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Abstract

We study implementation with privately informed agents who can produce evidence.
We define evidence based mechanisms as mechanisms such that the designer’s contingent
plan of action is consistent with available evidence, and characterize the social choice func-
tions that are straightforwardly implementable by such mechanisms. Our results imply
that any function that is implementable with transfers is also implementable with suffi-
cient evidence. With private values, the efficient outcome is ex post implementable with
budget balanced and individually rational transfers. In single-object auction and bilateral
trade environments with interdependent values, the efficient allocation is implementable

with budget balanced and individually rational transfers.
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1 Introduction

The usual mechanism design approach assumes cheap talk communication: messages have no
intrinsic meaning and are equally accessible to all types of agents, regardless of what they
know. Under this assumption, a principal who wants to implement a contingent plan of action
must be able to deter all possible lies. In this paper, following a thin but grounded tradition
in the mechanism-design literature, we assume that privately informed agents have access to
evidence.!

The literature on mechanism design with evidence, reviewed below, has mostly focused on
providing analytical tools, rather than feasibility results for classical mechanism design envi-
ronments. By contrast, we provide sufficient conditions for interim (Bayesian) and ex post
implementability, and show that they apply to familiar environments like auctions and bilateral
trade.? These positive implementability results imply that the limits of ex post implementa-
tion pointed out by Jehiel, Meyer-Ter-Vehn, Moldovanu, and Zame (2006) do not hold when
evidence is available.

Our conditions also allow us to derive an interesting property of mechanism design with
evidence. Indeed, one of the most fruitful approaches to mechanism design has been to use
transfers as a tool for implementation. However, other tools are available, and the use of
evidence is one of them.> While different tools can be used as complements, it is also interesting
to compare what they can achieve. We show that any social choice function that can be
implemented with transfers can also be implemented with sufficient evidence, and some social
choice functions can be implemented with evidence but not with transfers. We also show
that any social choice function can be implemented with both evidence and transfers (but the
transfers needed to do so may have to violate budget balance).

Our approach starts by imposing a constraint on mechanisms with evidence that has gen-

!The seminal paper on hard information in mechanism design is Green and Laffont (1986). For communica-
tion games, see Grossman (1981) and Milgrom (1981).

2In a related paper, Perez-Richet and Tercieux (2014) show that our conditions can be used to prove ex post
implementability of stable matchings.

3Another tool is costly verification, or audit, as recently illustrated by Ben-Porath, Dekel, and Lipman
(2014).



erally been ignored in the literature. It requires the principal to be bound by evidence. For
example, a judge may not be able punish a defendant as if he had committed crime C' in spite
of evidence that he has committed either crime A or B. It may be tempting to use this threat
in order to obtain more precision about the crime from the defendant, but evidence that crime
C has not been committed should bind the actions of the judge. As another example, consider
a policy maker who would like to perform a reform if the majority of the interested parties pro-
vide enough support in favor of this reform. Then, the policy maker cannot threaten any single
interested party to perform no reform when this party does not show any evidence but all the
other parties already provided strong evidence in favor of the reform. We call mechanisms that
satisfy this constraint evidence based mechanisms. This constraint is similar to the restriction
that would be imposed by sequential equilibrium in a game in which the principal would choose
her action only after having observed the reports, so it can be interpreted as a sort of immu-
nity requirement against lack of commitment by the principal. Mechanisms that satisfy this
constraint may also be considered more legitimate by potential participants. Finally, the use of
mechanisms that satisfy this constraint may be externally enforced by courts, as participants
in a mechanism may sue the principal for disregarding evidence.

The restriction to evidence based mechanisms allows us to import recent advances in the
analysis of communication games with hard information from Hagenbach, Koessler, and Perez-Richet
(2014), and to provide tractable conditions for implementation. The key idea is that an evi-
dence based mechanism is characterized by a reading of the evidence, that is an interpretation
of each message profile that is consistent with its evidentiary content. This is true because any
evidence based mechanism simply applies the contingent plan of action of the principal (the
social choice function) to a reading of the evidence. Then, implementation requires two types of
conditions. First, the evidence structure must be sufficiently rich to provide each informational
type of each player with a message that conveys her information. This message must be such
that no other informational type of the same player would be both willing to and capable of
using the same message. We call this the evidence base condition. Second, the principal must

