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This supplementary material document contains further details about our
technical conditions and an expanded discussion of the rates of pointwise
convergence of our estimators. We then provide the proofs of all theoretical
results in the main paper and a full analysis of our worked-out regression
examples, preceded by auxiliary results and their proofs. We finally provide
further details about our bias and variance correction procedures, and extra
finite-sample results.

Throughout we denote by z; = max(z,0) and z_ = max(—=z,0) the positive and neg-
ative parts of a real number x. For a function f on RP, Vf(x), Jf(x) and H f(x) stand
respectively for its gradient vector, Jacobian matrix, and Hessian matrix at the point x. For
a function f = f(x,y) on R? x R?, V,f and H,f denote its partial gradient vector and
Hessian matrix with respect to x (i.e. the first p components of its gradient vector and the
submatrix made of the first p rows and columns of its Hessian matrix, respectively). The
symbols 0, and 1,, denote vectors in R” with all components equal to 0 and 1, respectively.
The symbol || - || denotes the Euclidean norm on R? and we abuse notation to let it denote the
corresponding matrix norm, i.e. the spectral norm.

APPENDIX A: MATHEMATICAL CONCEPTS AND PROOFS

A.1. Further details about mixing conditions. The a—mixing (or strong mixing) as-
sumption is conveniently expressed as follows: let, for any two positive integers a < b < 400,
Fb=0o({(X;,Y}),a < j < b}) be the c—algebra generated by {(X;,Y;),a < j < b}, and
say that ((X¢,Y;))s>1 is a—mixing if and only if «(n) — 0 as n — oo, where

a(n)=sup sup sup |[P(ANB)-—P(A)P(B)|.
k>1 AcFk BEFX,
The av—mixing assumption is satisfied in a large amount of classical models including nonlin-
ear autoregressive processes [20, Section 2.4], nonlinear ARCH processes [see 37] and mul-
tivariate ARMA and GARCH models [see 8]. It has been widely used in standard regression,
see for instance [3], [36], and more recently [10] in a high-dimensional setup. [41] develops
a general theory of strong mixing stochastic processes and provides an extensive bibliogra-
phy. The 5—, p—, ¢— and y»—mixing coefficients of the series (( X, Y;)):>1, meanwhile, are
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respectively defined as
B(n) =supE ( sup [P(B|Ff) - P<B>r) ,
k>1  \BeFx,

p(n) =sup sup sup ‘ Corr(U, V)‘,
E>1UeL?(FF) VEL(F,)

¢(n)=sup sup sup |P(B|A)-P(B)
k>1 AeFy BeFS.,

P(A)>0
P(B|A
and ¢)(n) =sup sup sup ‘ (B]4) — 1‘
k>1 Acrr Berx, | P(B)

P(A)>0 P(B)>0

One then says that the stochastic process ((Xt,Y:))t>1 is f—mixing (resp. p—mixing,
¢—mixing, ¢»—mixing) if B(n) — 0 (resp. p(n) — 0, ¢(n) — 0, ¥(n) — 0) as n — co. Nice
surveys of mixing conditions are provided in [6] and [20]. The implications between these
conditions can be represented as follows:

p-mixing
1-mixing = ¢-mixing o-mixing

=

[-mixing

There is in general no converse implication to any of the above implications.

Particular examples of S— and p—mixing processes are autoregressive processes whose
innovations have absolutely continuous distributions satisfying certain regularity conditions.
This fact will be used in Section 4.

A.2. Expanded discussion of technical conditions. We recall here conditions K, £,
L, Lo, By, B, Ba, Hs, KS, Dy, Dy, D,,, and we give further details about their rationale,
interpretation, and position with respect to assumptions used in the literature.

Condition K The p.d.f. K is bounded with a support contained in the unit closed Euclidean
ball.

This classical assumption in nonparametric estimation ensures in particular that only those
observations (X, Y;) such that X, is close to « will be taken into account. It is satisfied by
all standard compactly supported kernel functions, such as the uniform kernel over the unit
ball, or (for p = 1) the Epanechnikov, triangular and quartic kernels.

Condition L, The p.d.f. g satisfies g(x) > 0 and is Lipschitz continuous at x: there exist
¢, > 0 such that for any ' € B(zx,r), |g(z) — g(z')| < c ||l — 2.

Due to the local nature of nonparametric estimation, assumptions such as condition £, on
the local behavior of the marginal density of X are common in the regression literature, in-
cluding in the extremal regression setup, see for example [14], [15], [22] and in the mixing
framework, see for instance [43]. Their role is to guarantee that distributions at neighbor-
ing points « and =’ are sufficiently close for nonparametric estimators to be asymptotically
normal at standard rates of convergence.
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Condition B, There exists an integer to > 1 such that

1<t<ty= lin(ljr*p]P’(Xl € B(z,r), X¢y1 € B(z,r))=0
T

and limsup supr ?P(X; € B(x,r), X141 € B(z,7)) < 0c.
r—0  t>to

The purpose behind this condition is to ensure that similar values of the covariate cannot
occur too often at neighboring time points. It is in particular satisfied (with {5 = 1, mean-
ing that the first half of the condition is empty and hence trivially holds) as soon as, for all
t > 1, the random vector (X1, X;+1) has a joint p.d.f. g; such that sup,~; g; is bounded on
B(z,r) x B(zx,r) for some r > 0. The latter local boundedness condition has been con-
sidered in part of the nonparametric regression literature for strongly mixing data: see for
instance [3], [11], [36] and [38]. An example of stochastic process that clearly does not sat-
isfy this local boundedness condition, but does actually satisfy B, is a causal and invertible
AR(p) process (Y;), for p > 2, with natural covariate X; = (Y;—1,Y:—2,..., Yt,p)T € R?,
see our list of examples in Section 4.

Assumptions K, £, and B, are imposed in particular to control the asymptotic behavior of the
Parzen-Rosenblatt estimator g, (). In addition, our analysis of extreme conditional expectile
estimators requires regularity assumptions about conditional moments.

Condition Hs One has y(x) < 1/(2 + §) and there exists 7 > 0 such that

sup  E(YV2H|X =z') < cc.
x'€B(x,r)

The motivation for this condition is to guarantee a finite conditional moment of order (2 + §)
in a neighborhood of x; in the unconditional framework, Theorem 2 in [16] imposes the anal-
ogous condition E(Y2"?) < oc. This assumption is a sensible requirement for conditional ex-
pectile estimation since the asymptotic normality of empirical smoothed conditional expec-
tiles should intuitively require a bit more than a finite conditional variance for a Lyapunov-
type central limit theorem to apply (recall that expectiles extend the mean as quantiles extend
the median). A sufficient condition for Hs to hold in terms of the conditional p.d.f. of X
given Y is established in Lemma A.1(i).

Condition L, The response Y has a finite second moment given X = x, and the conditional
mean functions E(Y|X = -) and E(Y?|X = -) are Lipschitz continuous at x: there exist
c,r > 0 such that

Vo' € B(z,r), |[E(Y|X =) —E(Y|X =a)| < c|x — |
and [E(Y?|X =2) - E(Y}X =2')| <c|lz — |
Condition B,,, There exists > 0 such that

sup sup E(Y{ + Yﬁ-l‘Xl =x1, Xp41 = x441) < 00.

21z, @1 €B(z,r)
Conditions L, and B,, ensure that the nonparametric estimator of the regression mean will
converge at a standard rate. An alternative option to condition 3, consists in assuming a
finite unconditional second moment of Y] and putting all the requirements on the conditional
joint p.d.f. of (X1, X;41) given (Y7, Yyy1): this approach is followed by [37] and [48]. We
provide a link between these two viewpoints in our Lemma A.1(ii).

Finally, to control the variation in conditional extreme value behavior and the dependence be-
tween conditional extremes at different points in time and the covariate space, we introduce,
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for any z > 1, the quantities

o) 1 |1 Fyla!)
wh(2|x) =sup sup 0g —=
y=>z x’'€B(x,h) log(y) F(y’m)
P(Y; >y, 1Xi=2', Xpp1 ="
and Q (z|z) = sup sup sup Y1>y, Y >y | X =2', Xy m)
t>1 yy'>z o' @ €B(w,h) \/F(y|m’)F(y’\w”)

The first supremum wy, (z|x) quantifies the gap between marginal conditional extremes in a
neighborhood of x. This quantity has already been introduced and used in the literature on
conditional extremes, see e.g. [25, 26], [27] and [44, 45]. Intuitively, if the focus is on the
conditional extremes of Y, say Y > z =y, — oo, based on observations X; € B(x, hy,),
then wy,, (y,|x) should be small to make consistent estimation of conditional extremes of Y’
given X = x possible. This in fact true under a formal, stronger Lipschitz-type assumption
in the spirit of condition £, that will be satisfied in all our worked-out examples in Section 4.

Condition L, There exists r > 0 such that

1 1 F(ylz'
log f(y|w ) < 00.
Fyle)

limsup sup -
y—oo g’eB(x,r) Hm —113” IOg(y)
x'#x
Condition L, is a Lipschitz assumption on the log-tail probability log F(y|-), in an ap-
propriate, uniform sense in y large enough. Under this assumption, it is immediate that
wh,, (yn|x) = O(hy,) — 0O for any y,, — oo and h,, — 0.

The second quantity 2 (z|x) evaluates the degree of clustering in the joint conditional ex-
tremes of (Y7, Y;41). It is indeed instructive to note that when (X, Y;) = (X,Y") for every
t, then

P>y, Vi >y | X1 =2, Xpp =a) _ F(max(y,y)|z) _

F(ylz)F(y'|x) F(yle)F(y'|x)

with equality when y = %/, via the Cauchy-Schwarz inequality P(A N B) < \/P(A)P(B).
At the opposite, when ((X¢, Y:))>1 is i.i.d., then the left-hand side above clearly converges
to 0 as y,y’ — oo. The denominator in €2, (z|x) thereby quantifies a kind of “worst-case
scenario” for conditional extreme dependence across time, and it is reasonable to assume
that Q,(z|x) is bounded when h — 0 and z — oo, which corresponds to the assumption
that a joint conditional extreme value of (Y7, Y;41) is not much more likely than a marginal
conditional extreme of Y7, uniformly across time and locally uniformly across the covariate
space. This is formalized as

Condition Bq There exist h, z > 0 such that Qj,(z|x) < cc.

This condition should be considered as a weak assumption compared with the existence
of a conditional tail copula as assumed in e.g. [18] and [21] in the unconditional setting.
Lemma A.1(iii) provides a general conditional independence framework for Bq, to hold. The
problem of extreme conditional expectile estimation requires an extra assumption about con-
ditional tail heaviness (in which ¢ is a positive number).

The aforementioned conditions will ensure the pointwise asymptotic normality of our estima-
tors at rates of convergence that have hitherto been standard in the conditional extreme value
framework. Achieving optimal rates of convergence requires, similarly to classical nonpara-
metric estimation, stronger regularity conditions: when estimating, for instance, the p.d.f. g
in R? with g, (x) using a symmetric p.d.f. K as kernel, it is well-known that the optimal
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rate of convergence n~2/(?t4) is obtained by solving the bias-variance tradeoff if g is twice
differentiable at «. This motivates the following additional assumptions.

Condition KS The p.d.f. K is bounded and symmetric (i.e. K (u)= K (—u)) with a support
contained in the unit closed Euclidean ball.

Condition D, The p.d.f. g satisfies g(x) > 0, is continuously differentiable in a neighborhood
of x and its gradient is Lipschitz continuous at .

Condition D,,, The response Y has a finite second moment given X = «, and the condi-
tional mean functions E(Y|X =) and E(Y?|X =) are continuously differentiable in a
neighborhood of x and have Lipschitz continuous gradients at x.

Condition D,, For y large enough, the function F(yl|-) is differentiable at , the function
y — Vg log F(y|z)/log(y) has a limit pu(x) € RP as y — oo, and there exists 7 > 0 with

) 1 1 Tl + Vg log F(ylo)
imsup sup ; 5 0g = —_—
y—oo a'eB(zr) 1T —|? [log(y) ~ F(yl|x) log(y)

x'#x
Conditions KS, Dy, D,, and D, are stronger versions of conditions X, L4, L, and
L., respectively. Condition KS is satisfied by any function K of the form K(u) =
pP/2 [T, #(p~'/2u;) (a product of independent p.d.f.s on R) or, when p > 2, the isotropic

— (' — )

kernel K (u) = s(||ul])/(sp fol P15 (r) dr), where s, is the surface of the unit hypersphere
in R?, if k is any bounded symmetric kernel on R with support [—1, 1], such as the uni-
form, Epanechnikov, triangular or quartic kernel. In condition D,,, the assumption that
Ve log F(y|x)/log(y) converges as y — oo is motivated by the fact that, in the setup of
conditional heavy tails,

logF(yle) 1 logL(y|x)

log(y) (=) log(y)

where L(-|x) is a slowly varying function. In particular, log L(y|x)/log(y) — 0 as y —
00, see Proposition 1.3.6(i) on p.16 of [2]. The assumption translates into supposing that
this convergence also holds when taking the gradient with respect to x, i.e. the function
L(-|x) does not vary too wildly in & when y is large. Condition D,, will hold as soon as
the heavy tails assumption is satisfied in a neighborhood V' of &, with in addition ~ twice
continuously differentiable on V' and the existence of yo > 0 such that log L(y|-)/log(y)
has a uniformly bounded Hessian matrix on [yp,00) X V, see Lemma A.4. The finite limit
of Vg log F(y|x)/log(y) as y — oo will then be u(x) = Vy(x)/v%(x) € RP. In summary,
while condition £, will readily be checked by showing that the tail conditional probability
is continuously differentiable with respect to the covariate value in an appropriate sense,
condition D,, essentially asks for it to be twice continuously differentiable in the same way.

A.3. On rates of pointwise convergence. Theorems 2.1, 3.1 and 3.2, and therefore The-
orems 2.3 and 3.4 (and also Theorems 2.2 and 3.3 if 7 = 7(/) and 77, respectively), hold un-
der weaker bias assumptions than the corresponding results of [15] and [27] in the i.i.d. case,
although this naturally comes at the cost of the reinforced regularity conditions D, and D,,
(and D,, for expectile estimation). An important implication is that the rates of convergence
of the estimators ¢, (7,|x), €,(7,|x) and &,(7,|x) are, under reasonably general assump-
tions, faster than what had been reported so far in the conditional extreme value literature. To
illustrate this, suppose that h,, = Cin~P"and 7, =1— Cyn™ ", with C1,Cy>0and h, 7 >0,
and that the a.—mixing coefficients of the data (( X4, Y;)):>1 decay geometrically fast, so that
possible choices of I,, and 7, are I,, = |C'logn] and r,, = |log?(n)| for C' > 0 large enough
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(where |- | denotes the floor function), and then the convergence 7, (1, /v/nhh (1 — 7,))° =0
automatically holds as soon as the numbers h,7 > 0 are such that nhh(1 — 7,,) — oo,
i.e. 1 — ph — 7 > 0. In the setting where A(t|x) o t?(®), satisfied in a wide range of
heavy-tailed models used in extreme value practice [see e. ey Table 2.1 on p.59 of 1], it is
then straightforward to see that, under the conditions nh% (1 — 7,,)log?(1 — 7,) — 0 and

Vnhn(1—7,)A((1 — 7,)"t|2) = O(1), the rate of convergence 1/+/nhh(1 —7,) is opti-

mal when the exponents h and 7 solve the maximization problem

max{l —ph—7} st. 1—(p+2)h—7<0, 1 —ph— (1 —2p(x))r <0.
The solution is h = —p(x) /(1 — (p+2) (x)) and 7=1/(1—(p+2)p(x)), with correspond-
ing convergence rate 1/y/nhh(1 —1,) = = nP®)/(1-+2)p(@)) By contrast, when condition

nhB (1 — 7,)log(1 — 7,) — 0 is replaced by \/nhp(l — 7)) X h2log?(1 — 7)) = A €
[0, 00), the optimal choices of / and 7 should solve

max{l —ph—71} st. 1—(p+4)h—7<0, 1 —ph— (1 —2p(x))r <0.

These optimal choices become h = —p(x)/(2 — (p+4)p(x)) and 7 =2/(2 — (p+4)p(x)),
yielding an optimal rate of convergence 1/+/nhb (1 — 7,,) = n?°(®)/2=(+)p(@)) 1n this set-
ting, it is interesting to note that p = 0 yields the optimal convergence rate n?(*)/(1=2¢(z))
of unconditional extreme value estimators in heavy-tailed models [see e.g. 19, p.77], and the
case p(x) — —oo, corresponding to the ideal but unrealistic case when all the Y; such that
X; € B(z, hy,) can be used, yields the optimal convergence rate n~2/(P*4) ¢, the optimal
convergence rate of nonparametric estimators of a twice continuously differentiable central
conditional quantile, see [9].

A.4. Auxiliary results and their proofs. The first lemma discusses the validity of some
of our assumptions under criteria on certain conditional densities of the process ((X¢,Y;))i>1
when they exist.

LEMMA A.1. Let ((Xt,Y2))i>1 be a stationary sequence of copies of a random vector
(X,Y).

(i) Assume that the random vector (X ,Y') has a joint p.d.f. f, and let g be the p.d.f. of X
and fX|y(- ly) be the p.d.f. of X given' Y =y. Suppose that there is a neighborhood V' of
x with

inf g(z') >0 and sup sup fxy(z'|y) < oo
x'eV x’'€V yeR

Then one has, for any p > 0,
E([Y]P) <oo= sup E(|]YP|X =) < 0
x' eV
(ii) Assume that for any t > 1, the random vector (X1,Y1,Xi+1,Yi4+1) has a joint

p-df X, Vi, X, 1 Yo Let gi be the joint p.d.f. of (X1, Xi1) and fx, x, 1 |vi, v, (5 [Y1, Y1)
be the joint p.d.f. of (X1, X+1) given {Y1 = y1,Yi11 = Y1} Suppose that there is a
neighborhood U of (x,x) with

inf inf (@1, x401) >0
>1 (wl,wm)eUg( Tee)

and sup  sup SUD  fx,, X, V3, Yigs (1, Teg1[Y1, Yer1) < 00,
t21 (x1,@41)€U Y1,9e+1€ER

Then, for any p > 0,

E(JYP)<oco= sup sup E(YV1|P + |Yiu1|P| X1 =1, Xpr1 = xe41) < 00
i (z1,@441)€U
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(iii) Suppose that there exists tg > 0 such that, for t > to, Yi41 is conditionally inde-
pendent of (X1,Y1) given Xyy1, and (X1,Y1,Xi41) has a joint p.df fx, v, x,,,- Let

Ix.11x, (|T1) be the conditional p.d.f. of Xi11 given { X1 = 1}, and fx, ,1x, v, (‘|T1,91)
be the conditional p.d.f. of X1 given { X1 = x1,Y1 = y1}. Suppose also that there exist
Yo large enough and r > 0 such that

inf inf fX X, \Lt+4+1|T1 >0
t>to xq1,x:1€B(x,r) el 1( ’ )

t>to x1,@:11€B(2,r) Y12Y0

Then there is a finite positive constant c such that
P(Yy >y, Yi1 >y X1 =2/, Xy =2"
sup sup Y1>y, Y1 >y [X ) i1 ) <ex

su) , < sup  F(yo|x’)
MG, VTR “en

PROOF. The proofs of (i) and (ii) are similar; we only prove (ii). Take an open neighbor-
hood U of (x1,x¢+1) as in the statement of the result. Then, for any (x1, 1) € U,

E(Y1|P + Vi P1 X1 =21, Xop1 = @ 41)

XV X1 Yerr (1, Y1, @41, Yit1)
— P P 1o L1y A t4+1,0t41
[+l

dyr dys1
9t<9317 $t+1)

1
<———< X sup  fx, x,.,vi,Ver (T1 Tep1|y1, ye1) X 2E([Y]P
gt(ﬂ31,$t+1) yl,y,HER 1, f+1‘ 1, f+l( I + | ) + ) (| | )

Take suprema with respect to ¢ > 1 and (1, x:+1) € U to conclude the proof of (ii).

