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Abstract
We examine what can be learned about the correlation between Y and X when
data are available from two independent random samples; the first sample gives in-
formation on variables (Y, Z), while the second sample gives information on (X, 7).
The variable Z has the same distribution in both samples, but the samples have
no common observational units. A difficulty arises because neither sample has joint
information on the variables (Y, X). This situation applies, for instance, to the
ecological correlation problem or in the measurement of impact heterogeneity in
program evaluation. Our first contribution is to sharply characterize the set of all
possible values of the correlation of interest that are compatible with hypotheti-
cal knowledge of the distribution of (Y, Z) and of (X, Z) (the identification result).
Unlike the existing literature, our characterization does not rely on assumptions,
other than regularity conditions, on the joint distribution of (Y, X, Z). The second
contribution is to propose a series-based estimator for the later set, which turns
to be consistent and asymptotically normal and thereby permitting relatively easy
inference in applications. We evaluate the small sample properties of the proposed

estimator by means of Monte-Carlo experiments.
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1 Introduction

We examine what can be learned about the correlation between the variables Y and X
when data are available from two independent random samples with a common variable
Z. The first sample gives information on variables (Y, Z) but not X, while the second one
gives information on (X, Z) and not Y. The variable Z has the same distribution in both
samples, but the samples have no common observational units. A difficulty arises because
joint realizations of the variables (Y, X) involved in the definition of the correlation of
interest are not observed. Existing literature on the combination of independent samples
with common variables (see Ridder and Moffit, 2007 for a survey) deals with this difficulty
by assuming either that Y is independent of X conditionally on Z, or that the distribution
of (Y, X,Z) is multivariate normal. Here we ask what can be ascertained about the
correlation of interest without such assumptions.

As an example of application of the above framework, consider the following problem
arising in media planning studies. Suppose that we are interested in learning about the
correlation between consumers’ purchase behavior of cookies, measured by Y, and con-
sumers’ exposure to advertisements on media, measured by X. For reasons of costs and
focus, data on purchase behavior and media viewing are typically available from different
random samples (c.f., The Nielsen Company, 2007). A first sample, say {Y;, Z;}:2,, con-
tains information about purchase behavior Y; and socioeconomic characteristics Z; for a
group of consumers labeled 1,..,4,..,n;. A second sample, say {X;, Z; }?:m 41, contains
information about exposure to advertisements X, and the same socioeconomic charac-
teristics Z; but for a different group of consumers n; + 1, .., j,..,n. We face a difficulty
because the correlation of interest is a functional of the joint distribution of consumers’
purchase behavior Y and consumers’ exposure to advertisements X but the available data
only reveal the distributions of (Y, Z) and of (X, Z). The issue is to determine to which
extend the socioeconomic characteristics Z measured in both samples can help us to cope
with the later difficulty without assuming either that Y is independent of X conditionally
on Z, or that the distribution of (Y, X, Z) is multivariate normal.
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We first ask which are the values of the correlation between Y and X compatible with
hypothetical knowledge of the distributions of (Y, Z) and of (X, Z) when no assumptions,
other than regularity conditions (e.g., existence of second moments), are placed on the
distribution of (Y, X, 7). Following the terminology by Manski (2005), we call such set
of feasible values the identified set for the correlation between Y and X and we denote
it by ©7. We show that Oy is a closed interval of the real line, so it can be characterized
by its two extreme points, say 6; and 6,. These extreme points represent the minimum
and maximum value of the correlation between Y and X compatible with hypothetical
knowledge of the distributions of (Y, Z) and of (X, 7). We derive analytical expressions
for 0, and 6, in terms of the quantile function of X given Z and the distribution of Y
conditional on Z by exploiting the conditional Frechet bounds on the joint distribution of
(Y, X)) proposed by Ridder and Moffit (2007) and the fact that the correlation between Y
and X is a superadditive functional of later joint distribution. The resulting characteri-
zation of the identified set contains only the values of correlation between Y and X that
are compatible with the maintained assumptions and the available data free of sample
variation and no others. That is, our characterization is sharp. By contrast, the sharp-
ness result is not guaranteed in the related literature (c.f., Rassler, 2002;Djebbari and
Smith, 2008). Establishing whether a conjectured characterization of the identified set is
sharp is a relevant question in identification analysis because outer characterizations -i.e.,
those ones including values of the parameter of interest incompatible with the maintained
assumptions and the available data free of sample variation- may weaken our ability to
perform tests and to make useful predictions.

We then ask how the identified set ©; previously characterized can be actually recov-
ered from two samples on (Y, Z) and (X, Z) of finite size. To answer this question, we
begin by proposing an estimator for the identified set (actually for its extreme points 6,
and 6,,), which builds on our previous characterization of this set. Our proposal involves
to estimate by series the quantile function of X given Z and the distribution of Y condi-
tional on Z in a first step, and then plug in such estimates in the analytical expressions

of #; and #,,. Although our method is fully non-parametric, our estimates of the extreme



points of the identified set converge to their true counterparts at the usual parametric
rate. We continue by approximating the distribution of the estimators using asymptotic
theory. We show, under a set of sufficient conditions, that the estimators we propose for
0, and 6, are jointly asymptotically normal. This approximation could be useful in con-
structing asymptotic confidence intervals for the true value of the parameter of interest
of the type proposed by Imbens and Manski (2004), and later refined by Stoye (2009).
We also show that our identification and inference results apply not only to the cor-
relation between Y and X but also to any scalar parameter of interest 6 defined by the
equation § = E[c(Y, X; p)] where E denotes the expectation operator and y, x +— c(y, z; i)
is superadditive function known up to the nuisance parameter y depending only upon the
distribution of (Y, Z) and of (X, Z). Though admittedly specific, the class defined by the
later properties encompass many parameters of practical interest. In the text, we show
that the problem of measuring the variance of the treatment effect in program evaluation
(see Djebbari and Smith, 2008) or the covariance between individuals’ voting behavior
and their socioeconomic characteristics in a secret ballot (see Robinson, 1950) can be cast

in our framework.

Related Literature. The identification and inference problems we deal with arise under
different guises in different literatures. In the literature on the combination of indepen-
dent samples with common variables, some authors (c.f., Kadane, 2001; Moriarity and
Scheuren, 2001; Rassler, 2002) use the fact that the covariance matrix of (Y, X, Z) must be
positive semidefinite to derived bounds on the feasible values for the correlation between
Y and X. These bounds, nevertheless, are not guaranteed to be sharp when (Y, X, 7)
does not follow a trivariate normal distribution. Sims (1972) notice that when Y is as-
sumed to be independent of X conditionally on Z it turns that the correlation between
Y and X is equal to that between E(Y|Z) and E(X|Z), so the correlation of interest is
point-identified with two samples of the type described above. Many authors (see Ridder
and Moffit, 2007 for a survey) exploit this later assumption as a vehicle to learn about
the correlation between Y and X. By contrast, here we do not impose such a conditional

independence assumption. A prominent ap%ication in the literature on the combination



of independent samples with common variables is the so-called ecological correlation prob-
lem arising in political science (e.g., Robinson, 1950). In such applications, data provide
with estimates of the distributions of (Y, Z) and of (X, Z), but nor necessarily with repli-
cations of such random variables, and knowledge is sought about the correlation between
Y and X. Robinson (1950) criticizes the tacit interpretation of the correlation between
E(Y|Z) and E(X|Z), the so-called ecological correlation, as the correlation between Y
and X, and points out the fact that there are many values of the correlation between Y
and X compatible with hypothetical knowledge of the distributions of (Y, Z) and (X, Z).
Nevertheless, he neither characterizes such values nor proposes inference procedures. Our
results thus extend the literature on the combination of independent samples with com-
mon variables to provide a sharp characterizations of the identified set of the correlation
between Y and X without imposing assumption on the joint distribution of (Y, X, 7),
and to propose inference procedures for such set.

The identification and inference problems we deal with appear also in the econometric
literature on the evaluation of social programs (see Heckman and Vytlacil, 2007 for a
survey), so this paper is also related to some work there. Concurrent work by Fan and
Zhu (2010) study identification on superadditive functionals of the joint distribution of
(Y, X)) when the distributions of (Y, Z) and of (X, Z) are given in the context of a poten-
tial outcome model. Our paper overlap with theirs in the class of parameters of interest
and in the distributions considered as given. By contrast, we differ in the way to write
the identified set and the proposed estimators. Fan and Zhu (2010) depict the extreme
points of the identified set as statistical functionals of the quantile functions of Y given 7
and of X given Z and propose a plug-in kernel-based estimator for identified. We depict
that the extreme points of the identified set as moment conditions containing unknown
nuisance functions which are the composition of quantile function of X given Z and the
distribution function of Y given Z, and we propose a series-based estimator. Our charac-
terization enhance the connection between our estimator and the class of semiparametric
estimators studied, among others, by Newey (1994), and this facilitates the derivation of

the asymptotic properties.



Our work also shows some overlap with the literature on identification of regression
functions with given marginals. In this literature, Vitali (1976) characterizes the identified
set for the regression function x +— E(Y|z) when only the distributions of ¥ and of X
are given. Cross and Manski (2002) depict the identified set for the regression function
z,z — E(Y|z,z) when the distribution of (Y, Z) and of (X, Z) are given and Y has
discrete support. Molinari and Peski (2006) extend such result to the continuous support
case. Our work overlap with those of the later authors in terms of the distributions which
are considered as given, however, we differ in the parameter of interest. While they focus
on a regression function we focus on superadditive scalar parameters.

At a more general level, this paper belongs to the literature on set-identification and
inference of scalar parameters with incomplete data. In this literature, the identified
set for the parameters of interest is an interval whose lower and upper bounds can be
estimated by the sample analog principle. Seminal papers in this literature includes
Horowitz and Manski (1995, 1998, 2006). Imbens and Manski (2004) develop general
testing procedures and confidence intervals, later refined by Stoye (2009), for this type of
parameters. Although the problems we are concerned with here are different from those
considered by aforementioned authors, our techniques are similar to theirs and we use

several of their results.

Organization of the Paper. The outline of the paper is as follows. In the next
section we set a general framework, we define the class of parameters to be studied and
we describe the identification and inference problems. Section 3 is devoted to solve the
identification problem. We first suggest a number of different ways to write the identified
set. Then, we discuss applications of these characterizations. Section 4 is devoted to
solve the statistical inference problem. We first propose an estimator for the identified
set. Then, we approximate the distribution of the estimator using asymptotic theory
and we discuss how to construct confidence intervals. We close section 4 with Monte-
Carlo experiments aimed to explore the finite sample properties of the estimator and its

implementation. Section 5 concludes. The appendix collects proofs and tables.
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2 Notation, Assumptions, and the Identification and
Inference Problems

In this section we introduce the parameters of interest, the available data and the problems
we approach, namely the identification and inference of a superadditive scalar integral pa-
rameter with given overlapping marginal distributions. We employ two leading examples
to illustrate our theoretical setup. The first example is a two-sample combination problem
from political science. The second example relates to the measurement of the variance of

the impact effect in the econometric evaluation of social programs.

Parameters of Interest. We begin by introducing the two assumptions defining the
class of parameters of interest. We show below that the correlation between Y and X is
particular member of this class. Let (Y, X, Z): Q — Y x X x Z be a real random vector
defined on the probability space (€2,§, P), where € is a non-atomic sample space, § is
a o-algebra and P is an unknown probability measure, so-called the population; P must
lie in the family P characterized by ex-ante constraints, so-called the model. Here the
random variables Y and X are scalar while Z may be vector-valued, that is J, X C R
and Z C R% for d; > 1. For the random variable Y : Q— ), we define its support,
Supp(Y'), as the smallest closed set included in ) such as its complement has measure
zero. Similar definitions are adopted for the other random variables. The first assumption

defining the class of parameters of interest is:

Assumption F' (Integral Statistical Functional) The unknown parameter of interest, say

0, arising from the population P is defined as an integral functional:

[F] 0= [y, 2y, x5 p)dFyx(y, x)

or equivalently as 0 := E[c(Y, X; n)] where y, x +— c(y,x) is a known real-valued function
from the Cartesian product ) x X into a subset of the real numbers, y,x — Fy x(y, )
is the joint distribution function of (Y, X) induced by P, and p is a vector of real-valued
nuisance parameters depending only on the distributions of (Y, Z) and of (X, Z). Let Fy x

denote the class of all possible distributions y,x — Fy x(y,x) with support on Y x X
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induced by all possible P in P. The range of Elc(Y,X;u)] : Fyx — R defines the

parameter space, ©, which is assumed to be compact.

To illustrate assumption [F], we propose the following two examples. The first one is

inspired by Robinson (1950):

Pilot Example 1 (Ecological Correlation). Suppose that one is interested in the correlation
between voting behavior Y and the educational level X of individuals in a presidential elec-
tion with secret ballot. Let Y := {1,..,y,..} be the list of candidates, let X := {1,..,ys,..}
be the possible levels of education for a given voter, and let Z := {1, .., z,..} be the electoral
precincts. For a given voter, the random variables Y, X and Z map, respectively, states
of the nature ) into choices of candidate Y, education level X and electoral precinct Z.