be able to deter participants from using other messages than those in the evidence base. Her



only lever to do so is her reading of evidence. Furthermore, in an evidence based mechanism,
this reading must be consistent. Thus, implementation is possible whenever the principal can
have a skeptical and consistent interpretation of each participant’s message. This is the case if
the set of types that could have sent a given message admits a worst case type, that is a type
that no other type for whom the message was available would have been willing to masquerade
as. By appropriately formulating these intuitive conditions for the interim and ex post cases,
we obtain sufficient conditions for interim and ex post implementation.

The first condition implies that a rich evidence structure is useful because it provides the
participants with ways of conveying their information. The second condition implies that a rich
evidence structure may be harmful in some environments because it provides more deviation
opportunities. Whether this is the case depends on incentives. The incentives of a player in the
implementation problem can be described by her masquerade relation, which is a binary relation
that, for each pair of informational types of a player, (s,t), says whether the player would be
better off by convincing the principal that her informational type is s, when it is really ¢. In
fact, the second condition for implementation is satisfied under any evidence structure if and
only if no player has a masquerading cycle. It is the tractability of this condition that allows us
to easily derive implementability results for particular environments, and the comparison with

transfers.

Related Literature. The literature on evidence, or hard information, starts with the sender-
receiver models of Grossman and Hart (1980), Grossman (1981) and Milgrom (1981). One
branch of the ensuing literature has tried to identify conditions that preclude the full disclo-
sure result of the seminal papers (Milgrom and Roberts, 1986; Shin, 2003; Wolinsky, 2003;
Dziuda, 2011). More importantly for this paper, another branch has sought to extend the
full revelation result to more general settings: Okuno-Fujiwara, Postlewaite, and Suzumura
(1990) consider information disclosure preceding a game, while Seidmann and Winter (1997)
and Giovannoni and Seidmann (2007) consider sender-receiver games a la Crawford and Sobel

(1982) and introduce the notion of worst case type which we use in this paper. Hagenbach et al.



(2014) work with this notion to build a theory that includes and extends former full revelation
results, and develop ideas that play an important role in this paper. Lipman and Seppi (1995)
give full revelation results in a different environment, with symmetrically informed senders and
sequential communication.

The literature on mechanism design with evidence starts with Green and Laffont (1986).
In a principal agent model, they provide a necessary and sufficient condition on the evidence
structure (the nested range condition) for a revelation principle to hold. Singh and Wittman
(2001) show how to implement social choice functions without this condition but with monotonic
preferences in the allocation. Bull and Watson (2007) and Deneckere and Severinov (2008) ex-
tend this condition to more general mechanism design setups and message structures, while
Forges and Koessler (2005) develop a similar condition for communication games. For the fol-
lowing discussion, we will label all these conditions with the term normality. An evidence
structure satisfies normality if the agents can produce maximal evidence, so that if an agent is
in the situation of proving several events A, B, C, ... separately, she can also prove the conjunc-
tion of all these events A&B&C' . ... Under normality, a revelation principle holds in the sense
that any implementable social choice function can be truthfully implemented by a mechanism in
which participants submit a claim about their type and show the associated maximal evidence.
In addition, Deneckere and Severinov (2008) characterizes the incentive constraints that im-
plementable social choice functions must satisfy under normality, and Bull and Watson (2007)
shows that when normality does not hold, attention can be restricted to a class of three-stage
dynamic mechanisms.

Glazer and Rubinstein (2004) and Glazer and Rubinstein (2006) consider the role of evi-
dence in a simple persuasion problem in which an informed sender seeks to persuade an un-
informed receiver to take an action that she only wishes to take in particular circumstances.
Glazer and Rubinstein (2004) considers a mechanism in which the sender first declares her
type, and then may be asked to produce evidence. But they do not assume normality, so the
revelation principle does not hold. They develop a linear programming approach that allows

them to characterize an optimal mechanism which is of the claim and verify form, and show



how the receiver can benefit from randomization at the verification stage. Closer to our paper,
Glazer and Rubinstein (2006) assume that the sender directly sends evidence, so a mechanism
is a persuasion rule that states which messages are deemed convincing by the receiver. They
show that randomization is not needed, and provide a procedure to find an optimal persua-
sion rule. In both papers, the optimal mechanism is shown to be credible in the sense that
the behavior of the sender and the receiver constitutes a perfect Bayesian equilibrium of the
associated disclosure game (see also Sher, 2011, 2014).

