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Abstract

We study the design of optimal (private and/or social) insurance schemes
for formal home care and institutional care. We consider a three period
model. Individuals are either in good health, lightly dependent or heavily
dependent. Lightly dependent individuals can buy formal home care which
reduces the severity of dependency and reduces the probability to become
severely dependent in the next period. Severely dependent individuals pay
for nursing home care. In both states of dependency individuals can receive
a (private or public) insurance benefit (transfers). These benefits can be
flat or depend on the formal care consumed (or a combination of the two).
These benefits are financed by a premium (or a tax). Individuals may be
alive until the end of period 2 or die at the beginning of periods 1 or 2 with
a certain probability which may depend on their state of health.

The laissez faire is inefficient because individuals consume a too low level
of formal home care and are not insured. The first-best insurances scheme
requires a transfer to lightly dependent individuals that, (under some con-
ditions) increases with the amount of formal home care consumed. Severely
dependent individuals, on the other hand, must receive a flat transfer (from
private or social insurance). The theoretical analysis is illustrated by a cali-
brated numerical example which show that the expressions have the expected
signs under plausible conditions.

Keywords: Long-term care insurance, formal home care, nursing home
care.....
JEL Codes: I13, I18, H51



1 Introduction

Because of population aging the demand for formal long-term care (LTC)

services by the elderly population is likely to grow substantially; see Cremer

et al. (2012) and Klimaviciute and Pestieau (2023) for an overview of the

relevant evidence. LTC mainly consists in assistance with daily activities,

and it is different from health care. Unlike medical care, this assistance

does not require highly skilled caregivers, but it is very “labor intensive”

and typically not covered by health insurance.

Currently a significant part (between one third and one half) of long-

term care is provided informally, by family members (mainly daughters); see

for instance Barczyk and Kredler (2018). However, the extent of informal

care is likely to decrease in the future. This is due for instance to changes

in family values, increased labor female labor force participation and mo-

bility of children. In any event informal care imposes a significant cost on

caregivers and it is not available to everyone.1 Consequently, there will be

an increasing need for formal care to supplement or replace informal care.

While severely dependent individuals require institutional care, formal care

provided at home is an alternative for the less severely dependent individ-

uals and it can delay their need for nursery home care. It is cheaper and

preferred by most persons. For individuals either of these represents a signif-

icant financial risk. As long as individuals are risk averse, standard economic

theory suggests that the random and costly nature of LTC makes it precisely

the type of risk that calls for private or social insurance protection.2

Postal operators can play an important role both as provider of personal

1see for Barigozzi et al. (2020), Bonsang and Schoenmaeckers (2015), Cremer et al.
(2017) and Cremer et al. (2012).

2See Cremer and Pestieau (2014) or Cremer and Roeder (2017).
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services to the elderly and as insurer (when they also offer financial – bank-

ing and insurance – services). These personal services include delivery of

medication or meals, remote surveillance, housework, gardening, or simply

regular visits. They can be provided directly by mail carriers or via special-

ized subsidiaries. As to insurance, postal banks offer in any event a wide

variety of insurances.

We study the design of optimal (private and/or social) insurance schemes

for formal home care and nursery home care. While there is some literature

on this subject,3 our study presents the novel feature that it combines home

and institutional care and that the transition between states of dependence

(light or severe) is endogenous.4

We consider a model with 3 periods: 0, 1 and 2. In period 0 individuals

are either in good health, lightly dependent or heavily dependent. Lightly

dependent individuals can buy formal home care which reduces the severity

of dependency and reduces the probability to become severely dependent in

the next period. Severely dependent individuals pay for nursing home care.

In both states of dependency individuals can receive a (private or public)

insurance benefit (transfers). These benefits can be flat or depend on the

formal care consumed (or a combination of the two). These benefits are

financed by a premium (or a tax). Individuals may be alive until the end of

period 2 or die at the beginning of periods 1 or 2 with a certain probability

which may depend on their state of health.

The laissez-faire is inefficient because individuals consume a too low

level of formal home care and are not insured. We study the first-best

(FB) insurance scheme that maximizes expected utility of a representative

3See for instance Cremer et al. (2016), Drèze et al. (2016) or Klimaviciute, J., (2017).
4Barigozzi et al. (2020) do also allows for both types of formal care but in that setting

there is no uncertainy so that the question of insurance design does not arise.
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individual and show how it can be implemented by reimbursement rules for

home and institutional care.

We show that the decentralization of the FB requires a transfer to

lightly dependent individuals that, (under some conditions) increases with

the amount of formal home care consumed. The transfer can be entirely

public or consist for instance of a flat private insurance payment plus a

subsidy; this is a matter of implementation. Severely dependent individu-

als, on the other hand, must receive a flat transfer (from private or social

insurance).

