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Abstract

We show how quantitative easing (QE) can lower government borrowing rates while weak-
ening long-run debt sustainability. In a model with downward-sloping debt demand and pri-
mary deficits, we establish a trilemma: central bank purchases cannot simultaneously lower
rates, leave the primary balance unchanged, and preserve central bank capital—the finite re-
sources underpinning the central bank’s power to lower borrowing rates and provide crisis
financing. QE depletes central bank capital, reducing future fiscal income and crisis-financing
resources. This depletion raises stable steady-state debt and lowers the default boundary. Suf-
ficient central bank capital depletion can eliminate the stable steady state and eventually lead
to government default. Moreover, continued QE to keep borrowing rates low requires accel-
erating central bank capital depletion, but rapid quantitative tightening (QT) to rebuild central
bank capital can raise borrowing rates above their pre-QE level, producing a taper-tantrum-like
spike. Longer QE magnifies this QT spike and can destabilize debt, creating an intervention

trap that requires renewed central bank intervention or fiscal adjustment.
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1 Introduction

Central banks across advanced economies have implemented unprecedented quantitative easing
(QE) programs since the 2008 global financial crisis (GFC), purchasing trillions in government
bonds to lower longer-term yields and ease financial conditions. Figure 1 documents a common
pattern across the U.S., U.K., and Japan: balance-sheet expansions during 2008-09 and 2020 left
central-bank assets/GDP at higher levels, while government debt/GDP remained well above its
pre-GFC levels. The conventional view holds that such monetary accommodation improves debt
sustainability by lowering financing costs. We show that QE can instead weaken long-run debt

sustainability when rate suppression depletes central bank capital.
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Figure 1. Central Bank Balance Sheets and Government Debt. We plot central bank balance sheet
size/GDP and government debt/GDP for three countries. Data construction is documented in Appendix B.

In this paper, we develop a theory of the effects of QE on government debt sustainability.
Our theory builds on a standard frictionless macro model augmented with two key features: (i) a
downward-sloping demand curve for government debt and (ii) a finite stock of central bank capital.
Central bank capital is not a particular balance-sheet item. We use the term for the collection of
finite resources under central bank control that generate fiscal income in normal times and can be
mobilized to support the government during a debt crisis. Its components may include foreign
reserves, remaining seigniorage capacity, banks’ capacity to absorb reserves supported by their
stable deposit base, and the ability to raise funds on favorable terms supported by central bank
credibility and independence. A policy need not deplete every component. It may preserve one
source of central bank capital by drawing on another. What matters for our results is whether the

policy reduces the resources’ aggregate contribution to future income and crisis financing. We



represent this capacity in reduced form as a finite, income-generating asset. Drawing it down
finances support today but reduces the resources available tomorrow.

Our starting point is an asset purchase trilemma. In our model, lowering the government’s
real borrowing rate through central bank bond purchases requires real resources. These resources
must come either from an increase in the fiscal authority’s primary balance or from a drawdown of
central bank capital. Hence, asset purchases cannot simultaneously lower the borrowing rate, leave
the primary balance unchanged, and preserve central bank capital. A fiscal transfer financed by
additional Treasury issuance does not evade this constraint: the new bonds replace those purchased
by the central bank, leaving the borrowing rate unchanged. In practice, QE is typically financed by
issuing reserves. Our banking microfoundation shows how this financing draws on central bank
capital even as the central bank’s balance sheet expands: additional reserves absorb banks’ finite
balance-sheet capacity, displace lending, and reduce the capacity available for future intervention.
Thus, QE depletes central bank capital that would otherwise generate fiscal income and support
the government in a refinancing crisis.

This depletion leads to our first debt-sustainability result: structural fragility. Lower central
bank capital reduces future remittances, widening the consolidated primary deficit." The govern-
ment must borrow more to cover the lost income. Because additional borrowing pushes down
bond prices, debt settles at a higher level and moves closer to the point beyond which it no longer
converges. Meanwhile, less central bank capital remains to support refinancing in a crisis. These
effects shrink the additional market financing available before debt becomes unstable or impossible
to refinance, thereby weakening debt sustainability. If the central bank capital loss is sufficiently
large, no sustainable steady state remains and the government eventually defaults, a QE-induced
sustainability collapse.

This result challenges the view, emphasized by Sargent and Wallace (1981) and a broader
literature, that monetary accommodation supports debt sustainability by easing the government’s
financing burden. The key distinction is whether the resources used to provide that support are
depletable. In the Sargent—Wallace baseline, money creation today does not reduce the resources
available for future monetary financing. In ours, QE depletes central bank capital: easing the
government’s financing burden today reduces the resources available to sustain its debt tomorrow.

Persistent QE creates an intervention trap: keeping rates low requires accelerating central bank
capital depletion, which makes restoring the pre-QE position increasingly costly. Each drawdown
reduces the central bank capital income entering the consolidated primary balance. With the fiscal

authority’s primary balance unchanged, a larger drawdown is then needed to maintain the same

ICentral bank remittances are quantitatively important for the primary balance. For example, in the U.S., from 1946
to 2025, the average absolute value of primary balance/GDP is 1.91%, and the average central bank remittance/GDP
is 0.25%. Thus, the average central bank remittance/GDP is approximately 13% of the average absolute value of
primary balance/GDP.



borrowing-rate target next period. Continued rate suppression therefore becomes infeasible in fi-
nite time. Rebuilding central bank capital through quantitative tightening (QT) requires the central
bank to sell government bonds to private investors. With the primary balance unchanged, their
financing must cover both central bank capital rebuilding and the diminished central bank capital
income. Full rebuilding in a single period therefore raises borrowing rates above their pre-QE
level, producing a taper-tantrum-like spike. This spike becomes larger after longer QE. Slower
QT can spread the rebuilding cost across periods and avoid the sharp spike if debt stays below its
evolving stability threshold.

Moreover, this intervention trap is also reflected as the need for more intervention. In particular,
QT can turn a stable debt trajectory into an unsustainable one, begetting more intervention. Rapid
rebuilding via QT increases privately held debt and can push it beyond the restored economy’s
stability threshold. Above that threshold, borrowing to service debt depresses bond prices and
raises financing costs, causing debt to grow rather than converge. Without fiscal adjustment, the
central bank may have to resume bond purchases to bring privately held debt back below the
stability threshold. QT can thus beget renewed intervention. In addition, during this renewed
intervention, financing these purchases draws down the central bank capital it has just rebuilt, so
the central bank is trying to bring debt below a threshold that its own intervention is lowering. An
alternative way to rebuild central bank capital is through an immediate primary-balance increase,
which can restore original net debt and central bank capital without central bank bond sales. But
the required fiscal adjustment grows at an accelerating rate with preceding QE duration. Thus,
maintaining low rates longer postpones adjustment while making it larger.

We microfound central bank capital depletion through banks’ capacity to absorb reserves, sup-
ported by their stable deposit base. The central bank taps this capacity by issuing reserves to finance
QE. With bank balance-sheet capacity constrained, additional reserves displace bank-dependent
lending and reduce the space remaining for further reserve issuance. The associated loss of tax-
able lending income and the cost of remunerating reserves determine the effect on the consolidated
government budget. Ultimately, reserve-financed QE produces the same consolidated budget im-
plications as in the reduced-form model of central bank capital. Under the conditions stated in
Section 5, the banking economy delivers the same structural-fragility, sustainability-collapse, and
intervention-trap results as the baseline model. The same debt-sustainability logic also carries over
when central bank capital derives from foreign reserves or remaining seigniorage capacity. The re-
sults therefore do not depend on the source of central bank capital but apply whenever QE depletes
a finite fiscal resource that supports the government in normal times and in a debt crisis. Ending
asset purchases does not by itself restore central bank capital. In the banking model, reserves that

remain outstanding continue to absorb banks’ balance-sheet capacity. A permanent component of



the reserve expansion therefore leaves central bank capital depleted and weakens long-run debt

sustainability.

Literature. Our paper contributes to an extensive literature on sovereign debt sustainability,
including foundational work by Bohn (1995, 1998), empirical analyses of fiscal fatigue (Ghosh
et al., 2013), quantitative sovereign default models surveyed by Aguiar and Amador (2014) and
D’Erasmo, Mendoza, and Zhang (2016), and work on how financial integration affects government
debt choices (Azzimonti, De Francisco, and Quadrini, 2014). This literature has largely abstracted
from the role of monetary policy. As Willems and Zettelmeyer (2022) document, when central
banks appear at all, the focus is on preventing rollover crises or maintaining secondary market lig-
uidity, not on how monetary operations change future remittances and crisis liquidation resources.
We fill this gap by showing how QE can undermine sustainability through central bank capital
depletion. Our distinction between the size of the central bank’s balance sheet and the fiscal re-
sources it controls is consistent with Reis (2013) and Del Negro and Sims (2015). We formalize
those resources as a finite, depletable stock of central bank capital.

Research on fiscal backing and price-level determination explores monetary-fiscal interactions
but abstracts from balance-sheet policies and default risk (e.g., Leeper, 1991; Sims, 1994; Wood-
ford, 1995; Cochrane, 2023; Bianchi, Faccini, and Melosi, 2023; Bigio, Caramp, and Silva, 2024;
Angeletos, Lian, and Wolf, 2024). Recent papers explicitly addressing QE’s fiscal impact predom-
inantly emphasize its benefits. Adrian et al. (2026) conclude in a quantitative dynamic stochastic
general equilibrium model that “QE tends to significantly improve the consolidated fiscal position.”
Elenev et al. (2022) find QE reduces debt/GDP ratios and fiscal risk. Corsetti and Dedola (2016)
and Camous and Cooper (2019) show monetary policy prevents self-fulfilling crises through coor-
dination effects. Hurtado, Nufio, and Thomas (2023) demonstrate inflation improves sustainability
with nominal debt. Work on specific QE programs (Alberola et al. 2023 on Japan; Alberola et al.
2025 on the ECB) concludes accommodation kept debt sustainable despite high levels.

Our intervention-trap result qualifies the optimistic r < g interpretation when the observed low
rate is produced by balance-sheet intervention. Post-2008 persistently low rates sparked renewed
interest in debt dynamics when r < g. Blanchard (2019) shows that when the safe interest rate
remains below the growth rate, debt rollovers may be feasible without later tax increases and pub-
lic debt may have little or no fiscal cost. The low safe rate in this argument is a feature of the
economic environment. Subsequent work, including Mehrotra and Sergeyev (2021), Reis (2021,
2022b), Brunnermeier, Merkel, and Sannikov (2022, 2024), Ball and Mankiw (2023), and Abel
and Panageas (2025), explores optimal debt levels and debt Ponzi schemes when structural real
forces drive interest rates permanently below growth rates. This builds on an earlier overlapping-
generations literature (Diamond, 1965; Ball, Elmendorf, and Mankiw, 1998; Blanchard and Weil,



2001) on the possibility of debt rollovers in dynamically inefficient economies. We show that low
rates can instead be a temporary consequence of QE. The purchases that suppress yields for ex-
tended periods reduce central bank capital and eventually become infeasible. A low rate produced
by QE can therefore signal declining central bank capital rather than greater capacity to support
debt.

We contribute to the literature on unconventional monetary policy, which studies QE’s trans-
mission through local supply (D’Amico and King, 2013), credit markets (Rodnyansky and Dar-
mouni, 2017; Di Maggio, Kermani, and Palmer, 2020; Koijen et al., 2021), portfolio rebalancing
(Selgrad, 2023), liquidity and financial stability (Greenwood, Hanson, and Stein, 2015, 2016; Kiy-
otaki and Moore, 2019; Haddad, Moreira, and Muir, 2021; d’ Avernas and Vandeweyer, 2024; Li,
2025; Geromichalos et al., 2025; d’ Avernas, Petersen, and Vandeweyer, 2026), and risk premia
(Greenwood and Vayanos, 2014; Lenel, 2017; Vayanos and Vila, 2021; Corhay et al., 2023; Ray,
Droste, and Gorodnichenko, 2024; Haddad, Moreira, and Muir, 2024, 2025), using event studies
(Krishnamurthy and Vissing-Jorgensen, 2011) and demand-based analyses (Chaudhary, Fu, and
Zhou, 2024; Fang and Xiao, 2024; Eren, Schrimpf, and Xia, 2025; Jansen, Li, and Schmid, 2026).
Work on QE’s costs emphasizes political risks from central bank losses (Bernanke, 2020), bank-
lending crowding out (Diamond, Jiang, and Ma, 2024), and taxpayer exposure from replacing
long-term debt with floating-rate liabilities (d’ Avernas et al., 2026). We show that QE’s success
in lowering yields through portfolio balance can itself deplete central bank capital: the short-term
reduction in privately held debt can lower the consolidated primary balance and default boundary.
Without fiscal adjustment, rebuilding central bank capital through rapid QT requires additional
private financing and pushes yields above their pre-QE level, providing a fiscal explanation for the
overshooting that Jiang and Sun (2024) obtain through slow portfolio adjustment.

The remainder of the paper is structured as follows. Section 2 develops the model. Section 3
characterizes baseline debt dynamics and sustainability absent central bank intervention. Section 4
analyzes the impact of QE on debt dynamics, contrasts our results with the literature, and discusses
robustness. Section 5 microfounds central bank capital through the banking sector and introduces

term premia. Section 6 concludes.

2 Model

In this section, we present our baseline model. It features a fiscal authority that issues debt, a
central bank with a finite stock of central bank capital, and downward-sloping private demand for

government bonds. All proofs are in the Appendix.



2.1 Model Setup

Overview. We use fiscal authority (or Treasury) for the debt-issuing institution and consolidated
government for the fiscal authority and central bank together. Government bonds and government
default refer to the fiscal authority’s debt and its repayment. Private investors are long-lived and
have linear utility with a constant discount rate. The fiscal authority pays transfers and maturing
debt with taxes and new debt issuance. The fiscal authority has a negative primary balance before
central-bank remittances.’

The central bank controls a stock of central bank capital, holds government debt, and remits its
income to the fiscal authority. We represent central bank capital in the baseline by a tradable asset
that generates income while held and liquidation proceeds when sold. This reduced-form repre-
sentation isolates the financing trade-off behind our main results. Interpreted literally, the asset can
represent foreign reserves. But, more generally, it should be thought of as a stand-in for the ag-
gregate future income and crisis-financing capacity associated with the resources controlled by the
central bank.® These sources share the same intertemporal trade-off: using the relevant capacity to
finance intervention today reduces future fiscal income and crisis-financing capacity. Appendix A
presents historical episodes illustrating these sources and the limits on repeated monetary support.

We specify fiscal and central bank policies rather than derive them from optimization. Our aim
is to characterize how asset purchases and their financing affect debt dynamics and the govern-
ment’s ability to repay under alternative policy rules.

We use capital letters to denote aggregate variables and lowercase letters to denote an individual

household’s decisions.

Environment. Our baseline model features zero growth for simplicity, and output in the econ-
omy takes the form of a constant dividend Y produced by a Lucas tree. We normalize ¥ = 1.
Denote by P! the market price of the tree at time ¢.

The private sector consists of a unit mass of long-lived households with preferences

Y B (uter) +((1— 8980 ) m
t=0

%A negative primary balance does not necessarily make government debt unsustainable: the convenience yield on
government debt can support a limited primary deficit. See Section 4.8.

3We provide microfoundations below. Section 5 derives central bank capital from banks’ remaining capacity to absorb
reserves. Appendix D discusses foreign reserves and remaining seigniorage capacity as alternative sources. Other
potential sources include the ability to raise funds on favorable terms supported by central bank credibility and
independence. Repeated extraordinary interventions may erode credibility and independence and thereby reduce this
financing capacity.



Here c¢; is date-t consumption, and bf’ is the face value of government bonds that household /4 car-
ries into date ¢, when they mature. The indicator 8 € {0,1} represents the household’s belief,
formed at date r — 1, about government default at date #: it equals one if default is expected and
zero otherwise. We assume complete default whenever default occurs, so (1 — §/")b is the antici-
pated repayment on those maturing bonds. The functions u and v capture consumption utility and
convenience benefits from government debt, respectively,* and B € (0,1) is the discount factor.
Government debt provides convenience benefits only insofar as investors expect repayment. Its
safety is therefore endogenous, in the spirit of He, Krishnamurthy, and Milbradt (2019). There are
two types of households: a fraction m € [0, 1] are bond vigilantes who have correct beliefs about
payoffs from government bonds, i.e., 5 = &, where & € {0,1} is an indicator that is one if the
government defaults at date . The remaining fraction 1 — m are sticky investors, who formulate
beliefs based on past realizations of default, setting §° = &_ 1.

We use the following functional forms:

u(c)=c, v(b) = xb (1—13), @)

2 by
with parameter restrictions y € (0,1), by > 0, and (14 x) > 1.% Initially, households own a
fraction Oc(’)l € (0, 1] of the Lucas tree. They can hold and trade trees and government bonds subject
to no-short-sale constraints. At time ¢, households choose consumption ¢; and asset holdings in
two types of assets: government bonds with face value bf‘ 't1 = 0 that mature at 7 + 1 and Lucas tree

holdings OcthJr | = 0. The household budget constraint is

i+ B ol +BPbt + To= Bl ol + oY + (1 - 8)by, 3)

where P is the real bond price per unit of promised payments at the beginning of the next period

and 7; denotes lump-sum taxes net of transfers set by the fiscal authority.

4A growing literature analyzes and models the convenience demand for U.S. Treasuries. See Krishnamurthy and
Vissing-Jorgensen (2012); Nagel (2016); Caballero, Farhi, and Gourinchas (2017); Jiang, Krishnamurthy, and Lustig
(2021); Krishnamurthy and Li (2023); Cieslak, Li, and Pflueger (2024); Diamond and Van Tassel (2025). The partial
response of government debt values to primary balance shocks (Cram, Kung, and Lustig, 2025; Wiegand, 2025) and
the gap between debt values and primary-balance backing (Jiang et al., 2024) motivate considering sources of debt
value beyond primary balances. Survey evidence in Delao and Li (2026) identifies global safe-asset demand as the
most prominent perceived source of U.S. government debt.

>Government debt is largely held by institutional investors, many of whom adjust their portfolios infrequently (Chaud-
hary, Fu, and Zhou, 2024; Eren, Schrimpf, and Xia, 2025; Jansen, Li, and Schmid, 2026).

The condition B(1+ x) > 1 ensures that the convenience yield is large enough relative to discounting for positive
steady-state debt to exist.



The fiscal authority issues real bonds B;, imposes lump-sum taxes 7; on all households, and
receives transfers 7.8 from the central bank. For simplicity, there is no government spending. The

flow budget constraint of the fiscal authority is
(1—8)B, = B (Bi1 — By 801)Brt + T+ T, @)

where PB(B, | — Btcfl, 0;+1) makes explicit that the equilibrium bond price depends on debt held
by private investors, B — Btcfl (total debt minus central bank holdings), and the government
default decision 1. The fiscal authority takes this price schedule into account when choosing
issuance. Whenever consistent with its flow budget constraint (4) and the equilibrium bond price
schedule B, + PP(B;11 — Btcfl ,0r+1), the fiscal authority repays its maturing debt obligations,
& = 0, and maintains a constant primary balance 7, = T < 0.’

Conditional on repayment and a given bond price schedule, different debt issuance levels may
satisfy the same funding requirement. A larger issue then entails additional promised repayments
next period without providing additional financing today. We therefore assume that the fiscal
authority chooses the smallest debt issuance consistent with its flow budget constraint.?

If these desired choices become infeasible, the fiscal authority defaults immediately and fully
and permanently ceases issuing debt. Let tp denote the first default date. For all ¢t > 1p, & = 1
and B, = 0: inherited debt is written off at 7p, and debt remains zero from ¢p + 1 onward. From
the default date onward, the fiscal authority sets 7; = —7,C5, passing any central bank remittances
through to households. The government does not reenter the debt market.

The central bank is separate from the fiscal authority. It is initially endowed with a fraction
op=1— oc(’)Z of the Lucas tree and with B(C)B government bonds. It can participate in the market for
both assets. We interpret central bank tree holdings ¢; as central bank capital. The flow budget

constraint of the central bank is
Bl oy +PPBEA + TP = Ploy + oY + (1 - 8)B". (5)

«; and BB denote the date-¢ beginning-of-period tree and government bond holdings of the central
bank, respectively. We assume 0 < o < & < 1. The upper bound on tree holdings ensures that the

private sector is always marginal in the market for trees. In normal times, central bank capital is

"The implicit assumption on within-period timing is that the fiscal authority and central bank first choose quantities

(Bi+1 ,Btcfl) and then the market price P2(B, 1 — Btcfl ,0;+1) is determined by market clearing. This is a common
assumption in the sovereign default literature and avoids multiplicity a la Calvo (1988) that would result from the
market first coordinating on a bond price.

81f multiple current-repayment equilibria with different beliefs about next-period default exist, we select the one with

the smallest debt issuance.



held fixed, o1 = ;. The policy experiments in Section 4 specify departures from this benchmark,

including asset purchases, crisis support, and rebuilding.

Definition 1 (Equilibrium). An equilibrium consists of consumption—portfolio choices of bond
vigilantes {c},b}, 0, }; and sticky investors {c{,b;, 0}, a path of fiscal decisions {T;,8}; and
central bank decisions {B®, T8 oy}, Lucas tree prices {PY},, government debt prices {PP},,
and household beliefs {8}, 6] }; such that

* Consumption—portfolio choices are optimal given the path of asset prices and household
beliefs;

* Sticky investors have the sticky belief 6; = &_1, while bond vigilantes have rational expec-
tations: 8 = & for all t, where & € {0,1} is the actual default indicator determined in

equilibrium.

* Fiscal and central bank decisions satisfy their respective budget constraints (4) and (5) and

the specified policy rules.

* Markets clear for bonds, Lucas trees, and consumption goods.

2.2 Government Debt Demand and Pricing

Because consumption utility u is linear, the equilibrium real rate must be constant at R = 8~!. Due
to the assumption oy < @ < 1, there is always some household in equilibrium that is marginal in
the market for trees. With the transversality condition on pricing the Lucas tree, the ex-dividend
tree price equals the present discounted value of future dividends,

P’ = iR‘SY = LY. (6)
s=1

1-p
Household demand for bonds depends on default perceptions and the current bond price. For

both bond vigilantes and sticky investors (i € {v,s}), optimal bond demand is

\ bomax {14y~ (1-PF/B),0} if§/\, =0
by = ; @
0 otherwise

In particular, bond demand is decreasing in the price P? and it is zero whenever an agent
expects a default next period, 5[;1 = 1. When vigilantes expect repayment next period (&1 = 0),
they choose the same bond holdings as sticky investors, even if they anticipate default at a later

date tp > ¢+ 1. They withdraw only when they anticipate default on the bonds they are buying.



Before default, & = 0, so sticky investors’ backward-looking beliefs imply &, ; = & = 0.
Aggregating individual bond demand (7) across households, with vigilantes holding correct beliefs

8 | = 6,41, yields aggregate private-sector bond demand

Bj.y = (1=m& 1) bomax {1+ ' (1-Pf/B),0}. ®)

CB
t+1°

faced by the fiscal authority. For non-negative net debt issuance B?H = By — Btcfl >0 and

Imposing bond market clearing B; | = B? 'v1 B}, we obtain the nonnegative bond price schedule

1—mb,1 >0, itis

PB(Biyy —BCB, . 8,0 1) :i=max{ B[ 1+ | B o B ) )
t+1 t+1» t+1) -— % bo(l—m5t+1) ) )

which weakly decreases with net bond supply B, | — Btcfl and default belief & 1. If m = &1 =
1, private market financing is zero. Equation (9) shows that the bond price is affected by both
investors’ default expectations and the debt held by private investors, By — B[Cfl. Holding total
debt B, fixed, a central bank bond purchase reduces privately held debt, raises the bond price,

and lowers the equilibrium borrowing rate, defined as R® = 1/P5.

3 Basic Debt Dynamics without a Central Bank

In this section, we solve the model under the assumption that there is no central bank, o = B,CB =
T8 =0 for all ¢.

3.1 Refinancing Condition and Maximum Market Funding

Assuming no default at date ¢, the flow budget constraint (4) with 7, = T and T,CB = 0 leads to

B -
PB(Bi1,841)Bir1 = BT . (10)
( ) ) L
market financing raised government funding requirement

We first determine the maximum financing the government can raise from private investors. On
the positive-price portion of the schedule, the left-hand side of equation (10) is quadratic in B,
with a negative coefficient on the quadratic term. For 1 —md,1 > 0, market financing therefore

has a unique maximizing debt level B, | and a finite maximum,

_ _ 1+x\%b
maxPP(Byi1,811)Brir = (1 —m&y 1 )F,  F=B—%) 2 (11)
Bty 2 X

10



and the unique maximizer is

Bt+1 = (1 —m5,+1)B, B = HTX@ (12)

X
Because the left-hand side of equation (10) is inverted-U-shaped, there is a solution B, if
and only if the maximum market financing is at least as large as the funding requirement on the
right-hand side. In addition, except in the knife-edge case in which the two are exactly equal, there
are always two solutions Bt(}r)l ,B[(i)l with Bt(i)l <(1-mé,1)B< Bt(i)l.
As assumed in the model setup, the fiscal authority chooses the smaller issue, B;y| = B

(1)

t+1°
which raises the same funds with lower promised repayments next period.

