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Abstract

We extend the prophet inequality problem to a competitive setting.
At every period, a new realization of a random variable with a known
distribution arrives, which is publicly observed. Then two players simul-
taneously decide whether to pick an available value or to pass and wait
until the next period (ties are broken uniformly at random). As soon as a
player gets a value, he leaves the market and his payoff is the value of this
realization. In the first variant, namely the “no recall” case, the agents
can only bid at each period for the current value. In a second variant, the
“full recall” case, the agents can also bid for any of the previous realiza-
tions which has not been already selected. For each variant, we study the
subgame-perfect Nash equilibrium payoffs of the corresponding game.
More specifically, we give a full characterization in the full recall case and
show in particular that the expected payoffs of the players at any equilib-
rium are always equal, whereas in the no recall case the set of equilibrium
payoffs typically has full dimension. Regarding the welfare at equilibrium,
surprisingly the best equilibrium payoff a player can have may be strictly
higher in the no recall case. However, the sum of equilibrium payoffs is
weakly larger when the players have full recall. Finally, we show that in
the case of 2 arrivals and arbitrary distributions, the prices of Anarchy
and Stability in the no recall case are at most 4/3, and this bound is tight.

Keywords: Optimal stopping, Competing agents, Recall, Prophet
inequalities, Subgame-perfect equilibria, Game theory, Job search problem,
House selling problem.
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1 Introduction

1.1 Context

The theory of optimal stopping has a vast history and is concerned with the
problem of a decision-maker who observes a sequence of random variables
arriving over time and has to decide when to stop optimizing a particular
objective. Probably, the two best-known problems in optimal stopping are the
secretary problem (also known as marriage problem or best choice problem)
and the prophet inequality problem (also known as house selling problem or
job search problem). In the classical model of the former, introduced in the
‘60s, a decision-maker observes a sequence of values arriving in a random
order over time and has to pick one in a take-it-or-leave-it fashion maximizing
the probability of picking the highest one. In other words, after observing an
arrival, he has to decide whether to pick this value or to pass and continue
observing the sequence. Once a value is picked the game ends. The goal of
the decision-maker is to maximize the probability of getting the highest value.
Lindley (1961) proves that an optimal stopping rule for this problem consists
in rejecting a particular amount of values first and then accepting the first
value higher than the maximum observed so far. When the number of arrivals
goes to infinity, the probability of picking the best value approaches 1/e. Since
then, several variants have been studied in the literature (see, e.g., Ezra et al
2021a; Freeman 1983; Gilbert and Mosteller 1966; Immorlica et al 2006). For
a survey of the secretary problem with one decision-maker and their variants
see, e.g., Freeman (1983) and Ferguson (1989) .

Related to the secretary problem is the optimal selection problem called
prophet inequality problem. Here, the decision-maker knows not only the total
number of arrivals but also the distribution behind them. The goal of the
decision-maker is to maximize the expected value of what he gets. Instead of
looking at this problem as an optimal stopping problem, in the ‘70s researchers
started to answer the question of how good can a decision-maker play compared
to what a prophet can do, where a prophet is someone who knows all the
realizations of the random variables in advance and simply picks the maximum.
It was in the "70s when Krengel and Sucheston (1978) proved that the decision-
maker can get at least 1/2 of what a prophet gets and that this bound is
tight. Later, in 1984 Samuel-Cahn (1984) proved that instead of looking at all
feasible stopping rules, it is enough to look at a single threshold strategy to
get the 1/2 bound. These results are for a general setting where the random
variables are independent but not necessarily identically distributed, and then
one natural question that arose was if this bound could be improved assuming
i.i.d. random variables. The works by Hill and Kertz (1982), Kertz (1986), and
Correa et al (2017) answered this question positively, obtaining a tight bound
of 0.7451. A lot of work has appeared considering different model variants
(infinitely many arrivals, feasibility constraints, multi-selection, etc) but it was
in the last decades when this problem gained particular attention due to its
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surprising connection with online mechanisms (see, e.g., Chawla et al 2010;
Correa et al 2019; Hajiaghayi et al 2007).

1.2 Our paper

In the i.i.d. setting of the prophet inequality problem, there is a decision-maker
who sequentially observes realizations X1,..., X, from a known distribution
F. Only one value can be selected, and the benchmark is E(max;c(1,... ny Xi)-
After each arrival, the decision-maker must make an immediate and irrevocable
decision whether to pick this value or not. If he selects it, he leaves the market
and the game ends. Otherwise, he continues observing the next arrival. This
problem is commonly motivated by applications to online auction theory, where
at each time period a seller, who wants to sell an item, receives an offer from
a potential buyer and has to decide whether to accept it and sell the item
or reject it and wait for the next offer. Most of the work on the prophet
inequality problem relies on the fact that there is only one decision-maker and
the decision must be taken immediately after observing the offer. However, in
some situations of interest— a person who wants to sell a house, or a company
hiring an employee, among others— it seems reasonable to allow more than one
decision-maker, as well as to be able to make the decision later in time. Driven
by this fact, in this paper we study two variants of the classic setting. More
specifically, on one hand, we consider the setting where two decision-makers
compete to get the best possible value, and we call it competitive selection
problem with no recall. On the other hand, we consider the problem where the
two decision-makers are allowed to select any available value that appeared in
the past and not only the one just arrived, and we call it competitive selection
problem with full recall.

For each variant, we study the two-player game induced by the optimal
stopping problem, focusing on subgame-perfect Nash equilibria (SPE for
short). The main contributions of this paper can be divided into three lines,
which are summarized in what follows.

Description of the subgame-perfect equilibrium payoffs. The first
stream of contributions refers to the study of the set of SPE payoffs (SPEP)
for both settings. Regarding the full recall case, we fully characterize the
set of SPEP (Theorems 1 and 2) and we obtain that each such payoff is
symmetric, meaning that every SPE gives the same payoff to both players.
In the no-recall case, the set of SPEP is clearly symmetric with respect to
the identity line (which we call diagonal throughout the paper) but contains
points outside it, inducing different payoffs for the players. In this case, we
give in Theorem 3 recursive formulas to compute the best and the worst
SPEP (in terms of the sum of payoffs of the players), as well as the worst
payoff a single player can get at a subgame-perfect equilibrium. We highlight
here that the analysis of SPE in both variants is based on auxiliary games
which exhibit different structures, namely coordination games in the model
with recall and anti-coordination games in the variant without recall (see
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section 3.3). To illustrate these results, in Section 3.5 we provide a detailed
study of the particular case where F' is the uniform distribution on [0, 1].

Comparison of payoffs for the two variants. Another stream of results
is focused on comparing the highest SPEP in both settings. Surprisingly,
an example (see Section 3.1) shows that the best SPEP a player can obtain
may be higher in the no recall case than in the full recall case. This can be
explained by the possible existence of an asymmetric SPE in the no recall case
which significantly favors one player at the expense of the other, who picks a
value early in the game. However, if we restrict our attention to symmetric
SPEP, or to the sum of the payoffs of the players at SPE, Theorem 4 shows
that in the case of a continuous distribution, players are always better off in
the variant with recall. Furthermore, this advantage can be significant: If I is
the uniform distribution on [0, 1], and n = 5, the payoff of players in the full
recall case is at least 7% higher than in the no recall case.

Efficiency of equilibria. To analyze efficiency, we use in Section 3.4 the
standard notions of Price of Anarchy and Price of Stability. We also introduce
the notion of Prophet Ratio, defined as the sum of payoffs a team of two
prophets would obtain, divided by the best sum of payoffs at equilibrium.
When F is uniform on [0, 1], we find numerically that equilibria are quite
efficient. Moreover, we observe that having full recall gives an advantage to
the players, in the sense that, in the full recall case, the expected payoff is
closer to the payoff obtained by playing the best possible feasible strategy,
than in the no recall case. However, this advantage is small (see Section 3.5.3).
Finally, we consider the case n = 2 without recall, and let F' be any distri-
bution with support contained in [0,1]. We prove in Theorem 5 that both
the prices of anarchy and stability are not greater than 4/3 and that this
bound (reminiscent of the bound for routing problems with linear latencies,
see Roughgarden and Tardos 2002) is tight in both cases.

It is worth noting that, although competition and recalling variants have
already been considered in the literature for some optimal stopping problems
(as we will discuss in the next section), to the best of our knowledge, our paper
is the first considering them from a Game Theory perspective with a focus on
the study of the set of SPEP, and thus it constitutes a good starting point
for future research work of interest across academic communities in Opera-
tions Research, Computer Science, and Economics (see Section 5 for details in
possible future directions).

1.3 Related literature

As it was aforementioned, the literature in optimal stopping theory is exten-
sive and mainly focused on finding optimal or near-optimal policies for the
different model variants, as well as on studying the guarantees of some simple
strategies, such as single threshold strategies, even when they are not optimal.
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However, this paper introduces a game-theoretic approach for a model with
competition and where recall is allowed. In what follows, we revisit some
of the existing literature regarding optimal stopping problems with some of
these two particular features.

Optimal Stopping with competition. Abdelaziz and Krichen (2007)
survey the literature on optimal stopping problems with more than one
decision-maker until the 2000s. More recently, Immorlica et al (2006), Karlin
and Lei (2015) and Ezra et al (2021a) study the secretary problem with com-
petition. Immorlica et al. consider a classical setting where decisions are made
in a take-it-or-leave-it fashion and ties are broken uniformly at random, and
they show that as the number of competitors grows, the moment at which
“accept” is played for the first time in an equilibrium decreases. Karlin and Lei
assume that the ties are broken according to a global ranking and they derived
a recursive formula to compute the optimal strategy for the players. Ezra et
al., incorporate the recalling option and studies the structure and performance
of equilibria in this game when the ties are broken uniformly at random or
according to a global ranking.

Our paper considers a different model, since the problem is more related
to the prophet inequality setting. In this sense, the work closest to ours is the
recent paper by Ezra et al (2021b), who introduce, independently of our paper,
the no recall case, again with the two variants for tie-breaking. However, the
novelty of our paper is the incorporation of recalling in addition to the com-
petition between players. Moreover, instead of studying the reward guarantees
under single-threshold strategies, we focus on the study of equilibria of the
game.

There exists another stream of related literature considering selection
problems with competition from a game theory perspective. The more relevant
for our work are Baston and Garnaev (2005); Sakaguchi (2005); and Ramsey
and Szajowski (2006). In the first two papers, the authors consider the game
with competition, no recall, and uniform distribution on [0,1]. In the latter,
arrivals are considered to follow a Markov chain, and the authors allow for a
correlation between players. The main difference between these papers and
ours is that they restrict their study to particular types of Nash equilibria (or
correlated equilibria for Ramsey and Szajowski (2006)). For instance, this set
does not include the best symmetric equilibrium payoff of the game, which
is characterized in our paper. To the best of our knowledge, we are the first
to study the set of all SPEP, and not only a particular finite subset of them.
We refer the reader to the works by Mazalov and Banin (2003); Radzik and
Szajowski (1990); and Sakaguchi and Mazalov (2004) for other related papers.

Optimal Stopping with recall. Allowing decision-makers to choose
between any of the values arrived so far is a variant of the classic problem
that may have interesting applications. If this extension is considered without
competition, it is easy to see that the optimum is just to wait until the end
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and pick the best value. However, adding competition to the model makes
the problem interesting, and characterizing the set of equilibrium payoffs and
studying their efficiency are challenging questions we address in this paper.
Notice that this notion of recalling is not new for some optimal stopping
problems. For example, Yang (1974) considers a variant of the secretary
problem, where the interviewer is allowed to make an offer to any applicant
already interviewed. In his model, the applicant rejects the offer with some
probability that depends on when the offer is made and he studies the opti-
mal stopping rules in this context. Thereafter, different authors have been
studying other variants of the secretary problem with recall (see, e.g., Ezra
et al 2021a; Kesselheim et al 2023; Sweet 1994). Our work differs from most
of them not only in the model we consider but also in terms of questions since
we are more interested in a game-theoretic approach to the problem.

