SUPPLEMENT TO ”A GEOMETRIC APPROACH TO INFERENCE IN
SET-IDENTIFIED ENTRY GAMES”

by Christian BONTEMPS and Rohit KUMAR

Supplementary Appendix

This Supplementary Appendix contains the proofs and the algorithms of the paper ” A Geometric
Approach to Inference in Set-Identified Entry Games”.?Y The three player example is detailed and

some additional Monte Carlo simulations are provided.

A.1 Proof of Proposition 1

First, observe that, by a revealed preference argument, the region of £ that corresponds to an

outcome yJ(»K) = (aj1,...,a;n)" with K active firms in equilibrium is included in the region:

(K)\ . . g < —51' — KO[Z' if aji; = 0
R(yj ) - {5_(81"“’81\[) ' E; > —ﬁz—(K—l)az if amzl '
Following the last result, we show that there is no region of € which predicts two outcomes with

different numbers of active firms. Let y(K

; ) and yj(.,K,) two outcomes with K < K’. There is at least

one firm ¢ which is not active in the first case and active in the second case , i.e., a;; = 0 for yj( )

and 1 for yJ(K/). The necessary conditions above imply that the profit shock for this firm is less or
equal to —f; — K, in the first case and strictly above —f; — (K’ — 1)ay; > —f; — K«y;, in the second
case. Consequently, there is no intersection between R(yJ(K)) and R(y](»,Kl)).

Now, assume, without loss of generality, that S = {y](LK), e ,yﬁnK)} is a collection of outcomes
in multiplicity. We first characterize the region of € that generates this set of outcomes. First, we
define three subsets of {1,..., N}. Ny is the set of indices for which the action of player i is 0 for all
outcomes in S, and V; is the set of indices i for which the action of player ¢ is 1 for all outcomes in S.
The remaining set Ny corresponds to the players who play actions 0 or 1 across the outcomes of S.

Without loss of generality, we assume that No = {1,2,...,n9}, Ny ={no+1,n0+2,..., 10+ n1},
and Ny = {ng +mny +1,..., N}. We now prove that RéK)(H), the region of ¢ that predicts all
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outcomes in S, is defined as follows:

€1 €1§—6Z—(K—1)O./7, ZS’I’LO
R(SK)(G): €= : : g >—0i— K-« ng < i< mg+mn
EN —Bi—(K-1)- ;<< -3i—-K- o 1> no+ny

First, take € in the region defined by the right hand side. Each firm 1 to ng is only profitable when
it has K — 2 competitors, each firm ng+ 1 to ng + n; is profitable with K competitors, and each of
the remaining firms is profitable with K — 1 competitors. In a situation with complete information,

firms ng + 1 to ng + ny enter the market, firms 1 to ng do not enter, and K — n; firms out of the

N—ng—n1

Keny ) possibilities.

last ng = N — ng — n; enter. There are therefore (
Conversely, consider ¢ in Rg{)(@), i.e. assume that there is a region which predicts all the

outcomes in S as possible equilibria. Obviously, this region is contained in m R(y](.K)). If, for
1<j<m
i < ng, one of the profit shocks ¢; were between —3; — (K —1)-a; and —f3; — K - i, the corresponding

firms could enter to replace one of the last n, firms, which is in contradiction with the fact that the
model predicts all the outcomes in S only. Thus, in fact, e; < —f; — (K — 1) - ay, i < ng. Similarly,

g > —0; — K -« for ng < i < ng+ ny. This proves the reverse inclusion. The cardinality of S is

therefore (N ;gf’n_l”l) .

A.2 Proof of Proposition 2

Following Proposition 1, any set S = {y%K), . ,yﬁnK)} of outcomes in multiplicity is such that there

are ng firms that never enter, ny firms that always enter and ny = N — ng — ny that enter in some
outcomes and do not in others, with there being in total K — n; entering among these ng firms for
each outcome (thus, ng > K —nq). Obviously, ny < K —1 because S contains at least two different
outcomes. There are (TJLV1 ) choices for these n; firms. Among the remaining N — ny, ng never enter

. N—
and ny, = N — ng — nq “switch” across outcomes. For each value of ng, there are ( nonl)

choices for
each choice of the ny firms. As ny, > K —nq + 1, ng is therefore bounded above by N — K — 1. The
number of multiple equilibria regions is equal to:
K—1N-K-1
N N — ni
s= 2 ().

1=0 ng=

S
o
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A.3 Proof of Proposition 3

The convexity of the set A(6) can be easily proved from the expression of the P (6 n)’s in Equation
(3) for any K = 0,...,N and any j = 1,...,dg. Let X € [0,1], n:(-) and n2(-) two selection
mechanisms and P, = P(6,n,) and P, = P(6,1,), two vectors of choice probabilities. First, n(-) =
A (+) + (1 — Mne(+) is also a selection mechanism. Second, for any K = 0,..., N and any j =
1, dx,

PS(0.0) = B0, 3+ (1= M) = AP0, m) + (1= NP (0,mo).

Consequently, P(6,1n) = AP, + (1 — ) P».
For the cartesian product, consider two different £; and &5 in ngKl) (#) and Rg,ﬁ) (0), for K # Ko;
the equilibrium selection mechanism is equal to zero when y € Vg, and € = €5 or when y € Vg,

and € = ¢;.

A.4 Proof of Proposition 4

We introduce some useful additional notation. For any S € S and any j < dg, we define

( ngK)(g)n(yj('K)|€ Q)dF(5§0)
Y N f,R(K) dF E «9)

and set u;(S) = 0 when S ¢ S®). Note that for all j such that y §é S, uj(S) = 0 because a ¢ in

RgK)(Q) does not predict yj ) as a potential outcome. By construction, 0 < u;(S) <1 and

> u(8) =1

Jl yj(-K)GS

for any S € SH). We also define the possibility set for u;(S), j =1,...,dk as

U (8) = ui(S) € 0;1],5 =1,...,dk, such that Z uj(S) =1 and u;(S) =0, if y(K) ¢S,

(K)

jly; - es

U = {UH(9),8 e ST}
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Based on this additional notation, we can define the set By (6) as

By(9) = { PH . P& = A g) 4 S i (5)A5Y(0), wi(5) e U(S),i=1,...,dk, S € ST

Following the definition of the support function:
0 (qx; Bi(0)) = sup g P™
P(K)EBK(G)

di

di
= kA0 + sup D gk D wi(S)AFY(0)
j=1

uj(S)EU(K) j=1

dx

di
= kA0 + sup D lax Y wi(S)ALY ()
j=1

Uj(S)EM(K) j=1

The last equality (the sum is indexed by S € S instead of S € Sj(.K)) is true because u;(S) is
equal to zero when S ¢ Sj(.K)
Consequently,

di dr
sup D (@ D wSALO) | = s H7 AT) (qu,f«um)

