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ABSTRACT. This article considers inference in linear models with dx regressors, some or many of which
could be endogenous, and dz instrumental variables (IVs). dz can range from less than dx to any order
smaller than an exponential in the sample size. For moderate dx, identification robust confidence sets are
obtained by solving a hierarchy of semidefinite programs. For large dx, we propose the STIV estimator.
The analysis of its error uses sensitivity characteristics introduced in this paper. Robust confidence
sets are derived by solving linear programs. Results on rates of convergence, variable selection, and
confidence sets which “adapt” to the sparsity are given. Generalizations include models with endogenous
IVs and systems of equations with approximation errors. We also analyse confidence bands for vectors
of linear functionals and functions using bias correction. The application is to a demand system with
approximation errors, cross-equation restrictions, and thousands of endogenous regressors.

1. INTRODUCTION

The high-dimensional paradigm concerns inference in models where the number of regressors
dx is large relative to the number of observations n. A challenging situation is when dx is much larger
than n (dx > n) but there is an unknown small set of important regressors. This can happen for
various reasons. Researchers increasingly have access to large datasets and theory is often silent on the
correct choice of regressors. The number of observations can be limited because data is costly to obtain,
because there simply exist few units (e.g., countries or states), or because the researcher is interested
in a stratified analysis. Even if the relevant regressors are known, it is atypical to know the functional
form, and so functions of regressors can be included. It is then tempting to use many functions to
incur a small approximation error. A model can also be low-dimensional with questionable instrument
exogeneity, which one justifies with control variables, giving rise to a second model where the instru-
ment is exogenous but there is an additional nonparametric function. In social effects models with
unobserved networks, individual and peer outcomes can be determined simultaneously, peer identities
are unobserved, and the number of peers can be small if link formation is costly. Multiple treatment
models can also exhibit high-dimensionality, for example if there are group level heterogeneous effects
and many groups.

Keywords: Instrumental variables, sparsity, endogeneity, confidence sets, variable selection, unknown variance, robust-
ness to identification, bias correction.
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The usual econometrics toolbox and fixed dx large n asymptotic framework are not appropriate
when there is high-dimensionality. Comparing models for all subsets of regressors is impossible when
dx is moderately large. The high-dimensional literature proposes methods that are computationally
feasible. For high-dimensional regression, the Lasso ([31]) replaces the penalty on the number of nonze-
ros in the parameter by its¢;-norm. The Dantzig Selector of [16] is a linear program.

To address endogeneity in a cross-section, researchers usually rely on instrumental variables
(henceforth IVs). This paper concerns the high-dimensional linear structural model where some or
many regressors are endogenous but the structural parameter § is sparse, meaning it has few nonzero
entries, or approrimately sparse, meaning it is well approximated by a sparse vector. It allows for a
number of IVs dz > n but of any order less than exp(n). It also allows for dz < dx when  is sparse.

If there are weak and/or many IVs, inference based on asymptotic approximations can fail even
if dx is small. Strong IVs are often scarce, particularly when there are many endogenous regressors.
For these reasons, this paper pays particular attention to robustness to identification and finite sample
validity. We make use of a {,-norm statistic derived from the moment condition. This is close in spirit
to identification robust test inversion in which the exogeneity is the null hypothesis and a confidence
set is formed by all parameters which are not rejected. The Anderson-Rubin test is one such example.
In practice, tests are conducted over a grid, which is only feasible for small dx. This paper does not
rely on grids but on various well-structured convex relaxations (linear, conic or semidefinite), hence
on polynomial time optimization routines. Our approach does not rely on sparsity or approximate
sparsity of a high-dimensional first-stage (as in two-stage least-squares, henceforth 2SLS). It does not
estimate a first-stage reduced form to allow for uniformity in the first-stage coefficients.

Our main contributions are as follows. First, we provide confidence sets for a vector of functions
of B. Some of our confidence sets are uniform over identifiable parameter vectors and the distribu-
tion of the data among classes which leave the dependence structure between the regressors and IVs
unrestricted, implying robustness to identification. Second, we propose the Self Tuned Instrumental
Variables (henceforth STIV) estimator, and establish error bounds and rates of convergence. These are
based on stronger assumptions, including on features of the joint distribution of the regressors and IVs.
The STIV estimator can also be a pilot (first-stage) estimator. We use it to perform variable selection
and obtain confidence sets which adapt to the sparsity. We also use it to conduct joint inference on
approximately linear functions of 3 based on a data-driven bias correction, itself obtained with a vari-
ant of STTV. Our extensions are to models where a few IVs can be endogenous, to systems of models
with approximation errors (hence nonparametric IV) and cross-equation restrictions. The proposed
methods jointly estimate standard errors of the structural error or of the moments, making the tuning
parameters data-driven. This paper restricts attention to linear moments for computational reasons.

2. PRELIMINARIES

Notations. The symbol £ means is defined as. Inequality between vectors is defined entrywise.
(€k)ke[dy) 18 the canonical basis of R and (f)ig[ay) for R Mgz the set of d x d’ matrices, and
0 (resp. 1) sometimes denote a vector of 0 (resp. 1). For 1 < p < oo and a matrix A, |A|, is the
{,-norm of the vectorized A. Ay is the element at row f and column k, Af. (resp. A.j) is the
" row (resp. column) of A. For S C [d] x [d'], |S]| is its cardinality and S¢ its complement. For
A e Mgg,let S(A) = {(k,1) € [d] x [d]: Ay, # 0} be the support of A, and, for S C [d] x [d'], we
define Ag = (Ag, 1{(k,1) € S})kze[d],le[d’]' For a € R, we set a; = max(0,a). We use the conventions
a/0 = oo for a > 0.

The data comprises outcomes Y € R", regressors X € M,, 4., and IVs Z € M, 4,. P is the
distribution of the data and E[-] the expectation under P. The set S; C [dx] collects the indices of
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the regressors included in the list of IVs and Sg C [dx]| of size dg collects the indices of the regres-
sors for which the relevance is questionable. The vector ¢(8) of functions of 5 on which we make
inference has dimension dp. Some results are asymptotic in n — oo in which case dz, dx, dg, dr,
and s can increase with n. For d € N and a random matrix R € M,, 4, the sample and population
means are E,[R] £ > icpn Ri-/n and E[R] £ Yicin E[Ri ] /n and, for k € [d] and p > 0, E, A
and E [RZ] are obtained by replacing R;; by R]Z » DR is the diagonal matrix in Mgg with entries

E, [Ri]_l/ > for k € [d] and we write Dpr for the population counterpart. We define the function

bec R - UDb) 2Y —Xbe R For b € RIxX P(b) is the distribution of (X,Z,U(b)) implied

by P. We write ¥ £ DzZ"XDx/n, and ¥ £ DZE[ZX "|Dx. For a mean zero random variable A,
A 211/2

o4 = E[A%]Y=

Baseline Model. The linear IV model is
(2.1) Vi € [n], E [z{.Ui(ﬂ)} —0
(2.2) g e B, P(5)eP,

where B C R can account for restrictions on 8 and P is a nonparametric class. We write Vi € [n]
in is because the data need not be identically distributed. The set Z collects the vectors which
satisfy -. The researcher believes there exists a true structural parameter 8* € Z. Because 7
might not be a singleton, our results (e.g., confidence sets) are for all § € Z, so they hold for g = p*.

Sparsity Certificate. We call a sparsity certificate an a priori bound s € [dg] on the sparsity.
To make this explicit, we maintain the original B and write Z, = Z N {8 € R¥* : |S(8) N Sg| < s}.
This is the set of s-sparse identifiable parameters. Clearly, for s < s < dg, T, C Iy C Zi, = T.
Let us present, for i.d. data, two conditions under which a sparsity certificate yields identification.
Assume dz < dx (e.g., one is uncertain about some exclusion restrictions as in [23]), Sg = [dx],
B={ycR¥ :qg=Ry}forqgcR¥% and R" ¢ May dp, of rank dp. When dz+drp+dg—s > dx, (2.1)
yields (dz +dRJng7dX ) overdetermined systems and identification is achieved if there exists a solution for
only one system and it is unique. When B = R%X | a sufficient condition is an extension of a condition

in [16]: Z; is a singleton if all sub-matrices formed from 2s columns of E[ZX '] have full column rank
(see [22]).

The /,-norm statistic. Our confidence sets and estimators use slacked versions of ([2.1]) based
on the statistic ¢(b) = |D(b)Z"U(b)|__ /n for b € R . The diagonal matrix D(b) is introduced for scale
invariance and to obtain finite sample results. It is either; (1) the diagonal matrix with positive diagonal

elements 1/5(b) for | € [dz], where 5,(b)? 2 E,, [(ZIU(b))Q}, or (2) Dz/5(b) where 5(b)? 2 E,[U(b)2].
We use, for 8 € Z, the events

Go 2 {1(8) < ro(n)} (in case (1)) and G 2 {#(8) <7} (in case (2)).

For a chosen confidence level a, rg(n) (resp. 7) is adjusted so that P(Gy) > 1 — a — ag(n) (resp.
P(G) > 1 — o — ap(n)), where ap(n) is the coverage error, uniformly over P and 8 € Z. The ex-
pressions of ro(n), 7, and ag(n), for 5 large classes P are given in Section These restrict the
joint distribution of Z and U(f), classes 1-4 allow for conditional heteroscedasticty, and all leave the
dependence between X and Z unrestricted. For classes 1-3 we have ap(n) = 0. A reference behavior
for ro(n) is \/In(dz)/n, so the price to pay for many IVs is modest. The reference behaviour of 7 is
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slightly larger than for ro(n), e.g., with an extra logarithmic factor.

Examples. In each of the following examples, the data is i.i.d., the regressors and IVs have
mean zero and variance 1, Sg = [dx], and B = R%X.
Example E1. All regressors are endogenous (S; = @) and uncorrelated with one another. For g € Z,
regressors with index k € S() are correlated with I, € [dz] IVs, with correlations p;j, for j =1,... 1,
and pj = maxc(,] |pjk| > 0. IVs correlated with regressor k are uncorrelated with all other regressors.
This example permits dz < dx. A particular case of Example E1 with a geometric decay rate of the
entries of p is Example O2 in where the regressors are functions of XZ and the IVs are functions
of Z;. If additionally E[ZZT] = I, then ¥ is the best linear predictor of the regressors given the
instruments, and the support of its rows of index in S(/3) do not overlap.
Example E2. The last regressor is endogenous (S§ = {dx}), ¥ = (I p), and there is no excluded IV
(dz = dx — 1). In this example the support of the rows of ¥ overlap.

Roadmap. The paper is organized to progressively strengthen the assumptions. Here, we
demonstrate our methods with the simplifications Sg = [dx], Dx = Dx = I, the data is i i.d. and, for
i€[n]and g€, Uy(p )]ZT, is normally distributed with mean 0 and known variance 0. Our results
do not require any of these. The simplifications permit us to use D(b) of type (2) replacmg o(b) with o
and 7 =1 = —® "1 (a/(2dy))/\/n, which is smaller than /In(2dz/a)/n when 2\/edz > «. This gives
coverage error ap(n) =0 for G.

Suppose that the functional of interest is p(b) = b. Given a sparsity certificate s, a natural
starting point is to obtain bounds by minimizing and maximizing the entries of b € R4 subject to
t(b) <7 and |S(b)| < s. This is the principle underlying the SNIV confidence sets presented in Section
Supersets based on convex relaxations can be computed when dx is up to around 100. For larger dx
the researcher can find b € R% which minimizes |b|; subject to £(b) < r. A solution to this problem,
denoted B\, is a type of STIV estimator, which we introduce in Section |4, It can be computed for very
large dx and, is typically sparse. To analyse its estimation error and construct confidence sets, we
use sensitivitity characteristics, 1ntroduced in Section [£.1] To explain their role, we now take a 6 el
B=p"ifTisa smgleton) Since 3 is a minimizer, on the event G we can use |,8]1 <181, (5) <r
and t(8) < r. Letting A2 5 3, the first inequality implies |AS 1 < \A s(g)l1- The last two imply

|WA|o < 207. For k € [dx] we introduce a sensitivity

Ry = min Ao,

e S(8) AERIX:|Ak=1, |Aggych<|Ass =
which by its definition gives |Ak| < |\IJA|OO//£ek S(8) < 20r(n)/7€2k S(8)" We do not know S(B) but if we
know |S(B)| < s, we replace K s(p) With a lower bound Ky, (s) obtained by solving linear programs.

This yields the bounds Bki2ar(n) /%, (s), which gives us a second type of confidence set. An attractive
feature of both confidence sets is that the coverage guarantee is uniform among classes P which leave
the dependence between X and Z unrestricted. Moreover, Z; need not be a singleton. For example,
one can have dy < dx. This means that they are robust to any “weakness” of the IVs and lack of
identification.

In Sectionwe obtain rates of convergence for B by replacing sensitivities with their population
analogues, which depend on W. The rates are fast if there is a strong IV for every endogenous regressor
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Assuming the nonzero entries of § are large relative to their rate of estimation, we obtain results on
estimation of S(f), and construct confidence sets based on Eik(g ), where the estimated support S is
an estimator of ().

In Section |5, we present extensions to the moment models: (2.1b) E[ZI,Ui(B) — 0] = 0 where
0; # 0 accounts for the failure of for IV 1 € [dz] (i.e., the I'® IV is endogenous); (2.1c)
U(B) = W(B) + V(B) and holds W(p) rather than U(f) and V() is a small approxima-
tion error. For (2.1b) we propose the SNIV sets, the C-STIV estimator and confidence sets, and a
two-stage method. C-STIV uses a scaling matrix in the spirit of D(b) of type (1), adapted to (2.1b).
For (2.1c) we propose the E-STIV and allow for U(8) to be a vector of residuals from a system of
equations. This is important for our empirical application which has both approximation errors and
cross-equation restrictions.

STIV is typically “biased” towards zero. This allows to simultaneously perform estimation and
model selection but is not necessarily well suited for inference. In Section [6] we present confidence
bands for vectors of approximately linear functionals which are based on bias correction of a STIV,
C-STIV, or E-STIV estimator. These are obtained by applying a C-STIV for systems in a second step
to estimate left-inverses of each of the linear functionals by ¥, and combining the two estimators. In
Example E1, to construct a confidence interval for regressor k € [dx], the assumption that a left-inverse
of e, by ¥ exists is pp > 0 and fl—r /pLk is a sparse left-inverse, where IV [ has the strongest absolute
correlation with regressor k.

In Section [7, we conduct a Monte-Carlo experiment to study the relative merits of the methods,
and apply them to the EASI demand system ([25]) using a second-order in prices approximation, which
results in many endogenous regressors.

Practical Guidance. We recommend starting with the STIV estimator. If the researcher
suspects there might not be a strong enough instrument for every relevant endogenous regressor, she
can compute the STIV confidence sets based on a sparsity certificate. If these are wide then she can
invest in implementing the SNIV sets, provided that dx is not too large. Otherwise, she can confi-
dently use STIV as a pilot estimator and compute the STIV confidence sets based on an estimated
support and the two-stage confidence bands. In the empirical application we have dz = dx and we
believe every endogenous regressor in the model has a strong instrument. For this reason we apply the
confidence bands involving bias correction and report together with the bands the plug-in estimator
and the bias-corrected one. When using a sparsity certificate, the researcher may be unsure as to what
is an appropriate value of s. She can then construct nested confidence sets over different values, which
can be used to assess the information content of progressively stronger assumptions on the sparsity.

References. Econometrics for high-dimensional sparse models has become an active field. To
name a few; [4] uses Lasso type methods to estimate the optimal IV and make inference on a low-
dimensional structural equation, [I§] consider a nonconvex approach to IV estimation, [12] [13] consider
GMM and large dimensions but do not handle the high-dimensional regime, and [3§] studies a 2SLS
approach. Inference for subvectors in high-dimension is an active topic to which Section |§| relates (see
[6, 211 B3, 37], but also [10, 20] [14] in the case of IVs using a 2SLS or GMM approach, and [7] using
the C-STIV estimator as a pilot and orthogonalisation, [§] reviews some of the results based on the
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nonpivotal STIV and others). Applications and extensions of this paper, in the context of networks
can be found in [19, 28] 3].

3. SELF-NORMALIZED IV CONFIDENCE SETS

In this section we use D(b) of type (1) and P can be one of classes 1-4. We propose SNIV
confidence sets, defined as Cy(s) £ {¢(B) : 8 € C(s)}, where

(3.1) C(s)2 {beB: [S(b)NSg| <s, tb) <ro(n)}.
Because, for all § € Zg, P (tp(ﬂ) eC (s )) ( (B) < ro(n)), C(s) satisfies

. . . S1 o
(3.2) seu[}igm,ﬂ":u,l@felsp< ) 1 —a—ag(n).

A natural way to summarize the confidence set C (s ompute a confidence band comprising dp

)istoc
intervals such that ¢(b) lies in the band when ¢(b) € Cy,(s). We use, for all j € [dF], the lower and
upper bounds

(3.3)

~

ij

Qb

(s) & min ¢;(b), (Pj(s) £ max ¢;(b).
beC(s) beC(s)

A computational difficulty is that #(b) < ro(n) gives rise to dy inequalities, each requiring that a
polynomial in b be nonnegative (henceforth referred to as polynomial inequalities). This usually does
not define a convex set. Even if ¢ is linear, finding a global solution to such quadratically constrained
linear programs is NP-hard. Local methods can only be guaranteed to reach local solutions, hence we
would only obtain certain subsets of the confidence set and have no coverage guarantee. [4] (Section
4.5) propose to use a grid in the case where there is no sparsity constraint. This is not a practical
solution even in moderate dimensions.

We use hierarchies of convex relaxations for the optimization problems in . These allow for
the sparsity constraint, and can be applied when ¢(b) is a rational function (i.e., a ratio of polynomials)
and B can be written via polynomial inequalities. We apply the Sparse BSOS hierarchy of [7] which
avoids the large scale semidefinite programs required by the SOS methodﬂ by using additional linear
constraints. Solving large scale SDPs is currently computationally infeasible. When B is compact, the
Sparse BSOS hierarchy of optimization prg)\blems provides monotonic sequences of lower (resp. upper)

bounds which converge to Q%_ (s) (xesp. Cy,(s)). A simple diagonostic indicates whether a solution
obtained via the hierarchy is one of the original problem. Further details are in Section [C.1} We show
in Section [7.1] that the relaxed SNIV sets can give useful information even in the presence of endogenous
IVs and when there are more regressors than IVs. This offers a practical solution to problems where
even testing if Z; is a singleton is NP-Hard. In practice we find that SNIV is computationally feasible
for moderate dx, of dimension up to 100.

Remark 3.1. If B = RYX, the set 6’(8) is defined by polynomials of degree 2 inequalities, so it can
be empty, unbounded or disconnected depending on the (random) values of the polynomial coefficients.
The same occurs for Anderson-Rubin confidence sets (see [39]). The fact that they can be unbounded
is unavoidable for confidence sets which are robust to weak IVs (see [17]).

ln we apply Lasserre’s SOS hierarchies (see [24]) of semidefinite programs.



4. SELF-TUNED IV ESTIMATOR AND CONFIDENCE SETS

To permit large dx we introduce parameters to replace the denominators in the definition of
D(b): 0y(b), for [ € [dz], in case (1) (resp. o (b) in case (2)) in place of o; (resp. o). This gives rise to

the statistic t(b, 01, . ..,04,) (resp. t(b,a)). To obtain a convex set in case (1) we replace C(s) with
(4.1) {beB: t(b,01,...,04,) <1o(n), 31(b) < 0y, VI € [dz]},

and use a convex objective function which induces sparsity on the solution B and prevents the vector
(&I(B))le[dz] from having large entries. This is the idea behind the C-STIV estimator presented in
Section [5l For the sake of exposition we present the more simple estimator corresponding to case (2).
It is easier to compute and handles much larger dz in practice.

Definition 4.1. The set of IV-constraints is defined, for o,r > 0, by

(4.2) I(r,o) 2 {b € B, '1DZZTU(b)

n

<ro, o(b) < 0’} .
o
Definition 4.2. For c,r > 0, a Self-Tuned Instrumental Variables (STIV) estimator is any solution
(8,0) of the minimization problem
(4.3) _min (‘DileQh + ca) .
beZ(r,0),0>0

The ¢1-norm is a convex relaxation of |S(b) NSg|. The researcher applying STIV should choose

a class P and the corresponding value of r = 7 from Section The estimator also depends on

¢, which trades off sparsity with the relaxation of the sample moment conditions. The term co favors
small o, hence increasing c tightens the set Z(r, o). If ¢ = 0, (4.3)) minimizes the £1-norm of bs,,, yielding

BSQ = 0. The matrix D)_(1 guarantees invariance to scale of the regressors. In this formulation, if B
comprises linear (in)equality restrictions, a STIV estimator is computed by solving a convex (second-
order) conic program.

If the data is i.i.d., 3(3), G, and & £ (G + 5(3))/2 are estimators of the standard error of the
structural error, which STIV does not require the researcher to know. Moreover, the researcher need
not know an upper bound, nor have a preliminary estimator. STIV generalizes the Dantzig Selector to
unknown variance.

If we have an upper bound ¢ on the standard error of the structural error, we can remove
o(b) < o from and +co from (4.3)), as presented in Section This is the nonpivotal STIV
analyzed in Section 7.1 in The STIV estimator can be used as a pilot to estimate the standard
error before applying the nonpivotal STIV. The proof of Theorem provides rates of convergence
(see and ) for estimation of the standard error. However, relying on a pilot estimator
does not provide robustness to identification, and so we focus the exposition on STIV. Consider now

- 1|1
O(b) £ max (a(b), - ’DZZTU(b) ) .
r|n o
The first component of O(b) is the square-root of the least-squares objective function. The second is
derived from the exogeneity of the IVs and uses a fo.- norm statistic divided by r(n) (the size of its
fluctuations). Minimizing O(b) trades-off the two, which is desirable in the presence of weak IVs (see

[1] for references comparing 2SLS and OLS). It is simple to check that the STIV estimator is a solution
of a penalized version:

~ . 1 _ —~ i~
(4.4) B € argmingcp (c ‘DleSQ ’1 + O(b)> , 0=0(8).
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The STIV estimator can also be obtained as a solution of the convex program
2 1

4.5 i Z DL ~0b)?),

(4.5) (b,a)enllﬂlxn((),oo)(C‘ X SQ‘1+U+U (b) >

which can be obtained by iteratively minimizing over b and ¢ using

Algorithm 4.1. Initialize at (B(O),a(o)). At iteration t, solve

26.‘(25—1)

B\(t) S argminbelg (C ‘DileQh + O(b)2> , 6'\(t) — O <B\(t)) ,

then replace t by t + 1, and iterate until convergence.

Section gives details and presents a numerical acceleration of the minimization over b. If
we remove the second term in the maximum in the definition of O(b) and take S = [dx], (4.4) is the
Square-root Lasso (see [5]), is the Concomitant Lasso (see [27]), and Algorithm is the Scaled
Lasso (see [30]).

Remark 4.1. The STIV estimator is not necessarily unique. When O(b)? is a differentiable and strictly
convez function of Wb, [32] shows that minimizers in problems such as Algom'thm are unique if the
entries of W are drawn from a continuous distribution and discusses reqularization paths. This can
be useful when one does not know how to adjust the level of the penalty (23(t_1)/c in Algorithm .
The assumptions are not satisfied for STIV. Non uniqueness also occurs for LIML which minimizes the
Anderson-Rubin statistic. We emphasize however, that our analysis and inference methods are valid
for all minimizers and that determination of the penalty level is also less of an issue because STIV is
pivotal and our results hold for all c.