1.4 Roadmap

The remainder of this paper is organized as follows: We start presenting the
model in Section 2, including the description of the games for the full recall and
no recall cases in Section 2.1. The results of our paper are presented formally
in Section 3. This section is divided into four parts: In Section 3.2, we study
the set of SPEP, starting with its computation for a very simple example (see
Section 3.1), and making then a complete analysis for the full recall case (see
Section 3.2.1) and for the no recall case (see Section 3.2.2). In Section 3.3 we
present the results concerning the comparison of the two variants, whereas
in Section 3.4 we study the efficiency of equilibria. In Section 3.5 we make
a detailed analysis of the case where F' is uniform on [0, 1]. In Section 4 we
present the proofs of the results. Finally, we close the paper with some possible
future directions, which will be given in Section 5.

2 Model

Consider a sequence of realizations Xj,...,X,, of a random variable X dis-
tributed according to a c.d.f. F' with support contained in [0,1].! There are
two players, or decision-makers, competing to select the highest value among
X1,...,X,. More explicitly, at each time period t = 1, ..., n, the decision-makers
— who know the distribution F— observe X; and simultaneously decide whether
or not to select one element in the currently feasible set F;. Once a decision-
maker chooses a value X; from stage j, he leaves the market obtaining a
payoff of X; and the element of stage j no longer belongs to the feasible set.
Decision-makers must decide when to stop, maximizing the expected value of
their payoff. If at time ¢ both agents want to select the same value, we break

1We assume that the support of F is contained in [0, 1] to not overload the notation but the
results can be easily extended to the general case.
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the tie uniformly at random. That is, each of them gets the value with proba-
bility 1/2, and the decision-maker who gets it leaves the market, whereas the
other passes to the next period.

It remains to specify the feasible sets, distinguishing the two cases we con-
sider. In the first one, namely no recall case, the decision-makers play in a
take-it-or-leave-it fashion. That is, after observing the value just arrived they
should decide whether they take it or not. If both players discard it, it cannot
be chosen later. The second variant is the full recall case. In this case, the dis-
carded values can be chosen in future periods if they are still available. That
is, at each time period, the decision-makers can choose the element that has
just arrived or any of the elements that have already arrived and have not yet
been chosen. We assume that at stage n all players who are present select the
element corresponding to the highest value. If both players are present, there
is a tie, and the player who loses the toss gets the second best value.

Notice that in the 1-player case (decision problem), the optimal strategy
with full recall is simply to wait until the end and to pick the element which
corresponds to the maximum of {Xi,..., X,,}. And in the 1-player case with
no recall we have a standard prophet problem, with value smaller than the
expectation of the maximum of { X7, ..., X,,}. Obviously, having the possibility
of getting a value observed in the past is beneficial to the player. In our multi-
player setting, we cannot say a priori that the full recall case is beneficial to the
players, as there are examples where having more information or more actions
decreases the sum of the payoffs of the players at equilibrium. This motivated
us to ask how important is to have the power of being able to choose a value
observed in the past. To answer this question we study the games behind the
two model variants described above. In particular, we study the set of SPEP
as well as the Price of Anarchy (PoA) and the Price of Stability (PoS).

We remark here that throughout the paper we will use “the decision-maker
selects value X;” to refer to the decision-maker selecting element ¢ from F;.

2.1 Description of the games

We now formally describe the games induced by the full recall case and the
no recall case, denoted by 'Y and TN respectively. Then, we specify the
notions of equilibrium that will be used throughout the paper.
Full recall case. Game 'L

For each t € {0,1,...,n+1} we denote by H; the set of possible histories up
to stage t. Hgo only contains the empty history. H; contains what happens at
stage 1, i.e., the realization X7, who tried to get X1, and who got X; (possibly
nobody). Hs contains everything that happened at stages 1 and 2, and so on.

As usual a strategy for player j € {1,2} is an element o; = (0}, )i=0,....n
where o, is a measurable map that associates to every history in H; an
available action, that is a probability distribution over F; U {0}. We will
assume that in a strategic pair, (01,09), the first element oy is for the row
player, Player 1, and the second element o5 is for the column player, Player
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2. A strategy profile (01,02) induces a probability distribution over the set
of possible full histories H,t1, and the payoff (or utility) of each player is
defined as the expectation of the value he gets, with the convention that
getting none of the values yields a payoff of 0.

No recall case. Game 'Y 7

Here, the set of available elements at stage ¢ is F; = {t}, and we only need
to consider histories H; for ¢t € {0,...,n} where H; contains everything that
happened up to stage t under the no recall assumption. A strategy for player
j € {1,2} is an element ¢; = (0} )=0,....n—1 Where o, is a measurable map
which associates to every history in H; an available action, that is a probabil-
ity distribution over {t,0}. We will assume that in a strategic pair, (o1, 02),
the first element oy is for the row player, Player 1, and the second element
o9 is for the column player, Player 2. A strategy profile (01,02) induces a
probability distribution over the set of possible plays H,, and payoffs are
defined as in the full recall case.

Equilibrium notions. We recall here the usual notions of Nash equilibrium
(NE) and subgame perfect equilibrium (see, e.g., Fudenberg and Tirole 1991).
The following definitions apply to both games I')' % and TV,

Definition 1 A strategy profile 0 = (01,02) is a Nash equilibrium (NE) of the game
if for every agent i and every strategy o}, player’s i utility when (o}, 0_;) is played
is not greater than the one obtained if o is played.

Given a stage number ¢ and a finite history h; mentioning everything that
happened up to stage ¢, we can define the continuation game after h;.

Definition 2 A strategy profile o = (01, 02) is a subgame perfect equilibrium (SPE)
if it induces a NE for every proper subgame of the game (i.e. for any continuation
game after a finite history).

When studying SPE, we will assume w.l.o.g. that as soon as a player is
alone in the game, he plays optimally in the remaining decision problem. By
best (resp. worse) equilibrium, we mean an equilibrium maximizing (resp.
minimizing) the sum of the payoffs of the players.

2.2 Notation

In this section, we introduce some notation that we will use throughout the
paper.

Given 3 real numbers x1, x5 and x3, we denote the median of the numbers,
i.e. the middle-most number among 1, 22, x3, by med[z, X2, x3].

For any event A, the indicator function of A, denoted by 1 4 is the random
variable taking value 1 if the event A occurs, and 0 otherwise.
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Given two real numbers z and y, we will denote by z V y the maximum
between z and y, and by x A y the minimum. That is, z V y = max{z, y}, and
x Ay = min{z, y}.

3 Results

The goal of this section is to present the main results of the paper. First, we
study the structure of the sets of SPEP. We start by introducing a simple
example, where the computation for both the recall and no recall cases is easy.
Then, we present our main result in the full recall case which fully characterizes
the set of SPEP. Regarding the no recall case, we provide recursive formulas
to compute the worst payoff a player can get in equilibrium, as well as the sum
of payoffs of players for both the best and worst SPE, when the distribution
function F' is continuous. After that, we move on to understand what is the
relationship between the payoff a player gets in both problems. In other words,
we answer the question: Is the recall case always beneficial for the players?
Finally, we study the efficiency of equilibria for the full recall and no recall
cases. We leave the proof of the results in Section 4.

3.1 Motivating example.

Let us consider the particular instance of the problem where n realizations of
X arrive sequentially over time, where the law F' of X is defined by:

_J1/3 with probability 1/2,
~ 12/3 with probability 1/2.

We compute the set of SPEP in the full recall and no recall case, denoted by
EFE and ENE | respectively.

Full recall case. Note that in this case, the unique SPE is to bid at any time if
X = 2/3 and to pass otherwise until the last period, when the best available
value is chosen. Then, if all observations take the value 1/3, the players obtain
a payoff of 1/3; if only one value is equal to 2/3, both players bid for this
value and then they obtain 2/3 with probability 1/2 and 1/3 with probability
1/2; and if more than one realization of X has value 2/3, both players obtain
a payoff of 2/3. Thus, the expected payoff of a player in equilibrium, namely
h,, can be computed as follows

1 1 2
b = 5P(X(y = 1/3) + 5P i: X; = 2/3) + ZP(i # j: Xi = X; = 2/3),
where X,y denotes the maximum of n ii.d. realizations of X ~ F. The
probabilities above are easy to compute, having that P(X,,) = 1/3) = 1/2",
P(Ali:X;=2/3) =n/2" and P(Ji £ j: X; = X; = 2/3) = 1 — (n+ 1)/2".
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Putting all together we conclude that EX'® = {(h,,, h,)}, with

2 n+2

fn =3~ 3

No recall case. Because we are considering an instance with n time periods and
the random variable only takes two possible values, for the first n — 2 arrivals,
at equilibrium, players bid if and only if a value 2/3 is observed. Therefore, at
equilibrium: if at least two observations have value 2/3 up to time n—2, players
obtain 2/3; if only one has value 2/3 up to time n — 2, each player obtains
2/3 with probability 1/2 and the expected value of X (9) with probability 1/2;
and if all values up to n — 2 are 1/3, the players obtain an expected payoff
(el,e2) € EJ'E. Note that E(X(s)) is the value of the decision problem in a
standard prophet setting with two arrivals from X, and thus E (X(Q)) =T7/12.
Therefore, an expected payoff of player 1 can be computed as

15
P(X(n2y=1/3) e +P(Ri<n-2:X,= 2/3)?4

2
P £ X=X, =2/3,i5 <n—-2)3,

whereas for player 2 we have

. 15
P(X(no2y=1/3)e3+P(Ri<n-2:X,= 2/3)ﬂ

2
+P(3i#J: Xi=X; =2/3,ij <n—2)7.

Again, the probabilities above are easy to compute, having P (X(n,g) = 1/3) =
1202 P(Ai<n-2:X;,=2/3)=(n-2)/2"2and PEFi #j: X; = X; =
2/3,i,j <n—2)=1—(n—1)/2""2. Thus, we obtain that an expected payoff
of player 7 is given by:

n
1= 2n72

gn2 9 gn2 T3

= - 1
3 T on—2 " 3.9n+l 1)

eb 15 n—2 2 < —1)_2 b n+ 14

It remains to compute the set E3F. To this end, for a € {1/3,2/3} we
consider the game, called I'V(a), defined as 'V ® but with an initial available
value a. That is, there is a time period “zero” where players choose between
selecting the value a or pass, before observing the value of the single realization
in the game. We denote by EN®(a) the set of SPEP of the game 'V %(a).
Notice that

ENE - {(yl,w) = > B(X =a)i(a) st (el(a), el (@) € B () ¢,
a€{1/3,2/3}
(2)

and then EYF can be easily computed from EVf(a). To study EN(a), we
consider the payoff matrix for the game 'V ¥(a), represented in Fig. 1.
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a 0
1 11 1 1
a ((2a+4,2a+ 1) (a’2)>
1 11
0 (3.0 1)

Fig. 1: Payoff matrix for the game ')V #(a).

Observe that if a = 2/3, (a,a) is the unique NE with payoff (7/12,7/12),
and thus ENE(2/3) = {(7/12,7/12)}. Otherwise, if a = 1/3, there are three
NE: (a,0), (0, a) and a symmetric mixed equilibrium in which both agents play
a with probability 1/2 and pass with probability 1/2. The equilibrium payoffs
are (1/3,1/2),(1/2,1/3), and (3/8,3/8), respectively, and then EN%(1/3) =
{(1/3,1/2),(1/2,1/3),(3/8,3/8)}. We now can compute the set EY % by using
(2), obtaining

EYE = {(11/24,13/24), (13/24,11/24), (23/48,23/48)}.

Finally, we go back to equations (1) and we conclude that ENZ is the
three-element set

Er]LVR = {(pn7Qn)a(rnﬂ"n)a(q'mpn)}a (3)
with
_2 n+l 2 43 2 nt5/2
Pr= g = g onst T 3T 3ona "3 T 3ignrt

Note that p, and ¢, represent the best and worst possible payoff of a player
in equilibrium, respectively, whereas r, represents the payoff in between.