Sher and Vohra (2014) considers the possibility of using evidence in a monopolistic price
discrimination framework. Under normality, the optimal mechanism solves a modified version
of the program that gives the optimal direct mechanism. This modified program is obtained by
erasing the incentive constraints from a type ¢ to a type s if the evidence structure precludes ¢
from showing all the evidence available to s.

This work is also connected to the literature on full implementation & la Maskin (1999) with
evidence. Kartik and Tercieux (2012) consider Nash implementation, whereas Ben-Porath and Lipman

(2012) consider subgame perfect implementation.

2 The Model

Agents and Preferences. There is a set N of n agents indexed by 7, and a set of alternatives
denoted by A. Each agent has a type ¢; which encodes her privately observed information. The
set of possible realizations of this random variable is a finite set 7;, and 7 = T; X - - - X 7}, is the
set of type profiles. The interim belief of agent ¢ about the types of the other agents is given
by a distribution p;(-|t;) € A(7-;). The utility of agent ¢ when alternative a is implemented is

u;(a;t), where t = (t1,- -+ ,t,). We say that i has private values if u;(a; t) is independent of ¢_;.

Messages. The evidence structure is defined by a finite message space M;, and a corre-
spondence M; : T; = M, for each agent, where M;(¢;) is the set of messages available to
agent i of type t;. A subset S; C 7T; is certified by a message m; if M; '(m;) = S;, where

M (my) = {ti € Ti|m; € Mz(tl)} S; is certifiable if there exists a message m; that certifies

1
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S;, that is, a message which is available to all the types in S;, and to none other.

Definition 1 (Own Type Certifiability). The evidence structure (./\/lz-, Mi)?zl satisfies own type

certifiability if, for every agent i, and every t; € T;, the set {t;} is certifiable.

The set of consistent interpretations of a message profile m, which we call the set of readings
of m, is given by R(m) = M;*(my) x --- x M *(m,) C T. A reading of the evidence is a
function p : M — T such that, for every m, p(m) € R(m). It is an interpretation of each
possible message profile as a type profile that is consistent with the evidence.

A reading is independent if for every i the reading of the evidence satisfies p;(m;, m_;) =
pi(m;,m’" ) for every m;, m_; and m’ ;. It means that agent i’s evidence is interpreted inde-

pendently of the evidence submitted by other players.*

Mechanisms and Implementation. A social choice function is a mapping f : T — A.
We consider only deterministic and static mechanisms. Since we take the evidence structure as
given, a mechanism is then simply given by a deterministic outcome function g : M — A, which
determines the alternative chosen by the designer following every possible message profile.

In the game defined by the mechanism g(-), each agent chooses a messaging strategy p; :
Ti — M, such that u,;(t;) € M;(t;). A messaging strategy profile p : 7 — M is an interim

equilibrium® of this game if, for every i, every t;, and every m; € M;(t;),

E(u (9(u(t));1t) \h) > E(u (g(ma, pi(t—y));t) \Q-)-

A messaging strategy profile u(-) is an ex post equilibrium of the game generated by the

mechanism ¢(+) if, for every type profile ¢, every player i, and every message m; € M;(t;),

ui(g(u(t);t) > wi(g(mi, p-s(t—i))st).

4“When types are independent, this restriction has the same flavor as the belief consistency requirement “no
signaling what you don’t know” of a perfect Bayesian equilibrium (Fudenberg and Tirole, 1991).

5As in Bergemann and Morris (2005, 2011), we use the term interim instead of Bayesian (equilibrium or
implementation) to highlight the fact that we do not assume a common prior.




Hence an ex post equilibrium is an interim equilibrium of the same game for every structure of

interim beliefs.

Definition 2 (Interim and Ex Post Implementation). We say that a mechanism g(-) interim
(respectively, ex post) implements the social choice function f(-) if there exists an interim (re-
spectively, ex post) equilibrium p(-) of the game generated by g(-), such that g(,u(t)) = f(t) for

everyt € T.

