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1 Introduction

Estimation and inference in the presence of nuisance parameters is a central problem in
econometrics and statistics. The generalized method of moments (GMM, Hansen, 1982)
provides a unifying framework for a vast range of estimators, from ordinary least squares
and instrumental-variable problems to maximum likelihood and causal-inference procedures.
Many of these problems involve nuisance parameters, and the accuracy with which these are
estimated can have a substantial effect on inference for the parameter of interest.

In such a setting, it is helpful to work with estimating equations that are orthogonal
to the nuisance parameters in the sense of Neyman (1959). Neyman orthogonality means
that the first derivative of the expected estimating equation with respect to the nuisance

! 'When combined with sample splitting,

parameter vanishes at the true parameter values.
this property helps reduce the bias of an estimator to make it \/n-consistent (Chernozhukov
et al., 2018; Chernozhukov, Escanciano, Ichimura, Newey and Robins, 2022).

A limitation of (first-order) Neyman orthogonality is that the remaining bias may still
be large relative to the sampling variability. This happens when the dimension of the nui-
sance parameter is large or when it is estimated by an estimator with a slow convergence
rate; fixed effects in panel data (Neyman and Scott, 1948; Hahn and Newey, 2004) or many
control variables in high-dimensional regression (Mikusheva and Sglvsten, 2025) are impor-
tant examples. Work by Angrist and Frandsen (2022) and Withrich and Zhu (2023) also
highlights these limitations.

In such cases, going beyond first-order orthogonality can help. An example is Bonhomme,
Jochmans and Weidner (2025), where it was shown how to construct such improvements for
nonlinear estimators in a likelihood setting. In models with fixed effects, their orthogonal
moments reduce the incidental-parameter bias and achieve asymptotic unbiasedness under
mild conditions on the precision with which the fixed effects can be estimated. A review
of orthogonality approaches in the likelihood setting is given in Bonhomme, Jochmans and
Weidner (2026). However, many important settings in econometrics do not have a likelihood
structure.

In this paper, we focus on models defined through moment conditions. One moment
condition identifies the target parameter given some nuisance parameter, while another con-

dition pins down the nuisance parameter. Both parameters are finite-dimensional, although

!Neyman-orthogonal estimating equations play a central role in semiparametric estimation (Bickel,
Klaassen, Ritov and Wellner, 1993; Newey, 1994). They are also at the heart of the recent literature
on debiased inference in high-dimensional models (Belloni, Chernozhukov and Hansen, 2014; Javanmard
and Montanari, 2014; van de Geer, Bithlmann, Ritov and Dezeure, 2014; Zhang and Zhang, 2014) and on
double/debiased machine learning (Chernozhukov et al., 2018).



the dimension of the nuisance may grow with the sample size. This structure nests a wide
array of econometric applications, since it contains both models that are affine in the nui-
sance (such as linear instrumental variables) and fully nonlinear models (which are common
in structural settings).

The concept of higher-order Neyman orthogonality, formalized in Mackey, Syrgkanis and
Zadik (2018), is general and applies to the models we consider. The condition requires that
all derivatives of the expected estimating equation with respect to the nuisance parameter,
up to order ¢, vanish at the true parameter values. However, a general construction of
higher-order orthogonal moments in models defined by moment conditions is so far lacking
in the literature. The main contribution of this paper is to propose such a construction,
based on closed-form expressions.

Our orthogonal moment function depends on multiple independent copies of the data, and
it features a generalized inverse of a Jacobian matrix as an additional nuisance parameter.
The same nuisance parameter appears at all orders of orthogonality. To provide intuition,
we start by illustrating the construction in a linear grouped-data model with heterogeneous
coefficients. In this setting, we outline a simple construction that combines two ingredients:
a polynomial approximation of the target parameter, and the use of multiple independent
copies to estimate each component of the polynomial without bias.

These two ingredients underlie our general approach. The polynomial approximation
is achieved through a von Mises expansion of the target parameter, initially proposed in
von Mises (1947) and extended to arbitrary order in Robins, Li, Tchetgen and van der
Vaart (2008). In our setting based on parametric moment conditions, an important input
into the expansion device is the choice of a baseline family of distributions. We index
this family by the finite-dimensional parameters and require that it satisfies the moment
conditions. However, the requirement that the components of the approximating polynomial
be estimable without bias imposes an additional constraint, namely that the expected higher
derivatives of the original moment function, up to the chosen order ¢, coincide under the
baseline distribution and the data distribution, hence are estimable without bias. This key
constraint leads to well-defined orthogonal moments.

We first apply our von Mises approach to provide explicit moment functions in the case
where the original moment function is affine in the nuisance parameter. This covers our
heterogeneous-coefficient model, and also linear regression and instrumental-variable esti-
mation with linear moment conditions. We then extend our construction to the case where
moment functions are nonlinear, in which case additional correction terms are needed. Our
explicit expression for orthogonal moment functions in the nonlinear case is based on rooted

trees. A noteworthy feature of our approach is that the dimension of the additional nuisance



parameter can be dramatically reduced. In fact, the nuisance can be reduced to a single
scalar, even under overidentification.

While the main goal of the paper is to develop a general construction of orthogonal mo-
ments, we provide additional results for grouped-data settings. In the linear model with
heterogeneous coefficients, we illustrate the finite-sample behavior of the second-order or-
thogonal estimators of the mean and second moments of the heterogeneous coefficients in a
simulation exercise. The model and design are motivated by the study of firm-specific hiring
discrimination in Kline, Rose and Walters (2022). The simulations suggest that orthogo-
nality, together with good (regularized) first-step estimates of the nuisance parameters, can
lead to significant improvements relative to the naive plug-in approach. Additionally, in the
appendix we develop asymptotic theory for the grouped data setting.

Our paper is related to several recent contributions. For the partially linear regression
model Mackey, Syrgkanis and Zadik (2018) provide an explicit moment that is nonpara-
metrically second-order orthogonal, but only when first-stage errors are non-Gaussian; they
prove an impossibility result under Gaussianity. Our constructions circumvent this impossi-
bility because we rely on independent copies of the data and on ordinary finite-dimensional
derivatives, rather than on functional derivatives. An approach to constructing ¢-th or-
der orthogonal estimating equations for conditional-likelihood models was provided in Bon-
homme, Jochmans and Weidner (2025). In recent independent work, Chetverikov, Sorensen
and Tsyvinski (2026) propose a recursive formula for Z-estimation problems and apply it to a
“triple-Lasso” estimator with second-order orthogonality for high-dimensional linear regres-
sion. Like our construction, theirs uses independent copies of the data. Their construction
differs from ours in several respects. In particular, they introduce new nuisance parameters
at each recursion step, so the nuisance dimension grows with the order of orthogonality.
They also restrict attention to exactly-identified moment conditions.

In a different direction, Robins, Li, Tchetgen and van der Vaart (2008), van der Vaart
(2014), and Robins, Li, Mukherjee, Tchetgen and van der Vaart (2017) have developed
higher-order influence functions and U-statistic-based estimators for nonparametric models.
Those results rely on nonparametric von Mises expansions whose higher-order terms can
only be approximated, whereas here the nuisance parameter is finite-dimensional and the
terms of the expansion can be estimated without bias.

The outline for the rest of the paper is as follows. Section 2 describes the setup and
defines ¢-th order orthogonality. Section 3 provides intuition and supporting simulations in a
model with heterogeneous coefficients. Section 4 presents our general approach to orthogonal
moment construction based on von Mises expansions. Section 5 applies this approach and

gives explicit formulas for the affine case. Section 6 similarly describes the construction in



detail for the nonlinear case, first at second order and then at arbitrary order in terms of
rooted trees. Section 7 gives a nuisance-dimension reduction technique. Finally, Section &

concludes. The Appendix contains all proofs and additional results.

2 Setup

2.1 Model and parameter of interest

We observe a sample {W; : i = 1,...,n} from an unknown distribution Py. Consider a

model defined by two moment conditions,
E[Q(Wzaeoan())] - O’ E[m(‘/I/Z)QOanO)] - 07 (1)

where , € R% is the parameter of interest and 1y € R% is a finite-dimensional nuisance
parameter. The functions g(W;, 0,n) € R% and m(W;,0,7n) € R are known. All expectations

are taken with respect to F.

Assumption 1 (i.i.d. sampling). The observations Wy, ..., W, are independent and identi-

cally distributed draws from F.

The first moment condition identifies 7y for given 6,. We assume d, > d,, which allows
the nuisance parameter to be either exactly identified or overidentified. The second moment
condition is used to identify #,. We take m to be scalar throughout, purely for notational
convenience. In practice one will often have m(W;, 8,n) € R% with d,,, > 1, in which case our
orthogonalization construction is applied to each component of m separately. Identification
of 6y in a given application requires d,, > dy, and the target-moment system in # may itself
be exactly identified or overidentified. These identification considerations do not affect the
orthogonalization construction that we present.

Our goal is to construct a Neyman-orthogonal moment function v that replaces the target
moment function m. To achieve orthogonality to a given order, our construction relies, in

addition to m, on a moment condition for the nuisance parameter, E[g(W;, 0y, 10)] = 0.

2In our construction, the parameter  plays a passive role. It is carried through as an argument of m
and g. Only after the orthogonal moment function has been constructed does 6 enter the analysis as the
parameter to be estimated, through the orthogonal moment equations. Thus, one could drop 6 from most of
the subsequent formulas without changing their content, but we retain it throughout the main text to avoid
notational confusion.



2.2 Nuisance parameters and the Jacobian inverse

Let 0, be the gradient with respect to 1. Our construction requires a left inverse of the
dgy x d,, Jacobian matrix
JO = E[ang(I/I/Z7907/’70)] (2)

Let Ag be a d, x d, matrix satisfying AgJy = Iz,. When d, = d,, and Jy is invertible,
Ao = Jy'. When d, > d, and Jy has full column rank, we can set Ag = (J; Q7! Jo) 1 Q!
for a positive-definite weight matrix 2. When d, > d,, the left inverse is not unique. Our
results hold for any choice, with A fixed throughout.

The matrix Ay enters as an additional nuisance parameter in our construction. We
parametrize it as A(\) for a finite-dimensional parameter A € R% | with true value \q satis-

fying A(Ag) = Ag. The simplest choice is A = vec(A), giving dy = d,, - d,,.

Assumption 2 (Jacobian left inverse). The Jacobian matriz Jo has full column rank, so a
left inverse Ao with Ao Jo = 14, exists. The map X\ — A(X) satisfies A(Xg) = Ao.

While the dimension dy does not enter the orthogonalization construction itself, dy does
matter in applications, because the accuracy with which A can be estimated depends on
dy, with a smaller d) potentially leading to a more accurate preliminary estimate. For this
reason, Section 7 develops techniques that reduce d), to a single scalar if desired, by replacing

the moment function g with a suitably transformed version.

Example 1 (Heterogeneous coefficients in grouped data). Our first, running example is a
grouped data model with heterogeneous coefficients,

Y;t:X{tniO—i_Uit) izl,...,N7 tzl,...,T, (3)

(2

for a scalar outcome Yj; and a d,-dimensional covariate vector X;;, under the uncorrelatedness

condition

E[XitUit]:Oy izl,...,N, tzl,,T (4)

Such models have been studied extensively under the mean independence condition E[U;; |
Xit,...,Xir] = 0 (e.g., Chamberlain, 1992). Condition (4) is weaker, since it does not
restrict the conditional mean of Yj; given X;; to be linear. The coefficients 7,y are the best

linear predictors,

Nio = (E[iXitX{tD_lEliXﬁ}@], i=1,..,N, (5)

t=1 t=1



and the target parameter is
1 N
o = N ;:1: m(mio)

for a smooth scalar function m. The mean and second moment of the components of 7,y are
natural choices, for example to quantify the level and dispersion of the coefficients across
units.
For each unit i, write the observation at t as W;; = (Y, X;1). The framework (1) applies
with
9(Wir, 0,m:) = Xar(Yee = Xigmi),  mi(Wie, 0,m;) = m(n;) — 0,

and condition (4) is equivalent to E[g(Wy, 00,1:0)] = 0 for every t. The Jacobian-inverse
nuisance parameter is A;p = —(E[X;, X},]) ™"
We assume that, for each i, the observations Wy, ..., W, arei.i.d., so that Assumption 1

holds within each unit. We will apply our construction unit by unit, with W;, in place of
Wi, (mio, Aio) in place of (19, Ag), and the unit-level target 0;0 := m(n;0) in place of Oy, so
that E[m;(Wi, 6:0,7:0)] = 0 holds as in (1). Our construction will yield, for each unit, an
orthogonal moment function 1; that depends on several observations of unit 7. The estimator
of §p = (1/N) XX | 0, averages the unit-level orthogonal moments over 4.

Each 7,9 is estimated from the 7' observations of unit ¢ alone, so it converges at rate
T~'2, and the plug-in estimator of fy has a bias of order T~'. Orthogonalizing to order ¢
reduces the bias to order 7-(@+1/2,

[

Example 2 (Linear instrumental variables, including linear regression as a special case). To
introduce our second example, let W; = (Y}, D;, Z;, X;) with D; € R a regressor of interest,
Z; € R an instrument satisfying E[Z;D;] # 0, and X; € R¥ exogenous controls. Consider

The parameter of interest is 6y € R. The framework (1) applies with

Both moment functions are affine in n, and the Jacobian is Jy = —E[X;X]], so Ay =
—(E[X;X/])~! is minus the inverse of the population second-moment matrix of the controls.
The special case Z; = D; corresponds to linear regression with high-dimensional controls,
in which 6, is the coefficient on D; in the projection of Y; on (D;, X;) and the additional

moment condition E[D;U;] = 0 is needed for identification. O



Remark 1 (A as a by-product of estimating 7). Although Assumption 2 formally introduces
A(X) as an additional nuisance parameter, in practice A is often a by-product of estimating
7. In Example 2, computing the least-squares estimator of 1 requires inverting the sample
second-moment matrix n' Y; X; X/, and that inversion already delivers an estimator for A
at no additional cost. The same is true in nonlinear settings, where the Jacobian inverse at

the solution 7 is computed as part of the numerical optimization.

2.3 Higher-order Neyman orthogonality

Let ¢y (Wq,...,Wr;0,n,\) € R be a moment function that depends on L > 1 independent
copies of W;, the parameter of interest ¢, the nuisance parameter 7, and the Jacobian-inverse

parameter A. Define the population moment
U(0,n,A) :=E[p(Wy, ..., Wr;0,n,A)]. (6)

Definition 1 (Higher-order Neyman orthogonality). For q € {1,2,3,...}, the moment func-
tion v is g-th order Neyman-orthogonal if there are a neighborhood N of (19, \o) and a
constant C' < oo such that

+1
(00,7, 0) = U (0,70, No)| < C (lln=moll + 1A= Noll)" forall (,)) €N (T)

Notice that what matters here is how W varies with (1, ), not its level. While we set
E[m(W;,8p,m0)] = 0 in (1) to follow the usual GMM presentation, nothing below uses this
normalization to zero. A target m(W;,0,n) for which ¥ (6y, 19, \o) = E[m(W;,0¢,10)] # 0 is
equally allowed by the above definition and by our construction of ¢ below.

Orthogonality is more commonly stated through derivatives of W at the true values.
For multi-indices o = (au,...,aq,) and § = (B1,...,84,) of non-negative integers, write

la] = 55 a; and 9505 = 1T /(@ - g DN - ONG).

Proposition 1. Let 1) be q-th order Neyman-orthogonal, and suppose that (n, A) — ¥(0y,n, \)
is q times differentiable at (ng, \o). Then

82‘85\1!(90,770,)\0) =0 for all multi-indices («, B) with 1 < |a| + |B] < gq. (8)

At ¢ = 1 this is the standard Neyman orthogonality condition. The two formulations
agree under enough smoothness: if (7, ) — (6, n, A) is ¢ + 1 times continuously differen-
tiable near (19, \o), then (8) implies (7) by Taylor’s theorem, so the two possible formulations
of g-th order orthogonality are then equivalent. Mackey, Syrgkanis and Zadik (2018) and



Bonhomme, Jochmans and Weidner (2025) state higher-order orthogonality through (8).
The conditions (7) and (8) impose orthogonality in  and A jointly. Beyond the pure 7-
derivatives and pure A-derivatives of W, condition (8) also requires all mixed derivatives
8,‘?‘85\3\11 with |a] > 1, |B| > 1, and |a| + |8] < ¢ to vanish at the true values. The
pure n-conditions control bias from estimating the original nuisance parameter, the pure
A-conditions control bias from estimating the Jacobian inverse, and the mixed conditions

control bias arising from the interaction of the two estimation errors.
Estimation. Given an i.i.d. sample {W; : i = 1,...,n}, the natural sample analogue of
the population moment (6,7, \) is the U-statistic

R 1

Yo (Wi, Wirs0,m, ). (9)

01yt =1
all distinct

An estimator 6 of 6, is obtained by solving \T/n(g, 7, X) = 0, where 77 and  are preliminary
estimators of the nuisance parameters. To ensure that the estimation error in (7, X) does
not contaminate the U-statistic, the sample is split into two independent parts. One part is
used to construct 7 and 3\, and the other is used to evaluate U, Efficiency can be improved
by cross-fitting, that is by swapping the roles of the two sample parts and averaging, as in
Chernozhukov et al. (2018).

The key consequence of g-th order orthogonality is that, under appropriate regularity

conditions, the estimator satisfies

6 — 8o = O, ({117 = moll + 1% = Aol +n72),

~

because (7) applied at (77, A) bounds the bias from the nuisance estimates, together with
U (0o, mo, o) = 0, which holds under the normalization in (1). A larger ¢ therefore makes
the bias from the nuisance estimates of higher order, so that valid inference requires only
17 = moll + I = Aol = o, (n2e+0).

3 Illustration in a heterogeneous coefficients model

This section illustrates the main ideas in a concrete example, the heterogeneous coefficients
model of Example 1. Our motivating application is Kline, Rose and Walters (2022), who
study employment discrimination by sending randomized fictitious job applications to firms
and measuring callbacks Yj,. In this setting, independence across job applications t for each

firm ¢ holds by design, ;0 captures how each firm i responds to applicant characteristics

9



X, such as race, gender, and age, and moments of 7;9 quantify the extent and variation of

discrimination across firms.