Recall that h,, = 2/3 —(n+2)/(3-2""1) and therefore p,, > h,, > r, > qn.
Moreover p,, + q, = 2h,, > 2r,. The latter means that the sum of equilibrium
payoffs of the players in the full recall case is equal to the sum of the payoffs of
players in the no recall case if an asymmetric equilibrium is played. Otherwise,
i.e., if in the no recall case the symmetric equilibrium is played, then the sum
of payoffs of the players is strictly lower than in the full recall case, which is
somehow not surprising.

However, for this example we observe that, surprisingly, the best payoff a
single player can obtain at equilibrium is strictly higher in the no recall case
than in the full recall case. Intuitively, what happens here is that the lack of
recalling power implies that with a positive probability one player will take the
“bad” value in period n — 1 and therefore it gives an advantage to the other
player, who is now alone in the game.

A natural question is to ask how efficient are the equilibria of the games

compared with the best feasible strategy. We use the well-known notions of
Price of Stability (PoS) and Price of Anarchy (PoA) which are defined as
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the ratio between the maximal sum of payoffs obtained by players under any
feasible strategy and the best and the worst sum of payoffs of SPEs respectively.
For the example, this analysis is easy to do, and we start by noting that in
both model variants, there exists a feasible strategy (not the same for both
problems) where players obtain the first and the second best values. This
implies that the numerator of PoA and PoS will be the same and equal to
E(X () + X(2:n)), Where X(5.,,) denotes the second best realization, which is
given by 4/3 — (n +2)/(3 - 2™). Observe that this value is exactly 2h,, and
Pn + ¢ and then PoS is 1 for both settings and PoA is 1 for the full recall case,
meaning that in the full recall case the resulting equilibrium is efficient. On the
other hand, the PoA for the no recall case is given by E(X(,) + X(2:n))/(27n)
which is strictly greater than 1 but it converges fast to one when n grows.

This example highlights the relevance of our work in three ways. First,
even in this case where the random variable only takes two possible values,
we observe that the computation of the SPEP requires a detailed analysis and
then computing these sets for a general probability distribution, even under
some mild assumptions, seems difficult and challenging. On the other hand,
this example shows us that the recalling power is not always favorable to all
players, and then it is an interesting question to try to understand under which
assumptions one can ensure that the payoff of a player in the full recall case in
equilibria will be at least as good as the one in the no recall case. Finally, we
see in this example that the SPEP are efficient and it motivates us to study if
that still holds for general distributions.

3.2 Description of the subgame-perfect equilibrium
payoffs

Here we will fully characterize the set of SPEP for the full recall case. For
the no recall case, we provide recursive formulas to compute the best and the
worst sum of SPEP. We prove these results in Section 4.1.

3.2.1 Full recall case

We go back to the general case and study here the game with full recall, that
is, at time ¢, any of the values so far arrived that have not been selected before
can be selected.

We introduce a two-player game 'Y % (a, b), where for each natural number
nand 1 >a >b> 0, TFR(a,b) is defined as LT with n values to arrive and
a and b two available values present at the beginning of the game. That is, we
have a time period “zero” where players choose between getting a,b or pass,
before the sequential arrival of the realizations. We denote by EX'%(a,b) c RZ
the set of the SPEP of the game I'!#(a,b). Note that the set of the SPEP of
the game I'L'F is just the set ELT(0,0).

The next theorem states that the set of SPEP for the defined auxiliary
game I'E'E(q, b) is contained in the diagonal, i.e., at each SPE both players get
the same payoff. We see this as a surprising result.
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Theorem 1. Consider an instance of the game T'E T (a,b), for a,b real numbers
such that 0 < b<a <1 and n € N. The set of SPE payoffs is contained in the
diagonal, that is EF®(a,b) C {(u,u),u € [0,1]}.

Furthermore, if we define PEXT(a,b) as the projection of EF®(a,b) to R,
we have min PEFf(a,b) = 1,,(a,b) and max PEL®(a,b) = h,(a,b), where I,
and hy are defined recursively as follows:

e ZO(avb) = hO(a7b) = aT—H);
e forn>1:

~n(a,b) = L (a,E (X V) .5 (a,b),
with d,; (a,b) =Ex (I,—1(a V X, med|a, b, X])),

~ hn(a,b) = H (a,E (Xn) Vb) ,dt (a,b)
with df (a,b) = Ex (hn_1(a Vv X, medla, b, X])),

where X,y = max{Xy,...,X,}, med denotes the median, and L : R - R
and H : R? = R are defined by:

2 ifz <y, ety ifz>yve,
L ,2) = d H(x,y,z) = ;
(9:2) {é(ery) ife>y, (9:2) {Z fr<yVz

Using the theorem above, we can prove the following result which fully
characterizes the set of SPEP of the games I'L'® when F is continuous (i.e.
when the corresponding distribution is atomless).

Theorem 2. Assume F is continuous. Then, for n > 1, the set EXE of SPE
payoffs of the game TEE s the segment:

EFE — {X(Ln, 1) + (1 = A)(hn, b)), X € 0,1]},

where 1, = 1,(0,0) and h,, = h,,(0,0).

That is, EFR is conver, contained in the diagonal, and its extreme points
are (1,,(0,0),1,,(0,0)) and (h,(0,0),hy,(0,0)), where ,,(0,0) and h,(0,0) are
defined in the statement of Theorem 1.

3.2.2 No recall case

We now consider the no recall variant, where players can only play in a take-
it-or-leave-it fashion, without being able to select a value that arrived in the
past. In this section, we assume that F' is continuous, which ensures that the
set of SPEP is convex, and allows us to derive recursive formulas for some
points in the boundary of this set.

We introduce here the two-player game T'N%(a), where for each natural
number n and a € [0,1], T¥%(a) is defined as TY® with n realizations to
arrive, but with a an available value present at the beginning. That is, we
have a time period “zero” where players choose between getting a or pass,
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before the sequential arrival of the values. Calling EN(a) C R% the set of
SPEP of the game I'’%#(a), we have that the set of the SPEP of 'V is just
ENE .= ENE(0) = E,p(EYE (a)), where the latter is defined by

{/1 f(a)dF(a), f : [0,1] — R? measurable with f(a) € EX® (a) for each a} .
0

Below we present a technical result, stating that the set of SPE payoffs for
the no recall case is symmetric with respect to the diagonal, and when F is
continuous, it is also convex and compact.

Proposition 1 For each natural number n, the set of the SPE payoffs ENE s

symmetric with respect to the diagonal. If F' is continuous, E; '* is convex compact.

The main result of this section is Theorem 3 below, where we give explicit
recursive formulas to compute the sum of the SPE payoffs for the best and
worst equilibria under the no recall setting. Recall that by best (resp. worst)
equilibrium we mean a SPE that maximizes (minimizes) the sum of the pay-
offs of the 2 players. We will see that the recursive structure of the SPEP in
the no recall case is more complex than in the full recall case. For instance,
although the set of SPEP for the no recall case is convex and symmetric with
respect to the diagonal, it is not a subset of the diagonal. Moreover, the proof
of the theorem shows that to achieve the smallest sum of equilibrium payoffs,
the players need to consider continuation equilibrium payoffs which do not
minimize the sum of the payoffs of the players.

Before presenting the result, we introduce some notation. We first define
by induction (with X ~ F):

g =E(X), andVn > 1, ¢, = E(X Vcp_1).

Note that ¢, is the value of the decision problem in a standard prophet setting.

On the other hand, we denote by «,, (8,) the smallest (highest) coordinate
value of a point on EXNF belonging to the diagonal, and by o/, the smallest
coordinate of a point belonging to EX . That is, o, := min{z : (z,z) € ENE},
Bpn = max{z : (z,x) € EN®} and o/, = min{min{z,y} : (z,y) € ENE} (see
Fig. 2). Tt is easy to see that: of = a3 = 81 =1/2-E(X).

Theorem 3. Assume F is continuous. In the game TNE  the following hold:

a) the worst payoff a player can get at equilibrium is o,, where for n > 1:

Cn—1 1
an = enoitl / F(a)da — 1 / F(a)da.
o 2 /e

n—1 n—1
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Player 2

Player 1

Fig. 2: Representation of a,, 3, and o/, if the set ENF is given by a trapezoid.

b) the sum of payoffs for the best SPE is 28,, where for n > 1:

0‘%71 671,—1
2Bn = / zﬂn,ldF(a)Jr/ max{a + ¢p—1,26p-1}dF(a)
O ’

Xp—1

1
+ /ﬁ (a4 cp—1)dF(a).

n—1

c) the sum of payoffs for the worst SPE is 2an, where for n > 1:

1
Zan:/
C.

n—1

=t dacn—1 = 2Bp—1(a+cn—1)
Cn—1 +a— 2577,71

(a4 cp—1)dF(a) + / dF(a)

n—1

Br—1 Qn—1
+ / 2adF(a) + / min{2ap_1,a + ¢p—1}dF(a)
Qn—1 [e%

m—1

a;—l
+ / 20, —1dF (a).
0

3.3 Comparison of the two model variants

We now come back to the general case and no longer assume that F' is continu-
ous, and want to compare the SPEP obtained by the players with and without
recalling power. The proof of the results are in Section 4.2

We have that the best SPE payoff of a player under full recall is h, =
h,(0,0) defined recursively in Theorem 1. We now denote by

B, = max{max{z,y} : (z,y) € EX®}
the best possible SPEP of a player under no-recall.

We know from the simple example presented in Section 3.1 that we may
have: 8/, > h,, that is the best possible SPE payoff for a player may be
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strictly higher under no recall than under full recall. Unsurprisingly this is not
a general result, and we will give here one example when (5 < he and one
example when (35 = ho.

Then, we will consider the maximal sum of the payoffs of the players at
equilibrium. In the full recall case, we know that the best SPE payoff is (h,, h;,)
and the worst SPE payoff is (I,,,1,). In the no-recall case when F is continu-
ous, the SPE payoff set EXVF is convex, compact, and symmetric with respect
to the diagonal, hence the best sum of payoffs is obtained at the symmetric
equilibrium (5, 8,). Theorem 4 will show that I, > f,,, implying that when
F' is continuous, at a symmetric equilibrium payoff, players are always better
off under full recall than under no recall.

Example 1 An example with ho > (5. Consider the following discrete random
variable:

_J1/10 with probability 1/2,
~11/2  with probability 1/2.

We will show that the expected payoff of a player at equilibrium in the full recall
case is always higher than the expected payoff of a player at equilibrium in the no
recall case, when there are 2 realizations of X arriving sequentially. In other words,
we will prove that hs > 3.

Let us start with the full recall case. In this setting, the only SPE is to bid in
the first stage if and only if X = 1/2. Then, the expected payoff of a player playing
SPE is given by:

1 1 1 1 1 1 1 1 1
— —_ P — . 17 - R _ —

3
10°

In the no recall case, Fig. 3 represents the matrix of expected payoffs for the
game if the first arrival is x.

Fig. 3: Payoff matrix for the game with n = 2 if X; = =z.

Note that if x = 1/10, (0,0) is the unique NE with payoff (3/20,3/20), and if
x =1/2, (z,z) is the unique NE with payoff (2/5,2/5). Then, the SPE payoff of each
player is 1/2-3/20 + 1/2-2/5 = 11/40. This means that 85 = 11/40, and we then
conclude that ho > 5.

Example 2 An example with ho = ,Bé. Let us now consider the game with two
observations of X arriving sequentially over time, with X ~ Unif{0, 1].
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Using Theorem 1 we can easily obtain that hp = E(X), and then in this case we
have hg = 1/2.

Regarding the no recall case, Fig. 1 represents the expected payoff matrix if the
first arrival is z. We now compute the set of NE depending on the value of z:

Case 1. If z < 1/4, (0,0) is the unique NE and the payoff is given by (1/4,1/4).
Case 2. If © > 1/2, (z,z) is the unique NE with payoff (/24 1/4,z/2 + 1/4).
Case 3. If x € [1/4,1/2], (x,0) and (@, z) are the pure NE with payoff (x,1/2) and

(1/2, z), respectively, and there is also a mixed NE with payoff (3/4 —1/(8z),3/4 —
1/(8z)).

Therefore we have that,

{(1/4,1/4)} if z < 1/4
EYR(z) = { {(2,1/2), (1/2,2), (3/4 — 1/(8z),3/4 — 1/(8z))} if = € [1/4,1/2]
{(z/24+1/4,z/2+1/4)} ifx>1/2.

