On a Stationary Schrodinger Equation with Periodic Magnetic
Potential
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Abstract

We prove existence results for a stationary Schrédinger equation with periodic magnetic po-
tential satisfying a local integrability condition on the whole space using a critical value function.
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1 Introduction and main result

We wish to investigate for which A > 0 there is a weak solution to the stationary Schrédinger equation

with magnetic potential:

(=iV+ A)2u+V(z)u = A\f(x,u(r)), inRY, 1)
1.1
u € H}LV(RN),
where N > 2, A: RY — R¥ is the magnetic potential, B = curl A is the magnetic field, V : RV —

R, f satisfy some suitable assumptions, A > 0 and

HY o (RV) & {u € L2RY); Vu? € L' (RY) and (V +id)u € L2(RN;(CN)}. (1.2)

2 = —1 and in what follows, unless specified, all functions are complex-valued (H'(RY) =

Here, i
HY(RYN;C), LP(RY) = LP(RY; C), 2(RY) = 2(RY;C), etc). If N = 1 then is equivalent to the
case A = 0. Indeed, assume that A,V € LL (R;R) and f(.,e'%2) =€ f(.,2), for any (0,2) e Rx C
(which is the case in this paper). Set for any z € R, ¢(z) = [ A(s)ds. If u € H} (R) is a solution
to then by the gauge transformation v — v = e%u, a straighforward calculation gives that
v € HY(R) is a solution to —Av + V(z)v = Af(x,v(x)), which is with A = 0. We thus restrict

our study to the case N > 2.

We make assumptions that insure the functional associated with is invariant with respect to
the transformations 7, : u — e¥vu(. +y), where ¢, is defined in and y € ZN. In [I1], the
authors stated that this set of transformations was a group of dislocations as defined in [I4] which is
false. In Section [3| we prove (directly) that the set D of such transformations is a set of dislocations
permitting us to use the profile decomposition theorem [14, Theorem 3.1, p.62-63]. In Devillanova
and Tintarev [4, Appendix] this was proved by embedding the set of dislocations into a group via

multiplication of 7,7, by €%, a € R in such a way that the composition agrees with 7, ..

Arioli and Szulkin [I] treated a similar problem with more general conditions on V' (the spectrum
of the operator (—iV + A)% + V(z) can be negative), but they assume the Rabinowitz condition on
the right hand side. We make less restrictive assumptions on the right hand side and introduce a
parameter A and an unbounded interval I, C (0,00) such that for almost every A € I, there is a
solution to . In [4] a magnetic Schréodinger equation with bounded non-periodic magnetic field is
studied.

N
2

In Section [2| we show that if the magnetic potential A € LY (RY;RY) and V € L2 _(R™;R) then

loc

H} v(RY) = H'(RY). In Section [3| we introduce the set of invariant dislocations acting on (L1 and



prove necessary results to the dislocation theorem in [I4]. In Section |4 we prove a cocompactness
result. In Section [5| we introduce a related critical value function the study of which allows us to
obtain our main result. In Section [6] we give some examples of nonlinearities to which our result
applies.

Throughout this paper, we use the following notation. We denote by Z the conjugate of the complex
number z and by Re(z) its real part. For 1 < p < oo, p’ denotes the conjugate of p defined by
% + i = 1. By {Q;};>1 we will denote a countable covering of RV \ Z" by open unit cubes, thus
RN = i1 Q;, and Q = (0,1)N. All vectors spaces considered will be over the field R. For a Banach
space X (over R), we denote by X* gef Z(X;R) its topological dual and by (., .) x+ x € Rthe X*—X
duality product and for a Hilbert space H, its (real) scalar product will be denoted by (., .)y. In
particular, for any T € L (Q) and ¢ € LP(Q) with 1 < p < oo, (T, P Lo (), L () = Reg{T(x)@dx.
See Appendix [B| for more details. If v € LP(RY), with 1 < p < oo, and if Q is an open subset of
RY, with some abuse of notation, expression [|ul|1»(q) will stand for ||ujq||1r (o). This convention also
holds for the others functional spaces. The subscript “c” on a functional space indicates that the
functions have compact support. For instance, if Q C RY is an open subset then u € L?(Q2) means
that u € LP(2), suppu C Q and supp u is a compact subset of R™V. For a Banach space E, the notation

E,, designates the space E endowed with the weak topology o(E, E*) and E%, the space E* endowed

.
with the weakx topology o(E*, E). We denote by C auxiliary positive constants which may change
from a line to another one, and sometimes, for positive parameters ay, ..., a,, write C(aq,...,a,) to
indicate that the constant C' continuously depends only on aq, ..., a, (this convention also holds for
constants which are not denoted by “C”). Finally, we denote by 2* = % the critical exponent of

the embedding H'(RY) < L2"(RYN), with the convention that 2* = oo, if N < 2.
We shall make the following assumptions on A : RN — RV,
Assumption 1.1. Let (e1,...,e,) be the canonical basis of RY.

1. The magnetic potential A : RV — R satisfies,

Ae L (RY;RYN), if N >3,
(1.3)
A€ LT (R?%R?), for some e >0, if N =2.
and
sup [|Al[pn(g,) < oo, if N >3,
def ) JEN
AT (1.4)
sup ||A||L2+E(Qj) < oo, if N=2.
jEN



If N > 3 then there exists € > 0 such that,

A e LY (RN RN). (1.5)

loc

2. Ais a Z" —periodic magnetic potential:

. 2'(RV)
Vj e [1,N], curlA(x +e;) ~ = ~curl A(x), (1.6)

where curl A € .4y (2'(RY;R)) is the skew-symmetric, matrix-valued distribution with A;; =

0;A; — 0;A;.
Remark 1.2. It is easy to see that in Assumption (1.6 is equivalent to the condition: for any
/ N
y € ZN, curl A(z + y) 7ED curl A(z). By Lemma 1.1 in Leinfelder [7], (1.6) is also equivalent to:

for any y € ZV, there exists ¢, € V[/’li’;VJrE(RN;R) such that for almost every z € RN, A(x + y) =
A(z) + Voy(x).

Assumption 1.3. We will use the following assumptions on V and f. Let f : RY x [0,00) — R be
such that f(x,t) is measurable in  and continuous in ¢ and let F(x,t) def /t f(z,s)ds, for almost
every © € RY and any t > 0. We extend f to the complex plane by setting fog almost every x € RY
and any z € C\ {0}, f(x,z) = f(=x, |z\)é—‘, and f(x,0) = f(z,0). Finally, we set for any measurable
function u : RN — C and almost every z € RY, g(u)(z) = f(z,u(z)) and,

Vu € HY(RY), (u) = /RN F(z,|u(x)])dz. (1.7)

1. For every ¢ > 0, there exist p. € (2,2*) and C. > 0 such that for almost every z € RY and any

t>0,
|f(z, )] <e(t+t¥ 1) + Catre, (1.8)
if N >3 and
|f(z,t)] < et + CetP= 1, (1.9)
if N <2.
Ju € HY(RY) such that v (u) > 0. (1.10)

2. The function f and the electric potential V : RN — R are ZV-periodic, that is for almost

every (z,y) € RN x ZN and any t > 0, f(z +y,t) = f(z,t) and V(z +y) = V().



3. We have,

V€H®ﬁMR)wdu§%%$ﬂN@>O. (1.11)
paS

Remark 1.4. If N <2 then Assumption (1.9)) is equivalent to the following:

=0, uniformly in 2 € RY, (1.12)
t—0 t

and there exist p € (2,2*) and C > 0 such that,
for a.e. x € RN, ¥Vt >0, |f(z,t)] < C + CtP~L. (1.13)

If N > 3 then Assumption (1.8) is equivalent to (1.12)), (1.13)) with p = 2* and,
t
)

t—oo 271

= 07
uniformly in z € R,

Assumption 1.5. The electric potential V : RV — R satisfies,
N
2

VelL?

loc

< o0, it N >3,

RV:R) and ay & 1%
(&) and v S sup [V, 5

(1.14)

V € Lit*(R%R) and ay f s:g [V[[L1+e(q,) < oo, for some e >0, if N =2.
J

Remark 1.6. Note that if V has the local integrability (1.14)) and if furthermore V is Z"-periodic

then we necessarily have ay < oo (since ay = [|[V||11(qg))-

Notation 1.7. Let A and V satisfying (1.3)—(1.4) and (1.11)), respectively, and let H}LV(RN) be
defined by (1.2)). We shall denote by H;}V(RN ) the topological dual of the space H}LV(RN ). This dual
space is identified with a real vector subspace of the space of distributions 2'(R") (see Theorem [2.3

below).

Definition 1.8. Let A and V satisfying (1.3)-(1.4) and (L.11), respectively, and let H} , (RY)
be defined by (1.2). We shall write that u is a weak solution of (L.1)) if u € H}LV(RN) and if u

satisfies (1.1]) in H;lv(RN).
Remark 1.9. With respect to Definition [T.§] we note:

1. If u € HY(RY) then (—iV + A)?u € H1(RY) and,

(-iV + A)%u = —Au — iV.(Au) — iA.Vu + |Af*u, in H1(RY), (1.15)
<1AVU,, 'U>H—1(]RN)7H1(]RN) = <ivu,A’U>L2(RN)7L2(]RN), (1.16)
<|A|2u, 7}>H—1(]RN)’H1(RN) = <AU7A’U>L2(RN)’L2(RN), (1.17)



for any v € HY(RY). Indeed, if u € H'(R") then by Lemma below, Au € L*(RY;C") so
that —Au € H=Y(RY) and V.(4Au) € H~Y(RY). In addition, by Hélder’s inequality, A.Vu, |A|?u €
LL (RY) — 2/(RN) and for any p € 2(RY),

loc
<iA.VU,<)0>@/’@ = <ivu,A90>L2,L2 and <‘A|2u790>@’,.@ = <Aua Aw)Lsz‘

By density and estimates in Property |1|of Lemma below, it follows that A.Vu € H~1(RY),
|A|?u € H~Y(RYN) and (1.15)(1.17) follow.

