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Abstract

I study a dynamic model of optimal funding to understand why liquid financial assets are
used as collateral. Firms need to borrow to invest in risky projects with non-verifiable returns.
Since projects are profitable and assets allow firms to invest in them, firms with investment
opportunities value the asset more than those without them. When investment opportunities
are persistent, current borrowers also value the asset more in the future and financial assets
are optimally used as collateral. Assets carry liquidity and collateral premia. As liquidity
increases, the liquidity premium increases while the collateral premium decreases. The asset’s

debt capacity increases with liquidity.

1 Introduction

Collateralized debt is a widely used form of financing. Trillions of dollars are traded daily in
debt collateralized by diverse financial assets, such as sale and repurchase agreements (repos) and
collateralized over-the-counter derivative tradeSE Many financial institutions use collateralized debt
to raise funds that allow them to provide intermediation services. Some of these institutions are

private depository institutions, credit unions, mortgage real estate investment trusts, and security
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brokers and dealer. Most of these institutions are highly levered and they use the repo market as
a source of financing.

The assets that are "sold" using repos or offered as collateral in collateralized derivative trades
are financial assets which could also be sold in financial markets. These financial assets are not
productive assets and, in principle, their intrinsic value is the same independently of the assets’
holder. Then, why do so many financial institutions choose to use these financial assets as collateral
instead of selling them to raise funds?

In this paper I develop a model in which borrowers and lenders value the asset equally in autarky,
but they assign different values to it in equilibrium. In an environment with incomplete contracts,
this endogenous difference in valuations implies that collateralized debt contracts implement the
optimal funding contract. Since the contract is an equilibrium outcome, I can also characterize the
amount that can be borrowed against an asset (i.e., its debt capacity) and its determinants.

The model is a discrete-time, infinite-horizon model. There are two types of risk neutral agents,
borrowers and lenders, and one durable asset which pays dividends each period. Borrowers can
invest in risky projects but they need external funds to do so. The return of the projects is private
information of the agent who invested in them and, thus, it is not contractible. In order to raise
funds, borrowers enter into a state contingent contract with lenders. In equilibrium, firms value
the asset more than lenders, and, therefore, choose to use collateral contracts.

In my model, borrowers have the investment opportunity before the asset’s dividends are paid
and, thus, cannot invest without external financing. This timing implies a maturity mismatch for
the borrower between the need of funds to invest and the availability of the dividends. Lenders
do not have access to investment opportunities. Therefore, if left in autarky, both risk neutral
borrowers and lenders would value the asset by the expected discounted sum of dividends. However,
once the agents are allowed to trade, the equilibrium features endogenous differences in valuations
and, thus, collateral contracts are optimal. The main assumptions that lead to this result is
the persistence in the role as borrowers and lenders, and the asymmetric information about the
borrower’s ability to repay.

Suppose that an agent in this economy will have an investment opportunity tomorrow. Holding
the asset tomorrow will allow the agent to invest in the project either by selling the asset or by
pledging it as collateral. Being able to raise funds against the asset in the funding market will solve
the maturity mismatch problem between the timing of the dividend realization and the investment

opportunity. In turn, this implies that agents with investment opportunities tomorrow will value



the asset more than those without them. If the role as borrowers and lenders is persistent, as it
is the case in many collateralized debt markets, it follows that agents who are borrowers today
will value the asset tomorrow more than lenders WillE| This difference in valuations, together with
the asymmetric information about the borrower’s ability to repay, implies that collateral contracts
arise optimally in equilibrium.

The extra value borrowers assign to the asset on top of the expected discounted value of div-
idends can be decomposed in two premia for the borrower: a liquidity premium and a collateral
premium. The liquidity premium for the borrowers arises from them being able to sell the asset
and use the funds to invest in the risky projects (from solving the maturity mismatch mentioned
above). The collateral premium for the borrowers is the additional value they can obtain by using
the asset as collateral instead of selling it.

The asset’s debt capacity depends on the insurance the asset provides to the lender if there is
default and on the incentives it provides borrowers to repay. The larger the liquidity in the asset
market, the higher the asset’s debt capacity.

I extend the baseline model in several dimensions. First, I make the asset risky and allow for
the dividends to be correlated with the return of the borrower’s investment opportunities. An
increase in this correlation increases the asset’s debt capacity since it makes it costlier for the
borrower to default when he can avoid it. It makes the asset better collateral. Second, I make the
access to investment opportunities stochastic. As long as the access to investment opportunities
is persistent, collateralized debt remains optimal. Third, I allow for savings within periods and
show that borrowers would rather buy assets and be able to pledge them as collateral than saving
the consumption goods and having them available to invest. Finally, I introduce heterogeneity
among the borrowers’ investment opportunities. Depending on the liquidity in the asset market
two regimes may arise in equilibrium. When the liquidity is low, all borrowers use the asset as
collateral. When the liquidity is high, some borrowers use the asset as collateral while others
choose to sell the asset to raise funds.

My paper is related to the literature on optimal contracting in the presence of agency problems.
In particular, it is closely related to papers that deal with incomplete contracts either due to private

information or moral hazard. In Bolton and Scharfstein| (1990) the optimal contract is a long-term
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contract in which the lender commits to liquidate the borrower’s firm if default occurs. In [Lacker
(2001) non-pecuniary costs of default are assumed while in Rampini (2005) default penalties are
modeled as transfers of goods only valued by the borrower. |Gale and Hellwig) (1985), Bernanke and
Gertler| (1989) and Bernanke et al.| (1998]) also get optimal contracts that resemble collateralized
debt. They follow Townsend (1979) and allow for costly state verification to partially resolve the
agency problems. In all of this literature, including in my paper, the optimal contract involves some
credible punishment for the borrower if the bad state is realized which incentivizes him to behave,
and report the state truthfully. The main contribution of my paper is that the cost of default for
the borrower, which determines the optimality of collateralized debt, arises endogenously and is
not assumed.

In my model, contracts are incomplete but perfectly enforceableE] However, as Barro (1976)
shows, enforcement frictions can also give rise to collateral contracts in equilibrium. Along these
lines, Stiglitz and Weiss| (1981), (Chan and Kanatas (1985)), and Kocherlakota (2001)) analyze col-
lateral as a mechanism to enforce contracts and deter default. Kiyotaki and Moore| (1997) and
Rampini and Viswanathan| (2013) explore the effect of collateral constraints on the business cycles
and the capital structure of the firm, respectively. In most of these papers, the assets that are used
as collateral are either illiquid or they are inputs of production so selling them in order to raise
funds is not an option. In contrast, in my paper the asset that is used as collateral in equilibrium
is a liquid financial asset.

One of the main advantages of deriving collateralized debt as part of the optimal contract is that
the amount that can be borrowed against the asset, its debt capacity, is an equilibrium outcome.
In this regard, my paper is also related to the endogenous leverage literature based on the collateral
equilibrium models developed |Araujo et al.| (1994)), Geanakoplos (2003a, b), Geanakoplos and Zame
(1997)), and |Fostel and Geanakoplos (2008) In these models the collateral requirements are also
equilibrium outcomes. However, in contrast to my paper, these papers restrict the contract space
to collateralized debt.

Finally, in a search model with bilateral trading, Monnet and Narajabad, (2012]) show that agents
prefer to conduct repurchase agreements than asset sales when they face substantial uncertainty
about the private value of holding the asset in the future.

The rest of the paper is organized as follows. Section 2 presents the baseline model. Section 3

%Hart and Moore| (1985) study the optimal contract in the presence of incomplete contracts that can be renegoti-

ated.



defines and characterizes equilibrium. Section 4 analyzes liquidity as a determinant of collateralized

debt. Section 5 presents several extensions to the baseline model. Section 6 concludes.

2 Model

In this section I present the baseline model and derive the main result that collateralized debt arises
in equilibrium as part of the optimal funding contract.

Time is discrete, starts at t = 0, and goes on forever. Each period ¢ is divided in two subperi-
ods, morning and afternoonE] There are two different types of non-storable, consumption goods: a
morning specific good and an afternoon specific good. A unit of the morning (afternoon) specific
good at time ¢ that is not consumed within the morning (afternoon) at time ¢, perishes and disap-
pears. There is a one infinitely lived asset in the economy which is in fixed supply k. Holding k
units of the asset yield d;k units of (afternoon) consumption good as dividend at the end of each
afternoon ¢. In this section, I will assume that the dividend is constant, d; = d, and, thus, the asset
is riskless.

There is a large number N of each of the two types of agents in the economy, borrowers
(B) and lenders (L). All agents are risk-neutral, live forever and share the same discount factor
B € (0,1). Lenders are endowed with ko units of the asset at ¢ = 0 and each period t they receive
an endowment of e7' and e} units of the morning and afternoon consumption goods respectively.
Borrowers start their life with kp o units of the asset and, every period ¢, they receive €5 units of
the morning consumption good. Borrowers receive no good endowment in the afternoon. Instead,
each afternoon, each borrower has access to his own investment opportunity.

Each afternoon t a borrower j can invest in his own risky, constant return, short-term project:
one unit of (afternoon) consumption good invested in his project at the beginning of afternoon ¢
yields a random payoff at the end of the period which is only observable by the agent who invested
in the project. This payoff is given by 9{ € {0r,0p} where 01, < 0y. Each period, a fraction
pr, of borrowers get a low return 6; whereas a fraction py gets a high return #g. Therefore,
p; = Pr (9% = 9i> for i = L, H. 1 assume that the project is profitable in expectation but it incurs

losses if the low state is realized, i.e., 0 <1 <E (9%)

Assumption The discount factor 3 satisfies 5 E(le_)igLeL < 1.
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Figure 1: Timing

The assumption above ensures that borrowers want to use their assets to invest today rather
than waiting and use them to produce tomorrow.

There are two bilateral markets in the economy in which each borrower is randomly matched
with a lender: an asset market and a funding market. The asset market opens every morning and
the bilateral terms of trade are determined through Nash bargaining. The funding market opens
every afternoon. The bilateral funding contract between a borrower and a lender in the funding
market is chosen optimally by the borrower who has all the bargaining power in this market. Since
matches are random both in the asset market and in the funding market, the distribution of assets
in the hands of lenders and borrowers in each subperiod is a relevant state variable. Let F? (k)
be the fraction of agents of type ¢ = L, B in subperiod s = m,a that holds less than k units of
the asset. For example, F/* (F3) is the cumulative distribution of assets in the hands of lenders
(borrowers) in the morning (afternoon). Given these definitions, the aggregate state of the economy
is given by ¢ = (d, F|*, F', F{*, F').