Note that the maximum possible expected payoff for one player is obtained if he
passes for every x € [1/4,1/2], and the payoff obtained is given by

1/4 4 1/2 4 Ly 1 1
/3’:/ fdx—i—/ fdm—l—/ S dr =2,
27 ), 4 1/a 2 122 4 2

concluding that he = £5.

Sum of equilibrium payoffs. From the examples above, we conclude that it
is not true that at equilibrium players always take advantage of the recalling
power. However, the sum of the expected revenues of the players in the full
recall case is always at least the one obtained in the no recall case:

Theorem 4. Assume that F is continuous. Let (u,u) € EFE be a SPE payoff
under full recall, and (vi,ve) € ENT be a SPE payoff under no recall. Then
2u > vy + vs.

The proof in Section 4.2 will use the following technical lemma, which gives
a lower bound for a SPE of a player in the full recall case.

Lemma 1. Let a be a positive real number such that a < E (X(7L+1)). If yFR
denotes the expected payoff of one player in some SPE in TER(aVv X,a A X),

then n
R > 2T ot

= T 5
where ¢, is the value of the decision problem in the no recall case with one
decision-maker and n arrivals.

We highlight here that an immediate consequence of Theorem 4 is that in
the continuous case if (u,u) and (v,v) are symmetric SPE payoffs in, respec-
tively, the full recall case and no recall case, then u > v.
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Structure of equilibria. The recursive structure of SPE analyzed in the
proofs of Theorems 1 and 3 reveals an interesting structural difference between
the equilibria in the two model variants. In the model with full recall, the game
being played at the first stage after observing the first realization X;, when
both players anticipate a given common continuation equilibrium payoff d if
none of them chooses to take Xj, is a coordination game when ¢ < X; < d
where ¢ is the maximal payoff a player can get if X; is taken by the other
player.? It means that there are two pure Nash equilibria in this game in which
the players coordinate by either both choosing to try to take Xi, or both
choosing not to take X7, and the game also has a completely mixed equilibrium.
A property of symmetric coordination games is that both players obtain the
same expected payoff at equilibrium, and this property is the reason why
the SPEP belong to the diagonal in the model with recall. Interestingly, the
corresponding game in the model without recall, when both players anticipate
continuation equilibrium payoffs (d, e) if none of them chooses to take X1, is an
anti-coordination game when ¢ > X; > d A e, where c is the maximal payoff a
player can get if X; is taken by the other player.® It means that there are two
pure Nash equilibria in this game in which one of the players chooses to take
X1 and gets a smaller payoff X7, while the other chooses not to take X; and
gets a larger payoff ¢, and the game also has a completely mixed equilibrium.
Note that pure equilibria give payoffs outside the diagonal even when d = e,
in which case the anti-coordination game is symmetric. Let us emphasize that
these auxiliary games are never anti-coordination games in the variant with
recall, and never coordination games in the variant without recall, whatever
the values of X and d, e.

3.4 Efficiency of equilibria

The goal of this section is to study how efficient the SPE payoffs are. To this
end, we define as usual the Price of Anarchy and Price of Stability, and we
introduce what we call the Prophet Ratio of the game. Given an instance of
a game, the first two notions refer to the ratio between the maximal sum of
payoffs obtained by players under any feasible strategy and the sum of payoffs
for the worst and the best SPEs, respectively. On the other hand, we define the
Prophet Ratio of an instance of the problem as the ratio between the optimal
Prophet value of the problem (that is, the expected sum of the two best values)
and the sum of payoffs for the best SPE. We call this quantity the Prophet
Ratio because we are comparing the best sum of payoffs obtained by playing
a SPE strategy with what a prophet would do if he knows all the values of the
realizations in advance.
Next, we formally introduce these definitions.

2Precisely, it corresponds to case 2 in the analysis of the game described in Figure 9, see the
proof of Theorem 1

3Precisely, it corresponds to case 3 in the analysis of the game described in Figure 10, see the
proof of Theorem 3
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Definition 3 Consider an instance F,IfR or I’TIYR, where n observations from a dis-
tribution F' arrive sequentially over time. Denote by ¥ the set of all feasible strategy
pairs and by SPE the set of subgame-perfect equilibria. We define:

1. the Price of Anarchy of this game instance— denoted by PoA,,(F)- to be the

following ratio

max,exv' (o) +7%(0)
mingespr v(0) +92(0)’

PoA,(F) :=

2. the Price of Stability of this game instance— denoted by PoS,, (F)- to be the
following ratio

maxses 7' (o) +7%(0)

P n F):= )
oSulE) = aoesrn 1 (o) +7°(0)

3. the Prophet Ratio of this game instance— denoted by PR, (F)- to be the
following ratio

E(X(ln) + X(Qn))

max,cspp v (0) +~%(0)’

PR, (F) :=

where X 1.,y and X 2.,y represent the first and second-order statistics from
the sample {X;}icpn)-

Clearly, by definition, it holds that for each n and F
min{PoA,,(F),PR,,(F)} > PoS,(F) > 1.
Notice that

maxyex 7' (0) ++°(0)

is usually called competitive ratio for the two-sample optimal selection
problem.

For each n, we define the Price of Anarchy, Price of Stability, and Prophet
Ratio of our competitive selection problems as the worst-case ratio over all
possible value distributions F'. That is:

PoA,, :=sup PoA,(F), PoS, :=sup PoS,(F), PR, :=supPR,(F).
F F F

In what follows, we study these quantities for each of the model variants,
and at the end of the section, we consider the case where the number of arrivals
is two, and we present a tight bound for the ratios in Theorem 5.
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3.4.1 Full recall case

Note that in this case, the maximal feasible sum of payoffs obtained by the
players is simply the expected value of the two best realizations (they can wait
until the end of the horizon and pick the best and second best values). Thus,
here, the notions of the Price of Stability and Prophet Ratio are equivalent.

By Theorem 2, the sum of payoffs for the worst SPE is given by 2[,, and
for the best SPE is 2h,,, and therefore given an instance of the game we have
in this setting:

]E(X(ln) =+ X(Qn))
2,

PoATR(F) = , and

E(X@m) + Xm)
2hy,

Notice that if n = 2, that is, we have only two arrivals, each value will be
eventually picked by a player, so that PoAZ " (F) = PoSY#(F) = PRI (F) =
1 for every value distribution F'.

On the other hand, if n goes to infinity, then we also have that both the
Price of Anarchy and Price of Stability goes to 1. Then, the interesting question
is what happens with these ratios when n is finite and greater than 2.

Although we have a general characterization of the ratios for any value of
n and distribution F', these quantities are not always easy to compute for any
n even if we fix the distribution F'.

PoSEE(F) = PREE(F) =

3.4.2 No recall case

If n = 2, picking the two best observations is a feasible strategy since player
one can get X; and player two X5, and then PoSY ¥ (F) = PRY®(F). However,
for n > 3, as soon as the support of F' has at least three points, picking
almost surely the two best observations is no longer feasible and PRY#(F) >
PoSNE(F).

Note that in this case, the feasible strategy giving the maximal sum of
expected payoffs is the same as the strategy of one player selecting two values
among n in the classical online selection problem. The following Lemma gives
us a recursive formula for the maximal expected sum of payoffs over feasible
strategies.

Lemma 2. Assume we are in the no recall case with n arrivals following a
distribution F' with mean m. Let X denote a random variable with law F', and
cn the value of the decision problem in the no recall case with one decision-
maker and n arrivals. Then, the expected maximal feasible sum of payoffs s,
satisfies

1. ss=mifn=1,
2. s9=2m ifn=2,
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3 8 =P(X > 851 —n1)E(X + 1 | X > 8p—1 — 1) + 801 P(X <
Sp—1 — Cn—1) if n > 2.

Using Theorem 3 together with Lemma 2 we have:

PoANE(F) = 20 PoSNE(F) = 2% and PRVE(F) =

E(X 1) + X(2:m))
20, 26, '

206

If n = 1 the ratios are equal to 1 and when n tends to infinity, we also
obtain that the ratios go to 1. Thus, as in the full recall case, the interesting
cases are the ones in between.

Recall that from Theorem 4 we have that for every n and every continuous
distribution F, h,, > f, and therefore PRE®(F) > PRY®(F). However, the
comparison is not direct for PoA and PoS as the numerators are different in
the full recall and the no recall cases.

3.4.3 Two arrivals case

To conclude this section, we study the efficiency of SPE when we fix the number
of arrivals at two and we look at the worst-case ratios over F'. In the case with
full recall, all ratios are 1 and the question is trivial, so we consider the no
recall case here. In other words, we consider the game TY® and we want to
study how bad it may be to play the best or worst SPE, in terms of the sum
of payoffs obtained, compared with the maximal feasible sum of payoffs.

We obtain the following result, which states that both the Price of Anarchy
and Price of Stability are upper bounded by 4/3, and that this bound is tight.
The proof can be found in Section 4.3.

Theorem 5. If n = 2, under the no recall case it holds that for every
distribution F,

PoSYR(F) <4/3  and  PoAYR(F) < 4/3.

Furthermore, this bound is tight for both the price of stability and the price of
anarchy.

3.5 Example: Uniform distribution
In this section, we apply the results obtained in the former sections to the
particular case where the realizations are from a uniform distribution on [0,1].

3.5.1 Computation of SPEP

We start with the computation of the SPEP. To this end, we divide the
analysis according to whether we are under the full recall or no recall case.
For the former, we compute EI'® to illustrate how to apply Theorem 1. For
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the latter, we implement the recursive formulas for «,, 3,, and a,.

Full recall case. We now compute the set of SPEP of the game I'{'?, when
we have three values arriving from a uniform [0, 1] distribution.
Given 1 > a > b > 0, by Theorem 1 it holds that ly(a,b) = ho(a,b) =
(a+b)/2 and
E§"(a,b) = {((a+1b)/2,(a+0)/2)} .
Let us now compute a closed-form expression for E¥'f(a, b).
Using the notation introduced in Theorem 1:

_ a+b a+X
dy (a,b) = df (a,b) =E ( 5 Lx<b + 2]lX>b>

1 1 1
=bla+b)/2+ (1 —0b)(a/2+ (1+Db)/4) = et g+ 1b2.
If X ~ Unif[0,1] and k € [0, 1], we have:
1+k?
E(XVEk)=kP(X <E)+EX|X >kPX >k)= 5
Using that W = % (a + #), we deduce that
1+b% 1+ 2a+ b
ll(aab) =1L a, ) = hl(a,b)
2 4
1+b% 1+2a+b? 1+ 2a+ b?
=H|a, , = .
2 4 4

By Theorem 1 we obtain

a 140> a 1+b2
EfR(a,b)={<2+ T st )}

To compute E3 f(a,b), we need to compute E(X 5y Vb). The expected value
of the maximum of n Unif[0, 1] random variables and a constant k € [0,1] is
given by:

E(X(n) vV k’) = k]P(X(n) < k‘) + E(X(n) | X(n) > k)P(X(n) > k)
_ knJrl L 1— kn+1
+ n—+ 1( )
n+ kn—i-l
n+1

)
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and therefore E(X(9) V b) = (2 4 b3)/3. We have:

vXx 1 A X))V b)2
dy (a,b) = di (a,b) = Ex <a2 Al - ) ))
1+a2 b —a°
T2 + 6

We obtain:

(s — {(LF@2+ 07 a6 ifa< (2453
2O T a2+ 24+ 69)/6 ifa>(2+6%/3

A +a?)/2+ (0 —a*)/6 fa<v
ha(a,b) = {a/2+(2+b3)/6 if a> v,
where v = max{(2 + b%)/3, (1 + a?)/2 + (b> — a?®)/6}.