The correlation between voting behavior and educational level is:

.7 [y x = —E(Y) x B(X)]
P /)JXX

V)V (X) Fyx(y,2)

Set p = (V(Y), V(X),E(Y),E(X)) and c(y,z;p) = [y x = — BY)E(X)]//V(Y)V(X).
Thus, the correlation between educational level on voting behavior is an integral functional

of the bivariate distribution y,x — Fy x(y,x).00
The next example is inspired by Heckman, Smith and Clements (1997)

Pilot Example 2 (Variance of the Treatment Effect). Consider a collection of households
subject to a binary policy intervention. For a given household, let Yy and Y; be random
variables mapping states of the nature §2 into per capita consumption under intervention
and no intervention, respectively. The vector Z may represent background variables such
as number of members in the household or years of formal education of the head. Suppose
that one is interested in the variance of the difference Yy — Yy, that is in the variance of

the treatment effect, which is defined by:

o= [ Al =BG - [0~ BB yo (1,0
Y1 %Yo

Set p = (V(¥o), V(Y1), B(Yo), E(Y1)) and c(yg, yo) := (V(¥1) + V(Yo) — 2([yry0 — BY1)E(¥0)])).



Relabel Yy as Y, and Yy as X. Thus, the variance of the impact effect is an integral func-

tional of the bivariate distribution y,x — Fy x(y,z).0

Since the parameter space © is compact, the integral in [F] exists. In many applications
the object of interest is a finite vector of parameters rather than a scalar. In such a
case, and following Horowitz and Manski (2006, pp. 447), we can consider 6 as one of
the components of the vector of interest. In order to rule out the over-identified case,
we assume that E[c(Y, X; )] is the only functional delivered by the model such that
0 :=Elc(Y, X; ).

Here is the second assumption defining the class of parameters of interest,

Assumption S (Strictly Superadditive). The function y,x +— c(y, ) satisfies:

[S.1] c(y, ")+ c(y,x) > c(y,x) +c(y, ") for every y' >y, 2’ > x; where y',y € Supp(Y)
and ', x € Supp(X)

[S.2] y, x> c(y, ) is right-continuous.

The strictly superadditive assumption [S] is the key to obtain the results that follow. This
assumption is convenient because it implies that 6 := E[c(Y, X; )] is monotone in the
joint distribution of (Y, X). Assumptions [F| and [S] define the class of population para-
meters we focus on. Examples of parameters belonging to this class include the Pearson’s
correlation coefficient introduced in the pilot example 1 and the Spearman’s and Kendall’s
correlation coefficients (see Tchen, 1980). Our results shall apply as well to strictly sub-
additive integral functionals (i.e., parameters satisfying [F]-[S] when the inequality in [S.1]
is reversed). An example of a strictly subadditive functional is the variance of the treat-
ment effect introduced in the pilot example 2. The class [F]-[S] is similar to the class of
D-parameters introduced by Horowitz and Manski (1995) and Manski (1997, pp. 1313) in
the sense that both classes respect the stochastic dominance order. The difference between
D-parameters and our class is that the former are functionals of univariate distributions
while here the parameters are integral functionals of bivariate distributions. The variance
of the impact effect, for instance, is not a D-parameter (Manski, 1997, pp 1313) but it

belongs to the class studied here. On the other hand, the 7-quantile of the difference
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Y — X, which is a parameter of interest in the literature on treatment effects, does not

belong to the class studied here but it is a D-parameter (see Fan and Park, 2010).

The Available Data. We suppose that data are available from two samples, say

{Y;, Zi}i2, and {Xj, Z;17_, . We assume further that,

Assumption AD (Available Data). The samples {Y;, Z;}[2, and {X;, Z;}7_,,, 1, are inde-
pendent and identically distributed (iid) replications of the variables (Y, Z) and (X, Z)

with distributions:
[AD] Gyz(y,z) =PY <y, Z<z2) , Gxz(y,z)=PX<z,7Z<z)

We work with independent samples for simplicity although our results could be adapted
to some non-independent cases. We refer {Gy, 7, Gx 2} as the available data free of sample
variation because they represent the data for a sample of infinite size. The absence of
arguments for the functions y, z — Gy z(y,2) and y, z — Gx z(y, z) denotes the entire
function rather than its value at a point. Whenever convenient, we shall refer to the
conditional distributions {G'y|z, Gx|z} also as the available data free of sample variation.

The examples illustrate assumption [AD]:

Pilot Example 1 (Ecological Correlation cont’d). Because presidential elections employ the
secret ballot it is impossible to jointly observe the voting behavior Y; and the educational
level X; of an individual i. FElection returns, however, allow us to estimate the distrib-
ution of the voting behavior by electoral precinct, Gy z. Moreover, from census data we
can estimate the distribution of educational level by electoral precinct, Gx|z. Hence the

available data free of sample variation consist of {Gy |z, Gx|z}.00

Pilot Example 2 (Variance of the Treatment Effect cont’d). In a program evaluation with
a binary intervention, each household i experiences only one of the two potential out-
comes, so it is impossible to observe joint realizations of (Yi1,Yio). Since interventions
are assigned randomly to households, we can interpret the available data as two indepen-
dent samples {Yi1, Zi}i2y and {Yjo, Z;}7_,, 11 from {Gy, |z, Gy, 2z} where Z are background

variables not affected by the intervention and i, j are different households.[]
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The Identification and Inference Problems. At this point we can ask what can be
learned about the parameter of interest 6 from the available data. Following common
practice in econometrics, we find useful to answer this question by treating two separate
problems. The first problem consists in characterizing all the values of § compatible with
hypothetical knowledge of the distribution of (Y, 7) and of (X, 7). This is an instance
of the so-called identification problem. The second one consists in determining how the
feasible values of 6 previously characterized can be actually recovered from two samples,
say {Y;, Zi}i2, and {Xj, Z;}7_, .4, of finite size. This is an instance of the so-called
statistical inference problem and its treatment logically precedes the treatment of the
identification problem.

Before approaching these two problems, we introduce the concept of identified set,
©;. Such set contains all the values of the parameter of interest that are compatible with
the model and hypothetical knowledge of the available data free of sample variation. For
identification purposes thus, we shall regard Gy|z and G x|z, and consequently 1, as given.

Formally, we define the identified set by:

(
0c0:0= [, [,clyy; 1) frx(y, z)dyde

0, = fY,X(y,SU) = fg fY,X|Z(y,l'|Z)gZ(z)dz > (1)

gviz(ylz) = [} fvxiz(y,z)2)dy Yo e X,z € Z

L 9x1z(x[2) = fy frxiz(yzlz)dy Yy €Y,z €2 )

where gz denotes the density of Z. Heuristically, § belongs to ©; if and only if there ex-
ists a sequence of conditional densities { Y,z — fyxz(y, :L’]z)}ze - matching the density of
(Y, X) induced by the model, that is fy x, with the available data free of sample variation
represented by gy|z and gx|z. The conditional densities {y,x = fyx| Z(y,x!z)}z 7 are

unknown because we never observe joint realizations of (Y, Z). Challenges for identifica-

tion arise because {y, z — fy.x|z(y,z|z)} _, are not uniquely determined by hypothetical

zEZ

knowledge of Gy|z and Gx|z. To gain some intuition about we resort to our examples:

Pilot Example 1 (Ecological Correlation cont’d). The identified set for p contains all the
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possible values for the correlation between voting behavior and educational level that are
compatible with knowledge of the distributions Gy |z, Gx|z obtained from elections returns
and the census. Characterizing the identified set in this case is an instance of the so-called

ecological correlation problem (Robinson, 1950).00

Pilot Example 2 (Variance of the Treatment Effect cont’d). The identified set for o%p
contains all the possible values for the variance of the treatment effect that are compatible
with hypothetical knowledge of the distributions Gy, |z, Gy,|z. Characterizing the identified
set in this case is an instance of the so-called program evaluation problem (Heckman and

Vytlacil, 2007).00

The above definition of the identified set is not an operational one, in the sense that
it does not allow the computation of ©; based on hypothetical knowledge of Gy|z and
G'x|z. The identification problem here consists in finding an equivalent operational char-

acterization of ©;.

Regularity Conditions. We close this section with some regularity conditions. Even
if these regularity assumptions have little bearing on applied work, they are essential to

prove the results of this paper. They will be assumed valid in the rest of the text.

Assumption R - (Regularity): We assume that the following reqularity conditions hold:
[R.1] The elements of the vector of functions |Y, X, Z,c(Y, X; p)] from Q to Y x X x Z xR
belongs to the space L*(2, Y x X x Z x R) of square integrable functions.

[R.2] The distribution of Z, Gz, has a strictly positive density g, with respect to P, that
is g, >0 for Gz = [g,dP, P € P.

Assumption [R.1] ensures measurability of the objects we define on (€2, §, P), while [R.2]

ensures that the functions Gy|z and Gx|z are well-defined.
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3 Identification Results

In this section we ask which are the values of the unknown parameter of interest # com-
patible with hypothetical knowledge of the available data free of sample variation (i.e.,
compatible with the distribution of (Y, Z) and of (X, Z)). We show that there are three
equivalent ways to answer this question, which take the form of equivalent sharp char-
acterizations of the identified set ©;. These characterizations are equivalent solutions to
the identification problem. We use these characterizations to derive two types of related
results. On one hand, we show that the parameter of interest is not uniquely defined by
the available data free of sample variation, that is, the identified set contains more than
one element. We discuss the implications of this result for several applications including
sample combination in media planning studies, the ecological correlation problem in po-
litical science and the measurement of the variance of impact effect in the econometric
evaluation of social programs. On the other hand, we use one of the characterizations to

solve the inference problem but in the next section.

3.1 Geometric Properties of the Identified Set

We start by showing that the identified set ©; is a closed segment of the real line. This
is useful to derive the main result of the paper, namely the equivalent characterizations
of ©;. For notational convenience we focus on the case where 7 is a scalar. Allowing for
Z being a vector would complicate the exposition, without adding much insight. Since
the distribution of (Y, Z2), Gy,z, and of (X, Z), Gx z, are given we treat the nuisance
parameters £ in the equation 6 := Ele(Y, X; u)] also as given, so we suppress it. We do
this without loss of generality because ;¢ only depends on Gy z and on Gx 7.

Let Fy, x,z be the class of trivariate distribution functions with support on Y x X x Z
for which the marginals Gy ; and Gx z are given. The range of the map Fyxz —
fy><X><Z c(y,z)dFy x z(y,x, z) is equal to ©;. Since this map is linear and Fy, x z is non-
empty and convex because of the regularity conditions, it follows that ©; is non-empty

and convex. Moreover, O; is bounded because it is a subset of the compact set parameter
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space ©. That is, O is a segment of the real line. The following proposition sums up

these geometric properties.

Proposition 1 (Geometric Properties of the Identified Set) Let assumptions [F], [S],
[AD] and [R] hold. Define the identified set O as in (1). Then, ©; is a non-empty,

bounded, closed, convex subset -i.e., a segment- of the real line.

Proof. See Appendix A =

As a consequence of Proposition 1, O; is included in the segment [0;, 6,,], where 6, and 0,
denote the infimum and supremum of the map E[c(Y, X; 1) : Fy.x.z — © over the space
of functions Fy x z. In order to characterize ©; we need to find analytical expressions for
¢y and 6, in terms of the available data free of sample variations, that is in terms of Gy
and G x|z-. We perform such task next.

Notice that we can determine 6; and 6, by solving the programming problems:

O :=mingy, , , [} 0z (Y, 2)dFy x 2(y, T, 2)
st. Gyz(y,z) =lim, oo Fyxz(y,x,2) Yye Y,z € Z

Gxz(x,z) =limy o Fyxz(y,x,2) Ve e X,z € Z

for the lower bound, 6;, and the corresponding maximization problem for the upper bound,
f.. These programming problems have a linear objective function with linear constraints
and they are the object of study in the literature on mass transportation. Solving this
type of problem is a potentially delicate issue, that have attracted considerable attention
in the literature. However, since here y,z — ¢(y,x) in the objective function is strictly
superadditive our problem is much less complicated and has a well known unique closed
form solution (see Ruschendorf, 1991; Rachev and Ruschendorf, 1998). In particular, we

have:

GZY,X|Z(y7x7'Z) - maX{OaGY\Z(?AZ) + GX|Z(I|Z> - 1}
Gy x1z(y,2,2) = min{Gyz(y]2),Gxz(x|2)}

14



The functions GY, x,, and Gy x|z are the so-called Frechet distributions and they have
been used to bound the distribution Fy x|z by Ridder and Moffit (2007). We next use the

Frechet distributions to characterize ©;.

3.2 Equivalent Characterizations of the Identified Set

The main result of this paper is the following theorem which suggest equivalent ways to

write the identified set ©;.

Theorem 1 (Equivalent Characterizations of the Identified Set) Let assumptions [F], [S],
[AD] and [R] hold. Define the identified set ©; as in (1). Let Qx|z denote the quantile
Junction of X given Z, and Gy,|z denote the distribution of Y given Z. Define the random
variables £(Y, Z) := Qxz[1 = Gyiz(Y|2)|Z] and (Y, Z) = Qxz|Gy|2(Y|Z)|Z]. Then,
the following characterizations of ©1 are equivalent:

(1) ©;=10,,0,], where 0, and 0, are defined by:

6, — /Z / Qv i2(712), Qxiz(1 — 7]2))drdGy(2)

6, — /Z /0 (Qy2(7]2), Qx12(7]2))drdGis (2)

(i1) ©r = A[A(R|Z)], where A denotes the Aumann expectation and R the random set

R(z) = {c(Y.€) 1 £ € [€'(Y, 2),€"(Y. 2)]} (2)

(iii) ©; = {0 € © : Ble(Y, (Y, Z))] < 0 < Ele(Y, (Y, 2))]}.

