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Abstract

We propose a procedure for testing the equality of several nonparametric multivariate
regressions. We allow the regressors’ designs and the number of observations to differ across
subsamples. The division into subsamples is defined through a variable C' which can be
either fixed or random. For a random C', our procedure is a general test of significance for
qualitative variables in a nonparametric regression. For a fixed C, our procedure provides
a “nonparametric analysis of covariance,” which is valid for cross-section or panel data. In

both cases, the test is a one-sided normal test and is consistent against all alternatives.
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1 Introduction

A classic problem in econometrics is determining whether the form of a regression function re-
mains the same for two or more separate subsamples. Beginning with Chow’s (1960) work, a
lot of attention has been devoted in the econometric literature to testing equality of regression
functions. The related procedures have been used for various economic problems, such as testing
for gender or race discrimination in earnings functions, testing for stability over time of eco-
nomic relationships, testing of disequilibrium models or testing for switching firms’ strategies in
microeconometric models derived from game theory. Classical procedures assume a parametric
form, usually a linear one, for the regression functions under test. As is well-known, specifying an
incorrect parametric form can lead to serious errors in inference. Indeed, rejection of the equality
hypothesis can be solely due to misspecification of the model. Reversely, overacceptance of the
null hypothesis can appear as a consequence of misspecification. Therefore, it is advisable to use
a testing procedure free of any parametric assumption.

The issue of comparing regression curves in a nonparametric context has been first addresed
in the particular setup of two subsamples with a one-dimensional regressor.! When the regres-
sor’s designs are identical, it is possible to use the differences in the dependent variable between
the two subsamples to build a test statistic. Hall and Hart (1990) propose a Cramer-von-Mises
type statistic while Delgado (1993) studies a Kolmogorov-Smirnov type statistic. Alternatively,
one can directly use the mean squared difference between nonparametric regression estimates.
This idea has been worked out in the fixed design case by King, Hart and Wehrly (1991), who
propose a test under the assumption of normal residuals, and by Hardle and Marron (1990),
who consider testing whether two curves are equal up to a parametric transformation. Recent
work focuses on specific extensions of the initial setup. A first extension deals with more than
two subsamples. Young and Bowman’s (1995) test compares several nonparametric regressions
depending on a one-dimensional random variable with normal residuals. Fan and Lin (1998) pro-
pose testing procedures based on the adaptive Neyman and the wavelet thresholding approaches
for comparing multiple curves indexed by time. A second extension deals with non-identical
designs. Kulasekera (1995) extends Hall and Hart’s procedure to this case. Pinkse and Robinson
(1995) generalizes some of Hérdle and Marron’s (1990) results to random designs and give some

guidelines for testing whether two regression functions are similar up to a linear transforma-

!Testing equality of nonparametric density functions is a closely related problem, see e.g. Mammen (1992).



tion. Hall, Huber and Speckman (1997) build covariate-matching based tests that are taylored
against the specific alternative that one of the regression function is always greater than the
other. Koul and Schick (1997) propose analogous procedures that incorporate smoothing tech-
niques. Matching is actually used in an earlier illuminating paper by Quade (1982), who deals
simultaneously with non-identical designs and multiple subsamples. Other authors considering a
general setup are Baltagi, Hidalgo and Li (1996) on testing for poolability of panel data, Munk
and Dette (1998) and Yatchew (1999), whose test is based on the comparison of residual variance
estimators.

In applied econometrics, we often consider more than one explanatory variable and deal
simultaneously with more than two subsamples. More crucially, it is scarcely the case that we
have control on the design of explanatory variables. Furthermore, the division into subsamples
is also frequently governed by a random variable. In view of practical use in econometrics,
we propose a general asymptotic joint test of equality across nonparametric regressions that
is consistent against any alternative. It extends previous work in many directions. First, we
allow for different unknown data distributions across subsamples. Second, we also allow for any
dimension of the explanatory variables. Third, we deal with any number of subsamples. Fourth,
we consider random explanatory variables and allow the regressors’ designs and the number of
observations to differ across subsamples. Fifth, in contrast to previous work that exclusively
focuses on the case where the division into subsamples is defined through a fixed variable C, we
consider as a leading case the situation where a random qualitative variable C' defines the split
into different subsamples, as frequently arises in economic applications. We subsequently extend
our procedure to the usual setup.

When C is fixed, our procedure provides a “nonparametric analysis of covariance” that has
numerous potential applications in and outside the field of econometrics. When C' is random, our
procedure is a general significance test for qualitative variables in a nonparametric regression.
This supplements previous work on testing for omitted continuous variables in nonparametric
regression, see Ait-Sahalia, Bickel and Stoker (1994), Fan and Li (1996), Gozalo (1995), Lavergne
and Vuong (2000) and Li (1999).2 However, our analysis has a distinctive feature with respect

to previous work on smooth tests for omitted variables. Indeed, our null and alternative models

2More generally, our test is in line with smooth specification tests of parametric models previously proposed
in the literature, see Delgado, Dominguez and Lavergne (1998), Héardle and Mammen (1993), Zheng (1996) and

some of the previous references.



have the same effective dimension due to the discrete nature of C', whereas previous work on
nonparametric significance testing compare models with different dimensions.?> Hence in our
setup, nonparametric estimators of the null and the alternative models have similar rates of
convergence and both affect the asymptotic distribution of the test statistic, in contrast to what
happens when models have different dimensions.

The paper is organised as follows. In Section 2, we consider the leading case where the split-
ting variable is random. We set up our testing framework and we derive the basic statistic for
testing equality of nonparametric regression functions. We characterize its asymptotic distribu-
tion not only under the null hypothesis but also under a sequence of local alternatives. We then
derive a consistent testing procedure and discuss its implementation. In Section 3, we treat the
case of a fixed splitting variable and relate it to a nonparametric analysis of covariance. We show
how the assumptions of Section 2 can be weakened to deal with cross-section and panel data.
Section 4 studies the small sample behavior of our test through some simulation experiments.

The Conclusion summarizes our main findings. All the proofs are relegated to Appendices.

2 Case of a random C

2.1 The testing framework

Let C be a discrete variableon C = {1,..., C }, with corresponding strictly positive probabilities
Pi,-..,pa- Let {(Ci, Xi,Y5), i =1,...,n} beasample of i.i.d. observations from (C, X,Y") taking

values on C' x IRP x IR. Consider the general regression model
Y; = R(X;,C;) + U, EU;|X;,Ci] =0 1=1,...,n, (2.1)

where R(:,-) denotes the regression function of Y on X and C' For any ¢, a nonparametric kernel

estimator of f.(-), the conditional density of X given C = ¢, is

Fuelw) = (meh?) ZK<

3This is also true for smooth specification tests of parametric regression models.

) 0C=d, Vze R,




where n, = > i, 1[C; = ¢], K(-) is a kernel on IRP and h. is a bandwidth parameter converging

to zero.? A nonparametric kernel estimator of R(-,c) is obtained as

nhP) L VK (EX) [0, = ¢
Rn(ac,c)z( ohe) i1 ViK (5 G = Vz € IRP.
fre()

In the formulas, we use non-smoothing weights for the qualitative variable C. If there exists a

natural ranking of the modalities of C relevant for the regression model, non-smoothing weights
can be replaced by smooth ones without affecting the estimators’ asymptotic properties, see
Bierens (1987) and Delgado and Mora (1995), or our test’s validity.

If we overlook the information concerning the splitting as given by the C;’s, we would

consider instead the pooling regression model
Y = r(Xi) + ui, E [u;| X;] =0, i=1,...,n. (2.2)

Thus we will estimate the function r(-) by a kernel estimate on the whole sample given by

(nh?)~' 30 VK (555

rn(z) = ,  where f,(z) = (nhP)"? zn:K (:1: — Xi), Vo € RP,
i=1

h

and h is a bandwidth parameter converging to zero. These estimators respectively converge to
r(-) and f(-), the marginal density of X.

The hypothesis of interest is the constancy of the regression function R(-, C' = ¢) for different
values of c¢. This means that we are not loosing any information by disregarding the C;’s and

estimating the simpler regression Model (2.2) instead of (2.1). Thus the null hypothesis reads
Hy: R(X,C)=r(X) as.

This intuitive formulation enables us to deal with the testing problem as a comparison of two
nested models, whatever the number of subsamples is. As Hy corresponds to the non-significance
of the discrete variable C, we can built our test statistic in a way similar to Lavergne and Vuong
(2000), who test for omitted continuous variables. Let u =Y —r(X). We consider an estimate of
E[E*(u|X,C)¥(X,C)] = E [(R(X, C) —r(X))? U(X, 0)], which is zero under Hy and strictly
positive under any alternative to Hy, for any function W(-,-) such that ¥(-,¢) is strictly positive

on the support of f.(-) for any c. Because of the form of the kernel estimate, it is convenient

4For exposition’s ease, we do not make explicit the dependence of the bandwidths on the (sub)sample size.



to use f2(X)fc(X) as a weighting function.’ This device is analogous to the one used in other
semiparametric estimation and testing problems, see e.g. Powell, Stock and Stoker (1989), Fan
and Li (1996), Lavergne and Vuong (2000) and Zheng (1996). If the quantities u; f(X;) were ob-
served, a sample analog of E [E%(uf(X)|X, C)fc(X)] = E[uf(X)E(uf(X)|X,C)fc(X)] would
be

1 1 - _ X — X.
%n = W Zuiujf(Xi)f(Xj)hTijw”ij’ where Km'j = (1/hlél)K [%] ,
n a CZ‘ Ci
Wnij = nno_—__llll' [C; = C}], 3, denotes summation over the arrangements of m distinct elements
{i1,...,im} from {1,...,n}, and n(m) = n!/(n—m)! is the number of these arrangements. Now,

because we do not know the u;’s and f(X;)’s, we replace them by their kernel estimates, and

we drop equal indices in the final sum.® We then obtain the statistic

1

n@

X; — X

Vi = S Y = Y)Y — Y)) K it K ji Knijwnij, where Kp;; = (1/hP)K [T] - (2.3)
a

2.2 Asymptotic behavior of V,,

Theorem 1 gives the behavior of V;, under the set of hypotheses
Hy,: R(X,C) =7r(X)+,d(X,C), 6, €[0,1]

A fixed alternative corresponds to 6, = 1 Vn, while the null hypothesis corresponds to d,, = 0 Vn.”
This general formulation allows to deal with some local alternatives whose rates of convergence
to Hy are given by the rate of decrease of d,, to zero.