The theoretical analysis is illustrated by a calibrated numerical example

which shows that the expressions have the expected signs under plausible

conditions and point out some other interesting properties.

These results provide a justification for the role of La Poste Groupe (or

other postal operators) as provider of home care (which should be subsi-

dized) and as an insurer providing benefits that depend on the severity of

the dependency.

2 The model

Periods and states of nature We consider a model with three periods

indexed by t = 0, 1, 2. Individuals are endowed with income ω. In each

period t, there are 4 states of nature denoted by θt ∈ {G,L,H,D} where

G stands for good health, L stands for “lightly” dependent (at home), H

stands for severely (heavily) dependent (requiring nursing home care) and

D for dead. We assume that death occurs at the beginning of the considered

period. The proportion of the initial population who is of type θ in period

t is denoted by πt,θ. In period 0, we consider only individuals who are alive

so that π0,D = 0. This makes sense because individuals die at the beginning
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of a period.

Utilities In each period, individuals who are alive pay a premium Pr.

Utility of type G individuals in period t = 0, 1, 2 is given by

Ut,G = u (ω − Pr) , (1)

while utility of type L individuals

Ut,L = u (ω − Pr − st +Rt,L, θL − st) , (2)

where st denotes home service expenditures and Rt,L denotes reimbursement

of home services. Utility of individuals of type H is

Ut,H = u (ω − Pr − dt +Rt,H , θH − dt) , (3)

where dt denotes LTC expenditures (nursing home) and Rt,D the reimburse-

ment of these expenditures. In state of nature D we normalize utility to zero

Ut,D = 0.

Expected utility is thus

EU =
∑

t=0,1,2

∑
θ=G,L,H,D

πt,θUt,θ (4)

where Ut,G, Ut,L and Ut,H are respectively given by (1), (2) and (3).

Transition probabilities and proportions of types The probability

to be in state θ at period t when the state in period t−1 was θt−1 is denoted

pt,θ (θt−1). Consequently proportions of the different types are given by

πt,θ =
∑

θt−1∈{G,L,H,D}

pt,θ (θt−1)πt−1,θt−1 . (5)
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Note that by definition proportions of type in any period must add up to 1

so that we have ∑
θ∈{G,L,H,D}

πt,θ = 1 for every t

Let Pt denote matrix of transition probabilities defined by

Pt =


pt,G (G) pt,L (G) pt,H (G) pt,D (G)
pt,G(L) pt,L(L) pt,H(L) pt,D(L)
pt,G(H) pt,L(H) pt,H(H) pt,D(H)
pt,G (D) pt,L (D) pt,H(D) p2,D (D)

 (6)

where the sum of the elements of each line of Pt is equal to 1.

We make the following assumptions:

π0,D = 0 (7)

pt,G (L) = pt,G (H) = pt,G (D) = 0 (8)

pt,L (H) = pt,L (H) = 0 (9)

pt,H (G) = ptH (D) = 0 (10)

pt,D (H) ≥ pt,D(L) (11)

Equation (7) is a normalization i.e. π0,G+π0,L+π0,H = 1; we consider only

individuals who are alive in period 0 which is formally equivalent to assuming

π0,D = 0. The other equations imply that dependency is a “one way road”;

there is no way to return to a less dependent state and the deterioration of

the state is gradual. Furthermore death is of course an “absorbing state”;

there is no resurrection. In particular, equation (8) says that the probability

to be in state G at period t is zero if the individual was in state L or H or

D in the previous period. Similarly, equation (9) says that the probability

of people in state L in period t is zero if the individual was in state G or D

in the previous period. Equation (10) says that the probability of people in

stateH in period t is zero if the individual was in stateG orD in the previous
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period. Finally, expression (11) implies that mortality is larger among the

severely dependent than among the lightly dependent. This assumption is

not essential for our analysis but it simplifies the interpretation of some

expressions and reduces the number of cases to be considered.

Furthermore, we assume that for individuals who are in state L in pe-

riod t − 1 the probability of remaining in state L or moving to state H at

date t is endogenous and depends upon the level of home care services. For-

mally, we write pt,L (L, st−1) and pt,H (L, st−1) with ∂pt,L (L, st−1) /∂st−1 >

0 and ∂pt,H (L, st−1) /∂st−1 < 0. And we must have ∂pt,L (L, st−1) /∂st−1 +

∂pt,H (L, st−1) /∂st−1 = 0. In words, lightly dependent individuals are less

likely to become heavily dependent is they benefit from more formal home

care services.