Evidence Based Mechanisms. A mechanism is evidence based if the alternative chosen
by the mechanism designer is always consistent with the messages she receives and the social

choice function she wants to implement.

Definition 3 (Evidence Based Mechanism). A mechanism g(-) is evidence based if g(m) €

f(R(m)) for every message profile m € M.

The main reason for being interested in these mechanism is that it will be easy to characterize
the social choice functions that can be implemented by well behaved evidence based mechanisms.
However, these mechanisms also have properties that may make them more desirable in practice.
First they are simple. Second, a non evidence based mechanism is not immune to commitment
issues, since it sometimes requires the designer to take an action that she knows to be suboptimal
given the information she has received. Third, evidence based mechanism may be perceived as
more legitimate. And finally, non evidence based mechanisms may in some cases be challenged in
courts: for example, an agent may sue an institution that uses a non evidence based mechanism
for treating him in a way that is not compatible with its mission (the social choice function)
given the evidence.

The outcome function of an evidence based mechanism is completely pinned down by a
reading of the evidence. Indeed, the outcome function g(-) of an evidence based mechanism
can always be defined as the action f(p(m)) for some reading p(-). In such mechanisms, the
designer only decides how to read the evidence, and that determines the outcome. To each
reading corresponds a unique evidence based mechanism, but different readings may generate

the same mechanism if the social function is not one to one.



We will say that an evidence based mechanism truthfully implements f(-) if it reads the

evidence correctly on the equilibrium path of the corresponding equilibrium.

Definition 4 (Truthful Implementation). An evidence based mechanism with associated read-
ing p(+) truthfully (interim or ex post) implements f(-) if there exists an (interim or ex post)

equilibrium strategy profile u(-) such that, for everyt € T, p(u(t)) =t.

Our sufficient conditions for ex post implementation become necessary if we restrict attention
to straightforward implementation, a more stringent condition than truthful implementation.
It requires the existence of an equilibrium p* such that the equilibrium message p}(t;) is read

as t; regardless of the messages sent by agents other than 7.

Definition 5 (Straightforward Implementation). An evidence based mechanism with associated
reading p(-) straightforwardly (interim or ex post) implements f(-) if there exists an (interim
or ex post) equilibrium strategy profile p(-) such that p(u(t)) =t, and p_; (p_i(t—;),m;) = t_;,

for everyt € T, everyi € N, and every m; € M;.

Hence straightforward implementation is more restrictive than truthful implementation. It
implies that, if all players except ¢ use their equilibrium strategy, then the type profile of
these non deviators is correctly interpreted. Note also that truthful implementation by an

independent reading implies straightforward implementation.

3 The Masquerade Relation: Describing the Incentives

The Masquerade. We start by characterizing the ex post payoff for player ¢ to masquerade
as another type s; when she is really of type t;, under a social choice function f(-). This is

given by the following ex post masquerading payoff function

vi(siltist—s) = wi(f(si,t=i)iti, to).



The interim masquerading payoff of player i is given by the function

vi(s4lt;) = Z wi(f(si, =)ty tg) pit_ilts).
t_ ;€T
These payoff functions represent the incentives of players of given types to masquerade as
other types. These incentives are determined by the social choice function and the preferences
of the agents. For each player 7, they can be summarized by an oriented graph on 7;, such that
a type t; points to a type s; if t; has an incentive to masquerade as s;. We call the relation that
defines this graph a masquerade relation.
For the interim masquerade relation, we say that t; wants to masquerade as s;, denoted by
t; LN si, if and only if v;(s;|t;) > vi(t;|t;). For the ex post masquerade relation, we say that
t; wants to masquerade as s; given t_;, denoted by ¢; M s;, if and only if v;(s;|t;;t-;) >
v;(t;|t;;t—;). For a generic (ex post or interim) masquerade relation, we will use the notation
—.
We can use this relation to define a worst-case type for S; C 7T; as a type in §; that no other

type in §; would like to masquerade as. We denote the set of such types as follows, respectively

for the interim and ex post masquerade relations
WCt(SZ') = {82' c SZ | ﬂ ti c SZ', ti ﬁ) Sz’}

and

WCt(SZ"t_Z') = {82' c SZ | ﬂ ti c Si,ti M 82'}.

