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This document contains additional results for the manuscript ” Information Management and
Pricing in Platform Markets.” All numbered items (i.e., sections, subsections, lemmas, conditions,
propositions, and equations) in this document contain the prefix ”S”. Any numbered reference
without the prefix ”S” refers to an item in the main text. Please refer to the main text for notation

and definitions.

Section S1 contains results for the monopoly case. It formally shows that the same Conditions
(M) and (Q) in the main text that guarantee existence and uniqueness of a continuation equilibrium
in the duopoly case also guarantee existence and uniqueness of a continuation equilibrium in the
monopoly case, as claimed (but not proved) in Section 4.1 in the main text. In the same section,
we also discuss platform design and information management in monopolistic markets. Section S2
identifies conditions guaranteeing that the equilibrium allocations (prices and participation decisions)
in the baseline-model remain equilibrium allocations in an enriched model in which agents can opt
out of the market, or multihome. Section S3 contains a dynamic extension in which platforms revise
their prices at the same frequency at which agents revise their beliefs about the distribution of
preferences, and hence their participation decisions. Section S4 contains an extension to a market
with within-side network effects. Finally, Section S5 contains a description of a flexible family of

economies with Gaussian information satisfying the conditions in Section 5.1 in the main text.



S1 Monopoly

S1.1 Existence and Uniqueness of Continuation Equilibria in the Monopoly
Case

In this section, we formally establish the result claimed in the main text that, in the monopoly
case, the continuation equilibrium is unique when network effects are small.

Lemma S1. Assume Conditions (M) and (Q) in the main text hold. Then, for any vector of
prices p = (p?,pf) set by the monopolist, there exists one and only one solution to the system of
equations given by
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In turn, this implies that, in each equilibrium of the game, given any vector of prices set by the
platform, all agents from side i whose v; exceeds v; join the platform, whereas all agents whose v; is

less than ©; refrain from joining, where (01,09) is the unique solution to (S1).

Proof of Lemma S1. The proof parallels the one for Lemma 1 in the main text. To ease the
reading, we re-write Conditions (M) and (Q) here:
Condition (M): for any 4,5 = 1,2, j # ¢, any v1,v2 € R,
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Condition (Q): for any i,j = 1,2, j # i, any v1,v3 € R,
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First, observe that, when Condition (M) holds, for any v; € R, the gross payoff s; + % +
i [1 — Mj; (9j]v;)] that an agent from side ¢ = 1,2 with valuation v} = s; + % obtains from joining
platform B when he expects agents from side j # 4 to join the platform if and only if v; > ¥;
is strictly increasing in v;. From the implicit function theorem, this in turn means that, given the
prices p = (pP,p%), for any 0; € R, there exists one and only one solution (;(0;) to the equation

S; + % = piB — Y [1 — Mji (@]|ﬁz)] with Q(’LA)]) Satisfying
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Note that the denominator in (S2) is strictly positive under Condition (M).
Next, let

zj(v;) = si + %J + 75 [1 = Mij (Gi(vj)|vy)]



denote the gross payoff that an agent from side 7 = 1,2 derives from joining the platform when he
expects all agents from side 7 # j to join if and only if v; > (;(v;). The function z;(v;) is differentiable

with derivative equal to
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Together, Conditions (M) and (Q) imply that the function z;(v;) is strictly increasing. Because
lim,, oo 2j(vj) = —00 and lim,, 1 2;(vj) = 400, we then have a solution to the equation z;(?;) =
pj exists and is unique. This in turn implies existence and uniqueness of a solution to the system of
equations given by (S1). That, in each equilibrium of the game, given any vector of prices, all agents
from side ¢ whose v; exceeds 9; join the platform, whereas all agents whose v; is less than 0; refrain
from joining then follows from the fact that the thresholds (01,02) defined by the unique solution
to (S1) coincide with the thresholds defined by the procedure of iterated deletion of interim strictly
dominated strategies. Q.E.D.

S1.2 Platform Design and Information Management in Monopolistic Mar-
kets

Suppose a single platform, platform B, serves both sides of the market and assume information
is Gaussian as in Section 5 in the main text. Adapting the analysis in Section 4.1 in the main text to
the possibility that agents may be imperfectly informed about their own stand-alone valuations (in
which case participation decisions depend on estimated stand-alone valuations), we then have that
the profit-maximizing prices, along with the participation thresholds they induce, must satisfy the

following optimality conditions for ¢,j = 1,2, j # 4,
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Note that the formulas above specialize the ones in Proposition 3 in the main text to the Gaussian
environment under examination. We now compare the platform’s incentives to align preferences
across sides, and/or to help agents predict participation decisions on the opposite side, to their

counterparts in the duopoly case.



Proposition S1. In general, monopoly profits can either increase or decrease with a higher
alignment in preferences across the two sides (a higher p,) and/or with information campaigns that
help agents predict participation decisions on the opposite side (higher |)|). When the monopolist
serves exactly half of the market on each side, (i.e., v; =0, i = 1,2, as in the duopoly case), such
policies have only second-order effects in the monopoly case, while they have first-order effects in the
duopoly case. Suppose the market is symmetric across sides (i.e., 5 = B*, vi =~ > 0, and v; = 0,
i =1,2). When the monopolist serves less than half the market on each side, profits increase with the
alignment in preferences across sides. They increase with information campaigns that help agents
predict participation decisions on the opposite side when preferences are aligned (p, > 0), whereas
they decrease with such policies when preferences are misaligned (p, < 0). In contrast, when the
momnopolist serves more than half the market on each side, more alignment is detrimental to profits;
furthermore, information campaigns that help agents predict participation decisions on the opposite
side decrease profits when preferences are aligned, whereas they increase profits when preferences are
misaligned. Importantly, the marginal effects of the above policies (platform design and information

management) on the monopolist’s profits are always smaller than in the duopoly case.

Proof of Proposition S1. Observe that

7= 32 pP [1- o (VAra))
i=1,2,

with pZB as defined above. Holding 37 fixed, i = 1,2, and using the envelope theorem, we thus have
that

B
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Hence, in general, monopoly profits can either increase or decrease with 2. Because € is increasing
in p,, this means that monopoly profits can either increase or decrease with a higher alignment in
preferences across the two sides (a higher p,) and/or with information campaigns that help agents
predict participation decisions on the opposite side (higher |Q|).

