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Abstract: Narendra-Shapiro (NS) algorithms are bandit-type algorithms
that have been introduced in the sixties (with a view to applications in
Psychology or learning automata), whose convergence has been intensively
studied in the stochastic algorithm literature. In this paper, we adress the
following question: are the Narendra-Shapiro (NS) bandit algorithms com-
petitive from a regret point of view? In our main result, we show that some
competitive bounds can be obtained for such algorithms in their penalized
version (introduced in ?). More precisely, up to an over-penalization mod-
ification, the pseudo-regret R, related to the penalized two-armed bandit
algorithm is uniformly bounded by C+/n (where C is made explicit in the
paper). We also generalize existing convergence and rates of convergence
results to the multi-armed case of the over-penalized bandit algorithm, in-
cluding the convergence toward the invariant measure of a Piecewise Deter-
ministic Markov Process (PDMP) after a suitable renormalization. Finally,
ergodic properties of this PDMP are given in the multi-armed case.

Keywords and phrases: Regret, Stochastic Bandit Algorithms, Piecewise
Deterministic Markov Processes.

1. Introduction
1.1. Generalities and objectives
The so-called Narendra-Shapiro (NS) algorithm is a bandit-type algorithm which

has been introduced in ? and developed by ? as a linear learning automata. Such
algorithms have been primarily considered by the probabilistic community as

?? Authors are indebted to Sébastien Gerchinovitz and Aurélien Garivier for numerous
motivating discussions on the subject.
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an interesting benchmark of stochastic algorithm. An almost complete histor-
ical overview on recursive markovian methods may be found in the seminal
contributions of 7 or 7.

As a growing field of interest, many different bandit procedures have been
developed recently and it is necessary to briefly recall what kind of d-armed ban-
dit algorithm we will study in the sequel. Let us consider a slot machine with
arms Ap, ..., As. When playing arm A;, the probability of success is p; € (0,1)
(we get 1 coin with probability p; and none with probability 1 — p;). Of course,
a gambler is not aware of the value of p = (p;)i1<i<q and he wants to de-
sign a strategy to locate the optimal arm (for instance A; if we assume that
p1 > pj,Vj # 1). The Linear Reward Inaction (LRI) procedure defines a ran-
dom Markov sequence of R?, which will be denoted (X,,),>1 and X} represents
at step n the probability to select the arm A;. A common expected task of
bandit algorithms is to determine which arm is the most profitable. More pre-
cisely, an algorithm is an infallible bandit algorithm if it converges (at least in
a probabilistic sense) toward the best arm as the number of attempts tends to
infinity.

As mentioned before, stochastic multi-armed bandits are known in the field
of stochastic approximation as a very simple example of recursive approximation
scheme where the limit behaviour cannot be trivially described through the
ODE methods mainly as a result of the presence of several noiseless traps. For
instance, results of 7 cannot be conveniently applied in this context. Important
advances on the understanding of NS-bandit algorithms have been obtained in ?
where an explicit dissection of the possible limiting behaviour of this algorithm
is found and necessary and sufficient conditions of infallibility are given (see also
? for a study on the convergence rates of bandit algorithms).

More recently, stochastic bandit algorithms have received an outstanding
growing attention of statisticians and machine learning researchers, certainly
owing to its widespread range of applications, for instance in game theory, statis-
tics, signal processing, clinical trials or finance and its relevancy for Big Data
problems. A pioneering work of ? introduced the problem of the optimization
of the expected reward of the algorithm, by using forwards induction policy as
it is the case by the Markov algorithms quoted above. In most of the applica-
tions reminded above, the goal to maximize the rewards of the forecaster (and
therefore its cumulative gain) appears quite naturally. Of course, the optimal
strategy that would always select the arm A;« that maximises the probability
of success, is not realistic since the probabilities (p1,...,pq) are unknown. In
order to have a good estimate of the efficiency of the algorithm, one may first
study the asymptotic rate of convergence of the algorithm when n — +oo. But
for practical purpose with a finite number of observations (in the framework of
clinical trials for instance), one may prefer to focus on the so-called regret of
the algorithm. It is defined in 7 as the loss, after a finite number of attempts,
between the chosen policy and the best possible one, which consists in testing
the best arm A;-. Hence, a natural way to assess the performance of a policy
is to compute its regret and a good algorithm aims to minimize its expected
regret after n steps (see Subsection ?? for a precise definition). There exists a
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recent literature on statistical works that aim to optimize sequencial allocation
procedures in several contexts: for online-regression (see ?), adaptive routing
(?) or many other applications. A complete state of the art may be found in the
book ? and the references therein. It is well known that the optimality of these
several policies rely on an exploration-exploitation tradeoff as pointed in ? and
some recent sophisticated statistical procedures use confidence bounds to define
suitable optimal (7, 7, 7).

In some sense, the penalized bandit algorithm developed in ? also relies
on an exploration-exploitation paradigm (see Subsection ??: the exploitation is
given by the recursive reinforcement learning and the exploration relies on the
penalization term. Note that when the penalization term is omitted, the NS-
algorithm does not possess a natural exploration term, which implies some real
difficulties to ensure infallibility. For NS-algorithms, convergence and asymptotic
rates have been deeply studied in 7 and ? for the crude two-armed NS-algorithm
and in ? for the penalized (two-armed) NS-algorithm (see below for background
on crude and penalized NS-algorithms). But, to the best of our knowledge, there
is no result about the regret in this context.

Thus, we propose in this paper to adress the following questions: are NS-
algorithms competitive from a regret viewpoint and in the case of positive an-
swer, what are the associated upper-bounds ?

Due to a lack of robustness (or more precisely to a too much constraining con-
dition of infallibity), it seems that a crude NS-algorithm can not be competitive
from a regret viewpoint. This is the purpose of Section ?? and ?? and 77 where
we recall the definition of crude NS-algorithms and some basics on the regret.

Then, we mainly focus on the penalized NS-algorithms whose definition is given
in Section ?7. In this section, we also define over-penalized NS-algorithms which
are slightly more penalized algorithms than the previous ones. From a theoret-
ical point of view, this slight modification accentuates the robustness of the
algorithm, which plays a non negligible role for the establishment of uniform
upper-bounds for the pseudo-regret. It can also be mentioned that, by con-
struction, these algorithms generate “anytime” bandit policies, i.e. that do not
depend on the horizon, which may be a very important feature of bandit algo-
rithms for practical applications.

Section 77 is devoted to the main results: in Theorem ?7?, we establish an upper-
bound of the pseudo-regret R,, of the over-penalized algorithm in the two-armed.
This upper-bound appears to be uniformly minimax with respect to all available
bandit policies (see ? for a complete state of the art on the regret in various
frameworks, including our). A result is also given for the “original” penalized
algorithm but the bound is not completely uniform.

In this section, we also extend some existing convergence and rate of convergence
results of the algorithm to the multi-armed case. In the “critical” case (see
below for details), the normalized algorithm converges in distribution toward a
PDMP (Piecewise Deterministic Markov Process). In the two-armed case, we
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also provide a sharp study of its convergence to equilibrium by using a method
developed in ?.

The rest of the paper is devoted to the proofs of the main results: Section 77
presents the proofs of the regret analysis, Section 77 establishes the weak limit
of the rescaled multi-armed bandit algorithm. At last, Section 7?7 gathers all the
proofs of the ergodicity rates.

2. General settings and definitions
2.1. Crude NS-algorithm

Before going further, let us recall the mechanism of the NS-algorithms for multi-
armed bandit problems with d arms. We first define d independent infinite se-
quences of i.i.d. Bernoulli random variables A® = (A%),>1 where A} ~ B(p;)
where n > 1 and i € [1;d]. Each A’ represents the test of the arm i at step
n, its success occurs with the probability p; = P(A% = 1) and the optimal arm
corresponds to the highest value of p;. In the sequel, we will assume that only
one arm is optimal (i.e. reaches the maximal value max;<;<qp;) and without
loss of generality, we define A; as the optimal one.

Given any real vector p = (p1,...,pq) € (0,1)%, the crude NS-algorithm
is a LRI algorithm that defines recursively a sequence of discrete probability
measures (X,,)n,>1 on {1,...,d}. This sequence (X,,),>1 is a Markov chain and
this procedure is recalled in Algorithm ?7.

Algorithm 1: Multi-armed NS algorithm

Input: p = (p1,...,p4) € (0,1)4, Step size sequences (v, )n>1 of (0, 1)N
Initialization: Initialize the probability vector Xy = (é, RN é) € Sq.
forn=1to N do
e Sample I,, € {1,...,d} with respect to the distribution X,,_;.
e Compute the reward of the chosen arm I,,, denoted Al» € {0,1}.
e Update the probability distribution as follows:

X =X)_1+m [51n (4) = X)_i| Al

n

where dx(7) is equal to 1 if kK = j and 0 otherwise.

end

The behaviour of (?7?) is rather simple: the arm I, is selected at step n with
the current distribution X, and is evaluated. If the arm fails, the weights are
kept unchanged. In case of success, the weight of the arm I,, is increased by
Yo X (1 = X;(I,)), where 1 — X,,(I,,) represents the remaining weight spread
on the d — 1 other arms. In the meantime, other weights of the other arms are
decreased by a factor (1 —7y,).

In the two-armed case, the convergence of Algorithm ?? has been deeply studied
in 7 and ?. Without recalling these results, let us remark that :
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e On the one hand, some non adaptive sequences of (7,),>1 may lead to a
very fast convergence to the target but in that case, a strong dependence
between (,,)n>1 and the probabilities of success p; and ps is required (i.e.
Algorithm ?? is not adaptive here). In particular, without any assumptions
on (p1,p2) and (Vn)n>1, the algorithm is fallible when its rate is fast: there
exists some values of p; and ps such that there is a positive probability
that the NS algorithm selects the wrong arm.

e On the other hand, the crude NS-algorithm may be infallible without
conditions on p; and po but in this case, the rate of convergence is very
bad. According to the results of ?, the best (always) infallible case is
obtained for 7,, = 1/n and the associated rate is about n~(P1=72),

As we will see below, these remarks will imply that the crude NS-algorithm can
not be competitive from a regret point of view.