It follows that, conditional on & 1, the government can refinance at date ¢ if and only if
B, <(1—-mé&,1)F+T. (13)

If this condition is satisfied, the next-period debt level B, is uniquely determined and satisfies
B < (1 —m5,+1)é <B.

3.2 Default Boundary and Equilibrium Selection

For m > 0, bond vigilantes withdraw from the market when they expect newly issued debt to
default, reducing maximum market financing from F to (1 —m)F. If (1—-m)F +T < B, < F +T,
this withdrawal prevents the government from refinancing its maturing debt, even though financing
would be sufficient under repayment expectations. The resulting default is permanent and thus
validates vigilantes’ expectations of future default. This type of self-fulfilling debt crisis follows
the logic of Cole and Kehoe (2000). We assume that investors coordinate on the default equilibrium
whenever their withdrawal makes current refinancing infeasible. This selection determines the
default boundary, allowing us to focus on how central bank policy and central bank capital affect
debt dynamics and sustainability. Under this selection, the government defaults at time 7 if and

only if B; > BP, where the default boundary is
BP=(1—-mF+T. (14)

Bond vigilantes understand the default rule and correctly predict whether default occurs, o = &;.
Before the first default, beliefs about repayment of debt issued at # must therefore be checked
against By y1: 6, = 1{B;11 > BP}. Repaying debt maturing at ¢ does not guarantee repayment of
the new debt issued at 7. If that issuance exceeds BP, the government defaults at 7 + 1, as vigilantes

anticipate.

11



3.3 Steady States and Debt Dynamics

Next, we characterize non-default steady states, which satisfy B* < BP. We exclude the absorbing
post-default state: without a central bank, the shutdown rule implies zero debt and zero taxes net
of transfers. To characterize them, we first solve for steady states assuming away default. We
call these “potential steady states” because they are not necessarily steady states in the presence of
default. We check the condition B* < BP ex post. The potential steady states are given by solving
equation (10) with B; = B, 1 = B* and 6,,; =0,

P3(B*,0)B*=B*—T, (15)

This condition is quadratic in debt. Let 75 denote the primary-balance cutoff at which its two roots
coincide. When T < Ty, no potential steady state exists and debt dynamics are explosive. When
T > 719, there are two potential steady states, 0 < Bf < B} < B, which coincide only at T = 1.
For T > 7y, B} is stable and B} is unstable: debt below Bj converges to B} under the no-default
dynamics, while debt above B3 grows. Appendix C gives the quadratic, cutoff, and closed-form
roots.

For actual steady states to exist, we need them to be at or below the default boundary. Next, we
compare B} and B; with BP. Any debt level above BP cannot be a steady state because it leads to
default. Which scenario obtains depends on the fraction of bond vigilantes. Define the following
thresholds: o

F+T-B;
mj:T,]e{l,Z} (16)
For T > 1y, these thresholds satisfy 0 < my < m;. The default boundary lies below B} when
m > my, between the two steady states when my < m < my, and at or above B when m < mj.

We measure sustainability by the additional no-default market financing between the stable
steady state and the first debt level at which either convergence or current refinancing fails. Let
F(B) = P?(B,0)B denote financing on the no-default demand schedule and, when a valid stable

steady state exists, let B'™ = min{B%, B”} denote this limiting debt level.

Definition 2 (Government debt sustainability). The government debt sustainability index is
& = F(B'"™) - F(BY}).

If no valid stable steady state exists, . = Q.
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Proposition 1 (Baseline debt dynamics and sustainability). The location of the default boundary

relative to the potential steady states determines debt sustainability:

(a) No valid steady state. If no potential steady state exists, or if B < B} < B5, any positive
initial debt leads to default in finite time, and . = 0.

(b) Default boundary limits sustainability. If B} < B” < B3, the stable steady state B} is the
unique valid steady state. The financing buffer ends at the default boundary:

. = F(BP) - F(BY}). (17)

(c) Unstable steady state limits sustainability. If B} < B < BP, both steady states are valid: B}

is stable and B; is unstable. The financing buffer ends at the unstable steady state:

& =B —Bj. (18)

All else equal, more bond vigilantes lower the default boundary, and . is continuous and

weakly decreasing in m.

At the boundary T > 7y and m = my, the stable steady state equals the default boundary, B} =
BP. At T = 19, the two potential steady states coincide; this steady state is valid if and only if it
lies at or below BP. In both boundary cases, . = 0, but a valid steady state can still exist, so a
zero financing buffer does not by itself imply inevitable default.

Proposition 1 shows how the primary balance T and the fraction of bond vigilantes m determine
debt dynamics. When m is low, sticky investors continue funding the government after debt crosses
the unstable steady state because no default has yet occurred. As m rises, the default boundary falls
and the set of debt levels that converge to the stable steady state shrinks.

The proposition also separates current refinancing ability from long-run convergence to the
stable steady state. In case (b), the default boundary is reached before the unstable steady state. In
case (c), the unstable steady state is reached first: the government can still refinance immediately
above that point, but debt no longer converges to the stable steady state. More bond vigilantes
lower the default boundary and weakly reduce the financing buffer.

Case (c), with moderate fiscal deficits and few vigilantes, is the most informative. The economy
has both a stable steady state B} and an unstable steady state B5. Debt below B3 converges to B,
while debt above B; grows until default. The unstable steady state therefore separates debt paths
that converge from those that grow until default. Markets can remain calm after debt crosses B}

because sticky investors continue funding the government until default occurs.
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Parameter values for the numerical illustrations without a central bank are reported in the cap-
tion of Figure 2; those for the central bank and QE illustrations are reported in the caption of
Figure 4. Figure 4 isolates the effect of central bank capital by varying it while holding the pri-

mary balance and all other parameters fixed.

—— Government Funding Requirement: B, — T;
1.50 - Market Financing Raised (depends on By 1)
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=
<
g
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=
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Debt Bl or Bl+l

Figure 2. Government Funding Requirement and Market Financing. The figure shows the two sides
of equation (10), assuming & = 0. The intersections are the stable steady state B} = 0.30 and the unstable
steady state B5 = 1.02 in case (c) of Proposition 1. Pink marks the pre-default explosive region; gray marks
debt above the default boundary B” = 1.32. The orange curve connects its two branches at that boundary.
Parameters are § = 0.97, x = 0.52, bp = 1.4, m = 0.05, T = —0.11, and o = 0.

Figure 2 illustrates the mechanics underlying these equilibria. The upward-sloping line rep-
resents the government’s funding requirement B, — T', which increases linearly with outstanding
debt. The inverted parabola shows market financing raised from new debt issuance. It initially
rises with issuance but eventually falls because the price decline dominates the increase in quan-
tity. The two intersections are the steady states B} and B;. We call B; < B} the convergent-debt
region because debt converges to B}, and B; € (B;,BD ) the pre-default explosive region because
debt grows until it crosses the default boundary BP.

Figure 3 translates this static funding analysis into debt dynamics. The function B, = f(B;)
crosses the 45-degree line at the two steady states. The green path starts between B} and B3 and
converges downward, while the red path starts above B5 and grows until default. The unstable

steady state is therefore the boundary between convergent and explosive debt paths.
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Figure 3. Debt Dynamics. The figure shows B, | = f(B;). Parameters are as in Figure 2. The green path
starts at Bg = 0.60, above the stable steady state 0.30 but below the unstable steady state 1.02, and converges
downward. The red path starts at By = 1.10 and grows until default. Dots mark successive debt pairs. Gray
indicates that either debt coordinate exceeds BP = 1.32. Figures 2 and 3 use identical axis ranges.
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In the pre-default explosive region, the government can still refinance in the short term. Sticky
investors continue providing funding because default has not yet occurred, but debt keeps rising
and eventually crosses B?. The model therefore produces a gradual increase in debt followed by

default when bond vigilantes withdraw.

4 Quantitative Easing and Government Debt Dynamics

In this section, we analyze how central bank policies affect government debt dynamics. In a refi-
nancing crisis, the central bank can liquidate its central bank capital and transfer the proceeds to
the fiscal authority before default is declared. We define “normal times” as periods with neither

default nor changes in central bank capital.

4.1 Consolidated Accounting

Assume no default at time ¢ and maintain 7; = T. Define net debt as government debt held outside
the central bank, B, = B, — BtCB . Combining the fiscal budget (4) and the central bank budget (5)
cancels transfers between the two institutions and gives

PB(BI+],61‘+])B;+]+ P,Y((Xt—(x,_,_]) — Bt - (T—l—OttY) . (19)

/

TV TV
market financing raised  central bank capital sold ~ maturing net debt  consolidated primary balance

In normal times, since the central bank does not change its central bank capital (i.e., 0411 = 04),

we further simplify equation (19) as
PB(BHI, 841)Bry1 =B — (T +oyY). (20)

Equation (20) is analogous to equation (10), with gross debt B, | replaced by net debt B, and
the primary balance T replaced by the consolidated primary balance T + o;Y .

As in the model without a central bank, the fiscal authority chooses the lower of the two debt
levels that meet its funding requirement, avoiding additional promised repayments without raising

more funds.

4.2 Neutrality of Fiscally Financed Asset Purchases

We call an asset purchase fiscally financed when the fiscal authority covers the change in the
central bank’s bond acquisition expenditure through a contemporaneous transfer or an equivalent

reduction in remittances. If the primary balance does not adjust, the fiscal authority finances this
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transfer by issuing additional debt. Compare allocations starting from the same inherited state,

BC B

with primes denoting the allocation with the purchase. For Btcfl’ > B

fiscal financing requires

CB B/ n,CB B »nCB
AT = — | PP'BCE — PPBCE |

Subtracting the general central bank budgets in equation (5) then implies Ao = 0, so the purchase

uses no central bank capital.

Proposition 2 (Neutrality of fiscally financed asset purchases). With an unchanged primary bal-
ance, a fiscally financed central bank asset purchase leaves net debt dynamics, borrowing rates,
the default boundary, and government debt sustainability unchanged. Total government debt rises

one-for-one with the central bank’s asset holdings.

With fiscal issuance held fixed, a central bank purchase removes bonds from private portfolios
and raises their price along the downward-sloping demand curve. A fiscally financed purchase
is different because the fiscal authority issues additional debt to finance its transfer to the central
bank. The new issuance replaces the bonds purchased by the central bank, so private investors
hold the same quantity of government debt and provide the same amount of market financing. The
borrowing rate is therefore unchanged. Neutrality follows from the offsetting fiscal issuance.

The neutrality result shows why the financing of asset purchases matters for their rate effect.
To lower the borrowing rate, a central bank asset purchase must reduce the government debt held
by private investors, accounting for any additional Treasury issuance. The next subsection charac-

terizes the financing adjustment required to produce that reduction in net supply.

4.3 The Asset Purchase Trilemma and Quantitative Easing

The consolidated budget in equation (19) yields the following restriction on central bank asset

purchases.

Proposition 3 (Asset purchase trilemma). Starting from the same inherited state and without gov-
ernment default next period, central bank asset purchases cannot simultaneously lower the bor-
rowing rate, preserve central bank capital, and leave the primary balance unchanged. Hence, with

an unchanged primary balance, a rate-lowering purchase requires Ao, < 0.

Proposition 3 shows how the rate effect of asset purchases depends on their financing. An asset
purchase lowers the borrowing rate by reducing the net debt absorbed by private investors. This
reduction also lowers the proceeds the consolidated government raises from those investors. The
consolidated government pays a lower rate because it asks private investors to finance less, and the

missing proceeds must be replaced by either a stronger primary balance or a drawdown of central
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bank capital. The rate reduction and its fiscal tradeoff arise from the same movement along the
bond-demand curve.

The neutrality of fiscally financed purchases differs from classical asset-purchase irrelevance
results (Wallace, 1981; Eggertsson and Woodford, 2003; Curdia and Woodford, 2011): neutral-
ity here arises because fiscal issuance leaves private bond supply unchanged, even though bond

demand is downward sloping.

Definition 3 (Quantitative easing and tightening). QF consists of central bank asset purchases that
lower the real borrowing rate. QT consists of central bank bond sales that rebuild central bank
capital. Both leave the fiscal authority’s primary balance unchanged at T, = T, before central

bank remittances.

Fiscal adjustment is a separate change in 7;. QE and QT can still change the consolidated
primary balance T + oY through central bank capital income.

This definition reflects the financial autonomy that supports central bank independence. In
the United States, the Federal Reserve operates outside the congressional appropriations process,
insulating monetary policy from dependence on fiscal funding (Meyer, 2000; Board of Governors
of the Federal Reserve System, 2026¢). In the United Kingdom, QE purchases are financed by the
Bank of England, not the Treasury (Bank of England, 2021).

Proposition 3 therefore implies that QE requires a drawdown of central bank capital. This
financing cost distinguishes QE from stronger private demand for government debt. Stronger de-
mand raises the price of a given quantity of debt and expands market financing capacity. QE instead
lowers the borrowing rate by reducing the debt absorbed by private investors, using central bank
capital to replace the missing financing. In the banking microfoundation of Section 5, this draw-
down occurs when the central bank finances purchases by issuing reserves, using banks’ scarce
balance-sheet capacity and reducing the fiscal resources associated with it.

The resulting depletion of central bank capital reduces both the income oY available for debt
service in normal times and the liquidation value aP? available during a debt crisis. The next
subsection examines the consequences for the default boundary, steady states, and government

debt sustainability.
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4.4 Debt-Sustainability Consequences

4.4.1 Default Boundary

We maintain a negative consolidated primary balance, T + ;Y < 0, in the debt-sustainability anal-
ysis. Given the default belief 6,;; on newly issued debt, the consolidated government can refinance

its maturing net debt at time ¢ if and only if
B, <(1—m& 1 )F+T+oy(Y+P"), (1)

where F is the maximum market funding capacity in equation (11). The bound in inequality (21)
includes both the period-t central bank capital income oY and the full liquidation value o;P"
available to avert default in a refinancing crisis.

Under the current-default selection, default occurs whenever vigilante withdrawal prevents
repayment even with the available central bank capital backstop. Evaluating inequality (21) at
0,1 = 1 gives the current default boundary: the government defaults at time ¢ if and only if
B, > BP, where

BP = (1—m)F +T + (Y + P"). (22)

Bond vigilantes understand the default rule and correctly predict whether default occurs, o, = &;.
Before the first default, bond vigilantes expect debt issued at # to default at 7 4 1 if and only if
By > E?H. Repayment of maturing debt at ¢ does not imply that bonds issued at ¢ will be repaid
at 4+ 1. Even if vigilantes expect those new bonds to default, the government may avert current
default by liquidating central bank capital.

The boundary EtDﬂ increases with the central bank capital remaining at the repayment date,
04 +1, through both its income and liquidation value. It does not depend directly on the quantity of
government bonds held by the central bank, BB, Liquidation to avert current default reduces the
central bank capital available at r 4 1. QE similarly draws down this central bank capital, lowering

the future default boundary even as it lowers the current borrowing rate.

4.4.2 Steady States

Next, we discuss steady states. Denote steady-state central bank capital by o. Using the consoli-

dated budget equation (19), we obtain the equation that characterizes steady states B*:

P3(B*,0)B* =B* — (T + ay). (23)
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This is the baseline steady-state condition with net debt replacing gross debt and the consolidated

primary balance T + oY replacing T. The primary-balance cutoff therefore becomes
To=1Ty— Y. 24)

Under the maintained negative consolidated primary balance, there is no potential steady state
when T < %). When T > 7, there are two potential steady states, 0 < B} < B} < B, which coincide
only at T = . For T > 7, the lower root is stable and the upper root is unstable.

Higher o reduces the stable steady state Bik because the income flow oY improves the consol-
idated primary balance. It also raises the unstable steady state B5. The range [0,B%) from which
debt converges therefore expands, and the distance between the two steady states increases.

Next, we need to compare these potential steady states with the default boundary. True steady
states must be at or below the default boundary. This comparison hinges on the fraction of bond
vigilantes. Define the following thresholds:

F+T+o(Y+P")—B;
= <F " ena (25)

mj—

These thresholds dictate how the default boundary B compares with the two potential steady
states B} and B%. For T > %, 0 < ity < 7ity.

Combining the potential steady states with the default boundary yields three regimes. If T < 7,
or if T > %y and m > i, no valid stable steady state exists. At T > %, and m = 71y, the stable
steady state equals the default boundary. If T = %, the two potential steady states coincide; the
coincident steady state is valid if and only if it lies at or below the default boundary. If T > %, and
iy <m <, B} < BP < B3, so By is the unique steady state. If m < s, both steady states lie at
or below the default boundary; debt below B converges to B}, while debt above B; moves away
from it wherever the transition with central bank capital held fixed remains feasible.

Central bank capital o affects the regime cutoffs and the range of debt levels from which
debt rises before default. It lowers the primary-balance cutoff 7, at which steady states appear,
raises the investor-share cutoff 717, and moves the interval (E;,ED | farther from the stable steady
state. Within this interval, debt either rises with central bank capital held fixed or requires a further
central bank capital drawdown to refinance, as Figure 4 illustrates. We next apply the sustainability

definition to these three regimes.

4.4.3 Government Debt Sustainability

The government debt sustainability index measures the additional no-default market financing be-

tween a valid stable steady state and the first debt level at which convergence or current refinanc-
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ing fails. Let F(x) = P3(x,0)x denote financing on the no-default bond-demand schedule and
Blim = min{Bé,E’D } the limiting debt level. Applying Definition 2 to net debt gives

7 = F(B"™) - F(BY}).

If no valid stable steady state exists, .’ = 0; a valid steady state can also have a zero buffer when
it coincides with the limiting debt level.

When the unstable steady state is reached first, debt can still be refinanced but no longer con-
verges; when the default boundary is reached first, current refinancing fails. QE draws down central
bank capital, which affects the steady states through normal-time income and the default boundary

through income and liquidation value.

Theorem 1 (Structural fragility). Consider feasible, no-default QF, which lowers central bank
capital from o to o + Ao > 0, with Ao < 0.

(a) If both the pre- and post-QF economies have two distinct potential steady states, the stable

one rises and the unstable one falls:

Bi(a+Ax) > Bi (o), Bi(o+Ax) < B3 ().

(b) The default boundary falls by (Y + PY)|Ac|.
(c) Across regimes, the debt-sustainability index . weakly falls, strictly so when . > 0.

Theorem 1 traces QE’s effect through two uses of central bank capital. Its income oY supports
debt service in normal times. Reducing this income raises stable steady-state debt and lowers the
unstable steady state when distinct steady states remain. Its liquidation value aP? provides financ-
ing during a crisis. Lost income and liquidation value both lower the default boundary. Together,
these changes weakly reduce the financing buffer even as QE lowers the current borrowing rate.

Figure 4 illustrates the case B > B; in both panels. Debt below E; converges to the stable
steady state in the convergent-debt region (green). Between Bj and BP, current repayment re-
mains possible in the pre-default explosive region (pink), although debt is beyond the convergence
threshold. Above BP lies the default region (gray).

Moving from panel (a) to panel (b), lower central bank capital leaves less income for debt ser-
vice. With fiscal policy unchanged, the government must borrow more: the funding-requirement
line (blue) rises against the unchanged no-default market-financing curve (orange). Stable steady-
state debt rises, while the unstable threshold falls, shrinking the convergent-debt region and the
sustainability buffer . = B} — B?. Starting from the new steady state, a smaller unexpected spend-

ing need can push debt into the pre-default explosive region. Less income and liquidation value
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also leave fewer resources for a refinancing crisis, moving the default boundary left and expanding
the default region. QE therefore leaves higher long-run debt, less room to absorb fiscal shocks, and
a smaller crisis backstop. General regime conditions and derivations are in Appendix C.

The main QE results do not require sticky investors: the three theorems also apply when all
investors are bond vigilantes (m = 1), under their stated conditions. The steady-state equation and
QE’s depletion of central bank capital are independent of investor composition. Sticky investors
raise the default boundary by providing funding when vigilantes withdraw, but central bank capital
also provides a repayment backstop. With sufficient central bank capital, the default boundary can
remain above the unstable steady state even without sticky investors. The pre-default explosive

region then persists: debt no longer converges, but the government can still refinance.’

4.5 When Central Bank Capital Loss Causes Explosive Debt Dynamics

Lost central bank capital income also raises the primary-balance cutoff 7y, so a stronger fiscal
primary balance is needed for steady states to exist. With the fiscal primary balance unchanged,
sufficient central bank capital depletion therefore eliminates both steady states. The next result
identifies this threshold and its consequences for debt dynamics. Let o* denote the central bank
capital level satisfying T = %p(a*), at which the two steady states merge. Suppose that parameters

are such that a* > 0, so that this level can be reached. Below a*, neither steady state exists.

Theorem 2 (Sustainability collapse). Suppose the economy starts from a stable steady state. If QE
reduces central bank capital below o, both steady states disappear. If central bank capital is not

subsequently rebuilt, net debt crosses the default boundary in finite time.

We call the loss of both steady states and the resulting finite-time default a sustainability col-
lapse. Remaining central bank capital can be held fixed or drawn down further. Drawdowns can
temporarily reduce net debt, but the finite stock cannot prevent eventual default without rebuilding.

Figure 5 illustrates this collapse. Central bank capital remains positive but has fallen below o*.
The loss of income eliminates both steady states: the debt-transition curve lies above the 45° line,
so no debt level can be stabilized. Once purchases end with remaining central bank capital held

fixed, debt continues rising until default.

4.6 Low Interest Rates and the Intervention Trap

The preceding results describe the consequences of central bank capital depletion. We next con-
sider repeated purchases that suppress the borrowing rate below its no-QE level. Start from the

stable no-QE steady state B* = ET(O{O). Consider a policy that reduces the borrowing rate from

9See Appendix C.24 for the case without sticky investors.
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Figure 5. Sustainability collapse after prolonged QE. Parameters are as in Figure 4. Prolonged QE
holding net debt at approximately 0.28 depletes central bank capital to oc = 0.0012, below the critical level
a* = 0.0038, eliminating both steady states. The remaining central bank capital is then held fixed. The blue
curve shows the debt transition under minimal issuance and the model’s default beliefs. Dots on the red path
mark successive debt pairs until default; the terminal next-period debt 1.45 exceeds the default boundary
BP = 1.31. Gray indicates that either debt coordinate exceeds that boundary.

24



its no-QE level R* = 1/PB(B*,0) to a constant target RZ < R*, equivalently holding net debt at
B9 < B*, and uses QE thereafter to maintain the target.

Longer QE leaves a larger central bank capital shortfall, regardless of the rebuilding pace. We
compare two ways to restore central bank capital fully in the first period after QE. In the QT case,
the central bank sells bonds; the comparison requires sufficient central bank bond holdings and a
no-default transition. In the fiscal case, the primary balance rises to restore both original net debt

and central bank capital.

Theorem 3 (Intervention trap). Suppose the economy starts from a stable no-QF steady state and

implements QF to maintain a lower borrowing-rate target.

(i) Continued rate suppression requires exponentially growing central bank capital drawdowns
and becomes infeasible in finite time. Central bank capital can be rebuilt via QT or fiscal

adjustment.

(ii) Rebuilding central bank capital with QT: Rebuilding central bank capital in one period
produces a borrowing-rate spike above its pre-QFE level, resembling a taper tantrum. Longer

QF magnifies this spike and can make rapid reversal unsustainable.

(iii) Rebuilding central bank capital with fiscal adjustment: The fiscal authority can restore orig-
inal net debt and central bank capital via a one-time primary-balance increase. The required

primary-balance increase grows with preceding QFE duration.

We call this an intervention trap because continuing QE makes restoration of the pre-QE posi-
tion increasingly costly. Each additional period reduces central bank capital, lowering its income
available for debt service and increasing the resources needed to rebuild it. One-period QT must
finance both needs through greater private debt absorption. Even if QE only lasts for one period,
fully rebuilding central bank capital in the following period requires more private financing than
in the original steady state. Bond prices fall and the borrowing rate rises above its pre-QE level,
producing a taper-tantrum-like spike. Longer preceding QE magnifies this spike even though the
borrowing-rate target during QE is unchanged.

Rapid QT can also recreate the need for intervention. Bond sales to rebuild central bank capital
increase the net debt private investors must absorb. Full rebuilding in one period can push net debt
beyond the restored economy’s sustainability threshold, even after a single QE period if the original
sustainability buffer is small. The central bank may then resume bond purchases to bring debt back
below that threshold. These purchases lower net debt, but they also deplete the central bank capital
just rebuilt and lower the threshold, requiring a larger debt reduction to regain stability.

The growing central bank capital shortfall does not depend on one-period rebuilding. The

rate spike and possible instability in Theorem 3(ii) concern full rebuilding in one period. With
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slower QT, the central bank sells bonds and rebuilds central bank capital over several periods,
spreading the restoration component of private financing across periods. This can reduce the peak
borrowing-rate increase and keep net debt below the stability threshold at each interim central
bank capital level. Appendix C.20 gives an example in which ten rebuilding steps preserve a stable
path, whereas immediate full rebuilding does not. However, a slower path also leaves central bank
capital income depressed for longer; its success depends on the entire debt and central bank capital
trajectory, not just the final restored central bank capital level.

Fiscal adjustment avoids the need for renewed central bank intervention. A one-period primary-
balance increase (e.g., higher taxation) can restore both original net debt and central bank capital
without central bank bond sales, returning the borrowing rate to its pre-QE level. Yet continued rate
suppression requires progressively larger central bank capital drawdowns as central bank capital
income falls. The fiscal adjustment needed to restore the original position therefore grows at
an accelerating rate as QE continues. Continued QE postpones this fiscal exit while making the
adjustment needed to escape larger.