Now suppose the monopolist serves exactly half of the market on each side (i.e., v; = vy =0, as
in the duopoly case). Using the envelope formula above, it is easy to see that o118 /02 = 0. Hence,
in this case, marginal variations in platform design and/or in information management have only
second-order effects on the monopolist profits.

Next, suppose the market is perfectly symmetric across the two sides (i.e., 8 = 8, v = v > 0,

and v; = 0, i = 1,2). It is easy to see that
sign (8f[3/8(2> = sign(v).

Hence, when the monopolist serves less than half the market on each side (i.e., v > 0), profits increase

with the alignment in preferences across sides , for a higher p, implies a higher ). They increase with



information campaigns that help agents predict participation decisions on the opposite side (i.e., with
|2]) when preferences are aligned, for, in this case, a higher || implies a higher ; instead, profits
decrease with such policies when preferences are misaligned, for, in this case, a higher || implies a
lower €.

It is immediate to see that the above conclusions are reversed when the monopolist serves more
than half of the market on each side (i.e., © < 0).

Finally, consider the last statement in the proposition. Note that, irrespective of whether the

monopolist serves less or more than half of the market on each side (i.e., of whether v > 0),
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where JIT* /0 is the marginal effect of a variation in © on duopoly profits (in the case of a market
that is symmetric across sides), as one can derive from Condition (20) in the main text. Note that

the inequality follows from the fact that, for any > 0, the function
z(z)=¢ (\/ 1+ Q%2x — Qm) z[1—® ()]

takes value less than 1/2. The above inequality implies that the marginal effects of the above policies
(platform design and information management) on the monopolist’s profits are always smaller than

in the duopoly case, as claimed in the proposition. Q.E.D.

S2. Opts-out and Multihoming

In this section, we show that, under additional assumptions, the equilibrium prices characterized
in the baseline model (along with the participation decisions they induce) continue to remain equi-
librium outcomes in a richer environment in which agents can (a) "opt out” of the market, or (b)
”multihome” by joining both platforms.

We start by considering robustness to partial participation. The reason why, in general, the
equilibrium in the game with compulsory participation need not be an equilibrium in the game in
which agents can opt out of the market is the following. First, when the platforms set the same
prices as in the equilibrium of the game with compulsory participation, some agents may experience
a negative payoff under the cut-off strategy profile of the game with compulsory participation and
hence prefer to opt out. Because the equilibrium prices in the game with compulsory participation
are invariant in the intensity of the individual stand-alone valuations (formally, in s; and s3), on-path
full participation in the game with voluntary participation can always be guaranteed by assuming
that the marginal agents’ equilibrium payoffs are positive, which amounts to assuming that s; and
so are sufficiently high. When this is the case, given the equilibrium prices, no agent finds it optimal
to opt out, given that, under the cut-off strategy profile any agent’s payoff is at least as high as that

of the marginal agents.



The above condition, however, does not suffice. In fact, platforms may have an incentive to raise
one of their prices above the equilibrium levels of the game with compulsory participation if they
expect that, by inducing some agents to opt out, their demand will fall less than that of the rival
platform, relative to the case in which participation is compulsory. For this to be the case, it must be
that the intensity of the network effects is sufficiently strong to prevail over the direct effect coming
from the stand-alone valuations. The proof below shows that this is never the case when s; and s
are sufficiently large.

Consider arbitrary values §; and $5 and, from now on, assume that s; > §; for ¢ = 1,2. For any
vector of prices p = (p’f‘,p‘;,p]f,pQB), any ¢ = 1,2, let

v (p) = pP — P + i, v (p) = min {25, — 22 pP — pf — v}

0P (p) = pP — pt — i, vPT(p) = max {2pF — 285;pP — pt + i}

Note that, given the prices p, irrespective of what other agents do, any agent from side ¢ with stand-
alone differential v; > U;H—(p) prefers joining platform B to joining platform A, whereas any agent
with stand-alone differential v; < vZA*(p) prefers joining platform A to either joining platform B
or opting out of the market. Likewise, irrespective of what other agents do, any agent from side 4

with stand-alone differential v; < UZ-B ~(p) prefers joining platform A to joining platform B, whereas
B+

any agent from side ¢ with stand-alone differential v; > v;"" (p) prefers joining platform B to either
joining platform A or opting out.

Now, for any p = (pi', p3', pP,pF), i = 1,2, let

A(p) = { piQ;“(v?j<p>) if p' > 0
P (v (p)) it pt <0
and
15 pi QP (W~ (n)| ifpf =0
p? |QE(W* ()| if pP <O0.
Note that f[f (p) are platform k’s profits when all agents follow the rationalizable strategy most
advantageous to platform k.
We assume that the following condition holds, which guarantees that deviations to arbitrarily

large prices are never profitable.

Condition (S-P). For any vector of equilibrium prices p = (ﬁf,pf,ﬁ?,ﬁf) in the game in
which participation to one of the two platforms is compulsory there exist strictly positive scalars
RE(P) €Ryy,i=1,2, k= A, B, with RF(p) > |p¥| such that the following is true for k= A, B :

Z f[f(p’f,pg,pl_k@z_k) < II* (p) for all (pf,pk) s.t. [pF| > R¥(p), for some i = 1,2.
i=1,2
where TI¥ (p) are the equilibrium profits in the game in which participation to one of the two platforms

18 compulsory.



The condition says that asking for (or offering) an extreme price on one, or both, sides of the
market leads to profits lower than in the equilibrium in the game in which participation to one
of the two platforms is compulsory, either when revenues are inflated, and/or losses are reduced,
according to the majorization associated with the definition of the l:IéC functions above. Recall that,
in the game in which participation to one of the two platforms is compulsory, for any vector of prices

p= (p{‘, p‘24, pP, pQB ), the participation thresholds v;(p) are given by
N B A ) Ca ~ .. . .
bi=p; —pi l2Myi (05 | 0i) =1 6,j=1,2j#1
so the majorizations are small when the network effects are small. We then have the following result:

Proposition S2. Suppose Condition (S-P) holds and assume that the game in which the agents
can "opt out” by not joining any platform admits an equilibrium. Let p = (ﬁf,ﬁ?,ﬁ?,ﬁf) be equilib-
rium prices in the game in which participation to one of the two platforms is compulsory. There exist
finite scalars (s;(p))i=1,2 such that, for any (s;)i=12 with s; > s;(p), i = 1,2, the following is true:
the game in which all agents can opt out of the market admits an equilibrium in which (a) platforms
offer the same prices p = (ﬁf,ﬁf,ﬁ?,ﬁf) and all agents make the same participation decisions as in

the game in which participation to one of the two platforms is compulsory.

