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Abstract

We study in this report a model of optimal Carbon Capture and Storage in which the reservoir
of sequestered carbon is leaky, and pollution eventually is released into the atmosphere. We
formulate the social planner problem as an optimal control program and we describe the optimal
consumption paths as a function of the initial conditions, the physical constants and the economical
parameters. In particular, we show that the presence of leaks may lead to situations which do not
occur otherwise, including that of non-monotonous price paths for the energy.
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Chapter 1

Introduction

This report is devoted to the complete solution of an optimal control model with state constraints,
arising in the study of economic tradeoffs between energy consumption and pollution management.
More precisely, the question is to determine under which circumstances the deployment of Carbon
Capture and Storage (CCS) technology is of any help to an economy faced with the potential
damages of a high C'Oy concentration in the atmosphere.

The purpose of this document is to serve as technical reference, and provide the mathematical
arguments backing up the construction of the solution, as completely as possible. It features a
detailed discussion of how theorems from the literature can be applied, why the solution proposed
is consistent with their conditions, and also a parametric discussion of the behavior of these
solutions.

This introduction follows with a motivation for the problem we study, and a summary of the
technical contribution.

1.1 The Economic Relevance of Carbon Storage and Seques-
tration

The fact that the carbon emissions generated by the use of the fossil fuels could be captured and
sequestered is now well documented both empirically and theoretically, and it is now included in
the main empirical models of energy uses. Were this option open at a sufficiently low cost for the
most potentially polluting primary resource, that is coal, its competitive full cost, including the
shadow cost of its pollution power, could be drastically reduced given that coal is abundant at a
low extraction cost and can be transformed into energy ready to use for final users at moderately
transformation costs. The main problem concerning its future competitiveness is the cost at which
its pollution damaging effects can be abated.

Abating the emissions involves two different types of costs. The first one is a monetary cost :
capturing, compressing and transporting the captured CO, into reservoirs involves money outlays.
The second one is a shadow cost because this type of garbage has to be stockpiled somewhere.
This problem has been attacked in [Lafforgue et al. (2008a), [Lafforgue et al. (2008%). It is not
quite clear that sufficient storage capacities would be available for low C'Oy capture and storage
costs, in which case the reservoir capacities themselves could have to be seen as scarce resources
to which some rents should have to be imputed along an optimal or equilibrium path.

As far as equilibrium paths are concerned there is a very difficult problem about property
rights. The reservoirs into which the captured C'Os is assumed to be confined are in underground
places, on which property rights are more or less defined, and differently defined all over the world.

Even if sufficiently large reservoirs are available there exists another problem concerning the
security of such reservoirs. Most reservoirs are leaking in the long run, a well-known problem in
engineering. The fact that captured C'O, will eventually return into the atmosphere cannot be
ignored when assessing the economic relevance of CCS.



A first investigation of this last problem has been given by |Ha-Duong & Keith| (2003). Their
main conclusion is that “leakage rates on order of magnitude below the discount rate are negligible”
(p. 188). Hence leakage is a second order problem as far as the rate of discount is sufficiently
high, and probably that other characteristics of the empirical model they use are sufficiently well
profiled.

A second batch of investigations has recently been conducted by Gerlagh, Smekens and Van
der ZwaanE These papers are mainly empirical papers using and comparing DEMETER, and
MARKAL models to assess the usefulness of CCS policies. Their results are twofold. First
using CCS policies with leaky reservoirs does not permit to escape a big switch to renewable
non polluting primary resources if a 450ppmv atmospheric pollution ceiling has to be enforced.
But CCS with leaky reservoirs is smoothing the optimal path. A second point concerns the
relative competitiveness of coal : “The large scale application of CCS needed for a significantly
lower contribution of renewable would be consistent, in terms of climate change control, with the
growing expectation that fossil fuels, and in particular coal, will continue to be a dominant form
of energy supply during the twenty-first century” [Van der Zwaan & Gerlagh| (2009, p. 305). As
they point out “The economic implications of potential C'O, leakage associated with the large
scale development of CCS have so far been researched in a few studies” (ibidem, p. 306). To our
knowledge theoretical studies are even fewerﬂ

The objective of this paper is to try to elucidate some theoretical features of optimal CCS
policies with leaky reservoirs and specifically the dynamics of the shadow cost of both carbon
stocks and their relation with the mining rent of the nonrenewable resource, determining the
long run relative competitiveness of coal and solar energies. The paper has to be seen as mainly
exploratory. To conduct the inquiry we adopt the most simple model permitting to isolate the
dynamics of captured COs, leakage and atmospheric pollution.

Naturally, the presence of leaks, producing an additional flow of pollutant, makes the pressure
on the atmospheric stock larger than when there is none, and should favor even more the capture
to relax the pressure today. On the other hand, for the same reason, it is not necessarily good to
sequestrate too much pollution, since this will make economic conditions worse in the future.

The results presented in this paper show how the optimal consumption paths are modified
with respect to the benchmark situation where there are no leaks. In particular, it turn out that
over some optimal path, the price of energy is not necessarily monotonous. Non-monotonous
price paths in the exploitation of nonrenewable resources have been described before: for a first
paper in this direction, see for instance [Livernois & Martin| (2001)). In the present situation, the
lack of monotonicity results from a combination of a constraint on the present atmospheric stock
of pollution, and a lag effect for the sequestered stock of pollution; such an effect has not been
reported in the literature, to the best of our knowledge.

Our analysis reveals other interesting features. First of all, not every possible configuration of
atmospheric and sequestered stock is acceptable, thus causing a possible viability problem. Other
results quantitatively confirm that the presence of leakage does reduce the economic incentive to
sequestrate pollution.

1.2 Technical Challenges and Contribution

The model we develop conceals several technical features that are seldom encountered in the
literature. First of all, il involves three state variables and three controls, with constraints on the
three states and constraints on two of the controls. We are nevertheless able to provide a complete
parametric description of solutions when one of the state variables is “saturated”. Based on this
analysis, the understanding of the case where all three state variables are present appears to be
within reach; the details are however not developped in this document.

Lc.f. [Van der Zwaan| (2005), |Van der Zwaan & Gerlagh| (2009) and [Van der Zwaan & Smekens| (2009).

2The contributions of [Lontzek & Rickels| (2008)) et |Rickels & Lontzek| (2012)) are relevant in the context of an
underwater sequestration. The study of |[Augeraud-Veron & Leandri| (2013) specifically focuses on the time lag
aspect of the sequestration.



In the course of the solution, we identify the presence of a “hidden” viability or controllability
constraint, and a “singular” point in the state space. In the vicinity of the viability constraint and
of the singular point, optimal trajectories have an unusual behavior, and some adjoint variables
(economically interpreted as shadow prices) may be discontinuous.

Related to this unusual behavior is the unusual fact that the so-called constraint qualification
conditions associated to the optimization problem are not satisfied. Also, classical geometric
conditions leading to the regularity of the value function (see e.g. |Soner| (1986)) do not hold.
Indeed, the value function turns out not to be differentiable everywhere in the domain of interest.

We contribute to the understanding of the situation by providing a complete description of
trajectories, constucted explicitly using the maximum principle, and not via a numerical approx-
imation of the value function. This detailed construction allows us to provide as well a complete
parametric discussion of the form of optimal trajectories.

The report is organized as follows. We develop the model, its assumptions and notations
in Chapter 2] In particular, in Section [2.2] we state the mathematical optimization program
representing the social planner problem, and derive the necessary optimality conditions.

In Chapter [3] we prepare the construction of solutions by studying the behavior of optimal
trajectories within phases characterized by a constant status (free or bound) of the different
constraints on states and controls. This allows in particular to eliminate several configurations
which cannot be optimal.

In Chapter 4] we construct the solutions of the optimization problem in the situation where the
stock of polluting carbon energy is assumed to be infinite (that is, the resource is assumed to be
renewable) and the capacity of the reservoir is sufficiently large. While not quite relevant empiri-
cally, this analysis provides the essential insights in the behavior of solutions and the complexity of
the problem. The first part of the chapter enumerates all possible cases, depending on parameters
and the position of the state of the system. The second part (from Section onwards) presents
the global picture and performs the parametric discussion, including some limiting cases.

Several appendices with the most technical details complete this description. In particular,
Appendix [E] features a numerical illustration in the Linear-Quadratic case.



Chapter 2

The Model

2.1 Model and Assumptions

We consider a global economy in which the energy consumption can be supplied by two primary
resources: a nonrenewable polluting source like coal and a clean renewable one as solar plants.

2.1.1 Energy consumption and gross surplus

Let us denote by ¢ the instantaneous energy consumption rate of the final users and by wu(q)
the instantaneous gross surplus thus generated. The gross surplus function is assumed to satisfy
technical assumptions that will be specified as Assumption [I] on p.

The function u'(q), is the inverse demand function and its inverse, the direct demand function,
is denoted by ¢¢(p). Under Assumption the function ¢ is strictly positive and strictly decreasing.

2.1.2 The nonrenewable polluting resource

Let X (t) be the stock of coal available at time ¢, X° = X(0) be its initial endowment, and z(t)
be the instantaneous extraction rate: X(t) = —z(t). The current average transformation cost
of coal into useful energy is assumed to be constant and is denoted by ¢,. We denote by Z the
nonrenewable energy consumption when its marked price is equal to ¢, and coal is the only energy
supplier: u'(Z) = ¢,.

Burning coal for producing useful energy implies a flow of pollution emissions proportional to
the coal thus burned. Let ( be the unitary pollution contents of coal so that the gross emission
flow amounts to (x(t). This gross emission flow can be either freely relaxed into the atmosphere
or captured to be stockpiled into underground reservoirs however at some cost.

Let ¢s; be the average capturing and sequestrating cost of the potential pollution generated
by the exploitation of coal. Let us denote by s(t) this part of the potential flow (z(t) which is
captured and sequestered. Then the sequestration cost amounts to cgs(¢). The remaining flow of
carbon (x(t) — s(t) > 0 goes directly into the atmosphere.

2.1.3 Pollution stocks and leakage effects

We take two pollution stocks explicitly into account, the atmospheric stock denoted by Z(t) and
the sequestered stock denoted by S(t). As previously stated, the atmospheric stock Z is first fed
by the non-captured pollution emissions, resulting from the use of coal, that is (x(t) — s(¢). This
atmospheric stock is self-regenerating at some constant proportional rate aE| However, Z is also
fed by the leaks of the sequestered pollution stock S. We assume that leaks are proportional to

1This self-regeneration effect may be seen as some kind of leakage of the atmosphere reservoir towards some
other natural reservoirs not explicitly modeled in the present setting. For models taking explicitly into account
such questions, see for example Lontzek and Rickels (2008) or Rickels and Lontzek (2008).



the stock and denote by [ the leakage rate. Taking into account both this leakage effect and the
above self-regeneration effect, we get the dynamics of the atmospheric stock:

Z(t) = Cx(t) — s(t) + BS(t) — aZ(t) .
Since the sequestered stock is just fed by the sequestered pollution, we have:
S(t) = s(t) —BS(t) .

The flows and stocks of energy and pollution are illustrated in Figure

u(q)

instantaneous
gross surplus

Maximum Z

total consumption Stock of .
Solar flow g=z+vy atmospheric Natural
Y polhge(xgt aZ reservoirs
self-
(x—s regeneration
Transformation leakage
in useful energy BS
Cx
s
Stock of
Stolc I of x sequestrated
coa pollutant
X () S()
Maximum S
S — | L . ' L . ,
primary energies transformation carbon stocks

Figure 2.1: Flows and stocks of energy and pollution

We assume that the sequestered stock is limited by a known constant capacity S. It is accept-
able that S be set sufficiently large to be never saturated. In every case, it is assumed that no
cost has to be incurred for maintaining the captured stock S into reservoirs. The only costs are
the above capture costs c¢ss(t).

2.1.4 Atmospheric pollution damages

There are two main ways for modeling the atmospheric pollution damages. A most favored way
by some economists is to postulate some damage function, the higher is the atmospheric pollution
stock Z(t), the larger are the current damages at the same time ¢. Generally, this function is
assumed to be convex. The other way is to assume that, as far as the atmospheric pollution stock
is kept under some critical level Z, the damages are not so large. However, around the critical
level Z, the damages are strikingly increasing, so that, whatever what could have been gained by
followmg a path generating an overrun at Z, the damages would counterbalance the galnsl We
adopt the second way of modeling damages pioneered by |Chakravorty et al.| (2006), and therefore
assume that the loss generated by Z are negligible provided that Z be maintained under some
level Z, but is infinitely costly once Z(t) overruns 7

2Some authors use simultaneously both approaches.
3As pointed out by [Amigues et al.| (2011)), taking into account both small and catastrophic damages does not
change the main qualitative characteristics of optimal paths.



We denote by Z the maximum coal consumption when the atmospheric pollution stock is at its
ceiling Z, no part of the gross pollution flow (z is captured (s = 0) and the stock of sequestered
pollution is nil:

Z =0=(T—aZ = 7= 27.

¢

We denote by p the corresponding energy price assuming that coal is the only energy supplier:
p=u/'(T).

Clearly there exists an effective constraint on coal consumption if and only if p > ¢, or equiv-
alently Z < Z and simultaneously the coal initial endowment X is sufficiently large.

2.1.5 The renewable clean energy

The other primary resource is a renewable clean energy. Let y(¢) be its instantaneous consumption
rate. We assume that its average cost, denoted by c,, is constant. We denote by y the renewable
energy consumption when the renewable one is the only energy supplier: u'(y) = ¢,. The con-
sumption of renewable energy is assumed to be limited by a known constant . It is acceptable
that § be set larger than .

Both ¢, and ¢, include all that has to be supported to supply ready to use energy to the final
users. Hence, once these costs are supported the two types of energy are perfect substitutes for
the final user and we may define the total energy consumption as ¢ = = + y.

2.2 The Social Planner problem

The social planner problem is to maximize the social welfare. The social welfare W is the sum of

the discounted net current surplus, taking into account the gross surplus u(q) and the production

or capture costs. We assume that the social rate of discount p, p > 0, is constant throughout time.
Accordingly, the social planner faces the following optimization problem:

s(‘)gl(g)%y(‘)/o [u(z(t) + y(t)) — cos(t) — cax(t) — cyy(t)] e Pidt (2.2.1)

given the controlled dynamicsEI

X =
Z = —aZ+pS+Cx—s (2.2.2)
S = —pBS+s,
the initial conditions (X (0), Z(0), S(0)) = (X°, Z% S°), and the constraints on state variables and
controls:
2t < 7 (2.2.3)
St < S (2.2.4)
X)) > 0 (2.2.5)
y6) > 0 (2.2.6)
W < 7 (227)
st) > 0 (2.2.8)
st) < Calt) (2.2.9)

for all t. Other physically relevant constraints (S > 0, Z > 0) are automatically satisfied by the
dynamics and are not explicitly taken into account. This follows from the fact that Z = 0 implies

4An alternate parametrization of the control is in terms of “cleaned carbon” consumption z. = s/ ¢ and “dirty
carbon” consumption T4 = x — s/¢. With these controls instead of z and s, the dynamics become: Z = —aZ +
BS + (x4 and S = —5S + (x.. The constraints on control are then ., > 0 and x4 > 0.



Z =pBS+ (x — s > 0 and likewise, S = 0 implies S > 0. A natural constraint on the control is
z(t) > 0: this constraint is implied by and , and we do not refer to it explicitly in
the remainder.

The maximization in involves admissible control functions s(-), z(+), y(-), that is, piece-
wise continuous functions. Pairs of control vectors and state trajectories such that controls are
piecewise continuous, trajectories solve the state equation and both satisfy all constraints

(2.2.3)— (2.2.9), will be called admissible pairs.

2.2.1 Assumptions on costs and parameters

The results we obtain are valid under the following composite assumptionﬂ

We assume not only that the cost of the renewable energy is higher than the cost of the
nonrenewable one, but furthermore that c, is higher than p. We assume also that ¢, < p as
discussed in Section m The function u(-) obeys standard assumptions, with the possibility
(but not the requirement) that u'(0) = +o00. In summary:

Assumption 1. The function u : [0,00) — R is a function of class C?, strictly increasing and
strictly concave. It is assumed that ¢; > 0, and

lim u'(z) < ¢, < P < ¢y < W(0), (2.2.10)

T—r 00
or equivalently, 0 < y < T < . Other parameters are such that: a > 0, 3> 0, p > 0 and ¢ > 0.
These assumptions on the cost parameters of the model are summarized in Figure which
also recapitulates the notation

T = y = qd(cy) T = qd(cw) p = u(@).

aZ
¢

The following unit system proves useful in calculations and interpretations (see Section for

the missing notation Ax etc. (adjoint variables or shadow prices) and vg, vz or 7, etc. (Lagrange

multipliers)). The unit 7T refers to “tons of CO,” whereas the unit T}, refers to “tons of pollutant”.

a,B,p in st ¢ in T,/T.
X in T, Z,S in T,
/\X in $/Tc /\2,/\5 in $/Tp
z(:),y(:) in T./s s(-) in Tp/s
u() in $/s u'(+),cp,0p in §/T,
¢() in T./s cs in $/T),
lyaiy in $/7. Ys:Vsz 0 $/T

vs,vz in $/T,/s

2.2.2 Literature and particular cases

The model generalizes several previous models of the literature, which can be recovered using
particular values of the parameters.

No reservoirs, no capture The model where capture is not possible has been studied in|Chakra-~
vorty et al.| (20006).

When 8 — oo in the present model, then whatever is captured in the stock is immediately
leaked into the atmosphere. The model therefore reduces to the case without reservoir and
without capture (since capturing is more costly than not capturing).

5The standard of the literature is to place assumptions separately on u(-) and on other parameters. This results
in unnecessarily strong assumptions like Inada’s v’ (0) = co.
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Figure 2.2: Assumptions on marginal costs

The model without capture also shows up when the capture cost ¢, is very large so as to
make sequestration economically suboptimal (see Section . Equivalently, the control
s can be forced to be 0. The difference with f = oo is however that the standing stock of
sequestered carbon will empty only progressively. If the initial condition is an empty stock,
then there is no difference.

No leakage The case § = 0 models the situation where reservoirs do not leak.

This model is studied in |[Lafforgue et al.| (2008 a), which actually considers the case of multiple
reservoirs with different sequestration costs. Each reservoir has a finite capacity. The flow
of clean energy 7 is never binding, which is equivalent to assuming that 7 > .

In [Lafforgue et al. (20084), only one reservoir is considered, it has a finite capacity S, and
in addition the maximally available flow of clean energy ¥ is possibly binding.

In both papers, an additional assumption is made: ¢5; < (¢; — P)/€. In the forthcoming
analysis, this situation will be called “c; small”, see Section

2.3 Main elements for finding the solution of the social plan-
ner problem

We shall use the maximum principle in order to identify the solutions to this optimization problem.
In this paragraph, we first state the first-order conditions for the problem, next review the theorems
on which we base the solution method.

2.3.1 First order conditions

Let us denote by L the current-value Lagrangian of the problem. Introducing Ax, Az and Ag as
adjoint variables, vz, vg and vx as Lagrange multipliers for state constraints, vy, Vsz, 2, and 7,
as Lagrange multipliers for control constraints, the Lagrangian writes as:

L(y,z,8,X,Z,58) = w@+y)—css—cat —cyy (2.3.1)

+Ax[—z] + Az[—aZ + S + (x — s] + Ag[—-fS + 5]
+Vz[7— Z] + lls[g— S] +vxX



758+ Y5 (Cx —8) +7, 9 +7,([H—y) -
The “classical” first order conditions are then the following. First, optimality of the control yields:

oL

5 = 0 = s+ Az =As Vs — Vsa (2.3.2)
OL ,

% =0 <= u(@+y) =ci+Ax — Az — (Vs (2.3.3)
OL , _

8—@}20 = u(x+y):cy—ly+7y, (2.3.4)

together with the constraints and slackness conditions:

Ysz > 0, Cx—s5>0 and v [Cz—s]=0 (2.3.5)
vs > 0, s>0 and ~v,5=0 (2.3.6)
7, >0, y >0 and 7,9 = 0 (2.3.7)
¥, 20, F-y>0 and ¥, [f-y=0. (2.3.8)
Next, the dynamics of the adjoint variables are
A w2k s A (2.3.9)
— _ — — v 0.
X ZPAX T 5y X PAX — Vx
. oL .
)\Z:p)\z—afz <= Az = (p+a)>\z+llz (2.3.10)
) oL .
As = pAs — 35 = As = (p+B)As — BAz +vs, (2.3.11)
with the constraints:
vx >0, X>0 and vx X =0 (2.3.12)
vz >0, Z—-7Z>0 and vz[Z-Z]=0 (2.3.13)
vs >0, S—S8>0 and wg[S—S5]=0. (2.3.14)
Finally, we have the transversality conditions:
lim e ”"AxX = 0 (2.3.15)
t—o0
lim e ”\zZ = 0 (2.3.16)
t—o0
lim e™”*AsS = 0. (2.3.17)
t—o0

2.3.2 Elimination of suboptimal controls

For technical reasons related to the possibility that «'(0) be infinite, it is convenient to add more
constraints to the control problem, knowing that these will be satisfied by any optimal control.

Lemma 2.1. Under Assumption any solution to the control problem with constraints
2.29)- is such that z(t) + y(t) >y for virtually all t.

Proof. Assume that (y,z,s) is a control such that z(t) + y(t) < ¥ for ¢t € I, some nonempty
interval. Modify this strategy into: z'(t) = z(t), y'(t) = § — «(¢) for t € I, while not changing
s(t) nor the strategy outside of interval I. Since the solution to the differential system is
not changed, this is also an admissible strategy. We show that it yields a larger profit. Indeed,
the difference in profits can be written as:

7= = [ lua(®)+9(e) = e, @0 +5(0) = (W) ~ el Mt

10



The function y — v(g) = u(g) — cyq has derivative v'(q) = u'(¢) — ¢y. By Assumption [1] and the
definition of g, this is positive for 0 < ¢ < §. As a consequence, v(-) is strictly increasing on the
interval [0, 7] and for every ¢, v(z(t) +y(t)) < v(7). Therefore, J — J' < 0 and the strategy (y, z, s)
cannot be optimal. O

2.3.3 Sufficient optimality conditions

We will base our solution on the two following results, which provide sufficient conditions for
optimality. The difference between these theorems lies in the set of assumptions and the type
of optimal trajectories they allow for. While the first one (Theorem allows for jumps in the
adjoint variables, it needs stronger C? assumptions than the second one (Theorem , which con-
cerns continuous adjoint variables, but needs only quasi-concave assumptions on the constraints.
In order to use these theorems to solve our problem, we will need to introduce an extra constraint,
which turns out not to be C?. Hence the need for both results.
The first statement is that of [Seierstad & Sydseeter| (1987, Theorem 11, p. 385).

Theorem 2.1 (Seierstad & Sydseter| (1987)), Theorem 11). Consider the infinite-horizon optimal
control problem.:

max [ fo(x(), u(e)

where the state vector x(-) belongs to R™, the control vector u(-) belongs to some fized convex set
U CR", and x = f(x,u,t) with initial conditions x(0) = x°. Assume that admissible trajectories
must satisfy the vector of s constraints:

gj(x(t)au(t)at) Z 07.] = 15 sty SI: g](x(t),u(t),t) = g](x(t)vt) Z 07.7 = S, + 17 S S,
as well as the terminal conditions

.. 1 - . 1 -
lltrr_l)lor.}fmi(t):xi,z:l,...,é, htrgggfmi(t)Zmi,zzf—i—l,...,m,

and no condition fori=m+1,...,n.
Assume that:

a) fo, f and g; for j=1,...,s" have derivatives w.r.t. X and u, and that these derivatives are
continuous.

b) g; isC? forj=s"+1,...,s,
¢) g; is a quasi-concave function of (x,u), for allt and j =1,...,s.

If there exists an admissible pair (x*(t),u*(t)), together with a piecewise continuous and piece-
wise continuously differentiable vector function p(t) with jump points 0 < 71 < ... < TN, @
piecewise-continuous function q(t) and 2N wvectors 3, ,BI:F, k=1,...,N in R® such that, defining

H(X,ll,p,t) = fO(Xauat)+p'f(X7u7t)
L(x,u,p,q,t) = H(X)u)p)t)+q'g(xauat) )

L
d) for virtually all t, and allu € U, g—u(x*(t), u*(t),p(t),q(t),t) - (u—u*) <0,

¢) Jor virtually all 1, (1) = ~ O (x* (1), w* (1), (1), 4 (1), 1),

f) the Hamiltonian is a concave function of (x,u), for all t,

g) forallt and j =1,...,s, g;(t) >0 and =0 if g;(x*(t),u*(t),t) > 0,

11



h) for eachi=1,....,n andk=1,... N,

0q;
pi(r) = pilr) Zﬂ,;;ag“ ), 0 (), 7) + B L O () w” (), i)+ (23.18)

i) for eachk=1,...,N andu € U, Bif - g—i(x*(Tk),u*(T,f),Tk) S(u—ut(r)) <0,

j) foreachj=1,...,s andk=1,...,N, 51:5 >0, and = 0 if g;(x* (), u* (1), 7) > 0,

k) and for all admissible x(t), liginf p(t) - (x(t) —x*(t)) >0,

then the pair (x*(t),u(t)) is catching-up-optimal.

The second statement is that of [Seierstad & Sydseeter| (1977, Theorems 6 and 10), where the
notation “g;” replaces the original notation “h;”.

Theorem 2.2 (Seierstad & Sydseeter| (1977)), Theorems 6 and 10). Consider the infinite-horizon

optimal control problem:
o0
max [ fa(x(t),u(®), 6
ul- 0

where the state vector x(-) belongs to R™, the control vector u(-) belongs to R, and x = f(x,u,t)
with initial conditions x(0) = x°. Assume that admissible trajectories must satisfy the vector of s
constraints:

gj(x(t),u(t),t) >0,j=1,...,s

as well as the terminal conditions limy_,oo z;(t) =z}, i =1,...,n.
Assume that:

a) fo, f are continuous on the set {(x,u,t) | ((x,u) € A(t)}, where A(t) = {(x,u) : g;(x,u,t) >
0,j=1,...,s}.

If there exists an admissible pair (x*(t),u*(t)), together with a continuous and piecewise con-
tinuously differentiable vector function p(t), and a piecewise-continuous function q(t) such that,
defining

H(X,ll,p,t) = fO(Xauat)+p'f(X7u7t)
L(x,u,p,q,t) = H(Xauapat)+q'g(xauat) )

the following conditions hold for all t where q(t) and u(t) are continuous:

) O (et 1), u (1), p(0), 1), 1) = 0,

) (1) =~ 92 (" (1), u" (1), B0, a(0). 1),

d) the Hamiltonian is concave in (x,u), and differentiable at (x*(t),u*(t)),

e) qj(t) >0 and = 0 if g;(x*(t),u*(t),t) >0, forall j =1,...,s,
f) 9; is a quasi-concave function of (x,u), and differentiable at (x*(t),u*(t)) forallj =1,...,s,

g) and for all admissible x(t), litm inf p(¢) - (x(t) —x*(t)) >0,
—00

then the pair (x*(t),u(t)) is catching-up-optimal.
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Applied to our problem, these theorems provide respectively Corollary [2.1] below and Corol-
lary 2:2] in Section [2.3:4] In order to state them, we first give the detail of the correspondence
between the notations of the theorem and that of our problem.

We have a state x = (X, Z,.5) (n = 3) and a control u = (y,z, s) (r = 3). The cost function is
fo =€ P (u(z +y) — css — ¢, — cyy) and the dynamics f are specified by . The constraints
are enumerated as (omitting the argument (X, Z, S, y,x, s,t)):

=Y, $=Y—Y, gs=s5, gs=C(x—5,

=X, G6=2Z—-2, gr=S-25.

These correspond, respectively, to constraints (2.2.6) and (2:2.7) (91 and g-), (2:2.8) and (2:2.9)
(93 and g4), (2.2.5), (2.2.3), and (2.2.4). We have s' = 4 and s = 7. There are no constramts a
priori on the behavior of the state trajectory as t — oo. In other words, we take £ = m = 0.

The constraints have some specific features: they are all linear, and they depend either on
control variables, or state variables, but not both. As a consequence, partial derivatives are
constant, some being null. Also, the constraints expressed in and requirement i) of
Theorem [2.1| involve disjoint sets of parameters 6,:5 those can therefore be chosen independently.

