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Abstract

We study the long-time asymptotics of the doubly nonlinear diffusion equation p; =
div(|Vp™|P=2V (p™)) in R™, in the range aoo < m < % and 1 < p < oo where
the mass of the solution is conserved, but the associated energy functional is not displace-
ment convex. Using a linearisation of the equation, we prove an L'-algebraic decay of the
non-negative solution to a Barenblatt-type solution, and we estimate its rate of convergence.
We then derive the nonlinear stability of the solution by means of some comparison method
between the nonlinear equation and its linearisation. Our results cover the exponent interval
73—_1’1 <p< 2:;511 where a rate of convergence towards self-similarity was still unknown for the
p-Laplacian equation.

1 Introduction

In this work, we consider the doubly nonlinear equation defined for any (¢,x) € (0,00) x R™ by

dp . -2

L= AP =d mP " R™, ¢

L= Ay = div [V (67| (@ e R > 0) "
p(t=0)=po >0, (x e R")

with 1 < p < 00, 0 < m and n > 3. This class of equations contains the linear diffusion
equation, (p = 2, m = 1), commonly known as the heat equation, d;p = Ap ; the nonlinear
diffusion equation 9;p = Ap™, known as the porous medium equation (p = 2, m > 1), or
the fast diffusion equation (p = 2, m < 1), and the gradient-dependent diffusion equation,
op = div(|Vp|P=2Vp) := App, that is, the p-Laplacian equation, (p # 2, m = 1). When p # 2
and m # 1, Eq. (1.1) is called the doubly nonlinear diffusion equation, due to the fact that its
diffusion term depends non-linearly on both the unknown density p, and its gradient Vp. Such
gradient-dependent diffusion equations appear in several models in non-Newtonian fluids [23], in
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glaciology [20, 8], and in turbulent flows in porous media [25]. For more details on these models,
we refer to the recent monograph of Vazquez [33], and the references therein.

Assuming that the initial data is integrable, pg € L'(R™), it is known that (1.1) has a unique
solution p € C([0,00),L'(R™)), with p(t) € CH*(R™) for some a € (0,1), see for instance
[13, 14, 15, 26]. Moreover, starting with a non-negative initial data, pg > 0, it is known that the
solution p(t) remains non-negative at all times. Furthermore for n > 3, there exists a critical
exponent,

(0) =

m = ,

TPy

such that if m > me(p), then the mass of the solution is conserved, [z, p(t) dz = [g. po dz,
while if m < m.(p), the solution vanishes in finite time, see [13, 33] and the references therein.
In particular, for the p-Laplacian equation, this corresponds to the critical p-exponent,

2n

pc::n+1a

above which the mass of the solution is conserved, while the solution disappears in finite time if
p < pe. Therefore, up to renormalising the mass of py to unity, we can assume without loss of
generality that, under the condition m > m.(p), the solution p(t) of (1.1) is a density in R™, for
all times ¢ > 0.

By similarity and scaling, it can be shown that, above the critical exponent m.(p), Eq.(1.1)
has a unique self-similar solution pp,, whose initial value is the Dirac mass at the origin, that
is, the fundamental solution of Eq.(1.1). In fact, among all the radially symmetric solutions of
(1.1), this solution is the most concentrated whose initial data have the same mass as pg. It is
called the Barenblatt solution [4], and it is precisely:

1 x
t = 1.2
p0. () = (o Ty - ((5pt)1/6p> ’ (12)
where
dp :==n(p —1)(m —m(p)) >0,
and )
1 exp <_M|y|p/(z)—1)> if m= %
up. () =3 ! P P=
<D* _ M,y‘p/(pn) ST S
mp i p—1

with o and D, are uniquely determined by the mass conservation: |lup,
o0l 1 &n)-

When p = 2 and m > 1 — 2/n, the existence and uniqueness of the Barenblatt solution
was proved by Friedmann and Kamin in [19]. Moreover, they showed that the solution p(t) of
the Cauchy problem converges to pp,(t) w.r.t. the L'(R™)-norm, as t — oo, with no rates.
Rates of convergence were computed by Carrillo and Toscani [9] if m > 1, independently by
Del Pino and Dolbeault [16], and Otto [31] if m > 1 — 1/n. The rates found in this range were
generically optimal. In the range 1 —2/n < m < 1 — 1/n, there were studies of the linearised
problem by Carrillo, Lederman, Markowich and Toscani [10], and Denzler and McCann [12].
These linearisations were useful to obtain rates of decay for the nonlinear fast diffusion equation

LI(R”) = HpD*(t)HLl(Rn) =



by Carrillo and Vazquez [11] and later by McCann and Slepéev [29], and Kim and McCann [21].
The decay rates obtained by using the linearisations are in general non optimal and is optimal
in some sub-range, see [21].

When p # 2 and m = 1, Kamin and Vazquez [22] proved existence and uniqueness of the
Barenblatt solution pp, for the p-Laplacian equation when p > p., along with an L'-convergence
of the solution p(t) of the Cauchy problem to pp, (t), with no rates. Their proof extends to the
doubly nonlinear equation as long as m > m.(p), see [33]. Rates of convergence were computed
by Del Pino and Dolbeault [17] when p. + 1/(n+1) < p < n for the p-Laplacian equation,
but their rates are not optimal; see also a similar result for the doubly nonlinear equation in
[18]. In [1, 3], Agueh generalises previous results by deriving optimal rates for the convergence
of the solution of the Cauchy problem (1.1) to pp,(t), for all m > m.(p) + 1/(n(p —1)) =
(n—p+1)/(n(p—1)) and p > 1. For instance, when p = 2, this condition coincides with
the case m > 1 — 1/n, while for the p-Laplacian equation (p # 2, m = 1), it corresponds to
p>pe+1/(n+1)=(2n+1)/(n+ 1), and therefore covers the range p > n left in [17], but not
the remaining exponent interval 2n/(n+1) < p < (2n+1)/(n +1). Similarly, for the doubly
nonlinear diffusion equation, the rate of convergence remains unknown in the range

1 n—p+1
me(p) < m < me(p) + =1 np-1) (1.3)
Indeed, the proof of [3] is based on optimal transportation inequalities, which follows from the
displacement convexity [28] of the energy functional associated with (1.1), that is, H(p) =
Jzn Flp] dz, where

1
zlnx if m=——
p— p—1
F(x) =
mx”
if m#E——,
Yy =1) 1
and 5
p_

= . 14
vi=met (1.4)

This energy functional is displacement convex if and only if v > 1 — %, or equivalently m >
(n—p+1)/(n(p—1)). This explains why the method of [3] does not extend to the interval (1.3).