Panels (a) and (b) of Figure 6 end the same rate-targeting QE policy after short and long in-
terventions without rebuilding central bank capital. Maintaining the target during the longer inter-
vention requires increasingly large central bank capital drawdowns as central bank capital income
falls. After purchases stop, net debt and the borrowing rate rise from their suppressed levels; on
the longer path, both initially remain below their pre-QE levels. Remaining central bank capital
stays above the critical level, and both paths converge to steady states with higher net debt and
borrowing rates than before QE. Appendix C gives the general post-QE argument.

Panels (c) and (d) instead restore central bank capital fully through one-period QT. Bond sales
push net debt and borrowing rates above their pre-QE levels in both cases, with a larger jump af-
ter longer QE. The short-QE path converges back to the original steady state. The long-QE path
crosses the restored stability threshold and becomes unstable, although exit without rebuilding
would have remained stable. With restored central bank capital then held fixed, refinancing even-
tually becomes infeasible beyond the plotted horizon, even though inherited debt remains below
the default boundary. This does not establish an actual default. Rapid rebuilding can thus recreate
a need for intervention; Figure 5 shows the distinct case in which QE depletion itself eliminates
steady states.

This interpretation differs from Blanchard (2019). When the safe interest rate remains below
the growth rate in his environment, debt rollovers may be feasible without later tax increases, so
public debt may have little or no fiscal cost. Here the low rate is an endogenous outcome of the
balance-sheet intervention. The same observed low rate can therefore have opposite interpretations.

In Blanchard (2019), it reflects a favorable environment for debt rollovers. Here the central bank
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share the same QE histories, beginning at (B, &) = (0.39,0.03) with BS® = 0.11. QE holds B2 = 0.28 for
three periods (green) or 15 periods (red). Panels (a)—(b) hold the depleted central bank capital fixed after QE;
both debt paths converge above their initial level. Panels (c)—(d) instead rebuild central bank capital fully
through one-period QT at t = 4 or t = 16. Net debt jumps to 0.47 or 0.95, respectively. After longer QE,
QT pushes debt above the restored stability threshold 0.93, causing an explosive continuation. Dash-dotted
lines mark each path’s eventual stability threshold; the thresholds coincide after full restoration. All panels
show the first 25 periods, with common vertical scales within each column and one dot per period.
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suppresses market financing costs by depleting finite central bank capital, so the lower rate comes
with less fiscal space.

Theorem 3 determines the required central bank capital drawdown from the consolidated bud-
get, independently of how transfers are allocated between the fiscal authority and the central bank.
To translate this drawdown into a path for central bank purchases, we must specify a remittance
rule.

Consider the following remittance rule. At the establishment date #(, the remittance is prede-
termined and remains at its no-QE level. From the next period onward, the central bank remits all
operating profit after passively rolling its inherited bond portfolio. Let P2 = PB(B2,0) and define
operating profit as

168 = o,y + (1 — P2)BCE. (26)

The second term is the payoff on inherited bonds net of the cost of rolling the same face value at
the target price. Proceeds from selling central bank capital are not operating profit. We impose

TCB _

] T1¢8 in each subsequent period of rate suppression, so all operating earnings are transferred

to the fiscal authority. When HSCB < 0, the transfer runs from the fiscal authority to the central
bank.

Let Qs = Bscfl — B¢ denote net purchases relative to passive rollover in these periods.

Corollary 1 (Growing net purchases under profit remittance). Under the remittance rule above,

each period of rate suppression after the initial purchase satisfies
PQQs:PY<as_as+l)~ (27)

For consecutive such periods,

Qs+1:%>Qs>0-

Full profit remittance is sufficient but not necessary for rising net purchases. More generally,
the monotonic result survives provided retained operating earnings do not fall enough to offset the
growing central bank capital drawdown. Full remittance delivers the exact growth factor 1/ in

Corollary 1.

4.7 Contrast with Sargent and Wallace (1981): Central Bank Capital

Monetary support today can reduce the resources available to back government debt tomorrow.
This intertemporal cost distinguishes our model from the quantity-theory baseline of Sargent and
Wallace (1981).

28



In Sargent and Wallace (1981), the central bank contributes fiscal revenue through seigniorage.
In their baseline model, constant velocity fixes real balances per capita at some & > 0. If base

money grows at net rate 6;, real seigniorage per capita is

Seigniorage rises with money growth, but current money creation does not change 4 or shift the
future seigniorage schedule. Monetary accommodation can draw on the same real money base
again next period. Tighter money instead reduces current seigniorage, forces more debt issuance,
and raises the future monetary financing requirement.

The Sargent and Wallace (1981) baseline thus has a nondepleting flow of seigniorage. Our
model instead introduces a finite, depletable stock of central bank capital. Using this stock today
reduces its future income and liquidation value. QE draws down this stock, shifting both the future
consolidated primary balance and the default boundary inward.

The same intertemporal trade-off can arise even if seigniorage is the source of central bank
capital, albeit not under the specific money demand in the Sargent and Wallace (1981) baseline.
We discuss this in more detail in Appendix D. The key observation is that seigniorage generated
by the central bank can be decomposed into a one-time cash flow from adjusting real balances and
a per-period flow that arises from a liquidity premium on outstanding money balances. There is an
intertemporal trade-off if changing the money supply moves the two terms in opposite directions.
This is not the case in the Sargent and Wallace (1981) baseline because real balances are constant.
But for more general money demand specifications, an intertemporal trade-off typically emerges,
at least for a sufficiently large money supply. Intuitively, as real balances expand, their marginal
liquidity value declines, so additional issuance requires a higher real return. This higher return ap-
plies to the entire outstanding stock, reducing government revenue from existing balances. When
the initial stock is sufficiently large, this revenue loss exceeds the additional liquidity premium
earned from the newly issued balances. New issuance can therefore finance bond purchases im-
mediately while reducing subsequent seigniorage revenue. The revenue loss persists as long as the

higher stock of real balances remains outstanding.

4.8 Discussion of Modeling Assumptions

We discuss how the shape of government debt demand and the presence of backward-looking

sticky investors affect the baseline results.

The role of government debt demand. The downward-sloping demand curve is parameterized

by price sensitivity k = ¥ /by and market scale by. Holding by fixed, a higher k increases the
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distance between the steady states but weakly lowers the default boundary. Sustainability therefore
increases in case (c) of Proposition 1, where the unstable steady state is the relevant limit, but need
not increase in case (b), where the default boundary binds. Holding x fixed, a larger b, increases
sustainability in case (c) and weakly raises the default boundary. Neither parameter changes how

far a given central bank capital loss shifts the default boundary.

The role of sticky investors. The baseline mixes bond vigilantes (fraction m) with backward-
looking sticky investors (fraction 1 —m). The steady-state equation (23) is independent of m, and
the three main theorems apply for all values of m. Sticky investors matter for the location of the
default boundary, which is strictly decreasing in m. Intuitively, sticky investors supply private
funding when vigilantes withdraw, raising the default boundary and enlarging the range (§§7§D ]
from which debt rises before default (if it exists). Appendix C gives the demand comparative

statics and verifies the theorems without sticky investors.

S A Microfoundation with Banking and Term Premium

This section develops a microfoundation for central bank capital through the banking sector and
extends the baseline to long-term government debt. The maturity structure separates the short-
rate benchmark from long-rate effects, allowing QE to compress term premia through long-bond
purchases. The banking microfoundation makes central bank capital depletion depend on observ-
able bank spreads: QE uses scarce balance-sheet capacity to absorb reserves, displacing bank-

dependent lending and reducing bank rents and the consolidated tax base.'?

5.1 Setup

The baseline model is unchanged except for three modifications. First, the fiscal authority issues
two-period (long-term) bonds BE, which attract a preferred-habitat demand, whereas there is no
special demand for one-period bonds. As a consequence, household discounting pins the no-
default price of a one-period claim at PS = 3. We use this price to define the short rate but set the
supply of separately issued one-period Treasury bonds to zero, BS = 0. Long bonds issued in the
previous period now have one period remaining; the Treasury repurchases them at 3 while issuing
new two-period bonds. Thus, BS = 0 does not exclude these seasoned long bonds. We focus on the
long end because actual QE operates through long-bond purchases and debt sustainability is more

salient for long-term bonds. Second, central bank capital is endogenous, determined by a banking

10We also microfound other sources of central bank capital, including seigniorage capacity and foreign reserves, in
Appendix D.
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sector in which the central bank sets the level of reserves M; that use scarce balance-sheet capacity
otherwise available for bank-dependent lending. The fiscal authority taxes bank operating rents
at rate 7 € (0,1). For simplicity, household interest income and capital gains are untaxed, so the
household asset-pricing equations have no tax wedge. Third, QE purchases long bonds with newly
created reserves. We derive the resulting consolidated budget and the conditions under which the
main results carry over.

Household preferences and default beliefs follow the baseline. Long bonds supply preferred-
habitat services for one period. Reserves earn the benchmark net real rate r = B~! — 1. The
no-default long-bond demand schedule is given in equation (34) below; we use the normalized
price P, = PL/B. Here BL = BE — B¥“? is long debt held outside the central bank. Its annualized
yield is (PZL)*l/ 2 _ 1. With a constant short rate, the difference from r is the term premium.

A representative bank makes loans ¢, and holds reserves M, at the central bank, subject to a
scarce balance-sheet capacity D:

b+ M, <D. (28)

The representative bank stands for the banking system as a whole. Transfers among banks can
redistribute reserves but cannot reduce aggregate reserves M;. The parameter D summarizes the
system’s effective balance-sheet capacity for reserves and loans, which we take to be fixed for
simplicity. In practice, equity issuance costs and leverage constraints can make this capacity scarce.
A QE purchase may create a matched reserve and deposit, allowing both sides of bank balance
sheets to expand while capacity is slack. Once constraint (28) binds, however, the deposit does not
raise D: each additional unit of reserves displaces one unit of loans. This reduced-form crowding-
out channel is consistent with Diamond, Jiang, and Ma (2024), though its one-for-one magnitude is
a model assumption. The central bank sets M;, which determines maximum bank lending D — M;.

Reserves earn the short rate r, and loans earn a net return r* > r, a lending spread that reflects
monitoring rents on relationship credit. Deposits pay a rate ¢ < r: they earn a money premium,
the below-market yield that depositors accept in exchange for transaction and liquidity services.!!
Under these assumptions, the bank finds it optimal to expand lending and deposits until the con-
straint (28) binds.

Pre-tax bank profit is asset income net of deposit interest,
= (D—Mt)ré—l—M,r—Drd :D(ré—rd)—Mt(re—r), (29)

which strictly decreases in M; since r* > r: a unit of reserves displaces a loan and lowers bank

profit by the lending spread r/ — r. This private-profit loss need not reduce the consolidated tax

"'This matches the floor system in practice: reserves are remunerated at the market rate while retail deposit rates lag
well below it, the deposit franchise documented by Drechsler, Savov, and Schnabl (2017).
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base one-for-one. Borrowers may replace bank credit with market finance, and part of the displaced
rent may remain taxable elsewhere.!? Let A € [0, 1] denote the fraction of the displaced lending
spread that leaves the consolidated tax base. Bank-related tax revenue relevant for the consolidated
government is
B _ 7B 4
T° =T —1A(r —r)M;, (30)

where 7" collects the tax base that does not vary with reserves. We call A the tax-loss share: the
fraction of the displaced lending spread that leaves the consolidated tax base.

The fiscal authority issues no short bonds. A QE purchase raises reserves M; | and the total
consolidated short-term liabilities of the government and the central bank increase. QE is thus
a maturity swap for the consolidated government, retiring long bonds and issuing short-term re-
serves. Reserve expansion compresses bank net interest margins, and the fiscal authority does not
offset it by changing short-bond issuance.

Consider a $1 QE purchase from a household. At settlement, the banking system receives $1
in reserves and credits the seller with a newly created $1 deposit. If ¢, + M, = D already binds,
banks must remove $1 of loans from their balance sheets to retain the reserve. One bank could sell
a transferable $1 loan claim to a nonbank buyer who pays with a bank deposit; the loan remains
outstanding, but leaves the banking system. Alternatively, a bank could let a $1 loan mature without
renewal and receive repayment from an existing deposit. In either case, a deposit is debited, leaving
aggregate reserves $1 higher, bank loans $1 lower, and deposits unchanged after adjustment. The
model assumes that banks can make this adjustment within the period.

Each unit of reserve expansion affects the consolidated government budget in two ways. First,
it displaces a bank loan and reduces consolidated tax revenue by TA (r* — r), the tax loss from dis-
placed lending. Second, QE replaces privately held long bonds with reserves. While the reduction
in long-bond obligations is reflected in B, servicing the replacement reserves costs r per unit each
period, the real interest cost of reserves. Their sum determines the reduction in central bank capital
per unit of reserves,

~—~

—_—— ’
lending tax loss real reserve interest

Y(A) EﬁLY A —r) + r . (31)

For compactness, write ¥ = Y(A4) below. We define central bank capital o = (M) by

a(M;A) = y(A)(D - M), (32)

12Conversely, the reduction of the consolidated tax base could also be larger if a reduction in bank-dependent lending
lowers (taxable) downstream corporate profits. In the following, we abstract from this possibility and assume that
the bank’s private profit loss represents an upper bound on the reduction in the tax base. Relaxing this assumption
would only increase the importance of this source of central bank capital.
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so o falls as reserves rise and reaches its floor o/(D; A1) = 0 when reserves reach the capacity limit
D. The fixed deposit-cost term —Dr¢ and other constants are absorbed into T below. Because
¥ < r, bank profit remains positive for all M < D, equal to the deposit-franchise rent D(r — r?)
when M = D, so the reserve ceiling is reached with banks still viable. We interpret the central bank
and the banking sector it regulates as a single unit: the central bank controls M, which determines
a, so the government’s fiscal claim on the banking sector is effectively central bank capital, just as
the Lucas tree is in the baseline. Since M <D, r> 0,7’ >r,and A € [0, 1], we have y(A) > 0 and
o > 0, the same as our baseline setup.

Combining the fiscal and central bank budgets cancels remittances and bonds held by the cen-
tral bank. Using o(M) = y(D — M) and the normalized bond price P, = PL/J gives the consoli-

dated government budget:
pL Y _pL_
BB +P (o — 1) =By — (T +aY), (33)

where P, = PE/B, PY = 1/[By(A)] is the normalized issuance revenue per unit of central bank
capital used by expanding reserves, and T absorbs the fixed components of the fiscal budget and
the bank-profit tax base.

This is the same consolidated budget as equation (19). In the baseline, central bank capital is
represented by a Lucas tree. Here, banks’ remaining capacity to absorb reserves, D — M;, deter-
mines both the associated fiscal flow and, when used for refinancing, its crisis financing value. QE
issues reserves and reduces bank lending, which lowers taxable bank income, central bank capital
o(M), and the future consolidated primary balance.

QE and QT keep T fixed. QT sells long bonds to retire reserves and rebuild central bank
capital. The resulting changes in ot(M)Y alter the consolidated primary balance; a separate fiscal
adjustment changes T .

Because » = 87! — 1 > 0 under time preference B < 1 and r’ > r, the depletion coefficient
Y(A) is positive for every A € [0, 1]: the real interest cost of reserves is strictly positive, the lending
tax loss is nonnegative, central bank capital o/(M;A) is strictly decreasing in M, and the compar-
ative statics of the baseline carry over. Varying A changes the magnitude of central bank capital

depletion without changing its sign. We quantify these effects in Section 5.5.
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5.2 Bond Prices, Term Premium, and Quantitative Easing

Households value a new long bond for its discounted payoff as a one-period claim and its one pe-
riod of preferred-habitat services. Aggregating their demand and imposing market clearing gives,

at a no-default steady state:

- - B-
P@ﬂ:P%#Vﬁ=ﬁ+XO—EJ- (34)
The price is strictly decreasing in net long supply BL, with slope dP/dBL = —y /by < 0.13
Define the maximum market funding capacity as
B+2x)*bo

FL = max P(BY) B = .

, 35
max ix (35)

attained at B = (B + x)bo/(2%), the exact analogue of F in the baseline. If default is anticipated,
vigilantes exit and only the 1 — m sticky investors remain, so maximum private market financing is
(1—m)FL.

Holding total long issuance fixed, since P(B) is linear in net supply (34), a central bank
purchase of ABLCE > 0 raises P by () /bo)AB*“® and compresses the term premium: the portfolio
balance effect. We now show that this compression also reduces future primary balances and

lowers the default boundary.

Proposition 4 (QE and central bank capital depletion). Holding other reserve flows fixed, a feasible
reserve-financed QF purchase that increases reserves by 0 < AM; 1 < D — M; lowers next-period

central bank capital by
Aoy = —YAM; 1 <0, A(0441Y) = =YY AM 1. (36)

When QE keeps the borrowing rate at its lower target after the initial purchase, the banking
implementation inherits the full operating-profit remittance rule used in Section 4.6. Let Q; =
BthlB — B,L’CB denote net purchases relative to replacing the face value of the maturing portfolio,

and define operating profit after that passive rollover as

1< = (B — PHB P — M. 37)

13The normalized schedule (34) has the same form as the baseline schedule (9), with B there corresponding to ¥
here; the baseline restriction (14 x) > 1 accordingly becomes 3 + x > 1, which we maintain.
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The central bank transfers 7,8 = I1¢8 to the fiscal authority when profit is positive and receives a
transfer from it when profit is negative. After these transfers and the redemption of maturing bonds

and reserves, its flow-of-funds constraint gives
PrOy =M1 —M,. (38)

Thus reserve growth finances net purchases. Replacing maturing holdings is passive rollover rather

than a net purchase; gross purchases can therefore be positive even when Q; = 0.

5.3 Debt Dynamics and Sustainability

As in the baseline, lower central bank capital reduces the consolidated primary balance, raises the
stable steady state, and lowers the unstable steady state.

The consolidated government can roll over its net debt at date ¢ if, after dividing the budget
by B as in (33), maturing net long debt does not exceed the sum of private market financing, the
primary balance, and the liquidation value of central bank capital. In a crisis vigilantes exit, so
maximum private market financing in normalized face-value units is (1 —m)FL. For the crisis
calculation, we allow the central bank to use all remaining reserve capacity. In the banking block,
one unit of newly created reserves settles one unit of bond purchases. Expanding reserves from M,
to the ceiling D therefore finances D — M, of purchases. At the price B of bonds with one period
remaining, these purchases retire (D — M,)/8 = PY ¢ units of debt face value. This use of the
remaining reserve capacity is the banking counterpart of fully liquidating the remaining central
bank capital in the baseline. It is needed for the crisis-financing term, but not for the normal-time
fiscal flows or debt dynamics. If only part of this capacity could be used, the crisis-financing term
and the default boundary would be lower. The total central bank capital contribution is oy (Y +PY).
Here P¥ = 1/(B7y) is the normalized issuance revenue from using one unit of . It therefore plays
the same role in the consolidated budget (33) as the Lucas-tree price in the baseline. The solvency
condition BL < (1 —m)FE +T + oy (Y + PY) gives the date-¢ default boundary in face-value units:

BYP = (1—m)FE+ T+ oy (Y + PY). (39)
From Proposition 4, doy | = —yP- dB[Lle, so the default boundary shifts by
dB"P = —(v + P")ypLaBL < <. (40)

The high P that makes QE powerful today makes each unit more fiscally costly tomorrow.
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5.4 Recovery of Main Results

Remaining bank lending capacity D — M replaces the Lucas tree through ot(M) = y(D — M) and
PY =1/(By). With P, = P-/, the consolidated budget, bond demand, and default boundary have
the baseline form.

At the reserve ceiling, oty,in = (D) = 0. For fixed central bank capital, maximal private bond

revenue (P(BY) — 1)BF gives the primary-balance cutoff

- +x—1)%by
T (a) = (P —aY. 41
0 (&) 4y (41)
Below this cutoff, no steady state exists.

The banking model recovers all three baseline theorems: structural fragility, sustainability col-

lapse, and the intervention trap.
Proposition 5 (Main results under the banking microfoundation).

(a) Structural fragility (Theorem 1): Feasible, no-default reserve-financed QE lowers Q, raises
E?’* and lowers Eé’* if both economies have distinct potential steady states. If all remaining
reserve capacity can finance crisis purchases, it lowers BEP by (Y + PY)|Aa| and weakly

reduces . (strictly if . > 0).

(b) Sustainability collapse (Theorem 2): Suppose the economy starts from a stable steady state.
IfT < T3V (Otmin) and feasible QF lowers o below the critical threshold, both steady states

disappear. Without subsequent reserve withdrawal, default occurs in finite time.

(c) Intervention trap (Theorem 3): From a stable no-QFE steady state, rate suppression needs
reserve increases growing by 1+ ByY > 1 and fails in finite time. Feasible QT that restores
pre-QE central bank capital in one period overshoots the pre-QF yield; longer QF magnifies
this overshoot and can put debt beyond the restored stability threshold. A one-time primary-
balance increase with a reserve-retiring transfer instead restores initial net debt and central

bank capital; the required increase grows with QF duration.

This correspondence reflects two uses of bank lending capacity. It supports fiscal resources
through taxable lending rents and lower reserve interest costs, represented by oY . If all remaining
reserve capacity can finance crisis purchases, creating reserves up to D retires debt face value
aPY = (D — M) /B, reproducing the baseline contribution from liquidating central bank capital.

Part (a) reflects the fiscal cost of replacing bank loans with reserves. The lending-related tax
loss, weighted by A, and the interest paid on reserves reduce income available for debt service

even though T is unchanged. The government consequently needs more debt at the stable steady
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state, while the unstable threshold falls. Reserve creation also uses up D — M, leaving less capacity
to purchase bonds when private financing withdraws. The loss of recurring income and crisis
purchasing capacity narrows the sustainability buffer.

Part (b) arises when these income losses become large enough to eliminate a steady state. Be-
yond the threshold in part (b), lending-related tax losses and reserve interest enlarge the recurring
deficit beyond the maximum net revenue from refinancing long debt at any steady-state debt level.
Issuing more reserves supplies current financing but uses further bank lending capacity. Since the
remaining capacity D — M is finite, it cannot permanently finance this recurring shortfall. Without
reserve withdrawal to restore fiscal resources, default follows in finite time.

Part (c) describes how this financing need grows during continued rate suppression. A fixed
lower long yield fixes the net bond supply that private investors absorb. As reserves accumulate,
bank lending rents fall and reserve interest costs rise, so maintaining that net supply requires larger
purchases financed by progressively larger reserve increases. QT reverses the banking distortion
by retiring reserves and restoring lending capacity. But during a feasible one-period restoration,
private investors must absorb the bonds sold to retire reserves and cover the extra borrowing caused
by lower fiscal income at the exit date. This extra debt absorption pushes the yield above its pre-
QE level; longer QE increases the required sales and can put net debt above the restored stability
threshold. The fiscal exit instead uses a one-time primary-balance increase and a transfer to retire

reserves without bond sales. Its required size also grows with the preceding reserve expansion.

Persistence of reserves and fiscal costs. In the post-QE experiment without further policy ad-
justment, we assume that the additional reserves remain outstanding and the fiscal authority’s pri-
mary balance stays fixed. Reserve interest costs and lending-related tax losses then persist, keeping
central bank capital below its pre-QE level. The long-run effects in Proposition 5 depend on this
persistent depletion.

In practice, several forces can limit reserve withdrawal after QE. First, the same portfolio-
balance channel that makes QE effective makes full reversal costly: QT can raise long-term yields,
while asset sales can realize politically salient losses (Goncharov, loannidou, and Schmalz, 2023;
Du, Forbes, and Luzzetti, 2026). Second, reserve withdrawal can threaten money-market function-
ing because the financial system adapts to abundant reserves: banks expand demandable claims as
reserves increase, but those claims need not contract as reserves fall (Acharya and Rajan, 2024;
Copeland, Duffie, and Yang, 2025). The Federal Reserve illustrates how a substantial balance
sheet can persist after partial reversal: after successive QE rounds, it replaced its pre-crisis scarce-

reserves framework with an ample-reserves regime and ended runoff in December 2025 with secu-
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rities holdings still at 20% of GDP.'* These considerations motivate examining the consequences
of reserves remaining outstanding after purchases end.

In the model, privately held bonds are a different quantity: total Treasury debt minus central
bank holdings. After net purchases stop, lower central bank capital leaves less income available
for debt service, so the Treasury must borrow more. If central bank holdings stay fixed, private
investors absorb this new issuance, and their bond holdings rise. Theorem 1 gives the long-run
implication: lower central bank capital raises stable steady-state debt when distinct steady states
remain. Figure 6 shows the corresponding rebound in privately held debt and yields after purchases
end without rebuilding central bank capital. Thus, the reserve expansion and its fiscal costs can

persist while QE’s reduction in privately held debt is temporary.

5.5 The Scale of Quantitative Easing and the Use of Central Bank Capital

We use the banking model to quantify a one-period QE intervention that lowers the two-year real
Treasury yield by 50 basis points. Under the demand and financing assumptions below, the inter-
vention requires about $1.22 trillion in additional reserves. If these reserves remain outstanding
after net purchases end, the government continues to pay interest and loses tax revenue from bank

lending. The reserve expansion also leaves less capacity for purchases in a future refinancing crisis.