FEach morning, borrowers and lenders meet in the asset market and adjust their asset holdings.
Each afternoon, borrowers go to the funding market to fund their investment opportunities, they
invest in them and, finally, after the projects and assets pay off, they settle their funding contracts.

This timing is depicted in figure

Remark 1 Timing. Since the asset’s dividend is paid after the investment in the risky projects
needs to be made, the dividends cannot be invested in the risky projects by the borrower. This timing
assumption implies that borrowers need to borrow in order to take advantage of their profitable
tnvestment opportunities. Moreover, it implies that, if agents were in autarky, they would all value

the asset at the discounted sum of dividends, %.

Remark 2 Non-contractibility of returns. The key friction of the model is the non-contractibility



of the return of the risky projects. Since the return of the risky projects is only observed by the
borrower and is not verifiable by lenders, the funding contract cannot be contingent on the realized
value of the return of the risky projects. This non-contractibility is the only source of inefficiency
in the model. Without it, the first-best outcome will be attained: lenders would transfer all their
endowment to the borrowers who would invest it in the risky projects and then pay lenders back an
expected payoff of 1. In the first best, the optimal funding contract is indeterminate. In particular,
the borrowers would not need to hold the asset to invest since they would be able to pledge the return
of the risky projects credibly.

Howewver, once one introduces the non-contractibility of the return of the risky projects and given
that the projects may incur losses, the borrowers will only be able to invest in their investment
opportunities if they hold some assets. A borrower without assets would never be able to raise funds
since he would always claim that the low state was realized giving the lender an expected gross return
of 01, < 1. Holding assets solves this problem: it allows the borrower to raise funds by selling the

asset, by pledging the asset’s dividends as collateral, or by pledging the asset itself as collateral.

2.1 Asset Market

At the beginning of each morning, each borrower is randomly matched with a lender in the asset
market. The terms of trade, quantity and price, are determined through Nash bargaining. The
bargaining power of borrowers is equal to v € (0, 1]E| As T discuss in section 4, v can be interpreted
as a measure of liquidity in the asset market.

Each pair matched in the asset market is characterized by the asset holdings of the agents
who are being matched. If a borrower with kp assets is matched with a lender with kj assets
the match will be characterized by the pair (kp,kr). A lender in a match indexed by (kp,kr)
will transfer k7 (kp, kr; ¢) units of the asset to the borrower in exchange for P (kg, krz;¢) units of
the afternoon consumption good. If k7 (kp,kr;¢) > 0 the lender is selling assets to the bor-
rower whereas if k7 (kp,kr;¢) < 0 the lender is buying assets from the borrower. The pair
(kT (kp,kr;0), P (kp, kr; ¢)) determines the bilateral terms of trade in the asset market.

The value of a borrower in the morning, before being matched with a lender, is

Vg (kp; ¢) = / [Ex, (V& (kg + k" (kB k;¢) . kr;8)) — P (kp, kr; ¢)] dF™ (kL) (1)

where V§ (kp, kr; ¢) is the value of a borrower with assets kg who enters a loan contract with a

If v = 0 both agents value the asset the same in equilibrium and the optimal funding contract is indeterminate.



lender with assets k, in the afternoon and E, is the expectation operator over the random variable
X.

Similarly, the value of a lender in the morning, before being matched with a borrower, is
Vit (kr; ¢) = / [Ex, (Vi (kL — k" (kB ki ¢) . kB ¢)) + P (kp, kr; ¢)] dFE (kB) (2)

where Vf (kp, kr; ¢) is the value of a lender in a match (kp,kr) in the afternoon.

I assume that borrowers and lenders have enough consumption good each morning to buy all
the assets from their counterpart on the asset market. By making this assumption, the model
abstracts from borrowing constraints in the asset market. Since the main focus of the paper is to
understand the use of financial assets as collateral, considering such borrowing constraints, though
interesting and realistic, makes it harder to disentangle the forces at work without adding much to
the analysis.

Since the terms of trade are determined by Nash bargaining, P (kp,kr;¢) and k7 (kp, kr; ¢)

solve
max (Ex, (Vg (kp + ko, kr;¢)) — Po — By, (Vg (kB,kL; 9)))” (3)
Poe[—eep]
koe[ikB’kL}

X (Bppy (V2 (kr — ko, kp; 0)) + Po — By, (VE (k. kp; 0))'

where v is the bargaining power of the borrower. The first term in the objective function is the
differential utility a borrowers gets from participating in the asset market. The second term is the

differential utility a lender gets from participating in the asset market.

2.2 Funding Market

Every afternoon, a bilateral funding market opens. Each borrower is matched randomly with a
lender and the terms of the loan contract are determined by the borrower. Loan contracts are
one-subperiod contracts and they consist of a loan amount in terms of (afternoon) consumption
good, ¢, and contingent repayments in terms of (afternoon) consumption, r;, and in terms of asset

transfers, t;, ¢ = L, H.

Definition 1 A contract (q,7r,7H,tL,tH) is feasible at time t if

0<g<e}
OgmgdkBt—kqu i:L,H
0<t <kp 1=LH



where kp; is the amount of assets held by the borrower in afternoon t.

The first constraint in the definition above states that the size of the loan ¢ has to be non-
negative and that it cannot be larger than the endowment of consumption good of the lender in
the afternoon. The second set of constraints imply that the state contingent repayments in terms
of consumption good cannot be negative nor can they be more than the amount of the good the
borrower has at the end of the afternoon in each state. Similarly, the third set of constraints imply
that the borrower cannot transfer more assets than the amount he holds.

As T mentioned above, since the return of the risky projects is only observed by the borrower
who invested in them and is not verifiable by the lenders, the loan contract cannot be contingent
on the realization of the return 6;. However, the contracts can be made contingent on the reported

return of the risky projects as long as the contracts are incentive compatible.
Definition 2 A contract (q,rr,7H,tL,tm) is incentive compatible if
—rp+ BBy (VB (kB —t1;¢') |0n) < —ru + BBy (VB (k — tu; ¢') |0n) (ICx)
and whenever rg < 01, (dkp + q)
—rp + BBy (VB (k —tL;¢') |0L) > —rg + BBy (VG (kg — ta; ¢') 0r) (ICL)

In an incentive compatible allocation it is always at least as good for the borrower to tell the
truth and report state that has been realized than to lie. This is captured by constraint ICy if
the realized return is high and by ICYy, if the realized return is low. However, the constraint IC7, is
only active when lying in the low state is feasible, i.e., when there are enough resources in the low
state to match the contingent repayment in terms of goods in the high state, rp.

Let V& (kB, kr; ¢) be the value of a borrower with assets kg who is matched with a lender with

assets k7, in the loan market. Then,

Vg (kp,kr;¢) =  sup  E(0)q—purg —prrr +dkp (4)
q,TL,THtHEL
+BpuaBy (VG (kB —tm; ¢') 10m) + BpLBy (V5 (kg —tr;¢') |01)
s.t.

(¢, 71, TH.tr, ty) is feasible and IC
BBy (Vi (kr;¢')) < —q+puru + BpuBy (VL' (kL +tu;¢') 10n)

+prrr + BpBy (V" (kr +t1;:¢") |01) (PC)

¢ = H(4;0) (LOM)



where H (+;0) is the law of motion of the aggregate state ¢ given the realized return 6.

The borrower chooses a feasible and incentive compatible contract to maximize his expected
utility subject to the lender’s participation constraint PC and given the perceived law of motion
for the aggregate state in LOM. Since E (0) > 1, the borrower invests all the loan amount, g,
in the risky technology and gets an expected return E (6) q. He expects to repay pyryg + prrr in
terms of consumption good and he gets dividends dkp from his asset holdings at the beginning of
the afternoon. Finally, his expected continuation value (his value the following morning) depends
on the contingent transfers of assets t;, and ¢ty that are part of the contract.

PC states that the lender has to be at least as good participating in the contract as he would
be if he didn’t participate in it. If the lender participates in the contract he gives up ¢ units
of consumption good at the beginning of the afternoon in exchange for contingent repayments in
terms of consumption good and asset. With probability p; state ¢ = L, H is reported and the lender
receives 7; units of the consumption good and a t; additional units of the asset with which to enter

the asset market the following morning.
Assumption The lender’s endowment in the afternoon e} satisfies % <ef.

The assumption above implies that the equilibrium loan amount is never restricted by the
amount of the consumption good owned by the lenders, i.e., ¢ < e}. If this was not the case,
a borrower with a sufficiently high amount of assets could issue risk free debt by pledging the
dividends paid by the asset and the incentive compatibility constraints would not bind.

By inspecting the constraints in the problem above, one can considerably simplify the borrower’s
problem. First, in any equilibrium, the participation constraint for lenders PC will hold with
equality. If it did not, the borrower could increase the loan amount and increase his expected
utility without violating any of the additional constraints. Similarly, as is usual in this kind of
problems, the incentive compatibility constraint will bind in the high state and ICy will hold with
equality. Finally, in order to maximize the size of the loan, the repayment in terms of goods in the
low state, 7, will be the maximum possible, i.e., r;, = 61q+ dkp. The following proposition, which

is proved in the appendix, formalizes these arguments.

Proposition 1 In the optimal lending contract the participation constraint for the lender binds

BBy (Vi (kz;¢')) = —aq+para + BpaBy (V" (ko +ta; ¢') 10m)

+prrr + BpLBy (VI" (kr +t;¢') 101)
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the incentive compatibility constraint for the borrower in the high state binds
—rp + BBy (VB (kB —tr;¢') 0n) = —rg + BBy (VB (kp —tu;¢') 10m)
and the repayment in terms of consumption good in the low state is mazximal
r, =dkg +014q.

From the proposition above it follows that the borrower’s problem in the funding market reduces

to choosing only the two asset transfers.