2. Let u € H}y y(RY). Let R > 0. We have,

/ WVuldz < / WV julda +/ IV |juf2dz < oo,
B(0,R) B(0,R)N{|u|<1} {lul>1}

since V € LL (RY;R) and Vu? € L*(RY). It follows that Vu € LL _(RY) — 2'(RY) and for

loc loc

any € Z(RY),

(Vu,¢)or.0 = Re | Vupda,
]RN

((Vu,0)9r,9] < IVVull2llVVellize < llullmy, ol .

by the Cauchy-Schwarz inequality (see Definition below for the definition of || . [[z ). By
the density of Z(RY) in H}LV(RN) (Theorem below), it follows that Vu € H;}V(RN) and

for any v € H} ,(R"),

<V’LL, v>HZ,1v(RN)vH}4,V(RN) = RG/RN Vuvde. (118)

Finally, by Plropositiombelovv7 g(u) € H~Y(RN). In conclusion, since H 1 (RY) — HX’IV(RN)
(Theorem [2.3| below), it follows from ([1.15)) and (|1.18) that

(iV+A)Pue Hyy(RY), Vue Hyy (RY) and g(u) € Hy 'y (RY).
Thus Definition makes sense.
Our main result follows.

Theorem 1.10. Let N > 2 and let Assumptions and be satisfied. Let H}LV(RN) be defined
by (L.2). Then for almost every A > 0 sufficiently large, there exists, at least one non zero weak

solution to,
—Aqu+ V(z)u = Ag(u) in RN, 119)
1.19
u € H}X,V(RN),

where —A u = (—i1V + A)2u.



2 The space H} \,(R") and an equivalent definition of H'(R")

In this section, we study the H }‘,V(RN ), including the one-dimensional case N = 1 because we believe

that it is of interest for itself. For N = 1, the corresponding assumptions to (1.4)) and (1.14]) are

loc

A€ L} (R;R) and an L sup AllL2(q,) < oo, (2.1)
JEN
V€ LL(R;R) and av “ sup |V | 11q,) < oo, (2.2)
JEN ’
respectively.

Definition 2.1. Let N > 1 and let A € L% (RY;RY) and V € L (RY;R) satisfy (1.3) and (1.11)),

loc loc

respectively. We recall that H}LV(RN ) is defined by,
HY (RN = {u e L2RY); Vu? € LY(RY) and V4u € L2(RY; (CN)}. (2.3)

where V gu = (V+14)u. We endow H}LV(RN ) with the following scalar product and its corresponding

norm,

Vu,veH}LV(RN), (w,v) gy (@) =Re/Vude+Re/VAu.VAvdx,

RN RN
Vu € HXV(RN), ||U||?{;1V(RN) = <U7U>H}LV(RN) = /V|u|2dx + ||VA“H%2(RN)7
RN
making this space a real pre-Hilbert space. Indeed, it follows from (L.11)) that (., .) HY,  (RY) is a

bilinear symmetric positive definite form on H} ,(RY) x H} y(RY).
Remark 2.2. Below are some comments about the definition of H}LV(RN).

L If u € Hj (RY) then Vu def (V +id)u € L2(RN;CN) but, a priori, we do not assume that

Vu or Au belong separately in L?(RY).

2. Frequently, in the literature (see for instance Sections 7.19-7.22, p.191-195, of Lieb and Loss [§]),
it is assumed that A € L% (RN;RY) rather than A € LY (RY;RY) and V = 1. With these
assumptions it can be shown that H}M(RN ) is a Hilbert space having Z(RY) as a dense
subset. Moreover, if u € H},(RY) then |u| € H'(RY) and the so-called diamagnetic in-
equality below holds. However if A ¢ Ly (RY;R") then H'(RY) ¢ H} ,(R"Y) and

H) ,(RY) ¢ HY(RYN). We show that if A € L (RY;RY) then H},(RY) = H'(RN) (see
Theorem below).



3. Arioli and Szulkin showed (Lemma 2.3 in [1]) that if N > 2 and A € LY _(RM;RYN) (4 €

loc

LEE(RN;RN), if N = 2) then H} ,(Q) = H'(Q) with equivalent norms for open bounded

loc

subsets Q of RV with smooth boundaries. We extend their result to the case Q = RY for any

N > 1, under assumptions (L.3)-(1.4) (Theorem 2.5 below).

Theorem 2.3. Let A € LE (RY;RY) and V € Li, (RY;R) satisfy (L3)—(L4) (2.1), if N =1) and
(L1I), respectively, and let HA’V(]RN) be defined by . Then,

HY 4 (RY) = {u e H'RY); Va2 € L(RY) and Au € L2(RY; (CN)}, (2.4)

H},,V(RN) is a separable Hilbert space, (2.5)

P2RY) = Hj (RY) — H'(RY), (2.6)

with both dense embeddings. In particular, each term in the integrals of (., . >H}4 »(RN) belongs to

LYRY). In addition,
H ' RY) = H L (RY) = 2'(RY), (2.7)
where H V(RN) def( H V(RN))* and both dense embeddings.

Remark 2.4. By (2.6), for any u € H} v (RY), there exists (¢n)nen C Z(RY) such that ¢y, ._.% u.

As with the classical proofs of density we have for any n € N, ||, || pr@®~y < [[ul|Lr @y, and p € [1, o0,

if u € LP(RY). See Lemma m

Theorem 2.5. Let A € L2 (RN;RN) satisfy (1.3} . . ., if N =1) and let V € L. _(RY;R)
satisfy (L11) and (1.14) ((T11) and (2-2), if N =1). Then,

Hjy(RY) = H'(RY),
with equivalent norms.

Remark 2.6. To find examples such that H}LV(RN ) € HY(RY), note that by below, assuming
(L3)—(L.4), for any u € H'(RYN), u € H}LV(RN) if, and only if, Vu? € L'(R"). So we look for a
V' that does not satisfy . If N = 1 we must have ay = 0o. In other words, V cannot be Z-
periodic. Below, for each N, we give an example of a V and a u € H*(RY) such that u ¢ H}LV(RN).
For N > 2, u is a positive continuous function over RV \ {0} such that for |z| > 10, u(z) = |=z|~V.

We give its definition for z near 0 below.

1. For N = 1. Define for any z € R, V(z) = 2* + 1 and u(x) = (22 +1)~!. Then V satisfies (1.11)),
u € HY(RY;R) but Vu? ¢ LY(RY;R).



2. For N = 2. For |z| < €7, let u(z) = In|In|z|| and let V be Z"-periodic such that for any
reQ,

Viz) =

1 e 1 e .
ePT el a2 ©<ll<e =) () Lezenale)

Then V satisfies (L.11]) but for any p € (1,00], V & Lloc( ;R), so that V' does not verify ((1.14)).
In addition, u € Hl(RN;R) but Vu? ¢ L'(RV;R).

3. For N > 3. Let for |z| < 1, u(z) = |x\*¥ and let V be Z~ -periodic such that for any = € Q,
Viz) = |x|’7 Then V satisfies (L.11]) but V' ¢ L (RN:R), so that V does not verify (1.14)).
In addition, u € H'(RY;R) but Vu? ¢ L'(RY;R).

loc

We recall that —Ay = (—iV + A)? and V4 =V +iA.
Theorem 2.7. Let A € L (RN;RY) satisfy (L3)-(L.4) (2.1), if N = 1). If u € H'(RY) then
—Aju e HYRY) and for any v € HY(RV),
<—AA’LL, 'U>H—1(RN)’H1(RN) = <VAU, VAU>L2(RN)’L2(RN). (2.8)

If in addition V satisfies (1.11)) and if H}LV(RN) is defined by (2.3) then for any T € H~Y(RVN),
Te HZ}V(]RN) and

(T, U>H;,1V(RN)1H}4,V(RN) = (T, w) g1 (¥, 11 RY)- (2.9)
for any u e H) ,(RY),
Remark 2.8. Let A > 0 and let u be a solution to (1.19). By Definition we may take the
Hg’lv — H}LV duality product of (1.19) with u. We have by (2.9), (2.8) and (1.18)),

||u||§ﬂv(RN) = A(g(u),u>H;1V(RN)’H}LV(RN) > 0. (2.10)
It follows that if ¢ = 0 then necessarily v = 0. Note that if ¢, defined by (|1.7)), satisfies (1.10] then

g #0.

Remark 2.9. Let A € L (RY;RY) satisfy (L3)—(L.4) (2.1), if N = 1). It follows from Theorem.
and (2.16) below that —A 4 € Z(H'(RY); H~H(RY)). If, in addition, V € L] (RY;R) satisfies (L.11)
then by Theorems 2.3 and 2.7, A x| vy € Z(H} y (RY); H Y (RY)).

loc

We split the proof of Theorem in several lemmas. We begin by recalling the diamagnetic inequality
for functions belonging in H}"V(RN). Its proof is well-known (Lieb and Loss [8], Theorem 7.21, p.193).

For the sake of completeness, we sketch the proof.



Theorem 2.10 (Diamagnetic inequality, [8]). Let A € L2 (RY;RN). Let u € L*(RY) be such
that (V +iA)u € L2(RYN;CN). Then Vu, Au € LL (RY;CN), ju| € HY(RYN), (V+id)u = Vu+idu
and

a.e.

IViu|| < |V + idul. (2.11)

a.e

Lemma 2.11 ([8]). Ifu € H'(RY) then [u| € H' (RV;R) and |V|u|| < |Vul.

Proof of Theorem and Lemma We recall that if u € Wli’f(RN), for some 1 < p < o0
then |u| € W.P(RN;R) and V|u| = Re (%Vu) (Theorem 6.17, p.152, in Lieb and Loss [8]).