In particular, l5(0,0) = h2(0,0) = 1/2, and therefore EFE = EFE(0,0) =
{(1/2,1/2)}. Now, we compute EfF. We have

l2(a,0) = {(1+a2)/2_a3/6 ifa<2/3

a/2+1/3 ifa>2/3

a/2+1/3 ifa>a*’
where a* & 0.6778 is the unique root of a = (1+a?)/2 —a3/6. We deduce that

ha(a,0) = {(1 +a?)/2-a%/6 ifa<a*

2/3
15(0,0) = dg(o,o)z]E(zz(X,o))z/o (1 + a2)/2 — a®/6)da

1

607

+ / (a/2 +1/3)da = — =~ 0.6244,
2/3 972

*

h3(0,0) = df (0,0) = E(ha(X,0)) = / ((1+4a®)/2 —a’/6)da
0
1
+ / (a/2 +1/3)da =~ 0.6245.
We conclude that

EFR(0,0) = {(u,u) : u € [I3(0,0), h3(0,0)]} .

What is played at equilibrium? In the best equilibrium, both players pick
X if and only if X; > a*, whereas, in the worst equilibrium, both players pick
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X1 if and only if X; > 2/3. More generally, if X; € (2/3,a*), there is 2 unique
continuation common SPEP d = dj (X1,0) = d; (X1,0) = ! 2X X7 i X is
not taken at stage 1 and thus we are in the case d > X; > ¢ where c =2/3is
the maximal expected payoff a player can obtain if the other player gets X,
at the first stage. As mentioned earlier, the game played at the first stage is a
coordination game with two pure Nash equilibria and one completely mixed
Nash equilibrium. Either both the players choose not to take X; and they
obtain the best SPEP, or they both choose to try to take X; and they obtain
the worst SPEP. The mixed equilibrium gives an intermediate SPEP.

No recall case. Now, we turn to reducing the formulas obtained in Theorem 3
for the particular case where the values are uniformly distributed in the interval
[0,1]. Recall that ¢; = E(X), ¢, = E(X V¢p—1) for n > 1 and X ~ F. To
obtain the expressions of 3, and «,, for the uniform case, we use the following
technical result.

Lemma 3. If o), < a < f3,, then a+ ¢, > 20,.

Proof Tt is enough to show that aj, + cn > 26n. We prove that by induction on n.

Notice that EfNF = {(1/4,1/4)} and thus 8; = o)y = 1/4. On the other hand,
c1 = E(X) = 1/2, and putting all together we have that

a1 +c1 > 26,

and thus the Lemma holds for n = 1.

Let us assume now that the inequality holds for n and we prove that it also holds
for n + 1, that is:

Ong1 + Cngl > 2Bn1-
By Theorem 3, we have that
Bn

200, Bn + max{a + ¢n,20n}tda+ (1 — Bn)en + 1(1 — ﬂ%)

’
A

2571—1—1

;7 2

201, + (B — a)en + (62 — ) + (1= Bu)en + 3 (1~ 62)
)

1 2
< (a;L +Cn)0¢;z +en(l— Oé;z) + 2(1 - a;L

1,2 1
= cn + Oln + 57
where the second equahty and the inequality follow by the induction hypothesis.
On the other hand, from Theorem 3, we obtain
1,2 1 1o 1

g1 = 50n T 56— gt 7

Then, to show &, ;1 + ¢nt1 > 2Bp+1 it suffices to show

;72

1
= 200, 08n +cn(1—al) + =(1 — o,

5
)

1
Z(Cn + 1)2 < c¢n+1,

which holds due to ¢, 11 = E(X V¢n) = (14 ¢2)/2.
Therefore, we have that 28,41 < O/n—i-l +cn+1, and the proof is completed. O
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Using Theorem 3 together with Lemma 3, we obtain that the sum of payoffs
for the best SPE for n > 1 is

a£L71 1
28, = / 283, _1da Jr/ (a+ cp—1)da
0 «

’
n—1

1 2
=26 10, Fena(l—ap )+ 5(1 —an )

Notice that by definition, £, > «, for all n, and therefore, by Lemma 3 we

conclude that if o/, < a < a, then a + ¢, > 2a,. Thus, applying Theorem 3,
the sum of payoffs for the worst SPE for n > 1 is

2an = % + 2072171 + 3672171 +Cn—1— 6cn716n71 + aifl - 4(Cn71 - 57171)2 1n<2)
If the realizations are uniformly distributed in the interval [0,1], the
recursive formulas given in Theorem 3 are easy to implement numerically.
In Table 1 we present the values of o, a,,, and 3, for n from 1 to 4 and
F = Unif[0, 1], whereas in Fig. 4 we compare the sum of payoffs for the best
and worst SPE for n up to 10.

l | on [ an [ Bn |
025 [ 025 [ 0.2
0.4688 | 0.4759 | 0.4844
0.5747 | 0.5803 | 0.5881
0.6419 | 0.6465 | 0.6533

Table 1: Values of a),, ay,, and G, for one, two, three, and four arrivals and
values uniformly distributed in [0, 1].

sle|s|s
(RIRRARL
L

0.8

06/

0.4

1 2 3 4 5 6 7 8 9 10

Fig. 4: Sum of payoffs for the best SPE (dashed line) and the worst SPE (con-
tinuous line) for up to 10 arrivals, no recall, and values uniformly distributed
in [0, 1].
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In the game with 3 stages, if X; € (ag, 82) and if the continuation SPEP
after stage 1 if X; was not taken are given by (d,e) = (ag,a2), we have
dNe < Xy < cg. As mentioned earlier, the game faced by the players at the
first stage is an anti-coordination game. There are two pure Nash equilibria,
in which only one player tries to take X; and gets the smaller payoff X,
while the other player gets the larger payoff co. The same situation occurs if

Xl € (ﬂ%c?) and (d7 6) = (62752)'

3.5.2 Comparison of model variants

We know by Theorem 4 that o, < 8, <1, < h, for every n, meaning that
having full recall is advantageous to the players. We quantify this difference
for small values of n numerically,

In Table 2 we present the values of v, 85, [, and h,, for n < 5 arrivals. The
values corresponding to the no recall case were computed using the formulas
obtained in the previous section, whereas for the full recall case, for n =
1,2,3 the values were obtained explicitly and for n = 4,5 numerically via
discretization.

From the values of Table 2, we can see that under the full recall case, each
player has an advantage compared to the no recall case of between 3% and 5%
for n = 2, between 6% and 7.6% for n = 3, between 6.9% and 8% for n = 4
and between 7% and 8% for n = 5.

l | b [ Ao [ an [ Bn |
025 [ 025 [ 0.2 | 0.2
0.5 05 | 0.4759 | 0.4844

0.6244 | 0.6245 | 0.5803 | 0.5881
0.6989 0.699 0.6465 | 0.6533
0.7484 | 0.7486 | 0.6932 | 0.6991

Y x| W N~

BlB|8(B|8B
RN

Table 2: Values of [,,, hy,, a.,, and 3, for up to 5 arrivals and values uniformly
distributed in [0, 1].

3.5.3 Efficiency of equilibria

We show in Table 3 the values of the ratios PoA,,(F),PoS, (F) and PR, (F)
for X ~ Unif][0,1] and n up to 5 in both settings. We notice that the ratios
are close to 1, i.e. equilibria are close to being efficient in both model variants,
being more efficient in the full recall case. We highlight here that these ratios
are a measure of the efficiency of equilibria for each game, but not between the
two different games. That is to say, it is not correct to say that one setting is
better than the other by comparing the PoA or PoS because, for each game,
these ratios are computed in a different way (the numerators are different). For
such a comparison, we could use the value of PR, but comparing the PR for
both problems is equivalent to comparing 3, and h,,, which is a comparison
we already made.
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[ PoA,, (F) [ PoS, (F) [ PR, (F) ]
Full Recall | No Recall | Full Recall | No Recall | Full Recall | No Recall
n=2 1 1.0507 1 1.0323 1 1.0323
n=3 1.000823 1.0299 1.0008 1.0161 1.0008 1.0627
n=4 1.00157 1.0212 1.00143 1.0105 1.00143 1.0714
n=>5 1.0021 1.0164 1.00187 1.0077 1.00187 1.0728

Table 3: Efficiency of equilibria with up to 5 arrivals from Unif[0,1] distribu-
tion.

Another question we address here is the number of arrivals that gives the
worst gaps, in the no recall case for which the numerics are easier. We obtain
that, for both the Price of Anarchy and Price of Stability, the ratios reach their
maximum when n = 2, see Fig. ba and 5b. This result is somehow intuitive:
as we are in the no recall case, there exists a positive probability of getting
nothing, and then the smaller the number of arrivals, the more likely this seems
to happen. Regarding the Prophet Ratio, we also compute it as a function of
n (see Fig. 5¢), and we obtained that the maximum is reached when n = 5.
Here, the result is more surprising.

4 Proofs

In this section, we provide the proofs omitted in Section 3.

4.1 Omitted proofs from Section 3.2

Full recall case. In this section, we prove Theorems 1 and 2. Before that, we
need a few preliminary results stating some properties of the game I'Zf(a, b)
defined in Section 3.2. Recall that this game is defined as T'E® with n arrivals
but with two initial values a > b already present in the market.

At first, to study the SPEP of T'Ef note that this game has the same
SPEP as the game which is identical to 'Y # and terminates at the first time
a player gets a value or at stage n. If the game terminates because one player
did get a realization, the payoff of the other player is the value of the one-
player continuation problem, and the payoff of the players if none of them
did stop strictly before stage n is the expected payoff given by the pair of
strategies “bid for the best available value”. Indeed, it is easy to check that
in both these situations the SPEP in the continuation games are unique and
correspond to the payoffs of this auxiliary game. In the following, we assume
that TF'E is the auxiliary game. In this game, a history is just a sequence of
values (X7, ..., X¢), and the strategy of player i at time ¢t < n is a measurable
map o; ¢ from histories into the probabilities over {0} U {1,...,¢t}. We use the
same identification for the game ' #(a, b).

Given a history h = (21, ..., 2¢) of length ¢, let ', (k) denote the subgame
of PF'E starting at stage t after observing h in which the two players are still

n—+t
present and E, (h) is the set of SPEP of this game.
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|
| g
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(a) PoAYE(F). (b) PoSNE(F)

1
0123456 7 8 9 10111213 14151617 18 19 20
NR
(c) PRy ™(F)

Fig. 5: Price of anarchy, price of stability, and prophet ratio as a function of
n when F' = Unif]0, 1] in the no recall case.

In the following, variables (X, X1, Xs, ....) will denote independent variables
with distribution F', and X () = max(Xy, ..., X¢).

Without loss of generality, we assume that P(X > 0) > 0 (otherwise the
set of equilibrium payoffs is reduced to {(0,0)}).

We state now without proof some properties of SPEP which follow eas-
ily from usual arguments in dynamic game theory ( see, e.g., Section 4.2 in
Fudenberg and Tirole 1991). Recall that if = € [0,1] — S(z) is a set-valued
map, E(S(X)) is defined by

E(S(X)) ={E(f(X)) | f measurable such that Yz € [0, 1], f(x) € S(z)}.

Lemma 4. The following properties hold:

1. E, = E,(0,0).
2. If h = (21, ...,2¢) 18 a history of length t > 2, then E,(h) = E,(a,b) where
a and b denote the first and second largest values in h respectively.



Springer Nature 2021 BTEX template

Competition and Recall in Selection Problems 29

3. (z,y) € E,(a,b) with a > b if and only if there exists (d,e) € E(E,_1(aV
X, med[a,b, X])) such that (x,y) is a mized Nash equilibrium payoff of the
finite game Gy, (a,b; d,e) with payoff matriz:

a b 0
(g, et e ) (a,b) (a, My)
b (b,a) (Bgfe, M) (b, My)
0 (Mp, a) (Mg, b) (d,e)

Fig. 6: Payoff matrix of G,,(a,b; d,e), where M, = E(X(,) V b) and M, =
E(X(n) Va).

4. Similarly, (o1, 02) is a pair of first-stage strategies of some SPE in TET(a, b)
with payoff (x,y) in TEE(a,b) if and only if there exists (d,e) € E(E,_1(aV
X,med[a,b, X])) such that (o1,02) is a mized Nash equilibrium of the
matriz game Gy (a,b; d,e) with payoff (x,y).