Concretely, evaluating we obtain the simpler requirement: for ¢ = 1,2,3 (that is, for
v, =X,Z,95),

7
39
pi(Ty, ) — pi Tk Z ﬂk] +ﬂk] =L (2.3.19)
j=>5
Each state variable appears in exactly one of the constraints g5, gs and g7, which leads to:

P =p(T) = Bis+B), pa(r)—p2(7) = —(Bls+B),  p3(m)—ps() = —(BiztBir)-

Equivalently, since 512‘;- > 0 according to requirement j),

pi(ry) —pi(rh) > 0, pa(ry,) —p2(r) <0, ps(r,) —ps(r) < 0. (2.3.20)

On the other hand, requirement 7) boils down to:

iag

¢ ge (MW Zﬂi % (w—u (1)) <0, (2.3.21)

k]a

and this is satisfied with equality, choosing ﬁ,j[j =0,7=1,...,4.
Corollary 2.1. Assume there ewist:

e a vector of continuous functions (X, Z, S)(t), a bounded vector function (y,x, s)(t), satisfying

equations 7 ,

e a vector function A(t) = (Ax,Az,As)(t) such that A\x and As are continuous and contin-
wously differentiable, and Ay piecewise continuously differentiable, a piecewise-continuous

vector function y(t) = (fy sy Vss Vsas Vz, Vs, vx )(t), satisfying equations (2.3. a)f 42.3.14)

for all t, m for virtually every t, and conditions (2.3.15)—(2.3.17),

e a sequence of time instants 0 < 11 < ... < T, where Z(1;,) < Z and Z(7;7) = Z, such that
Az is continuous except at the 1y, and

Az(ti) = Az(mF) <. (2.3.22)
Then the pair (x*(t),u(t)) is catching-up-optimal for the criterion (2.2.1)).
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Proof. We shall check the conditions of Theorem using the correspondence of notation detailed
above. Using Lemma it is possible to choose the set U of Theorem as U = {(y,z,s) €
R | z+y >y} It is a convex set.

The pair ((X, Z,S), (y,z,s)) is admissible, by assumption. In addition, we define the vector
functions p(t) = e~ #*A(t) and q = e~"*y(t). By assumptions on A and v, p is piecewise continuous
and piecewise continuously differentiable, and q is piecewise-continuous. We now check a) to k).

a):

given the definition of fy, continuity and differentiability are satisfied from Assumption
Then we have

dfo dfo dfo

IV et + _ IV et ! + _ IV et .

G = —a). G W) —e), 52 =et(—e)
By Assumption [I} and thanks to the fact that  +y > 0 on the set U, these derivatives exist
and are continuous; f is linear hence C*°; this is the case also for constraints g;, j = 1,...,4;

: the constraints g;, j = 5,6, 7 are also linear, hence C'*°;
: the constraints are all linear, hence concave, hence quasi-concave;

: the inequality of this requirement is satisfied with equality, since Equations (2.3.2)— (2.3.4)

are equivalent to the assumption dL/0u = 0;

: is also satisfied by assumption, since Equations (2.3.9)-(2.3.11) are equivalent to the as-

sumption p = —0L/Jx;

: the Hamiltonian of the problem is given by the two first lines in the Lagrangian (2.3.1). It

is a linear, hence concave, function of the state (X, Z,S) (although not strictly concave),
and a concave function of the control (y,x, s), thanks to the concavity of the function w(-)
in Assumption I} The Hamiltonian is therefore a concave function of (x,u);

: is satisfied, consequence of conditions (2.3.5)— (2.3.14));
: by assumption, Ax and Ag are continuous, hence (2.3.18)) (or the equivalent (2.3.19))) holds

for i« = 1,3 by choosing B,fj = 0. By assumption (2.3.22) on the jumps of Az, it is sufficient
to choose By = —e "™ (A\yz (1) — Az(17)), Brg = 0 in order to have B, > 0 and comply

with (2.3.18));

. is satisfied with equality by setting ,6’,:5 =0,j=1,...,4 (see the preliminary discussion);

: is satisfied trivially for j = 1,...,4 by the choice made in 7). Likewise for j = 5,7 by picking

B,:ctj = 0. Given the choices of B,:fﬁ in h), and the assumption on jump instants 7, which

specifies that the constraint is always bound after the jump, we indeed have ﬁ,:g% > 0 and
Bre = 0 since Z(1,, ) < Z;

: since the state variables X, Z and S are bounded by the system of Constraintsﬁ Condi-

tions (2.3.15)—(2.3.17) imply respectively
. —pt — 1 — . ! — . —
tll?go e Ax(t) tliglo pi(t) =0, tlggo pa(t) =0, tlggo ps(t) = 0.

This in turn implies that lim;_, o, p(t) - (x(¢) — x*(t)) = 0 for every admissible trajectory x,
since by the boundedness assumption on controls, the difference x(t) —x*(t) is also bounded.

O

Our task is therefore to exhibit solutions to the first-order conditions, with bounded controls,
which are continuous, or if not continuous, which satisfy the jump condition (2.3.22)).

6 This argument holds sensu stricto when S and Z are finite. However, it holds also when S = +oco and 8 > 0,
because there is a finite admissible domain, see Section @
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2.3.4 The admissible domain of S and 7

Since 8 > 0, the model exhibits a viability or controllability problem that we study in this section.
Assume that for some reason, z(t) = s(t) = 0 over some interval of time. Then the dynamics
of S and Z are given by:

S(t) = —pBS(t) and Z(t) = BS(t) —aZ(t) .
Let t° be some time instant in this interval and let us denote by S° and Z° the stocks of S and

Z at this time: S° = S(°) and Z° = Z(t°). Integrating the above system, we obtain for all ¢ (in
the case a # f3; see Footnote m for the case a = f3):

S(t) = S0 AUt (2.3.23)
Z2() = 0% o) _go P ( —a(t—t) _ *5“40)) . 2.3.24
) = 2% (e ‘ (23.24)
Eliminating ¢ with (2.3.23)), we get the family of trajectories in the (S, Z) space:

/B
Z(8;8° 2% = (SSO> <Z°—afﬂs°) - a’%ﬂs.

These curves depend upon « and 8 and, structurally, only upon a/f. As a function of S, Z is
first increasing and next decreasing whatever a > 0 and 8 > 0 may be. The maximum is attained
when Z = 0, that is, Z = BS/a. The family of these curves is illustrated in Figure The
movement is going from the right to the left though time. Under the line Z = S/a, the leaks
flow S is higher than the self-regeneration flow aZ so that the atmospheric stock of pollutant
increases, whereas above the line the reverse holds and the atmospheric stock decreases.

Z BS
«
F == - - __
- <7 T
_ - X~
e -
— ~
JE— - ~N
Z - N
= ~
P -
- //
7
~
A -7
- 7
// - - T -~
e // ~
// // ///
7
// 7 //
V2 -
/ //’L
7 7 -
AdRd
7 7
4z
"z

Figure 2.3: Admissible (S, Z) pairs

Among these trajectories, let Zr(S) be the one, the maximum of which is equal to Z, S,,
the value of S for which this maximum is attained, and Sps the (strictly) positive value of S for
which Z(S) = 0. Clearly, Syy > Sy, Given that the maxima of Z(-) are located along the line
Z = (a/B)S, we get for Z = Z:

Z. (2.3.25)

Then

af
Zu(S) = 2(8:8m,7) = (s_z<b§) 6).



ItEf]’ollows that Sy = Z(a/B)*/(*=F) and it can be verified that Sy > S, for all values of o and
g

For any S € (S, Snm], the control vector (s,(z — s) points outwards, and it is easy to see that
for any initial position located above the curve Z = Zy;(S), and for any control, the trajectory
will necessarily exit the domain {Z < Z}. Such a trajectory is not viable. Likewise, if a non-zero
control is applied at any point of the curve (S, Zy;(S)), then the trajectory will necessarily exit
the domain {Z < Z}, whatever control is applied later on)}

Therefore, the set of viable initial states (S°, Z°) is delimited by the constraint

Z < Z(S) (2.3.26)
where the function Z is defined on [0, Sy/] as:

= {Z, 0<S5<8,

29) = { Z:(S). Su<S< 6. (2.3.27)

This function is continuous since Zy;(S,,) = Z, decreasing and concave. It is differentiable because
Z4,(Sym) = 0. However, the derivative Z'(S) is not differentiable at S = S,,.

Since this viability constraint holds for every admissible trajectory, it is possible to add it to
the optimization problem 7 without changing its solution. Doing so, we shall be able
to handle the situation where the optimal trajectory lies on the boundary of the domain. This
situation cannot be handled by Theorem because, as it turns out, the evolution of adjoint

variables is not defined by ([2.3.9)—(2.3.11)).
Replacing the constraint (2.2.3) by the more general (2.3.26)), rewritten as

Z(S)—Z >0 (2.3.28)

entails the following modifications. In the Lagrangian (2.3.1), the term “v;[Z — Z]” must be
replaced with “vz[Z(S) — Z]”. Condition (2.3.13)) then becomes

vy >0, Z(S)—Z>0and vz[Z(S)—Z] =0, (2.3.29)
and Equation (2.3.11) must be replaced with
. oL . ~
Ag = pAs—g <~ As = (p+B)/\5—ﬁAz+Vs—I/ZZ’(S) . (2.3.30)
In the correspondence established with the notation of Theorem [2:2] we have to set
96 = Z2(S)—Z .

This constraint is not linear anymore. It is continuous, differentiable, but not C? because the
derivative is not continuous at S = S;,. It is not possible to apply Theorem to this variant of
the problem. When applied to state variable x3 = S, Condition (2.3.19) yields now

ps(1,) = ps(ry) = Z'(S(m))(Byls + Bre) — (Bir + Brr)
but since Z'(-) < 0, this still means pa(ty) — pa(r7) < 0. We aim at solutions where p3 is

continuous (equivalently, As continuous) anyway.
Theorem [2.2] and Lemma [2.1] yield then the following corollary.

Corollary 2.2. Assume there ewist:

e a vector of continuous functions (X, Z,S)(t), a bounded vector function u(t) = (y,z,s)(t),
satisfying equations (2.2.4), (2.3.28), (2.2.4)- (2-2.9), and x(t) + y(t) >y for allt,

7 These formulas must be modified in the limit case & = $. In that case, we have Z = S,,,, then

S
Z(t) = Z0e—a(t=t) 4 SOa(t — to)e_a(t_to) S(t)y = §0e=(=t") ang Zy(S) =8 — S log N
m
The value where this function vanishes is Sf M = eSm.
8This problem obviously occurs only if S > Sp,.
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e a vector function A(t) = (Ax, Az, As)(t) which is continuous and continuously differentiable,
a piecewise-continuous vector function y(t fy s Vo> Vss Vsas Vz, Vs, Vx )(t), satisfying equa-

tions (2.3.9)- (2.3.19), (2.3.29), 12 3. 14)- 42 3. 1)5) and (2.5.30) for all t where u(t) and (1)
12.3.15))—(2.3.1

are continuous, and conditions
Then the pair (x*(t),u(t)) is catching-up-optimal for the criterion .

Proof. We check the conditions of Theorem [2.2] using again the correspondence of notations es-
tablished in Section 2:3:3] In addition, Theorem [2:2] introduces the set

Al = {ow):glut)>0,j=1,...,5)

Adding the constraint  + y > ¥y to the problem is possible by virtue of Lemma and it
excludes the possibility that z +y = 0 from the set A(t). Then fj is not only continuous, but also
differentiable on A(t) even if u'(0) is allowed to be infinite. Since f is clearly diferentiable, we see
that the Hamiltonian is differentiable for every admissible control, so a fortiori at any candidate
optimal control (x*(¢), u*(t)) as in Condition d) of Theorem This condition and Condition a)
are therefore satisfied.

Let us now check the remaining conditions of Theorem [2.2] We have already remarked the
continuity of fo and f. Condition d) holds as in Theorem f) because the Hamiltonian is not
affected by this change in the constraints. It is therefore still is concave and, as observed above,
differentiable as a function of (X, Z, S,y,x,s).

Conditions b), ¢) and e) holds by construction. Condition f) holds due to the concavity of
Z(S). Finally, Condition g) holds as for Condition k) of Theorem in the proof of Corollary
21 O

2.3.5 On the lack of necessary conditions

The usual practice is to consider that the first-order conditions listed in Section [2.3.1] are in fact
necessary, with the adjoint variables in some precise class of functions (continuous, piecewise
continuous, ...). For models with state constraints, this actually requires that these constraints be
“qualified”.

Consider for instance Theorem 9, Chapter 6, page 381 of [Seierstad & Sydseeter| (1987)), with the
same notation as in Section[2.3.3] The problem has here seven constraints, but if (X (t), S(t), Z(t)) =
(X (t),Sm, Z) (with X(¢t) > 0) and (y(t),z(t),s(t)) = (0,Z,(T) is a candidate state/control pair,
only constraints

g1 =19, go=C(r—s, and gg=2—Z2

are active. According to the theorem, the third one must be converted into

he(y, =, 8, X, 8, Z) = %( )+%( BS+s)+ ‘29;( aZ+BS+Cr—s) = aZ—BS—(x+s.

The following matrix M (¢) should then have rank 3:

|_ 091/0y 0g1/0x Og1/0s -| |_ 1 0 0 -|
M(t) = | 0gs/0y 0gs/0x 0gs/0s | = ;0 ( -1

However, the rank of M(t) is clearly 2. This constraint qualification condition does not hold. The
condition of Theorem 8, Chapter 6, page 378 of [Seierstad & Sydsaeter| (1987) fails as well.
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Chapter 3

Preliminary results

3.1 Introduction to the solution

The central object of our analysis is the “phase”, which we define as a piece of optimal path for
which the set of active constraints on states or controls is constant. A complete optimal trajectory
is necessarily decomposed into a succession of such phases. The method consists then in “gluing”
together pieces of trajectory, each one being in some phase.

This chapter is devoted to the individual analysis of the different possible phases. The assembly
of pieces of trajectories will be done in Chapter [ for a simplification of the model. The complete
solution for the model presented in Chapter [2]is left for future research.

The combinatorics of the exploration of phases is quite large a priori. Constraints 7
2.2.5)) provide 2 situations each, constraints and provide 3, and the set of constraints
2.2.8)— (2.2.9)) provide 4 distinct situations, for a potential total of 96 phases.

We choose to disregard the limit ¥ on the flow of renewable resource y, as well as capacity
constraints S on the reservoir S. This simplification will allow us to concentrate on the impor-
tance of the self-regeneration rate «, the leakage rate § and the capture cost ¢s on the shape of
optimal extraction paths. Indeed, in Chapter [ we will provide a complete classification of optimal
trajectories, according to the position of ¢; with respect to various thresholds defined with the
other parameters.

Ignoring the constraints ¥ and S reduces the number of possible phases to 32. We will see
however than only 9 phases are actually useful in the construction of optimal trajectories.

For this restricted problem, Corollary and Corollary take the following form. The proof
for these variants is easily adapted from the original proofs with the aid of Footnote []on page

Corollary 3.1. Assume there ewist:

e a vector of continuous functions (X, Z,S)(t), a vector function (y,x,s)(t), satisfying equa-

tions (2.2.9), (2.2.9), (2.2.3), (2.2.), (2-2.8) and (2.2.9),

e a vector function A(t) = (Ax, Az, As)(t) such that A\x and Ag are continuous and contin-
wously differentiable, and Ay piecewise continuously differentiable, a piecewise-continuous
vector function y(t) = (vy, Vs, Vsz> V7, Vx )(t), satisfying equations (2.3.3)- [2.3.19) for all t
(with vy = 0), 7 for virtually every t (with vs =0), and conditions (2.5.15)~
Ea.17),

e a sequence of time instants 0 < 11 < ... < T, where Z(1,) < Z and Z(7;') = Z, such that
Az is continuous except at the Ty, and

Az(1,) = Az(7) < 0. (3.1.1)
Then the pair (x*(t),u(t)) is catching-up-optimal for the criterion (2.2.1)).
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Corollary 3.2. Assume there exist:

e a vector of continuous functions (X, Z,S)(t), a vector function u(t) = (y,z, s)(t), satisfying

equations ([2.2.9), (2.3.28), (2.2.5), (2.2.6), (2.2.8) and (2.2.9),

e a vector function A(t) = (Ax, Az, As)(t) which is continuous and continuously differentiable,
a piecewise-continuous vector function y(t) = (Vy, Vs, Ysz:Vz,Vx)(t), satisfying equations

(2.533)- (2319 (with vy =0), (2.3.29), (2.5.9)- (2.3.11) (with vs =0) and for
all t where u(t) and (t) are continuous, and conditions (2.3.19)— (2.3.17).

Then the pair (x*(t),u(t)) is catching-up-optimal for the criterion .

Guided by these theoretical results, we look for trajectories which are continuous inside each
phase: the only discontinuities which we will consider are related with the change in the status
of the constraint Z = Z: in some situations, Az will be allowed to jump when this constraint
becomes active.

In the different sections of this chapter, we analyze separately the dynamics of each phase. We
adopt the following common notation: t° denotes an arbitrary time instant at which the trajectory
is within the phase under study. The corresponding values of the state, adjoint variables and
multipliers are denoted with the same superscript as in X9, S°, Z° )\ etc. We express the value
of the different relevant trajectories as a function of ¢ and these “initial” values. They hold whether
t is smaller or larger than t°, as long as both time instants lie in an interval where the system
stays in the phase without interruption.

We begin with general observations about the phases which are “interior” with respect to state
constraints. In Section[3.2] we characterize the evolution of adjoint variables in such phases. Next,
in Section[3.3] we simplify the problem by ruling out certain configurations for the optimal control.
Then, we give the details of state and adjoint variable trajectories in the remaining phases. We
start with phases located in the interior of the domain, in Section [3.4] Finally, we turn to the
boundary, and describe phases such that the atmospheric stock has reached its ceiling (Section.

3.2 The system in the interior

When no state constraint is active, the dynamics of the adjoint variables take a particularly simple
form, which yields closed-form expressions.

The interior of the domain, which we will denote by D, is defined by the set of strict inequalities:
D = {(X, S, Z)eRP |0 < X(H), 0< St 0< Z(@1) < Z(S(t))} : (3.2.1)

where the function Z has been defined in (2.3.27). At time instants where the state lies in D,
the Lagrange multipliers vy, vg and vz vanish because of (2.3.12)—(2.3.14)), and the dynamics of
adjoint variables ([2.3.9)— (2.3.11) reduce to

Ax = pAx
Az = (pt+a)dz (3.2.2)
As = (p+B)As —BAz .

It follows that for every ¢,t° in any period where X > 0,

Ax(t) = A% ert=t) (3.2.3)

3.2.1 Dynamics of the adjoint variables

We concentrate now on Ag and A\z. Integrating the dynamical system:

{/:\Z = (p+a)rz
As = (p+B)As — Bz
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under initial conditions at t° yields:
Az(t) = AYelpte)d—t%) (3.2.4)
Ao(t) = ettt _ P o (e(p+a)(t—t°)_e(p+6)(t—t°)) - (3.2.5)

The pair (Ag(t), Az(t)) therefore lies on the curve:

P8 p+B
e = )0 )\l pta B 153 N, — 20 )\l pta
N a-p\"? " TE\N ‘

When a = 3, these formulas must be modified as follows:

As(t) = (A% +a(t — 0)2y) elte) =)
Az « Az

v (et
° A% < 5 “pta o8 Y,

3.2.2 Dynamics of ratios

Define the ratio variables:
Z(t) As(t)

r(t) = S0 ra(t) = @
As above, assume for adjoint variables that the system is in the interior (phases that will be named
“A” “B” and “L” later on). For the state variables, assume that no control is applied to the system
(phases that will be named “L”, “U” or “T” later on). It is straightforward to check that the ratios
thus defined satisfy the autonomous, first-order differential equations:

P=(B-a)yr+pB iy = (B-a)ry—8,

which do not depend on p. Integrating leads to the solutions:

0 = (v L) o 8

ra(t) = <7‘>\(t0) — ﬁ€a> eB-a)(t—to) B

When a = 3, these formulas take the form:

r(t) = r(t) +at —1t°) ) = ra(t’) —a(t—10) .

As an application of these formulas, observe that the time necessary for the system to go from
a position (S°, ZY) to (S!, Z!) depends only on the ratios 7 = Z°/S% and r! = Z'/S'. The value
of this duration is given by:

1 8
1 o+ g5 1 (ﬂ—a)r1+ﬁ>
to—ty = 1 - 1 ,
Lot ﬁ—a"g(ru&) B—aog<(ﬁ—a)r°+ﬁ
when a # 3, and t; —ty = (r! —r%)/a when a = . In particular, when Z(tg) = 0, we have r® = 0

and: ) 8
—
t1 —ty = 1 Ty .
1t ﬂ—a(%< 67’+>

Likewise for adjoint variables: the time necessary for the system to go from a position where the
ratio is r = A% /XY to one where the ratio is ry = AL /AL is given by:

1 (ﬂ—@ﬁ—ﬂ)
B—angﬁ—M@—ﬁ !

when a # 3, and t; —tg = —(r} — r)/a when a = 3.

t—ty =
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3.2.3 Invariants

Another formulation of the previous results is that the following quantities are invariant over time:

(esta)e (o)

as long as the state remains in Phase L, T or U for the first quantity, or in Phase A, B or L for the
second one. As a consequence, the line {ry = g/(f—a)} = {(B—a)\s = BAz} is invariant, and so
is the sign of ry — /(8 —a). If B > a, trajectories starting with 75 (t°) > 8/(8—«a) go to +00o, and
trajectories with 7 (t°) < 3/(8 —a) go to —oo, as t — +oo. All trajectories tend to 3/(8—a) > 0
when t - —oco. If § < «, the converse situation occurs: all trajectories tend to /(8 —a) < 0
when ¢ — 400, and the limit when ¢ — —o0 is 00 with the sign of ) (t°) — 8/(8 — «).

The following quantities are also constant on trajectories in the interior of the domain D when
it is optimal to apply no control (Phase L):

(S(t)As(t) + Z(t)Az(t)) e
(=BS(t)As(t) + (—aZ(t) + BS(t))Az(t)) et .

Some of these results will be useful for proving that certain trajectories satisfy certain constraints,
for instance in Section or when applying transversality conditions, see Section [3.5.5]

3.3 Elimination of impossible phases

When the state of the system is not bound by a constraint, the structure of the cost function allows
to eliminate controls that are necessarily suboptimal. This allows to eliminate certain phases from
the construction of a solution.

Our first result is a sort of “bang-bang” principle for the capture control s in the interior of the
domain.

Lemma 3.1. Assume that c; # 0. Consider a piece of optimal trajectory located in the interior of
the domain D, such that x(t) > 0. Then for every time instant t, either s(t) =0, or s(t) = (z(t).

Proof. Assume by contradiction that 0 < s(t) < (z(t). Then by (2.3.5) and (2.3.6)), we have
Ys(t) = 752 (t) = 0. Then, (2.3.2) reduces to:

—cs—Az(t)+ As(t) = 0. (3.3.1)

Differentiating, we must have, over some time interval, }\Z(t) = }\S(t). Using (12.3.10)) and (2.3.11)),
this implies in turn that

(p + a)/\Z = (p + ,8)/\5 — BAz (332)

because vz = 0. Replacing in (3.3.1)), we find that necessarily, (p + 8)cs = adz. If a = 0, this is
not possible since ¢; # 0. If a > 0, the adjoint variables are necessarily constant and equal to:
p+B+a

p+pB _
— Cy Ag = — ¢4 .
a «

Az =

However, these functions do not solve the differential system (3.2.2)), unless ¢; = 0. This is excluded
by assumption, hence the contradiction. O

We observe that in the case ¢, = 0, the reasoning above leads to the conclusion that Ag = Ay
if o =0and A\g = Az = 0 if @ > 0. We discuss further this situation in Section [£.6.4]

Next, we rule out the possibility that both the renewable resource and the nonrenewable
resource be used at the same time.

Lemma 3.2. Assume that ¢; > 0. Consider a piece of optimal trajectory located in the interior
of the domain D. Then either x(t) > 0 or y(t) > 0 but not both.
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Proof. Assume by contradiction that z(¢) > 0 and y(¢) > 0. Then ~,(t) = 0 and the first-order

conditions ([2.3.2)— (2.3.4) reduce to: x +y = ¥ and

—Cs — AZ + AS + Vs — Vsx (333)
0 = ¢y—cz—Ax + Az + (Vsa - (3.3.4)

According to Lemma (which is applicable since > 0 and ¢, > 0), either s = 0 and ~y,, = 0,
or s = (z and 7, = 0. In the first case, differentiating Equation (3.3.4) gives Ax = (Az or
equivalently with (3.2.2)): pAx = ((p + @)Az. Then the adjoint variables are necessarily constant
and equal to
Ay = BTG\ PTA G TG
OLC p [0

However, these functions do not solve the differential system (3.2.2): a contradiction.

In the second case, Equation (3.3.3)) provides the identity Az + vsz = As — ¢s, and replacing

this into (3.3.4]) yields:
0 = ¢y —cy —(cs —Ax +(As .

Then Ax = O\S = ((p+B)As — (BAz = pAx. Eliminating Ax between these equations, we arrive
successively at: C := ¢y — ¢z — (cs = ((As —Az), As = Az, (p+a+P)Az = (p+ f)As. We
have three linear algebraic equations linking Ax, Ag and Az. If a # 0, this linear system has a
unique solution providing three constant functions, all proportional to C'. But the unique constant
solution to 7 is null. This entails 4, = —c¢, < 0, which is not consistent. If & = 0,
it follows that Az = Ag. But this also implies v, = —cs < 0. We reach a contradiction in every
case. O

3.4 Dynamics in interior phases

Given Lemmas [3.1] and the optimal control on an interior piece of trajectory reduces to one
of the three alternatives: either y =0, s=0,2>0,ory=0,s=(x, x>0, ory =7y, z =s=0.

We name the first situation Phase “A”: it is characterized by the absence of constraints on the
state, zero capture and exclusive consumption of nonrenewable energy.

We name the second situation Phase “B”: it is characterized by the absence of constraints on
the state, total capture of the emissions due to nonrenewable energy.

The third situation is called Phase “L”.

We analyze the dynamics of the system in these three phases.

3.4.1 Dynamics when capture is nil (Phase A)

Phase A corresponds to the situation where the resource is not exhausted (X (¢) > 0), the ceiling
is not reached (Z(t) < Z), and no sequestration occurs (s(t) = 0). See Appendix on page
Consumption is directly given by the first order equation (2.3.3):

z = q%(ce +Ax —(Az) (3.4.1)
and the value of the adjoint variable Ax (t) is known from (3.2.3)), and that of Az (¢) from (3.2.4):
Ax(t) = Aer(t1") Az(t) = ALelpte—t)

The integration of the dynamical system for the state variables gives:

X)) = X° - /tl6 ¢*(ca + Xk’ = (Az(u))du (3.4.2)

0, —a(t—t%) o B —B(—t% _ _—a(t—t°)
Z e + S P (e e )

N
—~
o~
~
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t
+ ¢ [ et Wgd(c, + My e — CAg(u))du (3.4.3)

10

St) = 8% e P, (3.4.4)

3.4.2 Dynamics when capture is maximal (Phase B)

Phase B corresponds to the situation where the resource is not exhausted (X (¢) > 0), the ceil'
is not reached (Z(t) < Z), and maximal sequestration occurs (s(t) = (x(t)). See Appendix

on page [77}
Consumption is directly given by the first order equations:

z = q%(co + Ax — (As + (cy) (3.4.5)
and the value of A\x is given by (3.2.3)) and that of Ag(t) is given by (3.2.5)), that is:

— A=) B30 (ora)e=) _ (o8 (—)
As(t) Age a—ﬂ)\z (e e ) .
The integration of the dynamical system for the state variables gives:
tO
X)) = X° - / qd(cz+>\g(e"“—C)\s(u)+Ccs)du (3.4.6)
¢
Z() = ZOeeli—t") 4 5 a<“*t)5(u)du (3.4.7)
S(t) = S0Pt 4 < =g, + A% el — (Ag(u) + Cos)du . (3.4.8)

3.4.3 Dynamics with only renewable energy consumption (Phase L)

Phase L corresponds to the situation where z = s = 0, and y = ¢, while the State is inside the
domain: X >0 and Z < Z(S). It is summarized in Appendix on page |7
The trajectories of both the state and the adjoint variables follovv the “free forms ([2.3.24))—

2-3.23) and (3.2.4)- (3.2.5), that is:

_ 0, —a(t—t% _ @0 s —a(t—t%) _  —B(t—1t%)
Zt) = Z' S P (e e )
S(t) = S0P
Az(t) = ,\%e(pw)(t—t")
As(t) = Alelorm—t) _ P o (e(p+a)(t*t°)_e(p+5)(t*t°)) ,

together with X (t) = X°.

