image of the bottom-of-barrel, the cream-skimming oligopoly
exhibits perfect competition for low types, t; = 0, but imperfect competition for high types, tp > 0.
Accordingly, firms’ market power is stronger among those consumers who have the highest willing-
ness to pay, exhibiting the largest potential for profits. Similarly to Proposition 4, no pure-strategy

equilibrium exists if @ <ty < ty, , where the threshold t;, satisfies

EhEinf{thiasl(O,O)<1ph< —Sh>}

ouy, J Aty

An analogous relaz-and-undercut deviation improves upon the putative equilibrium outcome, where
firms obtain zero profit from low types and compete for high types as under complete information.
This deviation consists on granting a small discount to high-type consumers, which relaxes the I1Cy
constraint and enables the deviating firm to increase the quality provided to low types (which is under-
provided in the putative equilibrium). Because there is perfect competition for these consumers, the
deviating firm can then adjust prices to slightly undercut its rival, conquering the whole low-type
market and appropriating the correspondent efficiency gain. As in the bottom-of-barrel case, this
deviation trades off a first-order efficiency gain among low types with a profit loss from high types
(which is second-order if IRy, is slack). Pure-strategy equilibria may be restored only if IRy, binds, as
captured by the threshold ty,.

Remark 3. (Non-Existence: General Case) The non-existence argument described above ex-
tends beyond the bottom-barrel and cream-skimming cases. On a more technical level, the non-
existence of a pure-strateqy equilibrium stems from the fact that firms’ best responses are not quasi-

& ;nh <t < t;. As shown

concave. For instance, consider the region Dy and fixr some t; satisfying

26Whether #; is finite or not depends on parameters. For instance, if the cost is quadratic, wlq) = L2 6 = o0 if

2
mEl—J%(%)§O,butequalsfl:%l<ooifm>O.
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in a previous version of this paper,?’ there exists a threshold Tn(t;)) > 0 such that no pure-strategy
equilibrium exists provided t, < Tn,(t;). Indeed, for t, low enough, firms’ best responses fail to be lo-
cally quasi-concave at the putative equilibrium of Proposition 1. In this case, the putative equilibrium
is a saddle point of the best response, thus exhibiting a local profitable deviation. Only for ty, large
enough the global quasi-concavity of best-responses is restored, which guarantees that a pure-strategy

equilibrium exists.?® Mutatis mutandis, a similar pattern is found in region D_.

5.2 Mixed-Strategy Equilibria

We now study mixed-strategy equilibria. As the next proposition reveals, any such equilibrium
exhibits the following property: across any two menus offered in equilibrium, the indirect utilities
offered to low- and high-type consumers co-move. This is the subject of the next definition, first

proposed by Garrett et al (2019):

Definition 1. [Ordered Equilibrium| A mized-strategy equilibrium is said to be ordered if, for any
two menus M = (ug, up) and M’ = (u,u},) offered in equilibrium, w; < u; if and only if up, < uj,. In

this case, the menu (uj,u},) is said to be more generous than the menu (u;, up).

Accordingly, in an ordered mixed-strategy equilibrium, firms randomize over the generosity of
the menu, which can be identified with the indirect utility relinquished to either low or high types
(as these co-move across menus). The next proposition clarifies when mixed-strategy equilibria exist,
and reveals that the pattern of distortions is parallel to that found in pure-strategy equilibria.

The result however requires two regularity conditions. The first strengthens the log-concavity

requirement of Assumption 1.

Assumption 3. (generalized log-concavity) Whenever Di (ui,u;j ) > 0, the demand semi-

J J

810gDz i =3\ - . . —
Uk, uk‘ s 1ncreasing in uk .

J
Ouy,

elasticity

For two firms, Assumption 3 is implied by Assumption 1, but it is a little stronger when J > 2.
Assumption 3 is satisfied by all specification of interest (Hotelling, Spokes, Logit, Probit, etc).
The second regularity condition requires that the complete information payoff of each firm j is

quasi-concave in ui for all (possibly mixed) strategies followed by the competing firms.

Assumption 4. (quasi-concavity) For any distribution Fk_j over u,;j, the complete-information
payoff
P(uy) = EFk_j [D;,’f <ui, u;]) (Sz - ui)]

1s strictly quasi-concave in ui

2"See Gomes, Lozachmeur and Maestri (2020).

280f course, pure-strategy equilibria may exist if best responses fail global quasi-concavity. In this case, one has to
compare the putative equilibrium profit with that obtained by the best non-local deviation. As shown in a previous

version of this paper, under natural assumptions, the best non-local deviation is the relax-and-undercut strategy.
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It is easy to verify analytically that Assumption 4 holds true in the case of Hotelling and Spokes.?”

We can then state the main result of this section.

Proposition 5. (Mized Strategies) Suppose (t,t,) € R2,. An equilibrium (either in pure or

mized strategies) exists, and every mized-strategy equilibrium is ordered.
(a) Region E: no mixed strategy-equilibria exist.

(b) Region Dy: A mized-strateqy equilibrium ezists if t, < Tn(t;), where the threshold 7p,(t;) > 0
whenever t; € (Sf —np, t;). In all equilibrium menus, quality is over-provided to high types, but

efficiently provided to low types.

(c) Region D_: A mized-strategy equilibrium exists if t; < 7;(tn), where the threshold 7;(ty,) > 0
whenever ty, € (S, — n,ty). In all equilibrium menus, quality is under-provided to low types,

but efficiently provided to high types.

As revealed by Proposition 5, mixed-strategy equilibria are found in a neighborhood of any
brand loyalty profiles (¢;,0) and (t,0) (corresponding to the bottom-barrel and cream-skimming
cases) for which no pure-strategy equilibrium exists. To understand the ordered nature of mixed-
strategy equilibria, consider a profile (t;,¢,) € D4 in which such an equilibrium exists. As firms’
market power is higher among low-type consumers, the constraint IC; binds in all equilibrium menus,
which therefore exhibit over-provision of quality in the high-type contract. This observation is key
to understand the ordered property of equilibrium, which is intimately related to the relax-and-
undercut deviation described above. Intuitively, firms differentiate themselves according to how big
is the “discount” they give to low-type consumers. Those firms who grant the largest discounts are
able to undertake the greatest reductions in the quality provided to high types, therefore obtaining
the largest welfare gains. The larger is the surplus produced by the h-type contract, the larger is the
incentive to relinquish more indirect utility to high types, so as to expand demand. As a consequence,
the firms who offer the highest indirect utilities to low types (i.e., those who “discount” more) are also
the ones that offer the highest indirect utilities to high types, i.e., menus are ordered. In equilibrium,
all firms similarly randomize over a collection of ordered menus that maximize expected profits.

Proposition 5 accords with the fast-moving nature of many markets where product features and
prices are typically “unstable” and short-lasting. For these markets, our model produces two empiri-
cal implications. First, dispersion of offers requires that different types exhibit (sufficiently) different
propensities to switch brands. Second, whenever dispersion occurs, the gross utilities offered by firms

are similarly ranked across the product line (as follows from the ordered property of equilibria).

2For the Logit and Probit specifications, we have to proceed numerically. Our computational procedure suggests

Assumption 4 also holds in these cases.
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6 Discussion

6.1 Continuum of Types

The equilibrium characterization described above proceeded under the assumption of two consumer
types, with no restrictions on the probability distribution. Studying models with more than two types
is conceptually straightforward, but often challenging analytically. For instance, if in equilibrium only
adjacent incentive constraints bind, the characterization of Proposition 1 can be easily extended to
an arbitrary number of discrete types. If, however, consumer brand loyalty varies non-monotonically
with type, the equilibrium is likely to exhibit bunching, which prevents a closed-form characterization.
Crucially, when brand loyalty is type-dependent, it is elusive to find a condition on primitives that
rules out bunching in equilibrium.

When types belong to a continuum, the equilibrium, rather than being described by a non-linear
system of equations (as in Proposition 1), is characterized by a differential equation. This makes it
easy verifying numerically that the equilibrium outcome exhibits no bunching. We can then explore
the differential equation to confirm the main findings (regarding distortions and informational rents)
of the binary-type model. This subsection illustrates this point assuming that types are uniformly
distributed over some interval [Q, ﬂ C Ry and the cost function is quadratic: ¢(q) = %qQ. It also
employs numerical techniques to show that the non-existence phenomenon discussed in Section 5
extends to the continuum-type setting.

To facilitate comparison with the previous literature, we consider the Hotelling setup described
in subsection 3.1. As before, we let the intensity of brand preferences change with one’s preferences
for quality, as described by the brand loyalty schedule ¢ (f). For simplicity, we assume that ¢ (6) is
affine:

) =+ -0 (5-5). Q

parametrized by t,¢ > 0. Note that ¢(f) = t and ¢(§) = ¢, which explains the notation. If At =
t —t < 0, brand loyalty is decreasing in preferences for quality, and increasing if At > 0.