The first point follows from the fact that any strategy in any subgame
of T',,(0,0) that bids with a positive probability for one of the two initial
observations with value 0 is strictly dominated by the modified strategy which
waits until the last stage and bids for the best available realization. Therefore
such strategies are not played in any equilibrium in T',(0,0) and the result
follows easily. The other points can be proven by induction on n using the
recursive structure of SPE, the one-shot deviation principle, and measurable
selection arguments.

In the following proposition, we prove that if a player weakly (strictly)
prefers to pass instead of taking a given that the other player takes a, then he
weakly (strictly) prefers to pass instead of taking a if the other player passes.

Proposition 2 Leta > b, (d,e) € E(Ep—1(aV X, med[a,b, X])) and c = E(X(,,) Vb).
If c>a then d > a and e > a. Similarly, if c > a then d > a and e > a.

By the symmetry of the game, it is enough to prove the inequality for d,
then the same arguments will hold for e.
To prove the Proposition, we need the following two lemmas.

Lemma 5. If X, Y are integrable random variables and a is a real number such
that E(XVY') > a (resp. > a), then it holds that $E(XVa)+3E((XAa)VY) > a
(resp. > a).

Proof Tt is enough to show that E(XVa+(XAa)VY) > E(XVY)Va+(XVY)Aa),
obtaining then the desired inequality by using that E(X VY) > a.
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We now even prove that X Va+ (X Aa)VY > (XVY)Va+ (X VY)Aa almost
surely. We consider two cases.

Case 1. Assume that X < a. In this case, we have
XVa+(XAa)VY =a+XVY=(XVY)Va+(XVY)Aa.
Case 2. Assume that X > a. In this case, we have
XVa+(XAa)VY =X+aVY.
On the other hand,
Y4+a ifY >X,
X+a Y <X,
and since X > a and a VY > a, we conclude that
a+Y ifY>X,
{X—i—a ifYy <X,
obtaining that X Va+ (X Aa)VY > (XVY)Va+ (X VY)Aa almost surely. O

(X\/Y)\/a+(X\/Y)/\a:{

X+aVY >

Lemma 6. Under the same notation and assumptions as in Proposition 2, we
have

4> LE(XVa) + TE(3(X)),

where X is a random variable with distribution F, B(x) = E(med[a,b,z] V
Xn-1)) and X1y = max(Xy, .., Xn_1) for some i.i.d. sequence X1, ..., Xy 1
of observations of X.

Proof By assumption, d = E(f(X)) for some measurable function f such that f(x)
is the expected payoff of player 1 in some SPE in Fﬁfﬂ(a V z, med[a, b, z]). We will
obtain a lower bound for f(x) by providing a lower bound for the payoff associated
with a particular strategy in TE %, (a V z, meda, b, z]).

To this end, suppose that Player 1 plays the following strategy:

1. f zVa> B(x), bid for z V a.
2. If x Va < B(x), wait until the end and get at least the second best value.

Define Q1 :={z € [0,1] : zVa > B(x)}, Q2 :={z €[0,1] : zVa < B(x)}. Since
the second best realization in Ff;fl(a V x,med[a, b, z]) has expected value B(z), we
deduce that the payoff of player 1, independently of the strategy of player 2, is at
least %(a: Va+B(x)) if x € Q; and B(x) if z € Q2. We deduce that

a=5(7(x)) 2 & (J0X Vot SX)Ixen, + 8N Lxens ).

Note that the last term is at least E(%(X Va+ B(X))lxeq,) because z V a < S(x)
for x € Q9. Therefore, we conclude that

02 83X Va+ B0 Lxen, + §(X Va+ HX)ixen,)

E (%(X Vat ,6(X))>

and the result follows. O
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Proof of Proposition 2 Take X with distribution F independent of some i.i.d
sequence (X1, ..., Xn—1) of variables distributed according to F, and Y = X(n-1)Vb.
Then E(X VY) = ¢ > a, and applying Lemma 5 we have

%E(X Va)+ %E((X Aa)V Xy V) > a.
On the other hand, by independence and since med|a, b, z] = (z A a) V b, we have
E((X Aa) V X(u_1) V) = E(B(X)).

By Lemma 6, d > %E(X Va)+ %E(ﬂ(X)) Putting all together we obtain d > a and
the proof is completed. The case with strict inequality is similar. O

The next result allows us to reduce the analysis of G,,(a, b; d, e) to a smaller

matrix game.

Lemma 7. Let a > b in [0,1], n be a positive natural number, and (d,e) €
E(E,—1(a V X,med[a,b, X])). The game Gp(a,b; e,d) has the same Nash
equilibrium payoffs as the game with matrixz represented in Fig. 7.

a 0

u <(G+E();(n)\/b)’ a+E(};(n)Vb)> (a, E(Xm) V b)))
0 (E(X(n) V' b),a) (d:¢)

Fig. 7: Reduced payoff matrix for G, (a,b; d,e).

Proof We first consider the case a > b.

For both players, the strategy b is strictly dominated by a mixed strategy con-
sisting of playing a with probability 1/2 and pass with probability 1/2. Due to the
symmetry of the payoff matrix, it is enough to show that for one player (let us say
player 1) the expected payoff if he plays a with probability 1/2 and passes with prob-
ability 1/2 is strictly higher than the expected payoff he obtains if he plays b. Note
that because a > b we have that:

1. %w + %]E(X(n) \Y b) = % + %]E(X(n) V b) > b,

b+E(X () Va
) > T,

2. a4+ 1E(X(,) Va and

3. a+3d> b+ b=,

where the last inequality follows because d > b. Indeed, in any SPE, player 1 obtains
at least the second largest value (otherwise he could deviate to the strategy which
does not bid until stage n), which is not smaller than b in I‘,P;R(a, b). We conclude
that b is a strictly dominated strategy for both players (due to the symmetry of the
game), and the result follows.

If a = b, we consider two subcases. If E(X(n) Va) > a, then Proposition 2 implies
that d > a and e > a, so that the strategies a and b are strictly dominated by 0.
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There is a unique Nash equilibrium (@, #) with payoff (d, e). Since the same holds for
the matrix game given in Fig. 7, the result follows.

If E(X(n) V @) = a, the actions a and b are equivalent in the sense that they
induce the same payoffs. Eliminating b leads to a matrix game with the same Nash
equilibrium payoffs. |

Denoting ¢ = E(X(,) Vb), the payoff matrix introduced in Lemma 7 has the
particular form presented in Fig. 8. Thus, it is enough to compute the NE of
this matrix game where (d, e) are parameters that correspond to the expected
continuation equilibrium payoffs for players.

a 0
a <(§(a+c),;(a+c)) (a,c)>
0 (c,a) (de)

Fig. 8: General form of the reduced payoff matrix for G, (a,b; d, e).

We are now ready to prove Theorem 1.

Proof of Theorem 1 Let us first study the game Gn(a,b; d,d) with (d,d) €
E(Ep—1(aV X, med[a,b, X])), i.e. the case of continuation payoffs which belong to
the diagonal in R?, given in Fig. 9 below where ¢ = E(X(n) Vb).

a 0
a <(§(a+c),%(a+0)) (a,c))
] (c,a) (d,d)

Fig. 9: Payoff matrix for G, (a,b; d,d).

Let us compute the mixed Nash equilibria of this game. Using Proposition 2,
c>a=d>aand c>a= d>a. We have that:

1. If a > ¢V d, then (a,a) is the unique NE with payoff (1(a +¢), 3(a+¢)).

2. If d > a > c, there are two pure NE (a,a) and (0, ) and a symmetric mixed

equilibrium in which both agents play a with probability 22(1@;3)@ and pass

with probability 57*=“—. Furthermore, the equilibrium payoffs are:
1 1 dc — 2ac+ ad dc—2ac+ ad
- = d,d) and
(3(0+ 0 gle+0) (g (L2000 deoZuetad)
respectively.

3. If a < ¢, then (0,0) is the unique NE, and (d, d) is the expected payoff.
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4. If d = a > cor d > a = ¢, there are two pure NE (a,a) and (0,0) with
payoffs:

1 1
(2(a +0), §(a + c)> and (d,d).
5. If d = a = ¢, then any profile is a NE with payoff (d, d).

From the analysis above we conclude that the set of NE payoffs of the game is
contained in the diagonal.

We now prove by induction on n that Ey(a,b) is also a subset of the diagonal,
that is:

En(a,b) C {(u,u):u e Ry}
At first, Eg(a,b) = {(‘IT'H’, “T'H’)}, so the statement is correct for n = 0.

Let us assume that the statement is correct for En(a, b) for all pairs (a,b). Then,
it implies that E(E,(aV X, med|a, b, X])) is also a subset of the diagonal. Therefore,
by point 3. of Lemma 4 and the above analysis, we deduce that Ey11(a,b) is a subset
of the diagonal.

The first statement of the theorem is proved.

Let us now show that min PEy(a,b) = ln(a,b) and maxPFEy(a,b) = hn(a,b),
where PE;, (a,b) is the projection of Ey(a,b) to its first coordinate in R.

Note that from the analysis done above, we have that if a > ¢V d or a < c or
a = ¢ = d, there is only one NE payoff but in the other cases we have multiple
equilibrium payoffs. When playing a SPE, the expected payoff of the players when
both pass depends on which equilibrium is played in the following stages of the game.
It is known that, in general, we cannot assume that if “the worst” or “the best”
equilibrium is played at each stage, that results in the worst or best equilibrium
of the game. However, below we show that this is indeed true for the game we
are considering and then the result will follow just computing the expected payoff
corresponding to the best and worst equilibrium.

To this end, it is enough to prove that the expected payoff of a player is increasing
in d.

Define Q@ = {(a,¢,d) e R®: (¢>a=d > a) and (¢ > a = d > a)} and consider
the multivalued function 1 : 2 = R defined by

d fc>aora=c=d
Y(a,c,d) = {%4¢,d} ifc<a<dorc=a<dorc<a=d
“T% ifecvd<a.

Note that if d > a > ¢, then

d> 7dc2d Eaacirgd > %(a+c)7
and thus d and %(a + ¢) are respectively the ”best” and the "worst” equilibrium
payoffs for player 1 in Gy (a,b; d,d). Therefore, 9(a, ¢, d) represents the "best” and
”worst” NE payoffs for player 1 in the game represented in Fig. 9.

We say that the multivalued function is non-decreasing in d if for each a, ¢, dy, d2
such that di < d2 and (a,c,d;) € Q for i« = 1,2, it holds that min(a,c,d;) <
min(a,c,d2) and max(a,c,d1) < maxi)(a,c,d2). Let us see that v is non-
decreasing in d. To show that, fix a, ¢ and take dj,ds such that di < do and
(a,c,d1) € Q, (a,c,d2) € Q. We have the following cases:

1. If ¢ > a, then ¥(a,c,d;) = {d;} for i = 1,2 and the result is obvious.
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2. If c<a<dp, then ¢ < a < dy and QTJFC < dy < dg. Thus, min¢(a,c,dy) =
at¢ — miny(a, ¢,dz) and maxip(a,c,dy) = di < dp = maxip(a, ¢, dy).

3. If a > ¢Vdy, then ¢(a, ¢, d1) = {%E¢} = ¢(a, ¢, d2) and the result is obvious.

4. If eV dy < a < dy, then ¢(a,c,di) = {4} and ¥(a,c,do) = {%£<,do},
obtaining that minw(a,c,d1) = maxy(a,c,d;) < minv(a,c,dy) <
max ¥(a, ¢, ds).

5. If a = ¢ < dy, then ¢(a,c,dy) = {a} or {a,d1} and ¥(a,c,d2) = {a,d2},
and the result follows.

Thus, we conclude that 1 is non-decreasing in d. The monotonicity property we
proved for ¢ means that playing a “better” equilibrium in the continuation game
gives a “better” equilibrium for FgR(a, b) and playing a “worse” equilibrium one
gives a “worse” equilibrium for I (a,b).