Ses) SesK)
di
= Z A sup (qu,Kuj(S)>
SesK) JOEUIO(S) \j=1
= A max ¢jx
S;K) <J|y(K)€S

Thus,
K
6 (¢; Bre(0 Z ¢, AV (0) + > A (0) max gj,x
SeS(K) J|yj €s
We can therefore reorder according to the new partition (’)g(), Og(), ce (’)Z(dKK)
di
5 (q; B (0 Z GrAO O+ a g Y AF0)
=1 Se0l)
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A.5 Proof of Proposition 6

We only need to prove the following result:
VK € {O, 1,2,..., N}, VQK € QK, qIT(P(SK) < (5*((]}(, BK(H)) — Vq € RQN, qTPO < (5*(q, A(Q))
Let gk be a direction of R% and assume that its components are ranked in the following order

Qis, K 2 QigK 2 -+ 2 Qig, K-

o K) (K K K
Let the dg directions of R4, eg ), e! -),..., e , e , where the components are
1 11,52 11,0250 50d e —17 81582500 50d g

equal to 1 when the indices are subscripts of e) and 0 otherwise. Obviously, these directions

belong to Qx.2! We can write qx as a function of these directions with non-negative weights:

(K)

K K K
ax = (G, x — Qig,K)egl )+ (Gin. K — Qi ;)€ 4y oo+ (QidK,l,K - deK,K)e( ) (%)

i17i27-"7id[{—1 + qidK’Kelvzr'de'

Assume that the inequalities c][T(PO(K) < 0*(Gi; Bk (0)) are satisfied for any direction ¢x € Q.
We have:

K K K K K K K
Gk P = (4iy i — 4ia1) () TP 4 (@i e — i) (el D) TR+t iy (el TR (A2)
< (@i — Qiai)0™ (e Bic(0)) + (a1 — Gii)0™ (€51 003 Bic(0)) + ..+ qiy, 87 (ely) 4 3 Bie(6))
(A.3)
< 6 (@i — diak)er)s Bi(0)) + 6" ((dini¢ — dia,K)Er 0y B (8)) + ..+ 6 (ai,. icels) 43 Bic(6))
(A.4)
< 6" ((gi.x — qz'Q,K)eg() + (Qiy, ;x — Qig,K)eEf?Q +. g, ,Kefé?m,dK; Bk (0)) = 6" (ar; Bk (0))
(A.5)

Inequality (A.3) comes from the fact that the directions eff“ belong to Q; inequality (A.4) holds

because the support function is positive homogeneous; inequality (A.5) is due to the subadditivity

of the support function. Consequently:

N N
K * *
¢"Po=> ai P <Y 6" (axs B () = 0" (q; A(0))
K=0 K=0
21OQbserve that egfi)z ..... iaye = eig?...,d,(-
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A.6 Proof of Proposition 7

Note that Vg is well connected (the empty set is connected). Thus, Yk € Qg for K =0,1,..., N.

If the inequality holds for all well-connected subsets, then

P(Vk) < L(Vk) (A.6)

However, we also know that

LYk UYVk)=L(Vk)+ L VK)

because I'y, is a component of I'y, i.e., there is no multiplicity between Vg and YVg/. As L()) = 1,

we have

Z L(Vk) =1 (A7)

K=0
From Equations (A.6) and (A.7), we have

P(Vk)=1-Y PV

iAK

>1-Y L) =L(x),

i#K
where the second line uses Inequality (A.6) and the last equality comes from (A.7). Finally, we

have

PVk) = LVk), (A.8)

for K =0,1,...,N.
e We first show that if the inequality holds for all well connected subset, then for any subset C' C ),
P(C) < L(O).

Assume that C = UY_,Ck, where Cx C V. Following Corollary 9, £(C) = S x_, L(Ck).
Thus, if the inequality holds for each Ck, then it clearly holds for C'. Without loss of generality,
we now assume that there is one K such that C' C Vg.

If C is not well connected, then Vg \ C is not connected in I'y,\c. Therefore, Vi \ C' is a disjoint

union of p components {W;}!_; of the graph I'y,\¢. Define, for each i in 1,...,p

Bl:CUW1UUW1,1UVVZ+1UUWp
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Yi\B; = W; is connected in I'y\p, = I'w, because W; is a component of the graph 'y, \¢. B; is

therefore well connected, and thus, B; € Q. Therefore, by definition,
P(B;) < L(By).
We can now impose a lower bound on P(W;) using P(W;) + P(B;) = P(Vk).
P(W;) > L(Vk) — L(By),

because P(Vx) = L(Vk) from Equation (A.8) and the inequality above.
We can now impose an upper bound on P(C'):

P(C) = P(yK) - P(yK\C)

k

= P(yK) - ZP(VVz)

<L) = [£x) — L(By)]

i=1
We finally prove that the last term is £(C'). For each i, following the definition of the Choquet
capacity, L(YVk) — L(B;) is the sum of probabilities of the unique regions of outcomes of W; and
multiplicity regions only involving outcomes of W;. Since W; is not connected to W; in I'y,\¢,

Y [£(Vk)—L(B;)] is the probability of the unique region of outcomes of Vi \C' and multiplicities
only involving outcomes of Vi \C. Hence, L(Vi)— >0, [£(Vk)—L(B;)] is the sum of probabilities
of unique regions of outcomes in C' and multiplicity regions involving only outcomes in C. This is
L(C). We therefore have

P(C) < L(C).

e We now prove that if a well-connected subset B of Vi is not part of Qx, we can define a DGP
where all inequalities P(C') < £(C') hold except in B, thus violating the assumption that €2 is core
determining for L.

Assume that there are p elements in B, yi,...,y,. We omit in the proof the superscript (K)
for ease of exposition. For a given € > 0, we consider the following probability outcome. It is an
outcome in which we reallocate some of the predictions in the multiple equilibria regions from the

first outcome y; and y,41 to the p — 1 outcomes v, ..., Y.
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P(y1) = L(y1) — (p — 2)e
P(y2) = L{y1,y2}) — L(y1) + €

Plyp—1) = LEy, - vp—1}) = L{w1s - yp2}) +€
Plyp) = LHy1, - p}) = LAY - Yp1}) €

P(yp+1) = LUHy1s - Yprr}) = LHY1, -+ Yp}) — €
P(ypr2) = LHy1s - Ypr2}) — LUy, -5 Ypra })

Pypye) = LEy1s - Yve}) — LHy1s -5 Ypyg 1))

Our goal is to show that the inequalities P(C') < £L(C') are satisfied for all elements of Vi but B for
some adequate choice of ¢.

First, note that the violation of the inequality for B is obvious because:
p
P(B) =) P(y)
i=1

= Z [L({yl, ooy = LHy, -y )) 6] + L(y1) — (p—2)e

=L{y1, - up)) +e
=L(B)+¢

Now, we show that no other inequality is violated for this constructed probability under some

condition on €.

