THE PARABOLIC-PARABOLIC KELLER-SEGEL SYSTEM WITH
CRITICAL DIFFUSION AS A GRADIENT FLOW IN R¢, d>3

ADRIEN BLANCHET! AND PHILIPPE LAURENCOT?

ABSTRACT. It is known that, for the parabolic-elliptic Keller-Segel system with
critical porous-medium diffusion in dimension R?, d > 3 (also referred to as the
quasilinear Smoluchowski-Poisson equation), there is a critical value of the chemo-
tactic sensitivity (measuring in some sense the strength of the drift term) above
which there are solutions blowing up in finite time and below which all solutions
are global in time. This global existence result is shown to remain true for the
parabolic-parabolic Keller-Segel system with critical porous-medium type diffusion
in dimension R?, d > 3, when the chemotactic sensitivity is below the same criti-
cal value. The solution is constructed by using a minimising scheme involving the
Kantorovich-Wasserstein metric for the first component and the L2-norm for the
second component. The cornerstone of the proof is the derivation of additional
estimates based on a method due to Matthes, McCann, & Savaré (2009).

1. INTRODUCTION

In space dimension 2, the classical parabolic-parabolic Keller-Segel system reads [19]:
Op=div[Vp—xopVd],
(t,r) € (0,00) x R?,

T Oic = DoAc —agc+ By p,
where p > 0 and ¢ > 0 are the density of cells and the concentration of chemo-
attractant, respectively, xo > 0, Dy, and 5y are positive given constants, and 7 and
«p are non-negative given constants. This system is one of the simplest models to
describe the aggregation of cells by chemotaxis: the diffusion of the amoebae in
a Petri dish is counterbalanced by the attraction toward higher concentrations of
chemo-attractant that they themselves emit. This model has been widely studied
mathematically in the last two decades with a main focus on the so-called parabolic-
elliptic Keller-Segel system (also referred to as the Patlak-Keller-Segel system or
the Smoluchowski-Poisson equation in astrophysics) which corresponds to the choice
7 =0, see [5, 14, 15, 24| for a review. In particular, a striking feature of the Patlak-
Keller-Segel system is that, given a non-negative and integrable initial condition py,
there exists a global solution only if ||po]l1 < 8mx0B0/Do while solutions blow in
finite time if ||pol|1 > 87x0B0/Do. On the one hand, it is worth pointing out that
this phenomenon has some biological and physical relevance as it corresponds to
the formation of aggregates in biology or the gravitational collapse in astrophysics,
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see [, 14, 15, 24] and the references therein. On the other hand, let us also mention
that such a behaviour is only observed in two space dimensions: indeed, solutions
do exist globally in one space dimension whatever the value of ||pg||; while, in space
dimension greater or equal to three, there are solutions blowing up in finite time
emanating from initial data py with arbitrary small mass ||po||1-

It has been shown recently that, in higher space dimensions d > 3, a generalisa-
tion of this model, which is known in astrophysics as the generalised Smoluchowski-
Poisson system [12], exhibits a similar threshold phenomenon. It differs from the
above classical Keller-Segel system by a nonlinear diffusion and reads:

{ Oyp = div [Vp™ — x0pV<] ,

(t,z) € (0,00) x R?,
T = DoAc—age+ Bop,

(1)

where
m=2—-¢
d ) )

the parameters yo > 0, Dy, and [, are positive given constants, and 7 and « are
non-negative given constants. With this choice of m, observe that the porous medium
diffusion Ap™ scales in the same way as the interaction term div[pV¢| and that we
recover m = 1 for d = 2. Several results are now available for the parabolic-elliptic
version of (1) corresponding to the choice 7 = 0, see [3, 8, 28, 29, 30, 31, 32, 33| and
it was shown in [8, 33] that there is a critical value M, of the mass ||po||; of the initial
condition pg depending upon d, xo, Dy, and Sy such that:

o if ||po|l1 < M., then there is a global solution to (1) with initial condition p,
e given any M > M., there is at least one initial condition py > 0 with [|pg||; =
M such that the corresponding solution to (1) blows up in finite time.

Though the well-posedness of the parabolic-parabolic Keller-Segel system (1) (7 > 0)
has been investigated recently, studies focused on the case where the exponent of the
diffusion is strictly above 2(d —1)/d [17, 25, 30] and the case m = 2(d — 1)/d is only
studied in [16] where global existence is proved provided the initial data (pg, ¢o) have
sufficiently small norms in (L' N L4)(R?) and W*%2(R?), respectively. The purpose
of this paper is not only to show that only a smallness condition on the mass ||po||s
is sufficient to guarantee global existence but also to give a quantitative estimate on
the smallness condition related to a functional inequality. We actually prove global
existence as soon as ||po|l1 < M., where M. is the already mentioned critical mass
associated to the parabolic-elliptic Keller-Segel system. Furthermore, the approach
we use to prove existence is completely different and relies on a gradient flow structure
of (1).

Before describing more precisely our result and its proof, let us first get rid of
inessential constants in (1) and normalise the initial condition py for p by introducing
the rescaled functions

p(t,x) = Ru(Tt, Xz) and c(t,x) =Tv(Tt, Xz), (t,r) € [0,00) x R?

with
Dl/(d—2) Dd/(d—2)
- 0 and T = Bollpoly/" .

2/d

d/(d—2
R=DY x = — T =
1ol 1ol
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Then (u,v) solves

Oyu = div [Vu™ — xuV] |

) (t,2) € (0,00) x RY,
TOWw =Av—av+u,

with

X0 2/d @ 2/d
X = 3050 ||;00||1/ >0 and o= D(c]l/(dfz) ||,00||1/ 20,

while the initial condition ug of u satisfies ||ug|[; = 1. Owing to this transformation,
the smallness condition for global existence on ||pg||1 is equivalent to a smallness
condition on y.

Let us now describe the main result of this paper. We define

2
(3) Xe = m,

where Cyrg is the constant of the variant of the Hardy-Littlewood-Sobolev inequality
established in [8, Lemma 3.2[:

/Rd h(x) (Vo * h)(x) dx

che (L'NnL™)(RY),h#0p <o0.
(2 e

(4)  Chyps = sup

Here ) is the Poisson kernel, that is,

= 1 || 2-d d
= — ds = R
Yo(z) /0 (Irs) 72 exp ( P ) s=c¢q x|, xR,

where cq := I'(d/2)/(2(d — 2)7%?). Tt is shown in [8] that, when 7 = a = 0, solutions
to (2) exist globally provided that x € (0, x.] and the main purpose of this paper is
to prove that, when 7 > 0 and a > 0, solutions to (2) also exist globally in time if

X < Xe-
Theorem 1 (Global existence). Let 7 > 0, a > 0, ug be a non-negative function in
LYRY, (1 + |z|?) dz) N L™(RY) satisfying ||uoll = 1 and vy € HY(RY). If x < x. then
there exists a weak solution (u,v) to the parabolic-parabolic Keller-Segel system (2),
that is, for allt > 0 and & € C°(RY),

o u c L>®0,t; LY(R?, (1+ |z]?) dz) N L™(RY)), w™? € L2(0,t; H'(RY)),

o u(t) 20, flu(t)]: = 1,

e v € L0, ; HY(RY)) N L2(0, t; HX(RY)) N WL2(0,¢; L2(RY)), v(0) = vy,

and
& (u(t) — ug) d:p+/ / (V(u™) —x u Vo) -VEdr ds =0,
R4 0 JRd

70w —Av+av=u ae in (0,t) xR

Note that Theorem 1 is valid without sign restriction on vy. It is however easy
to check, using the non-negativity of u and the regularity of v, that vy > 0 implies
v > 0.
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Remark 2. As for the classical parabolic-parabolic Keller-Segel system in space di-
mension d = 2, we do not know what happens for x > x.. It is worth mentioning
that, unlike the parabolic-elliptic case, there might be global solutions to (2) for x > Xx.
as recently shown in [4] in the two dimensional case.