Proof of Proposition S2. Let p = (p{, p4', p¥, p¥) be equilibrium prices in the game in which
participation to one of the two platforms is compulsory. Observe that p is independent of s; and
so. Likewise, observe that, for any vector of prices p = (p‘f‘, p‘24, pP, pP), the participation thresholds
0;(p) in the game in which participation is compulsory are independent of s; and sg, i = 1, 2.

Next, observe that, given any vector of prices p = (p‘f,p‘?,p? ,p¥), when all agents from side
Jj #1, 1,5 = 1,2, follow a cut-off strategy with cut-off 9;(p) — meaning that all agents from side
j with stand-alone differential v; < v;(p) join platform A, whereas all agents with v; > 0;(p) join
platform B — the payoff that each agent [ € [0, 1] from side ¢ with stand-alone differential v; obtains
by joining the platform for which his utility is the highest is at least as high as the payoff

1, . R
ri(p; i) = s — 5%‘(10) + i Mji (95 (p)|0i(p)) — pi"

that the marginal agent from side 7 with stand-alone differential equal to v;(p) obtains by joining
platform A (this follows directly from Condition (M) in the main text). That r;(p; s;) is continuous
in (p;s;),} and strictly increasing in s;, with lims, ,yoo7i(p;s;) = +00, in turn implies that there
exist finite scalars (s;(p))i=1,2 with s;(p) > 5;, ¢ = 1,2, such that, for any (s;);=1,2 with s; > s;(p),
i=1,2, 7;(p;s;) > 0 for any p such that |p¥| < RF(p), i =1,2, k = A, B.

Next pick any (s;)i=1,2 with s; > s;(p), ¢ = 1,2, and consider the game in which agents can opt

out of the market by not joining any platform. Observe that, by assumption, such a game admits an

!The functions ©;(-) are continuous in p, i = 1,2, and the functions M;;(vj|v;) are differentiable, and hence contin-

uous, in each argument.



equilibrium. This in turn means that, for any vector of prices p = (p‘f‘, pf, p’lg , pf), one can construct
a strategy profile for the agents such that each agent’s strategy is a best response to the other agents’
strategies in the game that starts with the observation of the prices p. It is also easy to see that,
for any vector of prices p such that [p¥| < R¥(p), i = 1,2, k = A, B, the strategy profile in which
each agent [ € [0, 1] from each side ¢ = 1,2 joins platform A for v; < 9;(p) and joins platform B for
v; > 0;(p), is a continuation equilibrium, exactly as in the game with compulsory participation.

Now consider the following strategy profile for the agents in the game in which all agents can
opt out of the market. For any p such that r;(p;s;) > 0, i = 1,2, all agents follow the same cut-off
strategy as in the game with compulsory participation. For any p such that, instead, r;(p;s;) < 0,
for some i = 1,2, take any collection of strategies such that each agent’s strategy is a best response
to the other agents’ strategies, given the prices p (again, that at least one such strategy profile exists
follows from the fact that the game in which agents can opt out is assumed to have at least one
equilibrium).

We now show that, when the agents follow the above specified strategy profile, each platform
finds it optimal to offer the same prices (ﬁ’f, ]5’5) it would have offered in the game with compulsory
participation, when it expects the rival platform to also offer the prices (pfk,ﬁgk), k,—k = A, B,
—k # k.

To see this, consider the problem faced by platform A (the problem faced by platform B is
symmetric and hence omitted). Suppose that platform B offers the equilibrium prices (p?,p%).
Clearly any deviation by platform A to a pair of prices (p{', p3') such that, given p = (p{', p3', o7, 5¥),
ri(p;si) >0, i = 1,2, is unprofitable, for it leads to the same participation decisions (and hence the
same profits) as in the game in which participation to one of the two platforms is compulsory. Thus
consider a deviation to a pair of prices (pil, p§') such that, given p = (pf', p3', p%, p¥), r:(p; ;) < 0
for some i € {1,2}. Observe that this implies that ]ij] > Rf(ﬁ) for some j € {1,2} possibly
different than i. Condition (S-P) then implies that such deviation is unprofitable for platform A,
irrespective of which particular continuation equilibrium the agents play following the observation
of p = (pi', p3, 57, P3)-

Applying the same arguments to platform B yields the result. Q.E.D.

Next, consider the possibility that agents multihome by choosing to join both platforms. We
assume that, by doing so, each agent [ € [0, 1] from each side ¢ = 1,2 obtains a gross payoff equal
to (2 — ki)s; + 'yi(q]A + ,uf ), where uf is the measure of agents from side j # ¢ who join platform B
without joining platform A (to avoid double counting), and where x; € R is a scalar that parametrizes
the degree of subadditivity (for x; > 0) or superadditivity (for x; < 0) between the two stand-alone
valuations.? We then have the following result:

Proposition S3. Consider the variant of the game in which agents from each side of the

market can multihome, as described above. For any vector of prices p = (p‘f‘,péq,plB,pg) such that

*Note that (2 — ki)s; +7i(q; + pf) = v + 08 — kisi +vi(q] + p?).



pf‘ —|—sz > i+ 2(1 — Ki)si, © = 1,2, there exists a continuation equilibrium in which each agent from
each side singlehomes. Conversely, such a continuation equilibrium fails to exist for any vector of

prices for which pZA +pP <7 +2(1 — K;)sy, for some i € {1,2}.

Proof of Proposition S3. Recall that each agent [ € [0,1] from each side i = 1,2 prefers
joining platform A to joining platform B if and only if

vt +%E [¢F — ¢} va] < pP —pi (54)
The same agent prefers joining platform A to multihoming if and only if

1
v+ (1= kq)si + %E [uf | va] —pP <0. (S5)

Note that Condition (S5) is implied by Condition (S4) if and only if
2(1 = K)si + 29K [1F| va] — %E [af — @] va] < pi* +pF. (S6)

In any continuation equilibrium where all agents singlehome, qJB = uf =1- qf. In this case, the
inequality in (S6) becomes equivalent to ; + 2(1 — ;)s; < pit + pP?. The same conclusion applies
to those agents that prefer platform B to platform A. From the results in the main text, we know
that the game where multihoming is not possible always admits a continuation equilibrium. We then
conclude that, when pf‘ + pZB > v;+2(1 — k;)s; such a continuation equilibrium is also a continuation
equilibrium in the game where agents can multihome.

