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ABSTRACT. In this paper, we study well-posedness of McKean-Vlasov stochastic differential
equations (SDE) whose drift depends pointwisely on marginal density and satisfies a local
integrability condition in time-space variables. The drift and noise coefficients are assumed to
be Lipschitz continuous in distribution variable with respect to Wasserstein metric W,. Our
approach is by approximation with mollifiers. We prove strong existence of a solution. Weak and
strong uniqueness are obtained when p = 1, the drift coefficient is bounded, and the diffusion
coefficient is distribution free.
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1. INTRODUCTION

The study of distribution-dependent SDEs started with McKean’s seminal work [McK66] about
Vlasov equation of plasma which had been proposed in [Kac56]. Classical results about the
solvability of McKean-Vlasov equations include [Fun84; Szn84; Sch87]. Since then, the literature
on the well-posedness of McKean-Vlasov SDEs has been extended significantly. For recent results,
we refer to [MV20; Cha20; HW21; RZ21; HW22; CF22], the survey [HRW21], and references
therein. For applications on mean-field games, see the two-volume monograph [CD18].

In this paper, we consider the density-dependent McKean-Vlasov SDEs studied in [BR20]. More
precisely, let (p,d) € [1,00) x N and ‘.Pp(Rd) be the space of Borel probability measures on R?
with finite p-th moment. We endow P,(R%) with the Wasserstein metric W,. Let T € (0, cc).
We consider measurable functions

b:[0,7T] x RY x Ry x P,p(RY) — RY,
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0 :[0,T] x R? x P,(RY) — R? @ RY.

Let (B;) be a d-dimensional Brownian motion (d-BM) and (F;) an admissible filtration (AF) on
a probability space (PS) (2, A,P). For a random variable Y taking values in R¢, we denote by
L(Y) its probability distribution. Our object of study is the SDE

dXy = b(t, X, be(Xe), pue) dt + o (t, Xy, p1) d By, (1.1)
V= E(Xo), e = /:,(Xt), /,Lt(d.%') = &([L’) dx.
In particular, ¢, : R? — R, is the density of X;. In the paper, we always mean by “density” the
probability density function.

First, we give a brief survey of the related literature. In [HRZ23; TR23; Iss+24], o is constant and b
belongs to a Besov space. On the other hand, [BRR10; BRR11; BR12; BCR13] studied generalized
porous media equations where b = 0 and ¢ is density-dependent but time-homogeneous. In
[JM98; JR13; BJ19; BR18; BR20; BR21a; BR21b; BR23c; BR23b; Reh23; Gru23], b and o are
density-dependent but time-homogeneous. More generally, [Gru24; BR23a] allow b and o to be
depend on time. However, b and ¢ are distribution-independent in those previously mentioned
papers. For a recent survey on existence result of density-dependent SDEs, we refer to [IOR19].

Our paper is closely related to [HRZ24; Wan23] where b is both distribution-dependent and
density-dependent. In particular, [IRZ24] used the total variation metric on P(R?) while
[Wan23] used supremum norm on the space of bounded densities. The current paper contributes
in three aspects:

(1) We use a mollifying argument whereas [HRZ24; Wan23] employed a Picard-iteration
argument. We argue that our approach is more flexible because it can be extended to
those situations where reasonable Holder estimates are available. An interesting case for
future study is when b is allowed to grow linearly in space as in [MPZ21].

(2) For existence result, the conditions on o in [Wan23; HRZ24] are more restrictive than
ours. First, [HRZ24] assumed that o(¢,z, n) = o(t, ). Second, [Wan23] assumed that o
is Lipschitz in space, that Vo is Hélder continuous, and that [o(t,-, u) — o(t, -, v)|[ce <
1€y — Cv||c. Here £, ¢, are the densities of p, v respectively.

(3) To be more aligned with existing literature of Mckean-Vlasov SDEs, we use Wasserstein
metric for assumptions of continuity. This makes estimating supremum norm between
marginal densities (as in [HRZ24; Wan23]) (of two weak solutions) not applicable in our
case. However, using Wasserstein metric to estimate the difference between marginal
distributions (of two weak solutions) is also not applicable due to the presence of
pointwise density ¢;(X;) in b. To overcome these difficulties, we will estimate weighted
total variation distance between marginal densities.

We recall notions of a solution:
Definition 1.1. (1) A strong solution to (1.1) is a continuous R%valued process (X;) on

(Q, A, P) such that for ¢t € [0,T]: X; is Fi-adapted, X; has a distribution p; € (Pp(Rd),
X admits a density ¢;, and

t t
Xt:Xo—i—/ b(s,XS,KS(XS),uS)ds—i—/ o(s,Xs,pus)dBs P-as.,
0 0
t
[ Bl X (X )] (5, X 1) P ds < oo
0

(2) A weak solution to (1.1) is a continuous R%-valued process (X;) on some PS (£, A, P) on
which there exist some d-BM (B;) and some AF (F;) such that the conditions in (1) are
satisfied.

2



(3) SDE (1.1) has strong uniqueness if, whenever the PS, the AF and the d-BM are fixed,
two strong solutions (X;) and (X/) such that Xy = X{ coincide P-a.s. on the path space
C([0,T]; RY). SDE (1.1) has weak uniqueness if two weak solutions with the same initial
distribution induce the same distribution on C([0,T]; R%).

(4) SDE (1.1) is strongly well-posed if it has strong solution and strong uniqueness. SDE
(1.1) is weakly well-posed if it has weak solution and weak uniqueness. SDE (1.1) is
well-posed if it is both strongly and weakly well-posed.

In Section 2, we state our main results about existence and uniqueness of a solution to (1.1). In
Section 3, we remind some facts about optimal transport. Also, we recall estimates of marginal
density and establish those of marginal distribution for classical SDEs. We prove our theorems
in Section 4 and Section 5 respectively.

Throughout this paper, we use the following conventions:

(1) We denote by R? @ R the space of d-dimensional square matrices with real entries. For
z,y € RT®@ R, let 2y be their matrix product, (x,y) their Frobenius inner product, and
|z| the induced Frobenius norm of x.

(2) We denote by N the set of strictly positive integers. Let Ry := {z €¢ R: xz > 0}. We
denote by B(R?) the Borel o-algebra on R?. For brevity, we write oo for +00. We denote
x Vy:=max{z,y} and z Ay = min{z,y} for z,y € R.

(3) We denote by V,V? the gradient and the Hessian with respect to (w.r.t) the spatial
variable. We denote by d; the derivative w.r.t time. Let LP(R%) be the Lebesgue space
of real-valued p-integrable functions on R¢.

(4) Let P(RY) be the space of Borel probability measures on R?. The weak topology (and
thus weak convergence —) of P(R?) is the topology induced by Cj(R%). The weak*
topology (and thus weak* convergence —) of P(R?) is the topology induced by C.(R%).

2. MAIN RESULTS

We recall a class of functions locally integrable in space-time. Let p,q € [1,00]. The localized
version LP(R?) of LP(R?) is defined by the norm

Hfo,P ‘= Ssup HlB(w,l)fHLpa
z€R4

Above, B(z,r) is the open ball centered at x with radius r. For 0 <ty < t; < T, we define the
Bochner space

Lb(to,t1) = L%([to, ta]; LP(RY)).