4.1. Sensitivity Characteristics. If Z = X, the minimal eigenvalue of X" X /n can be used to obtain
error bounds. It is the minimum of 5" X T Xb/(n|b|3) over b € R . If the structural parameter is sparse
and the estimator uses an ¢; penalty, R4 can be replaced with a subset. This is typically expressed via
the restricted isometry property of [16] or the restricted eigenvalue condition of [9]. These cannot be
used for models with endogenous regressors because Z ' X /n can be rectangular. We introduce scalar
sensitivity characteristics related to the action of U on a restricted set Kg (a cone) for S C [dx]. Let
L be the set of continuous functions from RYX to [0, 00) which are homogeneous of degree 1. We define
the sensitivity
(4.6) Fls 2 min ‘@A‘ .
AeRg: I(A)=1 o0

|WA|o arises due to the {oo-norm in the definition of Z(r, ) and I € £ should be interpreted as a loss
function. Due to the £s-norm in (4.6)), one strong IV is enough to ensure a large sensitivity. Additional
IVs can only increase |\TIA]OO, even if they are weak. The cost of additional IVs is mild since it appears
in a logarithmic factor (see the typical behavior at the beginning of Section .

The cone comes from the form of the objective function in which is such that, for every
B € Z, on the event G, Ac IA(S(ﬁ), where

(4.7) I?sé{AeRdX: A e =0,

sens@e = 05 [Asensg|; < [Asnsel; + C§(A)}

and g(A) = ?]ASI|1+‘A5; X When B C R% | we replace A € R4 by DxA € Bp £ {b; — by, Vby,bs € B}.
The error bounds for STIV in Section [4.2] are small when the sensitivities are sufficiently bounded away
from zero, hence it is important that Kg be as small as possible. The researcher’s knowledge com-
ponents B, St and S¢ serve this purpose. The form of g comes from the fact that, by convexity and
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because the regressors of index in S are used as IVs, 7(3) — 3(3) < G(A). If we ignore exogeneity or
if all regressors are endogenous, we obtain o(3) — 3(3) < |3\1 Because 7 is small, accounting for St
yields a smaller set. The nonpivotal STIV does not contain ¢ and o, so cg(A) is omitted from . If
sens@e = 0 take Sg = [dx], B = R and replace g(A) by |A|; we obtain the simple cone
{A RN : (1-¢)|Age|t < (1+¢)|Ag|r} used in|(v1)] This is RdX if ¢ > 1. In our Monte-Carlo exper-
iment, we find that STIV performs better for ¢ > 1, and SO we use instead. Notice also that if there
are no endogenous regressors (S; = [dx]), we have Ks C {A € RdX t(1—cr)|Agelr < (14 cr)|Asli }-
The restriction A = 0 can be removed, for example to obtain rates of convergence. We use this

we omit A

sens(B)e
restriction to construct confidence sets which ought naturally to depend on . Doing so yields smaller
confidence sets in practice.

If B is not sparse, Kg(g) can be large (e.g., R4 when S(3) = [dx]). To handle such cases, the

sensitivities are defined by replacing Kg with
Q 1} '

K52 {A € R™ : |Agensg |, <2 (‘ASQSQM +C§<A)) * ’ASC

They are denoted by 7 instead of K. Due to the additional terms on the right-hand side of the in-
equality, I/(\'%S is larger than K s. However, in our analysis the sensitivities need not be computed at
S = S(B). The slackness allows Ac I/(\'%S, on the event G provided that ‘D;(IﬁgcnSQ ‘ | is sufficiently
small. The form of the additional terms is related to the factor 3 which appears in Theorem

List of Sensitivities. For 1 < ¢ < o0, Sy C [dx], and [(A) = |Ag,|q, we define the £,-Sy block
sensitivity as kq5,,5. By convention, we set K,z g = 0o and, when Sy = [dx]|, we use the shorthand
notation kg and call this the ¢, sensitivity. For sparse vectors we make use of the loss g and for
nonsparse vectors of h(A) £ min(|As, |1, 5(3[Asnsgl1 + FlAg, |1 + c|Aselr 4 [Agg 1)) and refer to
kg,s and ;s as the corresponding sensitivities. By taking w € R and [(A) = |w'A| we obtain
the sensitivity &7, ¢ for a linear combination. If w = ey this is the sensitivity K}, ¢ which we refer to
as coordinate-wise sensitivity. Proposition[A.2]shows how the sensitivities can be related to one another.

The sensitivities are not only core elements to analyse the performance of STIV. They also
provide sharper results than existing quantities for the analysis of the Dantzig Selector and Lassﬂ
These differ from the quantities introduced by [36] in the definitions of the cone I?S, the matrix ¥,
and in that it does not involve a scaling by |S \1/ 9 because, the sensitivities typically depend on S in a
more complex manner than simply via |S|.

To get the intuition, consider the sensitivity & Lo for k € [dx]. If SQ = @, B =R, and
v, —k is obtained from Z Z X by removing the kth column, we have Kg = R% and & Hek g =
minp cgax -1 [Dz (Y ;e Zi,.Xz,k — ,kA)|Oo/n It is zero if ;¢ Z X /n is in the range of U, —k
which has probability zero if dz > dx and Z' X has a continuous dlstrlbutlon. When the minimization
is carried over a cone, certain combinations of the columns of (I\/.’,k are ruled out. To be precise, if
l € L is point-separating, k; ¢ > 0 iff ker(¥) \ {0} C KS

4.2. Basic Error Bounds.

2Gee Section A4 in
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Theorem 4.1. For all 8, such that 8 € T and all STIV estimators (B, 0),l €L, and ¢ > 0, we have,

on G,
207 7o P -
Z(D;(1 (B\—B))SA " min a<1—A ! > NG "
ki,5(8) Kg.58)/ 4+ CR1,5(8)NSq,S(8) "

The first term in the minimum is used for confidence sets and the second for rates of convergence.

Theorem 4.2. For all 3,P such that 8 € I and all STIV estimators (E, g), q € [1,00], So, S C [dx],
and ¢ > 0, we have, on G,

~ ~ o\ -1 ~ \ !
'Dxl (ﬁ — ﬂ) <2max| = N <1 — AT) ,oB) 11— ,\T ,
So q Y4,50,5 V4.8 / + C’YTL,S

+

3 ‘D)_(%SCWSQM )

Theorem can give sharper results than Theorem [£.1]when Z contains nonsparse vectors. It is
the basis of the sparsity oracle inequality in Theorem , to which point we defer the comparison
of Theorems [£.1] and 4.2

To obtain a confidence set one needs to use the sensitivities for S = S(f3) for § € Z, and should
circumvent their dependence on the unknown S(/3) and provide a computationally feasible method.
This is the focus of Section 4.3] For rates of convergence, one should relate the upper bounds in the
above theorems to determlnlstlc ones. This is the focus of Section 4.1l

4.3. Computable Lower Bounds on the Sensitivities and Robust Confidence Sets. We pro-
pose two means to bound the sensitivities from below; one based on an estimated set S , and another
using a sparsity certificate. We postpone the discussion on how to obtain S and the properties of the
resulting confidence set to Section in which we analyse variable selection. Even if S(3) were known,
computing the sensitivities is non-trivial since K 5(3) 18 not a convex set.

fS>S (8), by (i) in Proposition we can replace S(8) with S. To handle non-convexity,
we introduce a new decision variable p € R to play the role of |A| and augment the constraints to
include —p < A < p, Hgens@e = 0> and p < |A|s. For some j € [dx]| we have |A| = nAj, where
n is the sign of A;. If we knew j and n we could replace the non-convex constraint pu < |Als with
p<nA;. Since j € [dx]| and n = £1, for k € [dx] we have,

~k * O\ A . . T
Ry gg) = ke, (S)=  min min [WA|
e.S(B) = Ter jeldx]m==+1 HEBZUIAS, g
T o —
M§COSQ1S(M§HSQ+CTNSI+CMSI) 1, pe=1

which is computed by solving 2dxy LPs. If instead of S we have a sparsity certificate s, we use
\As(ﬁ)mg@h < §|A|so, which also results in 2dx LPs. Proposition applies these ideas to other
sensitivities, including those for the non-sparse case. Further details and other solutions are provided

in Section

Proposition 4.1. For all S C S C [dx], |SN So| <'s, and ¢ > 0,

Roo,S, > Max (7%00 ( > ) Ky, g = max <EZ (§) ,7%;':(5)) ,

s () 20). 52 (5) )
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-1
(1 — ,\T> < min (0,i (S) ,95(3)) ,
Iig S
where the quantities in_ the bounds are in Table[d The same holds for the sensitivities ¥ using, instead
ofB and 95, the sets B and constant 0

Based on these lower bounds, ap’ﬁ(s) 2 {p(b) : b e Cu(s)}, where

(4.8) @(s)é{beszvmﬁ,wm, z(D;g (B—b))g%ge(z)(s)},

l
defines a confidence set. It inherits the same robustness and uniformity properties as the SNIV con-
fidence set (i.e. applies). In practice we can summarize 6%,.@(3) by using a finite number of
functions in £ in . We focus on constructing a confidence band comprising dg intervals in which
©(b) lies when (b) € a%,ﬂ(s). For example, if ¢(b) = b we can take dy functions, [(A) = |e] A| for
k € [dx], yielding dx lower and upper bounds,

=~ i~ QMAR = ~ QMAH
(4.9) Cy, w(s) = max | fr — — T70:(0) = |» Copn(s) = min | G+ — 750, (5) -
AV RE (5)1/En]X2]

Alternatively, we can take one function, [(A) = [A|, and replace Kf, (s) with K (s) in (4.9). The
latter yields wider bounds but is less computationally demanding In the same way, if p(8) = Qp
for some specified €2, one can use either the sensitivities &7, (s) for j € [dp] and w; = DXQT_ or the
sensitivity for loss [(A) = [2@DxA|~. Though we do not make it explicit, the bound in depends
on c. Increasmg ¢ decreases @ (by 1ncrea51ng the penalty on ¢ in the STIV objective functlon) but
increases 0, (s)/ki(s) (by enlarging K 5). The optimal value for ¢ does not admit a tractable form. Due
to uniformity in ¢, in we can maximize (resp. minimize) the lower (resp. upper) bound over a
grid on ¢. In Section we propose a rule of thumb to determine a single value of c¢. Even if ¢ is
determined from the data, the set has coverage at least 1 — a — apg(n) due to (4.8)). Since it relies on
conic and linear programs, the approach is computationally feasible even for large dx. Unlike SNIV,
the inequalities at the basis of the sets are linear, but the sets can be infinite due to 1/9\,{(3).

4.4. Rates, Model Selection, and Refined Confidence Sets. To obtain rates of convergence we
use deterministic bounds to replace the random error bounds in Theorem [4.1] and Theorem [£.2] Our
analysis relies on replacing U with ¥ and the sensitivities (and their lower bounds) with their population
analogues. To obtain deterministic bounds, we further restrict P using Assumption[A.2] The additional
restrictions still do not restrict the dependence between Z and X. These are simply mild assumptions
on second moments which give finite sample bounds on the error made by replacing empirical averages
by population ones. Assumption also allows 7 and o (8) to be replaced by nonrandom r(n)and
oy(p)- Our results are stated on GNGy which has probability at least 1 —a —ap(n), where ap(n) — 0.
Asymptotic statements allow ¢ to depend on n. Our statements involve a sequence (7(n))pen € (0, 1)N
converging to zero with n such that In(max(dyz,dy,dr))/(n7(n)?) — 0. This behaviour is adequate if
Z;. and X;. are uniformly bounded. For other distributions 7(n) can have to decay more slowly to
zero. The results hold for all sequence (7(n))nen. Details are in Section [A.1.2] The sequence 7(n) is of

the order of \/In(dz)/n, /In(C(n)ndz)In(dz)/n, or \/In(C(n)dQZ)ln(dZ)/n, where C(n) is inversely
proportional to a coverage error sequence, depending on the class P.

4.4.1. Population Sensitivities. The population analogues of the sensitivities are key objects to estabhsh
the rate. The analogues of &,7, 9 are denoted by k,7,0. They are obtained by replacing ‘I/ K s and
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I?%Lq with ¥, Kg and K, g, where
K¢ 2 {A € R : 1, [Agensg, < |Asnso|, + cg(A)} :

Ky s = {A ER™: 1, ‘ASCHSQM =2 (‘ASOSQ‘I +Cg(A)) * ’As&)

S

g is defined as g using 7(n) instead of 7, 1,, £ /(1 — 7(n))/(1 + 7(n)), and we do not write the set Bp
for simplicity. As with g, h is the counterpart of . which replaces 77 with r(n). The results below hold
for all ¢ but if ¢ > 1,,/r(n) we have Kg = R?x,

For S C [dx], we use S £ (SﬁSQ)USéUSf if ¢ > 1, S = (SﬂSQ)US(f? if ¢ < 1,,

cs(S) £ min(cs x(S5), c<,x(5)),

e (8) 2 (L+ 1,)|S N Sql + Ll S{| + e(L = r(n))[SF) (1 — er(n))3,

cc(S) £ (1 +15)[8 N Sq| + 1n[SH|) (1n — )T,
and c,(5) for the sensitivities v replacing (1 + 1,) by (24 1,) and ¢ by 2¢. If ¢ < 1,, and S = [dx],
we have S =89, cu(S) = uglS|, and, if ¢ < 1,/2, ¢y (S) = u,|S|, where u,, £ (1+ 1,)/(1, — ¢) and
uy 2 (2+1,)/(1, — 2¢). We refer to this condition together with B = R as (IC).
Proposition 4.2. We have, for all S C [dx], So C [dx], and q € [1, 0],

(1) Kq,80,8 = Kq,S,
Roo,S50,8 = mlnkESo ek757

(i

(iii) cu(S) Yoo, < K5 < Koo,
(iv
(v KIIS>I‘$OOSS/CK( ),

—1
( v) Kg,§ = > max(/il S ( ( )/HLSLS + 1/&175;75) ),

i)
) ¢
) S0l ™Y 9k00,50,5 < Kg,50,5 < Koo,S0,5
)
)
(vii) For all Sy 2 S,

K > min max AU .| = (ce(S) — 1) max |\
20508 = e AeRiz oAl <1 (' +l = (enlS) )k’#ﬁ‘ k’)

(viii) For all k € [dx],

ATO | -
maxygs Lt
£k wl 1) .

S
ke o> max (AT ] +max |\ ) ce(5)
Kk Foo3,5

erS = AeR?z:|)|1 <1
The above statements hold if we replace the sensitivities based on Kg by those based on K g, c.(s) by
cy(s). We also have yp5 > 71,5.

Maximizing only on the vectors (f1)c(a,), yields

(4.10) s = i e (10a] = ((S) — 1) [P0 )

The advantage of is that it allows for combinations of the IVs, which can provide a tighter bound.
These combinations do not need to be constructed in practice. The term max 4, |)\T\IJ.,;€/| could be
set to zero by taking A in the orthogonal complement of the vector space spanned by the columns V. ;.
for k' # k. Doing so, one could then maximize |ATW. ;| for vectors A in that space such that [A|; < 1
(which is not trivial if dx — 1 < dz) to optimally combine the IVs. The lower bound in is sharper
and achieves a trade-off, which is desirable when the orthogonal complement is too small to deliver a
strong IV. Results , , and yield a lower bound on k4 g for ¢ € [1, 0c]. The lower bound
for coordinate-wise sensitivities is useful to analyse variable selection. Result with Sy = S U {k}
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also provides bounds for the coordinate-wise sensitivities kZ ¢ which could be sharper than . In
case (IC), we have

(4.11) Fs 2> (uxlS)) 7 Foos.s, Hgs 2> (uxlS) 7 hoos.

It is usual, in the absence of endogeneity, to assume that certain quantities such as eigenvalues of all
sub-blocks of ¥ of size at most s (sparse eigenvalues) or restricted eigenvalues are bounded away from
zero (see, e.g., [9]) in which case k1,5 > /s for some x > 0 which could depend on n (see Section A.4
in . In contrast, the lower bounds on k1 g and ko 5,5 only depend on the regressors with index in
S. This can give much sharper lower bounds than when we pay the price of a minimum over all sets
of size s. Proposition provides an alternative lower bound in case (IC).

We now illustrate these bounds in case (IC). The examples can be simple because, due to ,
the identity of the IVs or their linear combination is irrelevant. In Example E1, by and ,
we have Koo 5,5 > mingcg pp and sz,s > px- Due to the form of kg g, its magnitude and those of
the sensitivities we deduce from it (e.g., k1,5) depend on S beyond its cardinality. For each relevant
regressor, what matters is the strength of the strongest IV. The sensitivity xo 5,5 can be small if some
regressors of index in .S do not have sufficiently strong I'Vs, but not if this happens for regressors outside
S.

In Example E2, taking the entries of the vector A to be constant on a set S C [dz] and zero
elsewhere for k = dx and A = fi for k € SN .Sy, (vil) yields roo,g,5 > mln(maxsqdz]ﬂpsh (uk)S| —

1)/15],1 = (ux|S| = 1)|psns, o). From the first term in the minimum it is important that wu.|S| — 1
be small relative to |p[1. This occurs if there are sufficiently many exogenous regressors with index
outside S which are sufficiently correlated with the endogenous regressor. Due to the second term in
the minimum, the regressors of index in S N Sy should have a sufficiently small correlation with the
endogenous regressor.

4.4.2. Rates of C’onvergence and Confidence Sets with Estimated Support. Theorem establishes the
rate of convergence for 3. Rates of convergence for & and O’(,@) are given in (|A.46)) and (A.47). For
S C [dx], we use

0x(9) = (14 7(n)) <1 —

and ©,(S) which is obtained by replacing x1,5 and K1,8050,S by 71,5 and 7y, 5. We also sometimes use,

m(n) _r(n)(1+ T(n))>1
+

k1,8 CK1,5MSq,S

for vectors w € R%X the restricted set of identified vectors to comprise vectors with sufficiently large
nonzero entries

o) 22\ {B vk € 53), 1y/BIXE 60l > |

TAheorem 4.3. Let ¢ > 0. Under Assumption[A.3, for all B,P such that B € T and all STIV estimators
(678)7 we have7 on g N g‘lh
(i) Foralll e L,
1 (% 2r(n)oy
1l (D5 (B-8)) < =20 o (5(8));

k1,5(8)
(i) If p € Z(w) where, for all k € S(B), wi = 2r(n)UU(5)@,{(S(B))//ﬂ:k,s(ﬁ), then S() C S(B\);
(@i) For all ¢ € [1,00] and Sy C [dx],

X (B_ﬁ)so

2r(n)oy(s) 1 >
<2 min max | ———0,(5),3|D c .
- SCldx] ( 74,50, /() } x s QSQ‘l
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For a given B, one can take the infimum over 8 € Z on both sides of the inequality in or
(iii). The left-hand side can then be viewed as the distance to a set, and the right-hand side defines
the elements of Z to which B is closest. The discussion below uses such 8. If 7 is a singleton, § = §*.
Due to Proposition (), ©x(S(B)) is close to 1 when max(r(n), 7(n))/k1,5(5 — 0. For Example E1,

using , this occurs if
-1
(4.12) max(r(n), 7(n))|S(5)| ( min pk> — 0.

keS(B)

If ©,(S(8)) is close to 1, then (i) implies |D)_(1(B— B)l1 S r(n)/k1,s(8)- We might ask ourselves if
this converges to zero as n goes to infinity. If dx increases with n, this is a bound on the norm of an
increasingly large vector. For Example E1, we obtain |D)_(1(§— A < r(n)]S(B)|(mingeg(s) pr) ' and
“consistency” in £1-norm simply relies on (£.12)), hence on minye gy p > max(r(n),7(n))[S(B)]. This
means that there should exist a strong enough IV for every regressor with index in S(/3). The rate is
not affected if there is not a strong IV for a regressor which is irrelevant. When p is constant,
requires max(r(n),7(n))|S(5)| — 0 which imposes an upper bound on the sparsity of the structural
vector. When the entries of p are in decreasing order and the largest index in S(/3) is k., then consistency
requires max(r(n),7(n))|S (6)]/),;1 — 0. The magnitude of pl;l depends on the rate of decay of the
components of p but also on the identity of the relevant regressors. It is independent of dx. Even if
dx is very large, the rate of convergence of STIV in ¢;-norm can be very small.

Remark 4.2. If in Evample E1 we also have E[ZZ "] = I and, for allk € S(B), pjx = 1/ when it is
nonzero (so the population R* does not change with ly,), one should have max(r(n), 7(n))y/|ls(s)loo| S(8)] =

0. If we take the first typical behavior for r(n), we cannot show that STIV is consistent when |lg(g)|oo In(dzdx)/n
converges to a nonzero constant. When dx = 1 this becomes dzIn(dz)/n converges to a nonzero con-
stant. This is a case where 25LS is consistent (it is not when we remove In(dz)).

If we consider different losses for Example E1, we have a different behavior. For example,
| B\k — Bkl Sr(n) p,;l and the sparsity does not play a role. This means that we can have heterogenous
rates of convergence for different components. Moreover, maxges, | Bk — Bkl S r(n) maxges, plzl. This
echoes [20] for linear regression, except for the additional maxyeg, pgl factor. Importantly STIV can
be consistent when dz < dx including for Example E2.

The condition € Z(w) in is a beta-min condition. It makes sense in applications such as
social interactions when the network is sparse. There, the coefficients also have a clear interpretation
and are meaningful parameters of interest. The beta-min assumption is not aimed to be used when the
regressors are functions of baseline regressors introduced to approximate a structural function. The

value of wy corresponds to the upper bound on 1,4 /E[X,?]\Bk — Bk|. In Example E1, the magnitude

of wy, is proportional to p,?l. Result means that, for all 5 € Z(w), the STIV estimator recovers a
superset of the regressors. Based on , the set C, 2 {o(b) : be Cy}, where

PN 1 (5 2750,(S(B))
4.13 C.2b:Viel, (D (B-b)) < —E 22208
a fp-ec.1(ox! (5-1)) < T
is such that
(4.14) . iélgz(w) P (gp(,é’) € C’@,n) >1—a—ap(n).

The confidence set @M is not robust to identification because w depends on ¥, hence on the joint
distribution of Z and X, through the population sensitivities.



15

If 5 € 7 is sparse, the upper bound in ({iiil), which holds for all S C [dx], also applies to S = S(3)
in which case the second term in the maximum is zero. We are then left with a bound which is similar
to the right-hand side of . The second term is an alternative bound on the loss when, on G, 8 ¢ K, 5
When ¢ =1 and Sy = Sg = [dx], it is 6 times the error we would make by having B = fBg (estimating
perfectly the components in S). This is the sense in which the second term is an approximation error.
The STIV estimator performs a data-driven trade-off for nonsparse vectors. This trade-off is desirable
when a subvector ﬂscmSQ cannot be distinguished from zero, in which case it is better to estimate it
as zero and make a smaller error on the important entries. One gets from that, for an optimal set
Sy C [dx] (not necessarily S(5)),

Dyt (B-58)| < 2y
1 71,8,
This allows us to define formally approximately sparse vectors as vectors which are sufficiently well
approximated by a sparse vector so that the right-hand side of is small. In the case of Example
E1 with a decreasing sequence pj (this is without loss of generality because concerns nonlinear
approximation) and an ordered sequence of subsets of the form S = [K] for K € [dx], we obtain

NI sr(n) .
7 (3-9)], % i o (S 5 059 )
To avoid the right-hand sides of (ij) and being infinite, or the set of vectors in Z(w) being empty for
some P € P (due to the sensitivities being too small), one can restrict further the class P. The results
are no longer robust to identification nor uniform in the sense that ¥ can no longer be arbitrary.