Conversely, when pZA + p? < i + 2(1 — k;)s;, there exists no continuation equilibrium where all
agents singlehome, for, if such equilibrium existed, then it would satisfy qf = MJB =1- qf. Inverting
the inequalities above, we would then have that some agent from side ¢ € {1,2} would necessarily

prefer to multihome. Q.E.D.

The condition in the proposition guarantees that any agent who expects all other agents to
singlehome (according to the same threshold rule as in the game in which multihoming is not possible)
prefers to join his most preferred platform to multihoming. As the proposition makes clear, the
condition is also necessary, in the sense that, when it is violated, then in any continuation equilibrium
some agents necessarily multihome. The following corollary is then an immediate implication of the
above result:

Corollary S1. Suppose that platforms cannot set negative prices. Let p = (13‘14,]55‘,13{3,135)
be equilibrium prices in the game in which multihoming is not possible, and assume that _f >
vi +2(1 — ki)si, i = 1,2, k= A,B. In the game in which multihoming is possible, there exists an
equilibrium in which platforms offer the same prices p and all agents make the same participation

decisions as in the game in which agents can only singlehome.

The result in Corollary (S1) appears consistent with the finding in Armstrong and Wright (2007)

that strong product differentiation on both sides of the market implies that agents have no incentive



to multihome when prices are restricted to be non-negative (As argued in that paper, and in other
contexts as well, the assumption that prices must be non-negative can be justified by the fact that
negative prices can create moral hazard and adverse selection problems).

Together, the results in Proposition (S1) and Corollary (S1) imply that, when (a) the stand-
alone valuations of the marginal agents are neither too high nor too low (intermediate s;), (b) the
two platforms are sufficiently differentiated on both sides of the market (so that the equilibrium
prices are sufficiently high) and (c) prices are restricted to be positive, then the equilibrium prices
and participation decisions in the baseline game are also equilibrium allocations in the more general

game where agents can multihome and opt out of the market.
S3. Dynamics under Flexible Prices

In this section, we study duopoly pricing in the same two-period dynamic economy examined in
Section 5.3 in the main text, but assuming the platforms change prices at the same frequency at
which agents revise their beliefs about the distribution of stand-alone valuations in the cross-section
of the population. We continue to denote the period-1 prices by pf, and then denote the period-2
prices in each state § by p¥(6), k = A, B, i = 1,2.

Because there are no switching costs, the period-1 prices naturally coincide with those in the
static benchmark in the main text. Under these prices, the period-1 participation rates expected
by the two platforms are Q% = Eg[A? (9;)] and QF = 1 — Eg[A? (¢;)], where (91,%92) are the unique

solutions to the system of equations given by
5 M (05 | 6 _ B _ A i L L
'Uz_2’Yzsz(Uj ‘Uz)+71—pi — D Za]—1727 j#z

and where the participation rates reflect the assumption that the two platforms share a common
prior, as in Section 5.3 in the main text. [Recall that Af is the true cumulative distribution of
stand-alone differentials on side 7 in state 6, with density )\f].

Next, consider the choice of the period-2 prices. The observation of the period-1 participation
rates reveals to all agents and to the platforms the true state 6. Paralleling the analysis in the
static benchmark in the main text, but observing that, under complete information, Mj; (v; | v;) =
A?(vj) all v;,v; € R, we then have that the period-2 equilibrium prices, piA(O), and the associated

participation rates, ¢/*(6), must satisfy

040
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with the equilibrium thresholds satisfying

of = pP (0) — p () — i (¢F () — ¢11(9)) i, 5 = 1,2, 5 # i.
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Clearly, the period-2 differential in the prices set by the platforms, p? (8) —p{ (), now varies with
the state, reflecting the property that different states feature a different degree of relative appreciation
for the two platforms’ products. Our primary interest is in how the period-1 prices compare to the
average period-2 prices. In what follows, we focus on the case of symmetric competition.

Definition S1. We say that competition is ex-ante symmetric in period two if, based on the
period-1 prior, (a) both platforms expect to set equal prices and enjoy equal participation rates on
each side in period two (that is, E[p2(0)] = E[p?(0)] and E[¢*(0)] = E[¢P(0)] = 1/2,i = 1,2).

When beliefs are consistent with a common prior, as assumed here, the definition amounts to
assuming that the prior distribution over the actual cross-sectional distributions of stand-alone val-
uations is symmetric. Note that this condition is satisfied in the Gaussian model.

It is easy to verify that, when period-2 competition is ex-ante symmetric, the expected period-2
prices must satisfy the following conditions
Af(@?)] o [1 — A7 (%))
PUCH] B PV

Efp(0)] = E [ ] S =ERPO) =12 40

Comparing the expected period-2 prices to their period-1 counterparts (see Corollary 1 in the

main text), we have that

(a[M@) 1 N
Elpi (0)) —pi = (E [A?@f)] T oE W(O)]) 7 BE()] (57
8Mij(0|0)
+’7' ov; _1
TV EN(0)]

where we used the fact that, under a common prior, 1;(0) = E [A?(0)] .

There are three effects that contribute to the difference between the prices that, on average,
the platforms set in period two under complete information and the prices that they set in period
one under dispersed information. The first effect is the change in the (inverse) semi-elasticity of
the stand-alone demand functions. This effect is captured by the first round bracket in (S7) and is
present also in the absence of network effects. This effect originates from the fact that the platforms
learn the exact distribution of the stand-alone valuations in the second period.

The second effect is due to the fact that, under dispersed information, the beliefs of the marginal
agent on each side ¢ differ from the platform’s beliefs. As discussed in the main text, this effect is
only present in the first period, when information is dispersed, and is captured by the second round
bracket in (S7).

The third effect is due to the fact that the adjustment to the side-j’s price necessary to maintain
the side-j’s participation constant when the side-i’s participation changes depends on whether or not

information is dispersed. This effect is captured by the last round bracket in (S7).