The localized version IN/g(to, t1) of LB(to,t1) is defined by the norm

19022 t0,0) = sUP (1B, 9l L2 (t0,11)-
rER4

Then (|9l 7.0t = 19/l Leg (t,41)- 1t holds for p, g € [1,00) that

t1 % %

ol = ([ ([, latemay)” as)”
n EECIRN
oz = s ( ([ lotsmpay)”as)"

For brevity, we denote

LP(t) = LP(0,t), Lb(t):=LE(0,t), LP:=LF0,T), Lb:=L(0,T).
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The class X of exponent parameter is defined by

X = {(p,q) (2, 00]? i+2 <1} (2.1)

q
We denote by M,(p) the p-th moment of o € P(R?), i.e., My(0) = [ga |7|P do(z).

2.1. Main results. Below, we introduce the main assumption about the initial distribution and
the coefficients of (1.1). Let a := oo . We denote by(z,r, 0) = b(t,x,7,0),0¢(x, 0) == o(t,z, 0)
and a4(z, o) == a(t,z, o).

Assumption 2.1. Let [ > 1 be an integer. There exist constants p € [1,00), 8 € (0,1),C >0
and, for i € {0,1,...,1}, function 1 < f; € L with (p;, ;) € X such that for all ¢ € [0,T];2,y €
R, 7" € Ry and o, € ﬂ’p(Rd):

(1) a(zx, o) is invertible.

(2) |be(z, 7, 0)] < folt,z).
(3) x — o¢(x, p) is weakly differentiable and |Voy(z, 0)| < Zézl fi(t, z).
(4)
(5)

4) v € Pp(RY) has a density £, € L>®(RY).

5
loe(2, 0)| + la; (2, 0)| < C,
|bt(l‘a r, Q) - bt(fL’,T,, Q,)‘ S C{|T - 7’,’ + WP(Q7 Ql)}a
lo¢(2, 0) — 01y, @) < Cflz — y|” + Wy(e,0")}-

We gather parameters about (b, o) in Assumption 2.1:

O1:= (p,d. T, 8,C.L, (pis @is | fill 22 )imo)-

There is no continuity condition w.r.t spatial variable of b. Assumption 2.1(2) means that
marginal density and marginal distribution do not affect local integrability of the drift. If b is
bounded, then it satisfies Assumption 2.1(2).

Our main results are the following:

Theorem 2.2 (Existence). Let Assumption 2.1 hold. Then the following two statements hold:

(1) The SDE (1.1) has a strong solution (X;) whose marginal distribution is denoted by (yu)
and marginal density is denoted by (¢4).

(2) There exist constants ¢c1 > 0 (depending on ©1), ca > 0 (depending on ©1,v), and
§ €(0,1) (depending on qo) such that

S[Up} [1€¢lloo < c1ll€u]loos

)

Wy (s, pit) < co|t —s° for s,t €[0,T].

Theorem 2.3 (Uniqueness). Let Assumption 2.1 hold. Assume in addition that p = 1,0¢(z, 0) =
oi(z) and |bi(x, 7, 0)| < C for all (t,x,7,0) € [0,T] x RE x Ry x P,(RY). Then the following two
statements hold:
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(1) For k € {1,2}, let (XF,t € [0,T]) be a weak solution to (1.1), vy its initial distribution
satisfying Assumption 2.1(4) and (¢¥,t € [0,T]) its marginal density. Then there exists
an increasing function A : Ry — Ry (depending on ©1) such that

sup [ (1)t} @) — ()] da
te[o,T] /R4

< Aoy lloo + Mi(11)) /Rd(l + 2Dy, (x) = b, ()] da.

(2) The SDE (1.1) has both weak and strong uniqueness.

The condition p = 1 in Theorem 2.3 is crucial for an application of Gronwall’s lemma, in its
proof.

2.2. Outline of the proofs.

Existence. We will summarize the main ideas behind our mollifying argument. Let (p™) be a
sequence of mollifiers. We consider the SDE

dXP =0t X', {p" = pf HXT), pit) dt + o (8, X7, pit) A By, (2.2)
v=L(XJ) and uf = L(X]). |

Above, * is the convolution operator, i.e.,

(oo} = [ o —y)de(y) forevery o€ PRY.

Then (2.2) is well-posed and each X]* admits a density ¢}'. The sequence (¢") is locally Holder
continuous on (0, 7] x R?. By Arzela-Ascoli theorem, we can extract a subsequence that converges
to some function £ : [0,T] x R? — R uniformly on every strip [R~", T] x B(0, R) where R > 0.
We then verify that ¢, := £(t, ) is indeed a density whose induced distribution p; € P,(RY). Also,
py converges to g in W, (as n — oc) uniformly for ¢t € [R™1, T] where R > 0. By Itd’s lemma,
(uy,t € [0,T]) satisfies the Fokker-Planck equation

Oply/ (x) = =0, {b(t, m, {p" + £} (), )7’ () } + %%iazj{ai’j(t @, g )i () }-

Above, we adapt Einstein summation convention. By the convergence of ¢} to ¢;, that of uj* to
e, and the continuity of b(t, z,r, ¢) in (r, ), we deduce that (u) satisfies

Ol (x) = =0y, {b(t, z, by (), ) l(t, x) } + %81«10% {a™ (t, x, i)l () }. (2.3)

Notice that (2.3) is the Fokker-Planck equation associated with (1.1). By superposition principle
(e.g. [BR20, Section 2]), (1.1) has a weak solution.

Uniqueness. We use the integral representation of marginal densities given by Lemma 3.10.
Specifically, if (X},t € [0,T]) and (X?,t € [0,7]) are two weak solutions with the same initial
distribution, their marginal densities £} and £7 satisfy an integral inequality involving the gradient
of the transition kernel pgf . Using the gradient estimate from Lemma 3.8(2) and the Wasserstein
control from Lemma 3.2, we derive a Gronwall-type inequality for the weighted L! distance
f(t) = [ga(1+ |z|)|¢7 — £}| dz. This allows us to conclude ¢; = ¢7 for all t. Once the marginal
densities coincide, the coefficients of both solutions are identical. The problem reduces to a
classical SDE with fully determined coefficients. Weak and strong uniqueness follow by applying
[HW22, Theorem 1.1(1)].
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3. PRELIMINARIES

3.1. Some facts from optimal transport. Let u,v € fP(Rd). The set of transport plans (or
couplings) between p and v is defined by

D(p,v) ={o€ PRIxRY) : = ﬁﬁlg and v = W?Q}.

Above, 7' is the projection of R x R? onto its i-th coordinate, and WéQ € P(R?) is the push-
forward measure of ¢ through 7' | i.e., {Fé@}(A) = o({n"}~1(A)) for all A € B(R?). For
p,v € Pp(RY), we define

1/p
W)= ot { [ o=yl dema)}
By [Vil09, Theorem 6.18], (P,(R%), W,,) is a Polish space. By [Vil09, Theorem 6.9], it holds for
pin, b € Pp(RY) that Wy(pun, 1) — 0 if and only if p, — p and My (un) — My(u). For brevity,
we denote Wl (u,v) == (Wp(p,v))P. We denote by | — v/| the variation of the signed measure
wu— v as in [Rud87, Section 6.1]. By [Rud87, Theorems 6.2 and 6.4], | — v| is a non-negative
finite measure. We recall properties needed to prove our theorems:

Lemma 3.1. (1) [Vil03, Theorem 1.14] It holds for u,v € P1(R?) that
Winw) = s [ f@)dfu—v),

feL(Ju—vl)
[fhig1
where
[f]l ‘= sup |f(IE) B f(y)‘
x,yERd |[L‘ - y|
T#y

(2) [Vil03, Remark 7.1.2] It holds for 1 < p < q < oo and p,v € Py(R?) that W (u,v) <
W‘I(N) V)'

Above, the first claim is called Kantorovich duality while the second one is called Kantorovich-
Rubinstein theorem. For more information about optimal transport, we refer to [FG21; Mag23;
Vil09; Vil03; AG13; Sanl5; ABS21; Tho23]. The next result states that W] is controlled by
weighted total variation distance.