The goal of this work is then precisely to derive a rate of convergence w.r.t the L'(R")-norm,
of the non-negative solution p of the Cauchy problem (1.1), to the Barenblatt solution pp, (t), as
t — oo, provided that m belongs to the remaining exponent interval (1.3), that is,

n—p - n—p+1
N m —
n(p—1) n(p—1)

For convenience we rewrite the Cauchy problem (1.1) as:

1
1-Lcyec1—=. (1.5)
n n

ap _d * / n

— =divypVc* [V (Flop)] ¢, (z€R™ ¢t>0)

ot { } (1.6)
P(t:O) = 0, (DU eRn)v



where ¢*(z) = |z|P/p is the Legendre transform of the convex function

E 1 1
c(x):ﬂ, - +-=1
q p q
By rescaling in time and space p as follows:
(t,) = = (r,9) (17)
p 7‘IE - R(t) U Tay )
where
r=InR(t), y= %, R(t)=(1+6,)Y%, 6,=@p—1)(nm+1)+1—n, (1.8)

it is easy to show that p solves (1.6) if and only if u solves the rescaled convection-diffusion
equation

ou . * / n
o = div{uve [V (Flou)] +uy} (y €R", 7> 0) )
u(t =0) = po (y €R™).

Moreover, by conservation of mass there exists a unique D, such that the Barenblatt profile up,
is the equilibrium solution of (1.9). Remark that in the considered range of exponents (1.5),
m(p—1) — 1< 0, and then

ma” p—2
Flor)=—"—, 7vi=m+——. 1.10
(@) (v —1) p—1 (1.10)
Therefore, the Barenblatt profile is simply given by
1—x -1
up,(y) = D« + — c(y) . (1.11)

In fact, up, is the unique density function of same mass as ug which satisfies on its support,
V (F'oup,) = —Ve. (1.12)
The main result of our paper is the following:

Theorem 1.1 (Rates of convergence) Let m, p be in the range (1.5), and let uy be a density
such that there exist positive constants Dy > Dy for which

up,(z) < po(x) = up(z) <up,(zr) VoeR™. (H1)

Consider u a solution to (1.9) with initial data ug, there exists a unique D, such that u(T)
converges to the Barenblatt profile up, in L'(R™). Moreover, there exist a time 79 and two
positive constants X and M = M(m,n,p,ug, 7o) such that, for any time T > 79

A
Ju(r) —up. |1y < Me27. (1.13)



As a consequence, for a time large enough the corresponding solution p(t) of (1.1) converges to
the Barenblatt solution pp, (), algebraically fast in the L!-norm, at the rate A\/(25,): there exist
a time tg and a constant C' = C(m,n,p, po,to) such that, for any time t > ¢

lp(t) = pp. ()| Ly < C 1 E0), (1.14)

where §, = (p — 1)(nm +1) +1 —n.
The main tool is the following relative free energy with respect to the Barenblatt solution
up, defined by

Elulup.)i= [ [Fouly) = Foup. () = Floup, ()(u(a) ~up.(u)] &y (L15)

for any given u € Li_ (R™). Tts derivative along the flow of (1.6) is formally given by

d
——&lu(r)up.) = Zlu(r)lup.]

where

n

I[u(7)lup.] ::/ u(r,y) V (F'ou(r,y) + c(y)) - (Ve oVF ou(r,y) +y) dy.
In this paper, we prove that the relative entropy decays exponentially fast in the form
Elu(r)|up.] < e 77 Euolup,], (1.16)

for some (3 > 0. This is obtained in two steps. First, we linearise (1.9) at the equilibrium solution
up, by using the linear perturbation u(7) = up, + ev(7), and we show that the linearised
version of the relative energy converges to 0 exponentially fast, as in [10]. For that, we use
the Hardy-Poincaré inequality recently established by Blanchet, Bonforte, Dolbeault, Grillo and
Vazquez in [5]. Next, following the strategy in [6], we try to compare the relative energy and
the dissipation of the relative energy —that is, the Fisher information— for both linearised and
nonlinear equations, to deduce the exponential decay (1.16) for the nonlinear equation. The
main differences with respect to [6] lie in the fact that a direct relation between the linearised
and the nonlinear Fisher information is not clear due to the singular characters at the origin of
the weights when 1 < p < 2. Therefore, we are forced to use a sort of regularised linearised Fisher
information instead. Moreover, the control of the additional terms appearing in the regularised
entropy dissipation of the linearised problem and in the relation between the entropy dissipations
is more involved in our case.

We note that, based on our computations (see Remark 3.4), the Bakry-Emery approach used
in [10], which consists of differentiation twice the relative energy E[v(7)] to estimate the spectral
gap at the eigenvalue 0, does not yield a positive result for our equation when 1 < p < 2, and
thus, a similar procedure to [11] for the doubly nonlinear equations is not feasible. Moreover, the
Hardy-Poincaré inequality used here to establish the linear stability is actually valid on a larger
interval, my(p) < m < mc(p)—l—ﬁ, which includes our interval m.(p) < m < mc(p)—i-ﬁ, as
m.(p) < me(p), where m.(p) = Z_—_qu + 12)%71’. Therefore, our linearisation result extends naturally
to the interval m, < m < m.(p) where mass conservation for the nonlinear equation fails. In
this range, one needs to carefully define the right class of initial data and a substitute of the



Barenblatt solution, as done in [6] when p = 2. Here, we will not follow this path and we will
restrict ourselves to the case m.(p) < m < mq(p)+ m where mass is conserved to concentrate
in the main new difficulties.

The paper is organised as follows. In Section 2, we review and introduce the main estimates
on the solutions needed in the rest of the work. In particular, we prove the convergence of the
solution u(7) of (1.9) to the equilibrium solution up, in C'(R"), as 7 — oo, with no rate. Then
in Section 3, we analyse a suitable linearised problem for which we apply an entropy-entropy
dissipation argument based on Hardy-Poincaré inequalities. Finally, Section 4 is devoted to
establish the exponential decay of u(7) to up, by the comparison between linear and nonlinear
relative entropy dissipations.