The proof relies on the fact that the parabolic-parabolic Keller-Segel system (2)
can be seen as a gradient flow of the energy

u(x)|™ 1 @
5)  Eafue] = /R {% — @) o(z) + 5 Vo) + 5 v(x)2} dz
in Py(R?) x L*(R?) endowed with the Kantorovich-Wasserstein metric for the first
component and the usual L%norm for the second component, where P,(R?) is the
set of probability measures on R? with finite second moment. Let us mention at
this point that, since the pioneering works [18, 23], several equations have been
interpreted as a gradient flow for a Wasserstein distance, see, e.g., [1, 2, 10, 22, 34],
and the literature concerning this issue is steadily growing. It includes in particular
the parabolic-elliptic Keller-Segel system in two space dimensions which actually
can be seen as a non-local partial differential equation and thus handled as a single
equation [6, 7]. In contrast, there are only a few examples of systems which can
be interpreted as gradient flows with respect to some metric involving a Wasserstein
distance: as far as we know, a minimising scheme is used to construct solutions to the
parabolic-parabolic Keller-Segel system (with linear diffusion m = 1) in two space
dimensions [11] and to a thin film approximation of the Muskat problem [20].

To describe more precisely the approach used herein, we introduce the set
K := (P, NL™)(RY) x HY(RY)

on which the energy &, is well-defined, see below, and we construct solutions to (2)
by the now classical minimising scheme: given an initial condition (ug,vy) € K and
a time step h > 0, we define a sequence (up , Upn)n>0 in K as follows:

{ (Uh,O, Uh,o) = (Uoﬂfo) )

(uh,n—l—la Uh,n—l—l) € Argmin(u,y)e]cfh,n[ua 'U] ) n > 07

(6)

where

Fhnlu, 0] = +7 o= vnallz| + Ealu, v,

1 (Wi (u,up,)
7 |

and W, is the Kantorovich-Wasserstein distance on Py(R%). Several difficulties arise
in the proof of the well-posedness and convergence of the previous minimising scheme.
First, as the energy &, is not displacement convex, standard results from [1, 34] do not
apply and even the existence of a minimiser is not clear. Nevertheless, the assump-
tion x < x. and a further development of the modified Hardy-Littlewood-Sobolev
inequality (4) allow us to obtain an (L' N L™)(RY) x H'(RY) bound on minimising
sequences which permits in particular to pass to the limit in the term wov in &,[u, v],
see Proposition 7, and prove the existence of a minimiser. A similar problem is
faced when using this approach to construct global solutions to the parabolic-elliptic
Keller-Segel system in two space dimensions [6, 7] and is solved there with the help of
a different functional inequality, namely the logarithmic Hardy-Littlewood-Sobolev
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inequality. The second difficulty is harder to overcome and stems from the fact that,
unlike the parabolic-elliptic Keller-Segel system, the Cauchy problem (2) cannot be
reduced to a single equation with a nonlinear term involving a convolution with a time
independent kernel. More precisely, to obtain the Euler-Lagrange equation satisfied
by a minimiser (@, ) of Fj,, in K, the parameters h and n being fixed, we consider
a “horizontal” perturbation of # and a L2-perturbation of v defined for § € (0, 1) by

us = (d +0Q)#u, v;:=v+0w,

where ¢ € C°(R%R?Y) and w € C5°(RY) are two smooth test functions, id is the
identity function of R?, and T'#pu is the push-forward measure of the measure u by
the map T'. Identifying the Euler-Lagrange equation requires to pass to the limit as
0 — 0 not only in

R ) W) g Dl

which can be performed by standard arguments [1, 34], but also in

% [ (0 = g vy)() o = / a(x) l”(x) - ”(§ +06@) e+ oc(e))| da .

Rd
This is where the main difficulty lies: indeed, since v € H!(R?), we only have
vo(id+d¢) —v

o

while @ is only in (L' N L™)(R?) with m < 2. So even the product u¢ - Vo which is
the candidate for the limit is not well defined and the regularity of (u, ) has to be
improved. To this end, a powerful technique is developed in [22]. The main idea is
to find a functional G (different from the energy &,) with the following properties:
it is displacement convex and the energy &, is a Liapunov functional (up to lower
order terms) for the gradient flow associated to G. If such a functional G exists,
the associated displacement convexity inequality can be converted into additional
estimates on the minimisers of &£,. Of course, the cornerstone of this method is
the availability of the functional G and the simplest situation is the case where
the flow has a displacement convex Liapunov functional which is different from the
energy [7, 22]. Unfortunately, there does not seem to be a natural choice of such a
functional G here. A first try is to choose G as the displacement convex part of &,,

that is,
Glu,v] = /Rd (% +% |Vo(z)]? +% |v(:p)|2> dz.

The associated gradient flow is the solution (U, V) to
OU — AU™ =0 in (0,00) x R4, U)=u,

—(-Vo in L2(R%),

and
oV — AV +aV =0 in(O,oo)de, V() ="v.

Computing d&,[U(s), V(s)]/ ds leads to the sum of a negative term and a remainder
but the remainder terms cannot be controlled. Despite this failed attempt, it turns
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out that, somehow unexpectedly, the following functional

Gl o] i= [ (ue)tog (ue)) + 5 [Vo(@)f + 5 lo(o)?) d

provides the right information. Indeed, its associated gradient flow is the solutions
U and V to the initial value problems

AU — AU =0 in (0,00) xR%,  U(0)=a,

and
OV — AV +aV =0 in (0,00) x R? V(0) =1,

and, as we shall see below, d&,[U(s),V (s)]/ ds is in that case the sum of a negative
term and a remainder which we are able to control. Actually, owing to the properties
of (U, V), we have &,[u,v] < E,[U(s), V(s)] for all s > 0 and this particular choice and
the known regularity of (U, V') allow us to pass to the limit as s — 0 in the inequality
(EL[U(8),V (s)] — Eulti,1])/s > 0 and finally obtain the desired L?(R%)-regularity of
u, see Proposition 8 and Corollary 9. This regularity allows us to pass to the limit
in the Euler-Lagrange equation. This analysis is performed in Section 2 where we
prove the well-posedness of the minimising scheme (6) and study the properties of
the minimisers. Section 3 is dedicated to the proof of the convergence of the scheme
as h — 0, from which Theorem 1 follows.

2. THE MINIMISING SCHEME

For a > 0 and (u,v) € (L' N L™)(R?) x HY(RY), we define the functional &,[u, v]
by (5). First notice that it is well-defined as the integrability properties of v and v
ensure that uv € L}(R?): indeed, by the Holder and Sobolev inequalities

m 1/d
(7) luvll < lallaaja) 10llaara—2) < C lullp fuly [Vo]le < oo.

We next study the properties of £,, a > 0. To this end, let ), be the Bessel kernel
defined for oo > 0 by:

> 1 |z|? d
o = - = ds, € R,
Vo) /0 A s)d/2 exp ( 1s ozs) S T

the case a = 0 corresponding to the already defined Poisson kernel. For u € L!(R?),
Sa(u) := Yy * u solves

(8) —AS,(u) + aSq(u) =u in R?

in the sense of distributions, see [21, Theorem 6.23]. The Bessel kernel is also referred
to as the screened Poisson or Yukawa potential in the literature.