(i) Find r such that yo,...,y. € B are directly connected to y; in the graph I'y, (this is pos-
sible because I'y,. is connected). ya,..., ¥, can be divided into two subgroups: the subgroup
Y2,...,Yr, of elements such that each element of y,41,...,y, is directly connected to some

element of this subgroup and subgroup %14, ..., ¥, which is not connected to any element
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from yi4,,...,y, as shown in Figure 2. Note that y»,...,y,, and y14,,,...,y, may have some
connections. Henceforth, we assume that » > ry. It is easy to adapt the proof to the case in
which r = r;. Note further that it may be the case that some elements of y,41,...,y, are not
directly connected to any element of yo, ..., y,,. As B is well connected, they are connected to
some elements of y,11,...,y,, and we can also adapt the proof to this case by adding a layer

on our tree, as shown in the right part of Figure 2. We assume henceforth that this is not the

case, but again, the proof is similar.

T

y1+r37 cee 7yp

Figure 2: Construction of a tree from elements of B starting from y; and an additional layer in the
tree if all y14,,...,y, may not be connected directly to some element s, ..., y14s,.

(i) If S contains yy, it is easy to prove that P(S) < L£(S) because we simply subtract some ¢.

(iii) We have to prove it now for the subset S that does not contain ;.

Let 2z be an element of {ys, ...,y }, 23 be an element of {y1,,,...,y,} and z4 be an element
of {y14r,...,yp}. First, y; and 2, are connected. This means that there is at least one region of
multiple equilibria that predicts y; and 2z among other outcomes. We call Ay the area of this
region. Obviously, we have Ay > 0. Similarly, we have L({y1,22}) < L({y1}) + L({z2}) — A
because A is counted in both £({y:1}) and £({z2}) (and there may be other regions of multiple
equilibria than the one considered here that predict these outcomes). We do the same for 1,

and z3 with Az and the same for z; and one element of {ys, ...,y } that we call 2} with A,.
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zh may be z; or not. The construction is described in Figure 3.
(a) We have
P(z) < L({22}) — Ag + €.

If 25 = ys, the inequality expressed above yields the following:

P({y2}) = LHw1,p2}) — LHwn}) + €
< LHy}) + LHye)) — Do — L(y) + ¢

If 2o = y3, we can prove it similarly:

P(ys) = L({y1,y2,y3}) — L{y1,92}) +¢
< L{y1,92}) + L{ys}) — Ao — L1, 42}) + €.

and so forth (the last inequality holds because there is at least the region of area A, in
multiplicity between zo = y3 and y; € {y1,y2}).

(b) Similarly, P(z3) < L({z3}) — As + e and P(zy) < L({z1}) —As+ ¢

(c) Again P(29, 23) < L({22, 23}) —min(Ag, Az) +2¢, P(23,24) < L({23,24}) —min(Ag, Ay) +
2e, P(29, 24) < L({29, 24})—min(Ag, Ay)+2¢ and P29, 23, 24) < L({29, 23, 24})—min(Ag, Ag, Ay)+
3e.

(d) Therefore, if 3¢ < mine(a 343 A, then P(S) < L(S) for every S C {2z, 23, 24}.

It is straightforward to extend the argument for any subset that contains elements of the type

(29, 23, 24). We need to choose € such that (p — 1)e < mingcgx) A(SK)(Q).

We therefore have P(S) < L(S) for every S C B.

AsP(S) < L(S) for every S C B, it is easy to see that this is also satisfies for any union SUC,
where C' C Vi \B. We still have to prove that the inequalities P(S) < L£(S) are satisfied for
S = BUC, where C' C Vi \B. We will build a similar tree for Vi \B. Select y,41 € Vx\B. If
C' contains y,1, checking the inequality is straightforward. Now, we have to prove this when

C' does not contain y,1. The proof is similar to that above.
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(v) Find s such that y,, is directly connected to each yp1o,...,ys € Vi \B in graph I'y,\ g (this is
possible because Vi \ B is connected in I'y,\B). Yp+2, - - -, Ys can be divided into two subgroups:
the subgroup y,9, ..., ys, such that each outcome ¥y, ..., yq, is directly connected to some
element of this subgroup and the subgroup yi4s,, ..., ys, which is not connected to any element
from Y14, ..., Y4, Note further that not all y14, ..., ¥y, may be connected directly to some
element ¥y, 9,...,ys,, but if not, then we will only have an additional layer in the tree, and
the proof can easily be modified to any additional layer. Two alternative, simplified trees are
also built similar to the construction above (see Figure 4). If ¢ < ming g A(SK)(Q), a similar

argument to that above proves that the inequalities are satisfied for any C'.

Y1 N
22 23 2 @ O 22 23
Ay Ay \“
24 & 2

Figure 3: Two simplified trees.

Yk+1 Yp+1

As Ag As Ag
\
‘\
Ay Ay Y
\
\
<7 & 27

Figure 4: Construction of a tree from elements of Vi \ B starting from y,1 and two simplified trees.
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A.7 Constructing the Core Determining Class

Proposition 7 permits to build an algorithm to construct the core determining class. The algorithm

is decomposed in four steps:

1. First, we collect the subsets B C Yx such that B is not connected in I'g. We call this

collection Dy

2. Second, we define D}, = {Vx\C : C € Dk}, which is the collection of non well connected
subsets of Vi. As a matter of fact, for any B € Dj,, there exists C' € D, such that B = Y \C

and C', due to the first step, is not connected in I'c.
3. Third, we define Qx = P*(Vk)\Dj;, which gathers all well connected subsets of V.
4. Finally, we define 2 = {QK K =1,... ,N}, the well connected subsets of ).

A.7.1 The algorithm details of the first step.

The first step is the one which needs more details.

Find Dy = {B C Vi : B is not connected in FB}. For simplification, we denote by P*(C),
for any set C', the collection of all non empty subsets of C' and by an abuse of notation P*(C),
for any collection of sets C, the collection of P*(C) for all the elements of C. We also define the

concatenation @ of two collections C' and B is defined as

CGBB:CEUC{cUb:beB}

For example,

{5 {8 o ({3 (ot} ) = L™ o™ s o™ o™ (8™ 8™ % (8™ i3}

We denote by S (h), the elements of S with h outcomes. The intuition behind the algorithm
is to start from the pairs which are not in multiple equilibria and to extend the sequence by

sequentially increasing the set with &k tuples k increasing from 3 to d.
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e For any 7, consider the set C’](K) of outcomes which are not in multiple equilibria with yj(.K)

and call Cf ") the union of {y§K)} and C’](K). We now prove that C; ™) is the largest subset

of Vg such that yj(K) is an isolated node in the graph generated by itself.