Reserve financing for the yield reduction. As explained at the end of Section 5.4, QE’s reduc-
tion in privately held bonds is temporary, even when reserves remain outstanding. We therefore
use the response to temporary demand shocks for Treasury securities with one to five years re-
maining maturity in Jansen, Li, and Schmid (2026, Table 4, Panel (a)). We evaluate their model
at exactly two years, including arbitrageurs’ absorption, holding the short-term rate and inflation
expectations fixed.

To express the calculation in dollars, we use the 2022Q4 market value of Treasury securities in
this maturity range, including Federal Reserve holdings. Dividing this value by the initial two-year
bond price gives the face value of a hypothetical two-year portfolio with the same market value.
The estimated price response determines how much private bond holdings must fall to achieve
the target yield. We assume that prices continue to respond at this rate over the full reduction in
holdings.

In the initial round, we compare the consolidated Treasury and central bank budgets with and
without QE, holding existing debt, initial reserves, and the primary balance fixed. QE lowers the
yield by reducing net bond supply to private investors. The reserve increase is AM; | = 4.57% of
GDP, as reported in Panel A of Table 1.

14See the Federal Open Market Committee’s 2019 statement on monetary-policy implementation and the Federal
Reserve’s 2025 policy-normalization update.
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Table 1. Model-implied fiscal and crisis-capacity effects of a 50-basis-point yield reduction

Panel A: Initial reserve expansion
Billions of dollars 1,223.4
Percent of GDP 4.57

Panel B: Annual fiscal costs (billions of dollars)

Real interest )
Tax-loss share A on reserves Lending tax loss Total

0.5 (baseline) 12.6 2.8 154

Panel C: Model-implied boundary effects (percent of GDP)

Loss of crisis-
Tax-loss share 4 financing capacity Total boundary shift

0.5 (baseline) 4.617 4.675

Panel A reports the additional reserves that finance net central bank purchases and replace the reduction in
private Treasury financing. Panel B reports annual real reserve interest YAM,, | and lending-related tax losses
TA(r' — r)AM, . Panel C reports the loss of crisis-financing capacity AM, /B and the total inward default-
boundary shift (yY + 1/)AM, 1, both in debt face-value units relative to GDP. The latter adds the current-budget
effect YY AM;. 1, equal to Panel B’s total divided by B. Crisis effects assume that all remaining reserve capacity
can finance purchases when refinancing is threatened. Each additional reserve dollar displaces one dollar of
lending; A = 0.5. Rate inputs use July 1954-July 2026. Dollar amounts and GDP ratios use 2022Q4 GDP, with
Y = 1; totals use unrounded components. Annual costs assume that additional reserves remain outstanding at
the calibrated rates.
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Annual fiscal cost. With the fiscal authority’s primary deficit held fixed, QE temporarily replaces
part of private bond financing with reserve issuance. After net purchases stop, reserves provide
no further net financing, so the Treasury must continue borrowing to cover the deficit and QE’s
recurring fiscal costs. The consolidated government pays real interest » on each reserve dollar.
Each reserve dollar also displaces a dollar of bank lending, reducing bank profit by the lending
spread r’ — r. If the fraction A of this lost spread leaves the government’s tax base, tax revenue

falls by TA (r* — r) per reserve dollar. The annual cost is therefore

rAM, . 4+ TA(F = r)AM, . = BY YAM, ;.
SN—— A -

TV
real reserve interest  lending-related tax loss

We calibrate r from the long-history mean real federal funds rate and the lending spread from
the prime-minus-funds rate. The funds rate serves as a proxy for reserve remuneration under
an abundant-reserves system. We assume that half of the displaced lending spread leaves the
government’s tax base, setting A = 0.5. Appendix Table A2 reports sensitivity to the tax-loss share
A.

At the calibrated rates, annual costs are $15.4 billion, or 0.058 percent of 2022Q4 GDP (Ta-

ble 1, Panel B), and recur for as long as the additional reserves remain outstanding.

Central bank capital and future crisis purchases. In the banking model, reserve issuance uses
capacity that would otherwise support lending or future purchases. The mapping (M) = y(D —
M) expresses this remaining capacity as central bank capital. Issuing AM; ;| in additional reserves
lowers central bank capital by |Acy 1| = YAM;, . The annual fiscal cost above equals BY times
this decline.

If all remaining reserve capacity can finance purchases when refinancing is threatened, this
decline in central bank capital reduces the face value of maturing debt that can be retired in a crisis
by PY|Acxt| = AM; 1 /B. Together with the lower fiscal resources in the current budget, this shifts
the default boundary inward by (yY + 1/B)AM, 1, or about 4.7 percent of GDP (Table 1, Panel C),
holding other state variables fixed. QE therefore lowers yields today while reducing fiscal income

and the resources available to meet a future refinancing crisis.

6 Conclusion

QE’s effect on debt sustainability depends on how lower borrowing costs are financed. We use
“central bank capital” to represent the finite resources under central bank control that generate fis-
cal income and support refinancing in a crisis, including foreign reserves, remaining seigniorage

capacity, and banks’ capacity to absorb reserves. Our asset purchase trilemma states that, condi-
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tional on no default next period, purchases cannot simultaneously lower borrowing rates, preserve
central bank capital, and leave the fiscal authority’s primary balance unchanged before central-
bank remittances. With that primary balance fixed, QE depletes central bank capital, reducing
future fiscal income and crisis-financing capacity.

Central bank capital depletion raises stable steady-state debt, lowers the unstable steady-state
debt level, and moves the default boundary inward, producing structural fragility. A sufficiently
large feasible central bank capital loss causes a sustainability collapse: both steady states disap-
pear, and default follows in finite time without rebuilding. Starting from a stable no-QE steady
state, sustained rate suppression creates an intervention trap. Each drawdown reduces fiscal in-
come, requiring a larger drawdown to maintain the same borrowing rate next period. These accel-
erating drawdowns eventually make the target infeasible.

When purchases end, a feasible exit raises debt and borrowing rates from their suppressed lev-
els. Rebuilding central bank capital through rapid QT can push rates above their pre-QE level and
make debt explosive even when exit without rebuilding would remain stable. Fiscal rebuilding can
restore the original position, but the required primary-balance increase grows with QE duration.
Low yields sustained by QE therefore need not signal stronger debt sustainability: they can reflect

the use of resources that would otherwise support future debt.
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A Central Bank Capital: Historical Evidence

This section presents institutional evidence on four possible sources of central bank capital: (1)
reserve holdings; (2) seigniorage capacity; (3) financial repression capacity; and (4) central bank
credibility. The episodes document uses of central-bank-controlled resources and limits on re-
peated monetary support. They motivate the model’s mappings but do not measure central bank

capital or establish that every episode follows the model one-for-one.

A.1 Central Bank Reserves

We document episodes in which central banks reduced or encumbered their own reserve assets
(gold, foreign exchange, or International Monetary Fund (IMF) reserve-tranche resources) to ben-

efit the fiscal authority, for example, by financing the budget or meeting sovereign obligations.

United States (1934): Statutory Gold Transfer and Fiscal Capitalization. The Gold Reserve
Act transferred title to monetary gold from the Federal Reserve Banks to the Treasury. Congress
appropriated $2 billion of the resulting revaluation gain to the Exchange Stabilization Fund (ESF).
The Bretton Woods Agreements Act later directed $1.8 billion from the ESF toward the initial
U.S. quota subscription in the IMF. This episode converted central-bank reserve assets and their

revaluation gain into resources controlled by the Treasury. !

Switzerland (2000-2005): Gold Sales with Budget Distributions. The Swiss National Bank
(SNB) sold 1,300 tonnes of gold during 2000-2005. In 2005 it distributed approximately CHF 21.1
billion from these sales, with one-third going to the Confederation and two-thirds to the cantons.
This distribution transferred reserve assets to the fiscal authorities. The separate sale of 250 tonnes
during 2007-2008 financed an increase in foreign-exchange reserves and therefore changed reserve

composition rather than transferring the proceeds to the budget.!®

Greece (May 2015): Drawing Down Reserve Assets to Pay a Sovereign Bill. Greece met a
€750 million payment to the IMF by using approximately €650 million from its special drawing
rights (SDR) holdings account and €100 million from cash reserves. This is a direct use of an

official reserve asset for sovereign debt service.!”

15See the Gold Reserve Act of 1934 and the U.S. Treasury’s legislative history of the ESF.
16See the SNB’s 25 February 2005 distribution announcement and its 2008 Annual Report, p. 68.

17See Lefteris Papadimas and George Georgiopoulos, “Greece taps IMF reserves to pay IMF debt—sources,” Reuters,
May 12, 2015.
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A.2 Seigniorage Capacity and Its Limits

We document episodes in which governments relied heavily on money creation to obtain fiscal
resources, while inflation eroded real money demand and limited subsequent seigniorage revenue.
Aggressive monetization can induce households to substitute into goods, foreign currency, or in-
dexed claims, shrinking the inflation-tax base, as in the seigniorage Laffer curve analyzed by Cagan
(1956) and Bruno and Fischer (1990). These episodes motivate a limit on monetary financing. The
model in Appendix D.2 represents a different mechanism: it honors inherited real money obliga-
tions and defines residual issuance capacity as M — M, where M is the largest stock consistent with
nonnegative flow seigniorage. On the high-M branch, further issuance reduces future net revenue

while preserving those real obligations.

Germany, 1921-1923 (collapse of real money demand). As the Reichsbank monetized repara-
tions and escalating fiscal deficits, real money balances collapsed through currency substitution and
accelerating velocity. Real seigniorage peaked at roughly 5—6 percent of national income in 1921—
1922, then fell to near zero by late 1923 even as the printing press ran at full capacity (Sargent,
1982). Stabilization required slower money growth, currency reform, and limits on central-bank

financing of the state.

Latin American high-inflation episodes, 1970s-1990s. Argentina, Bolivia, Brazil, and Peru
each experienced periods in which fiscal deficits were financed through seigniorage while real
money demand contracted (Fischer, Sahay, and Végh, 2002). During Bolivia’s 1984—1985 hyper-
inflation, as inflation reached 20,000 percent annually, the public substituted into dollars and real
seigniorage revenues fell to negligible levels despite money growth exceeding 1,000 percent per
year (Morales and Sachs, 1989; Fischer, Sahay, and Végh, 2002). Argentina in 1989-1990 and
Peru in 1988-1990 likewise experienced dollarization and contraction of their domestic-currency
tax bases (Kiguel and Liviatan, 1995; Savastano, 1996). These episodes illustrate how reliance on
money creation can reduce the real base available for subsequent inflation taxation; remonetization

following stabilization was gradual.

Zimbabwe and Venezuela (currency substitution). In Zimbabwe, hyperinflation associated
with the monetization of central-bank quasi-fiscal operations led the domestic currency to vir-
tually disappear from circulation in late 2008. The authorities adopted a multicurrency system in
early 2009, sharply limiting domestic monetary financing.'® Venezuela also experienced severe

inflation and currency depreciation, but monetary financing did not disappear: the IMF reported

18Gee the IMF’s 2009 Article IV consultation with Zimbabwe.
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renewed monetary financing of its fiscal deficit in January 2026.'° These episodes illustrate pres-
sure on monetary financing capacity, with different degrees of currency substitution and different

subsequent policy regimes.

Cross-country evidence on the seigniorage Laffer curve. The literature on the seigniorage
Laffer curve studies how higher inflation can eventually reduce real revenue by contracting money
demand (Cagan, 1956; Fischer, 1982; Végh, 1989). Falling revenue does not imply negative rev-
enue. Similarly, the condition M > M in our seigniorage extension identifies the branch on which
further money expansion reduces future flow revenue; revenue remains nonnegative throughout
the maintained feasible range M < M. The inflation mechanism in the historical accounts and the
persistent-real-liability mechanism in the model both place limits on monetary financing, but they

are distinct.

Implications for the model. These episodes motivate the distinction between current monetary
financing and the resources available for future support. They do not identify the model’s thresh-
olds M and M or establish that capacity losses are irreversible. In the baseline model, central bank
capital can be rebuilt by devoting resources to its acquisition. In the seigniorage extension, re-
ducing inherited real balances likewise requires resources. The common trade-off is the cost of

restoring future financing capacity after using it today.

A.3 Financial Repression Capacity and Banking-Sector Health

Financial repression can include administered deposit-rate ceilings, captive holdings of govern-
ment paper, and liquidity or prudential requirements that privilege public debt (Reinhart and Sbran-
cia, 2015). In the banking interpretation of central bank capital, the relevant state is the balance-
sheet and franchise capacity that absorbs the resulting margin compression and valuation risk. The
episodes below motivate this capacity constraint; they do not estimate its aggregate size or establish

that every intervention depletes it at the same rate.

Postwar United States (1945-1980s). The Federal Reserve’s Regulation Q capped deposit rates.
As market rates rose above those caps, savings and loan associations lost deposits to money market

funds offering market rates. Commercial banks’ share of financial intermediation fell from about
52% in 1950 to 37% in 1980 (Kaufman, 1990).

India (1950s-1991). The Reserve Bank of India’s combination of high statutory liquidity ratios

and priority sector lending requirements left banks with less than half of their resources for dis-

19See the IMF’s 15 January 2026 press briefing, discussion of Venezuela.
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cretionary credit. Bank profit as a share of working funds was less than half a percentage point in
1990-1992, and return on assets was about 0.4 percent around 1990 (Government of India, 1993).
Intermediation to the private sector remained shallow, with private credit at roughly one quarter
of gross domestic product in 1990-1991. High statutory pre-emptions directed bank assets toward

government securities.

Argentina (1980s-1990). Throughout the 1980s, the central bank and Treasury required banks
to hold public-sector obligations at administered terms. In early 1990, authorities converted time
deposits into Treasury BONEX bonds (Kiguel and Liviatan, 1995). Bank deposits fell from about
21% of GDP in 1988 to roughly 8% by 1991, a decline of nearly two-thirds. Private credit and
deposit-money bank assets dropped from their 1989 peaks, from about 39% to 12% and from
about 69% to 18% of GDP, respectively. Those 1989 peaks are inflated by hyperinflation-related

measurement artifacts and so overstate the underlying contraction.?’

Greece (1950s-1990s). For much of the postwar era, Greece maintained a repressed financial
regime in which the authorities allocated a large share of bank balance sheets through obligatory
reserve/investment ratios. By the late 1980s, policy effectively controlled the placement of roughly
two-thirds of bank funds (OECD, 1990, see p. 64). A “secondary reserve” tied to Treasury paper
absorbed about 38% of commercial-bank deposits, recorded at 38.0% in December 1985, Decem-
ber 1987, December 1988, and August 1989, while total blocked funds reached 56.5% of deposits
in 1988 (OECD, 1990, Annex I, Tables 2-3). In this environment, bank balance sheets weakened:
loan-loss provisions at the National Bank of Greece equaled 93% of equity in 1987, and major
banks’ non-performing loans were reported as “well in excess of their equity” (Antoniades and
Kouzionis, 1990, pp. 18-22; Table 3).

Across these settings, administered rates and required holdings of public debt coincided with dis-
intermediation, low bank profitability, or weak balance sheets. The evidence motivates the model’s
reserve-absorption constraint but does not separately identify its causal effect or the aggregate

capacity parameter D.

A.4 Central Bank Credibility

Credibility and policy independence can affect the terms on which a central bank provides sus-
tained support to government financing (Willems and Zettelmeyer, 2022). Unlike foreign re-

serves, credibility is not a directly observable balance-sheet asset. We therefore treat the following

20Source: World Bank, Global Financial Development Database (GFDD), via FRED. Series (Argentina): Bank de-
posits to GDP (GFDD.OI.02; FRED ID DDOIO2ARA156NWDB); Private credit by deposit money banks to GDP
(GFDD.DI.01; DDDI01ARA156NWDB); Deposit-money bank assets to GDP (GFDD.DI.02; DDDIO2ARA156NWDB).
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episodes as institutional motivation, not as measurements of central bank capital or as evidence

that the model’s law of motion applies mechanically.

United States, 1942-1951 (Treasury peg and Accord). Beginning in 1942, the Federal Re-
serve pegged the Treasury bill rate and capped long-bond yields to support government financing.
Maintaining the peg required purchases of government securities and constrained monetary policy
as inflation rose after the war. The 1951 Treasury—Federal Reserve Accord ended the peg and

established greater separation between debt management and monetary policy (Eichengreen and
Garber, 1991; Romero, 2013).

Italy, 1981 (ending purchases of unsold Treasury securities). Before 1981, the Bank of Italy
committed to purchase unsold Treasury securities. The 1981 “divorce” ended that commitment
and gave the Bank autonomy over whether to make such purchases. Banca d’Italia describes the
change as part of the process that established monetary-policy independence.?!

These episodes show that sustained support for government financing and monetary-policy
autonomy can be institutionally linked. They do not establish a common quantitative depletion
rate or imply that every asset purchase reduces credibility. The paper’s formal and quantitative
results rely on the separately specified reserve, seigniorage, and banking mappings; credibility

remains a possible additional source of central bank capital.

B Data Sources and Processing

This appendix documents the data sources and processing steps used to construct Figure 1, which
presents central bank balance sheets and government debt as a percentage of GDP for the United

States, United Kingdom, and Japan.

B.1 Data Sources

B.1.1 Central Bank Balance Sheets

Central bank total assets data for all three countries are obtained from the Bank for International
Settlements (BIS) database.?? The data series consist of total assets as a percentage of GDP at a
quarterly frequency for the United States (country code US), the United Kingdom (GB), and Japan
(JP). The coverage spans from 2000Q1 to 2024Q4, yielding 100 quarterly observations for each

country.

21See Banca d’Italia, “The fight against inflation and Maastricht”.
22 Available at https://data.bis.org/topics/CBTA/data
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The raw data are exported from the BIS database as an Excel file. The export format contains
a sheet named “timeseries observations,” with data rows beginning at row 11 (zero-indexed row
10). The BIS data are reported on end-of-quarter dates and are already expressed as percentages
of GDP.

B.1.2 Government Debt Data

Government debt-to-GDP ratios are obtained from FRED (Federal Reserve Economic Data). The
figure uses country-specific headline debt measures that are closely tied to the relevant sovereign

funding market:

* United States: Series GFDGDPA188S (Gross Federal Debt as % of GDP, annual frequency)
» Japan: Series DEBTTLJPA188A (Central Government Debt as % of GDP, annual frequency)

* United Kingdom: Series GGGDTAGBA188N (General Government Gross Debt as % of GDP,

annual frequency)

All three series are annual. U.S. observations are aligned with calendar year-end BIS central-
bank-assets observations. Japan and U.K. observations are aligned with the following March 31

fiscal-year endpoint, matching the same quarter’s BIS central-bank-assets observation.

B.2 Data Processing

B.2.1 Central Bank Balance Sheet Processing

The BIS processing script reads the “timeseries observations” sheet from the Excel export file.
Date strings in YYYY-MM-DD format are parsed and converted to quarter strings in YYY YQ#
format. Country columns are identified from the BIS metadata rows by matching the time-series
keys Q.GB.B.XDF_R_B1GQ._Z.B, Q.JP.B.XDF_R_B1GQ._Z.B, and Q.US.B.XDF_R_B1GQ._Z.B;
the extraction therefore does not depend on export-specific column positions. The data are then
reshaped from long format to wide format with one column per country.

Quarter strings are converted to end-of-quarter dates: Q1 maps to YYYY-03-31,Q2to YYYY-
06-30, Q3 to YYYY-09-30, and Q4 to YYYY-12-31. The data are filtered to retain observations
from 2000Q1 to 2024Q4, and columns are renamed to fed_pct (US), boe_pct (UK), and boj_-
pct (Japan). The processed data are saved with columns: quarter, date, fed_pct, boe_pct, and

boj_pct.
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B.2.2 Government Debt Data Processing

The debt processing script downloads the three annual FRED debt series starting from 2000-01-01.
For the United States, the value labeled with year # is assigned to December 31 of year 7. For Japan
and the United Kingdom, the value labeled with year 7 is assigned to March 31 of year r + 1. The
annual series are then reindexed to the quarterly BIS date index. The plots connect these annual

matched points with lines.

B.3 Data Construction Summary

For each country, the central bank balance sheet data (quarterly for all countries) and government
debt data (annual for all countries) are merged on the date column using an inner join. Because
the merge requires matching dates in both datasets, the final merged datasets reflect the annual

frequency of the debt data:

* United States: annual calendar-year observations matched to December 31 BIS central-

bank-assets observations.

* United Kingdom: annual observations matched to March 31 BIS central-bank-assets obser-

vations.

* Japan: annual observations matched to March 31 BIS central-bank-assets observations.

Central bank balance-sheet data are quarterly and debt data are annual. The merged datasets
therefore contain annual observations, and the plots connect annual points. The debt measures are
country-specific and follow the aggregates most directly associated with each country’s sovereign

funding market. They are not harmonized across countries.

C Proofs

The proofs proceed in dependency order. We first derive individual demand, the market-clearing
price, and maximum funding. We then characterize the no-default steady states, establish the
refinancing and default boundaries, and combine the steady states with those boundaries to obtain
the equilibrium regimes and sustainability formulas. The final subsections prove the QE results

one step at a time.
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C.1 Individual Bond Demand
Lemma 1 (Individual bond demand). For household h € {v,s}, bond demand is

bomax {1+ x~' (1-PE/B),0}, +1—0

by =

Proof. Denote by A, the Lagrange multiplier on the household budget constraint (3). The first-

order conditions with respect to ¢; and bﬁ’ '\ are
h =Bl () = B, (AD)
and

MPE > 2y (1= 8 )+ B0 (1= 8l v (1= 87 el )

bh

=(1-8"%)) m1+ﬁf“< —(1-8")) ;?)], (A2)

where the inequality is binding when bi’ '+1 > 0. Combining equations (A1) and (A2) yields

h
PP >B(1- t+1)<1+x< —(1 5r+1)b;+01>>7 (A3)

which holds with equality if bl 1 > 0. When Sfjrl = 0, we can simplify equation (A3) as

s a(ive(i- )
bo
o (A4)
1+v1[1= t
X ( B(1 5,@1>>]

and this holds with equality if b[ 1 > 0. Therefore,

PB
b?Jrl = bomaX{1+X_l ( m) ,0} . (AS5)
t+1

When 6h ‘1 = 1, for any positive bond price, the unique optimal choice is then bl

h
= bi1 > bo

r+1 = 0. This simple

result comes from our assumption that government default is complete, i.e., bond holders have zero
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recovery during default, so household demand disappears if households believe the government
will default.

C.2 Bond Price Schedule

Lemma 2 (Bond price schedule). For non-negative net debt B; 1| — Btcfl and 1 —m&, 1 > 0, the

nonnegative bond price schedule is

CB
PB(BHI—Bffl,(S;H):maX Bl1+x 1_M 0.
bo(l—m&ﬂ)

It weakly decreases with debt held by private investors and with the default belief. If m =1 and

0,11 = 1, private funding capacity is zero and the interior price schedule is not defined.

Proof. The interior inverse demand is relevant only when 1 —md&, 1 > 0. If m =1 and 6,11 = 1,
no household is willing to hold government bonds, so private funding capacity is zero and the
inverse-demand formula below is not defined. Aggregate demand (8) and bond-market clearing

By = B? i —I—Btcf1 imply that

(1 —=m81)bomax {1+x~" (1=P°/B),0} = By — By, (A6)

For positive net debt issuance supported at a positive price, we can simplify the expression above

as
(1—=m841)bo (1+x ' (1—PP/B)) =By1 — BF,, (A7)

Solving for the interior price and extending the schedule with a zero floor gives

PB(Biyy —BCB,. 8, 1) i=max{ B[ 1+ | B =B (A8)
t+1 t+1>9+1) -— % bo(l_m6t+]) ) .

The zero-price extension assigns zero financing to issuance beyond the range supported by private

demand.
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C.3 Maximum Market Funding

Lemma 3 (Maximum market funding). For 1 —md;11 > 0, the maximum market financing is

maXPB(B[+1,5t+1)B[+1 — (1 —m3[+1)F,

Bt
and the unique maximizer is B;1 = (1 —m&.1)B, where F and B are defined in equations (11)

and (12). If m = &1 = 1, private market financing is zero.

Proof. For 1 —mé,.1 > 0, we can rewrite the maximum funding problem max PB, .| as

max _PX ((1+x)
B b0<1 _m5t+l) X

bo(1 _m5t+1)_Bt+l)Bl+l (A9)

This is a quadratic function. The level of B, that maximizes market financing is

I(1+
Bz+1=§< x)

bo(1 —m8i41), (A10)

which yields maximum market financing

1(1 2
i (572 ) (1 - A1)

Defining F' and B as in equations (11) and (12), we obtain maximum market financing (1 —

mé;+1)F, reached by setting B, ;| = (1 —m&,1)B.

C.4 Potential Steady States and Debt Dynamics

The no-default steady-state condition expands to

—ﬁblO(B*)er(/3(1+x)—1)B*+T:0. (A12)

Its discriminant and the primary-balance cutoff at which the roots coincide are

x

__bo _1)?
b To = 4Bx(ﬁ(1+X) 1)”. (A13)

A= (B(1+x) 1) +4BT
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Lemma 4 (Potential steady states and debt dynamics). If T < Ty, no steady state exists; every
feasible no-default transition has B;+1 > By, and debt crosses the finite default boundary in finite
time. If T = 7y, the two potential steady states coincide. If T > T, the two distinct potential steady

States are

Bia= 55 (BU+1)-17VA),

with 0 < B} < B; < B. Debt below B3 converges to the stable root By; debt above B} rises while

refinancing remains feasible and crosses the default boundary in finite time. The root B is unsta-

ble.