Precisely, define L : @ —+ R and H : 2 — R by:

d ifa <c,
%(a—i—c) ifa>c

%(aJrc) ifa>cvd,
d fa<evd

L(a,c,d) = { and H(a,c,d) = {
L(z,y, z) and H(x,y, z) represent the lowest and highest equilibrium expected payoffs
of player 1 in Gn(a,b; d,d). As we aforementioned, we are interested in computing the
expected payoff corresponding to the best and the worst NE of the game FER(@ b),
which correspond to the extreme values of the set Ey(a,b) denoted I,(a,b) and
hn(a,b). Using the monotony of ¢ (and thus of L and H) with respect to d, In(a,d)
is the lowest equilibrium payoff of G (a,b; d,d), i.e. L(a,E(X(,) Vb),d), when d is
the expected continuation payoff obtained by playing the lowest equilibrium in every
continuation game, that is:

d=minE(E,_1(aV X,med[a,b, X])) =Ex [ln—1(a V X, med[a, b, X])] .

where lg(a,b) = aT"'b. This completes the proof for [, and analogous analysis applies
for hp(a,b). O

Remark 1. Note that we did not use any assumption on the distribution F
except that its support is contained in [0,1], therefore Theorem 1 holds when
considering discrete distributions.

Using Theorem 1, we now prove Theorem 2.

Proof of Theorem 2 By Theorem 1, we know that EL ® c {(u,u) : ln <u< hp}.
Furthermore, EL T = {f[O,l] f(z)dF(z) : f(z) € ]En,l(x,())}, and then (In,ln)
and (hn, hn) belong to EL T (we just take f(z) = (In—1(x,0),ln—1(x,0)) and f(z) =
(An—1(z,0), hn—1(x,0)), respectively). To obtain the result, it is then enough to prove
that the set Ey is convex. To this end, let us define the function p : [0,1] — R by

ula) = / lp—1(z,0)dF(x) +/ hn—1(z,0)dF ().
[0,) [a,1]
Notice that p is continuous since F' is atomless, p(0) = hpn, and p(l) = Iy,
then using the intermediate value theorem all values between [, and hy, are taken
by p. But (u(a),pn(a)) belongs to En for every a by choosing f(z) equal to
(ln—1(z,0),l—1(z,0)) on [0,a) and to (hp—1(x,0), hyp—1(x,0)) on [a,1]. Therefore
F, is convex. O
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No recall case. We pass now to the no recall case and the goal is to prove
Theorem 3.

Recall that the game TN %(a) is defined as T %, but there are n + 1 stages:
at the first stage, the players can bid for a value a, and the values for the next
n stages are randomly drawn as in TN,

At first, in order to study the SPEP of I''Vf note that this game has the
same SPEP as the game which is identical to TY® but terminates at the first
time a player picks a value (or after stage n). If the game terminates because
one player did get a realization, the payoff of the other player is the value of
the one-player continuation problem. As for the full recall case, it is easy to
check that after a player picks a value, the SPEP in the continuation game are
unique and correspond to the payoffs of this auxiliary game. In the following,
we assume that TV is the auxiliary game. In this game, a history is just a
sequence of values (X1, ..., X}), and the strategy of player ¢ at time t < n is a
measurable map o; ; from histories into the probabilities over {0} U {1,...,¢}.
We use the same identification for the game T'YY % (a).

Given a history h = (21, ..., z;) of length ¢, let TV (h) denote the subgame
of TV ﬁ starting at stage t after observing h in which the two players are still
present and ENZ(h) the set of SPEP of this game.

In the following, variables (X, X1, Xs, ....) will denote independent variables
with distribution F', and X ;) = max(Xy,..., X).

Without loss of generality, we assume that P(X > 0) > 0 (otherwise the
set of equilibrium payoffs is reduced to {(0,0)}).

As for the full recall case, we state without proof some properties of SPEP
which follow easily from usual arguments in dynamic game theory.

Lemma 8. The following properties hold:

1. EYE={(0,0)} and for n > 1, ENE = ENE(0) = E(ENE (X)).

2. If h = (21, ...,x¢) is a history of length t > 1, then ENE(h) = ENE(z,).

3. (x,y) € ENE(a) if and only if there exists (d,e) € EN® such that (z,y) is
a mized Nash equilibrium payoff of the finite game G, (a; d,e) with payoff
matric:

a 0
: <(§(a+6n)’§(a+cn)> (a»c”)>
@ (cn,a) (d, 6)

Fig. 10: Payoff matrix of G,,(a; d,e).

where ¢, denotes the value of the decision problem with n stages in a
standard prophet setting.
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4. Similarly, (o1,02) is a pair of first-stage strategies of some SPE in TN (q)
with payoff (z,y) if and only if there exists (d,e) € EN® such that (o1, 03) is
a mized Nash equilibrium of the matriz game Gy, (a; d,e) with payoff (z,y).

Before concluding the section with the proof of Theorem 3, we show
Proposition 1.

Proof of Proposition 1. The fact that ENE g symmetric with respect to the diagonal
is a direct consequence of the fact that the game is symmetric.

To prove convexity, we can use the properties of the expectation of a set-valued
map, also called the Aumann integral. Theorem 8.6.3 in Aubin and Frankowska
(2009) implies that the expectation of a set-valued map with non-empty closed values
and a compact graph from [0, 1] to R? with respect to an atomless measure on [0,1]
is a non-empty convex compact set.

First, B’ = {(0,0)} is non-empty compact convex. Then, a — E3 f(a) is a
set-valued map with non-empty closed values and compact graph using the classical
properties of Nash equilibrium payoffs of matrix games. It follows that E{V B is non-
empty compact convex. Let us assume that E,JLV R s non-empty compact convex. Let
NEPGu(a; d,e) denote the set of Nash equilibrium payoffs of Gn(a; d,e), then
(a,d,e) € [0,1] x ENE NEPGn(a; d,e) is a set-valued map with non-empty
closed values and a compact graph, and thus a — E,le R(a) is a set-valued map with
non-empty closed values and a compact graph. We conclude that Eév ﬁ is a non-
empty compact convex set. O

Below, we prove the theorem.

Proof of Theorem 3. Given a € [0,1] and n a natural number, we consider the game
I'NE(a) defined in Section 3.2. We first analyze the game Gy (a; d,e) described in
Fig. 10 with (d,e) € ENE.

One first remark regarding this game is that what a player gets if he stays alone
in the game, that is ¢y, is at least what he gets if both stay. In other words, ¢n, > d
and ¢, > e.

Now, we use Fig. 10 and the remark above to study the NE of the game
Gn(a; d,e), depending on the relation between the parameters a,cp,d,e. It is easy
to check that the following hold:

1. If a > ¢y, (a,a) is the unique NE with payoff ((a+ ¢,), 3(a + cy)).
2. If a = ¢y, there is a unique NE payoff (¢,, ¢p).
3. If ¢, > a > dV e there are two pure NE (a,0) and (0,a), and a mixed
equilibrium; with payoffs (a,c,),(cn,a) and (y1,+2), respectively, with
_ 2acp—d(cn+a) _2 _ 2acn,—e(cp+a)

’771L - cn+a—2d » In cpta—2e

If ¢, > a =d > e, the NE payoffs are (c,,a) and (a, \) with A € [12,¢,].
If ¢, > a = e > d, the NE payoffs are (a,c,) and (\,a) with A € [y}, c,].
If ¢, > a = d = e, the NE payoffs are (a,A) and (A, a) with A € [a, ¢,].
If dAe>a, (0,0) is the unique NE with payoff (d,e).

Ifd>a>e, (0,a) is the unique NE with payoff (c,,a).

If e > a>d, (a,0) is the unique NE with payoff (a,c,).

10. If d > a = e, the NE payoffs are (d,e) and (A, a) with X € [d, ¢,,].

11. If e > a = d, the NE payoffs are (d,e) and (a, \) with X € [e, ¢;].

© XN o
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In particular, we are interested in computing the sum of the expected payoffs
corresponding to the best and the worst SPEs that is, max{z + vy : (z,y) € Eflvfl
and min{z+y : (z,y) € E,Iy_ﬁ}, respectively; as well as the worst payoff a player can
get at equilibrium, that is min{min{z,y} : (z,y) € BN}

Due to Proposition 1, we have that

NR NR
max{zx +y: (z,y) € Ept1} =2max{z: (z,z) € E,71},
and
min{z +y : (z,y) € E,{)’ﬁ} =2min{z: (z,z) € Eﬁ[_ﬁl}

Therefore, defining oy, := min{z : (z,z) € EY®Y, B, := max{z : (z,z) € EYF}
and o, = min{min{z,y} : (z,y) € BEL T}, it follows that it is enough to compute
2041, 2Bn+1 and o, 4 1.

Let us start by proving point ¢) of the theorem. To this end, we compute 2ay,41
as a function of aby, oun, Bn and cn.

Define 2an(a) as the minimal sum of payoffs in any NE of the family of games
Gn(a; d,e) when (d,e) ranges through EY % (a), so that oy, 1 = f[O,l] an(a)dF(a).
Notice that if ¢, > a > d V e, the mixed equilibrium gives a worse sum of payoffs
than the pure. We claim that:

20, if a < ap,

min{2an,a +cn} if ol <a < an,

2an(a) =< 2a if an < a < B,
272‘16;;%‘_(5&6") if Bn < a < cp,
a—+cn ifa>cn.

The proof of the previous equality follows directly from the characterization of NE
payoffs of Gn(a; d,e) (i.e. the list of 11 cases detailed at the beginning of the present
proof). To illustrate the method, let us prove that an(a) = 2a when an < a < Bn.
The other cases, and the corresponding equalities for o, (a) and By (a) defined below,
can be proven using similar arguments.

First, as ¢, > Bn, we have ¢, > a, and thus the 2 first cases in the list are
irrelevant. Second, it is straightforward to check that v > a (resp. 72 > a) with
equality if and only if d = a (resp. e = a), and therefore the sum of payoffs in a NE
in cases 3,4, and 5 is larger than or equal to 2a. In the cases from 7 to 11, the sum
of NE payoffs is always larger than or equal to 2a using the assumptions on (d, €)
and that ¢, > a. The last remaining case is case 6, where d = e = a < ¢p. Due to
Proposition 1, the set ENE contains the points (an, an) and (Bn, Bn). By convexity,
it also contains the point (a,a) as an < a < Bn. We deduce that the choiced =e =a
is possible and the smallest sum of NE payoffs in this case is 2a by taking A = a.
We conclude that apn(a) = 2a because any sum of NE payoffs in Gp(a; d,e) for
(d,e) € E,le R g always larger than or equal to 2a, and this value is attained when
d = e = a. Note that choosing (d,e) = (an,an), the smallest sum of NE payoffs is
strictly larger compared to the one obtained by taking (d,e) = (a,a), despite the
fact that oy, < a. This contrasts with the results obtained in the model with recall.

Since F' is atomless, it is sufficient to conclude that for n > 1

1 cn
2041 :/ (a+ cn)dF(a) + ; Yn(a)dF(a)

B an ar,
+ / 2adF(a) + [ én(a)dF(a)+ /0 andF(a), (4)

!
ap, al,
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where ¥n(a) = %ﬁ%ﬁ:c") and &n(a) = min{2an,a + cn}, which is the third
statement of the theorem.

To prove part a) of the theorem, we compute a recursive formula for a% +1- Define
o (a) as the minimal NE payoff of player 1 in the family of games Gy (a; d,e) when
(d,e) ranges through ELf(a). It is clear from the previous characterization that

= f[o,l] ap(a)dF(a). Using our previous analysis, notice that:

o, if a < af,,
/ .
an(a)=<a if o, < a < cp,
‘”% if a > cpn.

Since F' is atomless, it is sufficient to conclude that for n > 1

’ o ’ cn Yaten
1 = / andF(a)Jr/ adF(a)Jr/ 3 dF(a)
0

« Cn,

/
n

= (F(ah) — F(0) + (caF(en) — ah F(ad)) — / " F(a)da

cn 1 1 ;
+ ?(F(l) — F(en)) + E(lF(l) —cnF(en)) — 3 /Cn F(a)da.
(en 1) o 1t
=5 o F(a)da — 3 /C" F(a)da, (5)

and the first statement of Theorem 3 is proved.