Corollary 1 The borrower’s problem can be rewritten as

(E(0) —01)

dk
1-0; B

Vg (kB kr; ¢) = sup
(tH,tL)E[O,kB]2

O I 5 (v b+t ) + pu Vi (i +t256) — B (V' (k23 6)
O s (B (V' (ks — 016 10m) — Bug (V' (ks — 113 10))

+6 (pBy (VB (kg —tr;¢') 10L) + puBy (V5 (k —tm:¢') 0m))

subject to
o ket B (puBy (Vi (ki + ta &) 102) + prBy (VE" (ki + 12 ) 61))
- 1—-6;
_Prn By (VE (kg —tu; &) = VB (kg — t1;¢') 10u)) — BEy (V1" (kr;¢'))
1-6p
" > max{0, BpgEy (Vi (kp +ta; ¢') 10m) + BrLEy (Vi (kp +tr;¢') |01)
~prBEy (VB (kg —tm:d') = Vi (kg —tr;:¢') 10m) — BBy (V" (kr; ¢'))}
¢ = H(4;0)

3 Equilibrium

In this section I define a recursive equilibrium of the model and characterize the unique affine
equilibrium which features an optimal lending contract that can be implemented with a combination

of riskless and collateralized debt.

Definition 3 A recursive equilibrium in this economy is a pair of value functions for borrowers,

in the morning and in the afternoon, Vi (kp; ¢) and V§ (kp,kr; ¢), a value function for lenders,

11



in the morning and the afternoon, V" (kp;¢) and V& (kr,kp; ¢), price and quantity functions in

the bilateral asset market, P (kg, kr;¢) and kT (kp,kr;¢), a loan contract

(q(kB,kr; @) ,rr (kB,kr;¢),rr (k. kr; @), tr (k. kL; @), tu (kB, kL; @))

and a law of motion for ¢, H (¢;6), such that , , , and are satisfied and the law of

motion for ¢ satisfies:
PP ) = oo ([ FE -t b s 00) P b))
- ( [ i et bn ks d ) <k3>)
FY () = [ B (= k7 (b kisd, 0)) dFY (k)
Fg ) = pur ([ B et (ks ) ()
o ([ 73 0+ 1 s, ) ()
FY'0) = [ Fp" (ke 7 (ko ki d. ) dFR (k).

Since the borrower has all the bargaining power in the funding market and lenders are left

indifferent between participating in the funding market or not, in equilibrium
Vi (kr; ¢) = dkp + BBy (VE" (kL. ¢'))

where V,—f (k:, ¢') = B, (V]-:1 (k:, kpg; ¢’)). Moreover, the equilibria in the asset and funding markets

depend only on the expected value of the borrowers and lenders in the following subperiod. Using

one gets

Vi (ks 6) = / (V& (ks &) — P (ks ks &) dFP (k)
where Vg (k:, gb') = g, (Vg (k, kr; qS'))

Remark 3 An equilibrium can be fully characterized by Vg (kp;¢) and VL’” (kr; 0).

3.1 Affine Equilibrium

For the remainder of the paper, I will focus on recursive affine equilibria, i.e., equilibria in which
the value functions are affine in asset holdings. Within this class of equilibria, the equilibrium is

uniqueﬂ All proofs are in the appendix.

®The mapping that characterizes an equilibrium is not a contraction mapping. Therefore I cannot show that the

equilibrium is unique within a more general class of value functions.
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From remark [3] an affine equilibrium is fully characterized by

Vi (ko) = cp(®)kp+ap ()

Vit (kr;¢) = co(¢) kL +ar ()

Using this characterization in to determine the terms of trade in the asset market gives
max (Py — dko — ey, (9) ko)™ x (e () ko — Po)?
0,~0

which implies that
Po=(1—7)cp(¢) ko + v (dko + BerL (¢) ko)

and

k" (kp,kr;¢) =arg max  (cp(¢) —d — Ber (¢)) ko.
koe[ka,kL]

As it is usually the case with linear value functions when the terms of trade are determined
through Nash bargaining, the price is an average of marginal valuations of the counterparts where
the weight on an agent’s marginal valuation is his counterpart’s Nash bargaining weight. Moreover,
the quantity traded maximizes aggregate surplus and, thus, trades in the asset market are efficient.

The linearity of the value function also implies that kT (kp,kr;¢) € {—kp,kr}. Since the
borrower can wait until the afternoon and sell the asset in the loan market, by setting t; =t = kp,
he will never choose to sell in the morning. Selling in the afternoon, allows the borrower to invest
the proceeds of the sale in the risky projects which has a higher expected return than consuming
the goods in the morning. Therefore, the terms of trade in the asset market are independent of the
asset stock with which the borrower enters the market and k” (kp, kr; ¢) = kg, for all kg, kr, and
¢.

Given the affine specification of the value functions in an affine equilibrium, the solution to
the borrower’s problem in the funding market will be a corner solution. There are four possible

solutions: tf, =ty =0,t; =0and tg = kg, ty = kg and tg =0, and t; =ty = kp.
Lemma 1 In an affine equilibrium, a borrower will choose

tr, = kg
kg ifcp(9) <cL (o)
0 ifcr(¢) <cp(e)

tg =

13



If the borrower values the asset as much as the lender, he will set t;, =ty = kg and "sell" the
asset to the lender. In exchange, the lender will lend the borrower ¢z, (¢) = c¢p (¢) which is a fair
compensation from the borrower’s perspective.

However, if the borrower values the asset more than the lender, he would be getting less than
his valuation if he chose to sell the asset to the lender: the lender would still pay a price cr, (¢) per
unit where now cr, (¢) < cp (¢). In this case, the borrower will only transfer the asset if he cannot
avoid it, i.e., if the low return is realized and he does not have enough resources to compensate the
lender in consumption goods. Transferring the asset is costly for the borrower since he gets cr, (¢)
units for it while he values it cg (¢) > cr, (¢). This difference in valuation can be interpreted as the
punishment for lying which induces truth telling and makes the state contingent contract contract

incentive compatible.

Proposition 2 In the unique affine equilibrium,

cg (@) = cp(d) > cr (d) = cr (¢)
where cp (d) and cr, (d) are affine functions of the dividend d.

In equilibrium, a borrower values the asset more than the lender. Holding assets allows the
borrower to take advantage of his profitable investment opportunities either by selling the assets,
by pledging its dividends or by pledging the assets themselves. Lenders, in contrast, can only eat
the dividends or sell the asset in the asset market. Since [ (f) > 1, borrowers value the asset more
than lenders. Since investment opportunities are persistent, borrowers will value the asset more

than lenders in the future as well.

Corollary 2 In an affine equilibrium, the optimal loan contract (¢*,r7,r5,t;,t}) is given by

(d+ Bprer (d) + Bpucp (d))

q"(d) = 10, kg
. 0" (d) +d
i (d) = M@
1-6;
T}{ (d) = 7L (d) + Bep (d) kp
t; = kp,t; =0

The optimal loan contract only depends on the aggregate state through the dividend level d. As

one can see from corollary [2, borrowers are collateral constrained in the optimal loan contract: the
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maximum amount that the borrowers are able to borrow depends linearly on the amount of assets
they have. The amount that can be borrowed per unit of asset held is an equilibrium outcome and
it depends on how much the expected holder values the asset. With probability py the return of
the projects is low and the borrower transfers all his asset holdings to the lender whose expected
discounted value of one unit of asset is Scr, (d). With probability py the return of the projects is

high and the borrower keeps all his assets which he values Scp (d) per unit.

3.2 Implementation of the Optimal Loan Contract

The optimal loan contract can be implemented using two different debt contracts: riskless debt and
collateralized debt. This implementation, however, is not unique. I’ll be looking at the implemen-

tation with the maximal amount of risk-free debt.
Lemma 2 In any implementation the risk free rate is 0.

In any implementation, lenders have to be indifferent between lending at the risk-free rate or
by taking on some risk. Since the expected return of the optimal loan contract for lenders is 0, the
risk free rate has to be 0.

The maximum amount that can be repaid independently of the realized state, risklessly, is
5 (d). Therefore, since the risk-free rate is 0, the maximum amount of riskless debt is 7} (d). The
remaining part of the loan amount ¢* (d) is repaid in consumption goods only if the return of the
project is high, whereas if the return is low, the lender receives an asset transfer from the borrower.
I will refer to this fraction of the loan amount as collateralized debt.

In this implementation collateralized debt will be characterizes by two quantities: a loan amount

qc = q(d) — 1, (d) = B (prer (d) + pucp (d)) ki

and an interest rate 7.

ri (d) —rr (d) ~ pr(cs(d) —cL(d))

ZC:—— =

Geky (prer (d) + pa (e (d)))

The loan amount ¢, is equal to the expected repayment the lender gets from the borrower: with
probability py, the lender gets paid in assets which he values Scy, (d) per unit and with probability
pr he gets paid fep (d) kp in afternoon consumption good, which is the maximum amount the
borrower is willing to give up in order to keep his assets. The higher the difference between the

borrower’s and lender’s valuations of the asset, the higher the repayment in the high state to which
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the borrower can credibly promise and, therefore, the higher the interest rate on the collateralized
debt.

Since the implementation above is the one with the maximum amount of collateralized debt,
the maximum amount that can be borrowed against one unit of the asset, its debt capacity, is given
by

D = p(cp (d) +pa (e (d) —cL (d))).-

The asset’s debt capacity depends on the value of collateral for lenders when there is default (in-
surance) and on the extra value borrowers attach to collateral when there isn’t default (incentives).
Ceteris paribus, a higher value of collateral for lenders increases the loan amount since they can
recover more when there is default, while a higher (extra) value of collateral for borrowers decreases

the borrowers’ incentives to lie and, therefore, allows them to borrow more.

3.3 Premia

As I mentioned above, if borrowers and lenders were in autarky and could not trade with each
other, they would all value the asset at its fundamental value &. However, when borrowers and
lenders are allowed to trade, their marginal valuation for the asset differs from the fundamental
value and between borrowers and lenders.

This difference between the agents’ valuation of the asset and the fundamental value of the
asset can be decomposed in several premia. A borrower values the asset more than the expected
discounted dividend stream for two reasons. The first reason is that the asset serves as a liquidity
transformation device, it allows the borrower to invest when he has the investment opportunity.
The extra value due to this function is captured by the private liquidity premium, which I define as
the difference between how much a borrower would value the asset if he chose to sell it to get funds
and the fundamental value of the asset. If a borrower chose to sell the asset in the afternoon, he
would get d 4 Bcr, (d) per unit of asset, which is the maximum amount the lender would be willing
to pay for it. With this funds, the borrower would be able to invest in his risky projects and he

would get the return on equity E(@% on them. Therefore, the borrower would value each unit of

1
(9)

asset % (d+ Ber, (d)), and the private liquidity premium is defined as

E(6) — 6 d
2O (4t e @) - (1_6)

The second reason why a borrower values the asset more than the fundamental value is that
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he expects to use it as collateral in the following period. I define the private collateral premium as
the extra value a borrower gets from using the asset as collateral instead of selling it to raise funds.
In an affine equilibrium, a borrower who chooses to use the asset as collateral values it cp (d) per
unit. Then, the private collateral premium is

E(6) -0,
1- 0,

E(6) — 0y,

cp () - 1- 01

(d+ Ber (d) = Bpm (¢ (d) —cL (d)).