Graphically, a worst case type is a type in S; with no incoming arrow from any other type
in S;. The set of worst case type may be empty, or have more than one element.

A masquerade relation — on 7; admits a cycle (¢}, ...,tF) if t} — 2 — ...tk — t1. Figure 1
illustrates the fact that cycles in the masquerade relation can preclude the existence of worst
case types. The link between acyclicity and worst case types is in fact deeper as shown by the

following lemma.
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wet(S;) =0

Figure 1: Masquerade relation and worst case types.

Lemma 1 (Acyclicity and Worst Case Types). Let — be a masquerade relation on an individual

type set T;. The following points are equivalent
(i) — is acyclic.
(i1) Every nonempty subset S; C T; admits a worst case type.

(i1i) There exists a function w : T; — R such that

ti — s = w(s;) > w(t;). (WR)

If condition (iii) holds, we say that the masquerade relation is weakly represented by the
function w(-). The representation is weak because we have an implication rather than an
equivalence. If it were an equivalence, the masquerade relation would be a linear ordering of

types, as with the utility representation of rational preferences.

Evidence Base. An cvidence base is a base of messages that a player can use to certify each
of her possible types. To achieve that, it must be the case that the message used to certify type
t; could not be profitably used by another type s;. Hence, t; must be a worst case type of the

set certified by this message.

Definition 6 (Evidence Base). An evidence base for player i is a set of messages & C M,

such that there exists a one-to-one function e; : T; — &; that satisfies e;(t;) € M;(t;), and

11



t; € wet (M._l(el-(ti))) for every t;.

7

Thus, an evidence base provides each type t; of player i with a message ¢;(t;) that certifies a
set from which which no type of player i would like to masquerade as t;, that is, M; (e;(t;)) C
{s;, €T, : s 79& t;} for every t; € T;.

Example 1 (Evidence Base). As an illustration, consider a player i with three possible types,
T; = {t',t*,#3}, whose masquerade relation is given by ¢! 242 2% 43 The message corre-
spondence M;(t') = {m!, m3 m*}, M;(¢?) = {m',m? m*}, M;(t®) = {m',m? m3} admits two
evidence bases: & = {m!, m?, m3} and & = {m*, m? m3}. On the contrary, the message corre-
spondence M;(t') = {m!, m*}, M;(t?) = {m', m?, m3 m*}, M;(t®) = {m', m®} does not admit
any evidence base because type t* has no message certifying an event for which it is a worst

case type. <

When own type certifiability holds, the collection of messages m;(t;) that certify the single-
tons {t;}, for all ¢; € T;, forms an evidence base, regardless of which social choice function f(-)
is being considered. In general, however, an evidence base is linked to the masquerade relation,
and therefore to the social choice function f(-).

An evidence base defines a base of messages that can be used in a fully revealing strategy
of an interim equilibrium. For ex post implementation, we will need a base of messages that
can be used as evidence by an agent regardless of the types of others. If such a base exists, we

call it a universal evidence base.

Definition 7 (Universal Evidence Base). A universal evidence base for player i is a base of
messages & < M; such that there exists a one-to-one function e; : T, — &; that satisfies

ei(t;) € My(t;) and t; € (),_ e, Wt (M-_l (ei(ti)) }t_i) for every t;.

)

Whenever own type certifiability is satisfied for a player, her message correspondence admits

a universal evidence base, regardless of the social choice function under consideration.
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4 Interim Implementation

The existence of an evidence base is important for implementation, because it allows the agents
to convey their type with a message that no other type would both want, and be able to, imitate.
For implementation to be possible, the second important requirement is for the principal to be
able to punish deviators. With evidence based mechanisms, the principal can only punish a
deviator with a consistent but skeptical reading, that is by attributing the evidence m; sent by
the deviator to a type t; which is a worst case type among the types that could have sent m;,
that is t; € wct (Mi_l(mi)). Therefore, for such skeptical readings to be available, the existence
of worst case types is necessary. These intuitions are formalized in the following theorem that

characterizes the social choice functions that can be truthfully implemented by an evidence

based mechanism with an independent reading.