Proof. We analyze the debt dynamics governed by equation (10):
P’(B;41,0)-Biy1 =B, —T

Define the debt dynamics function B, | = f(B;) as the smaller root of this equation (by the
lower-debt selection rule).

Part 1: When A < 0, debt dynamics are explosive. For all feasible B; < (1 —m)F + T, we have
Bt+1 > B[.

Proof: Define the excess funding function:
_ pB o Bx oy -
g(B)=P°(B,0)-B—(B—T) = - B 4+ (B(14+x)—-1)B+T
0

The steady state condition is g(B*) = 0. Since g(B) is a quadratic with:

» Negative leading coefficient: —g—f <0

* No real roots when A <0

 g(0) =T < 0 (implied by A < 0 requiring a sufficiently negative primary balance)

We have g(B) < 0 for all B > 0. Therefore:
P3(B;,0)-B; < B, —T

Since market financing P5(B,0) - B is strictly increasing for B < B = % (from Lemma 3),

to satisfy:
P5(B,.1,0)-B,y1 =B, —T > P3(B,;,0)-B,

we must have B, > B;.
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Write ¢ = By /bp and A = B(1+ x) — 1. Completing the square gives

(B)— B A 2+A
§\B)=—¢ 2c 4¢”

Hence —g(B) > —A/(4c) = € > 0 for every B. If B” < 0, default is immediate for any nonnegative

debt. Otherwise, every feasible no-default transition satisfies
Biy1—B; = —g(Biy1) > €,
so debt crosses the finite boundary B” in finite time. [J

Part 2: When A > 0, two steady states exist. Proof: The quadratic equation g(B*) = 0 has

discriminant A > 0, yielding two real roots:

Bia= 5 [(BU+2)-DFVA]

Since B < 1, we have B(1+ %) —1 < xB < x. For T < 0 (negative primary balance), both
roots are positive. We have B} < B} since v/A > 0 when A > 0.
Moreover, we can show that both roots are below B (defined in Lemma 3) so they lie on the

branch selected by the fiscal authority. We only need to show B} < B. This is equivalent to:
VA <1

Since T < 0 (negative primary balance):
_ 2 = X 2
A=[B+2) — 117 +4pT = < [p(1+2) ~ 1]

Under our baseline assumption ¥ < 1 and 8 € (0,1), we have B(1+ ) <2, hence |B(1+ ) —
1| < 1. Therefore:
A<B+x)—1P<1

This implies v/A < 1 and hence B} <B.O

Part 3: Bj is locally stable. Proof: We analyze the slope of the debt dynamics function at the
steady state. Implicitly differentiating the budget constraint:

oPB 5 dB, i
By1+P%(B,1,0 =1
(aBt+1 t+1 + ( t+1, )> dB[
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At steady state B, | = B; = BJ:

dBii1| 1
o opB
B | PP+Bj- 9B 11
From Lemma 2: P2(B,0) = B(1+ x(1 - %)), so:
oP? By
0B by
At the steady state:
dB;i1| 1
- Bj B}
dBi g B(1+x(1-20)) - B2E
Using the steady state condition P2(B*,0)-Bt =B —T:
Bj B —T
1 1--1)y =4
pUTZA =3 ) ="
Therefore:
dBi1| Bj - 1
dB; |p = _ BB - I Bx(By)?
vy BT 5B 1—317— o5

The denominator equals f%(B}), where f°(B) := P3(B,0)-B=B(1+x)B— %BZ is the funding
supply function and f%(B) = B(1 + ) — 25_0763_ Define the excess-funding quadratic g(B) :=
f3(B) — (B—T), whose roots are precisely B} and Bj. Since g has negative leading coefficient, it
is increasing at its smaller root B} when A > 0, i.e., g'(B}) > 0. Because g'(B) = f%(B) — 1, this

gives f¥(B}) > 1> 0, so:

dB; 1 1
dB; | f¥(B}) (

Therefore Bj is locally stable. [

Part 4: B is unstable and separates convergent from explosive debt paths Proof: By the

dBy
same argument, dB,

B = 1/f5(B3). Since g is a downward-opening parabol_a, it is decreasing
at its larger root B3 when A > 0, so g’(B3) < 0, hence f%(B3) < 1. Since B < B (Part 2), we have
5(B3) >0, giving £ (B3) € (0,1) and therefore:

dBip| _ 1
a5, |y~ B

> 1
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Therefore B3 is locally unstable.
Global dynamics: For B; € [0,B5):

* The dynamics curve f(B;) is below the 45° line for B; € (B},B;), so Biy1 < B;
* The dynamics curve is above the 45° line for B; € [0,B7), so B;+1 > B;

* Both regions converge to B}
For B; > B3:

* The dynamics curve is above the 45° line, so B; | > B;

* Debt increases monotonically until reaching the default boundary B? in finite time

Therefore, B separates debt paths that converge from those that grow until default: any debt
above this level rises and eventually defaults. [

C.5 Refinancing and Debt Issuance
Proposition 6 (Government refinancing and minimal issuance). Conditional on &1, the govern-
ment can refinance at date t if and only if

B, < (1—m841)F +T.

When this condition holds, the lower-debt selection rule uniquely determines B, and implies
B < (1 —m5,+1)B <B.

Proof. We proceed in three parts.

Part 1: Necessary and sufficient condition for refinancing. From Lemma 3, we know that:

* The funding supply function PB (Bi+1,0+1)B;+1 is a concave quadratic function of By

e It achieves a maximum value of (1 —m&,1)F at By 1 = (1 —mé&1)B

Therefore, the government can refinance its debt if and only if the funding requirement does
not exceed the maximum funding supply:

B, —T <maxP?(Biy1,841)B11 = (1 —m&1)F

Bt

Rearranging:
B, <(1-m&,1)F+T

This establishes the necessary and sufficient condition for refinancing.
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Part 2: Upper bound on debt issuance. When the refinancing condition is satisfied, there exists
at least one solution B, to equation (10). Since the funding supply function PB(B; 1,8, 1)B:+1

is:
« Strictly increasing on [0, (1 —m&,11)B]
o Strictly decreasing on [(1 —m&,.1)B,)
» Maximized at (1 —mé&,1)B

and since the fiscal authority chooses the minimal debt level consistent with its budget constraint

(by assumption), we have:

By < (1 _m6t+l)B

The equality holds if and only if B, — T = (1 —m&;,1)F, in which case the government must

issue exactly (1 —md&,,1)B to meet its funding requirement.

Part 3: Uniqueness For any funding requirement B, — T < (1 —m&,11)F, the inverse-U shape of
the funding supply function implies there are exactly two solutions to (10): one on the increasing

portion (BI(JIF)1 < (1 —m&;41)B) and one on the decreasing portion (B,(_zk)1 > (1 —m&41)B).
(1)

By assumption, the fiscal authority selects the smaller solution B, ’,,

which uniquely deter-

mines next period’s debt level.

C.6 Default Boundary in the Baseline

Proposition 7 (Government default). On histories without a previous default, under the current-
default and lower-debt selection rules, the government defaults at time t if and only if B; > BP,
where BP? = (1 —m)F +T.

Proof. We verify the current-default rule and next-period beliefs jointly. On a candidate allo-
cation that repays at 7, sticky investors have 87, = & = 0. Write Fy(z) := P?(z,d)z for market
financing when vigilantes’ belief about repayment of the newly issued debt is d = §;', ; € {0,1}.
Current repayment requires

Fy(B;+1) =B, —T.

If B; > BP, the requirement exceeds max F; = (1 —m)F, so current repayment is infeasible under
vigilante withdrawal. Current default is absorbing and therefore validates d = 1. The current-

default selection chooses this self-fulfilling outcome.
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Suppose B; < B” and m < 1. The positive requirement H := B, — T satisfies H < (1 —m)F, so
the conditional lower roots g4 of F;(gs) = H both exist. They obey

0<gq; <(l-m)B<B, Fo(q1) = Fi(q1) = H = Fy(qo).

Since F is strictly increasing on [0, B], this proves go < ¢1. If go < BP, choose B;,| = qo and
d = 0; the next state permits repayment, so the belief is correct. Otherwise, g; > go > BP; choosing
B;11 = q1 and d = 1 funds repayment today but produces default tomorrow, again validating the
pricing belief. Thus at least one belief-consistent current-repayment continuation exists below the
boundary. If both are consistent, the smallest-debt continuation rule chooses go; this is a separate
continuation selection, not pessimism about every future default.

Applying these tests at successive pre-default states verifies the threshold rule and rational
beliefs. For m = 0, the two financing schedules coincide and the same next-state test applies.
For m =1, B’ = T < 0, so every nonnegative inherited debt state selects current default and the
repayment case is empty. Equality at BP permits current repayment. After the first default at
tp, &; = 1 and B, = 0 for every t > tp. The fiscal rule becomes 7; = 0 in this no-central-bank

economy. The absorbing shutdown rule applies rather than a new threshold test at zero debt. [

C.7 Investor-Share Cutoffs in the Baseline

Lemma 5 (Baseline investor-share cutoffs). For T > Ty, the cutoffs in equation (16) satisfy 0 <

my < mj.
Proof. We proceed in two steps.

Step 1: my < mj. According to Lemma 4, B > B} when T > 7. The definition in equation (16)

therefore gives my < m;.

Step 2: my > 0. We need to show that B} < F + T. At the upper potential steady state,
P5(B5,0)B; =B —T.

Because B; < B by Lemma 4, market financing at this steady state is strictly below its maximum:

P5(B5,0)B; < F.
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Combining the last two displays yields B5 < F'+ T and hence

F+T—B}
nyp =

> 0.

| N

C.8 Proof of Proposition 1

The proof proceeds by establishing the relationship between the default boundary BP = (1 —m)F +

T and the potential steady states B} and Bj under different parameter configurations.

Preliminary observation From the definition of m; in equation (16):

~Ni

F+

*
ji=

F Y

we can equivalently write:

The default boundary is:
BP=(1-mF+T=F+T—mF
Therefore:
BP <B} < m>m; (Al4)
B =B} <= m=m; (A15)
B” > B} < m<m; (A16)

Case 1: No valid stable steady state Subcase la: T < Ty. This implies A < 0. By Lemma 4, no
steady state exists and debt dynamics are explosive with B, | > B, for all feasible B; < BP. Since
debt increases monotonically and the default boundary BP? = (1 —m)F + T is finite, default occurs
in finite time.

Subcase 1b: T > Ty and m > m;. This implies A > 0. By Lemma 4, potential steady states B}

and Bj exist. Since m > m, we have:
BP=(1-m)F+T <(1—m)F+T =8B}

Therefore, B} and B3 are not valid no-default steady states.
For any initial debt By > 0: If By > B, immediate default occurs by Proposition 7. It remains
to show that if By < BP, default occurs in finite time.
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Define the excess funding function g(B) := P?(B,0)B— (B—T). For B € [0, BP], since BP < B}
and B is the smaller root of g, and g(0) = T < 0 while g is a downward-opening quadratic, we have
g(B) < 0 for all B € [0, BP]. Therefore, from the budget identity g(B;; 1) = B; — B, 4| (rearranging
the flow constraint), B; ;| —B; = —g(B;41) > 0 for all B, € [0, B].

To establish finite-time default, note that g is continuous and strictly negative on the compact

set [0, BP], so by the extreme value theorem:

g:= sup g(B)<O.
Be[0,BP]

Therefore, for all t with B, < BP:
Bt+1 _Bl = _g(Bt—i-l) 2 —£€>0.

Starting from any By > 0, after at most T = [(B” — By)/(—&)] + 1 < oo periods the debt exceeds
BP, triggering default.

Boundary subcase: T > Ty and m = m;. Then BP = Bj. The stable steady state is exactly at
the default boundary. Since default occurs only when B; > BP, it is a valid no-default steady state,
but the sustainability index is zero because the stable state and the first limiting state coincide.

Double-root subcase: T = 1p. The two potential steady states coincide at B". Because the
transition derivative equals one there, B' is non-hyperbolic rather than asymptotically stable. It is
a valid no-default steady state if and only if B < BP, and the sustainability index is zero because

the two limiting roots coincide.

Case 2: One valid stable steady state In case (b), 7 > 7y and my < m < m;. Hence A > 0, and
Lemma 4 gives two distinct steady states B} < B3 and 0 < my < my.

Since m < my, we have B > B*, so B’l‘ is a valid no-default steady state. Since m > m,, we have
BP < B3, so B} exceeds the default boundary and is not a valid no-default steady state. Therefore,
B} <BP < Bj.

By Lemma 4, By is locally stable and B; is locally unstable in the absence of default constraints.

The debt dynamics are as follows.
* For By € [0,BP], the dynamics would converge to B}, which is the stable steady state.

* If By > BP, then the government immediately defaults by Proposition 7.

Case 3: Valid stable and unstable steady states In case (c), T > Ty and m < m,. Hence A > 0,
and Lemma 4 gives two distinct steady states B} < B; and 0 < my < mj.
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Since m < my, we have:
BP=(1-m)F+T>(1-m)F+T =8B}
and since B; > Bj, we have:
B} < B} <BP

Therefore, both Bik and B; are valid no-default steady states (both lie below or at the default
boundary).
By Lemma 4, Bj is locally stable and Bj is locally unstable. The debt dynamics are:

* For By € [0, B5), the trajectory converges to Bj.

* For By € (B;,BD ), debt increases monotonically. The path eventually reaches beyond BP,
triggering default. Debt can be refinanced temporarily but eventually defaults.

* For By > BP, there is an immediate default according to Proposition 7; at By = B, default

occurs only if the next-period debt choice moves strictly above the boundary.

When m = m5, we have BP = B3, so the unstable steady state lies exactly at the default bound-

ary. In this boundary case, the interval (B;,BD ) is empty but Bj is still a valid steady state.

C.9 Sustainability Index in the Baseline

Proposition 8 (Government debt sustainability). The sustainability index satisfies:
(a) If T < 1y, or if T > 19 and m > my, then . = 0.
(b) If T > 19 and my < m < my, then

7 =B 5y (145 - EE D

(c) If T > 19 and m < my, then

LV:Jﬁ—BT:é%VZ

Moreover, . is continuous and weakly decreasing in m.
Proof. We proceed in two steps. First, we show cases (a)—(c). Second, we show how m affects

.
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Proving Cases (a), (b) and (c¢)

Case (a): When T < 7, Proposition 1(a) establishes that no steady state exists and debt reaches
default in finite time. When T = 1, the two potential steady states coincide and the funding buffer
is zero. When T > 7y and m > my, both potential steady states lie beyond the default boundary; at
m = my, the stable steady state coincides with that boundary. In all these scenarios, the stable state
and the first limiting state are not separated, so .’ = 0 by Definition 2.

Case (b): Here T > 1y and my < m < m;. By Proposition 1(b), B} < BP < B3 where B is
the unique stable steady state. The first limiting state is the default boundary. By Definition 2,
the funding buffer is the difference between financing at BP and at B} on the no-default demand
schedule:

PB(BP 0)BP =B} - T +.7

At the steady state B}, the budget constraint satisfies:
PE(B;,0)B; =B}~ T
Subtracting these equations:
PB(BP,0)BP? — PB(B},0)B} = .

From Lemma 2, P5(B,0) = 8 (1 +x <1 — b%)), SO:

BP B*
b (1e2- ) g (14222

bo bO
=B+ -8 - HE (87 (81
Bx

= B(1+2)(B” ~ By) — - X (B”+ B}) (B” — Bi)

by
_ BB B)) [<1+x>—’“3b—:3ﬂ

Case (¢): Here T > 13 and m < m;. By Proposition 1(c), both B and B; are valid steady states

with B} < B5 < BP. The first limiting state is the unstable steady state, so the sustainability index
is the financing difference between B and B5:

P5(B5,0)B; =B} - T+.7
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Since both B} and Bj satisfy the steady state condition PP (B},0)B; =B’ — T, we have:

B;—~T=B-T+.
. =B —B}

From Lemma 4, the two steady states are:

37:21[’3—‘)% B(1+%)—1-Va|. Bﬁ:zz—ox[ﬁ(um—ux/x
Therefore: P ho e bo\/K
=55 B1= a5y VA = 5y

Continuity and Monotonicity in m

Next, we show that .# is continuous and weakly decreasing in m. The proof proceeds in three
steps: monotonicity in each region, and continuity at the boundaries.

Step 1: Monotonicity within each region.

Region 1: m € [0,my]. By Proposition 8(c), for m < m;:

_bo
y_ﬁx\/Z

where A = [B(1+ ) — 1]? —|—4[3Tbl0 depends only on (T, 3, x,bo) and not on m. Therefore:

0.7

om

0

for all m € [0, my).
Region 2: m € (my,my). By Proposition 8(b), for my < m < m;:

x(BP +B7)

7 =BB -8 (142 - B

Since B? = (1 —m)F + T and B} does not depend on m:

8BD_ F<0
om
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Define the funding supply function f5(B) := P?(B,0)-B = B(1+ x)B — B%—fz. Then ./ =
f3(BP) — f5(BY). so:

' JB" ' 2
= PBP)- S = S (BP)- (-F)

The derivative of the funding supply function is:

2B xB
bo

(B =B(1+x) -

By Lemma 3, f5 is maximized at B = %, so f3(B) > 0 for B < B and f5(B) < 0 for
B> B.

In region 2, we have BP < B3. From Lemma 4, B; < B. Therefore BP? < B, which implies
F3'(BP) > 0.

Consequently:
05 51D -
= fS(BP)- (~F) <0

Thus . is strictly decreasing in m for m € (my,my).

Region 3: m > m;. By case (a), for m > m;:

S =0

Therefore %—*Z =0 for all m > m;.

Step 2: Continuity at m = my.
We need to verify that:

lim . (m)=.7(mp) = lim . (m)

m—my m—)m;
From the left (m < my, case 3):

b
lim .%(m) = ——+/A =B} —Bj
m—my ﬁ%

At m = my, by definition (16), we have:

_F+T-B;

my BD(mz) = (1 —WQ)F—{-T ZBE
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From the right (m > m;, case 2):

lim .#(m) = B(BP(m2) — BY) {(1 - %(BD(n;z) +B>;)}
m—smy o
= (8- 7) (14 - L]

To show this equals B — B}, we use the steady state conditions. Both B} and B} satisfy
P5(B%,0)B; = B; — T, which gives:

XB; * * n .
B l—l-)(—b—o B;=B;-T, je{l,2}
Subtracting the equation for B} from that for B3:

B(1+x)(B:— B]) — P2 (B3 — (B))2) = B3 B

bo
Factoring the left side:
BB, —By) [(1+x)— # =B B
Therefore:
lim .¥(m) =B;—B] =.(my) = lim . (m)
m%m;r m—n,
establishing continuity at m = m;.
Step 3: Continuity at m = m;.
At m = my, by definition,
F+T—B; _
m = % ~ B°m)=(l—m)F+T =B
From the left (m < my, case 2):
im 5 (n) = BB ()~ B} (14 7) - G
m—rmy bO
— X (B +Bj})
— BB (142 - FEEE o
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From the right (m > my, case 1):

lim . (m)=0
m—sm

Therefore continuity holds at m = m;.
Since .7 is weakly decreasing in each region and continuous at the boundaries, it is weakly

decreasing on [0, 1].

C.10 Default Boundary with Central Bank Capital

Proposition 9 (Government default with central bank capital). Consider a history without a pre-
vious default with T + oY < 0, and suppose remaining central bank capital is available for sale
and transfer to the fiscal authority before current default is declared. Under the current-default

and lower-debt selection rules, the government defaults at time t if and only if B, > E? , where
B? =(1—m)F+T+ oy (Y +PY).
The default boundary is strictly increasing in central bank capital.

Proof. Write x :=B; >0, a:= oy, a := 04,1, and 7 := B, > 0. The maintained consolidated
deficit gives H :=x— (T + aY) > 0. On a current-repayment candidate, consolidating the two
budgets gives

Fax) =R(@)=H-P(a—a), d=8&\, Fi2):=Pzd):
Let D(a) denote the stated default boundary at central bank capital a. Next-period beliefs satisfy
d=1{z> D(a)}.

Both pricing candidates in this test use the same a.

If x > D(a), then R(0) > (1 —m)F. Even full central bank capital liquidation cannot fund
current repayment when vigilantes withdraw. Absorbing current default validates d = 1, so current-
default selection chooses default.

Now suppose x < D(o). If R(0) > 0, choose a = 0 for both pricing candidates in an existence
construction. Then 0 < R(0) < (1 —m)F, which requires m < 1. The conditional lower roots
qa of Fy(q4) = R(0) both exist and gp < g1, by the ordered-root argument in the baseline proof.
If g0 < D(0), use (z,d) = (qo,0); otherwise g1 > go > D(0) and use (z,d) = (g1,1). If both

A24



candidates are consistent, the smallest-debt continuation rule at this common central bank capital
choice selects gq.

If R(0) < 0, full liquidation would overfund the exact budget when the inequality is strict.
Instead choose

H
a:a—P—YZO, z=0, d=1{0> D(a)}.

The central bank capital sale uses no more than the available stock and sets R(a) = 0. Current
debt is repaid without new private financing. For m = 1, x < D(a) implies R(0) < 0, so this
endpoint covers the entire repayment case without evaluating an undefined sticky-only inverse-
demand price. For m = 0, the positive funding schedules coincide and the same next-state test
applies.

Both separate budgets are feasible in these constructions. Choose Btcfl =0,B;11 =2z and

T8 = ay + B8 + PY (a —a).

The central bank budget holds, and Fy(z) = R(a) implies B; = P2(z,d)B; 1 + T + T B. Next
private and central bank bond holdings are nonnegative. At zero issuance, P? = (1 + x) induces
zero demand from every participating household and clears the bond market; no interior inverse-
demand formula is needed, including when m =1 and d = 1.

For a given central bank capital policy, issuance must satisfy its budget and the next-state test
at that policy’s a; continuation selection compares consistent beliefs at that same central bank
capital choice. Applying these tests at successive pre-default states verifies the current boundary
and rational beliefs. Current liquidation can therefore finance repayment today while vigilantes
correctly anticipate default tomorrow. Finally, D'(ct) =Y 4 P¥ > 0. After the first default, issuance
permanently ceases, all government bond holdings are zero from the next date onward, and 7; =

—TB. Default remains absorbing; the pre-default boundary is not reapplied to the zero-debt state.
O

C.11 Potential Steady States with Central Bank Capital

The consolidated steady-state condition (23) expands to

—ﬁblo(é*)%r(ﬁ(1+x)—1)é*+(f+aY):o. (A17)

Its discriminant is
X X
0

A:(ﬁ(1+x)—1)2+4ﬁ(f+aY)b (A18)

The roots coincide at T = Ty = 19 — &Y.
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Lemma 6 (Potential steady states and debt dynamics with central bank capital held fixed). Fix
central bank capital at a with T +aY < 0. If T < 7, no steady state exists and debt rises wherever
the transition with central bank capital held fixed remains feasible. If T > %, the potential steady

Bi,= 2[3 (5 1+%) —13F\/_)

with 0 < E’f < E; < B. When A > 0, debt below E; converges to the stable root B, while debt

above B; rises for as long as the transition with central bank capital held fixed remains feasible;

States are

B is unstable. Higher o lowers B} and raises B. A policy drawdown of central bank capital

changes o and starts a new transition.

Proof. Debt dynamics. Under no default, the consolidated net-debt dynamic is
P%(B;41,0) By = B, — (T+ OCY)7

so steady states B* solve

_Bx

7 B+ (B(1+x)—1)B"+(T+ay) =0,

with discriminant A = (B(1+ ) — 1)2 + % (T 4 oY) and threshold %, defined by A = 0.

Part 1: If A < 0, no steady state exists and debt rises with central bank capital held fixed.
Define the excess-funding quadratic

(B) = PB(B,0)B— (B— (T + aY)) - +(B(1+x)—1)B+(T+ay).

_lz_f B?
When A <0 and T+ aY < 0, g(B) <0 for all B> 0. Since P2(-,0)- is strictly increasing on
[0,B), the identity P?(B;,1,0)B;.1 = B, — (T + aY) > P?(B,,0)B; forces B; | > B;. Hence {B;}
increases monotonically for as long as the transition with central bank capital held fixed remains
feasible. If policy draws down central bank capital, o changes and the continuation must be

evaluated from the new state.

Part 2: If A > 0, two potential steady states exist in (0, B). Solving the quadratic yields

Efzﬂ(ﬁ(1+x)—1—\/5>, B = B(1+x)—1+V4),

2Bx

with 0 < Bt < B} < B (equality iff A = 0). The last inequality follows from T + oY < 0, which
implies A < (B(1+ %) — 1)2 and hence VA < |B(14x)— 1| < 1 under B(1+x) < 2.