Proof. See Appendix A. =

Each of the characterizations of ©; in Theorem 1 can be interpreted as conceptually
distinct representations of the same object, so that their equivalence is a result in it-
self. All of these characterizations are sharp because they contain the feasible values of
the parameter of interest and no others. Our first characterization of the identified set

©r = [0;,0,] is obtained from plug the conditional Frechet distributions in the definition
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of 6. This characterization is new in the form stated, but literature on treatment effects
contains numerous specializations that anticipate the intuition (e.g., Heckman, Smith and
Clements, 1997)." The characterization given in expression Theorem 1(ii) depicts ©; as
the Aumann expectation of the random set R.? The random set R is made up of the ran-
dom variables ¢(Y, §) that are compatible with the data and the maintained assumptions.
The extreme elements of this random set are given by the map y,z — c(y, z) evaluated
at a pair of random vectors having Frechet distributions (1)-(2). Heuristically, ©; can be
though as the "expectation" of a bundle of random variables -i.e., the random set R-. The
expression "expectation" used above is in quotation marks because when working with
random sets, a particular expectation operator needs to be used, the Aumann expecta-
tion. The key insight leading to this representation is the observation that ©; is a convex
set. The characterization of the identified set given in expression Theorem 1(iii) depicts
©; in terms of moment inequalities. This characterization follows from Theorem 1(ii) by
means of Hormander’s embedding (Molchanov, 2005 pp.157). In the next section, we use
the characterization in Theorem 1(iii) to propose inference procedures for 6.

Before presenting the inference procedures, we discuss three issues related to Theorem
1, namely potential applications of this result, a remark on set identification, and the role

played by the common variable Z.

Applications. The following applications illustrate potential uses of Theorem 1 in con-
crete situations. The case from media planning introduced at the beginning of the paper
is an example of the type of problem treated in the literature on data fusion (e.g., Rassler,
2002). The current approach to solve this problem (e.g., Gilula, McCulloch and Rossi,
2006), is to brought to bear additional assumptions, in particular independence of Y and
X conditional on Z, to point-identify the correlation of interest. By contrast, here we do
not impose such type of assumptions to derive results. Therefore, Theorem 1 enable the
researcher to see what is lost when the conditional independence assumption is jettisoned.

It turns out that what is lost is point-identification.

!Concurrent work by Fan and Zhu (2010) presents this characterization.
2See Molchanov (2005) for a general introduction to the theory of random sets. We refer to Beresteanu
and Molinari (2008) for a concise and gentle introduf%ion to this theory with applications in econometrics.



Other potential application is the ecological correlation problem presented in our pilot
example 1. Stimulated by Ogburn (1919), political scientists have sought to learn about
the correlation between voting behavior Y and socioeconomic characteristics, such as
educational level X, in elections with secret ballot using administrative records by voting
district Z and census data on the educational level of individuals in each district. One
of the current approaches to solve this problem (e.g., Gentzkow, 2006) is to aggregate
the voting behavior and socioeconomic characteristic by district into shares, calculate the
correlation between the aggregate shares and make assumptions ensuring the equivalence
between the correlation at individual and aggregate level. By contrast, we do not impose
such type of assumptions. Our results therefore can be used to carry out a conservative
analysis on the correlation between voting behavior and socioeconomic characteristics in
secret ballots, in the spirit of Manski (2003), to analyze the sensitivity of inferences to
failure of the assumptions currently adopted. This analysis should help to make plain the
limitations of the available data while highlighting the identification power of the ancillary
assumptions.

The identification and estimation of the variance of the treatment effect presented
in the our pilot example 2 is another potential application we review. Djebbari and
Smith (2008) seek to identify and estimate such variance. They acknowledge that their
characterization for the identified set is not sharp. By contrast, the characterization in
Theorem 1 is sharp. Interesting enough, Theorem 1 enables us to phrase Djebbari and
Smith (2008) “s identification problem in terms of moment inequalities. In a related type
of application, several researchers have sought to restrict the across regime correlation in
switching regression models.®> Our results apply with similar concerns to this literature.

The last application we review is the linear regression model. This application illus-
trates the limitations of Theorem 1 to handle the case where the parameter of interest
is overidentified. Knowledge in this example is sought about the conditional mean of Y
on X, which is modeled using the linear function a + X 3, where o and [ are real-valued

parameters. The parameter of interest is defined by 8 := E(XW)'E(YW) where W

3See Fan and Wu (2010) and references therein.
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is a vector of positive transformations of X, for example, W = {I(X € X),s =1,..,S}
for a suitable collection of sets X;. Notice that 3 is overidentified. Let y and ¢ denote,
respectively, the infimum and supremum of supp(Y'). With loss of generality, fix S = 2,
X, = ly,y/2] and X5 = (7/2,7], so W = (W, Ws). Since E(Y'W;) is superadditive so is

the parameters of interest 5. Then Theorem 1 (iii) implies the inequalities
B(&" x W)E(YW,) < 8 <EB(E x W) 'B(Y W)

Since &', £€* and W are revealed by the data free of sample variation, the later inequalities
can be used to estimate bounds on 3. We can not, however, claim that such bounds are
sharp because we have not used the all the available inequalities on § provided by our

assumptions.

Set-Identification. In the recent econometric literature (c.f., Tamer, 2009), a parameter
of interest is said to be set-identified or partial-identified when the identified set is not a
singleton but it is a proper subset of the parameter space. According to Theorem 1, the
identified set in our case is not a singleton. However, we can not claim that ©; is a proper
subset of © and thus two independent samples on (Y, Z) and (X, Z) may not contain
any information about some superadditive parameters defined in terms of Fy x. For this
reason, we refrain from saying that superadditive parameters are set-identified when the
available data are two-samples of the type considered here. An example helps to clarify
this issue. The Kendall’s tau between Y and X is a superadditive parameter measuring
the "concordance" between the random variables (see Tchen, 1980). The parameter space
for Kendall’s tau is © = [—1, 1]. Using Theorem 1(i) it is possible to show that, when the
available data are two independent sample on (Y, Z) and (X, Z), the identified set for this
parameter is ©; = [—1,1]. That is, the Kendall tau between Y and X is neither point

nor set-identified with our available data.

The Role of the Common Variable Z. The presence of a common variable Z measured
in both samples is the main feature that distinguishes our setting from the one studied

by Cambanis, Simons and Stout (1976). '%‘8he results by these authors can be applied



to characterize the identified set for a superadditive parameter when only the marginals
distributions of ¥ and X, Gy and Gy, are given. Let ©¢ denote such a set. The next
corollary to theorem 1 shows that the presence of Z may shrink the identified set derived

using the results by Cambanis et. al. (1976).

Corollary 1 Let O¢ be the identified set for the parameter of interest without considering

common variables measured in both samples:

Oc={0ec0O: /O (Qy(1),Qx(1 —7))dr <8 < /0 c(Qy (1), Qx(7))dr}

Under the assumptions of Theorem 1, the identified set considering common variables ©

18 a subset of O¢ -i.e., O C O¢-.

Proof. See Appendix A. =

The following example, adapted from Ridder and Moffit (2007), illustrates Corollary 1.
Suppose that the joint distribution of (Y, X, Z) is trivariate normal and the superadditive
parameter of interest € is the correlation between Y and X. Let ryz and rxz denote,
respectively, the correlation between Y and Z and between X and Z. Since Gy and
Gx belong to the same location-scale family, we have O = [—1,1]. Using our theorem
it is possible to show (see also Rachev and Ruschendorf, 1998) that ©; = [ryzrxz —
VA =1r2)1—1%,),ryzrxz + /(1 —1r2,)(1 —1%,)]. If either rxz # 0 or ryz # 0,

then ©; is a proper subset of ©¢. That is, the correlation between Y; and Y, is set-

identified when, for instance, Y and Z are correlated. In particular, if either |ry | = 1
or [rxz| =1, then ©; = {ryz X rxz} is a singleton. That is, the correlation between Y
and X is point identified if Y and Z are perfectly correlated. The message to take away
from this example is that the presence of common variable Z may help in some cases to

restrict the correlation between Y and X.
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4 Inference Procedures

In this section we ask how the identified set ©; characterized in the previous section can
be actually recovered from two samples on (Y, Z) and (X, Z) of finite size. To answer this
question, we start by proposing an estimator for the identified set (actually for its extreme
points #; and 6,,), which builds on Theorem 1. We continue by approximate the distri-
bution of the proposed estimator using asymptotic theory. This approximation could be
useful in constructing asymptotic confidence intervals for the true value of the parameter
of interest of the type proposed by Imbens and Manski (2004), and later refined by Stoye
(2009). Finally, we evaluate the small sample properties of the proposed estimator by

means of Monte-Carlo experiments.

4.1 A Multi-step Estimator of the Identified Set based on Series

Here we propose an estimator for the extreme points 6; and 6, of the identified set ©; =

[0;,0,]. According to Theorem 1 such extreme points are defined by the moment conditions
0r:=Ele(Y,E'(Y, Z)ip,)] , 0u:=E[e(Y.E"(Y,Z);p,)] (MC)

where (Y, Z) := Qxz(1 = Gy(2(Y|2)|Z) and (Y, Z) := Qx|2(Gy|2(Y|Z)|Z) are com-
positions of the quantile function of ¥ given Z, 7 — Qx|z(7]2), and the distribution
function of Y given Z, y — Gy z(y|z), and p, is the true value of the vector of para-
meters p. If we knew x|z and Gy|z, we could determine the extreme points of the
identified set. When dealing with the inference problem, however, this is not the case
and thus (y, ¢ ¢.) are unknown and they must be treated as nuisance parameters to be
estimated from the available data. Therefore, our inference problem can be interpreted
as one in which the objects of interest, #,, and 6,,, are defined by the unconditional
moment restrictions (MC) containing unknown finite-dimensional nuisance parameters /i,
and unknown infinite-dimensional nuisance functions (£, £"). Similar inference problems

have attracted considerable interest in recent literature on semiparametric models (see
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Andrews, 1994; Newey, 1994 and Chen, Linton and van Keilegom, 2003). Following this
literature, we introduce a multistep estimator for the extreme points #; and 6, of the
identified set, where in a first step estimators of the nuisance parameters (u, &', £*) are
formed. In a second step, an estimator of [0;, ,] based on the sample analog of (MC) are

computed but using the predicted values of (u, &', £%).

Nonparametric Estimation, Support Conditions and Set-Identification. To im-
plement the estimator of [0;,0,] we propose, we need to be specific about the estimators
of the nuisance parameters (1, &, €"). In order to focus in a situation where estimation
is more challenging, we start by making assumptions which rule out cases where exist-
ing results can be applied to solve the estimation problem we face. These assumptions
concern the non-parametric nature of ¢ and £“, support conditions on (Y, X, Z), and
set-identification.

We start by ruling out the case where Gy|z and Q) x|z, and consequently the nuisance
functions (fl, €"), can be estimated using parametric methods. In some applications (e.g.,
Fan and Wu, 2010), additional assumptions on the population P are imposed, such as
normality, so that the unknown functions Gy|z and Q) x|z are restricted to live in a given
parametric family. In such a case existing parametric methods can be applied to make
inference about the extreme points of the identified set. By contrast, here we do not
impose any parametric restriction on P so the later parametric inference methods are not
an option for our first step estimator.

We now impose conditions on the support of the random variables so as smoothing
methods for the first step estimator need to be used. When the common variable Z is
discrete (as it is usually the case in the ecological correlation problem), inference on the
extreme points of the identified set can be performed using existing techniques. First,
the two samples should be split into subgroups according to the values of Z. Second,
the functions y — Gy|z(y|2) and 7 — Qx|z(7]2) should be estimated, respectively, using
the empirical distribution function and its generalized inverse for each subgroup so as
to construct estimators for the nuisance parameters p, & and £“. Third, a method-of-
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moment estimator for the identified set should be constructed using the predicted values
of (u, ¢, £") from the previous step. Asymptotic properties of the resulting estimators of
0, and 6, can be derived by extending the results in Athey and Imbens (2006, Theorem
5.1) to the case at hand. By contrast, we focus throughout the case where (Y, X, Z) have

compact supports:

Assumption - Estimation: Support Conditions.

[E.1] Supp(Y), Supp(X) and Supp(Z) are compact sets.

We end by ruling out the case where the parameter of interest is point-identified. When
0 is point-identified there is no need to implement our two-step estimator. To avoid such

a situation we assume that,

Assumption - Estimation: - Set Identification
[E.2] The conditional variances z — V(Y|z) and z — V(X|z) are bounded away from
zero.

[E.3] 0, and 0, are in the interior of the parameter space ©

Assumption [E.1] rules out the case where Y or X are perfectible predictive from Z.
The parameter of interest then can not be point-identified. Assumption [E.2], on the
other hand requires that the available data have some information about the parameter
of interest. Assumption [ESI| therefore ensures that the parameter of interest is set-
identified. Assumptions [E.1]-[E.3] together justify the introduction of the estimator we

propose below.

The Estimator. In this subsection we present a two-step estimator for the identified
set under assumptions [E.1]-[E.3]. Recall that our problem is to estimate the extreme
points of the identified set, 6; and 6, using the moment conditions [MC] and we would
use a method-of-moment estimator if the nuisance parameters p, & and £* were known.
Because these parameters are not known, we plug preliminary nonparametric estimates of
them into moment conditions defining the extreme points of the identified set. Estimators
of #; and 6, are then formed by replacing the later moments with their sample analogs.
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We start the presentation by assuming that a first stage procedure has obtained an
estimate of the vector of nuisance parameters p, say fi. In the next subsection, we illus-
trate this assumption using our pilot examples. We continue by providing details on the
nonparametric estimates of the nuisance functions £ and £“. Recall that & and £* are the
composition of the conditional quantile function 7, z — Qx|z(7|2) and conditional distri-
bution function y, z — Gy z(y|2). To estimate nonparametrically ¢ and €* we compose
series estimators of the later two functions. We make this choice because we find this series
estimator relatively simple to implement with respect to alternative procedures, such as
a plug-in method based on kernels. Indeed, once y, 2z — Gy|z(y|2) and 7,z — Qxz(7|2)
have been replaced by their series estimators our estimation problem effectively becomes
a parametric one; hence commonly used software can be used to estimate #; and 0,,.