11



As discussed in the main text, the sign of the second effect is negative when preferences are
aligned, thus contributing to higher prices in the first than in the second period. The sign of the
other two terms is in general ambiguous. However, there are interesting markets in which all three
effects contribute to lower prices in the second period, as we show next.

Definition S2. When competition is symmetric, information softens competition on side i if

AY(3) |
B [A?(ﬁ?)] = 3B N(0)]

whereas it strengthens it when the inequality is reversed.

Definition S3. The period-1 marginal agents’ beliefs are more concentrated than the platforms’

beliefs around the mean if for all 1,5 = 1,2, j # 1,

‘W%S‘O) >E [Af(@)} .

Definition S3 says that the density of agents from side ¢ who are expected to be indifferent between
the two platforms’ products by an agent from side j who is himself indifferent, 9M;; (0 | 0) /Ov;, is
larger than the density expected by the platforms ex-ante. When competition is symmetric in period
one, E[v;|0] = 0. In this case, the condition says that agents who are indifferent have beliefs that
are more concentrated around the mean than the platforms, a property that appears natural when
the prior is symmetric. In fact, the property always holds under a Gaussian information structure.
More generally the property holds under symmetric competition when platforms’ beliefs are a simple
mean-preserving spread (SMPS) of the marginal agents’ beliefs.?

We then have the following result (the proof follows directly from the arguments above):

Proposition S4. Suppose that competition is symmetric in period one (as defined in the main
text) and is ex-ante symmetric in period two (in the sense of Definition (S1)). Further assume that
the marginal agents’ period-1 beliefs are more concentrated than the platforms’ beliefs around the
mean (in the sense of Definition (S3)). The expected period-2 prices on side i are larger than their
period-1 counterparts if (i) information softens competition (in the sense of Definition (S2)) and
(i) either preferences are misaligned or ~;/v; is small. Conversely, the expected period-2 prices on
side i are lower than their period-1 counterparts if (i) information strengthens competition and (ii)

preferences are aligned and ~y;/v; is large.

The dynamics of expected prices thus combine the dynamics of the inverse semi-elasticities of the

stand-alone valuations with the dynamics of the slopes of the inverse residual demands that originate

3See Diamond and Stiglitz (1974). Under SMPS, M;; (v|0) crosses E [A,? (v)] only once and from below. Given that,
under symmetric competition, M;; (0/0) = 1/2 = E [Af(O)], the slope of M;; (v|0) at zero, dM;; (0]0) /Ov;, must be
higher than the slope of E [A?(v)] at v = 0 which is given by ¢; (0) = E [)\?(0)] .
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from the ability of the two sides to predict the participation decisions on the other side. While, in
general, prices may either increase or decrease over time, the proposition identifies special cases in

which the dynamics of the averages prices can be signed.
S4. Within-Side Network Effects

Consider a market in which agents on one or both sides care not only about the number of
agents joining the platform from the opposite side but also about the number of agents joining from
their own side. For example, advertisers may compete with other advertisers for viewers’ attention;
when this is the case, the payoff that an advertiser derives from joining a platform decreases with
the number of advertisers who also join, which amounts to negative within-side network effects.
When, instead, the platform is a firm producing a new smart-phone operating system, end-users
may benefit not only from a high adoption rate by developers from the opposite side of the market,
but also from other end-users from the same side adopting the same technology, which amounts to
positive within-side network effects.

Such possibilities can be captured by assuming that individual payoffs are given by
UL = vii+mdj +&Gal —pf,  ,j=12,j#i,k=AB,

where the new parameter & € R controls for the intensity of the within-side network effects on side
i = 1,2, and where all other terms are as in the baseline model.

Now let M;; (0|v) denote the measure of agents from side i = 1,2 with differential in stand-
alone valuations smaller than or equal to v, as expected by an agent from side ¢ with differential in
stand-alone valuations equal to v and then let M;(v) = Mj; (v|v) .

Below, we show that, under conditions analogous to Conditions (M) and (Q) in the baseline
model, for any vector of prices there exist a unique continuation equilibrium in threshold strategies.
Such continuation equilibrium is the unique continuation equilibrium when the within-side network
effects are non-negative on both sides, but not necessarily when they are negative on one or both
sides. To be consistent with the analysis in the rest of the paper, in the discussion below, we assume
that, in case there are multiple continuation equilibria, the selected one is the one in threshold
strategies.

Condition (M-C). For any i,j = 1,2, j # i, any v1,v2,v; € R,

e OMji (vjlva) 2, OM; (vi|vip)
vyl vy

Condition (Q-C). For any i,j = 1,2, j # i, any v; € R,

> 0.

v; — 2 Mj; (vjlv;) — 26 M; (v5)

18 strictly increasing in v;. Furthermore, for any vi,ve € R,

% — OM21 (v2]v1) - 51 dM1(’U1)i| |:l — OMi2(v1|v2) _é— dMQ(’UQ)]

< ovy dv 2 Ova dv
N2 M1 (v1|v2) OMa1 (va]or)
(91)1 8’02

13



Paralleling the analysis in the baseline model, we then have the following result:

Proposition S5 Suppose Conditions (M-C) and (Q-C) hold, and competition is symmetric, as
defined in the baseline model. Then there exist scalars 1;(0), i = 1,2, such that beliefs must satisfy
the following conditions: (a) Q¥(0) = 1/2, and (b) |dQ¥(0)/dvi| = ¥;(0), k = A, B, i = 1,2.

Furthermore, equilibrium prices are given by

1 OM;;(0]0) 0M;;(0[0) dM;(0)
) S —— _ Ou — _ Ovi —& dv
o29i(0) Y i(0) ¥i(0) ¥i(0)

k=AB,i=12.

Proof of Proposition S5. The proof is in three steps. Step 1 shows that, under conditions (M-
C) and (Q-C), there exists a unique continuation equilibrium in threshold strategies, for all prices.
Step 2 then shows that, when platforms expect the continuation equilibrium to be in threshold
strategies (which, as explained above, is always the case when & > 0, i = 1,2, for, in this case, the
continuation equilibrium is unique), then the equilibrium prices must satisfy optimality conditions
similar to those in the main text, but augmented by a new term. Finally, Step 3 shows how the
aforementioned optimality conditions yield the formulas in the proposition when competition is
symmetric.

Step 1. We start with the following lemma.

Lemma S2. Suppose Conditions (M-C) and (Q-C) hold. Then, for any vector of prices, there
exist a unique continuation equilibrium in threshold strategies.