With these assumptions, one can rewrite the transition matrix as follow

Pt =


pt,G (G) pt,L (G) 0 pt,D (G)

0 pt,L (L, st−1) pt,D (L, st−1) pt,D (L)
0 0 pt,H (H) pt,D (H)
0 0 0 1

 (12)

In period 0 the types’ proportions are given. In the subsequent periods,

the are then obtained from the initial proportion together with the transition

probabilities. In period 1, we have

π1,G = p1,G (G)π0,G, (13)

π1,L (s0) = p1,L (G)π0,G + p1,L (L, s0)π0,L, (14)

π1,H(s0) = p1,H (L, s0)π0,L + p1,H (H)π0,H , (15)

π1,D = p1,D (G)π0,G + p1,D (L)π0,L + p1,D (H)π0,H . (16)

Observe that the proportions of types L and H depend on home care ser-

vices, received by the lightly dependent in period 0, s0. This is because the

transition probability between these two states depends on s0.
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Similarly in period 2 we have

π2,G = p2,G (G)π1,G, (17)

π2,L(s0, s1) = p2,L (G)π1,G + p2,L (L, s1)π1,L(s0), (18)

π2,H(s0, s1) = p2,H (L, s1)π1,L(s0) + p2,H (H)π1,H(s0), (19)

π2,D(s0) = p2,D (G)π1,G + p2,D (L)π1,L(s0) + p2,D (H)π1,H(s0). (20)

Now the proportions depend on both s0 and s1. The proportions in period

1 depend on s0, while the transition probabilities between L and H from

period 1 to 2 depend on s1. Transitions and states of nature in each period

are illustrated in Figure 1.

Differentiating (14), (15), (20), (18) and (19) with respect to s0 and s1

shows how the shares of types are affected by home care. The expressions

are provided in Appendix A and they are used when determining the optimal

policy. Here we restrict ourselves to stating their signs.

∂π1,L(s0)

∂s0
> 0 (21)

∂π1,H(s0)

∂s0
< 0 (22)

∂π2,L(s0, s1)

∂s0
> 0 (23)

∂π2,H(s0, s1)

∂s0
= π0,L

∂p1,L (L, s0)

∂s0
[p2,H (L, s1)− p2,H (H)] ≶ 0 (24)

∂π2,D(s0, s1)

∂s0
= π0,L

∂p1,L (L, s0)

∂s0
[p2,D (L)− p2,D (H)] < 0 (25)

Equations (21)–(23) (25) follow directly from our assumptions on the

impact of s on the transition probabilities. Roughly speaking and increase

in s0 increases the proportion of lightly dependent individuals at the expense

of the severely dependent in subsequent periods. This in turn results in an
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States
G:
L:
D:
M:

Figure 1: Timing, transition probabilities and proportions. The columns
refer to periods 0, 1 and 2 respectively.
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decrease of the proportion of individuals who are no longer alive in period 2

as stated in (25). This impact on mortality also explains why the sign of (24)

is ambiguous; while s0 increases the proportion of lightly dependent in period

2 it also reduces mortality in period 1 which explains that some individuals

who would have otherwise died earlier end up severely dependent in period

2. This indirect effect via mortality affects some of our results below.

Because individuals are risk averse, it is clear that insurance coverage

for care expenses would be desirable. The question to which we now turn

is how the insurance contract should be designed. To address this question

we first characterize the optimal allocation and then determine how it can

be decentralized via an insurance contract covering home and nursing home

care.

3 First best

The first-best solution is obtained by maximizing the expected utility of a

representative individual subject to the resource constraint. Formally, the

problem is

max
Pr,Rt,L,Rt,D,st,dt

EU

s.t. [3− π1,D − π2,D (s0)]Pr

− π0,LR0,L − π0,HR0,H

− π1,L(s0)R1,L − π1,H (s0)R1,H

− π2,L(s0, s1)R2,L − π2,D(s0, s1)R2,H ≥ 0

9



where the expected utility is given by

EU = π0,Gu (ω − Pr)

+ π0,Lu (ω − Pr − s0 +R0,L, θL − s0)

+ π0,Hu (ω − Pr − d0 +R0,H , θH − d0)

+ π1,Gu (ω − Pr)

+ π1,L (s0)u (ω − Pr − s1 +R1,L, θL − s1)

+ π1,H (s0)u (ω − Pr − d1 +R1,H , θH − d1)

+ π2,Gu (ω − Pr)

+ π2,L (s0, s1)u (ω − Pr − s2 +R2,L, θL − s2)

+ π2,H (s0, s1)u (ω − Pr − d2 +R2,H , θH − d2)

Denoting µ the Lagrange multiplier associated with resource constraint,

and uc the partial derivative of u with respect to its first argument the FOC

w.r.t Pr is:

− (π0,G + π1,G + π2,G)u
′ (ω − Pr)