2.2. Regret of multi-armed bandit procedures

In bandit games, one considers some predictions where at each stage t between
step 1 and step n, a forecaster chooses an arm I,,, receives a reward A" and
then can use this information to choose the next arm at step n+1. As introduced
in the seminal work of 7, the rewards are sampled independently from a fixed
product distribution at each step ¢ and a natural way to assess the performance
of the policy is to compute its regret with respect to the best action. Using our
notation A% introduced in paragraph ??, the regret R, is the random variable
defined as

n

R, = 121?%% {Afc — Aik} .

k=1

where (Ai)k,j is a sequence of independent random variables. A good strategy

corresponds to a selection procedure that minimizes the expected regret ER,,,

optimal ones are referred to as minimax strategies. A policy that yields an

expected regret of the order infsupER,, (where the supremum is considered

over all parameters p € (0,1)¢ and the infimum is considered over all possible

strategies for this game) are thus minimax. For a general overview on minimax

algorithms for several kind of sequential games, we refer to ? and 7. The former

expected regret cannot be easy handled and is generally replaced in statistical
analysis by the pseudo-regret defined as

n

= s B3 (AL AL]

Next result describes how these two quantities are related.

Proposition 2.1. Consider a stochastic bandit problem with Bernoulli rewards
described by the vector p. We have (uniformly in p)

_ 1
0<ER, — R, < "‘;gd.
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Furthermore, for every integers n and d and for any (admissible) strategy,
1
E[R,] > 2—0\/nd (uniformly in p).

We refer to Proposition 34 of ? for a detailed proof of the first property and to
Theorem 5.1 of ? for the second one. As mentioned in the result, the bounds
are uniform in p. The rate orders are strongly different if a dependence in p is
authorized.

This result shows in particular that it is reasonable to focus on upper-bounds for
the pseudo-regret in order to study those of the “true” regret. Note that such
bounds exist in the literature. For example, it is shown in ? that the MOSS
policy leads to a uniform upper-bound of order 49v/nd for the pseudo-regret.

2.3. Crude NS algorithm from a regret point of view

We now discuss on the regret of Algorithm ??. One can instantaneously re-
mark that the infallibility of the procedure (convergence in probability to the
good target) is in fact a necessary condition for the efficiency of the algorithm
according to the regret point of view. In other words, when the algorithm is
fallible, a moment thought leads to the conclusion that the growth of the regret
with n is linear and is absolutely not competitive (minimax uniform rate is of
the order v/nd up to multiplicative constants). Taken together, this last remark
and paragraph 7?7 show that the crude NS Algorithm ?? cannot be convenient
to minimize the regret. We are thus naturally driven to focus on the penal-
ized NS-algorithm introduced in 7, which has some better adaptive convergence
properties.

2.4. Penalized and Over-penalized NS-algorithm

The main difference between the crude NS-algorithm and its penalized version
introduced by ? relies on the exploitation of the failure of the selected arms.
Algorithm 7?7 only uses the sequence of successes to update the probability
distribution X,, over the d arms: the value of X,, is modified (and increased)
iff AI» = 1. In the opposite, the penalized NS-algorithm of ? also uses the
information carried by the failure of the arm I,, and can decrease the value of
the probability of the selected arm. Note that the penalized procedure of 7 is
proposed only in the case of d = 2 arms. In that case, z,, := X,,(1) (resp. 1 —z,,)
is the probability to choose the arm 1 (resp. the arm 2) at time ¢. The update
formula of (z,,)n>1 is

Tp = Tp_1+Yn [61" (1) - mnfl] A'{Ln
~Ynpn [@n-10r, (1) = (1 = 20-1)r, (2)] (1 — A7) (2)

In case of success of the selected arm I, this algorithm mimics the crude NS-
algorithm (increase of X,,(I,,) by vn X (1—X,,(I,)) and decrease of other weights
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by a factor (1 — v,)). But in case of failure, the weight of the selected arm is
now decreased by a factor (1 — 7y,p,) (whereas the probability of drawing the
other arm is increased of the corresponding quantity).

We will see that this algorithm possesses some good properties from a regret
point of view. However, we will also find that in some cases (when p; and po
are too close to 1), the penalty becomes too small to derive (theoretically) some
uniform upper-bounds for the pseudo-regret. More precisely, if one assumes that
p1 > P2, the capacity of (X,,),>1 to get out of a neighborhood of 0 decreases with
p2 and can not be controlled uniformly. This is why we introduce in this paper
a slightly “over-penalized” algorithm in order to bypass this lack of uniformity.
For a given o € [0, 1], (29)n>0, is the algorithm defined by:

& = @y [Or, (1) — 2 ] A
~Yupn [ 101, (1) = (1 =27 _1)ér, (2)] (1 - A B) (3)

where (B?),, is a sequence of i.i.d. random variables with a Bernoulli distribution
B(c), independent of (A%), ; and such that for all n € N, B and I, are also
independent. Writing

1-AlBS =1-Al» + Al»(1 - BY),

one should understand the over-penalization as (slightly) penalizing a successful
arm with a probability o. The case ¢ = 1 corresponds to the penalized bandit
introduced in ? described by Equation (??) whereas when ¢ = 0, the arm is
always penalized when it plays. More precisely, this modification means that
the increment of x is slightly weaker than in the previous case.

It should be mention that this overpenalization is an exploration term, which
plays a central role in the exploration-exploitation tradeoff and is a cornerstone
for efficient bandit algorithms (see ? for example). Hence, one should understand
this overpenalization as a completion of the exploration ability of the penalized
bandit: a success is randomly penalized to escape of local traps.
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In the multidimensional case, the algorithm is given by the following procedure:

Algorithm 2: Multi-armed o-Over-Penalized NS-algorithm

Input: p € (0,1)¢, o € (0,1), step size sequences (Vy,)n>1 and (py,)n>10f
(0,1)"

Initialization: Initialize the probability vector Xy = (é, cee é) € Sq.

forn=1to N do

e Sample I,, € {1,...,d} with respect to the distribution X,,_;.

e Compute the reward of the chosen arm I,,, denoted Al» € {0,1}.

e Update the probability distribution according to

X) = quL—l +n |:6In (j) — Xi—l] Avlz"

1-91,0)

A Xf (1 AT ) 61, ) - 1

end

Conversely to the two-armed case, we have here to choose how to distribute
the penalty to the other arms. The (natural) choice made above is to divide it
fairly, 7.e. to spread it uniformly over the other arms. Note that alternative algo-
rithms (not studied here) could be considered. The penalty could be distributed
proportionally to the probabilities of drawing the other arms for example.

Once again, we will say that the algorithm is over-penalized if ¢ < 1. When
o = 1, the algorithm is a multi-armed version of (??) and is referred as the
multi-armed penalized NS-algorithm.

Before stating the main results, one wants to understand what performances
could be reached by the penalized NS-algorithms from a regret point of view.
For the sake of simplicity, we choose to focus on the two-armed penalized NS-
algorithm (), given by (??) and we recall (in a slightly less general form) the
convergence results of Proposition 3, Theorems 3 and 4 of 7.

Theorem 2.1 (Lamberton & Pages, 7). Let 0 < ps < p; <1 and v, = 11n~®
and p, = p1n~? with (o, B) € (0,+00) and (y1,p1) € (0,1)%. Let (x,,), be the
algorithm given by (77).

1) If0< B <aand a+ B <1, the penalized two-armed bandit is infallible.

1—2, 1—
i1) If furthermore 0 < 8 < « and o+ 8 < 1, then x — P1 a.s.
1 Pn P2 — P1
—z,

i) Ifa=p8<1/2 and g = /p1: =5 u, where p is the stationary
Pn
distribution of the PDMP whose generator L acts on C:(Ry) as

fly+g) — fy) n
g

VieCHRY)  L()y) =p2y (1—p1 —py)f'(y).
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Now, let us stress that in the two-armed case,

n
R, pin—E (Z Ai’“)

k=1
= pin—E (Z zppr + (1 — wk)m) = (p1 —p2)E (Z(l - mk))
k=1 k=1
i 1-— Tl
= (p1—p2) ) _mE : (5)
1 Pk
In particular,
11—z, — -
sugE[ p } < +o0 = RnSC(pl—m)ZPka (6)
ne n

k=1

where C' is a constant that may depend on p; and ps. In order to minimize the
rate of increase of the pseudo-regret, one thus have to minimize the sequence
(pn)nen- By Theorem ?7?, it seems that the potential optimal choice corresponds
to the one of statement (¢i¢). Indeed, the infaillibility occurs only when o > 3
and a + 8 < 1 and Equation (??) suggests that 8 should be chosen as large as
possible to minimize the r.h.s. of (??), leading to o = § =1/2.

In this case, Equation (??) makes us think that R, is of order y/m, which is
(owing to Proposition ?? and the comments below) the “good” order of con-
vergence from a uniform minimax point of view. Thus, in the two-armed case,
it seems that, in order to obtain a competitive upper-bound, it “remains to re-
place” the convergence in distribution of Theorem ??(iii) by a L'-boundedness
of the sequence ((1 — X,,)/pn)n>1 and to show that the associated bound leads
to uniform bounds for the pseudo-regret in terms of (p1, p2).

In the other cases where the algorithm is infallible, i.e. in Part (ii) of Theorem
?7?), the conditions imply that p, = n~# with 3 < 1/2. In this case, the algo-
rithm can not be competitive from a regret viewpoint. This is why in the sequel,
we will only focus on the case

and p, =

" n NG

It is important to point out that the penalized and over-penalized bandit al-
gorithms are “anytime” policies, meaning that these algorithms are completely
recursive and does not require the knowledge of the stopping horizon n. These
policies do not require the use of a “doubling trick” (see ? Section 2.3 for an ex-
ample of making an “anytime” strategy from a dependent horizon one). At last,
these bandit algorithms are very light and simple to handle from a numerical
point of view.
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3. Main Results
3.1. Regret of the over-penalized two-armed bandit

In this part, we establish some uniform upper-bounds for the two-armed o-
over-penalized NS-algorithm. Our main result is Theorem ?7. Before stating it,
we choose to state a new result when ¢ = 1, i.e. for the “original” penalized
NS-algorithm introduced in ?.

Theorem 3.1. Let (X,,)n>0 be the two-armed penalized bandit defined by (?7)
with (1, p1) € (0,1)2. Then, for every & € (0,1), there exists Cs5 > 0 such that

Vn € N, sup R, < Csv/n.