We call U? the class of integrable uniformly continuous functions from IRP to IR, and D}, ,
the class of m-times differentiable functions from IRP to IR with derivatives of order m that are
uniformly Lipschitz continuous of order ¢, ¢ € [0,1). For m > 2, we define KP, as the class of

integrable functions K (-) from IR to IR with compact support, satisfying [K(s)ds =1 and

P
/3?1...sz‘pK(s)ds:0 for a; € {0,1,...,m—1}, Vi=1,...,p, 0<Zai§m—1.8
i=1

®We could also choose f?(X)fc(X)v(X), v(-) being a known function, used for instance to restrict attention

to a particular interval. Our results can be easily extended to this formulation.
®For significance testing of continuous variables, Lavergne and Vuong (2000) show that dropping equal indices

does not change the asymptotic distribution of their statistic but reduces its small-sample bias. In our case,

dropping equal indices is essential to get an asymptotically unbiased statistic under Hp.
"We let d(X,C) = 0 if §, = 0.
81t suffices that f K(s)ds > 0 to obtain a consistent test, but the unity integral assumption is not restrictive.



We let 02(X) = E [u?|X,C] = E [(Y —r(X))*|X, C] and we label it the “conditional variance”
(with respect to both X and C) from Model (2.2). We also let weor = p%ﬂ[C’: C'] and
K.(-) = (1/a)K (-/a). We define x as the convolution operator, i.e. for kernels K (-) and L(-),

(K x L)(s) = . K(v)L(s — v) dv.

Assumption 2.1 {(C;, X;,Y;), i =1,...,n} is an i.i.d. sample from a random variable (C, X,Y)
on C x IR? x IR, where C is a discrete variable on C = {1,...,C}, with corresponding strictly

positive probabilities p1,...,pa, and E (Y?) < cc.

Assumption 2.2 (i) For each c=1,...,C, fe() and R(:,¢) fe(-) belong to UP N DE, ., m > 2,
and also o2(-) fe(-) belongs to UP. (ii) K € KP,, m > 2.

Our statistic involves one bandwidth & for the pooling null model as well as a set of C' bandwidths

for the alternative general model. We restrict our analysis to the following case.

Assumption 2.3 Forc=1,...,C, h./h — a. with 0 < a. < 0o and nh? — +oo.

Theorem 1 Under Assumptions 2.1, 2.2 and 2.3, if nh®P/DT2m+a0) 5 0 then as n — +o0,

(i) nh?2V, 4, N(Ap, w?) if 62nhP/? = A < oo,
(i) nh?/?V, £ +oo if 62nhP/? — +oo,

where j1 = E [d(X, O) f2(X) fo (X)), w? = 2B [02(X)o2, (X)f*(X) Bocr (X)]

2(x )17
Ecor(X) = / lKaO(s)wccf —2(K * Kap)(s)f;(()()(;) + gfgi()’()) ds

and g2(X,s) = Y0 pef2(X) (K K Ko, )(s).

We postpone discussion of our assumptions to the next subsection. As shown in the proofs,
the behavior of V,, depends upon whether Hy holds or does not hold. Under the alternative, V,,
converges to a normal distribution with the usual y/n-rate of convergence. But under the null,
the y/n-asymptotic distribution of V,, is degenerate. This leads us to consider higher-order terms
in the asymptotic expansion of V,,. Similar situations also arise in parametric specification test-
ing using functional estimation or significance testing of continuous covariates in nonparametric

regression. In such procedures, one also compares two nested models with statistics similar to



Von, where the unknown elements of the null model are replaced by parametric or nonpara-
metric estimators. Because in the latter cases, the null model has a lower effective dimension
than the alternative model, estimators in the former have faster pointwise rates of convergence
than estimators in the latter. Thus plugging-in estimators in Vj,, does not affect its asymptotic
behavior. In contrast, both the general Model (2.1) and the restricted Model (2.2) have the
same effective dimension, so that estimators have similar rates of convergence in both models.
Consequently, the asymptotic behavior of V,, differs from the one of V;,. Nevertheless, our re-
sults show that plugging-in estimators influences the asymptotic variance under Hy, but affects
neither the asymptotic expectation nor the rate of convergence.

2

In writing the asymptotic variance w”, we have adopted the following conventions:

B[t (X)02: (X)) =5 pepe [ o2(@)r (@)W (@) fo(a) fo (o) do

B [0} (X)02 (X) UL [C = | =X peper [ 02(2)02 () U(@) folw)fo (@) T e = ¢] do (2.4

c,c

The asymptotic variance of V;, under Hy has a quite complicated form.? First, it depends on the
cross-products between o2(-) and o2 (-) for different ¢ and ¢/, see Hirdle and Marron (1990) for a
similar feature. Second, it explicitely depends on the difference in designs between subsamples,
through the ratios f.(-)/f(-) and g?(-,-)/f?(-). The first quantity is the ratio of the conditional
density of X given C' = ¢ to the “average” marginal density f(-) = ECCZI pefe(+). To interpret the
second quantity, assume that a. = a for any c. Then g%(-,5)/f2(-) = G?(-)/f?(-)(K * K x K,)(s),
where G2(-) = (ZCCZI De fg()) Thus the second ratio can be given the interpretation of a “nor-
malized variance” of f.(-). When X is independent of C, both f.(-)/f(:) and G?(-)/f?(-) equal
one for any z and c. As we do not require independence, the designs can markedly differ across
subsamples and, in general, the latter ratios introduce different weights across the subsamples

and the values of explanatory variables. Therefore, it seems impossible to find a kernel that

would minimize the variance irrespective of the regressors’ designs.

°Tt is written in a way that suggests an estimator similar to V,,. See the Appendix for an extensive form of w?.



2.3 Discussion on the assumptions and bandwidths’ choice

Assumption 2.1 allows for any dependence between (X,Y) and C.!° Hence, the residuals’ dis-
tribution is not restricted to be identical for different values of C. The residuals can also be
conditionally heteroskedastic. Assumption 2.2 requires smoothness conditions on the underlying
functions and kernels that are standard in nonparametric estimation. The compactness of the
support of K(-) could be relaxed, but this would lead to very tedious proofs. Our assumptions on
the bandwidth A include the usual ones, and specifically imply that A — 0 as n — oo, while its
rate of decrease is restricted by nh? — +o0o. The condition nh®/2+2(m+a) _5 ( relates the rate
of convergence of the statistic and its bias rate. When comparing two univariate nonparametric
regression curves, Hiardle and Marron (1990) obtain a statistic with a bias of order (1/nh), which
needs to be estimated to construct a test.'! In our case, the leading term that determines the
asymptotic distribution of V,, is unbiased under the null hypothesis. A bias of order h2(™t4)
appears in the remaining terms because of our ignorance of the true function r(-). This bias is
controlled through the aforementioned condition. With respect to the optimal rate for estima-
tion of the regression function, i.e. h oc n~/[P+20m+ad)l this condition implies undersmoothing as
is usual in semiparametric estimation, see Robinson (1988) and Powell, Stock and Stoker (1989)
among others.'? Finally, note that our conditions implicitely require m > p/4.

Assumption 2.3 ensures on the one hand that each bandwidth h. converges to zero at a
similar rate and on the other hand that the bandwidth h for the pooling model decreases at
the same rate. This allows for dependence of the bandwidths on the (sub)sample sizes. The first
condition is imposed in all work on the topic using smoothing techniques and is even strengthened
to equal bandwidths across subsamples in most papers, see the Introduction for references. The
second condition is also imposed in Young and Bowman (1995), where a pooled nonparametric
regression is compared to nonparametric regressions based upon subsamples. These authors
further argue for equal bandwidths when the design densities are identical across subsamples,
so as to equate estimation biases in all models under Hy. By contrast, Baltagi, Hidalgo and Li

1996) assume oversmoothing of the pooling model by imposing h./h? = o(1).
g g g

OThat is, it allows for Pr[(X,Y) < (z,y),C =] # Pr[(X,Y) < (z,y),C =] for ¢ # ¢'. In particular, the

distribution of the regressors can vary across subsamples. See the end of Section 3.1 for a discussion on this point.
A similar feature would appear if we would have not dropped equal indices in V.
12However, the optimal bandwidth for testing is likely to be different from the optimal bandwidth for estimation,

see Guerre and Lavergne (1999) for the case of nonparametric specification testing.



Why is it sensible to use similar amounts of smoothing for all estimators? From an estimation
viewpoint, there is no reason why we should employ different smoothing rates in each model.
Indeed, a discrete variable does not affect the rate of convergence of nonparametric estimators
and does not create any bias in estimation, see e.g. Bierens (1987) and Delgado and Mora (1995).
Moreover, each subsample size increases at the same rate as the whole sample size. Therefore,
if one wants to select the parameters with respect to some optimality measure, the resulting
bandwidths, while depending on possibly different unknown constants, should asymptotically
follow the same rate of decrease to zero.'?

From a testing viewpoint, using bandwidths that fulfil Assumption 2.3 seems the easiest
way to put models on equal footing in the testing procedure, because the regressors’ dimension
is the same between models. For a more theoretical justification, let us consider what happens

if we use different amounts of smoothing in the competing models. In this aim, we introduce a

new bandwidth ¢ for the pooling model and consider the statistic

1 1 X'—Xk X'_Xl %
Vo= (Y=Y (Y — Yz)@K< : ) K( : ) KnijWnij-

a a

We maintain Assumption 2.3, which now only imposes similar rates of convergence for the h.’s.
If we assume oversmoothing in the null model with respect to the general one by imposing
h/a = o(1), V, is asymptotically equivalent to Vj, and has a nhP/? rate of convergence.'
Conversely, if we assume that a/h = o(1), we obtain a rate of convergence of na?/? for V;,.15 These
results, together with Theorem 1 under the assumption a¢ = h, gives us a rate of convergence
for V,, of min (nh”/ 2 na?/ 2). To get the most powerful test, we should clearly maximize this
rate by equating h and a, that is, by choosing similar amount of smoothing in the competing
models.'® Hence Assumption 2.3 allows our statistic to be as efficient as possible and in this
sense is not restrictive. From a practical viewpoint, our formal analysis under Assumption 2.3
leads to an approximation that is likely to be more useful than a result obtained under one of the

alternative assumptions a/h = o(1) or h/a = o(1). Each alternative assumption is akin to ignore

some interaction terms in the variance of the statistic, which are however present because these

13We are also using the same kernel for all estimators because, from their definitions, both functions 7(-) and
R(-,-) have similar smoothness properties. Hence the order of the kernel should be the same for both models.