Roche and Stole (2002) showed that, when At = 0 and ¢t = ¢ = ¢ is sufficiently small, the
equilibrium is in pure strategies, and quality provision is efficient to all types (¢*(0) = ). Allowing
for correlation between brand loyalty and brand preferences, our model also admits a pure-strategy
equilibrium (assuming |At| # 0 is small). Moreover, when correlation is positive, i.e., At > 0 (resp.,
negative, i.e., At < 0), almost every quality is distorted downwards (resp., upwards), which is in line
with Proposition 1. Figure 4 numerically illustrates this finding for [Q, ﬂ =[1,2].

Furthermore, when At > 0 (resp., At < 0) low types are worse-off (resp., better-off) under
asymmetric information, while high types are better-off (resp., worse-off). Intuitively, when At > 0,
competition for low types is hindered by the fact that high types have strong brand loyalty. To

prevent profit dissipation (due to high types selecting low-quality contracts), firms then provide less
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Figure 4: Equilibrium quality schedules for [Q,ﬂ = [1,2]: The dashed (resp., dotted) line assumes
that brand loyalty is decreasing (resp., increasing) in preferences for quality, whereas the full line,

which is the efficient schedule, assumes it is constant (At = 0).

utility to low types (relative to the complete information outcome), leading to negative informational
rents. Conversely, when At < 0, competition for high types is hindered by the fact that low types
have strong brand loyalty, which explains why informational rents are negative for the former but
positive for the latter. These conclusions generalize Proposition 1, established under binary types.

Our next result characterizes the equilibrium, and collect the findings discussed above.

Proposition 6. (Pure-strategy equilibrium: Continuum of types) For everyt € (0,7), there
exists € > 0 such that, for all |At| € (0,¢), there exists a pure-strateqy equilibrium in which the
indirect utility schedule u* (0) satisfies, for all 0 € (0,0), the following differential equation:

PR
u(f) =2— (t(10)) (07), (0) — (i (29)) — u(9)> subject to 1w (0) =0 for 0 € {0,0}. (10)

(a) If At > 0, every interior quality involves downward distortions: q* (0) < 6. Moreover, relative
to complete information, there are types 61,05 € (0,0) such that every type 6 < 61 is worse-off,
whereas every type 6 > Oy is better-off.

(b) If At < 0, every interior quality involves upward distortions: ¢* () > 0. Moreover, relative to
complete information, there are types 61,02 € (6,0) such that every type 6 < 6y is better-off,

whereas every type 6 > 02 is worse-off.

The next corollary employs the characterization of Proposition 6 to perform comparative statics
on both the magnitude of brand loyalty, as well as on the correlation between brand loyalty and

brand preferences. To do so, it is convenient to write the brand loyalty schedule as #(0) = a + (6.
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Figure 5: Brand-loyalty profiles (¢,¢) under which a pure-strategy equilibrium does (not) exist.

In this parametrization, changes in the parameter a correspond to uniform shifts on brand loyalty

(across consumer types), while B captures the correlation between 6 and #(6).3°

Corollary 2. (Comparative Statics) Consider the pure-strategy equilibrium of Proposition 6, and
adopt the parametrization t(6) = a+ B60. Then, an increase in « reduces the indirect utility of every

type, while an increase in B reduces the quality provision for every interior type.

The effect of increasing « on equilibrium indirect utilities is expected. More interesting, perhaps,
is that, as § increases, rendering high types more brand loyal vis-a-vis low types, quality provision
decreases along the product line. These findings confirm that the comparative statics in Proposition
2 are robust to a continuum-type setting.

With a continuum of types, as in the binary-type case, a symmetric pure-strategy Nash equi-
librium may fail to exist, as there is no guarantee that the firms’ best responses are globally quasi-
concave. We investigate this issue by numerically computing the putative pure-strategy equilibrium,
and then searching for profitable incentive-compatible deviations. Assuming [#,0] = [1,2], and
parametrizing the brand loyalty schedule by the profile (,t), Figure 5 identifies the regions where a
pure-strategy equilibrium does (not) exist. The results are remarkably parallel to those under binary
types: There is always a pure-strategy equilibrium close to the “diagonal” (where t = t), similarly
to Proposition 1. However, non-existence obtains when brand loyalty is sufficiently different across

" and “high” types (i.e., for ¢ small and ¢ large, or vice-versa), similarly to Remark 3. This

“lOW,
reveals that dispersion of offers is a robust feature of competitive models involving self-selection and

heterogeneous brand loyalty.

30There is a one-to-one relationship between the (c, 8) parametrization and the one based on the brand-loyalty profile

(t,t) - see the proof of Proposition 6 for details. Naturally, 8 > 0 if and only if At > 0.
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6.2 Timing

The design of product lines is often considered to be a long-term decision, in contrast to pricing
choices, which can be altered in a short-term basis. In the baseline model, we abstracted from this
distinction by assuming that prices and qualities are chosen simultaneously. It is straightforward to
introduce asynchronous choices of quality and price by adopting the timing assumption first proposed
by Champsaur and Roche (1989). In their model, firms are able to commit to a range of qualities
before choosing prices.

Our analysis holds unchanged under this alternative timing assumption. To see why, consider first
the case where the equilibrium (in the simultaneous-choice game) is in pure strategies. By committing
to the set of qualities offered in the equilibrium menu, firms may implement the simultaneous-choice
outcome in the asynchronous-choice game. The reason is that, ex-post, the same prices are optimal
for each quality level. The same reasoning applies to mixed-strategy equilibria of the simultaneous-
choice game. Firms can commit to the support of qualities offered across all equilibrium menus, to
then randomize over prices (assigning a very high price to all qualities not present in the realized
menu). This procedure effectively transposes every equilibrium of the simultaneous-choice game into
an equilibrium of the asynchronous-choice game.

The asynchronous-choice game may however exhibit additional equilibria, as the ability to com-
mit to a quality range generates market power (see Champsaur and Roche 1989). However, there
are reasons to believe these additional equilibria are not sensible, as their existence relies on distri-
butional assumptions (for instance, f being uniform) and they are often discarded by refinements (of

the trembling-hand type).

6.3 Consumer Participation

As discussed in Section 2, we model consumer (non-)participation by assuming that a no-purchase
contract is part of the menu offered by each firm. This guarantees that the relevant margin for pricing
is always the competitive one (substitution towards the competing firm), never the participation one
(substitution towards the outside option). While convenient for interpretation and tractability of
the model, this assumption is unessential for the conclusions of this paper.

To understand this point, consider the Hotelling model. Under the standard approach to partici-
pation (where the utility (1) is compared to zero, rather than evaluated at the no-purchase contract),
the equilibrium characterization of Proposition 1 remains valid over a large set of profiles (¢;,t3).3!
In region D, for instance, this characterization may fail only when t; is large (in which case v} is
small), as those low-type consumers located at the midpoint of the Hotelling segment would prefer not

participating. Up to this point, our results on comparative statics, (non)-existence of pure-strategy

31The range of (¢;,t,) for which Proposition 1 remains valid expands as 6, gets closer to 0;.
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equilibria, and mixed-strategy equilibria remain true verbatim. Once some low types withdraw from
the market under the standard modeling of participation, the parameters ¢; and ¢, play different
roles (the former parametrizing participation incentives, the latter competition), which renders the
interpretation of the model unclear. Accordingly, our modeling of participation is a convenient device
to handle large values of ¢; and ¢, while guaranteeing full market coverage. It essentially enlarges
the set of parameters under which the discrete choice framework can be fruitfully used to study

competition with asymmetric information.

7 Related Literature

This article primarily contributes to the literature that studies imperfect competition in nonlinear
pricing schedules (see Stole 2007 for a comprehensive survey).

In one strand of this literature, Stole (1991), Ivaldi and Martimort (1994) and Martimort and
Stole (2009) study duopolistic competition in nonlinear price schedules when consumers can pur-
chase from more than one firm. Calzolari and Denicolo (2013, 2015) evaluate the welfare impact of
allowing firms to offer exclusive deals (whereby consumers get discounts if they buy nothing from
the competitor). These papers speak to markets where goods are divisible, whereas our analysis is
relevant for markets where purchases are inherently exclusive (e.g., most markets for durable goods).

As mentioned in the introduction, our work is more closely related to Roche and Stole (1997,
2002) and Armstrong and Vickers (2001).32 Several differences between our paper and these classic
contributions stand out: First, these papers focus on the case where the propensity to switch brands
is independent of one’s tastes for quality. By contrast, our focus is on the more challenging case
where preferences co-move. Second, these papers adopt a “standard” Hotelling framework, in which
consuming the outside option does not require incurring the transportation cost. As explained
in Remark 1, this specification conflates changes in the degree of competition across firms with
changes in the attractiveness of the outside option. Bypassing this limitation renders our model
more tractable, while permitting a clear interpretation of comparative statics.?> Our discrete-choice
formulation is also more general, including the Hotelling setup as a special case (among others, such
as Logit and Probit).