(4.15) 1, 0,(S.).

4.4.3. Selection of Variables and Confidence Sets with Estimated Support. Theorem provides a
superset of regressors. Under a stronger beta-min condition exact selection can be performed. For this
purpose, we use a thresholded STIV estimator 5 which uses a sparsity certificate. It is defined by

(4.16) o & Bkn{,/En[X,g] \Bk) > @k(s)}, Dils) 2 %

rE (s)

for k € [dx]. The constants x;(s) and }(s) are population analogues of the lower bounds in Proposition
Due to the duality between testing and confidence sets, for the same value of ¢, the thresholded
STIV estimator is equivalently obtained by setting to zero the entries of f)’\ for which 0 lies in the bounds
in . The following theorem shows that, based on thresholding a STIV estimator, we achieve sign
consistency and hence, S(3%) = S(8) for all 8 € T,NZ(2w(s)). It uses sign(b) £ (sign(bk)) yejay ), Where
sign(t) = 1{t > 0} — 1{t < 0}. We make use of the following population counterparts to establish the
result

wi(s)

7 _ -1
. 27"(”)@9”(8) v | 2 (1 ()1 +7(n)) <1 _1(n) > 1) -1,
+

sup
Fe, (5) BT, CK1,8(8)NSq,S(8) K1,5(8)

+
for all k € [dx], where 0,(s) and =, (s) are defined in Proposition

Theorem 4.4. Let s € [dg]. Under Assumption for all B,P such that € T, N Z(2w(s)) and all
STIV estimators (3,7), we have, on G N Gy, sign(B¥) = sign(p).

The confidence sets corresponding to Theorem are obtained by replacing S (B) by S (3‘”) in
(4.13)), and satisfy (4.14) with Z; N Z(2w(s)) in place of Z(w) in the infimum. The sparsity certificate
s can be large, and possibly equal to dx. The width of the sets matches the error bound in Theorem
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as regards the dependence on S(3). For this reason the confidence set adapts to the sparsity. To
achieve this we need to remove a small set from B (the vectors which are too close to |S(3)|-sparse
vectors). This is related to impossibility results for adaptive confidence sets in nonparametric and
high-dimensional statistics.

5. OTHER MOMENT MODELS

5.1. Endogenous IVs. Testing IV exogeneity in the presence of overidentification is a classical prob-
lem studied since [29]|ﬂ We replace (2.1)) with (2.1b)), (2.2) with (3,60) € B, P(3,0) € P, where P (3, 0)

is the distribution of (Xi’., Z;.,Z] U;B) — 9) implied by P, and modify Z C R4 *%2 accordingly.
’ 1€[n

The class P can be any of classes 1-4 in Section replacing ZZ,Ui(ﬁ) with ZZ.Ui(B) — 0. The set
B C R¥x+4z accounts for the restrictions on (3,6). For example, the researcher could know the sign of
the correlation between an endogenous regressor and the structural error. An important restriction is
s, =0 for S| C [dz] which corresponds to the indices of the IVs known to be exogenous. We denote
by dix 2 [S1| and Z,5 = Z1{(8,6) € B : |S(8) 1 Sql < 5,IS(0)| < 5}, where 5 € [dy — dgx] is a
sparsity certificate for the possibly endogenous IVs. We now present confidence sets for ¢(3,6). They
do not require dgpx > dx.

First, the SNIV confidence set in (3.1)) is easy to modify, yielding

S TO(”)} )

~ 2 A 2 . . . .

where 7;(b,t)* = E,[(Z;jU(b) — t;)°]. Further details are in Section A second approach relies on

. . 1Z1U(b) — nty
C(s,s) = q(b,t) e B:[S(b)NnSg| <s,|S(t)| <5, max | —————
the C-STIV estimator (see Section [B.1.1)).

leldz] |

n oy(b,t)

Definition 5.1. For c € (0,1), the C-STIV estimator (B\, 5, o) is any solution of
1 + co,

min ‘Dilng ’1 +
(b,t)eZe (ro(n),0),0>0

To(ro(n), o) 2 { ‘ . (iZTU(b) - t) LO < ro(n)o, B (bt) < a},

~

v (b,t) € RIxXHdz | B (b, 1) 2 max 51 (b,1), and 5 (b,1)% 2 (Dz)%, E, [(ZIU(b) _ tl)ﬂ .
E€ldz ’

where

When digx = dz the C-STIV is an alternative to the STIV estimatorﬂ Its analysis is similar to
that of STIV. The main computational difference is that there are as many second-order cones as d.
This makes it much harder to solve. However, we use a smoothing approach to approximate it which
makes the computations much faster (see Section . This development is essential for the confidence
bands in Section |§| to handle easily thousands of regressors and instruments (as in the application in
Section which would else be limited to a few hundreds. The C-STIV estimator is also used to
estimate certain left inverses of ¥ in Section [6l

C-STIV obtains (B\ ) 5) simultaneously. Alternatively, one can apply STIV or C-STIV to obtain
a pilot estimator B using IVs of index in S, and obtain ) using the NV-STIV estimator (see Section
. NV-STIV is a modification of C-STIV, in which Ic(ro( ), 0) is altered to include b = B, ro (n)o
is replaced by ro(n)o + band F (b,t) < o by F (b,t) <o+ b%. The terms b, b” are constructed using

3ThlS question is addressed in see v5 for references.
4The idea appeared in (6.5) in and C-STIV was called the STIV when the paper was first revised (see [(v2b)).
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lower bounds on sensitivities and such that for £ in Z;

(10x' (5-9)).,

1

(5.1)

09 (5-5)], <7

<b, Dpzxss

o0

with high probability, where

~ N 2y2
PzZX,5¢ = les{fl%[dx] (Dz)1; (Dx )i \/En [Z7X7],

which is simply denoted by pzx when we replace [ € ST by | € [dz]. One then uses sensitivities for
the NV-STIV to construct confidence sets for 6.

5.2. Approximation Errors and Systems of Equations. We replace to and assume
that oy < v(dx), for v(dx) decaying to zero with dx. The assumptions previously made on
(X,Z,U(p)) are made on (X, Z, W(f3)) and T is modified accordingly and incorporates oy () < v(dx).
The class P can be any of classes 1-5. The model with approximation errors allows for the structural
equation

(5.2) Vi€ [n], Y; = f(X;) + Wi, E[W;|Z;] =0,

where f € S, and for functions (¢)ren and a decreasing sequence (v(dx))dyen,
dx 2

(5.3) Vdy €N, sup inf E <g (5() S (5&) bk> < v(dy)?.

g€S bERIX el
The rate of decay of (v(dx))ayen is usually taken slow so that S can be large. This amounts to assuming
minimum smoothness. The function f can lie in a class of much smoother functions contained in §. The
model with approximation error is obtained by taking f € S, X;. = (01(Xi), - - - Odx (Xy)), Vi(B) =
(X)) — ZZ;‘l ©r(X;) Bk, and ov(g) < Viyx- The term V;(j) is the error made by approximating the
function in the high-dimensional space, and v(dx) = o(n~/?) for dx sufficiently large. For well chosen
classes S and functions (g )ren, the vector 5 € 7 is approximately sparse. We use IVs which comprise
functions of Z;. This approach can be generalized to system where 8 € Mg, 4., Sg,S1 C [dx] % [dg],
U(B), V(B), W(B) € My ag,, and oy (5 < v(dx) for v(dx) € R% . We now define the estimator.

Definition 5.2. For ¢,v > 0, the E-STIV estimator (3, 8) is any solution of
(5.4) _ min (\D;ngQ\l + cya|1> ,
b€l (T,0),0>0

where

. 1
Tp(Ft) & {b € B, Vg € [da], | -DzZ' (Y., —Xb.y)

<Tog+ (T+ 1)vy, o4(b) < tg} ,

Vb € My ag, V9 € [dg], G4(b)* 2 E,[U,(b)%.

For the nonparametric model with a single equation, one can take v = /1 + 7(n)v(dx).
The E-STIV estimator can also be used for other approximate models such as bracketed data (then
v can be determined from the data, see . We analyse the E-STIV estimator in Section It
allows for cross-equation restrictions, and the number of equations dg can depend on n.

6. CONFIDENCE BANDS USING B1AS CORRECTION

The confidence sets presented thus far can be conservative if dr is small relative to dx. In this
section, for € Mg, 4, we propose an estimator and confidence band for ¢(b) = Qb. Specifically,
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we construct a confidence band comprising dr intervals and directly control the probability that €5
lies inside. Taking Q = ¢ for k € [dx] yields a confidence interval as a special case. If the structural
equation is , we can use this to construct a confidence band around f at dp grid points (i.e., around
f(t1), f(t2),..., f(ta,) where (tj)?il is a grid on the support of X) by taking Q = (¢k (%)) je[dp] keldx]
and we control instead the probability that 28+ V(3), where V(8) is the approximation error at those
grid points, lies in the band. The number of grid points is permitted to grow with n.

A first strategy to estimate 3 is to use the plug-in estimator QB , where B is an estimator from
the STIV family. A second strategy is to rely on the assumption

(6.1) N € Mapay : Vi €[], AE [Z]X,, | =,

The statement Vi € [n] is to allow for independent but non i.i.d. data. To understand this condition,
let us consider the case of i.i.d. data. We have AE [ZX ] 8 = AE[ZY], so QB8 = AE[ZY]. This yields
a second plug-in strategy to estimate 25 by using an estimator of A. Condition , however, can be
problematic. It states that there exists a solution to a system of drpdx equations in dpdz unknowns.
If dz < dx, the system is overdetermined, and so a solution may only exist for particular choices of
Q. If there exists a unique solution, it might not be sparse. If d; > dx there are more unknowns
than equations. If a solution exists, the set of A which satisfy is an affine space, and so A is not
point identified but there can exist for example a sparsest solution. In case of E [ZX T] B =E[ZY]
and , one has to deal with the multiplication of the parameter to estimate with E [ZX T], either
to the left or to the right. The dimensions dz and dx play opposite roles: having dz > dx is desirable
to estimate (3, while having dx > dz is desirable to estimate A. To deal with both underidentified
situations sparsity is a useful device. We now denote, for L € Mg, 4, by T; (L) 20— LZIXZ

Using either of these plug-in strategies poses problems in high-dimensions because STIV types
estimators perform shrinkage and are “biased” towards zero. They can also converge slowly or even
fail to converge as we have seen in the case of many equally weak IVs. The approach that we take is
to combine the two estimators and form the bias corrected estimator

(6.2) 0B 2 0f + %KZTU(B).

It amounts to estimating dr linear combinations of the IVs and interacting them with the estimated
residuals. It is at the basis of the confidence bands in this section. They can yield less conservative
inference than the previous confidence sets when dp is small.

Remark 6.1. The bias-corrected estimator is close in spirit to [21]. Another motivation for it is that
the mapping O defined as O(b,L) = Qb+ L(E[ZTY] — E[ZT Xb) has partial derivatives with respect
to b and L which are zero at, respectively, identified B and A (due to E [ZXT] g =E[ZY] and )
and O(B,N) = QpB. This is a type of double-robustness (see, e.g., [15]). In the approach of this paper,
3 is not obtained by estimating regressions (hence no machine learning) but directly in a robust way,
allowing all regressors to be endogenous. Another difference is that our analysis is based on
which does not include a term which is the product of two estimation errors. For this reason, we can
have much weaker requirements on rates of convergence.

Remark 6.2. The assumptions on (B, o) and (K,ﬁ) will not be symmetric. If the researcher thinks
they are more likely to hold if we interchange their role, she can use Q3 2 (AZTY + 2ieln] T(A)B)/n.
The mapping O' defined as O' (b, L) 2 LE[Z Y]+ (Q— LE[Z" X])b satisfies the same double-robustness
property as O.

The previous methods can be used to estimate A because (6.1) is simply another system of
moment conditions. Condition (§6.1)) can hold approximately like in Section In this section we use
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the C-STIV estimator for a system of dr equations. For A € (0,1), we obtain A by solving

A
(6.3) _ min |ILDZ'|, + 2
LeZo(ry(n),wv),v>0 PzX

where

Zo(r(n),v) = {L € Mapdy, - % Z T;(L)Dx| <ry(n)y, ﬁ(L) < V},

VL F(L)2 Grp (L A5 (L)? 2 (Dx)2,E, [(T(A)2,].
€ May.ay, F (L) (f,k)erﬁi}fx[dx]gf’k( ), and Gy (L) £ (Dx)j 5 En [(T(A)F4]

If @ =1 and Z = X, A is an approximate inverse of the matrix XX /n, which improves on the
CLIME estimator of [11] by additionally estimating standard errors. The rates of convergence are

given in Theorem
The sequences c,7 and « for the preliminary estimator can vary with n, the last converging to

zero. P’ is a nonparametric class for P(8,A) the distribution of (X, Z, U(S), (Ts(A))icn), ZA"Dyg).
The one on which our analysis is based defined in Assumption To choose 7(,(n), we use a suitable
modification of the classes presented in Section For ease of exposition we focus on class 4, in
which case r((n) is defined identically to 7(n), replacing o with a sequence converging to zero and dz
with dpdx. We define the set of identifiable parameters

T 2 {/3 €Z,A: Vi€ [n],AE [ZTX} —Q,P(,A) € P’.},

Since it is needed for the empirical application, we present our results below for the case in which
B is a pilot estimator of the parameters of a system of dg equations as the one studied in generalization
or the C-STIV estimator for system used here to obtain A. E is a dx X dg matrix and dg can
depend on n. For a € (0, 1), we define

(64) éQ,g é [Qﬂhqaéﬂ,g} ) QQ,Q é g/z/\8.7g - 67; 76979 é (/2\5‘79 + 6\7
(chm@zm(l —a)+ QC(H))

Vi v
where UGo U(B)ZAT (1—a) is the 1 —a quantile of the distribution of G = |DU(§)ZKTKZTU(§)E\OO/\/H

L

(6.5)

<)

given U(B)ZAT (computed by simulation), E is a Gaussian vector in R” with mean zero and variance
I and independent from U(E)Z/AXT, and ({(n))nen, (0(n))nen, and (aq(n))nen are sequences appearing
in Assumption To have a unified framework, the result below is for the vector of approximately
linear functionals Q8. , + V4(8).

Theorem 6.1. Let assumptions and hold. Then, for all P,(B,A) such that (B,A) € Zq and
n € N, every collection (Ca.g)ge(a] Satisfies

P (Q,@.,g +Vg(6) S 6979) >1—a— aQ(n) Vg € [dg].

The sequence (T(n))nen in (6.5)) allows to obtain a result which is uniform in n but the researcher
can use v(n) = 0. The confidence bands have asymptotically coverage at least 1 — a if ag(n) — 0 and
v(n) — 0. The first condition is very mild and requires that (¢(n)),en does not converge too fast to 0
(see () in Assumption [B.2), ag(n) + aq(n) — 0, and dp is of smaller order than an exponential in 7.
Due to item in Assumption the second condition holds if

(6.6) Vn(l+7vp(n)) (\DAZW(ﬁ) | 70(n)op)()vs1(n) + | Dazw s [V (B)lso
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+ (UAd + |Dazw (s DAZ{ ) [v(dx)|o ) — 0,

Up(n) £ min ((‘DAZW(B)ADEI‘OQOO + | Dazws |, UA,I(”)) (pzx(n)vg1(n) + pzv(dx)) +va2(n),

2
‘DAZU(B)‘OOUA,I(H)/)ZX (7)5, + ’D 15‘ ) =+ Iél[%X] \/E [((DAZW(B)A)ﬁ, ZV(ﬁ)) :| + Uﬁg(ﬂ)),

where the additional sequences are introduced in Section The sequences of the form vy 1(n),
vp2(n), and vp 3(n) are rates of convergence for the estimation of A for three different losses, vp(p)(n)
is a bound for ¥ (hence is not converging to zero), and vg 1(n) and vga(n) are rates of convergence for
the estimation of 8. In the absence of approximation error and for linear functionals, the condition
simplifies because v(dx) = 0 and V() = 0. Omitting the second term in the minimum in the definition
of p(n), a sufficient condition is that

(1) (IDazw(5)ADZ " [so.00 + [Dazw(s)loovai (n)pzx (n)vg,1(n) +va2(n) = O(1),
(2) Dazw (g)looro(n)vE(a)(n)vg,1 (1) = 0(1/y/n).
Item 1 can hold can hold even if vp 1(n) diverges but vp o(n) remains bounded. So it is not required

that A even converges, for any of the two losses for which v 1(n) and vp 2(n) account, to an element
A such that (8,A) € Zg. Assuming |DAZW(5)‘OOUF(A)(7”L) = O(1), which again does not require the

consistency of A, item 2 holds if ro(n)vg1(n) = o(1/y/n). So the estimation error on § should be
o(In(dpdx)~1/?). This is very mild and much weaker than what is usually needed with doubly robust
methods (the product of the rates for estimation of A and 3 is o(1/4/n)). Another advantage of the
bias correction analysed in this section is that the researcher does not need to find the form of robust
moments and can rely on a simple data-driven method.

In nonidentified cases it is possible that two elements of Z give rise to the same 25 and what then
matters is that 3 converges to an approximately sparse element of Z giving rise to the same functional.
When V is such that we cannot prove consistency of B then the coverage of the confidence bands might
not be correct. This is because these bands are not robust to identification. Also, the confidence bands
can be valid even if condition (1| does not hold and the quantity diverges, if (vg 1(n))nen converges faster
to 0. Condition can be restrictive due to terms like ‘DAZW(B)AD§1|OO,OO in vp(n). The second
term in the minimum in the definition of 7p(n) can then be useful because it involves instead | Dy A];.
In Section we show that if we assume that the structural errors are conditional homoscedastic
and consider alternative confidence bands, those conditions can be relaxed significantly. When the
researcher uses the debiaising technique of Remark the role of the estimation error of 8 and of A
are exchanged. Section 8.2 in proposes an alternative solution to handle non identified matrices
A. Section 8.3 in combines the confidence bands with an upper bound on the bias obtained from
the identification robust confidence sets in case we suspect the “bias” of the debiased estimator might
not be negligible.

7. INFERENCE PuUT INTO PRACTICE

7.1. Simulation Study. We consider the model (2.1)-(2-2) with i.i.d. data, B =R and S = [dx].
We set §* = (1, —0.5,0.25,0,...,0) " and let ZT be a Gaussuan vector in R% with mean zero and
variance I. We take the exogenous regressors to be the first |Sr| IVs. For an endogenous regressor
of index k we set X, = Z; I, + V;;, where II € Mdz,\Sﬂ is a matrix of first-stage parameters and

V. € RIS, We let (U, VZ'7.)T be a Gaussian vector in R*™!57] with mean zero and variance ¥, with
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entries
Ei,j =1 ifq :j = 1, Z@j =1—7 if4 :j > 1, Ez‘,j = 0.05 otherwise.

We set IT such that |IL |3 = 7 for k € [|S¢|], and m € {0.5,0.8} controls the collective IV strength. This
implies that each regressor has unit variance. Since the IVs are uncorrelated with one another, a matrix
version of the concentration parameter II"T Z"ZII/(1 — «) has diagonal elements close to nw/(1 — )
and the degree of endogeneity is 0.05/y/1 — 7 (see [I]). In low dimensions this would be considered a
strong IV situation. However, we consider cases in which the first-stage is not approximately sparse
so even a first-stage Lasso estimator would not be consistent (so it is not possible to even estimate
the concentration parameter and apply a method akin to 2SLS), most of the IVs have very weak
correlation with the endogenous regressors, and identification fails in the absence of sparsity. We take
Mg, =Ha,12 =" =y, |s¢141,5¢ = \/3m/4. For the remaining entries we set

++/(n/4)/(dz — 1) otherwise

This means that there is one stronger IV and dz — 1 weaker IVs for each endogenous regressor. Though
each weaker IV accounts for a small fraction of the variance in the endogenous regressors, collectively
the weaker IVs account for fraction 7 /4 of the variance. Moreover, when dz < dx all of the IVs are
strongly correlated with at least one regressor.

We construct confidence sets for p(b) = b and the corresponding confidence bands using Q2 = I.
To construct confidence sets based on SNIV and lower bounds on the sensitivities we use r(n) from
class 4 with o = 0.05 and invoke assumption to set ¥ = 1.01rg(n). We consider sparsity certificates
4,5,6,7,10. For the choices of dx,dz below, the design is such that Z; is a singleton for each sparsity
certificate (i.e., there is identification under sparsity). We construct the bounds in , replacing
¢ > 0 with a grid, the construction of which is discussed below. For computational reasons we limit
the grid to at most two points. Increasing the number of grid points (and/or loss functions) could lead
to less conservative inference. We follow the same approach to construct the confidence set in
based on an estimated support, taking ¢ equal to the first grid point and S (B) to be the indices of the
elements of Dx_lﬁ with absolute value larger than le-4. For the confidence bands we use STIV for
the pilot and class 5 to set 7 (as mandated by Assumption . Since the IVs are uncorrelated with
one another, the values of 7 corresponding to classes 4 and 5 are nearly identical. We use the STIV
estimator with ¢ = 0.99/7 for the pilot and set A = 0.99 to estimate A. Computational details and
software are in Section [C.4l

{— (r/4)/(dz —1) 1iis odd and j is odd, oriis even and j > dz/2
ij =

Rule of Thumb for c. We start by applying STIV with ¢ = 7!, which corresponds to the
least shrinkage of B . As ¢ decreases the estimate remains almost unchanged, until a point after which
7 increases. If the researcher wishes to use a single value of ¢, we recommend this value. As ¢ decreases
further, the estimator remains unchanged until a point after which there is a second increase in @. If
we use a second point to construct a grid we use this value, and so on. Choosing the grid in this way
means that we use the smallest possible ¢ (yielding the largest possible sensitivities) for a given value
of 7.