However, this restriction is not crucial, and a more general result could account for different kernels.
" This easily follows by adapting our proof. See Lavergne and Vuong (2000) for a related result.
Y5This also follows by adapting our proof.
5The supplementary restrictions on the bandwidths are similar across cases.



ratios are never zero in practice. By contrast, our approach explicitely takes these interaction

terms into account.

2.4 Testing procedure and extensions

2

From a reasoning analogous to the one leading to (2.3), the variance w* can be estimated as

2
wp = mG) > (Y = Vi) (Vi — Vi) (Y = V) (Y; = Vi) Ko K it Kt K i K B
a
2 2
fn,ci (X5) n 9, (Xi, s)
fn(Xi) fA(X5)

g2 (z,8) = 29:1 (ne/n)f7 (x)(K % K % K,,)(s), V& € IRP, and by, is a trimming parameter such

where Eyi; = I[f,(X;) > bn]/ lK(S)wm]‘ —2(K x K)(s) ds,

that b, = o(1). This trimming is necessary to get rid of edge effects, that is, to avoid undue
influence from observation points where the density f(-) is small.'” An alternative estimator,

which is computationally less demanding but more biased in small samples, is

Zunz ni n] nanZ]EmJ7 where wup; fni = [Y; - rn(XZ)] fTL(XZ) (25)

Theorem 2 Under Assumptions 2.1, 2.2 and 2.3, if (by/nhE)~t — 0, b 'h™T 7 — 0 and

nh®/2+T2m+a) 5 (0 then as n — +o0,

(i) nhP2V,jw, -5 N(Apjw,1) if 62nhP/2 = A < oo,

(i1) nh??V,jw, L5 +o0 if §2nh?/? = +o0.

Theorem 2 provides an equality test across nonparametric regressions. By letting d,, = 0, the test
statistic is asymptotically N (0, 1) under Hy and, by letting d,, = 1, it diverges to +oo under any
fixed alternative to Hy. The resulting test is therefore a one-sided normal test and is consistent
against any fixed alternative. In addition, the test has power to detect local alternatives of the

type Hi, provided that 6721nh”/ 2 5 400. In practice, V,, can be more easily computed through

n(4)V Zunzfnzun]fn] nijWnij + 2Zumfm Y — Y)an]Km]wnz]
- Z Y; - Y;)? m]f(m'jwm'j - Z(Yz‘ — i) (Y] — Yi) Knik Knji Knijwnij-
a
Different extensions of the procedure can be proposed. First, the procedure can be applied

to test the significance of any set of qualitative variables in a nonparametric regression. The

'"Unreported simulation results indicate that trimming, though necessary in theory, is not crucial in practice.

10



variable C' is used to recover any combination of the values of the initial discrete variables.
Second, one can easily introduce discrete variables in the regressors that are not under test.
That is, we can consider (X, D) instead of X, where D is a set of discrete covariates. In that
case, one should introduce D in the different functions considered, so that r(X) becomes (X, D),
... The asymptotic properties of V,, are as in Theorem 1. As noted before, we can equivalently
use either smooth or non-smoothing weights for the discrete variables in D without affecting
our procedure’s properties. Third, though the theory is developped for generic bandwidths, our
result can be extended to vanishing individual bandwidths for each univariate regressor. Fourth,

as suggested by a referee, we can allow for data-driven bandwidths.

Theorem 3 If K(-) is differentiable with bounded partial derivatives, Theorem 2 extends to
the case of random data-driven h and EC, c=1,...,C, if there exist deterministic sequences
h and he, ¢ = 1,...,C, that fulfil the assumptions of Theorem 2 such that (lAL—h) /h and
(lALC — hc) [he, e=1,...,C, are all oy(1).

Fifth, as detailled in the next section, both the independence assumption and the identical

distribution assumption can be relaxed to some extent.

3 Case of a fixed C

3.1 Cross-section data

There exist situations where the variable defining the division of subsamples is not random,
for instance when testing for poolability of cross-section data. This is also true for experiments
in which one can control for treatments. The results from the previous section can be adapted
to this context. Specifically, let C be a variable taking integer values in {1,...,C}. For each
¢, assume that we have at hand an i.i.d. sample of size n. from a random variable (X.,Y.) on
IR? x IR, such that X, has marginal density f.(-). We employ similar notations as in Section 2, so
that, for each ¢, the sample from (X, Y.) is denoted {(Xl, Yi)yi=14cenes s o<e ncf}

and Ele n. = n. We then consider the general regression model
Y = R(X;,¢) + U, EU;|X;]=0 1=1,...,n, (3.1)

so that now R(-,¢) denotes the regression function of Y, on X,.. For each ¢, nonparametric

kernel estimators of R(-,¢) and f.(-) are defined as in the previous section. Overlooking the

11



information given by C' and assuming falsely that the observations constitute an i.i.d. sample
leads to consider the pooling regression model (2.2). Nonparametric kernel estimators of f,(-)
and 7r,(-) are defined as in the previous section, but their interpretation radically changes.
Here f,(-) estimates f(-) = Zcé:l nefe(+)/n, which is not the marginal density of an observed
random variable X, but the density of a hypothetical variable constructed from the different
X.’s. Similarly, r,, () estimates r(-) = Ecé:l neR(-,¢)fe(-)/nf(-), which is no more a conditional
expectation function, but a weighted average of the regression functions R(-,c), c =1,...,C.
While the two models are now interpreted differently, the framework is similar. The null
hypothesis of interest is still the constancy of the regression function R(-,c) for different values

of ¢, so that it is possible to estimate it from the pooling model, even though the densities f.(-)

differ for different values of c¢. Thus, the null hypothesis of interest reads

Hy:R(X,c) =r(X) as. Ve=1,...,C

and the statistic V;, is constructed as in (2.3). We let 02(X) = E [(Yc —r(X.)? X, = X]. The

following assumption summarizes the considered setup for a fixed C.

Assumption 3.1 Let C be a fized variable taking integer values in {1,...,C}. Forc=1,...,C,
each subsample {(Xi,Yi),z' =142 0ceNes - Dei<e nc/} is an i.1.d. sample of size n. from a
random variable (X.,Y.) on IR? x IR, such that X. has marginal density f.(-) and E (Y}) < co.

The subsamples are independent. For any ¢, n./n — pe as n = Egl ne — +00.

Theorem 4 Under Assumptions 3.1, 2.2 and 2.3, if nh?/?>t2(m+0) _ 0 then as n — +oo,

(i)  nh?2V, LN N(Ap, w?) if 62nhP/? = A < oo,
(i) nhP?V, 5 400 if 62nhP/2 — +o0,

where j1 = Y0, poB [d2(X,0) f2(X) fo(X)], w? = 250 peper B [02(X)02 (X) f4(X) Bt (X)]
2

Eeo(X) = [ [Kac(s)ww 2 ¢ Ky (o2 L SR

F(X)  FAX)

wee = (1/pe) Mle =] and g%(X,5) = £, pef2(X)(K + K « K,,)(5).18

Compared to the previous section, we have relaxed the assumption of identically distributed

data across subsamples, but still assume independence across subsamples, which is typically

"®Tn writing w?, we use similar conventions as in (2.4).
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the case for cross-section data. The proof of Theorem 4 mainly follows the one of Theorem 1,
see Appendix A for some brief explanations. Theorems 2 and 3 can be similarly extended. A
testing procedure can then be based on nh?/2V;, /wn, where w, is an estimator of the asymptotic

variance w?

analogous to the ones in Section 2.4. As before, the test is a one-sided normal test,
is consistent against any alternative and detects local alternatives of the type H;, approaching
the null at a rate slower than (nh?/2)=1/219

There are interesting connections between our procedure and analysis of covariance. The

simple analysis of variance model reads
For testing the hypothesis 8. = 3, for all ¢, the usual testing procedure is built upon
5 512
S = (1/n) Y ne [Vo— V]2,
(&
where Y, = (1/n.) Y0, Y, [C; = c] and Y = (1/n) I, Y;. Now S equivalently reads
n
§=(1/n") D (Yi = Yi)(Y; —Yi)—1[C; = ).
= nc,
l7]’k7l v
Our statistic V,, is analogous to S (with the slight difference that it excludes equal indices in
the sum), but weights the first differences in the dependent variable by quantities that depend
upon explanatory variables. Thus our testing procedure provides a nonparametric analysis of
covariance, which allows to detect any differential effect of the regressors on the dependent
variable across the considered subsamples without imposing any parametric assumption.

Three main remarks follow from this interpretation. The first remark is related to the choice

of weights in the null hypothesis

29:1 p_CR(X, c)fe(X)
Ecczl pcfc(X)

When the observations constitute a unique random sample, it is meaningful to use a weighting

Hy:R(X,c) =r(X) = as. VYe=1,...,C.

scheme proportional to p.fc(.). When C is fixed, the use of “frequencies” as weights in H)

is no longer readily interpretable. Obviously, there exist other equivalent formulations of the

9By contrast, Yatchew’s (1999) test can detect local alternatives that converges to the null at a rate slower

1 —1/2

than n~/4, which is in turn slower than (nh?/?)

13



hypothesis that R(-,c) is constant in ¢ that use different weighting schemes. To each formulation
corresponds a test statistic, whose relative merits generally depend on the data at hand.

The second remark concerns problems in application and interpretation of the procedure.
As noted by Scheffé (1959, p. 198), “it is sometimes said that the analysis of covariance is
valid only if the treatments do not affect the values of the concomitant variables. The dictum
that the analysis of covariance can be used only in this case would thus confine it to a very
restricted situation. The analysis of covariance can be applied to get tests of hypotheses that
have correct significance level, but the sense of using these tests must be considered separately
in each application.” This statement remains true for the nonparametric analysis of covariance
proposed here. Specifically, we allow the regressors’ designs to vary across subsamples, so that the
“treatments” — i.e. the discrete variable C' — may affect explanatory variables. The procedure
is widely applicable, but may give a right answer to a wrong question. If some of the regressors
are “part of the treatment”, e.g. if the regressors have different supports depending on the values

1.29 This second remark is equally valid

of C, then the null hypothesis Hy is no longer meaningfu
in the case of a random C.

Third, our procedure only applies for testing the strict equality of regression functions. If
one wants to test equality up to some parametric transformations, one should build a specific test
statistic that accounts for this at the outset, as done by Hérdle and Marron (1990). Even in the
simple case of testing for parallelism of the regression curves, which is easily entertained within

the linear parametric analysis of covariance framework, adapting our test is not completely

straightforward. This extension is left for future work.