3.5 Boundary Phases

The boundary of the admissible domain is the frontier of the domain D defined in . The
part of most interest in the analysis is the curve {(S, Z(5)),0 < § < Sy}, itself decomposed into
the “ceiling” phase Z = Z and 0 < S < S,,, and the curve Z = Z;(S) for S,,, < S < Sy (see
E329.

The rest of the boundary is made of parts of the lines S = 0 and Z = 0. On the former, the
dynamics is as in Phase A (Section . On the latter, no optimal trajectory can stay.

1These assumptions on control are also in the definition of Phase T and Phase U to be described in Sectionsm
and @, in which the state is on the boundary.
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When Z(t) = Z over some interval of time, the dynamics (2.2.2)) imply that the control is
constrained by

(x—8 = aZ—-BS = B(Sm—S) = (T—-BS . (3.5.1)
We analyze the consequences in this section, depending on whether s is further constrained to be
0, interior (0 < s < () or constrained at its maximum (s = (x).
3.5.1 Dynamics in Phase P (constrained atmospheric stock, no capture)

If capture is further constrained to be 0, this actually determines the consumption
z(t) = =(Sm — S(t)) - (3.5.2)

We call this situation Phase “P”, see Appendix [A.4] on page [T9]
In such a phase, the values of the adjoint variables can be directly deduced from the first order

conditions ([2.3.2)— (2.3.4) and the dynamical system (2.3.10)— (2.3.11)

Az(t) = % <c$ + A et gy <§(sm - soe—ﬂ<t—t°>)>> (3.5.3)
As(t) = Aelr+DU=) g t: P A=0 )\ (u)du (3.5.4)
va(t) = g)\x(t) - ?jSu” (f(sm - 50e5<“°>)>
—(p+a) (cm +Ax(t) —u' <§(sm - 5063<“°>)>> : (3.5.5)
The state variables are:
X(t) = X° + "’20(1 — e Py gt —10) (3.5.6)
S(t) = 80 e AUt (3.5.7)

Along every optimal path in this phase, the fact that s(t) = 0 must imply by (2.3.6]) that v,(¢) =
cs + Az(t) — As(t) > 0. It is also necessary that vz > 0.

3.5.2 Dynamics in Phase Q (constrained atmospheric stock, free cap-
ture)

Phase Q corresponds to the situation where the resource is not exhausted (X (t) > 0), the ceiling

is reached (Z(t) = Z), and sequestration occurs, but not all emissions are sequestered (0 < s(t) <

Cx(t)). It is described in Appendix on page
The use of the first order conditions and the dynamical system leads to the following derivation.
First, the first-order condition for s provides the identity:

As(t) = Az(t) + ¢ . (3.5.8)
Then, differentiating and using the dynamics on A\g, we obtain:
s = Az = prz+(p+B)cs -

The adjoint variable for S is obtained by integrating Equation (2.3.11). The value of Az is then
deduced from (3.5.8]). These are:

Az(t) = eP(t=t%) </\OZ+Csp+B> _ csﬂ (3.5.9)
p P
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As(t) = et (z\%—kcsp:B) - csg. (3.5.10)

Finally, we also have the following expressions for v :
vz(t) = (p+B)As(t) = (p+a+B)Az(t)
= (p+B)es —arz(t) = (p+a+ B —ars(t) .
Let us focus on the trajectory of the adjoint variable vector (Az(t), As(t)). If it happens that

0= )\%-{—cs#, (3.5.11)

then both quantities are constant and the system (3.5.9)—(3.5.10)) is stationary at point
0 = ( _e P8 csﬂ> . (3.5.12)
p p
If Condition (3.5.11)) is not satisfied, then the vector (Az(t), As(t)) moves away from 2 on the line

As = Az + ¢s. In that case, whatever the value of A%, we have: limy_, _o,(Az(t),As(t)) = Q. We
shall make use of this property in our analysis in Chapter [

The dynamics for X and S are given by:
X=—z S=((z-7).

Since the values of consumption and capture are respectively given by:

z(t) = qleo + 2%’ — (1) (3.5.13)
s(t) = Cx(t) = B(Sm — S(t) = ((z(t) —7) +BS(t) , (3.5.14)
they are integrated as:
X)) = X° -~ /t 0" (ca + X% e” = (Az(u))du (3.5.15)
0
St = S° +¢ tqd(cw+)\g(ep“—§)\z(u))du — (@t —1°), (3.5.16)
tO

with Az(¢) given by (3.5.9)).

3.5.3 Dynamics in Phase R (constrained atmospheric stock and renew-
able energy consumption)

Phase R corresponds to the situation where the resource is not exhausted (X (¢) > 0), the ceiling

is reached (Z(t) = Z), no sequestration occurs, but there is mixed consumption of the renewable
and nonrenewable resource (z(t) > 0 and y(¢) > 0). It is described in Appendix on page
Given the first order conditions and the ceiling constraint, the consumptions are given by:

r = g(Sm -9) (3.5.17)
_ B _
y = Z(S_ S3) (3.5.18)
where we have introduced the quantity:
S~ _ C(f
7= T—7) . (3.5.19)



Since > 0 and y > 0, it is necessary that Sz < .S < S,.
The dynamics of adjoint variables are integrated explicitly as:

1 — Lz
AZ = EAg(ep(tito) - Cy C ¢
t

As = Nee+Bt—t) _ g [ o(o+B ) ) () du
$0

0 1 0 0 cy—cCy B 0
= At L C\Q Pt (1 — Uty 0T T (g ety
¢ ¢ p+p

It follows that:
Cy — Ca

¢

Consider an initial condition (X°,Z,S%) at time t°, such that S° € (S7, Sp). The dynamics
of Phase R imply that:

vz = —adz+p

S(t) = S0Pt

X0 — /t: <m—§5(u)> du

Eliminating the variable t as: 3(t — t°) = log(5°/5(t)), we see that the trajectory is the curve:

Z10 s
/8 g

Observe that these curves are increasing and concave in the interval S € [Sy, Sm], and their
derivative is 0 when S = S,,.
Let us now consider the multiplier:

b

=

=
[

X = X%+ + 1(SO—S). (3.5.20)

S0 T ¢

e P G et <_ o, Lo _ 5%—%)
() = ¢4 + e Ag+ =X
i) PR AN SN TEY, ¢
1 - Cz
= o= + ePTAOE) (—A% + EAg‘ - Biﬂ)cy CC ) . (3.5.21)
The constant ¢, is defined as
_ P Cy —Cg

Consequently, assuming that the term between the last parentheses is positive, there exists a finite
value ts at which 74(ts) = 0 if, and only if, ¢; < C;.

3.5.4 Dynamics in Phase S (constrained atmospheric stock and maximal
capture)

Phase S corresponds to the situation where the resource is not exhausted (X (¢) > 0), the ceiling
is reached (Z(t) = Z), maximal sequestration occurs (s(t) = (x(t)). This phase is described in
Appendix [A7 on page 82}

Since Z is constant, Z = 0 and therefore from , it is necessary that 3S = aZ, that is,
S = S,,. As a consequence, the trajectory is stationary at the point (S,,, Z). This implies in turn
that S = 0 and then z = Z.

The integration of the dynamics of the adjoint variables yields the following expressions:

1
¢

Aty = PP PGy

5 A9 er(t=1%) (3.5.23)
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B co 1
As(t) = ¢ — E2S 4 ZaQertt=t") (3.5.24)
¢ ¢
This in turn provides the value of the multiplier: from the first-order condition
As = s+ Az + Ysa (3.5.25)
we obtain L5 L5
You = B%@ ) = Pt = PR - e, (3.5.26)
where we have defined the particular value for c,:
o p P—C
¢y = —— 3.5.27
TopHB ¢ (3:5.27)
The value of 7, is constant over time. It is positive if and only if ¢, < ¢s.
The state trajectory is simply given by:
Xt)=X°-z(t -1t  S(t)=S5m. (3.5.28)

3.5.5 Dynamics in Phase T (exhausted nonrenewable resource)

Phase T is like Phase L (Section7 but the state is supposed to be X = 0 and is therefore on
one boundary of D. It is described in Appendix on page In that case, the set of feasible
controls is reduced to {(y,z,s),y > 0,z = 0,s = 0}, because of the constraint X > 0.

Assuming that the phase is terminal, the transversality conditions 7 must hold.
Since X = 0, is clearly satisfied. On the other hand, we have seen in Section

that (ZAz + SAz)e ! is constant. But according to and , ZAze Pt = 0 and
SAge Pt — 0. This constant must therefore be 0. Then, ZA; + S\ is also 0 for all ¢, which is
possible only if:

Az(t) = ds(t) = 0. (3.5.29)

Then the first-order condition (2.3.3)) gives the value of Ax:
Ax(t) = ¢y —cy - (3.5.30)

Since y > 0, we have 7, = 0. From the first-order equations (2.3.2) and (2.3.3), the other
multipliers satisfy the following constraints:

0 = ¢cs — s + Vsus 0 = C’st-

The second one implies 7v,, = 0. Replacing in the first one, we have v, = c;.

3.5.6 Dynamics in Phase U (no consumption of the nonrenewable re-
source)

A singular situation is encountered in the case where the state of the system is located on the
curve Z = Zp(S), which forms a boundary of the admissible domain when S,, < S < Sy, while
at the same time X > 0.

In that case, the set of feasible controls is reduced to {(y,z, s),y > 0,2 = 0,s = 0}, because of
the viability constraint. The difference with Phase L, where X > 0 and Z < Z(S), has no impact
on the dynamics. Whatever the value of y (y = ¥ is the optimal one), the trajectory is forced to
follow the boundary, according to the state equations of Section until S(t) = Sy,.

The analysis of the dynamics of this phase will take place in Section [£.4.2.4) on page [46]
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Chapter 4

Unexhaustible resources

We study in this chapter the model introduced in Chapter 2.1} in the case where the resource
stock X is assumed to be infinite, and there are no constraints on the stock of sequestered carbon:
S = 400, nor on the rate of consumption of clean energy: 7 = +o0.

Formally, the problem is the same as exposed in Section [2.2] except that there is no dynamics
of the stock X. The system is described by the two variables Z(t) and S(t).

The first-order conditions associated with this new problem are easily obtained from that of
the general problem by setting formally Ax = 0.

As mentioned in Chapter [3, we consider that optimal trajectories are decomposed in a succes-
sion of phases, characterized by the set of constraints that are active. We shall use the same phase
names as in that chapter, and ignore the variable X.

Optimal trajectories will be constructed backwards. We shall first identify which phases are
possibly terminal, that is, contain the infinite part of the trajectory. Then we shall find which
phases can possibly be “glued” to these terminal phases, and so on until an optimal trajectory
starting from all possible initial states in the feasible domain has been identified.

Optimal trajectories will be identified with the help of Corollaries [3.1]and [3.2] Several lemmas
will successively identify optimal trajectories starting from initial states in locations of the state
space. Occasionally, we will identify pieces of trajectories satisfying the first-order conditions:
these will be confirmed as optimal trajectories when glued together with another

Several requirements of Corollaries and will be satisfied by construction and will not
be checked explicitly on each candidate optimal trajectory. For instance, continuity of the state
trajectory and of the adjoint variable Ag is implicit. Likewise, it turns out that control trajectories
are always bounded, as required. The bulk of proofs will therefore be devoted to checking that
the state evolves in the correct domain, and that conditions on Lagrange multipliers are satisfied.

As it turns out, the only possible terminal phases are located on the boundary of the domain.
The backwards construction will then involve first phases on the boundary (Phases P, Q, R, S and
U in the terminology of Chapter , then phases of the interior (Phases A, B and L). Phase T
identified in Chapter [3]is not relevant here since it is characterized by X = 0.

In the course of the analysis, several qualitatively different behaviors will emerge, depending
on the value of the parameters of the model. We choose to classify this cases according to the
value of ¢s. Several critical values for this parameter will be identified along the way, as functions
of the other parameters. One of them has already been defined in (3.5.27):

é _ P p_cw
p+pB ¢

For future reference in this chapter, we also recall some critical values on the variable S already

encountered in (2.3.25)) and (3.5.19):

Sm = and Sy = =(T—-7),



with the equivalent:

_ @, 85 e

B’ ¢ i

This chapter is organized as follows. In Sections and [£:2] we look successively at the phases
defined in Chapter [3] and we identify which ones are possibly terminal. Since they turn out to be
located on the boundary of the valid state space, we study in Section [{.3|the cases where an optimal
trajectory may follow this boundary. In Section [£4] we look at the way optimal trajectories in
the interior connect to the boundary. Finally, in Section we review the findings by presenting
the different solutions to the problem, classified according to the value of the parameter c;. Some
concluding remarks are presented in Section [£.6}

S S — S5

4.1 Terminal phases

The first question we address is that of the behavior of the trajectory when ¢ — oco. As a
consequence of the first-order conditions and the transversality conditions f , only
a few phases are consistent with the infinite part of the trajectory.

In this report, we call “terminal phase” a phase for which there exists an optimal trajectory and
some tV for which the trajectory is within the phase for all ¢ > t°. Among terminal phases, some
are possibly stationary, in the sense that the trajectories of all variables (state, costate, control
etc.) remain constant.

We stick to the convention of Chapter [3| that t° denotes the arbitrary time instant inside the
phase currently under study.

4.1.1 Terminal P phase

In Phase P (see Appendix on page and Section [3.5.1), Z = Z, s = 0, y = 0 and
@ =T — BS/(. The evolution of § is “free”, and S(t) = S0e=A=t"),

The first-order equations provide the value of Az, see (3.5.3):

1 — B Cz —P 1/ — ﬂ 0 _—B8(t—t°
Az (t :(cm—u'm—5t> = +<p—u'a:—Seﬂ( Ny . 4.1.1
(t) R ( C (t)) c R ( R ) (4.1.1)

In this last expression, both terms are negative. The second one tends to 0 as ¢ — +o0. Accord-
ingly,

. _ Cg —-Pp
tLlTOO/\Z(t) = =3 <0.
Next, the expression found for Ag in (3.5.4) is:
t
As(t) = MBIt _ g [ o(et8)(E=v) ), (p)do
10

t
= 20— _ B[ s (cw (T - g Soe—ﬁ(v—t"))) o

10

t—1°
= el tB(=t") [/\% - g/ e~ (ptA)Y <cm —u'(Z — §506_5”)> dv] . (4.1.2)
0

Invoking the transversality condition (2.3.17)), that is:
lim e "'AgS = 0,
t—o0

with S(t) = S%eBt—t")  we get for S # 0,

N ?/OO e+ (cm W (F— gsoe—ﬁv)> dv . (4.1.3)
0
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Finally, replacing in (4.1.2)), we obtain the value for the \g:

As(t) = ?e(p"'ﬁ)(t_to) e~ (ptB)v <cm —u'(Z — ?Soe_ﬁv)) dv

t—t0

= % L(S%e=At=t")

B c:—P 1 0 —B(t—i°
- £ + L oar(soempie-y
o+p ¢ oM )

where we have defined the functions
L(S) = 5/ e~ (PR (cm —u/ (T - fSe_B”)) dv (4.1.4)

0
M(S) = 5/ e~ (pHB (p— u' (T — fSe‘B”)> dv . (4.1.5)

0

The properties of these functions are studied in Appendix In particular, M(S) < 0, so that the
formula for Ag above gives a negative value because both terms in its right-hand side are negative.
The value of v, can be written as, introducing the constant ¢, defined in (3.5.27)), as:

vs(t) = Az(t) — As(t) + ¢
_ =P 1 (o iz Bgo ﬁ(tt°)> I et SR SV 90 B I
cs + c +<<p u' (T CSe ) P e CM(Se )
= ¢5— ¢ + é(p—u’(x—fSOe_ﬁ(t_to)O - %M(Soe_ﬁ(t_to)). (4.1.6)

The previous reasoning applies only to S° # 0, when the value of g is computed. Assume now
that S° = 0, so that S(¢t) = 0 for all ¢ in the phase. This is the case without capture, which has
been studied in [Chakravorty et al| (2006). The transversality condition (2.3.17) is automatically
satisfied. In that case, from the solutions obtained in Section [3.5.1} and given that £S,,/¢ = 7,
we obtain:

As(t) = Cg”c_p (4.1.7)
Aa(t) = NQe(otB)(t—t?) + Lcw —-bp 1 — elPB)(t=t%)
W= FE )
— B (—t% (Ao B e —P> B c:—D
= € + . 4.1.8
5 ptB ¢ p+B ¢ ( )
In that case, the function -y is:
= P TP (ptB)(10) ( o B —p>
t = ¢5+ e by
7s(t) R R R
e — o) (yo _ P G —p> '
conet < et B ¢

Since the system is motionless, it is expected that the function vs(+) will be positive, whatever the
value of t and t°, since t° has been arbitrarily chosen within the phase. The only way this can
happen is to chose
A = B b ,
p+B <

which implies, for all ¢:




Finally, the formulas established for Ag, Az and ~y, hold for all S° > 0. We have identified in

passing the point
e =D [ cp— p)
P, := , (4.1.9
(™ )
which represents the values of adjoint variables in the space (Az, As) at the stationary state (0, Z)

as well as the limit of these variables, when ¢ — oo when the system is in the terminal Phase P.
We can now prove the following result.

Lemma 4.1. Phase P can be terminal only if ¢, > ¢s. In that case, the entry point in Phase P is
such that S(t°) < Sy. Under this condition, the following trajectory is optimal: z(t) =T — %S(t),
s(t) =y(t) =0, and

S = S(t0)e At (4.1.10)
Z 4
Ay = é<cw—u'(m—55)) = C"ﬂgp + é(p—u'(a:—?S)) (4.1.11)
_ B cx—D 1
Ag = 7P+ﬂ c + CM(S) (4.1.12)
Vs = Cs—Cs+ % (p— u'(T — gS)) - %M(S) (4.1.13)
Yse = 0
yoo= ey —u' (T — éS) (4.1.14)
Ly Yy <

on the interval t € [t°, 00).

Proof. We check the conditions of Corollary [3.1] If the phase is permanent, then the conditions
vz(t) >0, v5(t) >0 and ly(t) > 0 must hold for all value of ¢.

From (2.3.10)), we have vz = Ay — (p + @)X\z. From [@.1.1), we obtain

2
So(t) = - L5t - L) .
¢ ¢
and since v’ (-) < 0, Az > 0. Therefore )\ is increasing and since its limit as ¢ — +oo is negative,
it is always negative. As a consequence, vz > 0.
Given that ly(t) = u'(z(t)) — ¢, and since u'(-) is decreasing, we have: 7, 2 0 < =z >
Yy <= zT-0S/(>y <= S<S;.
Turning now to y,(t), we see that the two last terms in (4.1.6)) both tend to 0 as t — oo, since
u'(z) = p and M(0) = 0 (see Appendix [B]). Therefore, lim;—, 1o 7s(t) = ¢; — &5 and a necessary
condition for v4(s) to be positive for all ¢ > 9 is:

cs > Cg .

On the other hand, the condition ¢, < ¢, is sufficient for the existence of a t° such that v, (¢) > 0
for all ¢ > t°, since in that case lim;_,o0 5(t) > 0. O

Remark: Actually, we can show that 74(-) is increasing under the additional condition that u' is
convex. Indeed, according to (4.1.13)), we have:

. A ]‘ ﬁ " —_— /B !
s (t :St(u <m—5 —M'(S) | .
(t) 0z (¢ R (5)
We know that S < 0. On the other hand, it is shown in the proof of Lemma (page [86)) that if

u'(+) is convex, then
! /8 é " o é
M'(S) > P+25Cu <$ CS).
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Therefore,

gu”<az—§s>—M'(5) < _é p+B ”(ﬂj—ﬂs>

is negative. As a consequence, 7, is positive.

4.1.2 Terminal S phase

The assumptions made in Phase S are that: Z = Z, s = (x and y = 0. According to the results of
Section [3.5.4] the value of S is constant as well, S = S,,, and x = T. Then, s = (Z. This implies
vs = 0. Since here X is assumed to be infinite, the values of the adjoint variables in (3.5.23) and

(13.5.24)) have to be replaced with:

Azzlw(cs—f-cm_p) AS:CS—f-CzC_p.

The value of s, is still as in (3.5.26)):

Vsa = p;ﬂ(és_cs) .

Clearly, v, > 0 if and only if ¢; < ;.

Finally, from (2.3.10), we get vz = —(p + a)Az. If ¢, < &, then ¢5 + (¢, —P)/¢ =¢s — (1 +
B/p)és < 0. We then have Az < 0 and vz > 0.

All conditions of Corollary [3.1] being satisfied, we have proved the following result:

Lemma 4.2. Phase S can be terminal if and only if cs < és. In that case, the following trajectory

is optimal: S(t) = S, Z(t) = Z, x(t) =7, s(t) = (7, y(t) =0 and

N, = P;5<CS+%C_1’> (4.1.15)
As = cs+c””c_§ (4.1.16)
s = 0

e = 250 - (4.1.17)
Y., = ¢cy—P (4.1.18)

on any time interval.

4.1.3 Terminal Q phase

Phase @2 may be terminal in the very specific case ¢; = ¢, see Lemma in Section [4.2.2

4.1.4 Conclusion on terminal phases

Summing up the results on terminal phases, we have the following dichotomy:
if ¢, < é,: the point (S,,, Z) is terminal and stationary,

if ¢, > ¢é,: Phase P is terminal and the point (0, Z) is stationary.

In the next section, we review the other possible phases and show that the cases identified above
are actually the only terminal phases, except in the limit case ¢4 = ¢¢. In the process, we establish
properties that will be used to construct complex trajectories.

The case ¢s < é; is the most interesting from the point of view of Economics, since it is the
one where capture of CO is optimal in the long run. This is the case studied in (Lafforgue et al.
2008d),(Lafforgue et al[2008%) in the case § = 0: their assumption is that ¢; < (p — ¢;)/(, and
this last quantity is precisely ¢; when 5 = 0.
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4.2 Non-terminal Phases

We now show that phases A, B, L, Q, R and U cannot be terminal. Doing so, we obtain some
insight on the way these phases may begin or end.

4.2.1 Phases A, B and L

The common feature of these three phases is that the adjoint variables evolve “freely” according

to the equations (3.2.2]) analyzed in Section
It can be verified, for instance using the results of Section that

lim Az(t) = —oc0 lim As(t) = +o00 lim Ag(t) — Az(t) = +o0

t—oo t—o0 t—oo

under the following conditions: A% < 0, A% < 0 and either (a) 8 < a or (b) 8 > «, and
A2 > B/(8 — a)).
According to first-order condition (2.3.2)), we have

Vsz (t) — Vs (t) = )\S(t) -z (t) —cs — +o0

as t — oo. If 2(t) > 0 (Phase A or B), then only one of 7, and s, can be different from 0. Since
both are positive, it means that eventually ~,,(t) > 0 and s = 0. In other words, the trajectory
cannot stay in Phase A forever, and must necessarily enter Phase B, unless the state variable hits
the boundary first.

When the trajectory is in Phase B, the consumption is given (see (3.4.5)) by:
T = qd(cac + (es — C)‘S) :

Then, when ¢t — oo, x(t) becomes necessarily strictly larger than Z, according to Assumption
It is actually possible that z(t) tends to infinity if lim, ., u'(z) is finite. In every situation, we

have (see Appendix or Section [3.4.2)):
Z+8 =Cr—aZ = (z-B)+a(Z—-2) > ((F-T) > 0.

As a consequence, we have lim;_, o (Z(t)+S(t)) = +00, but this is not possible because the domain
of Phase B is bounded. So Phase B must end in finite time, when the trajectory hits the boundary
or, as we shall see, if jy(t) =0.

Finally, consider a trajectory perpetually in Phase L. According to Conditions (2.3.2)— (2.3.4))
(see also Appendix or Section [3.4.3)), given that y = ¥, we must have:

Vo = Vse = Az —As+cs
Vsx = Cm_cy_gAZ:

and both ~; and 7,, must be positive (Conditions (2.3.5)—(2.3.6))). But by a linear combination
of these two equations, we obtain:

Cvs = —CAs+(cs+cy—cy — —00
as t — oo. This is a contradiction. Phase L cannot be terminal. It is necessary that the
consumption x becomes nonnegative at some point in time.

We have therefore proved:

Lemma 4.3. None of the three “interior” phases (Phase A, Phase B and Phase L) can be terminal.
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4.2.2 Phase Q

In Phase Q, characterized by Z = Z,y=0and 0 < s < Cz, the dynamics of the state are Z = 0
and S = ((z — T). The first-order equations imply the relationship

Az —Ag +¢, =0. (4.2.1)

The values of consumption and capture, specialized from Section [3.5.2] are respectively given by:
z(t) = q"(ce —CAz(t)) (4.2.2)

s(t) = (x(t) = B(Sm —S(t) = ((x(t) —7) +BS(), (4.2.3)

and the constraints s > 0 and s < (z are satisfied as long as, respectively, z > T — 3S/¢ and
S < Sp.

The adjoint variables are given by Equations (3.5.9) and (3.5.10) which we recall here:
0 p+ 5) _ Pt g

+et—C s 4.24
z P ; (4.2.4)

e (t=t%) (A% +csp—;f> - csg . (4.2.5)

Az(t) = erlt=t)) </\

As(t)

As observed in Section m (on page 7 if

p+0
p

then (Az(t),As(t)) is stationary at point 2 defined by (3.5.12). In that case, consumption is

z = qNep + Ces(p+ B)/p) = ¢*(P+ C(p+ B)(cs — &) /p) (is constant as well) and S = ((z — 7).
The value of 2, is:

0 = A} +cs

Cp+ﬁ(_ _CS) )

S

p+p
y =Cy —Cgp — Ccs P = P
where ¢; has been defined in (3.5.22) on page Therefore, 2, is is positive as long as ¢ < €.
Clearly, under Assumption ¢s < Cs. In the special case ¢; = &, then £ = T and S(t) is constant.
The phase can therefore a prior: be terminal.

In other cases, (Az(t), As(t)) moves away from (2 and tends to infinity. If A} < —cs(p + 3)/p,
then Az(t) tends to —oo when ¢t — oo, so that the first-order condition on y (2.3.4)):

¥

OSZy:cy—u’(x) =cy—Cp +(Az
is eventually violated. If A%, > —c;(p+3)/p, then Az(t) tends to +o0o when ¢ — 00, s0 ¢, — (Az(t)
tends to —oo. According to Assumption the value of z(t) = q%(c; — (Az(t)) tends to infinity,
possibly in finite time. Since S(t) = ((z(t) — %), this implies that S(t) tends to infinity, which is
clearly not possible.
The results can be summarized as:

Lemma 4.4. Phase Q is terminal if, and only if c¢; = ¢és. In that case, the following constant
trajectory is optimal: S(t) = S°, Z(t) = Z, z(t) ==, s(t) = BS°

AZ s C

Ag = _ﬁés _ i €z =P
p+B ¢

Y, = ¢ —D

Y

and vs = Y5z = 0 on any time interval and for any 0 < S° < S,,.
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4.2.3 Phase R

In Phase R, Z = Z, y > 0 and s = 0. The dynamics of this phase can be specialized from the
equations of Section [3.5.3]

In particular, we have S(t) = S%e=#(=t") but also, according to (3.5.18), y(t) = (8/C)(S(t) —
Sy). Therefore, as t — oo, the value of y cannot remain positive. Another possibility is that -,
may become negative. In any case, Phase R cannot be terminal.

We can state the following result. The piece of trajectory we identify is not termed as optimal
because it is not described for values of t after the trajectory has exited Phase R.

Lemma 4.5. Under Assumption[l, Phase R is never terminal. The following configuration is a
solution to the first order equations and the system of constraints:

S = Sl Bt
Z = Z
Ay = _g (4.2.6)
ﬁ (& _cz> —40 B Cy — Cg
A _ 20 4+ y el B (—t")  _ -y 4.2.7
s (S PRI PR e (4.27)
x = g(S’m—S)
_ B
y = j-—z = Z(S—Sg)
B B ¢ —cm> 0
s = Cg— Cg— AO_i_i Yy T e(P+3)(t %)
E (S p+B ¢

together with s, = Y, = 0, as long as S(t) > Sy and vs(t) > 0.

Proof. In order to apply Corollary we must check the constraint vz > 0. From (2.3.10)), we
have vz = —(p + @)Az. Since Az < 0, we have vy > 0. O

4.2.4 Phase U

When in Phase U, S(t) = $%=#¢=t") therefore the state (S(t), Z(t)) eventually reaches (Sp,, Z).
This phase cannot be terminal.