3.1 Main ideas

The individual-specific ordinary least-squares estimates 7O, for i = 1,..., N, are noisy
when T is small, and the plug-in estimator GP™™ = m(°S) of 0y = m(ny) is biased
in general. Our approach constructs alternative estimators with reduced bias. Since the
problem stratifies across units, we focus on a single unit ¢ and describe the construction at
the unit level.

A specific feature of this example is that the moment function is affine in 7;. It is useful

to introduce the reparameterization
Ap = =Ny, bio = —Ag'mio,

with a;o = vech(A;p) denoting the vector that contains the unique elements of A;.
The construction in this setting relies on two insights. A preliminary observation is that

Ao and by admit simple unbiased estimators, X;; X/, and X;;Y;; respectively, since
E[X:X;] = A, E[X;: Y] = bio. (10)

The first insight is that any polynomial P(a,b;o) admits an unbiased estimator as well.
Indeed, since observations are independent across ¢, one can combine unbiased estimators of
(@0, bip) from different ¢ observations to produce unbiased estimators of powers and products.

For example, when d,, = 1, an unbiased estimator of a2 = (E[X?2])? is X2 X3, since
E[X7X5) = E[XA) E[X7] = aj.

The second insight is that m(n;) can be approzimated by a polynomial in (a, bi)-
Writing m(ni) = (a0, bin) with o(a,b) = m(A~'b), the function ¢ has a singularity at
det A = 0 and so cannot be globally represented as a polynomial. However, given preliminary
estimators A; and 7; that are independent of the remaining data, one can expand locally:
setting a; = —vech([A\jl) and b; = —/A\Z-’lﬁi,

1

m(nw) = > 920y (@i, b;) (aio — ;) (bio — 0:)° + Ry, (11)

|
jal+151<q ¢ O

where the remainder R, ; is of order ¢+1 in a,0—a; and bjg —b;. Each term (ajo—a;)*(bio —Bz-)ﬁ

10



admits an unbiased estimator built from independent observations. This yields an approxi-
mately unbiased estimator of m(n;y) based on a ¢-th order orthogonal moment function.
These two insights are sufficient to construct orthogonal moments in the heterogeneous
coefficients model of Example 1, as we will show next. Furthermore, they underlie our
general constructions in Sections 5 and 6 based on von Mises expansions. In practice, the
preliminary estimators A; and 7; are obtained by holding out a set of ¢ observations, and
efficiency can be improved by cross-fitting. A feature of this construction is that the nuisance

parameters A; and 7; do not change with the order ¢ of orthogonalization.

3.2 Orthogonal moment

We now show how to construct a second-order orthogonal moment function (i.e., at ¢ = 2)
in model (3) with a scalar covariate (i.e., d, = 1). This construction is a special case of the
general formulas, for arbitrary d, and arbitrary order ¢, given in the next sections.

A second-order Taylor expansion of m(n;) around 7; gives
m(nio) & m(7;) + Oym(7:) (nio — ;) + 5 Oam() (1o — ;). (12)

To express n;,0—1); in terms of quantities with unbiased estimators, write a;y = —Al-_ol = E[Xft]
and by = —Ajg'ni0 = E[X;Yy]. Expanding ni = bio/as around (ai,&) = (—/A\i_l, —JA\Z-_lﬁi) to
second order,

Mo — 771 ~ _Ki(bio - 77@ Gio) - /A\z(l + /A\z Gio)(bio - 771 aiO)-

Substituting into (12) and replacing a;o and by by their unbiased estimators (X2 and X;; Y,

respectively), we obtain the approximately unbiased estimator of m(n;)
m(1;) — Oym(7;) (/A\z'(XﬂYz‘l —mX5) + /A\z(l + /A\iXEQ)(XiIY;I - 7A]1,X121))
1 PN~ . ~ _
+ iagm(m)(/\i(XuYh - 77iXi21))(Ai(Xi2Yi2 - 77@'X2‘22))'

The resulting moment function is

W(Wis 0,n5, ;) = m(n;) — Oym(ni) Mi(XanYir — s X))
- 3nm(m) A(T+ A sz)(Xilyil — N Xi21)
+ %aim(m) Ai(XaYir — s Xi21) N (XipYio — s X¢22) — 0. (13)

One can verify that E[¢(W;; 650, 1;, A;)] and all its first and second derivatives in (n;, A;) at

(mi0, Ajo) vanish. The moment function is therefore second-order Neyman-orthogonal.

11



3.3 Simulation evidence

We now report simulations that illustrate the finite-sample behavior of the second-order or-
thogonal estimator based on (13) (adapted to a vector-valued ;). While our goal in the paper
is to present a general construction of orthogonal moments, we complement these simulations
in Appendix A.6 by presenting asymptotic properties for the grouped data setting.

The simulation design is a stylized version of the setup in Kline, Rose and Walters (2022),
where we do not attempt to calibrate the design to their empirical results. There are N firms,
and T job applications per firm. Applications feature the race X;;; € {0,1} of applicants
and their gender X;;» € {0,1}. Binary callback indicators are generated as

Yie = H{ew > Bio + BaXiea + BioXir 2} (14)

where ¢, are i.i.d. standard logistic independent of X;; 1, X;; 2, and observations are inde-
pendent across ¢ and t. Job applications are randomly generated within firms but — for
example due to implementation constraints — assignment is heterogeneous across firms.® For
j €{0,1,2}, Bi; = Z; + V;;, where the Vj; are independent standard normal, independent of
Z;.

Let X = (1, Xi1, Xir2)', and let n;0 be given by (5). We estimate the parameters

1 1 X,
bog = — Zmlo, oo = — Znuo;
N = N =

which together are informative about the level and dispersion of race-based employment
discrimination (here, the coefficient 7,19 corresponds to race). The true values in the DGP
are 6y, = —0.0844, which corresponds to an 8.44 percentage point lower callback probability
for blacks compared to whites, and 6y 2 = 0.0177, which corresponds to a standard deviation
of 0.1030.

We report results based on the plug-in estimator (OLS) and the order-2 orthogonal
estimator (ORTH) based on 1000 simulations, for N = 1000 firms. For the latter we rely
on sample splitting to obtain preliminary estimates of 7; and A;. In addition to the inverse
of the sample second-moment matrix as an estimator of A;, we report results that use a
regularized estimator based on a Dirichlet hierarchical prior. In Appendix A.1 we describe

how these estimators are computed.

3Specifically, we assume that firms belong to one of two types Z; € {1,2}, i.i.d. with probability 1/2.
When Z; =1, (Xu1 =1,Xu2 =1) and (X1 = 0, X2 = 0) are each drawn with probability 3/8, and
(Xitn =0,X40=1) and (X;1 =1, X2 = 0) are each drawn with probability 1/8. When Z; = 2, (X1 =
1, X2 =1)and (X1 =0, X2 = 0) are each drawn with probability 1/8, and (X;;1 = 0, X2 = 1) and
(Xitn =1, X420 = 0) are each drawn with probability 3/8.

12



Figures 1 and 2 report the Monte Carlo performance of the OLS (in blue) and ORTH (in
red) estimators for 6; and 6s, respectively, as the number of applications per firm T varies
between 7' = 20 and T' = 100. Each figure plots the mean estimate across simulations (solid
line), the true value (dashed horizontal line), and 90% simulation bands defined by the 5th
and 95th quantiles across simulations (shaded regions). The plots on the left-hand side show

the estimators based on regularized A;’s, while the plots on the right-hand side correspond

to un-regularized A;’s.
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Figure 1: Monte Carlo estimates
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Figure 2: Monte Carlo estimates of 6, as a function of 7". Solid lines show the mean across
simulations for OLS and ORTH; the dashed line is the true value; shaded regions are 90%
simulation bands.
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Starting with 6y, — the average of 7,10 — the right graph in Figure 1 shows that both
the OLS and the second-order orthogonalized estimator are close to unbiased irrespective
of T. The left graph, in turn, shows that while OLS is slightly biased as a result of the
regularization of Ay, the orthogonal estimator remains virtually unbiased. In addition,
the simulation bands show that the orthogonalization is associated with some increase in
sampling variability.

Shifting attention to 6y » — the average of 3, — the right graph in Figure 2 shows that both
estimators are biased when one does not rely on a regularized estimator of A;q. Moreover,
the bias is higher for the orthogonal estimator, and it only becomes lower than the bias of
OLS when T > 60. Lastly, the variance increase associated with the orthogonalization is
larger than in the case of 0 ;, especially for lower values of T". Hence, while orthogonalization
reduces bias for large enough 7', an estimator based on un-regularized estimates of A;y may
perform poorly for lower values of T

The left graph in Figure 2 shows that the situation improves greatly when relying on
regularized estimates of A;y. The bias of OLS is reduced relative to the un-regularized case,
without a noticeable increase in variability. Moreover, the bias of the orthogonal estimator
decreases substantially relative to the un-regularized case, and in fact the orthogonal esti-
mator has small bias, lower than the one of OLS for all values of 7". This suggests that the
combination of orthogonal moments — to reap the benefits of higher-order Neyman orthogo-
nality — and regularization of the nuisance parameters — to ensure lower estimation error —

can be particularly appealing in applications.

4 Orthogonal moments via von Mises expansions

We now provide a general approach to construct higher-order orthogonal moment functions
in models defined by moment conditions. Our approach relies on von Mises expansions. We

start by describing the general approach, and then explain how we apply it to our setting.

4.1 The von Mises approach

Throughout this section P denotes distributions of a single observation W;. Fix one of them
as a reference and call it P, and let P be a convex set of such distributions, each with a density
relative to P that is square integrable under P. Nothing below uses that the members of P
are nonnegative, and the argument applies unchanged to finite signed measures. Moreover,

the choice of P does not affect the expression of the orthogonal moments.
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For P,Q € P write®

IP=Qlp = ( /(5 - jg)i@ " (15)

Let T'(P) be a real-valued function of P € P, ¢ + 1 times continuously differentiable along
the segments of P and with bounded derivative of order ¢ + 1.5 For P € P, and with the

true distribution F, assumed to lie in P as well, so that the whole segment from P to P, lies

in P, define
~ 9.1 dF ~
VP R) =Y — - T(1=s)P+sh)

16
= k! dsk ’ (16)

s=0

the Taylor polynomial at s = 0 of the value of T" along the segment from P to P,, truncated
at order ¢ and evaluated at s = 1. Then Taylor’s theorem with integral remainder guarantees

existence of a constant C' < oo such that

~ ~la+1
WP, P~ T(R)| < C| R~ PH; . (17)

For the vector of nuisance parameters we now write v, which will be equal to (1, A) in the
next subsection. Let v — P(v) assign a distribution P(v) € P to each v with |l — 1| < r,
for some r > 0, where v, is the true value of the nuisance parameter. We require that, for
some cp < 00 and every v such that [[v — | <7,

1P() = Byl < ep llv — wl. (18)

The condition (18) implies that P is equal to Py at the truth, i.e.,
ﬁ(V()) = P(). (19)

Lemma 1 (Expansion in the distribution of the data). Let ¢ > 0 be an integer and let r > 0.
Let P, || - |5 and T be as above, and suppose that (18) holds. Let U@ (v) := U@ (P(v), Py)
be the expansion (16) along the segment from P(v) to Py. Then there is a constant C' < 0o

“This norm is convenient because | [ fd(P—Q)| < || f|l - 7 | P — Q| by the Cauchy-Schwarz inequality,
and the derivatives below are built from linear functionals o% that kind.

SFor each P € P and each k < ¢ + 1 there is a symmetric k-linear form DXT(P) on the differ-
ences of elements of P such that along every segment Py = (1 — s)P 4 sP, in P we have ;T’;T(PS) =
D*T(P))[H,...,H] with H = Py — ﬁ, and s — DITIT(P,)[H, ..., H] is continuous on [0,1]. Bounded
means M := supp sup H|=<15 the outer supremum over the segments on which T is used, so over the ball
{P:||P - Pollp < csr} once Lemma 1 is applied, of [D'T(P)[H, ..., H]| < oo, and (17) then holds with
C=M/(qg+1).
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such that
W)~ T(R)| < Clly — v " (20)

for every v with ||[v — || < r.

Notice that by construction W@ (v) is a polynomial of degree at most ¢ in Py. A polyno-
mial of degree L in P, is the expectation of a function of L independent copies of the data,
so U@ (v) is the population moment of a moment function in finitely many observations,
and can be estimated by a U-statistic without bias.

Both the expansion (16) and the remainder (20) are known in the statistics literature,
where the truncated sum is called a von Mises expansion. Expanding a function of the
distribution along a segment goes back to von Mises (1947), and its first-order case is display
(1.2) of van der Vaart (2014). Robins, Li, Tchetgen and van der Vaart (2008) develop the
order-q version, which van der Vaart (2014) states as a corrected plug-in with a bias of order
v — 1)|7t!. In that literature P(-) is the model, one distribution P, for each parameter
value, and the expansion is taken at P,, so that (19) holds by construction.

Lastly, the presentation in this subsection is not specific to our moment condition model
introduced in Section 2. The von Mises expansion in (16) and Lemma 1 are well-known

results, presented here in a way that is convenient for our purposes.

4.2 Data perturbations
A key input to the von Mises approach is the family 13() In our moment condition model,
we require it to satisfy the two conditions

E~

B [9Wi60.m)| =0, AN Ep, \ [059(Wi, 00, 1)] = I, (21)

In addition, we require the condition (18) to hold.

Since we work with the norm || - || on P defined in (15), a natural construction defines
P(, \) as the distribution that is closest to Py, with respect to || - |, subject to the moment
conditions (21) being satisfied. However, this particular family P(-) is impractical for our
purpose in general. The reason is that the derivatives Eﬁ(m N [8}; g(W;, by, 77)}, for p > 2, ap-
pear as additional nuisance parameters in the expression of the orthogonal moments obtained
by the von Mises expansion of Lemma 1.

To address this challenge, given an orthogonality order ¢, our construction imposes the

following additional restrictions,
Eﬁ(n)\) {aﬁg(VVZ, 907 77)} = IE:Po [859(1/‘/“ 907 77)} ) for all p= 27 3a e (22)
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When (22) holds, the derivatives of order 2 to ¢ of the moment under P(-) coincide with
the ones under Fy, so they can be estimated without bias, and so can polynomial functions
of these derivatives using independent copies of the data, as anticipated in Section 3. The
zero- and first-order derivatives are pinned down by (21). In turn, the derivatives of order
g + 1 and larger do not matter for achieving orthogonality to order q.

We then define P(-) as the solution to the following optimization problem

~

P(n,\) = argmin |[|P — Bljs s.t. (21) and (22). (23)
pPcpP

Lemma 2 in Appendix A.2 shows that, under a rank condition, the solution exists, that it
is unique and available in closed form, and that, under an additional eigenvalue bound, it
satisfies the condition (18).

Importantly, denoting

éP(na /\) = A()‘> ]EP [Q(VVZ, ‘90’ 77)} ) 6(777 /\) = éPo (777 )‘>’ (24)

the moment condition at P(-) satisfies the key identity®

Gy @A) = (=) + G N) = G0, A) = 8,800, i — ) + 017 —nll ™), (25)

for 1,7 in a neighborhood of 7y and all X in a neighborhood of \g. Note that P(n,\)
satisfies (21) and (22), so that éﬁ(n,k)(' , A) has value 0 and first derivative Iy, at 7 =7, and
derivatives of order 2 to ¢ equal to those of G(-,\).

The expression of the moment condition (25), together with the von Mises device, allows
one to derive explicit orthogonal moments to any chosen order. As anticipated in Section
3 in a simple setting, the general construction relies on a polynomial approximation (via
the expansion in Lemma 1) and unbiased estimators of the components of the polynomial
(through the use of multiple independent copies).

The approach applies Lemma 1 to the family ﬁ() constructed above that satisfies (25),

6For the final result on (9, ]3(77,)\) matters only through the identity (25), and we could modify
the definition of ﬁ(n,)\) in (23) so that it uses Gp alone. Specifically, we could replace the first condi-
tion in (21) by A()) EI/D\(WJ) [g(W;,00,m)] = 0, and the conditions in (22) by A(X) E]’J\(n,x) [0bg(Wi, 00,m)] =
A(N) Ep,[08g(Wi,00,n)] for p = 2,...,q. In the just-identified case d, = d,, the matrix A()) is invertible and
the two definitions coincide. When d, > d,, the modified definition imposes fewer restrictions, but it still
yields exactly the same orthogonal moment function, provided all A(\) with A near Ay have the same null
space, the condition stated after (27).
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and to the functional”

T<P) = ]E‘PO [m(VVlu 907 W(P))] ) (26>

where n(P) is the solution near 7y of
AN Ep [g(Wi, 00,n(P))] = 0, (27)

for some A in a neighborhood of Ag. Under correct specification, n(Fy) = 19. The value of A
only matters when the problem is over-identified, and it does not matter for the expression
of the orthogonal moment implied by the von Mises expansion provided that all matrices
A(X), for A near Ay, have the same null space, since (27) then has the same solution when
A(}) is replaced by any such A(\).

We compute orthogonal moments in the next two sections, starting with the special case

where g(W;,0,n) is affine in the nuisance parameter 7.

Remark 2 (Comparison to likelihood models). The need for the construction (23) arises
from the fact that the moment conditions do not completely characterize the distribution of
the data. In a likelihood model with density P, one can simply take ]3(77) = P,. In contrast,
in our moment condition model the conditions (21) do not uniquely pin down P(-), and our
approach provides one family }A’() that additionally leads to feasible orthogonal estimating

equations.

Remark 3 (Non-recursive construction). Our construction based on von Mises expansions,
which yields closed-form expressions for orthogonal moment functions, differs from the recur-
sive construction of higher-order influence functions (Pfanzagl, 1990; Robins, Li, Tchetgen
and van der Vaart, 2008). Such a recursive construction, in a model defined by moment

conditions, is developed in Chetverikov, Sorensen and Tsyvinski (2026).

5 Moment conditions affine in the nuisance parameter

We assume in this section that the moment function g(W;,60,n) is affine in 7, so that
0,9(W;,0,m) does not depend on 7, whereas the target moment function m(W;, 6,n) can be
nonlinear in 7. This covers many important cases, such as linear models with heterogeneous
coefficients (Example 1) and linear regression and linear instrumental variables (Example 2).
We derive the orthogonal moment functions by computing the von Mises expansion explicitly,

and then formally verify that the resulting functions are indeed orthogonal.