3.2 Panel data
A useful extension of our test is testing for poolability of panel data. Consider the model
Y;Zt:Rt(Xit)"i_Uita ’izl,...,ng, t:]_,,T (32)

At each period t, {X;,7i = 1,...,n0} is an i.i.d. sample from X; with density f;(-). The number
T of time periods is fixed while the sample size for each period ngy goes to infinity. This is the

standard case, which is of most practical relevance, since one usually has a large number of

20Tn Quade (1982), the first proposed method is valid only under the assumption that the distribution of X
does not vary conditionally to C. The second one does not require such an assumption and is close in spirit to

our analysis, with the major difference that the bandwidth is held fixed.
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cross-section units but data covering only a few time-periods.?! The null hypothesis of interest

is the constancy of the regression function R;(-) over time, that is
Hy: Ry(X) =r(X) as.
where 7(-) = (1/T) S, fi()R:(-)/f(-) and f(-) = (1/T) =L, fi(-). The statistic V;, is

T 1 Xz‘t—chr> 1 <th—Xls> <X“_th>
w= = S (Yt — Yir) (Yie — Vi) - K (28— (2220 o (2L 20t '
V, za:( ¢ er) ( Jt Is) h2p < h hf h ht (3.3)

Here n = nyT, Y, denotes summation over arrangements of distinct indices {it, j¢, kr,ls}, h and
hi, t = 1,...,T, are bandwidth parameters such that h;/h — a;, 0 < a; < +o0, for all . The
results of the Section 3.1, where we imposed independence across subsamples, do not readily
apply in this context. Nevertheless, as we argue below, this assumption can be weakened and

the asymptotic behavior of V,, as ny — oo is given by Theorem 4.?? Its asymptotic variance is

T T
W = (2/T) Y " B |0 (X)op (X) 1 (X) B (X)]

t=1t'=1

2
where E = / [T Ko, (s) I [t = '] _2(K*Kat)(8)ft(X) n gQ(X,s)] ds

fX) X))

and g(X, s) = (1/T) S0y JE)(K * K « K,,)(s).

The usual way of considering panel data models in econometrics is to see Ri(-) as the
conditional expectation of Y; given all past explanatory variables {Xi,...,X;} and a time-
independent latent variable [. This formulation is quite general, and in particular allows for
some lagged dependent variable in the regressors, so that further restrictions are usually imposed
on the model. Chamberlain (1984) distinguishes two main restrictions: lack of residual serial
correlation and no structural lagged dependent variables.

There is residual serial correlation conditional on a latent variable | if Yy is not independent of
{Y1,...,Yi 1} conditional on {Xq,..., X, 1}
The relationship of X to Y is static conditional on o latent variable | if X is strictly exogeneous

conditional on 1 and if Yy is independent of {Xi,...,Xi—1} conditional on X; and l. If the

21 The increasing availability of micropanels in which T is not negligible relative to no motivates rising interest
for further analysis. See e.g. Alvarez and Arellano (1998) for recent results and an account of issues that still need

to be addressed in a parametric context.
22 A brief account of the necessary adaptations of the proof is given in Appendix A.
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relationship of X to Y is static conditional on a latent variable I, then there are no structural
lagged dependent variables.
Our analysis imposes the two restrictions of no serial residual correlation and of a static relation-
ship of X to Y (both conditional on a latent variable [). First, though Assumption 3.1 imposes
independence between subsamples, inspection of the proofs reveals that we can alleviate the in-
dependence requirement and replace it by the assumption of no serial residual correlation. This
assumption allows for fixed individual effects correlated with the regressors. In a nonparametric
context, such effects are not separately identifiable.?3 Second, Model (3.2) also assumes that the
regression function does not depend on {X1, ..., X; 1}. This is true when the relationship of X
to Y is static conditional on a latent variable [. But, as shown by Chamberlain (1984), there is
no restriction to assume a static conditional relationship in a fully nonparametric context. It is
restrictive only when combined with a specific functional form of the distribution. Hence, the
restrictions imposed in our analysis are not as stringent as they may appear at first.

Baltagi, Hidalgo and Li (1996) consider a statistic close to ours, with the crucial difference
that they use a smoothing parameter o for the pooling model and the same bandwidth A at
each period for Model (3.2). They subsequently impose h/a? = o(1). As a consequence, the

asymptotic variance of the test statistic becomes
T
- 2/K2(s) ds " B [0} (X)£1(X) fu(X)] -
t=1

Contrary to w?, the variance w3 depends neither on cross-products of conditional variances
between periods nor explicitely on the designs’ differences between periods.?* This occurs because
using different amounts of smoothing in the null and the alternative model results in pulling out
any cross-effect between periods. This is why the previous authors do not need the assumption of
no serial residual correlation. As argued in Section 2.3, the restriction h/a? = o(1) does not allow
to attain the maximum rate of convergence of the statistic. The only justification advocated by
the authors is that otherwise one should estimate the expectation of V,, to recenter the test
statistic, and that this would introduce finite-sample bias. This argument is invalid from both a
theoretical viewpoint, as our analysis demonstrates, and a practical viewpoint, as shown by the

following simulation results.

?30n this topic, see the discussion of Baltagi, Hidalgo and Li (1996).
2Our formula gives the general form of the asymptotic variance wg. The one given in Baltagi, Hidalgo and Li

(1996) assumes that the density of the regressors remains the same across time and has f°(-) in place of f*(-) ().
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4 Small sample behavior

We now investigate the behavior of our test through a Monte-Carlo experiment in the case of a

random C' taking two values 0 or 1 with equal probabilities. We generate the data through
Y = BX +vX°? + 1[C = 0] d(X) + T, (4.1)

where conditional on C, X is generated as N (C, 1) and U is independently distributed as N (0, 1).
We impose the restriction that F [d(X)|C = 0] = 0 and we set parameters 8 and vy to -4 and 1
respectively, so that E(Y|C =0)=E(Y|C =1) =0.

The null hypothesis corresponds to d(X) = 0. The alternatives are chosen to investigate
the power of our test when their magnitude or frequency vary. For the magnitude, we consider

three linear alternatives of the form

d(X) = aX,

with @ = 0.5,1 and 2 corresponding respectively to DGP;, DG P, and DG Ps. This allows to
compare the performances of our procedure to the standard Chow test based on the true Model

(4.1). Alternatives corresponding to varying frequencies are defined through
d(X) = sin(ar X),

with @ = 2,1,2/3 and 1/2 corresponding respectively to DG Py, DGPs, DG Ps and DG P;. These
departures from the null are of special interest, for it is known that smooth tests of parametric
specification and nonparametric significance tests for continuous regressors are sensitive to the
frequency of the alternative, see Hart (1997) and Lavergne and Vuong (2000).

We consider small (n = 100) and moderate (n = 200) sample sizes and run 2000 replications.
Unreported simulation results show that the trimming parameter has very little influence on the
results, so that it is arbitrarily set to 0 in all experiments. The bandwidth parameter & is chosen
as h = Sy n_’\, where Sx is the estimated standard deviation for all observations of X. We
let hg = hi, so that ag = a1 = a. This choice allows to save much computations and has also
the advantage that it mimics the choice of an uninformed practitioner who only knows that
po = p1 = 1/2. For ease of computation, we choose the uniform kernel with support [—1/2,1/2].

Appendix C gives the values with respect to a of the integrals that enter w?.2

25The Mathematica notebook used to compute the integrals can be adapted for other kernels, and is available

from the author upon request.
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We first focus on how bandwidths’ choice for the alternative model, i.e. hy = h1, influence
the test’s outcome, while keeping fixed the restricted model’s bandwidth h, as done by Lavergne
and Vuong (2000) in another context. We then let a vary in the grid (0.5,1, 1.5, 2), while keeping
h = $xn~'/5.26 Table 1 reports our results for the null hypothesis (DGP,) and the linear
alternatives. For each case, the first row gives the mean of our test statistic with its standard
deviation in parentheses. The second row gives empirical rejection rates of the test, the first
figure corresponds to a 5% nominal level and the second one to a 10% nominal level. The third
row gives corresponding size-corrected empirical rejection rates for the alternative, except for
DGP, where it gives the empirical critical values at 5% and 10% levels. For each sample size,
the last row reports rejection rates of the Chow test for the same nominal levels.

The first column of Table 1 relates to the null hypothesis. For any choice of a, the test
statistic is very close to be unbiased. The standard deviation of our test statistic is close to,
but stays smaller than one. This is due partly to the fact that, to save computations, we use
the simplest estimator of the variance (2.5), which is positively biased in small samples. A
similar feature appears in the simulations performed by Lavergne and Vuong (2000) on their
nonparametric significance test for continuous regressors.?” While the mean seems to have an
inversed U-shape with respect to a, no clear relationship appears to link the standard deviation
and a. Under the null hypothesis, empirical sizes are quite close to nominal levels. There is no
evidence of systematic under or overrejection at a 5% nominal level. At a 10% level, there is
slight underrejection for all our choices of a. Finally the empirical critical values are very close
to the ones derived from the normal approximation, with for instance a value of 1.645 at a 5%
level when a = 1 and n = 200.

Regarding the linear alternatives, we find as expected that power is increasing with the
sample size and the magnitude of the departure from the null, as measured by «. The choice
a = 0.5 leads to small power, especially for alternatives of little amplitude. Though, our test
can reasonably detect moderate linear alternatives for a bandwidth hy = h; at least as great
as h. Furthermore, for an alternative of amplitude o = 2, the power performance of our test

can equal that of the Chow test, although the design is ideal for the latter. The highest power

26 This choice corresponds to a practical rule-of-thumb and is not supposed to be optimal for the testing problem

at hand. In our setup, we have m = 2 and ¢ = 1, so that h fulfils Theorem 1’s conditions.
*In the latter study, it has also been observed that better estimators of the variance are obtained by using

K?(-) instead of K(-) times the integral of K>(-). A similar feature is expected to hold in our case.

18



is attained for the largest considered bandwidth, which could be expected since the alternative
is linear and the kernel smoother is a straight line for large bandwidths. Though, too large a
bandwidth is likely to give low power.