Estimation. We consider estimation in a challenging setting with n < dz < dx. We set n =
750, dx = 1750 and dz = 1500. We take S = {1, 5, 1503, ...,1750}, such that there are 250 endogenous
regressors. Table [I] reports the results for different choices of ¢ and 7= over 1000 replications. For
sufficiently large ¢, the estimator performs well in terms of selecting nonzero entries of the parameter,
and does not select entries of the parameter with values of zero. Due to the shrinkage, there is a
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TABLE 1. STIV estimator

dz = 1500, dx = 1750, = 750, 7 = 0.8
cr=0.95 cr =0.75 cr=0.5 cr =0.25

p2.5| p50 [p97.5|p2.5| p50 [p97.5|p2.5 | p50 |p97.5|p2.5| p50 [p97.5
Bi(=0.5) 0.8 [0.88]0.95 [0.74[0.82] 0.91 | 0.67|0.78] 0.88 [0.27[0.55 | 0.78
B3 (= —2) 1.9 |-1.83|-1.75| -1.9 |-1.83|-1.75 | -1.9 |-1.82|-1.74|-1.89|-1.81|-1.73
B85 (= —0.5) -0.41|-0.33|-0.26|-0.41|-0.33|-0.26 |-0.41|-0.33|-0.26 |-0.41|-0.32|-0.25
Bi(=0.25) 0.01{0.08|0.16 [0.01/0.08(0.16 | 0 [0.08]0.16 | 0 |0.08|0.16
Bi(=0) olojlo|lo]o|o]o|o]o0o]|0o|O]|oO
Bi(=0) olojlo|o]o|lo]o|o]O0]|O0O|O]oO
o (=1) 1 |1.05] 1.1 [1.01|1.06|1.12 |1.02|1.07| 1.13 | 1.05 | 1.12| 1.2
(B—B")s+| [0.15]0.2 [0.25[0.16]0.21|0.27 [0.17]0.23| 0.33 |0.23|0.45 | 0.73
(375*)%*)0? 001003 0|0/| 0710|0003 01017039
S(B) 2 S(8") 0.98 0.98 0.98 0.96
S(B) = 5(8%) 0.62 0.95 0.91 0.06

dz = 1500, dx = 1750, n = 750, 7 = 0.5

Bi(=0.5) 0 [0.79]0.96] 0 [0.78]0.96] 0 [0.79[0.98] 0 | 0.8]0.98
B3 (= —2) -1.93|-1.83| -1.5 |-1.91|-1.83|-1.48 [ -1.9 |-1.83|-1.47|-1.93|-1.83|-1.49
B85 (= —0.5) -0.39-0.32| 0 |-0.4]-0.34] 0 [-0.4]-0.34] 0 |-0.4[-0.33] 0
Bi(=0.25) 0 [0.08]0.18| 0 |0.07|0.18| 0 [0.08/0.16| 0 |0.07|0.15
Bi(=0) olojlo|lo]o|o]o|o][O0o]|O0o|O]oO
Bi(=0) olojlo|o]o|lo]o]o|[oOo]|O0O|O]oO
o (=1) 1 |1.09] 3.3 [0.99/1.09]3.42|0.99]1.08| 3.4 [0.98]1.08|3.38
(B—B")sp| [015[0.24] 1 [0.150.23| 1 [0.15/0.23| 1 |0.15[0.24| 1
(375*)%*)0? 0 [0.02/0.42| 0 [0.02/0.43| 0 [0.02/0.45| 0 [0.02]0.43
S(B) 2 S(8") 0.82 0.82 0.80 0.78
S(B) = 5(8%) 0.49 0.45 0.47 0.46

1000 replications. r9(n) = 0.16.

bias towards zero, which is decreasing in c. The shrinkage also leads to a slight upwards bias in the
estimator of the variance.

Confidence Sets. We set n = 2000, dx = 50, dz € {2050,49}, S¢ = {1,5} and construct
confidence sets for §*. This design is challenging since there are two endogenous regressors and either
dy < dx orn < dz. We limit dx so as to permit application of all of our methods to the same design
over 1000 replications. Below we modify the design to allow for dx > n. Table 2] illustrates the SNIV
confidence sets for a single dataset. The bounds are nested and contain the true value for all values of
s. If m = 0.8 the bounds are sufficiently narrow so as to be informative on the sign of first three entries
of 8*, which are the largest in magnitude. If dz = 49 there is no strong IV for regressor 5, yielding wide
bounds. Table [3| reports results for the other confidence sets over 1000 replications. The confidence
sets based on a sparsity certificate are are nested. If dz = 2050, they can be sufficiently narrow so as
to be informative on the sign of the first three entries of 5*. Though robust to identification, the sets
can also be conservative, with infinite volume if dz = 49 and coverage close to 1 if dz = 2050. The
STIV estimator performs well in selecting the nonzero entries of the parameter, which results in less
conservative confidence sets based on an estimated support. These are narrower than those based on
the sparsity certificate s = |S(5*)| = 4, even those based on SNIV. This is because they use information
on both the cardinality and identities of the relevant regressors. Confidence sets based on estimated
support have coverage below the nominal level when dz = 2050 and m = 0.5. This is because STIV
applied using the rule of thumb value for ¢ sometimes fails to distinguish 5} = 0.25 from zero. In the
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TABLE 2. 0.95 SNIV confidence sets for 5*

dz =49,dx = 50,n = 2000,7 = 0.8 dz = 2050,dx = 50,n = 2000, 7 = 0.8
Lower bound Upper bound Lower bound Upper bound
SC 10|SC 6|SC 5|SC 4|SC 4|SC 5|SC 6{SC 10|SC 10|SC 6|SC 5|SC 4|SC 4|SC 5|SC 6{SC 10

Bi(=0.5) | 0.40 {0.40(0.59|0.60(1.33]1.48|1.50| 1.55 |-0.17 {0.01]0.07|0.07|1.53|2.00|2.05| 2.15
B5(=—2) |-2.37|-2.34|-2.24/-2.23|-1.76|-1.66|-1.64| -1.61 | -2.59 |-2.57|-2.46|-2.42|-1.49|-1.33|-1.33| -1.27
B3 (= —0.5)| -0.87 |-0.83|-0.80|-0.79|-0.18|-0.16|-0.14| -0.09 | -0.93 |-0.83|-0.83|-0.89|-0.05|-0.05| 0.01 | 0.09
B1(=0.25) | -0.28 |-0.21|-0.19|-0.07| 0.51 | 0.66 | 0.70 | 0.75 | -0.42 |-0.36|-0.36|-0.13| 0.49|0.76 | 0.78 | 0.86
B5(=0) -3.59 |-3.59|-3.54|-3.42| 3.51 | 3.51| 3.57 | 3.71 | -0.53 |-0.47|-0.46|-0.42| 0.42 | 0.42|0.48 | 0.68
Bé(=0) -0.34 1-0.29|-0.27}-0.28| 0.29 {0.30| 0.32 | 0.37 | -0.54 |-0.34|-0.34|-0.34|0.35|0.36 | 0.44 | 0.54

dz =49,dx = 50,n = 2000,7 = 0.5 dz = 2050,dx = 50,n = 2000, = 0.5
(=0.5) [-0.301-0.15|-0.12|-0.09{1.94|1.98|2.09 | 2.21 |-1.10 |-0.92(-0.82|-0.64|2.64 |2.70|2.91 | 3.05
B5(= —2) |-2.53 |-2.49|-2.48|-2.42|-1.62|-1.54|-1.42| -1.40 | -2.92 |-2.88|-2.84|-2.72|-0.99|-0.91|-0.80| -0.50
B3 (= —0.5)| -1.12 |-1.05|-1.05|-0.98| 0.01 | 0.06 | 0.08 | 0.18 |-1.47 |-1.36|-1.28|-1.24|0.25|0.34 | 0.38 | 0.55
(
(

(= 0.25) -0.49 |-0.42|-0.33]-0.29/0.74|0.75 [ 0.82| 0.93 |-0.69 |-0.61{-0.54|-0.52| 0.87[0.91|0.98 | 1.08
= 0) -6.22 |-6.00|-6.00{-5.73| 5.99|6.64 | 6.46 | 6.76 | -1.50 |-1.36{-1.26|-1.17|1.14|1.22|1.42| 1.59
Bs(=0) -0.76 |-0.63}-0.57]-0.54]0.4710.47 1 0.53 | 0.69 | -0.93 |-0.83}-0.75/-0.74]0.61 | 0.69 | 0.74 | 0.90
1 replication. For dz = 49 (resp. 2050) ro(n) = 0.074 (resp. 0.094). ‘SC s’ use sparsity certificate s.

other designs, confidence sets using an estimated support are typically sufficiently narrow so as to be
informative on the signs of the first three entries of 5*. The bias corrected STIV reduces the shrinkage
of STTV and centers its distribution on the true value. For dz = 2050, there exists a sparse A verifying
, with |S7| + |S§|dz = 4148 nonzero entries out of a possible dxdz = 102500. The coverage of the
confidence bands is slightly below 0.95, but the bands are narrower than those based on sensitivities.
Coverage below 0.95 stems from the shrinkage applied when estimating A. For dz = 49, there does not
exist A verifying (6.1)). This leads the coverage to be below 0.95, significantly so when 7 = 0.5.

Confidence Sets with dx > n. We set n = 4000, dx = 4100, S§ = {1,5} and dz = 4100.
Confidence bands are computationally infeasible since A is the solution of a second order cone program
with dxdz = 41002 cones. Table || reports the results. If 7 = 0.8, confidence sets with a sufficiently
small sparsity certificate can be informative on the signs. For sparsity certificate s = 7, the confidence
set has infinite volume when one grid point over ¢ is used and finite (though large) volume with two
grid points. STIV performs well in terms of variable selection, which translates into less conservative
confidence sets based on estimated support. Reducing the strength of the IVs (7 = 0.5) increases the
width of the sets but does not yield coverage below the 0.95 level.

Endogenous IVs: Fewer Known Exogenous IVs than Regressors. We take n = 2000,
dx =6, S ={1,5} and dz = 50. The 45 IVs with indices S¢ = {5, 6, ...,49} are possibly endogenous.
We modify the design above by taking Z; 5 = v/1 — 0.8%¢; + 0.8U; with e; is an independent standard
Gaussian. This preserves the variance matrix of Z; . as the identity but implies that E[Z:U(ﬁ*)l] =0*
has one nonzero entry given by 6 = 0.8. We construct SNIV and sensitivity based confidence sets.
The sensitivity based confidence sets are based on the C-STIV estimator. Table [5|illustrates the SNIV
confidence sets for a single dataset. The confidence sets based on a sparsity certificate fix s = 4 for the
sparsity of 5 and vary s € [5] for the sparsity of §. The bounds for the endogenous IV do not include
zero, and so SNIV detects it for every sparsity certificate. In contrast, the bounds on the exogenous
instrument include zero for all sparsity certificates. Table [0 reports results for the other confidence sets
over 1000 replications. The C-STIV estimator detects the endogenous IV, though is downwards biased
due to the shrinkage. The confidence sets using a sparsity certificate correctly detect the endogenous IV
with frequency 0.74 for s = 1, which decreases as s increases. The confidence sets based on estimated



24 GAUTIER AND ROSE

TABLE 3. 0.95 confidence sets and bands

dz = 2050, dx = 50,1 = 2000, 7 = 0.8
STIV SC4 [ SC5 [ sC6 [SC10 [ ES BC STIV CB
p2.5| pb0 |p97.5 Median width/2 p2.5 | p50 |p97.5| Width/2
Bi(=1) 0.9 10.95| 0.99 0.8 1.02 1.32 6.07 0.33 094 1 |1.06 0.1
5 (= —2) -1.95/-1.9|-1.85| 0.58 0.73 0.94 4.55 0.26 -2.04|-1.99|-1.95 0.07
(= —0.5) |-0.45/-0.4(-0.36| 0.57 0.73 0.94 4.64 0.26 -0.54]-0.49|-0.45 0.07
Bi(=0.25) 0.11]0.15| 0.19 0.57 0.73 0.95 4.65 0.26 0.2 {0.24]0.29 0.07
5(=0) 0 0 0 0.8 1.02 1.31 6.03 0 -0.05| 0 |0.06 0.1
5 (=0) 0 0 0 0.57 0.73 0.95 4.62 0 -0.04| 0 |0.04 0.07
SBE2SEH 1 |Cover| 1 1 1 1 0.98 0.94
S(B) = S(8%)| 0.98 (0.996,1)(0.996,1)|(0.996,1)|(0.996,1) (0.97,0.98) (0.92,0.95)
dz =49,dx = 50,n = 2000,7 = 0.8
Bi(=1) 0.84| 0.9 | 0.96 (%) (%e) 00 o0 0.24 0.9410.99|1.05 0.07
B (= —2) -1.96|-1.91|-1.87 00 00 00 00 0.2 -2.04| -2 |-1.95 0.07
B3(=—0.5) |-0.47|-0.43|-0.39 00 00 00 00 0.2 -0.54(-0.5|-0.46 0.07
Bi(=0.25) 0.13|0.18| 0.23 (%) 00 00 o0 0.2 0.2 [0.25] 0.3 0.07
B5(=0) 0 0 0 0o 00 00 o0 0 -0.03/0.02| 0.08 0.1
5(=0) 0 0 0 00 00 o'} 00 0 -0.04| 0 |0.04 0.07
SB2SE) 1 |Cover| 1 1 1 1 1 0.93
S(B) = S(8%)| 0.96 (0.996,1)[(0.996,1)|(0.996,1)|(0.996,1)| (0.996,1) (0.91,0.95)
dz = 2050, dx = 50,1 = 2000, 7 = 0.5
Bi(=1) 0.981.02| 1.07 1.55 2.31 3.78 00 0.43 092 1 |1.07 0.12
B (= —2) -1.95/-1.9|-1.86| 0.85 1.26 2.08 00 0.27 -2.04}-1.99|-1.95 0.07
B3(=—-0.5) |-0.45/-0.4(-0.36| 0.86 1.27 2.1 o0 0.27  |-0.54]-0.49|-0.45 0.07
Bi(=0.25) 0.11/0.16| 0.2 0.85 1.26 2.08 00 0.26 0.2 {0.24]0.29 0.07
B5(=0 0 ]0.03] 0.07 1.56 2.32 3.78 00 0 -0.07 0 |0.07 0.12
Bs(=0) 0 0 0 0.85 1.26 2.1 o0 0 -0.04| 0 |0.04 0.07
S(B) D S(B") 1 Cover 1 1 1 1 0.75 0.95
S(B) =58 013 (0.996,1)[(0.996,1)|(0.996,1)|(0.996,1)|(0.72,0.77) (0.93,0.96)
dz =49,dx = 50,n = 2000, = 0.5
Bi(=1) 1 [1.05] 1.09 00 00 00 00 0.31 0.99/1.03| 1.08 0.03
Bs (= —2) -1.97|-1.93|-1.88 o0 o0 00 o0 0.2 -2.04|-1.99|-1.95 0.07
B3(=—0.5) |-0.47|-0.42(-0.38 00 00 00 00 0.2 -0.54[-0.49|-0.45 0.07
Bi(=0.25) 0.13(0.18| 0.22 00 00 00 00 0.2 0.2 {0.25]0.29 0.07
B5(=0 0 10.05] 0.09 00 00 o0 00 0 -0.03/0.03| 0.09 0.1
Bs(=0) 0 0 0 00 00 00 0 0 -0.04| 0 |0.04 0.07
S 2SEH 1 |Cover| 1 1 1 1 1 0.50
S(B) = 5(8")| 0.02 (0.996,1)|(0.996,1)|(0.996,1){(0.996,1)| (0.996,1) (0.47,0.53)

1000 replications. ‘SC s’ use sparsity certificate s. ‘ES’ use estimated support. ‘CB’ use 2 = I. SC/ES use one
grid point for ¢. For dz = 49 (resp. 2050) ro(n) = 0.074 (resp. 0.094). ‘STIV’ uses ¢ = 0.99/7. ‘BC STIV’ is
the bias corrected STIV. For SC/ES (resp. CB) ‘Cover’ reports the frequency with which 8 lies in the bounds
defined in (resp. (B.20)). 0.95 confidence intervals for the coverage are in parentheses (see [34]).

support detect the endogenous IV in every replication.

Endogenous I'Vs: As Many Known Exogenous IVs as Regressors. We take n = 3000,
dx = 90, Sf = {1,5} and dz = 100. There are 10 possibly endogenous IVs with indices S =
{89,90, ...,98}. There is one endogenous IV, Z; g9 = v/1 — 0.8%¢; + 0.8U; where e; is an independent
standard Gaussian. We apply the NV-STIV estimator. We use STIV for the pilot, taking r¢(n) from
class 4 with o = 0.025 and 71 (n) = 1.01r9(n). We choose one value of ¢ using the rule of thumb above.
For the NV-STIV estimator we take ra(n) from class 4 with o = 0.025. As both stages use a = 0.025,
we construct confidence sets with prescribed coverage probability 0.95. We use sparsity certificates
s =4 for § and s € [10] for §. The confidence sets are intersected over a grid of 19 points for ¢. Table



25

TABLE 4. 0.95 confidence sets with dx > n

dz = 4100, dx = 4100,n = 4000, 7 = 0.8

STIV SC4[SC5[SC6[SCT7[SC"7[SC10] ES

p2.5| p50 |p97.5 Median width/2
Bi(=1) 0.87(0.91[0.94 [ 065 [ 1.08 | 2.66 | oof [ 97.7 oo 0.22
B3(=—2)  |-1.96]-1.93[-1.90| 0.40 | 0.59 | 129 | oof | 4284 | oo 0.17
Bi(= —0.5) |-0.46/-0.43|-0.39| 0.40 | 0.60 | 1.29 | oof | 4251 | oo 0.17
Bi(=0.25) [0.14]/0.18|0.21 | 040 | 0.59 | 1.29 | oof | 41.89 | oo 0.17
B (=0) 0] 0| 0 | 065 | 1.09 | 268 | oof | 9737 | oo 0
Bi(=0) 0|0 0 | 040 | 060 | 1.29 | ool | 4332 | oo 0
S(B) D S(6%) 1 Cover| 1 1 1 1 1 1 0.97
S(B) = S(8%)| 0.99 (0.98,1)[(0.98,1)((0.98,1){(0.98,1)[(0.98,1)|(0.98,1){(0.94,0.99)
dz = 4100, dx = 4100, n = 4000, 7 = 0.5

Bi(=1) 1.02]1.05| 1.08 | 3.52 | 18.64 ) ) ) ) 0.65
B3(=—2)  [-1.96-1.93|-1.90| 1.56 | 7.02 o0 oo oo oo 0.4
B3(=—0.5) |-0.46-0.43| -0.4 | 1.57 | 6.97 00 00 00 00 0.4
Bi(=0.25) [0.15/0.18|0.21 | 1.55 | 6.99 o0 o0 oo oo 0.4
B (=0) 0.02[0.05| 0.08 | 3.58 | 19.18 | oo oo 00 00 0
Bs (= 0) 0] 0| 0 | 157 | 705 oo o0 o0 00 0
S(B) 2 5(8%) 1 Cover| 1 1 1 1 1 1 0.97
S(B)=S(B*)| o0.01 (0.98,1)[(0.98,1)((0.98,1){(0.98,1)|(0.98,1)|(0.98,1){(0.94,0.99)

200 replications. ‘SC s’ use sparsity certificate s. ‘ES’ use estimated support. ‘CB’ use Q = I.
SC/ES use one grid point for c. ro(n) = 0.07.‘STIV’ uses ¢ = 0.99/7. ‘Cover’ reports the frequency
with which 8* lies in the bounds defined in . T: The frequency of replications with confidence
sets of finite width is 0.03. *: Where they are not identical, we report confidence sets using two
grid points.

TABLE 5. 0.95 SNIV confidence sets for detection of endogenous I'Vs

dz =50,dx = 6,n =2000,7 = 0.8
Lower bound Upper bound
SC 4,5|SC 4,4|SC 4,3|SC 4,2|SC 4,1|SC 4,1|SC 4,2|SC 4,3|SC 4,4|SC 4,5
05(=0.8)| 0.02 | 0.02 | 0.06 | 0.06 | 0.07 | 1.31 | 1.31 | 1.31 | 1.36 | 1.36
05(=0) |-1.16 | -1.15 | -1.12 | -1.07 | -1.01 | 0.61 | 0.61 | 0.64 | 0.63 | 0.68

1 replication. ro(n) = 0.07. ‘SC s,3 use sparsity certificates s, 3.

TABLE 6. 0.95 C-STIV confidence sets for detection of endogenous IVs

dz =50,dx = 6,n = 2000, 7 = 0.8
C-STIV SC41 | SC42 | SC43 [ SC44 | SC45 [ ES
p2.5|p50| p97.5 Median width/2
05(=0.8)  |0.66[0.71] 0.77 |  0.69 0.71 0.73 0.76 0.78 0.25
05(=0) 0jo] 0 0.69 0.71 0.74 0.76 0.78 0
S@)250")| 1 |Power| 0.74 0.51 0.26 0.11 0.04 1
S(0) = S(0) 1 (0.71,0.77)[(0.48,0.54)|(0.23,0.29)|(0.09,0.13)|(0.03,0.05) |(0.996,1)

1000 replications. ‘SC s,3” use sparsity certificates s,5. ‘ES’ use estimated support. SC/ES use
one grid point for ¢. rg(n) = 0.07. ‘C-STIV’ uses ¢ = 0.99. ‘Power’ is the frequency with which
the confidence sets do not include 65 = 0.

reports results. Due to shrinkage, the NV-STIV estimator is centred on 0.6. The endogenous IV is
detected with frequency 0.95 for s = 1, decreasing to 0.91 for s = 10.

7.2. Second-order Approximation of the EASI Demand System. The EASI demand system of
[25] implies the vector of expenditure shares S; € R for dg goods consumed by household i satisfies
dp dy
(7.1) Si =) b, TV +CH/ + DH] T; + AP +> AP/ H;) + BP/ T; + W;;
p=0 h=1
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TABLE 7. 0.95 NV-STIV confidence sets for detection of endogenous I'Vs

dz = 100,dx = 90,n = 3000, 7 = 0.8
NV-STIV SC4,1 [ SC42 [ SC43 [ SC45 | SC4,7 [ SC4,10
p2.5[p50[ p97.5 Median width/2
Oso(=0.8) |0.55/0.6] 0.65 | 0.53 0.53 0.53 0.53 0.54 0.54
Bgo(= 0) 00| 0 0.53 0.53 0.53 0.53 0.54 0.54
S(0) 250 1 |Power| 0.95 0.94 0.94 0.93 0.92 0.91
S0)=S6% 1 (0.93,0.96)|(0.92,0.95)((0.92,0.95)|(0.91,0.94)((0.9,0.93){(0.89,0.92)

1000 replications. ‘SC s, 3’ use sparsity certificates s, 3. SC use one grid point for c. ro(n) = 0.07 is
from class 4 with a = 0.025, and 71 (n) = 1.01r¢(n). r2(n) = 0.06 is from class 4 with « = 0.025.
Confidence sets use a grid of 19 points for ¢. ‘NV-STIV’ uses ¢ = 0.99. ‘Power’ reports the
frequency with which the confidence sets do not include 0g9 = 0.

E; - P;.S; +P; (Ao + X0, AyHi 0P /2

7.2 T, =
(7:2) ’ 1-P; BP/ /2

where E; is nominal expenditure, P; . is a vector of log-prices of size dg, HZT _is a vector of household
characteristics of size diy, W; is a vector of errors, and T; is deflated expenditure. The parameters are
b, € R for p = 0,...,dp, C,D € Mg ap and Ag, ..., A5, B € Mg, 4, Theory imposes restrictions
such as (1) expenditure shares sum to one and (2) Slutsky symmetry, hence

1Thp=1,1"C=1"D=0,1"B=0; Vpc[dp], 17b, =0;
Vheldy), 1"A, =0, A, = Al; B=B';
A1,...,Aq, and B are symmetric.

Since T; depends on the parameters, the system is nonlinear, and hence cumbersome to estimate. [25]
proposes an approximate EASI system in which T is replaced by its first-order in prices approximation
D; = E; — P;.S;. This corresponds to deflating nominal expenditure with a Stone price index. Prices
are normalized for a subset of the sample, implying log prices of 0. To reduce approximation error, we
consider a second-order approximation. We use to obtain, for all p € N,

dg
(7.3) T’ =DV ! (D,- + p?lpi, (Ao + ) ApH, + BDi) PZ,) +O(|P;.|3)

h=1
and inject into to obtain a second-order approximation of the expenditure share equation. An
approximation error arises due to the second term in . Due to the normalization, the approximation
error is small. Since depends on parameters, the second-order approximation depends on products
of the parameters, violating linearity. Where this arises, we replace the product with a new parameter
and use the parameter restrictions above to obtain restrictions involving the new variables.