"Notice that in (26) the outer expectation is under Py, not P. Taking Ep instead would make ¥(9) depend
on an expectation under P(n, \), from which we have no observations. Under P it is estimable from the
data, at the cost of raising the order L of the U-statistic in (9) by one.
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5.1 A general expression

Fix (1, A) near (19, A\o). When g is affine in n, (25) simplifies to

Gppun(A) = 1—n  forally. (28)

We will use the shorthand G := G(n, \) = A(\) E{g(Wi, 0o, n)}, and define

H:= A\ E{@ng(Wi, Oo, 7])} — 14

»
Along the segment P, = (1 — s)P(n, ) + sP,, we have

Gp,(1,)) = (I, + sH)(7 —n) + s G.

Now, provided all matrices A(A) with A near Ay have the same null space, as in Subsection 4.2,
n(P;) in (27) solves Gp,(n(Ps),\) = 0. Hence,

NP) =0 =s(la,+ s G =+ 350, = (CDHTG(30)
i>1
where the series converges for |s| small enough.
The functional (26) along the segment is T'(Ps) = E[m(W1, 0, n(Ps))]. Its Taylor poly-
nomial of degree ¢ at s = 0 is obtained by substituting (30) into the Taylor expansion of m

around n and discarding all powers of s above ¢, which when evaluated at s = 1 gives

00a 777 Z Z <]E [a;m(wla 90a 77)]7 5j1 @ 5jr>’ (31)

.71 ~~~~~ JT>1
Jit++ir<g

where 9)m(W;,0,m) denotes the r-th derivative tensor of m with respect to »n, and (-, )
denotes the multilinear action of a derivative tensor.®
The terms d; = (—1)jﬁjflé are products of population moments, and can therefore be

estimated without bias using independent copies of the data. Doing so, and collecting terms,

8For vectors v, ... v(") € R,

ImWi,0.m) «y
gr

m(W,. 0 Mg...0uM) =
(Om(Wisb,m), vV @00 = Oy - Oy, 1

J1seesdr

For r = 1 this gives the directional derivative 9,m(W;,6,n)’ v while for = 2 this gives the quadratic
form v(l)’agn,m(Wi, 6,n)v®
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then implies (see Appendix B.4 for a complete derivation)

(@) (907 n, )‘> = E[w(q) (W> 607 m, )\)]7 (32>

for the moment function

(W 0,1, Z 3 (1) X (qu k) <8£m(W1,9,n), é)Zkb(W<”);9,77,A)>,
b=1 "vb

k1 ..... kr->1 b=1
ki+- +kr<q
(33)
where, for all £ > 1, we have defined the factor
Z,(W®: 0,1, ) (H AN) B,9(Wip ), 0 77)) AN g(Wip gy, 0,1), (34)

which uses a block W® = (Wwa), - - s W) of k independent copies of W;. In (33), W =
(Wh, ..., Wy41) consists of g+1 independent copies of W;: the copy W enters through m, and

in each term the blocks W ... W) are formed from distinct copies among W, ..., W1.”

5.2 Explicit formulas for small ¢

Equation (33) provides a general, closed-form expression for an order-¢g orthogonal moment
function in models where moment conditions are affine in the nuisance parameter. To make
it concrete, we next display ¢(@ for ¢ = 0,1,2. Write m := m(Wy,0,1), m, == 9,m(Wy,0,n),
and my, == 02, m(Wh,6,n).

Case ¢ = 0.
w(O)(Wla 97 77) = m(W17 07 77)

Case g = 1.
W (W, Wi 0,9, 3) = m — my A(X) g(Wa, 0,7).
9How copies are assigned to blocks does not affect the expectation of 1)(?), and the U-statistic (9) averages

over all assignments. When m does not depend on the data, W is not needed and (9 depends on ¢ copies
only.
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Case ¢ = 2.

¢(2) (Wl, W27 Wg, 97 m, )‘> - -2 mn A()‘> (W27 8) 77)
mi, (A(N) 9yg(Ws, 0,1)) A(X) g(Wa, 0, 7) (35)
+ %(A(A)g Wa, 0,m)) 1y (AN (W3, 0,7)).

Example 1 (Heterogeneous coefficients, continued). Returning to model (3) with a scalar
covariate (d, = 1), we now apply (35) to obtain a second-order orthogonal moment function
(¢ = 2). Recall that the Jacobian inverse A;y = —(E[X?Z])~! enters as an additional nui-
sance parameter, and that the target moment function m(n;) — 6 does not depend on the
observation, so the copy W, in (33) is absent and ¥® uses L = 2 observations of the same
unit.

With g(Wi, 0,1;) = Xi(Yie — Xims), the factors (34) are

Zl(Wit; 0,1, Ai) = Ai(XitY%t - 'fh'XiQt), Z2(VVz's, Wi 0,13, Ai) = _AiXiQS Ai(XitY%t - 'fh'XiQt)-
Substituting into (35) gives

(Wi 0,775, As) = m(n) — 28,m(n;) Ai( X Yo — mi X2)
— Oym(n;) A? X3y (XY — i X7)
+ 3 0im(n;) Ni(Xa Yo — mi X7) - Mi(XaaYip — s X35) — 6, (36)

which coincides with (13).
U

Remark 4 (Comparison with standard first-order orthogonality). For ¢ = 1, our moment
function reduces to M = m(Wy,0,1) — 0,m(W1,0,1)' A(X) g(Wa, 0,1), which uses two in-
dependent copies and has the Jacobian inverse A as nuisance parameter. The standard
first-order Neyman-orthogonal moment function (Newey, 1994; Chernozhukov et al., 2018)
is @ZJS&(WZ-; 0,n,a) = m(W;,0,n) — o g(W;,0,n), which uses a single observation and has a
d,~dimensional nuisance vector oy = A 0,E[m(W;, 6o, m0)]. The standard moment function
is simpler. It combines A, and 9,E[m] into a single nuisance oy and avoids the second copy.
Our construction keeps the two separate. The derivative 0, E[m] is not a nuisance parameter,
because 0,m(W1,6,n) estimates it without bias and W; is independent of the copy W in
g. With this separation the construction extends to every ¢ > 2, with the same nuisance

parameter A\ at every order.
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5.3 Verifying orthogonality

Finally, we directly check that (33) is orthogonal to order ¢. For this purpose, we first state

regularity conditions for the affine case.

Assumption 3.

(i) g(Wi,0,m) is affine in 1.
(i) m(W;,0,n) is (q + 1)-times continuously differentiable in n in a neighborhood of ng.

(iit) The map X\ — A(X) in Assumption 2 is (q¢ + 1)-times continuously differentiable in a
netghborhood of A\q.

(iv) For all v < q+ 1, there is a neighborhood N of ng and an integrable function M, (W)
with sup,ep [|0;m(Wi, 0, n)|| < M,.(W;) almost surely.

(v) Elllg(Wi, 60, o) |l] < oo and E[||0,9(Wi, 6o, 10)[[] < oo.

Theorem 1 (g-th order orthogonality, affine case). Define the population moment associated
with @ in (33) by W@ (0,n,\) := E[p @D Wy, ..., Wr;0,n,\)], where L =q+1, or L = q
when m does not depend on the data. Let ¢ > 1. Under Assumptions 1, 2 and 3, the moment

function 9 is q-th order Neyman-orthogonal in the sense of Definition 1.

Corollary 1. Suppose in addition to the assumptions of Theorem 1 that parts (ii) and (iv)
of Assumption 3 hold with q + 1 replaced by 2q. Then (n,\) — WD (y,n,\) is q times
differentiable at (no, A\o), and (8) holds.

6 Nonlinear moment conditions

When the moment function g(W;, €,7) is nonlinear in 7, additional correction terms are
needed beyond the affine orthogonal moment function. The target m was already allowed to
be nonlinear in the previous section, but we now also allow for nonlinearity of g. We denote
the affine orthogonal moment function from (33) by wgg and write the corrected orthogonal

moment function as
VDW,0,m,\) = w;?f)(W, 0,1, \) + correction terms. (37)

The reason w;g fails to be orthogonal for nonlinear ¢ is that its derivation in Section 5
relies on (28), that is, on A(X\) E[g(W;,6,7)] being affine in 77. When ¢ is nonlinear, this

expression contains quadratic and higher-order terms in 0 that the affine construction does
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not cancel. The correction terms involve the higher-order derivatives 08 g(W;, 8, n) for p > 2.
For ¢ = 1 no correction is needed: (") = wgf) is first-order Neyman-orthogonal even when g
is nonlinear.

We first set up notation for the higher derivatives of g, used throughout this section. For
p > 1, the p-th derivative tensor 0fg(W;, 0 77) € R% ® (R%)®P has one d,-output slot and p
input slots in R%, with entries [8pg]k]1 ,,,,, = OPgp(W;,0,m)/0n;, - - - On;,. For p =1 this is
the dg x d,, Jacobian. To express contractlons of such tensors with vectors in R%, we extend
the tensor notation of Section 5 as follows: for a tensor A with p input slots in R% and

output in a vector space V, and for vy, ..., v, € R%,
Alvy,...,u) € V

denotes the contraction of A along its inputs, leaving the V-output unchanged. For the
scalar function m, the bracket and the angle-bracket of Section 5 agree, a;m [v1, ..., 0] =
(8;m, V1 ® - ®uv,) € R. For the vector-valued g, obg [v1,...,v,) € R% and pre-multiplying
by A(A) contracts the d,-output slot to give a vector in R%.

In this notation, the affine moment function (33) reads

wé‘f{)(w’ Q, ,'7’ Z Z Zb 1 <Z£ql kb> 8;m(W17 97 77) [Zlﬂa Cee Zkr} ) (38)

s
k1+-+kr<q

with the factors Zy, = Z, (W®:0,n,\) of (34).

6.1 Second order orthogonality

For illustration purposes, we first give the full formula for (9 at ¢ = 2, the smallest order at
which an additional correction term is needed beyond w (W 0,1, ). The complete formula

for 1@ is as follows:

WO (W, Wa, Wi, Wy, 0,m, \)
= m(W1,0,n) = 20,m(W1,0,n)" A(A) g(W2,0,7)
+ Oym(Wa, 0.0) (AN ,9(Ws, 0,1)) M) g(Wo, 0, 7)
5 (A g(Wa,0.m))' G2 m(W1, 0,m) (A(N) g(W5,0.))
= 5 0m(W1,6.0)' A(N) G3g(Wa, 6.0) [AN) 9(Wa, 6,1). AN g(Wi. 0,)]
= i (W1, W, W3, 0,1, )
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= 30,m(W1, 0,0)' AN B39 (Wa, 0.m) [AN) g(Ws, 0,7), A (W, 0.m)]. - (39)

2

Only the last term is new relative to the affine case. It is, up to its pre-factor, the simplest
term one can write down that involves 83 g and is invariant under linear reparametrizations of
g and of 1. The pre-factor —% is then pinned down by imposing the orthogonality conditions
of Proposition 1 at ¢ = 2 and solving for it. It is worth noting that the additional term
raises the number of independent copies of the data from L = 3 to L = 4 compared to the
affine case, i.e. the moment function is evaluated at four observations drawn independently
from the sample.

Of course, (39) has so far only been asserted. Deriving it, and finding the corresponding

terms at every order ¢, is the goal of the remainder of this section.

6.2 Rooted trees and the general formula

As in the affine case we rely on a von Mises expansion. Recall the key identity (25) that our
family of distributions P(-) satisfies, written here without a remainder with a slight abuse

of notation;

Gppn(@A) = 1—n + G(i,A) = G(n, A) = 9,G(n, A) (7 — ). (40)

Note that the remainder does not affect derivatives of order ¢ or less at 7 = 7, and only
those enter the expansion to order q.

With (27) and the target T'(P) given by (26), equation (40) and the von Mises expan-
sion (16) determine W@ (n, \) at every order ¢. Evaluating each expectation under Py at its
own copy of the data then gives an orthogonal moment function (. Our main result is a
closed form for (9 at arbitrary q.

Along the segment P, = (1 — s)P(n, ) 4+ sP,, we have

(1= 8) Gppn (1P, A) + sG(n(P),A) = 0, (41)

Differentiating (41) produces products of derivatives of m and of A g, each factor contracted

with the factor whose differentiation produced it. Such a contraction pattern is a rooted tree.

6.2.1 Indexing the terms by rooted trees

We illustrate this on 1 in (39). Figure 3 shows how the five terms of 1/(®) can each be
represented by a rooted tree built from three kinds of nodes. The root (shaded blue) carries

either m or one of its n-derivatives 9ym, where r is the number of children of the root. The
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Rooted tree 7|d(T

~—

7 with factors Ke(W,0,m,\)

O 0 m(Wl) m<W179777)

aﬂm(Wb 97 77)/ A()\) g(W27 67 77)

Aym(W1,0,n)" (M) 0yg(Ws,0,1)) A(N) g(Wa,6,n)

(AN (W2, 6,m)) 02, m(Wh,8,m) (A(X) g(W3,6,7))

a’rlm(Wla 97 77)/
X A(N) D2g(Wa, 0,1) [AN) g(W3, 0,m), AX) (W, 0,7)]

N
Ful

Figure 3: The five terms of ¢(? in (39), indexed by rooted trees. The root (blue) carries m
or its n-derivatives. Non-root non-leaf nodes carry Adg where p is the node’s number of
children. Leaves (gray) carry Ag.

leaves (shaded gray) each carry Ag. The non-root, non-leaf nodes (unshaded) each carry
A dbg, where p is the number of children of the node. Each node is evaluated on its own
independent copy of W;. The tree, which we denote by 7, then uniquely determines the
corresponding term in ¢)(?), which we denote by x, (W, 6,7, \).

All terms in the orthogonal moment function 9@ can be indexed by rooted trees in the

same way for any order ¢ € {1,2,3,...},

1/}((]) (V[/a 97 T]’ /\) = Z CQ,T HT(W’ 07 777 >‘>7 (42)

TETy

where 7, is a finite set of rooted trees, ¢,, € R is a combinatorial coefficient, and the term
k- (W,6,m,\) is determined by 7 via the rules illustrated in Figure 3.

A rooted tree T is a finite tree (a connected acyclic graph) with one node singled out as
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Figure 4: The thirteen elements of 75. The first row shows the seven trees in which every
non-root node has at most one child — these correspond to the terms of the affine moment
function 1/);?&). The second row shows the six correction trees, each containing at least one
non-root node with two or more children.

the root. Let d(7) denote the number of non-root nodes of 7 with at most one child. The
middle column of Figure 3 reports d(7) for each of the five trees: the trivial tree has d = 0,
the root with one leaf child has d = 1, and the remaining three trees all have d = 2. The set
7, in (42) is then

T, = {T rooted tree : d(7) < q}. (43)

The definition of 7, governs which terms x, appear in Y@ which can be understood from
the von Mises expansion that defines ¥(@ (and thus ¢@) above. The relevant terms have
d(1) < ¢, where the count d(7) includes the leaves and the nodes with one child, which
carry A g and A d,g, but excludes the nodes with two or more children, which carry Ad%g
with p > 2. The reason is that each factor A g or Ad,g raises the order of a term in the
expansion by one, as in the affine case of Section 5, whereas a higher derivative A d%g only
joins branches that are already there, without raising the order.'” For ¢ = 0, 7, only contains
the single-node tree. For ¢ = 1, 77 contains the single-node tree and the tree with one root
and one leaf child. For ¢ = 2, the five elements of 75 are shown in Figure 3. For ¢ = 3
we have |T3| = 13, shown in Figure 4. The cardinalities grow rapidly, with |7;| = 40 and
|75 = 130.

Each rooted tree 7 € 7T, translates into a term x. (W, 6,1, A) by populating the nodes with
the algebraic objects already used in /. The root carries m or one of its 7-derivatives, with
the order of differentiation equal to the number of children of the root. Each leaf carries A g.

Each non-root, non-leaf node carries A d7g, where p is the number of children of the node.

Tn the notation of Section 4, let §(s) be the displacement of the root of (27) away from 7 along the
segment Py = (1 —s) P(n,\) + s Py. Writing all derivatives at (n, \), it solves § = —s G + s [Iq, — 0,G] 6 —
D2 1%! 85@[5@”]. Each leaf and each node with one child brings one factor s and the higher derivatives

bring none, so a tree first appears at order s(") and the truncation at order ¢ in (16) keeps exactly those
with d(7) < gq.
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Each node is evaluated on its own independent copy of W;, and the resulting expression is
the contraction along the parent—child edges of the tree, exactly as in Figure 3.

At g = 3, the seven trees in the top row of Figure 4 give the affine moment function wff?
in (51), and the six trees in the bottom row give the correction terms in (52) that are needed
when ¢ is nonlinear in 7. See Appendix A.4 for both formulas. The affine pre-factors can be
obtained from (33) by collecting the ordered chain-length tuples (k1, ..., k,) that correspond
to the same unordered tree. The correction term pre-factors are the values of the closed-form
cq,r that we introduce next. Note that the substantive content of the tree formalism is our
closed-form expression for ¢, ., while the index set 7, and the construction rule for x, are

purely notational bookkeeping tools.

6.2.2 Closed form for c,, and the main result

To state the closed form for ¢, ., we first need to define two further integers associated with
each rooted tree 7. We have already introduced d(7) as the number of non-root nodes of 7
with at most one child. Let |7| denote the total number of non-root nodes of 7 (equivalently,
the number of edges of 7). Let Aut(7) denote the automorphism group of 7, that is, the
set of bijections of the nodes of 7 that fix the root and keep the tree structure unchanged.
Finally, let |Aut(7)| be its order (i.e. the cardinality of Aut(7)). Then,

D (gt —d(r)
= it ) )

In (44), the sign (—1)I"! comes from solving (41) for n(P,) once per edge of 7, the factor
1/|Aut(7)| from grouping orderings of children by the automorphism group of 7, and the
binomial from counting how the ¢ derivatives are distributed across the edges of 7, of which
d(1) are leaf-or-chain edges and |7| — d(7) are branch edges. The one-child nodes come
from expanding the inverse of the linearization of (41) along the segment in powers of
I, — A(X) Oyg.

Figure 5 shows the values of |7|, d(7), and |Aut(7)| for all rooted trees 7 with d(7) < 3.
The values of |7| and d(7) are found by counting the relevant nodes. The values of [Aut(7)| in
this figure are also straightforward: for many of the trees, only the trivial bijection preserves
the tree structure, so |Aut(7)| = 1. For each of the remaining trees, exactly one node has ¢
isomorphic leaf children, which can be permuted in ¢! ways, giving |Aut(7)| = ¢!. For larger
values of d(7) the automorphism group can of course be more complicated.