We now show that a modified Hardy-Littlewood-Sobolev inequality is valid for the
Bessel kernel ), for o > 0:

Lemma 3 (Hardy-Littlewood-Sobolev inequality for the Bessel kernel). For a > 0,

/Rd h(x) (Vo * h)(x) de
Il (1))

(9) sup che(L'NnL™)(RY, h#0p = Curs |
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where Cyrs is defined in (4).
Proof. We denote the left-hand side of (9) by p,. By the definition of ), and ),
(10) 0 < Valz) < Vo(z) for zeR?.
Therefore, for h € (L' N L™)(RY),

| @ @u s @) de < [ @) Ga s i) do < [ @] G+ ) @) da
< Cins I IR

whence p, is finite with p, < Chrs .
Conversely, given a non-negative function h € (L' N L™)(R?), we define hy(z) =
N h(Az) for A > 1 and o € R%. Observe that

A1) Nl =10, sl = A2 8]0
and / ha(z) (Vo *x hy)(z) doe = )\d_Q/ () (Var-2 * h)(z) dz .
R4 Rd
As A — 00, V,a—2 converges pointwisely to )y for x # 0. Moreover, by (10),

0 < h(x) (Var-2xh)(x) < h(x) (Vo x h)(x), r € R

Since h () * h) € L} (R?) by the classical Hardy-Littlewood-Sobolev inequality [21,
Theorem 4.3], we infer from Lebesgue’s dominated convergence theorem that

lim h(x) (Var-2 x h)(z) dz = / h(x) (Vo * h)(x) dz .

A—00 R4 R4
By (11), it implies
/ ha(z) (Vo x hy)(x) do / R(x) (Var-2 * h)(z) dz
flo > lim 7B 27 = lim Y& 27
Ao [l [[hally Ao Al IRl
/ h(w) (Vo B)(x) da
]Rd
(AR

This inequality being valid for all non-negative h € (L' NL™)(RY), it readily extends
to all h € (L' N L™)(RY) so that j > Cirs, and the proof is complete. O

With the above notations, we have an alternative formula for &, for a > 0.
Lemma 4. Let a > 0, u € (L' NL™)(RY), and v € HY(R?). Then
1 o
Ealu, v] = Ealu, So(w)] + S[IV (v = Sa(w) I3 + 5 llv = Sa(w)5-
Proof. We proceed as in [9] and first claim that S, (u) € HY(R?) so that &,[u, Sa(u)]

is well defined. Indeed, since m € (1,d/2) and u € (L' N L™)(RY), we infer from [21,
Theorem 6.23 (v)] that S, (u) € L"(R%) for all r € [1,dm/(d — 2m)]. In addition,
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using a rescaling with respect to the parameter «, we deduce from [27, Chapter V,
§ 3.3, Theorem 3| that, for all p € (1, m], there is C' = C(d, p) such that

(12) allSa()ll, + Vo [VSa()llp + [|1D*Sa(w)ll, < C(p) llull, -
In particular, since 2d/(d + 2) € (1,m), we have S,(u) € W»2¥/(@+2)(R4) and the
Sobolev embedding guarantees that V.S, (u) € L?(R?). Also, dm/(d — 2m) > 2 and

we thus have S, (u) € L2(R?), thereby completing the proof of the claim.
We now compute

Ealis]) = Ealu,Suw)] = [ { = ulo = Sufu)] + 5 1Vl = Sulw))?

Vo = Safw)] - TSalu) + 5 [0 = Sa(u)
v — Sa(u)] Sa(u)} da
1 2 O 2
=5 IVl = Sa(u)]llz + 3 [lv = Sa(w)l2

+/ [0 — Sa(u)] [~ASa(u) + aSy(u) —u)] dx
R4
which gives the stated result by using the Bessel equation (8). U

A lower bound on &, follows from Lemmas 3 and 4:

Lemma 5 (Lower bound on &,). Let x. be defined in (3). If a > 0 and (u,v) €
(LY N L™)(RY) x HY(R?), then

| c .
(i) Ealu] 2 55 (e = x ullf)

Moreover there exists C; > 0 depending only on d such that
. 2/d m
(i) IVoll3+ allvll3 < 4 Eafu,v] + Cy [lul} [l -

Proof. Owing to the property (8) of the Bessel potential and the modified Hardy-
Littlewood-Sobolev inequality for the Bessel kernel (9), we have:

iy 1/
Ealu, So(u)] = -1 2L u Sy (u) d
Ul C m
> B S g

C(HLS 2/d m
> 5 (e = x )

The estimate (i) then readily follows from Lemma 4 and the above inequality.
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Next, by (7) and Young’s inequality, we have
IVoll3 + allvll3 < 2Ea[u, v] +2[uv]
< 28,[u, 0] + C [full2/ [luly" IVl

IVoll3 2/d |\ tim
< 280 [u, 0] + 2+ C Y fully;
V|3 + alvl3
< 28] + AR g .
which gives the stated result (ii). O

Though Lemma 4 is not true for a = 0 since Sy(u) ¢ HY(R?), it turns out that
Lemma 5 is still valid in that case as we show now.

Lemma 6 (Lower bound on &y). Let x. be defined in (3). If (u,v) € (L' NL™)(R?) x
HY(RY), then the statement of Lemma 5 remains true for a = 0.

Proof. Since we cannot use (u,Sp(u)) in &, we use an approximation argument:
recalling that, given ¢ € (0,1), S.(u) € H'(RY), we may compute

1
Eolu, v] = Eolu, Se(w)] = 5 V(0 = Sc(u)l; — /Rd Se(u) (v = Sc(u)) dz.
We infer from Holder’s, Sobolev’s and Young’s inequalities that

Eolu, v] — Eolu, S-(u)]
% IV (v = S-(w)ll5 = & [1S=(w)l|2asar2) (v = S=(w))ll2as(a—2)

1
5 V(0 = Se(@)lz = C & [[Se(w)ll2g/@s2) V(v = Se(w))]>
> —C € [|Se(u)34/(as2)

v

v

whence
(13) Eolu,v] = Eolu, Se(u)] = C & || Se (W) [134)(as2) -
It next follows from the modified Hardy-Littlewood-Sobolev inequality (9) that
lulln 1 /
=—"_ — - 2u+ A
Eolu, S-(u)] -1 2 Ju Se(u) (2u+ AS.(u)) dz
flull 1 /
=" — — & 5 d
sy [ S (e Siw) e
[[ullm Chis m 2/d € 2
> s - Sl - 5 150l
Chs 2/d € 2
> — m_Z .
> S (= ) = 5 1)l

Combining (13) and the above inequality gives

C " €
(14) &) = S (= i) il = € & 1500 s = 5 15015



10 A. BLANCHET AND PH. LAURENCOT

We are then left to study the behaviour of the last two terms of the right-hand side
of (14) as € — 0. To this end, we note that S.(u) = Yy * (u — e S.(u)) and it follows
from the regularity of solutions to the Poisson equation (see, e.g., [21, Theorem 10.2])
and the estimates (12) for the Bessel potential that, for p € (1, m],

(15) 15 (W) lldp/a—2p) < C(p) llu—e Se(u)]l, < Cp) [lullp-

We set p,, := dm/(d —2m) > 2 and consider py € (1,2d/(d + 2)) to be determined
later on. Since 2 € (po, pm) and 2d/(d + 2) € (po, Pm), We have

V= 2T ), = 2RI g

Pm = Po (d+2)(pm — po)
and we infer from Holder’s inequality, (12), and (14) that

e 1S3 < e 1Se(u)llpem N1S=(u)l5 "
(16) < C(po) O 3o [lullfy,
and

2 N1Se()[34/a12) < €7 [1S=(w) [ SEF2mem/d || S () || (20 —pmo/d
(17) < C(py) e+ E=1po)/d gy || (d+2)pm/d ||u|| (d+2)(1-p)po/d
Since
L+ 0= Dpo= = J;io—_pzmpo po pml— 7Y

and

Pm — Do po—1 Pm — 1

we can find py € (1,2d/(d + 2)) sufficiently close to 1 such that 1 + (A — 1)py > 0
and 2d + (d+ 2)(u — 1)po > 0. Owing to (16) and (17), this property readily implies
that the last two terms of the right-hand side of (14) converges to zero as ¢ — 0.
Consequently, letting ¢ — 0 in (14) gives that the estimate (i) of Lemma 5 is also
true for @« = 0. The proof of the estimate for ||Vuv|y is then the same as that of
Lemma 5 (ii). O

2d+ (d+2)(p—1)po = >0,

After this preparation, we are in a position to define and study the minimisation
scheme. Set

K := (P, NL™)(RY) x H'(RY),

where P,(R?) is the set of probability measures on R? with finite second moment.
For a >0, h € (0,1) and (ug, vg) € K, we define the functional

1 <W§<u, o)

Fhlu,v] = o7

T oo - voné) ],

where W, is the Kantorovich-Wasserstein distance on Py (R?). Our aim is to minimise

Fp, on K.
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2.1. Existence and properties of minimisers.