Table 2 has the same structure as Table 1 and reports results relative to the sinus alterna-
tives. The empirical power of the test exhibits an inverse U-shape as a function of the bandwidth
ho = h; for the high frequency alternative DG Py. This suggests that the bandwidth should be
adapted to the frequency of the alternative. This is not surprising, as a similar feature appears
in other smooth tests, see e.g. the simulations results of Delgado, Dominguez and Lavergne
(1998) and Lavergne and Vuong (2000). For comparative purposes, we also provide the empiri-
cal rejection rates of the Chow test assuming a linear specification in X. The lowest frequency
alternative DG Py is close to a linear specification in the range [—1, 1]. Given that X is N(0,1)
when C = 0, the Chow test therefore performs quite well, while our test has high power for large
a. For higher frequency alternatives DG Py and DG Ps, the Chow test has either trivial or low
power irrespective of the sample size, while the empirical power of our test can exceed 85% for
a moderate sample size of 200.

We now focus on how the choice of h influences our test, while keeping fixed the ratio
of bandwidths hg/h = hi/h = 1. We then let A vary in the grid (1/3,1/4,1/5,1/6). Table 3
(respectively Table 4) has the same structure as Table 1 (Table 2) and report our results for the
null hypothesis and the linear alternatives (respectively the sinus alternatives). For a choice of
A of at least 1/5, the statistic is close to be unbiased under Hy, while its expectation increases
when A decreases to 1/6 as expected. The variance is decreasing in A\. On the whole, decreasing
A leads to more rejections. For linear alternatives, empirical power is decreasing in A, whether
it is size-adjusted or not. For sinus alternatives, empirical power can be low when X is large,
especially for a small sample size, while it highly increases when A decreases. For DG Py and
n = 100, size-adjusted power exhibits an inverse U-shape as a function of h. In the other cases,

it highly increases when h increases.

5 Conclusion

In this paper we propose a general test of equality across nonparametric regressions. The proce-
dure is based on the comparison of the regression functions for each subsample with the general

one that pools all observations. It applies in a variety of situations, whether the division into
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subsamples is defined in a random way or not. In our presentation, we have first considered the
leading situation where a random qualitative variable defines the split into different subsamples.
Then, by considering the case where the split depends on a fixed qualitative variable, we have
shown how our basic assumptions can be weakened so that our test applies to cross-section and
panel data. In summary, our testing procedure is applicable in any case where the observations
are i.i.d. within each subsample and where the residuals are uncorrelated across subsamples.
The characteristic feature of our testing problem is that both models (under the null and
under the alternative) have the same effective dimension. Hence our procedure uses similar
amount of smoothing for the pooling and the alternative model. We have justified this assumption
and investigated thoroughly its implications. Though, bandwidths’ choice is clearly a key issue
for application of the test. Bootstrap methods could be a way to bypass this problem, as they
usually provide better approximations to the null distribution than asymptotics do and can be
much less sensitive to bandwidths’ choice, see e.g. Delgado, Dominguez and Lavergne (1998).

This possibility should be investigated from both a theoretical and a practical viewpoint.

Appendix A: Proofs

In what follows, u; = Y; — r(X;), U; = Y — R(X;,C;), fi = f(Xy), ri = ri(X5), di = d(X;,C,),
0? = 02 (X;) and Z; = (C;, X3,Yi), i = 0,1,...,n. Also Ky, = h™PK [(X; — X3)/h), hi = hng,,
K(:) = |K(-)| and 4,4, k,1,7,j', k', refer to indices that are pairwise different unless stated otherwise.
We let ﬁ =m-1)"1Y, +i Knik, and more generally for any index set I not containing i with cardinality

], fiI =Mm-1-I|)! > kziker Knik. To ease exposition, we assume he/h = a., for all c.

A.1 Proof of Theorem 2.1

AsY; — Yy = (u; —ug) + (r; — i), and as K(-) is even by Assumption 2.2, we have from (2.3)
1 2

Vi = o) Z(Uz — ) (uj — ) Kpit Kpji Knijtnij + o) Z(uz —ug)(rj — 1) Kpit K jt K i jW0ni
a a

1 N
+ o) Z(Tz —ri)(rj — ) KninKnjiKnijwnij = I + 215 + I,

a

where I; = ZU U]fzf] nijWnij +

n—3

— 3 (2) Zuz U]f] nij Wnij

n -2 1 -
n — Zuz f Fi) K nijtnij — W ZuifiulKnlenijwnij
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9 . . 1 .
— W Zuz(fl]’ - fi)UlKnlenijwnij + W ZukulekKnlemjwnij
L Z KK njn K Oy 4 Do)~ 2L — 24+ T — T
(4) UiUj ik Bnjk BnijWnij = n_3 on 1,1 1,2 1,3 1,4 1,5 1,65
1 ~ _
L, = n(3) Z U’lfl - n]lanﬂUnz] W Z ’U/i(fi]’l — fi)(’I"j — rl)Knlenijwnij
a

TL(4) Zuk nszn]lananzJ —-[21 +-[22 _-[23
Propositions 1 to 12 study each of the above terms. Collecting results, it follows that
nh¥/? Von —2Li 3+ L 5] = L, +62nhp/2,un+6n\/_hp/2 Op(1)+0,(1), where Lni>N(0,w2) and p, — i
and nh?/? [V, — (Vo — 211 3 + I1 5)] = 62nhP/%0,(1) 4 8,/nhP20, (1) + 6,nhP/ 2R D0, (1) 4 0,(1).
If 62nhP/2 = A, 62\/nh?/? and S,nhP/2h(m+9 are both o(1), so that nh?/2V,— N (Ap, w?).
If 62nh?/? = +o0, 62y/nh?/? and 8,nk?/2h(™+9 are both o(62nh/?), so that nh?/2V,—%s + co. Q.E.D.
In the following proofs, we will rely on the following lemma.

Lemma 1 (Fan and Li, 1996) Let U,, be a U-statistic of order m with symmetrical kernel H,, such
that E[Hyn(Zy,...,Zm)|Z1] =0 a.s. and E [H2(Zy, ..., Zy)] < 0o for each n.
LetHy, s = E[Hp(Z1,...,Zn)|(Z1,...,Z5)], & = Var [Hp (21, ..., Zs)] fors = 2,...,m and Gp(Z1, Z>) =
E[Hy, (21, Zo), Hn(Za, Z0)|(Z1, Z2)]. If &s/& = o(n®~2) for s=1,...,m, and
E [G%(Zl,Z2)] +n'E [H372(Z1,Z2)]
E2 [Hng(Zl,Zg)]

—0 asn — oo,

then nUy, is asymptotically normal with zero mean and variance (1/2) (m(2))2 &.

As we consider U-statistics with non-symmetric kernel in our proofs, we briefly explain how Lemma 1

extends to this case. One first needs to replace H,(Z1, ..., Z,) by the symmetric kernel

Hy(Zy,...,2Zm) 'ZH s Zi ),

where ) denotes summation over the m! permutations of (1,...,m). If E [ﬁn(Zl, e Zm)|Z1] =0
a.s., the U-statistic is degenerate and under the assumptions of Lemma 1 converges in distribution to a

centered normal distribution. Its asymptotic variance is given by
2 2
(1/2) (m®) & =(1/2) (m®) (/m1)?* "N E [HalZiy, -, Zin ) HaZig - 2|21, Z).
p p

Hence one needs to determine all the terms in the double summation. Similar expressions are derived for
&,s8 =3,...,m. An analogous result also holds for two U-statistics of order m; and msy with respective

kernels H; , and Hs,. Their asymptotic covariance is then given by

(1/2)mPmP 1 /m ) (1/ma) SO S E [Hl,n(zil,...,Ziml)Hz,n(zi,l,...,Z,»in2)|zl,z2].
p p
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Proposition 1 nh?/?Vy, = nh?/2Up,+02nhP/? i, +8,.\/nh?/?B,,, where jt, — 1, nh”/2U0ni>N(0,w§)
and Bn—d>2N(0, ¢ —8%p?), with § =lim,, o0 6, and p, w3 and ¢ subsequently defined.

Proor: Vo, = U + Wopn — 0n, where Hn(Zi,Zj) = uiujfifjf(mjwmj, 0n = E[Hn(Zl,Zo)], Won =
(2/n) >, E[Hn(Zi, Zo)|Z;] and

Uor = <2> ZH (2, 7)) (2> Z{H (2, Z;) — E[Ho(Zi, 20)\Zi) — E [Ha(Z0, Z;)| 2] + 0.} .
i<j i<j
(i) 0, = E [Uifiujfj[(nijwnij] =FE |(U; + 6,d;) i (U; +6ndj)fjf(nijwnij:|

= 8F [difidjfjf{mjwm]] 52E [difiwij(djfjf(mﬂxi,ci,cj)].

Now FE [5ndjfj12mj|Xi,C’i,Cj] = 6,d(X;,Cj) f (X3) fo;(Xi) + 0o(d,) uniformly in X; by Lemma 2, as
6nd(X,C)f(X)fc(X) € UP, VC. Therefore 0, = 62E [d? f2E (0ni|Ci) fo, (X;)] + 0(62) = 82y, with
pn — p = E[d*(X,C) f*(X) fo(X)], as E (wy;]C;) = 1.

(i) Distribution of Wo,: E [E2 (H,(Z;, Z0)|Z:)] = E [ug F2E2 (uo foffmowdei)] = 62¢, with ¢ —
( = E[02(X)d*(X,0) f4(X) fE(X)], as 0,d(X, O) f(X) fe(X) € UP, VC.

Now E | E[Hy(Zi, Z,)|Zi] |"= E | u? f*E” [uofo mmeO|Z] |= O(1) = o(n*/2=1) for some 2 < v < 4,
as E | Y® |< co. Thus, by Theorem 7.1 of Hoeffding (1948), \/n [Wo, — 26,] — 26N (0,¢ — 6%2u?) .

(iii) Distribution of Upy: As E [f[n(Zi, Z]-)|Zi] =0, by Lemma 1,

E[G?] +n 'E[HY]

nh?/2Ugn—55N (0, 72) if .
E?[H?]

=o(1),

where Gn(Z:i,7;) = E [ﬁn(zi,Zo)ﬁn(zj,zoﬂzi,zj] and 72 = 2lim,_,o R? E(H?2). By definition of
fln(Zi, Zj;), the above is equivalent to

E[GI]+n'E[H,]
E?[H3]

= o(1), (A1)

where G (Zi,Z;) = B [Ho(Zs, Z0)H(Z;, Z0)| 23, 23], and 72 = 2limy o0 P E(H).

As o2(X)f2(X)f2(X) € U, VO, B [H2(2,,2;)] = E [o% (X0)o2, (X)) f212R2 02| = hoved /2,
where wj ,, — wj = 2E [04(X)od. (X)wie f4(X) [ K2 (t)dt], using (2.4).