This proves Lemma [2.11} Now, let u € L?(RY) be such that (V + id)u € L?>(RV;CN). Then

Vu € H YRM;CV) and, by the Cauchy-Schwarz inequality, Au € L{ _(RY;C¥). This implies

loc

that Vu € Ll _(RN;CN). We then infer, u € W) (RN) and (V + id)u =2 Vu + idu. And since

loc

Re (%(Vu + iAu)) “= Re (Wuqu) = V|ul|, one obtains that |u| € H'(RY) and ([2.11)). O

Lemma 2.12. Let u € L>(RY) be such that |u| € H*(RY;R).
1. If A e LE (RY;RY) satisfies (L.3)-(1.4) ((2.1), if N = 1) then Au € L*(RY;C") and,
Al vy < Carall Jul s vy, (212)
where C = C(N) (C =C(e), if N =2).

2. If V satisfies (1.14) ([2.2), if N = 1) then Vu? € L*(RY) and,
IVl pr@ny < Cavll lul 13 @), (2.13)
where C = C(N) (C =C(e), if N =2).
Proof. Let u € L?(R") be such that |u| € H'(R™;R). We start by proving Property [1| with N > 3
By the Sobolev embedding H'(Q,) < L* (Q;), there exists C' = C(N, |Q;]) such that for any j € N,
[l @,y < Clllul |m1(q@,)- Actually, C only depends on N since for any j € N, |@Q;| = 1. It follows
from Holder’s inequality that,

/]RN |Au?dz = Z/ | Aul?dx

jeN

S AR v ) 2o g,
jeN

2% 3 ul 3o,

JEN

N

N

= 2l ful 7 @m)-

1V|u| = 0, almost everywhere where u = 0.

10



If N = 2 then the second line is replaced with 3, ||A||L2+€(QJ) Hu||2 250 and we use the embed-
ding H'(Q;) = L
and we use the embedding H'(Q;) < L*(Q;). Hence|l Propertyl 2| follows in the same way: replace
A with \/m in the above estimates. O

J

(Q;), while if N = 1 then the second line is replaced with 3, A2

2(2+5)

Lemma 2.13. Let A € L _(RY;RY) satisfy (1.3 . . ., if N =1). Then,
(V+id)u € L2(RY;CY) «— ue HYRY), (2.14)
Vu € L*(RY;CY) = Auc L*(RY;CV). (2.15)
Finally, if u € H*(RYN) then (V +id)u = Vu + idu, in L*>(RY;CV) and
VU +1Aul| 2@y < Cllull g1 ey, (2.16)
where C = C(aa,N) (C = C(aa,N,e), if N = 2).

Proof. Let A satisfy (L.3)-(L.4) ((2.3), if N = 1). Let u € L*(R").
o If Vu € L2(RY;CY) then by Lemmas and 2.12} Au € L2(RY;CY). Hence (2.15) and <=

in (ZT0).

o If (V +id)u € L*(RY;C") then by Theorem and Lemma Au € L*(RN;CN) and
(V +id)u = Vu +idu. Hence, Vu € L>(RY;CV) and = in (2.14) is proved.

e By (2.12) and Lemma [2.11] we have

IVu+idul| 2 @ry < [IVulp2@y) + [[Aullp2@yy < (Caa + Dljull g @)

Hence the result. O

Lemma 2.14. Let u,v € H(RY).

1. Let A€ LE (RN;RN) satisfy (L.3)-([.4) (1), if N =1). Then (Au).Vv € LY(RY), |A]2uv €
LY(RY) and we have,

|, 14ul 90tz < Caallulln ol e,
| 1APluvlds < €20 ulln s ol e

where the constant C' is given by (2.12)).

11

2(Q; )HU||200 @)



2. Let V satisfy (1.14) (2:2), if N =1). Then Vuv € L*(RY) and we have,
/N |V|\uv|dx < OOJVH’U,HHl(]RN)HUHHl(RN),
R
where the constant C' is given by (2.13)).

Proof. The results come from Lemma Lemma and the Cauchy-Schwarz inequality. O

From now and until the end of this section, we shall suppose that the assumptions of Theorem

are fulfilled.
Lemma 2.15. Let us define,
E= {u e H'@®RY): V2 € LMRY) and Au € L?(RN;CN)}.

Then, H) v(RY) = E and 2(RY) — H} (RY) < H'YRY). In particular, each term in the

dense
integrals of (., .)m, L, (®N) belongs to LY(RN).
Proof. It is clear that E C H} ,(R"). By Lemma Hjv(RY) c EC H'(RY). It follows that
H} (RY) = E, which gives the last part of the lemma, with help of Lemma Let u € H) (RY).
We have by (1.11)), (2.12)) and (2.11),

1
ey < 5 [ ViePde < S lully o,
RN ’

and
[Vul[L2@vy < [[Vu +iAul[p2@ny + [[Aul| L2 @n)
< | Vu +iAul| 2wy + Coall [ul || g ey
< || Vu +iAu| 2@y + Caa (ull g2y + |V + 1Au| 2 @)
< Cllullmy, |, @)-
Hence, H} ,(RY) < H'(RY). Let ¢ € Z(RY). Let R > 0 be such that suppy C B(0,R). B

Holder’s inequality, V¢? € LY(RY) and Ap € L*(RY;C™). It follows that ¢ € H}LV(RN). Again by
Hélder’s inequality and (2.16)), we have

||<P||H1 S(RN) S < |Vl so,r) ||</7||Leo ®y) T Cllelin (RN)s
where C' does not depend on ¢. Hence, Z(RY) < H} ,(R"). Finally, since Z(R"Y) C H} ,(RY) and

2(RN) o H(RY), we conclude that HY ,(RY) o HY(RM). O
ense ’

dense
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Lemma 2.16. It holds that Z(RN) C H} (RY) and for any u € H}l v (RN, there exists (pn)nen C

PD(RYN) such that ¢, —> u. In addition, we have for any n € N, |[¢n|| r@yy < |lull Lo @ny), for any

p € [1,00], as soon as u € L”(RN).

Proof. We adapt the proof of Theorem 7.22, p.194, in Lieb and Loss [§] to handle the presence of the
potential V' in the integral [ V|u[?dz. By Lemma we already know that Z(RY) C H} ,(RY).
Let £ € C°(R;R) be such that 0 < € < 1,£(¢) =1, if |t| < 1 and &(t) = 0, if |¢| > 2. Let n € N. Set for
any v € RV ¢, (z) = ¢ (m) We denote by (pn)nen C Z(RY) any standard sequence of mollifiers.
Let u € H}l v(RY). Let £ > 0. Let p € [1,00] be such that u € LP(RY). We proceed in three steps.
Step 1: There exists v € Hj ,(RY) N L°(RY) such that |[[u — v||H1 L&Yy < 3 and |v\ |u\

Let n € N. Let for # € RN, u, (7) = &, (2)€ (M> u(x). Then, supp u,, C B(0, 2n), |tn |l Lo mry < 21
Up % u, VVau, =2 aen in B VVu, |un| < ul € L2RY) and VV]u,| < VV|u| € L2. Tt follows
that (un)neny € LP(R™) and by the dominated convergence Theorem,

. 2 L*(RY)
lim | V|u—wu,|°dz =0 and u, —— wu. (2.17)

n—oo n—roo
RN

In addition,
Vunzlg/(u>§(|u>ux+1§n€ (' >UV|U|+§n§<| |)V a.e. in RN vu

n

But, & (%) =0, if |u| > 2n so that,
Vun| < €| Lo @ylul + 2l1€ |Le ) + 1) Vul € L2(RY),

by Lemmas and By the dominated convergence Theorem and (| -7 we then infer that
Uy, # u. It follows from ([2.16] ) that (uy)neny C HA v(RY) and u M u. Pick any

ng € N large enough to have ||u — up, ||H}LV(RN) < 5. Hence the result with v = wuy,,.

Step 2: There exists p € Z(RY) such thét lv— QD”H}LV(RN) < 5 and @[l Lp@yy < ||v]| Lo @Yy

Let n € N. Let R > 1 be such that B(0,R) D suppv. Set, v, = p, xv. Since v € HY(RY) it is

well-known that v, € 2(RN), |[on || ey < 0]l 20 @y) (by Young’s inequality),

supp v, C supp p, + suppv C B(0,2R), (2.18)
1 N
n % v, (2.19)

(see for instance Brezis [3]: Proposition 4.18, p.106; Proposition 4.20, p.107; Theorem 4.22, p.109;
Lemma 9.1, p.266). Then, v, € H114 v(RY) and by (2.16)),

Vo, +iAv, 4(——+ Vo +iAv. (2.20)

n—oo
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a.e. in RN

By (2.19), we may extract a subsequence, that we still denote by (v, )nen, such that v, ——— v.
n—oo

a.e. in RN

As a consequence, VVv, ="~ /Vuv. Applying Young’s inequality and (2.18), we see that
n—oo
VV|va| < \/V”U”Lw(RN)]lB(o,zR) € L*(RM).

It follows from the dominated convergence Theorem that lim V|v—wv,[*dz = 0, which gives with

n—oo RN
E20).

Jim [jo = on|lgy @) = 0.

We then choose ¢ = v,,, where n; € N is sufficiently large to have |jv — Un1||H}LLV(RN < 5. Hence

Step 2.
Step 3: Conclusion.
The result follows from Steps 1 and 2. O

Lemma 2.17. The space H}LV(RN) is complete.