(p1,p2)€[0,1],p2<p1A(1-9)

Remark 3.1. The pseudo-regret of the original penalized-NS algorithm is not
completely uniform. From a theoretical point of view, there is a lack of penalty
when py is too large, which in turns generates a lack of mean-reverting effect for
the sequence ((1 — X))/ pn)n>1 when X, is close to 0. Note that this constraint
also appears numerically (see Figure 7?7 below). Following carefully the proof of
the result, the constant Cs could be made explicit.

This explains the interest of the over-penalization, illustrated by the next result.

Theorem 3.2. Let (X,,),>0 be the two-armed o-overpenalized bandit defined
by (?7) with o € [0,1) and (y1,p1) € (0,1)2.. Then,

(a) There exists Cy(y1,p1) such that

Vn € Na sup Rn S Ccr(’ylapl)\/ﬁ'

(p1,p2)€[0,1],p2<p1

(b) Furthermore, the choice o =0, v, = 2.63p, = 0.89//n yields

Vn € N, sup R, <31.1v2n. (7)

(p1,p2)€[0,1],p2<p1

Remark 3.2. Once again, for every o > 0, C, could be made explicit in terms
of v1 and p1. The second bound is obtained by an optimization of this quantity.

. . S R
In Figure ??, we draw a numerical approximation of n — sup —= for the penal-

p2<p1 \/77’

ized and over-penalized algorithms. First, remark that the blue curve indicates
that the upper bound “44” in Theorem ?7 is not sharp and the over-penalized
algorithms satisfy a uniform upper-bound of the order 0.9 x \/n. This bound is
obtained with o = 0, and ~,, = \/ﬁ = 4p,, (red line in Figure ?77), suggesting
that the rewards should always be over-penalized with p, = %*. At last, the
leading constant is always lower than 9/10 and converges to a limiting value
when n — +o0.

As compared to our theoretical results, it seems that the boundedness of R,,/v/n

also holds uniformly over (p; > ps) for the standardly penalized one. However,
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this numerical results proves that the over-penalization introduced in the NS-
bandit algorithm is not only a theoretical tool but also leads to competitive
numerical bounds.

At last, we observe that the statistical performance of the KL. UCB algorithm
(see e.g. 7 and references therein) are slightly better. Our simulations ! sug-
gest that the regret of the KL UCB algorithm satisfies the uniform bound
R, <+/n/2, but it is worth noticing that the over-penalized bandit algorithm is
much more faster than the initial UCB algorithm (phenomenon increased when
compared to KL UCB).

comparpison_article. jpg

Fic 1. Ewvolution of n — SUD (p;,p2)€[0,1],p2 <p1 R—\/% for over-penalized algorithms (continuous
colored line) and penalized algorithms (dashed colored line) and KL UCB (black line).

3.2. Convergence of the multi-armed over-penalized bandit

We start this section by an extension of Theorem ?? of ? to the (over) penalized
algorithm in the multi-armed situation. The first result describes the pointwise
convergence of the over-penalized algorithm.

Proposition 3.1 (Convergence of the multi-armed over-penalized bandit). Con-
sider pg < ... < py < p1 and v, = "%, pp = p1n~? with (a, B) € (0, +00)
and (y1,p1) € (0,1)2. Algorithm ?? with o € (0,1] satisfies

1) If0< B <aanda+p <1, then lim, 1 X, = (1,0,...,0) a.s.
1) If furthermore 0 < f < o and o+ B < 1, then

. Xt 1—opy
Vie{2,...dy, “Sn_,_ -~
Zendh = T = )

Proposition 7?7 provides a sharp description of the weak convergence of the nor-
malized algorithm if we consider Y, ; = );’:j . It establishes that (Y}, .)n>0 con-

verges toward a dynamic of a Piecewise Deterministic Markov Process (PDMP
for short in what follows).

Proposition 3.2 (Weak convergence of the normalized algorithm). Under the
assumptions of Proposition 72, if « = < 1/2 and g = v1/p1, then

1 L
- (Xn,Qa v aXn,d) — Hd,g,

Pn
where pq is the (unique) stationary distribution of the Markov process whose
generator Lq acts on compactly supported functions f of C*((Ry)4™1) as follows:

IPerformed with the Matlab package available on the website http://mloss.org/
software/view/415/
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Laf(ya,-ya) = Pz‘gyz‘ (F(Y2y eees Yi + Gy oes Yad) — F(Y2s ooy Yis ---Ya))
i=2,....d
1—-o0
+ (ffl —p1Yi)0i f(y2, -, Ya)- (8)
i=2,...,d

3.3. Ergodicity of the limiting process

In this section, we focus on the long behavior of the limiting Markov process
which appears (after normalization) in Proposition ??. As mentioned before,
this process is a PDMP and its long time behavior can be sharply studied with
some arguments in the spirit of 7. We also learned the existence of a close study
in the PhD thesis of Florian Bouguet (personal communication). Such properties
are stated for both the one-dimensional and the multidimensional cases.

3.3.1. One-dimensional case

Setting

1 P2
a = 1_p17b:p1,g: 1702 )
p1 g

the generator £ given by Proposition ?? may be written for any C!-function
f:RY = Ras

Lf(@) = (a—bo)f'(x) + cx  (f(z+g)-[f(2)) (9)

jump rate

deterministic part jump size

In what follows, we will assume that a, b, ¢ and g are positive numbers. On the
one hand, the deterministic flow that guides the PDMP between the jumps is
given by
Op(x,t) = (a—bx)0.¢(x,t)
{ ¢(x,0) =z eRY

so that a a
_a AN bt
¢(x,t)fb+(x b)e .

Hence, if z > ¢ (resp. x < %), t — ¢(z,t) decreases (resp. increases) and

converges exponentially fast to .

On the other hand, the PDMP possesses some positive jumps occuring with a
Poisson intensity “c.x”, whose size is deterministic and equals to g.

From the finiteness and positivity of g, it is easy to show that for every positive
starting point, the process is a.s. well-defined on R, positive and does not
explode in finite time. The fact that the size of the jumps is deterministic is
less important and what follows could be easily generalized to a random size g
(under adapted integrability assumptions). In Figure ?? below, some paths of
the process are represented with different values of the parameters.
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F1G 2. Ezact simulation of trajectories of a process driven by (??) when g =0.1,a = 0.2,b =
0.8,¢ = 0.2 (top left) g = 2,a = 0.2,b = 0.8,c = 0.1 (top right), g = 2,a = 0.9,b = 0.9,¢c =
0.15 (bottom left) and g = 2,a = 0.8,b = 0.2,¢ = 0.05 (bottom right).

3.3.2. Convergence results

As pointed in Figure 77, the long-time behavior of the process certainly depends
on the relation between the mean-reverting effect generated by “—bz” and the
frequency and size of the jumps.

Invariant measure The process admits a unique invariant distribution if
b — cg > 0. Actually, the existence is ensured by the fact that V(z) = = is a
Lyapunov function for the process:

Ve eRY, LV(x)=a—(b—cg)r=a—(b—cg)V(x)

Among other arguments, the uniqueness is ensured by Theorem ?? (the conver-
gence in Wasserstein distance of the process toward the invariant distribution
implies in particular its uniqueness). We denote it p, in what follows. It could
be also shown that Supp(ue) = (a/b, +00), that the process is strongly ergodic
on (a/b,+0) (see e.g. ? for background) and that if b — cg > 0, the process
explodes when ¢ — 400 (this case corresponds to the bottom left of Figure ?7?).
Finally, let us remark that for the limiting PDMP of the bandit algorithm,

b—cg=p—p2=m

and thus, the ergodicity condition coincides with the positivity of .
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Wasserstein results We aim to obtain rates of convergence results for the
PDMP toward po, for two distances, namely the Wasserstein distance and the
total variation distance. There exist rather different ways to obtain such re-
sults using coupling arguments or PDEs. Here, we use coupling techniques fol-
lowing the work of 7 and ?. Before stating our results, let us recall that the
p-Wasserstein distance is defined for any probability measures p and v on R¢
by

Wyl v) = inf {E((X = Y)")7 | £(X) =, £(V) = v}

Denote by pg the initial distribution of the PDMP and pu; its law at time ¢,
we can now state the main result on the PDMP associated to the rescaled two-
armed overpenalized bandit, which is driven by (?7?).

Theorem 3.3 (One dimensional PDMP). Letp > 1 and denote for every t > 0

pe = L(XI) where (X}°) is a Markov process driven by (??) with initial
distribution po (with support included in R ). If p =1, we have

e ™ < (e, proo) < Wi (o, pioo)e™ '™

[t = )

and if p > 1, a constant C), exists such that

tm

WP(MtaMOO) S PYPe .

where (7p)p>1 satisfies the recursion 75 = '75:11 [pa + (1 + g)P].

Remark 3.3. If p = 1, the lower and upper bounds imply the optimality of
the rate obtained in the exponential. For p > 1, the optimality of the exponent
e~™t/P s still an open question.

We know give a corollary for the limiting process which appears in Proposition
7?7

Corollary 3.1 (Multi-dimensional PDMP). Let (Y;)i>o0 be the PDMP driven
by (7?) with initial distribution po € (R%)? Then, the conclusions of Theorem
7?7 hold with m = p; — ps.

The proof of this result is almost obvious due to the “tensorized” form of the
generator L4. Actually, for every starting point y = (y2,...,¥yq), all the co-
ordinates (Y;');>o are independent one-dimensional PDMPs with generator £
defined by (??) with parameters

o 1—Up1

4= bi=p1 and ¢ =p;/g. (10)

The result then follows easily from Theorem 7?7 with a global rate given by
min{b; — ¢;g,i = 2,...,d} = p1 — pa. The details are left to the reader.
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3.4. Total variation results

When some bounds are available for the Wasserstein distance, a classical way
to deduce an upper bound of the total variation is to build a two-step coupling.
In a first step, use a Wasserstein coupling to bring the paths sufficiently close
(with a probability controlled by the Wasserstein bound). In a second step, we
use a total variation coupling to try to stick the paths with a high probability.
In our case, the jump size is deterministic and sticking the paths implies a non
trivial coupling of the jump times. Some of the ideas to obtain the results below
are in the spirit of 7, who follows this strategy for the TCP process.

Theorem 3.4. Let puy be a starting distribution with moments of any order.
Then, for every € > 0, there exists Ce > 0 such that

10 Ps — proo Pil|l7v < Cee™ @™ with o =

b *
ac

Once again, this result can be extended to the multi-armed case.