In order to describe the series estimator we need to introduce some notation. For a
fixed y, let G be the space of all bounded continuous functions z — Gy|z(y, z). Similarly,
let Q be the space of all bounded continuous functions z — Qxz(7|z). Given the function
spaces G, our first task is to construct a sequence of approximating spaces Gy, Gs, .., Gy,
for G -i.e. a sieve-. There are many sieves that could be used -such as Fourier series,
power series, spline, wavelets, etc.- whose approximation properties are already known.
The choice of a particular one depends on how well the sieve approximates G and how
easily we can compute this approximation (Chen, 2007 pp. 5579). Following these two
criteria, we find suitable for our purposes to choose the sieve defined by a univariate spline
basis. Formally,

Knq+mi+1

Gy = Gy,2): 2 [0,1]; Gy, 2) = Y only) x pu(2); x €R, y €Y
k=1
where pi(2) is a piecewise polynomial of degree m4 that is smoothly connected at its knots
-i.e., a spline-.? The integer K, represents the number of knots at which the spline is
defined. K, is is required to grow with n; so that G,, becomes dense in ¢, and it can

be view as a smoothing parameter. The vector a(y) = (a1(y), ..., ax, +m;+1(y))’ contains

4See Chen (2007) for futher details.
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unknown parameters to be estimated.

Given the function space G and its associated sieve G,,,, we can construct the estimator
for y,z — Gy|z(y|z). In order to do so, define the variable W;(y) = I(Y; < y) where
I(Y; < y) is an indicator function that equals one if ¥; < y and zero otherwise. The sieve
estimator for y, 2z — Gyz(y|z) we propose is

Koy +ma+1
Gyiz(y, 2) = Z A (y) X pu(2) (3)
k=1

where &4 (y) solves the minimization problem

2

ni Kn1+ml+1
ar(y) = arg a17--,a13<1,jln+m1+1 ; wi(y) — ; ai X pr(Z;) (4)

The estimator éy‘ 7(y, z) can be interpreted as a least square estimator of the condi-
tional expectation y, z — E(I(Y < y)|Z = z) over the sequence of approximating spaces
Gn,, or, alternatively, as a weighted version of the usual empirical distribution function.’
Asymptotic properties of this estimator has been studied, among others, by Song (2008).

We now turn to the estimation of the conditional quantile function 7 — Qxz(7|2).
To describe the estimator of this function, let p,(t) = |t| — (27 — 1)t be the czech function
as in Koenker (2005). Using a procedure similar to the one employed to estimate y, z —

Gy|z(y|z), we approximate Q by the sieve

Ln2 +ma+1

Qi ={Q(1,2): 2= X; Qr2)= Y Bilr) xpi2); B R, TE[0,1]
=1
where L,, is the smoothing parameter and ms is the order of the spline. We propose the

following estimator for the the function 7,2 — Qxz(7|2),

Ln2 +mo+1

Qxiz(r,2)= Y Bil7) x ;) (5)

=1

®One can estimate H 1|z by any nonparametric method such as kernel, nearest neighbor or local linear
regression. 04



where (3,(7) solves the minimization problem

Ln2 +mo+1

B(r)=arg  min > p | X;— > Bixp(Z) (6)
=1 =1

Bl7"7BLn2+m2+1 ]_

Asymptotic properties of this estimator have been studied, among others, by Horowitz and

Lee (2005). To get the series estimator for the nuisance functions ¢ and € we compose

(6) and (7),
l Lpy+ma+1 Kpnqy+mi+1
Ewa) = ), B1= D aly) xp) | xp(2) (7)
=1 h—1
Lpy+ma+1 Kpnq+mi+1
&z = > B > aw(y) x pr(2) | xilz) (8)
=1 k=1

Since y,z — Gy|z(y,2) and 7,2 — Qxz(7,2) are estimators arising from minimizing

.. . . . . al AU
concave criterion functions over finite linear sieve spaces, we say that £ (y,z) and & (y,2)
are series estimators.

We propose to estimate 0; and 6, by the empirical counterpart of the moments (MC)

ni ni

Oi=nit SOV E VL Z)i A 5 bu=nit Y i £ Zosil
i=1 i=1
where the unknown nuisance parameters (f, ¢ ¢") have been replaced by their estimated
values ([, é’l, ¢"). The estimator for the identified set is ©; = [6;,,]. This estimator has
an appealing interpretation. Observe that éu(Yi, Z;) computes a unit i location on the
conditional distribution of Y given Z and reassigns it the corresponding quantile of the
conditional distribution of X given Z. When G’y| z(Yi, z;) > .5, the quantity éu(YZ-, Z;) is
an estimate of the least upper bound for the value that the unobserved variable X; can
take. Similarly, EZ(Y;, Z;) is an estimate of the greatest lower bound for X;. That is, we
can think of X; as an unknown real random variable bracketed below by éi and above by
é?, both of which are observed real random variables. Therefore, 0, and 0, are the sample

analog estimator of the parameter of interest when we impute to the unobserved variable

25



X, respectively, its minimum and supremum values compatible with the available data
and the maintained assumptions.

We end this subsection by mentioning computational aspects of our two steps estima-
tor. Minimization problems (4) and (6) are, respectively, unconstrained quadratic and
linear programming problems. The quadratic minimization problem (6) has an analytical
solution, so estimation of a(y) can be performed without numerical optimization rou-
tines. Indeed, once the spline basis has been constructed estimation of the vector a(y)
can be carried out by ordinary least squares. The linear minimization problem (6) has
not an analytical solution, but can be solved by using computation methods developed
for linear quantile regression methods.’ Importantly enough, our two-step estimator does
not require numerical inversion of estimated conditional distribution functions as it is the
case for some kernel-based estimator. From a computational point of view, this is an
advantage because such type of numerical inversion is known to be a delicate issue (see
Yu, Lu and Stander, 2003 pp. 341). The estimators (@l,@u) depend on the number of
approximating functions K,, and L,,. Derivation of optimal of optimal values for these

tuning parameters is beyond the scope of this paper.

4.2 Asymptotic Properties

We now turn to the large-sample properties of the estimators of the extreme points of the
identified set, §; and 0,. We begin by stating a number of sufficient conditions under which
6, and 6, are consistent and asymptotically normal. Using these asymptotic properties
and the fact that 6, is almost sure greater than @l, we continue by discussing how to
construct confidence set of the type proposed by Imbens and Manski (2003) for the true

value of the parameter of interest.

Assumptions. In order to derive the asymptotic properties of 6, and 9u, we first note that
these estimators are a particular example of the general class of semiparametric estimators

studied, among others, by Andrews (1994), Newey (1994) and Chen, Linton and van

6Methods to estimate linear quantile regressions are widely available in standard statistical softwares.
See the package "quantreg" in R or the function "qreg" in STATA.
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Keilegom (2003). These authors study the asymptotic properties of estimator defined
as the "zeros" of a system of equations which are both indexed by a finite-dimensional
vector of parameter of interest and an infinite-dimensional nuisance parameter. In our
case, the equations are the moments (MC), the vector of parameter of interest are the
extreme points of the identified set [, 6,], and the nuisance parameters are (u, &', €%).
The later connection is useful because it allows us to use the results from the literature
on semiparametric estimation to derive the asymptotic properties of 9; and 9u

Some additional notation is required to state the asymptotic properties of the esti-
mators. Vectors are denoted in bold face. All vectors are column vectors. We denote
0, = (010, 04,) for true values of the extreme points of the identified set, y, for the true
value of the finite-dimensional nuisance parameters p and &, = (£, £*) for true value of the
infinite-dimensional nuisance parameters &' and £“. Let M C R% denote the parameter
space for 1, where d,, < oo denotes the dimension of ;. Similarly, let = denote the space
of functions where £ lives. Equip M and = with norms ||- || and ||-||z, respectively. Define
the nonrandom vector-valued function yu, & — E [c(Y, €(Y, Z), u)] from M x = into R? by
Ee(Y, (Y, Z),1)] := (c[Y,E\(Y, Z); ), c[Y, €“(Y, Z); u]). Using this notation, the extreme
points of the identified set 8, are defined by the equation E [¢(Y, &, (Y, Z); 1) — 6,) = 0.

The first of the assumptions we impose regards smoothness restrictions on the func-

tions Gy|z, Gx|z and gz.

Assumption - Differentiability Conditions on Gy|; and G x|z

[E4] Gyiz(ylz) : Y x 2 — [0,1] and Gxz(x|z) : X x Z — [0,1] are p-times uniformly
continuously differentiable with respect to all of their arguments at y € int{Supp(Y)},
x € int{Supp(X)}, z € int{Supp(Z)} with p > 2 and has uniformly continuous p-order
derivatives at the boundary of Supp(Y'), Supp(X) and Supp(Z).

[E.5] The density of Z, z — gz(z), is twice continuously differentiable at z € int{Supp(Z)}

and has continuous second-order derivatives at the boundary of Supp(Z).

The continuity assumptions [E.4] and [E.5] are standard in the literature on nonparametric
estimation of distribution functions (see Imbens and Newey, 2009). They have major
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implications in terms of convergence rates. Without them, the rate of convergence could
be slower and the asymptotic distribution could be non-normal. We continue by imposing

assumptions on how well the sieves approximate the target spaces.

Assumption - Series Approximation
[E.6] sup,ey sup.cz |p(2)'a(y) — Gy z(y]2)| = O(Kx'"?)

[E.7] $up, 0.1 SuP.cz [P(2)B(T) — Qx12(7]2)| = O(Ln,"?)

[E.8] The conditional variance z — V[[(Y < y)?|z] is bounded uniformly in v.

[E.6] and [E.7] requires that the approximation error to the target functions Gy|z and
() x|z should vanish at a polynomial rate of the number of functions in the corresponding
sieve uniformly over both ) and Z. This assumption controls the asymptotic bias of
the estimators of Gy|z and Qxz.” The bounded conditional variance assumption [E.8]
is standard in series estimation (c.f., Newey, 1997) and it is difficult to relax without
affecting the convergence rates.

To obtain convergence rates for the series estimators it is necessary to restrict the rate
at which the number of functions in the sieves increases when the sample sizes increases.

The following condition fulfills this purpose.

Assumption - Smoothing Parameters. Let C' denote a constant and let n = ny + ny. As
ny — 00, Ny — 00 and ni/n =ny/n — C

[E.9] Kp, — o0, Ky, = 0<n;1/2)7 n;3/4Kn1 — 0
[E.10] Ly, — 00, Ln, = o(ny"'?), ng**L,,, — o0

Assumptions [E.4]-[E.10] are used in the following proposition to derive properties of
the estimator of the nuisance parameter &, &, which are useful for showing asymptotic

normality.

Proposition 2 (Consistent Estimation of £) Let assumptions [AD], [E.4]-[E.10] holds.
Define the estimators of & = (€',€"), €= (él,éu), as in (7)-(8). Then,
(i) ||& = &llz = op(n™"/")

T[E.7] is analogous to assumption 4 in Song (2008, pp. 1470), condition B(iv) of Lemma A.1 in Ai
and Chen (2003), Assumption 3 in Newey (1997, pBS 150) and Assumption 3 in de Jong.(2002, pp. 2).




(i1) € belongs to = with probability tending to one.

Proof. See Appendix A. =

We now impose conditions on the estimators of the nuisance parameters p, fi, similar

to those derived for é’ :

Assumption - Consistent Estimation of u. There is i such that:

[E.11] ||t — p|| = op(n~/*) and ji belongs to M with probability tending to one.
[B.12] 02 (fu — p,) = n~ 2300, &(Yi, Zi) + op(1)
To illustrate this later assumption, we lean on our example.

Pilot Examples 1 and 2. When the parameter of interest is the correlation between Y
and X or the variance of the difference Y — X the nuisance parameters p is equal to
p= (B(Y),E(X),V(Y),V(X)). Under assumption [AD], the sample analog of 1, 1 =
(nfl S Yy YT g, etc), satisfies [E.3].0

We continue by imposing assumption on the map p, & — E[c(Y, E(Y, Z), u)]. We first
assume that pu, & — Ec(Y,&€(Y, Z), )] is pointwise Lipschitz continuous with respect to

the nuisance parameters p and &:

Assumption - Continuity Conditions on u,& — E[c(Y,&(Y, Z), u)].

[E.13] There exists a finite constant C such that

B [e(Y.€(Y, Z), )] = B [c(Y. §,(Y. Z), )] < Cmax {|lpn — ps, ||, |1 — &, lI}

Assumption [E.13] is convenient because it enables us to preserve properties on estimators
of the nuisance while estimating the parameters of interest. In particular it allows us to
bound from above the bracketing number of the class of functions {c(Y,&(Y, Z),p) : p €
M, § € E} by the bracketing number of the parameter class {p € M, £ € Z: ||€ — ||z <

d,} (see Theorem 2.7.11 of van der Vaart and Wellner, 1996).

8 Assumption [E.13] can be relaxed to the case where the function is not pointwise Lipschitz continuous
at the expense of a more tediuous proof using the Theorem 3 by Chen et. al. (2003).
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To capture the effect of the estimation of (1, £,) via (ji, €) on the variability of 8 we
need to impose assumptions on the derivatives of p, & — (Y, &(Y, Z),u) with respect to

both p and &:

Assumption - Differentiability Conditions on i, & — c(y,E(Y, Z); p).