4.3 Optimal trajectories on the boundary

In this section, we take the first steps at constructing optimal trajectories by connecting individual
phases together. As a result of the analysis of Section we know that whatever the value of cs,
all optimal trajectories eventually end up on one boundary of the domain D, namely, the curve
defined in (2.3.27) as:
= Z ifS<8S
Z = o e
(%) { Zu(S) if Sm <5 < Sur.

For convenience, we refer to it as “the” boundary in the following.

It is therefore reasonable to suppose that some optimal trajectories will follow this boundary
until the final state. This solution strategy turns out to work for ¢; > ¢é; and we make this
assumption in this section. The case ¢; < ¢é, will be addressed in Section

The computation of optimal trajectories can be decomposed in two sub-problems: A) com-
puting the optimal trajectory on the curve Z = Z(S), and B) computing the optimal way to join
the curve. We address the first sub-problem in this section: in Section we address the first
problem by showing how boundary phases P, Q, R and U can be glued together; we synthetize
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the findings in Section [£.3.2] The second sub-problem will be addressed in Section [£.4] where we
show how trajectories coming from the inside of the domain can connect to the boundary.

The following convention is adopted throughout: when a function f(-) of time (state, adjoint
variable, Lagrange multiplier) refers to a generic trajectory in Phase ¢, it will be denoted as f (9),

4.3.1 Junction between phases on the boundary

The possible phases for states on the boundary Z = VA (S) are phases P, Q and R for S < S, and
Phase U for S € [S,,, Sp]. Connection between Phase U and other phases occurs when S(t) = S,,.

4.3.1.1 Phases Q/P

Assume that a trajectory begins at time ¢° in state (S°,Z) and in phase Q, then enters phase P
at time t“F then stays in that phase forever. Denote S?¥ = S(t9F).

In Phase Q, the equations of the state and adjoint variables are given in Section [£.2.2] In
Phase P, they are given in Section Continuity for the state S(t) writes as:

1eFr
SOP .= SQQF) = g0 4 ¢ 0“(co — NP (u))du — (E(F —10) . (4.3.1)
tO

We try to construct a trajectory such that the adjoint variables Az () and As(+) are continuous
at t =t9F. For t < t9F these functions are given by formulas for Phase Q, and for t > t?F they
are given by formulas for terminal Phase P. Therefore: equating and on the one
hand, and (4.2.5) and (4.1.12) on the other hand (after the appropriate change of variable in the
formulas for the Phase P), we obtain the continuity equations (using the functions L(-) and M(-)
which have been defined in equations (4.1.4) and (£.1.5) on p. [30):

AD(ePy = erlt?7 1) <)\OZ i BCs) i ﬁcs
p
x p ]- — 1 /—
AP gery = &P 4 2 (p—u (T — BSQP)> (4.3.2)
¢ ¢ ¢
ADPY = ¢, 4 %) /\%+Csp+6>
p
1
= APper) = ZL(SQP). (4.3.3)

The unknown quantities in these equations are: t?F — 19, S@F and A%, We have to discuss under
which conditions there exists a solution to this system.

We first determine S@F. Eliminating the factor of ?(!°” =t°) between Equations @32), @3.3),
we obtain the equality:

Cy — P 1( = B QP 1 QP B cx—D 1 QP
+ - (p—uw(@—-=5%)) + ¢ = ZL(S¥") = — + —M(S*) .
¢ ¢ ¢ ¢ p+6 ¢ ¢
.. . . . (P) . . .
This is actually equivalent to require that the function ~s ’ given by Equation (4.1.13) is equal to
0 at t = t9F, which gives directly this formula. Rewriting this equation gives the form:

Cles—¢) + p—u' (T — %SQP) = M(S9F). (4.3.4)
The unique unknown quantity in this equation is S2¥. The existence of solutions to this equation

is the topic of Lemma in the Appendix (p. . It states, among other properties, that the
solution S@F of ([£.34]) exists and is unique when

Cs < cs < Com (4.3.5)
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and u'(+) is convex. We have introduced the critical cost:

cy — C, 1
Com = —L—=+4-L(Sp) =

Cy — Cyp B c.—p 1 cy—p 1 g
R c (S3) -

C TorE ¢ +ZM(55)263+T+ZM

(4.3.6)

This constant csy, is such that ¢, > €, as proved in (B.0.4), p. Observe also that L(Syz) < 0,
and therefore ¢sp, < (¢y —¢2)/C.

Once S9F has been determined, the remaining unknowns can be computed as well. First, from
(14.3.2):

QP _40 N 1/ .
erlt t)<)\%+p+pﬂcs> = p_;ﬂ(cs_cs) + <<p_u(m_§SQP)> :

Then, in Phase Q (that is, for t < t9F), the function )\(ZQ) can be written as:

1
AP () = ertt=t9") [Hﬁ(cs —&) + - (p—u'(w— BSQP)>] _ 2B s
P ¢ ¢ p
Under the condition (4.3.5)), the term inside brackets is positive (Lemma |[B.3]). Then the function

/\(ZQ) (t) is negative and increasing, and it is bounded on the interval (—oo,t?9F]: its limit when

t = —oo is —(p+ B)cs/p. This limit is the point € introduced in Section Equation (3.5.12)).
The condition 7, (t) > 0, or equivalently, Az(t) > (cs — ¢y)/( is required for Phase Q. Given

the value of Az (t) in (4.3.7)), this condition is equivalent to:

G g ) {”:’B(cs—és) " 2(13—”'(%—?5@]3))} - e
ngcy + p:Bcs < Pt {pzﬂ(cs—és) + 2(;0—1/(37—?5@]3))} .

The left-hand side of this inequality is (p+ ) (cs —€s)/p. The inequality is therefore automatically
satisfied if ¢y < &,. If ¢s > Gs, it is equivalent to:

Ca—Cy +53
1 CazCy 4 018
t—top > - log ¢ > p . (4.3.8)
o\ e

We conclude that 1y(t) > 0 for all ¢ if ¢, < ¢, and for all ¢ satisfying || if ¢5 > Cs.

Since the function /\(ZQ) is increasing, then /\(ZQ) (t) < /\(ZQ) (t9F), then it follows that

2 Dt) = ¢ ee — NP (1) < T ngP < T

As a consequence, S(@) (t) = ¢(z(t) — T) < —BS9P /¢ < 0. This property implies that equation
[-3.1)) can be solved for every value of S € [S?F S,,]: the solution gives the value of t@F — ¢0.
We summarize the solution just constructed in the following result.

Lemma 4.6. Assume that Assumption holds, that u'(-) is convez, and that ¢s < ¢s < Cgp. Let
t° be an arbitrary time instant. Denote with SPT the unique solution to Equation (&.3.4), and
with t9F the unique solution to equation ([A.3.1). Then the following trajectory is optimal:

for S° < S@F: there is no Phase Q; the trajectory is in Phase P, starting from S(t°) = S°, as
described in Lemma
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for SO > SPF: for t € [t t9F], the trajectory is in Phase Q, starting from S(t°) = S°, and
described by Equations 7 (equivalently, Equations (4.3.7) and (4.2.1)) for adjoint
variables); for t € [t9F 00), the trajectory is in Phase P, starting from S(t9F) = S@F as
described in Lemma for every value of t°, restricted to satisfy Condition in case
Cs < Cs < Cym-

Proof. The only constraint not checked yet is vz > 0. From (2.3.10)), vz = Ay — (p+a)rz. We
have observed that Az is negative and increasing. This difference is therefore always positive. [

The result is not explicit on the exact range of values or S° for which the trajectory starts in
Phase Q. We come back to this point in Section [£.3.1.3]

4.3.1.2 Phases R/P

Assume the system is in Phase R at time #°, with initial position (S°, Z), and that it passes from
Phase R to Phase P at time t*F and location S** := S(#%#F) which will be determined soon.

When in Phase R, the evolution of state and adjoint variables is given by (see (4.2.6) and
(4.2.7):

SB() = SR (0)e=Bl=t")
A(R) t — _Cy - C:E
A () C
A (@) = (/\%+ p M) O S B el (4.3.9)
p+B ¢ ptB <

On the other hand, the equations for a terminal Phase P, starting in S(t#f) = SEF are (see

(4.1.11) and (4.1.12) on page [31):

—D 1 B RP
z 1§ 1§ p ( ¢ )
Py _ B ce—D 1 RP _—B(t—t"F)
A = — + -M(S"e .
5 p+B ¢ Ml )

The continuity of the adjoint variables imposes that )\(ZP) (thFP) = /\(ZR) (tFF) and )\gp) (thP) =
/\(SR) (tFF). The first condition implies:

Cy — D 1( = ﬂ RP) Cy — Cy
+ - (p—u(@E—-=5 = -
¢ ¢ ( ¢ ) ¢
pou(@- S = pog,
SEP = %(z -9) = Sy, (4.3.10)
according to the definition of Sy in (3.5.19). The second condition implies:
B ¢y —ca _ RP _40 B ¢y, —P 1
Ay ) (e ) | Y + ZM(SEF
T b8 ¢ T MET

Using the value of SF determined in (4.3.10) and replacing in (4.3.9)), we obtain the value of
AP (1) for t < tRP:

AP = clotB)e=tT) [pfﬂcyg—p N EM(S@] B e
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Introducing the number ¢, defined in (4.3.6)), the term inside brackets is actually:

B Cy — D 1 B Cy —D Cy — Cyg B c;—D _
— + -M(Sy) = - - = Cym — Cs ,
P R R e ST
where & is defined in |i In other terms, the function )\ESR) (t) is:
_4RP Cy —C
AP () = (com — ,)el D) /)Jriﬂ y : z (4.3.11)
Finally, the value of 7§R) is computed as:
WO = A0 =AW + ey
= ¢y — Cs — (Com — Cy)ePTAET) (4.3.12)

We have seen above that ¢, —¢s > 0. The function )\(SR) is therefore increasing, and the function
,ng) is decreasing on the interval (—oc,##¥]. Its limit when ¢ — —oo is ¢, — & and its value
at t = tf*F is 7§R) (tFF) = ¢y — c4m. The function 'ng) is positive on the interval (—oo,#*F] if
and only if this value is positive, and this is equivalent to: ¢g > ¢gp. As argued in Section [1.2.3]
(Lemma , vz > 0 in Phase R.

The results are summarized as follows.

Lemma 4.7. Assume that Assumption holds and c¢s > com. Then for every S° € [Sy, Sp] the
following trajectory is optimal. Let tRF =9 — 3~V 1og(S5/S°). Fort € [t°,tfP]: the trajectory is
in Phase R, as described in Lemma fort € [tB o00): the trajectory is in Phase P, as described
i Lemma 4.1}

4.3.1.3 Phases R/Q

In Section we have left open the issue of whether Phase Q can start from any initial
S0 € [S9FS,,], where S@F solves Equation (4.3.4). We resolve this issue by considering the
possibility that a Phase R precedes Phase Q.

Assume the system is in phase R at time #°, with initial position (S°, Z), and that it passes
from phase R to phase Q at time 9 and location SFQ = S(+F?).

When in Phase R, the evolution of the state is S(t) = S% #(¢~t") and that of the adjoint
variables is given by (4.2.6) and (4.2.7)), see also Section The condition S(tf@) = SFQ
provides the value of tf'Q — 0 = —p=1]og(SF?/S0).

On the other hand, assuming that Phase Q is followed by Phase P, we have the form
for )\(ZQ), and we have the relation )\(SQ) = )\(ZQ) + ¢ which characterizes Phase Q. The continuity of
the adjoint variables imposes that )\(ZQ) (thQ) = /\(ZR) (t9) and )\(SQ) (tFQ) = AgR) (tFQ). The first
condition writes just as:

Cy — Cg
¢

According to (4.3.8) on page [37| and the reasoning preceding it, this equation can be solved only
for ¢; > ¢, and we get:

)\(ZQ) (tRQ) _

Ca —Cy +83
1 ¢ +csp7

tro —top = — log . (4.3.13)
p %(cw—u’ (E—%SQP))-%CS%

Remember that S@¥ itself depends on ¢; since it is defined as the solution of (4.3.4)). The continuity
of As at t = tF9 provides the value of A%, and then:

MO = (¢ —g,)etB—t") _ B _G—c (4.3.14)
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As in Section [4.3.1.2] we conclude that if ¢, > ¢, then AgR) is increasing, and ,ng) is decreasing.
It is 0 at t = % therefore it is positive for ¢ < tHQ.

Finally, dynamics of the state in Phase Q are given by (3.5.16]), which yields

t

st) = 54 [ @Ow-mar = s 4 [ (¢(c; =\ (1) —7) dt

teQP tQP
= S9F _(z(t —19F)

t
+¢ qd <Cz —C (ep(t—tQP) [P+ﬁcs + 1 <Cz . ’U,I(f— BSQP)>:| . P+Bcs>> dt
QP p ¢ ¢ P

= SO _(z(t —t97)
—tQF
+C/ <cz+ppﬂ - {p:ﬁCcs+0w— (T —ngP)Dd”-

In particular, the value of the stock S at the time the system passes from Phase R to Phase Q is
given by:

SRQ = §OP _ (g (tRQ _4QF) (4.3.15)
RQ __,QP
O e ) 3

Depending on the value of ¢,, this value S is smaller than S, or not.
This leads us to introduce a new threshold for c,: this value ¢;¢ is such that Phase R “just
disappears” at the stock value S = S,,,. More precisely, we have simultaneously:

S@RR) = 5, AP @Ry = % or, equivalently: (@ (£79) = 7 .

Given the formula above for SF?, we have the equivalent form:

S, = S9OF _(z(thQ —19PF) (4.3.16)
tRQ_@F

+< d<cz+pﬁ cs —ef? p+ﬁ§cs+cz—u(m—BSQP)])dv.
p p ¢

The values of S®F and t7% — t@F are given respectively by ([#.3.4) and (4.3.13). They are them-
selves functions of ¢;. The number c,g is the unique solution of this equation; it belongs to the
interval [Gs, Csp].

We are now in position to complete Lemma Having checked that v, > 0 and S(t) > Sy
when Phase R is involved, we have by Lemma [4.5}

Lemma 4.8. Assume that Assumption I 1| holds, that U () is conver, and that ¢; < c5 < Com-
Denote with ST the unique solution to Equation ) (it exists according to Lemma |B.2 -)
Then:

if ¢; < ¢ < cyq for every SO € [SQP S|, the trajectory starting in Phase Q as described in
Lemmal[].0 is optimal; there is no Phase R.

if s <cs <comy o Let SEQ be defined by [.3.15). Then SR < Sy, and
for SO € [SQF SERQ: for every S° € [S®F . S,,], the trajectory starting in Phase Q as de-
scribed in Lemma[].0 is optimal; there is no Phase R.

for SO € [SE?,S,,]: the trajectory starting from S(t°) = S°, staying in Phase R for t €
[t9,tF9) (where tRY = 9 — 371 10g(SFQ/S®)), and continuing in Phase Q for t €
[tFQ, 00) from S(tF?9) = SEQ  as described in Lemma is optimal.
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Concluding this paragraph, we observe that controls are discontinuous at time t#%. Indeed,
we have, from the values of control in phases Q and R, and the fact that Az(tF9) = (¢, — ¢,)/(:

o(t"07) = £(S, = 51)  (t"7) =0 (") = 2(5™ — 5
2(t9N) =7 s(t9) = (T = B(Sm — S79)  y(#"9h) =0,

On the other hand, the current-value Hamiltonian H(t) := wu(z(t) + y(t)) — css(t) — cpx(t) —
cyy(t) + Az(t)[—aZ(t) + BS(t) + Cx(t) — s(t)] + As(t)[=BS(t) + s(t)] is continuous at time <9,
which we check now. Since the trajectory is such that Z(t) = Z, the value of [—~aZ + S + (x — 5]
is identically 0. Next, we have As(tf?) = ¢; + (¢, — ¢,)/C. Also, the total energy consumption

x(t) + y(t) is continuous at ¢ = 9 with value . Then,

HE') = ul@) - e (S — 819) = ¢, (519 - 85) - ps™@ ( - Ecy)

_ u(@,) —Cyg—}— Cygczﬁ(sm _SRQ) _BsRQ (cS T Cy ch>

= u@ = e+ S — epST

H(RY) = u(@) = erff = eas(t") + ( + ) (~BS"9 +s(1791))
— ) - el L (G- (S — 59) - 55" (e + S
= u@ = e+ S — ST

4.3.2 Synthesis on the boundary Z = Z(S), large ¢

At this point, we have a complete description of optimal trajectories starting from initial points
on the boundary Z = Z(S).

The situation of phases is summarized in Figure (page . This figure depicts the optimal
consumption z(t), y(t) and capture s(t) as a state feedback. As a function of time, S(t) is decreasing
(or constant if ¢; = ¢é4) so that the evolution occurs from right to left. Capture is represented as
s(t)/¢ in order to make an easier comparison with its maximum value z(t).

The different cases are detailed as follows. The trajectory of interest is starting at S = Sy,
and Z = 0. In all situations, the optimal trajectory is in Phase U (see Section [3.5.6)) as long as
S > S,,. What happens next depends on c;.

Case ¢g > cgp,. In this situation, the sequence of phases is U/R/P (Lemma on Page .
Capture s(t) is zero at all times. Consumption z(S) is a straight line with slope —%/S,,, =
—B/¢, for S < S, see ([3.5.2)) and (3.5.17). Consumption y(S) is a straight line with slope
T/Sm for S < S < Sy, see (3.5.18). Both paths x(t) and y(t) are continuous.

Case cgyy > ¢5 > cy¢. In this situation, the sequence of phases is U/R/Q/P (Lemma on
Page [40). As observed at the end of Section the consumption/capture paths z(t),
s(t) and y(t) are continuous except for a discontinuity at ¢+ = %% (i.e. when S = SE?).
The function z(t) + y(t) is continuous everywhere. When in Phase Q, z(t) and s(t) are
not straight lines, contrary to what the figure suggests for ease of representation. See also

Appendix [E.3] on page [[05] However, z(t) — s(t)/( is linear, according to (4.2.3).

Case c;0 > ¢s > 5. In this situation, the sequence of phases is reduced to U/Q/P (Lemma
on Page [A0). The paths z(t), s(t) and y(t) are continuous except for a discontinuity at
t =tY? (ie. when S = SU? = S,,). The function z(t) + y(t) is also discontinuous at that
point.
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Figure 4.1: Phases on the boundary for ¢, > ¢,: optimal controls as state feedback



Case ¢; = é,. In this particular situation, the sequence of phases is U/Q, but all points in phase
Q are stationary (Lemma on Page [34). The paths z(t), s(t) and y(t) are continuous
except for a discontinuity at ¢ = tY¢ = S,,,. The function x(t) + y(¢) is also discontinuous
at that point. The function s(¢) is a straight line as a function of S(t).

4.4 Junction with the boundary

The previous section has addressed pieces of optimal trajectories included in the boundary Z =
Z(S). We now study how optimal trajectories located inside the domain join this boundary. It
turns out that, depending on the value of the parameters, two types of junctions take place. One
is a “regular” junction, with continuity of state and adjoint variables: we will show in Section [1.4.2]
that it takes place with the boundary phases called P, Q, R and U. The second one is a junction
at the particular location (S,,, Z), with a discontinuity in the adjoint variable Az. We term these
“singular” junctions and analyze them in Section [4.4.3

We start the analysis with the introduction in Section of useful properties of adjoint
variables, and a very convenient graphical representation.

4.4.1 Evolution of adjoint variables

Figurerepresents the phase diagram of adjoint variables (Az, As) governed by equations (3.2.2]),
together with several particular values, curves, zones and locations.

C:L'*Cy C.’L‘fp _ p+ﬁ
¢ ¢ “op As
I | | ’\/’/:V
| | | Az
B 0 s P
Xg >0 | | p
| Py _
| Pg | C CI—p
,,,,,,,,,,,,,,,,,,,, gl AL S|+
: : ¢
: A
As =0 : :
! ‘ Cyr— C
_______________________ S _____l__cs+ * Y
| | S
L | |
:)\5<0 :

Figure 4.2: Trajectories of adjoint variables through phases A, B and L

Trajectories of (Az(t), As(t)) are represented as blue lines. They all reach their minimal value
on the green line of equation (p + §)As = Bz, which is the locus of points where As = 0. When
above this curve, Ag(t) increases, and it decreases below. In all cases, Az(t) is decreasing.

The zones corresponding to Phases A and B are delimited by the red line v = Ag — Az —
¢s = 0. Phase A is below the line, Phase B is above it. The zone corresponding to Phase L is
represented in blue. It is separated from Phase A by the line Az = (¢, — ¢) /¢ (corresponding to
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z) = ¢%(c, — (\z) = §) and from Phase B by the line As = ¢, + (¢, — ¢,)/¢ (corresponding to
2B = ¢%c, + Ces — CAg) = 7). Inside this blue zone, the value of z(t) as given by first-order
conditions of Phase A or Phase B is less than 7. As a consequence of Lemma [3.2] this means that
y = ¥, that is, Phase L, is optimaIEI

Dashed lines Ay = (¢, —P)/¢ and Asg = ¢5 + (¢ — P)/¢ correspond to values of the control
z equal to T, in Phase A and Phase B respectively. The yellow zone represents values where the
optimal control is §y < z < Z, whatever the phase. In the zone outside it, z > Z.

Figure [£.2] also features some particular points:

_ (rEB Ca =D €z — P _ (=P B ca—D
PS_<B<CS+C>’CS+C> Feo (c’p+5<)

These correspond, respectively, to the stationary Phase S (Lemma, and to the limiting values
in terminal Phase P when ¢ — oo (see on page .

Finally, point Q has been introduced in . It is shown in Lemma that this point
corresponds to a stationary solution in the specific case ¢, = ¢é;. In every case, it is a repulsive
point for the dynamics of (Az, As) in Phase Q: in this phase the adjoint variables move on the red
line v = 0 away from point 2. See the discussion of Section on page [24]

Observe that the elements in black and red on Figure depend only on cost parameters (¢,
Cs, Cz, P) and ¢, whereas blue and green elements depend only on «, 8 and p. This separation is
not perfect though, because p is determined by the cost function u(-) and the special consumption
value Z, which itself is defined with Z, 8 and «a.

Depending on values of the parameters, the green line As =0 may enter the blue zone Phase L
either by its horizontal boundary, or by its vertical one. In the first case, the corner of the Phase
L zone is below the line, which translates as:

Cy —C Cy —C
(p+ﬁ) <cs+ . y)fﬁ . / — ¢s < G,
¢ ¢
where ¢; has been defined in (3.5.22)). This is the situation represented in Figure see also
Figure The other situation is represented in Figure [£.3] on page [49]

4.4.2 Regular junctions

Depending on the value of ¢;, optimal trajectories in the interior can be in Phase A and join
continuously (both for state and adjoint variables) the boundary. We review these cases in this
section. In all of them, imposing the continuity of Ag at the junction point is sufficient for obtaining
a solution.

4.4.2.1 Junction with Phase P

Lemma 4.9. Assume that Assumption (1| holds, that u'(-) convex and that c¢; > ¢és. Then the
following trajectory is optimal. The trajectory is in Phase A, characterized by x(t) = q%(c, —

CAz()), s(t) =y(t) =0, S(t) = S%=P=1) and
0 /B 0 0 t
Z(t) = Z0e—o(t=1%) 4 g0 (e—ﬁ(t—t ) _ pmalt—t )) ¥ ¢ e—a(t—u)qd(cm — (O g(w))du
tO

(4.4.1)

and As, Az given by Equations (3.2.4) and (3.2.5), fort € [0, t4T], where tAF solves the equation
Z(tAP) =Z. Then the trajectory continues in Phase P as described in Lemma .

L In terms of “cleaned” and “dirty” carbon consumption (see Footnote [4| of Chapter [2[ on page[7), the blue zone
corresponds to the consumption of only renewable energy (z. = x4 = 0), the zone labelled “A” (below the red
line and to the right of the blue zone) corresponds to only dirty carbon consumption (2. = y = 0) and the zone
labelled “B” corresponds to only cleaned carbon consumption (x4 = y = 0). Mixed consumption is possible only
when costate variables move on the boundary of these zones.
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Such trajectories are illustrated for instance in Figures [£.11] and on page 58

Proof. Since the trajectory described here is continuous, with piecewise continuously differentiable
As and Az, we will apply Corollary It is necessary to check that the constraints (t) > 0 and
ly(t) > 0 are satisfied on the trajectory.

Observe that in both Phases A and P, 2, T +(Az. It is therefore a continuous function

on the trajectory. In Phase P, 7,2 0 so that %, (A7)

sy, and we have for all ¢ € [t°, t47]: 7, (t) > 0.

Likewise, vs = Az —Ag+c¢; in both phases A and P, and it is positive in Phase P, hence at time
t = t*P. A straightforward variation analysis based on observations in Section reveals that
the general behavior of v4(t) is as follows. Starting from ¢t — —o0, 7, starts from ¢4 then increases,
then decreases, goes through 0 and tends to —oo when ¢ — +o0. Therefore, it is necessarily
positive on the interval [t°, #74] since it is positive at the end of the interval. O

> 0. Since Az is decreasing in Phase A, so

Observe also that when in Phase A, we have Z > 0, which justifies the idea that there are
initial values (S°, Z°), Z° < Z, such that Z(t) = Z (Z(t) given by ({.4.1)) has actually a solution.
Since in Phase A we have z(t) = ¢%(c, — (Az(t)) and Az is decreasing, z(t) is decreasing as well.
Its value at t4F is z(F) (tAP) = T — BSAP /(. Then we can write (remember that aZ = (T):

Z=-aZ+pS+(x=a(Z~2)+ (S~ 5) +((z T+ 5S47)() .

Since S is also decreasing in Phase A, it is always larger than S4¥. Then all three terms in this
expression are positive. They all vanish at ¢4 which means that Z(t4F) = 0: the trajectory
joins the ceiling Z = Z tangentially. See also Section in the Appendix, page

The set of initial positions (S°, Z%) of trajectories which satisfy Lemma is limited by the
particular trajectory which joins point (S®F,Z) (when ¢; € (és,csm]) or point (S5, Z) (when
Cs > csm)-

4.4.2.2 Junction with Phase Q

The geometric position of (A(ZQ) (1), /\ESQ) (t)) also allows to construct consistent continuous trajec-

tories where Phase A joins Phase Q.

Lemma 4.10. Assume that Assumption holds, that u'(-) convex and that é; < ¢5 < cgm. Then
the following trajectory is optimal. The trajectory is in Phase A (see its equations in Lemma
for t € [t°,t49], where t49 solves the equation Z4) (tA9) = Z. Then the trajectory continues in

Phase Q as described in Lemma (if cs = ¢s), or Lemmas and (if ¢s < ¢s < Csm)-
Such trajectories are illustrated for instance in Figure [£.8| page 4] Figure [£.12] page [B§ or

Figure [I.17] page [62]

Proof. The proof is similar to that of Lemma with the difference that v, (t4%) = 0 instead of
being positive. One concludes nevertheless that 7, and ~, are both positive. O

4.4.2.3 Junction with Phase R

It is also possible to construct consistent continuous trajectories where Phase A joins Phase R.

Lemma 4.11. Assume that Assumption (1| holds, that u'(-) convex and that cs > csq. Then the
following trajectory is optimal. The trajectory is in Phase A (see its equations in Lemma for

t € [t° t2F], where t*R solves the equation Z(t*") = Z. Then the trajectory continues in Phase
R as described in Lemma[].7] or Lemma[/.8

Such trajectories are illustrated for instance in Figure page [62] or Figure [£:20] page [64}

Proof. In Phase R, Az is constant and Ag, given by Equation (4.3.14)), is increasing. According
to Lemmas [£.7] and [4:8] the trajectory in Phase R finishes either in Phase Q of in Phase P, with
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the continuity of Ag and Az, and therefore of v, = Az — Ag + ¢5. This function either vanishes
at t = tF9 or is positive at ¢ = tFF. It is decreasing, therefore it is positive in Phase R (see an
illustration in Figure or Figure . The same reasoning as for the proof of Lemma can
be applied, to conclude that 2, and s are both positive. O

The following observation will be useful later on: for all ¢ in Phase R, and in particular for
t = tAR, )\(ZR) +cs > Ag(t) > BA(ZR)/(/) + ), where /\(ZR) = (¢; —¢y)/¢. This is a consequence
of the explicit formulas we have obtained for Ag(t), in (4.3.11]) when ¢; > ¢4y, or (4.3.14) when
CsQ S Cs S Csm-

4.4.2.4 Junction with Phase U

It is also possible to construct consistent continuous trajectories which are in Phase A, then hit
the curve Z = Zp(5), then follow this curve in Phase U. We have two ways to prove that such
a trajectory is optimal: one with the constraint Z < Z,s(S) explicitly taken into account, one
without it. Several features are common to both cases.