Next, we compute 28,11 as a function of 8y, ap,, and c,. Define 28, (a) as the
maximal sum of payoffs in any NE on the family of games Gn(a; d,e) when (d,e)
ranges through E. f(a), so that 8,41 = I[O,l] Bn(a)dF (a). We have:

26n if a < ah,
2Bn(a) = { max{a +cn,26n} if af < a < Bn,
a-+cn if a > fBn.

Since F' is atomless, it is sufficient to conclude that for n > 1

al, Bn 1
2841 = / 26ndF(a) + / max{a + ¢n,20n }dF (a) + / (a+ cn)dF(a),(6)
0 al, n
and the second statement of the theorem is obtained.
Putting together all the foregoing analysis, we obtain the desired result, conclud-
ing the proof. ]

4.2 Omitted proofs from Section 3.3

Proof of Lemma 1. We assume that one player, let us say player 1, bids in the first
stage if a V X1 > cn, and passes otherwise, where X is the realization of the first
random variable arrived. Let us show that player 1 obtains an expected payoff, namely
v, of at least (a+ cp+1)/2, independently of what player 2 does, and therefore player
1 will obtain a payoff of at least (a + cn+1)/2 playing any SPE.

We divide the proof into two cases:



Springer Nature 2021 BTEX template

Competition and Recall in Selection Problems 39

Case 1. Assume that a > ¢,. Note that in this case, player 1 bids for M = a V X7,
and we have that

Y = Ex, ((a V X1)P(A) + % (@vx)+E((an X0 v X)) IF’(AC)> 7

where A is the event player 2 does not bid for M.
Notice that ((a VXi1)+E ((a ANX7)V X(n))> is lower bounded by a + ¢, and
by a + X1 and therefore we have that

1 c
72 B (@ X0PE) + 5 (104 )L, cen) + (05 X001 0x,300)) POAY))
1 c
= g + B} (]P(A)(Q(a\/Xl) — a) +IED(A ) (Cnl{X1<cn} + Xll{Xlzcn}))
a Cn+1

\Y

5"'% (Cnl{X1<Cn}+X11{Xlzcn}) -+ 9
where the second inequality holds because

2(a vV Xl) —a > Cnl{X1<cn} + Xl]‘{Xlzcn}
due to @ > cp, and the last equality because c¢,+1 = E(X V ¢n). We conclude that
v > (a+cpt1)/2if a > cp.

Case 2. Assume that a < ¢p. In this case, we have that

72 B ((Xng (K48 (0v X)) ) 1xizen )

L E << aVX1 ) +cn /\E(X(n))) 1{X1<cn})
- (<X7 (x1nE (a\/X(n))>> l{Xlzcn})
s (54 (v n (2 (x0) o)) 10

_ C'n,+1 Ex1< Xl/\E a\/X(n))) 1{X126n})
v

t Ex (; (tavX2) A (28 (X)) — en)) 1{X1<Cn})

a+cnt1

5

where the second equality holds because ¢p41 = E(X V ¢n) and the last inequality
because both X; A E (a\/X(n)> and (aV X1) A (2]E (X(n)) — cn) are at least a

when a < ¢n. Thus, we conclude that v > (a + cp41)/2 if a < ¢n.
Putting all together we obtain that ’yf;R > (a+cp+1)/2 and the proof is complete.
|

>

Proof of Theorem 4 Note first that v1 +ve < 28y, since the set of SPE is symmetric
with respect to the diagonal and convex, and S, denotes the highest symmetric SPE
payoff in the no recall case. Indeed, assuming that V] 4 vg > 208n, then by symmetry
(v2,v1) is also a SPE payoff. Using convexity ( (v1 +v2), 5 5(v1 +v2)) is a symmetric
SPE payoff so that L 5(v1 + v2) > fBn, contradicting the definition of 8. Therefore,
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to prove Theorem 4 it is enough to show that I, > B, for all n, where [, denotes
the lowest SPE payoff in the full recall case. To this end, we will prove by induction
on n that I, (a,0) > Bn(a) for all n and for all a, where I, (a,0) is defined as in the
statement of Theorem 1 and Bn(a) is defined by

Bn ifa < al,
Bn(a) = § max{fn, 5=} if a € [on, fn]
LECH lf a > ﬁn,

where ¢p, is the value of the decision problem in the no recall case with one decision-
maker and n arrivals.

First, notice that l1(a,0) = (a + E(X))/2, c1 = E(X) and f; = E(X), and thus
l1(a,0) > B1 and l1(a,0) > (a + c¢1)/2 for all a, concluding that /1 (a,0) > B1(a) for
all a.

We assume now that ln(a,0) > fn(a) for all a and we prove that
In+1(a,0) > Bpyi(a) for all a. We divide the proof into two cases depending on

whether a is greater than E (X(n+1)) or not.
Case 1. Assume that a > E (X(n+1)). In this case, we have that a > 3,41 because
E (X(n+1)) > ¢nt1 > Bn+1. Thus, by the definition of B,,41(a), we have that

a+c
Bna(a) = 2L (7)
On the other hand, it holds that

aHE(Xmin) ate
ln+1(a,0) = (2 ) > 2n+17 (8)

where the equality follows from using the definition of l,41(a,0) when a >

E (X(nJrl)) and the inequality holds because E (X(n+1)) > Cn+l-

Therefore, we obtain l,+1(a,0) > Bp+1(a) for all a > E (X(n+1)) combining
(7) and (8).

Case 2. Assume that ¢ < E (X(n+1)) . To prove that lp4+1(a,0) > Bnr+1(a), we
show that l,,4+1(a,0) > Bn+1 and that l,4+1(a,0) > (a + cp4+1)/2. The latter holds
by Lemma 1. On the other hand,

lt1(0,0) = Ex (b (aV X, a A X)) > Ex (1 (X, 0)) = Ex (8a(X)) = Bus1,

where the first equality follows from the definition of l,,41(a,0) for a <E (X(n+1)),

the first inequality holds due to the monotonicity of the function I, in both com-
ponents, the second inequality follows from the induction hypothesis, and the last
equality from the definition of £,41.

Therefore, we conclude that I,,1(a,0) > fr4+1(a) for alla <E (X(n+1)).
Putting all together we obtain that I, > [, for all n and the desired result

follows. O
4.3 Omitted proofs from Section 3.4

The main result in Section 3.4 we prove here is Theorem 5 and then we work
on the competitive selection problem with no recall and two arrivals.
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Before going to the proof, we obtain an expression for the price of anarchy
and price of stability if the random variables are distributed according to F,
namely PoAY " (F) and PoSY " (F) respectively.

Regarding the price of stability, we need to compute

E (X(1:2) + X(2:2))
2535 ’

where 2035 is obtained from equation (6) by taking n = 1. That is:

1 1

« 1
28 = /0 231dF(a) + max{a + ¢1, 261 }dF(a) + / (a+c1)dF(a).

’
ay

2 2 2
Noting that ¢; = E(X) and putting all together we have

Now, due to ENF = {(M,M)}, we have that o = 8 = E(X)

E(X)/2 E(X)/2
285 = /0 E(X)dF(a) + /IE(X)/2 max{a + E(X),E(X)}dF(a)
1 1 1
+ /E(X)/Q(a+E(X))dF(a) :/0 E(X)dF(a) + /]E(X)/2 adF(a)
— B(X) + P(X > B(X)/2)E(X | X > B(X)/2).

On the other hand, E (X(l:g) + X(Q:Q)) = 2E(X), and therefore

1| E(X) 4 P(X > E(X)/2E(X | X > B(X)/2)

PoSYR(F) 2E(X) 9
o B ZEX)BX | X>EX)2)
=12+ 2E(X) '

Regarding the price of anarchy, we need to compute

E (X(ln) + X(Qn))
2042

b

where 2as follows from equation (4) by taking n = 1. After some algebra, we
obtain

B E(X) E(X)2 1
200 = E(X) + /E(X)/2 <2E(X) - >dF(a) + /]E(X) adF(a) (10)

- E(X)/2 - E(X) o E(X)? .
2E(X) /0 adF (a) /E(XW( 2E(X) + = >dF( ),
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and thus
1 1 E(X)/2
—_—— =1 — adF(a 11
AT 55 ) (a) (11)

I Y L ECO* 1 pva
2IE(X)/E(X)/2( 2E(X) + o )dF( ).

Also, we can write the inverse of the price of anarchy as follows:

1 1 R E(X)?
PoSéVR(F) - SE(X) /]E(X)/2 <a —2E(X) + — > dF(a). (12)

We now prove Theorem 5 using the formulas obtained above.

Proof of Theorem 5. To prove that PoSY f(F) < 4/3, let us consider the second
term in the rhs of (9) and notice that

B(X > E(X)/2)E(X | X > E(X)/2) = E(X) — B(X < E(X)/2)E(X | X <E(X)/2)

E(X
> E(X) — P(X < E(X) /2)%
) B _ B,
2 2
Then,
11 EX) 13
PoSYE(F) ~— 2 2 2E(X) 4
Regarding the price of anarchy, by equation (11) and using that a — 2E(X) +

QO < QO if o € [E(X)/2,E(X)], we have
1 B(X <E(X)/2E(X X <E(X)/2) 1
PoAl () > 1 SE(D) TP(E(X)/2 < X S E(X)).
But, E(X | X < E(X)/2) < E(X)/2 and thus
1 1 1
oAl E(F) > 1- P(X <E(X)/2) - ;P(E(X)/2 < X <E(X))

- %P(X <E(X)) >

obtaining the desired inequalities.

To prove the tightness of the bound, let us take two small positive real numbers
e > 0 and n > 0, and consider the random variable X¢ 5, = (1 —n)- X +n- Unif|0, 1],
where

I

e~ w

¥ — {5 — 2 with probability 1 — ¢,
1 with probability e.
Note that when 7 goes to 0,
11, P2 EX)/2B(X X 2 E(X)/2)

PoSyf(Fey) 2 2E(X) ’




Springer Nature 2021 BTEX template

Competition and Recall in Selection Problems 43

where F , represents the c.d.f. of X¢ s, and therefore it is enough to prove that
1 P(X >E(X)/2EX | X >E(X)/2)
2" 2E(X)
when € goes to 0.
The c.d.f. of X is given by

—3/4

0 ifm<5782,
Foz)={1—¢ ifzxele—e%1),
1 if z > 1;

and the expected value is E(X) = (e —2)(1 —&) + e = (1 + (1 —¢)?).
Therefore, after some algebra, it follows that

1 P(X>E(X)/2EX | X >E(X)/2) 1 €
2t 2E(X) =27 2¢(1+ (1 —¢)2)
1 1
=+

2 T 2(1+ (1-9)2)
which converges to 3/4 when & — 0, and therefore we obtain price of stability 4/3.
On the other hand, note that by definition, for each distribution F', it holds that
PoS2(F) < PoAa(F'), and thus lim, ;o PoAa(F: ) > 4/3, where 4/3 is the upper
bound we have already proven. Therefore, the bound is tight also for the price of
anarchy. |

5 Future directions

This work constitutes a first step in the study of equilibria of prophet inequality
problems with competition and recall, and it opens many avenues for future
research.

A possible extension is to consider a sequence of arrivals with indepen-
dent but not identical distributions. Here we believe that the natural recursive
approach used in our paper can be extended, at the cost of writing much more
complex expressions.

A second very natural extension is to consider a larger number of players.
Here the extension is qualitatively more complex, and as soon as there are at
least 3 players, under full recall it may be a best reply for a player to bid for
the second best available value (and let the other players compete for the first
best). The set of equilibrium payoffs will then likely no longer be a subset of
the diagonal, i.e. we expect to have non symmetric equilibrium payoffs, even
under the full recall assumption.

It is also natural to consider the case of players having different utility
functions, i.e. when the utility of a player receiving the realization = can depend
on the player (for instance, it could be x for player 1 and 22 for player 2). How
would this affect the set of equilibria ? For instance, starting from the current
situation where both players utility functions are the same, could it be always
better at equilibrium for player 1 if the utility function of player 2 becomes
different ? A related paper in this direction is the one by Garnaev (2006).

Finally, different tie-breaking rules can also be considered. The interesting
case where players have a fixed priority given by a predetermined order has
already been considered in Ezra et al (2021b).
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