Proof of Lemma S2. The proof parallels the one in the baseline model without within-side
network effects. Given the platforms’ prices, each agent [ € [0,1] from each side i = 1,2, chooses
platform B if

vit + vElg? — ¢Mlval + &Ela? — ¢ fva] > pP — pit

and platform A if the above inequality is reversed.
When Condition (Q-C) holds, for any 9; € R, the gross payoff differential

Bi+ i + & — 27iMji (05]0:) — 26 M; (:)

that an agent from side ¢ = 1,2 with differential in stand-alone valuations equal to ©; obtains from
joining platform B relative to joining platform A, when he expects (a) all agents from side j # i to
join platform B when v; > 0; and platform A when v; < ©; and (b) all agents from his own side i
to join platform B when v; > 0; and platform A when v; < ©; is strictly increasing in ¢;. From the
intermediate and implicit function theorems, this means that, given the prices p = (pf, pé“, p?, pQB ),

for any 0; € R, there exists a unique solution 9; = 9;(0;) to the equation

Oy + i + & — 2viMj; (05]0;) — 26 M; (0;) = pP — p, (S8)
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with ¢;(0;) satisfying
OM;i(]0:(95))

ol(0)) = l— . (S9)
(AN 1—2v 3Mji(ngléi(@j)) — 9 dMi(gé(ﬁj))

Note that the denominator in (S9) is strictly positive under Condition (M-C). Next observe that,
under Condition (M-C), any agent from side i with stand-alone differential v; < g;(0;) strictly prefers
joining platform A to joining platform B if he expects (a) all agents from side j # i to follow a
threshold strategy with cut-off equal to 0; and (b) all agents from his own side ¢ to follow a threshold
strategy with cut-off equal to g;(0;). Likewise, any agent from side ¢ with the same expectations as
above but with stand-alone differential v; > 0;(0;) prefers joining platform B to joining platform A.
Next, let
Lj(05) = 05 + 75 + & — 29 Mz (0i(05)195) — 26 M; (0;)
denote the gross payoff differential that an agent from side j = 1,2 derives from joining platform B
relative to joining platform A when he expects (a) all agents from side ¢ # j to join platform B when
v; > 0i(0;) and platform A when v; < ¢;(0;) and (b) all agents from his own side j to join platform

B when v; > v; and platform A when v; < 0. The function L;(?;) is differentiable with derivative

equal to
A OMi; (0i(vi)lvg) oo\ OMij(0i(8)|05) dM; (05)
T(n) —1 — X J J I/ (A, J J J _ . J\"J
;) = 1 - 2y { 2B 5 g O 2, 2
OM;;(0;]0i(05)) OM;;(0:(vj)|v;
L 4,%,7], J (BJv']Q (95)) ](gvg 3)1v5) _9 aMz] (QZ(@J)H)]) _ 2£dM] (@j)
R YU F(CA PG NPT ) T o, 7 dv

Together, Conditions (M-C) and (Q-C) imply that the function L;(?;) is strictly increasing. Because
limy, oo Lj(0j) = —o0o and limy, 100 Lj(9;) = 400, we then have a solution to the equation
Lj(v;) = pf — p]A exists and is unique. This in turn implies that there exists one and only one
solution to the system of equations given by (S8).

Step 2. Now assume agents play threshold strategies (as explained above, this is always the case
when & > 0, ¢ = 1,2). In this case, the demands expected by the two platforms continue to be given

by Q#(?;) and QP (#;) but with the thresholds now solving the indifference conditions
0+ i + & — 29 M (910:) — 26:M; (85) = pf’ — pi’. (S10)

Paralleling the analysis in the baseline model, now suppose that platform B aims at getting on
board @)1 agents from side one and ()2 agents from side two. Given its beliefs, the platform has to

set prices equal to
pP =+ VP(Qi) + i + & — 27 M (VP(Qy) | ViP(Qi)) — 26M; (VP (Q))) -

This means that the slopes of the inverse (residual) demand curves are now given by

o avP@) . M (VEQ) IVE@)) avry . dM; (VP(Q)) dviF(Q)

00, ~ dq, a0, i T @ d0,
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Note that the same conditions that guarantee existence and uniqueness of monotone continuation
equilibria also guarantee that the above demand curves slope downwards, even in the presence of
within-side network effects.

Expressing each platform’s profits as a function of the participation thresholds, and then fixing the
prices offered by the rival firm and differentiating profits with respect to the participation thresholds,
we have that the profit-maximizing prices, expressed as a function of the participation thresholds

they induce, must satisfy the following condition

koo QF(B:) o OMi(9; | %)  QF(%:) o AMi(9) Ak
bi = |dQ; (9)/dv] 2%i J‘%Ji Q% (0:) /dwvs| 26—, Qi (3) (S11)
_ 9 OMi (% | 0)) Qj (85)
VT v [dQF (6:) fdvi)”

i,7=1,2,j#1, k= A, B, where the participation thresholds ©; and 0o are implicitly defined by the
system of equations given by (S10), i = 1, 2.

Step 3. The final step consists in observing that, when competition is symmetric, the participation
thresholds are given by 0; = 0, ¢ = 1, 2. Furthermore, because the two platforms expect the same
participation rates, \IliC (0) =1/2, k = A, B. From (S11), we then have that the equilibrium prices

must satisfy

A ] {1 OM;; (0]0) aMij(om)_(S

M, (0) }

ORI T o v
51 (1 OMu(0]0)  9My(0]0)  OM;(0)
Pe =B (0) {2 L T o 50

Clearly, the terms in curly brackets cannot be equal to zero, for otherwise the platforms’ prices
would be equal to zero and platforms would have a profitable deviations. For the platforms’ prices
to coincide, it must then be that ¥2(0) = ¥2(0) = ¢;(0), i = 1,2. The above results imply that,
when competition is symmetric, the equilibrium prices must satisfy the formulas in the proposition.
Q.E.D.