[E.14] The function p — c(y,&;u) is twice differentiable. For all (pn,€) € M X = and a
positive sequence 6, = o(1), the first derivative of i+ c(Y,&€(Y, Z);u) with respect to p,
denoted p— c,(Y,&(Y, Z);p), satisfies:

e (Y, E(Y, Z)im) — cu(Y €Y, Z)i,)[| < 0 [0 = g, ]|

[E.15] There exists a function (y,z) — ¥ (y, z) such that E[Y(Y;, Z;)] = 0, Vv(Yi, Z:)] <

eV, 1) = eV ) = 00, 20) x &Y. 2) = &,(Y, 2)]|| < (Y. 2) - &,(v. 2)]

S (Y, Z) — e m B, Z) x [V, Z) - €,(Y:, Z0)]

i=1
Newey (1994) discuss how to find (Y}, Z;) satisfying [E.15]. We use our examples to

illustrate these later assumptions.

Pilot Example 1. For simplicity, suppose that Y and X are zero mean variables with unit
variance, so c(Y, &, pn) =Y x €. Since the product is a continuous function assumption
[E.13] is satisfied. Using the results by Newey (1994) it is possible to show that the function
(Yi, Z5) = De(Y, &, 1)/ O€ = (Yi, Vi)' satisfies [E.15].0

Consistency and Asymptotic Normality. With assumptions [E.1]-[E-15] in place
and the regularity conditions introduced at the end of section 2, we have the following

proposition,

Proposition 3 Let assumptions [AD], [R] and [E.1]-[E.15] holds. Define the random
variables R' = c(Y,&,(Y, Z);p,) + (Y, Z) + (Y, Z) and R* = o(Y,&5(Y, Z); p,) +

VY, Z)) + ¢(Yi, Zi). Let o} := V(R!), Ub%y = V(R") and p};} := C(R', R*) denote,



respectively, the variance of R', the variance of R* and the covariance between R' and R".

Then,

(i) 10— 8, = op(1)

I— o P
(ii) \/n|@ — 6, ~ N(0,%), where ¥ =
i o

(i1i) There exists a consistent estimator for X.

(iv) P(6, < 8,) =1

Proof. See Appendix A. Claims (ii)-(iv) still need to be verified. =

Claim (i) establishes consistency of our proposed estimator.” Claim (ii) establishes
asymptotic normality and it basically indicates that the distribution of | —,| inflated by
\/n can be approximated by a bivariate normal distribution with zero mean and variance
Y. There are three components to the asymptotic approximation of the variance of the
estimator of the extreme points of the identified set. The first term corrects for averaging
m(Y;,0,&;) while the terms 9, (y) and ¥ (y) correct, respectively, for the presence of
QX‘Z(T, z) and éy|z(y, z).

Claims (ii)-(iv) in Proposition 2 enable us to construct confidence intervals for the
true value of the parameter of interest, 6,, of the type proposed by Imbens and Manski

(2004), and later refined by Stoye (2009).

4.3 Monte Carlo Experiments

This section reports the results of Monte-Carlo experiments. The aim here is to assess
how the proposed estimator for the identified set behaves in small and medium-sized
samples. These results complements the asymptotic properties derived previously. The
parameter of interest # in these Monte-Carlo experiments is the Pearson’s correlation

coefficient between Y and X. This is a prominent example of a parameter belonging to

9Notice that Proposition (i) implies that the sequence of non-negative numbers d, =
max{sup; g, infycg, 10 — 0], supycq, infzcg |0 — O]} converges to zero as n goes to infinity. That is,

Proposition (i) implies that the Hausdorff distance between O; and O; converge to zero.
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the class studied here and it has been the object of interest in the econometric literature
on program evaluation. The experiments also illustrate two additional issues. First,
they illustrate the implementation of the estimator. Second, they illustrate how much
dependence between Y and Z, and between X and Z, is needed to obtain informative

bounds on the correlation between Y and X.

Preliminaries. For the sake of simplicity, we work with a scalar common variable Z.
We explore two designs for the experiments. In design A, we simulate Z from a standard
normal distribution and (Y, X) from a bivariate normal distribution with mean A\ and

covariance matrix X,/c given by

(1 — 2 ) O—ryzrxz
_ [T LN v V-3 )0-r%,)
- ) MC — 0
—7 T 2
I'xz X 2 L (L —7r%z)

\/(1_T%’Z)(1_r§(2)

In this design, the conditional distribution y — Gy/|z(y|2) is normal with mean 7y X z
and variance (1 — 7} ,). Similarly for © — Gx|z(z|z) with mean rx; X z and variance
(1—r%,). In design B, we simulate Z from a standard lognormal distribution and (Y, X)
from a bivariate lognormal distribution with mean A\ and covariance matrix ». These
designs are motivated by computational simplicity.

For each design and for each Monte Carlo replication, we simulate from the correspond-
ing population n; independent realizations for (Y, Z) and n, independent realizations for
(Y, Z). The number of replications is equal to 100. Each simulation experiment depends
on five design variables: (i) the size of the first sample, n; (ii) the size of the second
sample, ny; (iii) the correlation between Y and Z, ry 7, that is, between the two variable
observed in the first sample and (iv) the correlation between X and Z, rxy, that is be-
tween the two variables observed in the second sample; and (v) the correlation between
Y and X, denoted 6, which is the unobserved parameter of interest.

Before going to the results, we mention some issues related to the implementation of

our estimator. All the experiment were carried out in R using the libraries "mvtnorm"

(to generate bivariate normal random numbers), "splines" (to generate B-spline basis)
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and "quantreg" (to solve programming problem (7)).! We choose cubic B-splines so
my1 = my = 3. We evaluate the robustness of our results with respect to different choices

of numbers of knots, K,,, and L,,. Knots are placed at quantiles of Z.

Results. Tables in appendix B contain the results of our Monte Carlo experiments
regarding the properties of our estimator when the parameter of interest is the correlation
between Y and X. Tables I and III correspond to data generated according to design A,
while Table II and IV to design B. Within each table we make vary: (i) the numbers of
knots K, and L,, in the series nonparametric estimators of the distribution function of
Y given Z, and of the quantile function of X given Z; (ii) the correlation between Y and
Z; and (iii) the correlation between X and Z. Comparisons within a table are aimed to
evaluate the sensitivity of the results to different choices for K,,, and L,,, and to different
correlations between Y and Z, and X and Z. Comparison between Tables I and III, and
between II and IV are aimed to evaluate the sensitivity of the results to different sample
sizes. Comparisons between tables I and I1, and between III and IV are aimed to evaluate

the sensitivity of the results to normality.

5 Conclusions

This paper has considered a situation where there are a sample on variables (Y, Z) and
another sample on (X, Z), neither of which has joint information on the variables (Y, X).
Knowledge has been sought about a strictly superadditive parameter defined in terms of
the joint distribution of (Y, X'). This framework has permitted a unified treatment of sev-
eral applications from different fields, ranging from media planning studies in marketing,
the ecological correlation problem in political science, and the measurement of impact
heterogeneity in the econometric evaluation of social programs. The issue has been to
determine to which extend the common variable

We first have shown that strictly superadditive parameters are not uniquely defined

by the available data free of sample variation and the maintained assumptions. Then,

10R is a free software which can be dowloaded fr§r§1 http://www.r-project.org/.



we have characterized all the feasible values of the parameter of interest and proposed
a consistent and asymptotically estimator for such values. Depending on the particular
parameter of interest and the dependence between the observed variables, the common
variable Z may help to shrink the identified set. We have illustrated the implementation
of the inference procedures we propose through Monte Carlo experiments.

There are many open questions related to the identification problem. In order to make
plain the limitations of the available data, throughout the paper we have tried to keep
at minimum the assumptions made about the population P. We have also assumed that
the parameter of interest is not overidentified, although this may not be the case for some
applications such as the linear regression model or those using more than two samples.
Research to determine how overidentification and/or ancillary assumptions on P, other
than normality or independence of Y, X conditionally on 7, can shrink the identified set
are two of a number of topics of current research. There are as well many open questions
related to the solution of the inference problem we propose. One of them relates to the
optimal choice of the smoothing parameter. Here we have use an ad hoc rule-of-thumb to
choose the number of knots for the first step estimators. The derivation of rules providing
a fully data-dependent method for choosing such number is an open issue. Another open

question relates to efficiency properties of the estimator.
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Appendix A. Lemmas and Proofs

Identification Results

Proof of Proposition 1. Let Fy x z be the class of trivariate distribution functions
for which the marginals Gy,z and Gx 7 are given. First, notice that Fy, x z is non-empty
since it contains the trivariate distribution which is such that ¥ and X are conditionally
independent given Z -i.e., the distribution F(y,z,z) = f; Gyz(y, 5)Gx|z(x,5)dGz(s).
Second, notice that Fy, x z is convex because of the regularity assumption [R.1]. Consider
now the linear map E[c(Y, X)] : Fyxz — O. The image of this map is the identified
set O7. The identified set then is non-empty because Fy x, z is non-empty. The identified
set is bounded because is a subset of the bounded set © (see assumption [F]). The ©; is
convex because it is a linear transformation of the convex set Fy x z. We prove that O;

is closed in the in the proof of Theorem 1.1

Proof of Theorem 1. The proof has three steps. In the first step we show O; = [0;,6,,].
Second, we show [0;,60,] = A[A(R|Z)] and finally we show

AJA(R|Z)] = {0 € © : Ble(Y,€)] < 0 < Ele(Y, )]}

Step 1. The identified set ©; is a subset of its convex hull because it is convex (see
proposition 1 and Rockafellar, 1970 pp. 167, Corollary 18.5.1). In other words ©; C [0;,0,]

where the extreme points ¢; and 6, are defined by:
0, : = inf c(y, v)dF T,z
l FyxzEFy.x.2 /yx)cxz (y, )dFyx,z(y )

0, : = sup / cy, z)dFy x z(y, v, 2)
VXX XZ

Fy x z€Fy,x,z

We now look for explicit expressions for ¢; and 6, in terms of the distributions Gy |z,

Gx|z, Gz and show that ©; is closed, so ©; = [0;,0,]. For each P € P we define the

conditional density function y, x—dFy, x|z(y, x, 2) by dFy,x|z(y, z, z) := k’;i—((zy)’x’z), where
y,x, 2 fy.x,z(y,z, z) denotes the density of (Y, X, 7). Division by 0 in f”;j—((g)“) is a

null probability event by assumption [R.2]. 3};hen y, v—dFy xz(y, z, z) is well-defined.



fr.x,z(y,x,2)

Since [}, » AFyx(¥,7) = [}, xrz " eag 92(2)dz the objective function in the pro-

gramming problems defining the extreme points of the identified set can be written as:

/ C(y’ I)dFY,X,Z(ya X, Z) = / C(y7 x)dFY,X\Z(y7 X, Z>dGZ(Z>
VXX XZ VXX XZ

Since y, x — c(y, ) is an integrable function by assumption [R.1] we can apply Fubini’s

Theorem in the last expression to get:

/)ixXxZ ey 2)dFyxa(y, @, 2) = /z |:/)7><X C(yaw)dFY,XZ(y,x,z)] dGz(2)

Because of the last expression the extreme points 6;, #,, are equal to:

o = /Z l in /y XXc(y,x)dFKXw(y,x,z)] 4G 5(2)

Fy x1z€Fv,x,z

9“ = / [ sup / c(y7x)dFY,X\Z(yax7Z)
Z | Fy,x1z€Fv,x,z JYXX

Programming problems in square brackets in the last two expressions are Kantarovich

dGz(Z)

mass transportation problems (see Rachev and Ruschendorf, 1998). Since y,z — ¢(y, x)
satisfies the so-called Monge Condition (see assumption [S]), it follows from Theorem
3.1.2 in Rachev and Ruschendorf (1998, pp. 109) that the objective function Fy x|z —

Jyx €W, 2)dFy x2(y, v, z) attains its minimum and maximum value at:

F)l/,X\Z(ya T, Z) = maX{Oa GY|Z<Z/, Z) + GX\Z(.%, Z) - 1}

F;,X\Z(yv T, Z) = min{GY|Z(y7 2)7 GX\Z(JJ; Z)}

The functions F}l, xz(¥: 2, 2) and Fy x|/ (y, 2, z) are the so-called Frechet distributions of

the class Fy x|z (Joe, 1997). We have then

"= // C(y’x)dFilf,X\z(y,w,z)dGZ(z)
ZJyxx

0, = // C(yvx)dF;,X\Z(?%:mZ)dGZ(Z)
ZJYxX
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Let Qy|z(7,2) and Qxz(v,2) denote, respectively, the T-quantile of ¥ given Z = z and
the v-quantile of X given Z = 2. By using the quantile substitution y = Qy|z(7, 2) and

r = Qx|z(v, 2) we get,

0, = / / ¢ (Qyiz(7,2), Qx|z(v, 2)) dmax{0,7 + v — 1}dG(2)
z J[0,1x[0,1]

0, = // ¢ (Qyiz(7,2),Qx)z(v, 2)) dmin{r,v}dG4(z)
z J10,11x[0,1]

Since d max{0, 7 + v — 1} is different from zero only at 7 + v — 1 = 0 and dmin{r, v} is
different from zero only at 7 = v, we have the following analytical expressions for §; and

0.

6 — /Z /[O 71]C(QYZ(T,Z),QX|Z<1—T,z))deGZ(z)

0, = /Z/[071]C(QYZ(Tvz)aQX|Z<T>Z>)deGZ(Z)

Since F{,’X|Z(-, -, z) and F{ﬁ’X|Z(-, -, z) belong to Fy x 7z (see Joe, 1997 pp. 65), we have

that 6, and 6, belong to ©;. Therefore, O; is closed.