5 P
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Part 3: B} is locally stable. Implicitly differentiating P?(B,;1,0)B,+1 = B, — (T + aY) gives

dBii1 1
dBt N PB(Bt+],O) +Bl+] 3PB/3B '

Using P5(B,0) = B(1+ (1 —B/by)) and dP? /0B = —B /by, at a steady state B* we obtain

dBi
dB,

= 1 — B '
B B(1+x(1-2))-pxE B —(T+ar)- BB

The displayed ratio simplifies to 1/f5(B*), where f5(B) := P?(B,0) - B is the funding supply
function and f¥(B) = B(1+y) — lej—oxB. Define g(B) := f5(B) — (B — (T + aY)), whose roots
are B} and B;. Since g has negative leading coefficient, it is increasing at its smaller root B}
when A > 0, so §'(B}) > 0. Because §'(B) = f¥(B) — 1, this gives f5(B}) > 1 > 0, and therefore

dB, % R 3
dl?tl 5= l/fS’(Bl) € (0,1). Thus Bj is locally stable. =

Part 4: B is unstable and bounds convergence under the transition with central bank capital
dBi
s :
decreasing at its larger root B} when A > 0, so §'(B}) < 0, hence f%(B3) < 1. Since B; < B

(Part 2), f¥'(B3) > 0, giving f¥'(B3) € (0,1) and dfgl

held fixed. By the same argument,

B = 1/5(B3). Since § is downward-opening, it is

5 > 1, s0 B} is locally unstable. Global
2

dynamics mirror Lemma 4:

« For B, € [0,B%), the dynamics lie above the 45° line on [0,B%) and below it on (BY,B%),
hence B, — ET.

e For B, > B, B;+1 > B, monotonically while the transition with central bank capital held
fixed remains feasible. A policy drawdown of central bank capital changes ¢ and starts a

new transition. Thus E; is the boundary of the fixed-o convergence region.
Part 5: Comparative statics in o. Since dA/do = ‘f—oxY > 0, the explicit formulas imply

9B /da < 0 and IB;/da > 0. O

C.12 Investor-Share Cutoffs with Central Bank Capital

Lemma 7 (Investor-share cutoffs with central bank capital). For T > %, 0 < 7, < 7iry. Moreover,
m is strictly increasing in o, while the derivative of my with respect to Q. is positive, zero, or

negative according as VA is greater than, equal to, or less than 1 — 3.
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Proof. Recall that the default boundary with central bank capital is

- _ - Y
BP = (1—-m)F + T + a(Y +P"), ru”:r?>y

and the funding parabola is S(B) := PB(B,0)B, a strictly concave quadratic with maximum F
reached at B. We already know from Lemma 6 that B < B < B.

Part 1: Ordering and positivity of the thresholds. Define

F+T+o(Y+P")-B;
F b

;j jed{1,2}.

Since B} < B3, we have 7 > rip. To see it > 0, use B3 < B and the strict maximum of the funding
parabola:

F+T+oa(Y+P')—B;=F—S(B;)+aP’ >0.
Thus 0 < iy < my, including when o = 0.

Part 2: Comparative statics of the fixed points in o.. Because

. OA 4
A=(B(1+y) -1 ) ﬁ%(T+ocY) ﬁz%Y 0,
we obtain -
B _ ¥ 9B _ Y
la VA da /A

Part 3: Comparative statics of 77| and 7, in . By definition,

L =—r+P"H - i=1,2
aa F <( + ) aa Y ] b/
Using Part 2,
o (@+P)+—=]>0 o (P ) - ) == ———
e~ () e S (e 5) =k (5 v)
where the final simplification uses Y +PY =Y /(1 — ). The first derivative is strictly positive. The

second has the sign of VA- (1 —B): central bank capital raises both the default boundary and the

unstable steady state, and either can rise faster.
O
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C.13 Steady-State Regimes with Central Bank Capital Held Fixed

Proposition 10 (Steady-state regimes with central bank capital held fixed). Fix central bank capital
at oo with T + aY < 0 and consider the transition with central bank capital held fixed. The steady

states depend on T and m as follows:

(a) If T < %y, orif T > Ty and m > iy, no valid stable steady state exists. If T > Ty and m = iy,
the stable steady state equals the default boundary. If T = %, the two potential steady states
coincide and are non-hyperbolic; the coincident steady state is valid if and only if it lies at

or below the default boundary.
(b) If T > %y and 1y < m < iy, then B}k <BP < E; and ET is the unique stable steady state.
(c) If T > Ty and m < iy, then ET < E; < BP: E’f is stable and B; is unstable.
A policy drawdown of central bank capital changes o and starts a new transition.
Proof. The proof proceeds by establishing the relationship between the default boundary B =
(1—m)F +T + a(Y + PY) and the potential steady states B} and B under different parameter
configurations.

Preliminary observation

From the definition of 71; in (25):

Therefore:
BP < B} <= m > in; (A19)
BP = B <= m=m; (A20)
BP > B} <= m < i (A21)
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Case 1: No valid stable steady state

Subcase 1a: 7 < 7.

This implies A < 0. By Lemma 6, the steady-state equation with central bank capital held
fixed has no solution, so no valid stable steady state exists. The lemma also characterizes the
direction of the transition with central bank capital held fixed wherever that transition is feasible.
Proposition 10 holds central bank capital fixed; a policy drawdown changes the state and therefore
the transition.

Subcase 1b: T > %) and m > ;.

This implies A > 0. By Lemma 6, potential steady states B} and Bj exist. Since m > iy, we
have:

BP=(1-mF+TH+al¥ +P")<(1—m)F+T+al +P")=5;

Therefore, E’*{ and E’; are not valid no-default steady states since they lie beyond the default
boundary. Hence no valid stable steady state exists. As in Subcase 1a, a continuation that actually
draws central bank capital must update & and is outside this fixed-o steady-state classification.

Boundary subcase: If T > %, and m = sit;, then BP = B?. The stable steady state is exactly at
the default boundary. Since default occurs only when B; > BP, it is a valid no-default steady state,
but the sustainability index is zero because the stable state and the first limiting state coincide.

Double-root subcase: If T = %), the two potential steady states coincide at B". The transition
derivative equals one there, so the coincident state is non-hyperbolic. It is a valid no-default steady
state if and only if BT < BP.

Case 2: One valid stable steady state

In this case, we have T > %, and 7, < m < ;.

Since T > %), we have A > 0. By Lemma 6, two distinct steady states B} < B} exist. By Lemma
7, we have 0 < iy < finy (strict inequalities since A>0).

Since m < 1y, we have BP > B*, so B’{ is a valid no-default steady state.

Since m > 7y, we have BP < B, so B} exceeds the default boundary and is not a valid no-
default steady state.

Therefore, E’”{ < BP < B;.

By Lemma 6, B is locally stable and B} is locally unstable in the absence of default constraints.

The debt dynamics are as follows:

* Where the transition with central bank capital held fixed is feasible, states below the unstable
potential steady state converge to B, which is the unique valid stable steady state. A policy
drawdown of central bank capital changes the state, so the fixed-o statement then applies to

the new state.
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* If By > BP, the government immediately defaults by Proposition 9.

Case 3: Valid stable and unstable steady states

In this case, we have T > % and m < 7.
Since T > %), we have A > 0. By Lemma 6, two distinct steady states B} < B} exist. By Lemma
7,0 <y < my.

Since m < i1y, we have:
BP=(1-m)F+T+aY +P")> (1 —im)F+T+alY +P')=B;

and since B > B}, we have:
B < By < BP
Therefore, both B} and B are valid no-default steady states (both lie below or at the default

boundary).
By Lemma 6, BT is locally stable and B; is locally unstable. The debt dynamics are:

« For By € [0, B}), the trajectory converges to B}.
« For By € (B3, BP), debt increases monotonically under the transition with central bank capital
held fixed. Using the same argument as in Case 1b, there exists € > 0 such that B; | —

B; > & while this transition remains feasible. If policy draws down central bank capital, the

continuation must be evaluated from the resulting lower a.

e For By > BP, there is immediate default according to Proposition 9; at By = BP, default

occurs only if the next-period debt choice moves strictly above the boundary.

When m = i1y, we have BP = B3, so the unstable steady state lies exactly at the default bound-

ary.

C.14 Sustainability with Central Bank Capital

Proposition 11 (Government debt sustainability with central bank capital). Throughout, T +aY <

0; comparisons in central bank capital remain within this domain. The sustainability index satis-

fies:
(a) If T < %y, orif T > Ty and m > riy, then . = 0.

(b) If T > %y and iy < m < iy, then

x(BP +B7) .

7 = BB B |1+ - B
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(c) If T > Ty and m < iy, then

y:é;_éf;:g—;\/z.

The index is continuous, weakly decreasing in m, and weakly increasing in «, strictly so whenever

< > 0.

Proof. We proceed in three steps. First, we derive the sustainability index for cases (a)—(c).
Second, we show how m affects .. Third, we show how o affects ., including transitions

between cases.

Deriving Cases (a), (b), and (c)

Case (a): When T < 7, no steady state exists. When T = 7, the two potential steady states
coincide and the funding buffer is zero. When T > %, and m > 71, both potential steady states
lie beyond the default boundary; at m = 71, the stable steady state coincides with that boundary.
In all these scenarios, the stable state and the first limiting state are not separated, so . = 0 by
Definition 2.

Case (b): Here T > %) and 71 < m < iy. By Proposition 10(b), E’f < BP < E; where E”{ is the
unique stable steady state.
The first limiting state is the default boundary. By Definition 2, the funding buffer is the

difference between financing at BP and at B} on the no-default demand schedule:
PB(BP,0)B° =B} — (T +aY)+.7
At the steady state B%, the budget constraint (20) satisfies:
PE(B,0)B; =B, — (T +aY)
Subtracting these equations:

P5(BP,0)B° — PB(B},0)B; = .
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From (9), P(B,0) = B (14 (1-£)). so:

BP\ . B;
5”:/3<1+x—%—)BD—[3(1+x—% >B*
bo bo

=B+ )8 - B - FE (87— 517

=B+ (B~ B) - L8+ 5) (8- )
(& B) [<1+x>——"(BD+BT)}
bo

Case (¢): Here T > %) and m < #ip. By Proposition 10(c), both ET and B; are valid steady states
with B < B} < BP. The first limiting state is the unstable steady state, so the sustainability index

is the financing difference between B} and Bj:

PE(B;,0)B; =B} — (T+aY)+.7
Since both B} and Bj satisfy the steady state condition P*(B%,0)B% = B — (T + aY ), we have:
By —(T+oaY)=B;—(T+aY)+.

S — BB

From Lemma 6, the two steady states are:

BT:ZZ—OX[B(ler)—l—\/Z}, B = ﬁ * [B(1+2) -1+ VA]

Therefore:

S =B [2\/_} b;’(\/z

Continuity and Monotonicity in m

Next, we show that . is continuous and weakly decreasing in m. The proof proceeds in three
steps: monotonicity in each region, and continuity at the boundaries.
Step 1: Monotonicity within each region.

Region 1: m € |0,71,]. By case (c), for m < ii;:

P RV
Bx
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where A = [B(1+x) — 11>+ 45—0%(7_’ + oY) depends only on (T, 3, x,bo,o,Y) and not on m.

Therefore:
0.7 _0
am
for all m € [0, 7np).

Region 2: m € (fip, ). By case (b), for iy < m < iny:

- = BP +B;
7 =B~ B |14 - HEED
0
Since B? = (1 —m)F + T +a(Y +PY), we have
oBP _
—=—-F<0
am <

Define the funding supply function f5(B) := P?(B,0)-B = B(1+ x)B — ﬁ;ffz. Then . =
13(BP) = f5(By), so:

9.7 . OBP

iR

The derivative of the funding supply function is:

= 1(8°) - (=F)

2BxB

Fo(B) =B +7) -
0

By Lemma 3, f5 is maximized at B = %, so f3(B) > 0 for B < B and f%(B) < 0 for B > B.
In region 2, we have BP < E;. From Lemma 6, I§§ < B. Therefore BP? < B, which implies

5 (BP) > 0. Consequently,

Thus . is strictly decreasing in m for m € (1,11 ).
Region 3: m > . By case (a), for m > m, ¥ = 0. Therefore %—i =0 for all m > ;.
Step 2: Continuity at m = .
We need to verify that:
lim . (m)=.(my)= lim . (m)

7 ot
m%mz m%mz

From the left (m < 1y, case (¢)):

lim . (m) = g—;\/izég—éf

m—>m2
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At m = i1y, by definition (25), we have:

F+T+alY+P')-B5 - 8
PR il sl & (F+ ) 2 = BP(iiy) = (1 —i)F+T +a(Y +P) =B;

From the right (m > m,, case (b)):

lim . (m) = B(BP () — BY) {(1 ) X (B" (i) +B’;)}
m—>rh; bO
= (8- (14 - K]

To show this equals B — BY, we use the steady state conditions. Both B} and B} satisfy
PB(B%,0)B; = B — (T + aY), which gives:

xB; .
B (H—x—b—) B* B;—(T+ay), je{l,2}
0
Subtracting the equation for B} from that for Bj:
D 25 ﬁx D% D% D
B(1+x)(B;—B})—==[(B5)* — (B})’] = B5 — Bj
Factoring the left side,
D D% %(E*_‘_E*) 253 D
B(By—By) |(1+x)— # =B, - B
Therefore,
lim . (m)=B;—B{= lim .¥(m),
m%rhz+ m—y
which establishes continuity at m = ;.
Step 3: Continuity at m = 7.
At m = finy, by definition:
F+T+alY+P)-B; .- <
iy = (_ ) L= BP(my) = (1 —im))F+T +a(Y +P") =B;

F
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From the left (m < 71y, case (b)):

lim . (m) = B(BP (i) — BY) {(1”)_%(3’3%1)%’{)]
m%nﬁf bO
~ (85 B7) (14 - LELER |

From the right (m > iy, case (a)):

lim . (m)=0
m—>n~1T

Therefore continuity holds at m = ;.
Since . is weakly decreasing in each region and continuous at the boundaries, it is weakly

decreasing on [0, 1].

Effect of Central Bank Capital o on .

Fix the other parameters and vary o within the maintained domain. Write
SRy _ Bx St 5
f(B>—ﬁ<1+%)B—b—B, f(B)>0 forB<B.
0

Higher central bank capital lowers B and raises both B and BP. Thus it increases the financing

distance from the stable steady state to either possible limiting state.

Within regimes. In case (b), . = f5(BP) — f5(B?), so

9 _ s pD Yy o eStgey L
= B”)(Y+P Bj > 0,
because Bt < BP < B} < B. In case (c),

0.7 _B3—By) _ 2
da  da VA

In the interior of case (a), . = 0.

Across regime boundaries. The cutoff 772 need not increase with o, so transitions between (b)
and (c) can occur in either direction. At their common boundary, BP = E; and the steady-state
equations give

£5(B3) — f(BY) = Bs — Bi.
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Hence the two expressions for . coincide, and . remains increasing through either transition.
At BP = ~T, the case-(b) expression tends to zero. When the two steady states first appear, A = 0,

and continuity follows from
5§ bo
0<.7<B—B = \/_

Finally, A increases with «, and BP — ET strictly increases wherever the steady states are distinct.
Once . becomes positive, increasing central bank capital therefore cannot return the economy
to case (a). Combining continuity with the within-regime inequalities proves that .7 is weakly
increasing in ¢, and strictly increasing wherever it is positive. This conclusion does not require a

sign restriction on driy /da.

C.15 Proof of Proposition 2

Step 1: Fiscally financed purchases preserve central bank capital. Compare allocations from
the same inherited state, with primes denoting the allocation with the purchase. Let Aot = @, |
&1 and ATCB = TCB' — TCB Fiscal financing covers the full change in bond acquisition expen-
diture:

ATEP = — | PP'BC — PPBCR) .

Subtracting the central bank budgets with and without the purchase gives

PYAa+ PP'BCB — PPBCE, + ATCB = 0.
The fiscal transfer cancels the expenditure difference, implying Aox = 0 without assuming equal

bond prices.

Step 2: The consolidated allocation is unchanged. The normal-time consolidated budget (20)
and the default boundary (22) depend on central bank bond holdings only through net debt B =
B — B“B. With ¢ and the consolidated primary balance T + oY unchanged, the lower-debt selec-
tion rule applied to equation (20) selects the same B, , 1, default boundary, borrowing rate, and sus-
tainability index .# as without the purchase. The bond prices are therefore equal, P2’ = PP, and the
financing rule reduces to AT,*? = —PBABB. With no adjustment in the primary balance, the fiscal
authority replaces the lower remittance with additional debt issuance. Since l§,+1 =Bi41 — Btcfl is

unchanged, total debt rises one-for-one with the central bank’s asset holdings.
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C.16 Proof of Proposition 3

Step 1: Compare the consolidated budgets. Compare feasible no-default allocations with and
without a central bank asset purchase, with the same inherited state and under the lower-debt se-
lection rule. Let AT denote the change in the primary balance. Setting 8,1 = 0 in the consolidated
budget (19) and subtracting gives
P2(B,1,0)B, ., — P’(B/11,0)B,11 = P Ao — AT.

Step 2: Apply the selection rule. Along the no-default bond-demand schedule, the borrowing
rate is strictly increasing in net debt. A lower borrowing rate therefore implies B; 1 < B:.1. By
the lower-debt selection rule, both allocations satisfy 0 < B < B. Market financing P3(B,0)B is
strictly increasing on this interval, so the left-hand side is negative. This requires either Ao < 0 or
AT > 0: a drawdown of central bank capital or an increase in the primary balance. Thus, an asset
purchase cannot simultaneously lower the borrowing rate, preserve central bank capital, and leave

the primary balance unchanged. In particular, when AT = 0, a rate-lowering purchase requires
Ao < 0.

C.17 Proof of Theorem 1

Step 1: Map QE into a central bank capital loss. By Definition 3 and Proposition 3, QE
changes central bank capital from o to ot + A < «.

Step 2: Derive the changes in the two steady states. At any prevailing central bank capital

level with two distinct steady states, differentiating their explicit formulas gives

B} Yo, aég_i>0
da N/ o VA

Because A < 0, the stable steady state rises and the unstable steady state falls, establishing
part (a).

Step 3: Derive the change in the default boundary. Proposition 9 gives
BP(a+Aa)—BP(a) = (Y + PV)Aa < 0.

This is the contraction in part (b).
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Step 4: Map the central bank capital loss into sustainability. Finally, Proposition 11 estab-

lishes that . is weakly increasing in ¢, with strict inequality whenever . > 0. This proves

part (c).

C.18 Proof of Theorem 2

Initial benchmark. By definition, 7 = %)(a*). Because o > a*, T > %y(0t). Under the main-
tained parameter restrictions, Lemma 6 therefore gives two distinct positive steady states at o,
with the lower one stable and the upper one unstable. The assumption that the economy initially

has a stable steady state places the lower root below the initial default boundary.

Step 1: Crossing the central bank capital threshold eliminates both steady states. Let a :=
0y, < o, and define

c::i—x>o, A:=B(1+yx)—1, g:(B) :=P?(B,0)B— [B— (T +xY)].
0
For 0 < B < (14 )/c, the bond price is B(1 + ) —cB. Since T = %y(a*) = —A?/(4c) — a*Y,

completing the square gives

AN 2
c
For B > B(1+ x)/c, the bond price is zero and
A2
gx(B) = —B— I —Y(a"—x) < -Y (" —x).
c

Thus, for every x < a < a*, g,(B) < =Y (a* —x) < 0 for every B > 0. A no-default steady state at
fixed central bank capital is a root of g,(B) = 0. Hence neither the post-purchase level a nor any

lower central bank capital level reached thereafter admits a steady state.

Step 2: The finite stock cannot prevent default. If B,, > BP(a), default occurs immediately.
This includes the case BP (a) < 0, because E,O > 0. Suppose instead, toward a contradiction, that
the government survives at every date after .

Set £ :=Y(a* —a) > 0. The preceding bound implies, uniformly over nonnegative debt levels,

—gx(B) > € for every B> 0 and x < a.
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Let ¢; := o4 — 0411 > 0 denote any further central bank capital drawdown. Because central bank
capital is not rebuilt, o < a and Z;OZJ;(? - {; = a — 04+ < a. The pre-default consolidated budget
gives

Bt+1 —B, = —ga,<gt+1) —nyt > E—Pygt-

Iterating this inequality gives
By > By +ne— P (a—ayy1n) > By, +ne—Pla. (A23)

Choose a positive integer n such that

BP(a) — By +P'a

>
" Y(a*—a)

Because @+, < a, the contemporaneous default boundary satisfies B”(0y1,) < BP(a). Equa-
tion (A23) then implies
Byyin > BP(a) > BP (0t 4n),

contradicting survival. Hence the government crosses its contemporaneous default boundary and
defaults in finite time. Between drawdowns, net debt rises by at least € per period. A drawdown can
temporarily reduce net debt, but the finite stock of central bank capital cannot offset the cumulative
upward drift.

Thus “explosive” means that the debt path is driven upward until it exits the no-default region

in finite time; it does not mean that debt diverges to infinity before default.

C.19 Proof of Theorem 3

Step 1: Show the initial central bank capital loss. Write B* = B}(ay), where &, = o, and
define d,, := 04y +n — Qy4+n—1. Subtracting the initial steady-state budget from the establishment
transition gives

PYdy = P(B2,0)B¢ — PB(B*,0)B* < 0. (A24)

The lower-debt selection rule places both quantities on the increasing funding branch [0, B], and

B2 < B*. Feasibility requires O4y+1 = 0 +dy > 0.

Step 2: Derive the central bank capital recursion. Let f5(B) := P3(B,0)B, g(B) := f5(B) — B,
and
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Lemma 6 gives f%'(B*) > 1. Strict concavity makes g increasing on [B2, B*], so g(B9) < g(B*) =
—(T 4+ apY) and a? > o > 04,+1. Keeping the borrowing rate at R? after the initial purchase
requires PY (041 — 04) =Y (0og — a?). Since PY = BY /(1 - B),

— 9
o —al=%"% (A25)
B
Thus dy = (B! —1)(aty+1 — @?) < 0, and
dy

This comparison begins with the central bank capital drawdowns d>,d3 required to keep the bor-

rowing rate at R€, not the establishment drawdown dj.

Step 3: Show finite-time infeasibility. The central bank capital path required for continued
targeting is

Oy tn = of +.B_(n_1)(alo+l - OCQ)» n=1.
It tends to minus infinity, so N := min{n > 2 : 0+, < 0} is finite. Keeping the borrowing rate at

RY is infeasible by this transition and may fail earlier. This proves clause (i); it does not require

actual exhaustion of central bank capital.

Step 4: Derive the restoration gap and QT overshoot. At a feasible target date 7y + n, define
Coi=Y(a? — i),  Xo:i=(P' +Y)(ao— ty1n) — (B* — BY).

The initial rate reduction and subsequent suppression of the borrowing rate at R respectively
imply

X1 =B '[f5(BY) - (B - (B*-B%) =, >0,

(A27)
Xn+l — Xy = Cn+17 Cn+1 = Cn/ﬁ > 0.

Hence X, = Z?:l C;, with successive increments growing by 1/f. Rebuilding to o in one period
at unchanged T requires
F(BRT) = £2(BY) + X (A28)

Conditional on an implementable no-default transition at price P,?T = pB (E,?T,O), strict mono-
tonicity on the selected lower-debt branch gives B9" > B*, hence RS" > R*. A longer feasible QE

duration raises X, and therefore the debt and rate overshoots.
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These identities are independent of internal remittances. Under full operating-profit remittance,

sale-only rebuilding additionally requires
POTS= P (co— i), 0<S=BE, BB <BOE

The consolidated funding equation does not ensure that the central bank holds enough bonds for
the required sales.

Under this convention, 7,8, = oy Y + (1 — P,,QT)Bgﬁn and Bgﬁn .1 = BB, — S satisfy both
budgets at the selected QT price.

Step 5: Test rapid reversal against the original buffer. For distinct original roots, write Dy :=
BP(a), co :=min{B}(at), Do}, and S := f5(co) — f3(B*). Both roots lie below B. Thus, when-
ever the ordinary lower root in (A28) exists,

B >¢p = X,>A. (A29)

A restoration root strictly below B5(0t) and weakly below Dy converges back to B* under restored
central bank capital and T': the budget with fixed central bank capital gives B* < B,; < B,. Above
the unstable root, the quadratic gap h(B) := f5(B) — [B— (T + oY )] is negative and decreasing,
s0 Biy1 — By = —ho(B,41) > —ho(B;) > 0. Increments are therefore bounded away from zero,
reaching a financing or default limit in finite time. A root above Dy already violates selected
no-default beliefs; funding exceeding F has no ordinary root. Equality at the unstable root does
not give recovery, while equality at the default boundary is allowed. Crisis liquidation can avert
default but abandons restored central bank capital. Solutions beyond the sustainability threshold
test whether permanent restoration is feasible; they are not equilibrium outcomes with central bank
capital permanently restored.

Only feasible QE dates are compared. Since B < BP(04y14), Xy < Do — B*. If Dy < Bj(a),
the fixed-point quadratic gives .7y > Do — B*, precluding strict crossing.

To establish that crossing is possible even after a single QE period, consider original steady
states approaching coincidence. Write ¢ := ) /bo, A:=B(1+x)—1>0, and z:=A/(2¢). Fix
admissible ¢ > 0 and an investor composition for which the default boundary at the coincident-
root limit exceeds z. Such a composition exists: at m = 0, this boundary is z+ 1/(4¢) + PY o > z.
For € > 0, set

_ Az,

T+opY = ——+ce’, B =z—¢, Bl (o) =7+ €.
C
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For sufficiently small €, these are distinct positive steady states below Dy, and T < 0. Choose
k >2B/(1—B) and target B = B* — ke. Since f5(B) = (1+A)B—cB?, the establishment identity

and (A27) give
_ k¢

B

The central bank capital loss tends to zero with €, so 04,11 > 0 and B¢ < BP (0, 1) for sufficiently

X [1-B+c(2+K)e] >2e =

small €. Moreover, f5(z) < F and z < B. The lower restoration root therefore exists and converges

to z, while the original default boundary stays strictly above it. Equation (A29) then implies
B3(a0) < BY" < Dy.