To show (iii), use first the conditional independence assumption and the stationarity property
to obtain

P(Y1>y, Y >y | X1 =2, X1 =)
sup sup

e m/,gﬁé%ﬁ,r) \/F (y|x')F(y'|z")

=sup sup PY1 >yl X1 =o', X1 =" )P(Yig1 > /| X1 =)
t>to x/é??é%‘l&r) \/F (y|z! ) F(y'|=")

= sup \/W sup  sup P(Y1 >yl X1 =2/, X1 =2")
x"€B(x,r) t>to w'é%?;,r) Fllz)

Now, for any y > yo and «’, 2" € B(x,r),

/ fxl,Y17Xf+1( lvyla )d
(z Y1
Yy
(x
(z

P>yl X =2/, X1 =
1>yl Xi== t+1 ' Fx, %, (@ ')
/‘ 7y1) % le,Yl(wla:lﬂ) n
") fx,(2')

— 2oL,
< F(yla') x sup Fxoxov (@ le, p1)

Y1 >0 fx, 0%, (@eg]xn)
T1,x41€B(x,r)

The result readily follows. O
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Lemma A.3 and Proposition A.1 deal with the estimation of the p.d.f. and regression func-
tion. Before stating these results, we collect in Lemma A.2 below two elementary results of
multivariate calculus that we will extensively use in our subsequent proofs and in the analysis
of our examples in Section B.

LEMMA A2. (i) Let f:RP — R be continuously differentiable in a neighborhood of
x and assume that its gradient V f is Lipschitz continuous at x, that is,

de,r >0, Vo' € B(z,r), ||Vf(:1:’) - V@) < c||:1:’ —x||.
Then

sup |f(z —hu) — f(x) + hu' Vf(x)| = O(h?) as h — 0.

[[ull<1

(ii) Suppose that, for a function ¢ : (x,y) € RP X R ¢(x,y) € R, there exist r > 0,
x € RP and a nonempty set Y C R such that, for any y € Y, ¢(-,y) is twice continuously
differentiable on B(x,r) and supycy SUDgc gz, || Hzd(x',y)|| < 00. Then

1
sup sup ———[d(x,y) — d(x,y) — (&' — x)  Vai(wm,y)| < oo.
yeY x'eB(x,r) H‘T - il?”
x'#x

PROOF. (i) This is a straightforward consequence of the identity

1
flx —hu) — f(x) = —hu' Vf(x) - h/o u' [Vf(x—thu) — Vf(x)]dt

valid for |h| <7 and ||u| < 1.
(ii) Fix y € Y and &’ € B(x,r) and write similarly

1
(@' y) = d(@,y) — (x'—x) Vap(z,y) = (z'~z) /0 [Vaed(z+ta'—x),y) = Vad(z,y)] dt.
By the mean value theorem, for any ¢ € [0, 1],

[Vaop(x+t(x' —x),y) — Vao(z,y)|| <t]|z' —x|| xsup  sup |[[Hzo(x',y)].
y€Y x’€B(x,r)

The conclusion readily follows. 0
Lemma A.3 collects useful asymptotic expansions about smoothed conditional moments.

LEMMA A.3.  Suppose that conditions K and L hold. Assume that h,, — 0 as n — oo.
(i) Then, for any b > 0,

E (Kb (“’ ;NX» v (/R Kb> g(z) = O(RPHY).

(ii) If in fact conditions KS and Dy hold then, for any b > 0,

Bk (22X )) S ([ &) g@) = 0(hr+2).
(2 (%27)) - (L)

(iii) Suppose moreover that condition Ly, holds. Then, for any a € {1,2} and b > 0,

E (Y“Kb <w - X)) — P (/R Kb> E(Y?X = z)g(z) = O(h2).

n
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(iv) If in fact conditions KS, Dy and Dy, hold then, for any a € {1,2} and b > 0,
E <Y“Kb <x ;L X>> —hP </ Kb> E(Y?X =x)g(z) = O(h2+?).
Rp

n

PROOF. Note, for a =0, 1, 2, the identity

E (YaKb (w - X)) =P /u<1 K (wE(Y| X =2 — hpu)g(z — hyu)du

n

(under condition L,, when a € {1,2}). Statements (i) and (iii) then immediately follow
by Lipschitz continuity. To show (ii) and (iv), apply Lemma A.2(i) and use the identity
fHuH<1 K°(u)udu = 0, due to the symmetry of K. O

Proposition A.1 below is a version, tailored to our needs, of the variance approximation result
in Theorem 1 of [36], under a weaker condition on the mixing rate.

PROPOSITION A.1. Suppose that ((X¢,Y:))¢>1 is stationary and a—mixing, and that
conditions KC, L4 and By, hold. Assume that h,, — 0 and nh? — oo as n — oo.

(i) If there exists ) > 1 with Z;’il j"a(j) < oo, then

Vr(G (@) =0 (1)

If (X+,Y1))e>1 is in fact p—mixing, condition By, can be dropped and assumption
> 721 J"a(j) < oo may be replaced by 3772 p(j) < oo.

(i) Ifmoreover conditions Ly, and By, hold, and if there exists § > 0 with SUpy ¢ p(zr) E(|Y]?T|X =
x') < oo for a certainr >0 and 372 ()% < oo for some n > §/(2+ 6), then

1
Var (M, () gn =0|—5 ).
ax( @)n(2) =0 ( 77 )
If ((X¢,Y2))e>1 is in fact p—mixing, conditions By, By, and Sup e gz 1 E(Y || X =
x') < 0o can be dropped and assumption Z;‘;l Me()]% 9 < oo may be replaced by

Z?i1 p(j) < oo.

It is worth noting that in the above proposition, the condition on the rate of convergence to
0 of the strong mixing coefficient is stronger than in the non-regression case. For instance, if
the random average

1 n
~> Yilixea
t=1

is considered for a fixed A, with E(|Y|?*?) < oo, then a central limit theorem holds as
soon as Z;il[a(j)]‘s/ (2+9) < 0. In our regression framework where A = A,, has prob-
ability converging to 0, this criterion becomes 3 77, 7Meu(5)]?/ ) < 0o for a certain
n > d/(2 4 §). That assumption on the strong mixing rate is standard, see for example the
remark below condition A2 in [35]. Note also that assumption (372, j"[c(j )%/ (C+9) < 0o
for some 7 > §/(2 4 §)) is stronger than assumption (Z?‘;l j"a(j) < oo for some 7 > 1)

since Z]?iljn[a(j)]&/(%é) — Z}’il[J"(2+5)/5a(j)}5/(2+5).
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PROOF. We start by showing (i). Obviously

Var(gp(z)) = ;21) x Var <K <$ ;nx>>

nhn

+ n;%” X 22”;3.00\/ <K (m;f1> K <w—h):j+1>> :
Note that, by Lemma A.3(i), Var (K (“’}:X )) = O(h}), and for n large enough,

cor (1 (552 < (53.72))

e (e () = (e (50) ) (< ()

< (sup K?) B(X, € B, hn), X;41 € B(@, hn)) + (29(a)h2)?
RP

where conditions K and £, were used. Using condition 3, we find, for any j > 1,

_X ~ X,
(1) ‘COV (K (m . 1) K (W)) ‘ < hbe(hn)Lijcty) + ChilLiist,),

n

where £(h) — 0 as h — 0 and C'is a positive constant (not depending on j; throughout this
proof the expressions of the function ¢ and of the constant C' may change from line to line).
Besides, the fact that K is bounded makes it possible to apply Ibragimov’s inequality [34] to
the a—mixing sequence (X ), yielding

o () (55 s

Combine (1) and (2) to get, for any sequence v, < n — 1 tending to infinity,

n—1 .
1 n—7y a:—Xl ZB—Xj_H
e (e (50 < (4

2

1 n—1
=0 7 e(hn) +vph? + b, P Z () (splitting the sum at ¢y and v,,)
| j=vn+1
1 [ n—1
i e A R A O AR DI LIC)

J=vn+1

nh?

=0 (1 [1+ vphf, + (mhﬁ)ﬂ) (because n > 1).

Choosing v, = h,,” — oo (which indeed satisfies v,, < n— 1 for n large enough since nhl, —
00) entails

n—1 .
1 n—7 ZC*Xl m—XjH . 1
S (i () (25 o

and concludes the proof of (i).
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We now prove (ii). The arguments are inspired by the proof of Theorem 2(b) in [36], with a
couple of crucial modifications due to the fact that we do not assume that (X, X ;1) has a
p.d.f. with respect to the Lebesgue measure on R?”. Write

1 xz—X
M ()G = — YK
Var(my, () gn(x)) e ><Var< ( ™ >>
n—1 .
1 n—j xr— X - X1
+n/h%p><2j:§1nCOV <Y1K< hn >7}/j+1K <hn .

Note that, by Lemma A.3(iii), Var (Y K (w

,;X )) O(h}), and also, for n large enough,

xz—X
o (it (272 ) v (2220 )
gE(\Yll/}Jrl]K(w;Xl) (w hX”l)) g(x) + 1)2h%

<ge (0 vzon (2 (* hnﬂ“)) + (m(a)lo(e) + 107

< OP(X1 € B(@, hn), Xj41 € Bl@,hn)) + (jm(@)|g() +1)*h2

thanks to assumptions /C and B,,. It follows that, for any j > 1,
x—X x— X,
3) ‘COV <Y1K <h1) YK <h”“>> ‘ < hhe(hn) Lt} + ChP L1y
n n

Besides, a straightforward adaptation of the proof of (2.17) in [36] in dimension p (by replac-
ing Cj,(u) therein by h™PK (u/h), and noting the typo one line before (2.17) therein, where
the expression in full should read M3 f |Ch(u — 2)|° f(u) du) leads to

4) ‘COV <Y1K <£c;)(1> YK <93—h—X]+1>> ' < Ch2P/2H0) ()9 (H0),

Combining (3) and (4) and arguing as in the final stages of the proof of (i) with v,, = hy,,”
yields

n—1 .
1 n-—7 :B—Xl :l)—Xj_H
nhip X 2 E 1 TCOV (YlK <hn> ,Yj+1K (hn
J:

i n—1
1
=0 5 e(hn) + v + by PIEHO N7 o)) )
it L J=vn+1
_0 }1lp S(n) + UnhP + (v h?) =0/ @+8) /(2 40)- i J]o/249)
nivn
L J=vn+1

1
_ Dy (4 )82+ ) —
-0 (nhp [1 + vphP + (vphP) D o) (n%)

and concludes the proof in this case.
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For both (i) and (ii), the results under the p—mixing assumption follow from writing, for

a=0,1,
a m—Xl a QZ—X]'_;,_l
o (e (57 vk (52|
- X - X 2
<oz (o (552)) - (2 (e (55))) }
b, hn
and using Lemma A.3. ]

Our next objective is to quantify the bias of our nonparametric estimators, under the regu-
larity conditions provided in Sections 2 and 3. Because condition D,, is somewhat involved,
we first give in Lemma A.4 below simple sufficient conditions ensuring that this regular-
ity assumption is met. We shall extensively use this result for working out our examples in
Section B.

LEMMA A.4. Assume that, for some r > 0, one has, for any ' € B(x,r),

F t / ’
Yy >0, lim 77( yz') :yil/V(m)
t—oo F(t|a’)

for a certain (strictly) positive function ~y. Set L(y|x') = y'/" @) F(y|a') for such x'.

(i) Suppose that there exists yo > 0 such that the functions V 4 log L(y|-)/log(y), for y >
Yo, are well-defined, continuous on B(x,r), and define an equicontinuous family at x,

namely:
-
Then limy_,o Vg log L(y|x)/log(y) = 0.
(ii) Suppose that vy is twice continuously differentiable on B(x,r). If the partial Hessian
matrix Hylog L(y|x')/log(y) (or equivalently Hylog F(y|a')/log(y)) is well-defined
and uniformly bounded in ' € B(x,r) and y large enough, then condition D,, holds with

p(x) =limy 00 Vo log F(ylz)/ log(y) = V() /().

Vg log L(y|z’)  Vglog L(y|x)
log(y) log(y)

Yy > yo, Ve > 0,35 >0, 2’ € B(x,d) = H

PROOF. We start by proving (i). The function L(:|x’) is slowly varying, and as such,
log L(y|x")/log(y) — 0 as y — oo by Proposition 1.3.6(i) on p.16 of [2]. It follows that the
function ¢ : R? x R — R defined as ¢(x,y) = log L(y|x)/log(y) satisfies:

e ¢(x',y) — 0as y — oo for any &’ € B(x,r),
* For any y > yo, ¢(+,y) is continuously differentiable on B(x, ),
* The family of functions Vg¢(-,y), for y > yo, is equicontinuous at x.

It is enough to prove then that V¢ (x,y) — 0 as y — oo.

Suppose not. Then there is j € {1,...,p} such that (9¢/dz;)(x,y) does not converge to O
as iy — 00. Up to reordering the variables x;, we may and will assume that j = 1, so that
there exists € > 0 and a sequence y,, — oo such that [(0¢/0x1)(x,y,)| > 2¢ for any n.
Equicontinuity of V,¢(-,y) obviously implies equicontinuity of each partial derivative, so
we can choose d € (0,7) such that

0 0
/ /

— < .
T EB($,6):> 1(113 ,yn) 1(2B,yn) 5f0rany n
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Lete=(1,0,...,0)" € RP. Write

0 o /79 o
e+ Ge.n) = ol ) = 650 (e, + [ (%i@+¢a%»—82<%ym)ﬁ

and apply the reverse triangle inequality to obtain

[¢(x +de,yn) — d(x,yn)| = 6 — b >0e>0.

9¢
87:161(%’ Yn)
The left-hand side converges to 0 as n — oo, which is a contradiction. This completes the
proof of (i).

To prove (ii), let yg > 0 be such that ||Hzlog L(y|x")/log(y)|| < ¢, a finite constant, for
' € B(x,r) and y > yo. Then, by the mean value theorem,

Vzlog L(y|z') VzlogL(y|z)
log(y) log(y)

This equi-Lipschitz property at  guarantees in particular that the equicontinuity assumption
in (i) is satisfied and therefore that

VelogF(ylz) _ Vy(z)  VelogLlylz)  Vo(z)

Yy > yo, ' € B(z,r) = H

<elle’ - al.

as y — oo.
log(y) 7 () log(y) 72(x)
Besides, the bound
1 1 F(ylz VzlogF
limsup  sup ; 5 log 7(y]a: ) _ (' — :B)TM <00
y—oo a'eBar/2) |€ — @[ [log(y) ~ F(ylz) log(y)

x' #x
is an immediate consequence of Lemma A.2(ii). Conclude that condition D,, holds, which is
the desired result. ]

We will repeatedly use the following lemma in the evaluation of the bias of our nonparametric
estimators under conditions XS, Dy, D,,, and D,,,.

LEMMA A.5. Assume that
vy >0, lim ) 1)
t—o00 F(t]a:)

for some y(x) > 0, and let a € (0,1/v(x)). Assume further that wy, (yn|x)log(y,) — 0 for
some sequences Y — 0o and hy, — 0. Then, for any s > 0,

/ (z — yn)? VF (2|2) log®(2) (1 + 2 1)) dz < 00

n

s

[ee) o F — hy,
and sup / (z — yn)* YF(2|z) |log ((Z|mhu)> dz < oo
<1y F(z|z)
for n large enough. Moreover,
[2°(2 — yn) 2V F (2]2) log® (2) (1 + 2 We1®)) g
= = O(log" (yn))-

fy():(z — Yn)* 1 (z|x) d2
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PROOF. Pick an arbitrary 6 > 0. Proposition B.1.9.1 on p.366 of [19] and the conver-
gences wy, (yn|x) — 0 and y,, — oo yield, for n large enough,

Vz > yn, F(2]z) 2 0@ 10g®(2) < z71/1@)+0
Since a < 1/7(x), the finiteness of the integral f (z—yn)* ' F(2|z) 10g5(z)(1+zwnn(yn\m)) ds
for n large enough follows. Noting that
F(ZL'B — hpu) s
Vz 2 yn, sup log< < Wi (ynl) =0
n [lull<1 lOg ( ) F(Z’:I}) hn, \Yn

the finiteness of SUPHuH<1f 2 — yn)* 'F(z|x) [log(F(z|x — hpu)/F(z|x)) ‘ dz for n
large enough follows as well. Write then

(2 = yn) 7 F (2]@) log® (2) (1 4 2% W0 12)) dz
fyof(z —yn)* 1 F(z|x) dz

[e’¢) a— F(tyn log® (ty, Why, (Yn|Z) L0, n
0 B 1 e 049
_ 1)a— 1F(tyn|9:)
Jre=1) Yn|2)

= 1Ogs (yn)

F(
00y 1ya—1 Etynl|z)log® (tyn) s, (yn|a)
L= R o) ! di
0 1ya—1E(tyalz)
[t —1) NP dt

< 2y ) log® (y,)

Use Potter bounds [see Proposition B.1.9.5 in 19, p.367] and the convergence wy,, (yn|x) log(yn) —

0 to get, for any 0 > 0 such that a — 1/v(x) 4+ 0 <0,
Sz = ) F (2] log® (2) (1 + 2 (1)) dz

Nz —yp) 1 F(z|x) dz

I

when n is large enough. Both integrals in the ratio on the second line are finite, and therefore
S (2 = yn)*F(=]) log? (=) (1 + 20 012)) 2

fyo: (2 —yn)* 1 F(z|x) d2
This completes the proof. O

fl —1)e =@+ g
fl _ a 14=1/v(2)—d q¢

< 4log®(yn)

= O(log*(yn))-

We are now in position to state and prove our next key result about the bias of our nonpara-
metric estimators. This lemma extends results of [27] (see Lemmas 2 and 5 therein). These
were originally stated under a more restrictive condition than the standard conditional heavy
tails condition. In particular, we give a precise quantification of the bias appearing as a result
of our kernel smoothing procedures. Throughout the rest of this section we use the notation

DD (y)2) = 3 (y|) g (2) and ¥ (y|x) = @ (y|z)g (),
where

r—X
O yle) = mZ” DL ().

LEMMA A.6. Let x € RP be such that g(x) > 0. Assume that

ty >0, lim ) 1)
t—00 F(t’m)

for some y(x) > 0, and let a € [0,1/~(x)).
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() Then v\ (y|z) = Bla+ 1’71({1:7)(“3) —a) 9(2)y F (y|z) (1 + (1)) as y — oo

(ii) Assume further that conditions K, L4 and L., hold. Let y,, — oo, hy, — 0 be such that
hy10g(yn) — 0. Then one has, for any b > 0,

B (0 =0t 6 (52 ) ) =il ([ 5) (1 Ot lostun)).