Proposition 7 (Existence of minimisers). Given x € (0,x.), (uo,v0) € K, and
h € (0,1), there exists at least a minimiser (u,v) € K of Fy in K. Moreover, any
minimiser (u,v) of Fy in K satisfies

(18) Fnlu, v] < Fpluo, vo] = Ealuo, vo] -
Proof. We proceed in two steps.

Step 1: Estimates. Consider (u,v) € K. The lower bound on the free energy, see
Lemma 5 (i), ensures that

1 (Wi(u,u "
(19) (4i_i2+ﬂv—%%)+nmhw

where 1 := Chrs (xe — X)/2x > 0. Therefore, F, is non-negative in K and we may
define

(20) w:= inf Fplu,v]>0.
(u,w)eEX

Let (ug, vg)k>1 be a minimising sequence with w < Fp[ug, vx] < w + 1/k for k > 1.
Recalling that

W (0o, 1) < Wa(do, uo) + Wa(uo, 1), € Po(RY),

where &y denotes the Dirac mass in R? centred at x = 0, we deduce from (19) that,
for k > 1,

/d |z|?up(z) do < Z/d 2| 2up(z) dao + 2W3 (up, uo)
R R

<2 |x\2u0(:c) dx + 4hxFp|u, vkl
]Rd

(21) < 2/ |z|?uo () dz + 4hx(w + 1) .
R4
It also follows from (19) and (20) that, for £ > 1,

F , 2hF; , 1 2h
@)l + - vl < 0 i%0”3(5*7)(“+”'

Furthermore, we infer from Lemma 5 (ii) that
(23) IVuell < 4 Eafur, ve] + C lully <€ k=1,

Step 2: Passing to the limit. Owing to (21), (22), and (23), it follows from the
Dunford-Pettis theorem that there are (us,vs) € (L' N L™)(RY) x HY(RY) and a
subsequence of (ug, vg)x, which is not relabelled, such that

(24) Up — Us  in (LPNLM)(RY)

(25) Vp — Vs in HY(RY).

Since wy is a probability measure for all & > 1, the convergence (24) guarantees
that us, is a probability measure. Next, a classical truncation argument and (21)

imply that the second moment of u, is finite. Therefore, 1., belongs to Py(RY) and
(Uoo, Vo) € K.



12 A. BLANCHET AND PH. LAURENCOT

Next, weak lower semicontinuity arguments and the properties of the Kantorovich-
Wasserstein distance allow us to deduce from (24) and (25) that

) g (PR

lucollie V0ol | llocelly
x(m—1) 2 2

+ 7||voo — voﬂg) +

< lilgn inf (]:h[uk,vk] +/ ug(x) v () d:p) :
— 00 Rd

We are then left with passing to the limit in the last term of the right-hand side
of (26). For that purpose, given n > 1, we fix a truncation function 6,, € C5°(R?)
satisfying 0 < 0,,(z) < 1 for all x € R? and

1 ifjz| <n
On(z) = { 0 if|x]>2n.

By (23), (6,, vg)x>1 is bounded in H}(B(0,2n)) for each n > 1 and, using a diagonal
process, we can extract a further subsequence, not relabelled, of (vj)r>1 such that

(27) O, vy — 0, Vo in LP(R?) for any p € [2,2d/(d —2)) and n > 1.

It next follows from the Holder and Sobolev inequalities that

, (d+2)/2d
2 2
/ (1 = 0n) up v dz| < ||vkl|2d/(@—2) [/ (" /(d+2) dx]
R? {lz[>n}
1/d
< O |IVonle sl [ [ w dx}
{lz|>n}
C . 1/d C
(28) < oo IVulelual? | [ o as] <22

the last inequality being a consequence of (21) and (22). Similarly, since (ts0, Vo) €
KC, we also have

C
n2/d

(29) <

/ (1 = 0,) Uso Voo dz
R4
Thanks to (22), (28), and (29), we have for all n > 1

< +

/ (Ug Uk — Uoo Voo) dT / O, (U — Vo) U dx / O (U — Uoo) Voo d
R4 Rd R

+ +

/ (1 —0,)ug vy de / (1 = 0,) Uso Voo dx
R R

<O |0, (v — UOO)”m/(mfl) +

/ O (U — Uno) Voo dix
R4

+COn~2

Since 2 < m/(m — 1) < 2d/(d — 2) and 0,v, € L™ D(R?), the first two terms
of the right-hand side of the above inequality converge to zero as k — oo by (24)
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and (27). Thus, for all n > 1,

lim sup / (Ug Vg — Uoo Voo) dz| < Cn=2 .
k—oo Rd
Letting n — oo gives
(30) lim ug(x) vg(z) doe = / Uoo () Voo () d .
k—oo Jpd Rd

Combining the inequalities (26), (30) obtained previously, and the minimising prop-
erty of (ug,vy), we end up with Fp[teo, Voo] < w. Since (oo, Vo) belongs to K, we
actually have Fp,[tso, Uso] = w by (20) and (e, Uso) is thus a minimiser of Fj, in K.

Finally, given a minimiser (u, v) of F}, in I, the inequality (18) is a straightforward
consequence of the minimising property of (u,v). O

We next improve the regularity of minimisers of F, in K by adapting an argument
developed in [22]. The key argument in [22] is the existence of an additional Liapunov
functional for the problem under study which is associated to another “simpler”
gradient flow, the solutions to this gradient flow being then used as test functions.
Though there does not seem to be such a structure hidden in the parabolic-parabolic
Keller-Segel system (2), we nevertheless find a simple evolution system, the solutions
of which we use as test functions and thereby obtain additional regularity for the
minimisers.

Proposition 8 (Further regularity of the minimisers). Let x € (0, x.), (uo,vo) € K,
and h € (0,1). Consider (u,v) € K be a minimiser of F, in K. Then, u™? € H'(R%),
Av—av+u € L2(R?) and there exists Cy > 0 depending only on d, x, o, and T such
that

4
(31) . IV ™) 15+ | Av —av +ull3 < 244(0) +Cs (Eauo, vo] + Eauo, vo] /")

where

@) )= L T ol - 1900 - a olR)
and H 1s Boltzmann’s entropy defined by

(33) Hlw] := /Rd w(x)log(w(x)) dz.

Recall that, if w € (P, N L™)(RY), then wlogw € LY(RY) and there is C3 > 0
depending only on d such that

/ wllogw| dz < Cy(1+ [lwl™) + / w(z) (1+ |2?) de,
Rd Rd

(34) Hw] > —Cy— / w(x) (1 |aP) do,

see, e.g., [13, p. 329]. Therefore, H[ug] and H[u] are well-defined and thus A,(0) as
well.
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Proof of Proposition 8. Let (u,v) be a minimiser of Fj in K. We introduce the
solutions U and V' to the initial value problems

(35) U — AU =0 in (0,00) x R, U(0)=u in R%

and

(36) OV — AV +aV =0 in (0,00) x RY, V(0)=v inR%
Classical results ensure that (U(t), V(t)) belongs to K for all ¢ > 0 and therefore
(37) Fulu,v] S FR[U®), V)], t=0.