− π0,Luc (ω − Pr − s0 +R0,L, θL − s0)

− π0,Huc (ω − Pr − d0 +R0,H , θH − d0)

− π1,L (s0)uc (ω − Pr − s1 +R1,L, θL − s1)

− π1,H (s0)uc (ω − Pr − d1 +R1,H , θH − d1)

− π2,L (s0, s1)uc (ω − Pr − s2 +R2,L, θL − s2)

− π2,H (s0, s1)uc (ω − Pr − d2 +R2,H , θH − d2)

+ µ (3− π2,D (s0)) = 0 (26)
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The first-order conditions (FOCs) with respect to Rt,i are:

π0,Luc (ω − Pr − s0 +R0,L, θL − s0) = µπ0,L, (27)

π0,Huc (ω − Pr − d0 +R0,H , θH − d0) = µπ0,H , (28)

π1,L (s0)uc (ω − Pr − s1 +R1,L, θL − s1) = µπ1,L (s0) , (29)

π1,H (s0)uc (ω − Pr − d1 +R1,H , θL − d1) = µπ1,H (s0) , (30)

π2,L (s0, s1)uc (ω − Pr − s2 +R2,L, θL − s2) = µπ2,L (s0, s1) , (31)

π2,H (s0, s1)uc (ω − Pr − d2 +R2,L, θL − d2) = µπ2,H (s0, s1) . (32)

These conditions require that the marginal utility of income is the same in

all states of nature (when alive). In other words, there is full insurance. The

FOC w.r.t dt for t = 0, 1, 2 are

uc (ω − Pr − dt +R0,t, θH − dt) = −uθ (ω − Pr − dt +Rt,H , θH − dt) (33)

Marginal costs of d equal marginal benefits in all periods. Both are expressed

in terms of utility.

Finally, the FOCs with respect to st are

− π0,Luc (ω − Pr − s0 +R0,L, θL − s0)− π0,Luθ (ω − Pr − s0 +R0,L, θL − s0)

+
∂π1,L (s0)

∂s0
U1,L +

∂π1,H (s0)

∂s0
U1,H +

∂π2,L (s0,s1)

∂s0
U2,L +

∂π2,H (s0,s1)

∂s0
U2,H

+ µ[−
∂π2,D (s0)

∂s0
Pr −

∂π1,L (s0)

∂s0
R1,L −

∂π1,H (s0)

∂s0
R1,H

−
∂π2,L (s0,s1)

∂s0
R2,L −

∂π2,H (s0,s1)

∂s0
R2,H ] = 0, (34)

− π1,Luc (ω − Pr − s1 +R1,L, θL − s1)−

π1,Luθ (ω − Pr − s1 +R0,L, θL − s1)

+
∂π2,L (s0,s1)

∂s1
U2,L +

∂π2,H (s0,s1)

∂s1
U2,H

+ µ

[
−
∂π2,L (s0,s1)

∂s1
R2,L −

∂π2,H (s0,s1)

∂s1
R2,H

]
= 0, (35)
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−π2,Luc (ω − Pr − s2 +R2,L, θL − s2)−π2,Luθ (ω − Pr − s2 +R2,L, θL − s2) = 0.

(36)

These conditions also require equalization of marginal costs and benefits for

formal home care s. The expressions are more complex than for d because

in addition to the direct effect in the considered period, there are indirect

effects via the impact of s on the probability of dependency in subsequent

periods. These indirect effects do not arise in period 2 which is the last

period; see (36).

4 Decentralization

In the previous section we have assumed that the insurer directly controls all

the relevant variables including expenditures on care, s and d. We now show

how this solution can be decentralized via an appropriate insurance contract

(Pr, Rt,L (st) , Rt,H (dt)) which specifies the premium and the reimbursement

rules for care expenses. In other words we let individuals choose their levels

of st and dt taking the insurance contract (Pr, Rt,L (st) , Rt,H (dt)), as given.

The main question is then how the reimbursement rules should be designed.

Specifically should they involve a flat payment in each state of nature or

entail a full or partial reimbursement of care expenses?

12



Individuals then solve

max
st,dt

EU =π0,Gu (ω − Pr)

+ π0,Lu (ω − Pr − s0 +R0,L (s0) , θL − s0)

+ π0,Hu (ω − Pr − d0 +R0,H (t0) , θH − d0)

+ π1,Gu (ω − Pr)

+ π1,L (s0)u (ω − Pr − s1 +R1,L (s1) , θL − s1)

+ π1,H (s0)u (ω − Pr − d1 +R1,H (d1) , θH − d1)

+ π2,Gu (ω − Pr)

+ π2,L (s0, s1)u (ω − Pr − s2 +R2,L (s2) , θL − s2)

+ π2,H (s0, s1)u (ω − Pr − d2 +R2,H (d2) , θH − d2) .