We use the Canadian data of [25] for n = 4847 rental-tenure single-member households that had
positive expenditures on rent recreation, and transportation. The categories of the dg = 9 goods are:
(1) food consumed at home, (2) food consumed out of the home, (3) rent, (4) clothing, (5) household
operation, (6) household furnishing/equipment, (7) transportation operation, (8) recreation, and (9)
personal care. The individual characteristics comprise: (1) age minus 40, (2) gender, (3) a dummy
for car non-ownership equal to one if real gasoline expenditures (at 1986 gasoline prices) are less than
$50, (4) a social assistance dummy equal to one if government transfers are greater than 10 percent
of gross income, and (5) a time trend equal to the calendar year minus 1986 (that is, equal to zero in
1986). Following [25], we use dp = 5 for the degree of the polynomial in deflated expenditure. Each
equation in the second-order approximation has dx = 1879 parameters. It is reasonable to expect
that the parameter vector be sparse, particularly for the second-order approximation terms. Prices are
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normalized to be 1 for residents of Ontario in 1986, implying log prices of 0. The approximation error
from the second order approximation is likely small because n~* Zie[n] |P.;|3 = 0.0008. In contrast,

n~t Zie[n] |P. ;|3 = 0.0268, and the mean budget share for five of the goods is less than 0.1, suggesting a
sizeable first order approximation error. This means that, in order to obtain reliable results, a researcher
using the first order approximation might need to use a subsample for which the approximation error
is not large relative to the budget shares. Since D; = E; —P; .S; depends on W}, every regressor which
involves D; is endogenous. This implies that 1819 of the 1879 regressors are endogenous. We construct
dz = dx 1Vs by replacing D; with D; = E; — P; .E,[5].

The IVs are strong and dz = dx and so we apply Section[6] We construct uniform 0.9 confidence
bands for the Engel curves based on drp = 11 grid points. We use 0.9 for comparability with [25]. In
the first step, we apply the SE-STIV estimator, adjusting 7 according to class 5 using a = 0.05/d¢,
taking ¢ = 0.99/7 and vy = 1/n for all g € [dg]. We choose Sg so as to exempt the constant, linear, and
quadratic parts of the Engel curves (bg, b1, ba) and the linear price parameters (Agp) from the ¢; penalty,
since these form a parsimonious baseline specification for the demand system (see [2]). The SE-STIV
estimator permits unrestricted cross-equation correlation in the entries of W;. For brevity, we do not
present the full estimation results, focussing instead on the Engel curves. There are 1879ds = 16911
parameters in the system. Among the 1771dg = 15399 parameters in Sg, only 50 are estimated as
nonzero, 22 of which are parameters which arise due to the second-order approximation. In the second
step we apply the C-STIV estimator in using ry(n) from class 4 with o = 0.05 and A = 0.99.
Figure [1] depicts the preliminary estimator of the Engel curve for transportation operation, its bias
corrected counterpart and 90% confidence bands. The second-order approximation yields a different
curve to that of [25], which is downwards sloping and close to linear. The slope is negative and
the bias correction large, changing the shape from an inverted U to decreasing and nonlinear. The
preliminary estimator lies outside the confidence band, which is wider close to the end points. This
is most likely because there is less data at the end points, and is true for all of the goods. Appendix
D depicts the Engel curves for the other goods. The curves for food are close to linear and have
the expected slopes: negative for food-in and positive for food-out. The bias correction is large for
rent, household operation, clothing, and personal care, for which the preliminary estimator does not
lie within the confidence bands. The Engel curves are similar to those of [25] apart from household
and transportation operation. The confidence bands are marginally wider. This is expected since we
construct uniform bands rather than pointwise intervals.
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SUPPLEMENTAL APPENDIX FOR “HIGH-DIMENSIONAL INSTRUMENTAL
VARIABLES AND CONFIDENCE SETS”

In this appendix Cx(m) £ e(21In(m) — 1) for m > 3 is the Nemirovski constant (see, Theorem
2.2 in [5]).

APPENDIX A: PROOFS AND COMPLEMENTS TO THE MAIN TEXT

A.1. Possible Classes P. We present 5 baseline classes P which we further restrict when need be. For
example, some confidence sets require very mild assumptions on P while rates of convergence require
working within subsets of these classes.

A.1.1. Baseline Classes. The baseline classes 1-5 are identification robust because they do not restrict
the joint distribution of (Z,X). Classes 1-4 are concerned with independent data but there are also
results on moderate deviations for self-normalized sums in the case of dependent data which could be
used as well (see, e.g., . Let us start by presenting classes 1-4. They are the classes under which
we work with Gy. The choices of ro(n) below are based on Theorems A1-A.4 in ® is the standard
normal CDF.

Class 1: (ZZ.Ui<5))ie[n] are i.i.d. and symmetric and dzy < 9a/ (4e3® (—y/n));

1 Yo
To(n) = —%q) <4dze3> .
Class 2: (ZZ,UZ-(B))Z»E[”} are i.i.d., there exists vy > 0 such that maxe(q,) E[(Z;,U;)*|(E[(Z;,U;)?]) 2 <
Y4, and dz < acexp (n/v1) /(2e +1);

ro(n) = 2In(dz(2e+1)/a)
N =\ =y In(dz(2e + 1) /o)’

Class 3: (U;(8))ic[n are independent and symmetric conditional on Z or (Z;‘I;Ui(ﬁ))z’e[n] are inde-

pendent and symmetm’c;
[12In(2dz /o
T(](TL) = 7( ’I’LZ/ )

Class 4: (ZZ,Ui(ﬁ))ie[n] are independent, there exists 6 in (0,1] and y245 > 0 such that
((E[zveP]) ©lz062) ")

and dy < af (2@ (_n1/2_1/(2+5)72—+1§(2+6)>),.

S Y2465

[e.9]

leldz]

1 _,/ «
ro(n) = —%(I) <2dz> .

For classes 1-3 the coverage error ag(n) is 0. Class 4 yields an asymptotic guarantee with finite sample
error ag(n) £ aCrysis (1 + \/ﬁro(n))2+5 n~=9/2 where C} is a universal constant. Classes 1 and 3
rely on symmetry. Class 2 relaxes symmetry but requires fourth moments and the upper bound 4.
When n — v4In(dz(2e + 1)/a) > n/2 one can take ro(n) = 24/In(dz(2e + 1)/a)/n. Class 3 allows for
dependence in the matrix Z.

For the event G, we can work with classes 1-4. This requires a suitable modification of r¢(n) to
obtain 7. Taking ¥ = ro(n) }DZZ—r ‘OO yields Gy C G. The following developments are motivated by the
fact that choice of 7 can result in conservative inference.
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We can make use of concentration arguments. For example, define the events
Ev 2 {|(E, —E)UB)?)| = r(E[UB)?}, BeT;
&7 = 4 min (D D 1- D, D 1+ }
Z {lgfcllg}( Z ) (Dz);; < 7(n) or 121[3;{]( V/ ) (Dz) = 7(n)

Lemma A.1. If (C5[id) holds then P (E) < ma/(n7(n)?) and if (C5[id) holds then
P (Ey) < On(dz)Mz(dz)/(nT(n)?).

Proof. The first statement follows from the Chebychev inequality. For the second statement we use

Z (Eéﬂ - 1)

2

2
1

<—E

= e |icldz)

(by the Chebyshev inequality)

d Z}
< (T/:ién)Zz) ltél[da;(] (E [ é ﬂ — 1) (by the Nemirovski inequality)
- CN(dZ)M’Z(dz)_ O
= nt(n)?

This allows to take 77 = ro(n \/1—1—77 )/(1 — 7(n)) based on classes 1-4 if we restrict these classes so
that:

Assumption A.1. Let dx,dz > 3, M}, (dz) > 0. For all B,P such that § € T, (05 and (05
below hold, we have Z and U(fB) are independent, and

2
E\@&mmﬁﬂEwﬂEwwﬂ)—QHM ]SM@wm.
Indeed we have GyN {maxle[dz] E, [ ZiU(B } (B)2]) <(14+7(n))/1 - T(n))Q} Cg,so
BP}nﬂfeI]P’(g) > Mgnf ]P’(go) —ac(n),

AN

where ac(n) £ (ma + Cn(dz) (M4(dz) + My (dz))) /(nT(n)?) by the same arguments as those lead-
ing to Lemma The coverage error ag(n) in Section [2| corresponds to the one from either of class
1-4 plus ac(n).

The union bound used for ro(n) in classes 1-4 does not account for dependence over [ € [dz]
of Z;;U;(B), and so r(n) can be larger than necessary, even under Assumption To account for
dependence, we consider class 5.

Class 5: dz > 3, my,Mz(dz), My(dz),q2 > 0, B(n) > 1, and (ag(n)),cy 5 a sequence
converging to zero. For alln € N

(C5.i) For alli € [n], E[U;

B)’|
(C5.ii) B (((VW@ —1]
(Cb.iii) E |DZ(ZZT E[ZZ']) D

2

Zi.] = of sy
<m

2| } < Mz(dz);

(C5.v) E |[(Z2/E[27] 1)1, } < M7(dz);
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2+q1 2+q1

(©5.0) max (B | (D2, 20 ovs) "] B | (D2 28) ™) < B v € 0zl e 2

(C5.vi) max (E [(‘DZZI.UZ(B)( /(B(n)UU(B)))%} E [((DZZZ.T,EZ- Oo/B(n))q2D <2, Vi€ [n];

where E is a mean zero Gaussian vector with covariance I, E and Z are independent.
Under class 5,

o0

F= ;ﬁ (ge2(1 — 0) +2¢(n)) |

where qgz is the quantile function of G = ](Zie[n} DZZT i)/v/N|s given Z, which is obtained by
simulation. (¢(n))nen is a sequence such that ¢(n) — 0 arbltrarlly slowly but ((n)/7(n) — oco. For
this 7, for all n, we have P(G) > 1 — a — ag(n), where

CN(dz(dZ + 1)/2)Mz(dz)

a(n) 2 26(n) + G4(n) + (r(m) + L +ildzn),
(A=), o Cal)Myldy) | my
Gan) £ (NO ” 7(n) ) +uldz,m) + nt(n)? + nt(n)?’
—1
Gn)? 2P (No > ¢(n) (1_1(@ - 1> ) T u(dzn)+ CN(ii)(ﬁg(dZ>,

(d,n) 2 Cy <(B(n)2 (In(dyn))’ /n)l/ L (B(n)2(1n(dzn))3n—1+2/qz)1/ 3) for d € N,

¢ is the function = € (0,1) — Ciz'/3max (1,In(2dz/x))*/3, C is a constant and Cy can depend on
q2, No = | 2 iem) (Epy2); . |oo/v/n where (Ep,z), are independent Gaussian vectors of covariance
IE[DZZI_Zi,.DZ]. Also we have P(7 < r(n)) > 1 — ac(n), where

r(n) £ an, (1= a+ G(n) + ¢(7(n))) /v/n + 3¢(n)/v/n,

ac(n) £ Ox (dz(dz +1)/2) Mz(dz)/(nT(n)?) + Ca(n),

and ¢y, is the quantile function of Nj. (C5 is redundant once (C5 is imposed but we write it
for further reference and because we can have M7 (dz) < Mz(dz).

Proof of the statement for Class 5. Let £z £{|Dz(E, —E)[ZZ7] DZ| > 7(n)}. By the same
arguments as those leading to Lemma C5. yields

CN(dz(dZ + 1)/2)M2(dz).

. P <
(A 1) (SZ) = nT(n)Q
Let g € Z. Define
1 UZ(/B) A 6 T
T2|—Y DzzZ/ — L DyZ. , D;ZE
\/ﬁ%;] T o(B) Z "oy g[;

Ty, Go, and Ny have same covariance matrlx, 1ndeed
U;(5)?
ou(8)2)

Let us show that, for all & € (0,1), |P(T < qc1z()) —al < ap(n). Using (C5jv), (C5)vi) and
Proposition 2.1 in [4], we obtain

(A.2) max (|P(Tp < t) — P(Ng < t)|, [P (Go < t) — P (No < 8)|) < t(dz,n).

U;(3)?

—E
oU()2)

E|D;Z; Z;.Dy

D;Z; Z;.DzE [

z” =E[DzZ] Z; . Dy].
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Indeed, by (C5, the law of iterated expectations, and the independence between E and Z, we have
2 2
E [((DZ)U ZlU(B)/aU(B)> ] ~E [((DZ)H Z1E> ] = 1 for all | € [dg], so condition (M.1) in [4] is

satisfied. We denote by ¢q¢,|z the conditional quantile functions of G given Z. By the arguments in
the proof of Proposition and Lemma 3.2 in [3], denoting by gg,z () the conditional o quantile of
Gy given Z, for all a € (0,1),

(A.3) min (P (geyz(a) < gny (e +¢(7(n)))) , P (an5, () < qgojz (e + ¢(7(n)))))
1 Onldz(dz +1)/2)Mz(dz)
o nt(n)? :

For all o € (0,1), on the event {P (Ty < g, z(a)) —a > 0}, we have
COn(dz(dz +1)/2)Mz(dz)

[P (Th < dguial@)) — o] <B (T < axy (e + p(r(m) — a+ o by (53))
<a+ plr(n) — a-+ildz,n) + DAL DML, o)
on the complement of the event,
P (T < qgyz(a) — of <a—P (T < qny(a — o(7(n)))) + CN(dZ(dZnt&))/f)MZ(dZ) (by (A.3))
Splr () + ) + NOLLTE LIV vy @3,
hence, we always have
(A.4) P (To < qgojz(@) — a| < o(r(n)) + Onldz(dz + 1)/22)MZ(dZ) +u(dz,n).

nt(n)

|G — Gyl < é—l Go,
1—17(n)

hence, by the Markov inequality, the law of iterated expectations, and second bound in (A.2)), setting

1 ,
(a(n)? & (No > ((n) (117<n) — 1) ) +u(dz,n) + CN(dZ)MZQ(dZ)’

On &%, we have

— nt(n)
we have
(A.5) PP (G = Gol > ¢(n)|Z) > G2(n)) < G(n).
On &% N &Y, we have
. T(n)TO
(A.6) |T — Ty < =)’

hence, by the first bound in (A.2)),

CN(dz)M,Z(dz) + my
nt(n)?

C)A=T(m) o
) >+ (dz,n)+

and we denote the right-hand side by ¢}(n). Using Lemma 3.3 in [3] and (A.5)) in the first display, (A.7)
in the second, (A.4)) in the third display

P (T —2¢(n) > qqz(1 — @) <P (T —((n) > qgoz(1 — a — (2(n))) + C2(n)

(A7) P(|T—To| >C(7’L)) §P<N0>



<P (To > qaoz(1 — o — Ca(n))) + Ca(n) + Co(n)

Cn(dz(d 1)/2)Mz(d
01+ DD g,

< a+2G(n) + G(n) +¢(1(n)) +

The result on the deterministic upper bound r(n) on 7 is obtained using Lemma 3.3 in [3] and (A.3).
(]

A.1.2. Deterministic Bounds on Sample Objects. The purpose of this section is to provide probabilistic
conditions under which we can replace random quantities appearing in Section by determinist ones.
These are: 7, (), and the sensitivities. This requires to further restrict the class P so that:

Assumption A.2. Let dx,dz > 3, as(n), ma, My(dz,dx), Mx(dx), My(dz), and B(n,dz) posi-
tive. For all B,P such that B € I, we have

(A.8) E “DZ (ZXT K [ZXTD DX‘io] < My(dyz,dy),
(A.9) E “ (X2/E [X7] - 1);”;1(;} < My(dy).

For P from class 1-4, we have either (C5, (6’5, P (‘DZZT}OO > B(n,dz)) < ao(n) or Assump-
tion [A1]

For classes 1-4 with Assumption but without Assumption we set ac(n) = as(n) +
(my + Ox(dz)MYy(dz)) /(nT(n)?) and r(n) = ro(n)B(n,dz)/y/1 — 7(n). For example, if DzZ" has
sub-Gaussian entries, B(n,dz) can be taken proportional to v/In(Cndz/asc(n)), where the constants

C and of proportionality depend on tail parameters of the sub-Gaussian distribution. For classes 1-4
with Assumption[A.2]and Assumption[A.1] ac(n) has already been introduced and we set 7 = r(n). For

class 5, ac(n) and r(n) have been defined above. There, r(n) is proportional to \/1n(CdQZ/ac(n))/n for

a constant C' depending on the covariance matrix of Ng. The following result relates random quantities
to their population counterparts.

Proposition A.1. Under Assumption[A.3, for all B,P such that 8 € Z, on an event G NGy such that
P(GNGy) >1—a—ap(n), where

(A.lO) aD(n) = aB(n) + ac(n) + (CN(dx)Mx(dx) + CN(dzd_)()]Wq/(dz7 dx)) /(nT(n)Q),
G holds but also, for allc > 0,7 <r,
(A11) 0y (1 = 7(n) < F(B)? < 02 5)(1 +7(n),

(A12) Wbe R, 1€ £, \/T—7(n)l (D5') <1(Dg'b) < 1+ 7(n)l (D5'D),

R Kl.S T(n) o~ ’i:k S T n)
A13) VS Cld lel > — (11— —~—2 Vk e |d > k= (1 - =2
g v clal, tetms> i (1- ) vhelad Ro> s (1),

~ .5 7(n) ~ Vey,S ( T(n >
Al4) VS Cldx], l € L, >——|1-———=), Vkeldx], "V, g2 —>—(1—-——],
( ) = [ X] .8 1—|—T(n) < ,7175) [ X] Vey,S 1 —I—T(n) K19
If 1SN Sg| < s,

Vie L, ®i(s) >Fl(s), Vke[dx], Ezk(s) > Ezk(s),

where

*

Fu(s) 2 _ils) <1 — T(n)> , R (s) & Kek((g))sﬂsr}}éggs <1 - T(n)>

1+ 7(n) s:|snSg|<s 1+7(n
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and ki(s) and kg, (s) are the analogue of the lower bounds in (A.13) using the population counterparts,
and gﬁ(s) > 0.(s), where

Proof of Proposition Define the events

! é . —1 < _ .
Ex {kgl[(ljg] (Dx )kk (Dx)pp < V1 —7(n)or kfél[f};‘] (DX )k g (D) g 1+ T(”)} ;

Eyxr 2 {‘DZ(En _E) {ZXT} DX‘ > T(n)} .
oo
The event &}, is such that £, C £z. Define Gy £ {F < r(n)}NEENERNES + NEE for classes 1-4 and

Gu £ {7 <r(n)}NEGNEYNES + NEG for class 5. Recall that P(F < r(n)) > 1 — a¢(n). Similarly to
Lemma we have
Cn(dx)Mx(dx)

P (&) < 7 (n)? s P(EzxT) <

Clearly, on £, holds. Assume now that we work on the event Gy.

Let S C [dx], L € L, and A é D_lDXA Due to - we have, for all [ € £, in particular £;-norms
of subvectors, /1 — 7(n)l(A < +/1+7(n)l(A). This, the fact that ¥ < r, and manipulations
on the ¢1-norm of subvectors used prev1ously, yleld A€ Kgif A € KS and A € K,sif A€ K7 s.
Now, because Gy C S NnE&e we obtain

On(dzdx)My(dz,dx)
- .

nt(n)

ZX T

¥a| > min (DzD3'),,|D2E, [2X 7] DxD3'DxA|
l€ dz] ’ [e%)

1

> (‘DZE [ZXT} DXA‘ ‘DZ(IEH _E) [ZXT] DXZ‘ )
V14 7( 0o
1 — _
A.15 >——(|VA|_ —7(n)|A
(A.15) 2 i (VA — 7 [4])
Inequalities ({A.13|) and (A.14]) are obtained from the definition of k1 g and ~; s and the fact that, on
Gy, [(A) < /1 + 7(n)l(A). Finally, we check that P(G N Gy) > 1 — ap(n). O

A.2. Lower Bounds on the Sensitivities. We use the quantity ¢, (S, S(3)) £ min(cs (S, S(B)). Cei(S, S(B))),

R sin(eus @)
(sus ).

e (5,5 (3)) 2 (1_16)+ (2ySm Sol +

The set §(S,S(B)) is defined as (SN Sg) U ((Sg U S N(SU S(B))), when 1 < ¢ < 7!, and as

SuU (Sé ns (B)), when ¢ < 1. The following result relates the sensitivities for various losses. It requires

m(SuS(B))’Jrc(l—?)

no assumption. Similar bounds can be obtained for the sensitivities based on IA(%S (see [(vD)).

Proposition A.2. Let S € [dx]| and ¢ > 0.