Proof. Let (un)nen C Hj (RY) be a Cauchy sequence. Since H} y(RY) — H'(RY) which is

1
complete (Lemma [2.15), there exists u € H'(RY) such that u, # u. By Lemma [2.13] Au €
n— oo
2 N
L3*RYN;CN) and Vu, +idu, ﬂ—% Vu+iAu. To conclude, it remains to show that v/Vu € L2(RY)

and \/>un —> V/Vu. The sequence (vVVy, )nen being Cauchy in L?(RY), it is bounded and there

L*(R")

exists v € L*(RN) such that v/Vu, ——> v. There exists a subsequence (uy, )xen C (Un)nen such
n—oo

. N
that uy,, ﬂ) u. It follows that \/VUM ac mR7, VVu and by Fatou’s Lemma, vVu € L2 (RM).

k—o00 — 0

Let » € 2(RN). By Holder’s inequality, vV € L>(RY). We have for any n € N,
<\/‘7Un,<P>L2(RN),L2(RN) = (up, \/V@L?(RN),LZ(RN)-
By the above convergences, we can pass to the limit and we get for any ¢ € Z(RY),
<Ua80>L2(1RN),L2(JRN) = (u, \/‘790>L2(RN),L2(RN) = <\/‘7U780>L2(RN),L2(RN)-
It follows that, v = vVu in 2'(RY) and so in L?(RY). The lemma is proved. O

Proof of Theorem By Lemma m Hj v(RY) — H'Y(RY). It remains to show that,
H'(RY) < H} ,(RY). Let u € H'(RYN). Then, |u| € H'(RY) and | |uf [|g1@~yy < llullg @)
(Lemma [2.11). By Lemma m Au € L*(RY;CV) and Vu? € LY(RY). As a consequence, u €

H} (RY) and by (2.13) and ([216),

HUHHl v (RY) S C”u”Hl(RN)
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where C' does not depend on . O

Lemma 2.18. The space H) ,(RY) is separable.

Proof. By Theorem H) (RY) = H'(RY) with equivalent norms. Let H = H'(R"), with
-z =1- HH}M(RN). Since (H'(RN), || . || 11 r)) is separable, so is (H, || . |lz). Let us define the
linear operator T by,
T:HyyRY) — L*RY)xH
u —  (VVu,u),
with ”(U’U)H%Q(RN)XH = ||uH2LQ(RN) + ||v]|%, for any (u,v) € L*(RY) x H. Clearly, L>(RY) x H is
separable. Thus, T(H} ,,(RY)) is also separable (Brezis [3]: Proposition 3.25, p.73). But for any

u € H}LV(RN)7
1T (Wl L2y 2 lullmy |, @),

so that H y,(RY) is separable. O

Proof of Theorem By Lemmas [2.15H2.18] it remains to show the continuous embeddings and
the densities in ([2.7]). This comes from the fact that the embeddings in (2.6 are dense and from the
reflexivity of the spaces Z(RY) and H} ,(R"). O

Proof of Theorem Estimate (2.8) comes from (1.15)—(1.17]) and a straightforward calculation,
while (2.9) is a consequence of the embeddings H) ,,(RY) — H'(R"Y) and H~'(RY) — H,Z,lv (RN),
due to (2.6) and ([2.7). O

3 The set of dislocations

Lemma 3.1. Let A satisfy (1.3), (L5) and (1.6). Then for any y € ZN, there exists a unique
continuous function 1), € W/ll’N+E(RN;R) (¢Yy € HE (R;R), if N = 1) such that

ocC

¥y (0) =0, (3.1)
vz € RV, Yy(x —y) +v—y(2) = Yy (—y) = ¥y (y), (3.2)
Az +y) = A(z) + Vi (z), (3.3)

for almost every x € RN . In particular, 1o = 0 over RY.
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Proof. Let y € Z". Uniqueness for 1)y comes from and , once continuity is proved.
By Remark and the Sobolev embedding, there exists E; € VVl}JcN te (RY;R) satisfying and
continuous over RY. Setting 1, = ;b\; - {/}Z(O), we see that 1, verifies and (3.3). Notice that
the function x — 0 satisfies for y = 0, so that ¢y = 0, by uniqueness. It remains to establish
. Applying with y at the point  —y and a second time with —y, we obtain for almost every

z € RN,
Alr —y) = A(z) = Vipy(x —y) = A(x) + Vi (2).
It follows that there exists ¢ € R such that,
Vo € RY, ¢, (x —y) +v_y(2) = c.

Substituting first z = 0, then x = y and using (3.1)) we obtain (3.2]). O

Lemma 3.2. Let A satisfy (1.3)), (1.5) and (1.6). Let (¢y)yezN be given by Lemma For any
yeZN, let p, € WLUNTE(RN:R) be defined by,

loc

e 1
Py = Py — §wy(—y), (3.4)
Then ¢, € C(RY;R) and verifies,
Vr e RY, ¢, (z —y) + ¢_y(2) =0, (3.5)
Az +y) = A(z) + Vo, (2), (3.6)

for almost every x € RN. Finally, pg = 0 over RN.

Proof. By Lemma and (3.4)), we only have to check (3.5). The result then comes from (3.4) and
B2). O

Assume that A and V satisfy Assumptions and respectively. For any y € Z", we define
Ty € Z(H} y(RY)) as follows.

Ty:H}x,V(RN) — H}},V(RN)
u s eYvu(- +y),

where ¢, is given by (8.4). Indeed, it is clear that 7, : H} {,(RY) — L?*(R") is linear and,
/ Viryu|?de = / Vu|?dz, (3.7)
RN RN
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for any u € H}LV(RN). In addition, by (3.6), we have for any y € ZV, u € H}LV(RN) and almost

every z € RV,

V(ryu)(x) +iA(z)(ryu)(x)
= (Vu(z + y) +iA(z)u(z + y) + iV, (z)u(z + y))eiwy(:c)

= (Vu(z +y) +iA(z + y)u(z + y))ei‘Py(””).
We deduce that 7, : H}LV(RN) — H}LV(RN) is well-defined, linear and
IV (ryu) +iA(Tyu) || L2yy = [[Vu +iAu| 2 gy
The above estimates and (3.7) permit us to see that for any y € ZV, 7, € X(HXV(RN)) with
HTy”f(HL,V(]RN)) = 1. Let
def N
D= {r;yeZ™}. (3.8)

Proposition 3.3. Let A and V satisfy Assumptions and [L3] respectively, and let D be defined
by (3.8). Then D is a set of unitary operators on H}LV(RN). In addition,

0 = 1d, (3.9)
Ty_1 =T, =Ty, (3.10)
(Tyu, yv) iy vy = (V) @), (3.11)

for any y € ZN and u,v € H) ,(RY).

Proof of Lemma Recall that D is set of bounded linear operators on H}x,v (RM). By Lemma ,

o = 0so that 7o =Id. Let y € Z" and let u € H}LV(RN). For almost every z € RY | one has,
iy (roy) (2) = 00 (7_yu) (a4 y) = Dl V() = (),

where we have used (3.5) in the last equality. Still with (3.5)), we show that 7_, (Tyu) = u. It follows

that 7, is invertible and TJl = 7_y. Now, let v € H}LV(RN). By a straightforward calculation and
with help of (3.5) again and (3.6)), we obtain

def _
<u77—;U>H}4,V(RN) = <Tyuv U)H;’V(RN) = <U77y 1U>H}LV(JRN)’

so that, 77 =7, I which concludes the proof. O

Let us recall the following definition (see Definition 3.1, p.60, in Tintarev and Fieseler [14] and
Proposition |3.3)).
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Definition 3.4. Let A and V satisfy Assumptions and respectively, and let D be defined
by (B.8). Let (un)nen C Hjy(RY) and u € H} ,(RY). We shall say that the sequence (u,)nen

converges to u D-weakly, which we will denote as,

D
Up — U,
n— 00
if
nl;rr;Q(un — U, Ty"'U>Hi,v(]RN) = O,

for any sequence (7, Jnen C D and v € H} ,(RV).

Notation 3.5. Let A and V satisfy Assumptions and respectively, and let D be defined
by (3.8). Let (7, )nen C D. We shall write,

Tyn O’
n—oo

to mean that for any u € H} ,(RY), 7, u — 0 in H} |,-weakly, or equivalently,
’ n— 00 ’

nIEEO<Tyn“v”>Hi,V<RN) =0,

for any u,v € H} ,(RV).

1

D
Remark 3.6. If u, — 0 then v, — 0 in Hhv—weakly. In particular, u,, — 0 and for any

n— oo n—00 n—r00
1
sequence (7, Jnen C D, 7, u, — 0. Indeed, this follows from (3.9)), (3:10) and (2-6).
n—roo

Lemma 3.7. Let A and V satisfy Assumptions and respectively. Let (yp)x, (zx)e C ZN.
Then,

Ty o —= 0 = Jyp + 2] -—— oo, (3.12)

Moreover, if Tyszk;A/O then (Tyszk)k admits a constant subsequence.
oo

Proof. Let (yx)x, (zx)x C ZN.

Step 1: If likrgg.}f lyx + zi| < oo then (yx + 2 )r admits a constant subsequence.

Indeed, if llkrg g.}f lyx + 2x| < oo then (yg + 2k ) admits a bounded subsequence, from which we extract
a convergent subsequence (yke + zkz)[ Since (ykz + Zkz)z converges in ZY, Step 1 follows.

Step 2: Proof of = .

We show the contraposition. Assume that likm inf |y + 2| < co. By Step 1, there exists (yk,Z + Zkz)( C
—00
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(yx + 2z1)x such that for any ¢ € N, yx, + 25, = yx, + 21, Let u € H}LV(RN) \ {0} and v = 7, 72, w.
It follows from (3.11]) that,

vl e N, <TyszszU,U>H}LV(RN) = ||U||?{%1V(RN) >0,

and so, T, 0.
o0

Step 3: Proof of <—.