Other closely related papers are Katz (1984), Desai (2001) and Ellison (2005), who consider

32 Also relevant is the work of Stole (1995), who proposes a general model where the vertical type of each consumer
interacts with her firm-specific brand taste to determine her valuation for quality. Stole compares the case where
firms compete observing consumers’ brand tastes, but not vertical types, with the case where firms compete observing
consumers’ vertical types, but not brand tastes. By contrast, Roche and Stole (1997, 2002) and Armstrong and Vickers
(2001) assume that brand tastes do not affect one’s valuation for quality (solely determined by the vertical type) and

that neither is observed by firms. We adopt this specification as well.
330ther models exhibiting the demand specification of Roche and Stole (2002) employ numerical solution methods.

Examples include Borenstein (1985), Borenstein and Rose (1994), Wilson (1993), and Yang and Ye (2008).

26



competitive price discrimination models related to ours, while assuming that consumers with higher
valuations for quality have stronger brand preferences. Katz shows that, if downward adjacent
incentive constraints bind in equilibrium, qualities have to be (weakly) under-provided. Katz however
does not characterize equilibria or shows under what conditions these constraints bind. Desai provides
necessary and sufficient conditions for the complete-information outcome not to violate incentive
constraints.?* In contrast to these contributions, we develop a full equilibrium analysis. In turn,
Ellison assumes that qualities are exogenous, focusing on the equilibrium choice of prices. The
emphasis of his work is in comparing two settings; one of complete information about prices, the
other where consumers fail to observe the price of “upgrading” the product before getting to the

35 By contrast, the joint determination of price and quality is at the heart of the present

store.
paper, which also considers the opposite preference correlation pattern, investigates the possibility
of price/quality dispersion, among many other aspects not present in Ellison’s contribution.

In turn, Bonatti (2011) develops a model of nonlinear pricing with competition where consumers’
tastes for quality are brand-specific. In this setting, conditional on choosing a given brand, high-type
consumers are more brand loyal than low types, thus requiring larger discounts to switch brands. In
our model, by contrast, consumers’ tastes for quality do not vary across brands, which allows us to
erogenously change the brand loyalty of each type of consumer. Bonatti finds that quality levels are
distorted downwards in equilibrium, which also occurs in our model when high-type consumers are
less prone to switch brands.

More recently, Chade and Swinkels (2021) propose a model where vertically differentiated firms
compete to screen consumers with private information about their willingness to pay for quality.
Firms are differentiated in their ability to produce different quality levels, which leads to segmentation
in equilibrium. As in here, they document the possibility of upward and downward distortions,
and of non-existence of pure-strategy equilibria. We see both models as offering complementary
contributions: Whereas firms are asymmetric in their ability to serve different consumer types in
Chade and Swinkels (2021), the asymmetry in the current paper rather pertains to the brand loyalty
of different consumer types. Accordingly, the economic rationale behind Chade and Swinkels’ findings
relate to the fact that different firms sort into serving different intervals of consumer types, whereas
our results hinge on the fact that firms compete for the same consumers, but do so with varying
intensity.

Finally, Dessein (2003, 2004) studies competition between telecommunication networks for users
with heterogenous calling patterns who self-select into their preferred calling plans. In his 2003

contribution, Dessein provides general conditions under which access charges do not affect profits.

34In the language of our model, Desai’s conditions guarantee that the equilibrium lies in region E. If these conditions
are violated, based on Katz’ result, Desai concludes that qualities are under-provided in equilibrium. This claim

implicitly assumes that a pure-strategy equilibrium exists, which our analysis shows to be false in general.
35See also Verboven (1999).
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Dessein (2004) revisits this question in a setting where heavy and light users perceive the substi-
tutability of the competing networks differently. He then shows that access charges (more often)
affect profits, and provides sufficient conditions for the complete-information outcome to violate in-
centive constraints. Complementing Dessein’s insight, we develop a complete characterization of
equilibrium.

As price discrimination is practiced under competition, consumers’ reservation values are type-
dependent, in that they coincide with the indirect utility offered by the competing firms. When low
types are more brand-loyal than high types (as in region D ), the consumer’s gain in indirect utility
relative to her equilibrium reservation value is decreasing in type. This is parallel to the countervailing
incentives model of Lewis and Sappington (1989), and similarly leads to over-provision of quality.
More generally, the analysis of firms’ best responses is related to Champsaur and Roche (1989) and
Jullien (2000), who study price discrimination with type-dependent reservation utilities. However,
in our model, reservation utilities are not only type-dependent but also endogenous and random
(due to taste shocks). The latter renders the techniques of these papers inapplicable to our setting.
The endogeneity of reservation utilities, reflected in the fixed-point nature of our problem, is also
crucial for characterizing equilibrium, verifying existence in pure strategies, evaluating distortions
and performing comparative statics.

Our counter-intuitive comparative statics also relate to classic contributions in price theory,
where discrimination (in the form of menus) is absent. For instance, Dorfman and Steiner (1954) show
that, as firms’ market power goes down (as measured by an increase in the elasticity of substitution),
quality provision can either increase or decrease, as so does welfare.36 More recently, Chen and
Riordan (2008) show, in the context of a random utility model, that duopoly may lead to higher
prices than monopoly, as increasing product variety may reduce the price-elasticity of demand. By
contrast, our results are driven by the interplay between asymmetric information (manifested in the
incentive constraints that shape the firms’ decisions) and competition, as captured by the varying
degrees of consumers’ brand loyalty. We expect this logic to extend to more general demand systems,
such as those studied by Nocke and Schutz (2018).

8 Conclusions

We study oligopolistic competition by firms practicing second-degree price discrimination. Crucially,
we allow consumers with different tastes for quality to exhibit varying propensities to switch brands,
which reflects a key feature of empirical models estimating demand for differentiated goods. Our

analysis delivers five main take-aways:

(a) We show how patterns of quality provision relate to co-movements between consumers’ tastes

36See Dranove and Satterthwaite (2000) for a modern treatment of this seminal contribution.
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for quality and brand loyalty. Specifically, quality provision is inefficiently low at the bottom
(high at the top) of the product line if the propensity of low-type consumers to switch brands
is small (large) relative to that of high types.

(b) Informational rents may well be negative under competition. In fact, they are always negative
for some type, while positive for the other, provided consumers obtain more than their reserva-
tion utility in equilibrium and incentive constraints bind. This is unlike the monopoly case, or
the oligopoly case under uniform brand loyalty, where informational rents are always (weakly)

positive.

(c) Competition and welfare are often misaligned: More competition (in the sense that consumers
become less brand-loyal) is welfare-decreasing whenever it tightens incentive constraints. This
is the case, for instance, when quality provision is inefficiently high at the top of the product
line. The merger from oligopoly to monopoly may then increase welfare (although it decreases

consumer surplus).

(d) Variations in the level of prices are a misleading indicator of the degree of competition in the
market. In particular, more competition can either decrease or increase prices, depending on

the race between quality and payoff changes.

(e) Dispersion of offers (due to the non-existence of pure-strategy equilibria) often occurs when
different types exhibit (sufficiently) different propensities to switch brands. In this case, firms

randomize over ordered menus, where indirect utilities co-move across types.

Our analysis can be extended in many fruitful directions. One pertains to dynamic models of com-
petition where consumers (with recurring consumption needs) are heterogeneous on their switching
costs, while exhibiting different tastes for product characteristics (which is the case in insurance
markets, for instance). Another pertains to models of competition under non-exclusive agency (as
in Calzolari and Denicolo 2013), where agents differ in their tastes for quality/quantity, but also
on how they perceive the complementarity /substitutability between different sellers. We expect the

ideas and techniques of our paper to be useful in exploring these interesting research avenues.
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9 Appendix

Proof of Proposition 0. We will verify that the strategies described in the Proposition constitute
an equilibrium. Uniqueness follows from Proposition 7, which is stated and proved in the Online

Appendix. We prove each claim in turn.

Claim (a). Under this putative strategy profile, no IC constraint binds and hence firm 1 solves

1

1_ % — ¥
max {PzH (u’ - ul) (SF —ur) +prH (M) (S —ui)}

subject to u},u; > 0, where (u},u}) is played by every other firm. The first-order condition with

() () ()
2t t t

Notice that the problem is strictly quasi-concave by Assumption 1. After imposing symmetry, the

respect to uk is

3 * *
solution (uj,uj) solves

up = Sp — At >0,
as we wanted to show.

Claim (b). Under this putative strategy profile, the constraint IC; does not bind. Hence we can

write the problem as

1

1 _ % — ¥
max {le <ul " ul) (S (uf up) — ) +prH (“ht“h> (Sp — u,ll)}

In this case, the first-order condition with respect to ull is
1_,,% 517171 1_,,% 85 1’1
pih (“z t“z > ( 1 (] Z‘h) “L) + o H (“z t“z > ( l((;‘lz”“h) _ 1)

ul eyl wl
<ph () () - mtt ().