Lemma 3.2. Let p,v € ‘Pp(]Rd) be absolutely continuous with corresponding densities £, 4, .
Then

Weuv) < (v 2™ [ ol x jt, — 6| (x) do.
R

The proof of Lemma 3.2 is straightforward. For the sake of completeness, we include its proof in
Section 7.

3.2. Moment estimates of marginal distribution. In the rest of Section 3, we consider
measurable functions

b:[0,7] x RY - RY,

o:[0,7] x R? - R? @ R%,

Let a == oo . We denote b; := b(t,-),0; == o(t,-) and a; == a(t,-). Let v € P(R?). We consider
the SDE

{dXt = b(t, X;)dt + o(t, X;) d B, (3.1)

Vv = ,C(X())



We consider the following set of assumption:

Assumption 3.3. The following conditions hold:
(1) a¢(x) is invertible for every (t,x) € [0, T] x R%.
(2) There exist measurable maps b : [0,7] x R — R? and b()) : [0,7] x R¢ — R? such
that by (z) = bgo) (x) + bgl)(:c) for every (t,z) € [0,T] x R,
(3) There exists 1 < fy € E{J’g with (po,qo) € K such that |b§0)(:1:)| < fo(t,z) for every
(t,x) € [0,T] x RY.
(4) There exist constants 3 € (0,1),C' > 0 such that for all ¢ € [0,7] and z,y € R%:
1 1
0 (@) = 5 (9)| < Cla ),
B2 O]+ lor ()] + oy (@)] < €,
lov(x) — 0u(y)| < Cla —y|°.
Under Assumption 3.3, (3.1) has a unique weak solution (see e.g. [Wan23, Theorem 2.1(1)]).
Assumption 3.3 is appealing because it is a general but sufficient condition to obtain Krylov’s and

Khasminskii’s estimates [Kry08], which are a key ingredient for establishing the other estimates
in the remaining of Section 3. We gather parameters in Assumption 3.3:

62 = (da T:Bv C7p0a q0, Hfo‘|l~,58)

We define the class K of exponent parameter by

X = {(p,q)e(l,oo)zz;l+z<2}.

Remark 3.4. If f € Eé’ for some (p, q) € X then there exists (p,q) € K such that |f|? € f/g.
First, we establish the following estimates:

Lemma 3.5. Let (b,0) satisfy Assumption 3.5 and (X;) be the unique weak solution to (3.1).
We fiz (p,q) € K. Then the following two statements hold:

(1) (Khasminskii’s estimate) There exist constants ¢ > 0,k > 1 (depending on ©a,p,q) such
that for 0 <tg <t <T and g € Lg(to,h)-'

B exp ([ lots, X0l ds) || < explelt + o) (32)

to

(2) (Krylov’s estimate) For j € [1,00), there exists a constant ¢ > 0 (depending on ©2,p,q, j)
such that for 0 <to <ty <T and g € Lh(to,t1):

B (1ot x) ds)j

Proof of Lemma 3.5. (1) There exists ¢ € (1, q) such that (p,q) € K. By [ZY21, Theorem
3.1], there exists a constant ¢; > 0 (depending on ©2,p, ¢) such that for 0 <to <t <T,
stopping time 7 and g € L% (to, 1)

t1NAT
B[ [ lgts. x)ds
t

oNT

Fio] < el (33)

Fo| < allglzgpny (3.4
7



Let 6 = % — ; € (0,1). By Holder’s inequality, it holds for 0 < ty < t; < T and
g € L2 (to, 11) that

0
||9||Z§(t0,t1) < (t1 —to) ||9||]:§(t0,t1)‘ (3.5)

We denote by I7' the open interval ((jfl)gﬁto), j(tlgto)) forj=1,...,n. Wefixg €
Eg(to, t1) C ig(to, t1). Let n > 2 be the smallest integer such that

1 .
lollzz) < 5 for G =Loowoim. (3.6)

By (3.4) and [XZ20, Lemma 3.5],

o ([ lots. )1 as)

By (3.6), there exists j € {1,...,n — 1} such that

1
||9||z§(1§}*1) > 2701 (3.7)

Fo| <2

By (3.5) and (3.7),

th—to)° 1
(2=2) Mollzgany > 5

1/0
Lp to t1)

Then
n < 1+T(2¢1) 7 |g]

The estimate (3.2) then follows with k = 3.

(2) We follow an elegant idea in [HW22, Lemma 2.3]. Let C; :== e/~1. We define h: Ry — R
by h(r) == |In(Cj + r)|’. Then h is concave. We have

o[ ([ ots, 50105 |7
EH In (C’ + exp (/t:l \g(s,XS)|ds)>}j
{ <C —I—E{exp(/t:l |g(s,Xs)|ds>
{1

n[C; + exp(c(L + lglFn sy 1))} -

IN

J
]:to] >} by Jensen’s inequality

IN

Above, the constants ¢,k > 0 are given by (3.2). As a result, there exists a constant
Cj > 0 (depending on c, j) such that

[ ([ 1ot x) ds)j

Replacing g with

Fio| < Co0 + gl

Tolo» in above inequality, we obtain
L (to t1)

B[ (1ot x) ds)

The estimate (3.3) then follows. This completes the proof.

| < 2l

Lh(tot1)



Second, we establish the following moment estimates:
Theorem 3.6. Let (b,0) satisfy Assumption 3.3 and (X;) be the unique weak solution to (3.1).
Then the following two statements hold:

(1) X¢ admits a density for t € (0,T].

(2) Letp € [1,00). There ezist constants ¢ > 0 (depending on ©2,p) and § € (0, 1) (depending
on qo) such that for 0 <u <t <T:

E[ sup |X,[F] < (1 +E[|Xu[?]), (3.8)
sE€[u,t]
E[ sup |X; — X, ["] < cft —ul”P(1+E[| X,["]). (3.9)
sE[u,t]

Proof. By Assumption 3.3(2), there exist measurable maps b : [0,7] x R? — R? and
b 2 [0,T] x R* — R? such that by(z) = bgo) (x) + bgl)(x). By Assumption 3.3(3), there exists
foe i{;g with (po, go) € K such that ]bgo) ()| < fo(t,z). We consider the SDE

dX; = b (¢, X;) dt 4 o(t, X;) dB;. (3.10)

Above, the distribution of Xy is v. Clearly, (b(l),a) satisfies Assumption 3.3, so (3.10) is
well-posed. We define

& = {o] a7 BV} (Xy),

t
B, = By —/ §s ds,
0

t 1 t
R, = exp(/ rap,—3 [ |5s|2ds>,
0 2 Jo

I = E[exp (; /Ot §S\st)].