Assume |yi, + 2| P Let ¢,1 € Z(RY). Then for any k € N large enough, supp(7y, 7z, %) N
—00

supp ¥ = 0, so that,

k—o0
(T Ter s V) as, |, @rvy —— 0. (3.13)

Let u,v € Hj (RY). Let € > 0. By density (Theorem , there exists (¢n)n, (¥n)n C 2(RY) such

H} v (®Y) H v (®RY)
that, ¢,, —— wu and ¢,, —— v. Let ng € N be such that,
n— oo n—00

||UHH}W(RN)||U - ‘PnoHH}w(RN) + [|¢ng HH}W(RN)HU - wnoHHLYV(RN) <E,

for any n > ng. We then infer with help of (3.11)) and Cauchy-Schwarz’s inequality that for any k € N,

|<Tyszkuﬁv>H}q’V| < KTy Tz (W — np), U>Hi\,v| + Ty T Png, v — wno>H}4,V| + |<Tyk7'zk90ngywn0>H}4’v|

< ollaylle = enollay , + lenollmy 1o = Ynollay |, + {7y To Pros Yno ) 1

-
AV

e+ |<TykT2k(pno=¢no>H}4

,V

By (3.13), if follows that: limsup |(7, 72, u, U)Hi‘ V(]RN)| < €. Since ¢ > 0 is arbitrary, we then get that
k—o0 ’

k—o0

for any u,v € H} (RN), (1,72, u,v) =%, 0, which is the desired result.

Hy y (RY)
Step 4: If 7y, 7., ;A/ 0 then (7, 72,) . admits a constant subsequence.
oo
Now assume that 7, Tzk;‘{o. By (3.12), this means likm inf |y, + 21| < 00, and we conclude with help
oo — 00

of Step 1. 0

Proposition 3.8. Let A and V satisfy Assumptions and [1.3] respectively, and let D be defined
by (3.8). Then D is a set of dislocations on H} ,(R™).

Proof. By Proposition 3.1 p.61 in Tintarev and Fieseler [14], it is sufficient to show that if (y; ), C Z%

is such that 7, ;A/ 0 then 7, has a strongly convergence subsequence. This is a consequence of (3.9)
o0

and Lemma B.7 O
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4 Cocompactness

Theorem 4.1. Let A and V satisfy Assumptions and respectively, and let D be defined
by B.8). Let (up)ren be a bounded sequence in H} (RN). Let p € (2,2*) (p € (2,00], if N = 1).

Then (ug)ren s bounded in H'(RN) and we have the following result.

D LP(RY)
up — 0 <= up — 0
k— o0 k—o0

Proof. Let (ug)ren be a bounded sequence in H) 1,(RY) and let p be as in the theorem. By (2.6)
D
and Sobolev’ embedding, (ux)ren is bounded in H'(RY) and so in LP(RY). Assume that u; — 0.

k—oco

Hl
By Remark Tyt — 0 for any (7, ) C D. Suppose p < co. We claim that,

Vk € N, 3y, € Z" such that sup / |ug|Pdx :/|Tkak|de. (4.1)
yeZN
Q-y Q

Indeed, if sup [ |ug|[Pde = 0, there is nothing to prove. If sup [ |ugx[Pdz = & > 0 then if the
yELN Q—y yEZN Q—y
supremum in y was not a maximum then there would be an infinite number of y € Z" such that
[ |uk|Pdz > &, contradicting the fact that (ug)y, is bounded in LP(R™).
Q—-y
By the Sobolev embedding H'(Q) < LP(Q) and translation, there exists C' > 0 such that for any

keNandyezZV, ||UkHLp(Q ) S < Cllukl?n (Q—y)- Multiplying the both sides by ||uHLp(2Q7y), we get

p=2
P
/ |ug[Pdx < C||uk||§{1(Q,y) / |ug|Pda
Q-y Q-y
Summing over y € Z~, we obtain for any k € N,
p—2

Il vy < Clsl sy st [tz
—y
For any k € N, let yz € Z" be given by (4.1]). Noticing that sup lug ]| g1 vy < oo, we infer from the
keN
compactness of the Sobolev embedding H'(Q) — LP(Q) that

k—o0

Vk €N, [lur]l7,@n) < Cllmuellfyig) =0,

1

since Ty, Uy — 0. When N = 1 and p = oo, we use the above result and Gagliardo-Nirenberg’s
k—o0

inequality to see that,

k—o0
[Jun || Lo r) < CHuk|\L4(R||Uk||H1(R) CHuka(R =0
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LP (RN
Let us prove the converse and assume that uy % 0. Note that if N =1 and p = oo then,
— 00

k— o0
||Uk||2L4(R) < lurll L2yl Lo @y < Cllug||Le @) —— 0.

So we may assume that p < oo. Let (7, ) € D. Since for any k € N, [|7y, ur|| o) = |Jurl e @)

and |7y, ukllgy  @vy = lukllmy @~y by B11), we obtain that for some (7y,,), C (7, )x and u €
H,}X,V(RN)a

: N
Ty e — 0, in LP(R™Y),
k—o0

oyl
Ty, Uk, — U, in Hy y-weakly.
£—00

In particular, both convergences hold in 2'(R"), so that u = 0 and Ty Uy — 0, in HY v-weakly,
k—o0 ’

for the whole sequence (7, u ). This concludes the proof. O

5 An associated critical value function and proof of the main
result

Proposition 5.1. Let N > 1. Let g and F be as in Assumption where f satisfies (1.8) and (|1.9)
and let ¢ be defined by (1.7). Then the following holds.

1. ¢ € CYHY(RN);R), o' = g and 1 and 1" are bounded on bounded sets.

2. V(u,v) € HY(RYN) x HY(RN), (g(u), v) g1 &~y m@y) = Re/g(u)(x)mdx.
RN

3. Let (un)n, (Un)n C HY(RY) be bounded. If lim |un — vp |l po@ny = 0, for some p € [1,00], then
n—oo

Hy, H!
4. Let u € HYRN). If u,, —— u then g(u,) —— g(u).

Proposition [5.1]is well-known but with some slightly different assumptions on f and, in all cases, for
real-valued functions. It can be adapted and for the convenience of the reader, we postpone its proof

to the Appendix [A]

Remark 5.2. If N > 3 then, under the hypotheses of Proposition[5.1} the conclusions may be slightly

more general as follows. We first recall that,

2RN) = E def L*RM)NL* (RN) with dense embedding,

E* = L2(RN) + L*" ' (RN) < 2'(RY) with dense embedding,
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where, |lullp = [lulz2@®~) + |lul[ L2 ®v). See, for instance, Bergh and Lofstrom [2] (Lemma 2.3.1,

p.24-25 and Theorem 2.7.1, p.32). Then the following holds.

1. ¢ € CHE;R), ¢/ = g € C(E; E*) and v and ¢’ are bounded on bounded sets.

2. Y(u,v) € Ex E, (g(u),v) g~ 5 = Re / g(u)(x)v(z)dz.
RN

3. Let (up)n,(vn)n C E be bounded. If lim ||u, — vnl[zr@~) = 0, for some p € [1,00], then
n— o0

lim |¥(u,) —¥(v,)| = 0.

n—oo
H,, By
4. Let u € HY(RY). If u, —— wu then g(u,) — g(u).
n—oo n—oo

For more details, see the proof of Proposition [5.1] in the Appendix [A]

From now and until the end of this section, we shall suppose that Assumptions[I.1]and [L.3]are fulfilled.
In particular, by (1.10), g # 0. Note that when g = 0 then by Remark u = 0 is the unique solution

to (L.19).
def def

Let for any ¢ > 0,8 & {u € D@®V) Jullyy vy =t} & = {u € By @) lully vy = 1),

B {ue Hyy RV): Jully, | ) <t} and

A(t) < sup P(u) = sup 9 (u), (5.1)

u€§ UES

where the second equality in (5.1])) comes from density of 2(RY) in H}LV(RN ) (Theorem . Fur-

thermore let

o (2 inf 20 =) ,2sup V(ti — 7(3)) ; (52)

and for any p > 0,

def P
Vu e Hj y(RY), Gylu) = 5”“”?{3)‘/(]1{1\’) = ¥(u), (5.3)
¥t >0, T,(t) d:efg —(t). (5.4)

Note that by Proposition [5.1| and Theorems [2.3[ and G, € C'(H} (RY);R) and
G (u) = p(=Asu+Vu) = g(u), in Hg,lV(RN).

1
It follows that for A = ;, u, is a weak solution to (1.19) if, and only if, G;,(up) =0.

22



Lemma 5.3. The function v defined by (5.1) is continuous and nondecreasing over [0,00) and is
locally Lipschitz continuous over (O7 00). Furthermore, v has a derivative at t = 0 and v'(0) = 0. In

addition, for any a > 0 and b >

v(a) +~(b) < v(a+b). (5.5)
t#s
Proof. Let u € H}!,V(RN)-

Let 6 > 0. Let (vk)ken C S1 be such that vy, —— 0in H}l y-weakly and supp vy C Q. By Theorem
1
LP(RY)

and compactness, vy —— 0 and vy, —> 0, for any p € (2,2*%), It follows from Property |3| of
k—o0
Proposition [5.1] that,
k—o0 k—oc0
Y(u+ Ovg) —— Y(u) and |ju+ ekaHl JERN) T ||u||H1 L(RN) + 62, (5.6)

Let t > 0. Let (ug)reny C St be a such that 9 (uy) LN v(t) and suppus C B(0, Ry,). Since 2(RY)

is dense in H} 1, (RY) (Theorem , we may find (wg)keny C Z(RY) such that suppwy C B(0,r)

1
and wy, #) u. Let (yx)x C ZYN with |yx| > Rk + 7y and let vy, = 7, up, € H}LV(RN). It follows

that,
Vk € N, supp vx Nsupp wg = 0, (5.7)

from which we deduce for any k € N, 1(v, + wg) = ¥(vk) + ¥(wg). By Theorem Proposition
and the fact that ¢ is invariant with respect to D, we have for any k € N,
[ (u+ o) = (¥(u) + (1))
< [ (u + o) — P(wy + o) | + [ (we) = Y(u)] + (o) —7(2)]

k—o0
< Cllwk = ullay, @y + [ (ur) = ()] == 0.