Since t > ;, the expression above is nonpositive at ul1 = 0, which is then optimal by strict quasi-

concavity. We conclude that u; = 0. Imposing this, the first-order condition with respect to u}L is

then
05 (0.ui) ul—up\ (g ub uh—
H() | ———* h —ppH | 22—
y2i ()( 8u}L + Dn ( 2 >< P > DPh < P )

First assume that

piH (0) <853101,0)> + prh (0) <i’i> —prH (0) <0,
h
and observe that .
(@) () = putr 0) < -t 0 (252 <o (12)
h
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which will be useful below. We will show that if all other firms choose u; = 0 then choosing u,l1 =0

is optimal. Rearrange the first-order condition at any putative best response u}L as

phH (ul) ( Z ((f;)) <52;“i> _ 1) + pH (0) (5&8(2;”%)) <.

h

Differentiating it we obtain

) (5 (3575) =) o) (35 ) (57%)

e 2 ul
i (a}) () + i1 0) (22 <o

~—|

where the first term is negative by (12), the second because H is strictly log-concave and the last

0SE(0,u})
Bufb

maximum. This implies that there cannot be any other critical point and guarantees that u; = 0 is

because < 0. This shows that whenever the first-order condition holds we have a local

optimal and hence (uj,u;) = (0,0) is an equilibrium.

Next assume that

prH (0) (?I((OO)) (Stﬁ) - 1) + piH (0) (85352:0)) > 0,

and define u;kl > 0 as the solution to

— 0,u;) —1=0. 13
o B 0. (13)

By a similar argument to the one above we conclude that (0,uy) is an equilibrium. Next assume
that there is ¢ > 0 such that uj = 0. Then & + 2-250(0,0) —1 < 0 and 55 + 2 95.(0,0) — 1 < 0 for
%STS}ZL(O, 0) — 1 < 0,which shows that the monopolistic solution displays (0, 0).

Next assume that uj > 0 for every ¢. Using (13) we have

all £ > t. Moreover,

S¢—uy
* h h
8uh — A2 <0
pi 925, )
8t ITh aui (0, Uh) 1

and by a straightforward argument we see that u; converges to the monopolistic level up°, which

solves

95
pn Oup,
This concludes the proof. |

(0,up’) —1=0.

Proof of Proposition 1. We prove each claim in turn.

Claim (a). Assume that (¢;,t5) € E. Consider the problem in which both IC constraints are
ignored. Firm 1 solves
1 *

1 % _

ul ,uh
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subject to ull,u,l1 > 0, where (uj,uj) is played by every other firm. The problem is separable
and strictly quasi-concave with relation to the utility provided to each one of the types. Imposing

symmetry, the first-order conditions with respect to ug, k € {l,h}, are
Si—uyp — My <0, (14)

with equality if vj > 0. The unique solution to (14) is given by uj; = max {S; — Aty,0},k € {[,h}.
Since the problem is separable, this strategy profile is optimal whenever neither constraints binds,
which holds because (t;,%,) € E. Finally uniqueness follows from Proposition 7, which is stated and

proved in the Online Appendix.

Claim (b). Assume that (¢;,t;) € D4. Proposition 7 (Online Appendix) establishes that there
exists at most one pure-strategy equilibrium. Consider a pure-strategy equilibrium. Assume towards
a contradiction that there exists a pure-strategy equilibrium (uj, «;) in which no IC constraint binds,
in which case uj — u; € [Afqf, Afg;]. In this case, we have u} = max {S; — Aty,0},k € {l[,h} and

hence
A(tl, th) = My + max{Sf — A, 0}

> Sp —uy +uf
> 5j = ¢, A0 =,
a contradiction. Next assume that there exists a pure-strategy equilibrium in which ICy binds and

hence u; — u; < Afqy. The first-order condition with respect to u; and u; read

Sg — uj, + Ay (225 (uf,u) 1) <0,

Siluf,up) = o + At (8w, uf) — 1) <0,
with equality u; > 0 and u; > 0 respectively. From the first-order condition we have \t;, > S} —u;.
If uf = 0, then max{S; — Xt;,0} > u}. Otherwise,

a8,
Sp— Aty > Si(uf, up) + Aty <auj(u2‘,u}kl) - 1) =uj.

Therefore we have
A(ty, tp) > S, — up, +uj > S; — qf A,

a contradiction.
Next, define 75 (t;) by
ATE (1) + max{S] — At;,0} = np,.
Hence if t), < 77(t;) we have A(t;,t,) < n, and hence (¢;,t5) € Dy. We will show that there exists

¢ > 0 such if ¢, € (75(t;)) — & 75 (t;)) then there is a symmetric pure-strategy equilibrium in which

(uf,uy) solve

Sh(ul y uh) — Uy + )\th <au:(ul,uh) — 1) =0 (15)
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and

Sle - uzk Dh aSh * %
—_ -1 <0. 1
o ()~ 1) <0 (16)

First start at (¢;,75(t;)) and notice that the pure strategy equilibrium satisfies both (15) and (16)
3 * * aS *k k
with Sp(uf, uy) = Sy and Fk(uf, up) = 0.
Assume first that u; > 0. Write IT ((w, up) | (uf,u}), (t,tn)) for the profit of a firm when other

firms choose (u},u}) and parameters are ({;,t5) . Assumption 1 implies that

0”11 ((uf', up) | (uf',up), (t, th))

0
82’U,k <
for k =1, h. Moreover, Sy, (u;,u;) = Sj, implies that
OPIL ((uy, up) | (uf,up), (b th)) 0.

Bulé?uh

We conclude that the matrix 02I1 ((u}, u}) | (u},u}), (t,tn)) is locally negative definite. Moreover,

Assumption 1 also implies that (u},u}) is the unique maximizer of
(ug, un) = I ((ug, up) | (g, up), (B th)) -

By the implicit function theorem and a by a straightforward continuity argument, there exists & > 0

such that, if t, € (77(t;) — &, 7£(t)), then the solution to

- 08y,

Sn (uf () gy (i) — uf (62) + M (auh (uf (Bn) g, (i) — 1) -0

and

Sf —ui () (mash (uf (B) s, (Fn)) — 1> =0

Aty
is a pure-strategy equilibrium. Moreover, notice that (tl, fh) € D, and recall that we have ruled out
above the possibility that no IC binds and that ICp binds. Hence we conclude that IC; binds.

Finally, if uj = 0, one can use a similar argument to show that there exists a { > 0 such that

th € (T5(t1) — &, 72(t;)) then the equilibrium will be given by

- oS -
and e o
SU L (Pr95h (o (1)) -
T (pl u, (0,uj, (tn)) 1> <0, (18)

with up, (fh) being a solution to (17). By the same reason as above, we conclude that IC; binds.

Claim (c). Assume that (¢;,t5) € D_. The proof is analogous to the one of claim (b) and therefore
omitted. [

Proof of Proposition 2. We proceed by analyzing five different cases.
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Case 1 Assume that (¢, ) belong to an open set U € E.

In this case, we have g, = ¢}, and since u, = max { S}, — Aty, 0} ,g%: =-2{5}

Case 2 Assume that (¢, 1)) belong to an open set U € D_.

Case 2.1 Assume that IC;, binds and IR does not in U.

The equilibrium is given by the following equations:
a5,
Sy (ug, up) + Aty (W - 1) =
Sf = Ay + Aty (2t) 25fum) _y,,

Oup,

~ M, 0}

Let A (ug, up) := up — u;. To ease notation, we write only A below, leaving implicit its dependence

on (uy, up) wherever it does not lead to confusion. Consider the equation

oS (A aS; (A
G (A4, t) = {sg — Atj, + My, (pl) l()} - [s, (A) + Aty <l() -
pn) Oup u

We have ) ,

A A A VAN

o)y, (1) ZSE) N PRI <o
IG(Atity) _ S| (A) 5¢—qy
b - )y (1) 250 (%)
8G(%£fz,th) -\ (1 _ 35(;1(”&)) _ (&(wgn%w) >0
Therefore by straightforward algebra we have g—ﬁ > 0, % < 0, %L; = Ay, (5—2)
dup, __ OA 2] Ou; __ | 0Si(uy,up) 028 (uy,up,) oA ou; __ 0O
G — 08 4 Ju <0, Gu — [ 200pm) _ y (ZS0m) )| S8 < 0 and Gu = G —
Case 2.2 Assume that IC, and IR bind and uy, > 0 in U.
The equilibrium is given by the following equations:
u; =10
98, (0,up)
SE — My + My, (%) 0510uw) _
)\(1—(”—1> asla(o,uh))
[o7AN [JAN Ph “h o) o) [o2AN
Locally, we have T 0, 7 = 750 <0, 6%;1 =0, % = 5
(120 (2 Z2ol) )
h Buh

o)
8—?; =0.