Proof. If yj(.K) would be connected to one another node in the graph generated by C;r(k), there

Z-(lK), o ,ygj) € C’J(»K) such that y(-K)’yi(lK), o ,ygj) are in multiplicity.

would exist outcomes y i

Following the characterization of the multiple equilibria in Proposition 1, we define the values
ny of indices where firms always play 1 across all the outcomes, ng the indices of the firms which

always play 0, and n, the indices of firms which switch. The series of outcomes gathering all the

possible switching values, there exist at least one outcome yi(f) among yﬁlK), e ,yg:) € C'J(K)

which differentiate from yj(K) only from two switcher firms, one switching from 0 to 1 and

,g(). This is in contradiction with the

definition of C’,S,K) which collects all outcomes which can’t be in multiplicity with y](.K).

one switching from 1 to 0 when going from y](.K) to y

There y(-K)

;7 1s isolated in C’;r(k) and any other outcome outside this set being in multiple

equilibria with y(-K) can’t be added to this set. m

J
Therefore, we initialize our construction of the set Dk by collecting across j all subsets of Vg

which contain y(K

) (K),
; and any part of €}

di
Sia = {u¥ P (i)},
j=1
e Now, we extend the construction. We first consider any pair {yl-(K), yj(-K)} in multiplicity. We
can show that C' = {yZ(K), y](-K)} U {Ci(K) N CJ(-K)}, is not connected in I'c. The proof is similar

than above. We can therefore augment Si ; by all the possible combinations of the previous

type:

Sk2 = Sk U U {0 e P (¢ nci) ]
ig st @y yresk @) and cOnci 0

e and so on, with triples, ...until h = d.
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Skn=Skp1U U a® P* ﬂ C’

(K) ¢,
{aep*(smh))\w<sK<h—1>>: N, , 0, cj.K#@} e
o

Now Sk 4, = Dk. Take any set B not connected in I'g. There exists a component C' of B in

['p. Define ny, ng and n, like above (see Proposition 1), this set is picked in step h = (K n1)

A.7.2 The Core Determining Class for N =4
We now apply the previous construction for the entry game with four players. First, for K # 2,

any subset of Vg is in the core determining class because all series of outcomes are in multiplicity.

Therefore, we only detail the case K = 2. There are six outcomes in Bs(f).

y§2) = (17 L, 070)T7
y£2) = (170’ 1’0)1"
yy) = (1,0,0.)7,
yf) = (07 11, O)Ta
yé2) = (07 1,0, 1)Ta
us) = (0,0,1,1)7

First, we apply proposition 1 to find all the elements of S the outcomes in multiple equilibria

2)2{{y§2),y2 } {91 71132)} {3/1 ,94 } {yl v?/ } {yz >?J3 } {1152),% } {92 71162)} {313 »3/5)}’

{y3 ayﬁ }{y4 7y52)} {3/4 796 } {y5 7y } {3/1 »?Jz ’y32)} {yl 7y2 7y4 } {yl ’y3 ’y5 }’
R RN SR (T S S o B (7 S ST o B (7 VB ol SR 7 ST o
BT AR R SRV

(2

e It happens that, for any j, y; ) and y§2_)J are never in multiplicity. So, following our algorithm,

we have

So1 = LGJ {yg(‘2) o P (yg)])}

7j=1

{{y1 O A Y o }}‘
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e For h = 2, there is no pair {yZ@), y§2)} in S (2) such that {C’Z@) N Cj@)} £,

For h = 3, this is the same ; there is no 3-tuple {yz@), yj(?),yl@)} in S®(3) such that {Ci(z)
2 2
P ne?) £0.

e For h =4 or 5, there is no element in S (h).

Finally for h = 6, there is only one element, {y1 Yo ), yé ), yfl ), yé2), Yo } But the intersection

of the C]( ) for all these elements is empty.

Therefore
{{y1 R R T VR SR N }}

and

D* {{yl 7y6 } {y;2)7y5 } {y3 79(2)}\D,D€D2},

{{yz T N S SR LT NN ST SN SR L ,y22),y§2),yé)}}-

Among all the non empty subparts of )», i.e. 63 sets, only 3 are not in the core determining class.

For example, Figure 5 draws the graph (V{ D 4 42 ) {y@ @ @ (2)} ) from the knowledge

Y Y
of Sy (there is no link between y3 ) and y4 ) because they don’t occur in multiplicity involving only

outcomes {y3 ,yf),yé ),yé )}) This graph is clearly connected, so {yl ,y2 } is well connected

and is part of the core determining class. A contrario, {y3 ,y4 } is not connected in I’ 2 P
Y3 Y4

because these outcomes are not in multiplicity. Therefore {y§2), yf), yé ), Ys } is not well connected

and is not part of the core determining class.
Figure 5: Graph (V{y@) (2)’%2)71}&2)},E{y(z)yyf) @) (2)} ) from the multiplicity.
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The core determining class is

{21 21 83 0 1 ) (w1 o ) (o 1 008 ()
{y§2)7y32)} {y§2)ay42)} {yég)ay;)} {yé2)7y62)} {y§2)7y42)} {y:gZ)?sz)} {y§2)7y62)} {yf)’y;)} {yf)’yGQ)}

T S SR (T IV DY b U0 (71 BT )l U PV BT VIl SR 11wV Y Sl R CT a7 Bl O (T T o

T T U P I I S PRI ST S S PT iey S S P 7y§2)7y42)} {y$ 7y§2)7y02)} (v 7y§2)7y62)}

s ,y§2)7y52)} {2,952 2 {682y ,y§2)7y52)} {2,952 02 {68 P {y?, o8y

{4 ,yg R T SR I PP T I S SR T o ,yg RIS PN Y Tl U TV STl

{91 ay3 7y§ﬂ7y;)} {91 7y§®7y5 7y§)} {y§@7y4 >y5 7y;n} {y;n,y3),y£),y6 } {y2 ,yg),y?)7ygn}

(v ,y4 2y g sy, o 7y62)} {y?),yg sy ,ys }{yf),yg s ,yf),y(z)}

{2,452 457y ,y(f)} T ) I Y SR N P BT ) SIPT S Sl  F ST ) SR Sl

{yl ay2 ay§2)7y4 7y5 7y2)}}

A.8 The geometric selection procedure

The geometric selection procedure consists in, first determining the local extreme point and, then,
deriving the supporting hyperplanes at this extreme point. We adopt the convention of ey, ;, ..

Skl

is the vector where the component i; is 1 if s; = +1 and -1 if s5; = —1.

Determining the local extreme point The procedure to determine the local extreme point is

the following:
(1) Pick K and select the subvector PO(K). This is a vector in a space of dimension d.

(2) For each component i, i = 1,...,dg, calculate the support function in direction e; and
e_;. Calculate the width in direction e;, i.e. D; = §*(e;; Bk(0)) + 6*(e—;; Bk (0)). Cal-
culate the distance to the center point of the cube along the axis of component i: z; =

{ TpiF 6*(eZ,BK(€))—|—%}.

(3) Pick the coordinate i, of the highest values of |z;|. If it is x;, > 0, 41 is the highest index of the
local extreme point, i.e. the local vertex is related to the order ¢;7...7 where the remaining
indices need to be found ; otherwise 7; is the lowest index, i.e. the local vertex is related to

the order 7...7%;.