As a check, applying (44) at ¢ = 3 to the values in Figure 5 reproduces the 13 coefficients
in (51) and (52). For example, the root with three leaf children gives c;3 . = —(g) /3l =—-1/6
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Rooted tree 7 | |7| | d(7) | |[Aut(7)|

0500 |00 oo | 200 |2000 [oo 70 [o00s |20 [0 oo oo |0

Figure 5: The integers |7], d(7), and |Aut(7)| for the 13 trees with d(7) < 3.
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(matching the coefficient of 92m[Ag, Ag, Ag] in (51)), etc."!

Tree-indexed expansions of this form, including the appearance of the symmetry factor
1/|Aut(7)|, are a well-known structure in the literature on multivariate Taylor expansions,
where |Aut(7)| is called the symmetry coefficient of 7, see Appendix A.3 for a discussion of
the Butcher B-series. That appendix also gives a simple recursion for computing |Aut(7)|.'?

With ¢, ; in hand, we can state our main result for the nonlinear case.
Assumption 4.
(i) Assumption 3(ii)—(iv) hold.
(ii) g(W;,0,n) is (¢ + 1)-times continuously differentiable in n in a neighborhood of ng.

(iii) For all p < q+ 1, there is a neighborhood N of ng and an integrable function Mg(VVi)
with sup, |08 g(Wi, 0, n)|| < MJ(W;) almost surely.

Theorem 2 (g-th order Neyman orthogonality, nonlinear case). Let ¢ > 1 be an integer,
and let W90, 0, \) .= E[p@(W1,...,W;0,n,\)] be the population moment associated with
Y9 in (42), with ¢y, given by (44), where L = 1 4+ max,er, |7| < 2¢, or L = max,cr, |7|
when m does not depend on the data. Under Assumptions 1, 2 and 4, the moment function

D 4s g-th order Neyman-orthogonal in the sense of Definition 1.

Corollary 2. Suppose in addition to the assumptions of Theorem 2 that the conditions on
g in parts (i) and (iii), and the conditions on m in part (i), of Assumption 4 hold with
q+ 1 replaced by 2q. Then (9, \) — WD (05,0, \) is q times differentiable at (no, Xo), and (8)
holds.

UTt is also instructive to verify the consistency between (44) and the affine moment function in (33). The

trees that contribute to 1/);%) are precisely those in which only the root has more than one child, equivalently
those with |7| = d(7). For such a tree, let » > 0 be the number of children of the root, and let k; > 1 be the
chain length of each child for b € {1,...,r}. We then have |7| = d(7) = k1 + - -- + k. The automorphism
group permutes branches of equal length, so if the multiset {k1,...,k-} has n, elements equal to ¢, then

|Aut(7)| = [[, !, and (44) simplifies to
(=)' ( q >
Cor = . 45
q, HZ nél |7_| ( )

The same unordered tree 7 is the image of r!/[[, n¢! ordered branch tuples (ki,...,k,), each contributing

_nl7l
the term i? (\ZI) K. to the affine moment function @[Jé‘é_«) in (33). Summing across these tuples cancels the

r! and reproduces exactly c¢q , k; With ¢q - as in (45), confirming that 1/15?3 in (33) matches the affine part
of (42).

12Using this recursion we have numerically verified that (44) gives orthogonal moment functions for ¢ up to
10 in the scalar case d,, = dy = 1, and for ¢ up to 8 in the multivariate case. Enumerating all | 70| = 110,135
trees and calculating all corresponding ¢, » is possible within seconds.
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The expression (44) applies to both the affine and correction parts of (. Trees with
|7| = d(7) are exactly those in which every non-root node is either a leaf or a one-child node;
for these, (44) reduces to (45), the binomial weights of the affine score (33). Trees with
|7| > d(7) — those with at least one non-root node with at least two children — are the
correction trees, which contribute terms involving the higher-order derivatives dfg for p > 2.
When ¢ is affine in 7, all such terms vanish, (42) reduces to ¢(@ = Q/Jg.}}, and Theorem 2
recovers Theorem 1.

Assumption 3 also implies Assumption 4 in that case, because 0,g9(W;,0,7n) does not
depend on 7 and 97g(W;, 0,7) = 0 for p > 2. Theorem 1 is therefore a corollary of Theorem 2;
see Appendix B.5.2 for a shorter direct proof of it. At order 2¢ the same argument makes
Corollary 1 the affine case of Corollary 2.

The total number of independent copies of W; used by (9 equals one plus the maximum
of |7| over 7 € 7T,, which is bounded by L < 2¢g for ¢ > 2 (compared with L = 1+ ¢ in
the affine case). The bound is attained by every tree with d(7) = ¢ in which the root has a

single child and every non-root, non-leaf node has exactly two children.

7 Reducing the nuisance dimension

To reduce the dimension of A, the key observation is that the moment function g(W;,0,n)
in (1) can be replaced by a different function g(W, 6, n) that may depend on multiple in-
dependent copies of W;."* The replacement is valid as long as E[g(W,0y,10)] = 0 and the
corresponding Jacobian Jy = E[0,5(W, 8y,m0)] has a left inverse Ay with AoJy = I4,. The
orthogonality construction of the previous sections applies with g replaced by g throughout.
The advantage is that g can be designed so that the nuisance parameter A has much lower
dimension.

There is, however, a trade-off: reducing d) comes at the cost of increasing the number
of independent copies of the data, L, needed by the orthogonal moment function. The
original moment function g(W;, 6, 7n) depends on a single observation, so the ¢-th order affine
orthogonal moment function uses L = 1 4 ¢ copies. The transformed function g(W,6,n)
may itself require multiple copies (e.g., d, copies for the determinant construction below),
and each appearance of g in the orthogonal moment function then uses that many copies,
increasing L accordingly. In practice, the choice of g balances the difficulty of estimating
a high-dimensional nuisance A (large dy, small L) against the possibly larger variance of a
higher-order U-statistic (small d, large L).

In Sections 5-6.2, the orthogonal moment functions were stated in terms of a moment

13 As before, here we write W without subscript when the argument requires several copies.
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function g that depends on a single observation ;. When g requires a block of several inde-
pendent copies, the construction is applied in exactly the same way, with one bookkeeping
change: each occurrence of g(W;,0,n) or 0,9(W;,0,n) in the formulas of those sections is
replaced by g or 0, evaluated on a fresh block of independent copies of the size required by

g. We give examples of constructions for g below.

Determinant construction (exactly identified case). Suppose d, = d, and J is

invertible. Define g(W1,...,Wy,;60,7) componentwise by

gr(Wla e >de§0>77) = det 87719<W170777)a S 7a7irflg(W7’—170777)’ Q(Wm@»??)a

anr+1g(Wr+1a 9) 77)» ey 877d,,g(de7 07 77) 5

where 7 = 1,...,d,, and the d, X d, matrix inside the determinant has g(W,,6,n) in its
r-th column and 0,,9(W;,0,n) in its j-th column for j # r. Then E[g,] = 0 follows
from E[g(W;,6p,m0)] = 0 and the multilinearity of the determinant. The Jacobian satis-
fies E[0,g(W,0y,m0)] = det(Jo) - Ig,, so A(X) = X - I, with

B 1
N det(Jo)

Ao :
This gives d) = 1. The trade-off is that each evaluation of g uses d, independent copies of

W;, so the total number of copies for the g-th order moment function becomes L = 1+¢-d,,.

Determinant construction (overidentified case). When d, > d,, the Jacobian Jy is no
longer square, so the construction above does not directly apply. The idea is to first project
the d,-dimensional vectors g and d,,g down to d,, dimensions using independent copies of
Ong, and then take the determinant. Concretely, define g(W1, ..., Waq,;0,1) componentwise
by

gr(Wla cee 7W2dn; 6)7 77) = det (a'f]g(Wlu 97 n))/aﬁlg(W27 97 7))7 CII)

(8779(W2r—17 97 n))’g(W% 97 77)7 SRR (ang(Wan—la 9’ n))/andng(Wanv 07 77) )

where r = 1,...,d,. Each column of the d, x d, matrix is formed by pre-multiplying a
dg-vector (0y,g or g) by the d, x d, matrix (d,g)" from an independent copy, yielding a d,-
vector. The r-th column uses g(Wo,, 6,n) (without a 0, derivative), while all other columns

use 0y, g(Wa;,0,m). Then E[g,] = 0 by the same multilinearity argument as before, the
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Jacobian satisfies E[0,g(W, 0y, m0)] = det(JyJo) - 14,, and

1

AN)=)N1 ANy = —————
() dn> O det(J o)

again giving dy = 1. Each evaluation of g now uses 2d, independent copies of W;.

8 Conclusion

In this paper we have derived closed-form expressions for orthogonal moment functions to
any chosen order, in models that are defined through a finite-dimensional set of moment
conditions. The construction relies on polynomial approximations based on von Mises ex-
pansions, and on the use of multiple independent copies to estimate the components of the
polynomials without bias. While the construction introduces an additional nuisance param-
eter, the latter does not change with the order of orthogonality and it can be reduced to a
scalar.

The paper belongs to a growing agenda on higher-order Neyman orthogonality. An
important question is the choice of the order ¢ of orthogonality, which we have taken as given
in the analysis. Also, while we have derived asymptotic properties of orthogonal estimators
in a grouped data setting, more work is needed for other settings. Lastly, our analysis focuses
on the case where the nuisance parameter is finite-dimensional, and extending our approach

to cases where it contains nonparametric components is important too.
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APPENDIX

A Additional material

A.1 Details on estimation in the simulation exercise

We now describe how the OLS and ORTH estimators in the simulations of Section 3.3 are
computed, with and without regularization of the estimator of A;. We compute the OLS
estimators as

T “Lr

= (LX) XK

t=1 t=1
and we report the resulting estimates of ¢; and 6, (denoted as OLS). Note that, given the
design, =T | X;; X/, is singular with positive probability. We report averages of 7; and 7% on
the subset of units for which singularity does not occur, and compare those to the averages
of ni10 and 7, for the same subset of units. We proceed similarly for the other estimators
described below.

Next, we compute orthogonal estimators to order 2 (denoted as ORTH) as follows. Let,

for all sy # s9 in {1,...,T},

ﬁ’i 81,82 - (Z 1{t 7£ S1, SQ}thnyt> Z 1{t 3& S1, SQ}Xit}/ita
t=1

and
-1

1 T
—(s1,82) = — (H Z 1{t 7é S1, SZ}XitXZ(t> . (46)
t=1

?)

For 61, the orthogonal estimator is the second element (i.e., the one corresponding to 7;1) of

T T
_1 Z Z lm —(51,82)

51:1 so=s81+1

1,52 181

- (213 + Ai,—(sl 82 Xl szX/ ) Ai,—(sl,sg)Xi,s1 (}/;,81 X/ A 51 sg))

averaged across units, where I3 is the 3 x 3 identity matrix. For 65, the orthogonal estimator

is, for D the 3 x 3 matrix with a one in the position (2,2) and zeroes everywhere else,

T T
_ 1 Z Z [m,—(51,82)Dﬁi,(81,82)
sl 1so=s1+1

~

2771 —(s1, SQ)D (2]3 + A (s1,82) Xi 52484 32) A (s1 SQ)XZ 81 (Yi,81 - Xz{,slﬁi,—(SLSQ))
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o~

+ (Ai,—(s1,sg)Xi,52 (Yi,sg - Xi,’szﬁi7_($1752))>/ D (Ki,—(sl,sg)Xi,ﬁ (Y;,sl - Xz{,slﬁi,—(shsg))) ‘| )

also averaged across units.

In addition to estimators based on the plug-in estimates (46) of A;, we also report es-
timators based on empirical Bayes regularization. Let py, = Pr(Xy1 = k, Xye = ¢) for all
(k,0) € {0,1}2. To regularize A;, we endow (pj0, Pio1, Pito, Pi11) With a Dirichlet prior with

parameters (oo, o1, @10, 11). Let a = agg + o1 + 1o + a1, The = e/, and

1 Mo + 11 To1 + 711
= mo+m1 mo+ 7 11

To1 + 11 i1 To1 + 11
We estimate —A; ' = E[X;;X/,] as the posterior mean

~

T 1 & «
—A7 = XX I1.
' T—|—a<TZ ' “>+T+a

t=1

Finally, to select (aqo, o1, @10, @11), Wwe maximize the marginal likelihood across firms with
respect to «, while fixing 7, at the pooled mean 7, = ﬁ Y H{ Xin =k, Xio = (}, s0

that ay, = . We estimate « as

N
a=argmaxN[InT(a) —InT(a+ D)+ > > [InT(@rer + nige) — InT(Tpear)]
a>0 i=1 (k,0)e{0,1}2

where n; = Zthl 1{ X = k, Xis = €}. We apply the regularization scheme to both the
OLS and ORTH estimates. In the latter case, we apply the above formulas to subsets of

observations, leaving out two ¢ indices and averaging across pairs of indices ex post.

A.2 The distribution P(n, \)

In Section 4.2 we defined 13(77, A) by (23) and used two of its properties, the bound (18) and
the identity (25). From here on we write v = (1, A) again. The following lemma makes the
choice of P(v) in (23) precise. For this lemma we take P to be the set of all finite signed
measures of total mass one whose density relative to P is square integrable under P. This
set is convex. As in Section 4.1, we assume that P, has such a density, so that Py € P. We
require P(v) to satisfy the constraints (21) and (22), which are linear in the density. The

criterion is an L?(P) norm, so the member of P closest to Py among those satisfying them
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is an orthogonal projection and has a closed form. Let

hy(w;v) = <g(w,90,n)', vec[A(N) Opg(w, 0o, m)]', vec[@%g(w,@o,n)]’, o Vec[agg(w,Qo,n)]'>

(47)
and write
hy(v) = Eplhe(Wisv)],  Bg(v) = Ep((he(Wiiv) = he(v)) (hg(Wis v) — he(v))'].
Let g(n) := E[g(Wi, 6o, 7)], and let
Gw) = (~g), veella, =BG 0, ... o) (48)

Only the first two blocks of (,(v) are nonzero, because Py satisfies (22) at every v, and
Cy(10) = 0 because g(no) = 0 and 9,G (o, Ao) = Aoy = I4,. The first block does not depend
on A, and the second is affine in A(X). Write ~,(v) for the smallest nonzero eigenvalue of

3,(v) and X, (v)* for its Moore-Penrose inverse. Finally, let

=

V(ﬁ) = é(ﬁ? /\) - 6(777 )‘) - 6776(77’ )‘) (77 - 77)

denote the nonlinear part of G(-,\) around 7, as it appears in (25).

Lemma 2 (The distribution 15(77, A). Let ¢ > 1, let Assumption 4 hold with envelopes M,
p < g+ 1, that dominate sup,cp [[079(-, 0o, 1) P-almost surely and are square integrable
under P, and suppose that for every v in a neighborhood of vy every wvector c¢ for which

chy(-;v) is P-almost surely constant has zero entries in its first two blocks (those matching
g(-,60,m) and A(X) 0,g(-,600,1m)). Then there is a neighborhood of vy on which:

(i) the solution to minpep || P — Pyl subject to (21) and (22) is unique, and it is given by

dP,

(w) = (W) + ) Sy (v)* [hy(wiv) = ()], (49)

dP
Moreover, |P(v) — Pyl = (C(v) Zq(v)T ()% and P(vy) = Py;

(i) if v,(v) > v > 0 on the neighborhood, then |P(v) — Pollp < v 2cc|lv — wo| there,

where c¢ is a Lipschitz constant of v — (,(v);

(iii) under the condition of (i), the function 1 — éﬁ(y)(ﬁ, A) has value 0, Jacobian I4, and
derivatives 35@(77, A), 2<p<gq, at 7=mn, and there are C < oo and r > 0 such that

|Gy N = (1= m) = RG] < Clli—nl™ (50)
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for every |7 —n|| < r and every v in the neighborhood, and ||6§§13(V) (m,N)]] < C for
p < q+ 1 on the same set;

(iv) under the condition of (ii), if in addition sup,, ||hy(-;v) — he(v)|| < B P-almost surely
for some B < oo, the supremum over the v in the neighborhood, and dPy/dP is bounded
away from zero, then the density in (49) is nonnegative for v close enough to vy, so

that P(v) is a probability distribution.

The proof is in Appendix B.3. Part (i) gives existence, uniqueness, the closed form, and
P(vy) = Py, and part (i) gives the condition (18). Parts (ii) to (iv) assume the eigenvalue
bound v,(v) > v > 0 in addition to the rank condition. Part (iii) gives (25), with a remainder
that is uniform over the neighborhood. The value and Jacobian at 7 follow from (21), and
the derivatives of orders 2 to ¢ from (22). Only these derivatives enter the expansion, since
the k-th derivative in s at s = 0, k < ¢, is obtained by differentiating the root equation (41)
k times and involves derivatives of @ﬁ(y)(- ,A) at n of order at most k. In particular, the
choice of the reference distribution P affects P(1) but not 4@, Part (iv) gives conditions
under which P(v) is a probability distribution rather than a signed measure. In the affine
case, the blocks of h, beyond the second vanish and (50) holds with zero remainder.

The rank condition of Lemma 2 is sufficient but not necessary for the constraints to be
feasible, and it can fail; for instance, in Example 1 with d,, > 2 the Jacobian 0,9 = —X;; X}, is
symmetric, so some nonzero linear combination of the entries of A(\) 0, ¢ vanishes identically.
In that example the constraints can also be infeasible. Since Ep[X;;X],] is symmetric for every
P € P, the second condition in (21) has no solution when A(A) is not symmetric, and then
]3(1/) does not exist. This does not affect our results: the expansion only uses the derivatives
of @ﬁ(y) (-, A) at n up to order ¢, which the constraints determine, and the proof of Theorem 2
in Appendix B.6 establishes the orthogonality bound directly, without constructing P(v).

A.3 Tree-indexed Taylor expansions

We now relate the tree expansion of Section 6.2 to the literature on Taylor expansions indexed

by rooted trees, and give a recursion that computes |Aut(7)|. The closed-form coefficient

_ (—1)'”<q+\71—d(7)>

Cayr
B | Aut(7)] 7]

of Theorem 2 and the trees it weights involve three ingredients, and two of them are standard
in that literature. The central object of that literature is the B-series of Butcher (1963),

which writes the derivatives of the solution of an ordinary differential equation (ODE) as
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sums over rooted trees, with the factor 1/|Aut(7)| in its coefficients. An early version of this
picture is in Cayley (1857), and textbook treatments are Hairer, Lubich and Wanner (2006),
Ch. III.1, and the survey of McLachlan, Modin, Munthe-Kaas and Verdier (2017).