Corollary 3.2. Let (Y3)¢>0 be the PDMP driven by (?7?) with initial distribution
Lo € (Ri)d Then, the conclusions of Theorem 7?7 hold with am replaced by

|

=2 a;c;
where m; = p1 — p; and a;, b; and ¢; are defined by (?7).

The proof of this result is based on the remark which follows Corollary ?7?. Owing
to the “tensorization” property, the probability for coupling all the coordinates
before time t is essentially the product of the probabilities of coupling of each
coordinate. Once again, the details are left to the reader.

4. Proof of the regret bound (Theorems ?? and ?77)

This section is devoted to the study of the regret of the penalized two-armed
bandit procedure described in Algorithm ??. We will mainly focus on the proof
of the explicit bound given in Theorem ??(b) and we will give the main ideas
for the proofs of Theorems ?? and ?7(a).

4.1. Notations

In order to lighten the notations, X! will be summarized by X,,, so that X2 =
1-X,.

The proofs are then strongly based on a sharp study of the behavior of the
(positive) sequence (Y;,)n>1 defined by

vn>1 Y, = . (11)
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According to the important remark after Equation (??), we will consider in the
sequel the following sequences (7, )n>1 and (pn)n>1:

Vn > 1, = and ,onzﬂ and ﬁl—pl

’Yn—\/ﬁ \/ﬁ:pl’Yn _%7

where 1 and p; are constants in (0, 1) that will be precised later. In the mean-
time, we also define

m=p1—p2 € (0,1).
With this setting, the pseudo-regret is

777, =T Z /ynE[Yn]
n=1

Remark here that we have substituted the division by p, in (??) by a normal-
ization with ~,,. This will be easier to handle in the sequel. The main question
is now to obtain a convenient upper bound for E[Y,]. More precisely, remark
that

Vg €N VYn<ng—1, R, <mn<mvny—1vn,

and conversely for every n > ny,

< @vng—1+m sup E[Y, ] 71

n>ngp

45
a\
o

n=—ngo

< (WH% sup Y) (12)

n>ngo

Thus it is enough to derive an upper bound of E[Y,,] after an iteration ng that
can be of the order 1/72. In particular, the “suitable” choice of ng will strongly
depend on the value of .

4.2. Ewvolution of (Yn)n>1

Random dynamical system In order to understand the mechanism and
difficulties of the penalized procedure, let us first roughly describe the behavior
of the sequences (X, )n>1 and (Y3, )n>1. According to the definition of Algorithm
?? in the two-armed case, a careful inspection of (?7?) leads to
E [Xn+1|Xn] = X,+ 7n+1Xn(1 - Xn) [pl - p2]
TYn+1Pn+1 [(1 - Xn)2(1 —op2) — Xﬁ(l - Upl)] .

One can remark that the drift term may be splitted in two parts, the main part
is the usual drift of Narendro-Shapira bandit algorithms described by h:

h(z) = [p1 — p2]x(l — ). (13)
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The second term comes from the penalization procedure and depends on o:
ko () = (1= op2)(1 = 2)* = (1 — op1)z®. (14)
As a consequence, we can write the evolution of (X,,),>0 as follows:
1= Xnp1 =1= Xy — Yns1 [A(Xn) + put1ko(Xn) + AMyia], (15)

where AM,, 11 is a Martingale increment. From the equation above, we easily
derive that

n>1, Y,1=Y, (1 + ’Yn(en - 7"')(71)) - pn+1K(Xn) +AMpiq

where

1 1

e = (VaFl-vi) < = 1 (16)

1
T Mt e M T 2mvn 29

It follows that the increments of (Y},),>1 are given by

AYnJrl = YnJrl -Y, = ’Yn‘pn(yn) - AMnJrl
where the drift function ¢, acting on the sequence (Y;,)n>1 is defined as

Pn+1

on(y) =y X [en + m(ymy — 1)) — Ko (1 —vny) -

=5 ()

n

=7 (y)

To better understand the underlying effects of the dynamical system, recall
that the definition of the sequence (Y,)n>1 implies that Y,, € [0,7,~!] with
Yn ' ~ Cn'/?2. We aim to obtain a uniform bound (over n) of E[Y;], it is thus
important to understand the behaviour of the drift ¢,, over [0,, ~!].

Crude algorithm In order to get an upper bound for (E(Y},)),>1, one gen-
erally aims to exploit the behaviour of the drift term y — ¢, (y) and needs to
establish a mean reverting property out of a compact set (here for large values
of y). When dealing with the crude bandit algorithm (i.e. when p; = 0 and
described by Algorithm ?7), the drift is reduced to ¢L, which does not produce
a sufficient mean reverting effect: ol (y) is negative iff

1

€ €

en—T(1l—7y) <0 <=y <y, ' — —— <= 2>".
TYn, ™

When z is close to 0 (in some sense depending on n, 7 and 71), . becomes

repulsive: the fact that the crude bandit algorithm does not always converge to

the good target can be understood as a consequence of this remark.
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Penalized algorithm When the drift ¢, contains a non null penalty, the
second term —¢? may help the dynamics to be not repulsive when z is close to
0, i.e. when y is larger than 1/+,. It can be checked that x,(0) = 1 — ops and

1 gi!
= — — (1 —op2).

lim o, (")

n——+00

This quantity is negative under the condition

1—0’p2>£.

17
> 7 (1)

This last assumption can be easily fulfilled if one chooses a suitable triple
(0,p1,71) and such a choice can be independent on py. However, this prop-
erty can be false if one chooses o = 1 and p;/(27}) > 1 — pa. Furthermore, note
that the mean reverting effect guaranteed by k, is very weak (and in some sense
too weak to obtain a uniform bound for E(Y;,) since ¢, (v, ') = O(1)).

Finally, note that symmetrically, ¢, may become positive in the neighborhood
of y = 0. We show in Figure ?? and Figure 77 the behaviour of ¢,, in the two
“opposite” cases when 1 — opa < p1/(273) or when 1 — ops > p1/(273). When
o is large (i.e. o = 1 in Figure ??), the mean reverting effect of »2 may not be
“ strong enough” to neutralize .. This is not yet the case when o is chosen
small enough (with respect to p; and +;) as pointed in Figure ??. In particular,
o < 1— £ is convenient for any value of ps.

297
0.6 0.3
w P
o.2 0O H
0.4 w2 H o
(8} 0.1 N
0.2 m
o
o —0.1
= =
I= I=
—o.2 | —o.=2
/ —o.3} 7
—o.af \ Y R
_o.al |
~ 4/
_oel |
_o.s| i
—o.8 —o.e
o 10 20 30 40 o 10 20 30 40
y y

Fic 3. Drift decomposition (left) and global (right) when y € [0, ﬂ%] with y1 = p1 = 1,
p1 =0.7 ,p20 =06, 0 =1.

4.3. Increase of exponent

In order to overcome the difficulties previously described, the first natural idea
is to introduce some stopping times relative to the 3 areas defined by ¢, in the
spirit of 7. Unfortunately, this approach remained unsuccessful, our concurrent
idea is to introduce the nicer sequence (Z,(f))nzoz
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Fic 4. Drift decomposition (left) and global (right) when y € [0, ,\%] with y1 = p1 = 1,
p1L=0.7 ,p2 = 0.6, o0 = 0.5.

1-X,)"
vn>1 20 = d=X)" (18)
Tn
Our strategy is first to establish a link between E[ZS”] and E[ZY "] and second
to obtain a uniform control of E[Z,(f)] for a properly chosen integer .

Let us define the bounded function on [0, 1]:

(I4+9y)"—1-ry
. 1
2 (19)

vy € [0,1] he(y) =

The first key element is given by the next proposition.

Proposition 4.1. Letr € N*, v € (0,1) and 0 < e < ¢g = %, and set

1
no(e, m,71) = {WJ + 1. (20)
1

Then, if 2ev3(r —e) < 1,

P EZT(LT) = EZT(A:J) + %) |:ﬁ1 + he (o) + 7 sup AR

n>mng (T — € n>ng "
In particular, for r = 1,2, the previous inequality holds for every v1 € (0,1) and
€€ (0,1/3].

Remark 4.1. Note that the conditions on the parameters are not really intrin-
sic. The result is written in view to the establishment of the explicit constant
given in Theorem 77?7 (b) for which we use the increase of exponent for r =1,2.
In particular, in the proofs of Theorems 7?7 and ?? (a), this property will be used
in a slightly different way.

imsart-generic ver. 2011/12/06 file: GPS_17_02_2015.tex date: February 18, 2015



/Regret bounds for Narendra-Shapiro bandit algorithms 20

Proof For any integer r > 0 and n > 0, the binomial formula applied to (?7)
leads to

(]. — Xn+1)T - (]. - Xn - AXn+1)T
= (1-X,)" —7r(1-X,)""'AX, 11

where )y = 0and AX,, 11 = X1 1—Xpn = Y1 [M(Xn) o160 (Xn) FAM 1]
From the definition of h given in (?7), we get

(1= 2)" " [1() + psakio(x)] = 72(1l = 2)" + pugrkio(x)(1 —2)"

If we define now

r—2
B = —rpnss (1= Xo) i (X +— Z@(l—xn)%—AXnH)“% (21)

Yn+1 =0 J

we can then conclude using (?7) that

z,),

— Zr(lr)l _ P)’nTWXnZT(;') + 51(17“) _ 7"(1 _ Xn)r_lAMnJrl

Yn+1
. 1 1 . )
=z (1 +Yn [ - - manD + 80 — (1= X)) " AMp iy
Tn+1 Tn

Z0) (14 v [en — X)) + B — (1 — X)) L AM, 41
ZE) (14 [en — 77)) + 1770 (1 = X) 250 + B8 — (1 — X,) " AMy4
ZW (1 + 7, [en — r7]) + 1y Z0HD 4 60— p(1 — X)) " TLAM, 4. (22)

The formulation above is important: it exhibits a contraction of (1 + v, [e,, — 77])
on Z7(f) that can be used jointly with an upper bound of ZT(LT'H) and a simple
majorization of BT(lT). In this view, we study (??): |[AX 41| < Ynt1 a.s. and (?77)
yields |kq(2)] < (1 — op2). Now, with h, given in (?7?), we get

r—2

3 r i By
ﬂy) < rP1Ynt1 + § (]) ('Yn+1) it <r (Pl + hr(')’n+1)) Tn+1-
j=0

For any € € (0,1), we can see in (?7?) that the contraction coefficient can be
useful as soon as n is large enough. More precisely, using (?7), we see that

1
en < €=n >ng(e,m,71) 1= {WJ +1.
1

Then, for every n > ng(e, m,71),

1+ [en —rm] <1 =y, with a.=xn(r—ce¢).
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In the sequel, we will omit the dependence of ng in (¢, 7,v1) and will just use
the notation ng. Also remark that under the condition 2e7?(r — ) < 1, we have
a,7y; < 1 for every 7 € (0,1) and for every j > ng (one can in particular check
that 2eyi(r —e) < 1 is true for every e € (0,1/3) and v, € (0,1) if » = 1,2).
Thus, by a simple recursion based on (??), one obtains for every n > ng + 1,

n—1 n—1 n—1
E(z() <BZ0) [T 0= amp)+ Y (reu®z ) +67) [T - avn)
Jj=mno Jj=mno l=j

If we call ©, =7 <7r sup IE(ZJ(-TH)) +p1 + he (7j)>7 an iteration of the previous
Jj2no
inequality yields:

E(Z{") <E(Z{)) + 6, Z%H — o).