By uniform boundedness of o, a; ', Remark 3.4 and Lemma 3.5(1), we have I < co. So Ry is an
exponential martingale with E[Ry] = 1. By Girsanov theorem, (B, t € [0,7]) is a d-dimensional
Brownian motion under the probability measure P := RypP. We denote by E the expectation
w.r.t P. Clearly, (3.10) can be written under PP as

dXt = b(t, Xt) dt + O'(t, Xt) dBt (311)

(1) By Assumption 3.3(4) and [MPZ21, Theorem 1.2], the distribution of X; under P admits
a density. Notice that P and P are equivalent, so the distribution of X; under P also
admits a density. Because X is Fo-measurable, it holds for ¢ € C°(R?) that

E[p(Xo)] = Elp(Xo)Ro] = E[p(Xo)]-

Then v is also the distribution of Xy under P. By weak uniqueness of (3.1) and (3.11),
the distribution of X; under P is the same as that of X; under P. Thus the distribution

of X; under P admits a density.
9



(2) The estimate (3.8) follows from [HW22, Theorem 1.1(1)]. It remains to prove (3.9).
Recall that fy is a parameter in Assumption 3.3. We have

E[ sup |Xs— X,|?] <E[</ fo(r, X,) dr)}

s€[u,t]
4 E[(/u D (r, X,)| drﬂ

/ o(r,X,)dB,

]

There exists gy € (2,q) such that (po, qo) € K. Let 6 :== % — q% € (0, %) By Holder’s
inequality,

+ IE[ sup
s€[u,t]

= J1+ Jo + Js.

. —w)? -
HfOHL;ig(u,t) <(t—wu) HfOHLZg(u,t)'

By Lemma 3.5(2),

J1S HfOHLPo y S (E= U)éprOHLPO (wpy S (= u)’”.

’LL

As for I and I3, we have
t
Jo < |t —ufP'E U (1+]X,7) dr]
St—ufP(L+E[[Xu[P]) by (3.8),
Js <t —ul2.
Then
E[ sup [X; — Xul"] S [t — ul?P(1 + E[|X,,[]).

sE[u,t]

The estimate (3.9) then follows. This completes the proof.

]
3.3. Heat kernel estimates. For (s,2) € [0,7) x R?, we consider the SDE
dX?, =b(t,X%,)dt +o(t, X%,)dB; for te (s,T),
: : : (3.12)
Xss =1

If X7, admits a density, we denote it by pg:‘t’(x, -). We consider the following set of assumption:

Assumption 3.7. The following conditions hold:
(1) a¢(z) is invertible for every (¢,z) € [0,T] x R

(2) There exists 1 < fy € Eg’g with (po,q0) € X such that |b:(x)] < fo(t,x) for every
(t,z) € [0,T] x RY.

(3) There exist constants 3 € (0,1),C > 0 such that for all ¢ € [0,7] and z,y € R%:
lo¢(2)] + lag ' (2)] < C,

oy(2) — ou(y)| < Cla —y|°.
10



Notice that Assumption 3.7 is Assumption 3.3 with 8 = 0. As such, under Assumption 3.7,
(3.12) has a unique weak solution; and for ¢ € (s, 7], X{, admits a density [by Theorem 3.6(1)].

In this case, {pZ‘t’ :0 < s <t <T} are transition densities associated with (3.12). We gather
parameters from Assumption 3.7:

63 = (da T:Bv C7p0a q0, HfOHI:Zg)

For A > 0 and 7 € R, the heat kernel p7* is defined for ¢t > 0 and = € R? by

1 Aa|?
’Y,A -— - 5
@) = e

First, we recall the following estimates:

Lemma 3.8. [Zha?2/, Lemma 3.9] Let (b,0) satisfy Assumption 3.7. Let vy := 1 — p% — q%.

Then the map z — pgf(aj,y) is differentiable for every (t,y) € (s, T] x RE. Moreover, there evist
constants c1,c2,c3 >0 and A € (0,1) depending on O3 such that

(1) (Gaussian estimate) for 0 < s <t <T and z,y € R%:
ap?y (y— ) <P (0,y) < cop{\(y — ).
(2) (Gradient estimate in x) for 0 < s <t <T and z,y € R%:
[Vapl (2.9)] < espi(y — ).

(3) (Hélder estimate in t and y) for v € (0,8 A o), there exists a constant c4 > 0 depending
on (©3,7) such that for 0 < s <t; <ty <T and x,y,y1,ys € R%:

2
b, b, bt A
P25, (@, y) = pog, (,y)] < calts — ta]2 > pit (z — ),
=1

2
b b A
P25 (@,51) — Pt (T y2)| < ealyr — w2 > pi(z — i)
=1
We will need the following results:
Corollary 3.9. Let (b, o) satisfy Assumption 3.7 and (X;) be the unique weak solution to (3.1).

Let v admit a density £, € L™®(R?). We denote by {; the density of X;. Then the following two
statements hold:

(1) There exists a constant c1 > 0 depending on ©3 such that:

sup ||[€t[loc < e1[l€y[[co-
t€[0,T]

(2) Let vo :=1— 2 — =. For~y e (0,8A"), there exists a constant ca > 0 depending on
(©3,7,v) such that for 0 < s,t <T and x,y € R%:
[0(2) = bs(@)] < calt = 5[F(¢7% +572),
() = ()| < ol =yt 72
Lemma 3.10. Let (b,0) satisfy Assumption 3.7 and (X;) be the unique weak solution to (3.1).

Let v admit a density £,,. We denote by {; the density of X;. Then it holds for t € [0,T] and
x € R%:

@ = [ Aot [ /R )0 (0), ¥l () dy s,



Lemma 3.11. Let p € {0} U[1,00) and v € Pp(RY). Let (b, o) satisfy Assumption 3.7 and (X;)
be the unique weak solution to (3.1). We denote by p; the distribution of X;. There exists a
function ¢ : Ry — Ry depending on (Os,v,p) such that limp_,o ¢(R) = 0 and that

sup / |z|P dpe(x) < @¢(R)  for every R > 0.
t€[0,7]/ B°(0,R)

Above, B¢(0, R) :== R4\ B(0, R) where B(0,R) = {z € R?: |z| <R}.

The proof of Corollary 3.9 is a straightforward application of Lemma 3.8 and the fact that
l(x) = Jpa Ey(y)pg”‘t’ (y,x)dy. The proof of Lemma 3.10 is contained in that of [Wan23, Lemma
4.1]. The proof of Lemma 3.11 is straightforward application of Markov’s inequality and
Lemma 3.8(1). For the sake of completeness, we still include their proofs in Section 7.

3.4. A well-posedness result for classical McKean-Vlasov SDEs. Our final ingredient is
a well-posedness result from [HW22]. For p € [1,00), we consider measurable functions

b:[0,T] x RY x P,(RY) — RY,
o:[0,T] x R? x P,(RY) — R @ RY.
and the corresponding classical McKean-Vlasov SDEs:

{dXt = b(t, Xy, ju) At + o (t, Xy, ps) dBy,

v=L(Xy) and p = L(Xy). (3:13)

We denote by a = oo the diffusion matrix.

Theorem 3.12. [HW22, Theorem 1.1(1)] Assume that the following four conditions hold:

(1) There exist measurable maps b : [0, T] x R? x P,(R?) — R? and b : [0,T] x R? — R?
such that by(z, o) = bgo) (x,0) + b,(fl)(:n) for every (t,z,0) € [0,T] x R? x P,(R?).