The factor 1/|Aut(7)| is 1/0(7), with o(7) the symmetry coefficient of that literature.
There o(7) is defined either as the order of the group of automorphisms of 7 or by the
recursion we give at the end of this subsection, and the two definitions agree (Hairer, Lubich
and Wanner, 2006, Ch. III.1; Chartier, Hairer and Vilmart, 2010, Sect. 2.1).

The one-child nodes, which carry the matrix A(\) 0,7, are also a known device, though
not one from ordinary B-series. The order conditions for Runge-Kutta methods that replace
the Jacobian by an approximation are indexed by trees with two kinds of nodes, in which
the nodes that carry the approximate Jacobian each have a single child (Hairer and Wanner,
1996, Sect. IV.7). In our construction such nodes arise in the same way, from expanding the
inverse of the linearized moment condition in powers of I, — A(X) 0,9.

The binomial (qu‘T"T*'d(T)) and the index set 7, are specific to the orthogonalization prob-
lem. In the numerical analysis literature the coefficient of a tree does not depend on the
order at which the series is truncated, and the truncation is by the number of nodes. Here
the coefficient depends on ¢, and the truncation keeps the trees with d(7) < ¢, so that trees
with as many as 2¢ — 1 non-root nodes still contribute. We are not aware of a tree coefficient

of this form elsewhere.

Computing |Aut(7)|. The order |Aut(7)| admits a simple recursion. Let the root of 7
have r children. Deleting the root splits 7 into r rooted subtrees, one at each child. Group
these subtrees into isomorphism classes (as rooted trees). For i = 1,... s, let 7; denote
a representative subtree of the ¢-th class and n; the number of subtrees in that class, so
niy 4+ -+ ng = r. An automorphism of 7 fixes the root, permutes the n; subtrees within

each class freely, and acts on each subtree by one of its own automorphisms. This gives

|Aut(7)| = ﬁni!|Aut(Ti)

=1

g
)

with the recursion bottoming out at the trivial single-node tree, where |Aut(e)| = 1. The
tree-isomorphism test that determines the classes admits linear-time implementations (Va-
liente, 2002, Ch. 4).
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A.4 Explicit formulas at ¢ =3

We now display the orthogonal moment function at ¢ = 3, which Section 6 only describes.
The formulas at ¢ = 4 are given in Appendix A.5.
At ¢ = 3 the affine moment function (33) has seven terms, where for compactness we

suppress the arguments (6,7) in m and g and the argument A in A,

Ui = m(W) = 39,m(Wh) A g(IWy)
+30,m(W1) (Ad,g(Ws)) A g(Ws)
= 0ym(W1)' (A Oyg(Ws)) (A 0pg(Wa)) A g(W)
+ 3 02m(Wh)[A g(Wa), A g(Ws)]
= 2m(W1)[A g(Wa), (Adug(Wa)) Ag(Ws)]
— 2 Bm(Wh)[A g(Wa), A g(Ws), Ag(Wy)]. (51)

With the six correction terms that nonlinearity of g requires at ¢ = 3, the orthogonal moment

function is

o = ug
— 20,m(W1) Adsg(Wa) | Ag(W3), Ag(Wy)]
+ 5 0ym(Wh) A 0,g(Wa) AD2g(Ws)[Ag(Wa), Ag(Ws)]
+ Oym(W1) AD2g(Wa) (A 9,g(Wa) Ag(W), Ag(Ws)]
+ £ 0ym(Wh) AdRg(Wa)[Ag(Ws), Ag(Wa), Ag(Ws)]
= L oym(W) ARg(Wa) | A 02g(Wa) [Ag(Wa), Ag(W5)], Ag(WWs)]
+ L02m(Wh)[Ag(Wa), A2g(Ws)[Ag(Wa), Ag(W5)]]. (52)

n

The combinatorial pre-factors in (51) and (52) are the values needed for third-order Neyman
orthogonality. The affine pre-factors can be obtained from (33) by collecting the tuples
(k1,..., k) that give rise to the same term. The correction pre-factors are the values of c;
in (44), computed from the invariants in Figure 5. The number of independent copies is

L = 4 for the affine terms and L = 6 once the corrections are included.
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A.5 Explicit formulas at ¢ =4

This appendix gives the explicit orthogonal moment function 1) at ¢ = 4, in both the affine
and nonlinear cases. The construction follows Section 6.2: ¥ = > reT; Car ke, Where Ty

contains |74| = 40 trees and the closed-form coefficient (44) is

B G il <q+|T| —d<7>>

T |Aut(n)| 7] '
We display Ty, list ¢y, for every tree, and compute Y. Throughout we write g(W;) for
g(Wj,0,n), apg( ;) for apg(Wjag 1), my = Oym(Wi,0,m), my, = 3nnfm(W179ﬂ7)a My =
Bm(W1,0,m), Maypny = 0m(W1,60,n), and A = A(N).
The 40 trees in 7,

Among the 40 trees, 12 have |7| = d(7). In these trees every non-root node has at most one
child, and they give the affine terms (Figure 6). The other 28 have |7| > d(7), so at least

one non-root node has two or more children, and they give the correction terms (Figure 7).

oi% b

aff aff aff aff aff aff
1 Ty T3 Ty T5 Tg
79 710 711 712

Figure 6: The 12 trees in 7 that correspond to affine terms in (¥

corr

Example: r, and |Aut(7)| for {3

We illustrate the construction of the term k., from Section 6.2 and the recursive computation
of |Aut(7)| from Appendix A.3 on the balanced tree 7{"", in which the root has one child,
that child has two children, and each of those grandchildren has two leaf children. Labeling
the root by Wi, the top internal by W5, the two middle internals by W5, Wy, and the four
leaves by Wi, Ws, Wr, Wy (any choice of distinct copies works), bottom-up evaluation gives,
at each leaf, A g(W;); at each middle internal, A 97g(W;) contracted with the values of its
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Figure 7: The 28 trees in 7; that correspond to non-linear correction terms in %

two leaf-children; at the top internal, A 8% g(Ws) contracted with the values of the two middle

internals; and at the root, m,’,7 contracted with the value of the top internal. The result is

g = i AO2g(Wh) [A Dg(Ws) [Ag(Ws), Ag(Ws)|, AD2g(Wa) [Ag(W7), Ag(Ws)H-

For |Aut(7{2")|, apply the recursion at each node: at each middle internal, the two leaf
children form a single isomorphism class with n = 2, contributing 2!- 12 = 2, so each middle
subtree has |Aut| = 2. At the top internal, the two middle children are isomorphic (n = 2,
factor 2!) and each has |Aut| = 2, so the top subtree has |Aut| = 2! - 22 = 8. At the root,
there is a single child (n = 1, factor 1!), so |Aut(7f™)| = 1! -8 = 8. With |7{2"™| = 7 and
d(7{g™) = 4, the closed form gives ¢4 o = (—1)7 (7) /8 =—1/8.

The same recursion gives the values |[Aut(72)| = 1 (chain of length 4, no symmetry),
|Aut (74| = 4! = 24 (root with four leaf children, all isomorphic), |[Aut(7<°™)| = 4! = 24 (the
root has one child, which has four leaf children), [Aut(7§°")| = 2!-2 = 4 (the root has three

children, of which the two leaves form one class, while the third has two leaf children of its
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corr

own and so contributes |Aut| = 2), and |Aut(7£")| = 2! - 22 = 8 (root with two isomorphic

children, each carrying two leaves).
Coefficient table

Tables 1 and 2 list (|7],d(7),|Aut(7)|,cs) for every tree in Figures 6 and 7, computed
from (44) at ¢ = 4.

\]
=

| Aut | Cy s raff
1 1

1/2
~2/3
1/2
1/24

> s W R RO NN R WD = O A
N OO N = = DN = e
|
B

®
=
=k W R R W WD RO

(]
=~

Table 1: Closed-form coefficients ¢, . for the 12 trees in 7; with no branches.

Remark 5. The 12 affine coefficients of Table 1 are exactly the binomial weights of the
affine score (33) at ¢ = 4. This is the special case where every non-root node is a leaf or
chain (so |7| = d(7)). The closed form (44) reduces to ¢,, = (—1)4™ (d(‘lT))/\Aut(T)L which
after grouping the ordered chain-length tuples (kq,...,k,) in (33) into tree classes recovers
the affine binomial weights (—1)1((["()/|Aut(7')|7 with K =ky +--- + k. = d(7).

Affine moment function

Taking the coefficients from Table 1 and the terms from Figure 6 via the construction rule
of Section 6.2,

Ui =m —4mi A g(W)
+6m;, (A0,g(W3)) Ag(IW2)
— 4my (Ad,g(Ws)) (A Dyg(Wa)) A g(W2)
1, (A 9g(Ws)) (A 8,9(Wa)) (A Dyg(Ws)) A g(1W2)
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o 7| | d | |Aut] Cyeon || TS |7| | d | |Aut] Cy reor
3 (2] 2 | =5 || 7 |4] 8 | —1/8
o |4 |3 6 | 5/6 | rem| 5|4 6 | —1/6
e |4 (3] 2 | 52 | e 5 4] 2 | —1/2
o | 5 3 2 | =3 |rer| 5 4] 2 | —1/2
mem |4 (3] 2 | 52 || s 4] 2 | —1/2
e | 4 3| 1 5 |mem| 5 |4 1| -1
reor | 5 14| 24 | —1/24 | 7| 6 (4| 2 | 172
e | 5 4| 6 | —1/6 |7t 6 4] 2 | 172
o | 5 |4l 4 | 14 | w6 4] 2 | 172
rer |6 (4] 6 | 1/6 | et 6 4] 1 1

w6 (4| 4 | 14 | e s 4] 2 | —1/2
reee |6 (4| 2 | 1/2 |lmer| s 4] 1| -1
w6 4| 8 | 18 w5 4] 1 | -1
w7 a4l o2 | —1y2 | w5 4] 2 | -1

Table 2: Closed-form coefficients c, . for the 28 trees in 7, with at least one branch. Entries
are computed from (44) at ¢ = 4.

+3 (A g(Wa)) my, (Ag(Ws))

— 4 (Ag(W2)) 1y (AD,g(Wa)) A g(Ws)

+ (A g(W2)) mgy (A B,g(Wa)) (A Bg(Ws)) A g(Ws)

1 ((80,9075)) A g2)) 1y ((42,0079)) A g(172)
= &g [ g(Wa), Ag(Ws), Ag(Wa)]

+ 5 M [ A g(W2), Ag(Wa), (AD,g(Ws))A g(Wy)]

+ 51 M [N 9(W2), A g(W), Ag(Wa), A g(W5)].

The 12 terms correspond to Tfff, Tgff, T;ff, ijﬁ, Tgff, Tgff, T?H, Tgff, Tgff, ngf , Tflﬁ , szﬁ in that order.

The construction uses L = 5 independent copies Wy, ..., Ws.
Full moment function

Taking the 28 correction-tree coefficients from Table 2 and the terms from Figure 7 via the

construction rule of Section 6.2,

O =g
— 5my, A0yg(Wa) [Ag(Ws), Ag(Vy)]
+ 2 my, A33g(Wa) [Ag(Ws), Ag(Wa), Ag(Ws)]
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+ 3 2m(W7) [Ag(Ws), A 92g(Ws)[Ag(Wy), Ag(W3)]]
— 3m, AO2g(Wa)[Ag(Ws), AO2g(Wa)[Ag(Ws), Ag(Ws)]]
mj, Ad,g(Wa) A 02g(Ws)[Ag(Wa), Ag(Ws)]
+ 5y A 92g(Wa) [A 0,g(Ws) Ag(Wi), Ag(W5))]
— s ml, A9ig(Wa) [Ag(Ws), Ag(Wa), Ag(Ws), Ag(We)
— L 2m(Wh) [Ag(Wa), A D5g(Wa)[Ag(Wa), Ag(Ws), Ag(Wo))]
— L O3m(Wh) [Ag(Wa), Ag(Ws), Ad2g(Wa)[Ag(Ws), Ag(We)]
mj, A92g(Wa) [Ag(Ws), AO5g(Wa)[Ag(Ws), Ag(We), Ag(Wy)]]
+1m'Aa3 (W2)[Ag(Ws), Ag(Wa), A 02g(Ws)[Ag(Ws), Ag(W7)]]
+ 2 02m(Wh) [Ag(Wa), AO2g(Ws)[Ag(Wa), Ad2g(Ws)[Ag(We), Ag(W-)]]]
+ L 32m(Wh)[A 929(W2)[Ag(Ws), Ag(Wa)], Ad2g(Ws)[Ag(We), Ag(Wr)]
— 3ml A O2g(Wa) [Ag(Wa), AD2g(W)[Ag(Ws), AdZg(We)[Ag(Wr), Ag(Ws)]l]
— Ll AO2g(Wa)[A 07 g(W)[Ag(Ws), Ag(We)], Ad2g(Wa)[Ag(Wr), Ag(Wy)]]
— & ml A D,g(Wa) ADg(Ws) [Ag(Wa), Ag(Ws), Ag(W)]
—3m, A63 9(Wa) [Ag(Ws), Ag(Wa), Ad,g(Ws) Ag(Ws)]
— 1 02m(Wh)[A 9,(Wa) Ag(Ws), A92g(Wa)[Ag(Ws), Ag(Ws)]]
— 3 02m(Wh)[Ag(Wa), Ad,g(Ws) Ad2g(W)[Ag(Ws), Ag(We)|
— O2m(Wh)[Ag(Wa), Ad2g(W3)[Ag(Wi), A 0yg(W5) Ag(Ws)]]
+ 1m;Aang<Wz>A839<W3>[Ag<w4> A 2g(W5)[Ag(Ws), Ag(Wy)]]
Ll A9Zg(Wa) |A9,g(Ws) Ag(Wa), Ad2g(Ws)[Ag(Ws), Ag(W-)]]
miy A O2g(Wa) [Ag(Ws), Ad,g(Wa) AD2g(Ws)[Ag(We), Ag(W7)]]
+mnA8§g(W2)[Ag(W3), A2g(Wa)[Ag(Ws), Ad,g(Ws) Ag(Wr)]
— 3, A9,g(Wa) A 0,g(Ws) AD2g(Wa) [Ag(Ws), Ag(We))]
— iy A32g(Wa)[Ag(W3), Adyg(Wa) Adyg(Ws) Ag(We)|
—mjy A Byg(Wa) A O g(Ws) [AQ(WO: A 9,9(Ws) Ag(Wb‘)}
— 1 ml) A O2g(Wa) [A 0,9(W3) Ag(Wa), AD,g(Ws) Ag(We)|.

—

)
)

The 28 correction terms correspond to 777, ..., Tog'

in that order. The construction uses
L = 8 independent copies of the data in the worst case (7" and 7{2", each with |7] =7

non-root nodes plus the root copy W).

46



A.6 Asymptotic theory

We now establish the asymptotic distribution of the estimator based on a g-th order Neyman-
orthogonal moment function. We consider a grouped design with N units, T" within-unit
observations, and a unit-specific nuisance parameter, which covers the heterogeneous coef-
ficients model of Section 3. We state the result for a dyp-dimensional target parameter 6,
with an orthogonal moment function ¢ taking values in R% for some dy, > dg. Under the
assumptions below, the estimator is v/N-consistent and asymptotically normal, where N de-
notes the number of units (groups), even when the preliminary nuisance estimators converge
at a rate slower than v/N.

For each unit ¢ € {1,..., N}, the T observations W;y, ..., W;r form the sample on which
the orthogonal moment function (W;; 6,1;) is constructed, and preliminary estimation of
the unit-specific nuisance v,y = (70, Aio) is carried out on a held-out subset of observations
for the same unit. The cross-sectional dimension ¢ = 1,..., N enters only at the final step,
through the sample average that defines the estimator of §,. As a consequence, the v/N-rate
and the asymptotic normality in Theorem 3 below are driven by a cross-sectional central
limit theorem. The within-unit structure of ¢ affects only the asymptotic variance. The

proof follows Section 6 of Bonhomme, Jochmans and Weidner (2025), except for Lemma 3.

A.6.1 Setup

We observe an independent cross-section of N units. Each unit contributes a bundle W; =
(Wit,...,W;r) of T observations. Both N and T grow as N — oo, and we suppress the
dependence of 7" on N in the notation. For each unit i, let v, = (1:0, A\io) denote the true
value of the combined nuisance parameter, where \;o is the finite-dimensional parameter
encoding the unit-level Jacobian inverse A;y as in Section 2. We write d,; for the dimension
of vy and, for v = (n,\), we abbreviate ||[v — vyl := ||n — mol| + ||X — Nio||, so that the
nuisance error is measured exactly as in Definition 1.

For each unit 7 we partition the within-unit index set {1,...,7} into non-random disjoint
subsets S; and S, with |Sy| > L, suppressing their dependence on i in the notation. Let (%
be the moment function of Theorem 1 or Theorem 2, which uses L independent copies of an

observation, and put

(IS2] = L)!

Wi 0,v) =

Z w(q)(mh?"'awitﬁea V)> “Dl(ea V) = EW(WHQ,V)] :

t1,...,t €S2
all distinct

The components of ¢ are the orthogonal moment functions obtained by applying the con-

struction to each component of m separately, so v takes values in R% and d, > dp is
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permitted, which allows the target moment system to be overidentified. For every fixed v,
the function W,;(6, v) is the population moment of Definition 1 formed under unit i’s within-
unit distribution, because the W;; are independent and identically distributed within the
unit and each summand uses L distinct indices.

The target parameter 6, € R% is identified by
1 N
N > E[yp(Wi; 0o, vi0)] = 0. (53)
i=1

In the heterogeneous coefficients model of Section 3 the target 6y = (1/N)>; m(ny) is a
sample-dependent parameter. We allow 6, to depend on NV, so this target is covered by the
results below.