This premium depends on the difference in valuations of the borrower and the lender. If both agents
value the asset the same, the private collateral premium is 0. In this case, the borrower would be
indifferent between selling the asset and pledging it as collateral. When the borrower values the
asset more than the lender, the private collateral premium is positive and the borrower chooses to
use the asset as collateral in the optimal funding contract.

Finally, a lender may value the asset more than the expected discounted sum of its dividends
if he has some bargaining power in the asset market. By being able to sell the asset to agents
that value the asset more than themselves, lenders can extract some of this surplus whenever their
bargaining power is positive, i.e., 7 < 1. This extra value is what I call a liquidity premium and it

is defined as

_d_ c _c
CL(d)_< d >:(1_7)E(0)—1 5 + Bpa (¢ (d) — cr (d))

1-5 P=00 \ 1= (y+ (11— ) H252)

When v = 1 this premium is 0 since borrowers have all the bargaining power in the asset market
and keep all the surplus from the transaction. In this sense, v is a measure of the assets liquidity.
When 7 is high, liquidity is low and the price at which the asset is sold in the asset market is closer

to the fundamental value %.

4 Market liquidity

In the baseline model T have assumed that meetings in the asset market are random and that
trading is bilateral. However, all results can be generalized to the case in which the asset market
is competitive. In the next subsection I characterize the competitive asset market equilibrium
in an affine equilibrium and show that assuming a competitive asset market or a bilateral one is
equivalent as long as the bargaining power of the borrowers is chosen appropriately. This result

implies that the parameter v can be interpreted as a measure of the market liquidity.
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4.1 Competitive asset market

Assume that the asset market in the morning is competitive and that we are in an affine equilibrium
in which ¢p (d) and d + ey, (d) are the borrowers’ and lenders’ marginal valuation of the asset,
respectively. Then, the equilibrium price in a competitive asset market is be given by the amount
of consumption good in the market relative to the stock of assets being supplied - there is cash-in-
the-market pricing. Borrowers spend all the consumption good they have in the asset as long as
the price does not exceed their marginal valuation c¢p (d). For a given asset price p, the demand

for the asset is be given by
m
D (p) = min {cB (d), eB}
p
Similarly, lenders are willing to sell their asset holdings ky, if the price is at least as high as their

marginal valuation d + ¢y, (d). For a given asset price p, the supply of the asset will be given by

0 ifp<d+,30L(d)
S(p)=9q s€[0,kr] p=d+ Ber(d)
kr, p>d—|—ﬂCL(d)

Therefore, equilibrium price in the competitive asset market will be given by

m
p* = min {max {d + Ber (d), ZB} ,CB (d)}
L
The equilibrium in the competitive asset market is shown in figure

Proposition 3 For any competitive equilibrium in the asset market there exists v such that the

equilibrium prices in the bilateral asset market are the same as those in the competitive market.

Since borrowers will never pay more than their marginal valuation for the asset and lenders
will not sell for less the asset for less than their marginal valuation, the equilibrium price in the

competitive asset market p* can always be expressed as

p* =7 (d+ Ber (d) + (1 —v)cp(d)

for some v € [0,1]. Note that the expression above for p* is exactly the same per unit price one
would get in a bilateral market in which the bargaining power of borrowers is .

There is a one-to-one relationship between v and the relative amount of liquidity in the market.
When the market liquidity is high, i.e., when the amount of consumption good relative to the asset

supplied is high, the market is a "sellers’ market" and 7 is low (buyers have low bargaining power).
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Figure 2: Competitive asset market

Alternatively, when the market liquidity is low, i.e., when there are few consumption goods per
unit of asset supplied, the market is a "buyers’ market" and ~ is high (buyers have high bargaining

power). In this sense, v can be interpreted as a measure of the liquidity in the asset market.

Proposition 4 The debt capacity of the asset increases with the liquidity in the asset market, .i.e.,

oD

A more liquid asset market provides better insurance to the lender and worse incentives to the
borrower. On one hand, a lower « increases the surplus lenders can extract from the borrowers,
i.e.,

8CL (d)

0
afy<

On the other hand, a lower v closes the gap between the borrower’s and lender’s valuation and,
thus, decreases the cost of defaulting, i.e.,

9 (cp (d) — cL (d))

0
oy ~

As the proposition above shows, the effect on the asset’s quality as insurance for the lenders

dominates and more liquid asset have a higher debt capacity.
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5 Extensions

In this section I introduce four different extensions of the baseline model. I first consider stochastic
dividends which are correlated with the returns of the risky projects. Second, I introduce stochastic
investment opportunities. Third, I allow for savings between the morning and the afternoon. And
fourth, I allow for heterogeneity in the borrowers’ investment opportunities. All omitted proofs are

in the appendix.

5.1 Correlated dividends and returns

The model is the same as the one presented in the previous section with the only difference that
the dividend paid by the asset is stochastic and it is potentially correlated with the return of the
risky projects of the borrowers. Formally, I assume that there is an underlying unobservable i.i.d.
aggregate state w; € (w1, ws) that determines the probability of success of the risky projects and the
dividend level. The fraction of risky projects with high and low returns depends on the aggregate
state: if the aggregate state is w, a fraction p}' of the borrowers gets a return 60;, i« = L, H. As
before, the unconditional probability of a borrower getting a return 0{ = #; in the afternoon of
period t is given by p;, ¢« = L, H and the returns of the risky projects are unconditionally i.i.d
across time and borrowers.

I assume that the returns of the risky projects in period ¢ and dividends in period t + 1 are
correlated and that their joint distribution is stationary. Therefore, the expected dividend given
an individual realization 0; is given by

E (dt+1|9{ - 9,-) -3 Pr <wt = w0l = ei) E (dps1|ws = wy) == d; for i = L, H,Vj,¥t > 0

n=1,2
Finally, since the aggregate state is i.i.d. across time, E (di;1) =d and B (Gg) =E (0) for all ¢ for
all 5.

Given that the coefficients cg and ¢y, in the affine equilibrium above are affine in the dividend

level, it is easy to see that all the results in the previous section hold. In particular, the debt

capacity of the asset when returns and dividends are correlated is given by
D = B (cp (dr) + pa (cB (du) — cr (dL)))

Proposition 5 Assets that have dividends that are more highly positively correlated with the risky

projects have a higher debt capacity.
oD

>0
ddm|g
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In the model, the asset partly resolves the non-contractibility of the return of the risky projects
and allows the borrower raise funds. Since in equilibrium the borrower values the asset more than
the lender does, c¢p (d) — cr, (dr) is the endogenous cost of defaulting on the promised amount g
and it allows the borrower to credibly commit to reporting the projects’ return truthfully. Assets
that have dividends that are more highly positively correlated with the return of the risky projects
have a higher dy and a lower dj, which imply a higher cost of default for borrowers. This higher
cost of default allows the borrower to commit a larger amount of goods in the high state and, thus,

increase the debt capacity of the asset and make it better collateral.

Proposition 6 If dig > dunin, where dpin < d, a mean preserving spread of the returns of the
projects decreases the debt capacity of the asset, i.e.

oD
901 |E (o) <0
When the return of the projects and the future dividend level are sufficiently positively corre-
lated, an increase in the riskiness of the projects decreases the debt capacity of the asset. A mean
preserving spread of the projects’ return increases fy and decreases pg. On top of increasing the
probability of default directly, the shift in the structure of the risky projects’ return affects both
the insurance and incentive components of the debt capacity. First, since default is more likely, the
value of the asset for lenders when default happens, ¢y, (dr), decreases and so does the lender’s will-
ingness to lend to the borrower. On the other hand, this decrease in value for the lender increases
the borrower’s cost of misreporting which would increase the asset’s debt capacity. However, since
pg decreases after a mean preserving state, the debt capacity of the asset puts more weight on the
quality of the asset to provides insurance than to provide incentives. When the dividend is suffi-

ciently positively correlated with the return of the risky projects the decrease in the asset quality

to provide insurance to lenders dominates and the debt capacity of the asset decreases.

5.2 Stochastic investment opportunities

In the baseline model, borrowers always have access to the investment opportunities while lenders
can never access them. This assumption can be relaxed to allow for probabilistic access to the risky
projects.

The model is the same as the baseline model with the exception that now borrowers remain
borrowers (and lenders remain lenders) with probability p. An agent who has a borrowing oppor-

tunity at time ¢ keeps his investment opportunity at time ¢ + 1 with probability p while an agent
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without a lending opportunity at time ¢ acquires one with probability (1 — p). Whether an agent
has access to an investment opportunity or not at time ¢ is known at the beginning of the morning
of time t before the asset market opens. To keep things more tractable, I assume that the agents
that get an investment opportunity don’t get any endowment of afternoon good.

The only difference in the borrowers’ and lenders’ problems in this setup and in the baseline
model is in the continuation values. Whereas in the baseline model agents know in which side of
the market they will participate in the future, in the current setup their role in the economy is
random. Therefore, everything derived in the baseline model at the beginning of the paper holds
by substituting Vé” (-; ¢') by

pVE' (5¢') + (L= p) Vi" (5 ¢)
and VLm (-; gb') by
pVE" (5¢)) + (1= p) VB (5 ¢)
Analogously to the baseline case borrowers will only choose to transfer the asset in the high

state if the lender values the asset at least as much as he does.
Lemma 3 In an affine equilibrium, a borrower will choose

tr, = kg
kg if (1 —2p)(cp(d) —c
0  if(1-2p)(cc(d)—c

Sy
—
SH
~—
~—

tg =

Sy
—
5SS
~—
~—
|
[es}

As before, what determines whether assets are sold or used as collateral is the difference in
future valuations for the asset between borrowers and lenders. When investment opportunities are
random, this difference in valuation will depend not only on the valuation for the asset of borrowers

and lenders, cp (d) and cr, (d), but also on the persistence of the investment opportunities, p.