Moreover, as E(u*|X,C)f4(X)fc(X) e U?, vC,

E[HY] = ElululffiKiwh,] = B [B@HX, C)F B, G Rhgwin | = 07).

As Gn(Zl> Z]) - uifiujfj |:UC0 (XO)fQ(XO) nzOKnJOwnz()wnJO|Zu Z; ] we have

2
E[G?L] :/ 2f2 2 2 /Ué«oknigknjof2(Xo)fco(X0)dXowni[)wnjg|Zi,Zj:| fzf]XmdX]dl/(C“CJ)
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_hr / 0 £202, (X + ht) f2(X; + ht)
2
E [/Uéo (Xi — hs)Kac, (8)Kag, (s + 1) F2(Xi = hs) foo (Xi = hs) ds wniownjo| Zi, Z;

fcl. (X,)fc] (Xz + ht) dX;dt dv (C“ CJ)

=hPE {og(X)fg(X)fg(X) / (Kap * Kap)? (t) dt| + o(hP) = O(h™P),
where v (C;, C;) denotes the distribution of (C;,C;). Thus (A.1) holds as h — 0 and nh? — co. Q.E.D.

Proposition 2 nh?/2I, 3 = nh?/2Uy,, + 6,+/nh?/?0,(1) + 0,(1) , where nh?/2U,,, is asymptotically cen-
tered normal with variance 2E [02%,(X)oZ, (X) f2(X) f2(X) [ (K = K, )?(t) dt].

PRrROOF: I3 is a U-statistic with kernel H,(Z;, Z;,Z;) = uifiulKnle'mjwmj. We now compute the
corresponding &, s = 1,2, 3.

(i) & = h™P2E [ag(X)ag, (X)F2(X) F2(X) [ (K * K. )? (t) dt] +o(hP). Indeed we have E(H,|Z;, Z;) =
0, E(Hp|Zi, Z;) = uifiw B (Knjlf(mjwmﬂzi,zl) and E(H,|Z;,Z;) = 6pwuKnjiE (difif(nijwmﬂzj)-

Now E [E*(Hy|Zi, Z))] E [Uffz?gle2 (Knjszmjwmﬂzi,zz)]

= h7PE [ag(X)gg,(X) FAX)F2(X) / (K % Ko ) (t) dt] + o(h7P),

E[EH|Z;,2)] = O3 ot K2ud2f3f2,(X))| = 82000 E [uf Kuid f212,(X;)] = O@02h77),

E|E(H,\|Z;, Z;)E(H,\|Z;, Zy)]
= (572lE [dleUIQKn][E (Kmlf(m]wm”Zl, Z[) E (dzflf(m]wm”Z])]

= 20(hP)E [|di| fi02 K i E (ijwmﬂzi,zl) E (di fif(mjwmﬂzj) |] = 0(82h7P).

(i) & = O(52). Indeed E (H,|Z;) = E(Ha|Z;) = 0 and E(Hy|Z) = 6uuiE (difiKojKniswnis|Z1)
Then B [B?(H,|Z))] = 32E [u? E* (Ko B(d; fiKnigwais| 25, 20)|21) | = 0(63).

(iff) E[H,] = 0.

(iv) & = O(h™2), as B [H2] = O(h™>P)E |u?u? 2K p K iju;; | = O(h~P).

nij
Thus E [nh?/? (I 3 — Uln)]2 = 62nh?O(1), where Uy, = (1/n®) S, [Hn(Zi, Zj, Z1) — E(H,|Z;)]. Simi-
larly, E [H, ,] = O(h™3P) and E [GZ] = O(h™"). The result then follows from Lemma, 1. Q.E.D.

Proposition 3 nh?/2I, 5 is asymptotically centered normal with variance 2E [O’% (X)oZ, (X) [ g*(X,t) dt] ,
where g*(x,t) = > . pcf2(x)(K * K * K,,)*(t).

PROOF: I) 5 is a U-statistic with kernel H,(Zi, Z;, Zi, Z1) = uptg K it Knji K pijwni; -
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(i) & = O(h~2?P). Indeed we have E(H,|Z;, Zj,2Zy) = E(H,|Z;, Z;,Z;) = 0, and

E(H,|Z;, Zy, Z1) = wwKpE (Knjlknijwniﬂziyzl) ;
B(Hy|Z;, 21, %) = Ko B (KnitKonijtwnis 2, 21
Then E [E2(Hn|ZZ, Zk, Zl)] = E [uzu%KfnkE (Knﬂf{nijwmﬂZi, Zl) E (Knj/lf(mjrwmj/ |Zz; Zl)]

— O(h")E [uiume»kE (Knj,kmjwmﬂzi, Z,) E (f{nij,wmj, \Z:, Z,)]

= O(h™")E [UiU?KmkKnjlknijwmjf%i(Xi)} = O(h™?),

Similarly E [E2(H,|Z;, Zi, Z1)] and E[E(H,|Zi, Zi, Z)E(H,| Z;, Zi, Z))] are O(h~2?).

(ii) & = h7P2E [0Z(X)ok, [ g*(X,t)dt] + 0p(h™P). Indeed we have E(H,|Z;, Z;) = E(Hn|Z;, Zy,) =
E(Ho|Zi, 2)) = E(Hp|Z;, Z1) = E(Hn|Z;, Z1) = 0 and E(Hy|Z, Z1) = upw E (Knikz(njlz"(mjwmj|zk, Zl) :
so that B [B*(Hy|Zy, 1)) = B [0307 B (KuikKojt Kuijtonis| Z, Z1) | Now

E (Km»kKnj,Km»jwmj|Zk,Z,) —-E {wmj / Kpin K1 K iy for (Xi) fo, (X;) dX;dX; |Zk,Zl]
. [wnij fer (Xa) fe, (X1) / K W)K @)h " Koy, (4 — v+ h~ (X — X7)) dudo| Z, Zl]
uniformly in (X;, X;) as fc(-) € UP, VC. Therefore
E [E*(H,|Zy, Z1)]

- / o2 [ / Wy fos (X0) fe, (1) / K(u)K (0)hP Ky, (u— v+ h™" (Xy — X7) dudo dy(ci,cj)]
fo (Xg) fo, (Xi) dXd Xy dv(Cy, Cr)

2
~ por / 0202, (X, — ht) [ / wnii for (Xa) for (Xi — ht) / K () K (0) K g, (4 — v + 1) dudv du(C;, cj)]
fck (Xk)fCl (Xk — ht) kadt du(C’k, Cl)
= hPE [aé(X)aé, (X) ds] + o(h

where ¢%(z,s) = Y. pef2(2)(K * K x K,_)*(s).

(iii) & =0, as E(Hyp|Z;) = E (Hn|Z;) = E(Hn|Z) = E(Hn|Z1) =0
(iv) E[H,] = 0.

(v) & = O(h™™), as B [H2] = E [u}u} K2

nik " njl * nij Ynij
O(h=3?).

Similarly E [Hy ,] = O(h™%) and E [G}] = O(h™?). The result follows from Lemma 1. Q.E.D.

K2 K2 w2 ]:O(h’”)E uiuf K i K nji K nijwly; | =

nij

Proposition 4 nh?/? (Up, — 2U1, + I 5) i>N(0, w?).
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PRrROOF: To show this, we apply the Cramer-Wold device. We compute the covariances between Up,,, U1,
and 1175.
COVARIANCE BETWEEN Up, AND Ujp: &a.2 is determined by

E [Uifiuzfzf(mzwnilE (UifiUanjlf(mjwmﬂZi,Zl)] =K [U?fz?g?fl[(nilwnilE (Knjlf(nijwmﬂzi,zl)]

= hPE |0%(X)o% (Xwee £2(X) fo(X) / Kap (K * Koo )(1) dt] +o(h 7).

COVARIANCE BETWEEN Up, AND I 5: &2 is determined by
E [kakulflknklwnklE (UkUlKnikKnlenijwnij|Zk;Zl)]
= E [szkﬂffzf(nklwnklE (Kkanjlf(mjwmﬂZk,Zz)]

hPE

o2(X)ok (X )wee f2(X) fén (X) / Koo (t)(K x K % K,_, )(t) dt] +o(h™P).

COVARIANCE BETWEEN Uy, AND I 5: £33 = O(h™P). and &2 5 is determined by

E [E (kakUanjlf(nkjwnkﬂZk,Zl) E (UkUlKnikKnj’l[(nij’wnij’|Zk;Zl)]

= kK [szkU?E (KnlenkjwnkﬂZk; Zz) E (KnikKnj’lKnij’wnij’|Zk;Zl)]
= h7PE [020 (X))ol (X)) f(X) fo(X) f2n (X) / (K % Koo ) (1) (K % K % K )(1) dt} +o(h7P).
Hence nh?/% [Upn — 2Us, + I 5] 5 N(0,w?), where

F = 28| (ot (Nt /') [ K2, @) dt] 428 a2 (002 00) [ 5,0 e

+88 |20 (P20 [ (K s Ko (0t
-8 |2 (0ot (Xweer £ X0 fo(X) [ Kae (00K = Ko )0 dt}

+4E |02, (X)02 (X)weer £2(X) f20 (X) / Koo (K K % K1 )(2) dt}

=85 [, (X)0% ()£ (0 foX) 120 (X) [ (K # Ka () K Ko )0 dt]

= 2F [a%-(X)U%rf4(X)ECC’ (X)],

. fe(X) (X0

with Eccr (X) :/ |:Kac (t)wccr - Q(K*Kac)(t) f(X) + f2(X) dt. Q.E.D.
Proposition 5 nh?/2I; ¢ = 62nh?/20,(1) + 0,(1).

Proposition 6 nh?/2L,; = §,,/nh?/?0,(1) + §,nh?/?A" D0, (1) + 0,(1).

Proposition 7 nh?/?I5 3 = 0,(1).
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Proposition 8 nh?/2I; = nh?/20,(h*"+9) + 0,(1).

PROOFS OF PROPOSITIONS 5—8: They follow the same lines as the ones of Proposition 4 to 7 by Lavergne
and Vuong (2000), provided that K,;; is replaced by K'mj, L(-) by K(-) and g by h.

Proposition 9 nh?/21; | = 62nh?/20,(1) + d,/nh?/?0,(1) + 0,(1).

PROOF: Let Afz] = (fzj — fz) We have 1171 = (l/n(2)) Ea UiAfijUjfjf(nijwnij so that

1 \?2 . . ,
BE(I},) = <W> lz UiAfi]ujijnijwnij] lz uy Af; “j’fj’Km'j'wm'j’] )

where the sums are taken over all arrangements of different indices In what follows, K'm'j = ijwmj.