Jj=no

We aim to apply Lemma ?? (deferred to the appendix section) to the last term.
It is possible as soon as

1
ng > ———.
"= (am)?
This last condition is fulfilled for any r > 1 when 46271 > (1 6)2 757 i.e. when
e<1/3.
Then, by Lemma ?7?, one deduces that Ve < 1/3 and Vn > ng :
sup EZ(") < EZ(T) + ———— |1+ he(ngy) + 7 sup Z7+Y
n>ngo ( ) n>ngo
O

From the last proposition and a recursive argument, we can now deduce the
following key observations.

Corollary 4.1. Assume that € € (0,1/3), v1 € (0,1) and that ng is defined in
(??). Then,

E[Zz?)] 1 1 1
EY, < E[z{V o 5
swBY. < Bzt ot rag |t e aa ey
SUD,, > 1, EZ

Ao =<2 (23)

Remark 4.2. Once again, this property is established in view to Theorem 77
(b). For Theorems ?? and 7?7 (a) with o € (0,1), we will need to use it for large
values of v (see the end of this section for details).
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4.4. Bound for (IE(ZS’))RZHO

As seen in Corollary 77, our next task is to bound ]E(Z,(L?’)) for n > ng to obtain

a tractable application of Equation (??). Such a bound is reached through a
careful inspection of the increments AZT(L?;Z1 = Zﬁgl A

Lemma 4.1 (Decomposition of Z,(f)) For everyn > 1,
EIAZ) | Fa] = vni (1= X)) Pa(Xa) + ARy,

where for every n € N, P, is a polynomial function defined by

)2
P,(x) = (1%1“)(5,1 —3mz) — 3p1(1 — 2)ke(2) + 3 (2(1 — 2)°p1 + 2°(1 — 2)p2)
+ Ynt1 (—2(1 — z)°p1 + 2°p2) (24)

and if v1 and ng satisfy the assumptions of Proposition 77, then

Vn>ng, AR, < (1—0p2) [3vmi1phi1 + YVor1Pii] -

Remark 4.3. o The keypoint is that v, = 1k~ /2 and thus the series

Y ns1 ARy is uniformly bounded whatever m is. This will be enough to
obtain a competitive upper bound of the regret. With the choice of ng given
in (??), a careful inspection of Lemma 77 leads to

16
> ARy < 12v{pier + §W§ﬁ%€3773~ (25)
k‘Z'r’LU

o As in Remark 77, let us notice that for Theorems 7?7 and 7?7 (a) with
o € (0,1), we will need to use such a development with some larger values
of v (see the end of this section for details).

Proof. We use again Equation (?7?) and deduce that

78— Z®) = (1= X,)%(en — 37X,)) = 35171 (1 — X0) k0 (Xn)  (26)

n

1

1 . .

+ > <3) (1= X)) (~AXp1)? 7 =301 = X,))2AM,y1  (27)
Tn+1 =0 J

First, remark that terms in Equation (??) are associated to the first two terms
in the definition of P, introduced in (??) up to a multiplication by (1—X,,)yn+1-
Second, we can easily compute the expectations involved in the sum of Equation
(??) since the events are all disjointed. On the one hand, when j = 1 we have

1
"Yn+1
+n+1(l = o) (pan(l —Xn - Pn+1Xn)2 +p2(1 = Xp)(Xn — g1 (1 = Xn))2)
+ ’Yn+1pi+1 [XS(l —p1)+(1— Xn)3(1 —pz)] .

E[<_AXn+1)2|]:n] = Yn+10 (pan(l - Xn)2 +p2(1 - Xn)erQL)
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Further computations yield:

1

S E[(-AXn+1)?|1Fn] = Vg1 Xn (op1(1 — Xn)? + op2X2) + AAY
n+1

+%+1Pi+1 [Xg(l —op1)+(1-X,)%(1 - 0P2)]

:=ARY

with AAS = —2p, 1941 X0 (1= X)) (1= 0)(Xppy + (1= X,,)p2). On the other
hand, we can also compute the term when j = 0:

1
Tn+1

E((-AX0 )’ 1F] = % Xa(l = Xo) (X3 — (1 - X,)?)

‘*‘AASLQ) + %2;+1P§z+1 [Xi(l —op1) —(1— Xn)4(1 - 0p2)]

::AR;?)

with AAY) <342 poi1(1—=0) X, (1= X,)% (71X, + prgr (1 — X,)p2). Set AR =
(1 - X,)AAY + AAY and AR, := 3(1 — X,)ARY + AR Plugging the
previous controls into (?7) yields

E[AZ) |1 Fo] < Ansi(1 = X)) Po(X0) + AR, (28)

Note that ARS) can be upper bounded as follows:

[1 —opi

3(1 - X,)ARY < 3v,41p% 1 (1 — op2) max

0<t<1

. 70p2t3(1 —t)+ (1 —t)‘ﬂ :

Since 1 —op; < 1 —0pa, a short functional study shows that at3(1—t) + (1 —t)*
when a € (0, 1) reaches its maximal value for ¢t = 0. It leads to

31— Xn)ARsLl) < 37n+1p$z+1(1 — op2).

FOI' ARsf)’ we have ARg) S 72+1pi+1(1—0'p2) maxogtgl [1:25; t4 — (1 — t)4:| ,

which involves an increasing function of ¢. Thus, we have
ARY < i 1phii(1=op1) < vipapnia (1 —opo).

Finally, if ; and ng satisfy the assumptions of Proposition 7?7, then for every
n > nog, v, < 2/3 and it follows that ARS') < 0. The result follows according to
Equations (77?). O

In order to bound sup,,>,,, E(Z,@), we have now to precisely study the polyno-
mial function P, and exhibit a mean reverting effect on its dynamics.

" 1y = 227 1 2 3
Proposition 4.2. Let ¢ € (0,3), p1 < 3355 and ENG T <M< sy
Then

i) The polynomial P, given by (?7?) is negative on [0,1 — M]
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1) A satisfies

16
sup BZ)Y < EZ[) +129iften + oipie'n’

n>ngo

Syl +py) [L+ 1+ py)[2+ 601 + 1277e]]
s

Remark 4.4. The above result is given under some technical conditions which
will lead to a sharp explicit bound. Nevertheless, the reader has to keep in mind
that in view of the condition on o, the “universal” bound on (]E(Z,(LB)))HZM is
only accessible when o < 1, i.e. in the over-penalized case. When o = 1, some
bounds will be atteignable only if py is not too large (see (?7) for a similar
statement when v = 1) and in order to alleviate the constraint on ps, one will
need to take a larger exponent than r = 3 (see Subsection 7?7 for details).

Proof. We first provide the proof of 7). The function P, introduced in (??) is a
third degree polynomial and for n > ng:

en ~
Pp(0) = o — 3p1kq(0)
Yn B

55— —3p(l —op2
27 Yn+1 ( )
\/1+ng?

< Y7 350

< 277 p1(1 —op2)

Since po < 1, this last quantity is negative if one has

P12 (29)

1
3v2(1—0)’

In a same way, we can check that P, (1) = v,+1p2 > 0 and thus P,, has one root
in the interval (0,1). A careful inspection on the leading coefficient (denoted
a,z3) of P, in (?7?) shows that

Up = 3(1 + Uﬁl) -

— Tn41| T
Tn+1

The leading coefficient a,, is negative as soon as 3(1 + op1) < % Again, the
choice of ng in (?7?) shows that this last condition is fulfilled as soon as

a | =

> 2yim(n + opr). (30)

But remark that we have assumed € € (0,1/3] so that 1 > 3. As a consequence,
(??) and (??) are satisfied as soon as (71, p1) satisfies

1 3
P O G
3V2(1—a)pr — P 2(1+ )
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Hence, if (??7) and (??) hold, P,, possesses one root in (—oo,0) and another one
in (1,4+00). Consequently, P, has a unique root in (0,1). We consider now:

&n = M%ﬁl = £l
We compute that:
Po(1—=¢&)
= ii(evz —31(1— &) — 3p1&n [(1 — op2)€2 — (1 — op1)(1 — &,)?]

+3[(1 = &)&apr + (1= €2)%6np2] +Yng1 (1= &)°p2 — E2(1 - &) -

Hence, replacing &, by &v,4+1 and simplifying by v,41, we see that P, (1 — &)
is negative when

=A, (E)

2
(f_ieg) +3p1(1 — op1)(1 — €.)€ + 3p1Vn+ 162 + 3pa(1 — £,)€ + pa(1 — &,)?
ﬁwi+1§3(1 - Upz)

1- gn

::Bn(f)

3
< 3m&® + ’Y72L+152 .

From (?7), we know that ¢, < 72“;21, and 1 — &, <1 thus
1

An(§) € Evpa < + 3P1) +3(p1+1)+1

1
2'7%(1 —&n)
In the meantime, we will use the simple lower bound B, (£) > 37&2. We can
check that 1 — &, = 1 — 202081 > 1 4e(1 4 j; )92 since 7, < 2¢737. Thus

2(1+p
™
A1+ py)? 1 6(1+ p1)?
< - 3 1
= T P T R T A R o
~ \2
< (14 p1)

4de
[246712]31 + 5+ 7}

. T4l + 507

and

B, (2(14-[)1)) . 12(1 +ﬁl)2.

s m

As a consequence, P, (1 — &,) is negative if one has

4e

5>24ey? 4+ —— —
= T T T e
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From the constraint on 71, another computation shows that the above condition
is fulfilled when ¢2 223021 _ ¢[84 4 40(1 + 51)] + 45 > 0. We then remark that
all values of € in (0, 1] can be conveniently used when gy < 227.