The pricing formulas in Proposition S5 are qualitatively similar to the one in the baseline model.
The only difference is the last term, which captures the impact on the side-i price of a marginal
variation in the side-i within-side network effects originating from a higher participation by side
i. Interestingly, the impact of this effect on the side-¢ price combines the direct effect of a higher
side-i participation with the variation in the beliefs of the side-i marginal agent about his own side’s
participation. To see this notice that

dM; (0;) OM; (v;]v;) OM; (v;]v;)

R A = AL AL S12
The first term on the right hand side of (S12) is the direct effect of increasing the side-i participation
holding the beliefs of the side-i marginal agent fixed. The second term is the indirect effect of

varying the beliefs of the side-i marginal agent for given participation threshold, and is negative
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when preferences are aligned within side. Clearly, this second effect is present only under dispersed

information. In fact, under complete information,

dM; (v; .
;lv( ) (1)
in which case the equilibrium prices become
P L =& i,j=1,2, j#1i, k=AB
pz - 2)\19(0) 7_7 1y a] - y“ ] 9 - 9 .

Under complete information, whether within-side network effects contribute to higher or lower
equilibrium prices then depends only on the sign of the within-side network effects.

Under dispersed information, instead, whether within-side network effects contribute to higher
or lower equilibrium prices thus depends not only on the sign of the within-side network effects &; (as
under complete information), but also on whether the direct or the indirect effect dominates in the
marginal agents’ beliefs about the distribution of valuations on their own side. In particular, under
dispersed information, within-side network effects contribute to higher equilibrium prices when either
(a) the within-side network externalities are negative (i.e., & < 0) and the direct effects dominate
the indirect effects in the marginal agents’ beliefs about the distribution of valuations on their own
side (i.e., dM; (0) /dv > 0) or (b) the within-side network externalities are positive (i.e., & > 0),
preferences are aligned within sides (i.e., OM; (0;|v;) /Ov; < 0), and the indirect effects dominate
the direct effects in the marginal agents’ beliefs (i.e., dM; (0) /dv < 0). On the contrary, within-
side network effects contribute to lower equilibrium prices when either (c¢) the within-side network
externalities are positive (i.e., §& > 0) and the direct effects in the marginal agents’ beliefs dominate
the indirect effects (i.e., dM; (0) /dv > 0), or (d) the within-side network externalities are negative
(i.e., & < 0), preferences are aligned within side (i.e., OM; (0;|v;) /Ov; < 0) and the indirect effects
dominate the direct effects in the marginal agents’ beliefs (i.e., dM; (0) /dv < 0).

To see why this is the case, suppose that valuations are drawn from a common prior and that
information is Gaussian, as in the previous section. In this case, M;(v) = M;; (v|v) is naturally
increasing in v. Positive within-side network effects then contribute to flatter inverse demands which
in turn contribute to lower equilibrium prices.* As the discussion above clarifies, this conclusion
extends to more general information structures insofar as M;(v) remains increasing in v (meaning
that those agents who are most enthusiastic about a platform’s product are also those who expect
most agents from their own side to have an appreciation lower than their own). When this property
fails to hold, platforms may, instead, raise their equilibrium prices (relative to the benchmark model),
despite within-side network effects being positive on both sides.

We conclude by considering the effect of platform design and information policies on profits,
welfare, and consumer surplus in the presence of within-side network effects. To this purpose,

consider again the Gaussian specification introduced above. As we show in Corollary S2 below,

4The opposite is true when within-side network effects are negative, as in the case of congestion.
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equilibrium prices are then given by

v L AT 102

where ; = p! /1/1 — (p)? captures the ability of the side-i agents to predict participation decisions

/

") /var(v;) denoting the coefficient of lin-

5

by other agents from their own side, with p! = cov(v;,v
ear correlation between the valuations of any pair of agents from side i.° Equilibrium profits and

equilibrium welfare can then be expressed as

I = I —lg [\/1+Q%—Ql]—%§2 [,/1+Qg—92}

and
W* = W* + 26 Pr(vy > 0,0 > 0) + 26Pr(vy > 0,05 > 0),

where II* and W™ are, respectively, equilibrium profits and equilibrium welfare in the absence of

within-side network effects. We then have the following result:

Corollary S2. Suppose information is Gaussian, as in Section 5 in the main text. When within-
side network effects are positive, equilibrium prices are lower than in the benchmark without within-
side network effects. Furthermore, policies that align preferences within sides (formally captured by
increases in §; for given Q and B, i = 1,2) increase profits and welfare but reduce consumer surplus.

The opposite conclusions hold when within-side network effects are negative.

Proof of Corollary S2. When information is Gaussian, an agent with estimated stand alone
differential equal to v; expects any other agent from his own side to have an estimated stand alone

differential v} normally distributed with mean

cov (v}, v;)

Elv}|v;] = var(v:) vi = piv;
and variance
/ / i)2 1 —(p})?
var(vilv;) = var(v;)(1 — (p},)*) = T
7

where

i cov(v,vl)  cov(v,vf) B

Pv= var(v;)var(v) var(v;) B+ ¢
with (87) 7" = &7 + (1= 6:)* + 26,(1 — &) po.-
Letting

%

Y
V1= ()?

SFormally speaking, the ability of the side-i agents to predict participation decisions by agents from their own side

is captured by |Q;|. However, because2; > 0, we do not need to distinguish between Q; and |Q;].
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we then have that

M;(v) = Pr(v} < vlo; =v) = (W) =2 <‘/ﬁ7” [m_ QD

and hence 40, (0)
d’v = /Br#(0) [\/1 + Q2 —QZ} :

Replacing the latter into the formula for the equilibrium prices and using the fact that ;(0) =
VBY9(0), OMj; (0| 0) JOv; = —Q4/BY(0), and OM;; (0| 0) /Ov; = V14 Q2,/5Y¢(0), we have that

the equilibrium prices are given by

w_ L A6 10—
D; _2\/57¢(0) YV 1+ Q%+ 9,0 51[ 1+ € QZ].

Each platform equilibrium profits are then equal to

T = I+ 36 [ — VI 0] + 46 [ - VI ]

where

- llf | (71 +72) [Q—\/Hm}

are the equilibrium profits in the benchmark without within-side network effects.

Likewise, steps similar to those that lead to the formula for equilibrium welfare in the absence
of within-side network effects imply that equilibrium welfare in the presence of within-side network

effects is equal to
W** = W* 4+ 26 Pr(vy > 0,9 > 0) + 2&Pr(vy > 0,05 > 0)
where

W* = 3T E[Vi'l(vy < 0)+ ViPI(vg > 0)]
i=1,2

+2(71 + 72)Pr(v1 > 0,v2 > 0)

is equilibrium welfare in the absence of within-side network effects and

1

Pr(v; > 0,v; > 0) = 1

sy U —

+ ¢%(0)arcsin(p’), i=1,2.