(i) Let S C S C [dx]. Then, for alll € L, we have K5 > &, 5
(%) For all Sy C [dx] and q € [1,00], we have Ky 5,5 > Rq,S-



i11) For all g € [1,00] and Sy C [dx],

(A16) C,{(S, S(B\))_l/qk\oo,s < 7%q,S < 7{'\00,5’7
(A'17) Cn(Sa 5(3))_1Ew’§(575(§))’5 < //‘\51,57
(A.18) 1S0] R 00.50.5 < Rg.50.5 < Roo.S0.5-

1
(iv) In addition to (A.16|)-(A.17), we have
2 1 2 1 1-7
(A19)Ry,5 > max (,\ + + Ac ) (1 —cr)+ ( + + d 7’)) )

K1,5080.8 K185,  Kg,s K1,5nSq.8  k1,85,5 K186

-1
2 1
(I-0+ (= + =
K1,505¢.5  K1,55.5

(v) We have

-1 -1
N . 2 T 1-7 T 1 .
(A20)Rg,5 > max | (1 —cr)+ <r(n) + + > ; ( + ) K18

K1,5nSq.5  K1,85,8  K1,s58 K1,8;,8 K188

(vi) For all Sp C [dx], we have

*

en,S = min min “I/A‘ .
o

//50075075 = min K N
k€So AcKg: Ap=1, |Alo<1

keSo

Proof of Proposition We prove the bounds for the sensitivities based on I?S, those for the
sensitivities based on K, g are obtained similarly. Parts and are easy. The upper bound in
(A.16) follows from the fact that |A|; > |Als. We obtain the lower bound as follows. Because

Al < |A]%/q\A|;1/q, we get that, for A # 0,

ol [T (|A|oo>”q
A © Bk VAL

(A.21)

Furthermore, for A € K s, by definition of the set, we have
(A.22) |ASCHSQ |1 < |ASﬂSQ |1 + C’I/”\|A’1 + C(l - ?)’Asfh

which, by adding |A(sns,)u S5 |1 on both sides, is equivalent to

(4.23) 1Al € o (Hsnsoh +[Asgh+ (1 = PlAsl).
From and the fact that A, S(B)ye = 0, we deduce
(A24)  |A]L < % (2150 Sql +[s5n (sus (B))|+e1-7|sin (sus(B))])-

Let us obtain an alternative lower bound for the case where ¢ € (0,1). The condition that A € K S can
also be written as
[Asensglt < |Asnsg | + e —1)|Ag; 1 +¢|Alx
which implies
[Asensgt < [Asnsg 1+ clAl
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and, by adding \A(SQSQ)USE? |1 on both sides, if ¢ € (0,1), this is equivalent to

1
(A.25) A< 7— (2!ASmSQ|1 + !Asg|1> :
Using ASCOS@C = 0, this yields
2151 Sql +| S50 (SUS (B))]
(A.26) Al < =0 ‘A§<s,s<3>> -

We obtain inequality (A.17) and the lower bound in (A.16)) using (A.24)) and (A.26)), that |A5usg?u5;|oo

‘Ayooa ’ASUS ’oo < ‘A’oo, and "
Inequality (A.18) can be proved in a similar manner. The lower bounds follows from the fact that

| . oAl <|Asooo>”q
|Aselqg — [Asploo \ [As,l1

and [Agy[1 < [So||Agy|oc- While the upper bound holds because [Ag, |, > [Asy |-
To prove (A.19)) it suffices to note that, by definition of the set K s,

(A.27) |A|1§< 2 4t e >‘@AL@,

K15nSq.8  K1,55,8 Ky
by (A.23),

Al < 1A< 21 +c<1—?>)\mym,

(1 =)y \Fisnsg,s  FRises  Rises

and, by (A.25),

I e N2V
(1 =)+ \Bisnsg,s  Fisg,s %

The bound is obtained by rewriting A € K S as
(A.28) (1 —cr)|Ag, 1+ (11— C)|AS§|1 < 2’ASQSQ’1 + ‘Aséh,
which yields

?
(1 —cr)y
r “I’A . 2 1 1-7
=< = = + = P .
(1 =4 \Bisnse,s  FRisg,s  Thiss,s

The second upper bound follows from noticing that, if K4 g > 0, we have

(A.29) 7/"\|AS[’1 + ’Agﬂl <

;.‘

17
<2!ASmSQ!1 +[Agg 1 + !As;h)

1 ~ ~
~—— = sup (T‘ |Asg, |, + ’ASf 1) < sup r|Ag, |y + sup ’Asf‘r
Rg.5  AeRs: |94 _=1 A€Ss: [TA| =1 AeRs: [TA| =1
The third upper uses that 7|Ag, |, + ‘AS§ L <AL

Let us now prove ([vi). Because for all k in Sp, |Ag,|s > |Ag|, one obtains that for all k in Sp,

il
o0 o0 . Tk

Foo,80,5 = min < min = )
0T AeRs, [Asoloo T Aeks 1A% o5



Thus Keo,s,,5 < mingeg, E:st. But one also has

(A30)  KooSp,s =min  min ‘\IIA’ > min  min ’\I/A‘ . O
k€S0 AR s: |Akl=|Agyloc=1 oo k€S0 AcKg: |Agl=1 o

A.3. Lower Bound on k; g in Case (IC).

Proposition A.3. In case (IC), we have

1 . . U -1
k1,8 > max  min max min [T UA| - Zrlm) - max [\ W gle
Ur(n) me[dx —[S[] S1ES A|A[1<1 A:|A|1=1 vm Scse )
[S1]<m S(A)CSUSt ‘§|<m

Proof of Proposition Take A\ € R% such that |A\[; < 1 and A € Kg. Define S; the set of m
largest entries of A of index in S¢, So the subsequent m largest in S¢, and so forth, and Sp; = S U .Sy.
By the inverse and direct triangle inequalities, we have

PTWA&JjgizuTWA%\+ﬁMMw.
3>2
For j > 2, we have
ANTUAg | < AT g [2]Ag, |2

Lo

< ﬁp‘ \Il‘aSj’2|ASj71‘1
1

< — max AU 5o | [As 1,
vm <|§<m,§csc o5 o

so, using A € Kg in the last display,

1
MNUAg | < —— max (AU zlo | [Age|r
2;‘ 1= Tm (ﬁEW%ggsJ 3l | |8

Ur(n) — 1 T
< max |[A' U g2 | |Agli-
vm <|§|§m,§gsc s
Moreover,
Ash [ min ATwA|| <|Ag,h | min  ATwal ngT@A%l

A:|A1=1 A:|A1=1

S(A)CSUS; S(A)CSUS,
and

1
min  [ATWA|> ——— min

A:A[1=1 T /m+ S| AlAle=1

S(A)glsus1 | |S(A)g?’>‘u5‘1

so we use that [Al1 < ur(,)|Agl1, take the supremum of the lower bound over A (so Adepends on A

via S7) and then the minimum over S;. Because the computation was made for m arbitrary, the lower

bound is the maximum over m of the lower bounds. O

ATwA
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Lower bounds can be obtained, by using [A\|i < |Al24/[S(A)] and |A]1 < |Al2y/m + |S| when
S(A) € SU S, as follows

1 1 1 Ur(n) — 1
k1,8 > max  min max min AT WA| - ) pax Ao gl
Uz (n) meldx—|S]] S1C5° X[A2<1 \/[S(AN)] | /m + [S] AilAl=1 Vm  5cse ’
[S1|<m S(A)SSUS |S]<m
and replacing the maximum over A by
1 1 U —1
max max min |\ WA| - W7 min max IATTA|
S2€ldz] /]Sa| | /m +[S] X<t AjfA=1 VI X[A<1 AA<1
S(N)CS2 S(A)CSUS, S(\)CS2 S(A)CSe

IS(A)[<m
The argument using the sequence of sets S; is used in [16] and [9]. A similar result is given in [7]. The
main difference is that the negative term above is smaller in absolute value than a maximum singular
value and the first term in the bracket above is larger than a minimum singular value. Moreover, this
lower bound depends explicitly on S. A disadvantage of this bound (and the one in [7]) is the presence
of the set S1 which implies that, in the lower bound, we can pay a price for a regressor which is not in
the model.

é.él. Proo/f:s of the Results in tlle Main Text. Proof of Theorem (4.1 ATake B € T and set
A 2 Dy (8 — B). By definition of Z and 7(8) = E,[U(8)?], on G, we have 8 € Z (7,5(53)). On G, we
also have

(A.31) ‘\m’ < | Dgz" (Y - Xﬁ) ’ + ’DZZT(Y —X8)
o] n 00 n .
(A.32) <r(@+a(p)).
On the other hand, (,/6’\, 0) minimizes the criterion ‘D;B‘l + co. Thus, on G, we have
(A.33) DX Bso |, + €7 < IDX B+ 5(8).
This implies, on G,
keS(8)°NSg
< Y ([RalxB 26| - [EalX225|) + e G(5) - 7)
keS(B)NSq

)

< ’35(5)05*@ ‘1 +c (3(5) —0 (

The last inequality holds because by construction 7 (8) <
Because v — /d () is convex and

1 i€ln] i Y — Xz,/B N
= n?q]:c( )]1 %Z(Yi—xi,ﬂ)2#0 € 95(-)(B)-
\/ﬁ i) (Yi — Xi.8)? i€

™

)

Q)

Wi

we have

5(8) -5 (B) <w! (8- 5)



— (Dxw,) D! (5 - 3) — — (Dxw.)" A.
Now, for all k& € Sy, we have |(Dxws),| < 7 on G. This is because these regressors serve as their

own IV and, on G, 8 € f(r(n),&(ﬂ)). On the other hand, for all row of index k in the set S§, the
Cauchy-Schwarz inequality yields

Dy < EBEUOI
\/E X2|E,[U(8)2)

Finally, we obtain

(A.35) 5(5) -7 (5) <7|As, . ]AS? 1

Combining (A.35)) with li we find that A € IA(S(B) on G. Using (A.31) and (A.35), we find

\m(m < ?(a+a (E) +5(8)—5 (3))

(A.36) < ?(2a+ 7|Bs, | + ‘AS; 1) .
Using the definition of the sensitivities we obtain, on G,
o T4
‘\m’ <7loz+rl Tl
0 Kg,5(8)
which implies
o~ -1
(A.37) ’@3‘ < %7 <1—A 4 > .
o0 Rg,58)/ 4

(A.37) and the definition of the sensitivities yield the first upper bound.
For the second upper bound we use that, by (A.33]) and the definition of 2173(5)05@5(5),

(A.38) co < ’33(5)05(9’1 +co(fB) < = ‘ + co(B),

K1,5(8 mSQ S(8)
and, by adding ¢ () to both sides and (A.32)),
-1
(A.39) G+5(8)<25(8) [1- — . 0
CR1,5(8)NSq,S(B) i

Proof of Theorem Take g € Z and S C [dx]. Acting as in ((A.34), on G, we get
BB+ 3 [RaXT

keSenSq keSenSq
< 3 ([EalxB s - [ExH2E|) 2 2 [EaXE26] +c (58) -7 (5))
keSNSq keSenSq

< ‘ﬁsmSQ ‘1 +2|Dx' Bsens, |, + C?‘KSI
This yields

(A.40) ’BSCQSQ‘l < ‘BSQSQ‘l + 2 ‘D)_(IBSCWSQM +C?’351 .

—}—C‘Asc
1 I

—i—C’AS}: )
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Let us show the first inequality and consider two cases.

Case 1: 2\(D§16)SCQSQ|1 < |Asnsgl + A [1 + c|A5?|1 + \Agéh, then A € K, 5. From this, using
the definition of the sensitivity 7, s, 5, we get the upper bound corresponding to the first term in the
minimum. Also, we have

~_1 - 13 ~
5 < - (IDx'8sol, — [DX B, ) +7(8)

L . /1% ~ _ .
< _min (‘ASQ L ASmSQL + \DxlﬁscmSQh) +a(8)
1 (1~ | 1700+ R R R R
(A.41) < - min (‘ASQL 5 (3 \ASQSQ\l t & ‘ASI +e ‘AS; A+ ]A% 1)) +5(8)
74|
A.42 < ——>4+3(p),
(A.42) == +00
which, with (A.32) also yields
—1
(A.43) G +35(8) < 25(8) (1_ ! ) :
s/ .

Case 2: 2|(Dx'B)sensg 1 > [Asnsgli + cFlAg |1 + clAgs | +|Agg 1, then we have
<6|(Bx9)
1

In conclusion, |350 |4 is smaller than the maximum of the two bounds. O

’A)l - ’ASCmSQ)l * ’ASQSQL * ’ASE)

SenSoly

Proof of Proposition This is a consequence of the definition of the sensitivities, the cones K g

and I?v g» and the fact that minimizing on a larger set yields lower bounds on the sensitivities. More

specifically, we use [Agns, |1 < min(s, 15N Sql)lAg The last constraint is not convex but the

NSg ‘OO :
cone is a union of sets involving the linear constraint [Agns,, |1 < min(s,[SNSg[)|A;], hence the second
minimum. g

Proof of Proposition Start by proving (vii). Let A € R% such that |A|; < 1, k € [dx], and
A € Kg. By the inverse triangle inequality we have

)

‘)\T\PA - )\T‘lf,’kAk‘ < Z |Ak/| II/laX ‘)\T‘IJ.7]€/
K2k k'#k

which yields

Ao ‘ < , ‘ T ‘ T
k1A < [ D 1A g}%)\ U |+ A PAY,
K £k
hence
T T T
<’>\ U, +%}%‘)\ U > 1Ag] < ]A|1%}%‘/\ V| + WA,
(A.44) gcn(S)%}%(ﬂp.,k, Agl. +19A[,




< ¢y AW,
oo

(A.44) uses that, by similar arguments as those leading to (A.24]) and (A.26]), noting that ¢, (S, S (B\)) >
cx(S) and S(S,S5(8)) C S, we have |Al; < ¢x(5)|Agloo-
For k such that |Ag| = |As,|eo, this yields

<\Aw.,k‘ ~ (ex(S) — 1) max ‘)\T\I',Vk,

) Ayl < WAL,

(A.45) max <))\T\ll.’k‘ —(cx(S) —1) g}iic ‘)\T\IJ.,;C/

Ag, < |vA
AERYZ: |A[1<1 >\ oloo < TWA|,

and we conclude by taking the minimum over £ € Sy and then using the definition of the ¢,.-Sp

sensitivity. This proves .

Start from (A.45)) and use (A.17) in Proposition to obtain ().
To prove we start from (A.44]). By definition of the {-Sp sensitivity,

«(S) maxy i AW
>\Ak| < (C (S)masty s AW +1> WAl
K‘oo,g,S

<‘)\T\Il. k‘ + max ‘)\T\IJ‘ K
K k/#k b

and we conclude by taking Ag = 1.
The proof of the other items is very similar to the proof of Proposition O

Proof of Theorem The inequalities in (i) and follow from the second bounds in theorems
and and Proposition but also the fact that, on G N Gy,
(A.46)

VI—Tmoue (1_ M) <5(3) <5 < VIFTWoues) (2 (1_ r(n)(1+ 7(n) (1 () ))_ 1>7

Kg,5(8) Ck1,5(8)NSq,S(8) K1,5(8)

+
(A.4T)

2 1 -1 ~

1—7(n) <0'U(B) - Srcn[éin e ( r(n)( :gTin))aU(B) (1 - ;ﬁns) - r(n)(clﬂijT(n))) 7% |DX'Bsensg |1>> <a(B)
=lex s s ) + n
—1\ ¢

<5 <V1+7(n) (UU(B) + % Smin max <2UU</3> ((1 - r(n)(c{y:;(n)) (1 - ;Ens)> > B 1) g |Dx'Bsensq ‘1>> '
- ’ ’ +

The right inequality in (A.46) is obtained from (A.39). The left one uses that, from ({A.35), ,
and (A.39),

~1
B 7(6+5 o
5(8) 25 - M) 5 (1= 2 (1o
kg,s Kg,s CR1,5(8)NSq,S(8) +
Similarly, we obtain the right inequality in (A.47) by using (A.43|) and that, in case 2, using the second
element in the minimum in (A.41]), we get

3

7 <2 |(DR!0) sens, |, +3(0).

An we obtain the left one, using that, by (A.35)),

7(8)~ - | (D% ) suns, |, <7 (B)
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Part follows from ({ij) and with [(A) = |e] A| and the fact that the assumption on |By| implies:
Br # 0 for k € S(B) (resp., Sx as defined at the end of Section 4.4.2)). O

Proof of Theorem |4 Fix s and 8 in Z; and work on G N Gy. Using Theorem {4 - . we obtain
Wr(s) < wg(s). The followmg two cases can occur. First, if k& € S(8)° (so that S = 0) then, using

the bound in for [ defined by I(A) = |ek A| we obtain ,/En[X,%HBk\ < @Wg(s), which implies
Z3\k = 0. Second, if k € S(8), then using again (&.8) for the same functional, we get ||Bx| — |Bk|| < |8k —
Bl < @i(s)/y/(1 = T()E[XF] < wils)/1/(1 —T(n))E[X,z]. Since |G| > 2wi(s)/1/(1 — 7(n))E[X7]
for k € S(8), we obtain |Bg| > wi(s) /\/(1 — 7(n))E[X2] > Gr(s)/1/EnlX2], so that 3¢ = By. O

Proof of Theorem The elements relative to assumptions and estimation of A are in Section |B
We make the proof in the case dg = 1. Extension to dg > 1 is straightforward. Take (8,A) € Zy . Let

AL Dy (ﬁ B). Due to AssumptlonE ,P(Ezv) < On(dp)Mgy (dr)/(nT(n)?), where
Ezv £ {37 € ldr]: En [(Ar,2V(9)?] /E [(Af,.sz)) | =214 7m)}.

We work on € £ GN G, NGy N{pzx > pzx(n)} NE T NEGw NES N EGy, of probability 1 —
ag(n) — aa(n) — P(Ezv), where the confidence level assomated to G and G|, converge to 1. We use

max( 1+7(n)—1,1- 1—T(n)>:1— 1 —7(n) < 7(n) and, for all a € R and b € R%x,

2 1
- Z ( " (DzZ:)7 Xb) = (Dg'a) " ( 3 Dzzj,xi,.bbTXiTz,-,Dz) D,'a
n I I

i€[n]

< |Dg'al: % > DzZ] X; b X Z; Dy

i€[n] oo

1
< [Dg'af; [DX'8[; |- >~ DxX/ 2, DyZ{ X;.Dx
1€[n]

< ||} DX'0[: 7%y

o0

For all f € [dFr], we have

\/En [(Kf,-ZU(E)>2] ~VEA,2W(5)
< \/E" {((DAZW(ﬁ))fJ /A\f,.Z)2 (XTK)Q} + \/En [<(DAZW(5))N /A\f’_Z)z V(IB)Q]

+ (Dazw) g (\/E (R~ ar) 2w )| + VB (02w G - Rl 2w )

< ‘(DAZU(B))J:J Ay Dy ’1 (ﬁzx ‘3‘1 +pzV1+ T(n)v(dx)) +va2(n) +7(n)

14 7(n) (‘ (DAZU(B))” Af,~D§1)1 + | Dazusl UA,l(”)) (PZX )3)1 +pzv1+ T(”)U(dx)> +vp2(n) + 7(n)

(Dazws) ;4




and

(DAZW(ﬁ))f,f

\/En [(Kf,.ZU(B)ﬂ — \/E (A, ZW(B))]
< \/En {((DAZW(B))J(J (A, -ar) ZXTDXD;;B)Q} + (Dazwes), \/En [(Aﬁ_ZXDXB)Q]

+ (Dazws)) 1 4 \/ En (A7, 2V(8))] +7(n)
< VTH7(0) [Dazus)| o oaa(m)pzx (vs1(0) + T+ () |DFB],) + vga(n

+ /14 T(n)\/E ((DAZW(ﬁ)A)ﬁ, ZV(ﬁ))z} + 7(n).

We have obtained ‘D BZAT DAZW 3) ‘Oo <1+4wp(n)+ 7(n). We now use the decomposition

(A.48) ViDy gy (B =98 - V(8)) = Ri+ Ry + Ry + \}EDU(E)ZKT RZTW(p),

where Ry £ \/nDy 5,231 (Q - %KZTX) DxA, Ry = Dy 5,57 A2 TV(8)/v/m, and Ry = —/mDy 5,7V (9):
On &, we have

|Riloo < v/n(1+vp(n) +7(n)) [Dazws)|, ro(m)vem) (n)vsa(n),
[Ra|o < V(L4 vp(n) +7(n)) (vaa(n) + (7(n) + 1) | Dazwis) Dil,, ) v(dx)v/I+7(m).

|Rsloe < V(1 +vp(n) + (1) [Dazws)| o 1V (B)loo.

Define
1 ~
To = \f Z DU(B)ZATAZ@T.W’L(B) , Tog = N Z Dazw (s AL Wi(B)|
i€[n] . ) oo
1 1 ST (G
Too = | = > DazwAZ,Wi(B)| , Gar £ 7 > DazwAZ Ui(D)Ei|
i€[n] . i€[n] 00
A A i
GQO = \/» Z DAZW )AZ W (6) i NQO = \/> Z ( DAZW([;)AZW(B)> s
i€[n] 0o i€[n] 00

where (EDAZW(B)AZW(B))i ~are independent Gaussian vectors of covariance E[DAZW(/g)AZZ_Ui(B)?Zi,.ATDAZW(ﬁ)].
On &, we have |To — Tai| < To1(vp(n) + 7(n)) and [T — Tao| < va2(n), so

|To — Taol < (Tao + va2(n))(vp(n) + 7(n)) + va2(n).
Also, on €N {E,[E?] > 1+ 7(n)}, we have |Gq — Ga1| < Gai(vp(n) + 7(n)) and |Ga1 — Gaol <
vp(n)y/1+ 7(n), so

|Ga — Gaol < (Gao +vp(n)v/1+7(n))(vp(n) +7(n)) +vp(n)y/1+ 7(n).

We can now proceed as for and and obtain P (|Tq — Tao| > ¢(n)) < ¢4(n) and
P (P (|G~ Gaol > CmUBZAT) > G2(n)) < Ga(n).
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Due to Assumption (vi), we have P (Eazw) < Cn(dp(dp + 1)/2)Mpzw(dp)/(nt(n)?), where
Engw = {|DAZW(5)A(En —E) [2ZTW(8)?] ATDAZW(B)‘OO > T(n)} The same argument as the one

leading to (A.4)) now gives

1P (Too < doopz(@) — o] < p(r(n)) + T D/DMrzw (dr)

r(n)? + (dp,n).

Hence, we have
IP)(TZqGQ‘Z(l—a)—FQ((n)) < a+apn). O

APPENDIX B: DETAILS ON THE OTHER MOMENT MODELS

B.1. Endogenous I'Vs. A more detailed presentation is in where we allow for the possibility of
using additional moments. The C-STIV in the formulation of this paper imposes ¢ < 1. The additional
moments allow to have ¢ > 1 when some regressors are exogenous and there are no endogenous IVs
(i.e., dgx = dz). These additional moments are readily assumed when we maintain Assumption

B.1.1. Analysis of C-STIV. The class P corresponds to any of classes 1-4 where Z;;U;(5) — 6, plays
the role of Z;;U;(3). To obtain rates of convergence, the class is restricted in a similar manner as in
Assumption replacing P (’DZZT|OO > B(n,dz)) < asx(n) by P(pzx > pzx(n)) < aso(n), where
pzx(n) depends on n via dz and dx, and (C5 by, for M7 ny(dz) > 0, for all (8,0),P such that
dz
((ZlU(ﬁ) — ;) /U%lU(B)fel - 1)

(8,0) € T,
E [ —_ OO] < Mzp nv(dz).
For simplicity, we still refer to this assumption as Assumption and use
ac(n) = aco(n) + On(dz) (Myy v (dz) + My(dz)) /(n7(n)?)
ap(n) = (On(dx)Mx (dx) + COn(dzdx) My (dz, dx)) / (nm(n)?) + ap(n) + ac(n).
For (3,60) € Z, we work with

G 2 ) max |En [ZZU(B) - el” < ’I“()(TL)

el \/En [(ZZU(B) - 9z)2}

and ro(n) is defined as in Section A.l.ll The cones, for S C [dx] and S C [dy], are given in Table
Denote by m(7(n)) £ y/min (1/(1+ 7(n)),1 —7(n)), M(r(n)) £ /max (1/(1 — 7(n)),1+ 7(n)),
k and ~ the population sensitivities and their lower bounds where we replace, in the definitions of
k and 7 and the lower bounds in Proposition \f/, ks, I?%S, by ¥, Kg, and K, 5. Their lower
bounds are computed on the sets of Table [§] and for the deterministic bounds we simply replace pzx
by pzx(n). We define similarly ,(s) and Ry, (s). The sensitivities, their population counterparts, and
lower bounds are now indexed by two sets or two sparsity certificates. Below, we refer to Assumption
[A72] for conciseness, it is indeed the suitable modification based on the elements that we have given.
We omit the set coming from B when we write the cones for conciseness.

Proposition B.1. Under Assumption[A.2, for all (8,0),P such that (3,0) € Z, n € N and ¢ > 0, we
have, on an event Gy of probability 1 — ap(n),

F(8,0)/1—7(n) <F(B,0) < F(8,0)\/1+7(n) (see Table 18);

v(b,'B) eR&HZ e £ m(r(n))l <D;(1b, DZ'B) <1 (D;;b,DZE) < M(r(n))l (D)_(lb, DZE> :
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VS C [dx], V8 C [dy], 1€ [dg], R o > F1.5.5 (1 7(n) )
= 9 = 9 Y l,S,S — \/mm (7_<n>) /‘iL[dX]’Z’S’g 9

. .55 (1 _ TW) ,
1,S,s = \/mm (t(n)) 71,ldx],2,5,5

The lower bounds in Proposition mwvolving the sparsity certificates hold if we remove the hats.