Let 7; be a preliminary estimator of v;. We assume throughout that 7; is constructed
from a held-out subset of observations, independent of the observations used to evaluate .
Concretely, 7; is computed from {W;, : t € S;} and v is evaluated on {W;, : t € Sy}. The
sample is split within each unit. Efficiency can be improved by repeating the construction
over several choices of Sy and averaging the resulting moment functions. When |S;| and |S,|
are both proportional to 7', this can be done by swapping their roles, which is cross-fitting.
The analysis below applies to a single split.'*

The estimator 6 is defined by the GMM problem

N

1 .
NZ@ZJ(WH& ;)

i=1

f = argmin
0cO

, (54)
Q

where © C R% is the parameter space, () is a symmetric positive-definite dy X dy weight
matrix, and ||z]|3, = 2'Qu.
A.6.2 Assumptions and main result

Throughout, § > 0 is a non-random radius, fixed jointly in the two assumptions below, and
U;(6) denotes the closed ball of points (6, v) with [|§ — 0y + || — vio|| < 6.

Assumption 5.

(i) Pr{(é, v;) € Ui(S) foralli < N} — 1 as N — oo, and © contains every 6 with
|0 — 00|l < 0, for every N.

(71) max; d,; = O(1).

14 Note that this differs from the leave-two-out scheme used in the simulations in Section 3.3.
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(iii) For all i and N, (W;;0,v) is continuously differentiable in (6,v) on U;(9), with
o) also continuously differentiable in (0,v) there, and |||, |0p2]l, 1039, ||0,2]
and ||0g0,¢|| are bounded there by M}@Z(W/Z), a function of {Wy : t € Sy} with
supy maXiE[M%J(W/i)Q] < 00.

(iv) 0 — 0y = op(1), and

1 - 20q+1)] _ -1
~ 1:11@[”% — i |[P@H] = o(N 7).
(v) The probability limit
1 N - .

N—00 N i=1 80,
exists as a dy X dg matriz, and G'QG is nonsingular.

Part (i) requires 6 and all nuisance estimates to lie in a fixed neighborhood of the truth
with probability approaching one. Part (ii) mirrors the bounded-nuisance-dimension condi-
tion of Bonhomme, Jochmans and Weidner (2025), and ensures that the constants in the
primitive conditions for part (iii) given below do not depend on i. In the heterogeneous
coefficients model, d,; = d,, + d,,(d, + 1)/2 when \; collects the distinct entries of the sym-
metric matrix A;. This dimension does not depend on N and 7. Part (iii) is a condition
on the orthogonal moment function. Since 1(? is a finite sum of contractions of derivatives
of m and g of order at most ¢ in 7, premultiplied by A(\), it holds if m and g have ¢ + 1
derivatives in 17 and two in 6, A is bounded and continuously differentiable with bounded
derivative, and the derivatives of m and ¢ are bounded by an envelope with second moments
bounded uniformly in ¢ and N; M}\b,l is then a multiple of the average over L-tuples in S,
of products of these envelopes, whose second moment is bounded because the W,; are inde-
pendent within a unit. Part (iv) is the key rate condition on the preliminary estimator. In
the grouped data example, 7; is an OLS estimator computed on |S;| observations. Under

-1

conditions ensuring that the relevant moments of (|S;|™' s, XitX},) ™! are bounded uni-

formly in i and N, E[||7; — vo?@*Y] = O(T~@*V) if |S;|/T tends to a non-zero constant,
and the rate condition is satisfied whenever N = o(T%"!). Higher-order orthogonality thus
permits inference in grouped settings where the group sizes are small relative to the number

of groups. Part (v) is a standard rank condition.
Assumption 6.

(i) There is a non-random C' < oo such that, for every i, every N, and every v = (1, \)
with [[n = mioll + IA = Aol <9,

|00, 1, %) = wilo,vi0)]| < (1l = ol + 11 = Noll)
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(ii)) v = (v, ...,0y) is independent of {W;; :t € Sy, i=1,...,N}.

(iii) Wi, ..., Wy are independent across i, and Wiy, ..., W;r are independent and identically

distributed within each unit 7.

(iv) With Eni = G'Q(Wi; 00, vi0) € R, the Lindeberg condition holds, and the limit

1 N
V= lim —) Var(&y,)
N=

N—oo

exists as a dg X dy positive definite matriz.

Part (i) is the orthogonality bound of Definition 1 for unit ¢, required to hold uniformly.
Definition 1 is stated for a scalar moment function, and part (i) applies it to each of the dy
components and states the bound for the Euclidean norm. Part (ii) is achieved by sample
splitting within each unit, as described above. Part (iii) requires independence across units.

Part (iv) restricts the size of S;. The observations in Sy are independent and identically
distributed, and 1) averages ¥(9 over L-tuples of them, so ¥(W;; 8y, V) is a U-statistic of
order L in |S,| observations. Hence &y is the average of G’Q2%(? over the same L-tuples,
and Var(£y ;) is at most L/|S,| times the second moment of G'Q24(@ at a single L-tuple of
distinct observations. Under the primitive conditions given after Assumption 5, that second
moment is bounded uniformly in ¢ and N. When |S,| is the same for all units, a positive
definite V' thus requires |Ss| to stay bounded, for example |S;| = L. When this common |S,|
grows, the same steps go through with v/N replaced by (/N|S,|, provided Assumption 5(iii)
also holds for 19 at each L-tuple of distinct observations. The matrix V becomes the
limit of N=! 32N | |S,| Var(€x;), and the Lindeberg condition is imposed on \/@ Envg. The
variance bounds in the proofs in Appendix B.8 must then also use the factor L/|Sy|. The rate
condition in Assumption 5(iv) becomes N~* SN E[||7; — vyo||?@+Y] = 0((N|SQ|)*1). In the
heterogeneous coefficients model with |S;| and |Sz| both proportional to 7', that condition
holds whenever N = o(7).

Write p; := ||7; — Vi]|. On the event that p; < 6 for every 4, all terms below are finite by

Assumption 5(iii), and replacing v;o by 7; in the moment function gives

1 N
Y(Wis 00, 705) = 7NZ@/}(VV2‘§QO,W0) + By + &, (55)

3~
[

~.
Il

S [Wil60, ) — Wi(B, vi0)]

S

—
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1N ;{ W(W/z‘;eo, ﬁz‘) - \Iji(907 771)] - [@D(VVz‘; o, Vi()) - \Iji(907 Vio)} }

The event that p; < ¢ for every ¢ has probability tending to one under Assumption 5(iv),
as shown in the proof of Lemma 3. The term By is the bias from evaluating the moment
function at the preliminary estimates, and by Assumption 6(i) each of its summands is
bounded in norm by Cp Aq“ The term &y is the change in the centered moment function.

Both are negligible under our assumptions.
Lemma 3 (Nuisance error under the orthogonality bound). Let Assumptions 5(iii)—(iv)

and 6(i)-(1ii) hold with the same q € {1,2,3,...}. Then

1 X N
7NZ@/}(VV5907V@ = Z M/Z,HO,VzO + Op(l).
i=1 =

3%

Theorem 3. Under Assumptions 5 and 6 and the identification condition (53), with the
same q € {1,2,3,...},

VN (0 - 05) % N (0, (G'G) 'V (G'QG) ) .

The proofs of Lemma 3 and Theorem 3 are in Appendix B.8. The asymptotic variance
depends on the orthogonality order ¢ through v, although we have left this dependence
implicit in the notation. As in Bonhomme, Jochmans and Weidner (2025), the use of cross-

fitting mitigates the variability introduced by a single split.

B Proofs

This appendix contains the proofs of the results stated in the main text and in Appendix A.

Notation

For integers a > 0 and b > 0 we write

G>' a(a—1)--(a=b+1)

v T bl

The numerator is the product of the b factors a,a—1,...,a — b+ 1. It is an empty product,
equal to 1, when b = 0, and it contains the factor 0 when a < b. Hence (g) =1, and (Z) =0
when a < b. For fixed b, the right-hand side of the display is a polynomial in a of degree b.
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The direct proof of Theorem 1 and the proof of Theorem 2 use power series to keep track
of numerical coefficients. Only finitely many coefficients enter each argument, so convergence
plays no role. For a formal power series ¢(y) = .50 @n y" we write [y"] p(y) 1= ¢, for its
coefficient of y™, and we use the same notation for the variable s in the proof of Theorem 2.
For example, the geometric series 1/(1 —y) = 3,50 y" gives [y"] (1 —y)~' = 1 for every
n > 0.

B.1 Proof of Proposition 1

Write z = (n — 19, A — Ag) and suppose ¥ (6, -) is ¢ times differentiable at the truth. Let
B(z) = Y}_, Bi(x) be its Taylor polynomial of order ¢ there, with By, homogeneous of degree
k. Since By = W(6y, 10, o), the bound (7) gives B(x) — By = ¥ (6o, n, A) — ¥ (6o, 70, Xo) +
o(||z]|?) = O(||z]|**1) + o(||x||7), so B(z) — By = o(||z||?). Evaluating along the ray z = zv
for fixed v and letting z — 0 gives Y.7_, 28 Bi(v) = 0(29), so By(v) = 0 for every v and
1 < k < gq. Since B;, vanishes for every v, its coefficients vanish, and these coefficients are
the derivatives in (8) with |a| + |5] = k, each divided by a! S!.

B.2 Proof of Lemma 1

Fix v with ||v — 1| < r and write P := P(v) and P, := (1 — s)P + sP,, which lies in P
for s € [0,1] by convexity. The map s — T'(Ps) is ¢ + 1 times continuously differentiable on
[0, 1] by the smoothness assumed of T, so Taylor’s theorem with integral remainder at s = 0,
evaluated at s = 1, gives

. 1 1 i+t

T(Py) — U9 (P, P = (1— )"

— P;)ds.
q! Jo

WT( s)
The derivative in the integrand equals D" T(P,)[H, ..., H] with H = Py — P, and is there-
fore bounded in absolute value by M| H H%H, where M is the bound assumed on the deriva-
tive of order ¢ 4 1. Since [; (1 — s)%ds = 1/(q + 1), this gives (17) with C' = M/(q + 1)!.

For (20), the condition (18) gives ||Py — P(v)||5 < cpllv — ol Substituting into (17)
gives (20) with the constant MCI%H/(Q + 1)

B.3 Proof of Lemma 2

Throughout, ¥ = (1, A) lies in a neighborhood of v small enough that the rank condition
holds at v, that n lies in a ball around 7 inside NV, and that A lies in a ball around )y on
which A(-) is bounded by b, and Lipschitz with constant ¢y, as required by Assumption 4(i).
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The blocks of hy(w;v) in (47) are g(w,6y,n), vec[A(N) Oyg(w, b, n)] and vec[0Fg(w, by, n)]
for 2 < p < q, so [[hy(w;v)|| < (14 by) X<, MJ(w), which is square integrable under
P. Expectations of 9Pg(W;,600,m), 0 < p < ¢+ 1, under P, under P, and under any
P € P are therefore finite, by the square-integrable envelopes and the Cauchy-Schwarz
inequality [ |f]|u|dP < |[flz2llull 25 for w = dP/dP, and the same inequality permits
differentiation under the integral sign in n, up to order ¢ + 1, under every such P.

For part (i), write H(w) = (1, hy(w;v)") and I' := E[H(W;)H(W;)']. For P € P
with density v := dP/dP, the restrictions (21) and (22) together with [dP = 1 read
Ep[Hu] = (1,t,(v)"), where t,(v) stacks 0 € R, vec[ly,] and Vec[Epo[agg(Wi,Gg,n)]} for
2 <p <gq. Since E5[H dPy/dP] = (1,Ep,[he(W;;v)]'), whose blocks are g(n), vec[,G(n, \)]
and vec {]E P (OB g(Wi, o, n)]] , the blocks of order p > 2 cancel in the difference and a member
P of P is feasible if and only if

Bali(2 - 20)] = (0.60)). (56)
with (,(v) as in (48). The constraints are finitely many linear functionals of u, each contin-
uous on L*(P) because H € L?*(P), so the feasible set is a closed affine subspace of L*(P).
The criterion is the L?(P) distance from dPy/dP, so if the feasible set is nonempty the
minimizer is the orthogonal projection of dPy/dP onto it, which is unique and has the form
dPy/dP + p'H for some pu € R""P1 D, the dimension of h,.

The range of u — Es[Hu] on L?(P) contains the range of T, since u = H'a gives Ta,
and lies in the orthogonal complement of the null space of I', since I'c = 0 forces /H = 0
P-almost surely and hence ¢Ex[Hu] = 0. The two coincide, so (56) is solvable if and only if
(0,¢}) lies in it. A function of the form dPy/dP+'H satisfies (56) if and only if I'se = (0,¢])’,
because E[H H'p] = T'p. Partition g = (uo, p17)". The equation I'y = (0, (;)" has first row
po = —hy(v) py and remaining rows X, (v) 1 = (,(v), so solvability is (,(v) € range Z,(v).
Since X, (v) is symmetric and positive semidefinite, its range is the orthogonal complement of
its null space, and c lies in the null space if and only if ¢'h,(-; ) is P-almost surely constant.
The rank condition says that every such ¢ has zero entries in its first two blocks, while ¢,(v)
is zero outside them, so ¢’(,(v) = 0 for every c in the null space. Hence (,(v) lies in the
range and the feasible set is nonempty.

Every solution has p; € 3,(v) "¢, (v) + null ¥, (v), and the function p/H does not depend
on which one is taken, because for ¢ in the null space, ¢'h,(-;v) is almost surely constant, so

d[hy(-;v) — hy(v)] = 0 almost surely under P. Therefore

WH = phy [hg(-50) = hg(v)] = G0) Tg@) " [hg(-5v) = Be(w)],
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which is the second term of the density in (49). Its squared norm is i} X, (V)1 = (V) S, (v) T, (v),
using iqi;r(q = (, for ¢, in the range. At v = vy, (,(14) = 0 and the density is dP,/dP.

For part (ii), with ¢, in the range of %, (;i?Cq < v @)W < 7 ()], and
what remains is a Lipschitz bound on (,. Its two nonzero blocks are —g(n) and I, —
A(X) 0,9(n). The mean value inequality under the integral sign gives [|g(n) — g(n)| <
Ep,[MP]lln — o'l and [[0yg(n) — 0,g(n")|| < Ep [M][ln — o'|| on the ball around 7o, with
Ep, [MJ] < | MJ|| 25 ldFo/ dP|| 12 < 00. The second inequality uses M, which is available
because ¢ + 1 > 2. The first block is therefore Lipschitz in n and does not depend on A.

The same envelopes bound 0,g on that ball, and A(-) is bounded by b, and Lipschitz with
constant ¢, on the ball around \g, so the second block is a product of two bounded Lipschitz
functions of v and is itself Lipschitz. Hence v — (,(v) is Lipschitz with some constant c,
and since (,(v) = 0, [|((V)]] < cc|lv —vp||. The first block vanishes at 1y because g(n9) = 0,
the second because Ag.Jy = Iy, , and it is through the second block that ||[A — A[| enters the
bound of Lemma 1.

For part (iii), fix 7 > 0 such that {5 : |7 —n|| < r} C N for every 7 in the neighborhood,
and write F(7) := @ﬁ(y) (71, A) = A(N) [ g(w, 0y, 7) dP(v)(w). Differentiation under the in-
tegral sign gives 85}7(77) = A(A) [OFg(w,00,7) dP(v)(w) for p < g+ 1. At 7 = 1, the first
condition in (21) gives F'(n) = 0, the second gives 0;F'(n) = I4,, and (22), premultiplied
by A(N), gives 8§F(77) = A(\) Ep,[0Pg(W;, 00,m)] = 02G(n, A) for 2 < p < ¢. The function
N (7 —mn) + R,(7) of (25) has value 0, Jacobian Iy, and derivatives d5G(n, \), 2 < p < ¢,
at 77 = n, so the difference D(7) := F (1) — (7 —n) — R, (7)) has vanishing derivatives at 7 up
to order ¢, and its derivative of order ¢ + 1 is &zle — 0T'G(-, A). Taylor’s theorem with

integral remainder along the segment from 7 to 7, with the norm taken inside the integral,

)

where the norm of a derivative of order ¢ + 1 is its operator norm on (g + 1)-tuples of unit

gives for |7 —n| <r

5 — mllatl o
o] = M=t (s o tre)]« s for e

vectors. By the Cauchy-Schwarz inequality and the envelope MY, for every p < ¢ + 1 and
every 7] with [|7 —n[| <,

_ dP(v)
I ERNITIPY s
dP(v) HdPo 1
— < ||l—= + Ce|l|lV — Y
H dP 2@ — 1 dP llL2p) ! <l of

by part (ii), which is bounded on the neighborhood, and the same argument with f’(v)
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replaced by F, bounds the second supremum. Taking C' to be the larger of the bound on
sup H@%FH over p < ¢+ 1 and 1/(g+1)! times the sum of the two bounds gives (50) and the
bound on the derivatives.

For part (iv), if ||hy(-;v) — hy(v)|| < B almost surely under P and dPy/dP > b > 0,
then by (49) and part (i), dP(v)/dP > b — |S,()T¢,()||B > b — vy ‘e B|lv — wl|, which
is positive once ||v — || < bvy/(ccB).