Consider now the marginal effect on profits, total welfare, and consumer surplus of the same policies
discussed in the baseline model.

The effect of the policies discussed in the Corollary on profits, welfare, and consumer surplus can
then be read from the above formulas along with the formulas that relate €2 and €; to the primitive

parameters. Q.E.D.
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The effect of policies aligning preferences within sides is thus similar to the effect of the policies
examined in the previous section. The only difference is that preferences are always aligned within
sides.

What is perhaps more interesting is the effect of policies that affect both the agents’ ability to
predict participation decisions from agents on the opposite side as well as from agents on their own
side. Consider, for example, the promotion of forums, blogs, and other information policies that shift
the agents’ attention towards platform dimensions of interest primarily to agents from the opposite
side, possibly at the expenses of dimensions of interest primarily to agents from their own side. An
example of such policy is the promotion of blogs that attract agents from both sides as opposed to
specialized blogs that target agents only from one side.

When within-side network effects are positive and preferences are aligned across sides (§; > 0,
i =1,2, and p, > 0) such policies increase the agents’ ability to predict participation decisions from
the opposite side but reduce their ability to predict participation decisions from agents on their own
side (formally, 2 increases but 2; decreases). In this case, within-side network externalities reduce
the positive effect of such policies on profits and welfare as well as the negative effect of such policies
on consumer surplus.

When, instead, within-side network effects are positive but preferences are misaligned across sides
(& >0,7=1,2, and p, < 0), such policies always increase the agents’ ability to predict participation
decisions by agents on their own side, but have ambiguous effects on the agents’ ability to predict

participation decisions from the opposite side.

S6. Gaussian economies

The following family of Gaussian economies is an example of a class of economies satisfying the
various conditions in Section 5.1 in the main text.
The aggregate state 8 = (61, 62) is drawn from a bi-variate Gaussian distribution with zero mean

and variance-covariance matrix

68" i
Lo (BG)
N

Each individual true stand-alone differential is given by V;; = k;[0; + €;] , whereas each agent’s

information is summarized in the uni-dimensional statistics z; = 0;6; + (1 — 9;)0; +1;;, where 6; and
Jdo are positive scalars, and where each pair (;;,7;;) is drawn independently from 6 and independently
across all agents from a bi-variate Gaussian distribution with mean (0,0) and variance-covariance

matrix

e\—1 i
)

L ()7

with the parameter p; > 0 denoting the coefficient of linear correlation between €;; and ;.
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Next observe that, in this economy, each individual estimated stand-alone differential is equal to

vy = E Vi | zy] = rizy, with

1 ;
& (B7) + (1~ 51)7% + /—gzyﬁf 0

varleal g a0 () (8D 20— 0

_covlVi,zy)

To see how 37 and 2 depend on the primitive parameters, then let
wi = 6;0; + (1 - 51)9]

i = 1,2, and observe that, ex-ante, the pair w = (w;, w2) is drawn from a bivariate Normal distribution

with mean (0,0) and variance-covariance matrix

w)—1 w
(/81) \/ETTEU

Ew: e (Bw)_l
Vorss 2
where . .
B =02 (8) (-6 (8])  +2si(1—6) 2 2)
()" a7 () yr
and

Po :cov(wl,w2):(5i(1—5j)(Bf>_1+(1—5i)6j(ﬁ?>_1+[5¢5j+(1—5i)(1—5j)] PO (3)

BV S \/ BYBS

From an ex-ante perspective, the distribution of estimated stand-alone differentials on each side

i = 1,2 is thus Normal with mean 0 and variance-covariance matrix

vy—1 Pu
Pv vy—1
Vo ()

~~

where
B =k B+ (BD]

and
Pw

_ cov(xy, x2) _ /B Bg
Vvar(zivar(za)  /((87) 1+ (B)) 1) ((B5) =1 + (8) 1)

The coeflicient of mutual forecastibility can then be expressed as a function of the primitive param-

Pu

eters as follows:

Pw

0 Pv _ VBT B3 (4)
V1= p? 2
\/ (8971 + B (35)1+ 3 - (e )
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Finally, observe that the normalization in the main text is obtained by letting the various pa-
rameters be such that x; = 1.

The above specification has the advantage of being tractable, while at the same time rich enough
to capture a variety of situations.

The pure common-value case where all agents from side ¢ have identical stand-alone valuations
for the two platforms but different information about the stand-alone differential is captured as
the limit in which 8§ — oo, in which case, almost surely, Vj; = k;0; all [ € [0,1]. The parameter
ﬁf is then a measure of differentiation between the two platforms, as perceived by side i. Letting
ﬁf = Bg and pg = 1 while allowing (3] # 3 then permits us to capture situations where the quality
differential between the two platforms is the same on both sides, but where one side may have
superior information than the other. Letting k; = 0 in turn permits one to capture situations where
agents on side ¢ do not care about the intrinsic quality differential between the two platforms but
nonetheless possess information about the distribution of preferences on the opposite side (as in the
case of advertisers who choose which media platform to place ads on entirely on the basis of their
expectation of the platform’s ability to attract readers and viewers from the opposite side).

More generally, allowing the correlation coefficient py to be different from one permits one to
capture situations where the quality differential between the two platforms differs across the two
sides (including situations where it is potentially negatively correlated), as well as situations where
one side may be able to perfectly predict the behavior of each agent from that side but not the
behavior of agents from the opposite side (which corresponds to the limit in which 3] — o).

The model can also capture situations in which different users from the same side have different
preferences for the two platforms. This amounts to letting the variance of g; be strictly positive
or, equivalently, 8 < co. Depending on the degree of correlation p; between €; and 7;;, agents may
then possess more or less accurate information about their own stand-alone valuations. For example,
the case where each agent perfectly knows his own valuations but is imperfectly informed about the
valuations of other agents (from either side) is captured as the limit in which §; — 1 and p; — 1.
The extreme case of independent private values then corresponds to the limit in which 51-9 — 00 and
B < oo.

Finally, the scalars §; control for the “nature” of the agents’ information, that is, the extent to
which their information correlates with the information possessed by the agents from the opposite

side, for given distribution of true stand-alone valuations.
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