In both situations, suppose that an optimal trajectory follows the curve Z = Z/(S) during
the time interval ¢t € [tAV tVF]. At time tYF, the value of S is S(tVF) = S,,. At time t4Y,
a trajectory coming from the interior in Phase A hits the curve Z = Zj;(S). Considering for
instance the related finite-horizon problem (see Section on page allows to “guess” that

Cp — Cy

¢

In addition, the dynamics of S(-) provide the duration tU% — tAU = g=11og(S4Y /S,,), which is
the time it takes for the trajectory to reach S = S,, starting at S4V = S(t4Y).
Also, since z(t) + y(t) = ¥, (2.3.4) implies that ly(t) =0 for all ¢ € [tAV,tVF] in accordance

with (2.3.7). With (2.3.3)), this implies

Azt = AP = (4.4.2)

Cy — Cy

¢

Finally, we have observed at the end of Section |4.4.2.3|that B/\(ZL) [(p+B) < As(tVE) < /\(ZL) +cs.

)\Z + Ysz = (443)

Solution with an explicit constraint. In this specific situation, we make use of Corollary [3.2]
In this case, the dynamics of the adjoint variables during Phase U do not obey and ,
but rather and . Let us first develop the computations relevant to this case.

The dynamics of the adjoint variables (2.3.10)) and (2.3.30) are then:

Az = (p+a)rz+vz
As = (p+B)As —Brz —vzZiy(S) .

Looking for continuous trajectories, we deduce from (4.4.2]) that Az should be constant on the
interval I = [tAV tUR]. Equation (4.4.3)) is satisfied with 4, = 0. Then we must have (as we had
in Phase R), vz = —(p+ a)\z which is positive as required by condition (2.3.29)). When replaced
in the second equation, we have:

Cy — Cy

As(t) = (p+B)As(t) — B~ g"y +(p+a)

Z4u(S) . (1.4.4)
and S(t) = S(tAV)e-Bt—t"").
We now show that v, (t) > 0 for ¢ € I. Since 7, (t) = Py As(t) + ¢s, we have 4, = —Ag. But
because ¢, — ¢; < 0 and Z'(S) < 0, we deduce from |D that for all ¢ € I,
As(t) = (p+B)As() = BAY .
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We also know that Ag(tVE) > B)\(ZL)/(p + ). Thanks to Gronwall’s lemma, we deduce that
As(t) > B/\(ZL)/(/) + ) for all t € I, and that Ag(¢) is increasing. This implies in turn that v, is
decreasing. Since it is positive at t = tU_ it is positive for all t € I.

We now have the elements to prove the following result.

Lemma 4.12. Assume that Assumptz'on holds, that u'(-) convex and that cs > csq. Let t4Y be
an arbitrary time instant. Then for every SAU € [Sy,, Sar], there exists an optimal trajectory with
S(tAY) = SAV | Z(#4Y) = Zp(SAY), which runs as follows.

The trajectory is in Phase A (see its equations in Lemma for t € [t°,t1Y], where t° solves
the equation Z(t°) = 0.

Then the trajectory continues in Phase U, with Az(t) = )\(ZL) for all t € [tV tVE], and As(2)
given by the solution to the differential equation (4.4.4) with boundary condition at t = tV1,

Then the trajectory continues in Phase R and Phase P, or Phases R, Q, P, as described in
Lemmal[{.7] or Lemma [{.§ respectively.

Proof. In order to use Corollary we construct a trajectory with continuous functions Az(-)
and )\5()

Fix some arbitrary t4U with S(t4V) = SAU, Z(tAV) = Z,,(S4Y).

Continuous trajectories for Ag and Ay are provided for ¢t > tY% by Lemma or Lemma
depending on the value of ¢;. In particular, from the analysis of Phase R (Section [4.2.3]), we know
the property that Az (tVF) = /\(ZL). Then, defining Ag(t) for ¢ € I as the solution of || with the
boundary condition at ¢ = tV# provides a continuous function over the interval ¢ € [tV c0). We
have checked in the computation above that 7,(t) and ly(t) are both positive for all ¢ € [t4V tVF],

and therefore for all ¢ > ¢4V
When t < t4Y, the trajectory is in Phase A, with adjoint variables continuous at t = ¢4V,
The proof that Ag, Az, 75 and 7, are consistent is as in Lemma The existence of a time ¢°

at which Z(tO) = 0 is implied by the fact that Z = —aZ + 35 + Cz, with —aZ + S > 0 and

x > y: since Z > (¥, trajectories in Phase A (taken backwards) necessarily exit the domain in
finite time. [

Solution without an additional constraint. We consider here the framework of Corollary2.1]
so that the unique state constraint explicitly enforced is Z < Z. The dynamics of the adjoint
variables are then that of Phase L, see Section[3.4.3] Accordingly, we have the following relationship
between adjoint variables at the beginning and at the end of the phase:
/\Z(tUR) — )\Z(tAU)e(eroz)(tUthAU)
As(EUF) = Ag(tAV)elerae ) P B/\z(tAU) (e(f’”)(t”*t"”) - e<P+5><tUR*t“”>) .
a—
Two boundary conditions are enforced if we mean to use Corollary Ag is continuous at t = tUF

and \z is continuous at t = t4U because at this point, no state constraint becomes or ceases to
be active. The value Az (t4V) is “guessed” to be as in (4.4.2)). Accordingly:

pto
URy _ Ca—Cy SAUN 5
e =t ()
ot8 pta p+B
AT = gy (S5 T o B ez [(STY (ST
Sm a_ﬂ C Sm Sm



This last equation allows to express the value of \g(t4Y) tY!) which is known

from Lemma or Lemma .8

in function of Ag(

ptB
B

/\(tAU) _ )\(tUR)<Sm> n B cx—cy <SAU>aEﬁ_1
° - SAU a=p8 ¢ S

Next, we check the first-order conditions (2.3.2))- (2.3.3)) over the time interval [t4Y tYE], Condi-
tion (2.3.4) having been checked in the preliminaries. We clearly have Az (t) < (¢, —¢y)/(, so that

sz > 0, in accordance with (2.3.5). Finally, from (2.3.2), we have
Cp — Cy

¢

78:cs+)\Z+’st_)\S:Cs+ —As

and indeed, since Ag(+) is increasing on interval [tAU,tUR] and Ag(tYF) < ¢, + )\(ZL) as shown
above, we have 5 > 0 in accordance with .

In summary, we have constructed a trajectory as described in Lemma [£.12] with the difference
that Az is not continuous but has a jump at time tV# of magnitude

SAU p+Ta
Az (tUEF) — A, (VR = ngcy 1— <s> > 0.

Such a jump is compatible with condition ([2.3.22)). It can be checked that the trajectories Ag(t)
are the same in both constructions.
Such trajectories are illustrated for instance in Figures [£.16] and [£.17] on page [62]

4.4.3 Singular junctions

The location (S,,,Z) of the boundary has a particular status. For one thing, we have seen in
Lemma (page that there exist stationary optimal trajectories staying at that point: what
we have called Phase S. This situation happens if and only if ¢, < é;. When ¢; > ¢, this location
is not stationary anymore, but may retain its “non-standard” character.

This singular character lies in the fact that Az may have jumps at the time when state (S,,, Z)
is attained, say, at time 7. This feature can be “guessed” using the finite-horizon arguments
developed in Appendix[C.I] When the “final” state of such an optimization problem is constrained
to be (Sy,Z), As is necessarily continuous, but Az is not determined by sufficient conditions.
There is however a lower bound on it.

In order to prove the optimality of such trajectories, we shall indeed invoke Corollary
Accordingly, we shall construct trajectories where the adjoint variable Ag is continuous and where
Az may have one jump at time 7. According to , such jumps may occur only upwards, that
is, Az(T™) < Az(T") where Az(T™T) is determined by the remainder of the trajectory.

When setting Az (T') to all possible values in (—00, Az(TT)), we obtain a family of trajectories.
For all of them, the state variables end up at point (S,,, Z) in Phase B, and the adjoint variables
end up at point (Az(T),As(T")). During their evolution before time T', these trajectories may
actually be in one of three possible phases, according to the sign of Ag — Az — ¢ (Phases A or B),
and to whether the consumption z is larger or smaller than 3 (Phase L). Again, two cases must
be distinguished: whether ¢, > é, or ¢; < é,. We investigate the first situation in Section
and the second one in Section [£.4.3.2

4.4.3.1 Junctions passing through point (S,,, 7)

The situation of adjoint variables when ¢; > ¢ is represented in Figure It is assumed that
a family of trajectories of (Az(t), As(t)) terminate at some time T with the same value of Ag(T),
represented as a horizontal dashed line.
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Figure 4.3: Trajectories of adjoint variables through phases A, B and L, ¢; > ¢

As observed in Section in the situation where c; > ¢,, the green line /.\5 = 0 enters the
Phase L zone by intersecting its vertical boundary. In that case, whenever the point (Az(t), As(t))
is in Phase B, Ag(t) is increasing.

Figure displays a particular value A3BL which is such that when Az (T) = A4LE| the
trajectory of (Az, Ag) goes precisely through the corner of Phase L. Two types of trajectories are
possible: either Az(T) > A2FP and Phase A is followed by Phase B (tagged as (AB) in the figure),
or Az(T) < A3* and the phases are A, then L, then B (tagged as (ALB)). In the limiting case
Az(T) = A\pPBL Phase L is just “touched” at a single point in time.

These observations can be used to prove the following result.

Lemma 4.13. Assume that Assumption holds, that u'(-) convex and that é¢s < ¢s < csg. Let
t° be an arbitrary time instant. Let AL = Ag(t°) be the value of As when the optimal trajectory
described in Lemma starts from point (Sy,, Z).

Then for every A}, € (—o00, AL —c,), there exists an optimal trajectory in the interior of Domain

D which ends up at (Sm,Z) at time t°, and such that Az(t°~) = \%,.

Proof. Once again, we use Corollary by constructing adjoint variable functions Ag continuous
and Az continuous except at ¢t = t°, with a jump in the positive direction at t = ¢°.

The phase this trajectory is in depends on the value of (Az(t),\z(t)) as explained in Sec-
tionl@g} This guarantees the consistency of multiplier 2, The consistency of multipliers 7, and
sz can be deduced from the graphical configuration of Figure [£.3]

There remains to prove that the state trajectory is consistent. The argument is that both
Z and S are decreasing along these trajectories, which we prove by considering, backwards, the
successive phases possible. First of all, we observe that /\% < ¢s + (e; —D)/C. Indeed, it can be
gathered from the proofs of Lemma[f.1} Lemma [£.6] Lemma[4.7]and Lemma [4.8] that the function
As(t) is increasing for the optimal trajectory lying on the boundary Z = Z for t > t°. But its
limit when ¢ — oo is Agp)(oo) = f(c, —D)/{(p+ B) (see the definition of P, in ) This
value is smaller than ¢, + (¢, — P)/¢ when ¢s > é;. The statement on A2 is therefore proved.

Consider then the trajectory just before it reaches (S,,, Z). It is necessarily in Phase B. In view
of Figure As(t) < AY as long as ¢ is in Phase B. Therefore, z(t) = ¢%(c; +(cy —(As(t)) < T (see
also the description of Figure in Section p. . Since S = —5 + (x, having S(t) = 0 for
some t < t° would require 3S(t) = (x(t) < (Z, in other words, S(t) < S,,. But S(t°) = S, with
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S(t%) > 0, so this is not possible. Then S is necessarily decreasing and larger than S,,. Finally,
Z = —aZ + BS is also negative for S > S,n,.

The piece of trajectory in Phase B may be preceded by a piece in Phase L or Phase A. In both
phases, S is decreasing. Therefore it is always larger than S,,. Also in both phases, Z > —aZ+/S5.
This is necessarily negative if S > S,,.

We have therefore proved the claim that S and Z decrease over all optimal trajectories ending
at (Sm,Z). They are therefore consistent as long as Z > 0. The condition Z = 0 determines
the starting date and location of the optimal trajectory. Such a date necessarily exists, following
the argument used in the proof of Lemma whether trajectories exit (backwards) the domain
when in Phase A or Phase B. U

4.4.3.2 Junction with Phase S

For values of ¢ less than the threshold é,, the final phase is Phases S, stationary at point (Sy,, Z)
(Lemma on page . The principle, used in Section that optimal trajectories follow the
boundary Z = Z (S) until the final phase, does not hold anymore. It turns out that optimal
trajectory may leave the boundary and return to it.

The difficulty for proving the consistency of candidate optimal trajectories is here that optimal
trajectories of the state happen to “turn around” the final point (S,,, Z) instead of reaching it in
a straight, monotonous way. In particular, trajectories that start at a point (S°, Z) will leave the
line Z = Z and later return to it. We discuss in Section (p. why going directly to
S = S, while maintaining Z = Z is not optimal. In addition to this odd behavior, the trajectories
join the final point very smoothly, with order 2 or order 3 junctions. This makes the local analysis
unusually involved.

The typical situation is depicted in Figure (top), which represents an evolution of the
system supposed to be in Phase B. The three curves represented are s(t) = (z(t), 3S(t) and
aZ(t). These three functions take the same value at time t° = T where the point (S,,,Z) is
reached. In the state space (S, Z), the evolution is as in Figure (bottom).

According to the diagram, going backwards under these dynamics, the state (S, Z) possibly
exits the domain D. Such a trajectory cannot be entirely consistent. Indeed, depending on the
value of Az(T), the phase is limited by one of the events: (a) Z = Z; (b) Z = 0; (c) vsz = 0; (d)
z(t) = y. We address these possibilities below.

The proof that the general scheme of Figure [£.4] is correct, at least for a set of trajectories
“close” to the point (S, Z), is to be found in Appendix p.

The following lemma explains the form of optimal trajectories for the case ¢y < &, just before
they reach the point (S,,, Z). The statement refers to the values of adjoint variables in Phase S
and the jump conditions which are in this case:

Ce — D _ sy _ptpB
L A1) < A =P 2
C Z( ) Z B

Lemma 4.14. Assume that Assumption (1| holds and that c; < ¢s. Let T' be an arbitrary time
instant. Then there exists a positive constant £ such that for all £ € (0,{], the following trajectories
are optimal:

As(T) = A = e+ YL

in a time interval [11,T), the system is in Phase B, with S(11) € (0,Sp,), Z(11) = Z, S(T) = Sp,
Z({T)=2Z, As(T) = )\gs) and Az(T~) = /\(ZS) —v,

in the time interval [T, 00), the trajectory is stationary with S(t) = Sy, Z(t) = Z, As(t) = )\(SS)
and Az (t) = /\(ZS) (Phase S).

Proof. By construction, both pieces of this trajectory satisfy the differential equations of the first-

order conditions, and the control constraints on z, s and y. Also by construction, the trajectories

are continuous everywhere, except for Az(-) which has a discontinuity at t = 7. The jump at ¢t =T
satisfies the condition (2.3.18]). There remains to check the constraints on states and multipliers.
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Figure 4.4: Trajectories of state and control in Phase B just before joining Phase S: over time
(top); in the state space (S, Z) (bottom)

Using Lemma (p. , for each £ € (0, f] there exists 7; such that Z(r) = Z and Z(t) < Z
for t € (11,T). There also exists 73 such that S(73) = S,,. Applying Gronwall’s lemma to the
differential equation S = —BS + Cx, S(0) = Sy, with the bound z(t) < & := ¢%(c, + (cs), We
conclude that S(t) > 0 for all t > 73 + 3 1log(1 — /). Likewise, since Z =—aZ+ BS < BSu,
Z(t)>0forall t >T — S,,/(BSm). Since 71 can be bounded by C3¢ (Lemma [D.2)), we conclude
that £ can be chosen so that the trajectory in Phase B satisfies all state constraints Z < Z, Z > 0
and S > 0 in the interval [, T].

We now turn to the constraints on multipliers. Clearly, in Phase B, x > 0 and s > 0 so that

vs = 0 and it remains to check that 4, > 0 and 2, > 0. These are respectively equivalent to

As—Az—¢c; > 0
Co — Cy

¢

This second inequality is satisfied when Az(T~) € [AL, /\(ZS)] (see the definition of of A% below).
The constant £ can be chosen such that this is the case for all £. For the first inequality, it is easily
shown that the function y(t) = Ag(t) — Az(t) — ¢s is increasing. Therefore, the instant 7 at which
~(7) = 0 is an increasing function of £. Since the value of v(0) is strictly positive in Phase (see
Lemma, on page7 the value of 7 can never approach 0. Hence, the value of £ can be chosen
so that, for all £ < £, vs,(t) = v(t) >0 for ¢t € [11,T]. O

As > cs+

Informally, we now describe what happens on optimal trajectories before they enter Phase B,

ol



Figure 4.5: Trajectories of adjoint variables through phases A, B and L, ¢; < é;

or when Az(T) is outside the range specified in Lemma m The complete picture is shown in
Figure [L.7 on Page 54

On Figure we have represented the general situation for adjoint variables. As mentioned in
Section [4.4.1] the curve Ag = 0 enters the “Phase L” zone by intersecting its horizontal boundary.
There exists here two critical values A2 > A4BL with the following properties. (1) for all Az(7'~) >
AL the trajectory of (Az(t), As(t)) for t < T never enters the L zone: it simply passes from Phase
A to Phase B; (2) for Az(T~) = A%, it just “touches” Phase L; (3) for A48 < A\z(T~) < A%, it
goes through phases A, B, L then B again; (4) for Az(T~) < A38% | these trajectories go through
phases A, L and B.

When Az (T7) € (A28, AL), the minimum of the curve z(¢) (Figure is below y. There is
a period in Phase L inserted inside Phase B, between time instants 75 and 7'. This essentially does
not modify the behavior in Figure because S(t) is decreasing and Z(t) is increasing in Phase
L, given that 8S(t) > aZ(t). A sketch of the corresponding trajectory is drawn in Figure

In all situations where Az(7T7) > A3BL, the last (or unique) Phase B is always preceded by
a Phase A. When \z(T7) < /\‘gBL, this is different since the Phase L is directly preceded by a
Phase A. Observe that in Phase A, Z(t) is increasing and S(t) is decreasing (see Section [4.4.2.1)).
Therefore, the behavior represented in Figure [1.4]is not possible in Phase A. There exists a critical
value of Az which the trajectory (Az(t), As(t)) switches from Phase A to Phase B at the exact
moment where Z(t) reaches Z. This critical value may or may not be larger than A%.

4.5 Description and classification of optimal trajectories

We are now in position to describe the optimal trajectories in the different cases.
First of all, compiling the optimality results stated in Lemmas we see that several
threshold values for ¢, have been identified:

s < Cs@ < Csm -

These are respectively defined by (see also Section , by the solution of 7 and
in (4.3.6).

We call these situations respectively: “cgs small”, “c; medium-inf”, “c, medium-sup”’ and “c,
large”. Some qualitative features of the optimal trajectories are summarized in the following table,
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Figure 4.6: Trajectories of the state through phases L, B and S

according to the intervals where ¢, lies. For instance, when ¢s goes from 0 to infinity: Phase S
is replaced by Phase P when ¢, goes through ¢;. Phases Q and L disappear and are replaced by
Phase R when c; goes through c;q. Finally, Phase Q disappears when ¢, goes beyond csyy,.

Range of ¢, 0 Cs CsQ Csm 00

Value of S(o0) 0 S S S

Continuity of Az n n y v

Simultaneous use of x and y n n possible possible

Use of y inside the domain n n possible possible

Use of capture s:

in every optimal trajectory vy n n n

inside the domain possible possible n n

on the boundary y possible possible n

Phases present AB,L,Q, S, U A BLPQU|APQRU|A PR,U

Succession of phases u/s, Q/B/S, | L/Q/P, A/U/R/Q/P, | A/P,

(not exhaustive) A/B/(L/B/)S, A/B/Q/P, A/R/Q/P, A/R/P,
A/Q/B/(L/B))S | A/B/(L/B/)Q/P,| A/Q/P, A/U/R/P

A/Q/P, A/P A/P

We describe these four cases next, with the help of diagrams in the state space (S, Z) and in
the space of adjoint variables (Az,As). See Section on page [43] for the general description
of such diagrams. In addition, we make the convention that, for some phases x and y, point
S* on a state space diagram generally mark where the state moves from Phase z to Phase y.
They correspond to points P, on the corresponding adjoint variable diagram: these represent the
location of the adjoint variables when the state is (S*¥,Z). Point Ps represents the location of
the adjoint variables when the state trajectory passes through (S,,, Z) or stays at this point.

4.5.1 Small ¢, (c, < ¢)

When 0 < ¢5 < ¢4, the situation is represented in Figure on page (for the evolution of
(Az(t), As(t)) over time), Figure (for the evolution of (S(t), Z(t)) over time) and Figure 4.9 on
page for the correspondence between the evolution of Az, Ag and that of consumptionSee
also Figure [£:10] for the particular case ¢; = é;. The results relevant to these figures are Lemma[4.2]

(p. and Lemma (p. and the discussion following it.

2The evolution of adjoint variables is depicted through their opposite values —Az and —Ag which have inter-
pretation in Economics as shadow prices.
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The typical situation can be summarized as follows:

Phase A A trajectory starting with S(0) small enough will follow a state and a adjoint path as the
ones labeled with I in Figures and The adjoint path and the consumption/capture
path is represented in Figure Capture is 0, and Z will increase and S decrease, until
Z hits the ceiling. Both Az and Ag are decreasing in this phase. At some point in time,
simultaneously, Z(t) = Z and As(t) = Az(t) + ¢,. The trajectory enters Phase Q.

Phase Q Next, the trajectory stays at the ceiling in Phase Q: capture occurs according to Equa-
tion (4.2.3): s = (z—B(S» —S). Since S(t) increases towards Sp,, the gap between (z(t) and
s(t) decreases over time. It is not possible for the optimal trajectory to stay on the boundary
Z = Z until S = S,,,, as explained in Section page There exists therefore a point
(labeled Y in Figure where the trajectory leaves the boundary and enters Phase B.

This particular trajectory is labeled as (II) and represented as a continuous blue line in

Figures [£.7] and [4.8]

Phase B A trajectory with initial position (S(0), Z(0)) close enough to (S, Z) but not too close
to the curve Z = Z;(S) will be in Phase B. In this phase, capture is maximum, and the
dynamics of Z is given by Z = S — aZ. Initially, S (t) is increasing and Z(t) is decreasing,
until 4SS = aZ. Then Z(t) is increasing again. The adjoint variable Ag(t) is decreasing then
increasing, and so is the consumption z(t). There happens a time at which S = (x —pBS
becomes null then negative, and S(t) decreases. The trajectory ends up at point (Sp,, Z) in
Phase S. See also Figure [£.4] on page [51]

Some trajectories, as the one labeled (TIII) in the figures, follow a sequence of phases A/B/S.
They do not reach the ceiling Z = Z before the final phase S.

Phase L If the initial state (S(0), Z(0)) is close to the curve Z = Z;(S), then consumption as
it would be in Phase B falls below ¥, or equivalently that Ag falls below ¢; + (¢, —P)/¢. In
that case, the trajectory is in Phase L, which is typically inserted between two periods in
Phase B. This situation not represented in Figure [.9), but in Figure it corresponds to
trajectories of the adjoint variable entering the zone colored in light blue. During this Phase
L,z=0and y =7.

Some trajectories, as the one labeled (IV) in the figures, follow a sequence of phases L/B/S.

Phase S All trajectories terminate at the point (S,,, Z), where they stay forever. The values of
(Az,As), as well as z, y and s are constant in that phase: they are given in Section
These terminal values correspond to the point marked as Pg in Figure [£.7]

4.5.2 Medium-inf ¢, (¢ < ¢5 < ¢50)

When ¢; < ¢5 < €, the situation is represented in Figures and Figures (for the evolu-
tion of (Az(t), As(t)) over time) and (for the evolution of (S(t), Z(t)) over time). See also
Figure [£.10] for the boundary case ¢, = ¢; and Figure [£.15] for the boundary case ¢, = c;q. Also
relevant to this range of ¢, values is the particular value ¢; defined in 7 which is such that
és < @5 < csg. This case is represented in Figure Relevant results are Lemmas
410 and 13

The distinction between cases ¢; < ¢ (Figure and ¢; > ¢ (Figure lies in the
geometric position of the point 2. When ¢, = ¢4, points 2 and Ps coincide and are located
outside the zone labelled as “L”. When ¢; = &, the point () enters this zone, and it lies inside it
when ¢; > ¢s. In that case, it becomes geometrically possible for the point Ps to move on the
line v = 0 to a position where Az = (¢y — ¢5)/(. However, it does not do so as long as ¢; < ¢sg.
Indeed, the value of c,q is defined in Section on p. as the value of ¢, such that point Pg
is located both on the line v = 0 and the boundary Az = (¢, — ¢,)/¢.
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Figure 4.10: Evolution of (Az, Ag), case ¢; = ¢

Figures and exhibit four trajectories, labeled as (I) to (IV). These trajectories go,
respectively through phases A/P, A/Q/P, A/S/Q/P where Phase S is limited to a passage through
point (Sy,, Z), and phases A/B/S/Q/P. The possibilities A/B/L/B/S/Q/P and A/L/B/S/Q/P
also exist (as explained in Section 4.4.3.2]) but are not represented. We now describe these curves.

A typical trajectory starting with a moderate value of S(0) (labeled as (II)) has the following
features.

Phase A It starts in the interior of the domain in Phase A. The evolution of (Az(t), As(t)) is
that of the “free” trajectories (3.2.4)—(3.2.5). While Az always decreases, Ag decreases, then

increases again.

Phase Q If the initial value of S is large enough, the value of y(t) = As(t) — Az (t) — ¢s, which is
negative in Phase A, eventually vanishes. At that moment, the value of Z(t) hits the ceiling
Z. The trajectory then continues in Phase Q: atmospheric stock at the ceiling, with some
capture s(t).
In Figure Ff_l_fl, the point moves on the red line which represents v = 0. It moves upwards
because As > 0 since the point is located above the green line which represents s =
(p+B)As —BAz =0.

Eventually, the value of s(¢) vanishes and the trajectory enters Phase P.

Phase P Phase P is terminal: the states moves asymptotically to point (0, Z); the adjoint vari-
ables move the point materialized as P,,. At that location, we have simultaneously Ag = 0
and Az = (¢; — P)/(, corresponding to a consumption of T (see also Figure [4.1)).

The dashed line which passes through Pgp and P in Figure is the trajectory of the
adjoint variables in Phase P, which is actually independent of ¢,. It need not be a straight line in
general, but it is indeed so in the “linear-quadratic” case developed in Appendix [E]

A trajectory which starts with smaller values of S(0) (labeled as (I) on the figures) will follow
Phase A in the interior of the domain, but will enter directly Phase P. At the contact point with
the boundary Z = Z, the trajectory is tangent, as explained in Appendix |§| and Section
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Figure 4.13: Evolution of (Az, Ag), case ¢; = Cs

On the other hand, a trajectory starting with a large value of S(0) (labeled as (IV) on the
figures) will get close to the boundary Z = Z,;(S) and has the following features.

Phase A It starts in the interior of the domain in Phase A as before. However, either Az reaches
the critical value (c; — ¢y)/¢ or As reaches the critical value ¢, + (c; — ¢y)/¢. In the first
event, the trajectory enters Phase L; in the second event, it enters directly Phase B.

Phase L Consumption z(¢t) falls below the level §. Consistent with Lemma on page it
becomes optimal to set = 0 and consume y(¢) = y. The state variables evolve along “free”
trajectories, as well as adjoint variables. Eventually, v(t) becomes positive and Ag increases
to become equal to ¢; + (¢, — ¢,)/¢. At that moment, the trajectory enters Phase B.

Phase B Capture s(t) = (x(t) is maximal. This piece of trajectory ends up at point (S, Z)
with a value of Ag = (¢; — P)/( corresponding to a consumption z = Z. The value of Az
however depends on the trajectory. The smaller it is, the closer the trajectory gets to the
limit Z = Zy(S).

Phases Q and P From the point (S,,, Z), the trajectory enters Phase Q. There is a discontinuity
in the value of A5 (represented as a thin line in Figure so that v(t) = As(t) — Az (t) —cs,
which is negative in Phase B, becomes null in Phase Q. The evolution is similar to the
situation described previously. Eventually, the value of s(¢) vanishes and the trajectory
enters terminal Phase P.

One particular trajectory (labeled as (III) on the figures) joins with the boundary precisely
at point (S, Z). On this trajectory, the adjoint variables are continuous.