(iii) If moreover conditions KS, Dy and D,, hold then

- X
E <(Y _ yn)a]l{y>yn}Kb (.’L‘ hn >> = hg?ﬁ(a)(yn‘x) </Rp Kb>

2 2 b
y <1+ hylog®(yn) [ K (uz
2 wo Jon K

where p(x) = limy oo Vg log F(y|x)/ log(y) as defined in condition D,

(™ ()2 du + o(R 1og2<yn>>)

In particular, for b = 1 and under the assumptions of Lemma A.6(ii),

WP (ynl2)) = P (yo|2) (1 + O log(yn)))

Under the assumptions of Lemma A.6(iii),

th({ﬂ\?(za) (yn‘w» - hﬁw(a) (yn‘w)

h2 log?
(1 BB [ )T )+ o0 o) )
RP
PROOF. Statement (i) is proven exactly like Lemma 2 in [27], noting that the differentia-
bility condition therein on the conditional survival function is unnecessary. To show state-
ments (ii) and (iii), the fundamental identity is, using condition /C,
&)

B0 =) Loy K (555)) [ K (u) <¢<a><yn|m — hyu) 1) "
W)@ (yn|2) [, K° uf<t Jro K° $(@ (yy|z) '
The identity ab—1=(a— 1)+ (b—1) + (a — 1)(b— 1) yields

w(a)(yn|$ - hnu) 1= [g(m - hnu) . 1_ + [‘p(a)(yn|w - hnu) . 1]
(@) (yn|) g9(x) @@ (y |)
g(ZL' - hnu) ] Qp(a) (yn‘w - hnu)
© § { PESR [ PO (galw) 1] |
Obviously
g(:B - hnu)
7 — ——~ —1|=0(h,
@) ||1SL1||121 9(z) ()

and following the proof of Lemma 3 in [27],
P (ynlz — hou)
0@ (yn|z)

Combining Equations (5)—(8) with the fact that wy, (y,|x) = O(h,) (by condition £,,) im-
mediately provides (ii).

(8) sup
flull<1

- 1] = O(wn, (ynl@) 108 ().
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To prove (iii), note that by condition D, and Lemma A.2(i),

—h,
) sup g(@ = hau) _ 1+ hnuTM =O0(h2).
o<1l 9(x) 9(x)
We then first treat the case a = 0, when (O (-|.) = F(|-). Set, for any ¢, t' > 0,
t log?(t/t/ log?(t/t'
At ) = 11~ log(t/1) - Ogé/) — exp(log(t/¥)) — 1— log(t/') — Og;/)

A Taylor formula for the exponential function on the interval linking 0 to log(¢/t’) gives

3 !
A1) < BN e 1og(aye).

Applied to t = F(z|x — h,u) and t’ = F(z|z), this inequality yields, for n large enough,
3

10)  Ve>ya, sup |AF(:|e — hou), Fz]a))| < “’h('g”'m) log?(2) 24 (1)
ul<1

In particular, at z = y,,

(11) = O(h31og*(yn)) = o(h2 log?(yn))-
By condition D,,,,

= O(h).

(12)  limsup sup

1 'lo (F(y\a:—hnu)
y—oo [|uf<1108(y)

F(ylz)

Since Vlog F(y|x)/log(y) is bounded for y large enough by condition D,,, we deduce
from this equation that

) + hpu' Vg log F(y|a)

1 F(ylx — hy
(13) limsup sup ‘ 2<(y\a:hu) :O(hi)-

y—oo |lul<1 log?(y) F(yl|zx)
Combine (11) with (12) and (13), to obtain
F n — Iin Eal 2 al
M — 1+ hyu' Vg log F(y,|x) — %(UTVCB log F (yn|x))?
F(ynl|z) 2
(14) = O(h}log(yn)) + o(his log?(yn)) = o(hi, 10g* (yn))-
Combining (5), (6), (9) and (14) and the identity f”u” a K b(u)u du = 0, results in

b (T—X\\ _ ., (0 b
B (1 8 () ) =100l ([ &)

h2 Kb(u) - B ) ) )
|4 2 log F(yn a2 ).
X < + 9 /”u”<1 pr Kb(u Valog F(yn|x))” du + o(h;, 1og*(yn))

The result immediately follows, in the case a = 0, by definition of () and our assumptions
on K. When a > 0, an integration by parts yields

) (U Ve log F(yla))?

sup
[lull<1

oo/ a—175 F(zlz—h,u) _
0\ (yn|z — hnu) 1_fy"(z ) (z"”’)< o) 1>d2

e (y,lx) [2(2 = yn)o 1 F (2|2) dz

Yn
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It then follows from this identity combined with (10) and Lemma A.5 that, for n large enough,

e a—117 F(zlz—h,u
o £l =) | S ) Gl (Feleto) g
ful<t| 9@ (ynlz) (2 = yn) o F (2]) dz

1y G =) F el log? (Kl le) ) g

2 fyoj(z —yn)? L F(z|x) dz

(15) = O(wj, (yn|)log’(ya)) = O(hj log® (yn)) = o(h:; log® (yn))-

[Lemma A.5 ensures that the integrals within the supremum are well-defined.] By condition
D, and Lemma A.5,

Vs >0, / (2 — yn) " F(2|)|| Ve log F(z]2)||* log(2) dz < oo

n

for n large enough. Combine (12), (13) and (15) to get

(a) _ (2 —yp)* LF(2|x)Vylog F(z|x) dz
sup ® (g(;n)|ar: hnu)—l—i—hnuTIy"( ZO) (2] 3 g F(z|z)
luf<t| @' (yn|2) S22 = yn) VP (2] ) dz

2 [Pz —y,) " ' F(z|z)(u Vg log F(z|z))2 dz
” i S ) ) Vo F Gl |
2 fyn (z —yn)* LF(z|x)dz

Combine now (5), (6), (9) and (16) with the identity f”u” a K b(u)udu = 0, to find

_X
E ((Y _ yn)a]]-{Y>yn}Kb (w - >> = h£¢(a)(yn|m) </RP Kb>

h2 Kb(u) [ fy (2= yn)*  Fz|l2)(u' Vo log F(z|x))? dz

x 14 / 5 . = —=
2 i<t Jor K Sy (2 = yn)* 1P (2]) dz

The final step is to write

1 f;:(z — 1) E (2|2) (u ' Vg log F(z|x))? dz

) du + o(hi logQ(yn))> )

su _ (T ()2
IIUI\El 10g2(yn) fyO:(Z — ) F (2] 2) dz (u' p(x))

R S Sz = yn)* T F(z|2)[(u " Vi log F(z]))? — (u' p(x))? log?(2)] dz
~ 1og*(yn) ||u||21 S22 = yn) a1 F (2]2) dz

+ sup (u p(@)? x
[lu|l<1

1 oz = yn)* ' Fele)log’(2)dz ‘
1og*(yn) fyio(z —yn)* 1 (z]x) dz

su u' log F(z]x) \" u' p(x))? 1 fyono(z —yn)* T F(2]@) log? () dz
< ”u>”;§)1 < Ve log(2) > (u p(x))”| x 1022 () fyoj(z — y)o 1 F(z|) dz
+o(1) =o0(1)

by condition D,,, the Cauchy-Schwarz inequality, Lemma A.5 and Karamata’s theorem [see
Theorem B.1.5 in 19, p.363]. Hence the asymptotic expansion
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'S
i <(Y_yn>al{y>yn} " (w - >> W ) ( /. Kb>

hiog* (yn) EOW) (T 2)) du ot o(h2 log?
" (H 2 /Hu||S1 Ty, Feo 1 ) dut ol log (yn))>

as required. O

The following lemma is the key to the control of the empirical smoothed conditional tail prob-
abilities and moments. It makes use of the fact that, if z > 1 then, by definition of wy,(z|x)
and using the mean value theorem, one has

F(yle)
F(yle)

2lw).

(17 Yy >z,
x’€B(x,h)

- 1‘ < wn(z]) log(y) x

LEMMA A.7. Assume that conditions M, A(ly,,ry), K’EQ’ Ly, B, and Bq hold. Sup-
pose that y,, — 0o and hy, — 0 as n — oo are such that nh}, F (y,|x) — oo, hy, log(y,) — 0
and rphb, — 0.

(i) Suppose that y,, j = cj*’Y(w)yn(l +o(1))forallje{l,...,J}with0<c; <cy<...<
cj < 1. Assume that there exists 6 > 0 with 10 /[nhl, F (yn|2)]%/? — 0. Then

7(0) U T (0) A )
nhﬁf(yﬂm) % (ynd‘a?) E(@bn (yn,]]:n)) d N(OJ’ prK M>’
YO (yy, ;) e 9(x)

where M is the symmetric matrix of size J having entries M; = cfl (for1 <j <1< J).
(i) If moreover nhy *F(y,|2)log?(yn) — 0 then

70) A 2
nhp, F(yn|2) (i’(‘o) Ey“:g - 1) N <0J, fﬁzg M) .
Yn.j 1<5<J

If furthermore conditions KS, Dy, and D,, hold then condition nhZ T F (y,|2) log?(y,) —

0 may be replaced by the weaker bias assumption \/nhh F (y,|z) x h2 log®(y,) — c(x) €
[0,00), in which case

PE O (yn g l)
W E Gnl®) | @ (g sl) 1<j<s

fRP K2 M>

im/((c(w) K(u)(uTu(w))Qd“> 117

2 Jre
where 1 is the column vector in R’ having all entries equal to 1.

In (i) and (ii), if (X, Y2))e>1 is in fact —mixing with 332, ¥(j) < oo, then all conditions
on (l,) and (ry) (including condition A(ly,,ry,)), conditions B, and Bq can be dropped.

(ili) Assume that there exists § > 0 withy(zx) € (0,1/(2+0)) and r:+ /[nhh F (yn|2)]%/? —
0. Let z, = 0y, (1 + o(1)) (for a certain 0 > 0). Then

08 () — B (al) 05 (znl) E(Aé‘))(zmlw)))

nhi, F(yn|2) < D (gl ) ’ PO (z,|x)
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d fRP K2 >
— N | (0,0), V(z) ),
(0055 v
where V () is a 2 X 2 symmetric matrix having entries
0+~(x)—1 .
1 —(x) 1/7() e ifo=1,
Vii(z) =2 , Vao(x) = 0Y7®) and Vi o(x) = ()
61/7() ifh <1.

(iv) If moreover nhb > F (y,|x) log? (yn) — O then

D 1 20, 1z K
e () ) 1) (001 B vie).

If furthermore conditions KS, Dy, Dy, and D,, hold then condition nhE 2 F (y,|2) log?(y,) —

0 may be replaced by the weaker bias assumption \/nhh F (y,|z) x h2 log?(y,) — c(x) €
[0,00), in which case

R® g9(x)
In (iii) and (iv), if (X, Y1))e>1 is in fact Y—mixing with 322, ¢(j) < oo, then all condi-
tions on (ly,) and (ry,) (including condition A(ly,,1y,)), conditions B, and Bq can be dropped.
The condition on y(x) becomes 0 < y(x) < 1/2.

N ([ K ue)?au) < 0., Jee K2v<w>) .

Note that condition 7,k — 0 is a consequence of :+%/[nhh F(y,|x)]*/? — 0 (for
some & > 0) and nh¥*F(y,|x) — 0, which is why this condition will not appear
in Lemma A.9 when the latter two assumptions hold. Note also that, in (i) and (ii),
condition 71+ /[nhh F(y,|®)]/? — 0 for some § > 0 is equivalent to assuming that
T/ [NA F (yn|)]/?~% — 0 for some § > 0. The latter can be viewed as a conditional version
of the condition r,, /[nF (y. )]1/ 2-0 _ () used in [42].

PROOF. We prove (iii) and (iv), which are similar to, but more difficult than, (i) and (ii). If
(iii) holds then (iv) is a direct consequence of Lemma A.6(ii) and (ii1). We therefore concen-
trate on proving (iii). Pick 8y, 51 € R. Using the Cramér-Wold device, it is enough to analyze
the asymptotic behavior of

— b (1) — B (g2 5O (2 12) — B (2, ]z
WF(%,@{& (w <yr¢>(1)(< (ynl ”)m( ( rw>(0 (z,fa;)( r>>>}

YnlT)

_ Z yn|*'B
Cnhh "
where the centered random variable L; ,, is given as
(Yi = yn) Liyisy, ) K (2 = Xi)/hn) —BE((Y = yn) Ly sy K (@ = X) /D))
Y (yn| )
Liysed K (2 — X5) /) = E(Lgys . K((® — X)/hn))
YO (2 ) '

Li,n = ﬁl

+ Bo
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The aim is to use a big-block/small-block argument to obtain the desired convergence. To
do so we apply Lemma C.7(ii) in [18], which requires to analyze the asymptotic behavior
of Var(L1 ) and Cov(L; n, L; ). Combine Lemma A.6(i) and A.6(ii), the regular variation
property of F(:|z) and straightforward calculations to get

P K2 —

Fynlz) 9() 1—2y(x)
)0V 7(®) (max —1/7(x) — ~(2)) (max _
4 95 s 1@ max(1,6)! lm)ﬂl (@) max(10) =D oy
(18)
W Jo K

- F(ynlx) 9(z) [BiVia(z) + B3 Vaa(x) + 2B0B1Via(x)] (1+o(1)).

We turn to the calculation of Cov(L; p, Lj ) = B%C’»(l) + BgC’i(i-?n + 5051(07;(3?” + Ci(4) )

with s o
(1') _ Cov ((Y; - yn)]l{Yi>yn}K((m - Xl)/hn)a (Y} - yn)]l{Yj>yn}I(((m - XJ)/hn))
. [ (yn|z)]? ’
@ _ Cov (Lyoay K (@ = Xi) ), Lpyoe K (@ = X5)/ )
wn [0 (2 |2)]? ’
@ _ Cov (Vi —yn) Liyisy ) K (2 = X0)/hn), Ly,s o K (2 — X5) /)
b W (yn|2) O (20| 2) ’
and 0@ — Cov (Liy; sz} K (2 — Xi) /hn), (Yj — yn) Uiy, 5y K (2 — X5) /1))
i @ (yal2)$©) (2, |2) '
We bound each of the CZ(’?’n, for 1 =1,2,3,4. We clearly have, by Lemma A.6(ii),
(1) _ 1 : . X 4 .
Cijn = WE(E((Y@ = Yn)+(Y) — yn)+| X5, X)) K (2 — X5) /b)) K (2 — X) [ hn))
+h?R,
1

S TG o 50 ™ 73000 =045 =i X5 = =)

X <sup K2> P(X; € B(z,hy), X, € B(x,hy)) + h2PR,
Rp

where R, is bounded and independent of ¢ and j. [We use this notation throughout without
further mention, with a value of R,, that can change from line to line.] An integration by parts
and a change of variables produce

E((Y: = yn)+ (Y —yn)+| Xi = — wihp, Xj =@ — ujhy)
:y,%/ / P(Y; > ayn,Y; > byn| X; =  — wihy, X; = — ujhy,) dadb.
1)1
Using assumption B, we find

o oo
sup  sup / / P(Y; > ayn,Y; > byn| X; = — uih,, X; = — ujh,) dadb
i) s, lusl<1/1 1
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o [ Fona]

x'€B(x,h,)

=0

It then follows from Equation (17) that

sup  su / / (Yi > ayn,Y; > byn| Xi = ¢ — wihp, Xj = x — ujh,) dadb
i#5 ||l HuJII<1
2
=0 | F(yn|z) [/ ayn’]w 1 + \/whn (yn|x) log(ayy,) X (ayn)whn(ynlm)> da]
yn ZB

Since wy,,, (yn|x) log(yn) = O(hylog(yn)) — 0 by assumption L,,, we find

sup  sup / / P(Y; > ayn,Y; > byn| Xi = — w;hyn, X; = — ujhy,) dadb
i) [, lus <1 /1
ayn\a:

2
a® da for any € > 0.
F(ynlz)

— 0 | Fya|a) l/

Potter bounds [see Proposition B.1.9.5 p.367 in 19] and the fact that v(z) < 1/2 entail

sup / / (Y > ayn,Y; > byn| X; = — wihy,, Xj = — ujhy,) dadb
i) flus || Hu7||<1

= O(F (yn|z))-

Conclude, using condition B, and again Lemma A.6(i), that there is a positive constant D
(whose value may change from line to line) such that for n large enough and ¢ # 7,

1
e | < D P(X; € Bla.h). X; € B(@,hn)) + hiP Ry

b F(yn|x)
hoen hap
<D 71 i—jl<to +7 i—j|>to

where &,, — 0 as n — 0o. Then, combining the equality z,, = 0y, (1 + o(1)), conditions L,
By, Bq and hy, log(yy,) — 0, Lemma A.6(i), Equation (17) and the regular variation property
of F'(-|x), we find, for n large enough and i # j, that similarly as above,

2p
) finen hi
Ciml =D (F(yn” {li-jl<to} T Wﬂ{ll J|>t0})

The same arguments lead to identical bounds for the ng’g) and C*

in i in» and we may then
conclude that, for n large enough and ¢ # j,

hbe, hap
| Cov(Lin, Ljn)| <D <(y,) {li—jl<to} T Flmlz) {lz’j%}) :

As a consequence, for any sequence (u,,) tending to infinity and such that u,, <n,

hEe h2P
(19) Z Cov(Lim, Ljn)| =0 | un= nen —|—uflf n )
1<i<y<un F(yn|) F(ynl)
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We may now develop our big-block/small-block argument (with [,, being the size of small
blocks and r,, — [,, being the size of big blocks) via Lemma C.7(ii) in [18], applied to the
random sum

Sn = Z ny;zl‘)x z n-

Using Equations (18) and (19), it is 1mmed1ate that

n F(yn|x)
PR By ZLJ "
n F(y,|x) n F(y,|x) >
= aifnhg ln Var(LLn) —+ 25 nh% COV(Li,n, L],TL)

1<i<j<l,,
=0(ln/rn) + O(lnen/rn) + O(lnhE X 1, /1) = 0(1)
because I, = o(r,,) and r,, hl, — 0. Moreover, since r, = o(n) and n — [ n/r, | < 7y,

n—rp|n/rn|

F(yn|z)
Var o Z Ljn

_FWD) ey Var(L) £ 2P S o L)

nh? nhl, L
1<i<j<n—r,|n/ry, |
=O0(rp/n) + O(rpen/n) + O(rphl x ry/n) =0(1).
Then, using Equations (18) and (19) again,

n F(yn|x)
aVar nh? ZLJ”

r
(yn|z) Var(L n)_’_g(yi”‘w Z Cov(Lin, Ljn)

K ' rnhb
n N 1 <i<i<m,

f?; ) [/81‘/1 1(®) + ﬁng,g(m) + 2/8051‘/1,2(13)] (14 0(1)) + O(gn) + O(r, hY)

- () ve(2)

Finally, it is immediately found using the Holder inequality and Lemma A.6(ii) that

246 244 0

n F(yn|z) - T

Loy QYEACTIIR B VPP N NCY P QS g (Y80}

n ftiin j=1 nhi F(yn|z)
It follows that the Lindeberg condition in Lemma C.7(ii) is satisfied. Applying Lemma C.7(ii)
in [18] completes the proof.
The ¥ —mixing case follows by combining the covariance inequality in Lemma 3.1 of [39]

and Lemma A.6(ii) to get

<2 VWP,
fg?ggl%XIC,ml V(i —i)h;
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Use then the central limit theorem of [47] with j,, = 1 and k,, = n (with the notation therein)
to conclude. We omit the details. ]

The next lemma is a technical result that allows to combine Proposition A.l1 and
Lemma A.7 under condition .