B.4 Proof of (32)

Fix (,A) near (1, Ao), and let G, H and §; = (—=1)H’ 'G be as in Section 5. Write
pr = E[0ym(W1,00,m)] for r = 0,...,¢, which is finite by Assumption 3(iv) for n close
enough to 7g.
Since Iy, and I, + H commute, the binomial theorem gives
i

=4wﬁﬂwhf‘=i@i3“wﬂa+m“

Multiplying by (—1)/G on the right, and using (—1)(=1)7% = (=1)*,
J j—1
=3 () ) e G 57
= k—1

At 0 = 0y, we have E[A(X)D,9(W;,00,n)] = I, + H and E[A(X) g(W;,00,n)] = G,
where both expectations are finite by Assumption 3(v), since g is affine in 1. The factor
Z,(W®:00,m,\) in (34) is a product of k such matrices evaluated at the k independent
copies in W® . The expectation of a product of independent integrable random matrices is

the product of their expectations, so
E[Z(W®; 00,7, \)| = (I, + H)* ' G. (58)

Substituting (57) and (58) into (31) and using multilinearity of (i, -),

@ (6,7, A) i: > Z ZH{ (b DKMT,éE[Zkb(W(b’;Go,n,A)D'

Glyeenr>1l ki=1 kr=1 b=1
J1++ir<q

The index set {(Jp, kp)p—y 1 1 < ky < Jo 2opdp < g} equals {(Jp, kp)py 0 ko > 1, Ypky <
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q, jb > kb, >p 6 < q}. Interchanging the order of summation therefore gives

907?77 Z Z (_1)Zbkb C(k17-~~,kr)<ﬂm ®E|:Zkb(w(b);907n7)\):|>7

! K1y ke >1 b=1
k14 +k'r<q

where

—1 q
clky, ... k) = ( >:< )
]1>klzjr>kr bl_[1 kb —1 k,‘l 4+ .4 kr

Jit+ir<g
by Lemma 4 below.
In each term, the copies Wy, WM, ... W) are disjoint and hence mutually independent.
Since (A, vV @ --- @ v) is multilinear in (A,vW, ... v™) with [{4,vM @ - @ v™)| <

| AJ| TT, [|lv® ||, and each factor is integrable, Fubini’s theorem gives

(hes QE[Z4s(W ;0,1 0] ) = E [ m(W1, 00,1 ®Zkb ©;00,1.0))].
b=1

For r = 0, the term is g = E[m(W7, 6y, n)]. Summing over r and (ki, ..., k,) and comparing
with (33) yields U@ (6,0, \) = E[yp@(W; 6y, 1, \)], which is (32). O

Lemma 4. For integers ¢ > 1 and ky, ..., k. > 1 with K .=k +---+ k. <q,

N 1) ( q ) (

— . 59)
1>kzlzgr>k 1:[ (kb -1 K

]1+ +]7‘<q

Proof. For k > 1 and |z| < 1, Y5 ( 1)xj = 2F(1 — x)~*. Taking the product over
b=1,...,r, the coefficient of z/ in 2(1 — )™ equals the sum of [], (“_D over all j, > ky
with j; +-- -+ j, = J. The left-hand side of (59) is the sum of these coefficients over J < ¢,
which is the coefficient of 27 in 2% (1 —2) % (1—2)~! = 2K(1—2)~®*D_ Since the coefficient

of ™ in (1 — x)~(E+D g ("J;{K), the coefficient of 27 in 2% (1 — 2)~(K+1) ig (Iq{) O

B.5 Proof of Theorem 1

Theorem 1 follows from Theorem 2, applied to a function g that is affine in . This is not
immediate, because the two theorems write 1@ in different forms. In (33) it is a sum over
tuples (kq,...,k.) with binomial weights, and in (42) it is a sum over rooted trees 7 with
the coefficients ¢, .. In Appendix B.5.1 we check that the assumptions of Theorem 2 hold
and that the two forms have the same population moment. Appendix B.5.2 gives a direct

proof of Theorem 1, which uses neither Theorem 2 nor rooted trees.
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B.5.1 Proof via Theorem 2

Assumption 4 holds under Assumption 3. Its part (i) is parts (ii)—(iv) of Assumption 3, and
its part (ii) holds because a function that is affine in 7 is infinitely differentiable in 7. For
its part (i), suppressing ¢ from the notation, we have dpg(W;,n) = 0 for p > 2, so the zero
function is an envelope at those orders, while 9,g(W;,n) = 0,9(W;, 1) does not depend on
n and

sup [[g(We, Ml < lg(Wi,mo) || + (sup Hn—noH) 10n9(Wi, m0) |
neN neN

on a bounded neighborhood N of 79, so that Assumption 3(v) gives integrable envelopes
at p =0 and p = 1. Assumptions 1 and 2 are imposed in both theorems, and ¢ > 1, so
Theorem 2 applies.

When g¢ is affine in 7, the moment function (42) of Theorem 2 and the moment func-
tion (33) of Theorem 1 have the same population moment. A non-root node of 7 with p > 2
children is evaluated at A(X\) 97g(Wj,0,m) = 0, so k, vanishes identically unless every non-
root node of 7 has at most one child, that is unless |7| = d(7). The number of children of the
root is unrestricted, since the root is evaluated at 6;m(W1, 0,n) and m may be nonlinear in
n. A tree with |7| = d(7) is a root with r > 0 children, the b-th of them the top of a chain
of k, > 1 nodes ending in a leaf. The k;, — 1 one-child nodes of that chain are evaluated at

A(X) 0,9 and its leaf at A(\) g, so contracting the chains bottom up gives
oW, 0,0,0) = (0m(W3,60,1), ®Zk,, W50,

with Zy, as in (34). Here |7| =d(7) = K with K := Y} _; k, so 7 € T, if and only if K <g¢
by (43), and (44) reduces to ¢,, = (—1)K(1‘I(>/|Aut(7)].

An automorphism of 7 fixes the root and maps each chain onto a chain of equal length.
It maps the j-th node of a chain, counted from the root, to the j-th node of the image chain,
so an automorphism is the same as a permutation of the chains that preserves their lengths.

Writing n, for the number of chains of length ¢, we therefore have |Aut(7)| = [, n! and

e = S <[q(> (60)

[T, !

which is (45). The ordered tuples (kq, ..., k,) whose entries form the multiset of chain lengths
of 7 number r!/T], n,!, and each of them gives the contraction above. The r-linear form d;m
is symmetric, so permuting a tuple only relabels the blocks WM ... W) of independent
copies of the data among the chains, which leaves W@ (f,, 7, \) unchanged. Summing (60)

over the trees with |7| = d(7) and d(7) < ¢ is therefore the same as summing over r and
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over ordered tuples with k;, > 1 and K < ¢, with the weight (—1)¥ (Iq() /T1, ne! replaced
by (—I)K(I‘Q/r!. These are the weights in (33), with K = >>;_, k;, there as well, and the
constraint k, > 1 makes r < K < ¢, which is the range of the outer sum of (33). Hence
> reT, Cor Kir and Y@ of (33) have the same population moment (% (6,1, \).

The surviving trees have |7| = K < ¢ non-root nodes. One copy of the data is used at
the root and one at each non-root node, so ¥(? uses at most ¢ + 1 independent copies of

the data, or ¢ when m does not depend on the data, as in Theorem 1. Theorem 2 therefore
gives the bound (7) of Definition 1 for the W@ of Theorem 1.

B.5.2 Direct proof

Write u :=n —n and p := ||n — nol| + [|A — Ao||, let ™ and g be the population functions at
P07

m(n) == B[m(W;,60,m)|,  9(n) = E[g(W;,60,7)], (61)

and set M := A(\) Jy and E := I; — M. In the notation of Section 5, M = I, + H,
E = —H and G = Mu. Let C be a finite constant, possibly different at each occurrence,
that depends only on ¢, on ||.Jy||, on E[M,.(W;)] for r < ¢+ 1 and on a Lipschitz constant
of A() at A\g. We work on a neighborhood of (79, Ag) small enough that p < 1, that 7 lies
in a ball around 7y contained in the neighborhood N of Assumption 3(iv), and that A(-) is
Lipschitz at Ao on it. Assumption 2 gives AgJy = Iy, , hence £ = (Ag — A(N)) Jp and

IEI < [[Dll AN = Aoll < Cp, [M]| < 1+ |E] < C. (62)

Only Lipschitz continuity of A(-) at Ao is used here.

By Assumption 3(i) and (v), together with g(n9) = 0 from (1), we have g(n) = Jou,
and 0,9(W;,0y,n) does not depend on 7. The k factors of (34) are evaluated at distinct
independent copies of the data by Assumption 1, so E[Zy] = M* 1 A(N)g(n) = M*u. The
copy Wi at which 9)m is evaluated is independent of those as well, and Assumption 3(ii)
and (iv) allow differentiation under the expectation at that copy, so taking expectations
n (33) gives

T (B, 1, A Z Z (—1)K([q(> <a;m(n),®M’fbu>, K::ikb. (63)

..... kr>1 b=1
K<q

Let @ be the Taylor polynomial of m at 7y of degree ¢, and let R := m — ). By
Assumption 3(ii) and (iv), 7 is (¢4 1)-times continuously differentiable on N with ||o;m|| <
E[M,(W;)] there, and 0;Q is the Taylor polynomial of 0)m at 1y of degree ¢ —r, so Taylor’s
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theorem gives [|0] R(n)|| < C||ul|"*'~" for 0 < r < q. Replacingm by R in (63) and using (62)
bounds each summand there by C |lu||7™~" |ju]|” < Cp?™, and the number of summands
depends only on ¢. It remains to bound (63) with @ in place of 7.

Let S act on a formal power series p(y) by S[p] := ano(—l)"(fJ [v"] ¢(y), a finite sum
because (Z) =0 for n > ¢, and set v(y) = Y4y y*M*u. Since () is a polynomial of degree
at most ¢, its Taylor expansions at 7 and at 7y terminate and are exact, and substituting

v(y), which has zero constant term, gives

q q
;) :!@Q(n), v®)®) = Qn+oly) = 22% :!@Zm(no), wE)® ),  wy) =ut o),
two expansions of one and the same formal power series in y, where 9;Q () = 9;m (o) for
r < ¢ by the definition of @. Expanding v(y)®" on the left and applying S attaches the
weight (—1)K<Iq() to the tuple (kq,...,k.) and annihilates the tuples with K > ¢, which
returns (63) with @ in place of m. On the right, w(y) = s y*M"u = (14, — yM)'u and
Iy, —yM = (1 —y) 1y, +yE, so

F'y®@- - -® E"u,

i>0 (1 —y)*t i1y0ir>0 (1 —y)r
with ¢ :=>7p_4 7.
For r > 1 and n > 0 we have [y"]y'(1 — y)~0+") = (7::__11), a polynomial in n of

degree i + r — 1, which vanishes when ¢ > n. Writing (Ap)(n) := p(n + 1) — p(n), we have
ano(—l)”(g)p(n) = (—1)7(A%)(0), and A lowers the degree of a polynomial by one, so
this sum is zero for every polynomial p of degree less than ¢. The first identity confines the
indices to i« < n < ¢, while r < ¢ because ) has degree at most ¢, leaving a number of
terms that depends only on ¢q. The second identity makes S annihilate the term carrying
Ey ® -+ ® E'*u whenever i +7 < ¢q. The term with r = 0 is m(n9) = ¥ 96y, 7o, \o),
which is subtracted in (7). Every remaining term has i +r > ¢ + 1 and a numerical factor

determined by ¢, r and 7, so by (62) it is bounded in absolute value by

‘|

opm(mo)|| 1B Il < Cp™™ < Cprt.

Together with the bound for R this gives “If(q)(Go, n,A) — DG, no, )\0)’ < Cp*L, which is
the bound (7) of Definition 1.

The constant C' and the neighborhood in this proof depend on the distribution of W;
only through ||.Jy|| and E[M,(W;)] for r < g + 1, and on the parametrization only through
a Lipschitz constant of A(-) at Ay, together with the radii of the neighborhoods in Assump-
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tion 3(iii) and (iv). In Example 1, A(:) is the identity, with Lipschitz constant one, and
|Jo]] = E[XZ]. The constant C' of Definition 1 and the radius of a ball around (1, Ay)
that serves as its neighborhood N can therefore be chosen independently of the unit ¢ if the
neighborhoods in Assumption 3(iv) contain balls whose radius does not depend on ¢, and

the envelopes of Assumption 3(iv) and E[X?] are bounded uniformly in i.

B.6 Proof of Theorem 2

We first write U(@ (6,1, \) as a sum over the trees 7 € T, of contractions of derivatives of
m and of A(N)g, in (64). We then construct a path 7.(s), s € [0, 1], with 7.(0) = n and
N«(1) = 1o, in Lemma 5. We show in (72) and (75) that the tree sum equals the Taylor
polynomial of degree ¢ of s — m(n.(s)) at s = 0, evaluated at s = 1. Taylor’s theorem then
bounds the difference between this value and m(ny) = W@ (6,10, \g) by a constant times
(Il = moll + 1A = Ao[)T*.

In this proof we write g(W;,n) for g(W;, 0y,n) and m(W;, n) for m(W;, 6y, n). Recall the
population functions (61), in which m(n) = E[m(W;,n)] is the target, and set

A, A) = 0,G(n,\),  E(m,A) = 1Ia, — A, ), Gp(n, ) =BG (n, ) (p >2),

with A and G, equal to A()) times the corresponding derivative of g. Each G, is a symmetric
p-linear map (R%)P — R% and we write G,[vy,...,v,] for its value and v®P for p equal
arguments, and the same bracket is used for the symmetric r-linear form 8;m(77). Write
p:=|n—mnoll + ||A — Ao||- The moment function g and the parameter X\ enter only through
the map G(-, \) : R — R% and its derivatives, so neither A(\) nor Jy needs to be invertible,
and d, > d,, is allowed.

Let %-(n, A) be the contraction attached to the rooted tree 7 by the rules of Section 6.2,
with d;m at a root with r children, A()\)g at each leaf, A at each non-root node with one

child and G, at each non-root node with p > 2 children, all evaluated at (n, A). We have

\I[(q)(e& n, /\) = Z Cq,r ET(U, )‘) (64)

TET,

Indeed, k. (W, 60y, n, A) is multilinear in the tuple of tensors at the nodes of 7, one per node,
and those tensors are evaluated at distinct copies of the data, hence independent by As-
sumption 1. The expectation of x, is therefore the same contraction of the expected tensors.
Assumption 4(iii) allows expectation and differentiation in 7 to be interchanged up to order
q +1, giving E[A(X) 9Pg(W;,m)] = A(N) 9Pg(n) at the non-root nodes, and Assumption 3(ii)

and (iv), inherited through Assumption 4(i), allow the same interchange for m at the root,
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giving E[0;m(W1,n)] = 0;m(n). Summing over 7 gives (64).

We use throughout that g(ny) = 0 by (1), that 9,g(ny) = Jo has full column rank with
Ao Jo = 1, by Assumption 2, that g and m are (¢ + 1)-times continuously differentiable
with derivatives bounded by E[MJ(W;)] and E[M,(W;)] on a neighborhood N of 7y by
Assumption 4(ii)—(iii) and Assumption 3(ii) and (iv), and that A(-) is bounded and Lipschitz
near \g by Assumption 3(iii). Hence G(n,\) = A(\) [g(n) — G(no)] is O(p), and E(n,\) =
A(Xo)Jo — A(X) 0,g(n) is O(p), because A(-) is Lipschitz at \g and 0,7 is Lipschitz at n.

Fix v = (9, A) near vy and let

L) = (1=n)+R(0) = G@,\) =G, A) + E(n,A) (i1 —n) (65)

with R, (1) := G(7,\) — G(n,\) — 8,G(n,\)(1] — n), the nonlinear part of G(-,)) in (25).
At 7 = n the function I', has value 0, Jacobian I, and derivatives G,(n, A) of order 2 <
p < ¢, which are exactly the values that éﬁ(y)(- ,\) takes when P(v) satisfies (21) and (22).
Replacing Gﬁ(u)(' ,A) by I',, in the root equation (41) gives the equation I',(77) + s [G (7], \) —
I',(7)] = 0, and we write 7.(s) for its solution near 7y, constructed in Lemma 5 below.

Writing 0(s) := n.(s) — n, it solves

Ou(n+d(s),s) =0, O,(7s) = G, \) + (1—s) [E(m,\) (i —n) —G(n,N)]. (66)

The path 7,(s) is not in general the path n(P;) of (41), but the two have the same derivatives
at s = 0 up to order ¢, and when g is affine in 7 they coincide. Since 7,(0) = 7, the k-th
derivative of 7, at s = 0 involves the function that takes the place of élg(y)(- ,A) in (41) only
through its derivatives at n of order at most k. For k < ¢, the derivatives of 7, at s = 0 are
therefore the same for I', as for éﬁ(y)(- ,\) with any P(v) satisfying (21) and (22), and so
is the truncated expansion (16) of T'(Ps) = m(n(Fs)). Replacing Glg(y)(- ,A) by I, therefore
leaves ¥(@ (1) unchanged and does not require the existence of P(v), which we establish in

Lemma 2 only under a rank condition.

Lemma 5 (The path 7.(s)). Let ¢ > 1 and let Assumptions 2 and 4 hold. There are r > 0,
e >0 and ¢ < 0o such that for every v with p < € the following holds. For each s € [0, 1] the
function ©,(-,s) of (66) has exactly one zero n.(s) in the ball {7 : ||7—no|| < r}. It satisfies
1«(0) = n and n.(1) = no, the map s — n.(s) is (q + 1)-times continuously differentiable on
0, 1], and, with §(s) = n.(s) —n,

10(s)|l < ¢p and Hé(k)(s)H < cph for1<k<q+1, (67)

uniformly in s € [0,1].
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Proof. Take r small enough that the ball B := {75 : || — no|| < r} lies in N and that every
A with ||]A — Xg|| < r lies in the neighborhood of Assumption 3(iii). The map (7,\) —
9,G(1n,\) = A(X)0,g(n) is continuous and equals Iy, at (1o, Ao), so after shrinking r we
have ||0,G(77,A) — Iq,|| < 1/4 and ||[E(n,\)|| < 1/4 for 7 € B and ||A — Xo|| < 7. Since
0-0,(77,5) = 0,G(7,\) + (1 — s) E(n, \), this gives

|0:00G1.9) = 1o,| < 172, |0 97| < 2, (68)

for all 7 € B and all s € [0, 1]. Hence 77 — 77 — ©,(7, s) is a contraction on B with modulus
1/2. Tts displacement at the center is ©,(no,s) = (1 — s)[E(n, \)(no — n) — G(n, \)], using
G(no, \) = AN g(no) = 0, and both E(n,\) and G(n,\) are O(p), so ||©,(no,s)|| < cip
uniformly in s € [0,1]. For e small enough that ¢ < r and 2c;e < r the contraction
maps B into itself, and the Banach fixed point theorem gives a unique zero 7.(s) € B
with ||n.(s) — nmol| < 2¢1p, which together with ||n — no]| < p is the first bound in (67).
Evaluating (66) gives ©,(n,0) = 0 and ©,(1, 1) = G(n, A) = 0, so 1.(0) = n and 7.(1) = np.
The second of these uses only g(1n9) = 0 and therefore holds at every A.

For the derivative bounds, ©, is (¢ + 1)-times continuously differentiable in 77 and affine
in s, and its Jacobian in 7 is invertible on B x [0,1] by (68), so s +— n.(s) is (¢ + 1)-
times continuously differentiable there by the implicit function theorem. Write M(s) :=
9-0,(n + 6(s),s), so that [[M(s)~"[] < 2. Since 9,0,(7,5) = G(n,\) = E(n,\)(7 — n),

differentiating (66) in s gives
M(s)d'(s) = E(n,A)d(s) — G(n,N),

whose right-hand side is O(p), so [|§'(s)|| < cp. Differentiating this identity & — 1 further
times, for 2 < k < ¢+ 1,

M(s) 6 (s) = E(n, A)6%(s) — z (k ]‘. 1) MO (5) 50-9)(s).