Finally, choose initial central bank bond holdings kg := BgB with 0 < kg < 1/c. Under the estab-
lishment remittance in Corollary 1, holdings k; := Bgil satisfy

Ke
ki —ko = E[1+c(2+1c)s—cko} > 0.

Thus establishment entails a bond purchase, and k; converges to kg > 0, whereas the required QT
sale S = PY (ap — 04y11)/ PIQT tends to zero. For sufficiently small €, inherited holdings therefore
suffice for sale-funded rebuilding. The QT transition can avoid default, but subsequent debt can-
not converge under permanently restored central bank capital and unchanged 7. This proves the

possibility in clause (ii).

Step 6: Restore debt and central bank capital with fiscal adjustment. At ¢ = 7y + n, restore
the next state to (B*,ap) and return to T thereafter. The consolidated budget uniquely requires

T, — T = X,,. Choose unchanged bond holdings k' = k := Bg’j_n and commit to the transfer rule
T (P) =Yy, n—PY (0o — Gy in) + (1 — P)k,

where P is the bond price determined after debt issuance is chosen. The central bank budget then
holds at every candidate issuance, and substitution into the fiscal budget gives f°(B, ;1) = f5(B*),
whose selected lower root is B*. This transfer, which can run in either direction, therefore satisfies
both separate budgets without central bank bond sales. Moreover, writing B” (0o; T) = (1 —m)F +
T+ (PY+Y)a,

BP (041 n; T +X,) = Do+ BC — B* > BC.

Since the original steady state lies at or below the default boundary, B* < Dy, the restored state has

a valid no-default continuation and respects default selection. Equation (A27) proves clause (iii)’s
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increasing fiscal requirement and accelerating increments. Restoring original net debt restores the

original borrowing rate. 0

C.20 Numerical Illustration of Gradual QT

For a rebuilding step with o1 — & = r; > 0, the consolidated budget requires

Splitting restoration across periods spreads the PY r; financing burden. For the 15-period QE path
in Figure 6, one-period rebuilding puts debt above the original unstable steady state. Rebuilding
the lost central bank capital in ten equal steps with the primary balance unchanged instead keeps
debt below the contemporaneous unstable steady state and default boundary at every step, with
sufficient central bank bond holdings for each sale. Once restored, debt converges to the original
stable steady state. Thus slower QT avoids the immediate spike and unstable continuation in this

example.

C.21 Post-QE Dynamics Without Central Bank Capital Rebuilding

Consider exit from the QE experiment in Theorem 3. Write f5(B) := P?(B,0)B. Suppose QE ends
at to +n. Thereafter, the primary balance remains at 7 and central bank capital is not rebuilt, so
o;+1 < o4. For the convergence comparison, we consider exit policies under which central bank
capital is eventually held fixed: for some finite T > fo +n, & = a < 04y, < O forall t > T. If
default occurs before 7', no further argument is needed. Otherwise, consider a feasible continuation
that remains in the no-default region through 7'.

Suppose first that the terminal fixed-a economy admits a valid no-default steady state. Let L
denote its lower root when the roots are distinct and its coincident root when the discriminant is

zero. Since a < 0, the steady-state comparison gives
L>B" > B2
At every post-QE date before default, the consolidated budget is
FP(Bis1) = Bi— (T +ogY) — P (04 — 0411).
If B; < L, then oy > a and & — 01 > 0 imply

f5(Biir) < B~ (T +a¥) < L— (T +a¥) = fS(L).
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Because £ is strictly increasing on the selected lower-debt branch, B, < L. Starting from B¢ <
L, induction therefore gives By < L. Moreover, L < B(a) < BP(a), so the path remains below
the contemporaneous default boundary whenever the transition is feasible.

From date T onward, central bank capital is fixed at a. If the roots are distinct, Lemma 6

implies that debt converges from below L to L = B} (a). If the roots coincide at L = BY, then
5B~ B~ (T +av)| = ~- X (BB

Strict monotonicity of f5 on the selected lower-debt branch therefore implies B; < B, < BT
whenever B; < BT, so debt converges monotonically to B'. In either case, L > B* and the borrowing
rate is strictly increasing in net debt, so both limiting net debt and the borrowing rate exceed their
pre-QE levels.

Suppose instead that, at a post-QE date 7', remaining central bank capital a admits no valid
no-default steady state. Further crisis drawdowns are allowed in this case. If By > BP(a), default
occurs immediately; this includes B”(a) < 0. Otherwise, suppose toward a contradiction that the

government survives at every subsequent date. Define
he(B) := f5(B) — [B— (T +xY)].

Since h,(0) = T +aY < 0 and any zero on [0,BP(a)] would be a valid no-default steady state,
continuity implies ,(B) < —¢ on that interval for some € > 0. Without rebuilding, 0 < o, < a and
he,(B) = ha(B) —Y (a— ;) < hy(B). Survival implies B, < BP(a,41) < BP(a) and no default
next period, so the consolidated budget gives

Bt—l—l —B, = —ha,(BtH) —PY(OCz — 041) > S—PY(% — Oy1).
Summing from 7 to T 4 j — 1 yields
Brij>Br+je—P'(a—orsj) > Br+ je— P a.

For sufficiently large j, this exceeds BP(a), contradicting survival. Thus further liquidation can
postpone default, but total proceeds cannot exceed P¥ a, and default occurs in finite time. With a
valid no-default steady state, the eventual-fixed policy instead gives the convergence established

above.

A.45



C.22 Proof of Corollary 1

In a period after the initial purchase when QE keeps the borrowing rate at R, the central bank

budget at the target price P2 is
P oy +POBSE + T8 = PY o + oY + BSE.

Using Qs = Bffl — B¢ and equation (26), this becomes

PPQ = PY (04— gy 1) +TIE8 — TCB.

The remittance rule T8 = TI¢B gives equation (27). Applying that equation to two consecutive
periods of rate suppression after the initial purchase and using Theorem 3 yields
Os

Ost1 :F > Qs >0,

where the inequalities follow from 8 € (0, 1) and oz — ¢, > 0. The constant target price implies
that market-value net purchases grow at the same rate. The establishment purchase is not part of

this comparison.

C.23 Details for Section 4.8: The Role of Government Debt Demand

Under the reparameterization kK = ¥ /by, the discriminant governing steady-state existence and the

sustainability index in case (c) are

A=[B(1+Kbo) — 1> +4Bx(T + Y ), (A30)
VA
S = B (A31)

The sustainability comparisons below hold within case (c), with distinct steady states and the
maintained parameter restrictions. For changes in k, we hold by and all other parameters fixed; for
changes in by, we hold k and all other parameters fixed. The case-(c) formula does not establish

the same sustainability comparisons in case (b).

Sustainability in case (c) is increasing in x. Define A = (1 + xbg) — 1. Differentiating S =
VA/(B) and simplifying, one finds that dS/dk has the same sign as

A(1=B)=2Bk(T +aY). (A32)
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Both terms are strictly positive under A > 0 and T + oY < 0, so dS/dx > 0. The condition A > 0
is the maintained restriction B(1+ ) > 1.

Default boundary contracts with k. The maximum market funding capacity is F = (1 +

kbg)? /(4x). Differentiating,

OF  B(xbo—1)(kbo+1)

9r _ A33

oK 42 ’ (A33)
which is strictly negative for ¥ = kby < 1, the paper’s maintained restriction. The default bound-
ary B? = (1 —m)F +T + a(Y + PY) therefore contracts with k¥ when m < 1 and is unchanged

when m = 1. The intuition is that a steeper demand curve makes the market saturate faster: the

funding supply parabola P?(B,0)B peaks at B = by/2 + 1/(2k), which decreases in k, reducing

the maximum amount the government can raise before funding supply turns down.

Market scale and case-(c) sustainability. From equation (A30), dA/dby = 2kA > 0 under
A >0, s0 A and hence S = VA /(Bx) are strictly increasing in by. The maximum market funding
capacity F = B(1+xbg)?/(4x) is also strictly increasing in by, so the default boundary B” expands
with market scale when m < 1 and is unchanged when m = 1.

Boundary shift for a given central bank capital loss. The inward shift of the default boundary
from central bank capital depletion |[Aa| equals (Y + PY)|Act|, which follows directly from BP =
(1—m)F +T + (Y + P¥) and is independent of both k and by. This comparison holds the central
bank capital loss fixed. Along the no-default price schedule, a given increase in price requires a
reduction in private net supply inversely proportional to kK. The central bank capital required for
a given yield reduction also depends on the initial price and the change in market financing, so its

cost does not follow from the demand slope alone. U

C.24 Proof of Results without Sticky Investors (Section 4.8)
We verify the claims of Section 4.8 under m = 1, maintaining the assumptions m; > 1 and T >

f()(OC).

Default boundary under m = 1. Setting m = 1 in the general formula B? = (1 —m)F +T +
a(Y +PY) immediately gives
BP =T +a(y +P"). (A34)

When «a = 0, this reduces to B” = T < 0 (since the government has a negative primary balance).

Any positive net debt therefore triggers default once central bank capital is fully depleted.
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Steady states and the role of case (b) vs. case (c). The steady-state equation (A17) is indepen-
dent of m, so both potential solutions B} and B} are unchanged. The maintained assumption 7y > 1
is equivalent to

T+a(Y +P") > B,

so the stable steady state lies strictly below the default boundary (A34). For Bj, the condition
iy > 0 gives only F +T +a(Y +PY) > B}, not T + a(Y + P¥) > B;. Whether Bj is a genuine

equilibrium under m = 1 therefore depends on whether 72, > 1:
* Case (c), iy > 1: both ET and B; lie below B, and the analysis mirrors the baseline exactly.

* Case (b), my < 1: E; exceeds B and is not a genuine equilibrium. The relevant fragility
measure is then B — Bf =T+ a(Y + P¥) — Bj.

Theorem 1 under m = 1.

(a) BT solves (A17), independent of m. The comparative statics from Appendix C.17 apply
unchanged: 0B} /da < 0, so QE (depleting o) raises B}.

(b) In case (c), B; is a genuine equilibrium and the sustainability distance B; — B‘f narrows
with QE as in the baseline. In case (b), the fragility measure BP — B likewise shrinks: QE
simultaneously raises B} and lowers B via dBP /da =Y +PY > 0.

(c) From (A34), dB” /0o =Y + PY > 0, so QE strictly lowers the default boundary.

(d) In case (c), the sustainability index . equals the distance between the two steady states
and depends on A, which is independent of m. In case (b), it also depends on the default
boundary. The within-regime comparisons and continuity argument in Proposition 11 give

the stated comparison in central bank capital.

Theorem 2 under m = 1. The threshold %y(a) defined in (24) depends only on the steady state
equation (A17) and is independent of m. The proof in Appendix C.18 therefore applies under its
initial-state condition and the maintained no-rebuilding policy: QE that depletes o below a* elim-
inates both steady states regardless of investor composition. The finite stock of remaining central
bank capital cannot prevent the economy from crossing the contemporaneous default boundary in
finite time. This need not be immediate; the timing depends on inherited debt, the depleted central

bank capital level, and refinancing feasibility.
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Theorem 3 under m = 1. The central bank capital depletion formula
P'Aoy = [PP(B,,0) —1]B, + (T + 4_1Y)

from the proof of Theorem 3 is derived from the consolidated budget constraint, which is indepen-
dent of m. The depletion dynamics therefore carry over without modification. After the interven-
tion ends, if the terminal central bank capital level admits a valid steady state, the no-rebuilding
argument in Section C.21 applies, including when the two steady states coincide. Debt and the
borrowing rate then converge above their pre-QE levels. If central bank capital is exhausted ex-
actly, however, equation (A34) gives B = T < 0, so any positive net debt defaults immediately

and no valid steady state exists.

Debt growth before default under sticky investors. When m < 7i,, Proposition 10 case (c)
gives Bf < B5 < BP. Consider the interval .#" = (B3, B"]. For any B, € ./

1. Current refinancing is possible. Since B; < BP, the remaining central bank capital can fund
current repayment even if vigilantes withdraw. Sticky investors continue providing funding,

although refinancing can require a central bank capital drawdown.

2. Debt rises where the transition with fixed central bank capital is feasible. Above the unstable
steady state, B, | > B, while central bank capital remains fixed. When refinancing with cen-
tral bank capital held fixed is infeasible, further central bank capital use or fiscal adjustment
is required. A central bank capital drawdown changes both the steady states and the default

boundary, so the continuation must be evaluated at the new central bank capital level.

Sticky investors thus permit debt to rise before a refinancing crisis. At higher debt, continued

financing also depends on further use of central bank capital or fiscal adjustment. 0

D Microfoundations of Central Bank Capital

The following sections present different sources of central bank capital one at a time to make each
mapping transparent. They are neither mutually exclusive nor assumed to be institutionally iden-
tical. When several sources coexist, an intervention can preserve one by drawing on another. The
baseline state o summarizes their aggregate fiscal contribution; the relevant policy experiment is
whether the intervention reduces total future income and crisis-financing capacity after accounting

for substitution across sources.
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D.1 Central Bank Capital as Reserve Holdings

One natural source of central bank capital in our model is foreign reserve holdings, such as gold
or foreign exchange (FX) reserves. Lucas-tree holdings can be mapped directly to such reserves.
The following formulation is equivalent to the model in the main text.

Suppose the economy is small and open, facing an international interest rate R = 3!, and that
the central bank holds no claim to domestic output but instead holds foreign reserves in the form of
one-period claims on international financial markets. Let W; denote the payoff value of the reserve
portfolio at the beginning of date ¢. Buying payoff value W, for the next period costs W, at

date . The central bank budget constraint is
BWis1 +PPB + TP =W+ (1 - &)B(".

Combining this with the fiscal authority budget constraint and defining net debt B, = B, — B8
gives, in no-default states,

PPBriy+BWi = W) =B — (T +(1-B)W).
This is exactly the consolidated budget in the main text after the relabeling
Ploy=pW,, oY =(1-B)W,

using PY = BY /(1 — B). Thus foreign reserves generate the same two fiscal margins as central
bank capital represented by Lucas trees: a flow return (1 — )W, in normal times and a liquidation
value BW; when the central bank draws down reserves. Up to this relabeling, the debt dynamics

and sustainability results are identical to the baseline model.

D.2 Central Bank Capital as Seigniorage Capacity

This section microfounds central bank capital via seigniorage. Here, M; denotes household-held
real money obligations, distinct from the bank reserves denoted by M; in Section 5. The central
object is M — M, the distance between the current money stock M and the maximum money stock
consistent with nonnegative flow seigniorage: it plays the role of the tree share o in the main text
and measures the central bank’s remaining seigniorage capacity. Money-financed asset purchases
increase M and thereby reduce this capacity, in exact analogy to the tree sales of the main text. We
show that the intertemporal trade-off and the steady-state classification of Section 4.4 carry over
under this mapping. Depletion here requires two features. Money demand slopes downward in the

persistent real stock M, and newly issued balances remain outstanding as part of next period’s state.
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On the high-M branch studied below, downward-sloping demand makes future flow revenue and
liquidation capacity decline with M. Because newly issued balances remain outstanding, current
issuance also shifts the future revenue schedule. In the quantity-theory baseline of Sargent and
Wallace (1981), real balances are fixed and past money creation changes no analogous capacity

state.

Setup. Suppose household preferences are

t hy ph h
Y B (1ler) +v((1 = 8B +var (o))
=0
where m/" are real money balances, v is the same convenience demand function for bonds as in the
main text, and vy is an analogous convenience demand function for money. For vy;, we assume an

analogous quadratic form with possibly different parameters,

We impose xu € (0,1), mg > 0, and B(1+ xar) > 1, so that money has positive convenience value
at low quantities.

In this model, the central bank does not hold any trees, but it is the monopoly issuer of money.
The outstanding real money stock at the beginning of period t = 0 is My > 0. In period ¢, the central
bank issues new real money balances PMM, ;| — M,, where PM denotes the real date- forward price

of a (real) unit of money delivered next period. In total, the central bank budget constraint is
M, +PPBCE, + T8 = PMM, . + (1 - 8,)BCE.

As this is a real model, we assume throughout that the real money stock M; at the beginning of
the period cannot be influenced by central bank actions at or after date . We also assume that the
central bank never defaults on money, regardless of the default status of government bonds, so that
it is liable to provide M, real resources to existing money holders each period.>

We show below that PM = PM(M, ) is a function of M, only. Let M be the largest value
for M such that (i) PM(M)M is nondecreasing in M, so that increasing M raises revenue, and (ii)
PM(M)M — M is nonnegative, so that maintaining money balances at M forever does not require

real backing. We assume that M; < M at all times. In particular, this assumption ensures that

2In a nominal model, there may be the possibility to erode the real value of existing money via a surprise inflation, so
that M; is not given from the perspective of time ¢. This is economically no different from a default on money in real
terms. By assuming no default in real terms, we implicitly impose a promise keeping constraint on the central bank
not to deviate from previous inflation commitments in the equivalent nominal model.
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money is always default-free, even when central bank bond holdings become worthless because of

a government default.

Money Demand and Equilibrium Price of Money. In complete analogy to Lemma 1, we can

show that individual money demand is

ml'y =mo (1+x,,' (1=P"/B)).

Using that all agents choose the same money holdings, aggregating across agents, and imposing

money market clearing (m”, | = M;1) implies

P = PM (M) = B (1+xM (1 —”,’,;gl)) |

Seigniorage Flows and the Laffer Curve. Real money balances held by the private sector at the

end of period  have value PMM,, 1. Seigniorage revenue in period ¢ can be decomposed as

PYMyy1 — M, = P My — P M, + (P —1)M,

TV
change in real balances  seigniorage from money convenience

The first term is a one-time cash flow from adjusting real balances. The second is the flow seignior-
age generated by the outstanding money stock. An intertemporal trade-off arises when a persistent
expansion raises current resources through the first term but reduces subsequent flow seigniorage.

Real balances desired by the private sector, PYM, 1, increase with the real return on money,
1/PM, over the feasible range defined below. This dependence on the real return also appears
in the extension of Sargent and Wallace (1981) with inflation-sensitive money demand. It gives

stationary flow seigniorage a Laffer-curve interpretation:

(PM —1)M = <1 ——L) PMM .
P W—/
%,_/taxbase

tax rate

Expanding real balances enlarges the tax base but reduces the tax rate. For sufficiently large M, the
decline in the tax rate dominates. Lemma 8 below establishes the resulting intertemporal trade-off

under the persistence and real repayment assumptions of this implementation.
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The Boundary M. Using the expression for PY (M), we determine the values of M that satisfy
the two requirements in the definition of M. First, P (M)M is nondecreasing in M if and only if

its derivative is nonnegative, i.e.,

0< P! M)+ P (MM =B <1+;¢M (1 —2ﬂ)) & M< 1+%Mm0.
o 2xm
Second, PM(M)M — M is nonnegative if and only if
0<pB (1+XM (1—£)>M—M
mo
_ Bom <l3(1+%M)—1m —M>M
mo Bxm
1 —1
< MS Mmo
Bam
Hence, the boundary M is given by
M—mm{wwx —l}@ (A35)
2 MU B

Under the maintained restrictions 8 € (0,1) and xa € (0, 1), the second term is the binding one

whenever money has positive value, because (14 xu) < 2. Hence

M= (1+XM_%) % (PM(M)—1)M = 0.

Seigniorage as Central Bank Capital. Plugging the PY-function into the consolidated govern-

ment budget constraint and rearranging yields
P%(Byy1,841)Bii1 — By = PY (MM, — PM (M )My — (T + (PM (M) — 1)M,) . (A36)
For comparison, equation (19) in the main text is
P2(Bii1,8,:1)Biy1—Bi =P (a1 — o) — (T + ).

If kept constant over time (in real terms), outstanding money balances generate flow seigniorage
income (P (M,) — 1)M,, which plays the role of the dividend income from trees, &Y, in the
baseline model. In addition, issuing additional money balances (M,, | > M;) generates revenue at

t similar to selling trees in the baseline model (o1 < o). The difference is that, in the baseline
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model, there is a linear relationship between trees and both sales proceeds and dividend income,
whereas here it is nonlinear, as PM depends on the quantity M | of money issued.

However, we expect the same qualitative conclusions as in the baseline model if there is an
intertemporal trade-off : issuing money at ¢ raises revenue at ¢ but reduces future seigniorage rev-
enue at all later dates, just like selling trees raises revenue at the expense of lower future dividend
income. The following lemma shows that such a trade-off exists if the initial money stock is large
enough. Here, we use the following terminology: we say that a policy raises (reduces) revenue at
date 7 if it reduces (increases) the right-hand side of equation (A36) for that ¢.

Lemma 8. Suppose the money supply satisfies M; = M < M for t <ty and M, = M + A for t > 1,
with A > 0. Compared to the baseline policy of keeping money balances constant throughout at M,

this policy has the following revenue implications for small A:

I+x

_1
1. IfM <M := I; B ;151_13’ the policy raises revenue for all t > t.

2. If M > M, the policy raises revenue at t = ty but reduces revenue for all t > t.
The threshold M satisfies M < M, so the second case is non-empty.

Proof. The M, 1-dependent term on the right-hand side of equation (A36) is —PY (M, )M, 1,
which is strictly decreasing in M, | for any M, < M by definition of M. The policy therefore
always raises revenue at ¢t = fy and we only need to investigate how it affects revenue in future
periods ¢ > 1.

For any ¢ > 1y, the right-hand side of equation (A36) under the policy in question is

—(T+(P"(M+A)—1)(M+A))

and the derivative with respect to A at A =0 is

—(PM"M)+ P MM 1) =1-f (1+xM (1—2}%)).

This is negative (i.e., the policy raises revenue at ¢ > fg) if and only if

1

M L+ xm— N
B (mm (1_2_)) cleMe—MTBEM g
my 2 M

=

This proves the claims for the two cases.
Finally, for the proof of M < M, use the binding expression for M above. We have M = 1M <
M. O
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The previous lemma establishes an intertemporal trade-off when the initial real money stock

satisfies M > M. We maintain this condition in the following discussion.

Steady-state Results. We show next that our steady-state results from Section 4.4 of the main
text carry over to the model with seigniorage. In a steady state with constant M, the consolidated

government budget constraint (A36) can be written in the following form
PP(By1,841)Bii1 =B, — (T + (P"(M)— 1)M).

If we impose a steady state also in B and assume no anticipated default, this equation simplifies to

PP(B,0)B=B— (T +(P"(M)-1)M),
which is formally identical to equation (23) in the main text if we define

g MM — DM > 0.
Y

Note that, for M > M, as assumed here, we are in the second case of the previous lemma, so
 is strictly increasing in M — M, which is the distance between the current money stock and
the maximum M. On this branch, lower remaining seigniorage capacity reduces the normal-time
consolidated primary balance in the same direction as lower & in the baseline.

In addition to this remapping of o, we also need to redefine the thresholds 772; defined in equa-
tion (25) to obtain a precise mapping to the results in Section 4.4. Specifically, the thresholds
defined in the main text include the income and full liquidation value of remaining central bank
capital, (Y + P¥), available to the fiscal authority to avert default in a refinancing crisis. Here,
the analogous crisis-financing capacity is the revenue P (M)M — M available by raising M to M
and transferring the proceeds to the fiscal authority. Note that M is the natural liquidation point:
as shown above, the nonnegative-flow-seigniorage constraint binds at M, so (PM (M) —1)M = 0.
Seigniorage capacity is therefore fully exhausted at M, exactly as selling all trees leaves o = 0 in
the main text. We therefore define in place of equation (25):

. F+T+PY(
mj =

)M —M — B
Je{1,2}

s EI

The ordering and positivity arguments for these cutoffs carry over. Since PM (M) = 1,

[PM ()M — M] — (PM(M) — 1)M = M — PM(M)M >0
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for M < M, because PM(M)M is nondecreasing on this range. Combining this inequality with
By <F+T+(PM(M)—1)M yields i, > 0, and B} < B3 implies 71; > 7i1p. The comparative statics
of the cutoffs with respect to remaining seigniorage capacity need not be numerically identical to
Lemma 7, however, because the liquidation revenue PM (M)M — M is nonlinear in the flow object
o.

With this mapping in mind, the steady-state classification in Section 4.4 remains valid after
replacing the tree liquidation value by the seigniorage liquidation value above. The potential steady
states still solve equation (23) with oY = (PM(M) — 1)M, and the actual steady-state cases are
obtained by comparing those potential steady states with the redefined default boundary. Thus the
fixed-M analogues of Lemma 6 and Proposition 10 carry over.

For M > M, the QE comparison has the same two forces as in the baseline. A money-financed
bond purchase raises current resources but lowers the future flow (PY (M) — 1)M and reduces
crisis liquidation revenue PM(M)M — M. The baseline proof uses linear tree revenue to express
those changes in units of &. Here the two reductions follow directly from the monotonicity of the

flow and liquidation-revenue functions on the high-M branch.

D.3 Central Bank Capital via the Banking Sector

This section collects the proofs and additional results for the banking-sector microfoundation de-

veloped in Section 5 of the main text.