Let ct,θ denote consumption in period t of an individual in state θ. The

FOCs with respect to s0, s1, s2 are respectively given by

−π0,Luc (c0,L, θL − s0)− π0,Luθ (c0,L, θL − s0)+

+
∂π1,L (s0)

∂s0
u1,L +

∂π1,H (s0)

∂s0
u1,H

+
∂π2,L (s0)

∂s0
u2,L +

∂π2,H (s0)

∂s0
u2,H

+π0,L
∂R0,L (s0)

∂s0
uc (c0,L, θL − s0) = 0 (37)

−π1,Luc (c1,L, θL − s1)− π1Luθ (c1,L, θL − s1)

+
∂π2,L
∂s1

u2,L +
∂π2,H
∂s1

u2,H

+π1,L
∂R1,L (s1)

∂s1
uc (c1,L, θL − s1) = 0 (38)

− π2,L
∂R2,L (s2)

s2
uc (c2,L, θL − s2)

−π2,Luc (c2,L, θL − s2)− π2,Luθ (c2,L, θL − s2) = 0 (39)
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While the FOCs with respect to dt for t = 0, 1, 2 are given by

πt,H
∂Rt,H

dt
uc (ct,H , θH − dt)+uc (ct,H , θH − dt) = −uθ (ct,H , θH − dt) . (40)

To study the properties of the implementing reimbursement rule, we have

to combine the individual’s FOCs (37)–(40) with the conditions character-

izing the first best, namely, (26)–(36). We will successively consider care in

case of severe dependence and then for light dependence.

4.1 Severe dependence

Combining (33) and (40) yields ∂Rt,L/∂dt = 0 for all t = 0, 1, 2. Conse-

quently, insurance coverage of care in case of severe dependence involves

a flat payment. There is no marginal subsidy, so that the level of care is

not distorted. In practice this means that it can depend on the severity of

dependence but not on actual expenditures.

4.2 Light dependence

4.2.1 Period 0

In case of light dependence in period 0 individuals consume care services

of s0 which affects the shares of dependent individuals in the subsequent

periods. This affects their own probability of dependence and thus their

expected utility. This is spontaneously taken into account when individuals

choose their s0. However, it also affects the insurers budget constraint and

this effect is ignored by individuals who take the insurance contract as given.

This explains that the reimbursement scheme must be designed to correct

for this bias in the individual’s choice. Consequently, a simple flat payment

will no longer be sufficient.

To study how s0 should be reimbursed we start by combining (34) with

14



(37) which yields

π0,L
∂R0,L(s0)

∂s0
uc (c0,L, θL − s0)

µ

= −
∂π2,D (s0)

∂s0
Pr −

∂π1,L (s0)

∂s0
R1,L

−
∂π1,H (s0)

∂s0
R1,H −

∂π2,L (s0,s1)

∂s0
R2,L −

∂π2,H (s0,s1)

∂s0
R2,H . (41)

Equation (41) shows that ∂R0,L (s0) /∂s0 has the same sign as the (right-

hand-side) RHS of this equation. We show in Appendix B that this RHS

can be rearranged to obtain

−
∂π2,D (s0)

∂s0
−

∂π1,L (s0)

∂s0
R1,L −

∂π1,H (s0)

∂s0
R1,H

−
∂π2,L (s0,s1)

∂s0
R2,L −

∂π2,H (s0,s1)

∂s0
R2,H =

∂p1,L (L, s0)

∂s0
π0,L (R1,H −R1,L) +

∂p1,L (L, s0)

∂s0
π0,L (p2,D (H)− p2,D (L))Pr

+
∂p1,L (L, s0)

∂s0
π0,L (p2,H (H)− p2,H (L, s1))R2,H

+
∂p1,L (L, s0)

∂s0
π0,L (p2,D (L)− p2,D (H))R2,H . (42)

As long as Rt,H > Rt,L all terms of this expression are positive except for the

last one. Indeed one can expect that p2,D (H) ≥ p2,D (L) which means that

the mortality rate of severely dependant persons is at least as large as that

of lightly dependant.5 Consequently we have ∂R0,L (s0) /∂s0 > 0 so that

home care in period 0 must be subsidized as long as (p2,D (H)− p2,D (L)) is

not too large.

Intuitively the different effects can be explained as follows. Recall that

while individuals anticipate the direct impact of s0 on their expected utility,

they do not take into account the impact on the insurers budget constraint.

5See expression (11).
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When (p2,D (H) − p2,D (L)) is not too large this effect is positive and to

achieve the appropriate level of s0 a subsidy is required.