It follows that,

lim 4w+ 0) = () + 7). (5.8)

k—o0
Finally, by (5.7) and Cauchy-Schwarz’s inequality,

k—o0
(w, o) iy vy = 1w = wiy ok) gy @y | < VEwg, = ul| S (RY) === 0,
from which we get with help of (3.11),
Jim ool gy = Tl gy + 8 (5.9)
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And since ¢ is bounded on bounded sets (Proposition [5.1)), we conclude with (2.6) and (2.7) that
there exists C; > 0 such that,

Yu € By,

W (), W v,y @) < C (5.10)
By , 7 and [I0, Theorem 2.1], it follows that  is locally Lipschitz continuous and
nondecreasing over (0, 00) and holds true. Now, let us prove that 4/(0) = %gg w = 0. Let
e>0.Welet k=1,if N >3 and k =0, if N = 2. Let C. > 0 and p. > 2 be given by f. By
and the Sobolev embeddings, there exist C' > 0, which does not depend on ¢, and C. > 0 such
that for any ¢ > 0,

t) — t) —~(0 1
0< inf y(t) —(s) < v(t) —~(0) <= Sup/ |F(z, |u])|dz
t#s t—s t tueSt RN

1 «
< = sup (6/ (|u* + Klu)? )dx—l—CE/ |u|p€dw)
t UES, RN RN

Ce 2 2*
< e sup HUHHi‘ »(®RN) + K SUP HUHH}Q’V(RN) +

i
ECE

t

pE
Slelé)t HUHH}Q’V(RN)

—2 t\0 IO A

§C’6<1+mf )+O’

Since ¢ is arbitrary, we can conclude that inf W(t) 7(5) = +/(0) = 1}{1’(1) 1®)=7(9) 7(0) = 0. Finally, if I,
where empty then we would have for any ¢ > 0, y(¢) = 0. But this would yleld Y(u) < 0, for any

u € HY(RY), contradicting (1.10). O

We shall use the well-known following result.

Theorem 5.4 ([14], Theorem 3.1, p.62-63). Let (ug)ren C H}LV(RN) be a bounded sequence and

let to hmsup||uk||H1 RN Then, up to subsequence that we will still denote by (uk)ren, there
exist D C N, ( ™)nen C HA’V(RN) and (Ty?)(k,n)eNxD C D such that for any (n,m) € D x D,
Toypup ——w", in H} v -weakly, (5.11)
k—o0 ’
m [yt —yii| = oo, forn #m, (5.12)
Z ™7, @) < to, (5.13)
nebh
> P, (5.14)
e nGID)Tunw koo .

where the series in (5.14) converges uniformly in k € N.

Proof. Since H}LV(RN ) is a separable infinite-dimensional Hilbert space and D is a set of dislocations

on H}LV(RN) ((2.5) and Proposition and using (3.10), we may apply [I4, Theorem 3.1, p.62-

63] which asserts, up to subsequence that we will still denote by (uy)ren, the existence of D C N,
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(w")nep C Hj (RY) and (Ty?)(k,n)eNxD C D satisfying (5.11), (5.13), (5.14) and 7_r7ym m\ 0,

for n # m. This last estimate and Lemma yields (5.12)). O

Lemma 5.5. For almost every p € I, there exist c(p) > 0 and a bounded critical sequence (uy)ken C

H} v (RN) that is,

(ug)ken C HXV(RN) is bounded, (5.15)
Golur) “= clp) > 0,
) 5.16)
H;L RY) (
G;(uk) =i 0.
k—o0

In addition, for every p € L, there exist c(p) > 0 and a sequence (ux)ren C HAVV(RN) satisfying
(5.16)).

Proof. The proof of [I0, Theorem 2.15] can be adapted to prove Lemma Let po € I,. Then I'y,

is not monotone nondecreasing. Indeed, if so then for any ¢; < t5 we would have

Bt =v(t) < T2 = (t2),

which implies 2 sup w < po, contradicting the fact that py € I,. (Similarly I, is not monotone
nonincreasing. ) t%flerefore, we can find 0 <ty < ¢; and a 0 > 0 such that ', (to) > ', (t1) + 36 > 36
(we recall that by Lemma [p,(0) = 0 and T, (0) > 0). Also, it is clear that the mapping
p — I'y(to) — T'p(t1) is continuous over [0,00) so that there exists do(pg) > 0 such that for any
p € I, o (pPo — S0(po), po + 80(po)), Tp(to) > Tp(t1) + 26 > 25. But it follows from the definition of

7 that there is a u; € Sy, such that 1 (u1) > y(t1) — 6. Thus, for any p € I, and any u € Sy,
Gp(u) =T p(to) > Tp(t1) +20 > G,(ur) +6. (5.17)

Denoting by A %' {€eC([0,1]; H} (RY)); £(0) =0 and £(1) = 1}, it follows from (5.17)) that the
following holds.

For any pg € I, there exist 6o(po) > 0 and uy € H (RV)\ {0}

def
such that for any p € I,, = (po — 0(po), po + do(po)), (5.18)

def .
c(p) = jnf max G, (E(1)) > Gylur) > Gp(0).

Thus G,, has mountain pass geometry and we can find a critical sequence satisfying (5.16) by the
Mountain Pass Theorem (see, for instance, [I4, Theorem 6.2, p.144]). Now, let us show that for

almost every p € I, there exists a bounded critical sequence. As we shall see, this is almost a direct
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consequence of and [0, Theorem 1.1] (see also [9, [13]). Because of the form of the functional
G, we cannot directly apply [6]. But it can be easily adapted and we postpone its proof to the
Appendix [A] (see Theorem below). Let I C (0,00) be any interval. Let us consider the following
Property .

For almost every p € I, there exists a sequence

(ur)ren C H}  (RN) satisfying (5.15)-(5.16).
Let (an)nen C Iy be any increasing sequence converging towards sup l,. For each n € N, let

7, & (£,a,). Let n € N be such that I, # 0. By (5.18) and Theorem m for each py € I,

(Pr)

I, satisfies (pro)' But I,, C UI I,, and by compactness, I, may be covered by a finite number
po€ly
of I,,,. Consequently, I,, satisfies (Ps,). Since n € N, is arbitrary, we infer that I, = |J I,, satisfies
neN
(Pr,). This ends the proof of the lemma. O

Corollary 5.6. For almost every p € I, there exists u, € H}LV(RN) \ {0} such that G')(u,) = 0. In
particular, u, is a non zero weak solution to (1.19) with X = %.

Proof. By Lemma for almost every p € I, there exist c(p) > 0 and a sequence (up)ren C
H}LV(RN ) satisfying ([5.15)—(5.16)). Let such p, ¢ def ¢(p) and (ug)ren. We first extract a subsequence

1

H
(without change of notation) for which Theorem applies. By (5.16]), the sequence uk%o
—

oo

because ¢ > 0 and G,(0) = 0. Thus we may assume that, up to a subsequence that we still denote by
D
(uk)ken, HukH?{}LV(RN) — ¢t > 0. It follows from (5.16]) that <G;J(uk)’uk>H;1v,H}4y — 0. If up, —0

then (2.9), Proposition (11.8)—(1.9), Holder’s inequality, Sobolev’s embedding and Theorem
imply that for any € > 0, there is a p. € (2,2*) such that for some C. > 0,

‘<g (k) ), o

< / |9 uak) | ag |z
RN

k—o0

<C (2u§ llwkll V(RN)) e+ CEHUkHiEpE(RN) — Ce.
c :
But then, <G'/D(Uk),Uk>HZ,1V’H,14,V — pt # 0, a contradiction. Then,
D
uk;AO, as k — o00. (5.19)

Let us apply and use the notations of Theorem If D = () or if all the w™ were zero, then by (5.14)
D
we would have up — 0, contradicting (5.19). Therefore, D # () and there is at least one nonzero w™°

which we call u,. Since for any (k,n) € N x D,

G, (T,yguk) = G,(u) and ||G; (T*yguk)HH;}V(RN) = ”G;»(“k)HH;}V(RN)v
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we conclude from (5.16)), (5.11)), Theorem and Proposition [5.1| that,

G’ ( nouk) — G »(up) =0, in Hglv—weakly,
k—o0 ’

from which the result follows. O
Proof of Theorem Apply Corollary with p = % 0

6 Applications

In this section, we give some examples of nonlinearities for which Corollary applies: for almost

every A > 0 such that % € I, =(0,25), where S def sup w € (0, 00], there exists, at least, a non
S

zero weak solution to (|1.19).

Example 6.1 (The single power interaction). Let 1 < p < 2* — 1 and let,
Yu € HYRY), g(u) = |u[Ptu.

Then are satisfied and Corollary applies. It is not hard to see that ’Y( ) 17 6 50
that Iq, = (0, 00). Llet A > 0. Let then Ao € I, for which (T.19) admits a non zero weak solution wy,.
Setting u = (%0) v uy,, a straightforward calculation shows that u is a solution to with Ag(u)
as the right side. In conclusion, for any A > 0, equation has, at least, a non zero weak solution.
Note that F satisfies the Rabinowitz condition.

Example 6.2 (The combined power-type interaction). Let py, pus > 0,let 1 < py #£py < 2*—1
and let,

Yu € H'(RY), g(u) = mlul™ u — poful”*~u.

The only difficulty is to show that there is a u € H'(RY) such that,

a7+

LP1+1(RN) - > 0.

’(/J(U) def

LP2+1(RN)

D1 +1
Let u € Hy (RY)\ {0} and let ¢ > 0. If p; < p then

_ 4P+l p1+1 M2 - pa+1
(o) = 058 (Pl )~ P e ) >0

for any 0 < t < 1, while if p; > po then

— 4p2+1 K1 pi—ps p1+1
P(tu) =t 2 17

P1+1(RNY) P2+1(RN) —>th Q.
p1+1 Lr1+1(RN) Lr2+1(R
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Then (|1.8)—(1.10) are satisfied and Corollaryapplies. In particular, it follows from the last estimate
that if p; > po then @ 2% % so that I, = (0,00) and we may choose A as close to 1 as we want.
Notice also that ¥» < 0 on a nonempty open subset which is very different from the most hypotheses

that can be found in the literature (as the Rabinowitz condition, for instance).