Theorem 1 (Interim Implementation). There ezxists an evidence based mechanism that truth-
fully implements f(-) with an independent reading if and only if the following conditions hold

or every player i:

J y player i
(i) For every message m; € M;, the set M; ' (m;) admits a worst case type.
(ii) M;(-) admits an evidence base.

The sufficiency proof is by construction. The idea is to pick, for each agent ¢, a function
e; - T; — M, corresponding to an evidence base of her message correspondence, and to construct
a mechanism such that the message e;(¢;) is correctly read as t;, and it is an equilibrium strategy
profile for all agents to use the strategy e;(-). The latter is achieved by reading each out-of-
equilibrium message m; as a worst case type of Mi_l(mi).

In fact, it is easy to show that the existence of an evidence base for each player is necessary
for implementation with any mechanism. The worst case type condition, however, is only
necessary if we require truthful implementation and independent readings. If the reading is not
required to be independent, then ex post instead of interim worst case types could be used (see

the next section). To illustrate the importance of truthfulness, the following example exhibits a
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social choice function that is not truthfully implementable with independent reading, because
of a missing worst case type, but can be implemented non truthfully by an evidence based

mechanism with an independent reading.

Example 2 (Committing to incorrect readings). There are two agents and five alternatives
A ={a,b,c,d,e}. The set of agent 1’s types is 71 = {{,t],¢2,¢3 t}}, and the set of agent 2’s
types is T = {t, 2}, with a uniform prior probability distribution. Consider the following

social choice function:®

Assume that agent 2’s utility is maximized when f(-) is implemented (so that he never has
an incentive to deviate), and agent 1’s utility function is given by the following table, where

the squares indicate the outcomes prescribed by the social choice function:

t t2
a b ¢ d e a b ¢ d e
9 2 2 -1 —1 [0] 9 2 2 -1 -1 [0]
w(s) = ¢ -1 [o] -1 2 2 tt o] -1 2 -1 2

2 -1 -1 [0] -1 -1 2 [0] -1 -1
th -1 -1 [0o] -1 -1 tt -1 -1 -1 [0] -1

The interim masquerade relations of the agents and the evidence structures are summarized
in Figure 2. Agent 1’s masquerade relation has a cycle. There is an evidence base for each
agent, but the certifiable set {t9,¢1,#2 3} has no worst case type. Hence, f(-) is not truthfully
implementable with an independent reading. However, it is implemented with the following
independent reading and equilibrium strategies, where the red lines correspond to incorrect

readings given the equilibrium strategies:

SNote that this function satisfies responsiveness, that is, for every t; # t., there exists a profile t_; such that

St t—i) # f(t5,t-4).

14
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Figure 2: Committing to incorrect readings: masquerade relations and evidence structures.
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The intuition is that, by committing to incorrect readings, the principal can emulate the use
of inconsistent punishments while remaining within the boundaries of evidence based mecha-
nisms. To see that, note that, given the masquerade relation of agent 1, the key is to dissuade

the use of the message m9123. This cannot be done truthfully because of the cycle. In the

mechanism described above, m{'?3 is interpreted as ¢3, which should make ¢} willing to use this
message. The trick is that the principal is voluntarily misinterpreting the equilibrium messages
of agent 2, so agent 1 with type ¢{, expects that the outcome implemented by the principal
when she pretends to be ¢} and the true type of agent 2 is ¢3 will be f(t3,13) = f(¢{,t}) = c.
Thus, this is as if the principal attributed the message m?'?3 to t}, which no type in M; ' (m°'23)
wants to masquerade as. The principal cannot do that directly because such a reading would

not be consistent with evidence. But she can emulate that outcome by misreading evidence

from agent 2 on the equilibrium path.” o

"Note that the conclusion does not change if we modify the evidence structure so as to satisfy the normality

15



In order to do optimal mechanism design, that is to find the optimal contingent plan for a
principal with given preferences, it is useful to be able to characterize the set of implementable
contingent plans in a tractable manner. The conditions of Theorem 1 are not easy to deal with.
Furthermore, it is easier to work with a condition that involves only the preferences of the
agent, rather than the message structure. We can characterize the set of social choice functions
that are implementable under any message structure that satisfies own type certifiability as

being the set of social choice functions that generate acyclic masquerade relations.