Supplementary Appendix - page 16



P

(a) Assume x;; > 0. Pick e;,, and construct the orthogonal projection of PéK), i

, onto
the facet F},, x;, = 0*(e;; Bk(0)). Then restart Step 2 with now the second index, 7'.
For each ¢’ # iy, take e;, » and e;, _y. Compute the width of the intersection of the facet

and the set Bg(0):
Diy i = 0" (eiy 5 B (0)) — 6% (eiy; B (0)) + 0% (eiy, 5 B (0)) — 07 (e, B (6))-

Calculate the distance to the center of the new cube which contains this intersection:

D;,
Tiy 0 = (ez—'[,i’Pi(lK) — 0% (e, 3 B (0)) + Tl) :
Pick the coordinate iy of the highest values of |z;, i|.

(b) If now z;, <0. Pick e;,, and construct the orthogonal projection of PéK), Pi(lK), onto the
facet F_;, x;; = —6"(e_i,;; Bk(0)). Then restart Step 2 with now the second index, 7.
For each i’ # i, take e_;, » and e_;, . Compute the width of the intersection of the

facet and the set By (6):
D_ i = 6"(e—iy; Bx(0)) — 0" (e—iy; Bk (0)) + 6" (e—iy,—; B (0)) — 0" (e_i,; Bk (0)).
Calculate the distance to the center of the new cube which contains this intersection:

K . D_;,
Ty = <€Ti1,i’Pz‘(1 ) — 0% (e_ip.r; Br(8)) + Tl :

Pick the coordinate iy of the highest values of |z_;, ;.
(4) Repeat loop 2 and 3 until determining i1z . . .44, . This is our local extreme point.

(5) Do this procedure for all the values K. Collect the local extreme points accordingly.

Finding the facets at one extreme point Assume the extreme point is E) i (0). We

11,02,
now want to determine the facets of Bi(6) at this extreme point. The algorithm, detailed below,

is based on the idea that, when multiple equilibria does not exist between a series of outcomes, the

corresponding indices can be swapped if they are in consecutive ranks without changing the point

(K)

i1is...i, (0) in the space. It increases the number of inequalities that are binding at this extreme
5025 td e

point.
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1: Start with Ly = {{yz(lK)}} and set k = 2.

(K)

Yigryr e ,yl(f)} are not in multiplicity with elements in

k: Find the largest m such that {yl(lf( )
{yng)}, j > k. Note {yz-(:() (K) ...,yff)} can be in multiplicity with elements in {yz(]K)},

7Z/¢k+17

1 <k-—1.
_ (K)  (K) (K) xf, (K)  (K) (K)
Li=LxU {{yll ' Yiy ""’yik—l} oP {ylk iy Yim }}
Then, update to k + 1.22

R: Repeat the previous step for k = 2,...,dk steps and find

L can be converted into equivalent support directions. Any element Cx of Lx yields to the
direction ec,, following Equation (10).
We provide a simple illustration of this algorithm in section A.9. The local geometry of set A(f)

in the extreme point considered is
LZ{EK:K:O,L...,N}. (A.9)
Note that the composition of L is specific to each extreme point.

A.9 Determining the number of facets for B;(6) when K=4

Following the previous section, we now illustrate how to determine the number of facets in a given
extreme point. Consider, for example, the extreme point EEQQ)S 156(0) of By(6). We now determine
the number of facets. We know that it is at least 6 but, due to the fact that some outcomes are not
in multiplicity, we know that this point is also the same point than Ef2)’4737576(9). The procedure

determines that. We show that, for this point:

22We define the concatenation @ of two collections C' and B as

C@Bzcgjc{cub:beB}

and P* is defined in Appendix A.7.1.
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2 2 2 2 2 2 2
'CK:{{y§ )}7{y§ )ayé )}7{y§ )ayé )7y3 }{?A )7y2 ay4 } {yl ayé )7yi(’))7y4(1 )}7

2 2
{8 Py {2, o ,yé),yi),y§)7yé)}}

77777

(that should be completed by zeros accordingly to give direction in R2Y: e; = (1,0,0,0,0, 0)",
61,2 = (171707 07070)T7 e123 = (1717170 0 0)T7 6124 = (17170717070)T7 61,2,3,4 = (1717171707 0>T7
61,2,37475 = (17 17 1a ]-7 ]-7 0) and 61,2,3,4,5,6 - (17 1a ]-7 17 17 1)

We now follow the steps of the algorithm introduced in section 4.3.1.

(1) Set L = {{y!?}}.

(2) At step 2, find the largest m such that {y2 ,y(Q) e ,ym)} are not in multiplicity even with

outcomes in {y2 ,yé ), . ,y } Since y ) and y3 are in multiplicity, m = 2.

i = {p?H o {{{s?} o P )} \ s}
= {s"  u {{u” 0"} }
= {{s}. 2 7))

(3) At step 3, we look for the largest m such that {y§2), . ,y,(?%)} are not in multiplicity even with
outcomes in {y§2), e 7y6 } Since y ) and y4 are not in multiplicity, but y3 ) and y5 are,

m = 4.

L= {{s} (. y§2)}} U {{{y@)?y?)} o P {u i} \ P }

{{yl by 8 {8 v {0 P vy }

4) At step 4, we look for the largest m such that y(2), - ,yg) are not in multiplicity even with
4

outcomes in {yf), e ,yé2)}. Since yf) and yém are in multiplicity, m = 5.

2 2 2 2 2 2 2 2
£K={{?A)},{yi),yé)},{yi),yé),yg IR ORI R S S (T RV ST ST A

2
{yg )7y2 ;y3 )7y4(L )7yé )}}
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(5) Finally, add ¥ = {{y{”, s of”, 0¥, o, i} .

Observe that this does not correspond to the extreme point with the maximum number of facets.
This happens in E£?§74727576(9). In this case, we can start again the algorithm to determine that
there are 8 facets defined by the following directions: e; = (1,0,0,0,0,0)", e;3 = (1,0,1,0,0,0)7,
era = (1,0,0,1,0,0)7, €134 = (1,0,1,1,0,0)7, e1234 = (1,1,1,1,0,0) ", e1345 = (1,0,1,1,5,0) T,
e12345 = (1,1,1,1,1,0)" and e193456 = (1,1,1,1,1,1)".

A.10 Proof of Proposition 8

We do the proof for K =1 and it is similar for K = 2, which proves the global result.

Fix 6. The goal is to proof that, if a point P ) does not belong to Bi(#), a local selection
procedure would detect it.

First, observe that any extreme point is linked to an order between the three possible equilibria.

Each extreme point i) (0) has supporting hyperplanes with outer normal vectors, e eM and

11,12,13 11 7 711,12
1 _ T
€ iz = (1,1,1)".