2 Convergence without rate

Let us start by reviewing some well-known facts about the global unique weak solutions associated
to (1.1) in the range of exponents considered. They conserve mass for all times, i.e.,

/n p(t,x) dz = /n po(z)dz Vte(0,00). (2.1)

From now on, D, is the unique positive real such that

/ pola) de = / up, (2) de. (2.2)

Moreover, solutions of the Cauchy problem to (1.1) enjoy a comparison principle and the L!-
contraction property. Due to the change of variables (1.7)-(1.8), these properties hold for the
solution u of the nonlinear Fokker-Planck equation (1.9). Since in the rest of this paper we will
only work with the scaled solutions of the nonlinear Fokker-Planck equation (1.9), from now on
we will use ¢ instead of 7 and «x instead of y for the time and position variables respectively. The
quotient function

w(t,z) =

is solution to

8w(t,x) 1 . * / * /
pra . (x)dlv{w(t,x) up, () <Vc oV [F'o(w(t,.)up,)] (x) — VoV [Floup, | (x))} .
Define
Wo := inf UDy () < sup m =W .

zeR" up, () = zern up, (2)

A straightforward calculation gives

1 1
D,\ T D,\ T
Wo=[— < 1 < . =W
’ <D0> - - <D1> !

with strict inequalities unless pg = up,. In terms of wy = ugp/up+, the "sandwich” assumption
on the initial data (H1) of Theorem 1.1 can be rewritten as follows: there exist positive constants
Dy > Dy such that

~—

up, (x
up, (v

0< Wy < <Wi<oo VzeR". (H1)

~—

(@)



Remark 2.1 Let us point out that the condition (H1) or (H1’) in the case of the fast diffusion
equation (p = 2) and in the corresponding range, 1 —2/n < m < 1 — 1/n, is not restrictive.
In fact, as a consequence of the global Harnack principle proved in [7], the hypothesis (H1) is
satisfied by p(t) for any t > 0 with an initial data ug € L}F(R"). In the present case, a similar
Harnack principle, not available in the literature, would restrict the study of the asymptotic rates
to this particular set of initial data.

Let us first remind the standard regularity theory of degenerate parabolic equations [24, 27, 13,
14, 15, 26]:

Lemma 2.2 (Interior regularity estimates) Let Q) be a bounded set and {uy,}, be a sequence
of solutions to (1.9). If there exists ty and 0 < Cy < Cy such that for all t > t

C1 <up(t) < s
then there exists C' such that for all o € (0,1) and t > tg, ||un(t)||c1.a < C.

As a consequence we have

Lemma 2.3 (Uniform C!“-estimates) Consider a solution u € C([0,00); L*(R™)) of (1.9)
with initial data ug satisfying (H1). If w = u/up~ then for any o € (0,1) and ty € (0,00),

sup [[w(t) |l cremny < oo .
t>to

Moreover, there exists C' > 0 such that for any x € R™\ By

Vot 2)| < BT vy s, (2.3)
|z|
As a consequence,
V| ~jg oo |29 O7DFL (2.4)

Proof. Due to the comparison principle and the hypothesis (H1), the function u(t) is sandwiched
between the two Barenblatt profiles for all times, i.e.,

up, < u(t) <up, t>0,

and thus is uniformly bounded in Bs, the Euclidean ball of radius 2, uniformly in ¢ > tq > 0.
Due to Lemma 2.2, u(t) € C%*(By), for any 0 < a < 1 hold uniformly in ¢ > ¢y > 0. Consider
w = u/up,, then w is also bounded in C1*(By), for any 0 < o < 1 uniformly in t > ¢y > 0. To
deal with large values of x we introduce, the rescaled function

up(t, @) == N/ O™, Ax)

which is also solution to (1.9) but the annulus Bsy /B) gets mapped into the annulus ©; := B/ Bj.
Note that all derivatives of the rescaled Barenblatt up, /\ are uniformly bounded from above and
below since

a(p—1)
DﬁuD*/)\ — C D" <|33|’”(P1)1> uniformly in €7 as A — o0



for any multi-index 8 € N%. As a consequence, we get that uy(t) is also uniformly bounded from
above and below in 7 uniformly in A > 1 and ¢t > tg > 0. Again using the regularity theory of
the degenerate parabolic equation, we deduce that the CH*mnorm of uy(t) and thus of wy(t) in
4 is also uniformly bounded for ¢ > t3 and A > 1 by a constant C7. Going back in the A-scaling
we find a constant independent of A > 1 such that

Vw(t, \x)] Oy .

<= to, 2.5

w(t,\r) — A in {to, 00) (25)

in 1, and thus, the C!-norm of w(t) in R"/B; is uniformly bounded. Similar scaling argument
applies to the Holder semi-norms. As a consequence of (2.5)

t,A t,A
Vot )| < 0 LA g 0wt Az)
Az
We thus obtain (2.3) for any y = Az € By \ By, and any A > 0.
Note that Vu = up Vw + wVup and thus we have (2.4). O

From this we can obtain the following result regarding the evolution of the relative entropy
to the stationary state.

Proposition 2.4 (Entropy/entropy production) Let u € C([0,00); L'(R"™)) be a solution
of (1.9) for an initial data satisfying (H1), and consider the free energy € defined by (1.15). Its
derivative along the flow of (1.9) is:

SElullup.) = ~Tlu(®lun.]
where

T [u(t)|up,] ::/ u(t) [V (F'ou(t) — Floup, )] [Vc* (V (Flou(t))) — V' (V (Floup,))]dy

n

is the relative Fisher information of u(t) w.r.t. up,. Moreover, T [u(t)lup,] = 0 if and only if
u=1up,.
Proof. By performing formally integration by parts, we get

d

Eg[u(t)\u[)*] = /n [F'ou(t) — F'oup-] div{u(t)Vc* [V (F'ou(t))] —i—u(t)y} dy

= — /nu(t)v [Flou(t) — F'oup-] - {Vc* [V (F'ou(t))] +y} dy.