Unlike in [22], the free energy &, is not a Liapunov functional for (U, V'). Nevertheless,
and this is actually the cornerstone of the proof, the time derivative of £, along the
flow of (35)—(36) is the sum of a negative term and a remainder term which can be
controlled. The claimed additional regularity on (u, v) results from the computation
of the time evolution of F,[U, V] and its proof requires several steps: we first use (35),
(36), and their gradient flow structures to compute the time evolution of F[U, V].
The second step is devoted to control a remainder term arising in this computation.
Once this is done, weak convergence arguments and the lower bound on &,, see
Lemma 5 and Lemma 6, are used in the last step to obtain (31).

Step 1.

e It follows from (35), (36), and integration by parts that

%@[U, V] = —% /Rd U’”‘2|VU|2dx—/RdU (AV —aV +aV) do
—/dU (AV —aV) dx—/d(AV—aV)zd:c
=-D +RR, :
where
D(t) := miXHV (O™2@0)) 15+ I(AV —aV + U)(B)]5, >0,
and

R(t) == |U®)|2 —a/Rd(UV)(t,x) de, t>0.

After integration we obtain
t t
(38) EJU), V()] — Ealu,v] < —/ D(s) ds +/ R(s)ds, t>0.
0 0

e We next recall that the linear heat equation (35) can be interpreted as the gradient
flow of the functional H defined in (33) for the Kantorovich-Wasserstein distance
W, in Py(RY), see [18, 23]. Therefore, owing to the differentiability properties of
the Kantorovich-Wasserstein distance (see, e.g., [1, Corollary 10.2.7] and [34, Theo-
rem 8.13)), it follows from [1, Theorem 11.1.4] that
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Integrating with respect to time we obtain

3 VB, 00) = Wi un)] < [ (hfuo) = MU ds
By the monotonicity of s — H[U(s)] we deduce that, for all £ > 0,
(39) 5 VAU, w0) — Wi (u,w0)] < 1 (Hlug] ~ HIU())

e Furthermore, it readily follows from (36) and Young’s inequality that
1 d

HV—UOH2 / V(V =) - VV +aV (V —uy)] dz
2 dt Rd

1
< —IVVIE+ 5 (IVVIE+ Ve l3) — a VI3
«
+ S (IVIB+ luol3)

1 1
< =5 (IVVIE+alVI5) + 5 (IVeolls + afleoll) -

Integrating with respect to time and using the monotonicity of s — ||[VV(s)|3 and
s [V (s)||? we end up with
(40)  V(®) = woll3 = llv = woll3 < (IVwollz + e [loll; = [VV (B3 — e [V(#)]3)

for all t > 0.
e Combining the above estimates (37), (38), (39) and (40) gives, for ¢ > 0,

0 < FLU(@), V()] — Frlu,v]

t
< o (tfud] = /D ds+/R
t
o (IVwoll3 + e flwollz = IVV @5 — a [V©)]3)

which also reads

(41) /D ) ds < An(t) /R t>0,
with
an(t) = T 2 (9l 4l = [9VOIR = IV O1B)

Owing to the continuity and regularity properties of U and V', the function A; has
a limit as ¢ — 0 and

(12) i A44(6) = A4(0)
the constant Ap(0) being defined in (32).

Step 2. We now estimate R. Since 2 € (m,2/(m — 1)), the Holder and Sobolev
inequalities ensure that, given w € L™(R?) such that |w|™/? € H!(R?), the function
w belongs to L2(R?) and

m 2/m
(43) lwll3 < llwllm wlm/m-1) < C lwlm [V (w™2)];™ -
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Combining the above estimate with Young’s inequality gives
U1z < — HV (U5 +C (U=
and thus
2 D m/(m—1)
(44) IWlz = 5 + ¢ Ul :

Moreover, we infer from (7) and Young’s inequality that

IIVVllz

(45) a|UV|ly < aC Ul U 19V ]2 < +aClU -

We now infer from (44), (45), and the time monotonlclty of s — |[VV(s)]|3 and
s+ [|U(s)|| that

I I 1
+ [ RO as <5 [ D) dst 5 1900+ €l + ull/ )
0 0
By (41), Lemma 5 and Lemma 6 we finally obtain
I m m/(m—
D[ DO ds < 2400+ V0l € (ully + i)
0

(46) < 244(t) + C (Ealu,v] + Eufu, 0] DY

Step 3. We are now left with passing to the limit as ¢ — 0 in the left-hand side
of (46). To this end, define first

t
Dy(t,2) ::%/ Um2(s,2) s, (t,7) € [0,1] x RY.
0

Since m € (1,2) and U € C([0, 1]; L™(R%)), the function D; belongs to C([0, 1]; L2(R%))
and D (t) converges to v™/? in L2(R?) as t — 0. Combining this property with (42),
(46), and Jensen’s inequality, we realise that (VD;(f))se(0,1) is bounded in L?(R%; RY)
and converges towards V (u™/?) in H™'(R%R?). Therefore, V (uv™?) belongs to
L?(R%RY) and

(47) |V (™?)||s < lim inf [[VDy (1)1

Similarly, defining

Dy(t, 2) ::% (A/OtV(s,x) ds—a/OtV(s,x) d3+/0tU(3,:c) ds)

for (¢,z) € [0,1] x R%, we infer from (42) and (46) that (Da(t))ie(0,1) is bounded in
L2(RY) while the continuity properties of U and V with respect to time guarantee

that Dy(t) converges towards Av — av + u in H™Y(R?) as ¢ — 0. Consequently,
Av — av +u € L*(R?) and

(48) |Av — av + ul)3 < lirtnioanDQ(t)Hg.
—

Thanks to (42), (47), and (48), we may let ¢ — 0 in (46) and obtain the stated
result. O
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Corollary 9. Let x € (0,x.), (up,v0) € K, h € (0,1), and consider a minimiser
(u,v) of Fp, in K. Then u € L*(R?).

Proof. Since u belongs to L™(R?) by the definition of &, Corollary 9 follows at once
from Proposition 8 and (43). O

2.2. The Euler-Lagrange equation.

Lemma 10 (Euler-Lagrange equation). Consider x € (0,x.), (uo,v0) € K, and
h e (0,1). If (u,v) € K is a minimiser of Fy, in K, then

Wg(uauo)

(49) )

[ €= w0)+h V- (7 () = x w Vo)) da < €]

for any & in C°(RY) and

v — v
h

In addition, V (u™) — x u Vo € L™ @m=D(R) and satisfies

(50) T —Av+av—u=0 ae in R?.

1/m
2

(51) he [V (™) = Xt V0l a1y < Ca Walu,uo) ||V (u™?)
for some positive constant Cy depending only on d, o, x and T.
Proof. Pick two smooth test functions ¢ € C°(R%R?Y) and w € C§°(RY) and define
Ts :=1id + § ¢ and

us =Ts#u, vs:=v+ow

for 6 € (0,1), where id is the identity function of R? and T#u denotes the image
measure or push-forward measure of the measure p by the map 7'. Notice that there
is d; small enough such that Ts is a C*-diffeomorphism from R? onto R? for all
d € (0,9¢) and Det (VTs) = Det (I+ V() > 0.

e By a standard computation, see [34, Theorem 5.30] for instance,

5 N 1

i el /]R TH(VC(2)) u™ (@) de .
e It is also standard, see [34, Theorem 8.13] that

6—0 20

—— [ (0= Vo) - oVl unlo) da,

where Vi is the optimal map pushing uy onto w, that is, u = Vp#u, and

Wil uo) = [ |z = V()| u(r) do

Rd
= inf{ lz — T(2)|? uo(x) dz = THuy = u} :
R4
e Another classical computation ensures that

1
(54)  lim — [[[Vusll3 + allvsllz — [ Voll3 — o [v]|3] =/ (Vo-Vuw +avw) dz.
60 20 Rd
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e Finally, by the definition of the push-forward measure,

/Rdm ~ s vy)(z) d = / (@) [o(z) — v(Ty(x)) — 6 w(Tx(z))] dz .