Step 2. We first prove three useful lemmas. They concern the existence of the random
set R and its Aumann expectation. Let w be an element belonging to 2. For z = Z(w)
and y = Y (w), define the random variables ¢ : Q — X and " : Q — X by &(y, 2) ==
Qx|z[1=Gy|z(y, 2), 2] and £"(y, 2) := Qxz|Gy|z(y, 2), z]. By construction ¢ and £“ have

the same distribution Gx|z. Let § : Q@ — & denote a random variable. Define the set

S={¢: P (&(y,2) € [y, 2),£"(y, 2)]) = 1}

We have the following lemma proving that the random variable X belongs to S, hence S

is non-empty.

Lemma 1 Consider the random variables € : Q@ — X and € : Q — X as defined
previously. Let x = X (w). Then, P{x € [£"(y,2), (y, 2)]} = 1 for any w in Q.
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Proof. P{gl(y,z) <x<&y,2)}=P [QX‘Z (1 — Gy z(y, 2), z) <z <Qxz (Gy‘z(y, z),z)]
P{éy,2) <z <&(y,2)} =P [1—Gyz(y,2) < Gxz(z,2) < Gyiz(y, 2)]

For any w such that Gy|z(y, 2) < 1/2 we have:

P{¢(y,») < <&y, 2)} =1

Similarly for any w such that 1/2 < Gyz(y|z) we have

P{¢'(y,2) <z < &"(y,2)} =1

Therefore, P{z € [¢(y,2),6"(y,2)]} =1. =

Let S?(S) denote the family of all square integrable selection in S (see Molchanov (2005)
for the precise definition of selection). Define the map y,z — R(y,z) with R(y,z) =
{c(y,&(y, 2)) : € € §*(S)}. Here is the second lemma,

Lemma 2 The mapping y,z — R(y,z) is a non-empty integrable random closed set

defined on the probability space (2, F, P).

Proof. Theorem 1.2.5 in Molchanov (2005) implies that the mapping y, z — S(y, z) is a

set-valued random variable if and only if the support function ¢, y, z — nlq, S(y, 2)],

nlg, S(y, z)] = max[q€'(y, ), 4" (y, 2)],

is a random variable for each ¢ € {—1,1}. The support function 7n[q, S(y, 2)] is equal to:

;

§"(y,2) if Gyz(y,2) <1/2and g =1

_gl(% z) if Gyz(y,2) > 1/2 and ¢ = —1
fl(%z) if GY\Z(Z/,Z) <1/2and ¢=1

\ —&"(y,2) if Gyz(y,2) >1/2and ¢ = —1

From the fact that & and £" are random variables, also q,y, z — 1[q, S(y, 2)] is a random
variable. From the regularity condition [R.1] and Lemma 1 it follows that X € S§2(9),
so 8?(S) is non-empty. Then, y, z — R(y, 2) is an integrable set-valued random variable.

Since y,  — c(y, x) is right-continuous (see assumption [S]) we have that y, z — R(y, 2) is
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measurable in (2, §, P). Hence y, z — R(y, 2) is an integrable set-valued random variable.
n

For an arbitrary set B, let cl(B) denotes its closure. Here is the third lemma:

Lemma 3 The conditional Aumann expectation A(R|z) := cl{E(c(Y,&)]z) : £ € S*(S)}

exists and it is unique.

Proof. Lemma 3 follows from Molchanov (2005, Theorem 1.46) and the fact that y, z —

R(y, z) is an integrable random closed set (see lemma 2) . m

We are now in a position to prove that [0;,0,] = A[A(R|Z)]. We start by showing
[0;,0,] C A[A(R|Z)]. Define

01(z) : :/[OI]C(QY|Z<T>Z)7QXZ(1_772)) dr

0u(2) :1Anf%QYw@3@aQXZg‘“ﬂZ»dT

Pick any 6(z) € [0;(2),0,(2)] such that § = E[f(z)] with 6 € [6;,6.,]. Then there exists a
bivariate distribution F' € Fv.x,z with support on V x X and with X-marginal distribution
Gx|z- Let (Y, X) be a random vector with distribution F'. Since P{# € [¢!(w), " (w)]} =1
it follows from lemma 2 that X € S P — a.s. and ¢(Y, X) € R P — a.z. This means that
0(z) € A(R|Z). Since 0 = E[E(c(Y, X)|Z)], we have 6 € cl{EB[E(c(Y,&)|Z)] : € € S}.
Therefore, § € A[A(R|Z)] and [0;,6,] C A[A(R|Z)].

We now prove A[A(R|Z)] C [6;,6,]. Pick any 6(z) € A(R|z). Then there exists a random
variable X € S(S) such that: 6(z) = Sy €, 2)dFy 515(y, 7, 2). Because c(Y, X)is a
selection from R, it follows from Beresteanu and Molinari (2008) that for any y € ) and
redk,

P(Y <y, X <ilz) <P(Y <y,5N(—00,7] #0]2) = P(Y < y,& < F|2)

PY <y, X >72)>PY <y, SN (& £ 0)z) = P(Y <y, & > i|2)

Then, the Y-marginal of Fy ¢ ,(y, Z|2) is Hy|z. Since by construction ¢" and £* have mar-
ginal distribution G x|z, the {-marginal of Fy, ¢, (y, Z[2) it is Gx|z. Therefore Fy ¢ ,(y, Z|2) €

Fy.x.z from which 8(z) € [6,(2),0.(z)] and §9€ [01,6,]. This completes step 2.



Step 3. We show A[A(R|Z)] = {0 € ©:0 <E[E[z(¢q, R)|Z]]}. Since R is integrably
bounded (see Lemma 2), from Theorem 1.22 in Molchanov (2005), pp. 157 we have
2(q, AIA(R|Z)]) = E[E[n(q, R)| Z]). Then, A[A(R|Z)] = {0 € © : E[c(Y,€))] < 0 < E[e(Y,€")]}.

which completes the proof of theorem 1. B

Proof of Corollary 1. The minimum value of § compatible with hypothetical knowledge

of the distribution of Y and of X, HZC, is given by (see Cambanis, et. al. 1976):

0¢ — /y N c(y, z)dmax{0, Gy (y) + Gx(z) — 1}

by the total law of probability this is equal to:

0¢ = /yXX c(y,x)dmax{/ZGHZ(:U,z)dGZ(z)—l—/ZG'X|Z(w, 2)dGz(z) — 1,0}

Since max {a,0} is a convex function of a, #° < 6, by the conditional Jensen inequality.
The maximum value of 6§ compatible with hypothetical knowledge of the distribution of

Y and of X, 0%, is given by:

0° — /y el )dmin{Gy (). Gx(@) ~ 1)

Since min {a, 0} is concave we have 6, < 6S. Therefore, ¢ = [ 6] C ©,.1

I 7w

Inference Procedures

We now prove the asymptotic properties of the estimators of the extreme points of the
identified set. We begin by proving Proposition 2 and 3. We continue by proving three
lemmas we invoke for such proofs.

Let C' denote a generic constant that may be different in different uses. For any con-
formable matrices A and B we define the Euclidean norm ||A||; := trace (A’ BA)l/ ?, where
trace(-) denotes the trace operator. For any real-valued function f(z), let ||f(2)|le =

sup, | f(x)| denote the sup-norm. We shall suppress the subscripts in the notations for the
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norms whenever this can be done without causing confusion. Let q(2) = (q1(2), .., q1,, (%))’

be a L,, x 1 vector of approximative functions forming the base for Q,,. Let p(z) =
(p1(2), -, P, (2)) be a Ky, x 1 vector of approximative functions forming the base for

‘H,.,. Here is the proof of proposition 2.

Proof of Proposition 2. Let = denote the space of all functions y,z — &(y, z) from

YV x Z into X x X defined by &(y, 2) :=(£'(y, 2),£"(y, 2)). For any € € Z define the norm:

[1€]1= = max{||¢" ||, 1€}

Then ||€ — &||z = op(n~"/*) provided that

Al _
supsup [€ (y,2) — €' (y,2)] = op(n;"*) (P2.1)
yeY z€Z
supsup |€(y, 2) — €4y, 2)| = op(n ") (P2.2)
yeY z€Z

We only show that (P2.1) = op(ny '/*). The proof for (P2.2) = op(n;/*) is similar and

thus omitted.

! A

By construction £ (y, =) = q(=)/B(p(2)'&(y)) and €(y, 2) = Qx1z(Gy(2(y, 2), 2) s0:

Sup sup 1€ (y, 2) — €y, 2)| = Sup sup la(2)'B(p(2) &(y))—Qxz(Gyiz(y, 2), 2)]

Add-and-substract q(z)'8(p(2)'&(y)), Qxz(p(2) &(y), 2), Qx|z(p(2) a(y), z) and ap-

ply the triangle inequality:

SUPy ey SUD.ez [€ (4, 2) — £"(y, 2)| <

(A) sup,ecysup.cz (=)' B(p(2)'&(y)) — al=)'B(p(2) &(y))|+
(B) supyeysup.cz a(2) B(p(2) &(y)—Qxiz(p(2) &(y), 2)|+
(C) sup,eysup.cz |Qxiz(P(2)'&(y), 2)—Qxz(p(2) a(y), 2) |+

(D) SupPyecy SUP.cz |QX|Z(p(Z)Ia(y)7 Z>_QX\Z(GY\Z(:U7 Z)) Z>|
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We now find the order for each of the terms in the right hand side of the later expres-

sion. Consider the term (A). Take common factor q(z)":

(A4)=5up,cy sup.cz [a(=)' [B(p()aly)) - Bp(=)&())]|

By the Cauchy-Schwarz inequality,

(A) < sup,cz |la(2)']| x sup,cy sup,cz

Bp(=)a(y) - Blp(=)&(y))

Since q(z)’ is a vector of splines functions and z is a scalar, we have sup,z ||q(2)’|| < Li?

(see Newey, 1997 pp. 160). Then,

Blp(2)aly) — Blp(=)aly))|

1/2
(A) < L% x SUP,cy SUP,c =

Bp(2) &(y)) — B(p(2)'&(y)) | is op(n="/4).
Then, (A) = O(L%Q) X 0p(n1_1/4). Since O(L%Q) X 0p(7l2_1/4) = OP(nz_l/4) we have

(A) = op(ny "),

By lemma 4 (see below) the term sup, ¢y, sup, . z

Consider now the term (B). According to assumption [E.7], we have (B) = O(L;;/ %),

Consider now the term (C). Since 7—Q x|z(7, 2) is continuous (see assumption [E.4]), we

can take the following Taylor approximation of such function around 7 = p(2) a(y):

Qx1z(p(2)&(y), 2) — Qx12(p(2) auly), z) = 282120

1 9%Qx|z(7.2)
2 oror

for some vector &(y) such that p(z)'a&(y) € [p(2)

equality,
oQ T,2 A~
(©) < supyeysipics ["2500| cpteyiat) ~ at)]
m=p(2)' a(y)
02Q T,2 ~
+3 SUPycy SUD,cz %() , x [p(2) (&ly) — a(y))]
T=p(2)'&(y)




By the Cauchy-Schwarz inequality,

0Q T,z ~

(C) < sup,ey sup, g | 22X oteyeay| < Sy SUPzcz Ip(2)[aly) — a@)]]| +
?Qxz(7:2) A

%Supyey SUD.cz | —grar T=p(2) &(y) X SUDyey SUDPzez Hp(z)'[a(y) - a(y)]m

Since 7 +— Qx|z(7, z) has continuous uniformly bounded derivatives (see assumption

[E.4]),

(C) < C x sup,eysup.ez |p(2) &(y) — p(2) a(y)| +
C' X sup,cysup,cz |[p(2)

By Lemma 5 (see below), |p(z)'é(y) — p(2) a(y)| = 0p(n}/4), so (0) =C x 0p(n}/4) X

0p(ni/4). Since 0p(n}/4) X 0p(n}/4) = OP(TL}M) we have (C) = 0p(n}/4)

Consider now the term (D). We take the following Taylor approximation of 7—Q x|z (7, 2)

around Gy|z(y, 2),

QX\Z(P(Z),a(y)aZ)—Qxlz(Gwz(y,Z)aZ) = %Zf(m) Gy 2 (2) X [p(z)'a(y)—Gy|z(y, z)]

0? T,Z
L2022 | ) a(y)— G2y, 2))2

T=T

for some 7 € [p(z)'a(y),Gy|z(y, 2)]. By the triangle inequality, the Cauchy-Schwarz in-
equalities and the fact that 7 +— Q) xz(7, z) has continuous uniformly bounded derivatives

(see assumption [E4]),

(D) < C x sup,ey sup,cz |p(2) a(y)—Gyz(y, )|

+C % supyey sup.c z [[p(2) a(y) =Gy z(y, 2)?|

By assumption [E.6], (D) = O(K{ll/Q). Combining the results for (A), (B), (C) and (D)

we have that

supsup |€ (y, 2) — €4y, 2)| = op(ng ") + O(L; ) + op(ny ) + O(K1?)
yeY zeZ 43



Under assumptions [E.9] and [E.10] the terms O(LT_L;/ %) and O(K{ll/ ?) vanish so

supsup € (y,2) — £y, 2)| = op(n~"/*)
yey z€Z

which complets the proof.ll

We continue by proving proposition 3.

Proof of Proposition 3. We first prove that the estimator (@l,@u) of the extreme
points of the identified set is consistent. The following lemma, which has been proved by
Chen et. al. (2003), provides sufficient conditions for the general class of semiparametric

Z-estimators to be consistent.