Lemma 4 Current borrowers always value the asset more than current lenders
CB (d) > cy, (d)

At the beginning of time ¢, before accessing the asset market, borrowers value the asset more
than lenders do. Having the asset allows borrowers to take advantage of their investment oppor-
tunities in the afternoon whereas lenders have to wait at least a period to have access to the same
investment opportunities.

From the lemmas above we have the following proposition.
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Proposition 7 The asset will be used as collateral if and only if p > 0.5.

Since having the asset is more valuable while having access to the investment opportunity,
borrowers will value the asset more than lenders only if their likelihood of being borrowers is higher
than the lenders’. Therefore, as long as the investment opportunities are persistent, borrowers will
always choose to use it as collateral rather than selling it.

Suppose that p > 0.5. Then, the debt capacity of the asset is given by
D = B (pcr (d) + (1 = p) e (d) + pr (2p — 1) (e (d) — cL (d)))

As in the baseline case, the debt capacity has two components: one that provides insurance to
lenders and one that provides incentives to borrowers. Lenders are always willing to lend their own
valuation S (pcr, (d) + (1 — p) cp (d)) if the loan is collateralized by the asset. Since lenders know
that defaulting is costly for borrowers, they know that borrowers will have incentives to pay more
in the high state in order to avoid losing the asset. The extra amount that borrowers will be willing

to pay in the high state is 8 (2p — 1) (¢g (d) — cr (d)).

5.3 Savings between morning and afternoon

The baseline model can also be extended to allow for savings of consumption good between the
morning and afternoon. If borrowers are allowed to bring consumption goods into the afternoon,
this would allow them to get leverage and they would get a return of E@% per unit saved. Then,
the surplus for a borrower who acquires kg units of the asset in the asset market and pays Py for
them is

(0)—0L

E
Vi (kB + ko; ¢) — 16, Po— Py — Vg (kB; ¢)

where V§ (kp; ¢) is the value of a borrower who enters the afternoon with assets kp. Similarly, the

surplus of a lender who sells kg units of the asset at a price Py is
Vi (kr — ko, kp; ¢) + Po — V (ki k; ¢)

In this case, the price for kg units of the asset in the morning asset market will be given by

5 (=9 cp(d)+v(d+ Ber(d)

Py =
E(6)—06
1 —+ (1 _7) (1_)9LL

ko

Proposition 8 If savings are allowed, borrowers will choose to buy as many assets as they can in

the asset market, i.e., kg = k..
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Proof. The price for ky units of the asset in the morning asset market will be given by

By — (1 =7)cp(d) +v(d+Ber (d))ko
1+(1—7)E(19_)75L9L

A borrower will strictly prefer to buy an additional unit of the asset rather than saving if

E(0) -0 -
= Py < cp(d)ko
Wry(d%—ﬂ%(d» < cg(d)

This condition holds for all v > 0 since the borrower could always sell the asset in the funding

market and get E(ﬁ% (d+ Ber (d)). m

5.4 Multiple Project Types

In this section I extend the model in the previous section to allow for heterogeneity among borrowers.
Each borrower is characterized by the returns of the projects in which he is able to invest. I assume
that the projects available to different borrowers differ in their correlation with the dividends paid
by the asset but they share the same success probability and unconditional expected return. There
are J types of projects and a fraction y; of borrowers can invest in projects of type j, j = 1,...,J,
where > pi; =1
In this case, in an affine equilibrium, the marginal value of assets for a lenders is
er(d) =1 =7)Y_ wch (d) + v (d+ Ber (d)) .
i€l
The borrowers’ problem remains unchanged, though now the asset value for lenders depends on the

average valuation among borrowers.

Proposition 9 The borrowers with the highest marginal valuation of the asset will always use it

as collateral.

Borrowers whose projects have the highest positive correlation with the dividend paid by the
asset value the asset the most. The higher this correlation, the larger the amount that can be bor-
rowed against the asset since it is better at providing incentives to solve the asymmetric information

problem.

Proposition 10 There exists 5 such that all borrowers use the asset as collateral in equilibrium if

and only if v > 7.
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Depending on the parameters of the model, two different kinds of regimes might arise. In one,
all borrowers choose to use the asset as collateral. This is clearly the case when v = 1 since the
multiple project type model and the benchmark model give the same contract for each agent. The
existence of other types of borrowers only matters through the resale value of the asset in the
asset market. If the sellers don’t get any surplus from this sale, then the price of the asset in the
asset market will be equal to the expected discounted value of dividend and, thus, it would be
independent of the distribution of borrower types in the economy.

If v < 1 there might be borrowers who choose to sell the asset at the beginning of the afternoon
and invest those funds rather than pledging the asset as collateral. Since the expected price at
which lenders can sell the asset in the asset market depends on the borrowers’ average valuation
of the asset, it may be the case that this average valuation is high enough to motivate some of the
borrowers who value the asset the least to sell the asset to raise funds. Whether there are some
borrowers that don’t use the asset as collateral or not depends on the value of v. For high values
of v everybody uses the asset as collateral in the only symmetric equilibrium. For lower values of

~ some borrowers may choose to sell the asset instead of using it as collateral.

6 Conclusion

In this paper I showed that when the roles as borrowers and lenders are persistent, and the return
on the risky projects is non-contractible, debt collateralized by liquid financial assets arises as an
optimal way for borrowers to raise funds. In equilibrium, borrowers value the assets more than
lenders and, therefore, borrowers would rather offer their assets as collateral than sell them. If
borrowers sold their assets, they would get at most the valuation of lenders, whereas by offering
them as collateral borrowers keep their assets when there is no default.

This difference in marginal valuations of the asset between borrowers and lenders is an equilib-
rium outcome. In autarky, both borrowers and lenders value the asset as the expected discounted
sum of the dividend stream. When the agents are able to trade, the borrower values the asset
more then the lender and they both value the asset (weakly) more than its fundamental value.
The borrowers’ excess valuation can be divided in two premia: a private liquidity premium and a
private collateral premium. The first comes from the asset solving a maturity mismatch for the
borrower: the asset pays dividends in the future but the borrower has an investment opportunity

today. Being able to sell the asset provides the borrower with funds in the moment he needs them.
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The private collateral premium is the extra value the borrower assigns to the asset as collateral
which is an instrument to solve the non-contractibility of the projects’ returns.

Since collateralized debt is optimal in this setup, and the marginal valuations of both borrowers
and lenders are endogenous, the maximum amount that can be borrowed against the asset, its
debt capacity, is also an equilibrium outcome. Some of the main determinants of the asset’s debt
capacity are the liquidity in the market in which they are traded, the correlation of their dividends
with the return of the investments made by the borrowers and the riskiness of those investments.
Assets traded in more liquid markets have more insurance value for lenders and are better collateral
than those traded in less liquid markets. Similarly, assets that have dividends that are more highly
correlated with the ability of the borrowers to repay are more costly for borrowers to lose and,
thus, have a higher debt capacity. Finally, borrower with riskier projects are able to borrow less
against the same asset. When one allows for heterogeneity in the types of investments available to
borrowers, there will always be at least one type of borrower using the asset as collateral. Whether
all borrowers use collateralized debt will depend on the market’s liquidity.

We know from previous literature that changes in margins and haircuts played an important
role in recent crises[] Having a model that characterizes these objects as equilibrium outcomes is
important both from a positive and a normative point of view. In positive terms, it is interesting
to see where the financial shocks come from and how they interact with the fundamentals of
the economy. From the normative side, policies that aim at stabilizing the cycle and preventing
financial crises should take into account what drives changes in the financing conditions faced by
financial intermediaries, firms, and households. This paper delivers some of the insights needed to

understand collateralized debt markets better.
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7 Appendix

7.1 Borrower’s Problem

Lemma 5 Without loss of generality, PC' can be replaced by

BEy (VI" (kr;¢')) = —q+purg+ BpaBy (VI (ko +ta; ¢') 10n)

+prrr + BpBy (V0 (ks +tr;¢') 0L) - (5)
in the borrower’s problem.

Proof. Let V* be the solution to the borrower’s problem. Let {V}}

V*, where

>0 be such that lim; .. V; =

Vi =E(0)q — paruj —prri; + dkp (6)
+BpuBy (VB (ks — tuj;¢')10; = 0u) + BprBy (VB (ks — tr;:¢') 0; = 01)
for some feasible and incentive compatible {q;, 71, 7m;,tr;,tr;} that satisfies the participation

constraint PC. Suppose that for some j >0, (¢;,7rj,"Hj,tr;, trj) is such that PC is slack. Then,

one could increase ¢; and increase V; to Vj0 still satisfying all the other constraints. Let {VJ’ } . be
J>

a sequence identical to {Vj}j>0 ifat (g;,7r5,7Hj,trj,tr;) PC holds with equality and Vj0 otherwise.
Then, by construction, Vj/ > V; and therefore,
lim V/ > lim V; = V™.

J—00 J—00

Therefore, we can replace PC' by in the borrower’s problem. m

Lemma 6 Without loss of generality, the incentive compatibility constraints can be replaced by
—rp + BBy (VB (kg — tr;¢')10; = 0n) = —ru + BBy (VB (kp — tu; ¢') 10; = 0n) -

i the borrower’s problem.

Proof. Let V* be the solution to the borrower’s problem. Let {V}}

V*, where

j>o be such that lim; o Vj =

V; =E(0)¢; — pura; — prrr; + dkp (7)

+0puEy (Vén (k‘B — tHj;¢/) |91 = 9H) + BpLEy (Vgl (kB _ tLj;¢/) ‘91 _ ‘9L>
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for some feasible and incentive compatible {q;, 71, 7mj,tr;,tm;} that satisfies the participation
constraint . Suppose that for some s > 0, no incentive compatibility constraint binds. Then,

there exists €5 > 0 such that

IN

BEy (VE (kp —tus;d') — VB (kp —trs; ¢') [01) rHs — s + (0 —0L) €5

ris —rrs + (0 —00)es < BBy (VB (kg —tus;¢') — VB (kB —trs;¢') 10m) -

Replace {qs,7Ls, "HsstLs; tas} by {qs + €5 +€0,7Ls + 0165, 7Hs + Omes, trj, ta;} where g > 0
is such that the participation constraint binds. This contract still satisfies all the constraints, but
it attains a value V) > V.