There are three cases:

o If Pél) is outside the cube which contains By (#). It means at least one of the values x; is outside
a bounded interval [—D;/2, D;/2], where D; = is the width in direction e;. The highest value
of |z1], |zal, |z3| selects a face which separates B;(#) and Pél). Assume this is |z;| and that
x1 > 0. The first component of Pél) is above the largest value of the first component of any
point of By(#). The local extreme point is ESL(G) Whatever the next choice, the direction
egl) defines a supporting hyperplane of By(f) at this extreme point which separates B;(f) and

Pél). Consequently, T. (e1 ;0) <

o If Pél) is in the cube but not in B;(#). Whatever the choice of the extreme point of By (6),
the third direction (1,1,1)" defines a supporting hyperplane which separates B;(f) and Po(l)

Consequently, T, (eg 3;0) < 0. And, so forth for the other possibilities.

o If Po(l) € Bj(0), any choice of local extreme point is valid because, for any direction ¢,

Tw(q,K;6) > 0.
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When Pél) € By(0), the procedure does not reject §. When PO(I) ¢ B(0), the procedure does.

It is therefore a valid and sharp characterization of By (6).

A.11 Proof of Proposition 9

Under condition Ul, following Lemma 3.1 of Romano and Shaikh (2008), we have

sup sup |P (\/M </¢(P) — PM) e S) — Oyp)(S)| — 0,

PeP Sel M—o0

where ®y () is the cumulative distribution function of the centered multivariate normal distribution
with variance ¥, u(P) = Ep(Y) and X(P) = diag(u(P)) — u(P)u(P)" and L is a collection of
convex sets with zero boundary.
Consider the directions ¢ of G and relabel them ¢y, ..., q,,. Then, define m convex sets in RQN,
D+, ....D,, such that,
YU € D;,

Now, we can define, for a given x € R the sets S, ..., Sy, (S; C D;) such that

YU € S5;, v < ——

Now, we have

. ¢ (u(P) — Puy) - -
P (;gg <\/M N ) > x) - ;IP’ (VM(u(P) ~ Pu) € ;)

m

— Y Py (S) =D P(Z €S,

M—o0 4 -
= =1

uniformly over P € P, for Z ~ N(0,X(P)). Moreover,

f:]P’(Z €5;) =P (Z € 651)

=1 i=1

N
. q' Z
—P | inf >z .
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So, uniformly over P € P,

T D T
e [ Va7 (u(P) — Py) a4 7

q€g ( A /qTZq > M—o00 q€G /qTEq.

Following, Bontemps et al. (2012), proof of Proposition 10, we can now consider the two different

(A.10)

cases:

o If Py, the true choice probability vector belongs to A(6), the set of minimizers of Ty(q; )
tends to Qy, the set of minimizers of T, (q,#). This set may not be reduced to a singleton if

P, is at the intersection of at least two facets. Therefore,

Em(0) = mminM

_ VMg (P~ Pu)) + VM T (g:6)
9€6 q'Xq

V(T (B Pa)
q€Qo qTZq

The last equality holds because for any ¢ € Qg, Two(q;0) = 0 and ¢ ¢ Qy, Too(q;0) > 0. So
asymptotically, the argmin belongs to (Qy (remember that G is discrete). We conclude using

the uniform convergence of Equation (A.10).

o If Py ¢ A(0), the value Tw(q,0) is negative for any direction q. Th/(g,6) converges uniformly
in ¢, on the unit sphere, toward a strictly negative value and is therefore bounded away from

zero uniformly. The rescaling by v/ M makes the limit —oc.
Now, we need to consider the fact that ¥ is estimated. We need to use the following additional
result to replace X by S in the proofs above:

P

S(P) — z(mH Ly

sup
PeP

where ||.|| is the component-wise maximum of absolute value of each element. This follows from

lemma S.7.1 in supplement to Romano and Shaikh (2012).
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A.12 Proof of Corollary 11

In the proof of Proposition 9, we show that uniformly over P € P,

Eu(0) -5 inf N(0,¢"S(P)q)

M—o0 (q)€Qo

if Py € A(6). Observe that the distribution depends on € only through the minimizing set @y, but

0 doesn’t affect the covariance of the distribution. Define

S = Upeo, Qo

Since S C G the result follows.

A.13 Proof of Proposition 12

Following Proposition 2, we know that any subset of ) of cardinality greater than 2 corresponds to
a multiple equilibria region. Consequently, Ag)(ﬁ) for any subset S C ) is non-zero, and, following

Proposition 4, any change in the order gives a different point. Let i,19,...,74, be an order of the

(6) and C{!)

coordinates that defines an extreme point EW iy

PR be the cone of directions g such
1582,0050dy 1

that 0*(q; B1(0)) = qTEl(ll)Zd1 (f). Each direction defines a supporting hyperplane (or facet) of By ()
at B, (0).

Any direction ¢ in the cone can be written as

q= (G — @i)eis + (Qio — Qis)€irsin + -+ - T (Gig,_y — Qig,)Cirin,ooiia, 1 + Qig, Cinsin,..mia, -

All the coefficients except the last one are positive. The cone is therefore generated by e;,, €, 4y,

23
6117127"'72d1—1’ 61177/27"'77'(11 or 67/177/27"'7Zd1'

In other words, there are only d; supporting hyperplanes of B;(6) at this point, and it is sufficient
to check the inequalities related to these hyperplanes/facets for a point locally around Ez(ll) i (0).

A.14 Proof of Proposition 13

To find the upper bound on the number of facets in any extreme point for 1 < K < N — 1, we first

have to pack the indices which correspond to outcomes which are not in multiplicity.

----- idy
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e Let us first define [,,,,, the cardinality of the maximal subset S € Vg such that any pair of S'is
not in multiplicity. If we collect these indices from the second one, we can switch their order

and still have the same point. For example, if yg() and yg() are not in multiplicity, the point

BEL)

i1.is.i5.777 18 the same point than %)

i) ia.i0,777 when the next orders don’t change. Consequently,

it defines at most one additional outer normal vector following the construction we used earlier

in the case K = 1. The first outer normal vectors are eglK), egf??, egfi)?,, eg%’ia, etc. These series
of indices are related to 2'max —1 outer normal vector corresponding to all ) J = 2. lnax+1,

il,ij’
Ele)JW 7,k between 2 and [, + 1 up to elX)

(& : ; .
21,2253 U max+1

e Then we add indices according to the following rule. At each step k, starting from 3, the next
(K) (K)

index 4, is such that, if possible, y; *’, ..., y; *’ are not in multiplicity even with all remaining
outcomes yK\{yff) . ,yl(:i)l}. Otherwise, we pick a random index and we go on. It adds

at the maximum (if the added index is not in multiplicity with anybody before) 2!ma=<=1 new
supporting hyperplanes (as you can switch all orders between k and k + [,.x — 1, and count
only those where the last index is not the last value, i.e. 2lmax — 2lmax=1 — 9lmax=1) * Qee figure