Theorem 2 (Interim Implementation — Acyclicity). There exists an evidence based mechanism
that truthfully implements f(-) with an independent reading under any message structure that
satisfies own type certifiability if and only if, for every player v, the interim masquerade relation

m .
— 1is acyclic on T;.

Indeed, own type certifiability ensures that the evidence base condition is satisfied. Then
to truthfully implement f(-) with an independent reading, it is necessary and sufficient to
satisfy the worst case type condition. By Lemma 1 , we know that it is satisfied for every
certifiable subset if and only if the masquerade relation is acyclic. Note that this condition
also characterizes the set of social choice functions that are implementable when every subset

of types is certifiable..

5 Ex Post Implementation

The results in this section parallel those for interim implementation. Ex post implementation
is interesting because it is robust to changes in the information structure of the agents. These
ideas are rigorously formulated in Bergemann and Morris (2005).

Ex post implementation will require the use of skeptical interpretations of vague messages

from ¢ for every realization of ¢t_;. Hence, we will rely on the existence of ex post worst case

condition of Bull and Watson (2007), Deneckere and Severinov (2008), and Forges and Koessler (2005). For
example, if we complete the above evidence structure with messages certifying the singletons, the allocation f(-)
is still implementable with the above readings and messaging strategies, but is not truthfully implementable.
Interestingly, f(-) is then implemented without asking maximal evidence to the agents: if the designer asks each
agent to completely certify his type, then f(-) cannot be implemented with an evidence based mechanism.
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types. Furthermore, to communicate her information, a player needs the existence, for each of
her types, of a message that other types are not both willing and able to use. Therefore, we
need a universal evidence base.®

For ex post implementation, we weaken the properties of the mechanisms used in the charac-
terization since we require straightforward implementation instead of truthful implementation

with an independent reading.

Theorem 3 (Ex Post Implementation). There exists an evidence based mechanism that straight-

forwardly ex post implements f(-) if and only if the following conditions hold for every playeri:

(i) For everyt_; € T_;, and every message m; € M, the set M, ' (m;) admits a worst case

type given t_;.
(ii) M;(-) admits a universal evidence base.

The sufficiency part of the proof is by construction, and the intuition behind it is very
similar to the case of interim implementation. The universal evidence base of an agent provides
a natural candidate for her ex post equilibrium strategy, so we construct a mechanism that
reads each message from this evidence base correctly. Then we can complete the reading by
interpreting each message profile comprising a unilateral deviation from equilibrium messages
as the correct type profile for the non deviators, and an ex post worst case type for the deviator.
It is easy to see that such readings make unilateral deviation non profitable ex post.

Finally, it is useful to characterize the social choice functions that can be implemented by

any message structure that satisfies own type certifiability.

Theorem 4 (Ex Post Implementation — Acyclicity). There exists an evidence based mechanism
that truthfully implements f(-) under any message structure that satisfies own type certifiability

if and only if, for every player i, and everyt_; € T_;, the masquerade relation Q 18 acyclic

on T;.

81t is easy to show that the existence of a universal evidence base for each player is in fact a necessary
condition for ex post implementation by any mechanism.
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We conclude this section by a few remarks on the links between interim and ex post im-
plementation. First, the ex post equilibrium that ex post implements a social choice function
is also an interim equilibrium for any structure of beliefs py,...,p,. Therefore ex post imple-
mentability by an evidence based mechanism implies interim implementability by an evidence
based mechanism. However, the reading used for ex post implementation, even if it satisfies
straightforwardness, may not satisfy independence. To illustrate the relations between ex post
and interim implementation by evidence based mechanism, we provide an example such that the
conditions of Theorem 1 and Theorem 3 are not satisfied, but truthful interim implementation

by an evidence based mechanism is possible.

Example 3 (Truthful interim implementation without independence or straightforwardness).
Consider two agents. The type sets are 71 = {t1,#1} and To = {t2,t},t5}. The common prior
is that the types of the two agents are independently and uniformly distributed over their
respective supports. We assume that the only certifiable sets of agent 2 are the singletons {¢},
{t4} and {tJ}, so that there is no need to incentivize full revelation from agent 2. The certifiable
sets for agent 1 are the singletons, {t;} and {t|}, and the set {t1,¢}}, so that there exists a
(universal) evidence base, but agent 1 needs to be incentivized to provide precise information.
For simplicity, we denote the messages by the sets they certify.