LEMMA A.8. Assume that
F(t
Yy >0, lim M =y /@)
t—oo F(t|x)
for some 0 < y(x) < 1/a, where a > 0. Assume further that wy, (yn|x) = o(1) for some
sequences yp, — o0 and hy, — 0. Then there exists v > 0 such that

sup E(Y{X =2') <.
x’'€B(x,r)

PROOF. An integration by parts yields
F(t|z')
F(tlz)

The conditional moment E(Y | X = x) is finite because y(x) < 1/a, see Exercise 1.16 p.35
in [19]. It therefore suffices to work on the right-hand side in the above identity. Since

[ o { g 1 T <2 <

E(YH X =2') -E(Y! X =) —/Oooatal{ - 1}F(t|:1:) dt.

sup
x'€B(x,r)

for any r;y > 0, it is in fact sufficient to show that
o0 F t / .
/ at®1 {Hm) — 1} F(t|w)dt‘
y F(t|z)
is finite for some r,y > 0. Now, according to Equation (17), for any =’ € B(x, h,,),

/y gt { Z(é"mw/)) - 1} F(t|z) dt’

n

sup
x'€B(x,r)

sup
z'€B(x,hn)

<awn, (o) [ 100 log 1) Ftfe) .
y"l

Let £ > 0 be so small that 1/(x) > a+¢, and ng be an integer so large that wy,, (y,|x) <e/2
and y,, > 1 for n > ny. On the interval [1, c0), t—e/2 logt is bounded, so there is a constant

C > 0 with
0 F t / o 0 o
sup / at®! {(’CB) — 1} F(t|x) dt‘ < C’/ (a+e)t" e F(t|x) dt
x'€B(x,hy,) n F(t‘w) n
<CEY{™|X =x) <o
as soon as n > ng. Take y =y, and r = hy,, to complete the proof. ]

Lemma A.9 gives the required joint convergence result between the empirical smoothed
estimators of F(-|x) and F'(-|x) at intermediate levels that will guarantee the joint conver-

gence of empirical smoothed quantiles and expectiles at such levels. Recall that F,,(-|z) =
1— F,(-|z) and E,(-|z) =1 — E,(-|x).
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LEMMA A.9. Assume that conditions M, A(l,,ry), K, Ly, Ly, By, and Bq hold. Sup-
pose that y,, — oo and hy, — 0 as n — oo. Assume further that nhh, F (y,|x) — co.

(i) Suppose that yy, ; = C_W(m) n(1+0(1)) for all 5 € {1,...,J} with 0 < ¢ < cg <

. < cg < 1. Assume that nh% 2 F (y,|2) log?(y,) — 0, and that there exist § > 0 with
}f‘s/[ fLI)Z*"(g/,7,|m)]‘S/2 — 0and n>1with 3772, j"a(j) < co. Then

F, K2
nhh F(yn|) ((ym) 1) LN <0J, Je- M)
Flmile) )\, o()
with the notation of Lemma A.7(i). If furthermore conditions KS, D, and D, hold then

condition nhﬁ”?(yﬂm) log?(yn) — 0 may be replaced by the weaker bias assumption

nhi F (yn|2) x h21og?(yn) — c(x) € [0,00), in which case, provided r,h, — 0,

nhh F(y,|z) | == (ynjl) 1

N <(C(2"”') K(u)(uTu(w))zdu> 1, Joo K2 M> :

R? g9(x)
If ((X4,Y1))i>1 is moreover p—mixing, then condition Y732, j"a(j) < oo may be re-
placed by 322, p(j) < o0

If (X, Y1))1>1 is in fact also ¢y—mixing in addition to p—mixing, with 322, ¥(j) < 00
(instead of 372 | j"au(j) < oo for some 1> 1, or 372 p(j) < 00), then all conditions on

(In) and (ry,) ( including condition A(ly,my,)), conditions By, and Bq can also be dropped.
(ii) Assume that conditions Hs, L, and By, hold. Suppose that z, = 0y, (1 + o(1)) (for

a certain 0 > 0), that nh: > F (y,|x) log?(yn) — 0, that v+ /[nhEF(yn|2)]%/2 — 0 as
n— o0, and » 22 j"a(j ]9/ C+9) < oo for some n > 6/(2 4 0). Then

- Eulyalz) . Fulzalz) a Joy K
nhh F(y,|x) <E(yn]:1:) -1, F(zn\w) — 1) —>N<(0,0), §($> V(a:))

with the notation of Lemma A.7(iii). If furthermore conditions KS, Dy, Dy, and D,, hold
then condition nhﬁ”?(yn |z) log?(y,,) — 0 may be replaced by the weaker bias assump-

tion \/nhLF (yn|z) x h2 log?(yn) — c(x) € [0,00), in which case, provided ry,hk — 0,

= En(ynlw)  Fuleulz)
”h"F(y"'w)<E<yn|a:> b Feala) 1)

%N((C(;) K(u)(qu(:n))Qdu> X (1,1),WV(m)>.

R® 9(x)
If (X, Y2))e>1 is moreover p—mixing with 3 72 | p(j) < oo (instead of 372 " ()]0 <
oo for some > /(2 + 0)), then condition B,, can be dropped and condmon Hs can be
replaced by y(x) < 1/(2+9).
If (X4, Y1))e>1 is in fact also yp—mixing in addition to p—mixing, with 72, () < 0o
(instead of 3221 j"[a(j ]9/ H+9) < oo for some > §/(2+ ), or > 521 p(j) < 00), then

all conditions on (1) and (ry,) (including condition A(l,,ry,)), conditions B, and Bg, can
also be dropped. Condition Hs can be replaced by 0 < ~v(x) < 1/2.
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PROOF. Again we prove (ii), which is similar to, but more difficult than, statement (i).
Follow the proof of Lemma 7 in [27] but apply Proposition A.1 and Lemma A.7 rather than
the Lemmas 4 and 6 of [27]. Note that Proposition A.1 applies because of Lemma A.8,
which combined with condition Hs yields supg ¢ (g, E(]Y|>*"|X = 2') < oo for some
r>0. O

The following result is a refinement of Lemma 8 in [27].

LEMMA A.10. Assume that Co(y(x), p(x), A(-|x)) holds. Suppose also that y(x) < 1,
p(x) <0and E(Y_ | X =) < co. Let 7,,7), — 1 be such that (1 —17),) /(1 —7,,) — 0. Then:

¥(x) ne
<1 — Tn) e(mn|x) 14 (@) (1/y(a) —1)7@) (E(Y|X =)+ o0(1))

1—7/ e(7!|x) (Tn| )
(1—~(z)(1/y(x) — 1)@
p(x)(1—~(z) - p(z))

PROOF. Combine Proposition 1(i) in [17] with

A((1 = 7)) (1 + 0(1)).-

1-7,\ "™ g(r,|2) 1
" D=1+ ——A((L =) )1 +0(1
(155) e 1 s A=l otr)
(from e.g. p.139 in [19]). We omit the straightforward calculation. ]

A.5. Proofs of the main results. Proof of Theorems 2.1 and 3.1. The proof of Theo-
rem 2.1 goes in exactly the same way as that of Theorem 3.1, so we only prove the latter,
which is more difficult. Set o, = 1/+/nhh (1 — 73,), pick z = (21, 22) and define

wr=p (1 (G ) =} (i 1) =)

As in the proof of Theorem 1 in [27], we find, with y,, = e(7,,|x), v, = e(Tn|x)(1 + 2104,)
and 2], = q(Bn|x) (1 + 220,),

B, (2) =P <{\/nhﬁF(yn\m) (% - 1) </l F(yn|z) <W - 1)}
e (Fatle) |\ e (FlaBalwle)
“{ ik ol )<F<z;|w> 1) < o) (G 1)})

Combine the local uniformity of condition Ca(vy(x), p(x), A(-|x)) (see Lemma 5 in [17])
with assumption A((1 — 7,,) ~!|z) = O(0,,), the asymptotic proportionality between 1 — 3,
and 1 — 7,,, and the regular variation property of A(:|x) to find

2900,
) (1+ 0(1))) .

Recall Lemma A.3(iv) in [46] which, for p = 2 and applied to the conditional distribution of
Y given X = x, reads

F(g(Bal)(1 + 220,)\) = Flg(Bale) ) (1 -

Eun(l+en)lz) . en .
Bune) L @)
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as soon as u, — oo and &, — 0 are such that A(1/F(u,|x)|z) = O(e,). This equation
provides

210n

@) (1+ 0(1))) .

Here the asymptotic proportionality between e(7,|x) and ¢(7,|x) was used, that is,
1 —(=z)
e(m|x) — ( —1) as n — 0o
q(malz)  \(z)

[17, Proposition 1(i)], together with the regular variation property of A(-|x) and the choices
un = e(7y|x) and &,, = z10y,. Therefore:

E(e(talz)(1 + 2100)|z) = E(e(n]2)| ) (1 —

Bemole) 2
Be(rle)(1 + monm) 2w o)
n F(q( n’:l))|.’13) 1 Z9 o o
: df(q(ﬂn|w)(1+220—n)’$) 1 7(«'13) n(1+ (1))
Continuity of the mapping
y— E(yle)=1- E[(Y —9)ly>y | X =]

E[lY —y[|[X = =]

is immediate, by the dominated convergence theorem, so that E(e(7,|z)|z) = 1 — 7.
Lemma A.3(iii) in [46] applied to the conditional distribution of Y given X = x then gives
(Ynlz) 1

(nl) (@) —1 asn— o0

F F
(20) =%

and therefore

i (ol) <W 1) =Sy S e
and \/nhh F (y,|) <W — 1> = ’Y?CQU) ! ;(1()w) (1+o0(1)).

Conclude as in the end of the proof of Theorem 1 in [27], by applying Lemma A.9 to
handle the current dependent data context. [Under conditions XS, Dy, D,, and D,,, the
bias component is obtained by noting that F'(y,|x)/(1 — 7,,) — 1/v(x) — 1, and therefore
c(x) = Ay/1/v(x) — 1 with the notation of Lemma A.9. In the proof of Theorem 2.1, one
should set instead y,, = q(7,,|z) and therefore F(y,|x)/(1—7,) — 1, resulting in c(x) = A.]
O

Proof of Theorems 2.2 and 3.3. The key is to write
W / _
dn,r, (Tn|m) 1—-m, ~ g \Tn|T
log < ) :log<1_7_/> (F(x) —v(x)) +log <( =)

q(ry|x) 5 q(7n|)
1—7, (@) q(mn|x)
Floe <L ]

and log (W) —tog (1202) (3(e) () + 1o 212

e(7h|z)
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1- 7,17 e(r,)2)
1 .
e (L—m ()

The conclusion now follows from our assumptions on 5 (), g,,(7,|x) (for Theorem 2.2) or
€, (7n|x) (for Theorem 3.3), and the identity

L=\ glrle) 1
(%) i =t pg A e o)

(see p.139 in [19], for Theorem 2.2) or Lemma A.10 (for Theorem 3.3), together with a
straightforward application of the delta-method and (for Theorem 3.3) the asymptotic propor-
tionality relationship e(7|x)/q(7|x) — (1/7(x) — 1)~7® (as 7 1 1) linking tail conditional
expectiles and quantiles. 0
Proof of Theorem 2.3. For j € {1,...,J},setc; =1/(J — j + 1) (in particular ¢; = 1 and
log(J!) =— Z]J;ll log(c;)). Write

nhly(1-7,) (3)(@) (@)

J-1

nhP (1 — = # o an(l—cj(l—m)]w)
=) | g 2512 (=)
U1 (0o n)l)
e (e

+/nhn(l =) Jz_:l <10g ( — ol T"W)) +7(z) 10g(6j)>

]:1 q(Tnl)
=: A, + B,.
Theorem 2.3.9 in [19] yields, for any u > 0,
q(l—(l—Tn)/UIw)> Ly (W -1
log< =~(x)log(u) + A(L — 1) "|&) [ ———— +0(1) ).
o (@) 1og(w) + A((1 = 7)) (= +ol)
Condition \/nhh (1 — 7,) A((1 — 7,) ~}z) — A(=) then entails
J=1 —p@) _ (z)
G —° Jp _ 1
A B = log Z A@) = log( J' Z (@)-

Besides, combining Theorem 2.1 and a Taylor expansion of u — log(1 + w) in a neighbor-
hood of 0 gives

gn(1 —c1(1 = 7)[2)

(Lol —me)

A, = nhﬁ(l—Tn)bgL!)(l,...,l,—(J—1)) é\n(l—CJ_1(i—Tn)\w)_1 +op(1).
(1= cra(1— )
@1 —cs(l-m)lz)

q(1—cy(1—m)|x)
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Combining Theorem 2.1 and the elementary identity },; ;. max(i,j) = p(p + 1)(4p —

1)/6 leads to the asymptotic normality of \/nhbh (1 — Tn)(ﬁg‘]) () — y(x)), with the an-
nounced asymptotic mean and variance. It is then also a consequence of Theorem 2.1 that

Py _ W) () n(Tn|T) _ )
(1= ) (5@ - 5(a), )
is in fact jointly asymptotically normal, with the announced asymptotic mean vector, depend-
ing on the set of regularity assumptions made. The diagonal of the asymptotic covariance ma-
trix has already been identified; according to the above representation of A,,, the off-diagonal
element is nothing but the last element of the row vector (1,...,1,—(J — 1)) M, where M
has entries M;;(x) = 1/max(c;j,¢;) = 1/Cpax(jy)- This is clearly 0, which completes the
proof. |

Proof of Theorem 3.2. The key to the proof is the joint convergence in Theorem 2.3. Write

log m =log((1/3%) (@) = 1) 77 ®) —log(1/7(x) = 1)) + log m
—lo x) — “/(w)e(T”’w)
oz (1/3(0) - 172

Note that the derivative of the function z — log((1/z —1)7*) = —zlog(1/z — 1) on (0,1)
is 2+ (1 — 2)7! —log(1/z — 1). The result then follows from a straightforward application
of Theorem 2.3 (for the joint convergence of the two random terms) in conjunction with
Proposition 1(i) in [17] (for the convergence of the bias term) and the delta-method.

Proof of Theorem 3.4. Set x = 1/y(x) — 1 and o, = 1/+/nh},(1 — 7,,) and focus on the
event

An(z) = {a,;l (F"@"(T"'“")"”) - ,@> < z} - {i(é\n(fnwm) <(1— 1)K+ zan)} .

1—7,

Equivalently A,,(z) = {€,(7n|x) > ¢n(Bn|x)}, where 5, =1 — (1 — 7,) (k + z0y,) , and so
_f 1 (enlmlz) 1 (n(Bulz) Y a(BnlT) 1 (4(Bulz)
e ={o (S ) 2o (S )t (i 1)

According to Theorem 2.3.9 in [19], condition Ca(y (), p(x), A(:|x)) provides:

q(Bnlz)
q(Tnl)

v

K+ zo,) @) — 1
p(z)

:(ﬁ+zan)*7(w) <1+ ( A((l—Tn)1|w)(1+0(l))>

2o, k—PE) _ B
— @) <1 . ,7(33)7(1 + 0(1))> <1 + ;(a:)lA((l — Tn) 1|m)(1 + O(l))) .

Apply Proposition 1 in [17] to get

Q(/Bn‘w) _ <1 _ 1’y_2fym()m)

@0/ (@) 1) . Q@ -y
(1 AT EY1X =2)+o(1) - F s AL =) @)1 +o(1)) |

e(7a|z)

2o (1 +0(1)))
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Linearizing yields

V@) (/e =)

1@ 1@ - (@)

as n — 0o. Using Theorem 3.1, we can therefore rewrite A,,(z) as

Ve Lo (i =)+ (ot =)
(1/7() =)'~
@)1 —1(@) = p(@)

It follows that the asymptotic distribution of

H

1(@) = y(@)(1/7(z) - 1) PEY]X = 2)(2)

1) = (1/7(z) = 1) PHE(Y X =2)hs (@) + 0p(1) < z} :

1—m, " e(Ty|x)
is that of
1-q@) 1-9@)y (202,
Te) %e) oyt | L)
1 0 " Gn(Bn|) 1
q(Bnl)

(1/~(z) — 1)) ) e .
~ | @ =@ = gy @) T L@ mTETEY X = 2)h ()

0

The conclusion follows from an application of Theorem 3.1 with kK = 1/y(x) — 1 and a use
of the delta-method for the function u +— 1/(1 + u). O

APPENDIX B: DISCUSSION OF THE EXAMPLES

Here we provide an extended discussion of the examples in Section 4. We treat each ex-
ample in turn; to enrich the discussion, we do not structure this section to include successive
formal proofs of each proposition, but we explain in detail how to prove the validity of each
of our conditions under the stated assumptions. We also provide alternative ways of checking
these conditions, as well as more general conditions, when relevant. We start by the general
case when the data are m—dependent (possibly i.i.d.), and we then give a full treatment for
the location-scale model, the nonlinear regression model, and autoregressive models.

The m—dependent case (including the case of i.i.d. data). Suppose that ((X¢,Y:))e>1 is
an m—dependent sequence. Then condition M reduces to second-order regular variation
of the conditional survival function; numerous examples of commonly used distributions that
satisfy this assumption can be found in [1]. Assuming the validity of this second-order regular
variation condition, we check the other conditions as follows.

Checking conditions B, B, and Bg is unnecessary because an m—dependent process is
in particular ¢)—mixing, and hence p—mixing. Condition M then reduces to second-order
regular variation of the conditional survival function; numerous examples of commonly used
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distributions that satisfy this assumption (including the Generalized Pareto, Burr, Student and
Fréchet distributions) can be found in [1].

Condition L, is of course satisfied as soon as the p.d.f. g of X satisfies g(x) > 0 and is con-
tinuously differentiable in a neighborhood V' of z, since it is then Lipschitz continuous on
any closed subset of V' by the mean value theorem. Differentiability of g at x is in fact suf-
ficient for condition £, to hold, since then ||g(z’) — g(z) — (2’ — )" Vg(z)|| < ||z’ — ||
for o’ sufficiently close to x, by the very definition of the differentiability property. Simi-
larly, condition D, is satisfied as soon as Vg is continuously differentiable on V', although
continuity of Vg on V' and its differentiability at x are sufficient.

Condition L, is verified as soon as Y given X = x has a conditional p.d.f. fyx (y|x) that
is sufficiently smooth with respect to « uniformly in y. Indeed, since for any a > 0,

E(Y*X =2) -E(Y*X =2/)| < / I fyix (ylz) = fyx (yle')] dy,
R
it turns out that condition £,, holds if there is a neighborhood V' of & such that

¥a' € V. |fyx (4]2) = fyix (42)] < 6u(y) @ — o] where 6, is measurable,
bounded in a neighborhood of 0, and such that / yQ(fy‘X(y|a:) + ¢z (y)) dy < oc.
R

This is nothing but a Lipschitz assumption on fyx (y|-), with the Lipschitz coefficient be-
ing a sufficiently integrable function of y; replacing 32 by |y|>*® ensures that the moment
restriction in condition Hs holds also. [Alternatively, this moment condition holds if Y has a
finite unconditional moment of order (2 + 0) and the conditional density of X given Y =y
is suitably uniformly bounded, see Lemma A.1(i).] The above Lipschitz assumption can be
checked directly on the joint p.d.f. f of (X,Y): if it is such that f(-,y) is continuously
differentiable on V for any vy, then for any &’ € V,

rixole) ~ frix i) = {280 - L)
<‘1_ L P >+1<su IVaf(a >H) o —
Slg@) 9@ |eey YT gy \ o Ve Y

by the mean value theorem. Then, if ¢ is Lipschitz continuous at x, a possible construction
of ¢ is (up to a multiplicative term depending on x only)

b (y) = sup f(z',y) + sup |[Vaf(z',y)]
x'cV x'eV

for a sufficiently small neighborhood V' of . To check condition D,,,, one possibility is to
assume that a similar Lipschitz condition also holds on the partial gradient of fy|x (y|z):

ve' eV, |fyix(yle) — fyix Wle)] + | Ve fyix yle) — Ve fyix yle)]| < do(y)llx — /||

where, in addition to the above regularity and integrability requirements on ¢ (y), it is
assumed that Vg fy|x (y|-) is continuous on V' for any y, and Vg fy|x(:|z) is bounded
in a neighborhood of 0 and is such that [, 4[| Vzfy x(yl®)|ldy < oco. In that case,

JeyVafy x (ylz)dy and [, y*Va fy|x (y|x) dy exist and, writing, for a = 1,2,

E(VYX =)~ E(YX =) — (' — )" / YV fyx (y]z) dy
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< / Wy ix W) — frix(vle) — (@' — @) Valyix (vle)| dy
R
! T
< / y]® ( / (@ —2) | Vafyix @z +Ha' — ) - Vafyix la)] dt) dy
R 0

z' — x| a
<1222 [ satwan,
R

it is clear that the gradient of E(Y*X =) at x is [ ¥*Vazfy|x (y|®)dy, and that this
gradient is Lipschitz continuous at x, as required by condition D,,,. A similar discussion as
above, at the level of the joint p.d.f. f, can be made to show that a possible construction of
¢4 1s (up to a multiplicative term depending on x only)

¢ (y) = sup f(z',y) + sup |Vaf(z',y)||+ sup |Haf(2', 1)
x' eV x' eV x'eV

Finally, a general criterion for the control of the oscillation of the log-conditional survival
function can be provided by assuming that the heavy tail assumption holds in a neighborhood
V' of x and by introducing the corresponding Karamata representation of the (hence regularly
varying) conditional survival function, that is

Vo' €V, Vy >y, Flyla’) =y /7@ L(yl),
Yy /
with L(y|z') = exp (n(y[:c') +/ 6(ukﬂ)du) ,
u
Yo

for some yp > 0 [see Theorem 1.3.1 p.12 in 2], where v > 0 and n(-|2’) and €(-|x’) are mea-
surable functions converging, respectively, to a constant and 0 at infinity. With this notation,

1 F(yle)

0g —

log(y) ~ F(y|x)
_ < 1 1 > n n(ylz’) — n(ylx) 1 /y e(ulz’) — eulz) ,
- _ ~ - u.