D.3.1 Household demand and maturity conventions

A unit mass of long-lived households maximizes

(o)

Z{)Bt(u(ct) +v((1-8"bF)), (A37)
—

where b is the face value of long bonds purchased at ¢ — 1 and carried into period ¢. The flow v
captures a preferred-habitat demand for long-duration government debt, reflecting safe-asset de-
mand, regulatory requirements, and duration hedging by pensions and insurers.?* The date-r term
v((1 — 8")bE) books the habitat services earned from holding the bond between ¢ — 1 and ¢, the
period during which it is the long-duration asset, weighted by its expected payoff. This is the
same timing as the baseline objective (1), in which bonds chosen at r — 1 enter the utility flow at

t; the services reward the completed holding period, not the bond’s remaining life as a one-period

24See Vayanos and Vila (2021) for the preferred-habitat theory of the term structure, Greenwood and Vayanos (2014)
for supply effects on long-term yields, Koijen et al. (2021) and Jansen, Li, and Schmid (2026) for demand-based evi-
dence on QE and Treasury markets, and Krishnamurthy and Li (2023) for measured substitution between Treasuries
and money-like assets.
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claim. The habitat demand takes the same quadratic form v(b) = xb(1 —b/(2by)) as the baseline
convenience utility. One-period claims carry no habitat demand. We use their no-default price
only to define the short rate and set the net public supply of one-period Treasury debt to zero,
so no short-bond quantity enters the household problem. Two types of investors exist as before:
bond vigilantes (fraction m) with correct beliefs o, = &, and sticky investors (fraction 1 —m) with
6,5 = 6t_1 .

In any no-default equilibrium the price of a one-period claim is P° = 3, pinned by the discount
factor independently of fiscal conditions or QE. We denote the gross short rate R = B~! and the
net short rate r = R — 1. Because public short-bond supply is zero, this pricing relation anchors the
short rate without supplying rollover resources in a crisis. Reserves, introduced below, earn this
same short rate r: we model the modern floor system, in which the rate on reserves is the prevailing
short rate of the economy.

A two-period long bond purchased at ¢ at price PL is held over one period, during which it
is the long-duration asset that habitat investors value. By 7+ 1 it has one period remaining: it
exits the preferred habitat, carries no further special demand, and trades at 3, identical to a T-
bill. The fiscal authority repurchases it at this price and replaces it with fresh two-period issuance
(Appendix D.3.4). Habitat services accrue provided the government has not defaulted by 4 1. In

a no-default equilibrium the household’s first-order condition for long bonds is
bL
PE=P+Br|1-- ), (A38)
0

where 32 is the discounted value of the principal, a claim worth B at ¢+ 1, and By (1 — b[LJrl /bo)
is the once-discounted value of the habitat services earned over the holding period, mirroring the
baseline bond first-order condition in Appendix Lemma 1. We define the normalized two-period

bond price as
P =P/, (A39)

which will play a similar role to the one-period bond price in our main setup.
The two-period long bond has annualized yield y* = 1/1/PL — 1, while the short rate is r =
B! —1 as defined above. The term spread is
1 1

TP, =y —r = S — (A40)
t =Yt PtL B

In a deterministic model the expected path of short rates is flat at r, so the term spread equals
the term premium. A purchase that reduces net long supply raises P and compresses the term

premium further.
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D.3.2 Stationary debt equation

In normal times the consolidated budget (33) with constant o reduces to P,B- | = B — (T + aY).
Setting EfH = BI = BL* and substituting (34) yields the steady-state quadratic

—bl(ELv*)er(ﬁ +x—DB- (T +ay) =0, (A41)
0
with discriminant 4

Az(ﬁ+x—1)2+b—)§(T+aY). (A42)

Under the maintained negative-primary-balance and demand restrictions, A > 0 gives two positive
potential steady states, BY* (stable) and By (unstable). They are valid steady states if they satisfy
the default boundary. QE lowers «, raising Bf’* and reducing Bé*

D.3.3 Alternative funding and the tax-loss share

Quantitative easing and classical financial repression. Classical financial repression, as docu-
mented by Reinhart and Sbrancia (2015), operated in part by forcing deposit rates down. Explicit
caps on deposit rates, such as Regulation Q in the U.S., push r< further below the market rate. The
wider money premium raises the deposit-franchise rent D(r — r?) and the tax revenue collected on
it. QE does not operate on this margin. It takes ¢ as given and works through the reserve quantity,
shrinking the taxable bank profit that repression enlarges. It appears that reducing 7 in our model
is a “free lunch” for the consolidated government. However, deposit-rate suppression faces limits
that our reduced-form capacity constraint abstracts from: suppressing ¢ too far triggers deposit

flight and weakens the balance-sheet capacity summarized by D.

Tax-loss sensitivity. The lending tax loss requires that foregone bank lending represents a net
loss from the consolidated tax base. For relationship borrowers, small and medium-sized enter-

prises in particular, the lending premium r¢

— r reflects monitoring rents that reserve assets cannot
replicate, so the rent disappears when the loan is not made. For large corporates with capital-market
access, the rent may migrate to bond investors who are also taxed, reducing the consolidated gov-
ernment’s revenue loss. The parameter A is the share of the displaced lending spread that is lost
from the consolidated tax base. The case A = 0 retains the real interest cost of reserves but assigns
no tax loss to the displaced lending spread; A = 1 treats the entire displaced spread as a loss from
the tax base. Across these comparisons, we adjust the constant 7 implied by the consolidation
so that fiscal resources at M = 0 are held fixed. Then A changes only the loss caused by positive

reserves. The lending response estimated by Diamond, Jiang, and Ma (2024) does not identify A
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or the reserve ceiling. The quantitative application varies the tax-loss share while holding the rate

inputs and initial reserve expansion fixed.

Why not wholesale funding? Banks can issue wholesale funding at the market rate r to fund
reserves, but this funding does not relax the constraint captured by D when equity and leverage
capacity bind. Wholesale debt used to fund reserves matches liquidity but earns no spread: the
reserve pays r and the funding costs r. It also expands the balance sheet and uses capacity that
is costly because of leverage requirements, deposit insurance assessments, and size surcharges.
Funding illiquid relationship loans with wholesale money is even less neutral: wholesale fund-
ing is runnable, and using it to support illiquid loans invites rollover risk and liquidation costs,
as Northern Rock illustrated in 2007. We represent these forces through the reduced-form capac-
ity constraint: reserves compete with loans for scarce balance-sheet capacity, which delivers the

crowding out in (28).

Balance-sheet expansion and liquidity dependence. Actual QE can create reserves and de-
posits together. The fixed-D benchmark abstracts from the resulting balance-sheet expansion.
Acharya et al. (2023) show that QE-created reserves are commonly financed with uninsured de-
mandable deposits and credit-line commitments, making large balance sheets a source of liquidity
dependence. This evidence is consistent with our reduced-form interpretation of D: absorbing

reserves without displacing bank-dependent lending requires costly equity and leverage capacity.

Reverse repos instead of bank reserves. Financing asset purchases through reverse repurchase
agreements (RRP) with money market funds rather than bank reserves bypasses the bank-lending
mechanism modeled here: M does not rise, so a(M) does not fall through displaced bank loans.
Two other costs may remain. First, the central bank funds long bonds with overnight liabilities. If
that interest expense exceeds asset income, operating losses eliminate remittances to the Treasury
and, if large enough, require fiscal recapitalization that can compromise central bank independence
(Hall and Reis, 2015; Del Negro and Sims, 2015). Second, because money funds’ demand for RRP
is downward-sloping, absorbing a large volume can make the overnight rate required to place those

liabilities depend on the size of the balance sheet.

D.3.4 Consolidated Budget Constraint

Let B,L’CB denote the face value of two-period long bonds the central bank purchased at ¢ — 1, out-
standing at r with one period remaining. The fiscal authority repurchases these at price 8, and the
central bank purchases new two-period bonds BthlB at price PL. Reserves are one-period liabilities

remunerated at the short rate r, paid as a per-period flow on the outstanding stock, consistent with
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the term M, r in bank profit (29): old reserves are redeemed at M; (1 + r) and the central bank issues
new reserves M, | at par. The price P° = 8 of a one-period claim anchors r, but its public supply
is zero, BS = 0, so the fiscal authority has no short-debt rollover. The central bank flow-of-funds

constraint is

My + BB = M(+r) + BB+ TP (Add)
~—~—~ —— —— —— ~~

new reserves  maturing long bonds  reserve redemption  new bond purchases ~ remittance

ECB

Portfolio value need not equal reserves. Let £

denote accounting net worth at the valuation

convention used for the portfolio:

L,CB
P'B =M1 +EZD. (Ad4)

Accounting net worth is distinct from central bank capital ¢;. Neither consolidation nor the

reserve-settlement rule requires EC5 = 0.

The fiscal authority repurchases all one-period-remaining long bonds BE = B + B=“® at price

L.CB
t+1 @

QE purchase therefore raises reserves without an offsetting reduction in another short-term public

and issues fresh two-period bonds BL, , = BL,, + B t price PL. It issues no short bonds. A
P 1+1 1+1 P t

liability. The fiscal authority flow constraint is

PE(BE + BB+ TE + TCF = B(BL+ BXP) + (—To), (A45)

where T8 is the bank-related tax revenue in (30) and Tj is the remaining primary surplus, so the
primary deficit enters as —7y. Adding the two sectoral budgets cancels remittances and internally

held Treasury payments directly:
PEBE 4+ TP+ My —M(1+7) = BBE - T, (A46)

This identity does not impose any restriction on accounting net worth. Writing M, | —M,(1+r) =
(M, 11 — M) — rM, and substituting 7.2 = 75 _ TA(r' — r)M, from (30), the two M;-flow terms
combine: the real reserve interest payment —rM; and the tax-revenue loss —7A (r* — r)M; sum to
—YaowM;, where

Yhow(A) = TA(F =) + r : (A47)

lending tax loss real reserve interest

and write Yow = Yow (4 ) below. The consolidated budget is therefore

. ~ - =B
PLBE, |+ (Myy1 — M) = BBE — (To 478 yﬂowM,) . (A48)
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The reserve principal (M, — M,) survives because reserve creation is not offset by fiscal short-
bond policy. This principal provides the nonzero central bank capital price below. Recall the
definition of central bank capital from (32),

Yhow(A)  TA(F —r) 47

oa(Mi;A)=y(D—M;), y= BY BY ; (A49)

so (D) = 0, YaowM; = YaowD — BoyY, and My 1 —M; = (o4 — o41)/7v. This does not require

total bank profit to vanish at M; = D: profit when M, = D equals the deposit-franchise rent D(r —
ré ), positive under the money premium rY < r. The fixed deposit-cost term —Dr? and the other
constants are absorbed into

_ 1 /-
T=4 <To v TP yﬂow(A)D) . (A50)

Substituting into (A48), dividing by 8, and writing P, = PL/ and the central bank capital price

1
P’ = (AS1)
By
the budget becomes the baseline consolidated budget (19),
PBl +P (0t —0y1) =By — (T + oY), (A52)

The depletion coefficient y = [tA (r’ — r) 4 r]/(BY) is strictly positive for every A € [0, 1], and the
real reserve interest cost r makes it rise with the level of the short rate. The slope of &(M;A) is not
a free choice conditional on A: ¥ = Yow(A)/(BY) is the unique slope for which the reserve flow
term reads oY in (A52), matching the baseline central bank capital income. Varying A changes

this slope. The normalization a:(D; ) = 0 is free, since any additive constant is absorbed into 7.
D.3.5 Proof of Proposition 4

Holding other reserve flows fixed, a feasible purchase raises reserves by 0 < AM; 1 < D — M;.
Since (M) = y(D—M),

AOC,_H - (X(Mt +AM;+]) - OC(M,) - _YAMZ-F] < O (A53)

Multiplying by Y gives the stated income change. Reserve creation equals purchase expenditure:
L.CB

L.CB . ) AB )
AM, | = PtLABt 11 at a common execution price, or AM; | = Jo ! PL(z)dz when execution

prices vary. []
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D.3.6 Proof of Proposition 5

Write b = BL, f(b) = P(b)b, and PY = 1/(BYy). The banking price schedule (34), consolidated
budget (33), and default boundary (39) have the same functional form as their baseline counter-
parts. The banking implementation adds (M) = y(D — M) and the reserve-settlement rule (38).
We use the baseline proofs for steps that depend only on the common budget, price schedule, and

default boundary, and verify the changed policy accounting below.

Parts (a) and (b): Structural fragility and sustainability collapse. A feasible reserve-financed
purchase gives Aa = —yAM < 0 by Proposition 4. At fixed «, potential steady states solve (P(b) —
1)b = —(T + aY), with the cutoff (41). The quadratic-root and default-boundary arguments in the
proofs of Theorems 1 and 2 therefore apply with PY = 1/(B7y): lower central bank capital raises
the lower root, lowers the upper root, shifts the default boundary by (Y + PY)Ac, and weakly
reduces the sustainability index, strictly when it is positive. Given an initial stable steady state, if
T < 70" (0tmin), a positive critical central bank capital level exists below which the two potential
steady states disappear. With reserves not withdrawn, central bank capital is not rebuilt, so the
same finite-time-default argument applies. If the inequality fails, potential roots remain at every

attainable reserve level, though their validity still depends on the default boundary.

Part (c): Intervention trap. Let b* be the valid stable no-QE root, let b2 < b* be a feasible
fixed net-supply target, and write a, = 04,4, and g(b) = f(b) — b. The establishment budget gives
PY(a; —ap) = f(b2) — f(b*) < 0 on the selected increasing funding branch. Stability of the lower
root and concavity of g imply

T +g(b?
aQ:: —#>ao>a1.

Holding net long debt at b€ thereafter gives the following law of motion for central bank capital:

Y
any1 —a? = xk(a, —a?), Ki=l+gp=1+py¥>1,  n>l. (A54)

Thus maintenance-period reserve increases grow by k and the required path exceeds the finite
ceiling D in finite time; another constraint may bind sooner. This replaces the baseline factor 1/,
which is recovered when the lending-tax wedge vanishes.

At any feasible target date define

Cp:=Y(d? —a,), X, = (PY +Y)(ap—a,) — (b* — b9).
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The establishment identity and (A54) give X; = C; > 0 and X, — X, = C,,+-1 = KC,,. Full one-

period QT at unchanged T consequently requires
FORT) = F(0") + X (AS5)

The lower-branch and restored-stability arguments in Steps 4-5 of the proof of Theorem 3 now
apply: conditional on an implementable no-default QT transition, the long yield rises above its
pre-QE level, the overshoot grows across feasible exit dates, and crossing the restored unstable
root prevents convergence back to b*. The banking implementation additionally requires suffi-
cient central bank bond holdings. Under operating-profit remittance, a portfolio reduction S, must
satisfy
PE(b9T)s, = “0—;“" 0<S,<B-

The consolidated funding equation alone does not ensure this inventory. The analytical one-period
crossing construction in Step 5 of the proof of Theorem 3 applies at A = 0. Writing x "2 for its
demand parameter, choose banking y = Bx*¢, My =0, and D = ag/y. Then P(b) and P¥ =
BY /(1 — B) match the baseline. Let kg and k; denote central bank bond holdings before and after
establishment. Holding the remittance at its original operating-profit level, divide the central bank
budget (A43) by 3 to obtain

P(b9)ky = P(b*)ko + PY (ap — ay),

exactly the baseline holdings transition. Since PX = BP and 1/y = BPY, the QT sale also equals
Sy =PY(ap—a1)/ P(leT), as in the baseline. The same construction therefore provides positive
establishment purchases, reserves below the ceiling, and enough inherited bonds for rebuilding.
The QT transition places debt above the restored unstable root but below the default boundary.
Permanently restored central bank capital and unchanged T cannot restore convergence.

For the fiscal exit, the consolidated budget requires a one-time normalized primary-balance
increase T, — T = X,, to restore (b*,ag). Keep central bank long-bond face holdings k = Bé’ff

unchanged and retire H,, = (ag — a,)/y reserves through the transfer
TEB(PL) = (B — Pk — My — Hy.

This transfer satisfies the central bank budget. With unchanged k&, ordinary operating-profit remit-
tance would leave reserves unchanged. The baseline lower-root and default-selection checks apply
because b” (a,; T +X,) = b”(ag; T) +b2 — b* > b€. Returning to T keeps (b*,ap) stationary. The

increasing X,, establishes the growing fiscal adjustment.
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Finally, consider the no-rebuilding exit policy in Section C.21, under which central bank capital
becomes constant after finitely many periods. Its proof uses only the common consolidated budget,
increasing lower funding branch, and default boundary; substituting the banking f, PY, and o(M)
gives the same conclusion. If the economy converges to a steady state, net long debt and the long

yield converge above their pre-QE levels; otherwise, default occurs in finite time. [J

D.4 Reserve Financing for the Yield Target

Jansen, Li, and Schmid (2026, Table 4, Panel (a)) report a 0.077 percent own-price response at the
representative maturity of 2.5 years to a temporary demand shock equal to one percent of outstand-
ing Treasury securities with one to five years remaining maturity. Evaluating their estimated model
at exactly two years gives a 0.0620 percent price increase on impact, including arbitrageurs’ ab-
sorption. The source models the unobserved demand shock as i.i.d. We use its temporary response
because QE reduces privately held debt only temporarily in our model, even when reserves remain
outstanding. We import only the contemporaneous response as a local slope and assume that a
reduction in net private supply has the same marginal price effect as an equal horizontal demand
shift at the initial price, holding the short-term rate and inflation expectations fixed.

In 2022Q4, the initial two-year real yield is 1.95 percent. Lowering it to 1.45 percent raises the
two-year bond price by 0.99 percent. We divide the market value of all Treasury securities with
one to five years remaining maturity, including Federal Reserve holdings, by the initial two-year
bond price. The resulting hypothetical two-year face amount is 31.4 percent of GDP. The calibrated
slope implies reducing net private supply by 15.9 percent of this amount, or 5.01 percent of GDP in
two-year face value. The conversion preserves market value, not actual private two-year holdings,
and the local slope is extended over the implied quantity change.

Let B® and B denote net private issuance in the comparator and intervention, with physical
prices P(g‘ and Pé. Both budgets start with the same inherited debt, opening reserves, and primary
balance. The comparator has no net reserve expansion in this round. Differencing the consolidated
budgets gives

AM, 1 = PyB° — P5BC. (A56)

Total Treasury issuance adjusts to satisfy the consolidated budget, so the reduction B’ — B< in pri-
vate supply is not the central bank’s net purchase quantity. Under the operating-profit remittance
rule, net purchases relative to passive rollover are Q; = AM, ./ Pé, and settle at the single target
clearing price. They equal 4.70 percent of GDP in face value. Additional reserves equal 4.57 per-
cent of GDP, or $1,223 billion. This is a hypothetical one-round financing comparison, conditional

on the stock and demand mappings above and sufficient reserve headroom.
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The normalized funding derivative at the opening comparator is 0.912, below the value of one
required for a locally stable steady state with a fixed primary balance. Thus the opening state is not
a stable no-QE steady state. The intervention-trap theorem applies from such a stable state; this
calibration does not establish its continued-purchase path. The annual-flow calculation separately

assumes that the additional reserves remain outstanding at the calibrated rates.

D.5 Historical Calibration of Reserve Costs

The depletion numerator decomposes into the two components of (A47),

_ _ l
BYY = Yaow(A) = TA(r —7r) + -

lending tax loss real reserve interest

The model is real, so both components must be measured in real terms. The tax loss from dis-
placed lending is proportional to a spread. Under exact Fisher conversion, its real counterpart
is 7(prime —IOR) /(1 + m) for annual inflation 7. The nominal and real spreads coincide only
under the arithmetic approximation. Prime is a contractual-rate proxy rather than an estimate of
economic rent. Under the floor system, IOR is the empirical counterpart of the short rate r. The
reserve interest component is the real short rate and is rate-sensitive. The long-history calibration
below uses the federal funds rate and consumer price index (CPI) inflation. Figure A1 provides
supplementary post-2008 evidence on the lending component from the prime rate (DPRIME) and
interest on reserves (IOR; IOER/IORB).

Long-history calibration. Table Al reports monthly real federal funds rates and prime—funds
spreads over July 1954-July 2026, using the same available months for both. We subtract year-
over-year consumer price index (CPI) inflation from the effective funds rate, using realized infla-
tion to proxy expected inflation. The real lending spread is approximated by the bank prime rate
minus the funds rate; the common inflation adjustment cancels. The averages give r = 1.03% and
' —r=1220%. We set B = (1+r)~! =0.9898 from the unrounded real-rate mean and use the
21 percent federal corporate tax rate. At full tax-loss incidence, the annual fiscal cost per reserve
dollar is BYy = 1.49%. Lower values of A reduce the lending-related component.

In an abundant-reserves regime, interest on reserves anchors the overnight market rate. We
therefore use the historical funds rate as a proxy for reserve remuneration before 2008, conditional
on implementing the same short-term interest rate.”> The historical average disciplines the model’s

constant expected real return using realized inflation. The baseline uses the arithmetic Fisher

2 The Federal Reserve’s April 2008 analysis of interest-on-reserves options discusses an abundant-reserves system
with remuneration at the risk-adjusted federal funds rate. Market frictions can create a wedge between the observed
funds rate and reserve remuneration.
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Figure Al. Tax loss from displaced lending at A = 1, 7(+' — r) (annual average, post-2008).
Panel (a): the A = 1 tax loss from displaced lending 7(r — r), with the loan—reserve spread r‘ — r
measured as prime—IOR. Panel (b) reports nominal rate components. Their nominal spread ap-
proximates the real spread when the Fisher denominator is approximated by one. The prime-IOR
spread stays near 300 basis points across rate cycles, so the tax loss from displaced lending is stable
and positive. Data: DPRIME and IOER/IORB from FRED.

approximation for both the real rate and the lending spread. The replication files also report exact

Fisher conversions.

Table Al. Real federal funds rates and lending spreads over the long history

Period real FFR (CPI) real FFR (PCE) prime — FFR
1954:M7-1965:M12 +1.35% +1.78% 1.45%
1966:M1-1981:M12 (Great Inflation) +0.86% +1.65% 1.04%
1982:M1-2000:M12 (disinflation) +3.29% +3.75% 2.41%
2001:M1-2007:M12 +0.34% +0.72% 3.00%
2008:M1-2022:M3 (GFC to liftoff) -1.44% -1.14% 3.13%
2022:M4-2026:M7 (post-liftoft) +0.08% +0.48% 3.16%
Full sample (1954:M7-2026:M7) +1.03% +1.49% 2.20%

Monthly averages from FRED: FEDFUNDS, MPRIME, CPIAUCSL, and PCEPI. Real rates subtract year-over-
year inflation, and prime minus the federal funds rate approximates the real lending spread. The CPI baseline
and spread use 864 common observations from July 1954 through July 2026. October 2025 is omitted from all
columns because CPI is missing, with no interpolation. The personal consumption expenditures (PCE) compar-
ison begins in January 1960 and uses 798 observations. The sample endpoint and data vintage are fixed.
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The negative average real rate over 2008—2022 reflects near-zero nominal policy rates following
the financial crisis and the pandemic inflation surge before nominal rates adjusted. Prolonged
negative real rates may be less likely going forward if the neutral real rate remains above its 2010s
level. This conditional assessment is consistent with the Federal Reserve’s 2025 framework review,
which recognized that neutral rates may have risen and removed the effective lower bound as a

t.26

defining feature of the policy environment.® We retain these episodes in the long-history average.

Tax-Loss Sensitivity

The tax-loss share A € [0,1] is the fraction of the displaced lending spread that leaves the con-
solidated tax base. At A = 0, borrowers or other intermediaries replace all of the relevant taxable
income, so only the real interest cost of reserves enters y. At A = 1, the entire displaced lending
spread leaves the tax base. Intermediate values scale the tax loss from displaced lending linearly.

The consolidated budget (33), Proposition 4, and Proposition 5 retain the same form for every
A. The parameter enters through (A1), a(M;A), and the constant 7 defined in (A50). Holding the
primitive fiscal resources at M = 0 fixed makes T + ¢¢(0; 1)Y invariant to A, so the robustness exer-
cise isolates the tax loss caused by positive reserves. An empirical lending-response estimate does
not identify the tax-loss share A or remaining reserve capacity. Section 5.5 uses the intermediate
tax-loss share A = 0.5 as its baseline.

Table A2 compares the intermediate baseline A = 0.5 with the two endpoints, A =0and A =1,
holding the initial reserve expansion and rate inputs fixed. Real interest on reserves and the loss of
crisis-financing capacity are identical across cases. The tax-loss share changes only the lending-

related tax loss and its contribution to the default boundary.

Table A2. Sensitivity of fiscal costs and the default boundary to the tax-loss share

Annual cost Annual cost Boundary reduction
Tax-loss share A ($ billions) (% of GDP) (% of GDP)
0.0 12.6 0.047 4.664
0.5 (baseline) 154 0.058 4.675
1.0 18.2 0.068 4.686

All cases use the conditional reserve expansion for the initial 50-basis-point yield reduction in Section 5.5. Dol-
lar amounts and GDP ratios use 2022Q4 GDP. Annual costs persist at the calibrated rates while the additional
reserves remain outstanding. The default-boundary reduction includes the common loss of crisis-financing ca-
pacity in debt face-value units, 4.62 percent of GDP, and the annual fiscal cost divided by . It assumes that all
remaining reserve capacity can be used in a refinancing crisis. The baseline tax-loss share is an assumption; the
endpoints allow none or all of the displaced lending spread to leave the consolidated tax base.

26See Jerome H. Powell, “Monetary Policy and the Fed’s Framework Review,” August 22, 2025.
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