For j > 1, by the chain rule, MY)(s) is —E(n, ) 1{j = 1} plus a finite sum, with positive
integer coefficients, of terms 9} TG (n+6(s), [0 (s),...,60)(s), -] with 1 < a < j, iy > 1
and >;7; = j. The derivatives 8£G(- ,A) with p < ¢+ 1 are bounded on B, so an induction
on k gives ||[MU)(s)|| < cp? for 1 < j <k —1 and then ||M(s)5®) (s)| < cp®, uniformly in
s € [0, 1]. Multiplying by M (s)~! gives (67). O

It remains to identify the truncated expansion (16) with the tree sum and to bound it.

For the identification we work in the ring R, := R[s]/(s?!) of polynomials truncated at
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degree ¢, in which A, := I, — sE is invertible with inverse A7l = Yo s'E7 | so that every
series below is a finite sum and no question of convergence arises. The class in R, of a
function of s that is ¢ times differentiable at s = 0 is the class of its Taylor polynomial of
degree g at s = 0. Let 5 € (R,)™ be the class of §, which has zero constant term. Taylor’s
theorem applied to G(-, \) at i to order ¢ leaves a remainder O(]|d(s)[|?"!), which is O(s7™!)
because 6(0) = 0 and ¢ is continuously differentiable, hence zero in R,. Substituting the
expansion into (66) and using A + (1 — s)E = I, — sE,

(Idn—sE>g: —se€ i

; L] R, =GN, (69)

Equivalently § = F(8) with F(z) := —A; [se + 4 _o(1/p!) Gylz®P]]. If two elements of
(Ry)™ with zero constant term agree modulo s*, their images under F agree modulo s**1,
because G,[z%F] — G,[y®?] is a sum of terms in which one argument is z — y and at least
one other argument has zero constant term. Iterating F from 0 therefore reaches 5 after q
steps, and the iteration is a bookkeeping of rooted trees. This is a tree recursion of the same
kind as the one that determines the B-series coefficients of the implicitly defined stages of
an implicit Runge-Kutta method (Hairer, Lubich and Wanner, 2006, Ch. III.1; Chartier,

Hairer and Vilmart, 2010, Sect. 3).

Lemma 6 (Tree expansion of mi(n +0)). In R,, with m(n—+6) := S0 o(1/r!) opm(n) [6%7],

R _ 1)1 gt
m(n+5> = Z (|i)ut(7_,)|‘/7"(578;777/\)7 (70)

where the sum is over the rooted trees ™ with at most q leaves in which the root has r > 0
children and every non-root node has either O children (a leaf) or > 2 children (a branch).
The elementary differential V.. is built by the same bottom-up contraction as R., except that
leaves carry e in place of A(N)g and the value at each non-root node is left-multiplied by
A7l = (I, — sE)™! before being passed up to its parent. A branch with p children carrying
V1, ..., U still evaluates to Gylvy, . .., v,] and the root with r children to Oy [vy, ..., v.]. Here

|7’| is the number of non-root nodes and {(1') the number of leaves.

The proof is given in Appendix B.6.1. Only the trees with ¢(7') < ¢ contribute, and a tree of
this kind has |7/| < 2¢(7') — 1 once it has a non-root node, so the sum is finite. Each factor
A1 is attached to the parent edge of a non-root node v. Expanding A;! = 22030 slv Fjiv
and each power as B = (I — A = Y (i’;)(—l)kvAk” replaces it by a sum over pairs
(Ju, k) with 0 < k, < j,. Each factor of A inserted on an edge is one node with a single

child on that edge. We write 7/ for the tree of Lemma 6, the skeleton, and from here on
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reuse 7 for the tree obtained from it by inserting k, one-child nodes on the parent edge of
each non-root v. These chain-extended trees are exactly the rooted trees of Section 6.2, and
the skeletons are those without non-root one-child nodes.

For the chain-extended tree, (1) = ¢(7'), the number of branches is unchanged, and the
number of inserted nodes is K := Y, k,, so that |7| = |7'| + K and d(7) = {(7") + K, whence
|7| — d(7) = |7'| — £(7"). Substituting the expansions into (70), and writing nonroot(7’) for

the set of non-root nodes of 7/,

| / 3 ‘
77 + 5 Z ‘Aut ’ ) Z < H : <2v> (_1)kv 5h> Vﬂ",{kv}? (71)

ng;kgj}v vEnonroot (7!
where Vi g13(€5m, A) is built like V;+ but with each A;' replaced by the matrix power A*
on that edge, so that it contains no matrix inverse.'”
The element 7i(n 4 0) of R, in Lemma 6 is the class of the function h(s) := m(n.(s)),
because expanding m at 1 to order ¢ leaves a remainder O(]|6(s)||?"!) = O(s?t1), and h is

(q + 1)-times continuously differentiable by Lemma 5, so the coefficient of s* in m(n + 3) is

Rk (0)/K! for k < q. Because (1 —s)~t = 327 _, s" in R,, extracting the coefficient of 57 from
m(n+9)/(1—s) returns the partial sum of the coefficients of s°, . . ., 57, so the expansion (16)
gives
7 p(k) = S
=y 5] m (72)
o 1-s5

Apply the extraction (72) to (71). A contribution has the power PLCRRD DN Jv_and dividing
this power by 1 — s and taking the coefficient [s?] gives 1 if its exponent is at most ¢ and 0

otherwise, so the extraction imposes 3, j, < ¢ — ¢(7') and

YOW) = 2 (o] Aut )| >0 ()% Noo({k}:0) Vi gy

{kv}
J
No({ko}ia) = H( ”) (73)
Jv>ky
>, dv<q—L(r
15Take 7/ to be the tree whose root has one child, a branch with two leaves. Then |7/| = 3, {(7') = 2,

|Aut(7)| = 2, and Vo = 9,m[A;! Go[A;'e, A e]]. With k, = 1 on the branch’s parent edge and k, = 0 on
the two leaf edges, V» (1,1 = 9,m[A G2le, €]], the term of the chain-extended tree in which a single one-child
node lies between the root and the branch.
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Lemma 7 (Multidimensional hockey-stick). For nonnegative integers n, M and ay, ..., ap,

rita;\  (M+n+3aq
£ A0 - (TR ™

T yenny xrn>0 1=1

The proof is given in Appendix B.6.1. Substituting j. := j, — k, > 0 turns (iz) into (j’gzjkﬂ
and the constraint into Y, 7/ < ¢ —{(7") — K, so for K < g — ¢(7") Lemma 7 with n = |7/|,

a, =k, and M =q—{(7") — K > 0 gives

No({ku}iq) = (q _,fﬁ};'”) = (qﬂ%— d(7)>,

using |7| = |7'| + K and |7'| — (7)) = |7| — d(7). For K > q — {(7') the sum defining
Ny ({ky};q) is empty, and both binomial coefficients are zero, because their upper index
is nonnegative and smaller than their lower index. So the display holds for every {k,}.
The right-hand side depends on the chain pattern only through |r| and d(7). The sign
n (73) is (=1)I71(=1)2u* = (=1)I"l. To reindex (73) by chain-extended trees, note that
the automorphisms of 7" act on the assignments v +— k, by permuting non-root nodes, that
two assignments give the same 7 exactly when an automorphism of 7/ relates them, and
that no automorphism of 7 permutes nodes within a single chain, since these are ordered
by their depth. The stabilizer of an assignment inside Aut(7’) is therefore isomorphic to
Aut(7), and by the orbit—stabilizer theorem the number of assignments producing a given 7
is |Aut(7")|/|Aut(7)|, which absorbs the prefactor 1/|Aut(7’)| into 1/|Aut(7)|. The constraint
k, < j, together with >, j, < g—¢(7') restricts the reindexed sum to d(7) = £(7/)+X, k, < ¢,
and every 7 with d(7) < q arises, from j, = k,. With e = G(n, \) the elementary differential
Vi gk} is the term &, (n, A), in which leaves carry A(X)g, one-child nodes carry A, branches

carry G, the root carries Opm, and the contraction runs along parent—child edges. Hence

D" (q+ ]| = d(r)
T (y) = =7 < Rr(n, A Cor Rr(1, M), (75)
2 mumi U )= a
by (43) and (44), which is the right-hand side of (64).

At vy the leaf factor A(\g) g(no) is zero, so only the single-node tree contributes to (64)
and U@ (0y, 19, \o) = (1), which equals h(1) = m(n,(1)) by Lemma 5. Taylor’s theorem
with integral remainder, applied to h at s = 0 and evaluated at s = 1, then gives

q 1 1
Z (6077707)‘0) = T

= q! Jo

(1 —s)7hltY(s)ds. (76)
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By the chain rule, h(4*1)(s) is a finite sum, with positive integer coefficients that depend only
on g, of terms ym(n.(s))[0%)(s),...,60)(s)] with 1 <r < q+1,4 > 1and 30 = ¢+ L.
The derivatives of 7 up to order ¢ + 1 are bounded on A by E[M,(W;)], and [|6%)(s)| <
cp™ by (67), so each term is bounded by a constant times p?*! and sup,cp |Rla+D ()] <
C p?!. The sum on the left-hand side of (76) is (@ () by (72), which by (75) and (64) is
U@ (fy,n,N), so

C q+1
) —_y@ ! _ _
[0, A) = ¥ om0, 2o)| < 7 (Il = moll + 1A = ol )
for p < e, with € the radius of Lemma 5. This is the bound (7) of Definition 1, and Theorem 2
follows. H

B.6.1 Proofs of Lemmas 6 and 7

-~

Proof of Lemma 6. Iterate d = F(4), that is

At each iteration every occurrence of & on the right is replaced by one of two patterns. Either
it becomes the leaf pattern —A;! - se, contributing one e-leaf with A;! on its parent edge
and nothing further to expand, or it becomes the branch pattern —A;" - (1/p!) G,[0=P] for
some p > 2, contributing a branch with p children and A;! on its parent edge. The iteration

terminates in R, after ¢ steps, and gives

~ ord rord 1
5 — Z (_1)‘ |S£( ) H 7“/;601'61(6,8;777 )\)7

rord v branch DPu:

4 runs over the trees of the type described in the lemma whose root has exactly

where 7"
one child, with the children of each node further distinguished by position. Here Vford is the
vector that the contraction of Lemma 6 passes from that child to the root. Substituting into
mn+06) =% o(1/r) Ipmi(n) [097], every 0 in 6" becomes such a tree, and merging the r

roots into one gives

or! or! 1 1
mn+0) = Y (=) S T Viawa(e, 5,0, (77)

sord r v branch Dy:

where 7 is the number of children of the root of 7°"4. Group these trees by the underlying

tree 7/, forgetting the ordering of children at each node. Fix a labeling of the nodes of 7.
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The orderings of the children at all nodes number r! [], p,!, two orderings give the same
794 exactly when an automorphism of 7/ maps one to the other, and an automorphism that
preserves an ordering fixes every node, by induction from the root. Hence the number of
distinct 7' representing a fixed 7/ is r! [, p,!/|Aut(7)], and all of them have Vioa = V.
because G, and Opm are symmetric. Multiplying this number by the per-ordering weight
L I, = in (77) leaves which gives (70). O

_ 1
U py! |[Aut(7’)|’

Proof of Lemma 7. Write 0 :=n + >, a;. For each i, the factor (x;z“) is the number of
ways of writing x; as an ordered sum of a; + 1 nonnegative integers. Introduce the slack
variable ¢ := M — %, z; > 0, which absorbs the constraint Y, z; < M into an equality. The
left-hand side of (74) then counts the ways of distributing M indistinguishable units among
>i(a;+1)+1 =0+ 1 ordered boxes, and the stars-and-bars count gives (M;“7> of these,
which is (74). O

B.7 Proof of Corollaries 1 and 2

Under the strengthened conditions the integrable envelopes cover 2q derivatives of m, and in
Corollary 2 of g as well, while A(-) retains the ¢ + 1 derivatives of Assumption 3(iii). Each
term of ¥ is a finite sum of products whose factors carry at most ¢ derivatives of m or of g,
so ¢ further derivatives in (1, A) require at most 2¢q derivatives of m or of g at any one factor,
which the strengthened envelopes dominate. Since the factors are evaluated at distinct
independent copies of the data, the product of their envelopes is integrable. Differentiating
under the expectation g times is therefore justified by dominated convergence, and W@ (6, -)
is ¢ times continuously differentiable near (19, A\g). Theorem 1, respectively Theorem 2, gives
the bound of Definition 1, and Proposition 1 then yields (8).

B.8 Proofs of Lemma 3 and Theorem 3

Let M}él(Wz) be the envelope of Assumption 5(iii). Since it depends on W; only through
{Wi : t € Sy}, it is independent of 7 by Assumption 6(ii). The set U;(d) is convex and v is
continuously differentiable in v there, so ¥(W; 0, v) —(Wi; 0,0") = [ 0,40(W;; 0, V" + 2(v —

V")) v — V"] dz and
[ (Wis0,v) = w(Wis 0,0")|| < My (W) v =2"Il, (8,v), (0,0") €Us(8),  (T8)

and, using also the bound on 0p?), the same bound holds for the joint difference with ||¢ —

0"|| + ||v — V|| in place of ||v — v"||.
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Proof of Lemma 3. Let Ay := {max; p; < ¢}, an event determined by . By Markov’s
inequality, Pr(AS) < SN, Pr(p; > 6) < 6726t N E[p20] = §-2a+) N o(N1) = o(1)
by Assumption 5(iv). It therefore suffices to show that Byl4, and Ey1ly, are op(l), and
on Ay the identity (55) holds with all its terms finite. On Ay, by Assumption 6(ii) and
(iii), B[ (Wi; 00, 7;) | D] = ¥(0o, ), and Assumption 6(i) gives ||[By| < CN~V2EN  pitt
Since (N > ]E[A‘“l]) < N7y, ( [Aqﬂ])Q < N-USLE[pP™)], Assumption 5(iv) gives
N7, E[pIT] = o(N~1/2), so that CvVN N~ Y, E[pf™] = o(1). For any € > 0,

Pr(||By|[1ay > €) < e 'CVN NI E[pf™] = o(1).

On Ay, write A; := (Wi; 0y, ;) — ¥(W;; 00, v50) and A; == A; — E[A; | 7], so that
Ey = N2V A;; the conditional expectation is finite there because ||A;| < M}@z(Wz) Di
by (78), 7; lying in the v-section of U;(0). By Assumption 6(ii) the vector v is independent
of the evaluation blocks {W;; : t € Sp}, i =1,..., N, and by Assumption 6(iii) those blocks
are independent across 7, so conditionally on U the A, are independent across ¢ and each has
conditional mean zero. For i # j this gives E[AJA; | 7] = 0, and since E[||X — E[X | 7]|? |
p] <E[|X[]* | 7], on Ay

N N

Eflent® |7) < NS _EfIAP 7] < N73EIMy (W] o7,
the last step because M}@ (W;) is independent of 7. Since Ay is determined by 7, E[||Ex||*14,] <
(supy max; (M}, (W;)?)) N~V SN E[p2). For each i, E[p?] < (B[ V])/@HD), and &
21/@+) s concave on [0, 00), so the average of those roots is at most the root of the av-
erage and N~ E[p2] < (N1, E[pX IV = (o(N-1))V/@+D) = (1) by Assump-
tion 5(iv). For any € > 0, Pr(||En||1ay > €) < € 2E[||En|*1a,] = o(1). Together with
Pr(A%) = o(1) and the identity (55) on Ay, this proves the lemma. O

Proof of Theorem 3. On the event of Assumption 5(i), whose probability tends to one,
(0,0;) € U;(6) for every i, and ¢(W;;-,7;) is continuously differentiable on the segment
from  to 0, so N~ Ziv,b(Wiﬁ,l/i) = N3, (Wi; 00, 0;) + \71\7(5— o), where TIn =
N=YS, [ ow(Wis 0 + 2(0 — 04),7;) /90’ dz. By Assumption 5(iii) applied to 821 and dpd,1),
and the same integral form along the segment from (6, v;0), the integrand differs from
04(Wi; 6o, vio) /06’ by at most My ,(W;)([|6 — 6o]| + pi), so

‘jN_NZ U 89’0 Vio) ( ZM;@Z )(HG 90||—|—maxpl)
i=1
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The first factor has expectation at most supy maxi(]E[M}f“(W) ])¥/2 and is Op(1). In the
second, [|6 — || = op(1) by Assumption 5(iv) and Pr(max; p; > €) < e 20+ S E[p20™)] =
o(1) by the same part. Hence Jn —p G by Assumption 5(v), and the same argument gives

Ty =N3> 00(W;;0,1;)/00 —p G.

Next, ||10(W;; 00, vio)|| < M}@Z(VVZ), so the summands (W;; 0y, vi0) — V;(0, vio) are inde-
pendent across i by Assumption 6(iii), have mean zero, and have second moments bounded

by supy max; E[MX}Z(VV@)Q] < 0o. By (53) and Chebyshev’s inequality,

N
SN: \/—Zd} VI/’M007VZO = Z|: W’L700aV’LO \Pi(eo,l/io)] - OP(]‘)

ﬂ\

Lemma 3 gives N~Y2 5, 40(W;; 0, D;) = Sy +op(1). Since © contains every § with ||6 — 6| <
§, and both ||6 — || and max; p; are op(1), with probability tending to one @ is interior and
6—06,||+max; p; < 6. Then the objective in (54) is differentiable near 6 by Assumption 5(iii),

and the first-order condition
TN > (W 0,0;) =0
holds. Substituting the expansion above and multiplying by v/N,
= ThQ(Sy +op(1)) + T2 In VN(O — bo).

Because Sy = Op(1) and I, JIn —p G, this gives 0 = G/QSN+(G/QG)W(§—90)+OP(1+
VN (0 — 6,)|]). By Assumption 5(v), G'QQG is nonsingular, so first /N (0 — 6) = Op(1)
and then the remainder is op(1), leaving VN(0 — 6y) = —(G'QG)'G'QSy + op(1). Here
G'QSy = N7V &y = N7V25,(Envi — E[€n]), the summands &y, being centered on av-
erage because Y, E[én ;] = G'QY; Wi (6o, vio) = 0 by (53), although not individually. By As-
sumption 6(iii) and (iv) and the Lindeberg—Feller central limit theorem, G'QQSy —4 N (0, V),

and the conclusion follows by the continuous mapping theorem and Slutsky’s lemma. O
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