Let us have a closer look at the different terms of (42) which represent

the relevant effects. A first effect π0,L (R1,H −R1,L) ∂p1,L (L, s0) /∂s0 takes

place in period 1. Increasing s0 increases the share of individuals of type L

and decreases the share of type H in period 1 so that as long as R1,H > R1,L,

this effect is positive. A second effect is a premium effect taking place in

period 2: increasing s0 increases the share of individuals of type L and

decreases the one of type H in the second period so that it implies a positive

effect on the resource constraint as long as p2,D (H) > p2,D (L) that is if the

mortality rate is higher among the highly dependent individual than the

one the lightly dependent. A third effect takes place in period 2: a change

in expenditures p2,L (L, s1) (R2,H −R2,L) > 0. Its extent depends on the

proportion of type L individuals in period one which in turn depends on s0.

These three effects go in the same direction.

A fourth effect is that because the proportion of type L in period 1

increases and that of type H decreases, mortality decreases; and with more

individual alive in period 2, expenditures on the severely dependent R2,H

increase.

To sum up and roughly speaking s0 has mostly positive effects on the

insurer’s budget because it reduces the proportion of severe dependency

amongst the individual who are still alive in period 2. However, it also

increases the number of individuals who survive until period 2 and some of

them will be severely dependent.6

6Increasing longevity increases utility but this is already accounted for in individuals’
decisions. But it does have a negative impact on the insurer’s budget.
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4.2.2 Period 1

We now turn to s1 which has also indirect effects but only in period 2.

Consequently expressions are simpler. Combining (35) with (38) yields

π1,L
∂R1,L(s1)

∂s1
uc (c1,L, θL − s1)

µ
= −

∂π2,L (s0,s1)

∂s1
R2,L −

∂π2,H (s0,s1)

∂s1
R2,H

(43)

Equation (43) shows that ∂R1,L (s1) /∂s1 has the same sign as the RHS of

(43). Rearranging this expression we obtain

−
∂π2,L (s0,s1)

∂s1
R2,L −

∂π2,H (s0,s1)

∂s1
R2,H

= π0,Lp1,L (L, s0)
∂p2,L (L, s1)

∂s1
R2,H − π0,Lp1,L (L, s0)

∂p2,L (L, s1)

∂s1
R2,L

= π0,Lp1,L (L, s0)
∂p2,L (L, s1)

∂s1
(R2,H −R2,L) > 0,

so that ∂R1,L (s1) /∂s1 > 0. In other words we obtain an unambiguous result

and a subsidy on s1 is always desirable. Intuitively, a larger s1 increases the

share of individuals of type L and decreases the share of type H in period 2.

Consequently, as long as R2,H > R2,L, s1 has a positive effect on total care

reimbursements (an effect which is not spontaneously taken into account by

individuals) and should be subsidized.

5 Numerical results

To illustrate our findings and to show that expression (42) has the expected

sign when transition probabilities are calibrated to plausible levels.

Assume that utilities are given by

Ut,G = log (1 + ct,G)

Ut,L = log (1 + ct,L) + (st − θL)
2
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and

Ut,H = log (1 + ct,H) + (dt − θH)2

for t = 0, 1, 2.

For the sake of calibration we assume that t = 0, corresponds to age

70, t = 1 age 80 and t = 2 to age 90. Initial proportions are: π0,G = 0.6,

π0,L = 0.3 and π0,H = 0.1; see DRESS, 2010.

The transition matrices based on currently observed probabilities are

taken from Fuino and Wagner (2018). We assume that these transition

matrices correspond to st = 0 for t = 0, 1, 2.7

P1 =


0.7 0.14 0.03 0.13
0 0.56 0.12 0.32
0 0 0.1 0.9
0 0 0 1

 (44)

P2 =


0.25 0.25 0.2 0.3
0 0.5 0.18 0.32
0 0 0.68 0.32
0 0 0 1

 (45)

The probability functions are then specified as

p1,L (L, s) = 1/(1 + exp[β1,L − αs]) (46)

p2,L (L, s) = 1/(1 + exp[β2,L − αs]), (47)

where α > 0 measures how formal home, s, care affects the probability pL.

The larger is α, the larger is the impact of s on the probability to stay in

state L.

To calibrate β1,L and β2,L we set s to zero in (46) and (47) and solve to

obtain the probability given in (44) and (45). This yields the following two

7This is a matter of normalization. In reality, subsidies to formal home care already
exist so that the levels we have have to be understood as coming in addition to the current
levels.
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equations

p1,L (L, 0) = 1/(1 + exp[β1,L]) = 0.56

p2,L (L, 0) = 1/(1 + exp[β2,L]) = 0.5

and we obtain β1,L = −0.24 and β2,L ≈ 0.