The above energy dissipation follows using that up, satisfies (1.12) and Vc¢*oVe = id. This
integration by parts can be justified using Lemma 2.3 by a standard argument introducing a
cut-off function like in [6, Proposition 2.6]. Since the arguments are exactly equal, we do not
perform any further details. By the convexity of ¢*,

[Ve*(a) — Ve (b)] - (a—b) > 0 (2.6)

with equality if and only if a = b. So the Fisher information is non-negative and zero if and only
if u and up, have the same mass and such that V (F'ou(r) — F'oup,) =0, i.e. u=up,. O

With these ingredients, we can obtain a first result of convergence toward stationary states.



Lemma 2.5 (Uniform convergence) Let u € C([0,00); L'(R")) be a solution of (1.9) for an
initial data satisfying (H1), then limy_, o w(t,x) = 1 uniformly in compact sets of R™.

Proof. Define u”(t,z) := u(h +t,z), for any given h > 0 and ¢ € [0, 1]. It is also well-known [13]
that equi-bounded set of solutions of (1.1) are equi-continuous in time. This property carries
over to u(t) by the change of variables in (1.7). This fact together with the uniform bounds in
C1@ obtained in Lemma 2.2 and the Ascoli-Arzeld theorem implies that for any sequence (hy,)nen
there exists a sub-sequence (hy, )nen, denoted with the same index, such that {u"},cn converges
to a function us uniformly in compact sets of [0,1] x R™, and moreover, us(t) € C1*(R"™) for
all ¢ € [0,1]. Since E[u(t)|up,] is non-increasing and positive it has a limit as ¢ — oo and

1 hn+1
/O T{u(s + hn)[up.] ds = / Tlu(s)|up,] ds = Elulhn)[up,] — Elulhn + 1))up.] —t0 0,

n

the function ¢ — Z[u""(t)|up,] is integrable on [0, 1] and converges to zero as n — co. By (2.6),
7 is non-negative. By Fatou’s lemma we have

/R" 111520 u (t, )V (F/ouh" (t,x) + c(x)) : <Vc* [VF'ouh" (t,z) + VC*OVC(QJ)D dz=0.

As a consequence of (2.6), ux satisfies V[F'oues(x) + ¢(x)] = 0, from which us = up for some
D > 0. By conservation of mass D = D,. Since the limit of all the convergent sub-sequences is
uniquely determined by up,, the result is proved. O

Proposition 2.6 (Convergence in LP-spaces) Let u € C([0,00); L'(R™)) be a solution of the
scaled doubly-nonlinear equation (1.9) for an initial data satisfying (H1), then

lim ||u(t) —up,|[p =0 for anyp € [1,00] and lim E[u(t)|lup,] =0.
t—o00 t—00

Proof. By Lemma 2.5, lim;_, |u(t,z) —up,(x)| = 0 for any x € R™. Moreover, by assump-
tions (H1), for |z| large enough

lu(t) — up,| < max { |up, —up.|, lup, —up.| } =O (\x!’qm’”/(lﬂ)) .

So the difference between |u(t) — up,|? is in LY(R™) if § > O(p, m) with
n(l—7)
O(p,m) == ———=.
= ey

It is easy to check that ©(p,m) is a decreasing function of v and so of m. Since ¢ > 1, in the
range of exponents (1.5), we have

n
n—+q

O(p,m) < O(p,me(p)) = <1.

By Lebesgue’s dominated convergence theorem, it implies that u(t) converges to up, in L¢(R™),
for any 0 € [1,00). Finally, we use the following interpolation lemma, due to Nirenberg, [30, p.
126]:

n_ 2
[flloo < C A G Rny IFI2™ YV Fe CRY),



for f =u(t) — up, together with (2.4) to obtain the result in the uniform norm.
By Taylor’s formula on the integrand of the relative entropy we have

Fou(z) — Foup, (z) — Floup, (z) (u(z) — up, (v)) = %F”o{(m)(u(x) —up. (z))?

with
up. () Wp < min(u(x), up, (¢)) < &) < max(u(z), up, (2))) < up, ()W,

due to (H1), see also (H1’). For x large enough

CUEZ (Up, — UD0)2 ~ ‘x’—q(2—v)/(1—v) )

Since ©(p,m) < 1, the integrand of the relative entropy is bounded by an integrable function.
The convergence to 0 of the relative entropy thus holds by the Lebesgue dominated convergence
theorem. 0

Remark 2.7 In contrast with [6], we do not generally have the convergence in C1%(R™).

3 Linear stability

To prove the decay (1.16) of u(t) to up, in the energy form, it is sufficient to establish the
following nonlinear Hardy-Poincaré type inequality:

& [ulup+] < =T [ulup+], (3.1)

1
g
for some 3 > 0 and u € CL¥(R") verifying (H1).
yield

Indeed, (3.1) combined with Proposition 2.4

d

dt
and this leads to the energy decay (1.16) by a simple Gronwall argument. To prove (3.1), we
will first show a linearised version of this inequality — i.e., a weighted Poincaré inequality —, by
considering the perturbation u(t) = up, + ev(t) of the solution u(t) to (1.9). This will lead to
the convergence of v(t) to 0 in relative entropy for the linearised equation of (1.9), as we will
show below. Next section will be devoted to compare the relative entropy and Fisher information
in (3.1) with their linearised analogues.

& [u(t)lup-] < —=BE [u(t)|up-],

For clarity in our exposition, let us start by formally deriving the form of the weighted
Poincaré inequality that we will be dealing with below. Using the perturbation v = up+ + ev
and the second order Taylor expansion of F' (up+ + €v) at € = 0 on the expression of the relative
entropy (1.15), we have that

2
Fou — Foups = evF'(up+) + %UQF”OUD* + O(€®),

and then & [u|up~] linearises as:

2
E [u|lup+] = %/ v2F" oup- + O(€3).

10



Let us hence introduce the weighted L?-norm:

1

Ev] = 3 /n v (x) F" oup«(x) du, (3.2)

which will play the role of the linearised relative entropy.
Concerning the linearisation of the Fisher information, from the first order Taylor expansion
of F'ou = F'(up, + ev) at e = 0, we have

B:=V [Fou] = A+ eW + O(). (3.3)

with
A:=V [Floup-] =Ve and W :=V [vF"oup-]. (3.4)

Then using that Ve*(z) = z|z|P~2, we obtain
Ve (B) = V' (A) + €| APT2W 4 e(p — 2)|AP~HA - W)A + O(é2). (3.5)

Combining (3.3) and (3.5), we see that 7 [u|up+]| formally linearises as:

T [ulup~] = 62/ up| AP 2|W* do + €(p — 2)/ up<|AP~HA - W)2dz + O(€%).
R

n

Hence, for € small enough, the nonlinear Hardy-Poincaré inequality (3.1) linearises as

2 dx (3.6)

Vel 2|V [oF" oup+|

é v F" oup- S/ Up=
2 Rn n

+(p—2)/ up+|VeP~ [Vc-V(vF"ouD*)]Q dz.