(2) v € Pp(RY) and

lim sup sup |at($, ,ut) - at(y, ,Ut)| = 0.
b0 Lec([0,11;Pp(RY)) te[0,T],[a—y|<e

(3) ai(x,0) is invertible and x +— o(x, 0) is weakly differentiable for every (t,z, 0) € [0,T] x
R? x P,(R%).
4) There exist constants (1,C) € Nx R, and, fori e {0,1,...,1}, function 1 < f; € LPi with
+ g
(pi, qi) € X such that for all (t,z) € [0,T] x R% 0,0 € P,(RY) and p € C([0, T]; Pp(RY)):
5 O)] + Lo (@ )| + oy ()| < €
6 (2, j0)| < folt, @) + CWp(s, 80),

!
IVou(z,m)] <Y filt, ),
=1

b (@) — b ()] < Cla -y,
l

|Jt($7 Q) - Ut(x7 Ql)| + |bt(xa Q) - bt(xa Ql)‘ § Wp(@7 Ql) Zfl(tvx)
=0

Then the SDE (3.13) is well-posed.
12



Recall from our conventions in Section 1 that being well-posed means being both weakly and
strongly well-posed. Also, the set K of exponent parameters is defined by (2.1). The following
special case of Theorem 3.12 suffices for our purpose:

Corollary 3.13. Assume that

(1) ai(x,0) is invertible and x +— o(x, 0) is weakly differentiable for every (t,z, 0) € [0,T] X
RY x P,(R%).

(2) There exist constants (I,C,5) € N x Ry x (0,1) and, for i € {0,1,...,1l}, function
1< f; e Lp; with (pi, qi) € fK such that for all t € [0,T];x,y € R? and 0,0 € Pp(RY):
|Ut( >Q)| + ‘at (x,Q)| < 07

|bt(fL‘, )| < fo(t,!l?),
l

|vo—t($7 Q)| < Z f’i(t’ ZL‘),

i=1
[be(, 0) = be(, )| < CWp(e, @),

o2 (2, 0) — 0e(y, )| < Clla = yI” + Wy(e, d)}.
Then the SDE (3.13) is well-posed.

Corollary 3.13 is simpler than Theorem 3.12 in that
« b is not allowed to have Lipschitz component, i.e., b*) = 0.
« o is Holder continuous in space uniformly in time and distribution variables.
e b and o is Lipschitz continuous in distribution variable uniformly in time and space

variables.

Remark 3.14. In dimension d = 1, consider the SDE dX; = o(X;)dB; where 0 : R — R
satisfies the conditions of Corollary 3.13 with b = 0. In particular, o is weakly differentiable
with |o’(z)| < fi(z) for some f; € LP* with (p1,q1) € K. Hence p; > 2.

Since o € Wé’fl (R), the fundamental theorem of calculus (see e.g. [Brell, Theorem 8.2]) gives
o(y) —o(z) = [Yo'(t)dt for all z,y € R. For |y — z| < 1, Holder’s inequality implies

o(@) =o@I < [T IO < [ filgnla -yl

1
If |y —z| > 1 then |z — y[l_a > 1 and thus

1—L
o (@) = o) < 2[lolloc < 2o lloc]z —y[ 7

Thus o € CP (R) with g =1 — pil > %, since p1 > 2. In particular, the counterexamples of
[Bar82], which show failure of strong existence for 5 < %, do not apply in this setting.

4. PROOF OF THEOREM 2.2

We recall that ©1 = (p,d, T, 3, C, 1, (pi, ¢, fi)}_,) contains parameters about (b, o) from Assump-
tion 2.1. We write My < M, if there exists a constant ¢ > 0 (depending on ©1,v) such that

M; < ¢Ms. We construct a sequence (p™) of mollifiers as follows. We fix a smooth density
13



p : R — R whose support is contained in B(0,1). For each n € N, we define p" : R? — R by
p"(z) == np(nz) and consider the McKean-Vlasov SDE

dXy =0, Xi', (" * u)(X{), ) At + o (8, X{', ') d By, (41)
v=L(X}) and pup = L(X]). '
Then (4.1) is a mollified version of (1.1).
4.1. Stability estimates for mollified SDEs. We define the map
b 1 [0,T] x R? x P,(R?) — R?
by
b"(t,x,0) == b(t,x, (p" * 0)(x), 0).
Then (4.1) becomes
dXP =b"(t, X7, pi)dt + o(t, X[, pit) dBy, (4.2)
v=L(X§) and pp=L(X}). '

Lemma 4.1. For each n € N, the pair (b™, o) satisfy the assumptions required by Corollary 3.185.

Proof. We have

bt 0) = 0 (t2,0)] S| [ 0"~ ) dle - )w)| + Wale. 0 (43)
< [IVp" [« W1 (e, 8) + Wy(0, 0) (4.4)
< (14 90" |0) Wy (0, 0) (45)

Above, (4.3) is due to Assumption 2.1(5), (4.4) due to Lemma 3.1(1), and (4.5) due to
Lemma 3.1(2). It follows that b" is Lipschitz in distribution variable uniformly in (¢,z). By
Assumption 2.1(2), we have for any (¢,z,7,0) € [0,T] x R? x R} x P,(R?) that |b(t,z,r, 0)| <
Cfo(t,x). Then the drift b" satisfies

0" (t, 2, o) = [b(t, z, (0" x 0)(x), 0)| < Cfo(t, x).

By Assumption 2.1(3), o is weakly differentiable in space such that |Voy(z, 0)| < St fi(t, z).
By Assumption 2.1(1), o is invertible. By Assumption 2.1(5), o is uniformly elliptic, Lipschitz in
distribution variable (uniformly in time and space), and Holder continuous in space (uniformly
in time and distribution variables). This completes the proof. |

By Lemma 4.1, all conditions of Corollary 3.13 are satisfied, implying that the SDE (4.2) has a
unique strong solution for each n € N.

Remark 4.2. The Lipschitz continuity (4.5) of ¢ — b"(t, x, o) is just for applying Corollary 3.13.
The size of its Lipschitz constant does not play any role below.

We define the maps

b [0,7] x R — R4,
" :[0,T] x R - R @ RY,

b (t, ) = b"(t, z, pul),

"ty x) = o(t,x,u).
14
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Then (4.2) becomes
dX = b"(t, X[") dt + " (t, X]") dB;.

Let a" :== 6"(6")". We denote

B = n(t, ), G = ant,),  ap = at(t ).

Lemma 4.3. All pairs (0", 5™)nen satisfy Assumption 3.7 for the same set of parameters.

Proof. By Assumption 2.1, we have for any (¢,7,0) € [0,7] x Ry x Pp(R%) and x,y € R? that

’b(t,l’,?", Q)| S CfO(t7$)7
lotlloc + llag oo < C,

’O't(l', Q) - Ut(y7 Q)‘ S C‘LE - y‘ﬁ

Then

|07 (2)] = (6" (8, 2, )| = [bt, 2, (0" % ) (), )| < Cfo(t, ),
57 (@) = 67 (y)| = low(w, ) — ou(y, )| < Clar —yl”.

The uniform ellipticity of ™ is inherited from that of o. This completes the proof.