Lemma 4 Let data be iid replications {W,;}!_, of the random vector W. Let © be a finite
dimensional parameter set and 'H a infinite dimensional parameter set. Suppose that there
exists a function M(0,h) = E[m(W, 0, h)] from © x H into R¢ for some positive integer
d. Let M(6,h) = >, m(W,,0,h)] denote the empirical analog of M(6,h). Suppose
that 8, € © satisfies M(0,,h,) =0 for some h, € H, and that:

(1.1) HMn(é,ﬁ)

’ < infgeg HMn(H, iL)H + OP(l)
For all 6 > 0 there exists €(0) such that

(]2) il’lf||g,go||>5

20(0.1)|| = (9)

For all 6 > 0 there exists € > 0 such that

(1.3) |[h=ho|l3, < & imply supsee [|M (6, h) =M (8, ho)|| < e
(1.4) Hh—hHH — op(1)

(1.5) For all positive sequences 6, = o(1)

sup ||Mn(97 h)_M(ea h‘)H = OP(l)
96®,||fz—h||H<6n,

Then, 8 — 0 =op(1).
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Proof of Lemma 4. See Chen et. al. (2003).1

Our application correspond to the case @ = (0, 0,), h = (u, &), H = (M, =), M(0,h) =
Ele(Y,u, &) — 6] and M, (0,h) := > " c(Y;, 1, &) — 0. In order to prove consistency of
the estimators of the extreme points of the identified set (9;, 9u) it is enough thus to show

that conditions (1.1)-(1.5) are met.

Consistency. We start by checking condition (1.1). Recall that (6;,8,,) have been defined

~ n Al ~ _ n
by 0, := n! Zi:l C(yz‘; & N) and 6, == n"" Zi:l (

,&.1j1). Thus 0 can interpreted as the
argument of the minimum of the function 8 — HM (6,
6

-~

,E)H , where I, is the identity
£) M,(8,1,8)||, so

(1.1) is verified. We continue by checking condition (1.2). Since in our case the function

matrix of dimension 2. From this follows that HM ‘ = infpce2

iy
2
0 — M, i, é ) is linear, the true values of the extreme points of the identified set estimator

’M(O,ﬂ,é) l, where I, is the identity
matrix of dimension 3. Thus, (1.2) is satisfied. We now check condition (1.3). Since

MO, p1,&) = 0-E[c(Y,&; 1)] we have:

0, = (0,,0,) are the unique minimizers of 6 +—

SS(E)IIM(@’M,E)—M( s 1oy E)I| = B (e (Y, €55 110)] — Bi[e(Y, &5 )]l

Then, condition (1.3) is satisfied because of the Lipschitz condition [E.13] in [EC]. We

now check condition (1.4). For h = (u, &) €H = (M, E) define the norm

(1A=l l5, = max{]|pll, [1€"]|oo, 11" oo}

Assumption [E.11] in [EI] and Proposition 2 imply that condition (1.4) is satisfied by the
case at hand. Finally, we check condition (1.5). According to Chen et. al. (2003) condition
(1.5) will be satisfied whenever the class of functions {M (0, h), 8, h} is P-Glivenko-Cantelli.

Notice that.

SUPoee,||h—h||, <o, |[M;,(0, h)—M (0, h)]]

= Sup9€@27||é*§||<5n,Hﬂ*MH<5n He - ZC()/ugvM) — 0+E [C(E/@,ﬁ,M)}H
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= Sup“é_g"<5m”ﬂ_”H<5n ||Z C(}/;v énu) —E [C(}/;> €au)]||

For the case at hand then, Condition (1.5) will be satisfied when the class of functions
{E[e(Y;, E,1)], € €=, pe M} is P-Glivenko-Cantelli. Since &, — E[c(Y;, &,1)] is Lipschitz
continuous (see assumption [E.13]), it follows from Theorem 2.10.6 by van der Vaart and
Wellner (1996) that {E [c¢(Y;, &,1)], € €2, pe M} is P-Glivenko-Cantelli whenever M and
= are P-Glivenko-Cantelli. Since M is a compact subset of R, the bracketing number
of M is known and thus M is P-Glivenko-Cantelli. Because of lemma 8 (see below),
the space E is also P-Glivenko-Cantelli and then condition (1.5) is met. Therefore, the

estimator of the extreme points of the identified set is consistent.

Asymptotic Normality. We now prove that w/nl(@ — 0) converge in distribution to
a random variable with normal distribution. Our starting point is the definition of the

estimator

O=ni'y Vi, iV, Z)
=1

Add-and-substract 0, = Ele(Y;, £,(Y;, Z,)], Ble(Yi, £(Y;, Z))], ¢(Yi, €,(Y;, Z;)), and multi-

ply both sides by n}/ 2

't (6-6,) = n'” [nfli(cmémzi))—E[cm,ém,zim)

2 |t (Vi €, (Vi 22)) — Ble(Yi &, (Vi Z))

=1

—n 0t S (oY, €Y Z) — Ble(Ye, €0, Z) )

i=1

Define the empirical process v, (€, ) = 12 [ [e(Vi & 1) — B(e(Yi, £ )], Sto-

chastic equicontinuity of v, (&, 1) at (€, 1,) (see below), consistency of (€, i) for (€,, )

(see proposition 3) and P(€ € ) — 1 yield vy, (€, i) — vn, (€,, 1t,) = 0p(1),50 we have
W (5-0,) -

Ble(Yi, (i, Z)] (Vi €,(¥i, 2) ) | + 0p(1)

N
—
~—
N
—
3
=
-
INgE
S
—~

Approximate ¢(V;, £(V;, Z;)) inside the expecig,tion by c(Y;, &,(Yi, Z)+0(Yi, Z)[E(Y, Zi)—



£, (Y3, Z;)]

't (0-0,) = w'” ["11 3 (Ble(Yi, £,(Yi, Z))]—e(Ya, £,(Yi, Z0))

=1

02 | ZE WY, Z)[EYs, Zi) — €,(Ys, Z0)]]

+nl/? | nt ZE[rem(é(E, Z;) = &,(Yi, Z3))]

=1

t+op(1)
where rem(&(Y;, Z;) — €,(Y:, Z;)) denote the difference
rem(E(Yi, Z)—€,(Yi, Z1)) = e(Vi, £(Yi, Z3)) = (Y, €,(Yi, Z0) =0 (Vi Z) €Y, Z)—E, (Y, Z0)
By assumption [E.15.(i)] we have this difference is op(1). It then follows that

W (0-0) - [ 12 (Vi (Y, Z)]—e(¥i,&,(Y5, Z0))

/2 fle (Y;, Z)| Yz,Z) £, (Y3, Zs))]

+op(1)

Since (Y;, Z;) are identically distributed (see assumption [AD])

ni

' (0-0,) = n''? [n112<E[c<m,£o<m,Z»)]—cm,som,zm

=1

+n! 2B (Y;, Z,)[E(Y:, Z;) — £,(Y:, Z0)]]

+op(1)

By assumption [E15.(ii)]
ni

(0= 0,) =02 Ble(¥i, &, (Vi Z0)) ] =elYi, &,(Yi Z0)) + U(Y;, 2)) + 0p(1)

=1
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Under assumptions [R.1], n 1/ 2 <9 0 ) is asymptotically normal, say N(0,X), by the
central limit theorem, since it is mean zero sample average normalized by n'/2. The

expression for the variance covariance matrix is

asy asy
o™ p
l lLu
3N =
asy asy
P U Oy

where , 07" :=V[e(Y, (Y, Z); 1) + (Y, Z)], 0% := V]e(Y, &, (Y, Z); )] and
Pra = Cle(Y, &Y, Z); ) +0(Y, 2), (Y, §,(Y, Z); 1) + (Y, Z)]

which completes the proof. B

We now prove the two lemmas we have invoked in the proof of proposition 2. Here is

the first of these lemmas,

Lemma 5 Let assumption [E] and [AD] holds. Define B() as in (5). Then,

sup sup ‘Q(Z),B(T) - q<z),/6(7->‘ —or <n;1/4>

T7€[0,1] 2€2

Proof of Lemma 5. Take common factor q(z)’

sup sup |q(z)'B(7) = sup sup |q(z)’ [B(ﬂ —,3(7')H

T€[0,1] 2€2Z 76[0,1] z2€EZ

By the Cauchy-Schwarz inequality,

sup sup q(z)'B(T) — q(z)’ﬁ(T)‘ < sup||q(z)’|]| x sup sup |B(7’) — B(7)|

T€[0,1] z€Z 2€Z 2€Z 7€(0,1]

!/

Since p(z)" are splines functions we have sup,.z ||q(2)|| < L (see Newey, 1997 pp.

160). Then,

sup sup |q(2)'B(r) — q<z>'5<7>i < IY?sup sup |B(r) — B(r)|

T€[0,1] 2€2 4 2€Z 1€[0,1]



It follows from theorem 4.1 in Horowitz and Lee (2004) that sup.. 5 |3(7) — B(1)| =0, (Lifn; Y 2)

(it remains to extent this result uniformly over 7). Then,

sup sup ’(I(Z),B(T) - Q(Z),ﬁ(T)‘ =0y (Lmn;lﬂ)

T7€[0,1] 2€2

Therefore under assumption [E.9] in [ES]

sup sup [a(2)B(r) — (=)' B(r)| = op(ny )
T7€[0,1] 2€2

which completes the proof. B

Define the n; x K,, matrix P := (p(Z1)’,...,p(Z,,)"). Using this notation we can
rewrite the series estimator of the conditional distribution Gy z(y|2), Gy z(y, 2), as Gy|z(y, 2) =
p(2) (P'P)"'P'w(y) where w(y) = (I(Y; < y),..,1(Y,, <)) isan; x 1 vector indexed

by y € ). Here is the second lemma:

Lemma 6 Let assumption [E] and [AD] holds. Define éy|Z(y, z) as in (5). Then,

sup su 2)'a&(y) — p(2) a = op n;1/4
yegzeg\p( )'@(y) — p(2) ay)] ( )

Proof of Lemma 6. Take common factor p(z)’

supsup |p(z)'é(y) — p(z) a(y)| = supsup |p(2)'[é&(y) — a(y)]]
ye) zeZ yeY zeZ

By the Cauchy-Schwarz inequality,
supsup [p(2)'@(y) — p(=)'a(y)| < sup|p(=)'l| x supsup |&(y) — ex(y)|
S

yeY z€Z z€EZ yey

Since p(z)’ are splines functions we have sup,.z ||p(2)|| < K (see Newey, 1997 pp.
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160). Then,

supsup [p(2)'@&(y) — p(2) aly)| < KY* x supsup |&(y) — au(y)|
yeY z€Z 2€Z yey

Kl =172

Now we prove sup,cy |&(y) — a(y)| =Op(Ky,"n; '7). Define the n; x 1 vector

g = (90(y1,21)5 -+, 90(Yn, zm))/ and e(y):= w(y) — g. By construction
a(y) = (P'P)"'P'w(y)
Add-and-substract (P'P)"'P'g

&(y) = (P'P)"'P'w(y)—(P'P)"'P'g+(P'P)"'P'g

Take common factor (P'P)~'P’ in the first two terms and use the definition of &(y)

a(y) = (P'P)"'P'e(y)+(P'P)'P'g

Add-and-substract (P'P)~'P'Pa(y)

&(y) _ a(y> — (P/P)71P/€(y)_'_(P/P)71P/g_(P/P)flplpa(y)

Take common factor (P'P)~'P’ in the last two terms

a(y) —a(y) = (P'P)'P'e(y)+(P'P) 'P'(g — Pa(y))

By the triangle inequality,

SUP.ez SUPyey |G (y) — a(y)]] <
(A) sup. ¢z sup,ey [|(P'P/n1) ' P'e(y) /ml|+
(B) sup.cz sup,ey ||(P'P/n1) " P'(g — Pa(y))/ml|
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Consider expression (A). Let 1,, be the indicator function for the smallest eigenvalue of
(P’P/ny)~! being greater than 1/2, so P(1, = 1) — 1 as n; goes to infinity. Multiplying

both sides of the later inequality by 1,

supyey In X [|&(y) — a(y)|] < Ln X sup ey [|[(P'P/n1) = P'e(y1)||/n1
+1n X sup,ey [|(P'P/n1)~'P'(g — Pa(y))||/m

Consider the expectation of the squared of the first term in the right hand side of the

inequality

E* [sup,cy 1o % [|(P'P/n1) " 'P'e(y)/ml|* |Z]

= 1, X B* [sup,cy trace (P(P’P/nl)_l(P’P/nl)_lP’E(y)s(y)’) 1Z] Jna
by the cycle property of the trace operator trace(-). Since trace(-) is linear

E* [supyey Lo x ||(P'P/m) " Ple(y)/m|* |Z]

= 1, X B* [trace (sup,ey P(P'P/ny) (PP /ny) " 'Ple(y)e(y)) | Z] /m
Since P(P'P/n;)" (PP /n;)~'P’ does not depend on y and we are conditioning on Z

E* [sup,ey Ln % [|(P'P/m1) " Ple(y) /m* | Z]

1, x trace (P(P'P/ny) " (P'P/ny) 'P'E* [sup,cy e(y)e(y) | Z]) /m

Boundedness of z — E[[(Y < y)?|z] uniformly over y (see assumption E.8 in [EA]) and
independence of the observations (see assumption AD) imply E* [sup,cy e(y)e(y) |Z] <
C1, where < denotes the usual positive semi-definite order and I is the identity matrix.