Substituting these values into equations (46) and (47) we obtain the

expressions for p1,H (L, s) and p2,H (L, s) by using the property that in any

given period the probabilities of the different states of nature must add up

to one which yields

p1,H (L, s) = 1− p1,D (L)− 1/(1 + exp[β1,L − αs]),

p2,H (L, s) = 1− p2,D (L)− 1/(1 + exp[β2,L − αs]),

where p1,D (L) and p2,D (L) are given by (44) and (45).

Table 1 and Table 2 present allocations and marginal reimbursement

rates ∂R0,L (s0) /∂s0 and ∂R1,L (s1) /∂s1 for two values of α and θH and

with w = 100 and thetaL = 1.

First, and foremost, these results confirm that the marginal reimburse-

ment rate of s1, ∂R1,L (s1) /∂s1, is positive for the considered calibration of

transition probabilities. In addition, the illustration brings about a number

of interesting properties. In particular, transfers to type H individuals, that

is R0,H , R1,H and R2,H , as well as expenses d0, d1 and d2 do not differ with

respect to age. This is line with equations (28) , (30), (32) and (33) which

state that marginal utility of consumption should be equal for everybody

and that the marginal utility of consumption is equal to the marginal ef-

fect of d on utility given here by 2 (θ − d). Given that marginal utilities of

consumption are equal to 1/ (1 + c), the marginal utility of consumption is

low so that d is set very closed to θH . This property does not depend on
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θH = 200, α = 1.5 α = 0.9

Pr 15.35 22.31

R0,L 21.38 19.74

R1,L 21.27 19.63

R2,L 21.09 19.45

R0,H 220.09 218.45

R1,H 220.09 218.45

R2,H 220.09 218.45

d0 199.99 199.99

d1 199.99 199.99

d2 199.99 199.99

s0 1.28 1.28

s1 1.17 1.17

s2 0.99 0.99

∂R0,L (s0) /∂s0 0.13 0.13

∂R1,L (s1) /∂s1 0.07 0.07

Table 1: Allocation and marginal reimbursment rates when θH = 200.

θH = 400, α = 1.5 α = 0.9

Pr 17.25 30.12

R0,L 21.12 18.19

R1,L 20.96 17.98

R2,L 20.64 17.62

R0,H 419.64 416.62

R1,H 419.64 416.62

R2,H 419.64 416.62

d0 399 399

d1 399 399

d2 399 399

s0 1.47 1.56

s1 1.30 1.35

s2 0.99 0.99

∂R0,L (s0) /∂s0 0.21 0.26

∂R1,L (s1) /∂s1 0.14 0.16

Table 2: Allocation and marginal reimbursment rates when θH = 400.
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the specification of probabilities but is due to the separability of the utility

functions.

Furthermore the results show that formal home care s decreases with

age. This is because s0 has a higher impact than s1 on total welfare: s0 has

not only an impact on the probability p1,L but also p2,L. As a consequence,

the transfers R to type L are decreasing with age so that marginal utility of

consumption in state L is the same in all periods. Since s2 has no impact, it

is set such that the marginal utility of consumption is the same in all states

which again implies that s2 is very close to θL.

Finally, the parameter α does not appear to have a very significant im-

pact on the marginal subsidies and on s0 and s1. We present the results only

for two values but simulations with different values have produced similar

results.

5.1 Concluding comments

We have studied the design of optimal (private and/or social) insurance

schemes for formal home care and nursery home care. Formal home care

provided to lightly dependend individuals reduces their risk of becoming

severely dependent. We have shown that the laissez-faire is inefficient be-

cause individuals consume a too low level of formal home care and are not

insured. The optimal insurance scheme implies a transfer to lightly depen-

dent individuals that, (under some conditions) increases with the amount of

formal home care consumed. Severely dependent individuals, on the other

hand, must receive a flat transfer. The theoretical analysis is illustrated by

a calibrated numerical example which has shown that the expressions have

the expected signs under plausible conditions.
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Appendix

A Impact of s0 and s1 on the shares of the different
types

Differentiating (14), (15), (20), (18) and (19) with respect to s0 and s1 and

using

∂p1,L (L, s0) /∂s0 + ∂p1,H (L, s0) /∂s0 = 0,

∂p2,L (L, s1) /∂s1 + ∂p2,H (L, s1) /∂s1 = 0,
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yields

∂π1,L(s0)

∂s0
= π0,L

∂p1,L (L, s0)

∂s0
> 0 (A1)

∂π1,H(s0)

∂s0
= π0,L

∂p1,H (L, s0)

∂s0
< 0 (A2)

∂π2,L(s0, s1)

∂s0
=

∂π1,L(s0)

∂s0
p2,L (L, s1)