Since (b, ") satisfies Assumption 3.7 (hence Assumption 3.3) by Lemma 4.3, each X}* admits

a density denoted by ¢} by Theorem 3.6(1).
By Theorem 3.6(2), there exists a constant § € (0, %) depending on ¢p such that

sup sup Mp(py') <1,
neNt€[0,T]

%mwwmwwémw&mmﬂ
ne

Let v9:=1— pio — q% and v := %. By Corollary 3.9(1),

sup sup |[[€']|oo S [y co-
neN¢€[0,T

By Corollary 3.9(2), it holds for ¢ € (0,7 that
0@ - 0w

sup sup sup 5 Stz
n€N s,ret,T) R4 |s —r|2
SFET
0 (x) — 07
SUp sup sup ’ s( ) s(y)| S 7%_
neN se[t,T] z,ycRe lz —y["
Ty

(4.9)

(4.10)

(4.11)

By Lemma 3.11, there exists a function ¢ : Ry — R, depending on (©1,v) such that

limp o0 #(R) = 0 and that

sup sup / (14 |zP)dpi(z) < ¢(R) for every R > 0.
neNt€[0,T] Y B°(0,R)

By (4.8), the map [0,7] — P,(R%), t + u2 is continuous.
15
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4.2. Convergence of marginal densities of mollified SDEs. By (4.10), (4.11), Arzela-Ascoli
theorem and diagonal extraction, there exist a sub-sequence (also denoted by (¢") for simplicity)
and a continuous function ¢ : [0,7] x RY — R, such that

lim sup sup |07 (x) — b(x)| =0 for every R>T L. (4.13)
" te[R-1,T) 2€B(0,R)

Above, ¢y == ((t,-). Clearly, ¢o = ¢, and

sup [[€e]joc S [[4v]]oo- (4.14)
te[0,T]

We remark that the constant in (4.14) depends on ©1. Next we verify that ¢; is indeed a density
for every t € (0,7]. We have

/B(O . G r)de =1— /BC(O . 0 () do
2 1—¢(R) by (4.12).

By (4.13), (4.14) and dominated convergence theorem,

/ l(z)dx = lim 0 (x) de.
B(0,R) "0 JB(0,R)

It follows that
1 - 6(R) 5/ f(w) da < 1.
B(0,R)

Then
/ li(z)dx = lim l(x)dex = 1.
R4 R—o00 B(0,R)
Let ¢ € P(R?) be the probability measure induced by £, i.e.,

pt(B) ::/ (i(z)dz  for every B € B(RY).
B

Lemma 4.4. We have for each t € [0,T] that ui — pu as n — oo.

Proof. It suffices to consider t € (0,7]. By (4.13),
o as m— oo. (4.15)

Let f € Cy(RY) and g € C.(R?%) such that 0 < g < 1. Then gf € C.(R%) and f = (1 —g)f + gf.
We have

[ 7@ - e

< lle [ A1 = 9@)} iy + ur}a)
+| [ o) f@) a0
By (4.15),
timsup [ g(a)f(@) d{u = pub(w) = 0.
Then

lim sup
n

[, f@) it =)
R

< e limsup | {1 = g(a)} d{p + pe} )

Notice that

limsup/d{l —g(x)}dpi(x) =1 —lim inf/d g(z)dpi (x)
n R n R
16



~1- [ gl@)dum(@) by (4.15)

= | {1—g(@)}dp(x).
]Rd

Thus
timsup | [ f(x) a{ui = p}@)| <2l [ {1 - g@)} dpute). (4.16)
Because p; is a probability measure,
sup {/dg(a:) dpg(z) : g € C.(RY) and 0 < g < 1} =1. (4.17)
R
The claim then follows from (4.16) and (4.17). [ |

By monotone convergence theorem,

[ Jaldpu(a) = Jim 2l? due ()
Be(0,R) K—00 JBe(0,R)NB(0,K)

= lim lim z|Pdul(xz) by (4.13
i g P by (013

S ¢(R) by (4.12).

Then

sup [ JalPdule) S 6(R) (4.18)
te[0,T] Y/ B¢(0,R)

Clearly, = — |z|P is continuous and bounded from below. By Lemma 4.4 and Portmanteau’s
theorem,

sup Mp(p) < sup liminf Mp(puy')
te[0,T] tefo,1] "

<1 by (4.7).
Then p; € P,(R?) for every t € [0,T]. We have
Wi (s, i) < Tim inf W (i, i) (4.19)
Sle—sl’. (4.20)

Above, (4.19) is due to the lower semicontinuity of W), w.r.t weak convergence; (4.20) is due to
(4.8). Next we establish an essential result about convergence:

Lemma 4.5. We have for every R > T~ that

lim sup  Wp(ui, ) = 0.
" te[R-1,T]

Proof. We have
WP, 1) < /d 2P x [(x) — £(z)|dz by Lemma 3.2
R

g/ 2P x |02 (x) — bo(x |dx+/ el )+ f(@)) da
B(0,k)
= I(t,n, k) + J(t,n, k) for every k> 0.

By (4.13),
lim sup I(t,n,k)=0.
" te[R1,T]
17



By (4.12) and (4.18),
sup sup J(t,n, k) S (k).

neN¢e[0,T
As such,
limsup sup WP(u, ) S limsup  sup  I(t,n, k)
n te[R—1,T] n te[R—1,T)
+ limsup sup J(t,n,k)
n te[0,T]
S o (k).

The claim then follows by taking the limit & — co. |

4.3. Existence of a weak solution. Notice that p" *u} = p™x¢}. The Fokker-Planck equation
(in distributional sense) associated with (4.1) is

Oply/ (x) = =Op, {b(t, m, {p" + £ }(x), )7’ () } + %3xi3xj{ai’j(t, x, g ) () }-

This means for each (p,1) € C°(0,T) x C°(R?) that

/[OT/Rd x) dpif () dt

d
-y / bt {p" * €7} (), 1) (8) Doy () dyif () dt (4.21)

d
= /o Jr

2 Z /0 [0,7] /]Rd M (@, 1 ) (t) Oz, Oy () dp () it

zyl

Above, a™ is the entry in the i-th row and j-th column of a. We recall from Lemma 4.5 and
(4.13) that

W (il pe) =220, (4.22)
sup |0 (z) — be(x)] =250 for every (¢, R) € [0,T] x Ry. (4.23)

z€B(0,R)

We fix (p,1) € C(0,T) x C*(R?). By (4.22), the boundedness of a, and the continuity of a
w.r.t distribution variable,

[ )00, 0(@) i (@) 2 [0 ()0, sy () dpa ).

Let S := B(0,1) +supp®. Then S is bounded. By triangle inequality,
Ls{[p" * &] = Li}lloo < |ILs{p™  [6 = Le]}loo + [[1s5{p™ * £r — &} loo
< o™ = {1s[l = bl lloo + 1Ls{p™ % £ = Li} oo
< 1sllf = Ce]lloo + [Ls{p™ * £ = L1 }]|oo-

By (4.23), ||1s[¢} — 4t]||cc — 0 as n — oo. By [Brell, Proposition 4.21], ||[1g{p" *¢; — lt}|jcc — O
as n — oo. It follows that ||1s{[p" * £}] — l:}|lcc — 0 as n — oo. This, together with (4.22) and
Assumption 2.1(5), implies
sup [b(t, z, {p" * £ }(x), 1) = b(t, @, (), pe)| *= 0. (4.24)
z€S

18



Recall that |b] < fp and fp € I}{]’g. It follows from (4.22), (4.24) and dominated convergence
theorem that

[ bt g ) ), )0 () i ) 2 [ bt (o). )02 ) (),

Taking the limit n — oo in (4.21), we get

—j & (0 (x) dpag () dt
d
= 3y o P 6000, 00200 )
+35 Z/ /Rd (t, @, 1) (t) O, O, 0 () dpa () dt.