The main elements of the proofs are as follows. Take (3,0) € Z. Set A2 D;(I (B\— B) and

A 2 Dy (9\— 9). Clearly, on G, (3,0) belongs to I (ro(n),ﬁ(6,9)>. We now work on that event.
Following the arguments in the proof of Theorem (.1}, we obtain

(B.1) ‘@3+£L® < ro(n) (a+ﬁ(ﬁ,9))
1 = ‘zs(ﬁ)mSQL * ‘85(9)‘1 te (ﬁ(ﬁ,&) -F (B’§)> '
Each function vy € R¥x*z — 5() is convex and

a2~ (2 ) afe, [(z0(9) - 007] £ 0} € 051(5,0),

)35(@603@ ‘1 + ‘ﬁsw)c

where
0
s BXZGUG -0 o, [ mlave-a
\/En [Zf] En [(ZIU(B) —0) } 0
By the Cauchy-Schwarz inequality, for all k € [dx], (Dx)k’,kz |(w)r| < pzx. Taking w, = (wT, @T)T as

one of the wy, for which 5;(3,0) = F (3,6) yields an element of F (3,6) by Lemma A.1 recalled in
By definition of the subdifferential OF (3,6), we have

ﬁWﬁ%iW@®§w3<g:§>

< [Dxul,, |A| +|Dz'a|, [As:

1
(B.2) < pux |B| +ro(m)|Ase

g
As a result, we have (3, A) e 1?5(5)75(9). Using (B.1)) and (B.2), we find

(B3) ‘\/I\/E—I—&’ ST()(TL) <25+ﬁzx)3)1+ro(n)‘ﬁgi 1) .
Using the definition of the sensitivities, we obtain
~~ ~ "/1\13 2 -1
‘\IIA + A‘ <ro(n) | 26 + ro(n)> ——=— | < 2ry(n)7 <1 — Am(n)) )
0 Rg,5(8),5() Rg,5(8),5(0) / 4
A . A 3+ A .
o < [Ag(p)nsgl + ‘AS(G)‘l +cF(8,0) < = o +cF (B,0).

K1,8(8)nSq,S(0),5(8),S(0)
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TABLE 8. Table of correspondence for the results on the C-STIV

STIV C-STIV
o, 7, r(n) (G+ F(B,0))/2, ro(n)
IDx' Bsens, 1 IDx' Bsensel1 + IDz95c|1
|D)_(1/B\SCOSQ|1 |DX Bsensg |1 + \DZGSJ /v @ =71(n)(1+7(n))
[DX' (B~ B)sslq DX (B - 5)so|q+|DZ(9 0)3,la/ /(1 = 7(n))(1 + 7(n))
Ks Kys* (8,4): Bsens@) =0 ASC”S(WN: 0 -
’ |Asensgt + 1Az < |Asnsg | + Azl + c(pzx|AlL + ro(n)|Ase |1)
Ros 7 o.a (A,A) 1 |Asensg |t + A1 N
v 7.5,8 < 2(|Asnsgl1 + 185 + c(pzx Al +ro(n)[Ase [1)) + [Agg 1
Ks zggé{(Aﬁy(hfmwxmmAh+u—m(n@yh<aAm%h+myl+ngl}
K,s K52 { (88): (1n—20pzx(m)IAL + (1= ro(m)|Bss | < 3lAsnsg i +2/Ass 1 + 3185 |
~ -~ A
Rq,S0.S R ¢ g gg= _ _ mn WA + Al
q,50 q,50,50,5,5 (AA)eR, o |Aso\q+|A§0\q=1 0o
/K\g’g Rﬁsgé L min _ |\I’A—|—A|OO
o (A,A)EKsygt ﬁzx|A|1+\Asi|1:1
~ ~ A . = ~
Y Vg = _min YA+ Al
Lo [EseA
min(\AsQ|1+\55i|1,%(3\AsmsQ\1+3\£§\1+C(ﬁzx|5|1+T0(n)\zsc [1)+]Asg, [1)=1
. . —MSAASM <A S Pgeng@e =0 s BE sy = =0,
B(S) B(S,9) =4 (1= cpzx)(Xjes,e ) + (1= cro(n)(Xiese 1)

< 2(2j6§mSQ Hj =+ Zle§ ) + ZjeSé 2%
—p<A<p —E<A<p

B(k) Bk,1) 2 ¢ (L=0)(Xjes, 1) + (1= cpzx) (X ese i) + (1= cro(n)(Xyess Fn)
< 2(sp + spu) + Z]esc 14j
0,:(5), 05 (s) 0,.(S,5),0,(s,3) »
3 2 ) ro(m)d(n)
0,(5) 0,(5,5) £ \/1+7(n)d(n) (1 . C“l,sasQ,g,s,s‘)
—1
a 7(n) ro(n)3(n)
0,(5) 2\ /1+7(n)s(n) (1 ~ Simesd iwh,s,g >+
1
F(B,0) & ——— D
oU () (8,0) == le[dz]( Z)L10 2,U(8)—6;
B ¢ £ B { 1Bl > 0u(s.3)/VEXT} . B 280 {10 > &u(s. D) VE[Z7T}
W (s) Di(5,3) 2 2r0(n)T0x (5, 3) /R, o(5,5), @ils,3) —27"0( )70, (5,3) /7y fl(S@
-1
2 1 0,.(s, -t
wi(8) wi(s,3) = ro(n ) + 7(n)0x (5, 3) supF(B,0) 21— ro(n <1 ) -1
Re0(8:3) (B.6)ET, CRLS(8)NS0.5(8),5(9) K1,[dx].2,5(8),5(6) N

wi(s,s) obtained by replacing %7, (s, ) by &g 4 (s, 5)

5(n) 2 \/T+ r(n)m((n)).

For nonsparse vectors, S C [dx], and S C [dz], we obtain

‘ESCOSQ‘1+ ’Egc 1

<[], ] e s 8], + i

1) +2 }D;CIBSC“SQ ‘1 +2|Dzf 1

We again consider two cases. R N R N R
First, if 2Dy Bsensql1 + 2Dzbgl1 < [Asnsgli + [Agh + c(pzx|Al + r0(n)[Ass 1) + |Asg 1, then
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(373) € I?ng. Also, we have
~ 1 —1 -13 0 F
7 < 3 (IDX'85q ], = [Dx' B, + [Dats |, - Dabss ) + F (5,0)
)\TJKJFZ‘ R
8,5

Second, if 2|D)_(1ﬂSCQSQ|1 + 2’Dz0§c‘1 > |£SOSQ‘1 =+ |£§|1 + C(ﬁleﬁh +r0(n)|£53\1) + ’As’éh, then

A <o (|(Bx8) | +[(Bas) | ).
1+‘ Sl = <’ XBSCHSQ * z 1
For the deterministic lower bounds on the sensitivities we use that, on Gy, denoting by A= D)_(IDXA
and A = DZD;CIE, we have

‘ﬁ‘ﬁ‘ﬁsi

1+)£§C

1 ‘ASCQSQ‘1+‘ASOSQ‘1+‘AS€9

1 se

‘\/I}ﬁ‘oo > lIer[lcilg} (DzDgl)l’l ‘DZIEn [ZXT} DxZ—I—Z‘OO
1

SV e

> 1+1<n> (|va+3]_-+ml3]).

The rest is easy. (I

(‘DZIE {ZXT} DXZJFZLO . )Dz(En _E) {ZXT} DXZLO>

B.1.2. The NV-STIV Estimator and Confidence Sets. The sensitivities for NV-STIV, their lower bounds
and population counterparts use |(VA)g, |o instead of |[¥A|s. The one associated to the first bound
Re 2 min

in (5.1) is
AeRs: |(TA), 51
Lloo

For simplicity, we assume that we use the STIV estimator as a pilot estimator and denote by G; the
usual event G with dz — dgx moments, and by 71 the constant 7 under either of classes 1-5 adjusted so
that P(G1) > 1 — a1 — ap(n). We consider that 8 € Z,. Using the previous results for sparse vectors,
hold when b and b° are

=1 oo

2M150,(5) ~  2r1pzx,sc 50x(s)

b= R¥(s) T 71(s)

Definition B.1. For ¢ > 0, the NV-STIV estimator (@, §) is any solution of
(B.4) min (IDz0s:

0€Inv (5,r2(n)),5>0

1 + CO’) s
where, for a set of restrictions O on 6 including 05, =0,

Ty (3, 72(n)) 2 {9 co: ‘Dz (1ZT (Y - XB) - 9>

n

< ro(n)5 + b, F (B, 9) <G4+
Si 0o

V(5,0) € RNIZ, Fy (5.0) £ maxd (8,0).
€

c
1

considers two other cases involving estimated support.
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ro(n) is obtained using class 4 so that P(Gy) > 1 — as — ap(n), where

Go 2 ) max |]En [ZZU(ﬁ) - 01” < Tg(n)

e [@ve -a7]

We make use of the following notations, for s € [dz — dgx],

2ry(n)%s -

5(E3) 22 (1 - 1—57“2(70)+ (TQ(n)ﬁ + b+ ro(n) (1 + %) A”) :

w(EF) 22 (1 —9ra(n)3 (1 + E))l <r2(n)mF (8,0) + b + 72(n) (1 + Eri(%) bg) ,

lL—cry(n) ¢)/), 1 —cra(
where b, and b are the following deterministic upper bounds on b and B° on the event GiNGaNGy:
2r1(n)0,(s) 2r1(n)pzx,se (n)0(s)
by = ——5 = sup (oyp)©x (S(B))), b7 = —— sup (o730« (S(B))) .
H\If(s) BeT. ( U(p) ( ( ))) H1(S) et ( U(B) ( ( )))

We continue to use the notation Gy to denote the event on which we can relate random quantities to
deterministic quantities. Its formal definition can be obtained with now obvious modifications. Recall
that P (Gg) appears in the coverage error so we simply choose o and s so that oy + as = a.

Theorem B.1. Let s € [dz —dgx]. For all (B,0),P such that (8,0) € I, and either of (1)-(3)
holds, we have, on Gy N Gy in case (1) and Gy N Ga N Gy in cases (2) or (3), with inequalities holding
for all¢ € (0,72(n)™Y) (and c € (0,r1(n)™') in case (1)),

(B.5) ‘Dz (5—9)‘ <GE3);
~ 2% 2eh°
. — < ———

(B.6) ’DZ (0 9)’1 - 1—Er2(n)w(c’§)+ 1 —2¢ra(n)’
on G1NGaNGy, for all solution (5, ?7) of (B.4)), we have, with inequalities holding for all ¢ € (0, rg(n)*l),

pz(0-9)|, _
(B.7) ————=><w (G I[SO));

1+ 7(n)

D2(0-0)|, _ 2150) 23t
B.8 L< =2 GISO)) + ———.
(B.8) 1+7(n) 1—cr2(n)w(c 5 ©)) 1 —cra(n)

If ¢ and c are fived and we restrict Iy, z so that |6)] > w(c, |S(9)\)\/(1 + 7(n)E[Z?], for all l € S5,

we have, on Gi N Ga N Gy, S(0) C S(0), while, if we restrict I,z so that, for all I € ST, [6i] >
2w(’5,§)\/ (14 7(n))E[Z2], then sign(6”) = sign(f), where 8 2 (6,1{|6;] > \/E,[Z2)0(¢, 5)})52,.

Inequalities (B.5]) and are confidence sets and the uniformity in ¢ and ¢ allows to inter-
sect the sets that various ¢ and ¢ would produce (in practice to use random values given by a rule
of thumb). The last statement yields “adaptive” confidence sets by replacing s by |S (é\“)\ in
and (B.6). This theorem is useful when r2(n) is small (i.e., n > In(|S5|)). The first upper bounds
are finite if [S (9)] = O (1/r2(n)?) = O (n/In(]S5|)) is small enough. Bounds for {;-norms follow by
interpolation.
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Proof of Theorem We work on G1NGs. First, we show that (6, F5(3,6)) € Zyy by the following
computations

Dy (:LzT (Y - Xﬁ) - 9) < ’Dz (iZTU(ﬁ) - 9> ‘ + “T’Dil (5 - 5>Sc

o

ST oo
< ra(n)Fy(B,0) + b
The second constraint in the definition of fNV is satisfied because, by the triangle inequality and

convexity, Fy(B,0) < Fb (3,0) + b°. Now, because (0, F, (3,0)) € Zyv and (6, g) minimizes (B.4)), we
have

(B.9) ‘Es(e)c < ‘55(9)‘1 +7(F>(5,0)-7) .

Using that 132(3 ,0) < G+ (by definition of the estimator) and the computations from the proofs of
the results of Section we obtain

(B.10) By (8,0) — & < ra(n) ‘553 A
This and yield

(ASW < ‘As(g)‘l + Era(n) ‘Asi 2
and, equivalently,

~ 1+¢ra(n) |+ 2~
B.11 ‘A ol < —x——+= ’ ’ —b°.
( ) SO = 1= cra(n) SO Tz cra(n)

Next, using the second constraint in the definition of (5, 5), we find

(Dz (5— 9))00 < |D, (iZT (Y _ XB) . §>Si OO+ Dy <:LZTU(6) - 9> . Oo+ Dy <1ZTX (3— B>)Si }
< ra(n) <§ + B (8, 9)) + 2.
This and yield
(B.12) ]5‘00 < ra(n) (2§+r2(n)‘5(1+260) + 2.
On the other hand, implies
’8)1 = 1-— '527“2(n) ‘35(9)‘1 1 —Qg“):(n)

Inequalities (B.5]) and ( . ) follow by simple mampulatlons of (B.12 - -

As before, we obtaln

s,

+\/1+T F2 67 9

(B.14) G < ‘S;‘l +/1+7(n)F2 (8,0) <
which, together with —, yield
—1 —_
‘Dz (5_ 9)‘ <2 (1 — 2r5(n) S (0)] (f + 1)) <r2(n) L+ 7(n)F (8,0) + b+ ra(n) (1 + C’"i(”))> Ea) :
oo +

1—¢rqo(n) ¢ 1—¢ra(n
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The rest is as before. OJ

B.2. Systems of Equations with Approximation Errors. To allow for approximation error, we
modify P, so that W (3) plays the role of U(f3). For simplicity we only consider classes 1-4. We modify
G accordingly and Gy is defined as in the proof of Proposition @ replacing & by & N &}, where
both are defined like £y, and the probability m4(n7(n)?)~! in the definition of ac(n) is replaced by
2dgma(nt(n)?)~t. We choose 7(n) and ro(n) as in Section replacing a by «/dg and use the
event

dg] \/E Z2 /8)]

We rely on a union bound because there could be dependence between the errors in each equation and
we do not model them. The number of equations dG can depend on n. The population sensitivities
are obtained replacing |[WA|_ by Z WA Gl , Kg and K,Y s by

Kg = {A € R™ : 1, [Asensy |, < [Asnsgl, +CQ(A)},
K5 % {A € R™ : 1, [Agens,|, <2 (‘ASOSQ‘l +09(A)) + ’Asg2 1},

where g(A) £ r(B,n)|As, |1 + ‘Agf‘l and 7(8,n) = max ge[q,] min(r(n) + (r(n) + D(1now,(s)/vg(dx) —
1)7',1) is used instead of 7(n) in the definition of the sensitivities. We also denote by Ux =
DxE[X X "]Dx and Ex is defined like £ replacing Z by X of probability Cx(dx (dx+1)/2)Mx (dx)/(n7(n)?).

Theorem B.2. For all 3, such that § € I, assuming as well Eyvy(dx)?] <0z on Gy and all solution
(3\, 8) of (5-4), the following hold on GN Gy (on GN Gy NEY for the second inequality of )

(i) For a sparse matriz 3, for alll € L, we have

dg
L (D;g (E—B)) . 2r(n) Y08 (ow, (g + (r(n) +2) vy(dx)) 0.(5(5),

Ki1,5(8)

5 (3 (30 02)) ] < OB L B0

(ii) For all S, Sy € [dx]%, and q € [1,00], we have

da
py' (5-5) | <2max (T(”) 3651 (ow, () + (r(n) +2) vy(dx))

Y4,50,5
En[(xT(@g—ﬂ.,g))z]l/Q < DR (Bl = Bg) |, VIOl + 7(0)

In all cases, we have

0,(5),3 ‘Dxl/BSCmSQh)

=R R 2 1/2
(B15)  [54(B) = ow,(5)| < En [(xT (Bo—5)) } + 0w, (5)7(0) + /1 + (n)vy(dx).

Proof of Theorem [B.2. Take S in Z, set A2 D)_(1 (B— [3), and work on G N Gy. We have, for

g € [dg], using the triangle inequality in the second and fourth display, and the definition of G and the
Cauchy-Schwartz inequality in the third,

1
5DZZT(Y.,Q —XB.4)

< ’iDzZTW,,g(ﬁ)‘ + 'iDzZTV.,g(/B)‘

e} o0 o
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Hence, 8 € Zg (r(n),5(8)) and
(B.16) @&,g( < 1(n) Gy +54(8)) + 2(r(n) + 1)/T + 7(n)vg(dx).
Moreover, by the inverse triangle inequality, we have

54(8) = \EalWy(8)2] — \/EalVa(8)%) = VI = 7(mow,5) — I+ T(0)vg(d).

Hence, by convexity, we have

A

aq¢(B) — g (5) < min | r(n) + (r(n) +1)y/1 4+ 17(n)vy(dx)

(VI=7mow, s - 1+T(”>”9(dX))+
<o (v s+ (2582 ) ") (84|

(8s). |, +|(3%),,

Hence we obtain the first inequality in ().

L As |+ ’AS§

(3s)

1

+

1

(B.17) <r(B,n)

+
1

1
Denoting by ¥ v 2 DxE,[XX 1D x, the second inequality comes from
g by

E, [(XT (B~ 5.79))2} < ’@XAQLO 1A, -

The third inequality comes from
1/2

50B) = ownl < B | (X7 (B~ 8.0)) |+ lowiie ~ 5306)
and max ( 1+7(n)—1,1- m) < 7(n).

Now, by definition of the estimator, we have
’ASCmsQ ‘1 < ’ASOSQ ‘1 +2|Dx' Bsens, |,

+c Z} <min (r(n) +(r(n)+1) (m _ 1> ;1 , 1) '(351 .

g€ldg

N—
Q

~

< ‘ﬁms@‘l +2|Dx' Bsens, |, + ¢ (7‘(5,”) ‘331 T ‘Asy 1)
and
dg de de
[TR.,|  <rm) Y (6 +54(8) +20r(m) + 1)V T+7(m) Y vy (dx)
g=1 g=1 g=1

da da

< T(c") (IDX' 856, — [DX'Bso |, ) +20(m) D2 54(8) + 2(r(m) + VI +7(0) D vy(dx).

g=1 g=1
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The second inequality from is obtained in a similar manner as in the proof of Theorem The
last statement is obtained using that, by similar arguments as those leading to (A.1)) and (A.15)),

(B.18) En [(XT (5.,9 - ﬁ,g))? < ‘D;(l (B,g B 5~,g) ‘i ‘(I\’X|oo' O

The second inequalities in both items allow to bound the loss in a system of nonparametric IV
equations. In a model where all the V; 4(3) are zero, we take vy = 0 and can derive the same results
as for the STIV estimator, including the confidence sets.

B.3. C-STIV Estimation of A. Assumption gives the class P’ which we consider in Section @,
it allows for approximation errors as in sections [5.2] and We denote by

ﬁZé max (DZ)ll(DZ)l/ v\ En [ZIQZIQ']v
Ll'e[dz] ’ ’

g o { I (CACY I ré(n)} |
eldrthetix] /B [TA) £0)7]
Assumption B.1. Letdy,dz,dr > 3. There exists Mp(dp,dx), Mzy(dr), Mzw (dz), Msz(dF), qo >
0, B(n) > 1, positive sequence ((oo(n)), ey decaying to zero, such that, for all P, (B, A) € Zq such that
P(3,A) € P, positive sequences (cp(n)) and (vp1(n)),cny and (v 2(n)), oy which can depend on
B, for alln € N,
(i) P is class 4, replacing o with a/dg in the definition of ro(n), restricted in a similar manner as

in Assumption assuming as well P ({pzx > pzx(n)} U{pz > pz(n)}) < ass(n);
The estimator [ is such that, with probability 1 — ag(n) (on G N Gy),

neN’

—-1(7% . = B 2 .
912[32“] ‘DX (5~7g Bug) ‘1 < vg(n), glg[%g] \/En [((DAZW(ﬂ)A)ﬁ. zZX <5~,g ﬂ,g)) < vg,2(n);
(i1) For all (f, k) € [dr] x [dx], the distribution of ((TZ (A))fk) . belongs to class 4;

"/ ign
i 2

2 2 o
fiii) E ]((T(A»f,k 00 = 1) i

] < Mrp(dp,dx);

2

o0

(iv) E ’((Af,.sz))? /Eazve)]-1)

(v) E T‘DZW(ﬂ) (Z2Z2TW(B)* —E [2ZTW(B)?]) DZW(,B)‘ZO} < Mzw(dz);

(vi) E :|DAZW(5)A (zZzTW(B)?—E[2Z2TW(B)?]) ATDAZW(,B)’iO} < Mpzw(dp);
(vii) max <E {((DAZW(B)A)L' ZW(ﬁ))Ml] E [((DAZWQ@)A)L' ZW(ﬁ)E)QWD < B(n)™,¥f € [dp],q1 €
[2];
(vidi) max (E [(‘DAZW(ﬂ)AZI,Wi(B)(OO /B(n))q2] E [(‘DAZW(E)AZZT,.Wi(ﬁ)Ei

[nl;

o0

] < Mzy(dr);

OO/B(n))”D <2,Vie

The cones for the population sensitivities used to establish the rate of convergence of A are

14+ A 242

1§7‘A,S|1 K5 = A€ Mapa, | Al 137’Ai‘1}1 .
1—A 1—X

We use /,~' to denote the population sensitivities using the cones above, which are defined identically

to k,, replacing |¥A | with |[A’UT|,. Since A can have more than one column, its analysis requires

K[g 2 {A, € MddeZ 11, ’A/ c
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the use of mixed norms. We use | - |,, norm to denote the operator norm from ¢, to ¢,. Note
that | - |20 and | - |eo,c0 are, respectively, the maximum ¢y and ¢;-norm of the rows. We denote
the population sensitivities for mixed £, — ¢, loss by Iil(p 9) S,fy{p 0),8" We also define, for lp oo (A) £

maxre(az) (Dazwg)) £.£1A%. |1,

0,(5) £ (1+7(n)) (1 - ez ”(”))) |
F(00,00),9 ARl 5.5 N
and ©/,(S) which is obtained by replacing “/(oo,oo),s and K} g g by 7{00700)75 and v, 5. The event &7 is
defined like &% for E,[T(A)]Dx and has probability Cx(dpdx)Mr(dr,dx)/W(B)(nt(n)?) and Ezw
is defined like £z replacing Z by ZW(B) of probability Cx(dz(dz + 1)/2)Mzy(dz)/(nT(n)?), and
we define F(L) = |(U(T(L))f7k(DX)k,k)(f,k)e[dF]x[dX]|OO for L € Mdndz’ Uy 2D E[ZZT]Dz, and
Vow) = DzE[ZZTW(8)%Dy.
Theorem B.3. Under Assumptzonm @), (), (v), and (C5[iid), for all (B,A),P such that (B,A) €
Ta and all solution (A V) of (6.3) with X € (0,1), we have, on GiNGuN{pzx > pzx (n) }NEFNES, NES,
(i) If A is sparse, for alll € E,

L((R-a) Dyt < OV H TR O (5T)

1n“E,S(A)

)

U< (L+7(n)F (A) (1 L 2nln );):X(n)@’ﬁ (S(A))> 7

1,S(A),S(A)
R 971/2 . @/
D En [((Af. —Af.) ZW <2 FA7\II . ;
g (Do) B [ (R =0 ) 2W0) '] <208 (0 20 g o7t
~ 2]1/2 Q.(S(M))
D E, |((As. —Af.) Z < 2r4(n)F (A) F—/]¥ 2|0 ;
frg[?;}( AZW(B))ff [(( I f’) >] < Zro(mF( )%EF,M,S(A) Wl t )
(i) Else,

R ! 1 F(ANOL(S
‘(A—A) DEI‘ < z min  max ro(n) —|—7‘(/n) ®) 7( ) 3+)\ |ASCD 1‘
1= 1, SCldrlx(dz) s '

1\ 1
. prx(n) _rhmpzx(m)(1+7w) (| 1) )
<+ <>><F<A>+ S min. <2F<A>((1 e (1 m) >+ 1),

i) )
mx (Daziv(s),  En [((xf, ) ZW@)Q] "

feldr]
n)y/1+7(n)F (A)©L(S) 3+ A

fylFoo7 7 1

-1
SCldr]xldz] ‘DAZW |oo|AScDZ ‘1)7

< \/“I’ZW(B)’oo +7(n)2 min  max (

R 1/2
and with obvious modifications a bound on maxye(4,) (DAZW(B))ffEn [((Af,. — Af7.> Z) } .
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Proof of Theorem [B.3| Take (3,A) € Zg. Set A’ £ (A — A)D,', and A2 K’DZD;. Clearly, on

Gi, A belongs to 1o ro(n), F (A) We now work on the event in the statement of the theorem.