If rgs > 7r1s, ICH is the only relevant incentive compatibility constraint. For all s such that
ris > rrs and ICy is not binding, the previous argument applies and a value VS0 > V can be
attained.

Now consider those s > 0 such that rgs < rrs < 0pqs + dkp. If IC, binds, one could keep
THs — TLs, constant by increasing both rrs and rgs and by increasing ¢s to keep the participation
constraint binding which would result in an increase in the objective function. Let this new value
be VSO. If for s > 0, rgs < rps = 0pqs + dkp, 1C, doesn’t bind unless IC'y binds. Suppose 1Cf,
binds and ICp doesn’t. Then, one could increase rys still satisfying incentive compatibility and
relaxing the participation constraint. Therefore, one could increase ¢; which would increase the
objective function and give a value V. > 0. Therefore, once can construct a new sequence {Vj’ }j>0,
V] > Vj such that V] = Vj is the incentive compatibility constraint in the high state binds and
V;» = Vjo if it doesn’t. By construction,

lim V; >

, im V; = V*.
J—00 J—00

Therefore, without loss of generality one can concentrate on those sequences that are feasible in

which ICp holds with equality, i.e.,
rH; —TL; = BBy (Vén (k:B —tuj; gb’) — Vg (kB — tLj;gZ)’) |9H) for all j. (8)
]

Lemma 7 Without loss of generality, the feasibility constraints on contingent transfers in con-

sumption good can be replaced by
rp =0rq+ dkg and rg >0
in the borrower’s problem.
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Proof. By assumption ¢ < [E¢ will not bind in a solution to the borrower’s problem. Using lemma
the participation constraint can be assumed to hold with equality, and using this in the objective
function one can see that the objective function is always increasing in the amount of the loan gq.
Using lemma [6], the incentive compatibility constraint holds with equality which implies that the
upper bound for ¢ is given by the maximum amount that can be repaid in the low state, i.e., by
rp =0rqg+ dkp.

Let V* be a solution to the borrower’s problem. Let {V;} be a sequence such that lim;_V; =

V* and where

Vi =(E(0) — 1) q; + BpuaBy (VI" (kL +tuj; &) 16 = 0n) + BprBy (V" (ko + trj;¢') 07 = 01) + dkp

+B8puBy (VB (kg — tu;;¢') 10 = 0u) + BorBy (VB (ks — trj;¢') 0] = 01) — BEy (VE* (kr;¢')) (9)
for some feasible and incentive compatible that satisfies , and PC with equality, that is that,

rr; = ¢ =B (paBy (VI (kr +tmj;¢') 10m) + pBy (V" (kL +t155¢") 101))
—Bpu (By (VB (kB —tuj;¢') — VB (k —tr5;¢") 10m)) + BBy (VI (krs¢')) (
ri; = ¢ — B (paBy (VI" (kL + tuaj; ¢') 10m) + prBy (VL' (kL +tr;;¢') 101))
—Bpr (By (V5" (kg —tr;;¢') — VE (kg — tuj; ¢') 10m)) + BBy (V" (kL;¢')) (11)
Then, for all j, the contract can be summarized by {¢;,tr;,tr;} . The feasibility constraints for rp,

and rg imply the following constraints

dkp + B (puBy (V" (kL +tw;; ¢') 10m) + prBy (Vi (ko +tr5;¢) 10L)) |

G = 1-— 9L
Brr By (VB (ks — tuj; @) — VB (ks — t1y;¢) 10n)) — BBy (VE" (krs¢'))
+ i . (12)
a > PBpuBy (VI" (kL +twmj; ') \HH) + BprBy (Vi (kr +trj;¢') |0L)
+puBBy (V5 (k —tuj;¢') — VB (kg —trj;¢') 100) — BBy (VI" (kzs¢')),  (13)
o > dkp + BpaBy (Vi™ (kL + toj; ¢) 0) + BprBy (Vi (kL +trj;¢') [01)
7= 1-0g
pLBEy (VE' (ks —tr;;¢') — V' (ks — tuj; ¢') 10u) — BEy (Vi* (ki &)
+ 10, (14)
¢ > BpaBy (V" (kr +taj; ¢') |9H) + BprBy (Vi (kr +trj; ¢') 0L)
—pLBBy (VB (kp —tuj; ¢') = VE (kg —tr;;6') 10m) — BBy (VI" (ki ¢')) . (15)

Construct the following sequence {Vj' } if {gj,tr;, tu;} is such that holds with equality, set
Vj’ =V;. If {q;,tr;,tu;} is such that is slack let Vj’ be the value attained by the contract that
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satisfies with equality. Since the transfers in terms of consumption good are defined by
and , this contract is still incentive compatible and feasible. Moreover, qg» > ¢j and V}’ > V.
Therefore,

lim V> lim V; = V*

j—oo j—oo
and without loss of generality one can concentrate on the sequences {V;} as defined above in @,
such that the loan quantities {g;} satisfy with equality. Having this constraint hold with
equality implies ry; = 01q; + dkp. Since ¢; > 0 always, this implies that all contracts along this
sequence satisfy r;, > 0 which is the same as satisfying with strict inequality.

Suppose that for some j holds with equality. This implies rg; = 0rq; + dkp and since
rr; = 0rq; + dkp this would imply that participation constraint is slack, and that the producer is
giving the non-producer all the gains from the project. From lemma [5| there exists a feasible and
incentive compatible contract that attains a higher value that contract j and therefore, without
loss of generality we can ignore sequences in which for some elements j, holds with equality.

7.2 Uniqueness
7.2.1 Asset Market

Given the affine structure of the equilibrium, using the results for prices and quantities in the asset
market, one gets that the value functions for lenders and borrowers in the morning before entering

the asset market are, respectively,

VP (k1 6) = P (ks ks 6) = [(1 = 7) e (6) 47 (d + SByer ()] b
and
Vg (ki 6) = (e 6) = (4+ BB yne0, (8))] [ R (0)+ e (6) k.

Using the guessed functional form for the value functions gives

cp (¢) = (1—7)cp (¢) +7 (d+ BEycr (¢))

and
(1 —=~)Eycp (¢) +~d]

E¢/CL (¢/) = 1_ ’yﬁ

Therefore,

cr (¢) = [(1 —y)es (@) +7 <d+5(1 _V)IEiqsLCiﬁ(cb) —|—7d)
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7.2.2 Funding Market

Applying the results in proposition [I] implies that, in an affine equilibrium, the value of a borrower
who enters the loan market with kg units of the asset and is matched with a lender with k7, units

of the asset can be written as

Vg (kg kr; ) = max (E(0) —1)q¢* + dkp + B (pucr (¢) tuy + pucr (¢) tr)
tH,tLE[O,kB]z

+8puEy (c5 (@) (kp —tu) |0L) + BprEy (cB (¢) (kg —t1) |01)
+BEy (7 e (¢) = (d+ Ber (¢))] / kdFy” (k))

s.t.

« _ dkp+B(pucr (9)tu +pren (@) tr) —puBep (¢) (tu —tL)
q 0, (16)

¢ > max {8 (puBy (c (¢') 0n) tu + prBy (c (¢')10L) t) + prBBy (¢ (¢) 10L) (tar — tr) (UF)
ra = ¢ —BpaBy (cL (¢') 0m) ta — BprBy (co (¢') 101) tr + pLBBy (cB (¢') 101) (ta — tr)
¢') 10

rp = ¢ —BpuBy (cL (¢')10w) ta — BprEy (cr ( L)t +pabBy (cg (¢) 10m) (tg —tr)

Given the affine specification of the utility functions, the solution to the borrower’s problem in
the afternoon will be in corner solution. If the constraint is ignored, there are four possible
solutions: t; =0 =ty,t; =0and tg = kp, t, = kg andtyg =0, and t;p = kg =ty. If tp >ty
then the constraints on ¢ are satisfied. If t; < ty, might bind. In the appendix I show that
can’t bind in equilibrium. Therefore, ignoring the constraints on ¢*, ,and using the guessed

functional form for V3 (kp, kr; ¢), one can match coefficients and get

cs(d) = W (d +5 <PHE¢' (cz (¢') 10n) gt,; +prBy (cr (¢') 161) g;;))
E((6) — , o 9
O (e () ) (G )

, ot , ot
+onB (on () 0n) (1 G20 ) + oy o (@) 00) (1 52 ) 19)

n(®) = BBy (1 [cn ()~ (& + 5By (en (¢)))] [ barp’ ().
The following four lemma’s help characterize the optimal funding contract.

Lemma 8 can’t bind in equilibrium.
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Proof. Suppose binds, then,

dkp + 0.8 (puBy (cL (¢') 10n) ta +pLBy (co (¢') 10L) tr)

Cem (@) =ty —ty. (19)

If rg = 0 binds,

¢ = (BpuBy (c (¢') 10n) ta — BrrBy (cr (¢') 101) tr) (1 —01) + prdkp

and using the definition of ¢* together with this implies

= prdkp + B (puBy (e (¢) 10m) ta +prBy (co (¢') 102) tr) (1 — pubr)
B 1-0p

Putting these last two equations together gives
B (paBy (cL (¢')10m) ta +prBy (cr (¢')101) tL) (2 —prr —01) 0L = —0rprdkp
which implies pyE (ct (¢')10m) tu + prBy (et (¢')|0L) tr <0, a contradiction. m
Proposition 11 The distributions of assets converges to a degenerate distribution
Jim (Fg, (k), Ffy (k) Fg, (k) FE, (k) = (1,)

Proof. If asset transfers are not contingent, H (¢) = ¢. Suppose that the borrowers transfer the
asset only if the low state is realizes. Then, the probability that a borrower has 0 assets in the
afternoon of time t + 1 is
o0 o0
Pr (k% =0) = (Pr (K%, =0)+> prPr(kh, = s)> (Pr (%, =0)+pg Yy _ Pr(kh, = n))
s=1 n=1
where the first term represents the fraction of agents who transferred s units of the asset in the
afternoon of time ¢ and who had 0 assets at the beginning of the afternoon. The second term
represents the probability meeting a lender in the asset market who did not hold any assets: the
lenders who were matched with borrowers with no assets the previous afternoon or those who were
matched with borrowers who did not transfer assets.