Case 2.3 Assume that up, =0 in U.
In this case, ¢ = 0=u; =y, =0, q;, = qj.

Case 3 Assume that (¢;,t,) belong to an open set U € D..
Case 3.1 Assume that IC; binds and IR does not in U.

The equilibrium is given by the following equations:

w = Sp 4+ Ay (1) (Zhpumed)

S (ug,un)
Dy Ay,

Up = Sh (ul, Uh) + )\th
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928 (ug,up) OA

oz o <0

o7\
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Consider the equation

G (At ty) = |:Sh (ug, up) — Aty + )\thaSh(A)] [Sz + Aty ((pz) 95 (8) 1>] - A.

We have:

Oup, ouy
L‘%zf“t“ =X ((;’;) L&E?) 1) = A (S w) >0
OG (A ty, S (A
(8tzl ) = —Al1- %h)) = _i (Sh (ug,up) —up) <0

oA

Therefore we have % >0, 5 <0, %%7 <)\t A Sh( ) 4 8Sh(A)> g <0 Qup, % + 9u <,

duy

oty

ouy, ’ Oty oty

982 (ug,un)\ A 9 9
— Pn h\TOYR) ) 08 ou, _ oup _ 0o

Case 3.2 Assume that IC; and IR binds in U.

The equilibrium is given by the following equations:

u =0
95, (0,u,
up, = Sy, (0, uh) — Atp, + )‘thiha(uh )
A(liasha(o uh))
[ AN _ “h Ooup, oup, 8ul _
We have =0, 8th = 50y, Poal0n) <0, G =0, 5 = 3th < 0, = 0 and
dup, E %
Ou _
ot = 0.
This exhausts all cases and completes the proof. |
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Online Appendix

Omitted Proofs

Proof of Corollary 1. Recall from Proposition 0 that the monopolistic (Mussa-Rosen) solution
satisfies
051 (0, uz®) _Pn

dup, n
If (t;,tn) € D_, whenever u;, > 0, Proposition 1 implies that

Sy (ug, up,) @752—uh@<@: S
Oup, L A pi o pi Oup
which implies that ¢; (u;, us) > ¢7°, as the function S; (u;, up,) is concave in up, —u;. Hence the merger
is always welfare-reducing in this region.
Now let (t;,tn) € D4. By Proposition 2, g%}’z < 0, which implies that equilibrium welfare is
the lowest under oligopoly when ¢;, = 0. Proposition 4 establishes that, when ¢, = 0, a unique

pure-strategy equilibrium exists provided t; > ¢;, where

- oSh, . . 1y St
tr=inf < t; : — ——|1-— .
L= { Yo (0,dn) < J pn At

This equilibrium is such that u; = 0 and u} = 1y, where 1, implicitly solves Sy (0, up) = . Welfare
then equals
W (1,0) = piSf + pitn.
Under monopoly, welfare is

W= = piSi (0, up”) + paSy,.

To show that welfare under oligopoly may be lower than under monopoly, suppose the production

cost is quadratic: ¢(q) = %qg. Then , = 20,A0, and

S S

)\7 20— ’
Ry A (l 2171; ( l ah))
29l79h

where k; =1 — 27;—’; (W) > 0 guarantees that ; < oo.
Welfare is then

W (t,0) = piSy + pr260,A6.

Under monopoly, simple algebra reveals that

2
510,05 = 5 (W - (Zea0) ) 7
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in which case

2
W =p <; ((91)2 - <IZ;A9> )) +ph (0n)°.

It then follows from simple computations that

0o - On 0;
W > W(t,0) = <A9> 4@ + —

We should compare W (#;,0) and W under the following restrictions: 26; > 6}, which is As-
sumption 2, k; > 0, which assures t; < oo, and ; — %AH > 0, which assures that S; (0,u;°) > 0.
Notice that, by taking p; to one, the inequalities x; > 0 and 6; — %’ZAH > 0 are trivially satisfied.
Hence it suffices to find o € (%, 1) such that 6; = af, and

0y, 2 0, 1 1 0"
(3) 73 = (o) (e) e

which holds if and only if
1
_— 4
(eia) >

which holds for every a > % In other words, whenever 20; > 6}, there is p; € (0,1) such that p; > p;
implies that W > W (#,0). [ ]

Proof of Proposition 3. We proceed by analyzing five different cases.

Case 1 Assume that (;,t,) belong to an open set U € E.
We have uy, = max {S} —t;,,0},k € {l,h}, which immediately implies g—%’: = H{ngtpo}'

Case 2 Assume that (¢;,t,) belong to an open set U € D

Case 2.1 Assume that IC; binds and IR does not in U.

The equilibrium is given by the following equations:

S¢ -+ My () (2 ) — 3t =

Sh (ug, up) + Ay, M Ay = up,.

We have y, = Onqn (ur, un) — up, and y; = 6,67 —u

; ' icg: Q. _ _Ow Oy _ _ Ou Oyn _ (On ) 9L _ Oup
We have the following comparative statics: o, = o 0, 5ty = —on > 0, = <A9> o, — ot
0 and

o _ 00 (1Y’ W
o = o, (M) [GZAH )\tl<pl ©" (qn (ur, up)| -

The desired quasi-convexity when ¢ < 0 follows because sign [ayh} = sign [tl (%) o (qn) — HZAO}.

Since aqh < 0, we conclude that ayh = 0 implies g% > 0 for every t;, > tp,.

Case 2.2 Assume that IC; and IR binds in U.
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The equilibrium is given by the following equation:

Sy, (0,
Sh (0, up) + )\thM — Atp, = up.
Ouy,
Prices are given by y, = 0pqp (0,us) — up and y; = 6,¢f. We have % = O,gi” = 0 and ayh =

Finally notice that

94n (U, Un) In 4192 <,
o, " o~ ot oty |~ <

8yh 8qh (ul, uh) 8A 8uh 9h 8A
h

as claimed.

Case 3 Assume that (¢;,t,) belong to an open set U € D_.

Case 3.1 Assume that IC;, binds and IR does not in U.
The equilibrium is given by the following equations:

Sy (ug, up) + 4 (ngﬁl’“h) -1

SE—ty + by ( )M:uh.

= Ul
oup,

Prices are given by y; = 6;q; (uj, up) — w and yp, = 6hq5, — up. Comparative statics are given by:

Oyn __ _ Ouy Oyn Buh oy 9qi(u,up) OA aul
o = ot >0 o = e >0 5 =05 By, >0 and

8yl 8ql (Ul, uh) I5JAN Bul ’ 1 2 I5JAN
—_— ——-—————— — — = A _— .
ot 0; oA ot ot [/ (a1 (wr, un) A0 — X" (q (g, un)] ~0) ot

We must show that if ¢©/< 0 then y; is quasi-convex in t;. For that notice that sign [ayl} =
sign [Myp” ((qr (A (th)) — @' (qi (A (tr)) A6] . Notice that ql = M (@) — @' (q) A0 is decreasing in g
and gTq,i < 0. Therefore gTy:L (t}) = 0 for some t; implies 8 L (tn) > 0 for &y > t}.

Case 3.2 Assume that IC;, and IR bind and uy;, > 0 in U.

The equilibrium is given by:

05, (0,u
Sh)\th+)\th< >l(h)
Ph Oup,

We have y, = 0,q;, — up, and y; = 6;q; (wg, up) . We have the following comparative statics: %l =
0, 0N __ oy _ 0, 9N oy, _ O Ay, O
ﬁ%—o,yy}i—ﬁﬁ<o,%— #—Oand yh——%:>0.
Case 3.3 Assume that up, =0 in U.

In this case, %Ltf =0 for (k,j) € {l,h}*.

This completes the proof. |

Proof of Proposition 4. We first claim that in any (pure-strategy) equilibrium (u,up) each

firm makes all profits from the low type. In fact, otherwise the firm could profitably deviate to
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(u; + €, up, + ¢) for some small £ > 0. Next notice that if the IC}, binds then firm could profitably
deviate by offering (u;,u; + Afq;’) .We conclude that IC}, does not bind and hence any equilibrium

must satisfy
(uy, up)€ arg max {pZH (uf — ul) (Sle — u?) —i-ph]j;z (u}l | uh) (Sh (uf,uz) — u}l)} ,
u},ul
where
Lif uf >
Dj, (uj, | up) =1 0if ul, <up
% if u}l = up,.

Since each firm makes zero profits from high types, u;, = Sy, (ug, up). Therefore, we must also have

w€ argmax {prH (uj —ur) (S —uj)},

Uy
which allows us to conclude that u; = max {S; — At;,0} . Hence uy, solves
Sh (max{Sle - )\tl, 0} ,uh) — Up = 0.