(') y(x) log(y) log(y) Jy, u
It is then clear that if there is ¢ > 0 such that
11 n(ylz) —n(yl=) ‘
log(y)

0

va' €V,

+ sup
Y>Yo

+sup |e(ylz) — e(yl2)| < cllz -2
(@) (=) v>vo | |
then condition £, is satisfied. This will in particular be the case provided V is a (without loss
of generality) compact neighborhood of « such that ~y is continuously differentiable on V,
and (by the mean value theorem) 7(y|-)/log(y) and €(y|-) are continuously differentiable on

V for all y > yo, with bounded gradients on V' x [yo, 00). To check condition D,,, note that

Yy /
log L(yla') = n(ylz') +/ =) g,
Yo u
If n(y|-)/log(y) and e(y|-) are twice continuously differentiable on V' for any y > yo with
bounded Hessian matrices on the cylinder V' X [y, 00), then (by differentiating under the in-
tegral) it is straightforward to prove that the partial Hessian matrix Hy log L(y|x')/log(y) is
well-defined and bounded on V' X [y, 00). If then + is twice continuously differentiable on V/,
Lemma A.4(ii) entails that condition D,, is satisfied, with lim,_,o, Vg log F(y|z)/log(y) =
V~(z)/v%(x). We summarize this discussion in the following synthetic result.
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PROPOSITION B.1 (The i.i.d. or m—dependent case). Assume that (X,Y) has a joint
p.df. f. Let X denote the support of X, assumed to have nonempty interior, let x belong
to the interior of X and V. C X be a neighborhood of x such that the p.d.f. g of X is
continuously differentiable on V and g(x) > 0. Then condition L, holds; if g is also twice
continuously differentiable on V', then condition Dy holds as well.

If moreover Y given X has a conditional p.df. fy x, such that

ve' eV, | fyix (yl®) — fyix lz')| < de(y)llx —a'||

where ¢4, is measurable, bounded in a neighborhood of 0 and such that fR |y\2+5 (fY|X (y|x)+
¢2(y))dy < 0o, then conditions Hs and L, hold (when ~(x) < 1/(2 + 9)). If in addi-
tion fy| x (y|) is continuously differentiable on V' for any y, the partial gradient function
Va fyx (:|z) is bounded in a neighborhood of 0 and satisfies also

Va' eV, Vo fyix (@) — Vafyx (yl2)] < ¢a(y) |z — 2’|
with [, ]y|2+5||vwfy|x(y|a:) || dy < oo, then condition Dy, holds as well.

Assume finally that for any x' in a neighborhood V' of x, F(-|x') is heavy-tailed, and recall
the Karamata representation of heavy-tailed conditional survival functions,

!/
Wy = yo, Flyla') =y /1@ exp <n(y|w’) + /y e(uy)dU>
Yo
for some yo > 0 [see Theorem 1.3.1 on p.12 of 2], where v > 0 and 1(-|x’) and €(-|x’) are
measurable functions converging, respectively, to a constant and 0 at infinity. If y is contin-
uously differentiable on 'V, and n(y|-)/log(y) and €(y|-) are continuously differentiable on
V' for any y > yo with bounded gradients on the cylinder V X [yo,00), then condition L,
holds. If moreover  is twice continuously differentiable on V', and n(y|-)/log(y) and €(y|-)
are twice continuously differentiable on 'V for any y > yo with bounded Hessian matrices on
the cylinder V X [yo,00), then condition D, holds, with limy_,o Vg log F (y|x)/log(y) =

Vy(@)/7* ().

Location-scale model with possible temporal misspecification. In this case, strong mixing
of the sequence ((X¢, Y;)):>1 is a consequence of the strong mixing of (( Xy, e¢))¢>1. Indeed,
since

o({(Xj,65),a<j<b})=0(c({X;,a<j<b})Uo({eja<j<b}))

with the two o —algebras on the right-hand side being independent by assumption, Lemma 8
in [5] applied to the o—algebras A; = o({X;,1 < j <k}), Bi =c({Xj,j > k+n}),
Ay =0({ej,1<j<k})and Bo =0({gj,j > k+n})yields a(n) < ax(n)+a-(n), where
ax (n) and a.(n) are the strong mixing coefficients of (X;):>1 and (¢¢)¢>1. In other words,
strong mixing of ((X¢,Y;)):>1 holds as soon as (X )¢>1 and (g¢)>1 themselves are strongly
mixing. In particular, if (¢;);>1 is an i.i.d. sequence (meaning that the location-scale regres-
sion model is correctly specified), strong mixing of ((X¢,Y?))+>1 reduces to strong mixing
of (X¢)¢>1 alone.

In addition, denoting by ¢ a random variable having the same marginal distribution as the ¢,
we clearly have

Y X ==z 4 m(x)+ o(x)e

d
and (Y1, Y1) { X1 =21, Xep1 =2} = (m(1) +o(x1)er, m(xig1) + 0(ep1)er41)-
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This entails in particular that the conditional second-order heavy tails assumption should
essentially reduce to regular variation properties of the distribution of ¢ with tail index v > 0.
However, the presence of the location and scale components m(x) and o(x) are known to
have a substantial influence on these regular variation properties (see p.83 in [19]), so we
provide a full discussion next. Assume that

/1
B 1)y 2P .
' 1 Fe(tz)  _y ’ o=t
Vz>0,thmA — = -z )=
o A(L/F-(1) \ F.(t) ksl e

gl
where p <0 and A is a measurable function having constant sign, or equivalently,

z
1 (U.(tz) 27
1 _— — =

Vz >0, Jim @ < 0.(0) z )

if p<0,

27log(z) ifp=0

where U, (t) = q-(1 — 1/t) =inf{z € R| F.(z) > 1 — 1/t} is the tail quantile function of ¢
(see Theorem 2.3.9 on p.48 of [19] for the equivalence between these two convergences). The
function |A| is regularly varying with index p. Then, for any m € R and o > 0, a straightfor-
ward calculation shows that the tail quantile function m + oU, of m + o¢ satisfies

0 S = (1 o£<t>>_l (G0 =)

As a consequence of this calculation, if v # —p, then assumption Co(y(x), p(x), A(-|x))
holds for the conditional distribution of Y given X = «, with v(x) =y for any x, when:

* m(x) =0or~y > —p, in which case p(x) = p and A(-|x) = A,
* m(x) # 0 and v < —p, in which case p(x) = —y and A(:|x) = m(x)y/(c(x)U,).

[It follows that in the pure scale model where m(x) = 0, no restriction on « and p is neces-
sary.] When a location component is present, this restriction on y and p can be lifted if the
tail quantile function of € satisfies an asymptotic expansion of the form

(21) Udc(2)=C27(1+ D2z + D' 2P (1 + 0(1))) as z — oo

where C' >0, D, D’ #0 and p, p’ < 0. Indeed, note first that any tail quantile function satis-
fying the weaker expansion

(22) Us(2) =C27(1+ Dz(1+0(1))) as z — oo

will also satisfy the second-order regular variation condition with A(t) = Dpt”. If (21) holds,
then

m+oU:(z) =cCz" (1 + %z_'y + DzP + D27 (1 + 0(1))) as z — o0.
o

In that situation, even if v = —p, assumption Co(7y(x), p(x), A(-|x)) always holds for the
conditional distribution of Y given X = z, with

e p(x)=p=—yand A(t|lx) = (D +m/(cC))pt? if m +cCD #0,
s p(x) =p+p and A(t|z) = D'(p+ p')tP*+* otherwise.
Assumption (21), which puts the distribution of € into a subset of the Hall class [named after

33], is reasonable and satisfied by most of the classes of distributions used in the modeling
of heavy tails, such as:
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* The Fréchet distribution with survival function F'(y) =1 — exp(—y~ ) (y > 0),
* The Burr distribution with survival function F(y) = (1 +y~*/7)1/? (y > 0).

A notable exception is the Generalized Pareto distribution, for which it may happen that
m + oU; is the tail quantile function of the pure Pareto distribution, that is, m + ocU.(2) =
Z7 (z > 1). More generally, any example where m + oU, is asymptotically equivalent to a
multiple of 27 at a rate faster than any polynomial, that is, m +oU.(z) = ¢z7(1+0(z~")) for
any x > 0 (as z — 00). This represents the ideal case when extrapolation bias is absent, and
our results continue to hold with the convention p(x) = —oo and A(+|z) = 0. It may happen
though that (21) is not straightforward to check directly because the quantile function is not
easy to compute and only the p.d.f. f. of € has a simple form. In this case, a workaround is
to assume directly that f., rather than U,, satisfies such an asymptotic expansion, that is,

23) F-(2) = coz ™7 (1 4 doz " + diz (1 4 0(1)) as 2 = o

where ¢ > 0, do,dj # 0 and a,b > 0. Writing F.(z) = [° f-(t) dt immediately entails that
F. itself then satisfies an analogous expansion:

(24) Foz)=cz V(1 4+dz7+d' 27 (14 0(1))) as z — oo

where ¢ = coy >0, d =do/(1 + ay) #0 and d' = dgy/(1 + (a + b)y) # 0. The identity
F.(U:(2)) =1/z, valid for any z > 1 because of the continuity of F;, now provides

Udc(2) =27 (1 +d(Us(2)) "% +d'(U(2)) (1 4 0(1)))" as z — oco.

We then successively obtain U.(z) = ¢727(1 4 o(1)), Us(z) = c727(1 + yde™ 2747 (1 +
0(1))) and finally

1
Us(z)=c"2" (1 +yde”™ 279 — ifdec_Q‘W(l +(2a — 1))z 727

+7dlc—(a+b)yz—(a+b)w + O(Z—Qa'y) + O(Z—(a—i-b)'y))

as z — 0o. When a # 1, (22) holds with p = —ay # —+, so no further discussion is necessary.
When a =1 and b # 1, this obviously yields an asymptotic expansion of the form (21).
Otherwise, when a = b = 1, the last two terms decay at the same rate, and this will be an
asymptotic expansion of the form (21), meaning that once again Ca(y (), p(x), A(:|x)) will
be satisfied, as long as 2d’ # d?(1+), or equivalently 2d{,(1++) # d3(1+27). For instance:

* Consider the Student distribution with v > 0 degrees of freedom, with p.d.f. f. given by

_D(wH1)/2) [ 22\
FO= et ()

It is readily found that Assumption (23) holds with vy =1/v, a =b=2, dy = —v(v +
1)/2 and djy = v*(v + 1)(v + 3)/8. Since a = 2, the related tail quantile function U, is
second-order regularly varying with second-order parameter p = —2y # —+, so condition
Co(y(z), p(x), A(-]x)) will be satisfied in the location-scale regression model.
* Consider the Fisher distribution with (v1,1,) degrees of freedom, defined as

_ (v1/vo)"1/? vi/2—1 Vi )2
G oYY R T

(where B(z,y) = 01 u® (1 — u)¥~! du denotes the Beta function at z,y > 0). Here a
straightforward calculation gives v = 2/v9, a =b=1, dy = —v2(v1 + 112)/(2v1) and dj) =
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v3(v1 +19)(v1 + ve +2)/(812), so that the Fisher distribution also satisfies Assumption (24)
with 2d(1 +7) # d3(1 + 2v) if and only if 4 # 2. Condition Ca(y(x), p(z), A(:|x)) will
then be satisfied in the location-scale regression model when vy # 2. [If on the contrary
v1 = 2, the Fisher distribution is in fact a Generalized Pareto distribution, whose relevance to
our results has already been discussed above.]

As a conclusion, condition Ca(y(x), p(x), A(-|x)) holds provided the p.d.f. f. satisfies an
asymptotic expansion of the form (23), with eithera # 1,a =1 #b,ora = b =1 and 2d},(1+
) # d(1+27).

In any of the regular variation models discussed above, since y(x) = 7 for any x, it follows
that condition Hs holds provided v < 1/(2 + 6), E(2*°) < oo and the functions m and o
are bounded in a neighborhood of x.

Condition L, clearly holds if the p.d.f. of X is such that g(«) > 0 and g is continuously dif-
ferentiable in a neighborhood of @, and condition £,,, reduces to assuming that € has a finite
second moment and the location and scale components m and o are themselves Lipschitz
continuous at &, which will happen if m and ¢ are in fact continuously differentiable in a
neighborhood of « (again, differentiability at x is sufficient). Under the latter conditions, con-
dition B,,, is automatically satisfied; condition B, is automatically true under condition £, if
the random pairs (X1, X;11) have absolutely continuous distributions and (X) is actually
f—mixing (or absolutely regular), because then the p.d.f.s g; of the pairs (X1, X;41) are
uniformly bounded in ¢, see Remark 1 in [11]. It follows that conditions Ly, £,,, B}, and By,
hold under the assumptions provided in the first two items of Proposition 4.1, in addition to
v <1/(2+ 6) and E(2"?) < oo for L, and B,,. Conditions D, and D,,, then clearly hold
if g, m and o have Lipschitz continuous gradients at x; this is in particular true if these three
functions are twice continuously differentiable in a neighborhood of «.

Finally, F(y|x) = F<((y — m(x))/o(x)) in this model, and thus
g FE_ 1 Pl it
log(y) |~ Fyle) | log(y) [~ Fe((y —m(x))/o(z))

If € has a p.d.f. f. which is continuous in a neighborhood of infinity then, for y large enough,
by the mean value theorem:

‘ y—m(z) _ y—m(z’)
o(x) o(x)

< vy sup |z(log Fl)'(2)]
min (%m()w)’ w) 2€ly o (1) E

o(x’)

it L ) = [ 2), 1= )

o) ' o)

It follows that condition £, holds (and even wy,, (yn|x) = o(hy,) for any y, — co) provided
m and o are Lipschitz continuous at & and the distribution of ¢ satisfies the classical first-
order von Mises condition —z(log F'.)'(2) = 2f-(2) /Fe(2) — 1/v as z — oo [see condition
(1.1.34) p.17 in 19]. This first-order von Mises condition is in particular a consequence of
Assumption (23). To check condition D,,, recall that the chain rule for a function ¢ :  —
f(u(x)), where f: R — R and u : RP — R are twice differentiable, yields

Ho(x) = f"(u(@))Vu(@)[Vu(@)] " + f'(u(@)) Hu(z).
If m and o are twice continuously differentiable in a compact (without loss of generality)
neighborhood V' of x, the gradient and Hessian matrix of & — (y — m(x))/o(x) are respec-
tively
Vm(x)
o(z)

Y= ) (1 /o) (@) -
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and

yomle), o(@)H(1/0) (@)~ —— Hm(@) - Vm(@)[V(1/0)(@)] T~ V(1/0)(@)[Vm(@) .

o(z) o(x)

It follows that if the p.d.f. f; itself is continuously differentiable in a neighborhood of infin-
ity then, under the second-order von Mises condition —z(log f2)'(z) = —zfL(2)/f-(2) —
1/y+ 1 as z — oo (in addition to its first-order version), the partial Hessian matrix
Hylog F(y|z')/log(y) converges to the zero matrix as y — oo uniformly in =’ € V. Then,
by Lemma A.4(ii), condition D,, is satisfied, with lim,_,o V4 log F(y|x)/log(y) = 0 (since
~ is a constant function of x here).

Finally,
P(Y1 >y, Y1 >y | X1 =o', X1 =2")
VEla)F(ya")
_Pe>(y—m(@))/o(@), e >y —m("))/o(2") _,
VE = m(@) fo(@)Fally — m@) fo(@")

by the Cauchy-Schwarz inequality, so that condition By, is satisfied under no further condition
whatsoever.

Nonlinear regression model. As in the example of the location-scale model, strong mix-
ing of the sequence ((X¢,Y?)):>1 is a consequence of the strong mixing of ((X¢,Uy))e>1,
which itself follows from strong mixing of (X¢)¢>1 and (U;):>1. Besides, the conditional
distributions in this model are

Y|X =a£q(U,6(x))

and (Y1, Y1) ) { X1 =21, Xep1 = @441} 4 (q(U1,0(x1)),q(Ups1,0(x141)))-

From the first equality above, the conditional distribution function of Y given X = x is
exactly F'(-,0(x)). The conditional second-order regular variation assumption is then a direct
consequence of the second-order regular variation property of F(-, 0).

The validity of conditions L, B, and D, follows from the assumptions on the distributions of
the pairs (X1, X;+1) and their first marginal, see the example of the location scale-regression
model for a complete discussion.

The validity of conditions Hg, Ly, and B,, depends on the particular form of the model
and how smooth the function 0(-) is. We focus throughout this example on classical heavy-
tailed distributions, such as those of Table 2.1 p.59 in [1], which are concentrated on
(0,00). For such models, the left tail moment requirement is trivially true, so checking
condition Hs is done by calculating the value of + as a function of € and ensuring that
v(x) =v(0(x)) < 1/(2+ ). [Otherwise, one requires extra assumptions about the left tail
of F(-,0), such as symmetry of the tails, or the fact that the left tail is dominated by the
right tail.] We turn to checking conditions £,, and 5,,. Let m1(0) and m2 (@) denote the ex-
pectation and second moment of the parametric model F'(-, ). Then conditions £,, and B,,
will be satisfied provided @ — m1(0(x)) and & — mo(6(x)) exist, are finite, and are Lip-
schitz continuous at @. In practice this will hold provided 6(-) is Lipschitz continuous at x
(e.g. continuously differentiable in a neighborhood of «) and m (-) and mg(-) are continu-
ously differentiable with respect to 8. For example:
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* The Fréchet model F(y,0) = exp(—y~'/%) (for y,0 > 0), is heavy-tailed with tail index
v = 0. In this model, m;(0) =T'(1 — 6) and ma(6) =I'(1 — 26) when 6 < 1/2, where I" is
Euler’s Gamma function, and therefore the functions m; and ms are infinitely differentiable
functions of 6 on (0, 1/2). Conditions Hs, L, and B,, then hold together if the function 6(-)
is continuously differentiable in a neighborhood of & with 8(x) < 1/(2 + 9).

* The absolute Student (or half-t) model with 6 degrees of freedom, where F'(-,6) has p.d.f.

2\ —(0+1)/2
f(yae):W(l—l—%) (for y,6 > 0),

is heavy-tailed with tail index v = 1/6. In this model, 1 () = VOT((0—1)/2) /(\/7T(0/2))
and mg(6) = 0/(60 — 2) when 6 > 2, so that again m; and mg are infinitely differentiable
functions of 6 on the interval (2,00). Conditions Hs, £, and B,, then hold together if the
function 6(-) is continuously differentiable in a neighborhood of « with 6(x) > 2 + 4.