So ¢ satisfies the Fokker-Planck equation
1 -
Ol (x) = —azi{b(t>$7€t($)a pe) ()} + 53@3:@{@2"7 (t,x, ) le ()}
Moreover, £ satisfies the following integrability estimate:

Lemma 4.6. There exists a constant ¢ > 0 (depending on ©1) such that
[ 0@, p)l + ot )l dpae) de < 0+ ol ).
[0,T] JR? a0
Proof. By (4.6),
dX] = b"(t, X;*) dt + " (t, X]") dB;.

Recall that Assumption 3.7 is a special case of Assumption 3.3. By Lemma 4.3, all pairs
(b, 0™ )nen satisfy Assumption 3.3 for the same set of parameters. Then

/ / fo(t,z) duy(z) dt = E[/ fo(t, X[") dt} by Tonelli’s theorem
[0,7] /R4 [0,T7]

<1+ ”fOHEZg by Lemma 3.5(2). (4.25)
We have
/ / Folt, ) dug(x) dt = / im [ 1 (@) folt )6 (x) dz dt (4.26)
[0,T] JR [0,T] k JRrd
< lim inf Lgo,k) (%) fo(t, z)li(z) dz dt (4.27)
k [0,T] JR? ’

= lim inf lim [ 1pg k) (7)fo(t, z)0} (z) dedt (4.28)
k o] ™ JRd

Sliminfliminf/ Lo,k () fo(t, z)6 (v) dzdt  (4.29)
k n [0,7] JRd

< lim inf fo(t, x)0} (x) da dt
n Jo,1] Jrd

<1+ follpze by (4.25), (4.30)

Above, (4.26) is due to monotone convergence theorem; (4.27) and (4.29) are due to Fatou’s
lemma. We will justify how (4.28) follows from fy € L9 and dominated convergence theorem:

(1) From (4.9), we get 1p(0k)(x)fo(t, 2)6} (2) S 10k (@) fo(t, ).
19



(2) From (4.23), we get 1p) () fo(t, 2)0} (x) — 1o (z)fo(t,z)li(r) (as n — oo) for
every z € RY.

We denote by I the left-hand side of the inequality in the statement of Lemma 4.6. Then

I<1+ fo(t,z) dpy(z) dt
0,7] JRd

S 1+ follzzo by (4.30).
This completes the proof. |

We have
(1) The maps (t,x) — b(t, z, b (x), 1) and (¢, z) — a(t, x, ) are measurable.
(2) By Lemma 4.6,

S g A0 ) )l ) )t < o

(3) By (4.20), the map [0,T] — P,(R%), ¢ + p; is continuous.
By superposition principle [Fig08; Trel6; BRS21] as in [BR20, Section 2], the SDE (1.1) has a

weak solution whose marginal distribution is exactly (p).

4.4. Existence of a strong solution. By the previous subsection, there exists a PS (Q A,P)
on which there exist a d-BM (By), an AF (F;) and a continuous (F;)-adapted process (X;) such
that

{dXt = bft, tht()_(t), ,U,f) dt —+ O'(t, Xt, ut) dBt, (4 31)
v=L(Xo), pt=LXs), m(der)=~>(x)dx.
We define the map -
b:[0,T] x R x Pp(RY) — RY

by B
Then ~ o ~ ~

dX; = b_(t,Xt,/Lt) dt—i—a(t,)_(t,ut) d By, (4 32)

v=L(Xo) and pu = L(X). .
We consider the McKean-Vlasov SDE

d}/t = l_)(tvyivﬂt) dt+0’(t7Yt,ﬂt) dBt7 (4 33)

—£(Y) and i = £(Y),

where (By) is the fixed d-BM on the fixed PS (€, .4, P) introduced in Section 1.

Let us verify that (b, o) satisfies the conditions of Corollary 3.13. By Assumption 2.1[(1) and (3)],
as(z, 0) is invertible and z +— oy(z, o) is weakly differentiable with |Voy(z, 0)| < 2L, fi(t, z).
By Assumption 2.1(2), we have |b(t,z, 0)| = |b(t, z, (), 0)| < Cfo(t,z). By Assumption 2.1(5),
since ¢;(x) is fixed,

|l_)(t7 x, Q) - l_)(t7x7 Ql)‘ - ’b(t,l’,&j(ﬁ% Q) - b(t,a?,ﬁt(x), Ql)| S CWp(gv Ql)

The remaining requirement |oy(x, o) — o4(y, o')| < C{|x — y|® + W,(0, o)} is given by Assump-
tion 2.1(5).

As such, the SDE (4.33) is both strongly and weakly well-posed by Corollary 3.13. By strong
well-posedness of (4.33), it has a strong solution (Y;) on the fixed PS (£2,.A,P) driven by the
fixed d-BM (B).

20



By (4.32), (X;) is a weak solution of (4.33) on the PS (9, A4, P). By weak well-posedness of
(4.33), we have u; = piy for every t € [0,T]. Thus £L(Y;) = p¢ and

d}/t = b(ta Ytygt(yvt)a Mt) dt + U(t7 }/ta Mt) dBt7

Recall from (4.31) that uy(dz) = ¢¢(x) dz. As such, (Y;) is a strong solution to the SDE (1.1) on
the fixed stochastic basis. This completes the proof.

5. PROOF OF THEOREM 2.3
For k € {1,2}, we consider the SDE

{de = b(t, X[, 06 (XF), pf) dt + o(t, X[) dBY,
v = L(XE), pf =L(XF), pf(de)=L0F(z)da.

Above, (Bf,t > 0) is a d-BM. We define measurable maps
b*:10,7] x RY — R?
by
O (t, @) = b(t,x, b (), ).

5.1. Uniqueness of marginal density. Clearly, (b*, ) satisfies Assumption 3.7. We denote
bf(z) == b¥(t,x). By Lemma 3.10,

@) = [ Aoty + [ [ @0,V ) dyds
Then
B@) = 4@ < [ AT w21 ()~ b0l dy
[ B0 186) — A * 19,058 ()| dy ds

[ AR -2 x 19,57 0, )] dyds.

We write M; < M if there exists a constant ¢ > 0 (depending on ©1) such that M; < cMs.
Thus

B@) - @< [ 5700l () ~ (vl dy (52)
t
+/0 /R 162 (y) — ()| X [Vypef (v, 2)| dy ds
t
[ AwIE) - bl < 1V, 0. 2)] dy ds.

By Corollary 3.9(1),

sup |4}l < [0y lloo- (5.3)
te[0,7
By Assumption 2.1(5),
b2(y) — bs ()] < 16 (y) — L (w)] + Wi, ug)- (5.4)
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By (5.2), (5.3) and (5.4),
@ = @15 [ 267 0 2)lbu (0) — b () dy
F O Wnlloe) [ [ 180) — 6 % 19,087 ()] dy s
+/ Wo(u3, os) / GWIVyP (y,2)] dy ds
= Bft2) + (1+ o o) Dot ) + Ty (t,)

The pair (0, o) satisfies Assumption 3.7. By Lemma 3.8, there exists a constant A > 0 (depending
on ©1) such that for i € {0,1},0 < s <t < T and z,y € R%:

IVl ()| < By — ) (55)
Then
[ (aP + DIViE o) do < [ (2 + Dpi (=) do by (5.5
< (=) E (P + 1), (56)
We define a measurable map f : [0,7] — R by
£ = [ (2 + DIE (@) - @) do.
By (3.8), f is bounded. First,
[ (2P + Dt ) da
= [ [ 0) - ) /R (P D (v, ) ddy s
/ [ 160 ® = L@yl + D dyds by (5.6
< [0l + DI @) = £ @) dy = £(0).