Rd

Since u is bounded in L2(R?) by Corollary 9 and

UOT‘?% Vo inLARY),  woTs —w in LA(RY),
we conclude that
1
(55) lim = [ [uv— usvs](x) dx:—/ (u¢-Vo+uw) do .
600 Rd Rd

e Since (ug,vs) belongs to K, we infer from the above estimates (52), (53), (54),
and (55) that

1
0< (lsli%g (fT[U(S,U(S] —.FT[U,U])

= [ = Ve@) ooy un(o) do+ § [ i) (o) = o(a) do

1 m
- [ @) @) do = [ u(w) o) - Vola) da

_/Rd u(@) w(z) dx+/ [~ Av(@) + av(@)] wz) de

R4

The above inequality being valid for arbitrary (¢,w) € C°(R% R?) x C3°(RY), it is
also valid for (—(, —w) so that we end up with

(56) i Rdc.(V(um)—Xqu) d:p+/Rd<7'v_hU0—Av+av—u) w dx
= | (o V@) - CoVpla)uole) da
X JRrd

Observe that, since V (u™) = 2 v™? V (uv™/?) and u € L™(RY) with V (u™/?) €
L?(R?) by the definition of K and Proposition 8, Vu™ belongs to L'(R?) and the first
term on the left-hand side of (56) is meaningful.

Now, taking ¢ = 0 in (56) and using a density argument, the regularity of the
minimisers, see Proposition 8 and Corollary 9, readily gives (50). We next take
w =0 in (56) to obtain

1
61 [ V= xu V) do= g [ (o= Vpla) CoVpla) uo) da
R R
for all ¢ € C°(R% RY).
On the one hand, the Cauchy-Schwarz inequality and the properties of Vi ensure
that

1/2
[ o= Tet) - coVpte) ) e < Watuun) ([ Il u(o) ar)
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and we infer from the Holder and Sobolev inequalities that

1/m
[ (@ = Fe@) - oVl wfa) da| < Waluso) [€llan [,
1/m
< C Wh(u,ug) [€]|2m HV(um/Z)HQ/ )
Recalling (57) we arrive at
1/m

¢ (V™) —xuVv) de

< C Walu,ug) |[¢]lzm ||V (™)

2

for all ¢ € C(R%RY), whence V (u™) — xuVo € L¥Cm=D(RY) and (51) by a
duality argument.
On the other hand, consider ¢ € C5°(R?). Using Taylor’s expansion, we have

() — §(Vipla)) — (V€0 V)(@) - — ()] < Do L TE

for x € R?. Multiplying the above inequality by ug, integrating over R?, and using
the properties of Vi give

tédkum—gu—(vgoV¢)%kt—w)wﬂdx < | D?*¢]lse Wi (u,uq) -

Combining the above inequality with (57) (with ( = V&) leads us to (49). O

3. CONVERGENCE

Let x € (0,xc), (up,v0) € K, and h € (0,1). We define a sequence (up n, Unn)n>0
in IC as follows:
(58) (uh,Oavh,O) = (uo,v0) ,
and, for each n > 0,

(Uhnt1, Unnt1) 1s @ minimiser in IC of the functional

1 Wi (u, up, )
2h
Recall that the existence of (up 41, Vnnt1) is guaranteed by Proposition 7 since x €

(0, x.). We next define a piecewise constant time dependent pair of functions (uy, vy,)
by

Fh,n[uvv] = +T7 ”U - Uh,n”% +5&[U7U]7 (uvv) eK.

(tn, o) (t) == (Uh s Vnm) t € [nh,(n+1)h), n>0.

3.1. Compactness. By the analysis performed in Section 2, (up(t),vs(t)) belongs
to IC for all t > 0 and (up,vy) is endowed with several interesting properties which
we collect in the next lemma.

Lemma 11 (Uniform estimates). There is a positive constant Cs depending only on
d, x, T, a, ug, and vy such that, for 0 < s <1,

(i) Ealun(t), va(t)] < Ealun(s), vn(s)],

. W2 (Up 1, U
(ii) (Z 5 ( h,X+1 hin) + 7 || Vnnt1 —vh,n]@) < 28, [ug, vo] b,

n=0
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(iii) [t (t)]lm + [[Vor(t)]l2 < Cs,

(v) @l + [ Ja untt,z) do < Cs (1+9),

and, fort > h,

(¥) /h (Hv (") (s) z + (A, — vy + uh)(s)) 12ds < Cs (1+1),

t
(vi) / 1V () = xan o) () 2000, ds < Cs (1+1).

Proof. e Energy and moment estimates: Let n > 0. It follows from the properties
of the minimisers of F, in K, see Proposition 7, that
L W5 (U1, tnn)
59) — : :
) 55 |
Consider s > 0, t € (s,00), and set N := [t/h] and v := [s/h]. T N > 1+ v, we
sum up (59) from n = v to n = N — 1 to obtain

+7 ||'Uh,n+1 - vh,n||§:| +ga [uh,n-i-la 'Uh,n-l—l] S goz [uh,na 'Uh,n] )

]_ i Wg(uh n+17uh n) 2
2h ; 7X = + T ||V pns1 — Vnnlls | + Ealunn, vnn] < Ealtny, vn,] .

Since both terms of the left-hand side of the above inequality are non-negative by
Lemma 5 and Lemma 6, we deduce (i) as

Ealun(t), vr(t)] = Ealunn, van] < Ealtn, vn,] = Ealun(s), va(s)],
and (ii) by taking s =0 (v =0) and t — oo in

N-1

Z [Wg (uh,n—l—la uh,n)

X

+ 7 |[vp i1 — vhn||§:| < 2h Eu[uny, vh ] -

n=v

The estimate (iii) directly follows from the lower bound on &,, see Lemma 5 and
Lemma 6, while we deduce (iv) from (ii) thanks to the inequalities

N-1

W (60, un,n) < Wa(do, uo) + Z Wa(uh g1, Unn)

n=0

N1 1/2
< Wh(do, uo) + VN (Z W3 (W i1, Uhn)>

n=0

and
N-1

[vnnll2 < [[voll2 + Z |Vhnt1 — Unnll2

n=0

N-1 1/2
< [lwoll2 + VN (Z [vnn+1 — vh,n||§> :
n=0



THE PARABOLIC-PARABOLIC KELLER-SEGEL SYSTEM AS A GRADIENT FLOW 21

e Additional estimates: Assume now that ¢ > h. By the properties of the min-
imisers of F},,, in K, see Proposition 8§,

—|rv< P2 NZ A+ B Ay — @V + gl
2 _
S ; (H[uh,n] — H[uh,nJrl]) + C(2 h (ga [uh,na Uh,n] + ga [uh,n7 Uh,n]l/(m 1))

+7 (IVonalls + allvnalls = Vonasills = o flonnil®) -

Summing from n =0 to N — 1, it follows from (34), (58), (i), and (iv) that

N-1
m/2
Z IV 5D I3+ R Y 1A 1 = @t + |3
n=0
9 N-1
< N (Hlunol = Hlunn]) + C2 b Z olUh s Unn] + Ealtinn, vhn]” ")
n=0
7 (IVunoll + a[lvnollz = [IVon |3 — e lonnl3)
g 2 2 2
< X H[uh@] + 03 + ‘SL’| uh,N(:c) de | + 7 (”VU]%Q”Q + o th70H2)
R4
+ Cah Z oltn0, V0] + Ealuno, vaol V)
<C(1+ t),
whence (v).