= π0,Lp2,L (L, s1)
∂p1,L (L, s0)

∂s0
> 0 (A3)

∂π2,H(s0, s1)

∂s0
=

∂π1,L(s0)

∂s0
p2,H (L, s1) +

∂π1,H(s0)

∂s0
p2,H (H)

= π0,Lp2,H (L, s1)
∂p1,L (L, s0)

∂s0
+ π0,Lp2,H (H)

∂p1,H (L, s0)

∂s0

= π0,L
∂p1,L (L, s0)

∂s0
[p2,H (L, s1)− p2,H (H)] < 0 (A4)

∂π2,D(s0, s1)

∂s0
=

∂π1,L(s0)

∂s0
p2,D (L) +

∂π1,H(s0)

∂s0
p2,D (H)

= π0,Lp2,D (L)
∂p1,L (L, s0)

∂s0
+ π0,Lp2,D (H)

∂p1,H (L, s0)

∂s0

= π0,L
∂p1,L (L, s0)

∂s0
[p2,D (L)− p2,D (H)] < 0 (A5)

∂π2,L(s0, s1)

∂s1
= π1,L(s0)

∂p2,L (L, s1)

∂s1
= π0,Lp1,L (L, s0)

∂p2,L (L, s1)

∂s1
> 0

(A6)

∂π2,H(s0, s1)

∂s1
= π1,L(s0)

∂p2,H (L, s1)

∂s1
= π0,Lp1,L (L, s0)

∂p2,H (L, s1)

∂s1
< 0

(A7)
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B Proof of expression (42)

Using expressions (A1)–(A5) we succesively obtain

−
∂π2,D (s0)

∂s0
Pr −

∂π1,L (s0)

∂s0
R1,L −

∂π1,H (s0)

∂s0
R1,H

−
∂π2,L (s0,s1)

∂s0
R2,L −

∂π2,H (s0,s1)

∂s0
R2,H =

− π0,Lp2,D (L)
∂p1,L (L, s0)

∂s0
Pr − π0,Lp2,D (H)

∂p1,H (L, s0)

∂s0
Pr

− π0,L
∂p1,L (L, s0)

∂s0
R1,L − π0,L

∂p1,H (L, s0)

∂s0
R1,H

− π0,Lp2,L (L, s1)
∂p1,L (L, s0)

∂s0
R2,L − π0,Lp2,H (L, s1)

∂p1,L (L, s0)

∂s0
R2,H

− π0,Lp2,H (H)
∂p1,H (L, s0)

∂s0
R2H =

∂p1,L (L, s0)

∂s0
π0,L (R1,H −R1,L) +

∂p1,L (L, s0)

∂s0
π0,L (p2,D (H)− p2,D (L))Pr

+
∂p1,L (L, s0)

∂s0
π0,L [(p2,H (H)− p2,H (L, s1))]R2H −

∂p1,L (L, s0)

∂s0
π0,Lp2,L (L, s1)R2L

(A8)

The last line of this expression can be rearranged as follows

∂p1,L (L, s0)

∂s0
π0,L [(p2,H (H)− p2,H (L, s1))]R2H

−
∂p1,L (L, s0)

∂s0
π0,Lp2,L (L, s1)R2L

=
∂p1,L (L, s0)

∂s0
π0,L [(1− p2,D (H)− 1 + p2,D (L) + p2L (L, s1))]R2H

−
∂p1,L (L, s0)

∂s0
π0,Lp2,L (L, s1)R2L

=
∂p1,L (L, s0)

∂s0
π0,L ([(−p2,D (H) + p2,D (L) + p2L (L, s1))R2H ]− p2,L (L, s1)R2L)

=
∂p1,L (L, s0)

∂s0
π0,L [(p2,D (L)− p2,D (H))R2H + p2L (L, s1) (R2H −R2L)]

Consequently, expression (A8), which corresponds to the RHS of (41)
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and determines the sign of ∂R0,L (s0) /∂s0 can be rewritten as

−
∂π2,D (s0)

∂s0
−

∂π1,L (s0)

∂s0
R1,L −

∂π1,H (s0)

∂s0
R1,H

−
∂π2,L (s0,s1)

∂s0
R2,L −

∂π2,H (s0,s1)

∂s0
R2,H =

∂p1,L (L, s0)

∂s0
π0,L (R1,H −R1,L) +

∂p1,L (L, s0)

∂s0
π0,L (p2,D (H)− p2,D (L))Pr

+
∂p1,L (L, s0)

∂s0
π0,L [(p2,H (H)− p2,H (L, s1))]R2,H

+
∂p1,L (L, s0)

∂s0
π0,L (p2,D (L)− p2,D (H))R2,H .
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