It will be shown below that the 1.h.s of (3.6) is a Lyapunov function — and the relative entropy
— for the linearised equation of (1.9), and the r.h.s of (3.6) corresponds to the dissipation of this
relative entropy, up to a constant.

Let u be the solution of (1.9), and consider the small perturbation
u(t) = up+ + ev(t) (3.7)

of up«, where ¢ > 0 is small, and v(t) € CH*(R") for some o € (0,1). Because of the mass-
conservation (2.1)-(2.2), we have using the rescaling (1.7)-(1.8), that

/ v(t,z) dz =0, Vt>D0.

Moreover (3.7) implies that

ou ov
On the other hand, using (1.12), we have that Vc* (A) = V*[-Ve(z)] = —z, and then (3.5)
gives that
u[Ve* (B) + 2] = eup~ [|[AP?W + (p — 2)|APH(A - W)W + O(). (3.9)
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Inserting (3.8)-(3.9) into (1.9), we formally obtain after simplifying by e and then setting e = 0,
that the linearised problem to (1.9) is:

ov . p— p— "
5 = dlv{uD* (JAP2W + (p — 2)| AP~ (A- W) A) } (z €R", > 0) (3.10)
ot = 0) = vy (x € R™),

with vg € L*(R™) of zero average. We can easily check that Eq. (3.10) has the linearised relative
entropy (3.2) as Lyapunov functional. Actually, differentiating E [v(¢)] along a solution v of (3.10),
we formally have by a straightforward computation, that

d

2 E Ol == (@] + (2 = 2)lo [v(®)]) , (3.11)

where

I v(t)] = /n ‘W(t)’QuD* A’p_z dz and lgfv(t)] = /n (A- W(t))2 ’LLD*’A‘p_4 da.

The Cauchy-Schwarz inequality implies that |[A[P~* (A - W (t)) < |A[P~2|W (t)|?, and as a conse-
quence, lg [v(t)] < 1[v(t)]. Using 1 < p < 2, we have
Ho())] + (= 2)lo [o()] = (p = DI(t)] = 0. (3.12)

In case p > 2, it is direct that | [v(t)] + (p — 2)lp [v(¢)] > I[v(t)] > 0. From these estimates, the
dissipation (3.11) and |A(x)| = |V [F'oup+] (x)| > 0 for all z € R", we readily formally conclude
that the unique steady state is the zero solution.

The objective of the rest of this section is to show the following asymptotic exponential
relaxation of the linearised equation (3.10):

Theorem 3.1 Let m satisfying (1.5) and vg € L'(R™) with zero average. Consider v(t) the
solution to (3.10) with initial data vo. There exists a constant 3 > 0 such that

Efv(t)] < e P Efvo). (3.13)

Let us concentrate first in the case 1 < p < 2. To derive this exponential rate of convergence,
we establish the following functional inequality

Ef] < Z (o] + (=2 [v]), B>0,

R

for all v € CLH*(R™) with zero average. This inequality corresponds to the formal linearisa-
tion (3.6) of the nonlinear Hardy-Poincaré inequality (3.1). In fact, because of (3.12), it is
sufficient to prove the following weighted Poincaré type inequality:

p—1
5

for all v € CH*(R") with zero average. This is equivalent to show the Hardy-Poincaré type
inequality:

Efv] < [[v], B>0 (3.14)

/n g* dp(z) < B/Rn ]Vg\z dv(x), (3.15)

12



for some 3 > 0, where ¢ is any function satisfying fR" g du(x) =0, and

dx

= Foup-(z)’ dv(z) = up=(z)|V (Foup=(z)) P2 da. (3.16)

dp(z)

Note that the functions v and g in (3.14)-(3.15) are related by g = v F”oup-, and 3 = 2(p—1) /5.
The inequality (3.15) is also enough to prove the needed inequality in the case p > 2 since (3.11)

implies that 1
—E ()] < 1 [o(t)]

Lemma 3.2 (Hardy-Poincaré type inequality) Let m,n,p be such that 1 < p < oo and

me(p) <m < Z(;p—% Then, there exits a constant > 0 such that

/n g% dp(z) < B/W Vgl? dv (),

for any function g € CH¥(R") satisfying Jzn g dp(x) = 0 with 0 < & < 1, where 1 and v are
defined by (3.16).

We keep calling this inequality, “Hardy-Poincaré inequality” to remind the link with the

inequality proved in [5, 6], but here we only use the Poincaré type part of the inequality. The
proof of the Hardy-Poincaré inequality was performed in [5, 6] and an estimate of the constant
(3 is also established. This proof can be adapted to Lemma 3.2. For completeness, we give here
the proof of this variant of the Hardy-Poincaré inequality.
Proof. We first observe that we can reduce to show the inequality for the Schwartz class g € D(R™)
by simple approximation arguments. In L?(R™ du) we consider the closable quadratic form
vi— Q) = [pn |Vg|? dv and —£ the unique non-negative, self-adjoint operator in L?(R",du)
associated with the closure of Q. By Persson’s theorem [32]

inf oess(—L) = lim inf ﬂ
R—o0vEHR [pn |9|? dp

where Hp = {v € H'Y(R?, dv) : supp(v) C R*\ B(0,R)}. Roughly speaking it means that
the inequality is true for any weights with the same behaviour in a neighbourhood of +00. By a
straightforward computation using (1.12) and (1.11), we have that

2—v 22—y

1 1— -1 1 /1-— =1
) = o (Dot el ) e o () a2
m mq m

and

1 1
1— =1 1—~\ -1
du@):LﬂQQ<D*+ nﬁ”uw)” dxwxm3<__l>” |22 dz

mq
with « chosen in such a way that ¢(2—7)/(y—1) =2(a—1) and 2—q+¢q/(v — 1) = 2, that is,

q(2 —7)
2(y—1)

9 _
or equivalently « = 4 + q

—1 .
a=1+ 2 T2y -1)
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It is left to the reader to check that a < —(d — 2)/2 in the range of 1 < p < oo and m.(p) < m,
and thus, we can apply [5, Theorem 1] to obtain

-y

inf oegs(—L) > Ko
where £, is the constant of the following Hardy inequality with weight, see also [6]. We refer to
[5, Theorem 1] for estimates on the constant x, depending of —n < «a or a < —n, see also [6].
We remark that both cases happen depending on the precise values of m.(p) < m < Z(_f_ +1;
1 <p<oo.