(i) All indices are different: n(*) terms.
E [uiAfijujij'mjui/ Aff, ujz fj’Kni’j’:| = 5:1LE I:Afl]f]AfZ, fjrdidjdirdjr Knijkni’j’:l
=L | £y didydirdyo Konis Kooy B (ASIAS] |2, 25, 20, 21 )]

=6\ E ‘ fifpdidididy KpijKn o | = O(02\n),

where A, = E [A2fg'|zi,zj,zi,,zjr].

(ii) One index is common to {i,5} and {i’,j'}: 4n(® terms.
(" =i) E[ulAfju; KA uy fi Koiy | = GAE| i fyruddidy RoijKoig | = 0(03A0),
(' =3) B [uild 1l £ Ruijus AL Ki | = 8200 | iy i Ko | = O(8200),
@=j) E [UiAng?fjknijAff’ij'f(njj'} =0, AnEl ‘fjfj’dw?dj'f(nijf(m' = 083 An)-

The case j' =i is similar to i’ = j.

N2
(iii) Two indices in common to {i,j} and {i’,j'}: 2n® terms. We have E [u%u? (Afij) K ] =

nij

O /) and B [ubwAFIASLfifi2,5] = OO /hP).

nij
Therefore, E (nh”/21171)2 = 84n2hPO(N\,) + 2nhPO(N\,) + O(My,). The proposition then follows from
An = 0o(1) uniformly, see Lemma 3. Q.E.D.
Proposition 10 nh?/2I; 5 = 62nhP/20,(1) + 5,/mh?/?0,(1) + 0,(1).
Proposition 11 nh?/2I; 4 = 62nhP/20,(1) + 5,/nh?/?0,(1) + 0,(1).

Proposition 12 nh?/2[, 5 = 62nh?/%0,(1) + 6,+/nh?/?0,(1) + 0,(1).

PROOFS OF PROPOSITIONS 10—12: They are very similar to Proposition 11’s proof and are not reported.

The two last proofs use the second part of Lemma 3.
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A.2 Proof of Theorem 2

The consistency of both forms of w? can be proven using similar arguments as in the proof of Theorem
1 and as in Part (i) of Theorem 1 of Lavergne and Vuong (1996) for the treatment of the trimming
parameter. In particular, (b,\/nh%)~" = o(1) and b, 'h"™*% = o(1) ensures that b,"' sup, e | fn(z) —
f(z)] = 0,(1). Hence, f,(+) can be replaced by f(:) in Ep;; without changing the probability limit of w?2.

A.3 Proof of Theorem 3

We use similar arguments to that in Mammen (1992), who deals with testing equality of density functions.
However, the technical analysis is long and tedious, so that we only provide a brief sketch of the proof in
the special case where a. =1,c=1,...,C.

Let us explicit the dependence of V,, on the bandwidth. Under the null hypothesis, we shall show that
nh?/2V, (h) — nh?/2V, (h) = o0,(1). For this equality to hold, we need to show tightness of the process
n(vh)?*V,(vh) for v € [By,Bs], with 0 < B; < 1 < By < o00. Now n(vh)?/*V,(vh) converges in

distribution to the same limit for any v. Hence it is sufficient to show that for vy,vs € [By, Bo],
2
E [n(ulh)”/2Vn(V1h) - n(u2h)”/2Vn(y2h)] =0 [(n —m)?],

2
see Billingsley (1968). Now because [Ziil )\i] <11Y7 , Af, it is sufficient to show an analogous result

for each of the eleven terms of Propositions 1 to 3 and 5 to 12. For instance, we can show that

E [n(ulh)”/2%n(ylh) - n(ugh)p/ZVOn(ugh)r - 0(1)/ [u;p/2K (z/v1) — vy PP K (x)v)] da

is O [(v1 — v2)?] by a Taylor expansion of 1/2_1)/2K [x/v2] around vy .

Under the alternative hypothesis, it is sufficient to show that for vy, € [By, Bs],
E [Vn(Vlh) - Vn(’/2h)]2 =0 [(1/1 — 1/2)2] .

An analogous result for w? then implies the desired result.

A.4 Proof of Theorem 4

The proof of Theorem 4 is analogous to the proof of Theorem 1. To deal with Vp,, I1,3 and I; 5, we
use a straightforward generalization of Lemma 1, which accounts for the fact that observations may not
be identically distributed across subsamples, although they are independent. This result is not formally
stated, but one can easily check that it holds by examining the proofs of Lemma B.4 of Fan and Li (1996)
and of Theorem 1 of Hall (1984): the latter proof relies on a martingale central limit theorem that still

applies, see Hall and Heyde (1980, Chapter 3).
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A.5 Panel data

Under our assumptions, u;z = Yjz — r(X;:) is independent of Z;;—1 = {Yir,...,Yie—1, Xi1, .., Xit—1}
conditionally on {X;,1} and E [ui| Zit—1, Xit, 1] = Re(Xit) —r(Xit) is zero under Hy. Also by assumption
E [uipujp | Zit—1, Xit, Zjpr—1, Xjp, 1] = 0, Vi, j,t #t'. Then Uy p, Ur,n and I1 5 are degenerate U-statistics
under Hy and a generalization of Lemma 1 can be applied. The remaining terms are dealt with as in the

proof of Theorem 1, using Lemma 4 for I, 1, I1 2, I1 4 and I .

Appendix B: Technical lemmas

Lemma 2 Forl(-) € U”, sup,_ pr |fl(X)h—1pK (2=X) dX - l(a:)| — 0 when h — 0.
PROOF: This result comes from the well-known Bochner lemma. Q.E.D.

~ 2 —~ 2
Lemma 3 E |(f] — fi) |Zi,Z;,Zy,Zy| = oQ1) and E |(f' = fi) 1Z:,2;, 21,20, 250, Zv | = o(1
T J J 2 J J

uniformly in their arguments, if f.(X) € UP Vc¢ and nh? — oco.
PROOF: The first expectation is
~ . 2 N 2
E {(fz ~ B(f|Zi, 23, %0, 23)) \Zi, %), Zif,zjr] + B (712,25, 20, 23)) - fi]

Because ]?f - E(]?ZJ|Z,, Zj, Zi, Zj) = (n—2)""1 D k@i it '} (Kmk - E(Km-k|Zi)), whose summands are

independent with zero mean conditional on Z;,

~ ~ 2
E{(fij—E(fij|Zi,Zj,Zi,,Zj,)) |Zi,Zj,Zi/,Zjl} < -2 Y E[(Knik—E(Kmk|Zi))2|Zi]

kﬁl{iﬁj i',j'}
< = > E[K2;|Z] = O(nh?)™!
k€{wl’7j}
— 2 1 4 2
Now  |EB(F12:.2;,20.25) - £| = [n_ (i + Kniyy = £i) + =— B(Kir — f,|Z)]

< [0 'hP) +0(m™") +o(1)]” = o(1),
where we use f; = > _pc.f.(X;). The proof for the second part is similar and is not reported. Q.E.D.
Lemma 4 The result of Lemma 3 holds for panel data.
ProOF: The proof follows Lemma 3’s proof, with the difference that
— . 2
E |:(fl] - E(fl]|Zz)Z]7 Zi’;Zj’)) |Zi)Zj>Zi’)Zj’

< =27 > E[(Knik — B(Knik| Z:)) (Knit — E(Kniwe | Z:)) | Z3]
k.k'¢{i,j,i",j'}
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By conditioning upon (Z;, Z.), all terms such that k& and k' correspond to different individuals vanishes.

At most nT terms correspond to same individuals and all are O(h?)~! by the Cauchy-Schwartz inequality.

Thus the right-hand side is O(nh?)~! and Lemma 4 follows. Q.E.D.

Appendix C

We thereafter give the integrals that enter w? when K (-) is uniform on [-1/2,1/2].

J K (s)ds
J Ka(s)(K « K,)(s)ds

J (K % K4)*(s)ds

J (K % K,)(s)(K x K x Kq)(s)ds

[ (K * K % K,)?(s)ds

1 ifa<1/2
—ltda f g > 1/2

4a?

K, (s)(K x K % K,)(s) ds

1-% ifa<1

—1+3a ifa>1

/\ % e, Q|

3a?
3 _a if a < 1/2
3724a+21€1¥g;;296a3+16a4 if1/2 <a<3/2
\ =13+5247 if a > 3/2
( 40—106a02+3a3 if a <1
4720a+80a2670422a3+10a47a5 if1<a<2
\ —T+15a" if a > 2.
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Table 1: Null and Linear Alternatives — h oc n=1/3

n a DGP, DGP, DGP; DGPs
100 05 | 0001 (0.854) | 0.271 (0.935) | 0966 (1.116)] 2725 (1.334)
4.3% 7.6% 8.8% 14.3% 25.3% 36.4% 78.6% 86.2%
1.546 1.111 9.8% 17.9% 28.1% 42.2% 80.6% 88.2%
1.0 | 0.061 (0.846) | 0.490 (1.048) | 1559 (L404) | 4.129 (1.792)
4.4% 8.3% | 13.1% 19.7% 43.1% 53.6% 91.3% 94.4%
1.592 1.170 | 14.0% 22.5% 44.3% 57.0% 92.1% 95.2%
15 | 0036 (0.876) | 0.582 (1.158) | 1.949 (1.641)| 5203 (2.159)
5.6% 8.9% | 16.8% 23.7% 51.6% 61.7% 95.6% 97.5%
1.696 1.176 | 15.9% 26.0% 50.3% 64.0% 95.3% 97.8%
2.0 | 0034 (0.875) | 0.675 (1.230) | 2.280 (1.826) | 6.093 (2.469)
5.0% 8.6% | 20.3% 26.0% 58.6% 66.6% 97.4% 98.4%
1.642 1.171 | 20.3% 28.8% 58.6% 68.8% 97.4% 98.7%

Chow test | 4.4% 9.6% | 51.2%  64.6% 98.7% 99.4% | 100.0% 100.0%
200 05 | 0.031 (0.921) | 0.595 (1.086) | 2063 (1.427)| 5771 (1.816)
5.1% 9.5% | 16.3% 23.2% 59.8% 69.7% 98.7% 99.5%
1.655 1.241 | 16.2% 24.3% 59.7% 71.0% 98.6% 99.5%
1.0 | 0042 (0.899) | 0.932 (1.265) | 3.200 (1.870) | 8.667 (2.504)
5.0% 8.8% | 24.5%  34.1% 79.8% 85.4% 99.9% 100.0%
1.645 1.224 | 24.5%  36.0% 79.8% 86.0% 99.9% 100.0%
15 | 0053 (0.910) | 1.175 (1.415) | 4031 (2213)| 10.838 (3.035)
5.9% 9.7% | 32.5%  41.3% 86.4% 90.3% | 100.0% 100.0%
1.725 1.262 | 30.1%  41.9% 85.2% 90.5% | 100.0% 100.0%
2.0 0.042 (0.900) 1.354 (1.529) 4.694 (2.493) 12.624 (3.486)
5.6% 9.3% | 36.0%  44.9% 89.8% 92.2% | 100.0% 100.0%
1.718 1.237 | 34.3%  46.0% 89.3% 92.7% | 100.0% 100.0%
Chow test | 5.3% 9.8% | 92.8%  96.6% | 100.0% 100.0% | 100.0% 100.0%

Each cell contains the empirical mean of the test statistic with its standard deviation in parentheses

on the first line, empirical rejection percentages at 5% and 10% nominal levels on the second line,
and size-corrected empirical rejection percentages at 5% and 10% levels on the third line. For the null

hypothesis, i.e. DGPy, empirical critical values for 5% and 10% levels are on the third line.