To obtain i7), the main idea is to use the sharp estimation of the sign of P, on

[0,1] and obtain an upper bound of EZ$: note that

sup. Tnt1(1 — 1) Pu(t)

0<t<
= Ynt1 sup  (1—t)P(t)
1-€,<t<1
= Yap1 sup  {(1—=1)°[e, — 3mt] — 3p1(1 — t)*ko (1)
1-€,<t<1

+3 [t(1 = 1)%pr + £2(1 = )%pa] + ng1 [—1(1 = £)°p1 + (1 — t)pa] }
Now, we have seen in the proof of ¢) that ¢t € [1 — &,,1] = €, < 3nt. Hence,
using ko (t) > —(1 — opy)t?, we have

sup V1 (1 = 1) Pu(t)
0<t<1

S Yn+1 [3[)1(1 - Upl)fi + 3p1§3 +p2§721 + 7n+1£n}

Cl(ﬁhphano') 3 CZ(ﬁhpl) 4

S 7n+1 + 7_(_3 ’Yn-i-l

2
0
with C1(p1,p1,02,0) = (1+p1) (12p1(1 + p1)(1 — op1) + 4p2(1 + p1) + 27) and
Cy(p1,p1) = 24p1 (1 + p1)3 shortenned in C; and Cy in what follows. We apply
Lemma ?7? to upper bound sup,,>,,, ]EZT(L?’):

sup IEZ,(f)

n>ng

< EZP) + sup E Z AZP)

n>ngo k=no

< IEZ(S) + sup E Z Yi+1(1 — Xi) P (Xx) + ARy
n>ngo k=no
< EZ“”MQi 3 +@§: . +§:]EAR
— no 71_2 ’YnJrl 7'('3 ’Yn+1 k
k}:’l’bo k?:no ]C:’rlo

Using a simple comparison argument with the integrals f;; t—dt, we get

o
—-1/2
Z ’Yi+1 < 2’Yf”o / < 4’711577 and Z ’Yn+1 < 'Ylno t< 4’76 n?,

k:’n.[) k= =No

We then deduce that

P . 4 4 4 oo
sup EZ3) < EZw({?,) L 601 ’Y1€ 02 Z NS
e i k=no
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The result follows using now (?7). O

Explicit bound We can now conclude the proof of Theorem 77.

Proof of Theorem 77 (b). We consider the extreme over-penalized case obtained
with o = 0. and use a power increment until » = 3. Recall that ng := ng(e, 7, v1)
is defined by (??). In particular, v/ng — 1 < (2eyym)~! and for i = 1,2,3,
WE[ZSO)] < (2¢v3)7! + (1)~ !. Gathering the results of Proposition ?? ii) and
Corollary 77 and plugging them into (?7?), a series of computations yields:

SUPp, >p, Ry, ~ 2 ~
— A= LT — T
n <Ti(y1,p1,€) + T—0l—e/2) 2(71,P1,€),

where
1 ! !
Tl(’)/laplae) - 26’71 <67l +2) (1+ 1—¢ + (1 _6)(1 _6/2))
1 1 gs!
e <1_e+ <1—e)<1—e/2>) Ta—at—eay
and
T5(y1, p1,€)

_ _ N o 16 4
= A [86(1 +51) (L4 (L4 p1)(2 + 651 + 1277€)) + 1257 + 37;*;)?63] .

Theorem ?7(b) follows by minimizing (v, p1,€) — T1(71, p1,€) + To (71, p1,€)
up to the constraints

3
€<1/3, —— <2< —— j <227/232.
<Y 3V2p1 B 2(1+p1) & /

The “best” upper bound was obtained by setting v; = 0.89, 5, = 0.38,¢ = 1/9,
leading to the regret upper bound

R, < 44/n.

4.5. Regret of the penalized bandit of 7

Sketch of proof of Theorem 7?7 and 7?7 (a). We prove these results together. We
thus consider 71 € (0,1), p1 € (0,1) and o € [0,1]. A variant of Proposition
7?7 about the increase of exponent is still valid. First, one can remark that if
one sets £, = r — 1/2 (so that o, = 7/2), then Lemma ?? can be applied with
i > (571)~2. Thus, one sets ng(X) := m—zj + 1 with A > 297", After a simple
adaptation of the proof of Proposition 77, one deduces that for every r > 1,

2r - T
sup EZ0) <EZD) + 2 |1+ hp(meny) + 7 sup Z0HD |
n>ng(X) m n>ng(A)
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0
1) that for every r > 1, some constants C}(\) and C?(\) exist (depending only
on o, 71 and p;) such that,

By an iteration, it follows by using the fact that WE[ZS)()\)] < 777;01()\) <A+

sup mE[Y,] < CYA) + C2(\)m sup EZ{HD. (31)

n>no(A) n>no(A)

It remains to upper bound sup,,>,, ) EZ}LT) for r large enough. Once again, a
simple adaptation of the proof of Lemma ?7? yields for r > 3:

EIAZT) |1 Fu] = g1 (1= X)) PO(X,,) + AR,

with
P (x)
— )2 ,
- (1’Yn+1)(€n ~rme) = AL = ) (@) + (7’ - 2) (z(1 = 2)%p1 + 2°(1 — 2)p2)
+ Yn+1 <7“ i 3) (7x(1 —2)2p; + x?’pg) (5

and AR < C,73 .1 (where C,. does not depend on 7). We want to prove that
P s negative on [0,1 — &,] with &, = &y,+1 € (0,1) where £ is a constant
to calibrate. We follow the lines of the proof of Proposition ?? but we can use
some rougher arguments since we do not search for explicit constants. First,
P,ST)(O) = V:—il — rp1ks(0), so that

1

™2(1 —ops)

On the one hand, for every ¢ < 1, one can find a r sufficiently large for which
this condition holds. On the other hand, when o = 1 (case which corresponds to
Theorem ?7?), we need now to assume that there exists 6 > 0 such that p; < 1—4
(in this case, the condition is satisfied if r» > (v1p1v/20)7!). For such a r, one

PN0) <0 <= mp >

remarks that the leading coeflicient a'l) (related to x3) is

m— (__" " 5
a,’ = + +Trop1r — Ynt1 | T
Tn+1 r—2

One deduces that agf) is negative for every n > n{ where

2
o 9 (T —1 _
ny = {'yl (2+op1> J

Assume that A > ,/n{ in order to get ng(A) > nJ. Since Pr(f)(l) = Yp41p2 > 0

and deg( flr)

) = 3, it follows that P has exactly one root in (0,1) for every
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n > ng and that P\ is negative on [0, 1 —&,] as soon as P,(Zr)(l —&,) <0.Let n
be such that &v,+1 < 1/2. Then, some rough estimations yield that Pff) (1-¢&,)

is negative if
S —a—1>0,

where ¢, is a constant which does not depend on 7. One then checks that there
exists another constant 7, such that the previous property is fulfilled is £ > n,./7.

Then, P,(LT)(I — I2v,41) < 0 is negative as soon as {y,41 < 1/2. This is true
for every n > ng(A) as soon as A > 2vy17,.. We can conclude from what preceeds
that there exist » > 3 and A > 0 such that for every n > ng()), for every
(p1,p2) € [0,1]2, such that p; > pa (resp. p1 > p2 and pa < 1—6) if 0 < 1 (resp.
ifo=1)

EAZ) 1 <y sup (1= PO () + Oy
te[l—"1y41,1]

Using that v,4+1 < 7/ if n > ng(A), a constant C exists such that on
vte 1= Lau1] PO < Onpun /7
71'
Under the previous conditions, we deduce

sup <7T sup EZT(L")> <sup |7 Z C"y;g’LH (71'_2 +7T_1) < H-o00.

™\ n>no(V) il

The result follows by plugging this inequality into (?7). O

5. Almost sure and weak limit of the over-penalized bandit

We provide here the proofs of Propositions 7?7 and ??. For the sake of simplicity,
we restrict our study to o = 1 (always over-penalization of the bandit), and the
argument can be adapted for any values of o € (0, 1].

5.1. A.s. convergence of the multi-armed bandit (Proposition ?7)

Recall first that X,, = (Xp 1, ..., Xn,4), the multi-armed penalized bandit (?7)
permits to define for i € {2, ...,d},

XnJrl,i - Xn,i + 7n+1h7,(Xn) + 7n+1pn+1"{i(Xn) + 7n+1AMn+1,ia

where the main part of the drift h; is defined as

hi(z1, ..y a) = (1 — 23)2ipi — 2 ijpgy
J#i

imsart-generic ver. 2011/12/06 file: GPS_17_02_2015.tex date: February 18, 2015



/Regret bounds for Narendra-Shapiro bandit algorithms 30

and the penalty drift is

1
2 2
Ki(Z1, ey zq) = —25 (1 — p;) + T ‘; x5 (1 — pj).
V)

Hence, the martingale increment is simply obtained as

AMH-‘-LZ' = ((1 - Xnyi)]‘vn+l,17An+1,i - Xn,i Z ]‘Vn+1,_ijn,+1,j - hl(Xn))
J#i
1
- pn+1(Xn711Vn+1‘i,AfL+1,i - m ZXn7j1Vn+l,jaA:L+1,j + Hi(Xn))
i
Proof of Proposition 7?7. We start by (i) and identify the stationary point of the
ODE method. The ODE i@ = h(z) possesses a finite number of equilibria that

can be easily identified. Indeed we begin by solving the equation hy(z) = 0.
Since

d
hi(z) = 71 Z%‘(Pl —pj) =20,
i=2

we either have r1 =l and 2o = ... = z4 =0 or z; = 0.
Then, the equation hy(z) = 0 with £; = 0 may be reduced to

d

w2y w;(p2 —p;) > 0.
=3

The same argument leads to zo = 1 or o = 0 and a straightforward recursion
shows that the equilibria of the ODE are (§%)1<;<a, with (6%)1<;<4 defined as

§i=1 and 6&;=0 Vj+#i.