The lowest eigenvalue of —L is A\; = 0 with eigenfunctions given by the constants functions.
Zero mean-value solutions belong to the orthogonal set to the eigenspace associated to Aj. Since
A1 is non-degenerate we obtain the desired result for some \g € (0, k4] O

and

Since the only behaviour of the weights that counts is their growth at infinity, we can avoid
the singularity of the weight at the origin for the singular case 1 < p < 2 directly to obtain the
following stronger inequality.

Corollary 3.3 For any € > 0, there exists a constant B, > 0 such that
[ ¢ dnte) <G [ V9P anito)
n R’VL

for any function g € C1(R™) satisfying Jon g du(x) =0, where p is defined by (3.16), and

2

dve(z) = up+(z) (e + |V (Floup-(z)) )"~ da.

Therefore, setting v = g/(F"oup~), we have the stronger weighted Poincaré inequality
E[v] < %/@ [v] (3.17)
for all v € CH*(R™) with zero average and 0 < & < 1, where
(9] = / IV (vF"oup+) |* (€ + |V (Foup~) \)p72 up+ dz. (3.18)

Remark 3.4 The Bakry-Emery approach used in [10] to establish the weighted Poincaré inequal-
ity inequality (3.14) when p = 2, does not seem to apply here when 1 < p < 2. For illustration, let
us consider the particular case m = n = 1, that is the linearisation of the 1-dimensional rescaled
p-Laplacian equation, Oy = div {(p — 1)up~|A[P~2W?}, where A and W are defined by (3.4). In
this case, the relative entropy dissipation equation (3.11) simplifies as

% — —(p—1)I[(t)],

and it is easy to show that its dissipation is

_ dIfe@)]

U = 2 — 112D [o(0) o]
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where

AP2w))? da.

D [v(t)|vp+] :/ F"oup~ [div (up-
R”

Following [10], if one can establish the estimate D [v(t)|vp+] > Alv(t)|vp+] for some X > 0,
then it will imply the weighted Poincaré inequality (3.14). But by a direct computation, we can
show that

(p—2)?

p(p — 1)> I(v(t)vp~) +/Rn F" o up- (up-

p—2
Ny / wpr
(p—1)? Jgn

Note that the second term in the above expression is non-negative (because F' is convex), while the
last term is non-positive in the range 1 < p < 2. If p > 2, the last term is also non-negative and
we obtain D (v(t)|vp~) > I(v(t)|vp+), that is X\ = 1. This then yields the desired inequality (3.14)
when p > 2. But if 1 < p < 2, one cannot derive this estimate from (3.19), at least at cursory
glance.

AP~2diviv)? da

APT2W 2|y da. (3.19)

Proof of Theorem 3.1 We apply Lemma 3.2 to g(t) = v(t)F"oup- and 3 = 2(p—1)/3. By (3.11)
and (3.12) we have
dE [u(t
AEWE] < oo,

This leads to (3.13) by a Gronwall estimate. O

4 Nonlinear stability

The first step to go from linear to nonlinear stability is to use that our solution is sandwiched
between two Barenblatt profiles to compare the nonlinear relative entropy and its dissipation
with their linearised counterparts.

Proposition 4.1 (Comparison linear/nonlinear relative entropy) Consider a function u
satisfying (H1). Then there exist positive constants Cy and Co such that

C1 Elu —up,] < Eujup,] < Co Elu —up,] .

Proof. The asserted result follows from the end of the proof of Proposition 2.6 with C7 := mW, -2
and Cy := mWffz. ]

The next objective is to compare the nonlinear Fisher information, Z [u(t)|up+], with its linear
analogue, | [u(t) — up~] along solutions of (1.9). Let us point out that the weight

|V (F’ouD*) \p_Q = \x!Q_q

in the linearised entropy dissipation diverges at the origin for 1 < p < 2. This singular behaviour
makes complicated any attempt to compare it with nonlinear Fisher analogues. Due to the
singularity of the weight |V (F'oup+) [P=2 at 2 = 0, we will replace | [u(t) — up-+] by its regularised
analogue 1) [u(t) — up-~] defined by (3.18), where e > 0 is a fixed constant.
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Proposition 4.2 (Comparison linear/non-linear Fisher information) Assume that u is
the solution of (1.9), and set v=wu —up+. Then:

1. Case 1 < p < 2: Given € > 0, there exist to > 0 and positive constants k1 and kg such that
for all t > ty,
19 To(8)] < k1 T [u(t)|up+] + k2 Ev(t)] . (4.1)

2. Case p > 2: There exist tg > 0 and positive constants k1 and ke such that for all t > tg,

Io(t)] < k1 Z [u(t)|up] + ke E[v(t)] . (4.2)
Moreover ko can be chosen arbitrary small provided that ty is large enough.