4.5.3 Medium-sup ¢, (c5o < ¢s < Csm)

The situation is represented in Figure In that case, the point Pg is located on the boundary
Az = (¢ — ¢y)/C of the zone L, which corresponds to the fact that a Phase R appears on the
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boundary Z = Z. In Figure a point Prg appears. Relevant results are Lemmas
(.10, .11 and £.12]

In that case, the scenario above is modified as follows, for initial values of S large enough:

Phase A ends when Az reaches (¢, — ¢;)/¢ first. At that moment, Z(t) reaches Zy;(S(t)) and
consumption z(t) reaches y. Depending on whether S(¢) is larger or smaller than S,,, the
trajectory continues in Phase U, or one of Phases R, Q or P, respectively.

Phase U The trajectory continues along Z = Z/(S) with z = 0 and y = 3. The value of Ag is
increasing and Az is constant at (¢, —c;)/¢. The point (Az(t), Az(t)) therefore moves up in
Figure on the line Az = (¢, — ¢;)/¢. The state trajectory eventually reaches (S, Z).
The location of (Az, As) corresponding to this time instant is labeled as Ps in Figure

Phase R The trajectory in Phase R has been described in Figure as S decreases from Sy,
to Sy, consumption x increases from 0 to y while y decreases from y to 0, their sum being
always ¢+y = y. The point (Az(t), As(t)) continues to move up on the line Az = (¢; —¢z)/C.
Eventually, 7(t) = 0 and the trajectory enters Phase Q at point (S#?, Z), see Figure

Phase Q and P It becomes optimal to use capture. As S(t) decreases, capture s(t) decreases

also and eventually vanishes: the trajectory enters terminal Phase P at point (S9F, 7).

See Figure for the boundary case c¢; = ¢s¢. In this last case, the points Ps and Pgg
coincide. Phase R just vanishes.

4.5.4 Large ¢ (¢s > Com)

When ¢; > ¢gp, Phase QQ disappears completely, as well as Phase B. Actually, capture is so
expensive in this case that s(t) = 0 at all times. The model is equivalent to one where capture is
not possible at all.

The situation is represented in Figures (for the evolution of (Az(t), As(t)) over time) and
(for the evolution of (S(t),Z(t)) over time). See also Figure for the boundary case
Cs = Csp. Relevant results are Lemmas [I.1] [£.7] [£.9] [£11] and [£12]

The description of a typical trajectory is quite similar to the case ¢;g < ¢5 < €5 (“medium-sup
¢s”), except that there is no Phase Q. When in Phase R, as S decreases from S,,, to Sy, consumption
x increases from 0 to y while y decreases from y to 0, their sum being always ¢ +y = y. The
trajectory then continues in Phase P as before.

Trajectories starting from smaller values of S(0) will have a succession of phases A/R/P or
just A/P.

4.5.5 Complements on the case ¢, < ¢,

This section gathers additional observations on the case where ¢, is small. This is the case where
Phase S is the terminal phase, and we develop in Section an elementary argument for this
(elementary in the sense that it does not use adjoint variables). It is also the situation where
optimal trajectories may leave the boundary Z = Z, and we develop an argument for this in

Section [4.5.5.2

4.5.5.1 An interpretation of threshold ¢; through a perturbation analysis

An interpretation of the value é, derives from a local perturbation of trajectories close to the point
(Sm, Z), as follows.

Consider the reference situation where Z(t) = Z, S(t) = Sp, (t) = T and s(t) = (T (see
Section . Assume that on the time interval [0, At], the consumption is modified into z(t) =
7 — Az (constant over time) and the capture computed so that the constraint Z(t) = Z still holds.
Then since Z = 0, we must have:

0 = —aZ+pBS{t)+((T—-Az)—s(t) = s(t) = BS(t) — Az .
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As a consequence, we have S =—-BS+s = —(Ax is constant on the interval, and S(t) =
Sm — CAx t.

On interval [At, 00), capture is restored to the nominal level (Z, and consumption is such that

Z = Z: it is therefore
z(t) = T + B(Sm—S))/C-
As a consequence, S = (S, — S) on the interval, and S(t) = S,, 4+ (S(At) — Sy, )e P21 =
S — CAzAte=PE=AL),
On the interval [0, At], the difference in the sum of discounted net surplus between both
trajectories is

At
D, = / e [u(F) — u(T — Az) — co Az — ¢ (CT — BS + (Ax)]dt
0

1 — e rAt At
= @ - u@—Ar) — (e + (o)A - cs/ e P 3(Sy — S(1))dt
0
1-— e*pAt At
= @) —u(@ - Az) — (& + (es)Ax] — /J’csCAx/ te~Ptdt .
r 0

On the interval [At, 00), this difference is:

Dy = /A Oo e P u(®) — u(E + B(Sm — S1))/C) + caBi(Sm — S(1))/C)dt

= / e PHu(T) — u(T + BAtAze BE=ADY) 4 Be, AtAze =204t
At
When At tends to 0, we have

Dy, = / e P [—PBAtAze BEDD 4 Be AtAze BB 4 o(At)
At
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= imm(cm —p) + o(At) .

p+pB

On the other hand, assuming that Az is also small,

D, = [u@) —u(@— Az) — (c; + (cs)Az]AL + o(Ab)
= [pAz — (cp + (cs) Az + o(Az)]At + o(At)
= (Pp—cp — Ces)AzAt + o(Az)At + o(At) .

If the reference trajectory is optimal, then D; + D> must be positive. Asymptotically when
At and Az tend to 0, this means:

0 < (P—cp— Ces)AxAt+ pﬂAtA;E(cm —D) = AtAz(és —cs) -

+ 8
The value of At has been chosen positive, and the value of Az must be positive also: otherwise
the trajectory would not be admissible. We conclude that necessarily, ¢, < és.

4.5.5.2 Non-optimality of joining Phase Q and Phase S: a necessity argument

In this paragraph, we develop the argument that no optimal trajectory consists in Phase Q joining
Phase S. We have seen that Phase S can be terminal only if ¢; < é5. Moreover, we know that
if 5 = ¢, every point (S, Z) with § < S,, is stationary, so that Phase Q cannot be followed by
Phase S. We therefore assume that ¢, < és.

The argument is based on the fact that when the adjoint variables of optimal trajectories have
jumps, the sign of these jumps is related to the constraints that become binding or cease to be
so. A relevant result is (4.19) in |Sethi & Thompson| (2000, p. 107), which provides necessary
conditions for an optimal trajectory. This theorem applies to pure state constraints g(x) > 0 (we
use the notation of Section instead of that of |[Sethi & Thompson| (2000)), with g “as many
times continuously differentiable as necessary”. It states that there must exist a vector of costate
variables p(-) and a positive function {(-) such that in particular, at each entry or contact time 7
of an optimal trajectory with the constraint g(-), the the “jump condition” (see ) is:

pr) =) = () gL (x()

We can apply the theorem to the constraint g(S, Z) := Z — Z > 0 which is C*. Consider an
optimal trajectory with initial condition (S°,Z) at some arbitrary time t° with S° < S,,. Let
t29 be such that S(@ (t?%) = S,,. Since the constraint is g(S,Z) = Z — Z > 0 then there exits

B := ((t9°) > 0 such that:

As(t957) — As(t95) = 3 %(S(tQS),Z(tQS» =0
AA195) < A219%) = 8 D0(549%), 209%) = 5.

The function Ag must therefore be continuous at t = t9°. However, we have the possibility that
Az has a jump, with:
Az(t957) — Xz(t9%) < 0. (4.5.1)

On the other hand, we have in Phase Q:

AZ(E957) = Ag(t957) + ¢ = AP @57) — AP 4 ¢, = 0. (4.5.2)

In Phase S, given the values (4.1.15)) and (4.1.16)), we have:

AZ(E95F) = Ag(t95T) + ¢, = AP — AP 4 ¢,
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_ p+ﬂ Cy — P _ Cy — P
B (C” c) (‘” <>+CS

p+p pCz—D p+p .
—Cy + — = Cg — Cg) . 453
3 3¢ 3 ( ) (4.5.3)
However, using the continuity of Ag(¢) in (4.5.2)) and (4.5.3) we obtain, by difference,
AZ(t957) —A5(t95t) = - P ; ﬁ(cs —é) > 0,

a contradiction with (4.5.1). Such an optimal trajectory cannot exist.

4.5.5.3 Non-optimality of joining Phase Q and Phase S: a comparison argument

In this section, we provide an argument for the non-optimality of a trajectory following the ceiling
Z = Z, through the comparison of trajectories.

Specifically, we evaluate the value V(%) (S°) of a trajectory constrained to stay on Z = Z,
starting from some S = SY < S,, and ending in S = S,,,, and optimal within this set of constraints.
Next, we evaluate the value V() (S%) of a specifically constructed trajectory, also starting from
S = SY and ending in S = S,,,, but which behaves much like trajectories in Phase B, without being

necessarily optimal. When S is close to S,,, we arrive at the following asymptotic expansions:

V(8% = V(Sp) + A8 = 8) + al@ (S, — 8% 4+ o((Spm — S°)?/?) (4.5.4)
VIO(SY) = V(Sn) + A8 = 8,) + O((Sm — S°)77/3) (4.5.5)

where )\(SS) = ¢+ (¢, —P)/¢ and @ < 0. Since (S,, — S°)5/3 is asymptotically smaller than

(S — 89/ when S° — S,,, it follows that there exists a range of values for S° such that
V(©)(89) > V(@) (89, Indeed, from the expressions above, we have, as S° 1 S,,,

V(S — v@(s%) = —a@(8,, — S + o((Sp — S°)?/?)
(S — S0)3/2 [—a(Q) + 0(1)] .

The term in brackets is necessarily strictly positive on some interval for S°. For initial values of
S in this interval, the trajectory in Phase Q is outperformed by the special trajectory “(C)”.

Preliminary: value of a trajectory. All trajectories considered in this paragraph start from

some state (S9, Z) at time t°, and eventually reach the state (S,,, Z) at time T. The value of this
trajectory is then:

V(sY) = /T w(t) — x(t) = cus(p)] e a4 ¢t IS L)
T T)— (Cp Cs)T
= [ e0) — u@ - el = ) - 500 - e+ 1D (p e
t . O
= V(Sm) + /t [u(z(t)) — u(E) — cp(x(t) — T) — co(s(t) — CT)] e PEH)dt . (4.5.6)

The value V(S,,) of state (S,,, Z) is the same for all trajectories.

Optimal trajectory on the ceiling. Finding the optimal control when the constraint Z = Z
is enforced is the topic of Appendix on page
The value of an optimal trajectory is given by (cf. (4.5.6))):

V(S = V(Sn) + A
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where
T 0
h(t") = /t - u@(®) = (@) = (o + Ces) (@ (t) = T) + Beg(Spm = S(0))] e PaE . (4.5.7)

The difficulty is that the value is expressed as a function of t° and we need it as a function of S°.
The relationship between both variables is not explicit: we will need to approximately express S°
as a function of t° when t° is close to T.

We first expand h(-) as a Talyor series at t° = T'. Differentiating, we get successively:

W) = —[u(a(t) —u(@) — (cs + () (@(t) = T) + fes(Sm — S(1)] + ph(t)
W) = = [#0u @) - (e + Cen)alt) - Be,S@B)] + ph' (1)
) = = [E0u @) + @) @0) ~ (e + Cen)ilt) - Be,S(1)] + ph"(1)
Since (T) = 7, and S = ((x — %), these derivative evaluate at t* = T as:
W(T) = 0
W'(T) = —[a(T)p (cz +Ce)i(T)] = Aa(T)
W'T) = = [#T)p + (#(1))u" (@) — (cq + (eo)E(T) = BesCi(T)] + ph"(T)

= <A$>x<T) + (1) (=T (@) + C(Bes + pAL)) -

The Taylor expansion of h(-) writes then as:

W) = SODHDE -1 + AP - 1)
+ %j:(T) (—j:(T)u"(f) +C(Bes + pAf))) (° —T) + O((t° = T)) . (4.5.8)
Using again the fact that S = ((z — %), a Taylor expansion for S(t°) is:
S = Sp + 1ggz(T)(tO ~T)? 4 é(a‘c’(T)(tO ST 4+ O —-T)") . (4.5.9)
Substituting (4 into (4.5.8), we get:
ht) = A<55><S<t°> —Sm) + I (<D E) + ((Bes + AE)) (0 - TP + O ~T))
The value @(T) is obtained from and as: 10
HD) = —GisDa e+ oo usD) = = (A +2) (1)
¢

= S +Be) = o+ -8

We have introduced the notation W = —u(Z) = —1/(¢%)"(p). By assumption on u(-), W > 0.
Since ¢5 < ¢s by assumption, we have ©(T") < 0.

On the other hand, from , we can solve “approximately” this equation for ¢t° as a function
of §Y = S(tY). We obtain, remembering that t* — T < 0 and since #(T) < 0:

2(Sm — SY)
T = — |- 2 (140(1)) .
S (L o(D)
When replaced in (4.5.10f), we obtain after simplification:

2(Spm — SO\ *

ht0(S%)) = A8, -5 — éﬁv(T) 2Wi(T) <— T ) (1+0(1))
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= A= 5 — o Wt (e — e (S~ 871 +o(1)

Summing up, we have proved the expansion (4.5.4)) with the constant
2
o = - Q (W (p+ B)(¢és — CS))1/2

which is strictly negative as announced.

A trajectory leaving the ceiling. We now construct and analyze a specific trajectory gener-
ated by a control as in Phase B, that is, where s(t) = (z(¢). Throughout the computations, we
repeatedtly use the identity aZ = 8S,,, = (x. We start with the choice of Z(t) and we successively
deduce S(t) and s(t) = Cx(t). We begin with defining;:

1/3
€=258m—5° uO=< e <s>> ,
Clp+a)(p+B)Ag

a negative time value since )\gs) < 0. Then, define, for u € [ug, 0],
_ ﬁg
Z(T+u) = Z + Su* (1——) . (4.5.11)

Clearly, Z(T 4+ uo) = Z(T) = Z. On the interval u € [ug, 0], Z(T +u) < Z. Since €/u} is of order
€'/3, the function Z(-) is positive on the interval [ug, 0] when ¢ is sufficiently small. According to
the dynamics of Z(-), we must have
. Beu? 5
BS(T+u) = Z(T+u)+aZ(T+u) = BS, + i (3ug — (4 — aug)u — au?) .
0
It is readily verified that S(T + ug) = S° and S(T) = S,,.
Next, the dynamics on S provide the value of the control s:

s(T+u) = ST +u)+B8S(T +u)
= (T+ Z—Z (6ug — 12u + 3(a + B)uou — B(4 — aug)u® — dau® — afu?®) .
0

Since u € [ug,0] and wg is of order e'/3 it follows that the term in parentheses can be made
as small as needed by a proper choice of €. Therefore, for ¢ sufficiently close to 0, the function
s(T + u) is positive for u € [up, 0] and the control is admissible.

At this point, we have verified that the proposed trajectory is feasible: it stays in the domain
of constraints, and the control associated to it is valid. Moreover, it starts in state (S°, Z) at time
t® = T + up and ends up in state (S,,, Z) at time 7'

We now turn to the evaluation of the value V(©)(S9) of this trajectory. It is (cf. ):

VIS = V(Sn) + i)

where tY = T + ug and

T
Wi’ = [u(@(t)) — w(E) — (cx + Ces)(2(t) — )] e P at .

+0

Computing the Taylor expansion of h(-) turns out to be cumbersome, because an expansion to
order 5 is necessary. We use a different approach, after a small preparation aimed at shortening
later computations. Let us introduce the function us such that:

u(z) —u(T) —plx —T) = ua(x) .
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Note that p = u'(Z). Replacing in the expression for h(t"), we obtain successively,

g 0
h(t®) = /t [ug(z(t)) + (P — cp — Ces)(x(t) —T)] e Pt dt

0

0

T
- / [u2(2(8) = A C(s(t) = G@)] e =t

- / ' [ug(m(t)) 295 - A9 s - sm)] e Pt gt . (4.5.12)

0
In the last expression, we have used the fact that s = S+4S, which implies s — (Z = S+ﬂ(5— Sm)-
Integrating by parts, we have:
T . 0 T (0]
St)e=rt=t)dat = S, —S° + p/ (S(t) — Sp)e~ =1 dt . (4.5.13)
¢

tO 0
In the same vein, we have the following property, which we shall use later:

T T
/ e t=at = p / (Z(t) - )=t | (4.5.14)
t

0 10

Replacing in (4.5.12)), we obtain the new expression:

T T

W) = MOS0 S, + / us(@(t)e Pt — (p+ AL / (S(t) = Sy)e 1y |
t0 +0

We now proceed with the expansion of the integrals in this expression as € — 0, remembering that

up = t° — T is of order e'/3. First, since us(z) = —(W/2)(z — %)% + O((z — 7)), we get:

T
/ ws (z())e= =) dt
t

0

0
= —% [(S(T +u) = CT)? + O((s(T +u) — Cf)g)] e—Plu—uo) 4y,
e O e

¢ Ju uf
4 24 120 &2
) ‘2<< Fhroud) - S 5 v 0en.

For the second integral, from the value of S(t) we have:

T
/ (S(t) = Sy)e=Pt—t)qt
t

0

T 0
= [, 30 +az0 -2 = L8 [ (2@ ) - Z)e
t0 o
0
— 9 3 u _ (u_u ) . p _|_ a 5 5
= — 11— — 4 0 - _ )
(/H‘O‘)u% /UOU ( u0>6 du 50 eug + O(e”)

We have used in the derivation. Gathering the different parts and replacing uy with
—Le'/? and € Wlth S — S% we obtain:

() LZ 12w
AS
20 5C2L

VIOS) = V(Sn) + AP (87-8,) + ((p+ )(p-+ 9 ) (880 + (=5
This expansion is the one announced in with the term O((S,, — S°)%/?) made more precise.
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Final comments. Some observations resulting from the analysis:

1. The time each trajectory takes to reach the final state is expressed as a function of ¢ =
S, —S%. When the ceiling is followed, we have T —t% = O(e'/?), whereas for the constructed
trajectory, T — t° = —ug = O(e'/3). This last trajctory takes therefore more time to reach
the final state, during which slightly more utility is accrued.

2. Introducing the function us is also possible in the analysis of Phase Q trajectories. Intro-
ducing it in (4.5.7]), we write successively, using (4.5.13)),

T

h(t?) = /t [ua (2(£)) + (B — ¢ — Ces)(@(t) = F) + Bes(S — S(1)] e at

0

0

= /T [uz(m(t)) - AgS)S(t) + Bes(Sy, — S(t))] e_p(t_to)dt

T

AP0 8, + /

$0

[ualel®) + (B + ) (S — S(0)] €7t

A Taylor expansion of the integral leads to (4.5.4).

3. We have selected the relationship between ug and € as ug = —Le'/?, being guided by the
analysis of Phase B in Appendix Alternately, one may choose a general relationship
ug = —Ce7, and conclude that the optimal choice of parameters is v = 1/3 and C = L as
above.

4.6 Extensions and concluding remarks

We conclude this analysis with several comments related to particular values, limiting cases or
extensions of the results.

4.6.1 Finite storage capacity.

If the sequestered stock is assumed to have a maximal capacity S, additional phases appear when
S = S. Assume that S > 0 so that sequestration is effectively possible. We briefly sketch the
construction of solutions in this case, under the condition ¢y, < é. When ¢; > ¢és, optimal
trajectories are obtained by simply restricting the trajectories previously obtained to S < S.

Stationary states. Assuming that S and Z are constant, and solving the system of equations
S = Z =0, we obtain in general the constant consumptions

aZ
c

Since we must have s < (z, this is possible only when 85 < aZ. Imposing Az = Ag = 0, we get
vz =—(p+a)rz and (p+ B)As = BAz. If the stationary point is such that Z < Z, then vz = 0
and Az = Ag = 0. This cannot satisfy the first-order conditions.

Therefore, when S < S,,, the point (S, Z) is the only candidate stationary point. From the
state dynamics , we get the constant consumption and capture values:

8:/85 xr =

s =5 := S, xr =T.

We have indeed s < (7, with equality if and only if S =25,
In the case 0 < S < S, inequality is strict and we have 75 = 75, = 0. Consequently, from
(2.3.3) then (2.3.2), assuming y = 0, we obtain the constant values for the costate variables:
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From l) we obtain Y, =G~ P, positive by assumption.
Finally, the value of vg is obtained from (2.3.14)) as:

-D

¢

Ca A
vs = BAz—(p+PB)As = —p —(p+PBes = (p+B)(és —cs)
and vs > 0 under the condition ¢; < ¢s.
However, in the case S = S, 7, = 0 but ~,,; is possibly a positive number. From first-order

conditions ([2.3.3) then (2.3.2)) we obtain:

Cyp —
Az = - Vszx

¢ ¢

3

As = ¢s +

The dynamics (2.3.11)) of Ag imply:
0 = (p+B)As — BAz +vs = vs = BAz—(p+B)As -

Finally, we have from (2.3.10)): vz = Az — (p+ a)Xz. The constraints v, > 0, vz >0 and vg > 0
are satisfied when Az is chosen as any constant such that

p+B8 < Cy — p> Cx — P

— |G+ < Az < ;

g ° ¢ ¢

this interval being nonempty whenever ¢; < é;. Other, non-constant choices of Az(t) are possible.
The value of Az is not uniquely determined in this case but the value of Az + v, is determined.

Non-stationary phase. Assume now that S = S and Z < Z. Since S = 0, we have the
constant capture rate s = § as above. The value z(t) may be either 5/¢ (as in Phase B) or strictly
smaller (as in Phase Q). We first rule out the second possibility.

Assume indeed that § < (z. Then v = 75, = 0 and Ag = Az + ¢s. This implies As = \g.
Using the dynamics (2.3.11)) and (2.3.10)), we get:

(p+a)dz = (p+B)As — Az +vs - vs = alz — (p+ B)cs .

Since Az < 0, this implies vg < 0, a contradiction.
Therefore, if such a phase exists, we must have a constant consumption.

- _ BS

T =T
¢
As in Phase B, the first-order conditions imply Az + sz = Ag — ¢, then
w(Z) = cp + Ces — (s .
Accordingly, with the notation p := u'(Z), the value of Ag is constant at:

Cqp —

¢

a1l

As = ¢s+

As previously, since Ag is constant, we must have:

vs = BAz—(p+PB)As .

The constraints vs > 0 and ,, > 0 are satisfied as long as Az is in the interval defined by:

5 () 20 s
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Figure 4.21: Trajectories of (Az, Ag) (top) and (S, Z) (bottom) in presence of a limit on sequestered
stock

Connection with other phases. When S > S,,, the phase where S = S cannot be terminal.
It must therefore be connected with other phases.

Obviously, the optimal trajectories we have described in the case S = +oo are still optimal if
they lie entirely in the domain D N {S < S}. Consider the case ¢; < é;: these trajectories are
represented on Figures and [£.7] on page We focus on trajectories in Phase B that end up
at point (S,,, Z) at some time instant 7. Those are parametrized by the value Az (7).

Consider some value S > S,,,. To it corresponds a consumption Z > %, a price p < P and a
value A\g = Ag = ¢; + (c; — P)/C > ¢s + (cx — P)/¢ = /\(SS) . Pick a value Az (T~), and follow
backwards the corresponding trajectory. There exists a time ¢ < T such that Ag(f) = As. Then,
if S is not too large, there exists some Az (7'~) for which S(t) = S. Since 3S = (Z, the trajectory
is such that S(tj = 0: it is therefore tangent to the line S = S. It is possible to glue the piece of
trajectory with S = S with the trajectory in Phase B at this point.

Going backwards in time, the trajectory of adjoint variables (A, As) moves on the line Ag = g
until it reaches the line As = Az +¢;. At this point the first-order conditions cease to be satisfied,
and the trajectory with § = S cannot be prolongated.

The situation is represented in Figure Some trajectories (not represented) are the same
as in the case S = +oo: those located inside the “loop” and those located above the loop but to
the left of S = S. Trajectories located below the loop are different from those of the case S = +o0.

When S is too large, such a diagram is not feasible because: either the condition \g(t) = g
cannot be met while the point (A7, Ag) is in Phase B; or else because the condition S(f) = S
cannot be met. The limiting situation will be when an optimal trajectory has a vertical tangent
(S = 0) while at the same time passing from Phase A to Phase B. See the trajectory numbered as
(III) in Figure This defines a limiting value Si,q,. For all values of S > 5,44, the optimal
trajectories are just the same as when S = 4o0.
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g

Figure 4.22: Optimal control as a state feedback of (S, Z), in the case where a limit 7 exists, and
in the case ¢y > cgm

4.6.2 Bounded clean energy production capacity

If there is a bound 7 on the consumption of renewable energy, and if ¥ < ¥, then some optimal
trajectories are modified. Denote cy = w'(7). Since u’ is decreasing by Assumption |1 we have
Cy > Cy.

The first-order equations related to y are now (2.3.4), (2.3.7) and (2.3.8):

u@+y) = cy—7,+7, y=0 -y =0
and 2, > 0,7%, > 0. In every situation where y = 0 was found to be optimal, it is still now with the

choice 7, = 0. When y = y, together with x = s = 0 was found to be optimal (Phase L or Phase
U), then it has to be replaced with y =7 and we must set 7, = ¢z — ¢, which is indeed positive.
But then along such optimal trajectories, u'(z + y) = ¢y instead of ¢,. Therefore, when “glueing”
pieces of trajectories, we must substitute cy to ¢,. For instance, in Figure @ representing adjoint
variables, the zone “L” must now be defined by Az < (cg —¢;)/¢ and As < ¢ + (cg — ) /(.
Finally, there is the situation of Phase R, where x > 0 and y > 0 was found to be optimal. If
0 <y <7, we must have %, = 7, = 0 and the situation is the same as described in Section

with z +y = y. Since y is determined by (3.5.18)), the constraint 0 < y < 7% imposes now

Sy << S %@“—y) -
If y = 7, then we have u'(z +7) = ¢, +7, with, by Equation , z = (/¢)(Sy — S). For
S € [Sm — (¢/B)(H — ), Sm], which amounts to say: S, — S € [0,(¢/B)([H — 7)], we see that
z+7 € [y,y] so that 5, = u/(z +7) — ¢, > 0.

Figure [{.22] represents the new situation in the case ¢, “large”, to be compared with Figure
The value of the total energy consumption x + y has also been represented: this value is not
bounded below by ¥ anymore, but instead by 7. The situation for other values of ¢z follows.
Observe that the threshold values c;g and csy, identified in the analysis are changed also.

4.6.3 Storage costs

Assume that the cost function includes a constant storage management cost ¢,, per unit of stored
carbon and per unit time. The maximization problem (2.2.1)) becomes:

max (')/0 [u(x(t) +y(t) — cos(t) — cam(t) — cyy(t) — cmS(t)] e P1dt .

s(),2(-).y

The modification in the first-order conditions is limited to (2.3.11]) which becomes (assuming that
S = +o00, hence vg = 0): )
As = (p+B)As —BAz +cm -
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Accordingly, on diagrams representing the the evolution of (Az, Ag) (see the generic Figure
on page and its specialization in different cases), the line As = 0 must be translated down
(assuming logically that the cost ¢,, is positive) since its equation is now (p + ) s = Az — cpm.
The geometric locations Ps, P, and 2 are therefore changed, providing respectively the new
stationary values for Phase S, Phase P and Phase Q:

_ Cm p+tpB Cy —D Co —D _ Cz —D B cw_ﬁ_ Cm
PS_<B+ 5 (‘” ¢ )"“ ¢ > Foo ( ¢ piB < p+,8>’

a - <_CSP+B_0m, _ cffm) '
p p PP

The discussion of the different parametric cases then goes along the same lines as when ¢, = 0.
In particular, the value of ¢, which separates the case where Phase S is terminal and where it is
not, is determined by the condition 2 = Pg (see Figure on page . We obtain now:

b, = 14 <p_cz_cm>
o p+B\ ¢ p)

4.6.4 Complements on capture costs

Assumption [I] includes the assumption that ¢; > 0. The case ¢; = 0 is also interesting from the
Economics standpoint, in the sense that it allows to concentrate on the impact of the externality
provoked by the leakage of sequestered CO5. Analyzing the case ¢s < 0 is also relevant, be it for
the sake of completeness.

When ¢, = 0, Lemma does not apply. It was concluded that, when a > 0, the fact that
0 < s < (x implies Ag = Az = 0. Consumptions must then be & = = and y = 0. The value of s is
not determined by first-order equations. However, whatever its value, the dynamics (2.2.2]) imply
that
S+7 = —aZ+C = a(Z-2)+CGE-7) > (F-7).