Recall that A (u;, up) := up — u; and hence the equilibrium requires that Sy (0, A (ug, up)) — up, = 0.

Observe that
0
(aUh) [Sh (0, A (ul, uh)) — 'LLh] < 0.

This implies that whenever

A (max {S} —t;,0},57) < Abg;,

any pure-strategy equilibrium should be (max { S} — Xt;,0}, S;), while, if

A (max {Sf — Ay, 0}, S5) > AdgE,

then any pure-strategy equilibrium should be

(max {S} — M, 0}, 4y (max { S} — At;,0})),

where 4y, (u;) satisfies Sy, (ug, Uy, (ug)) — ap (uy) = 0.
Next assume that 0 < ¢; < @, and notice that this implies that max {Sf — At;,0} = S7 — At;.
Moreover, in this case the problem is separable in the utility of each type, which easily implies that

u; = S; — M and uj; = S} is an equilibrium.
Si—n < t; < 1;. Recall that the unique putative pure-strategy equilibrium is

Next assume that b\
(ug, up) = (max {Sf — Aty, 0}, ap, (max {S] — At;,0})).
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We will show that the firm has a profitable deviation with the following structure: the firm relin-
quishes an € ~ 0 more utility to high types (conquering the entire type-h market), and chooses wu; to
solve

U — Uy

500, s -0y L () S5 = )+ (85 s () — )}

The right-derivative at u; = uj is

e *
S;—y
4]

OSn (uf, n (uf))
ouy

pih (0) < > —piH (0) + pn

Since H (0) = %, the last expression is proportional to

OSh (uf i (uy))
811,[

(SE —ul) — My + /\tlj%
1

If uy > 0 then p; (Sf — u;) — At; = 0 and hence the expression above is

oSy, (uF, *
)\tlg]& h(ulvuh (ul)) <> 0.
DI oy

Otherwise the expression above is

95 (0.4
S — Aty + as2n 950 Oln)
o Oy

because t; < 1.

Finally, assume that t; > #;. We will show that u; = 0 and 1y, is a pure-strategy equilibrium. The
argument in the beginning of this proof then implies that this is the unique pure-strategy equilibrium.
We start arguing that the firm cannot improve by offering a menu in which the utility of the high
type is smaller than . This is because any such menu would attract no high types, while the firm
would not profit from low types as the menu (0, @;) maximizes the firm’s utility when it considers
only low types. Moreover, since the firm obtains zero profits from high types, a similar argument
establishes that the firm cannot increase its profits by offering a menu that gives utility y to high
types. Therefore it remains to argue that the firm cannot profit by offering menus of the kind
(01, Up + 0p) , where (0;,0p,) € Ry xR . In light of the previous argument, we consider the following
upper bound to the firms utility in which the constraint I'CY, is ignored and it is assumed that the

firm attracts all high types whenever such consumers yield positive profits:

6
G (01, 0up) =pH (tl> (S; — 61) + prJmax { Sy (6;, up + Aup) — up, — Dup, 0} .
l

Therefore, if we show that

(07 0) € argmax(ﬁl,ﬂuh)€R+ XR++G(6I7 AUh) )

then we will have concluded that (0, ) is an equilibrium. First notice that any deviation (d;,dp) €

R4 xR44 in which §;, > 6; is weakly dominated by (&;,0;) = (0,0) because it decreases the profits
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obtained from both types. Henceforth we can restrict attention to deviations (d;,d5) € Ry xRy in
which 0, < ;. Again, since 6, — Sp(0;, Up + Op) — Up — Op is strictly decreasing in dy, a sufficient
condition for the absence of profitable deviation is that G (0,0) > G (¢;,0) for all ¢; > 0. First, take
d; > 0, notice that Sp(d;, upn) > Sp(0,1y). Next we claim that 6, — G (d;,0) is quasi-concave. Indeed
take d; > 0 and assume that

0> G (6,0) pﬂz(%) (7—5) pH( )+ph%g;ﬁh>
le(tl> [ (<fll>) (

2 ° h
% < 0 and, since H is strictly logconcave, §; — H<( gl)
! 0

Therefore &; > §; implies Gy (51,0) < 0. Therefore, it suffices to show that G4 (0,0) < 0, which

holds because G4 (0,0) has the same sign as

1 yuj Sle 6Sh
Bl et B <
Jph <)\tl + 8 1(0 uh) 0

) 1| 4 2nfipin)

w‘&

Notice that is decreasing in ¢;.

—|

because t; > {;. [ |

Proof of Proposition 5. Let k = [, h. Consider a (symmetric) mixed strategy equilibrium F, with
marginals I} and Fj,. Write F~* for the distribution over utilities when every firm j # i plays F.
Write F) ¢ for its marginal. Let u; be the infimum over all utilities provided to type k and let uy be
the supremum. Since the profit function is supermodular in (u;, uy), we conclude that (u;,u;) and

(uy, up,) are optimal. We first prove four lemmas.

Lemma 1. For any mized-strategy equilibrium, if the constraint ICy, (k € {l,h}) is slack at some
optimal menu then it is slack at any menu in the support of F.
Proof of Lemma 1. Write —k for j € {l,h}, j # k. Assume that IC_y, is slack at (u;,u;). Then

0
8u};

poi [Dk (uhw) (S = ug) ] <0, (19)

Assume towards a contradiction that there exists an optimal menu (u;, up) at which IC_j is not

slack. Then u}C > u,;, and hence since the payoff is differentiable

0 = 52 Eppes [ D] (u ") (S (ur, un) = )]

= 5o Eps (D (e uy,™) (S — )] + i‘E o (D} (ufr ") (S (ur, un) — S7)]

Ouy,
< a%cEFk-' (D}, (uj, ") (Se —u,)] <0,

where the first inequality used (Sf (w, up) — S§) < 0 and 3 08¢ (uz,up) < 0 and the second used
. . Ic
(19) and the assumption that uj, - E P [D (u}c, Uy ) (Sg — }c)] is strictly quasi-concave.
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Next assume that ICy binds at (u;,u;,). Notice that this implies that IC_j is slack at (u;,up)
and hence at every optimal menu. Moreover, this implies

0

EEEEF;i{D;(ugﬂdi)(5;-uzﬂ <0.

Hence assume towards a contradiction that there exists (u;,up) at which ICy is slack. Then,

since u}, > u;, and since IC_y, is also slack at (u;, uy,), we have

B o .
a—%EFk_i [D/?€ (u}c,ukl) (Sﬁ — u%)] =0,
which is a contradiction because u}c —E o [D}C (uz, u;’) (S,i — “2)] is strictly quasi-concave. [

Lemma 2. For any (symmetric) equilibrium, the constraint IC; binds only if A(t;,ty) < np.

Proof of Lemma 2. Assume that IC; binds for some menu in the support of F. By Lemma 1, it

binds for every menu. Hence,

P aDli(yl’_ul_i)
. . . . aul
0> —FE,—i |Dj(u,u; ") (Sf —w)| =E.—i | D} (u,u; ") | ———(SF —1y) — 1
= au; F, [ ! (fl 1 )( l —l)] F, l (—l 1 ) DZZ (@l,ul_z) ( l —l)
aDz(ul,ul_i)
. T bu; .. . . —i
By Assumption 3, D) is increasing in w; ‘. Therefore
OD} (w0, ")
; ; oul
0>FE,.—i | D} (u,u ") | ——— (S —uy) —1] |,
= =F ! (—l ) ) Dlz (M[,ﬂ;l) ( l 7l)
which implies
w; > S; — M. (20)

Similarly, optimality for u; at (@, ap) implies

0< %EF;' (D}, (wn,uy,") (Sh (i, @) — tn)]

3Dz(ﬁh,u;i)

_ 9| (D (i oy o A Di (i u o} .
which implies
oD} (tnuy, ")
. . aui
0<E i | Di(uyu?) | — 2 (s —a)—1] ],
Fh h( h h ) D}LL (ahyugl) ( h h)
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oDj, (ap,u;")
. oul .. . .
and, using the fact that ——"—~ is increasing by Assumption 3,
Dh(uh,uh )
oD; (anuy,")
8u§b

., N Se _ﬂ - 1 3
Dy (i) ™

) i (= —1
< EFh_@ D;, (tup, uy")

implying that
up < S}el — Atp,. (21)

Therefore, using (20) and (21) we have

Aty tp) = M + max{S;y — At;,0}
< 5 — (i — w)
< S; — (ap, — 1)
< Sp — Abg5,

which concludes the proof. |

Lemma 3. For any (symmetric) equilibrium, the constraint ICy binds only if A(t;,t) > 1.