* The Generalized Pareto model F(y,0) = 1— (1+61y/62)~'/% (fory, 61,05 > 0), is heavy-
tailed with tail index = 6;. In this model, m1(01,602) = 62/(1 — 01) and mo(01,62) =
202/((1 —61)(1 — 261)) when 61 < 1/2, from which the functions 1, and my are infinitely
differentiable functions of (#1,62) on (0,1/2) x (0,00). Conditions Hs, L, and B, then
hold together if the function 6(-) = (61(-),62(+)) is continuously differentiable in a neighbor-
hood of « with 0 (x) < 1/(2+9).

+ The Burr model F(y, (01,602)) = 1 — (1 + y%/%)=1/% (for y, 61,05 > 0), is heavy-tailed
with tail index v = 0;. In this model, m1(61,602) = 05 'B((1 — 61)/02,1 + 01/65) and
ma(01,09) = 05 ' B((1 — 261) /02,1 + 261 /65) when 0; < 1/2, where B again denotes the
Beta function. The Beta function is infinitely differentiable in both its arguments, so m; and
my are infinitely differentiable functions of (1, 602) on (0,1/2) x (0, 00). Conditions Hs, Ly,
and B,,, will hold together if the function 6(-) = (01 (-),62(+)) is continuously differentiable
in a neighborhood of « with 6 (x) <1/(2+ ).

Condition D,, will similarly be satisfied if m; and mg are twice continuously differentiable
with respect to @ and 6(-) has a Lipschitz continuous gradient at x (a twice continuously
differentiable mapping 0(-) in a neighborhood of x will satisfy this last assumption). If m,
and/or mo have no simple closed form, a workaround is to use their (Choquet) integral ex-
pression,

i (6) = /0 T F(y,0) dy and ma(6) = /O " oy Ty, 0)dy.

To check condition L£,, (resp. D,,), in addition to the regularity requirements on 6(-), it
is thus sufficient to ascertain whether the parameter-dependent integrals fooo F(y,0)dy and
fooo y F(y,0) dy exist, are finite, and continuously differentiable (resp. twice continuously
differentiable) with respect to 8. This is most easily checked using general results on differ-
entiation under the integral sign.

We finally examine the validity of conditions L, D,, and Bg,. Here

1 Fylzh| 1 F(yﬁ(w’))’
log(y) F(ylz)| log(y) F(y,0(x)) |
Models where @ — F(y,8) is continuously differentiable are very convenient, for then
1 F(yle' log F(
og T8 < o) —o@)| sy [ TOREEOT)]
log(y) F(y|x) te[6(x),0(x)] log(y

by the mean value theorem, where [@(x), 8(x")] denotes the segment in © linking 8(x) to
0(x'). Condition L, then reduces to Lipschitz continuity of the function @ at « and local
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boundedness of the above partial derivative, uniformly in y large enough, that is, there exist
yo > 0 and a neighborhood W of 6(x) with

sup sup | YRs L@ O _

yeyotew || log(y) y>yotew 108(y)  F(y,t)
This local boundedness property of course holds as soon as

Velog F(y,0
Jyg >0, VO € ©, sup Veolog F(y,0) = sup - < k(0)
Y>Yo log(y) v>yo 108(y)  F(y,0)

where k is continuous on the parameter space ©. For instance:

» In the Fréchet model F'(y, ) = exp(—y /%) (for 31,6 > 0),

1 [[VeF(y.t)]

1 [[VeF(y,0)|

1 OlogF 1 y*1/9 _1/8
1 0) = — _ 1
maxg 1] ¢ ) z
B S p—

[The upper bound is finite because v is everywhere continuous.] Then condition £, is satis-
fied as soon as 6(-) is continuously differentiable in a neighborhood of .
¢ In the absolute Student model with 6 degrees of freedom, that is,

o0 2y —(6+1)/2
_ . 2I((0+1)/2)
F(y,0)=[ D)1+ — dz, with D(0) =
) /y ()( 0) B DO = )
one has, for any y > 1,

B 0o g\ —(0+1)/2

F(y,e):e<9+1>/2p(9)/ 701 <1+2> dz

z
Y

(fory,0 > 0),

<0V VEDO)y " = m(0)y~’

0 )(9+1)/2

and F(y,0) > 019=1/2D(9) x (1 +— -0
Yy

Y

(25) > 6002 D(0)(1+0)OHD/2y =0 = 5y (0)y~°

where x1 and ko are continuous and (strictly) positive on (0, c0). [Successive functions £,
here and in the verification of condition D, below, will similarly be continuous without
further mention.] Moreover, the function D is infinitely differentiable, and

0 22\ 0T/ 0+1 2%2/0 1 22 22\ 0T/
1+ (s 2 g (142 ) ) (142 .
<+9) (29 1+ 22/f 2°g<+9>>(+9>
Then on any interval of the form [6,,60*] C (0,00), and for any z > 0,

00
9 2’2 —(6+1)/2 0*+1 1 Z2 22 —(0.+1)/2
— < — — — .
<1—|—9> _( 2. +2log<1+9*>> <1+9*>

o0
This obviously defines an integrable function of z on (0,0), so F(y,0) is continuously
differentiable with respect to 8 under the integral, and

_D(0)— <941 22/0 1 22 AN
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Hence the bound

ﬂ?%w+mmwwﬁﬁgcggﬁ+%f)ﬂ )
(26) ‘ <1 + ;) —210g(y)] (1 + j)‘("“)/? dz|.

Writing, for z >y > 1, |log(1 +22/9) 2log(y)| = |21og(z/y) —logf +log(1 +6/2%)| <
2log(z/y) + |log B + 6, it follows that, for any y > 1,

o0 2 2\ —(0+1)/2
ogD(G)/ log <1+Z> — 2log(y) <1+Z> dz
2 J, 0 g

< WF(:U, 0) + 0(9+1)/2D(9)/ log(z/y)=""
Yy

| B _
- ‘%;MF@, 0) +609=92D(8) x y% < k3(0)F(y,0)

by (25). [Here k3(0) = (|log 8| + 6)/2 + 69=3)/2D(6)/k2(#).] Combine (26) and (27) to
find, for any y > 1,

dz

27)

08) meﬁﬁwn%MsM@n%w

00
This readily yields
oF

1 1

sup X — < k(0
y>2log(y) — F(y,0) ‘ )
where « is continuous on (0,00). Then condition £, is satisfied as soon as 6(-) is continu-
ously differentiable in a neighborhood of z.
* In the Generalized Pareto model F(y, (61,62)) =1 — (1+61y/62) =% (for y, 61,605 > 0),
Voo logFly,(61,62)) 1 (1 !
S - < 3 l0g(1+61y/0) — ot ot ) .
log(y) log(y) \ 61 01(02 +61y) " 02(02 + b1y)
Writing, for any y > 1, |log(1 + 01y/02)| = |log(61/62) + log(y) + log(1 + 2y~ 1/61)| <
|log(02/61)| + log(y) + 02/61, we find
\Y log F'(y, (61,0 1+ |log(62/6 62/6 1
30 >0, sup IV (6,6,) log F'(y, (01,02)) | §C< + | log( 2/21)!+ 2/01 +2>.
y>2 log(y) 0 03

Then condition £, is satisfied as soon as 0(-) = (61(-),02(-)) is continuously differentiable
in a neighborhood of «.
* In the Burr model F(y, (61,602)) =1 — (1 +y%/%)=1/% (for y,0,,05 > 0),

Vi(0,,0.) 108 F(y, (61,6)) _ 1 1 1log(1+y%/") 1 ) 1
log(y) 07 " 14+y0/0 03 log(y) 010, 1+ y0:/0

Writing [log(1 +y%/%)| = (02/61)log(y) +log(1 +y~%/%)| < (62/61) log(y) + 1 for any
y > 1, we find

T

1V (0,,0,) log F(y, (61,62)) | ( 1 1 >
iC >0, su nz <C|=+—=
yon log(y) 07 03

Then condition £, is satisfied as soon as 6(-) = (61(-),62(+)) is continuously differentiable
in a neighborhood of x.
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Checking condition D, again requires extra regularity assumptions. Notice that the chain rule
for a function ¢ : « +— f(u(x)), where f : R? — R and u : R? — R? are twice continuously
differentiable, yields

Ho(x) = [Ju(@)] " Hf(u(®))Ju(z) + Hu(z) x1 V f(u()).

Here Hu(x) x1 V f(u(x)) denotes the 1-mode product of the (third-order tensor) Hessian
of u by the gradient vector V f(u(x)): in other words, if u = (uy,...,uq) where each u; is
real-valued, this 1-mode product has (i, j)th element

d 2’LL
Hu() <1 V@) =3 2% (@) 2 )

for any 1 <1,j < p. As a consequence, if @ — () is twice continuously differentiable on
© (i.e. the tail index is a twice continuously differentiable function of the parameters), 6(-) is
twice continuously differentiable in a suitable neighborhood of & and there exist yg > 0 and
a neighborhood W of 8(x) with

{1 e])
sup sup + < 00,
y>yo teW log 108;(

then the partial Hessian matrix Hy log F(y|z’)/log(y) is uniformly bounded in y large
enough and ' in a neighborhood of . Lemma A.4(ii) then shows that condition D,, will
be satisfied, with

2logF i
iy Y202 Fl2) _ V(w—2(0(2) _ <v§<e<w>>> J0()
y=oe log(y) 7(0(x)) 7(0(x))

Again, the above boundedness assumption holds under the stronger property that

1
Fyo >0, VO € ©, sup « —— ([|Velog F(y,0)|| + || Hglog F(y,0)|) ¢ <r(6)
Y>Yo 10g( )

where k is continuous on the parameter space ©. In our above examples:
* In the Fréchet model F(y,0) = exp(—y~'/?) (for y,0 > 0), recall the notation 1)(z) =

z/(1 — e~#). The function ® is everywhere continuously differentiable, converges to 1 as
z—0, and

1 OlogF I/J(y_l/e)

1 D T — _
vy > ' oay) 90 (y,0) gz exp(

y ).

1 0%logF
1 [
Yy > ' Toaly) 002 (y,0)

— g (220005777 570 hog) x (8 = ) () exp(—y ).

Elementary calculus shows that, for any 6 > 0, |y~ /?1og(y)| < /e for any 3 > 1. Hence the

inequality
1 0?log F 1 maxg,1 [ — 1|
6 2 : .
ioa) | o )’ & < BT T e

Conclude that condition D,, is satisfied as soon as 6(-) is twice continuously differentiable in
a neighborhood of . [Here, as y — oo, (log F/00)(y,0)/log(y) — 1/6% = ~+'(0) /~*(0),
since y(0) = 6.]

Yy >1
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* In the absolute Student model with 6 degrees of freedom,

(0+1)/2
/ D(6 ( ) dz, with D(0) = W (for y,0 > 0),

We may show, just as in our earlier analysis, that # — F(y, ) is twice continuously differen-
tiable under the integral. Straightforward calculations yield

O*F
@(yje)

_(D"®) (DO = D'(0)d
- ( v~ (50) )F(y")” Do) 07"

o1 22/60 1 2 Loy —(0+1)/2
69/ < 260 1—|—Z2/9 21g<1+9 D(9)<1+9> dz
- Dﬁf ))F< 0+220 (w0 - Z070.0)

0+ z /6 1 22\\° 22\ T2
1 22/0 041 22/f 1 2%/ 2 ~(O+072
+/ e~ e et areas) PO (14 dz.
y 20 14+22/0 262 (1+22/0) 201+ 22/6 0
Then, for any y > 1,

-
(?)7];(3/, 0) —log*(y) F (y, 9)'

D" (6)] D)1 0+1)\— |D'(6)| | OF
< -
_< D) +2 Do) + 02 F(y,0)+2 D(6) a9(3/,9)
o O+1 2%2/0 1 22\ 9 22\ "0+
D —_— — =1 1+ — —1 1+ — .
+/y (9)<29 1+22/6 2°g<+9>> Og(y)<+9> dz
Expanding the square in the last integral, we find
o O+1 2%2/0 1 22\ 2 9 22\ 0/
D —_ 1 1+ — -1 1+ —
/y (6) ( 20 1+ 22/0 2°g< +9>> 8" (¥) < +9> dz
e 0+1 2%2/0 1 2\ 2 9 22\ ~(6+D/2
< - _ i _ ol
_/y D(6) < 20 1+ 22/0 2log<1+ 7 log“(y)| ( 1+ 7 dz
52 L2\ ~(0+1)/2
log? (1 + 9> — 4log?(y) <1 + 9> dz

(0+1)?
o+1 DO [ 52 L2\ ~(6+1)/2 011 B
+ —— X / log( 1+ — ) —2log(y)| [ 1+ — dz + log(y) F(y,0).
0 2 J, 0 0 0

_ 1 [o°
- F - D
7 P+ [ oo
Using (27) and (28), we then obtain, for any y > 1,

<
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O°F
002

(v,0) 1og2<y>F<y,e>\ < (r5(8) + r6(6) log(y)) P (y,0)
2N —(0+1)/2
> dz.

+1/OOD(0) og? (14 %) - atog?(w)| (14 2
1), & 0 &\ 6

The exact same arguments that led to (27) then entail, after somewhat cumbersome calcula-
tions,

2F - _
Besides, recall (28) to get
Olog F 2 9
w1, |(TE00) - og)
1 |oF — 1 |oF _
= o [ 00) ~ R (0.0) ¥ o | 5 08) + lox() P 0.0)
(30) < kg(0) + Kk10(0) log(y).

Combine (29) and (30) with the identity

2 o inl 27 o - 2
o :0) = (o g 0 ~os*)) - ((alai%,e)) _10g2<y>>

to get

1
sup
y>2 log(y)

0?log F
06?

(y,e>\ < x(0)

where & is continuous on (0, o0). Condition D,, is then satisfied as soon as 0(-) is twice con-
tinuously differentiable in a neighborhood of «. [Here, as y — oo, (0log F'/90)(y,0)/log(y) —

—1=7+/()/7*(0), since () =1/6.]
* In the Generalized Pareto model F(y, (61,62)) =1 — (1+601y/62) /% (for y, 61,65 > 0),

) y(20 + 301y) y?
— — 2 log(1+ 01y/6) + -
Hp, 0, l0g Fy, (01,02)) 1 g 108+ 010/02) + g Y T Ga(G + Bry)?

log(y)  log(y) 2 y(205 + 01y)

~ 02(02 + 61y)? 63(62 + 61y)2
Use again the inequality |log(1 + 01y/602)| <|log(62/61)| +log(y) + 62/6, for any y > 1 to

obtain
Hg, 0,)1og F(y, (61,6 1+ [log(By/01)| +02/0; 1
3C >0, sup 159, 62108 F(y, (61,62))| §C< + [ log( 2/21)|+ 2/61 +2>.
v>2 log(y) 01 02 02

Conclude that condition Dy, holds if 8(-) = (01 (), 02(+)) is twice continuously differentiable

in a neighborhood of x. [Here, as y — oo, V g, 4,)log F'(y, (61,02))/log(y) — (1/62,0)" =

VA ((01,62))/7*((61,02)), since y((61,02)) = 61.]
* In the Burr model F'(y, (01,02)) =1— (1 + y92/91)*1/92 (for y, 01,05 > 0),

1 0?log F 2 1 0y y= %/ 1og(y)

01 0))= — x —— =L O/
oay) * om0 = G e g (e
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1 0?log F 1y %/ 0g(y)
X ,(01,02)) = — x ————2=
og(y) * 06:05 (y,(01,02))

0 (L y /)2
1 N 0?log F
log(y) = 963

Recall the inequalities | log(1+3%2/%)| < (A2/61)log(y) + 1 and |y—%/% log(y)| < 61 /(ebs)
for any y > 1 to get

(y,(61,02)) =

03 log(y) + 020, 1+ 1 0:/6: 1ty 0:/0:

1C >0, su <
y>2 log(y) 01

Conclude that condition D, holds if 6(-) = (61(-), 02(:)) is twice continuously differentiable
in a neighborhood of x. [Here, as y — 0o, Vg, 9,y log F(y, (01,62))/log(y) — (1/6%, 0)" =
V((01,02))/7*((61,62)), since y((61,62)) = 61.]

Meanwhile, we always have
P(Y1 >y, Vi1 >y | Xy =2/, X1 = 2)
\/ Fyla)F(y'|=")
_P(UL>F(y,6(2), U1 > Fy',6(2"))) _,
VIL=F(y,0())][1-F(y,0(z"))]

so that condition By, is satisfied in this nonlinear regression model as well.

H log F' 01,0

H (61,62) og (ya( 1, 2))” < C < 12 1)
0 63
1 2

Autoregressive model. Set X; = (Y;—1,Y;—o,... ,Yt_p)—r and fix x = (x1,29,... ,a;p)T €
RP. Then
Yt|Xt—93—5+Z¢J$J7 so F(ylz) = Z%m]
j=1

Under our stated assumptions on ¢, (Y;) is both geometrically 5—mixing [20, Theorem 6
p-99] and, since the causal and invertible AR(p) process can be represented as a linear time
series with geometrically decaying coefficients [7, proof of Theorem 3.1.1 p.85], it is also ge-
ometrically p—mixing [3, p.18]. Hence condition M on ((X¢, Y:))¢>1 holds (for the validity
of the second-order regular variation property, see our above discussion in the location-scale
model). Condition H; holds when v < 1/(2 + ¢) and E(£2*°) < c0.

To check the other assumptions, it will be convenient to rewrite the AR(p) model in vector
form, more precisely as Yt(p ) = AYt(_p} + sip ) with

Y, . By bp
> 1 0 - 0
t—1
m(p) _ ' : sl(tp) _ and A= 0 1 - 0
Yipt1 0 0 -ov - 1' 0

The previous equation is equivalently rewritten X3 = AX; + e:gp ), and in particular

X1 = APX + Z§:1 AP—J €§p ), Letting e; be the jth vector in the canonical basis of R?,

2 log(1+y%/%) 1 1 ( oy =%/ log(y)

).
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and noting that sg.p) =¢je; and Ae; = ¢je; +ejqq forany j € {1,...,p— 1}, a straightfor-

ward calculation shows that there are real constants b; ; (1 <4 < j < p — %) such that
p—1
Ep+ D1 b1j€j

P Ep1 + 2521 baje;
Zp:ZAp_Jsgp): :

=t €2+ bp—11€1
€1
This entails that Z), has a p.d.f. fz on RP, given by
P p—i
fz,(z, ) = fe | 2 = D bigzp-in
i=1 j=1

Under our assumptions on f, this defines a Lipschitz continuous, everywhere (strictly) pos-
itive and bounded function on R?. Recall now that if Z and Z’ are independent RP —valued
random vectors, the joint distribution functions Fz z/, Fz and Fz of Z + Z', Z and Z'
are linked by the convolution equation

Faiz()= | Faly—2)dFs(2).

If Z moreover has a p.d.f. fz on R?, writing

Faly—2)= /tgyzfz(t)dt= / _falu—z)

(where the inequalities are to be understood componentwise) entails, by the Tonelli theorem,
that Z + Z’ also has a p.d.f. fz. z on RP, given by

(31) fz+Z/<’u): . fz(U—Z)dFZ/(Z).

Applying thisto Z = Z, and Z' = AP X, it follows that Z + Z' = X1 L Xihasap.df. g
on R?, given by

o) = Fxw) = [ fz,(u=2)dPux,(2)

As a consequence, g is continuous and everywhere (strictly) positive because fz is so, is
bounded by supg, fz, < (supg f:)? < oo, and, if c s the Lipschitz constant of fz , then g is
Lipschitz continuous with this same constant ¢, and therefore condition £, holds. To verify
condition Dy, note that if f: has a uniformly bounded derivative, then fz has a uniformly
bounded gradient, and so one may differentiate under the integral to obtain

Vg(u)= | Vfz (u—2z)dFarx,(2).
Rr
Conclude similarly that Vg is Lipschitz continuous as soon as V fz_ has a uniformly bounded
gradient that is itself Lipschitz continuous, which follows immediately from assuming that
f= has a uniformly bounded and Lipschitz continuous derivative.