Then,

E* |sup 1, x ||(P'P/n1) " *P'e(y)/ni||* |Z | < lnxtrace (P(P'P/ny) " (P'P/ny) 'P'CI) /my

yey

51



Taking expectations over 7,

E* {sup 1L, X |[|[(P"P/ny) ' P e(y) /n4]| } C'x1, xtrace (E* [P(P'P/ny) " (P'P/ny)"'P']) /my
yeY

Since trace (E* [P(P'P/ny) " (P'P/ny)'P]) = K,,,

E* [sup 1L, X |[|[(P"P/ny) *P'e(y) /n4]| } C x 1, x K, /m

yey

By the Markov inequality,

P (sup L x (PP /n) P e/ > € x K2 ) < € x o

yeY

That is(A) = Op(Ku*ny?).
Consider now expression (B). Take the expectation of sup,cy, ||(P'P/n1)"'P'(g — Pa(y))||/m

conditional on Z

B* [sup,cy || (P'P/n) 'P(g — Pax(y)) /ni]*| Z]
— B [sup,cy tr (g — Pau(y))P(P'P/ny) (P'P/n1) 'P'(g — Pay))) /n1 | Z]
— tr (B [sup,cy(g — Pa(y))P(P'P/m) " (P'P/m) 'P(g — Pau(y)) |2]) /my

= tr (P(P'P/ny) " (P'P /my)'P'E* [sup,ey(g — Pa(y)) (g — Pe(v)) |Z]) /mi

Because of assumption [E.6] in [EA], and taking expectations over Z

B [sup (PP /) P ~ Pa(y)mlF| < K17 x Ko/

yey
1/2
< Kn{ /14

By the Markov inequality,

P (sup (PP /)P (g — Paly))/mll > C x K2 ”2) < KX/,

yeY
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That is, (B) = Op(K, Kt 1_1/2) Collecting results for (A) and (B) we have sup, ¢y, ||&(y) —

a(y)|| = Op(KMn ) +0p(KY*n'"?). Furthermore,

supsup|p(z)'@(y ‘7 K1/2 x Op (K1/2 —1/2)
yeY zeZ

and then

supsup [p(2)/a(y) — p(=)'e(y)| = Op (Knyni %)
yeY z€Z

Notice that nfl/ 4Kmn;1/ 2= n;?’/ *K,,. Therefore under assumption [E.9] in [ES]

supsup [p(2)'@(y) — p(z)'a(y)| = op(ny /%)
yeY zeZ

which completes the proof. B

We now prove the lemma concerning the size of = we have invoked in the proof of
proposition 3. Let Ly(P) denote the collection of square integrable functions with respect

to the population P.

Lemma 7 (Bounded Bracketing Integral). Let assumption [E], [R] and [AD] holds.
Then,

/ VIn N (€., La(P))dz < oo
0
where N denotes the bracketing number of =.

Proof of Lemma 7. For any vector of positive integers a = (ay, ..,aq4,), define the
differential operator D* = 9!*l/9y...02"z where |a| = a, + ... + a4, and dz is the
dimension of z. Let [w] be the largest integer v such that v < w for any w € R. For the

function y, z — €' (y, z) define the norm

Da ! , _Da l /’ !
||§l|\oo,w ‘= max sup |D*¢ ( 2)|+ max sup D€ (y, 2) E, 7))

alal<lw] (y,2)€)0,1[1+d a:lal=|w] (y,y',2,2")€]0,1[(1+d=)? ||(y7 Z) - (y,7 Z,)H

and similarly for ||€"]| o Define ||€]|oomw := max{||€||co.w; ||€“]|oonw }- Because of assump-

tion [EC] and the chain rule we have ||§Hoqng < C for any w < 2(1 + dz). Then, = is a



subset of the popular space of functions studied by var der Vaart and Wellner (1996, pp.
154) (see also Chen et. al. 2003, pp. 1598). It follows then from corollary 2.7.2 of van
der Vaart and Wellner (1996) that the entropy with bracketing of the class = is bounded
by

(1+dz)
_ /1) 2y
log N[] (G,E, L2(P)) <C (—)

€

In our case dz = 1, hence [;° /InNj (¢, 2, Ly(P))de < o.M
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Appendix B: Tables
TABLE 1. Simulation Results: Finite Sample Properties of the Estimator 0.

Design A - Normal Ouverlapping Marginals.

Design Variables Lower Bound Upper Bound

Kn1 Ln2 nq N9 "z T2z 00 61 SE RMSE AAD 49u SE MSE AAD

2 2 100 100 .8 9 5 458 110 110 098 981 112 259  .234

3 3 100 100 .8 9 b 458 125 144 123981 127 307 .283

4 4 100 100 .8 9 b 458 110 121 097 981 119 277  .251

) ) 100 100 .8 9 b5 458 115 126 099 981 125 .300  .275

6 6 100 100 .8 9 S 458 109 119 099 981 102 297 279

7 7 100 100 .8 9 b5 458 126 130 108 981 108 287  .266

2 2 100 100 .5 5 5 =500 102 225 203 1.00 .111 .299  .278

3 3 100 100 .5 5 b5 =500 .084 226 210 1.00 .093 339  .326

4 4 100 100 .5 5 5 -.500 .093 242 225 1.00 .101 373  .359

) ) 100 100 .5 5 5 -.500  .106 279 259 1.00 .094 .360 @ .348

6 6 100 100 .5 5 b5 =500 107 271 249 1.00 .096 .409  .398

7 7 100 100 .5 5 5 =500 .091 .292 278 1.00 .089 416  .406

2 2 100 100 2 1 b -.954 (100 .330 315 994 102 336 321

3 3 100 100 .2 1 bS5 .954  .097  .361 348 994 106 .366  .351

4 4 100 100 2 1 b =954 (106 .380 365 994 098  .398  .385

) ) 100 100 .2 1 bS5 -954 103 392 378 994 107 398 .383

6 6 100 100 2 1 b5 =954 102 .408 395 994 108 426 412

7 7 100 100 2 1 b -954 104 429 416 994 105 438 425

This table reports small sample properties for the estimator of the identified set when the parameter of
interest is the Person’s correlation between Y; and Y5 (6,), and the distribution of Y7, Y, Z is trivariate
normal. The labels in the columns stand for: /K, :number of knots in the estimation of HYMZ | Ly,
number of knots in the estimation of QQy;|z |n1: size of sample 1 | ny: size of sample 2 | 7 z: correlation
between Y7, Z | roz: correlation between Ys, Z | 0;: Identified set lower bound | SE: Standard Errors |

RMSE: root mean squared error | AAD: Average A5b5$01ute Deviation| 6,: Identified Set upper bound.



TABLE II. Simulation Results: Finite Sample Properties of the Estimator O,.

Design B - LogNormal Overlapping Marginals.

Design Variables Lower Bound Upper Bound

Knl an T o ",z Tz 60 Ql SE RMSE AAD Qu SE MSE AAD

2 2 100 100 .8 9 35 338 .160 .162 131 971 156 271 222

3 3 100 100 .8 9 35 338 134 137 100 971 129 236 .198

4 4 100 100 .8 9 35 338 149 .148 1200 971 150 298 .258

) ) 100 100 .8 9 35 338 162 165 133 971 122 256 224

6 6 100 100 .8 9 35 338 162 .166 130 971 158 313 271

7 7 100 100 .8 9 35 338 141 .140 A13 971 172 336 288

2 2 100 100 .5 5 35 -.228 122 125 .096 1.00 .145 .326  .292

3 3 100 100 .5 5 35 -.228  .099 .109 082 1.00 .135 .325  .296

4 4 100 100 .5 D 35 -.228 125 129 099 1.00 .125 339 315

) ) 100 100 .5 5 35 -.228 107 .110 082 1.00 .131 371  .347

6 6 100 100 .5 5 35 -.228 110 131 095 1.00 .128 377  .355

7 7 100 100 .5 5 35 -.228 129 145 111 1.00 131 .388  .365

2 2 100 100 2 1 35 =357  .083 .092 074 991 131 313  .285

3 3 100 100 .2 1 35 =357 .090  .096 076 991 135 369  .344

4 4 100 100 .2 1 35 =357 .090  .090 072 991 116 .383  .364

5 5 100 100 2 1 35 =357 094 .094 075 991 123 394 375

6 6 100 100 .2 1 35 =357 .079 .079 061 991 132 435 414

7 7 100 100 .2 1 35 -.357  .078 077 061 991 .146 452 428

This table reports small sample properties for the estimator of the identified set when the parameter of
interest is the Person’s correlation coefficient between Y7 and Y5 ((90), and the distribution of Y7, Y, Z
is trivariate lognormal. The labels in the columns stand for: [, number of knots in the estimation of
Hyl‘z | Ly,: number of knots in the estimation of Qy1|z |1: size of sample 1 | na: size of sample 2 |
r1z: correlation between Y1, Z | roz: correlation between Ya, Z | 0;: Identified set lower bound | SE:
Standard Errors | RMSE: root mean squared error | AAD: Average Absolute Deviation| 6;: Identified

Set upper bound.
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TABLE III. Simulation Results: Finite Sample Properties of the Estimator O,.

Design A - Normal Overlapping Marginals.

Design Variables Lower Bound Upper Bound

Knl an T o ",z Tz 00 Hl SE RMSE AAD Qu SE MSE AAD

2 2 500 500 .8 9 b5 458 .038 .069 .061 .981 .020 .0v8 .076

3 3 500 500 .8 9 5458 047 .048 .038 981 .049 .158 .150

4 4 500 500 .8 9 b 458 .037 .056 .047 981 .020 .090 .088

) ) 500 500 .8 9 b5 458 057 057 .046 .981 .056 .160  .150

6 6 500 500 .8 9 5458 .034  .051 043  .981 .021 .093 .091

7 7 500 500 .8 9 b5 458 .050 .050 .040 .981 .054 .157  .148

2 2 500 500 .5 5 5 =500 .046 168 162 1.00 .029 156  .154

3 3 500 500 .5 5 5o =500 .044 .202 197 1.00 .048 .250  .245

4 4 500 500 .5 5 b5 =500  .054 .159 150 1.00 .028 .160  .157

) ) 500 500 .5 5 b5 -.500  .039 196 192 1.00 .049 240 235

6 6 500 500 .5 5 5 -.500  .053 162 155 1.00 .029 166  .163

7 7 500 500 .5 5 b5 =500  .044 .208 199 1.00 .045 246 @ .242

2 2 500 500 2 1 S =954 032 184 181 994 030 .184  .182

3 3 500 500 2 1 S -.954  .049 285 281 994 042 284 281

4 4 500 500 .2 1 S -.954  .038 199 195 994 033 198 195

5 5 500 500 2 1 b =954 044 .289 286 994 .041 295 292

6 6 500 500 2 1 DS =954 042 287 284 994 .041 .287 281

7 7 500 500 .2 1 b5 =954 039 283 280 994 .046 287 283

This table reports small sample properties for the estimator of the identified set when the parameter of
interest is the Person’s correlation coefficient between Y7 and Y5 ((90), and the distribution of Y7, Y, Z
is trivariate normal. The labels in the columns stand for: K, :number of knots in the estimation of
Hyl‘z | Ly, number of knots in the estimation of Qy1|z |1: size of sample 1 | na: size of sample 2 |
r1z: correlation between Y1, Z | roz: correlation between Ys, Z | #;: Identified set lower bound | SE:
Standard Errors | RMSE: root mean squared error | AAD: Average Absolute Deviation| 6;: Identified

Set upper bound.
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TABLE IV. Simulation Results: Finite Sample Properties of the Estimator 6.

Design B - LogNormal Overlapping Marginals.

Design Variables Lower Bound Upper Bound

Knl an T o ",z Tz 60 Ql SE RMSE AAD Qu SE MSE AAD

2 2 500 500 .8 9 35 338 084 114 091 971 077 144 121

3 3 500 500 .8 9 35 338 083  .113 092 971 .08 .147 120

4 4 500 500 .8 9 35 338 076 .109 092 971 090 .165 @ .138

) ) 500 500 .8 9 35 338 077 108 085 971 069 142 124

6 6 500 500 .8 9 35 338 .098  .108 077 971 .098 191  .164

7 7 500 500 .8 9 35 338 .091 109 084 971 .092 176  .149

2 2 500 500 .5 S5 .35 -.228 054  .077 060 1.00 .069 .286  .278

3 3 500 500 .5 5 35 -.228  .059 .084 .066 1.00 .088 .295  .282

4 4 500 500 .5 S .35 -.228 069  .094 075 1.00 .096 .292  .276

) ) 500 500 .5 S .35 -.228 059  .079 062  1.00 .091 .295 .280

6 6 500 500 .5 5 35 -.228  .059 .076 .068 1.00 .083 .286 .274

7 7 500 500 .5 S .35 -.228 053  .076 059 1.00 .082 .289  .277

2 2 500 500 2 1 35 =357 .067 .067 052 991 .096 375 @ .362

3 3 500 500 .2 1 35 =357 059 .059 042 991 .085 373  .363

4 4 500 500 .2 1 35 =357 073 .073 053 991 110 391 375

5 5 500 500 2 1 35 =357 .058 .060 049 991 .078 .363  .355

6 6 500 500 .2 1 35 =357 .061 .061 047 991 077 .367  .359

7 7 500 500 .2 1 35 =357 .069  .069 053 991 .089 .386  .376

This table reports small sample properties for the estimator of the identified set when the parameter of
interest is the Person’s correlation coefficient between Y7 and Y5 ((90), and the distribution of Y7, Y, Z
is trivariate lognormal. The labels in the columns stand for: [, number of knots in the estimation of
Hyl‘z | Ly,: number of knots in the estimation of Qy1|z |1: size of sample 1 | na: size of sample 2 |
r1z: correlation between Y1, Z | roz: correlation between Ya, Z | 0;: Identified set lower bound | SE:
Standard Errors | RMSE: root mean squared error | AAD: Average Absolute Deviation| 6;: Identified

Set upper bound.
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