As a consequence, the state of the system must exit the interior of domain D in finite time.
Assuming that the boundary is hit where Z = Z, the system must continue in Phase Q, still with
z(t) = Z, until it reaches S = S,,, where it must stop, at some time 7', in Phase S. However, such
a trajectory has a value equal to:

u(T) — ¢, T (1— =0Ty 4 e_pTu(E) — T
P P

and it is outperformed by any trajectory with a constant consumption z = Z. It cannot be optimal,
and the initial assumption that 0 < s < (x must be wrong. The bang-bang principle of Lemma[3.1
applies also when ¢; = 0.

Let us now turn to the case where ¢; < 0. The synthesis of Section (p. essentially
applies, with the following difference in the interior of the domain. Recall from, e.g. Section
on page that the sign of y(t) = Az(t) — As(t) — ¢s determines whether Phase A or Phase B
prevails. When ¢ — —oo, both Ag(t) and Az (¢) tend to 0. Therefore, y(t) = —cs > 0. Then,
going backwards in time, it is now possible to exit Phase A and switch to Phase B. So, in forward
time, some trajectories will start in Phase B, switch temporarily to Phase A, then switch back to
Phase A. When c¢; is a large negative cost, all trajectories will eventually stay in Phase B.

4.6.5 Comparison with non-leaky reservoirs

The situation where 8 = 0 is the one studied in |Lafforgue et al.| (2008a) and [Lafforgue et al.
(20080), where it is also assumed that S is finite. This situation is not a special case of the
analysis above (which requires 8 > 0) but can be analyzed directly.
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It turns out that in this case, Ag = 0, which is economically interpreted as S being “free”. Then
there are three cases for ¢s. Observe that é; = (p — ¢;)/¢ when § = 0 and it does not depend on
p anymore.

¢s > ¢,: there no capture, x = Z, S is constant, Z = Z;
0 < ¢s < é4: consumption is z = ¢%(c, + (c;), capture is s =z — T, Z = Z;
cs < 0: there is full capture s = (z, with consumption z = ¢%(¢, + (c,), Z < Z.

When comparing with the situation where § > 0, we see that both points .S, and Sy go to
infinity. Phases R, S and U vanish. There is no possibility of having simultaneously trajectories
with and without capture, nor of having consumption of the renewable resource.

(6]



Appendix A

Synthetic description of the different
phases

A.1 Phase A (free extraction of the NRR; no sequestration)

Specification

s x Y X VA S
2

0

Dynamical system

X = —z
Z = —aZ+pBS+Cx
s o= s
Ax = pAx
/.\Z = (p+a)z
[ As = (p+B)As—BAz
First order conditions
As = cs+ Az — s = v = cs+Az—Ag
W) = co+dx—Cz = = = q%ce+Ax —(\2)
u'(x) = cy—y = Py = Cy—Co—Ax +(Az
Constraints
X X>0
Z Z<Z
s s=0
T CetAx —CAz >0
Y y=0
vx I/XZO
vy vy =0
Vs cs+Az—As >0
Vsa 78%20
Yy Cy—Cs—Ax +(Az >0
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A.2 Phase B (free extraction of the NRR; maximal seques-

tration)

Specification

=Cx | >0| =01 >0|<Z 0
Dynamical system
(X —z
Z = -—aZ+ B8S
S = —pBS+(x
Ax = pAx
Az = (p+a)dz
As = (p+B)As — BAz
First order conditions
AS = ¢s+ )‘Z + Vsa - VYsz = AS — Cg — )\Z
u(z) = c+Ax =z —(Vew —> r = q%ecs +Ax — (s +(cs)
ul(x) = Cy =y 54 Yy = Cy —Cgx— Ax + C/\S - CCS
Constraints
X X>0
Z Z<Z
S s=(z
T e +Ax —(As+(cs >0
Yy y=0
125’4 Vx = 0
Vz Vy = 0
Vs Ys = 0
Vsa AS_CS_AZZO
Yy Cy—Cw—Ax+C)\5—CCSZO
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A.3 Phase L (zero extraction of the NRR)

Specification
S T Y X Z S
=0|=0|>0|>0|<Z]|>0

Dynamical system

X —

Z = —aZ+ B8S

S = =S

Ax = pAx

%Z = (p + OC)AZ

[ As = (p+B)As =Bz

First order conditions

0 = AS_CS_AZ+,YS—75I - Ys — Vsz
ul(y) = ¢+ Ax — Az — (Vsa
Wy = ¢ — oy
Constraints
X X>0
Z Z<Z
s s=0
T T =
Y y>0
vVx UVx = 0
Vyz Vg = 0
Vs ¥s >0
’731: 'Ysm Z 0
Yy Yy =0
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A.4 Phase P (ceiling; no sequestration)

Specification

S T Y X Z S
=0[>0|=0|>0|=Z|>0
Ceiling constraint:
T = E—QS = E(Sm—S)
¢ ¢
Dynamical system
(X = -z
Z =0
S = =-pBS
Ax = pAx
Az = (p+a)dz+vz
[ As (p+B)As — BAz
First order conditions
As = cs+ Az — s = Vs Ccs + Az — g
W(@) = GH+Ix—Cz = Az = He+ix —u(T-
ulz) = cy—y = My Cy —Cx —Ax +(Az
Constraints
X X>0
Z Z=2
S s=0
T S<Spete,+Ax —CAz >0
Y Yy=
UVx vVx = 0
Vy Vy Z 0
Vs Cs + )\Z - AS >0
Vsz Vsx = 0
Yy Cy—C—Ax +(Az >0 <= u/(z) <¢,

= 2>y = S<55.
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A.5 Phase Q (ceiling; sequestration)

Specification

S T Y X A S
>0and <Cx | >0 | =0| >0 | =

N
v
[es)}

Ceiling constraint:

s = (z-7)+pS = Cz—B(Sm—19) .

Dynamical system

X —z
Z =0
S = ((z-7)
Ax = pix
/:\Z = (p+a)Az+vz
( As = (p+B)As =Bz
First order conditions
As = cCst+ Az
w(z) = e, +Ax—CQz = 1z = ¢ cx+Ix —(Az)
u(x) = cy— = v = Ccy—C—Ax +(Az
Constraints
X X>0
Z zZ=2
s SgSmandmZ%(sm—S)
x Cp + /\X — C/\Z Z 0
y y=20
Uvx vVx =0
vz Az < £8c  or Ag < LE2HB
Vs cs+Az—As =0
Vsa Vsx =0
Yy cy—C—Ax +(CAz >0

Observations. Conditions Az < 0 and ¢; + Az — Ag > 0 imply Conditions Az <

As < WOS.
If ¢ = 0, then Az cannot change sign.
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A.6 Phase R (ceiling; no sequestration, double extraction)

Specification

S T Y X Z S
>

0

Ceiling constraint:

_ B g
r=T—=S5 = Sm — S
R C( )
Dynamical system
(X = -z
Z =0
S = -5
Ax = pAx
Az = (p+a)dz+vz
 As = (p+B)As =Bz
First order conditions
As = cs+ Az — s - Ys = Cs+ Az —Ag
UI(Z'-F:I/) = c+Ax—(CA\z = Az = %(CI‘F)\X_Cy)
d(a+y) = o — oy = §-25.-8) = S-S
Constraints
X X>0
Z Z=27
s s=0
x S>Sn
Yy y>0 = S(t) >S5
175’ Vx =
Vg Vg Z 0
Vs cs + /\Z - /\S >0
Vs Vsz = 0
Yy Yy =0
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A.7 Phase S (ceiling for Z et S; maximal sequestration)

Specification

s T Y X A

S
=S,

= |=7|=0|>0|=2
Ceiling constraint: satisfied by construction.
Dynamical system
(X -z
Z =0
S =0
Ax = pAx
Az = (p+a)dz+vz
( As = (p+B)As — Bz
First order conditions
/\S = cs+/\Z+73w = 78w+AZ = )‘S_Cs
u' (T) = C + /\X - (/\Z - C’}/sw = Vsa T )‘Z - %(Cw + )‘X - ﬁ)
u(Z) = cy—y — Yy = cy—D.
Constraints
X X>0
Z Z=27
S s="(x
T S<Sn
Y y>0 < S(t) > Sy
Vx vx =0
Vg Vy Z 0
Vs vs =0
Vs Vs > 0
Yy Yy >0
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A.8 Phase T (no NRR; extraction of the NRR; extraction of
the RR)

Specification

Dynamical system

X =0
Z = —aZ+pS
5 = —ps
Ax = pAx —vx
Az = (pt+a)rz
[ As = (p+B)As —BAz
First order conditions
As = Cs+)\Z_’Ys+’st - Vs = %(cz+<cs+/\X)
ul(y) = Cx+/\X_C)‘Z_C73w —  Ysz = %(cw+)\X)_/\Z
Wy = ¢ — oy =
Constraints
X X=0
Z Z < Z(S)
s s =
T z=0
Y y>0
175°¢ vx Z 0
Vyz Vyz = 0
Vs s >0
r)/sw 73% Z 0
Yy Yy =0
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A.9 Phase U (no extraction of the NRR; extraction of the
RR; NRR available)

Specification

Dynamical system

X =0
Z = —aZ+pBS
s = s
Ax = pAx
Az = (p+a)dz _
L As = (p+B)As = BAz +vz2Z'(S)
First order conditions
As = Cs+)\Z_’Ys+’st - Vs = %(cz+<cs+/\X)
ul(y) = Cx+/\X_C)‘Z_C73w —  Ysz = %(cw+)\X)_/\Z
Wy = ¢ — oy =
Constraints
X X>0
A Z =7Z(S)
s s =
x T =
(] y>0
175°¢ Vx = 0
Vyz Vg Z 0
Vs s >0
r)/sw 73% Z 0
Yy Yy =0

84



Appendix B

Properties of auxiliary functions L
and M

The functions L(-) and M(-) are defined in and (4.15) as:
L(S) = [3/ ~(pFB)y (c —u'(T - 656 ﬁ”))dv

¢
M(S) = 5/ ~(p+B)v ( —u(x—?Se ))dv.
They differ by a constant and negative additive factor:
p _
L(S) = Cp — + M(S) .
(5) = Lle-p) + ()

The function M is clearly negative with M(0) = 0. It is decreasing: differentiating in its
definition, one gets:

L'(S) = M'(S) = B; Oo(2_(”"'2’6)”1/' <w—'§56_5”> dv , (B.0.1)
0

which is negative because u" < 0. The function L is therefore decreasing as well.

Lemma B.1. Under Assumption[l], we have the bounds, for all S > 0:

Ls) > 4 (_ (_fs» (B.0.2)
M(S) > Hiﬂ <p—u' (x—fS)) , (B.0.3)

with equality if and only if S = 0.

Proof. This bound is proven with the following sequence of inequalities. Given that u'(-) is de-
creasing, then for all v > 0,

?Se’ﬁv < ?S
E—?Se"gv > f—?S

IN
:\
TN
8|
|
aSiey
W
~

o' (w — '?Se_m)
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As a corollary, from the definition of ¢, in Equation , we have the inequality
Com = % + I(Sy)
> 27 4 o (o (5o 29))
_ CyCCIerfﬂcgcy:as. (B.0.4)

The following refines this reasoning. According to the definition of ¢y, in Equation (4.3.6]), and
that of L(S) in Equation (4.1.4]), we have actually:

B cy N [y —Ca B cz—cy
o =eas - (0 5 4

ﬁ/ o < /<$_ §5§6—6v> o <m_ §5§>> dv. (B.0.5)

This is positive, because u’ is decreasing.

Alternate expressions exist for L(-) and M(-). For instance:

B O By o [T
L(S) = P + 35 u(T CS’) 35 J, e Plu(z —

This expression is obtained from the definition in (4.1.4) and integration by parts as:

L(S) = 5/ e~ (pFB)v <c —u' (T — ?Se ﬁ”))du

ﬁcm i Oofv ﬂ2 7511! ﬂ Bv
p+B T BSh ¢ ¢ @ =S dv

_ P € efvuf—é h h e PV x—é e }
s CS)L b [ e gse ) a

fse Ahdt . (B.0.6)

Beg ¢ B <P B
= + —u(F-=S e "y ESe=8Y) dv .
b8 T s g ), oI
We now prove results concerning the resolution of Equation (4.3.4), that is:
Cles—¢) + p—u' (T — %S) = M(S) . (B.0.7)

Lemma B.2. We have the following properties, under Assumption [1:
(i) if cs < és, then Equation (4.3.4) /(B.0.7) has no positive solution;

(i) if in addition u'(-) is convex, and if
éS S CS S csm

then Equation (4 / ) has a unique solution ST € [0, S5);
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(i) if in addition u'(-) is convez, and if cs > Com, then Equation (4.3.4) /(B.0.7) has no solution

in [0, Sg]

Proof.

(7) Denote with ¢(S) the left-hand side of the equation. According to the bound (B.0.3)), we

have

o> 2 oo 29)

If the right-hand side of this inequality is strictly larger than ¢(S), then the statement is
proved. This sufficient condition writes as:

2 (el 29) > e+ re (o)

= Cles —¢s) < —p-l_pﬂ<p—u'(a:—?s>).

This last inequality indeed holds since ¢; — ¢, < 0 by assumption, and the right-hand side is
positive for S > 0.

We first show that the function
WS) = Cle=) + p-u/@=128) - M(S)

is decreasing. As a consequence, there is at most one solution to Equation (B.0.7)) for
S e [0, SZ?]

If w'(-) is convex, then u”(-) is increasing. Then we have:

gSe_ﬁ” < gs
E—?Se_’g” > f—?S

u’ (:17— fSe_B”> > <x— ?S) .

Given Equation (B.0.1)) for M'(S), we have for all S > 0,

! /B ﬁ " 7_@
M8 2 =g v <”“" <S> ‘

On the other hand, we have

K(S) =

8 B . B
S) T o " (m <S>

¢ p+§8“n <$_§S> =0

Therefore, h is decreasing. The solutions to (B.0.7)) are the zeroes of h(-).

The uniqueness remains to be proved. When S®¥ = 0, the left-hand side of is
((es — é5) > 0 whereas the right-hand side is 0. There will necessarily be a solution in the
interval [0, S7] if the left-hand side evaluated at S®¥ = Sy, that is, ((cs; — &) +P — ¢y, is
smaller than the right-hand side evaluated at the same point, that is, M (Sy). This condition
is exactly ¢s; < cgpm. We have therefore existence and uniqueness in this case.

IN

[ N N
:\

+ T
|
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(iti) As proved above, the function h(-) is decreasing, and its value at S = Sy is strictly positive
if ¢ > ¢4 Therefore, this function has no zero, that is, Equation (4.3.4) has no solution.

O

Lemma B.3. Assume that é; < ¢4 < Cqp and that u'(+) is convex. Then the unique solution ST
of Equation in the interval [0, Sy] is an increasing function of cs, and the term

ey = PHB (o iz Bgar
oe) = o, s>+<(p @-2s ))

s positive.

Proof. Denote with o(c,) the solution S®* of Equation . By implicit differentiation with
respect to cg, we get

¢+ Zotean (7= Zote)) = o'ler'(0(c)
" 7(e) = ¢(Mtote) = Fur (7 - fo<cs)))1.

The denominator is —h'(o(c,)) in the notation of the proof of Lemma[B.2] It is therefore positive,
and it has been proved that

o= (o) » - £ £55 (r-25)

Therefore, ¢’ is positive and o is increasing. Moreover,

, B p+B (- B -
= o)

The function ¢(cs) is such that ¢(0) = 0 and

de) = 50w Lo (v ote)

g ¢? ¢
s PtB _ p+B
- B p+20
2
= s > 0.
(p+B)(p+28)
The function ¢(-) is therefore increasing, and it is positive. O
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Appendix C

Auxiliary problems

We gather in this appendix several “auxiliary” problems which provide complementary arguments
in different parts of our analysis.

In Section we develop the finite-horizon approach, which is related with the backwards
solution of infinite-horizon problems, and therefore provides an alternate source of results. In
particular, we examine in Section the problem of optimizing the consumption while being
constrained to stay at the pollution ceiling Z = Z.

In Section [C:2] we discuss the representative agent’s optimization problem, and we use the
results to argue that there are more solutions to the problem than those identified in Chapter [4

C.1 Finite-horizon problems

The fact that final phases can be identified opens the way to a finite-horizon approach to determine
the optimal trajectories. From initial points located on the boundary Z = Z(S), the optimal
trajectory and the value function are known. There remains to determine the optimal junction
point starting from an initial state located in the interior. Neither the “final” state nor the final
time are known a priori.

We investigate this possibility here. We state in Section [C.1.1] a sufficiency theorem related to
this situation. We do this essentially for completeness since we do not exploit it. However, we
do exploit in Section some of the conditions in order to “guess” the properties of optimal
trajectories in various situations.

C.1.1 Sufficient conditions for free finite-horizon problems

As said above, another way to find optimal trajectories of our problem in specific situations, is
to use a finite-horizon approach. The following result gives appropriate sufficient condition for
optimality in this context. The statement is that of [Seierstad & Sydsaeter| (1987, Theorem 13, p.
390) and |Seierstad & Sydseeter| (1987, Theorem 17, p. 398), without the provision for free initial
conditions.

Theorem C.1 (Seierstad & Sydseter| (1987), Theorem 17). Consider the finite-horizon optimal
control problem with free terminal time and scrap value:

t1

max fo(x(t),u(t),t)dt + Sy(x(t1),t1)
u(-)t1 Jo

where the state vector x(-) belongs to R™, 0 < Ty < t1 < Ty, the control vector u(-) belongs to some
fized conver set U C R", and x = f(x,u,t). Assume that admissible trajectories must satisfy the
vector of s constraints:

gj(x(t)au(t)at) >0,5=1,.. '7817 gj(x(t),u(t),t) = gj(x(t)vt) >0,5= s' + L....s,
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as well as the initial condition x(0) = x° and terminal conditions
R,1€($i(t1),t1) = O,Z = ]., - ,'f’ll, R}@(ml(tl),tl) Z O,Z = T'Il, ey Ty
Assume that:

a) fo, [ and g have derivatives w.r.t. x and u, and that these derivatives are continuous; Sy
and (R},...,R;) are C* functions;

b1) Sy is a concave function of X;
b2) S, Ry is a quasi-concave function of x;

If, for each fixed T € [T1,T5], there exists an admissible pair (x (t) (1)), together with a
continuous and piecewise continuously differentiable vector function (1), a piecewise-continuous
function qT(t) and vectors of numbers BT = (BL,...,B) and 4T = (y{ ,...,fyﬁ) such that,
defining

H(X,U,p,t) = fo(x,u,t)-l-p-f(x,u,t)
L(Xauapaqvt) = H(x,u,p,t)+q-g(x,u,t) )

L
c) for virtually all t € [0,T], and allu e U, 8—(xT(t), u” (1), p"(t),q" (t),t) - (u—u") <0,

ou

4) for virtually all t € [0,T], (1) = ~ 92 (<" (1), u” (1), 7 (1), 4" (1) 1),

e) the Hamiltonian is a concave function of (x,u), for all t € [0,T],

f) q;(t) >0 and = 0 if g;(xT(t),u”(t),t) > 0, for allt and j =1,...,s,

g) g; is a quasi-concave function of (x,u), for allt € [0,T] and j =1,...,s,
h) for eachi=1,...,n

051 . OR}

o (<" (0).7) + Y E(x"(1),7), (C.L1)
¢ k=1 i

Zﬂj agj T = T(T)aT) +

i) Bj=0forj=1,...,8,8; >0 forj=s+1,...,s and =0 if g;(x*(T),u?(T),T) > 0,
j) fork=70,...,r1, v >0 and = 0 if RL(x"(T),T) > 0,
k) u”(t) and q (t) take values in fived, bounded subsets of R™ and R”, respectively,

1) the function T w xT(T) is Lipschitz continuous, the functions T > BT and T > T
piecewise continuous,

m) for all T, u”'(T) belongs to the closure of the set {u € U, g;(x*(T),u”,T) > 0 for all j < '},
n) the function

1
Tt 1)+ PG ) ¢ O T T T

dg
(x*,u ot

_ TTTT T
F(T) = H(x ,qp)+/36t

where functions are evaluated at T', has the property that there exists some T* € [Ty, Ts] such
that F(T) > 0 for T <T* and F(T) <0 for T >T*,

then the pair (xT (t),u”” (t)) and the final time t; = T* are optimal.
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In problems, such as ours, where:

folx,ut) = folx,we™,  flx,u,t) = fx,u), Si(x",t) = V(x")e™

and where constraints do not depend on time, Condition n) of Theorem takes often the
following form in the literature:

Fo(x(T7),u(T™)) + AF(x(T"),u(T7)) = pV(x(T")) (C.1.2)
where A(t) = e ?'p(t). We shall use this form in the next section to identify the value of adjoint
variables at T™.

C.1.2 The problem in finite horizon

Since all optimal trajectories eventually end up staying on the boundary Z = Z (S) of the domain
D, a possible approach to the construction of optimal trajectories is to solve a finite-horizon
problem with scrap value and free terminal time.

The problem is formulated as:

T
— CgS8 — C,T —c e Pt e PT 1.
s(~),§?-?,)y((~),T/0 [u(z(t) +y(t)) — cs8(t) — czz(t) — cyy(t)] e *"dt + V(S) (C.1.3)

given the controlled dynamics ([2.2.2]):

Z —aZ+pS+(x—s
S = —BS+s

with the usual constraints on controls z(t), s(¢) and y(t), and the constraint on state variables

R(S(t),Z(t)) :=Z(S(t))—Z(t) > 0, te]l0,T]. (C.1.4)
Initial and terminal conditions are:
S(0)=58° Z(00)=2° R(S(T),Z(T)) =0. (C.1.5)

The scrap value Vg is the value function of the problem restricted to the curve Z = Z(S). Its
exact form varies depending on the value of ¢; but since in Phase L, z(t) = s(t) = 0 and y(t) = ¥,
we always have the relationship:

V(s) = %w@—cym (1— e ) 4 e oIV (S,,) |

where 7(5) = —371log(S5/Sy,) is the time it takes to go from S to S, when in Phase L.

Applying Theorem h), a sufficient condition for an optimal trajectory is the existence of
continuous adjoint variables Ag and Az (written in current value) and real numbers 5 > 0 and 7,
such that, T* being the final optimal time:

B s, 207

AS(Y) = BOR(S(I),Z(1%) + VIS + 2'ge

= VI(S(T") + B+1Z(S@T))

AT = BOR(S(T), Z(7) + 79n(S(1%), Z(T"))
= —-(B+7).

These two conditions are satisfied if

As(T%) = V(S(T") = Z'(S(T")) Az(T*) . (C.16)
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Given the definition of Z(-) in (2.3.27), this last condition is in turn refined into:

. Vi(S(T*)) if S(T™) < Sp,
As(T™) = { VIS(T?) — Zy(STDAZ(T*) i ST*) > Sin.

Moreover, it is easy to show that, on the one hand,

aZy(S) — BS

and on the other hand,

V(S) = 5%6‘”(5) (w(@) — ey — PV (Sm) -

Combining these with (C.1.6)), we get the identity, when S(T™) > Sp,:
BS(TAs(T™) + (aZu(S(T*)) = BST*)A2(T*) = e 75T (u(g) = ¢,§ — pV (Sw)) -

(C.1.7)
Next, since the terminal time is free, Condition (C.1.2)) amounts to requiring:
w(@(T™) +y(T7)) = css(T™) = cou(T™) — cyy(T7) (C.1.8)
FAs(T*)(=BS(T™) + s(T7)) + Az (T*)(—aZ(T™) + BS(T™) + Cu(T™) — s(T™)) = pV(S),

where Z(T*) = Z(S(T™*)) because of the terminal condition.

C.1.2.1 Junction with Z =7

Assume in this section that Z(T*) = Z, so that Z'(S(T*)) = 0. In that case, (C.1.6) determines
directly A\g(T*) as
As(T™) = V'(S(T7))

C.1.2.2 Junction with Z = Z,(S)

Assume in this section that S(T™) > S,, and Z(T*) = Zp(S(T*)): the final point is on the
boundary curve Z = Zps(S). With (C.1.7) and the definition of V(S), (C.1.8) reduces to:

w(@(T*) +y(T7)) = css(T7) = cow(T7) — cyy(T™
FAs(T™)s(T7) + Az (T™)(Cx(T™) — s(T™

)
)
e WG = e F oV (Sn)) = (@@ = ) (1= e T e TV (S,)
")
)

w(@(T*) +y(T7)) = ess(T7) = caw(T7) = cyy(T

FAs(T)s(T*) + Az (TH)(Ca(T*) — s(T*)) = u(@) — ey - (C.1.9)

The set of conditions:
Cy — Ca
¢

turns out to satisfy this equation, independently of the value of Ag(7T*). Assuming the continuity
of controls, these conditions correspond to Phase A.

y(I™) =0, «(T7)=y, s(IT7)=0, Az(T")=

C.1.2.3 Junction at (S,,,7) in Phase S

Assume that trajectories are required to stop at time 7" in state (S,,, Z) and continue in Phase S.
Then the total gain on this trajectory, evaluated from instant T' on, is, since the control is x = T
and s = (7,

Vs = /O T et (@) — (co + Cea)T) dt = %(U(f)—(CerCCs)f)- (C.1.10)
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In that case, Condition (C.1.2)) is:

u(@(T*) +y(IT7)) — cs8(T") — com(T™) — cyy(T7)
FAs(T*N(=BSm + s(T*)) + Az (TH)Cx(T*) — s(T*)) = w(®) — (cz +Ccs) - (C.1.11)

The set of conditions
y(I7) =0, =(T7) =1z, s(I")=(z,

turns out to solve this equation, independently of the values of Ag(T™) and Az(T™). Assuming
the continuity of controls, we see that this set of controls correspond to Phase B since s = (x.
Inside Phase B, the value of the consumption z(t) is given by: z(t) = ¢%(c, + Ccs — (As(t)). The
continuity of controls is then equivalent to the continuity of Ag(-). The value of Az(T™*) remains
undetermined, except that it must satisfy some inequality as in Corollary [3.1]

C.1.3 Optimization on the ceiling

We derive here the optimal control when the constraint Z = Z is enforced. This analysis is used
in Section (page [66)) to discuss that such trajectories cannot be optimal when ¢, < é,.

Since this situation corresponds to what we have called Phase Q, this solution can be obtained
from Section [3.5.2] but we quickly re-derive it here.

Imposing Z = Z to the problem of this chapter reduces it to the following optimal control
problem. Since Z = 0 = —aZ + S + (x — s, we have S —s = aZ — (x = ((T — ), then
S=¢ (z —Z). The scrap value is given by . The reduced problem can therefore be stated
as:

(@) — (ca + Ccs)T
p

T u
max /0 [u(z(t)) — cox(t) — cs(BS(t) + C(x(t) — T))] e Pt + e *T (C.1.12)

z(-),T

given the controlled dynamics S = ((z — %), the constraints on controls z > 0 and y > 0, and the
terminal condition S(T') = S,,. The former constraint on control s, {x — s > 0, becomes here a
constraint on the state: S < S,,. This constraint is superseded by the terminal constraint for S
and is therefore ommited.

Naming pg the adjoint variable for state S, the Lagrangian for the problem writes as:

L(y,z,Z,S) = wu(x+y)—(cz+(cs)x —cyy + (T — fesS + psC(T — ) + vex + 7y -

The first-order equations are:

0 = u(@+y)—co—Ccs+ s+
0 = d(@+y) —cy+y
fs = pps+ Bes .

In addition, the optimality condition (C.1.2)) for the terminal time T is, taking into account the
fact that S(T") = Sy,

w(@(T) +y(T)) = (ca + Ces)x(T) = eyy(T) + ps(T)C(2(T) = 7) = u(@) — (cx + () -

This equation is clearly satisfied with z(T') = T and y(T') = 0. We actually expect the solution to
be such that y = 0 and = > 0, hence 7, = 0. Solving the equations under this assumption and
the terminal condition z(T') = T, we arrive at:

z(t) = q%(co + oo — Cus(t)) (C.1.13)
ps(t) = (A?SSHB}?) e?t=T) _ %, (C.1.14)

where )\(SS) is the value defined, e.g., on page
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C.2 The representative agent’s problem

Following the decentralization principle, the socially optimal trajectory obtained by the regulator
can be implemented by imposing taxes on the representative agent. We discuss here this im-
plementation, in the case analyzed in Chapter infinite stock of carbon, absence of limits on
sequestered stock S or on renewable energy consumption y.