Finally, setting ¢ := 2m/(m+1) € (1,2), we infer from (51), (ii), (v), and Holder’s
inequality that

h Z HV (Uhins1) = X Unnr Vvh,nHHzm/(zm—n

N-1
" 9/m
<Y pt? ng<uh,n+luuh,n) HV <“h £2+1) ‘2
n=0

N—-1 92 /N1 ) (2—0)/2
<cnt (Srtmnnn)  (ZIFE2))
n=0 n=0

.\ @02
ds
2

which completes the proof. O

<C+1),

The following corollary guarantees the compactness of (uy), (vg), and (Vuy,) with
respect to the space variable x:



22 A. BLANCHET AND PH. LAURENCOT

Corollary 12. There is a positive constant Cg depending only on d, x, T, a, ug, and
vo such that, fort > h,

A(WMﬂ@”HWw@mmdsg Co(1+1).

t
/||vh(s)||§p ds < Co (1+1).
h

Proof. We infer from the regularity of the minimisers of 7, ,, in K, see Proposition 8,
(43), and the estimates of Lemma 11 that

60 [l as<c [Tl Vo)) e oo,

Next, since m € (1,2), we have Vuy, = 2u'> ™"* V(u*) /m and we infer from the
estimates (iii) and (v) of Lemma 11 that

t ) 4 t
ds < —
[ 1vmelzas<— |

Finally, since m > 1, we combine the estimates (iii)—(v) of Lemma 11 with (60) to
conclude. 0

V06|, )z ds <€ (141).

We now turn to the compactness with respect to time.

Lemma 13 (Time equicontinuity). There is a positive constant Cy depending only
ond, x, T, a, ug, and vy such that, for 0 < s <'t,

lon(t) —on(s)]ls < Ci (\/—t— 5+ \/ﬁ) ,
Jun(t) — un(s) l-@rn < Cp (1+)mTI2™ (3 — g 4 p)m=b/2m

Proof. Consider s > 0, t > s and set N = [t/h] and v = [s/h]. Either N = v and
(un,vp)(t) = (up,vp)(s) which readily implies the result. Or N > v and, on the one
hand, we infer from the estimate (ii) of Lemma 11 that

N-1
lon(t) = vn($)ll2 = llony = vnsllz < D ot — vnalla

n=v

N—1 1/2
<+VvN-—-v (Z VR — Uhn”%)
S \/2<N—I/)hga[u07vo] SC <\/t——8+\/ﬁ) .

T

On the other hand, it follows from the Euler-Lagrange equation (49) that, for £ €
CPRY) and v <n < N —1,

<h /d |V¢| }V (U%H) — X Unpnt1 Vvh,n—f—l’ dz
R

W22 (Uh,n+17 Uh,n)
2 )

., g(uh,n-l-l - uh,n) dzx
R

+[I€llwa.e
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whence, after summing up these inequalities from n =v ton =N — 1:

E(up(t) —up(s)) do E(up,n — up,y) do

R4 ]Rd
5 Upn+1 — uhn) dz
N-—1
<h Z IVE|l2m HV (Whin1) = X Unnsn vvhmﬂ”zm/(zm—l)
n=v
N—-1
+llEllweee > W3 (hnsr, tnm) -
n=v

Using the estimates (iii) and (vi) of Lemma 11, we obtain

N-1
Z Wg(uh,n—l—la uh,n) S C h ;
and
h Z HV (Whint1) = X Unnta vvhvn'i'lHQm/(Zm—l)
(N+1)h
< [ I @) ) e Vonll ey 0
(v+1)h

< C [14 (N + 1)p)mH+0/2m (N — p)p)m=b/2m

<C ( +t) (m+1)/2m ( — 54 h)(mfl)/2m’
so that

E(un(t) — un(s)) da| < C (L4 4)VEM (¢ — s 4 h)ImDE (Vg o,

Rd

+C [ellweee b

Since HY(RY) and H¥?(R?) are continuously embedded in L>®(R%) and L?>™(R%), re-
spectively, we end up with

§(un(t) — un(s)) dz

Rd

< C (L) (¢ — s 4 h)DET e |gae

from which the result follows by a duality argument. O

3.2. Convergence. We are now in a position to establish the strong convergence of
(up)p, and (vp)y, required to identify the equations solved by their cluster points as
h — 0. For further use, we define the weight o by

o(x) = !

V1t]z?

reR.
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Proposition 14 (Convergence). There are a sequence (h;);j>1 of positive numbers
in (0,1), h; = 0, and functions

u € C([0,00); HT(RY)), v e C([0,00); L*(R% o(x) dz))
such that, for allt >0, § € (0,1), and T > 1,
up, (t) — u(t) i H@(RY),

op, (t) — v(t) in LA(RY o(x) dx),

up, — u in L5, T;L™(RY)),
(61)
vp, — v in LA, Ty H'(RY o(x) dx)).

Proof. Since H!(R?) is continuously embedded in L?(R%; o(z) dz), it follows from the
estimates (iii) and (iv) of Lemma 11 that {v,(¢) : (¢,h) € [0,00) x (0,1)} lies in a
compact subset of L2(R%; o(x) dx) while the time equicontinuity of Lemma 13 entails
that

limsup/ lon(t, 2) — vp(s,7)]? o(z) dz < Cr Vt—s, 0<s<t.
h—0 R4

We then infer from a refined version of the Ascoli-Arzela theorem, see [1, Proposi-
tion 3.3.1], that there are a sequence (h;);>1 of positive numbers in (0,1), h; — 0,
and v € C([0,00); L2(R%; o(x) dx)) such that, for all + > 0,

vp, (t) — v(t) in L2(R% o(x) dx).

It next readily follows from the estimate (iv) of Lemma 11 and Lebesgue’s dominated
convergence theorem that

(62) vp, — v in LP(0,T;L*(RY o(z) dx))

for all p € [1,00) and T > 0.

Furthermore, recall that H?(R?) is compactly embedded in H!(R?; o(x) dz) which
is continuously embedded in L?(R% o(z) dz). Given § € (0,1) and T > 1, (vp)p
is bounded in L2(§, T; H2(R?)) by Corollary 12. We may then apply a standard
compactness result, see [26, Lemma 9], to deduce from (62) the second convergence
stated in (61).

Next, H'/™(RY) is densely and continuously embedded in L™/ ™~D(R9). Conse-
quently, L™(R?) is continuously embedded in H~*/™(R%) and we then conclude that
L™(RY) NLY(RY; (1 + |z|?) dx) is compactly embedded in H=(4*2)(R%). Owing to the
estimates (iii) and (iv) of Lemma 11, there is for each T" > 0 a compact subset of
H~+2)(R?) (depending on T) in which wuy(t) lies for all h € (0,1) and ¢ € [0,7].
This fact along with the time equicontinuity of (u;) in Lemma 13 and [1, Propo-
sition 3.3.1], ensure that there are a subsequence of (h;);>; (not relabelled) and a
function u € C([0, 00); H™(@*2)(R?)) such that, for all ¢ > 0,

(63) up,(t) — u(t) in H@(RY).
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Thanks to the estimate (iii) of Lemma 11 and the continuous embedding of L™ (R¢)
in H~(@*2)(R%), we may combine (63) and Lebesgue’s dominated convergence theorem
to deduce that

(64) up, —u in LP(0, T H™H2)(RY)

for all p € [1,00) and T > 0.
Finally, given § € (0,1) and T" > 0, it follows from the estimates (iii)—(iv) of
Lemma 11 and Corollary 12 that

(65) (un,);>1 is bounded in  L*(6, T; WH™(R?)) N LY(R% (1 + |z[*) dz)).

Since WL (RY) NLY(RY; (1+|x|?) dz) is compactly embedded in L™(R?) and L™(R9)
is continuously embedded in H~(#+2)(R9), a further use of [26, Lemma 9] allows us
to deduce from (64) and (65) the first convergence stated in (61). O

3.3. Identifying the limit. In addition to the convergence of Proposition 14, we
note that the estimates of Corollary 12 ensure that, after possibly extracting a further
subsequence, we may assume that

(66) Avp, = Av in L*((6,T) x RY),
(67) up, = u in L¥(§,T;L*(RY)).