Example 6.3. Suppose that F' does not satisfy the Rabinowitz condition: F(x,t) > utf(z,t) > 0
with g > 2 but there are an M > 0 and a ¢ > 0 such that for any t > M, F(x,t) > ct?Int. Then

t 1
lim () > ¢ lim sup f/ lu|? In |u|dz
t—oo t t—o0 wES; t RN
1
= ¢ lim sup f/ tlu|? In(vt|u|)dz
t_>°°u€§1t RN
= 0.

So that I, = (0,00) and Corollary [5.6] applies for almost every A > 0. As an example of g satisfying
such a condition and (|1.8)—(1.10) is,

. ce|ulP~u, if u| < e,
Yu e H (RY), g(u) =
puln|ul + pou, if |u| > e,

where ji1, 12,6 > 0 and p € (1,2* — 1) can be chosen arbitrarily and ¢, = e~ @~ (u; Ine + pp).

Appendix

A Some proofs

In this appendix, we adapt the proof of [6, Theorem 1.1] to our family of functionals (G,),cr, , where
the original idea is due to [12]. We also give the proof of Proposition

In [6], the family of functionals is of the form

YA >0, In(u) = A(u) — AB(u),

llul|—o0 llull—o0

where A(u) or B(u) ——— o0, and with B > 0 everywhere. Unfortunately, in our case,

2
>0, G0 = 1hw =5 (BE - ww) . a1

and we do not have B = ¥ > 0, everywhere, but only somewhere. So we have, in some sense, to
reverse the role of A = ||ul|? and B = . The following theorem is an easy adaptation of [6, Theorem

1.1], but for the convenience of the reader, we give its proof.
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Theorem A.1 ([6], Theorem 1.1). Let (X, | .|) be a Banach space, let I C (0,00) be a nonempty
open interval and let (G,),er C C* (X;R) be a family of functionals of the form,

Vpel, Gp(u) = pA(u) — B(u), (A.1)

lll|—o0

where A # 0 and for any u € X, A(u) > 0. Assume that either A(u) ———— oo or B(u) el =oe
We also assume that (G,),cr has mountain pass geometry: there exist uy € X and us € X such that,

denoting by
I {¢eC(0.1;X); £0) = ur and £(1) = un}

the set of continuous paths joining uy to ug, we have for any p € I,

c(p) & inf max G,(£(t)) > max {G,(u1), Gpluz)}. (A.2)

€€T te[0,1]
Then for almost every p € I, G, admits a bounded Palais-Smale sequence: there exists a sequence

(un)nGN cX Satisfyin%

(un)nen C X is bounded, (A.3)
Go(un) n_>—oo> c(p),

X*
G, (up) —— 0,

n—roo

where X* denotes the topological space of X.
Remark A.2. Here are some comments of Theorem [A1]

1) If there exist p € I and (u1,us2) € X x X satisfying (A.2) then it is well-known, by the Mountain
Pass Theorem, that there exists a Palais-Smale sequence (uy,)nen C X satisfying (A.4) (see, for
instance, [14, Theorem 6.2, p.144]). The difficulty is to find such a bounded sequence.

2) The proof of Theorem relies on the existence of the derivative ¢/(p) of ¢(p). Since A > 0, we
have by (A.2) that the mapping ¢ : p — ¢(p) is nondecreasing over I. It follows that ¢ has a
derivative ¢’ almost everywhere on I. In the original proof, the existence almost everywhere on I

of ¢ is ensured by the fact that the mapping ¢ : p — ¢(p) is nonincreasing over I.

Before proceeding to the proof of Theorem let us pick any p € I such that the derivative
d(p) exists (see the item [2)) in the above remark). Let then pg € (0,p) be small enough to have
(p = po,p+ po) C I and

c(p) — c(p)

5, —d(p)| < 1. (A.5)

Vo e (p—po,p+po)
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Now, let us choose (pn)nen C (p, p+ po) be a decreasing sequence such that p, RnaaN p. Finally, since
A(u)

llull—o0 llul|—o0

or B(u) —— oo there exists M > 10 such that for any u € X,
ful > M = max {A(u), B(u)} > max {c'(p) +3,2p(c'(p) +4) — c(p) }. (A.6)
We shall need of the two following lemmas.
Lemma A.3. There exists (&,)nen C T satisfying the following properties.
1) Let t € [0,1]. If n € N is such that G, (&.(t)) = c(p) — (pn — p) then ||, (2)]| < M.

2) ¥n €N, max G, (& (1) < clp) + (¢ (p) +2)(pn — p).

Proof. Let (£,)nen C I' be such that for any n € N,

Jnax G, (&n(1)) < c(pn) + (pn — p)- (A7)

Let t € [0,1]. Let n € N. We have by the hypothesis in [I]), (A.7) and (A.F),

In addition, since for any v € X, the mapping p — G,(u) is nondecreasing, it follows from ({A.8§)
and the hypothesis in [1]),

B(gn(t)) = pnA(fn(t)) -Gy, (fn(t)) < 2/7(6/(10) + 4) —c(p). (A.9)

Hence ||£,(t)|| < M, by (A.6), (A.8) and (A.9). To prove the second part of the lemma, we see that
(&) implies,

c(pn) < c(p) + (¢/(p) + 1) (pn — )- (A.10)
Finally, and yield,
mex G, (&n(1)) < Jax G, (& (1) < clp) + (¢ (p) +2)(pn — ).

This ends the proof of the lemma. O

Lemma A.4. Define for any e > 0,
F. d:ef{u € X; |lull < 2M and |G, (u) — c(p)| < g}.

Then for any e >0, F. # 0 and inzf“ |G, (u)]x+ = 0.
uc ke
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Proof. Let (£,)nen C T' be given by Lemma Then for each n € N, there exists ¢, € [0,1]
such that 0 < G,(&,.(tn)) — c(p) < (¢ (p) + 2)(pn — p) 272 0 and ||£(t,)|| < M. We infer that
for any e > 0, there exists ng € N large enough such that £(¢,,) € F.. Now, we note that it is

sufficient to show the result for any £ > 0 small enough. If the result does not hold then there exists

0<ey< C(P)*maX{Gg(“l)’G”(W)} such that i%f |G, (u)||x+ = 2e0. We then may apply a deformation
uc ke

lemma to affirm that there exists a homeomorphism 7 : X — X satisfying the following properties.

If |Gp(u) — c(p)| > 2e¢ then n(u) = u. (A.11)
Vu € X, G,(n(w) < Gy(u). (A.12)
If |lul| < M and G,(u) < c(p) + o then G, (n(u)) < c(p) — eo- (A.13)

See for instance [5, Theorem 4.2, p.38]. The assertion (A.12)) is not directly stated in this theorem
but in its proof p.39. Let m € N be large enough to have,

pm = p < (< (p) +2)(pm — p) < 0. (A.14)

By (A.11), n(¢n) € T Let ¢t € [0,1].
€ 1t G, (0 (1) < c(p) — (o — ) then by (T3,

Gy (n(En(t)) < clp) — (pm — p)- (A.15)

o If G, (&m(t)) > c(p) — (pm — p) then by Lemmaand (A1), 1€, )] < M and G,(&n (1)) <
c(p) + €o. It then follows from (A.13) and (A.14),

G (n(&m(1))) < c(p) = €0 < c(p) = (pm — p)- (A.16)
It follows from (A.15) and (A.16) that,

c(p) = jnf max G, (€®) < max G,(n(&m (1)) < c(p) = (pm — p)-

A contradiction, since p,, — p > 0. O
Proof of Theorem The result follows by applying Lemma[A.4] with any sequence €,, \, 0. O

Proof of Proposition Throughout this proof, we let k =1, if N >3 and k =0, if N < 2. We
will denote by C7 > 1 and p; the constants given by 7 for e = 1. We proceed to the proof in
6 steps.

Step 1: g: H'(RY) — H~(RY) is well-defined, bounded on bounded sets and [2| holds.
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By ([L.8)-(L.9), g(u) € L. (RY). Let ¢ € 2(R"Y). We have by (L.8)(1.9)), Hélder’s inequality and the
Sobolev embeddings,

[{g(w), ©) o ®N). 0@y | = Re/g(u)@il’
RN

*_ -1
&} (||u||L2(RN) + ’i||u||iz*(1RN) + |7, (RN)) ol may

*_ -1
< C (Il vy + wllul 2y + Tl ) el gy

By density, it follows that g : H'(RY) — H~}(RY) is well-defined, g is bounded on bounded sets
and Property [2] holds.

Step 2: ¢ € C(H'(RY);R), v is bounded on bounded sets, Gateaux-differentiable and its Gateaux-
differential is 1, = g.

Let u € H'(RY). By (L.8)-(L.9), Hélder’s inequality and the Sobolev embedding, F(u) € L'(RY;R)
so that ¢ : HY(RY) — R is well-defined and 1 is bounded on bounded sets. Let v € H(RY). Still
by 7, Holder’s inequality and the Sobolev embedding,

lutol

[Y(u+v) —(u)| < / / (t+mt> ~1 4 Oyt~ deda

RN Jul

< C(Jlullzz + llellzs + wlllulzas + ol o) =+ (lullzo + lollze ) ol ).
It follows that v € C(H'(RY);R). Let v € HY(RY) and 0 < |¢| < 1. Since u,v € L*(RY), the set
N {z € RY; |u(z)| = oo or |v(z)| = oo},

has Lebesgue measure 0. Let z € N¢. If u(z) # 0 then using that

lu(z) 4+ tv(x)| = \/(u(x) + tv(z)) (u(z) + tv(z)) >0,

for ¢t small enough, we see that

P, fu@) + (@) o = Re( (2, u())o(z)).