Condition D,,, automatically follows from the square integrability of € and the linearity of
the regression function.
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We next check condition B, with ¢y = p. We start by checking the first half of the condition,
for which there is nothing to be done if p = 1. Otherwise, note that for any ¢

{XmeB(m}cﬂ{n i1 € [z — 7z 7]}
7=1

Then, for any integer ¢t with 1 <t <ty =p,
{X1 € B(z,r), X1 € B(z,7)} C{X1 € B(z,7),Y1 €[5y — 7,7 + 7]}

It follows that

It+7’ p
P(XleBu:,r),XHeB(a:,r»s/( | | v=2 0 | du | ate)
B(x,r Ty—T j=1

and so
]P(Xl € B(war)’XtJrl € B(SC,’I“)) < 2supf€ xXr / g(Z) dz = O(rp+1)
R B(z,r)

as r — 0. This shows that the first part of condition B, indeed holds. To check the second
part of this condition, the key point is to note that, for t > tg = p,

t t— —p
Xt+1:AtX1+ZAt_js§.) APXy+) A Js )+ Z AT Js()
J=1 j=1 j=t—pt1

As a consequence, X;+1| X1 = a1 = At:cl + Zt,ﬁ At~ ]6 + ZJ —t—ptl At~ Jr—:( P) The
random vector Z; —toptl Atfjs(-) = Z, has p.df. g and is independent of th =
Si7h ATel 5o that X¢41|X1 = a1 has, by (31), the p.d.f.

(32) Ixox, (e |en) :/ g(xy1 — Alzy — 2) dFz; (z).
Rr

In particular, the conditional p.d.f.s fx,,|x, are uniformly bounded (in both variables and
int >ty = p) by supg, g < co. Conclude that

]P’(XleB(«’E,T),XmGB(%T))—/( - )th+1\X1(33t+1!$1)9(~’B1)dwl dxiy
B(x,r)xB(x,r

2
< (sup g) / dxidxi
RP B(z,r)xB(z,r)

so that

1
limsup sup —-P(X; € B(zx,r), X;11 € B(x,r)) < o0
rs0 >t TP

which shows that assumption B, is satisfied.
Condition B,, is unnecessary since (Y;) is p—mixing.
To check condition £, note that
1 '1 F(ylx") 1
O — g
log(y) |~ F(ylz) | log(y)

Fe(y— > -1 %57)
F

I .
B F -5 dy)
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This is handled exactly as in the example of the location-scale regression model, and it fol-
lows that condition L, is satisfied (and even that wy,, (yn|x) = 0(hy)), or that condition D,
is satisfied with lim, . Vzlog F'(y|x)/log(y) = 0 under the relevant assumptions stated in
the result.

Checking condition B is harder than in our other examples, because the covariate corre-
sponds to a lagged value of the response, and therefore the sequence (X;) is not inde-
pendent from the sequence (e¢), contrary to what is found in the previous examples. To
control Q,(z|x), since (Y;) is a Markov chain of order p, we check all assumptions of
Lemma A.1(iii). It is sufficient to do so with ¢y = p, since for ¢ < tg = p, the conditional
probability in the numerator of 2, (z|x) is equal to O for z large enough and A small enough.
We then start by proving that there exists > 0 with

33 inf inf > 0.
(33) RS ml’mt+11n€B(m,r) Ixix, (s |x)

Our argument is based on Equation (32). Note first that A is essentially the companion matrix
of the polynomial P(z) =1 — 1;:1 ¢;77, and it is a standard exercise to show that

P
det(AT, — A) =M [ 1= "¢;A77 | =NP(1/A).
j=1
Our basic assumption on the AR(p) model is that the polynomial P has all its roots outside
the closed unit disk in C, meaning that the above characteristic polynomial has all its roots

inside the open unit disk in C, that is, the spectral radius p(A) of A is smaller than 1. In
particular, for any u € R?,

[A ] < A" [lwll = (p(A) + o(1))"|ul

as t — 0o, owing to the well-known convergence ||A*||'/* — p(A) as t — oo. This means
that for any bounded subset C of RP?, the sequence of iterates (A'C) = ({Alu,u € C}) is
itself contained in a bounded subset C” of R?. Fix then r > 0. Thanks to the above argument,
there is a bounded set I such that

Vt>1, (1,241 € B(x, 1) = T4 y1 — Alg, € I).
Using Equation (32), we find that (33) shall be proven provided we show that
34 inf inf —2z)dFz .
9 g i =) 0P, ) >0

Observe now that

t—p—1 00
Zé}p:ZAt*jsg.p) 4 qp Z Ajegp) — APZAjsg-p) = Z;D in L2, ast — oco.
j j=0 j=0

It follows that Z; ,, N Z;/o as t — 0o, and as such the family of probability measures induced
by the Z; , (for ¢ > p) is tight. Choose then R > 0 such that P(Z; , € Br) > 1/2 for any
t > p, where Bp, is the closed ball centered at the origin with radius R. We have, by (32),

1
inf inf - Fyp > — f
%EP ’llLIéI /]Rp g(u Z) d Zip (Z) -2 'UEIIH BRg( )
where I — Bp = {v —v’,(v,v") € I x Br}. Clearly I — Bp is bounded and ¢ is continuous
and (strictly) positive on R?, so that inf;_p, g > 0, which means in particular that (34) is

indeed satisfied. It only remains to check that

t>p @1 €B(x,r) Y12Y0
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for some large yo. Here though X1 = (Y3, Y1, .., Yt_p+1)T, X1 =(Yp,Y_q,... ,Y_p+1)T
and (Y}) is a Markov chain of order p, so that the distribution of

X1 { X1 = o, y-1.-- - y—ps1) Vi =1}
is nothing but the distribution of

Xt+1|{(}/1,}/07 LR Y*p+2)—r = (ylay()a oo 7y*p+2)—r}

= X1 { X2 = (1,90, -, Y—pi2)  }

d
= X(t71)+1\{X1 = (y1,%0,--- ,y—p+2)T}~

We already know that the p.d.f. of this conditional distribution is uniformly bounded in ¢ by
Supg» g, see (32). Conclude that condition Bg holds by Lemma A.1(iii).

APPENDIX C: FURTHER IMPLEMENTATION DETAILS AND FINITE-SAMPLE
RESULTS

C.1. Explicit formulations of the estimators used as part of tuning parameter selec-
tion, bias and variance correction. We explain here how we estimate the second-order pa-
rameters p and b, using estimators inspired by those of [23] and [31]. We describe first the es-
timators in the unconditional setting, and we then explain how we adapt them to our nonpara-

metric regression context. We start by the estimation of p. For a given sample 21, ..., 2y,
define
1 &
M/EJN) = — Z (log ZN—H—LN — logZN_m\“N)j s fOl‘j = 1, 2,3.
AN 3

Taking 7 = 1 yields the Hill estimator. The quantities M,gj ) are the building blocks for the

N

quantity T,g;) defined as

(i) - (@)
(r) (M,QQ /2)7/2 _ <M(3)/6>T/3 if 7> 0,
7(r) — N ©)
) (o) ()
kélog (Mﬁ?v)/2) ~Llog (MEV)/(;) if 7 =0.

The considered estimator of p is the following function of T,gv):

(7)
s 37 — 1)
N 7\ 3

This estimator is implemented in the R function mop available as part of the Expectrem
package (with credit due to B.G. Manjunath and F. Caeiro, who originally implemented this

function in the now defunct R package evt0), with ky = | N*99| and a choice of 7 €
~(7)

{0,1} is made based on a stability criterion for x — py;
for more details). An estimator of b is then

for large x (see Section 3.2 in [30]
()" (e m
= KN =1\ kn KN 1=1>71
p

b= () - )~ (z () "0)
o(rmm () ) (FEm ) ) - (Fom () o)
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where p = ﬁf{TN) and the U; = ilog(Zn—_i+1,n/ZN—iN) are the weighted log-spacings. This
estimator is also available from the R function mop.

To adapt these estimators to the regression setting, we choose a smoothing parameter h (in
our case, h = hy,,), we compute N = Nj(x) =) ;" Ly x,—=2|<n} and we construct the
sample {Z1,...,Zy} made of those Y; such that X; € B(ax,h). Our estimators p(x) and

b(z) are then given by p(z) = p) and b(z) = by, . We also compute 7(z) = ME}\;/M as a

preliminary estimator of y(x), used in the estimation of the bias and variance components
during tuning parameter selection only.

C.2. Expression of the bias-reduced extreme expectile estimators. The full expres-

sion of the bias-reduced extrapolated estimator &y, ; TBR(T,’L\:B) is

1 — 7\ @) _ _ _
SWBR (11 ) — ( ) & (4 2)(1+ Bun(@))(1 + Ban(@))(1 + Ban())

where

(1 7-,) p(@lﬂ)_1
14+ Bip(z) =1+~ B(2)FE PR () (1 — 7,) 7@,

p(z)
1+ Egm(w)
(1/322R@)-1) " -
=(1+ T(Tn|w))7§wBR(w) 1+ (1+7/“\(Tyi93))p(m) B(il?)'/’)/\.,.E BR(:B)(l _ Tn)fﬁ(a}) 7
p(x) "
1 + Eg,n(w)
(/35 " @)-1) "
= (147 () 8@ | 1 BT g EBR () (1 — 7))
p(x) "
and, in Eg’n({B),
1+7%(7}|x)
- N —p(@) -1
(1 ity (@) > LI B '@ (1/757%(%) - 1> (1—7)~P@
_ s
enr (thle) ) 27, — 1 1 -5 () — p(x)

Meanwhile, the bias-reduced version of the extrapolated quantile-based estimator

W 1 _ 7_/ —%i) (1:)
M () = ( ) Z(ml)

1—7,

e () = &) (mh|2) (14 Bia(@))(1+ Byn(®))-

Here B; n(x) and Bg’n(ﬂﬁ) are defined as B1 () and Bs () above, only with yg BR) (x)

in place of ﬁg BR (x). These bias-corrected versions are obtained by adapting the bias correc-

tion methodology of [28], developed for the unconditional extrapolated expectile estimators,
to the nonparametric regression setting.
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C.3. Construction of the corrected asymptotic variance estimator for extreme expec-
tiles. We provide further details regarding the design of the variance correction for extreme
conditional expectile estimators. The proof of Theorem 3.4 seeks, as an intermediate step,
the asymptotic distribution of

(1~ ) (F"(g"“"'””)'” — (17t - 1), Tel) 1> |

1—m, e(mn|x)

It partly relies on the convergence ¢(1 — (1 — 7,)(1/v(x) — 1)|x)/e(s|x) — 1. A more
accurate approximation, due to Proposition 1 in [17], is

(1= (=) (@) - Die) | y@m(z)
e(Tn|z) e(Talx)

Retracing the steps of the proof of Theorem 3.4, we find that the asymptotic distribution of

Fn(é\N(Tn‘a:)’w)
1—7,

nh(1 = 7) ( — (1() — 1), 2Tml2) 1)

can be more accurately approximated by that of

oo 1 1— () m_
o) 1 -mgme @) | k- '
L 0 Gn(1— (1 —7)(1/(2) — D)

¢(1—(1=7)(1/7(x) = =)
Moreover, the key approximation in Equation (20) (part of the proof of Theorem 3.1) is an
approximation of F'(e(7,|x)|x) by (1 — 7,,)(1/~v(x) — 1). This can be refined as

Fle(ralz)le) ~ (1 - ) (ij) - 1) (1 + r(ral))

instead, where

r(r]x) = (1 —
This refined approximation is motivated by an inspection of the proof of Proposition 1 in [16].
Then, the distribution of
mry— <an<rn|w> -1 n)(/@) Vi) 1)
e(Tnl) q(1 = (1 =7)(1/y(x) —1)|)

may also be more accurately approximated by a zero-mean Gaussian distribution with co-
variance matrix

m(z) ) 1

e(rlx) ) 2r—1

2v3(x) 27, —1 V3 () 21, — 1

[ K? 1=2y(x) 1 - 2l 1-9(@)|/1- 2,
RP "
9(®) | A3(x) 27, — 1 73 ()
L=y(@)\1- 22 1—5(x)

Using the delta method, it is then straightforward that the desired distribution may then be
better approximated by a Gaussian distribution with covariance matrix ( [5, K*/g(x)) T, (),
with T, (x) given in Section 5.3.2.
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C.4. Full set of finite-sample results. We provide here a full set of finite-sample results
linked to our simulation study. We consider the following models spanning our list of worked-
out examples:

(LS) The location-scale model Y; = m(X:) + o(X¢)er, with m(z) = 1 + sin(27z)/5,
o(z)=(5+2)/(4(1 +x)) (for z € [0, 1]). Here:

- X; = ®(Z;), where ® is the standard Gaussian distribution function and (Z;) is a
GARCH(1,1) process with w = 0.25, a = 0.75, § = 0.2, i.e. Z;41 = 3410141, Where
the d; are i.i.d. standard Gaussian and ¥, 1 is defined recursively as 341 = (w + aZ? +
B%2)1/2_ The process (X;) is geometrically S—mixing because (Z;) (simulated using the
garch. simroutine from the R package TSA) is so, see Theorem 3.4 on p.66 of [24].

— & = ®,;Y(U;), where @, is the Student distribution function with v = 10/3 degrees
of freedom, and (U;) is defined recursively as Uy ~ Uniform|0, 1] and, for ¢t > 1, U; =
%th + 1, where the 7, are i.i.d. uniform over {O, %, e %} (for a fixed integer r > 2).
The uniform AR(1) process (U;), in the terminology of [12], is stationary with standard
uniform margins and satisfies

iz r—1 _ [3lz|/4  if|z|> (2r —2)/(3r —4),
E(lz/r+m0l) < — +——<
(lz/7 +mol) < r 2r 7 |3/2<oo0 otherwise.

As such, it is geometrically «—mixing, see p.xvi of [41]. We take r = 5.
Here v(x) = 0.3 and p(x) = —2v(z) = —0.6 for any z, and ¢(7|x) = m(z) + o(2)®, (7).
The theoretical conditional expectile e(7|x) is similarly computed by replacing @, 1(7) by
the 7-expectile of the Student distribution with v degrees of freedom, computed using the R
function et from the R package Expectrem.

(NL) A nonlinear Burr process Y; = ((1 — Uy)PX) — 1)=7(X0)/p(X0) | with (X;) and (U;)
generated as in model (LS). We fix p(z) = —1 for all = € [0, 1] and consider three different
models for y(z), z € [0,1]:

(NL-P) The polynomial model v(z) = 0.15 4 0.52(1 — z);

(NL-S) The sinusoidal model vy(z) = 0.2 + 0.05sin(27z);

(NL-C) The constant model v(z) = 0.2.
In these three cases, y(z) € (0,1/2) for any = € [0,1]. The true value of the conditional
quantile is ¢(7|z) = ((1 — )~ — 1)?®). To specifically assess the effect of a stronger bias
component on the estimation and inference, we also consider the model

(NL-CB) The constant model v(x) = 0.2 with p(z) = —1/2.
In this model, ¢(7|z) = ((1—7)~'/2—1)?(®), and again the theoretical conditional expectile
e(7|z) can be computed numerically using the R function eburr.

(AR) The autoregressive process Y; = ¢Y;_1 + &, where ¢ = 0.1 and (¢4) is an i.i.d. se-
quence of realizations of a random variable whose distribution is the following mixture:

— With probability 3/4, a uniform distribution over [—1,1];

— With probability 1/4, a symmetrized Pareto distribution, i.e. having density f(z) =

2| ~1/7=1 /(27) for |z > 1, with tail index v = 0.4.

In this time series example, the natural covariate for the response Y; is X; = Y;_1, and we
have y(x) = 0.4 for any z. The theoretical conditional extreme quantile for tomorrow’s
unobserved value Y;;; given our knowledge Y; = x of today is, for 7 > 7/8, ¢(7|x) =
¢z + (1 — 8(1 — 7/8))77, i.e. (1 — 1/t|z) = 8t for t large enough. Therefore, strictly
speaking, the second-order regular variation condition Ca(7y(z), p(x), A(-|z)) is not satisfied,
but we are in the case when the conditional right tail is pure Pareto, which is usually under-
stood as p(x) = —oo and A(:|x) = 0. Besides, the theoretical conditional extreme expectile
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e(7|x) is numerically computed as ¢x + e,, where e, satisfies, for 7 large enough,

g Sl

-

2 f;o %2*1/“Y dz +e;

=1-r,

and is determined by making use of the R functions integrate and uniroot.

The covariate in all these models is one-dimensional. We also consider the following two-
dimensional example:

(NL-S-2) A nonlinear Burr process Y; = ((1 — Uy)P(X1.0X20) — 1)=7(X00.X2.0)/p(Xo00.X2.0)
where we take p(z1,22) = —1 and v(z1,22) = 0.2 4+ 0.05sin(27x1) cos(2mx2). The co-
variate (X1 ¢, Xo) is generated as (X1 ¢, Xo4) = (®(Z1,4), P(Z2,)), where @ is the stan-
dard Gaussian distribution function, and (Z; ¢, Z) are observations from the bivariate
GARCH(1,1) process Zj 11 = Xji410j641, X5, =w +aZ3, + X3, (j = 1,2) with
w=0.25, « =0.75, 3 =0.2 and (J1¢,02,) are i.i.d. bivariate standard Gaussian with

correlation 0.5. The true value of the conditional quantile is ¢(7|x1,22) = ((1 —7)7! —
1)7(3517902)'

In this final model, in line with the univariate examples, K is the uniform kernel over [—1, 1]2,
that is, K (u1,u2) = 0.25 14y, <13 L ju,|<1}, and the bandwidth is chosen as Ay, , = on~1/6
where 0 =1/ v/12 (the standard deviation of a uniform distribution), in accordance with [4].
Due to the difficulty of estimating the second-order parameters p and b in the situation p = 2
where local effective sample sizes tend to be low, we fix the values of their estimates at —1
and 1, respectively. These (misspecified) choices constitute ad hoc compromises between
bias reduction and variability of the estimators; in particular, misspecifying the estimate of p
as —1 has been recommended on p.117 of Section 4.5.1 in [1], on p.212-215 in [29] and on
p-195 of Section 6.6 in [40].

We illustrate the performance of the extreme quantile and asymmetric least squares expectile
estimators and the pertaining confidence intervals in models (LS), (NL-P), (NL-S), (NL-
C), (NL-CB) and (AR), with n € {1,000,5,000,10,000}. In model (NL-S-2), we consider
n = 10,000. We represent boxplots of the extreme conditional log-quantile and log-expectile
estimates as well as the coverage probabilities and pointwise median lengths of the intervals
I,.;(7|&) and Ipp (7] |@), 1 < j <4, for 7/, = 1 —10/n € {0.99,0.998,0.999}.
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F1G C.1. Simulation results in the nonlinear Burr model for 7’,’1 =1 — 10/n, with n = 5,000. Boxplots
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those in the middle to x = 1/2, and those on the right to x = 3/4.