Proof of Lemma 3. Using the optimality condition for %, and an argument similar to the one
from Lemma 2, we conclude that, if IC}, binds, then

8Di<ﬂhv“;i)
8u§L

Ep-i | Dj, (up, ") W(Sﬁ—yh)—l <0.
b s

6D;,L (gh.,ugi)

. dul . . . —i .
Since Wh_i) is decreasing in u,,*, we obtain that
h\YhUp

oD}, (upuy, ")
8u2

%M (gt ) —1 0
D;, (uh,u;’)( A ) -

EFh—i D;, (ﬂhvﬂi:i)
and uy, > S§ — My,
Similarly, we get that
u; < max {S; — \;,0}.

Therefore,
A(ty, tn) = M, + max{S; — A\t;,0}
> Sh — (wy, — )
> Sp = (u, — )
> S; — Abg;,
which concludes the proof. |
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Lemma 4. For any (symmetric) equilibrium, if no IC constraint binds then A(t;,tn) € [nn, 7).

Proof of Lemma 4. If no IC constraint binds then if (@, @) is optimal then for k = [, h we have
Uy, € argmaxquF;i [D}C (u}w u,;”) (Si — u}v)] .

Since by assumption u}c —E P [D}C (uz, u;z) (Sg - uZ)] is strictly quasi-concave, the equilibrium is
in pure strategies. Hence if (v}, u}) is the pure-strategy equilibrium, using the optimality conditions
and symmetry one gets
uj = max {S] — A\t;,0}
and
up = Sy — Mp >0,

where the last inequality used the fact that no IC constraint binds by assumption. Therefore

(ti,tn) = My, + max{S;y — A, 0}
= Sy, = (uj, = uf) € [nn, 7],
where the last conclusion follows from the assumption that no IC constraint binds. |
We are now ready to prove the Proposition.
Claim (a). Assume that (¢,%,) € E. By Lemmas 1-4, no IC constraint binds. Hence since u}, —
E P [ng (“27 u;l) (Sz — ufg)] is strictly quasi-concave, the equilibrium is in pure strategies.
Claim (b). Assume that (¢;,t;) € D4. By Lemmas 1-4, the constraint IC; binds in every equi-
librium. Consider a menu (u;, up) in which v; > 0 and EFl—i [D}l (uh,ugl)] > 0 (menus satisfying
E B [D}L (uh, u}?)] = 0 are obviously suboptimal) and notice that the partial derivative of the profit

function yields

Ep-

aD;, (up, ") <8Shoun%>>

i iy ([0S} (ug, up)
s o TE, [Dh (un, u) <)] > 0.

8u18uh

2
%ﬂl;uh) > 0 and (%) > 0, this implies that the profit function is strictly super-

modular and hence every equilibrium is ordered.

Next we fix ¢, € (Sf — np,#;) and show that there exists 7,(;) > 0 (with (¢;,7,(¢)) € D) such

Because

that all equilibria are in mixed strategies whenever t;, < 73(¢;). For that we will prove that there
does not exist a pure-strategy equilibrium whenever ¢, is small. Indeed, parametrizing equilibria by

tn, any putative pure-strategy equilibrium (u; (t5),uj (t4)) satisfies

Sh (ug (tn) ,up, (tr)) — up, (th) + Aty (giz (uy (tn),up, (tn)) — 1> =0 (22)
and .
(57 = ui () + 20 (250 i () ()~ 1) <0 (23)
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with equality if u; (t5) > 0. From (22) we see that Sy, (u} (t4) ,uy, (tn)) —uj, (tp) — 0 as ¢, — 0. Using
this and (23), we see that

liny, o (ug (8) s ug, (81))=(u; (0), up, (0)),

where (u; (0),u; (0)) is the pair that solves (22) and (23) when ¢, = 0. Recall from Proposition 4
that (u; (0),u; (0)) is not an equilibrium as a firm would have a deviation to some (uzr, u;rl) with
ulT > uf (0) and uIL > wuj (0). Writing II((w, up) | (uf (tn),up, (th)) ,tn) for the profit from (ug,up)
when all other firms play (u; (t4),uj, (t5)) and parameters are (t;,5,), we conclude that there exists

€ > 0 such that

1 ((uf,uf ) | (a7 (0) w7 (0)),0) > TH((u7 (0), w5 (0)) | (u (0),;(0)),0) + .

Since

limy, oIT ((ug (tn) s up, () | (up (8)  up, (E6)) 5 th) = TE((ug (), uy, (0)) | (uf (0),uj (0)),0)

and
timy, goIL ( (] uf ) | i () i (80)) ) = 10 ((uf ] ) | (i (0) 3, (0)) .0)),

we conclude that there exists 74(¢;) > 0 such that

10 ((vufuf) 1 o (1) iy (80)) ) > TG () () | o (8) 2 (12))  20)
for every t;, < 73,(t;), which proves the claim.

Claim (c). The proof is similar to the one from (b) and therefore omitted. [ |

Proofs of Proposition 6 and Corollary 2. It is slightly more convenient to perform a change of
variables so that ¢ (#) = a + 6 > 0, where a > 0. To see the equivalence of the formulations take
a=t—(t—1) (ﬁ) and 8 = (%).

Existence of Symmetric Equilibrium when |A¢| is small. In the new parametrization, we
must show existence when || is small. Is straightforward to verify that the firm’s problem is equal
to the problem of Roche and Stole (2002) when 8 = 0 and « is small. It follows from Roche
and Stole (2002) that there exists (; > 0 such that if ¢ (f) is a constant belonging to (0,¢;) then
the problem has a unique solution in which @ () = 6 for every 6. Consider ¢t(f) = o + 6. A
straightforward continuity argument implies that for every ¢ in this range there exists £; > 0 such
that SUDge|9,7] ¢ —a+ B8] < &1 then if (uqp (9))06[@5] satisfies the Euler equation above with the
same boundary conditions (which solution is continuous in «, 8 ) then if (4, (9))96[@] is a best-

M) € [1 2] for every 6. Without loss of

2t(0) 33
generality, we make this restriction for the remainder of this proof. In light of this, we set up the

response to this equation we must have (% +
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optimal control problem where y(6) is the control variable, z () is the state variable and the costate

variable is p (0) :

1 xz(

-4 2
H(0.20).0).00) = (5 + 4 5 (ey (0 - WO xw)) +p(0)y0).

Optimality Conditions are Hy (0, 2(8),y(8),p(0)) = 0,—p (0) = H(0,2(8),y(8),p(0),2 (6) = y (§) and

the transversality conditions y (é) =0,y (0) = 0. Solving and imposing symmetry we obtain

(
0= (5) (ey 6) - WO —:c(e)) ~(3)-

Let (xz 5(0), y(";ﬁ(@),pzﬁ(e)) be a solution to the system above. We claim that this is an optimal

)(9—y<9>>=—p<0>

| =

solution for the firm “s problem. To show this we will use Arrow sufficiency condition to show that it
is optimal for each firm when we ignore monotonicity constraints and IR constraints. We will then

verify that the solution satisfies such constraints. Define:

T (0) — Ug N 7)> -
H(O,2(0),(0) = ma 5+ =25 22 O)) (ay S0 x<e>) 2 )7

Letting A (z) := (% + W) and B(z) := A(z) 0 + p}, 5(0), we obtain

H(6,2(6), 5" (8)) = o — 2(0) A(2).

Arrow sufficiency condition will be satisfied if we guarantee that H,.(6,z(0),p*(f)) < 0. Since
x— Az) = (% + W) is a positive affine transformation, we may change variables and get
A(z) =z, B(z) = 20 + pj, 5 (0) and z(0) = 2zt (0) — t (0) + Ga,g () , which implies

2
2z

Differentiating twice with respect to z we get

H(,z,p"(0)) = — (22t (0) —t(0) + a5 (0)) 2.

2

H..(0,2,p(0)) = 222 — 41 (0)
. 2
= Us ) yip)
9(0—ty, 5(0))°
< L2 OF 4o o1,

where the last line used z :(% + %) € [3, %] and y;, 5(0) = Ugp (). The solution

(la,p (0)) when B = 0 satisfies (9 — lap (49)) = 0. By a continuity argument, there exists 5 € (0, 1)
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2 2
such that supy.ry g [|C — o + B0 < ez implies maxew —4

(o —|B|6) < 0, which guarantees
optimality of the relaxed program that ignores monotonicity and IR constraints. Moreover, a con-
tinuity argument implies that we can take ¢ € (0,e2) such that SUPge]p 7] I — a+ 8] < e implies

that 1,5 (A) is increasing and 4 g (8) > 0. This completes the proof.

Distortions when At > 0 and when At < 0. Notice that according to our change of variables
and At > 0 have the same sign.

Case 1: > 0. Let (u (9))96[@5] be the solution when ¢ (0) = a + 6. We will show that 4 (0) < 6
for all 6 € (Q, 5) .