Then,

Pr(kb, 1 =0) = (puPr(kh,=0)+pL) (prPr(kk, =0)+pn)

2
= pupLPr(k%, =0)"+ (v7 + py) Pr (kb , =0) + pupr
for all ¢ > 0 and Pr (k:% 0= 0) = 0. Let pg = p. Define the operator T as follows,
Te=z+p(l-p)(1+z)
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Note that if = € [0, 1], then Tz € [0, 1]. Moreover,

and

Note that

Pr (k1 =0) =TPr(kg, =0)

Pr (k% =0) =T Pr(k}o=0) =T"110

z—Tz| = p(l—p)(l+z)

TP — T*'0| = p(1—p) (1+T0)% < i (1+T'0)”

Taking limits as t — oo, one gets

and thus

Moreover,

Pr (kB jim = 0)

0

. 1 2
lim 770 —T"710] < lim = (14770)" =0

t—o00

. a . . -
tllg.lo Pr (kB,t-i-l = 0) =Pr (k:B7hm O)

pupL Pr(kpim = 0)° + (p? + p7;) Pr (kB jim = 0) + pupL

pupL Pr(kpim = 0)° + ((p7 + pH) — 1) Pr (kB jim = 0) + pupL

The expression above is always positive for Pr (kp iy, = 0) € [0,1] and, in this interval, the only

solution of the equation above is Pr (kg jim = 0) = 1.

The analogous follows for the case in which the borrowers transfers the assets when the high

state is realized.

Then, in the limit, ¢, — ¢. m

Lemma 9 In equilibrium, t;, # 0

Proof. Suppose t;, = 0 in equilibrium. If the objective function is decreasing in ¢y, then it is also

decreasing in tgr. Therefore, t; = 0 implies ¢ty = 0. The coefficients of the value functions in an

affine equilibrium would then become

and

(E0)—01)

cp(9) = 10,

d+ BBy (cn (¢))

e (¢) = (1 =7) e (d) + (d+ BByer (¢)) -
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Since in this case the asset transfers are not state contingent, ¢ = d)l and

(EB(0)—01) d

()= "5, 1-3

(1—y) ERFEL 145 1 yd
1—~pB

where the marginal valuation of the asset depends on the state only through the dividend level d

cr (@) =

(and are linear in it).
The derivative of the objective function with respect to ¢y, is

(E0) —01)
1-46;

(B6) - 1)

BpLE (cr (d)|0r) + 10,

puBE (¢ (d)0n) — BpLE (cp (d)[01) .

If t; = 0 and tyz = 0 this becomes
(E(0)—0L) Bpr (E@) -1) (E©) —0r)
D (=) - ) B Day (BO

(E(6) —0r) (E(9) — 1) d
* 1—9LL 1-0;, pHB<1—,6>

+(72—1+vﬁ(1—v))5>

which is > 0 and therefore contradicts t;, = 0. m

Lemma [If In an affine equilibrium, a borrower will choose

t, = kg

{ kg if g (6) < i (9)

tg =

0 ifer(¢) <cp(o)

Proof. The proof of this proposition follows from the FOC of the borrower’s problem in the funding

market using the two lemmas above. m
Lemma 10 t; = kg =ty is not an equilibrium.

Proof. Suppose t;, = kg = ty in equilibrium. In this case, ¢ = ¢’ and

n(6) = EOZI a4 gy (o)

cL(4) = (1—7)03(d)+7<d+5

e

Therefore,

e (¢) = =190,
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and

E(0)—0
50500,

(1—5(’74‘%(1—7)))

1 (9) = e T k) B
(1-8(v+ 25 (1))

(B(0) — 0,) 7+ B (1 =) d
c3(¢)M(d+ﬁ(1<ﬁ(v+w<l)”)) |

cp (¢) =

which implies

and

Thus,

(E(0) - 1) 7+ B (1)
CL(¢)CB(¢)’V(”(Mﬁ(l(ﬁ(wmﬁ)@)(l)ﬂ))d -

what would imply that the derivative of the objective function is decreasing in ¢ty and, thus, t;7 = 0,

which is a contradiction. m
Proposition [2| In the only affine equilibrium, ¢; = kp and tj; =0 .
Proof. From the previous lemmas in this section, the only candidate left for equilibrium is t7 = kp

and tj; = 0. Assume t; = kp and t}; = 0. Then, becomes

CB (¢) = ( i)eL )(d+6(pLE¢ (CB( ’) |9L)+pHE¢/ (CB (¢/) IHH))), and
(E@)—01) )
/ g, (E(dl0n) + BpLEy (cs (¢') 10
By (cB (¢)100) = g, (E 1_2})}{@;&_2)(3( ) L))
1-07
- B (pBy (cs (¢) |01) +pr EL5 1 d
-0 St )

To have t7 = kp and t;; = 0 be chosen by the producer, the objective function must be

increasing in ¢;, and decreasing in tg, i.e.,

f)_@ﬂpLEd,f (cz (&) 101) — BprBy (cn (¢') 02) + %5pHE¢, (cn (¢/) 16m) >0 (21)
and
HO L5 8y (e (6)10m) — By (6 (6) o)) <0 (22

Let d; = E(d|#;) and d = E(d). Using evaluated at d = dy, and d = dy the derivative of

the objective function with respect to t;, becomes

BO)-016 (1 - ) ( ACICAGIDE (dL + ) — o (i + By )

L o ECTRAMIS ittty
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Using that
(1—Bpr)du + Bprdr, = (1 — B+ Bpu) du + Bprdr = (1 — B)du + Bd

the expression above becomes

%ﬁ@ (oo (5o tex @ 102) = (14557 25 ) ) + 2 2 (25 ) ) >

since E¢’ (CL (¢') IQL) — <dL + ﬂﬁ) > 0. Therefore, the derivative of the objective function is

positive under this guess which in turn implies ¢, > 0.

The sign of the derivative of the objective function with respect to ¢tz depends on the sign of
the difference in marginal valuations between the borrower (borrower) and the lender. Using the
definition of cr, (¢) and cp (¢) together with the law of iterated expectations and that ¢’ converges,
one gets that cr, (¢) = cr, (d) and cp (¢) = cp (d). Using this in the equation above, this difference

can be rewritten as

cr (d) —ep(d) = !(1_’7)03(50""7(dﬂ—ﬂ(l_’}/)lc_B’}(/?—i_vd)

a4 plt=es () +7€7_CB(d)>

—cp(d)

- 7( L—p
E@) -1, (1-5) (E(0) —0r) pd —0r)
= 7(‘ e, tT 5 <<<1‘”>1_9L+’V>1 es (d) + W
EBO) -1, (1-8) ((EW®)-0L) d
= 7<_ 1—0 d+1—76< . 1—ﬂ_63@)>
But
E®)-0) d
cp(@) > EPZ L
prer (dr) +pH7(E iez;jmdhr > ilﬁ <1 - 5PH7(E iQ;iL))
.- ie_gLeL <dH+> > 1_dﬁ—pLCL(dL)
PH Ei&_eL (dH+ ) > pH<dH+1ﬁ_dﬁ>
= 1_d5_pL<dL+Blilﬁ>Zliiﬁ_pLCL(dL)
since%>l.
Then,
cr (di) —cp(d) <~ <—(E1(9_)9_L1)d11 + (11__7@ ((E gez;LeL) ] il 3 —cB (d))) <0
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and this implies ¢ty = 0. Therefore, if the contract implied by t; = kp and t7; = 0 is a solution to
the borrower’s problem in the project market. m
7.2.3 Value function coefficients with one project

When d; = d for all ¢, the coefficients for the marginal valuations are given by

((1 ) (E(Q) L) Ty <1 _ 5PH 9) 91:)))

= ((1—%) (1—5291{ e )) (1—7) BB, 9”)
y GO0 (1 — 4 5pi)
T (0 (- e B0 %95”) (1— ) By, B2

Proposition [ The debt capacity of the asset increases with the assets liquidity, .i.e.,

Problem 1 Using the closed form for the coefficients of the value function above it is easy to see

that
oD B ocr, (d) 0(cp(d) —cr (d))
2 ( oy P v )

(1 - EQ700) g) EO00) g, 1 EOD (1 — py (1 - pERTEY) (1~ g EDT00)

—VL

«1—7@( Bp(wmem)—fl—vﬂhﬁg%%ﬁ>

>d<0

= -8

7.3 Correlated dividends and returns
7.3.1 Value function coefficients

If one allows for returns to be correlated with the dividend level, i.e., d; = E (d|6;), the coefficients

for the marginal valuations are given by the following system

cp(d) = (1_7)03(d)+ry<d+5(1_71?§?+7d>
cp(d) = w d B <pLCL (dr) +pH%dH)
e — B 9L)
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which in turn are all functions of ¢z, (dr) and cp (d) which are given by

(=) 5252 1) (1 5o ELE) 4 (1. ) (1225202)°)
cr(do) = Bpudn
((1 —~B) ( — Bpm E(9) GL)) —(1—7) E(9) 9L Bpr. )
((1 — ) B +'7) ( — Bty ) (1 =Bpm)
E

(1= 8) (1 - B L) (1 = ) E@ ) g, )
( (

_l’_

and

cp (d) = ﬁ " bon 9L)

7.3.2 Results

Proposition [B] Assets that have dividends that are more highly correlated with the risky projects

have a higher debt capacity.
oD

>0
adr|g

Proof. From the definition of debt capacity it follows that

ov .0 (pucp (du) +prer (dr))
8dL|J adL’J
B (E(0) —0r) Ocr(dr)
> bpe ( 1—-6rp ady,
(1 3) 5 B0500) (1 E0100)
x —hp (E(6)—61)
1—98— Wﬁ(l —v(Bpu +pL))
Therefore,
. oD . E () -0
sign | 5o | = —sign | 1 =5 — Mﬁ (1—~(Bpu +p1)) -
ody|q 1-0r
Let f(y) ==1-78— 1_ LQL)ﬂ(l — v (Bpg + pr)) . Since by assumption (1 - 5%) > 0,

f(v)>0v¥y€(0,1] and
oD

<0 <= >0
adr|g Odm|g

Without loss of generality, 81, can be set to 0. In this case, the variance of the project is given
by
V(0) =E )0y —E(6)>
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and one can get a mean preserving spread by increasing 0y and setting

_E(®)
PH = 0

Proposition @ If dg > duyin, where dmin < d, a mean preserving spread in the returns of the

projects decreases the debt capacity of the asset, i.e.