Now, checking that (u,v) is a weak solution to (1) follows from Lemma 10, Propo-
sition 14, (66), and (67) by classical arguments. Observe in particular that (61)
and (67) imply that (“hjvvhj)j21 converges weakly towards uVv in L((6,T) x
R% o(z) dz) for all § € (0,1) and T > 1. We have thus constructed a weak so-
lution to the parabolic-parabolic Keller-Segel system (2) and proved Theorem 1.

ACKNOWLEDGEMENTS

Part of this work was done while the authors enjoyed the hospitality and support
of the Centro de Ciencias Pedro Pascuale de Benasque.

(© 2012 by the authors. This paper is under the Creative Commons licence Attribution-
NonCommercial-ShareAlike 2.5.

REFERENCES

[1] L. Ambrosio, N. Gigli, and G. Savaré. Gradient flows in metric spaces and in the space of
probability measures. Lectures in Mathematics ETH Ziirich. Birkh&user Verlag, Basel, second
edition, 2008.

[2] L. Ambrosio and S. Serfaty. A gradient flow approach to an evolution problem arising in
superconductivity. Comm. Pure Appl. Math., 61(11):1495-1539, 2008.

[3] J.Bedrossian, N. Rodriguez, and A. L. Bertozzi. Local and global well-posedness for aggregation
equations and Patlak-Keller-Segel models with degenerate diffusion. Nonlinearity, 24(6):1683—
1714, 2011.

[4] P. Biler, L. Corrias, and J. Dolbeault. Large mass self-similar solutions of the parabolic-
parabolic Keller-Segel model of chemotaxis. J. Math. Biol., 63(1):1-32, 2011.

[5] A. Blanchet. On the parabolic-elliptic Patlak-Keller-Segel system in dimension 2 and higher.
To appear in Sémin. Equ. Dériv. Partielles.



26

(6]

(28]
[29]

30]

A. BLANCHET AND PH. LAURENCOT

A. Blanchet, V. Calvez, and J. A. Carrillo. Convergence of the mass-transport steepest descent
scheme for the subcritical Patlak-Keller-Segel model. STAM J. Numer. Anal., 46(2):691-721,
2008.

A. Blanchet, E. Carlen, and J. A. Carrillo. Functional inequalities, thick tails and asymptotics
for the critical mass Patlak-Keller-Segel model. J. Funct. Anal., 262(5):2142-2230, 2012.

A. Blanchet, J. A. Carrillo, and Ph. Laurencot. Critical mass for a Patlak-Keller-Segel model
with degenerate diffusion in higher dimensions. Calc. Var. Partial Differential Equations,
35(2):133-168, 20009.

V. Calvez and L. Corrias. The parabolic-parabolic Keller-Segel model in R2. Commun. Math.
Sei., 6(2):417-447, 2008.

E. A. Carlen and W. Gangbo. Solution of a model Boltzmann equation via steepest descent in
the 2-Wasserstein metric. Arch. Ration. Mech. Anal., 172(1):21-64, 2004.

J. A. Carrillo and S. Lisini. A Wasserstein-L? mixed gradient flow approach to the fully para-
bolic Keller-Segel model. In preparation.

P.-H. Chavanis. Generalized thermodynamics and Fokker-Planck equations: applications to
stellar dynamics and two-dimensional turbulence. Phys. Rev. E, 63(3), 2003.

R. J. DiPerna and P.-L. Lions. On the Cauchy problem for Boltzmann equations: global exis-
tence and weak stability. Ann. of Math. (2), 130(2):321-366, 1989.

D. Horstmann. From 1970 until present: the Keller-Segel model in chemotaxis and its conse-
quences. L. Jahresber. Deutsch. Math.-Verein., 105(3):103-165, 2003.

D. Horstmann. From 1970 until present: the Keller-Segel model in chemotaxis and its conse-
quences. I1. Jahresber. Deutsch. Math.-Verein., 106(2):51-69, 2004.

S. Ishida and T. Yokota. Global existence of weak solutions to quasilinear degenerate Keller-
Segel systems of parabolic-parabolic type. J. Differential FEquations, 252(2):1421-1440, 2012.
S. Ishida and T. Yokota. Global existence of weak solutions to quasilinear degenerate
Keller-Segel systems of parabolic-parabolic type with small data. J. Differential Equations,
252(3):2469-2491, 2012.

R. Jordan, D. Kinderlehrer, and F. Otto. The variational formulation of the Fokker-Planck
equation. SIAM J. Math. Anal., 29(1):1-17, 1998.

E. F. Keller and L. A. Segel. Initiation of slide mold aggregation viewed as an instability. J.
Theor. Biol., 26:399-415, 1970.

Ph. Laurengot and B.-V. Matioc. A gradient flow approach to a thin film approximation of the
Muskat problem. Calc. Var. partial Differential Equations, to appear.

E. H. Lieb and M. Loss. Analysis, volume 14 of Graduate Studies in Mathematics. American
Mathematical Society, Providence, RI, second edition, 2001.

D. Matthes, R. J. McCann, and G. Savaré. A family of nonlinear fourth order equations of
gradient flow type. Comm. Partial Differential Equations, 34(10-12):1352-1397, 2009.

F. Otto. The geometry of dissipative evolution equations: the porous medium equation. Comm.
Partial Differential Equations, 26(1-2):101-174, 2001.

B. Perthame. Transport equations in biology. Frontiers in Mathematics. Birkhauser Verlag,
Basel, 2007.

T. Senba and T. Suzuki. A quasi-linear parabolic system of chemotaxis. Abstr. Appl. Anal.,
pages Art. ID 23061, 21, 2006.

J. Simon. Compact sets in the space LP(0,T; B). Ann. Mat. Pura Appl. (4), 146:65-96, 1987.
E. M. Stein. Singular integrals and differentiability properties of functions. Princeton Mathe-
matical Series, No. 30. Princeton University Press, Princeton, N.J., 1970.

Y. Sugiyama. Application of the best constant of the Sobolev inequality to degenerate Keller-
Segel models. Adv. Differential Equations, 12(2):121-144, 2007.

Y. Sugiyama. Time global existence and asymptotic behavior of solutions to degenerate quasi-
linear parabolic systems of chemotaxis. Differential Integral Equations, 20(2):133-180, 2007.
Y. Sugiyama and H. Kunii. Global existence and decay properties for a degenerate Keller-Segel
model with a power factor in drift term. J. Differential Equations, 227(1):333-364, 2006.



THE PARABOLIC-PARABOLIC KELLER-SEGEL SYSTEM AS A GRADIENT FLOW 27

[31] Y. Sugiyama and Y. Yahagi. Uniqueness and continuity of solution for the initial data in the
scaling invariant class of the degenerate Keller-Segel system. J. Fvol. Equ., 11(2):319-337,2011.

[32] T. Suzuki and R. Takahashi. Degenerate parabolic equation with critical exponent derived from
the kinetic theory. I. Generation of the weak solution. Adv. Differential Equations, 14(5-6):433~
476, 2009.

[33] T. Suzuki and R. Takahashi. Degenerate parabolic equation with critical exponent derived from
the kinetic theory. II. Blowup threshold. Differential Integral Equations, 22(11-12):1153-1172,
20009.

[34] C. Villani. Topics in optimal transportation, volume 58 of Graduate Studies in Mathematics.
American Mathematical Society, Providence, RI, 2003.

L' TSE (GREMAQ, CNRS UMR 5604, INRA UMR 1291, UNIVERSITE DE TOULOUSE), 21
ALLEE DE BRIENNE, F-31000 TOULOUSE, FRANCE
FE-mail address: Adrien.Blanchet@univ-tlsel.fr

2 INSTITUT DE MATHEMATIQUES DE TouLousg, CNRS UMR 5219, UNIVERSITE DE TOU-
LOUSE, F-31062 TOULOUSE CEDEX 9, FRANCE
FE-mail address: laurenco@math.univ-toulouse.fr