Let us emphasize that to discriminate among these equilibria, it is not possible

Ly
stability. Instead, it is possible to check that §' fulfills the Lyapunov certificate
with the function V(z) = (3 +...+22). If we denote h = (hq, ..., hq), one has

hs
to use the second derivative criterium that relies on ( Z) to decide their
%]

d

(VV(z),h(z)) = ng zxk(pj — DPk)-

J=2  k#j

Considering = in a closed neighborhood of ¢! defined as z; < €/d, Vj > 2
(implying that 21 > 1 — €), we see that

d d

(VV(x),h(x)) = z1Y a3(pj—p)+ > 2k Y, j(px—p5)

j=2 k=2  j#k,j>1

d d
—(1—€)(p1 — p2) ZJCJZ + er?,
j=2 j=2

IN
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and the term above is negative as soon as € is chosen such that

e< ;

T pi—p2tl

Oppositely, the other equilibria (§7),5 # 1 are unstable: this can be easily
deduced from the unstability of the two-armed bandit by testing the first arm
versus the arm j.

The martingale increment AM,, 1 ; being uniformly bounded, we can apply the
Kushner-Clark theorem (see e.g. 7) and conclude that (X, ;)n>0 either converges
to 1 or 0 a.s. As a consequence, it is also true that (X,,),>0 converges a.s. We
now make this limit explicit and show that (X,,),>0 converges toward (1,...,0)
a.s. We start by noticing that hi(z) = z1 Zj22 zj(p—1—p;) > 0, which implies
that

n—1 n—1
Xo1 > Xoa+ Y vpiri11(Xj0) + > v AM;. (33)
j=1 j=1

The martingale increment AM; is bounded and a large enough C' exists such
that AM; < V/C. This implies that

2

n—1 n—1 i n—1
IR IEC) S R e DR
Jj=1 j=1

i—1 JEN p]
L2 J

Since ) pjy; = +00, we can deduce that

2
n—1
E Zl’yjAMj Z VjAMj
lim T =0 so that lim sup Eid > 0.
n—s—4oo n—1 s 00 n—1
2. ViPi 2. VP
j=1 j=1
Consider now an event w € {X,1 = 0}, we have
: 1 2
K (Xn(w)) = 1 Z(l = D) Xoo k(W)
k>2
and according to the Toeplitz Lemma we deduce that
n—1
Vipik1(Xj-1(w)) )
. =1 B 2
nlLII;O — =57 Z(l — i) Xoo e (W) > 0.
> VP k22
j=1

Putting together this last remark with Equation (?7?) leads to the conclusion
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We obtain a contradiction with the boundedness of (X,,),,>1 and conclude that
P(Xoo1 = 0) = 0. For (ii), we refer to ? since the arguments here are similar. [J

5.2. Weak convergence of the normalized bandit (Proposition 77)

The proof of the weak convergence follows the lines of ?. The idea is to prove the
tightness of the pseudo-trajectories associated to the normalized sequence and
then to show that any weak limit of this sequence is a solution of the martingale
problem (£,CL (R,, (Ry)4"1) where £ is the infinitesimal generator defined in
Proposition ??7. Then, proving that uniqueness holds for the solutions of the
martingale problem and for the invariant distribution, the convergence follows.
Here, we choose to only detail the key step of the characterization of the limit.
The rest of the proof can be obtained by a simple generalization of that of 7.

Proposition 5.1. Let f be a continuously differentiable function with compact
support in Ri_l. We have

E(f(yn+1,2> ceey YnJrl,d) - f(Yn,27 ceey Yn,d)|]:n) = '7n+1£df(yn,27 ey Yn,d) + OP(l);
where L4 is the PDMP generator defined in (??) and Fp, = 0(Yi, k < n).

Proof. Since the proof does not depend on o, we assume that ¢ = 1 for the sake
of clarity. We first give an alternative expression for the variables Y,, ; for ¢ > 2.

Yot1, = Yoi+ Ynt1 <d_pl1 —(p1 — pi)Yn,i> + Yn+1Cn,i — 9AM 1 4,

where C, ; = (ki(Xn)— ldipll )+Yn,z‘(pl —pit(ent+L2—(pi—>_ Xn,jpj))) =op(1)
J#i

Pn+1

since (€,)n>0 converges 0 and (X, ;)n>0 converges to 0 in probability for ¢ > 2.
We rewrite this as follows

p ~
Vot = Yoi+Yatr (df — (p1 = pi)Yni + Cm) + Gn,i + gAM 41,
Where Gn,i = g(]‘iX'nwi)(]“/n-%-l,ivAn-f-l,i *Xn,ipi) and AMH+1,i = AMn+1,i*Gn,i-
We consider a function f € Cl(Rffl) with a compact support.

d
F (Vi) — f(Yy) = Zf(YnH,Q, Yoty Yoi1d) = f(Ynas o Yois oo Yo a).
i=2
We will use the following notation F;(Yy) = f(Yn,2,.--Yii,...Ynq). It means
that the first ¢ — 1 variables are (Y,2,Y,3,...) and the d — ¢ last ones are
(Yot1,i+1, Yat1,i42, -+, Ynt1,a). We have

Fi(Yng1,) — Fi(Yn,) = Fi(Yog1,:) — Fi(Y ) + Fi(Yni) — Fi(Ya,),

)
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where

?n,i =Y.+ Ynt1 (d_pl1 — (p1 —pi) Yo, + Cn,i) )

and

We begin by writing
F,(Yni14) — F(Yn,) = 3iFi(3~/n,i)A]\7n+1,i + Ynt1Vati,is

where the first order Taylor approximation formula yields
360 ¢ [0, 1] : Vn+1,i = |:Fz(}~/n’z + HAMn+1$i) — Fz(?n,z):| AMHJFLZ‘.

As a consequence, V;,11,; = op(1) and we are now going to prove that

P_ lim E (Fi(Yn-i-l) — Fi(Ya) — 1 AiFi(Ya) Fn) —0,
n—00 Yn+1
where
Y
Aif VoY) = P2 (Vo Yiok g Ya) = [ (Vo Vi i)

1—
+ (dpf —plYZ) 0if (Ya, ..., Yy).

We compute

E(F(Y i) Fni) = piXniF;(Yn,i+9(1—X0)(1—piXny))
+ (1= gpiXn)Fi(Yn,i — gpiXn,i(1 — X54))).

Let us decompose the r.h.s. of the above equation in two parts, we denote

Froi=p:X0n(Fi(Yn:+9(1—Xpn:)1—p:Xni)) — Fi(Yni)), (34)
and ~
Gni= (1= 9piXn:)(Fi(Yni — 9piXn,i(1 — Xn;))) — Fi(Yo))- (35)

Note that (?7?) is the jump part of the PDMP and (??) the deterministic one. If
i > 2, (X,.i)n>1 converges to 0 in probability and p,v,11~! = g + o(py), thus:

Yot1 Fni = Va1 ' papiYui(F (Yo, + g +op(1) — Fi(Y,))

- % (1+ 0(pn)) [Fi(Yni + g+ op(1)) = Fi(Yy,)].-

As a consequence, the asymptotic behaviour of (??) is given by

th( iy, FiVuito) - B ,>>_O.
Tn+1 g

n—oo
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We now study (??) and compute
v 1-p
Yn,i - an,i(l - pz’Xn,i) = Yn,i + Yn+1 ﬂ - plYn,i
+  Ynt1PiYni — 9PiXni(1 — X0 i) + Yn41Cni

1—p1
ity +1<d_1 P1 >

+Yn410iYn,i — 9PnpiYn,i(1 — X i) + Yn41Chni,

=Yn4+1Cn,i

where we used gp,, = 7y,. Since ém converges to 0 in probability, we obtain:

’Yr;llGn,i
= et olpn) (Bl s [ = pa¥as] +90aC) — Fil¥))
1—p (Fz(ynz + Yn+1 [% — plYn,i] + Yn41Cni) — FZ(YM)>
+ op(1).

We finally obtain that the limiting behaviour of (?7):

. Gn,i 1—p -
P— lim <7n+1 - (d_l —p1Yi | 0iFi(Yn:) | = 0.

This ends the proof of the proposition. O

6. Ergodicity of the PDMP

From now on, the variable (X;)¢>o will refer to a trajectory of the PDMP
associated to the normalized (over)-penalized bandit and bear no relation with
the multi-armed Bandit sequence (X,,)n>1-

6.1. Wasserstein results
We begin the study of the ergodicity of the PDMP whose infinitesimal generator
is (?77) with some computations of the moments of the process.

Lemma 6.1. Let (X;)i>0 be a Markov process, whose generator L is defined
by (?7). If m:=b—cg > 0, then sup E[(XF)?] < C(1+ |z|?). In particular, the
mwvariant distribution © has moments of any order and

a a

V20 E(X) =2+ (E(X) - 2)e
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Proof. Let us define fy(z) = 2P, we have

Lfp(x) = pla— bx)xpfl + cx((x + g)P — zP)
p—2
— prfy(@) + pafya(@) £ Y Ch fa(e),  (36)
k=0

where we adopt the convention Xy = 0. If we define now «,(t) = E(X?), the
previous relation shows that o, satisfies the ODE for any integer p > 1 defined
by

p—2
ap(t) + pray(t) = paay,—1(t) + ¢ Z ngp_kak+1 (t).
k=0

For example, with p = 1 we have o} (t) = —may(t) + a, which implies that
a a
=2 (EX —7) —tr,
at) = —+ (E(Xo) — —)e

The control of the moments of order p > 1 then follows from a recursion. O

6.1.1. Rescaled two-armed bandit € Theorem 77

In what follows, we will exploit Equation (??) to obtain a suitable upper bound
of the Wasserstein distance W, between the law of X; and the invariant measure
oo Of the PDMP. For this purpose, we remark that the generator (??) possesses
the stochastic monotonicity property: i.e. there exists a coupling (X, Y) starting
from (z,y) (with = > y) such that X; > Y; for any ¢ > 0. The increase of the
jump rate (with respect to the position) and the positivity of the jumps are
of first importance for this property. Such a coupling could be built as follows:
we only allow simultaneous jumps of both components or a single jump of the
highest one (see (?) for a similar procedure). The generator of this coupling
(X,Y) starting from (x,y) with > y is given by:

Lwf(x,y) = (a —bx)dy f(x,y) + (a — by)dy f(x,y)
+ey (f(x+g,y+9) — f(z,y) +clz—y) (fl@+gy) — flz,y) (37)

with a symmetric expression when y > x. We now prove the main result.