Second,
[ e+ Dot ) do
= [ [ 10 = )l [ (el + DIV, (0] ey s
R
S /0(’5*3) %/ [2(y) — €5(W)|(Jy[” + 1) dyds by (5.6)
= /t(t—s)_éf(s)ds.
0
Third,

[+ DIy (t,2) o

R4
t

= [ Wb [ 6w [ (el + 019,007 (50)] do dy ds
0 Rd Rd

t 1
< [e=9 wadd) [ @yl + Ddyds by (5.6
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<0 Mylo) [ (6= 9) W2 ) ds by (39)
< (1 +Mp(ul))/0t(t — §)7F|f(s)|rds by Lemma 3.2.

To sum up,

=

FO) < SO+ (4 o+ My0) [ (T =815 (7G6) + 7)) s

Because p = 1, we get
t 1
£ < £(0)+ (L oo + M) [ (T = 5)73 1) ds.

By Gronwall’s lemma,

o F(t) 5 F(0) exp {2VT(1 + ||y, [loo + M (11))}. (5.7)

This implies the existence of the function A as required in Theorem 2.3(1).

5.2. Weak and strong uniqueness of a solution. Now we assume vy = vy = v. By (5.7),
0} =02 = t; and p} = p? =y for t € [0, 7). Then b = b? = b. By (5.1),

dXF =b(t, XF)dt 4 o(t, XF) dBE.

We consider the SDE
{dYt =b(t,Y;)dt + o(t,Y:) dB, (5.8)

v = L(Y0).

Let us verify that (b, o) satisfies the conditions of Corollary 3.13. By Assumption 2.1(2), the
drift b satisfies

‘b(tv x)‘ = ‘b(t7 €, Et(x>7 Mt)‘ < Cf(](tv x)
The remaining requirements on o by Corollary 3.13 are satisfied by Assumption 2.1[(1), (3) and
(5)]. We thus conclude from Corollary 3.13 that the SDE (5.8) is both strongly and weakly
well-posed. We note that (b, o) is distribution-free, so (5.8) is a classical SDE; Corollary 3.13
applies with trivial distribution dependence.

Weak uniqueness. Both (X}) and (X?) are weak solutions of (5.8) with the same initial
distribution v. By weak uniqueness of (5.8), the SDE (1.1) has weak uniqueness.

Strong uniqueness. Assume now that (B}) = (B?) = (B;) (the same prescribed d-BM) and
that X} = Xg P-a.s. Then (X}) and (X?) are both strong solutions of (5.8) on the same
stochastic basis (2, A, P, (F3), (Bt)) with the same initial condition. By strong well-posedness of
(5.8), we conclude X! = X? for all ¢ € [0, T], P-a.s. Hence the SDE (1.1) has strong uniqueness.
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7. APPENDIX

Proof of Lemma 3.2. For B € B(RY), we denote by II(B) the collection of all finite measurable
partitions of B. This means (Bi,...,B,) € II(B) if and only if {B1,...,B,} C B(R?) are
pairwise disjoint and B = {J;;_; Bx. We have

|w—v|(B —sup{Z\ —v)(By)| (Bl,...,Bn)GH(B)}
:sup{2|/3 (€, — £,)(x)dz| : (Bi,...,Bp) EH(B)}

<sup{2/ 0, —4)|(z)da (Bl,...,Bn)eH(B)}

= /B 16, — £,|(x)dx

On the other hand, we have from [Vil03, Proposition 7.10] that
p p—1 P —
Wen) < (12 ) [ el dlu— v(@)
The claim then follows. |

Proof of Lemma 3.10. First, we recall some notions related to (3.12). The semigroup
(Pif Jo<s<it<t is defined for z € R and bounded measurable function f : R? — R by

PLy f@) =ElF(X20) = [ b @y fo)dn
The differential operator (L?’J)te[oﬂ is defined for f € C%(R?) and x € R? by
U 1
L7 f (@) = (), V() + 5 tr(an(@) VA ().

The backward Kolmogorov equation holds, i.e., for f € C? RY,z2ecRYand 0 < s <t < T:
Os Py f(x) + LY P f(x) = 0. (7.1)
Next we go on to prove the result. Let f € C°(R%). Applying It’s lemma on [0,1] x R? —
R, (s,7) — (ngf)(m), we have
(P (X} = {(0s + LYY (P [)HX) ds + dM,
= {(0s + L27) + (L7 — LY7)H(POY £)(X,) ds + d M,
= {(L}7 = LY7) (P f)}(X,) ds + dM,. (7.2)

Above, My = 0 and dM, = {V(Py7 f)(Xs)} o(s, Xs) dB; for s € [0,¢]; and (7.2) is due to
backward Kolmogorov equation (7.1). Then

FO0) = (PR7 D)) + [ 00X, V(R (X)) ds (73)
+ [V )XY ot X B,

Clearly, f and thus P(?, v f are bounded. Let’s prove that HV(PQ Y oo < 0o. Tt suffices to verify
that Pg v f is Lipschitz. We consider the SDE

dYtsx,t :J( ’ st)dBS’ te [S T]7Y;s =Z.
27



By [HW22, Theorem 1.1(2)], there exists a constant ¢; > 0 such that

P f(z) — PO f(y)| = [E[F(YE)] — E[f (V)]
< HVfHOOEHth - YsytH
< ||V floolz —yl.

We have
U |bs(Xo)| % |V(PYY f )(Xs)lds} < HV(PSO’;"f)HOOE[/Otg(t,XS)ds}

< IV(PES F)llocllgllzey by Temma 3.5(2).

n (7.3) is P-integrable. Then
/e dx_/ 0 (@) (Pyy f)(z) dz (7.4)

+ / (@) (bo(2), V(P ) (@) da ds.
0 JR

So each term i

By Lemma 3.8(1) and Leibniz integral rule,
(Psotaf = Vg / pst (z,y)f dy—/ V:cpst )f(y) dy.

So (7.4) is equivalent to

[ e@raar= [ ([ pS’;‘(y,xm(y)dy) (@) da

t Jo (/ [ )00, Ve (5,2)) dy s ) o)

The required representation then follows. |

Proof of Lemma 3.11. WLOG, we consider R > 0. We write M; < M, if there exists a

~

constant ¢ > 0 depending on (O3, v, p) such that M; < cMs. We denote by ¢, the density of X;.
Then

b(w) = [ ok .2) du().

By Lemma 3.8(1), there exists a constant A € (0,1) depending on ©3 such that pg’g(y,x) S
pg’)‘(y —x). Then 4, (z) < pg’A x v(x). Let Z be a standard normal random variable on R?. Let

Y be a random variable on R?, independent of Z, with distribution v. Let ¢; == ,/% and s := %
Then

[ el (@) S ElazivimlaZ + YT
(0,R)

S E[(1ge,zi>sry T Ly i>-s)r}) ([ctPIZF + [Y]P)]
SE[ {\Z\>%}|Z|p} +E[1{|Z|>%}‘Y’p]

+E[lyyisa-9r 211 + Elgysa-sry Y7
= I1(R) + I2(R) + I3(R) + 14(R)
=: ¢(R).

By Markov’s inequality,
crE[|Z]]

<
P[|Z] > sR/cr] < R
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E[Y]]

PIYI> (1= )R <

We have E[|Z|P] + E[|Y|P] < co. By dominated convergence theorem,
lim I,(R) = lim Ih(R) = li — —0
A 1) = iy, BUR) = g, To(F) = g, () =0

This completes the proof.
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