(tnle)/e(nlz)) (green), log(éiyiknq*/n(7ﬁix)/€(T%J$)) (blue), log(en(rh|z)/e(Th|z))

el_kny*/n(ﬁl|m)/e(7—7ll|x)) (green, grayed out), log(é‘fikm*/n(ﬂl\x)/e(TMx)) (blue, grayed

out) and log(En (th|x) /e(Th|)) (brown, grayed out). Top left: model (NL-P), top right: model (NL-S), bottom
left: model (NL-C), bottom right: model (NL-CB). In each panel, the boxplots on the left correspond to x =1/4,
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FI1G C.2. Simulation results in the location-scale model (LS) for 7'7/1 =1-10/n, with n = 1,000 (left panels), n =

5,000 (middle panels), and n = 10,000 (right panels). First row: boxplots of log(@?ﬁfH /n (thlz) /q(h|x))

(green), log((’j}/likn */n(TMaz)/q(TMx)) (blue) and log(Gn (Th|x) /q(Th|2)) (brown). Second row: boxplots of

log(gll/‘ﬁff*/n(ré|:c)/e(T;L|x)) (green), log(@‘fikn’*/n(rll|w)/e(rmx)) (blue) and log(en (1y,|x)/e(h|x))

(brown). Third row: empirical pointwise coverage probabilities of the asymprtotic 95% confidence intervals
:T;I’l(TMm) (full black line), _/[:]’2(7'7,‘L|.’L') (full green line), fq’3(7'7’l|x) (full blue line), fq’4(7'7/l|m) (full brown line),
TE’l(TMx) (dashed black line), TE,2 (7 |x) (dashed green line), TE’3(T7/1|$) (dashed blue line) and TE74(T7/1|$)
(dashed brown line), with the 95% nominal level in full red line. Fourth row: pointwise median length of these
confidence intervals, with the same color code, on the log-scale.
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FiG C.3. Simulation results in the nonlinear Burr model (NL-P) for T;L =1 - 10/n, with n =

1,000 (left panels), n = 5,000 (middle panels) and n = 10,000 (right panels). First row: boxplots of

log(@}’va /n(Tn|1')/q(Tn|l')) (green), log(q1 o, */n(TfL|x)/q(Tyll\m)) (blue) and 1og(Gn(mh|z)/q(Th|x))

(brown). Second row: boxplots of log(AWBR

m(Tnle)e(mnlz) (green), log@y ), (mnlz)/e(mnlz))
(blue) and log(en (th|z) /e(Th|x)) (brown). Thtrd row: empirical pointwise coverage probabilities of the asymp-
totic 95% confidence intervals Iq71(7',/1|m) (full black line), 142 (Th|x) (full green line), Iq73(7',/1|m) (full blue
line), Z]A(T{ﬂx) (full brown line), fE,l(TM:ﬂ) (dashed black line), TE72(7'7/L|3:) (dashed green line), TE,3(’T¢I‘L|$)
(dashed blue line) and 1, E,4(7'7,1|5L’) (dashed brown line), with the 95% nominal level in full red line. Fourth row:
pointwise median length of these confidence intervals, with the same color code, on the log-scale.
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Quantile estimation with n=1,000 Quantile estimation with n=5,000 Quantile estimation with n=10,000
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FiG C.4. Simulation results in the nonlinear Burr model (NL-S) for T;L =1 — 10/n, with n =

1,000 (left panels), n = 5,000 (middle panels) and n = 10,000 (right panels). First row: boxplots of

log(@}’va /n(Tn|1')/q(Tn|l')) (green), log(q1 o, */n(Tm‘r)/q(TMm)) (blue) and 1og(Gn(mh|z)/q(Th|x))

(brown). Second row: boxplots of log(AWBR

m(Tnle)e(mnlz) (green), log@y ), (mmlz)/e(mnlz))
(blue) and log(en (Th|z) /e(Th|x)) (brown). Thtrd row: empirical pointwise coverage probabilities of the asymp-
totic 95% confidence intervals Iq71(7',/1|m) (full black line), 142 (Th|x) (full green line), Iq73(7',/1|m) (full blue
line), %’4(7'{1@) (full brown line), fE,l(’T;-LkL‘) (dashed black line), TE72(7'7/1|3:) (dashed green line), TE,3(’T¢I‘L|$)
(dashed blue line) and T, E,4(7'7,1|97) (dashed brown line), with the 95% nominal level in full red line. Fourth row:
pointwise median length of these confidence intervals, with the same color code, on the log-scale.
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FiG C.5. Simulation results in the nonlinear Burr model (NL-C) for 7'7/1 =1 — 10/n, with n =

1,000 (left panels), n = 5,000 (middle panels) and n = 10,000 (right panels). First row: boxplots of
~W,BR ~
log(q; - /n(Tnlw)/q(Tnlw)) (green), log(d;" o/ (T|2) /4(T|)) (blue) and log(Gn(mn|z)/a(mh]x))

(AW ,BR

(brown). Second row: boxplots of log /n(Tn|m)/e(Tn|x)) (green), log(é\‘l/[ikny*/n(r,ll|m)/e(7‘f1|x))

(blue) and log(en (th|z) /e(Th|x)) (brown). Thtrd row: empirical pointwise coverage probabilities of the asymp-
totic 95% confidence intervals Iq71(7',/1|m) (full black line), 142 (Th|x) (full green line), Iq73(7',/1|m) (full blue
line), Z]A(T{ﬂx) (full brown line), fE,l(TM:ﬂ) (dashed black line), TE72(7'7/L|3:) (dashed green line), TE,3(’T¢I‘L|$)

(dashed blue line) and 1, E,4(7'7,1|5L’) (dashed brown line), with the 95% nominal level in full red line. Fourth row:
pointwise median length of these confidence intervals, with the same color code, on the log-scale.
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FiG C.6. Simulation results in the nonlinear Burr model (NL-CB) for 7'7/1 =1—10/n, with n =

1,000 (left panels), n = 5,000 (middle panels) and n = 10,000 (right panels). First row: boxplots of
~W,BR ~
log(q; - /n(Tnlw)/q(Tnlw)) (green), log(d;" o/ (T|2) /4(T|)) (blue) and log(Gn(mn|z)/a(mh]x))

(AW ,BR

(brown). Second row: boxplots of log /n(Tn|m)/e(Tn|x)) (green), log(é\‘l/[ikny*/n(r,ll|m)/e(7‘fl|x))

(blue) and log(en (th|z) /e(Th|x)) (brown). Thtrd row: empirical pointwise coverage probabilities of the asymp-
totic 95% confidence intervals Iq71(7',/1|m) (full black line), 142 (Th|x) (full green line), Iq73(7',/1|m) (full blue
line), %’4(7'{1@) (full brown line), fE,l(’T;-LkL‘) (dashed black line), TE72(7'7/1|3:) (dashed green line), TE,3(’T¢I‘L|$)
(dashed blue line) and E,4(7'7,1|97) (dashed brown line), with the 95% nominal level in full red line. Fourth row:
pointwise median length of these confidence intervals, with the same color code, on the log-scale.
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Cov. prob.

Median log-length

FI1G C.7. Simulation results in the autoregressive model (AR) for T;L =1-10/n, withn = 1,000 (left panels), n =
5,000 (middle panels), and n = 10,000 (right panels). First row: boxplots of log(
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(green), log((’j}/lik /n(T;L|x)/q(T,/1|x)) (blue) and log(Gn (Th|) /q(Th|2)) (brown). Second row: boxplots of

log

:T;]’l (Th|z) (full black line),

(AW ,BR

Iy (th|z) (full green line),

W

/n(Tn|:c)/e(Tn|x)) (green), log(@likn */n(TMm)/e(TMac)) (blue) and log(gn(TMa:)/e(TMx))
(brown). Thlrd row: empirical pointwise coverage probabilities of the asymptotic_ 95% confidence intervals
Iq’3(7'7’l|x) (full blue line), Iq’4(7'7/l|m) (full brown line),

TE’l(TMx) (dashed black line), TE,2 (7 |x) (dashed green line), TE’3(T7/1|$) (dashed blue line) and TE74(T7/1|$)

(dashed brown line), with the 95% nominal level in full red line. Fourth row: pointwise median length of these

confidence intervals, with the same color code, on the log-scale.
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x=0.1 | Estimate Bias Variance MSE C.I | Med.est. var. | Cov.
7 —2.87-10"% | 2.07-10"2 | 2.16-10" % | I, 4 | 3.09-10 2 | 0.983
" 3.35-107% | 957-107° [ 1.07-1077 [ I5 | 8111073 [ 0.904
I 6.91-10 5 | 0.886
gVBE | —4.96-1073 | 9231073 | 9.25.1073 | —2d 5
NL-P I,o | 71810 0.894
e 145-107% [ 2.13-1077 [ 2.15-1077 | Ig4 | 3.11-1071 | 1.000
ol 6.36-10"1 | 6.24-1072 | 4.66-10" 1 | I3 | 3.35-1072 | 0.006

I 2.94-1077 | 0711
MBR | 9711073 | 1.05-1072 | 1.05. 102 | 11| 29 071 0
Igg | 1.38-10 0.959

g | -601-1072 [ 2681072 [3.05-10°2 | I,4 | 4.07-10"% | 0974

v 1.79-100% | 1.24-107% | 1.27-107% | I3 | 1.09-10"% | 0.926

GVBR | _o74.1072 | 117-1072 | 1.25.1072 | fed | 932 10:3 0890

NL-S I,o | 9.69-10 0.892
B —1.58-107% | 2.96-107% | 2.98-10~2 | I, | 2.24-1071 | 1.000

Al 6.19-10°1 [ 511-1072 [ 435-1071 | I3 | 4.23-1072 | 0.026

Ipy | 444-107° [ 0723

W.BR | _119.10-2 | 1.49-10-2 | 1.50. 102 =
Ipo | 1.98-10 0.946

g | -543-107[207-107[237-10 % | I,4 | 3.09-10°2 | 0979
" 1.64-107% ] 8.91-107% | 9171073 | I, 3 | 8.30-107% | 0.934
I 7.10-107% | 0.903
~-W,BR -2 -3 -3 .1

) ~2.33-1072 | 8.39-1079 | 8.93-10
N | ? T, | 7.38-103 | 0.906
e ~1.40-107% | 1.98-107% | 2.00-10~% | Ig4 | 1.71-10~" | 1.000
ol 5.84-10"1 [ 3.70-1072 | 3.78-107 1 [ I3 | 3.22-1072 | 0.006

Igi | 299-1073 [ 0710

eV:BER | _917.1073 | 1.05-1072 | 1.06- 1072 —
Igg | 1.37-10 0.947

x=0.3 | Estimate Bias Variance MSE C.I. | Med.est. var. | Cov.
g | —651-1072[317-107% [ 359102 | I,4 | 411-10°2 | 0.964

il 1.58-10"% | 1.33-10°% | 1.35-10°% | I,3 | 1.15-10 % | 0.922

VBR | _300.1072 | 1.26-1072 | 1.35.10°2 | el | 993 10:3 0887

NL-P I,o | 1.03-10 0.896
B —2.62-10"2 | 3.94-1072 | 4.01-10° 2 | I, | 2.56-10" | 1.000

ol 5.94-10"1 [ 505-1072 [ 4.04-10° % [ I3 | 4.03-1072 | 0.048

Igq | 499-1073 | 0.691

WBR | _9214.1072 | 1.82-1072 | 1.87-1072 =2
Ipo | 21210 0.935

g | -753-102[3.02:10%[359-10 % | I,4 | 381-10 2 | 0954

i 110-10°° [1.24-107% [ 1.24-107% [ I3 | 1.07-10°% [ 0924

GgV:BE | _430.1072 | 1.18-1072 | 1.36- 102 fg1 | 923 10:3 0861

NL-S I,o | 9.61-10 0.867
e —3.85-107% | 3.55-107% | 3.70-107% | Ip4 | 1.84-10~1 | 1.000

e 571-1070 [ 4701072 [ 3731071 | I3 | 3.69-1072 | 0.044

I 4.36-1073 | 0.667
1072 E1

eW:BR | _354.1072 | 1.66-1072 | 1.78- =2
Ipo | 1.86-10 2 | 0913

g | -509-1072[1.95-107% | 2.21-102 [ I, 4 [ 252-107% | 0961

il 1.37-10°% | 812-10 7% | 831-107% | I, 3 | 7.12-107% | 0.930

GWBR | 991.1072 | 771-1073 | 8.20- 1073 | fed | 014 10:3 0852

NL-C I, | 6.38-10 0.890
B —1.47-1072 [ 1.99-1072 | 2.01-10°2 | I, | 1.39-10" | 1.000

v 549-10"1 [ 354-1072 [ 3.36-107 1 | I3 | 247-1072 | 0.004

Ipq1 | 239-1073 [ 0.665

eW:BR | _163.1072 | 9.79-1073 | 1.01-1072 —
Igo | 1.08-10 0.924

TABLE C.1
Estimation and inference results related to the models considered in Figure 3, at x = 0.1 and 0.3. Biases,
variances and MSEs are reported for the log-estimates. The median estimated variance reported in the
penultimate column is the median of the estimated asymptotic variance for each estimator divided by the square
of its convergence rate. The last column gives the empirical coverage of each confidence interval.
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x=0.5 | Estimate Bias Variance MSE C.I. | Med. est. var. | Cov.
g | -757-107[369-1077 [ 4.26-10 % | I,4 | 4.32-102 | 0.946
" 9.08-107° | 1.37-107% [ 1.38-10° [ I3 | 1.23-10"% [ 0918
I 1.07-10% | 0.883
gVBE | —381.1072 | 1.30-1072 | 1.44.1072 | —2d —
NL-P I,o | 111-10 0.888
e —-3.97-107% | 5.00-10~% | 5.16-10~% | Ig4 | 2.37-10~" | 1.000
ol 5.80-10"1 | 4.91-1072 [ 3.86-10"! [ I3 | 4.31-1072 | 0.113
I 60-1073 | 0.667
WBR | _315.1072 | 216-1072 | 2.26.1072 |11 | 500 071 0.66
Igpo | 231-10 0.920
g | -319-102[203-107% [ 213-10°2 [ I, 4 [ 236-107% | 0.961
v 254-10°% [ 7.93-107° [ 85810 ° | I3 | 6.76-10"° | 0915
I 85-10"° | 0.888
GWBR | _936.1073 | 753.1073 | 7.62.10°3 | Jel | >8° 0_5
NL-S I,o | 6.09-10 0.902
B 3.75-107° | 219-1072 | 219-10 2 | I, | 1.71-1071 | 1.000
Al 560-1071 [ 3.66-1072 [ 3.50-1071 | I3 | 2.37-1072 | 0.002
I 2.37-107° | 0.681
eW:BR | _103.1073 | 9.84-1073 | 9.84.1073 | £l —
Igpo | 1.07-10 0.932
7 —4.98-107% | 1.95-107% | 2.20-10"% | I, 4 | 2.30-10 2 | 0.948
" 1.27-107% | 7.32-107% | 7481073 | I, 3 | 6.60-107° | 0.920
I 5.70-10 5 | 0.890
~W,BR -2 -3 -3 [ dga
; ~2.16- 10 6.96 - 10 7.42-10
N | ? T, | 5.94-103 | 0.894
e ~1.44-107% | 2.05-107% | 2.07-10~% | Ig4 | 1.28-10~" | 1.000
ol 5.39-10"1 [ 343.1072 [ 325-10° ! [ I3 | 224-1072 | 0.003
I 2.24-107° | 0.64
eW:BE | _157.1072 | 9.31-1073 | 9.56- 1073 | £ 071 0.648
Igo | 1.00-10 0.920
x=0.7 | Estimate Bias Variance MSE C.I. | Med.est. var. | Cov.
g | —467-1072[3.38-1072[3.60-10 % | I,4 | 4.09-1072 | 0.964
" 1.75-107% | 1.27-10°% | 1.30-10"% | I3 | 1.15-10 % | 0.931
I 97-1077 | 0.895
gV:BR | _285.1072 | 1.20-1072 | 1.28 102 |2l 9.97 0_2 o
NL-P I,0 | 1.04-10 0.898
B —1.18-10"2 | 4.03-10"2 | 4.05-10" 2 | I, | 2.57-10"F | 1.000
ol 6.02-10°1 [ 4.71-1072 [ 4.09-107 1 [ I3 | 417-1072 | 0.050
I 10-10° | 0711
WBR | _197.1072 | 1.80.10"2 | 1.82.10~2 | &1 | 510 0_2
Igpo | 217-10 0.948
g | -100-107]123.10%[1.24-10 % | I,y | 1.53-10 2 [ 0975
" 3.06-107% [ 472:107° [ 5.66-10° [ I3 | 4.29-107% [ 0.925
I 3.70-10° | 0915
gVBE | 275.1073 | 447.1073 | 4.48.1073 | —¢d —
NL-S I,o | 3.85-10 0.920
e 1.60-107% [ 1.03-1077 [ 1.05-1077 | Ig4 | 1.86-10"7 | 1.000
e 523-10°1 [ 269-1072 [ 3.01-1071 | 753 | 1.70-1072 | 0.000
I 1.19-1073 | 0.663
eWBE | 102.1072 | 533-107% | 5.43.1073 | £: —
Ipo | 5.81-10 0.952
g | 3671022031072 | 216-10°2 | I, 4 | 252-107% | 0.967
il 1.55-10"% | 7.77-10 % | 8.01-10°% | I, 3 | 7.10-107% | 0.930
I 13-107 | 0.896
WBR | _904.1072 | 7.38.1073 | 7.80.10~3 | Lat | 013 0_5 0
NL-C I,o | 6.38-10 0.902
e —4.02-107° | 2.08-1072 | 2.08-10"2 | I, | 1.40-10"F | 1.000
v 559-10"1 [ 3.64-1072 | 349-107 1 [ I3 | 255-1072 | 0.004
I 2.47-1072 | 0.680
eWBE | _914.1073 | 9.64-1073 | 9.72. 1073 | =£:L ’ 0_2
Ipo | 11210 0.949
TABLE C.2

As in Table C.1, at x = 0.5 and 0.7.
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x=0.9 | Estimate Bias Variance MSE C.I | Med.est. var. | Cov.
7 —2.88-10% | 2.29-10 % | 2.37-10 % | I,4 | 3.08-102 | 0970
" 347-107% [ 9581077 | 1.08-10 % [ I3 | 813-107% | 0.895
I 6.94-10 5 | 0.888
7VBE | —3.98.1073 | 9.24.1073 | 9.26.1073 | —2d 5
NL-P I,o | 72110 0.893
e 1.57-107% [ 2.52-1077 [ 2551077 | Ig4 | 3.19-1071 | 1.000
ol 6.23-10"1 | 6.03-1072 [ 449-10° " [ I3 | 3.22-1072 | 0.005
I 2.86-10"° | 0.7
eW:BE | 531.107% | 1.05-1072 | 1.06- 1072 | £ 86 071 0.706
Ipo | 1.34-10 0.956
g | -231-107[184-107% 1891072 | I,4 | 237-10°% | 0974
" 3.64-1077 [ 6.77-107° [ 8.10-10° | I3 | 6.30-107% [ 0914
I 39-1077 | 0.902
GWBR | 999.103 | 648.1073 | 6.49.10~3 | Ja.1 | 539 0_5
NL-S I,o | 55910 0.909
B 1.46-107% [ 1.65-107% | 1.67-10~% | Ig4 | 2.31-1071 | 1.000
Al 584-1071 [ 445-1072 [ 3.86-1071 | I3 | 2.52-1072 | 0.000
K —3
WBR | g75.1073 | 7.57.1073 | 7.65-1073 |11 | 195 10_5 0.689
Igpo | 9.44-10 0.960
g | 537107 [226-107[255-10 % | T4 | 3.11-102 [ 0.967
" 1.89-107% | 8.97-107% | 9.33-107% | I, 3 [ 8.40-1077 | 0.921
I 7.16-10 5 | 0.891
~W,BR -2 -3 -3 q,1
; —2.06- 10 8.54-10 8.97-10
N | f T | 744-10° | 0.897
e ~1.21-107% | 2.25-107% | 2.26-10~% | Ig4 | 1.72-10~" | 1.000
ol 5.81-10"1 | 4.38-1072 [ 3.82-10° ! [ I3 | 3.08-1072 | 0.008
I 2.86-10° | 0.683
eWBE | _137.1072 | 1.06-1072 | 1.07-1072 | £: —
Ipo | 1.32-10 0.942
TABLE C.3

As in Table C.1, at x = 0.9.
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