The proof of this proposition is organised as follows:
Claim 1: We first show that, for all ¢ > 0 and 1 < p < 2 and for € = 0 if p > 2, there exists
ko > 0 such that

1 [o(®)] < Kold [o(b)] + K2 [v(t)] (4.3)

where

? (e+ |V (Floup-(z)) )" up- dz. (4.4)

|§E)[v] = /n {V [F'ou — F'oup-]
Claim 2: Next we show that if 1 < p < 2, then for all € > 0 there exists § > 0 such that
9 Ju(t)] < 6T [u(®)|up-], (4.5)

whereas if 2 < p < 0o, then there exists § > 0 such that
Iy [v(t)] < 0T [u(t)|up-]. (4.6)

Combining (4.3) and (4.5)-(4.6), we obtain the desired inequalities (4.1)-(4.2) with k3 = Jko;
here |, = I{” and 1 =1,

Proof of Claim 1: Here we follow the arguments of the proof of Lemma 5.1 in [6]. Indeed, let
hy(w) = (w1 —1)/(k — 1), where

w(t,z) = Zl(i’(z))

Because of assumption (H1), we have that Wy < w(t,z) < W, where the constant Wy and W,
are such that 0 < Wy < 1 < W;. By studying the function ho/h, on [Wy, Wi], we have

aph(w)? < ho(w)? < arhy(w)?, (4.7)
and
hy(w)? < aghl, (w)?,
where
Wo—1 Wy -1
L 2 0 L 12 1
ag = |y — 1] 7W07_1—1 <1, aj:=|y—1] 7W17_1—1 >1
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and
= WIZ(Q_V) > 1.

Now, define
2 —1\p—2
v (wh (w ))( (€ + 2|7 )P 2up- dz.

1] = m? /n

We have that 19 = |2(€) and for k = ~, Iqse) is defined in (4.4). Next we compute I,ge) [v]. By
2
expanding ‘V <u1’):1hk(w)) ,

we have

Iég)[v] = m? - u%’* 1hk(w)2\Vw\2(e + ]w\q_l)p_z dz
HL=P [ (Pl e ol Pupe do
+2m(1 — fy)/ w)y W () (w)|z]7 % (e + |27 P 2Vw - z da.
RTL

Integrating by parts, the last integral can be rewritten as

/ Wl Wy () (w) 272 (e + [P 2V - o da

1
:5/ V (h(w)?) - |l (e + [2]" P, da
1
. / h(w)?div (|72 (e + |27~ 2u).) da
1
-2 / h(w)?div (|72 (e + |2*71)P %) u). da
+ %/ hie(w)? [0V (€ + |2]97 1P 2up- da
R?’L

Then, fore >0if l <p<2ande=0ifp > 2,
I(e =m / w2 (w)2 | Vw) (€ + [2|97 P2 da
+(1-7) / ()[4 (e + )" Pups da
R’ﬂ
—m(1—7) / hye (w)?div (|x|q_2x(e + |x|q_1)p_2) u}. dz. (4.8)
R’ﬂ

Next we set kg := max(aq, az). Moreover, since w uniformly converges to 1 as ¢ goes to oo, then
g, a1, ag and kg > 1 can be chosen arbitrary close to 1 provided that ¢ > tg, for some t( large
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enough. Combining (4.7)-(4.8), we have

1] = IQ(E) [v] §m2a2/ u?jlh'y(w)Q\Vw\z(e + || P2 da
Rn

+an(l - 7)/]R ey (w)? 220D (e + ] 7P Pup- da
—m(1—7) /n ho(w)?div (|z|9 %2 (e + |z[971)P72) u),. d
< nolq(/e) [v] + m(1 —~) /]R" u}).div (\x!q_Zx(e + \x!q_l)p_Q) (,%Ohy(w)2 — hg(w)Q) dz.
The integration by parts is valid as
(W) o] s ~ (W) o] ~ (Upy — Upy)? [ UR w [ -02=/0=)+1n
Finally, we observe that 0 < koh.(w)? —ha(w)? < (ko/ag — 1) ha(w)? and by direct computation
| div (o7 2z (e + ]m\q_l)p_Q)‘ <n+2(qg-2), (4.9)
which is valid for e > 0if 1 < p <2 and € = 0 if p > 2. We then deduce that
1O (t)] < rol{? [0()] + r2E [u(t)]

with kg := 2(ko/ap — 1)(1 —v)(n +2(q — 2)) > 0. Clearly ks is arbitrary small provided that ty
is large enough since ko/ap = max(a/ag, aa/ag) > 1 gets arbitrarily close to 1. O

Proof of Claim 2 — (Case 1: 1 < p < 2): First we expand IV(E) [v(t)] and Z [u(t)|up+], and we have
that

1 u(t)] = / IV [F'ou] (e + |V [F oup-] )P 2up- dx

P 2up« dx

+ /n IV [F'oup«] |*(e+ |V [F' oup+]
- Q/n VI[F'ou] -V [F oup](e+|V[F oup:] [}’ 2up~ dz
and
T [u(t)|up-] = / |V [F ou]|"u dm+/Rn IV [F oup+] [Pu dx
—/nV[F'ou] Ve (V[F oup-]) ude
—/nV[F/ouD*] Ve (V[Fou])udz.

Next we use Young inequality a - b < c¢(a) + ¢*(b) with ¢(2) = |2]9/q, a = Ve* (V[F' o u]) and
b=V [F'oup+], to have that

V[F oup] Ve (VEW) < L[V [ ou] P+ 219 [ oupe]

18



Then Z [u(t)|up+] can be estimated as

T [u(t)|up+] Zl/n ‘V [F’ou”pu dm—l—l/n ‘(V [F'oup*]ﬂpu dx

p q
—/ V[F’ou] -Vt (V [F’ouD*])ud:c

1

:—/Rn‘V[F/ou”pudx—l—l/nHV [F oup-]) [Pu dz

p

nm
+_

v JRrn

q

u” dx.

Now, we compute the cross term of |,$E) [v(t)]. We have that

/n V [F'ou]) -V [F oup] (e+|V [F' oup«] )P 2up- dz

m

— V(u'™ - zlz| T (e + 2|9 2ups da

_1—"}/ Rn
m

(4.10)

= - — w1t div (ﬂ:|x|q_2(e + |:c|q_1)p_2uD*) dz

1—’)’ Rn
m u?

= - — div (z|z]7 (e + |z|971)P?) da

1= Jgn w

1
+—— [ w upe a2 (e + |27 H)P2 da.