Accordingly, consider the problem of the representative agent, which faces a unitary tax 6, on
consumption and a unitary tax € on sequestration (this “tax” may actually be negative, resulting
in an incentive). Both taxes are possibly depending on time. The representative agent is not
constrained by the value of the stocks S or Z. It must therefore solve:

max [ fu@() +y(0) = e+ 0.(0)s(8) = (o + 0a(D)a(t) — cpy(B] et (C2)
S-),x(-)yl- 0
given the constraints on controls: y > 0 and 0 < s < (x. There is no state variable nor dynamics
to consider in this problem.

Modifying the analysis of Section [2.3.1] we find the first-order conditions:

cs + 08 = 53 - 5sz
ul(x + y) = Cp+0,— Césm
u(E+y) = ¢y—0y,

where we have used J,, d, and d,, as Lagrange multipliers for the constraints on controls. Identi-
fying these with the first-order conditions for the regulator’s problem ([2.3.2)— (2.3.4]), we find the
value that should be given to the taxes:

0.(t) = —CAz(t) 0:(t) = Az(t) — As(t)

where Ag and Az are the adjoint variables for the socially optimal trajectory. If these values are
used, then the socially optimal control also solves the representative agent’s optimization problem,
and the respective Lagrange multipliers 7s, Vse, 7, and dg, 04z, 0y coincide.

This choice is not the unique possibility however. Assume instead that
0.(1) = —(7(t) 0,(t) = 7(t) = As() .

Replacing these values in the representative agent’s first-order conditions and rearranging, we
have:

T+(5S$ = )\5-}—(55—05
u(x+y) = c—C(T+08s) = ¢y —

=

Yy
As a consequence, as long as T + d,, = Az + sz, the socially optimal trajectory is still a solution
to the agent’s problem, using the remaining multipliers §, = 2, and §; = 7. Since we must have
dse > 0, the constraint on the function 7 is just: 7(t) < Az(t) + vsa (t).

Consider now the particular situation where the initial state of the system is (S,,, Z), in the
case where ¢; < ¢;. The socially optimal trajectory for this situation is identified in Lemma [4.2]
on page 32} this trajectory is stationary. In particular, v, = 0 and

p+p ( Cy — p> Cx —D
Az = —— e+ As = ¢g+

B ’ ¢ ’ ¢

+8,, _

Yoz = pT(cs—cs) Y, = =D
According to the observation above, any choice of taxes with
1 Cy — P
0:62?_090 052 _702_05_
¢ ¢
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will result in the representative agent finding this stationary trajectory optimal as well.
Returning to the social planner’s problem, this suggests that the solution computed in Lemma[.2]
is not the unique solution to the problem. Any solution with a costate variable Ay satisfying

Cy — P
¢

should also work. The value of Az is not uniquely defined in this situation. By extension, when
considering a trajectory that starts in a different state (S°, Z°) but ends up in state (S, Z), the
value of Az when the terminal state has been reached, is not uniquely defined either. We can use
as terminal value for Az the value it takes just before entering the terminal state, thereby avoiding
a jump in this function.

)\Z + Ysxz =
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Appendix D

Local analysis of trajectories at
junction points

This section contains a local analysis of optimal curves when they connect to the boundary Z =
Z(S); this part is useful to assess the global consistency of the family of optimal curves.

The following analysis gives indications on the several features of the state trajectory and
consumption when the system is in Phase A (Section or Phase B (Section , at particular
at junction points. We obtain in particular the direction of variation of z(t), S(t) and Z(t), as
well as geometric properties such as tangency of trajectories with the line Z = Z.

D.1 Phase A

We are interested in the variations of z(-) and in the local expansions of state variables at junction
points, when the system is in Phase A. The state and adjoint trajectories are solution to:

{Z = —aZ+BS+(x {AZ = (p+a)rz
S = —-BS As = (p+B)As =Bz

and x(t) = ¢%(c, — (\z). Obviously, S is always decreasing. It follows from these equations that

S=-BS=p48 §=-B5=-p5%5,

and
Z = —aZ+BS+ (i
= a’Z - Bla+p)S —alx + (i
7 = —aZ+BS+ i

= —a’Z+B(@*+ab+ S +a*(xr — ali + (F .
Finally, from the specific form of z(t), we have:

~(Az (@) (ca = CAz) = = C(p+a)Az (¢%)'(cs = CAz)
=~z (@9 (2 = Oz) +(A2)? (47)"(ex — A7)
By assumption, u/(-) and ¢¢(-) are decreasing: ‘_(qd)' < 0. There is no assumption on the sign of

(¢¥)". The analysis shows that A, < 0 so that Ay < 0 and Az < 0. Finally, ¢ < 0 but the sign of
i is not determined a priori. In the LQ case (see Appendix [E)), (¢%)"” = 0 and & < 0.
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D.1.1 Junction with Z = Z.

Assume that the trajectory hits the state (S, Z) = (Z, S°) at time ¢t = 0. Then we have the Taylor
expansion for Z:

_ +2

2(t) = Z+4B(S = Sn) + (@(0)) + 5 (@BSm — Bla + B)S° - alz(0) + (i(0) + O(F) .
When the junction occurs in Phase P with continuity of Az, we have from :
1 p
Az(0) = = cw—u'x—SO),
20) = ¢ (- u@-Is)

or equivalently, (z(0) = (q%(u' (T — %SO)) = (z— S (see for instance Figure top, on page.
Replacing in the development, we get:

Z(t) = Z+ g(aﬁSm — Bla+ B)S° — alZ + aBS° + (i(0)) + O(t?)

= Z+ g(—ﬂQSO +¢2(0)) + O(#) .

We have seen above that & < 0 in general, so that in fact, Z < 0. On the other hand, the
development for S is just:

2
S(t) = 8° - piS” + L B2S0 + O(F) .

The conclusion is: at the junction of phases A/P, the trajectory is tangent to the line Z = Z,
coming from below and from the right.

When the junction occurs in Phase R, we have from (4.2.6)),

Az(0) = —%, or equivalently z(0) = 7.

The development can be expressed as:
Z@t) = Z+t(BS°+ [y —2)+0{*) = Z+tB(S° - Sp) + Ot .

Then, the trajectory hits the ceiling at an angle of direction (—S°%, 5% — Sy). At the triple point of
phases A, R and P, we have S° = Sz and this direction is tangent to the line Z = Z, in accordance
with the junction in phase P, see above. At any other point Sy < S° < S,,, this angle is sharp.

When junction occurs in Phase Q, then according to (4.2.3]) we have: s(0) = (z(0) — 8(S,, —
S%) = ((z(0) —z) + BS°. Replacing in the development of Z, we get:

Z(t) = Z+ts(0) +O(t?) ,

and again, the trajectory hits the line Z = Z with an angle of direction (—35°,s(0)). As the
Jjunction point S% moves from S@F to SPF this angle moves continuously between the tangent to
Z = Z to the same angle as in Phase R.

D.1.2 Junction on the curve Z = Z,(S).

When an optimal trajectory joins the boundary curve at some point (S, Zas(S)), its tangent vector
is (=S, —aZ + S + (x). The tangent vector to the boundary itself is, since the curve is a “free”
trajectory: (—fS, —aZ + 8S). The tangent vector of the optimal trajectory is therefore pointing
“outwards” as required.

When the junction point is close to S = S,,,, the tangent vector tends to (—5Sm,, (¥y), This is
the same limit as in Phase R: according to what was said above, the tangent vector in Phase R
close to S = S,, has the direction: (—BSm,B(Sm — Sy)) = (—BSm,(Y) (see page . There is
therefore continuity of directions at that point.
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D.2 Phase B

We are interested here in the sign of & and in asymptotic expansions of S(t) and Z(t) when in
Phase B. We start with generic formulas, then specialize them when a junction with line Z = Z
takes place. In Section we perform a detailed local analysis of the state close to point
(Spns Z).

When in Phase B, the state and adjoint trajectories are solution to:

{z’_ = —aZ+pS {A.Z = (p+a)z
S = —-pBS+(z As = (p+P)As —BAz
and z(t) = ¢%(cs + Ccs — (Ag). It follows that:
Z = —aZ+pBS
= a*Z—Bla+B)S +px
S = —BS+ (i
= B8 - B¢z + i,
and
7 = —aZ+p8
= —a’Z+pB(a” +af+ %S - Bla+ p)Cx + (i
§ = —BS+¢E

= —BS+ Bz —BCE+ (i .
Finally, from the specific form of z(t), we have:
—CAs (¢")'(ex + Ces = CAs)
= _C/\S (qd)l(cw + Ccs - C/\S) + C(/\S)Z (qd)”(cz + Ccs - C/\S) .
We conclude that the sign of % is the same as the sign of Ag, but the latter can be + or - in Phase
B. A more precise analysis in function of ¢4 is necessary.
D.2.1 Junction with Z = Z.

The analysis which follows suggests that only two possibilities occur for a junction in phase B:
1) either ¢; < é and the trajectory may actually leave the line Z = Z to enter phase B; 2) the
trajectory hits (S,,, Z) in phase B.

When the trajectory hits the point (S°, Z), the Taylor developments of the state variables are
generally:

Z(t) = Z+tB(S°—S,)+ g(aﬁSm — Bla+ B)S® + B¢x(0)) + O(t) (D.2.1)
S(t) = S°4t(¢x(0) —BS°) + g(ﬁso — B¢x(0) + ¢&(0)) + O(t?) . (D.2.2)

Assume first that S0 < S,,. Then clearly Z(O) < 0 and the trajectory cannot arrive at the
line Z = Z: it must be leaving. Its direction is (¢z(0) — 35°,5° — S,,).

Assume next that S® = S,,,. Then the development is simplified into:
_ 2
Z2t) = Z+5(aBSn = Bla+B)Sm + BCx(0) + o(t%)

= Z+4 =B¢(x(0) —Z) + O(t%) (D.2.3)



2

S() = Sw+1C((0) ) + S (5C ~ HCr(0) + Ci0)) + OF) - (D.2.4)
If 2(0) # T, by elimination of the time variable, one gets that

S =5
((z(0) — =)

so that the trajectory is, asymptotically,

c(i@)s—mm) +ol(S = Sn))

+0((S = Sw)?) .

_ 1 .
7z = z+25<(m<o>—x>(

lﬂ (S_Sm)2
20 -7

= 70

On the condition that x(0) < Z, this trajectory is tangent to the line Z = Z and arrives from
below and from the right. If (0) > Z, the trajectory arrives from above, which is not consistent.

However, if z(0) = Z, then we have S: Z = Z =0, and the development of Z(t) has to be
refined to get, using the formula 7 = —aZ + S:

Zt) = Z + gﬂ(fc(()) + O(t") (D.2.5)
St = Sm + g(dc(()) + O) . (D.2.6)

If (0) > 0, which happens when As > 0, then the trajectory is tangent to the line Z = Z and
approaches it from below and from the right. In the case ©(0) < 0, it approaches it from above,

and this is not consistent. In the first case, eliminating the time variable gives (remembering that
t <0):

= 7 Lea (25 =8N s gy
zZ = Z 6@;(0)( R0 ) +0((S — Sm)*’%)
- 7_ 23/2 (S— Sm)3/2 —I—O((S— Sm)3/2) )

6 (¢(0)?

D.2.2 Local analysis around (S,,, Z)

This section is devoted to a proof that the general scheme of Figure [£.4] page [51]is correct, at least
for a set of trajectories “close” to the point (Sy,, Z). The result is stated as Lemma next. As
a corollary, we state in Lemmam (page that some optimal trajectories consist in a Phase B
followed by the Phase S.

This lemma describes a property of the dynamical system of Phase B around particular initial
values. It does not depend on costs. The fact that it describes optimal trajectories holds however

only for ¢, < é,. The critical value )\ESS) = ¢s + (cz — ¢y)/( is central in the analysis.

Lemma D.1. Consider the dynamical system characteristic of Phase B, under Assumption
and assuming that u(-) has a bounded third derivative. There exists a constant { such that, for

all £ € (0,€), the trajectories which terminate at S(T) = S, Z(T) = Z, As(T) = /\(SS) and
Az(T) = /\(ZS) — £, have the following property: there exist 1) < 79 < T3 < T4 < 75 < 7 < T such
that the table of variation in Table holds.
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Table D.1: Table of variation of trajectories in Phase B

The time instants 7; are illustrated in Figure [£.4] on page The proof uses in part the
following intermediate result:

Lemma D.2. Consider the dynamical system characteristic of Phase B, under Assumption
assuming that u'(-) has a bounded third derivative. There exist constants, Cy, Co, C3 and £ such
that, for all € € (0,€), the trajectories which terminate at S(T) = Sy, Z(T) = Z, As(T) = /\(SS)
and Az (T) = /\(ZS) — 1, are such that:

Cx(T - Ct) > pBS(T —Cho) (D.2.7)
aZ(T —Cyt) > BS(T —Cy) (D.2.8)
aZ(T —C3l) > aZ. (D.2.9)

Proof. The proof consists in computing Taylor expansions of the three different functions {x(t),

BS(t) and aZ(t) around ¢t = T', while at the same time considering Az (T) = /\(ZS) —£. In a second
phase, the value of £ is linked appropriately to the time parameter in the expansion.
We start with Ag(t), the formula of which is given in (3.2.5)). Using the boundary conditions,

and the fact that B/\(ZS) =(p+ B)/\(SS), we have:

1
As(Tu) = ATl — ((p+ BN = ) (elrrore - loi)

1
AP+ oupe + gAu + 0@’

where we have used the shorthand notation 4 := 8¢(2p+a+58) —(p+ a)(p+ﬂ)/\(ss). The function
O(u?) in this expansion is bounded by Mu?, for some constant M, uniformly for £ in any compact
containing 0. Next, consider the expansion of z(t):
2T +u) = glcp+Ces = QAs(T+u) = ¢"@+CAS = As(T +u)))
T+ (@) @S = As(T +w)
1 . .
+ 5@ PCOS = AT+ ) + 0N = As(T +w)*)
1

7 - @O (5 + qud)u+ ) DEPCE + 06,

Again, the “O(u?)” term is uniform for £ in a compact, assuming that ¢? admits a bounded third
derivative. The expansion for S(-) is derived from that of x, through the integral formula (3.4.8)).
After a change of variables:

S(T+u) = Spe P + (675“/ P (T + w)dw
0
efv —1 u
= e Pu (Sm + (T 5 - §2B€(qd)'(ﬁ)/ weP¥ dw
0
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- @@= ) [wreran + [ owhean)

= e (Sme‘*“ @B — @Y D
- GAYPEA + S HEFE ) + 0.

Finally, the expansion for Z(-) follows from (3.4.7)):

Z(T+u) = Ze ™ + Be*a“/ e S(T + w)dw
0
= Ze " 4 ﬁef‘w/ e S dw
0
_ e—au/ 6(a—5)w(qd)l(p) 2w2 <;ﬂ€+ éA—HO(w) +O(w2)> dw
0
_ o 1 1
= 7 - (Y0 (- 5o+ )+ IAE) b + 0 +00)
If we choose now to set u = —C/ for some positive constant C, we get the expansions:
_ _ = d\! (= 1 (S) ) p2 3
(T -0l = T+ (VPO (F + 5C+a)p+BhAs" | € + OF)
1 1
ST-00 = Sn = @GCC (35 + (Clorao+ ) E + 0

20-C0 = 7 - (Y (354 10+ + AN ) €+ 0F)

By assumption, (¢?)" < 0. If the constants C';, Cy and Cs are chosen such that

3 1
(p+a)(p+B) A\

C: > 200, Cy > 300, Cs > 400, Cop:i=—

then the different orders of the expansions allow to conclude that for ¢ sufficiently close to 0,
Cx(T — C1l) > BS(T — C18), BS(T — Cab) > aZ(T — Cof) and aZ(T — C3f) > aZ. O

Proof of Lemma[D-1l We begin with z(t) and its related function Ag(t), since z(t) = ¢%(c, +(cs —
(As(t)). Using the results of Section it is straightforward to show that there exists 76 < T
such that Ag(16) = 0. Indeed, Ag(t) = 0 iff (p + B)As(t) = BAz(t), and from the observations
in Section the ratio ry = Ag/Az is decreasing on the interval ¢t € (—oo,T]. There exists
therefore a unique 76 where Ag(74) is minimal: Ag(t) is decreasing up to 7, then increasing.
Next, we have )
i(t) = —Chs (@) (ca+Ces — Chs)

and since (¢?)" < 0 under Assumption [1} the variation of (& is as in Table When t — —o0,
As(t) = 0 so that z(t) — ¢%(cy + (cs). Under the assumption that cs < és, we find that
q%(cy + (cs) > 7. This implies the existence of 75 < 7¢ such that z(75) = 0. The variation of (xz(t)
is therefore as claimed in Table [D1l

Consider now the function $S(t). According to the development close to ¢ = T computed
in the proof of Lemma (see also Section D)), 5S(t) > BSy = (T > Cx(t) for t sufficiently
close to T. On the other hand, from Lemma there exists £ such that for all £ € (0, /],
there is a time 7 such that 8S(7) < {z(7). By continuity, this implies the existence of at least
one t such that §S(t) = (x(t). Let 74 be the largest of them. Necessarily, x(74) > T because
S(1y) = —BS(14) + Cx(1s) = B(Sp — S(74)) +C(x(14) = F) = 0, and because S(t) < 0 for t € (r4,T)
implies S(74) > Sy,. From the variation of x(t), this implies in turn that 74 < 75.
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We argue now that S(¢) > 0 for all t < 74, so that the variation of S is as claimed in Table
Assume by contradiction that S (1) = 0 for some 7 < 74, and consider the largest of such values.
Then S(t) > 0 for all ¢ in the interval (7, 74). Then, since § = —5 + (i, and since #(t) < 0 on the
interval, according to the variation of &, we conclude that § (t) < 0 over the interval. We reach a
contradiction with the fact that S = 0 at both extremities.

Finally, according again to Lemma|[D.2] there exists a 7 such that 35(7) < aZ(r). Similarly as
above, this implies the existence of a unique 75 such that 3S(m) = aZ(13). Clearly, Z is increasing
on the interval [r2, T] so that 3S(m2) = aZ(n) < aZ(T) = aZ = 3S,,. This implies in turn: on
the one hand that 72 < 74, and on the other hand that there exists 73 such that S(73) = S, and
Ty < T3 < 74. This concludes the proof that the variation of S is as in Table

There remains to complete the analysis of Z(t). By the same convexity argument, aZ(t) cannot
cross twice 3S(t) because Z = —aZ + BS is positive on any interval ending at 5. Therefore, A
cannot vanish on interval (—oo, 72) and the variation of Z is as shown in Table

Using Lemma a last time, we conclude that there exists a value 7; such that Z(ry) = Z.
The function Z(-) therefore evolves as described in Table This concludes the proof. O
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Appendix E

The Linear-Quadratic case

In this section, we develop explicit formulas for the case where u(+) is quadratic, in the situation
where X is infinite. The relationship between critical parameter values becomes clear in this case.
A numerical example is developped using these formulas.

E.1 Relationships between parameters

In that case, u'(+) is linear. Let —W denote its slope, with W > 0. Let us choose the form:

u(z) = p — W(x-71) (E.1.1)
u(z) = u(@) + plz—7T) — %W(QZ—E)2 (E.1.2)
‘%) = T - LoD (5.1.3)

Since ¢; = u/(¥), and ¢, = u'(z), we have the alternate forms for W:

— Cy Cy —Cy Cy — P

D—Cy p ¢
w o= L _ P s S E.1.4
Y—7T T—T T—9 Sz B ( )
Other formulas linking W and previously introduced quantities are:
. p T—T
= — E.1.5
Y N (E49)
_ p_T-y
= — . E.1.6
oS B w (40
t—e, = L I°T
p+pB (W
E.2 Phase P
The functions M(-) and L(-) are respectively given by:
W B%S
M(S) = — — E.21
(s) - (£.2.1)
B _ W B3°S
L(S) = ——(c; — - . E.2.2
® = Sge-p - L2 (£:2.2)
The value S@F solves equation (4.3.3) or , which gives:
w W 325@F
C(Cs _és) - lSQP = - 7ﬁ
¢ ¢ p+28
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¢ p+28

SOP = (¢ — )2 . E.2.3
( T B(p+ B) (E23)
One checks directly that S9F < Sy when ¢, < ¢,. Indeed, we have:
¢ p+28 ¢

QP _ _a S S
. p+tB cy—p _ ptp

S GOS0 T T s+

c, < B ¢ pth C

T op+28 7 0 p428 7

(Es - 63)

—

The right-hand side is a convex combination of ¢; and ¢,, and since ¢; < Cs, it lies between these

two values.
The adjoint variables in phase P are given by (4.1.1) and )\gp) (t) = L(S(t))/¢. Therefore we
have the formulas expressed as a state feedback:

)

= &Py W(x—BS—a:>

¢ ¢ ¢

ac_i WB
- ¢ CP _ CTS (E.2.4)
_ B ct—D W p2S

Ry R e o (E.25)

— /8 Cz_p _ ﬂ (Cz_p_/\ >

p+B ¢ p+28 ¢ z

cac_p 52 B

=+ Az . E.2.6
¢ (p+B(p+28)  p+28 (E2:6)
According to this last formula, the trajectory of (Az(t), As(t)) in the Az — Ag plane is a straight
line with a slope that does not depend on W.

When S — 0, the point tends to the point Py, defined in (4.1.9)) on page When S — Sy,
it tends to:

(Az(S7), As(Sy))

(Cw_cy B cz_ﬁ_ B cy_p>
¢ Tp+B < p+28 (¢

Coe — Cy B Cy — Cy BZ cy_p>
( T optE ¢ Toiperm ¢ ) ®F

Value of c¢,,,. By definition of ¢gyy,, the point given by (E.2.7)) is on the line Ag = Az + ¢sm,
because Phase Q occurs just at S = Sy. Therefore, it follows that:

- P GG p? ¢y P £.2.8
Com p+B ¢ * (p+B)p+28) ¢ (E:28)
Gy + g Cy—P

(p+B)p+28) ¢

As expected, it follows from the last line that ¢, > &;.

Alternately, when ¢, = ¢;,, we must have S@F = S. Accordingly, using (E.2.3) and (E.1.4)
and simplifying, we get the second identity:

A p+ﬁcy_p
Csm = Cg + .
p+28 (¢

(E.2.9)
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Value function. Finally, the value function Vp(S) is computed directly from its definition

as:
Z oo (@ — B gebry _ <_3 —Bv>>
/0 e (u(az CSe e CS@ dv

L i Beas W (B 5> _Gf  efBS 1
= /0 e’ (u(m)—i-p( CS’e ) 5 ( CSe dv P + Y

_u(T) — T BS ca—D W B282 1
= ; e e T (E.2.10)

It is possible to check the Hamilton-Jacobi-Bellman identity from (E.2.10)), as well as the identity

V) = \s from (E2.10) and (E2.5). Also, it is verified that H(S")(t°),Z, /\gp) (to),)\(ZP) (%))
= pVr (S (19)).

Vp(S)

E.3 Phase Q
The value of Az is expressed from (#.3.7) and the value of S?F in (E.2.3) as:

Art) = ettt [M(cs—és) + (—65@”’)] _ere,

P ¢ ¢ p
pt—tery [p+B8, o WB p+2ﬁ} _ptB
‘ [ PR Rl TPy p
e =2F) (o g {p+5 B p+25] _rEB.
p p+B p
p(t—t9FY, 4 B2 _ p+B E.3
e (cs cs)p(p+ﬂ) ; Cs - (E.3.1)

Next, the value of 2(¥) = ¢%(c, — (\y) is, using (E.1.3),

2(@) (t)y = T — % (Cz _ Cep(tftQP)(cS B és)p(pﬂj % n CP‘;ﬂcs _p>
_ oy 1 p+ﬁ< ; Cz-p)_ pE—197) (o — gy P >
YT w (C , \*TLo15 ¢ e (e CS)p(p+B)
2
= 7 - piW(cs—as) <p+ﬂ—e”(ttQp)piﬁ> . (E.3.2)

As a particular value, we can evaluate (@) (tQF), see Figure We have:

@) = 7 - S (¢ ¢ _ﬂ2>__c _ g Plot26)
YY) = @ ,DW(CS cs)<p+ﬁ P =z pW(cs Cs) P

= f—?SQP,

where we have used the value of S®* obtained in (E.2.3). This is of course consistent with the
general relationship which prevails in Phase P: z = T — 35/¢. Next, the dynamics of S(t) are

integrated with (4.3.1)) as:

QP

S@@) = §9F — ¢ (@' 9Dt) —T) dt

2
rpoon 2
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eFr

i

2
= SQP + Cics_és /
PW( ) t
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Comparing Equation (E.3.2) for ¢ and Equation (E.3.3)) for S@, we see that the optimal control
is not an affine function of the state.

The value t79 satisfies )\(ZQ) (tRQ) = (¢, — ¢,) /(. Accordingly, from (E-3.1)) (see also (4.3.13)),

we have:

1 Mcs + frty 1 etd Cs — Es
the QP = logl%i = —log #
P (cs — €s) FICEYE) (cs _CS)P(p+ )
1 p+ﬂ 203_53
- rFTr . E.3.4
p 8 ( B > Cs — Cs (34

It is easy to check with identities (E.2.8) and (E.2.9) that when ¢; = ¢4, this quantity reduces
to 0. This is of course consistent with the fact that Phase Q vanishes in that situation.

When Equation (E.3.3)) is evaluated at t = tf%  Equations (E.3.4) for tf%¢ — +@ and (E.2.3)

for SQF allow to obtain the value of SF? = S(¢£Q):

2
SHe = Cw(cs—és)p;ﬂlo 3 P ol ¢ 3 (cs —¢5)| . (E.3.5)

<p+ﬁ>2cs—és] +<2{p—cy+p+2ﬂ

Again, it can be checked that when ¢, = ¢4, this formula reduces to Sy. The value of cyq is
obtained when solving S9 = §,,,.

E.4 Phase A

Assuming that the system is in state S = S(t°) at some arbitrary time instant t°, we have:
/\(ZA) (t) = A%e(Pta) (1) and consequently, since z(4) () = ¢%(c, — CAz),

B0 = 7 T g Aot < gy S ygelerelt) (B.4.1)

where we have used, from (E.1.4): (¢, —P)/W =7 — Z. Next, according to (3.4.3)),

t
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o o} + W P+ 2a ( )

Using the dynamics of S: () (¢) = Soe_ﬁ(t_to), it is possible to eliminate the time variable so as
to obtain the equation of the trajectory in the (S, Z) space:

(7 S a/B €2 20 S —(p+a)/8 S a/p
- neo 2 ()) £ ()G

(E.4.3)
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E.5 Phase B

Assume that the system is in Phase B at time t°, with corresponding values A} and A% for the
costate variables. Since z(%) = ¢%(c, + Ces — CAg), we get:

By — S C (o rmi—t®) _ B o ([ (rra)i—t%) _ (p+B)(t—10)
PNt = & W+W<)\Se a—ﬂ)\z(e e ) .

Integrating Equations (3.4.8)) then (3.4.7), with terminal conditions S(0) = S, and Z(0) = Z,
we get:
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E.6 Numerical Example
Figure represents the value function (left) and the optimal consumption z (right) in a param-

eter configuration “cs small”. The origin value (S, Z) = (0,0) is placed at the back of the figure,
so that the behavior of the function at the boundary Z = Z(.S) becomes more visible.
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The values given to the model parameters are as follows:

Z=1, a=1, B=1/2, p=5 £=1/2, ¢, =1, ¢,=9, c¢s=1. (E.6.1)
The utility function u(-) is given as in with p = 8 and W = 1. For these values, we have
¢s ~ 12.73. We are therefore indeed in the “c; small situation”. Other special values are: S,, = 2,
Sy=4,T=2and y = 1.

Trajectories starting with a large value of S run from left to right, then (for some of them)
experience the change of phase, from Phase A to Phase B. At this point, a sharp decrease occurs,
both for the value and for the consumption. The trajectory eventually approaches the limit of the
domain Z = Z(S). There, consumption drops to 0. The optimal trajectory then stays close to
the boundary until it reaches the terminal state (S, Z) = (2,1).

Trajectories starting with a small initial S stay in Phase A with a relatively constant con-
sumption until the ceiling Z = Z is hit. They then follow the ceiling, but eventually leave it (the
location is approximately (S, Z) = (1.1577, 1) to enter the loop described in Section Along
this loop, the value and the consumption first sharply decrease, then increase again.

Figure E.1: Value function (left) and (right) for parameter values as in (E.6.1])
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