We start by proving ((il). The arguments in the proof of Theorem yield
(B.19) )&@T‘ < rh(n) (a+ F (A))

<[Bl, + 5 (F) -7 (3))
PzX
and, by those of the proof results of Section F(A) — F(A) < pzx|A)L.
As aresult, A’ € K g( A S K fg( Ay and, using the definition of A s(A).s(n) and of the objective function
in (6.3) in the first display and (B.19) in the third display,
Pzx ‘AI‘T’T’ N
— 1 oy F(A);
AR s(a),5(A)

‘Aswc

v

IN

)"ﬂ,S(A),S(A) n
-1

, ~
A9T| < 2r(m)F (A) (1-19“’”’”) .
o0 AR S(A),S(A) n

Let us now show the results of item (ii). Take S C [dp] x [dz]. We have
|Algely < \Ag(l +2[Age D, + A ‘3’ 1

and distinguish the two cases:
Case 1: 2|AgeDy'|1 < |A’ |1 and the rest is usual.
Case 2: 2|AgeDy |1 > |A |1. In that case, we have

3+ A

&) = |B| +[B%] <2575 1asD3 Y,
1 1
hence o 34 1

& <21if\ASCD 1. 0

Due to item, even if multiple matrices A satisfy (6.1] , A can converge to a sparse solution.
We denote by ap(n) the probability of the complement of the event in Theorem it is independent
of A. We also denote by vy 1(n), va2(n), vaz(n), and vF(A)( n) the first (taking for ! the norm |- |oo,00),
third, fourth, and second upper bounds on the right of (il) and (| . they can depend on A such that
(B,A) € Zg. Define the following sequences

vp(n) £ min (\/l—i—ir (‘DAZW AD7, 1! + ‘DAZW(B)LOUAJ(WJ)) (pzx(n)vg.1(n)
+ pzv/ 1+ 7(n)v(dx)) + va g(n),
V1+7(n) |Dazu 8| va1(n)pzx <U5,1(n) + /14 7(n) \Dil,@\l)

+/1+ 7(n) max \/IE [((DAZW(ﬁ)A)f,. ZV(5)>2] + vﬁ,2(n)>,

feldr]
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Bo(n) £ v/n(1+vp(n) +7(n)) (| Dazwis)| . rh(M)vra) ()51 () + [Dazwis)| . IV (Bl
+ (vas(m) + (7(n) + 1) [Dazwy D3} ) 1o(dx) oo VI+7(0) )

Sl = E (NQO - S LT vp(n)yv/1+ T(n)> +ap(n) +aa(n) +e T8

vp(n) 4+ 7(n)
+ CN(dF)sz(dF)/(TLT(TL)Q) + L(dF, n),
() 2 (N > W - W(n)) + ag(n) + aa(n) + +On(dp) My (dr) /(nr(n)?) + L(dp, n),

ap(n) 2 26(n) + Ch(n) + o(r(n)) + Cn(dr(dp +1)/2)Mp,zw (dr)
nt(n)?

aq(n) = ap(n) + aﬁ(n) + CN(dF)sz(dF)/(nT(n) ) + ax(n).

To obtain coverage guarantees for the confidence bands, we use:

+ t(dp,n),

Assumption B.2. For all (5,A) € Zq, we have
(i) ¢(n)/vp(n) — max(v2vp(n),va2(n)) — oo;
(i1) ag(n) — 0;

(i) Vn € N, v(n) > vp(n), and v(n) — 0.

The use of Assumption and vg 2(n) is not necessary. Using them allows the second term
in the minimum in the definition of vp(n).
Let us now consider alternative confidence bands when we maintain (C5[), defined as

(BQO) Qﬂ,g = g/Z/\B-,g - a\a ’éﬂ,g = (/Z-B-,g + (/]\’ aﬂ,g £ [QQ,gvéQ,g} >
a chzKT(l—aHQC(”)a <5>D (n)
= NG 9 2a T n

where qGQ|ZKT(1 — a) is the 1 — o quantile of G = ]DZKTKZTE|OO/\/H given ZAT.
For the analysis, we add to Assumption

max [54(8) — ow, () < Ve, () (1),

g€ldg]
which is obtained from (B.15]) and yields, for all g € [dg],
11 Vo (W, (8)) (1) A

= Vg g(n).

5o(B)  ow,d) |~ oWy (8) (W, (8) — Vo(w,(8) ()+
We also replace — in Assumption by (C5 and
(v)) E[|DazA (227 ~E[227)) ATDaz|’,| < Mr2(dr);

(vi) max (IE [((DAZA)L_ zwg(ﬁ)/a(wg(g))) } E {((DAZA) . zwg(ﬂ)E/a(W9<ﬁ)))2+q1]> < B(n)",Vf ¢
ldr], @1 € [2], g € [dc];
(vit*) max (E [ (|DazAZ] Wiy (8)]  /(Bm)o (W) " | B [(IDazAZL Wiy (9B _ /(B)a(W,(5))"]) <
2, Vi € [n], g € [dg].
The loss lr s is replaced by lpo(A)) £ maXse(q,](Daz)f,f|A% |1 and Theorem (but the third

inequalities of both items which we do not use) holds replacing Dpzy(s) by Daz. The coverage is
guaranteed if we assume:

24+q1



Assumption B.3. For all (3,A) € Zq, we have
(1) 7(n)/vas(n) = 0, {(n)/va3(n) — max(v2ua3(n), vog(n)(1+1/va3(n))) — oo

(i) aq(n) — 0;
(#ii) Vn € N, v(n) > vp(n), and v(n) — 0.

Item is weaker than for the previous confidence bands. Indeed, the condition of item (1| in
the discussion after Theorem |6.1] simply becomes vy 3(n) = O(1) and does not involve any norm of A.
Analysis of the Bands Under (C5.|ﬂ) On the event £ £ G, N Gy N {pzx > pzx(n)}N EENES of
probability 1 — ax(n), we have

)"

g(DAZ)N(\/ [((Af —Af ] ‘\/E (As.Z —\/E[(Af,_z2

SO }DZXT DXHOO <1+ wp3(n)+ 7(n). We now use the decomposition

}DZATAZTW(ﬁ)

where Ry 2 \/nD 5 (Q - %/A\ZTX> DxA, Ry = D AZTV(8)//n, and Ry = —y/nD,z-V(B).
On £N G, we have

|Riloo < V(1 4va3(n) +7(n) |Dazwa)| 0(n)vrn)(n)vs(n),
|Ra|.. < Vn(l+wvas(n)+7(n)) (vas(n)+7(n)+ 1) v(dx)/1+ 7(n),
|R3|oo < V(1 +va3(n) +7(n) | Dazws)| . [V (B)loo-

(B.21) ViDygr (9B - Q8- V(8)) = Ry + Ry + Ry +

Define
A Wz‘(ﬁ) W.(8) T Wi(B)
Q = D = 5 Q D s TQ D AZ ,
fzez[n] 6'\(/8) N 1= fzg[;] O‘(ﬁ) N 0= flg[;] 70—W(ﬂ) N
a1 RzT a| L T N
Gar = N %:] DnzAZ; Ei| , Goo = 7 EE[:] DazAZ; E;| , Noo = \f ;} EDAZAZ )

where (Ep, ,Az) ;. are independent Gaussian vectors of covariance IE[DAZAZZ, Zi,.ATDA 7).
On &, |Tq — Ton| < Tai(vasz(n) +7(n)) and [Tor — Tao| < veg(n), so

T — Tao| < (Tao + va,g(n))(va3(n) + 7(n)) + v,4(n).
Also, on £ N {E,[E?] > 1+ 7(n)}, we have |Gq — Ga1| < Gai(vas(n) + 7(n)) and |Gar — Gao| <

vp3(n)y/1+ 7(n), so
|Ga — Gaol < (Gao +vas(n)yv1+7(n))(vas(n) +7(n)) + vas(n)v/1+7(n).
We obtain P (|Tg — Tao| > ¢(n)) < ¢4(n) and P (P (|GQ — Gaol > C(n)\ZJA\T> > Cg(ﬂ)) < (2(n), where

¢(n) —vaz(n)y/1+71(n)
vpaz(n) +7(n)

Gn)?2 AP (NQ() > —wvp3(n)v/1+ T(n)) + ap(n) + e /8 4 t(dp,n),



((n) — vgg(n)

) 2P (NQO > S teal)

— Umg(n)) + ap(n) + u(dp,n),

Cn(dr(dr + 1)/§)MF7Z<dF) + u(dF,n),

ap(n) £ 20(n) + G(n) + (r(n)) + nr(n)

aq(n) £ ap(n) + ag(n) + ax(n),
and P (T > qgqz(1 — @) +2¢(n)) < a+ ap(n).
Finally vy(n) is replaced by
To(n) 2 V(1 + vas(n) + () (| Dazwis] o, (M) ()31 () + 1V (8) o)

+ (v a(n) +7(n) + D o(dx)] o VI+7()).

APPENDIX C: COMPUTATIONAL DETAILS

C.1. SNIV Confidence Sets and Sparse BSOS. If B = R4 or B comprises polynomial (in)equality
restrictions (e.g., linear restrictions), the SNIV confidence set 6(5) in is characterized by poly-
nomial inequalities. To model the sparsity constraint we introduce n € {0,1}%x as indicators for the
nonzero entries of 5 (see [6]), yielding the quadratic constraints

(C.1) 1S(b) N Sq| < s IneRWX Wk € So, (1 —m)be =0, (1 —m) =0, > mp <
kESQ
Squaring both sides, the remaining constraints in (3.1]) can be rewritten as the quadratic inequality
2
(C.2) max (ZEU(b)) < n?rg(n)%5;(b)?.
l€ldz] \
This implies that if ¢(b) is a polynomial (or more generally, a rational function), (3.3 comprises
polynomial optimization problems. With possibly endogenous IVs, the SNIV confidence set C(s,s) in

Section |5 is characterized by replacing (C.1)-(C.2) by

(C.3) Vk € Sq, (L= m)be = 0,me(1—m) =0, > me < s;
kESQ
(C.4) Vie S, (L—a)t=0,6(1-6)=0, > &<
less
2
(C.5) max (Z,TZU(b) - ntl> < n?ro(n)%(b,t)?,
l€[dz] ’

We now describe a general approach to convex relaxation in polynomial optimization. The
main idea is to introduce new decision variables to replace monomials in the original decision variables
of degree two or larger. For example, p(z) = 23 + x122 + 11 — 22 — 1 is replaced by p(z,y) =
Y20 + Y11 + 1 — 2 — 1, where y are new decision variables with subscripts referring to the exponents
of the monomials they replace. One then imposes additional constraints on x and y. There are two
means of doing this. First, notice that if the constraints of the original problem are 0 < g;(z) < 1,0 <
g2(z) < 1.0 < gm(x) < 1 then [, gi(x)%(1 — gi(x))% > 0 for all a; € {0,1,..d}Vi € [m],b; €
{0,1,..d}Vi e [m],> " a;+b; < dand d € {1,2,...}. In this way we can obtain additional constraints
through polynomial multiplication. Equality constraints can be represented by two inequalities of
opposing direction. This yields linear constraints in the decision variables x,y. For given d, the linear
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constraints are given by the vector

hi(x) & (1:11 gi(z)" (1 - gi(x))bi>aie{O,l,...d}Vie[mL >0

b;€{0,1,...d}Vie[m],
> ai+bi<d

Second, one can use semidefinite constraints. If yog = x%, Y11 = T1T2,Yo2 = x% then

1 I i)
S'(z) = (L1, 22) T (L1, 22) =S (z,9) = |21 w20 w1
T2 Y11 Yo2
has rank 1. The set of rank 1 matrices is not convex, and so we replace this with the set of positive
semi-definite matrices. Notice that S!(z) is the outer product of the vector of monomials in  of degree
less than or equal to 1. More generally, we can use

ooy _ 2 2 T 2 2 k
S¥(x) = (1, 21, x2, 27, x172, T5, ..., 5 ) (1,21, T2, 27, T1T2, T5, ..., T5 ),

for k € Ny. If the polynomial to be minimized is f(x), for given k and d the optimization problem is:

min fz,y)

hé(z,y)>0
Sk (z,y) is positive semi-definite
A solution x*, y* of the level d hierarchy is a solution of the original optimization problem if 2k is larger
than the maximum degree of the polynomials f(z), g1(x), ...gm(z) and S¥(z*,y*) is rank 1.

To represent the SNIV confidence set we apply the Sparse BSOS hierarchy of [7] to solve the
optimization problems in . Sparse BSOS is a variant of the Sum Of Squares (SOS) hierarchy of
semidefinite optimization problems. It is a bounded degree hierarchy, meaning that the sequence of
optimization problems is defined by holding £ fixed (and small in practice) and taking d € {1,2,...}.
Increasing d increases the computational burden, but also provides tighter bounds. [7] show that the
bounds bind as d — oo. Fixing k is computationally advantageous, since adding linear constraints is
less computationally intensive than increasing the dimension of semidefinite matrices. Sparse BSOS
is also a sparse hierarchy. This is not related to sparsity in the sense of few nonzero entries in a
parameter, but refers to the idea that each of the polynomials f(z), g1(z), g2(x), ...gm(z) depends on
only a few decision variables. The advantage of sparsity is that one need only impose a subset of the
linear constraints h%(z) > 0 and it permits a large semi-definite matrix S¥(x) to be replaced by multiple
smaller semi-definite matrices. This makes the optimization problems more computationally tractable.
This idea is stated precisely in the Running Intersection Property (RIP) of [7].

In our simulations, for SNIV without possibly endogeous IVs we use f(b,n) = ¢(b) = £by, for
k € [dx] and the constraints are in (C.1)-(C.2). To make the constraints take the form 0 < gy (b,n) <
1,0 < ga(b,n) < 1,...0 < gm(b,n) < 1 we augment C(s) to include |b| < b, where b is a large positive
constant. Since |n| < 1, we can then rescale the coefficients of g(b,n) > 0 to guarantee 0 < g(b,n) < 1.
We fix k = 2, which yields the semidefinite matrices:

S2P = (1,b1,ba, ..., 03, ) " (L, b1, boy oo, 03, ), SPT = (L1, m2, s M3 ) (L1, 2, s M),

SQ’kak = (17 bk7 Nk b%u bknkv nl%)T(17 bk:7 Nk b27 bkﬁm 77]3) Vk S [dX]
The implementation with possibly endogenous IVs is similar, replacing S*° with

SQ’(b’t) = (1, bi,ba, ..., bdX,tl, ...,tdz, ...,tZZ)T(l, bi,ba, ..., bdX,tl, ...,tdz, "'?t?lz)’

SO = (1,4, 81, 17, 1101, 07) T (L, 10, 61,1, 1161, 07) VL€ [dg], S*° = (1,61,82,...,63,) (1,61,02,...,63,)
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All of our reported results are for level d = 1 of the hierarchy, which uses only the original constraints.
To compute the SNIV confidence sets we use SuperSCS 1.3.2. Our implementation satisfies the RIP
condition.

C.2. Computable Lower Bounds on Sensitivities. In Table[0]we present the most computationally
tractable lower bounds on the sensitivities, which are applicable even if dx and dz are large. We
omit the sets coming from B for conciseness (see |[(v5)). If B = R or comprises linear (in)equality
constraints, the programs are LPs. The set S below is such that § C S C [dx]. To tighten the bounds
in Table EI, one can specify a small set U C [dx] and include the additional constraint p; = n;Aj,
Vj € U in the LPs of Table |§|7 where 7; = %1 is the sign of A;. Since the signs are unknown, one
replaces minge(q, ) with minge(gy)n,=+1vjev in Table @ This augments the number of linear programs
by a factor of 2IVl. In our simulations we take U = S§ to construct lower bounds based on a sparsity
certificate. The design is such that |U| = 2. If constructing lower bounds using S of small cardinality,
we use U = S. Further details can be found in sections 5.1 and A.6 in

One can also compute the lower bounds below on &7, and obtain the lower bounds on the other
sensitivities from them using Proposition In the cases where S C 5 C § (3) which we consider, we
can use &x(S, S(B)) < (S, S(B)) (a lot of simplifications occur) and §(S, S(B)) C (SN Sq) U ((Sgu
S%) NS(B)), when 1 < ¢ < 71, and §(5, S(B)) C (5N So)U (SéﬂS(B\)), when ¢ < 1. When we assume
|S N Sg| <'s, we have ¢,(S, S(B)) < Gu(s) & min(cs x(s), c< x(s)), where

o) 1) (25 +185] + e(1 = 7) (|87 1 S| +min (155 N Sal 5+ |sin 5o 15 (3)|)))

and c< .(s) 2 (25 + 1561)/(1 = ¢)+ and S(S,5(B)) C S. For example, to compute an alternative lower

-~

bound on x;(.5), one can rely on in Proposition |A.2/to obtain a lower bound on k¥ A(g $(9)).8 and
Roo(8)-

multiply it by ¢(S, S(B))_l. To compute a lower bound on % (s), one can use ¢, (s)™*

C.3. FISTA with Partial Smoothing. The C-STIV estimator (B, 5, o) is a solution to a conic
program with dz cones. The C-STIV estimator (K, U) defined in is a solution of a conic program
with dxdy cones. If dy is large, interior-point based methods are not computationally tractable. For
this purpose, we apply an iterative procedure. We present the algorithm for the C-STIV estimator of
(B, 67, o), though it can be applied for (K, U) with minor modifications. Because u = ming~q {0 + u2/a},
the C-STIV estimator can alternatively be obtained as a solution to a similar program as , where
the minimum is over (b,t,0) € B x (0,00), is replaced by \D)_Clbth + [Dzts¢ |1, and the
loss becomes

le[dz] ro(n)?

The objective function is convex because f(x,y) = 2%/y is convex on R x (0,00). As a result when the
restrictions defining B are a product of restrictions for 8 and restrictions for 6, a solution of C-STIV
can be obtained by iteratively minimizing over (53,6) and over o.

2
O(b,t)? £ max (Dz)zlmax (Ul (b, )%, (En [ZU(®)] = t) ) )

Algorithm C.1. Initialize at (B\(O),@\(O),E(O)). At iteration s, solve

- ' 25(s~1)
(5(5)’ 9(8)> (- argmln(b,t)elg < C

70 = £ (5,0)

(IO b, + [Dats:

)+ O(b,t)2> ,
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TABLE 9. Lower bounds on sensitivities

Roo(S) £ min min _ |PTA|, Roo(8) £ min min  |PTA|,
j€ldx] (A,w)eB(8) J€ldx] (A,u)eB(j)
A;=1, p<i Aj=1, p<i
72(S) £ min min _ |VA|» 7% (s) £ min min_ |[PA|oo
J€ldx]  (A,u)eB(S) J€ldx]  (A,p)eB()
M=EL LT =1, p<na, M=EL LT =1, p<na,
£1(S) £ min min [PA |0 K1(s) & min min_ [TA|
Jj€ldx] (A,p)eB(S) JjEldx] (A,p)EB()
n=+1 Yhetay Hr=1, 1<nA; n=+1 Prelay) #E=1, p<nd;
k3(S) £ min min |WA|s| Rg(s) £ min min_ [TA|
J€ldx] (A,m)EB(S) jeldx] (A,m)eB()
n=+1 Zkesl ?ﬂk"!‘zkgslc re=1, ILSTIAJ n=%1 ZkeSI ?ﬂk"'zkeslc re=1, #SUAJ‘
-1
~ 5 D > e -1
0.(9) 2 (1-7/7%(9)) | () 2 (1= 7/fg(s))
E(S\) A —H SAA < u, Mg“ﬂS(E)C = Oa
(1—cr) ZkeSI e + (1 —c) ZkeSIc P <2 Zke§msQ P + ZkeSCQ Mk
E(]) A —H S,\A < 122
(1 - CT’) ZkES] Mk + (]‘ - C) ZkGSIc M S 28#] + Zkesg«g Mk
E (§) N - < é < pu,
v (1 —2¢r) ZkGSI pe + (1= 2c) ZkGSIc P <3 ZkgEnsQ e+ 2 ZkGSfQ Foke
v (L =27) Y opes, b+ (1= 20) X opes,. e < 3spj +2 Zkesg) 22

then replace s by s+ 1, and iterate until convergence.

Algorithm iterates between (b,t) and o. Since the program is convex, the iterative algorithm
converges to a global minimum. Step 1 can be computationally intensive, whereas Step 2 is trivial. To
solve Step 1, we use FISTA with partial smoothing ([1, 2]). Both terms in the minimization problem are
convex but non-smooth; the first involves an ¢;-norm, and the second a maximum. The smoothing is

partial because, following [2], we smooth only the maximum, for which we use log-sum-exp smoothing,
replacing it with

p0 S| 2 e (W) e (M (Do (52700t —tz>)2>

leldz]

Based on Proposition 4.1 and Theorem 3.1 of [2], in practice we take u = €/(2In2dz) and € = 0.1.
Smaller values of € improve the approximation of the maximum but increase the computational burden.

After smoothing we are left with the sum of an ¢;-norm and a smooth function, to which we apply
FISTA ([2]).

C.4. Software. We implement our methods in MATLAB. To compute the STIV, C-STIV and lower
bounds on the sensitivities we use MOSEK version 9 (https://www.mosek.com). To compute for C-
STIV estimator of A we use FISTA with partial smoothing (2], https://github.com/tiepvupsu/FISTA).
To compute the SNIV confidence sets we use SuperSCS 1.3.2 (https://kul-forbes.github.io/scs).


https://www.mosek.com
https://github.com/tiepvupsu/FISTA
https://kul-forbes.github.io/scs/
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