1—"}/ Rn

Since the last term in the above sum is non-negative, then using (4.9) and the fact that 1 < p < 2,

we can estimate Iq(f) [v(t)] as

where

<

IN

+/ IV [F oup-] *(e + |V [F' o up+]

—|—/ IV [F' o up-] e+ |V [F' oup-]
R™
+2m(n+2(q—2))

/n [V [F ou][* (e + |V [F o up] )" up- de

P 2up- dx

Y
el %div (@|2]72(e + |27 )P~2) da

/ [V [F ou][* (e |V [F 0 up-] ) Pup- da
Rn

P 2up- dx

/ IV [F'ou]l” D (u, up)?Pup- dx—i—/ |V [F' o up-]
Rn

¥
/u—dx
11— Rr W

n

+Qm(n +2(qg—2)) / u?

dz,

1—7 w
[V [F 0 ul]

‘1)6 s * ) 1= .
(u, up-) e+ |V[F' oup-]|
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Let us check that ®.(u,up~) is uniformly bounded. Using Lemma 2.3 we are reduced to work at
|x| ~ oco. Actually, we need to show that |V(u“/_1)|/|V(Ug:1)| is uniformly bounded for |z| > R
and t > t9. Due to (H1) it is sufficient to prove that |Vu|/|VUp+«| is uniformly bounded for
|z| > R and t > tg. Since Vu = wVUp+ + Up~Vw, for |z| > R and t > ¢y we have

|Vul |Vw

VUL g,
Vo = W wp. VUP

Using (2.3), we have |[Vw| ~ O(|z|~%) and thus |Vw|/|VUp+|VUp-~ is bounded for |z| > R and
t > tg. Therefore ®(u,up~) is uniformly bounded and thus ®.(u,up+) < n for some 7 depending
on € and ty. We obtain the estimate

2—p 1
IV(E)[U(t)] < nWO /n {V [F/ ou] ‘pu dz + WO /Rn |V [F/ouD*] P dx

2m(n +2(q — 2)) /

Combining (4.10) and (4.11), and setting
1 g, 0202
0 := — max 2 P q, 7
o (pn © i)

we deduce (4.5). -

Proof of Case 2: 2 < p < oo (of Claim 2): As above, we have the expression

2 IV (F'oup=(z)) P *up- da.

Iy [v(t)] = / ‘V [F'ou — F’ouD*]
For convenience, we can also rewrite Z (u(t)|up+) as

“u dy,

Tlu®lunr] = [ Hiulup:] |V [F'ou = Foup]

where

V (F'ou — F'oup+) - [Vc* [V (F'ou)] — V& [V (Foup+)]|
|V (F'ou — Floupx) |?

and K := {z € R" such that |V [F'ou — F' oup+]

6 > 0, such that for all ¢ > tg,

Hfu(t)|up-] =

# 0}. Let us show that there exist a constant

Hlu(t)|up] > § |V (Floup-) [P~2. (4.12)

Let us remark, if p = 2, then § = 1, and equality holds in (4.12).
For simplicity, set a(t) = V (F'ou(t)) and ap~ = V (F'oup~). It is clear that (4.12) holds
in the set where ap~ = 0. Therefore, let us restrict to the set where ap~ # 0 without loss of

generality. Let us denote b(t) = a(t)/|ap+| and bp» = ap+/|ap+|. It is straightforward to check
that
Hlu(t)lup] (b(t) — bp~) - (]b()[P~2b(t) — bp-) (4.13)
¥ (Foup:) -2 o) — b P | |
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Let 6 denote the angle between b(t) and bp«. We have that
|b—bp«|*> = |b]* + |bp«|> — 2bcos @ = 1 + |b|* — 2bcos b,
and

(b—bp+) - (|bP"2b—bp+)) = [b]P” — |b] cos @ — [b|P " cos 6 + [bp«|* = 1 + [b|P — (|b] + [b]P ™) cos @

so that (4.13) reads as:
Hu(t)|up-] _ 1+r®)P — (r(t) +r()P1) 2(t)
|V (F'oup«) P2 14+ 7r(t)2 —2r(t)x(t)

where r(t) = |b(t)] > 0 and z(t) = cosf € [—1,1], with r(t) — 1 as t — oco. Estimate (4.12) is
reduced to show that

L+7rP—(r+rP 2
= >4 4.14
fp(r,x) 1 + 7“2 — 9 g ( )

for all x € [—1,1] and for all » > 0. For that, let us define the function

Fy(rz) =14+7rP —(r+ P Ve — 51 4 7% — 2rz),

which is easily checked to be decreasing in = for r > 0, whenever § < % Therefore, we have

F,(r,x) > Fp(r,1) and thus, to show (4.14) for » > 0 and —1 < x < 1 is reduced to show that
Fy(r,1) > 0, whenever § < 3. Since F,(1,1) = 0, this is equivalent to show that f,(r,1) > § for
0 <r < 1andr>1. The last assertion comes from the fact that when p > 2,

(P —r)— (P t=1) (-1)EPt-1) 2711
fp(r,1) = (r—1)2 - (r—1)2 1

is bounded below by 1, since in 0 < r < 1, we have 7P~1 —1 < r —1 < 0; in r > 1, we have
P~ —1>7r—1>0; and lim, 1 f,(r,1) = p — 1 > 1. Therefore,

1
fp(T,1)21>§2(5
O

Proof of the main theorem, Theorem 1.1: Given 1 < p < 2 and € > 0, set v = u — up~. From
Proposition 4.2 and the strong weighted Poincaré inequality (3.17), we have that

K/IBE
< ———— T |u(t)|lup+],
T T ()]
where ko can be chosen arbitrary small provided that ¢ > t( is large enough. This together with
proposition 4.1 yields the Hardy-Poincaré type inequality:

A

E [v(?)]

£ [u(®)lup] < 5 T u(®)lup-], (1.15)

where A := <2 — /1236> /Cak1fe > 0. We combine (4.15), limy o E[u(t))|up,] = 0 (see Proposi-
tion 2.6) and the entropy dissipation equation
d

fu®lup.] = ~Tlu(®)up.]
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to obtain the exponential decay of the relative entropy, € [u(t)|up~] < e & [ug|lup+]. The L'-
decay (1.13) follows from the Csiszar-Kullback type inequality (see for e.g., [3]),

HU(t) — Up* H%l(R") < M(?’L, n7p)g [u(t)‘uD*] ) M(m7 n7p) > 07

and (1.14) is a direct consequence of the rescaling (1.7)-(1.8). The case p > 2 follows analogously
without need of using the regularised entropy dissipation. O

Remark 4.3 The rate of convergence A in Theorem 1.1 can be explicitly reconstructed in the
above computation for a given choice of € for p < 2, but tg will depend on the choice of €. For
p > 2, we can even give an explicit range for the constant .
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