First we show that i (6) < 1. Assume towards a contradiction that i (0) > 1. Let (uy (0))06[@5].
be the solution when ¢ () = a + 56 for every 6 and notice that i (0) = 1 for every . Notice that

B o= — (g ) [0 = 0(©)) i (6) + (0 — 0 ()] (a + B0)* + B (L2 ) (6(6) = "G — ()

_ gy @e)?
= 8 (g ) (00(0) = S92 — w(e)) > 0.
Therefore, there exists ¢ > 0 such that, for all € (0,0 + ¢) we have i () > 1, implying

. 2 . 2
01 (0) — (“(29» —u(6) < Ouy (6) — m;e)) —up(0).

Therefore 4 (0) > 6 for every 6 in this set. Let #* be the infimum over all § > 6 + ¢ such that
@ (6) < 6. Since i (6) = 0, we conclude that §* is well defined. Notice that since @ (6) > 6 for every
0 € (6,0%) we have i (6%) < iy (6*) = 1. However, since u (6*) > wuy (6*) we must have

i(0) =2 — (e ) (070(6%) — CICaI u(6"))
>2— () (070 (0) — G2 — o))
> 2 () (070 07) = BG —uy(0)
=1 (67),

which is a contradiction. This shows that i () < 1 and hence there exists € > 0 such that, for all

0 € (0,0 +¢) we have @ (f) < 0. Assume towards a contradiction that there exists § < 6 such that
U <9~> = 0. Let 6 be the smallest type satisfying this condition. This implies i (5) > 1, hence the

case above applies and leads to a contradiction.

Case 2: § < 0. An argument analogous to the one presented in Case 1 above establishes that
w(0) > 6 for every 6 € (6,6) .

Types that benefit and types that are hurt by asymmetric information.
Case 1: § > 0. As we have shown above, i (f) < 1, and hence
. . u(6))*
u(t) = (a+ 50) (it (6) — 2) + 0 (€) — 5=
< (ar+ B0) (i (8) — 2) + Buiy (0) — L2
=uy(0),
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where(u) (6))96[95]. is the solution when ¢ (#) = a + 36 for every 6. This implies that type 6 < 6,
is worse off under asymmetric information. By continuity there is 81 with 6 < 6; such that every
type 6 < 6 is worse off when there is asymmetric information. A symmetric argument shows the

existence of 0y € [91, é) such that every type 6 > 65 is better off under asymmetric information.
Case 2: § < 0. The argument is similar to case 1 above and omitted for brevity.
An increase in § decreases u () for every interior type.

Case 1: 3 > 0. Keep a constant and take two solutions ug, (6) and ug, (§) for B2 > 1. We claim
that g, (0) > ug, (f) for every 6 € (6,6) . First we claim that g, () > dig, (/) . Assume towards a
contradiction that iig, (6) < g, (f) . Notice that g, (0) = g, (§) implies

diig, (6) _ diig, (0)
do o

— 2 (k) (2 @ - 525 - 0 0)) - 1 (i) (00 @ - E420 s 0)

2 2
ug, (0) ug. (9)
_ (50 gt Q%@——( 2©) —us, @ | _ (510 \ g1 Quﬁl@——( 2,©) —ug, (0)
T \Na+p20 ] = a+520 a+p16 ) = a+p20

=07 (%) ~ (s25a)] 2~ i, @) > 0

Hence if iig, (8) < g, (€) then there exists #; > @ such that g, (0) < ig, (8) and ug, (8) < ug, (9)
for all 6 € (6,6;). Clearly there should be 62 € (61,6) such that iig, (62) = iig, (62), otherwise we
would have g, (9) < g, (5), which is a contradiction. Therefore let 8* € (Hl,g) be the smallest
element of this set such that iig, (6*) = g, (6*). Notice that we must have @‘3719(9) o> diig, (6) lg« or

df
2
. dg (67)
i l(m) (9*% o) - Gl Um(@*))
2
. dg (0%)
<% [(Méﬁ*) (9*% o) - L) u@(e*)) ,

which holds if and only if

equivalently

(b ) [ — s, 09)] s, 6) ~ (12 (0*% ) - L, <e*>)
< (ﬁ) [9* — (9*)} i, (0%) — (MZ#*)Q (9*% () — W _ %2(9*)) _

But notice that 4, (%) <, (0%) < 6" implies 0* —u, (0%) > 0" — 4
iig, (67) > 0 and (g ) > (b ) immply

<a+1ﬁle ) (07 =11y, (6] i, (07) > (Mlﬁge) (07—, (0%)] i1, (67).

o1

,, (6%) > 0. This, iis, (0°) =




. * 2
0*uei(9*)——£¥3ﬁ5§43)4~—u6i<e*>

On the other hand, using T

=2 — g, (0*) > 0, we immediately get

2 2
. g (07) . g (07)
- (7(%519*)2) (9*% (%) — lia ) = L Um(“)) + (((Hg#*)z) (9*% (%) = W - %(9*))

- () - (28 - 0

. diig, (9)
Putting these together one gets —7;

tig, (8) > 1iig, (¢) . This implies that there exists ¢ > 0 such that ug, (8) > ug, (0) forall 8 € (6,0 + ¢).

diig.,, (6 ..
o+ < uffe( ) lg+, a contradiction. Therefore we conclude that

Assume towards a contradiction that g, (6.) = ug, (6,) for some 6, < 6 and let 6, be the smallest
element greater than § + ¢ satisfying this equality. We must have iig, (6+) < iig, (f%). This and
Ug, (0x) = g, (0«) allows us to apply the first part of the proof and obtain a contradiction.

Case 2: 8 < 0. The proof is analogous to the case above and is omitted by brevity.

An increase in o decreases u (f) for every type.

Keep f constant and take two solutions uq, (0) and u,, (6) for aa > aj. First we show that
Uqy (8) > Uq, (0) . Assume towards a contradiction that uq, (0) < ua, (#) and notice that this implies
i, (8) < diq, (0) and hence there is 6; > 6 such that for all 8 € (0, 61) we have uq, (8) < uq, (6) and
Ua, () < U, (0). Let 6, be the smallest element 6 of [61,6] such that g, (8) = tq, (). We must
have g, (0) > i, (0), but then

2

flay (04) = 2 — <ﬁ) (e*uw (0*) — w — Ugy (6*))

—9_ (@%,80*) (9*7:504 (6*) — M — Ugy, (9*)) + <042+W) (Uay (07) — ua, (67))

>2—(mgw)<mmnww—(%f”)—umwm>+(Mgw)mmwﬂ—umwﬂ)>mnwg,

a contradiction.

Next, suppose towards a contradiction that there exists 6 such that wuq, (0) — uq, (0) > 0, and
then take 6* € argmaxgug, (f) — uq, (7). Notice that whether 6* <  or #* = 0, we must have
Uay (0%) — uq, (0°) > 0 and g, (6%) — tiq, (0*) < 0, but then the same argument as above implies

Uay (05) > i, (04), which leads to a contradiction. [ |

Proposition 7. There exists at most one pure-strategy equilibrium.

Proof of Proposition 7. Follows from Facts 1 and 2 below. |

Fact 1. If there exists an equilibrium (ull, u,lz) in which no IC constraint binds then this is the unique

pure strategy equilibrium.
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Proof of Fact 1. Using the strict logconcavity of the profit function, it is trivial to see that
there is at most one equilibrium in which no IC constraint binds and in which case this is in pure
strategies. Hence we show that there is no other equilibrium in which one IC binds. Recall that

A (ug, up) == up, — u;. Notice that this equilibrium satisfies u}l > 0, and
S¢—ul — Ay <0, (=0ifu} >0) (24)

and

S¢ —ul — Aty = 0. (25)

First suppose that there exists an equilibrium (u%, u,%) in which IC; binds:

oSh
S¢ — u? —|—)\t<h A (u?,u? —1>§0,:Oifu2>0 26
o (2280 (4 (ut ) (=0ifut >0) 26
and .
Sp(uf,ul) — ui 4 My, <8uh (A (ufup)) — 1> =0. (27)

Notice that (25) and (27) imply u} < u},, while (24) and (26) imply v > v} implying A (uf, u}) <
A (ull, uh), a contradiction.

Next suppose that there exists an equilibrium (u? , u%) in which ICy binds:

Sy(u?, ul) —uf + My (gsl(u?, uy) — 1) <0,(=0if u} > 0) (28)
u
and 5
SE —ud + My, (pi aSl (ud, ul) — 1) = 0.(=0if u} > 0) (29)
Notice that (29) and (25) imply u} > wuj, while (28) and (26) imply u} < u] delivering
A (u?, uh) > A (ul , uh) which is a contradiction. |

Fact 2. If there exists an equilibrium in which the IC; constraint binds then this is the unique

pure-strategy equilibrium.

Proof of Fact 2. Let (ul ,uh) an equilibrium in which IC; binds and (ul,u%) an equilibrium in
which ICj, binds. Using (27) and (29) we uj > u? > 0. On the other hand (28) and (26) imply
3 < Uz Therefore we have A (ul ,uh) > A (ul ,uh) which is a contradiction. |
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