Proof of theorem 7?7. Let po be a probability on R} and denote by pi the
invariant distribution of the PDMP. Set

CG={ve 'P(Rz),y(dx X Ry) = pe(dr), v(Ry X dy) = pioo(dy)}

For any v € C, let (X, Y}):>0 denote the Markov process driven by (??) starting
from v. From the definition of W, and the stationary of (¥;), we have for any ¢:

W (pt, piso) < inf{v € Co, (/ B[l X} — Kyl’”]V(d%dy)) :
R2

+
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At the price of a potential exchange of the coordinates, we can now work with
some deterministic starting points = and y such that z > y > 0. Owing to the
monotonicity of Lyy, we thus have for any p > 1

E(X7 =Y = B(XS - Y7)".
Assume now that p € N*, we remark that £yy acts on (x,y) — (z — y)? as

p—2
Lyw(x —y)?P = —pr(z —y)P +palz —y)P~ ' + CZ C;;gp*k(x — )kt
k=0
Setting 3,(t) = E|X¢F — Y¥|", it is then immediate to check that
p—2
By(t) + mpBy(t) = <pa5,,_1(t) +ec Z ngpk5k+1(t)> . (38)
k=0
When p = 1, (??) implies that 8;(t) = 31(0)e”™ = E[XF Y] = (z—y)e ™,
so that
Wi (e, fioo) < Wi (pt0, poo)e ™™
For the lower-bound, one uses that

Walp i) 2 0t fur € o | (0= y)w(da:,dy)\} — [B{X}°] - B[vp~]),

which implies that

JEixE - vl )] = | [ (@ = hpolao)ntan)| .

The lower-bound follows.

Wi (1t phoo) >

Now, let us consider the case p > 1 (with p € N). For p = 2, we have
(Ba()e™) ™2™ = (2a + ¢g®)B1 (0)e ™™,

and an integration leads to B2(t)e?™ — 35(0) = %51 (0)[e™ — 1]. As a con-
sequence,

2
Balt) < €273, (0) + 2“%,31(0)6—“.

Using the inequalities vu + v < /u + /v and B2 > W3, we thus deduce that

2a + cg? t
T

Wa (i, poo) < Walpto, frec)e™ ™ + Wi (110, floo )€™ 2 .

The result follows when p = 2 by setting

Wi (10, phoo)-

2a + cg?
Y2 1= Wa(tto, floo) + %

A recursive argument based on (??) shows that a constant 7, exists that only
depends on pg and o, such that

Wity foo) < Vpeigt-
O
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6.2. Proof of Total variation results

As mentioned before, the idea is to wait that the paths get close (with a proba-
bility controlled by the Wasserstein bound) and then to try to stick them (with
high probability). Since the jump size is deterministic, sticking the paths implies
a non trivial coupling of the jump times which is described in the lemma below.
We begin by establishing the next useful lemma.

Lemma 6.2. Let e > 0 and t > +1In(1+¢). There exists a coupling (Xy,Yy)i>o0
of paths driven by (??) such that on Ay, ¢

P(X; =Yt >s) > (1 - gmos —eT B — %) max(0,1 — %5(350 +9)),

where Agy e = {(z,y)|¢ <z <x0,0<z—y<e}

Proof Let e > 0 and (z,y) € Ay, (in particular, z > y). Denote by T and
T} the first jumps of (X]) and (X}) respectively and by T the second jump
of (XF). One remarks that

P(X, = Yi,t > ) > P(Xfy = X7, T} < s).

We aim to build a coupling that leads to a sharp lower-bound of the r.h.s. For
this purpose, remark that if 77 < T{ < T¥, the triple (T}, T}, Ty ) satisfies
a

z a ay Y z aN _p(Trv-T7
X%{,:XT;;<:>E+(:U*E>€ 1+g:g+(Xlefg)e (T3 1).

Using that X7. = ¢ + (z — §)e” T + g and defining ¥ (t) = +1n (ebt + L;y),
we can verify that X;’,y = X7, <sand T{ < TY < Ty as soon as
1 1
TV —p(T7) <5 and T3 > 9(T7),

since 9 (t) > t. We are naturally encouraged to consider S7"* = V(TF) L pyp(rey<sy
and it is well known that the law of (77,7}) can be described through the
maximal coupling :

TV =0U+ (1-0)V,, (I7)=0U+(1-0)V,,

Pry APy (rp)

where V,,V,,,© and U are independent, U ~ [y and © ~ B(p) where

p = |[Pg=s APy |, . With this coupling, if (¢, 2) = P(Tf > 1(t) —1), the Strong
Markov property yields

P(Ty — TY|(T7, TY)) = P(T3 > o(T7)ITY) = q(TV, XT,)-

Since, z — q(t, z) is increasing and x > a/b (from the assumption on Ay, ), we
deduce that Xé’il < x+ g and it follows that

P(Ty > TY|(TY,TY)) > q(t,x 4+ g) > q(0,2 + g).
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using that ¢ — t(t) — t is a non-decreasing function. As a consequence, one
obtains that with this coupling,

70 TV <8) 2 q(0,2+ g)P(O© = 1) = (0,2 + g)[Psys APyl -

(39)
It remains to find a lower bound of the total variation distance involved in the
r.h.s. of the above inequality . Recall that

+oo
[Bge APyl = / Fo(8) A go (),
0

where f, and g, s denote respectively the densities of T} and S7"°. We have

— tc¢>( ,u)du
OB th gty = C b (- D,

VE>0, fy(t)=co(y,t)e b b

and a change of variable yields
VE> 0, go(t) = fo(07 ()T ()1 po)<i<s)- (40)
On the one hand, since (z,y) € Ay,.e, we can check that
V>0, ¢(x,t) —ee " < P(y,t) < ¢(a,t),
and then we conclude that
Yt >0, f,(t) > fo(t) —ee "t

One the other hand, remark that
Vs p(0), i) =2 (e —T7Y) <t and () = —— >1
’ - b g - bt =y —

and we deduce from (?7) that V¢ € [1(0), s]:
9s(t) > ed(a, M (1)e™ o D > e, t)em Jo oIt = f (1),
Note that we used that ¢t — ¢(z,t) is decreasing since x > a/b. Thus,
(]P’le A IP’S?) (dt) > h(t)dt with h(t) = (fo(t) — e ") 1y0y<izsdt.
As a consequence,

1 (0) s g
[Psgs APryllzy, 2 e 0 col@uydu _ o= [5 cop@udu _ 5

Checking that ¢(0) < /b and that ¥t > 0, a/b < ¢(z,t) < = < 29, we deduce
that

cxge a

[Pgos APpu|[p, > €775 —e 2% — CL0S _ o—ges _

g
>1- -
- b b7

S M
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where in the second line, we used e™* > 1 —u for u > 0. To conclude the proof,
it remains to plug this inequality into (?7?) and to remark that

4(0,2+9) > q(0, wotg) = e~ I8 At > 1y 0) (m0+g) > 1-Te(a0tg).

O
We provide now the proof of the ergodicity w.r.t. the total variation distance.

Proof of Theorem ??7. For any starting distribution g,

l0Ps — pocllry < / 182 Py — 8, Py v o (dy) oo (d). (41)

The idea is to use the Wasserstein coupling during a time ¢; and then to try to
stick the paths on the interval [t1,¢] using Lemma ??. Consider A,, . defined in
lemma ?? and the alternative set A} . = {(z,y),a/b <y < x0,0 <y—z <¢}.
Set By e = Agye UAL ., we have

xo,E7

L= |62 P, = 6y Pillry = POXT = YI(XE, YY) € Bay ) P((XE, V) € BCEO,E()' |
42
Since the Wasserstein coupling preserves the order and that x > a/b poo(dz)-

a.s., one remarks that po(dz)-a.s.,

X — X! <eand X} <z ifx>y

XP. YY) e B, . <=
(X5, Y) 0:€ {Xtlefl <eand X/ <zo ifz<y.

It follows that for every p > 0, poo(dz) almost surely:
P((X},YY) € By o) <P(XE — XY | >e) + P(XE > o) + P(XY > o)
1 xr 1 xr
< ZEIXE, - XA + = (B[O + EICX)7)
0

By Theorem ?? and Lemma ?7, a constant C), exists such that C,, depends on
P, o and o but not on t; and satisfies:

Wl (:LL()?:LLOO)efﬂ‘tl + %
€ xh

/ P((XE, YY) € BS, )poldy)so(der) <
Finally, Lemma ?7? leads to
P(X? = YY|(XE,Y}) € Bay )

> (1 _ gmog L emelt—t) _ %) {0 V1- %s(xo +g)}

so that plugging the previous inequalities into (??) and (?7), one deduces that
for every p > 1, a constant C), exists such that for every ¢t > 0, for every zy and
e such that zge < b/2¢ (with zg > 1 and € € (0,1)),

~ a 1 1
HMOPt — lffoo”TV § Cp (xog + e_gc(t—tl) + e+ ge—ﬂ'tl + xp) .
0
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If we try to optimize the above bound, we set t; = 6t, xg = Cret, ¢ = Cye Pt
with 6 € (0,1) and 8 > a > 0 and deduce that a constant C), exists such that

loPr — pioollTv < C’,, exp (ft {ﬂ —aA %(1 —HANIT—BA ozp}) .

We can choose p as large as we want (uo has moments of any order) and thus
« arbitrarily small, the result then follows using an optimization on (5,4d). O

Appendix A: Technical result for the pseudo-regret upper bound

Lemma A.1l. Let « > 0, 1 € (0,1) and n € N such that ay; < 1 and
n > 1/(ay1)?). We have

n—1 n—1
vz Yoy [[(—am) <
j=n

l=j

1
o

Proof Let j > 7. By the inequality In(1 + x) > « for x > —1, we have

n—1 n—1 n—1
H(l—cwl) = exp an(l—a'yl) < exp —Zaw
I1=j 1=j 1=j

Using that « — 1/4/x is decreasing,
n—1 n—1 n—1 I+1 1 n 1
71 -
Z%ZZ*Z%Z/—dwzfyl/—dmzhl(\f—\fg)
=R AP T A I

so that

n-l eza'Yl \/j

n—1 n—1
v E(l —ay) < me vy NG

Jj=mno Jj=no

Checking that = — ﬁe"’“ﬁ is non-decreasing on | ( 00) one deduces that

1
OC'YI)2’
for any j > ny,

n—1 n

L 2ayiv7 / L oamvz 1
e ayiv] S <YMV ] § .
z Vi vV am

J=no no

The lemma follows.
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