If u(z) = 0 then by (L.8)—(1.9)),

F(z,|tv(x)]) — F(z,0)
t

gC(|t||v(l’)‘2—|—I§}|t|2*_1|v(aj)|2*+Cl‘t|p1—1|v(l‘)‘pl) t—0 0.

We then infer,

F(.,|u+tU|)—F(.,|uD a.e. in RN

t t—0

Re(f(.,u)v).
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By (L) (.9,

F(.,Ju+tv]) = F(.,|ul) — tRe(f(z,u)v)
t

|u+tv|

<L / F(.,9)lds + 1 £(, [u)]]o]

t

Jul

< O(lul + [ol + w(ul + [o)* =+ (Jul + [o])7 1) [o] € L} (RY).

It follows from the dominated convergence Theorem and Property [2] that,

im plust m;) ) _ (9(u); V) g—1 (V) HLRY).-

Hence Step 2.
Step 3: Let u,v € HY(RY) and (up)nen C H'(RY) be bounded. Let € > 0. Choose ¢ > 0 small

enough to have,

2’ (sup ey + ey + 1 (sup a2, + Nl ) ) €2 (&)
For such an €', let p. and C., be given by f. For each n € N, let

A = {& € RY:&/ (Junl + Jul + £llunl ™+ [uf2 1) < Corlfunl? ™+ Jul? =) }.
It holds that,

(g(tn) — g(20), 0} 11 oy g vy | < / |9(tn) — 9(u)| [0 L, dz + ][0 12 vy, (A.18)
RN

Indeed, by (1.8)—(L.9), Holder’s inequality, the Sobolev embeddings and (A.17]), we have,

(g (tn) — g(u), 0) 51 vy 1oy | < / l9(un) — g(w)|jv]da
RN

- / l9(tn) — g(20)|[o[L0, dz + / 19(un) — g(u)| o] 1ag dz
RN

RN

< /\g(un) —g(u)|[v[La,dx +2¢' / (Jn| + Jul + & (w7 4 [0l 7)) ol de
RN RN

< / |9(un) — g(w)|Jo]La, dz + el[o] 21 gy
]RN

Step 3 is proved.
Step 4: v € CY(HY(RV);R) and ¢ = g.
By Step 2, it remains to show that g € C(HY(RY); H=}(RY)) to have that 1) is Fréchet-differentiable
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1 N
and ¢ = 9. Assume u, & u. Let € > 0. Let then &, p.r and C./ be given by Step 3. By

Holder’s inequality, we have for any v € H'(RY),

[ lotun) = gtalvlta, do < [[(oun) = g@) L, |, o [ollrry (A29)
RN
It follows from Sobolev’ embedding and (A.18)—(A.19)) that,
sup  [{g(un) = g(u), v) p-1mv), mey)| < O (9(un) — g(w)) L, Il 0, @) € (A.20)
Hv”Hl(RN):l
We claim that,
Jim [ (g(un) — g(w))La,ll ., ) = O (A.21)

If not, for some g9 > 0 and a subsequence, that we will denote by (un)n, there would exist h €

a.e. in RN

LP='(RY;R) such that for any n € N, || (g(un)fg(u))]lAnHLp/,(RN) > €o, |un| " hand Up = u.

But then (g(u,) — g(u))1a, ae nRY, 0 and {g (un) — g(u)|[1a, < ChP=1 € LP= (RN). This would
n—:oQ

yield to a contradiction by the Lebesgue convergence Theorem. Hence (A.21)). It then follows from

20 (&2 that.

Ve >0, limsup [|g(un) = g(u)l|z-1 @) <

n—oo

Letting € \, 0, we get g € C(HY(RN); H-Y(RY)).
Step 5: Let (uy)n, (vn)n C HY(RY) be bounded. If li_>m [tn = vnllLe@~y = 0, for some p € [1,00],
then lim |¢(un) — ¥(v,)| = 0.

n—oo
Let ¢ > 0. For such an ¢, let p. and C. be given by (L.8)—(1.9). Let for any t € [0,1], a(t) =
Y (vn + t(un, — vy)). Then a € C*([0,1];R) and by the mean value Theorem, there exists t,, € (0,1)
such that a(1) — a(0) = o'(¢,)(1 — 0), that is

Y(un) — Y(vn) = (g(wn), up — Un>H*1(RN),H1(RN)-

where w,, = v, + t,(u, — v,). Note that (w,)ney is bounded in H'(RY). Tt follows from (1.8)—(1.9)),

Holder’s inequality and Sobolev’s embedding that lim |[wu, — vy e mryy = 0 and
n—oo

19 (un) — ¥ (vn)|
*7 6_1
€ (||wn||L2(]RN) + ’ﬁHwnHir (I]RN)) |1, — UnHHl(RN) + Cp, ||wn||1£p€ (RN)Hun - vnHLPE(lRN)

< Ce + Cllun — vn| pr- myy-
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We infer,

Ve >0, limsup [¢p(un) — ¢(vn)| < Ce,

n—oo

from which the result follows.

Step 6: If u, —" 4 then g(up) — g(u).

’ N
Since (g(un))nen is bounded in H~1(RY) (Step 1), it is enough to show that g(u,) 2®), g(u). Let

n—
LP<' (B(0,R))
—_—

0 € 2(RY) with supp ¢ C B(0, R), for some R > 0. By compactness, u, u. Arguing by

n— oo

contradiction and using the dominated convergence Theorem, we show in the same way as in Step 4,

lim / |g(un) - g(u)||<p|]lAndz =0,

n—oo
RN

from which we deduce, with help of (A.18)),

Ve > 0, 1imsup |(g(un) - g(u), QO>@/(RN);@(RN)’ < Ell(pHHl(RN).

n—o0

We conclude as in Step 4. O

B Topological vector spaces over the field of complex numbers
restricted to the field of real numbers

Throughout this paper, we consider Banach spaces (or, more generally, complete topological vector
spaces) over R rather than C. The main motivations are the following. Firstly, the linear forms are
real-valued and there is a relation of order over R. Secondly, if a function v belongs to C'(X;R) (as
in Proposition for instance), where X is a real Banach space, then ¢’ € C'(X; X*), where X* is
the R-vector space .Z(X;R). If X is a complex Banach space then X* is the C-vector space .Z(X;C)
and ¢/ € C (X  ZL(X; R)) But then, when a Riesz representation theorem exists, we have two kinds
of representation between the elements of Z(X;R) and those of X* = Z(X;C), since Z(X;R) is
not C-linear. On the other hand, if X is a complex Banach space, it could be pleasant to consider
Az, for (A, z) € C x X. So, if X¢ is a complex topological vector space, throughout this paper we
consider Xy as the elements of X¢ over the field R. We then consider the real topological vector space
Xj. For any (A, z) € C x X, Az € Xg, since Xg and X¢ have the same elements. In the special case
where Hc is a complex Hilbert space whose the inner product is (., . )y then Hg is the real Hilbert
space whose the scalar product is (., .)g ' Re (., .)m. In particular, for any (u,v) € Hg x Hp,

(iu,iv)g = (u,v)m. Now, assume that X¢ is a complex Banach space. Denote by X¢ and Xj the
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topological dual spaces of X¢ and Xg, respectively. It follows that X7 is a C-linear space while Xg
is only a R-linear space. Let us define the map,
I1: X — Xz,
© ¥ (B.1)
L +— RelL.
Then I is a bijective isometry from XZ onto Xf (Brezis [3, Proposition 11.22, p.361]). With help of

this correspondance, we can identify some linear forms. For instance, let X = LP(Q;C), where  is

an open subset of RY and 1 < p < co. If p = 2 then the inner and scalar products are given by

(u,v)x = /u(x)@dx and (u,v)x = Re/u(m)v(x)dx,

Q Q

respectively. Using the Riesz representation Theorem for the complex LP(); C)c spaces (Yosida [15]

Example 3, p.115]) and the bijective isometric map (B.1]), it follows that
LP(Q;C)f = LF'(2;C)g,

1 1 /

where — + — = 1. More precisely, for any L € LP(Q; C)g, there exists a unique u € L? (€; C)g such
p p

that

(L,v) Le(0)+,Lr@) = Re/u(az)v(:p)dz,
Q

for any v € LP(; C)g. Furthermore, [lul[;. o.c), = [ILllLr(0;c);- Finally, we end this appendix with
the space of distributions 2’(2;C). We consider the C-complete topological vector space Z(2;C)
restricted to the field R as above. Then an element T' belongs to the R-complete topological vector
space 2'(Q;C) if T is a R-linear continuous mapping from 2(£2;C) to R. In particular, a function
f € LL (2;C) (over the field R) defines a distribution Ty € 2(; C) by the formula,

loc

(T, 0) 9 (050),2(0:C) = Re/f(x)tﬂ(l’)dx,
)

for any ¢ € 2(Q2;C). Indeed, Ty is clearly a R-linear continuous mapping from Z2(£;C) to R. Fur-
thermore, if f € L _(Q;C) satisfies,

loc

Re [ f(x)p(x)dz =0,
/

for any ¢ € 2(Q;C), then f = 0. To see this, we note that Re(f),Im(f) € L .(;R) and choosing

loc

@ =1 + 10 and then ¢ = 0+ iy in the above expression, we get

/Re(f(x))w(x)dx = /Im(f(x))z/)(x)dx =0,

Q Q
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for any ¢ € Z(Q; R). We infer that Re(f) = Im(f) = 0 (Brezis [3| Corollary 4.24, p.110]), from which

1 . / .
the result follows. Obviously, if f, Lioc(50) f then T, M Ty. We conclude that,
— 00 n— oo

Li, (€ C) — 2'(9;C),

with embedding T': f € L{ (©;C) — T € 2'(Q; C).

loc
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