6 below.
o After Step 1, it remains dx — lnax — 1 points after having chosen i1, 4o,..., %, +1-

e The maximum number of facets is therefore £*

Qlenex 4 (dge — by — 1) (21,

max = 1+ 2lmax — 1+ (dK _ lmax _ 1)(2lmax_1) —

Observe that this bounds is a loose bound and can always be refined by brute force on a case
to case basis. Nevertheless, it gives a sufficiently precise estimate of ¢(L£*) the true cut off value.
When N =4 and K =2, dg = 6 and [0, = 2 (see Section A.7.2). Applying the formula above we
obtain, £}, = 10. The true £* is equal to 8. However the two cut off values for a level of 5% (see

Section 4.3) are ¢(8) = —2.51 and ¢(10) = —2.58. When N =5 and K = 2, dx = 10 and l,,,4, = 2.
L =18 whereas L* = 15.

max
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Step 2 Max di — lax — 1 indices.

i DO - DDOOG

Step 3

Step 2: we can switch any of these indices. 2! — 1 facets.

max
Step 3: at max, we can switch any of these indices. 2ma—! additional facets.
Note: [ denotes [« in the circles related to the order.

Figure 6: Counting the maximum number of facets at EZ(II?Q 77777 Z-dK(Q).

=

ot
=

»—oo»lkoon
D
=
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Table VII: Value of [, for N <9
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A.15 The simulation of the critical values

We propose an algorithm to simulate the critical values ¢(G, ) of Section 4.2. Observe that:

qTZ (il/Qq)Til/QZ
min = min - -
O JamEg (ST (1)

where Z ~ N (0, 2*1). The matrix %'/ rotates the quantities of interest but the direction ¢ which

+0,(1),

minimizes the quantity are still the same.

1. Draw Z from the normal distribution A'(0,%71). Cut Z in subvectors Z©, ZW Z(W),

2. For each K € {0,1,..., N}, order ZZ(K), t =1,...,dg in the increasing order ~i(1K), ZZ-(ZK), etc.
(K) (K)
il 9 6i17i2, ceey

eX) o Calculate all the values q;iz (k) / \/qgiq;( for all the potential candidates and

11,8250 40d

The direction gx which minimizes ¢%%Z%) /1/q}Sqx is among the direction e

take the minimum one, called mg.
3. Take m = ming—¢_ y Mk.

4. Repeat the previous steps, S — 1 times to get S realizations of the distribution of the lower

bound and take the a-quantile of this distribution. This is ¢(G, «).

A.16 The entry game with three players

In this section, we consider our entry game with three firms. The profit of firm ¢ in market m, 7,

is modeled as:

™ = /87, + ()é,L(ZCLj) + Ei, (All)
J#i
where a; (resp. ag, a3) is equal to 1 when m > 0 (resp. m > 0, m3 > 0), 0 otherwise. The

joint distribution of (g1, e9,23), F(+;7), is assumed to be known up to parameter and 6 denote all

parameters in the model. We also assume that o’s are negative.

A.16.1 Multiple equilibria regions

There are, in this setup, eight regions of multiple equilibria, which correspond to the set of outcomes

expressed in Table VIIL First note that S = {8,555, 55,84} and S@ = {55, Ss, S7, Ss }.
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— = O~ O O
— O RO~ O
N (=R

0,0,1 _ (0,10

1,0,0) 53_(1,0,0) 54
0,1,1 (01,1 _ (10,1 B

N =z 55_(1,0,1) 56_<1,1,0> 57_(1,1,0) % =

Table VIII: All multiplicities in pure strategy Nash equilibrium of entry game with 3 players.

A.16.2 The set of predicted choice probabilities

Recall that the probability of each outcome can be written with the unknown selection mechanism

n(-). For example,
Pon = P (0,m) = AV O) + ) / oy ((0,0,1) e, B)dF (5;7).
Se{S1,5,8.} 7V Rs " (0)

Let u;(Sk) be defined like in Section A.4. The set A(6) is the collection of points in R® that can be

written, for some specific choice of weights u;(Sk):

P AP (0)
Poos AP(E) + u(S)AGI0) +ur(S)AL(0) + ur(S)A(6)
Poo Aéj(e) I w(&)Agl (0) + u2<53>A<S13 (0) + u2<s4>Agf> 9)
P100 _ Ag )(9) + u3(S2)AES'2 (9) + U3(53)Ag3) (9) + U3(S4)AES«4 (9) (A12)
Poir AP (O) + w1 (S5) AL (0) + i (Se) AL (0) + ua (Ss) AL (0) |
]ljol AP (0) + ua(S5) AL (0) + us(S7) AL (8) + ua(Sx) AL (8)
P AL (9) + us(6) AL (0) + us(SAE!(9) + us(S) AL (6)
111 Ag?,)(e)

with the constraint Zj\y;K)es u;j(S) =1, 0<u;(S) <1for S e SH. The partition here refers
to different K (number of active firm in any outcome). This partition is very useful as the convex
set decomposes into cartesian product of smaller dimension convex set. This convex set only need
18 directions to characterize it.

Figure 7 displays the set B;(#), its outer cube and the inequalities (in red) which are tested in

our geometric selection procedure.
A.16.3 The directions used in the Monte Carlo experiment
Following Proposition 4, we have a closed-form expression for the support function. It is equal to:
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(1) max P(0,1,0
Esis 0,1,0)
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Figure 7: The geometric selection procedure for By (6).
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5" (g; A(9)) = " A(8)

+ max(gz, g3)AY) () + max(gz, 1) AY) () + max(gs, 1) Ay () + max(ga, g3, g4) A (6)

+max(gs, gs)AS. (6) + max(gs, gr)AS) () + max(gs, gr) A, () + max(gs, gs, 4r) AS. (6),

where ¢ = (q1,...,¢:)" and

The identified set can be estimated by testing that the point Py belongs to A(f) or, equivalently,
by testing that

min 0* (q; A(9)) —q" Py > 0.
q€g

The following sets of directions considered for G are given below. For ”"Ineq;”, we consider 16

inequalities derived from these 16 directions. Each direction is a column of the following set:

1 000000O0OO0OO0OO0O0O0GO0TO0O0)
01 00000O0O11O01TO0O0O0TO0
001000O0O0O1O01T1O0O0O0O0

G, — 0 00100O0O0OO0O1T11O0O0GO0O0

10000100000 001T101

0 000O0O1O0O0O0O0OO0ODO0OO0OT1QO0T11
0000O0OO0O1TO0OO0OOO0OOOT1T11
L 000000O0OT1TO0OO0O0O0OO0O0O0O0 )]
Similarly, for ”Ineqy” we consider also 16 directions:

(1. 0000000 O O OO O O 00
co1o000000 O O-11 0 0 00
coo1ooo0o00 0-1 01 0 0 00

G, — cooo1roo0o00-1 0 01 0 0 00
2= 9 coooo0o1o0oo0o0o o0 o0 o000 O O0-11
cooooo0o1o0o0o o0 0O 00 O0-1 01
coooooo01o 0 O O0O0-1 0 01
coooooo0oo01 0o 0 00 0 O 00O

\ 7

"Ineqs” takes the whole set of inequalities and equalities which define By(0) B;(6) and Bs(0)
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(the equality related to By(f) being redundant is dropped):

(1 -1 0000000 00O0OO0OOOOO 0)
o 01001101 -1000O0°O0O0©0 0
o 00101011 -1000O0O0O0©0 0
G, — o 00010111 -1000O0O0O0O0 0
Y0 00000000 01001100 0
0O 000O0OO0OO0OOO OO1O0OT1O0T1TO0O O
0o 000O0OO0OO0OOO OOO1O0OT1TT1TO0 O
0 00000OO0COO0O 0O0O0OO0OOOCOT1 —1)
"Ineq,” replaces the directions eg{) in "Ineqs by the directions —el(K)
(1 -1 000 O O OO OOOO O O OO0 0)
o 0100 O O-11-1000 0 0 0O0 O
o 0010 O0O-1 01-100O0O O 0O 0O O
G, — o o0001-1 0 01 -100O0O O O OO O
Yo 0000 O O OO 0100 0O O —-10 0
o 0000 O O OO OOT1O0O O-1 00 0
o 0000 O O OO OOO1 -1 0 O0O0 O
0 0000 O O 0O O0OOOOC O O 01 -1

[\

A.17 Additional Monte Carlo simulations

We compare our procedure with the results of the GMS procedure proposed by Andrews and Soares
(2010) and its refinement by Romano et al. (2012). We use the DGP of the example with three
player considered in table IV, i.e, 8 = 0.35 and a1 = ay = a3 = —0.4. Table IX displays the mean
rejection rate across simulations for a sequence of points on a curve displayed in Figure 8. The
sequence of points contains points from the identified set and outside this identified set. First, for
M = 1000, all rejection rates are fine with values close to 5% at the boundary. Second, the power

of our local procedure is better than the GMS procedures because the critical value is smaller.
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M=1000 M=2000

G L AS RSW G L AS RSW
0.889 0.923 0914 0.899 | 0.998 0.999 0.999 0.999
0.826 0.881 0.865 0.841 | 0.995 0.997 0.997 0.996
0.756 0.820 0.802 0.773 | 0.984 0.992 0.990 0.988
0.679 0.750 0.731 0.698 | 0.964 0.978 0.975 0.971
0.595 0.675 0.656 0.616 | 0.927 0.952 0.950 0.941
0.512 0.594 0.571 0.532 | 0.875 0913 0.907 0.897
0.434 0.516 0.492 0.453 | 0.797 0.854 0.844 0.826
0.365 0.442 0419 0.383 | 0.718 0.775 0.764 0.742
0.304 0.375 0.353 0.315 | 0.625 0.694 0.681 0.657
0.246 0.316 0.294 0.257 | 0.522 0.603 0.589 0.559
0.196 0.259 0.240 0.206 | 0.413 0.494 0479 0.446
0.155 0.209 0.193 0.163 | 0.319 0.392 0.378 0.351
0.121  0.170 0.157 0.128 | 0.241 0.300 0.289 0.265
0.095 0.135 0.125 0.101 | 0.180 0.229 0.218 0.200
0.077 0.112 0.102 0.082 | 0.127 0.172 0.161 0.145
0.066 0.095 0.086 0.069 | 0.095 0.124 0.118 0.107
0.056  0.083 0.076 0.057 | 0.070 0.094 0.088 0.078
0.048 0.073 0.065 0.049 | 0.052 0.071 0.067 0.060
0.045 0.065 0.059 0.045 | 0.042 0.058 0.054 0.048
0.043 0.062 0.054 0.043 | 0.035 0.048 0.045 0.040
0.040 0.059 0.0563 0.040 | 0.033 0.043 0.040 0.036
0.038 0.057 0.049 0.038 | 0.031 0.041 0.038 0.035
0.037 0.054 0.048 0.037 | 0.030 0.039 0.036 0.033
0.036 0.054 0.046 0.036 | 0.030 0.038 0.035 0.031
0.036 0.063 0.045 0.035 | 0.030 0.038 0.035 0.031
0.036 0.052 0.044 0.035 | 0.029 0.038 0.035 0.030
0.035 0.0562 0.044 0.035 | 0.029 0.038 0.035 0.030
0.035 0.052 0.043 0.035 | 0.029 0.038 0.035 0.029
0.035 0.0562 0.043 0.035 | 0.029 0.038 0.035 0.029
0.035 0.052 0.043 0.035 | 0.029 0.038 0.035 0.028
0.035 0.052 0.044 0.035 | 0.029 0.038 0.035 0.029
0.035 0.052 0.045 0.035 | 0.029 0.038 0.035 0.030
0.035 0.052 0.046 0.035 | 0.029 0.038 0.035 0.030
0.036 0.054 0.048 0.036 | 0.030 0.038 0.036 0.032
0.043 0.064 0.058 0.044 | 0.039 0.052 0.048 0.043
0.050 0.075 0.069 0.051 | 0.056 0.079 0.071 0.064
0.069 0.103 0.094 0.072 | 0.103 0.140 0.132 0.118
0.152  0.208 0.189 0.158 | 0.316 0.390 0.375 0.346
0.104 0.145 0.133 0.108 | 0.196 0.244 0.236 0.215
0.223 0.289 0.269 0.235 | 0.468 0.541 0.527 0.504
0.300 0.382 0.355 0.314 | 0.600 0.680 0.669 0.641
0.394 0471 0449 0410 | 0.729 0.793 0.781 0.758
0.491 0.569 0.548 0.512 | 0.836 0.882 0.874 0.856
0.600 0.676 0.656 0.618 | 0.921 0.947 0.945 0.934
0.708 0.774 0.754 0.722 | 0.963 0976 0974 0.970
0.800 0.855 0.841 0.812 | 0.988 0.993 0.992 0.990
0.877 0916 0.905 0.888 | 0.996 0.997 0.997 0.996
0.933 0.958 0.952 0.940 | 0.998 1.000 0.999 0.999
0.968 0.979 0976 0.972 | 1.000 1.000 1.000 1.000
0.985 0.993 0.991 0.988 | 1.000 1.000 1.000 1.000
0.996 0.998 0.997 0.997 | 1.000 1.000 1.000 1.000
0.999 1.000 0.999 0.999 | 1.000 1.000 1.000 1.000

The rejection rates for the points in the iden-
tified set are colored in grey.

Table IX: Rejection frequencies for points tested according to different inference methods.

Figure 8 for a plot of the points in the space (aq, as).
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Figure 8: Sequence of points tested (the points of the identified set are colored).
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