Table 2: Sinus Alternatives — h o< n~1/5

n a DGP, DGP; DGP; DGP;
100 0.5 0.981 (1.069) | 0.877 (1.136) | 0.956 (1.161) | 0.934 (1.142)
25.6%  36.2% | 23.9% 328 % | 27.2%  36.2% | 25.8%  35.0%
28.3%  42.1% | 264% 382 % | 29.2%  40.6% | 282%  40.7%
1.0 1241 (1.171) | 1.353 (1.375) | 1.529 (1.467) | 1.510 (1.444)
32.9%  45.2% | 36.2%  46.8% | 40.7%  51.0% | 41.9%  50.4%
34.2%  48.8% | 37.6%  49.7% | 42.0%  54.2% | 42.9%  53.9%
1.5 0.943 (1.109) | 1.535 (1.549) | 1.853 (1.678) | 1.861 (1.665)
231%  32.5% | 42.0% 50.3 % | 48.3%  57.5% | 48.5%  57.7%
22.0%  36.2% | 40.6% 529 % | 472%  59.7% | 47.5%  60.2%
2.0 0.346 (1.018) | 1.575 (1.588) | 2.085 (1.827) | 2.142 (1.835)
10.1%  152% | 41.3% 51.2% | 52.9%  61.6% | 54.1%  63.0%
101%  17.1% | 41.4% 543 % | 53.0%  64.5% | 54.3%  65.7%
Chow test | 4.8%  9.5% | 148%  21.2% | 74.9%  82.3% | 83.8%  90.9%
200 0.5 2.037 (1.389) | 1.933 (1.427) | 2.078 (1.452) | 2.014 (1.429)
59.5%  69.8% | 55.2%  64.5% | 58.9%  68.5% | 57.2%  68.2%
59.3%  70.7% | 55.0%  65.8% | 58.7%  69.5% | 56.9%  68.9%
1.0 2.626 (1.577) | 2.870 (1.825) | 3.182 (1.917) | 3.112 (1.882)
71.2%  79.4% | 724%  79.0% | 77.5%  84.0% | 77.4%  84.2%
71.1%  80.4% | 724%  80.3% | T7.5%  84.9% | 77.4%  84.9%
1.5 2.347 (1.498) | 3.395 (2.082) | 3.934 (2.242) | 3.892 (2.216)
64.7%  74.4% | 79.0%  84.3% | 85.3%  89.6% | 84.2%  88.8%
62.6%  74.7% | T7.5%  84.5% | 84.1%  89.8% | 83.4%  89.2%
2.0 1452 (1.299) | 3.588 (2.192) | 4.440 (2.491) | 4.470 (2.484)
38.8%  48.4% | 79.5%  85.8% | 87.3%  91.4% | 87.9%  91.5%
36.4%  50.2% | 78.5%  86.6% | 86.3%  92.0% | 86.8%  91.9%
Chow test | 5.5%  10.1% | 134%  21.0% | 93.3%  95.9% | 99.6% 100.0%

Each cell contains the empirical mean of the test statistic with its standard deviation in parentheses

on the first line, empirical rejection percentages at 5% and 10% nominal levels on the second line, and

size-corrected empirical rejection percentages at 5% and 10% levels on the third line.



Table 3: Null and Linear Alternatives — hocn™*, a =1

n A DGP, DGP, DGP, DGPs

100 1/3 | 0.013 (0.762) | 0.252 (0.852) | 0.874 (1.037) | 2.398 (1.274)
3.2% 6.5% | 6.7% 11.6% | 21.1%  32.0% | 72.1%  80.3%
1.420 1.027 | 99% 17.6% | 27.8%  40.6% | 77.5%  85.9%
1/4 | 0.019 (0.808) | 0.365 (0.953) | 1.248 (1.239) | 3.394 (1.567)
3.8% 7.5% | 10.7%  16.0% | 33.8%  44.9% | 86.0%  90.5%
1.517 1.072 | 12.2%  20.2% | 37.6% 51.3% | 88.1%  92.8%
1/5 | 0.061 (0.846) | 0.490 (1.048) | 1.559 (1.404) | 4.129 (1.792)
4.4% 83% | 13.1%  19.7% | 43.1%  53.6% | 91.3%  94.4%
1.592 1.170 | 14.0%  22.5% | 44.3%  57.0% | 92.1%  95.2%
1/6 | 0.094 (0.880) | 0.578 (1.112) | 1.777 (1.512) | 4.653 (1.937)
5.7% 92% | 16.2%  22.9% | 48.4%  59.0% | 94.1%  96.2%
1.744 1.221 | 142%  24.4% | 46.1%  60.5% | 93.4%  96.5%
200 1/3|0.029 (0.829) | 0.546 (1.009) | 1.881 (1.353) | 5.130 (1.741)
4.1% 74% | 13.2%  21.2% | 54.1%  64.4% | 97.9%  98.9%
1.486 1.096 | 16.8%  26.5% | 58.8%  70.7% | 98.5%  99.3%
1/4 1 0.014 (0.899) | 0.745 (1.189) | 2.630 (1.684) | 7.194 (2.197)
4.7% 82% | 19.7%  28.1% | 69.6%  782% | 99.6%  99.8%
1.622 1.138 | 20.2%  31.8% | 70.1%  80.7% | 99.6%  99.9%
1/51 0.042 (0.899) | 0.932 (1.265) | 3.200 (1.870) | 8.667 (2.504)
5.0% 88% | 24.5%  34.1% | 79.8%  85.4% | 99.9% 100.0%
1.645 1.224 | 24.5%  36.0% | 79.8%  86.0% | 99.9% 100.0%
1/6 | 0.104 (0.913) | 1.112 (1.332) | 3.654 (2.022) | 9.772 (2.730)
6.0% 9.6% | 30.5%  40.4% | 84.2%  89.1% | 99.9% 100.0%
1.777 1.258 | 28.1%  40.7% | 82.0%  89.2% | 99.9% 100.0%

Each cell contains the empirical mean of the test statistic with its standard deviation in paren-

theses on the first line, empirical rejection percentages at 5% and 10% nominal levels on the
second line, and size-corrected empirical rejection percentages at 5% and 10% levels on the third
line. For the null hypothesis, i.e. DG Py, empirical critical values for 5% and 10% levels are on

the third line.



Table 4: Sinus Alternatives — h o< n=>

no A DGP, DGP; DGP; DGP;

100 1/3 | 0.822 (1.006) | 0.826 (1.080) | 0.886 (1.098) | 0.860 (1.075)
19.6%  29.4% | 21.5% 30.6 % | 23.8%  33.1% | 22.2%  31.3%
25.3%  37.7% | 26.6% 381 % | 291%  40.2% | 28.3%  39.0%
1/4 | 1.079 (1.122) | 1.127 (1.261) | 1.245 (1.313) | 1.217 (1.283)
27.9%  38.1% | 29.8%  40.2% | 33.3%  43.3% | 33.0%  42.7%
31.4%  455% | 32.9%  46.6% | 37.3%  48.9% | 36.9%  48.4%
1/5 | 1.241 (1.171) | 1.353 (1.375) | 1.529 (1.467) | 1.510 (1.444)
32.9%  45.2% | 36.2% 46.8 % | 40.7%  51.0% | 41.9%  50.4%
34.2%  48.9% | 37.6% 498 % | 42.0%  54.2% | 42.9%  54.0%
1/6 | 1.327 (1.179) | 1.492 (1.464) | 1.717 (1576) | 1.711 (1.553)
35.8%  46.6% | 41.7% 505 % | 45.8%  56.0% | 45.8%  56.4%
32.7%  48.9% | 39.0% 52.0% | 42.8%  58.0% | 43.6%  57.9%
200 1/3 | 1.759 (1.324) | 1.800 (1.355) | 1.925 (1.378) | 1.855 (1.358)
49.6%  60.5% | 51.2% 61.8% | 54.7%  65.1% | 52.0%  63.8%
53.9%  65.6% | 55.8% 67.1% | 59.7%  70.1% | 57.1%  69.3%
1/4 | 2314 (1.535) | 2449 (1.677) | 2.658 (1.722) | 2.577 (1.690)
63.8% 72.7% | 64.1%  73.8% | 70.3%  78.4% | 68.2%  77.2%
64.2%  76.0% | 64.7%  77.3% | 70.7%  80.5% | 68.9%  80.5%
1/5 | 2626 (1.577) | 2.870 (1.825) | 3.182 (1.917) | 3.112 (1.882)
T12%  79.4% | 724% 79.0% | 77.5%  84.0% | 77.4%  84.2%
T12%  80.4% | 724% 80.3% | 77.5%  84.9% | 77.4%  84.9%
1/6 | 2.835 (1.595) | 3.162 (1.942) | 3.584 (2.058) | 3.535 (2.026)
75.3%  83.5% | 76.7% 83.7% | 82.4%  87.5% | 81.8%  86.6%
725%  84.0% | 73.9% 84.0 % | 79.4%  88.0% | 79.9%  87.0%

Each cell contains the empirical mean of the test statistic with its standard deviation in paren-

,a=1

theses on the first line, empirical rejection percentages at 5% and 10% nominal levels on the
second line, and size-corrected empirical rejection percentages at 5% and 10% levels on the third

line.