oD
—F > 0.
OpHr(6)
Proof. From the definition of debt capacity
oD 0(pues(du) +prer(dr))
2 _ g
Opw |x(0) OpH R0
(CB (dg) —cr (dr) +pL§§f{7(|§fj>)
- 1 — Bpu gt

; (E@ELQL (dg —dr) + (e (dr) — (dr + Ber, (d))) +m§;;ﬂ)

[5(0)
1 E(6)—0
ﬁpH S)QIL

Differentiating the expression for ¢y, (dy) found in the appendix with respect to py keeping E ()

fixed, one can see that

M > 0.
Opm|E(9)
Therefore, if dg > dmin
oD oD
>0 ——— <0
OpH &) 901 |59

where dpin < d and dpn solves

E(0) — 01 —d + du; d — prrdu; d— prdu der, (%)
min ‘l"}/ <CB < m1n> _ ( min + BCL (@))‘i’pL -0
1—-6r DL pL DI Opr e

7.4 Stochastic investment opportunities

Lemma M| Current borrowers always value the asset more than current lenders

CB (d) > cy, (d)

Proof. The solution to the bargaining problem in the asset market implies

cr(d) = [(T=9)ep(d)+v(d+ B (pcr (d) + (1 —p)cp(d)))]
(A=) +98(1L=p))cp(d) +d]
ald) = (1=8p) >
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Moreover, from [23] in the derivation of the equilibrium in the baseline model adjusting the

continuation values to allow for random investment opportunities we have

s @ = P 0 5o en (@) + (1= ) (@) + 9B (pes (@) + (1= p) ez (@)
s @ = B2 g (upt o (1= ) (@) + o0 (1= )+ piap) 3 @)
Let
pr = (pLp +pu (1 —p))
and
pu = (pr (1 = p) + pap)
Then,
en @ = B0 a4 5 e @) + e (@)

Using the expression for ¢z, (d) in (23) in the expression above we get

B(0)—0 5
( (11)0LL) (1 + 5(1_10755,,)7)

cp(d) = (1_(E(f_);LGL)ﬁ(l—(l—ﬁ)(l—ﬁfﬁﬁf)ﬂ))aZ

and
(d) (572 (1= 20) + (1= 7)) B 4] d
Cl, = A
(1=28p) (1 - E25728 (1= (1= 5) ey ) )
Moreover,
= (1 =B)vep(d) +~d

e (1=78p)

Note that

(I —=p)vep(d) > vd

since E (f) > 1. Then, the equilibrium coefficients are exactly the same as in the baseline model

substituting p; by p;, ¢ = L, H. Therefore, cp (d) > cr, (d).

[(Bypr (1 =2p) + (1 = 7)) X +19]d

—B +pu (1—
(1—8p) (1 - XB (1 _ Nzﬁgyz;;f)( p))w))

[(Bypr (1 —2p) + (1 — 7)) X +1]d
(A=78p) (1= XB)+ (1 =)y + (1 -2p)(1—p)vpr)

Cy, (d) =

42



7.5 Equilibrium with multiple project types.

Proposition 12 The borrowers with the highest marginal valuation of the asset always use it as

collateral.

Proof. Let ¢5** be the marginal valuation of the borrower who values the asset the most. Then,
e (d) = e (d) = (1= 7) S sy (¢ (d) = ™ (&) + (d+ Ber (d) — 3 (d)) for all d.
JjeJ

By definition of c5** the first term is (weakly) negative. Moreover, we know that c5** > ( ) GL (d + Ber, (d))
d+ Bcy, (d) since the borrower can always choose to sell the asset in the afternoon and invest the
proceeds in the risky projects. Therefore, the borrower with the maximum marginal valuation of

the asset chooses not to set transfers of asset to 0 when the realization of the return of the projects

is high.

| )00,
PLCL <d] ) —pr|dy +8 L
E(e)—eL/g L L 1—,8 H]E(le)eeL

1-6r _ : pLC 1p B(6)— 9LdJ
Pt + g
L

(E(0)—01)
_ 10, N i\ 7.1 (E®)—0L) E@)—0L
= e <pL(1 B)er (dL) d+(1—fpr) 10, pudy + Bpu 10, prdy,

1-67, PH

(E(0)—01) 7 7
-~ 10, B i\ (i d E@®)—-1/(; d
= 1_ _efL)ﬁp 5<pL <CL (dL) (dL—i_Bl—ﬁ)) + pH 1-0, dH—Fﬁl_B >0

7.5.1 Value function coefficients with multiple project types

All borrowers use the asset as collateral From sections 3 and 5, the marginal value of the

asset for a producer of type j is given .

c; (d) = W <d+ B <pLCL (dJL> +picy (‘ﬂ{)))

which gives

000 (& + sy ()

Cj dj _
B< H) 1— B 9) eL)/Bp
and j (E(0)—0L) ;3
. _ pren (&) + ppr EO08) g
o (4) = (E§9) 0 s s ( L>(E(e)—e )1 -
YL 1- 1_9LL Bpru
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Moreover, the marginal value of the asset for lenders is

L MY 1l (d) + 7 (d+ Bew, (d))
jeJ
Then,
(=) e micp (d) +7d
(o) = L Dt
and
er (d) = (1—=78)(1—7) ZjeJﬂjC]é (d)+ (A —=~vB)yd+~6(1—7) ZJGJM] (CZ) + ’yﬂ’yd
’ 1—1p
Using the definition of c’ gives
(E0)—01) J
= ®(8) — 01 Prer (e st +on LG 5 iy
U@ = =nF 1-6g 1—%5@{
E(6) -6
* <(1_7)(§19LL)+7> ((1=~B)d+~pd).

Rearranging terms and setting d = ) jed ,ujdé,

(=0 (1-omn EDT0) - (1) B0, ), (Z Wy)

jedJ

_ ((1—Wﬂm> <(1—7)W+7>7+(1—7) <W>2> 5d

N ( (1 25261 ) (1= ) 2522 1) (1= 43) ) St

2
— (1 =pe (B5) g

The guess is correct, the coefficients are affine in the dividend level.

jeJ

Some borrowers don’t use the asset as collateral It can be shown that the distribution of
assets converges over time. Therefore, analogously with the case in which there is just one project,
ng (¢) = 6‘7]'3 (d) for all j.

From previous sections the marginal value of a borrower type j € J¢ that uses the asset as
collateral is given by

(E(9) —0L) d pLCL <d ) —|—pHMdJ
- +

1-61 1*%@9}1
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The marginal value of a borrower type j € JN¢

(B (6) - 0r)

h(d) =y

[d+ Ber, (d)] = ¢XC (d).
Moreover, the marginal value of the asset for lenders is

(1 =8) (1= ) X ey 1 (d) + (1= 7B) yd + 4B (1 — ) X ey 1€

Cy, (d) =

who chooses not to use the asset as collateral is

2 (d) + vﬁvd

1—98

Using the definition of 07 gives
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Using that
S e ner () +pn B Syl _
(1) Oty (2Bl PR B ) (o Bt ()
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cr (@) = / |
((1 —7B8) = (1 —7) ZJEJNC ,U«]( - L)B>
the coefficients can be recovered using the solution to
i (0)—06
1 4 Zaesve mipr—) Es S jese B | v+ (1 — ) ERF (1’6” R e “f)
1—Bpy (E(la_)gLeL) JeEJC g 1-0r 1—Bpy (E(le_);iL)
(kv)%ﬁm T PO (E(0)—0,) (1—51);1 (E(loz;iL) 2jesNC #j)
1-Bpu (E(BQEL) 1oL 1-Bpu 7(&10,);2]“)

> jese HicL (di)

cr (d)
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2
om0 (B2 sou S, oy
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(1,)9LL*) +”}/) ZjEJC deJL +
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1— /8 ((1)0LL)
(E(0)—07)
Ti1-6;
CORI3]

The guess is correct. Moreover, the coefficients are affine in the dividend level.

5pH ZJEJC ,U'J

9) 9L)

(=) B0 4 ) d

In order to have some borrowers not using the asset as collateral it must be that

c(d) > g (d)

0)—06
) > COI 50 (@)
cr(d) > (E@g;}” [+ Bew (d)]

Z picr (d)




(=(0)-01) i
DET = (1 -8 <7+(1 — oy EO) ~6r) ( ~ o ZjGJNC Mj)) (1+ ZjeJNC upr (1 — ) EEF

1-46p — Bpy 9L) — Bpu E(e) eL)
+(1 7) (E(f eL LBy S 4, )(E 6)— 6 )< — By 0L ZJ-GJNC uj>
l—ﬁpH OfL) e J 1-46y — Bpn 17 L9L)
>_jesc HjcrL (d]L) _ 1 A
cr (J) DET B
E(9) GL)
- (& (6) — 0, (1~ Fru Zmﬁw%)
A = (15<7+(1’7) 1-0,  ion 9L) X
E(6) — 01) o 1y (1 =) (B2 5y S se mydly
((1—7)(5)L ) S g+ 2jesC i (61 9)) - jesc My
jeJc pHT
E(6) — 0 1_BPH7E(6) (’L)Z- _—
=3 0 [+ B Al - ).
jese L — Bpr B -

E %
(E(6) — 01) (=) (%) Bo Y jego iyl
(=) g, )4+ GOED)
e 1= Bpr~——,

(1) B0,

1 *5PH%

E(0)—0
(E(9) - 9L > jegc by (1 =) (%) Brr Y e 5o u]d
Q=) L+ ) > pd] + .
b jee 1= Bpy B 0]
5jesme oo (1) G501
+ (1 + = —0r %
1 — Bpu %

<(1—’Y)(E@_9L)+'Y>d+ =" (%) ﬂpHZ]EJC'qu

1—0L 1_BPH%

46



	Introduction
	Model
	Asset Market
	Funding Market

	Equilibrium
	Affine Equilibrium
	Implementation of the Optimal Loan Contract
	Premia

	Market liquidity
	Competitive asset market

	Extensions
	 Correlated dividends and returns
	Stochastic investment opportunities
	Savings between morning and afternoon
	Multiple Project Types

	Conclusion
	Appendix
	Borrower's Problem
	Uniqueness
	Asset Market
	Funding Market
	Value function coefficients with one project

	Correlated dividends and returns
	Value function coefficients
	Results

	Stochastic investment opportunities
	Equilibrium with multiple project types.
	Value function coefficients with multiple project types