The ex post masquerading relations of agent 1 and her interim masquerading relation are
given in Figure 3 with intensities. There is an ex post cycle when the type of agent 2 is t,,
and there is an interim cycle. Therefore the conditions of Theorem 1 and Theorem 3 are not

satisfied. Truthful interim implementation is possible with the following reading:

p({tn i} {t)) = m({t 6, {t5}) =t and  pi({t, 01}, {3}) =10

Indeed, if the type of agent 2 is ¢, the uninformative message {t1,?}} of agent 1 is read as ¢},
which is an ex post worst case type. Hence she has no incentive to be vague conditionally on
the type of agent 2 being t5. Agent 1 cannot be given ex post incentives if the type of agent 2

is to, but the designer can dissuade her from being vague by pooling this event with the event

18



Ex Post Interim

I R

ol : ®h : ol ol
| k | /
| 4 | /
| |

+10| |42 1 42| -6 1 61 | 4+10 | 42| |42

| |
| [’ | \\
| ¥ | \

® 4 I ® I ® ® 4

Figure 3: Truthful interim implementation without independence or straightforwardness — ex
post and interim masquerade relations of agent 1.

in which agent 2 has type t;. The expected masquerading gain conditional of agent 2 not being
of type ty is +6 for a ¢; type masquerading as a t} type, and -2 for a ¢} type masquerading as

a t; type, an therefore interpreting the vague message as t; is dissuasive. o

6 Evidence and Transfers

In this section, we assume that the agents have quasilinear preferences. The preferences of agent
i over alternatives are still represented by the function u;(a;t), which we now interpret as the
valuation of agent i. If agent i is given a transfer 7;, her utility is given by w;(a;t) 4+ 7;. Our goal
is to compare transfers and evidence as tools for implementation, and to give a first assessment
of what can be achieved by using them as complements. For that, we start by introducing a
few notations.

In an evidence free message structure, every mechanism is evidence based. By the revelation
principle, if a social choice function is (interim or ex post) implementable for a given evidence
free message structure, then it is (interim or ex post) implementable by a direct mechanism,
so we can restrict attention to direct mechanisms, and the following incentive compatibility
conditions are necessary and sufficient conditions for (respectively) interim and ex post imple-

mentability
Definition 8 (Evidence Free Incentive Compatibility). A social choice function satisfies interim

incentive compatibility if, for every agent i and every t;,s; € T;
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Figure 4: Masquerade relation of Example 4 — implementation with evidence is possible, but
not with transfers.

It satisfies ex post incentive compatibility if, for everyt € T, every agents i and every s; € T;

When using transfers, the mechanism designer can modify the incentives of the agents. We
will therefore consider ex post transfer functions 7; : 7 — R, and interim transfer functions

7; + T; = R, and the corresponding modified masquerading payoffs

Vilsiltist—i) = vi(siltist—i) + m(si;t—i),

and

Vi(silti) = vi(silt:) + 75(s4).
Evidence vs Transfers. We start with a simple example showing that evidence based mech-

anisms can sometimes achieve implementation in situations where transfers cannot.

Example 4 (Evidence 1 — Transfers 0). Consider a setup with one agent of two possible types t
and ¢’, and an evidence structure that satisfies own type certifiability. The social choice function
selects action a when the type is t, and action ¢’ when the type is ¢’. The preferences of the

agent are given by

uw(a, t) =u(d,t')=0 wu(d,;t)=2 wu(at)=-1

Therefore ¢t wants to masquerade as ¢/, but ¢ does not want to masquerade as ¢, hence

the masquerade relation, represented in Figure 4, is acyclic, and the social choice function is
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(interim or ex post) implementable with evidence. It is not (interim or ex post) implementable
with transfers, because any transfer that is sufficient to discourage ¢ from claiming ¢’ makes ¢’

claim to be t. o

In fact, every social choice function that is implementable with transfers can be implemented
by an evidence based mechanism as long as the evidence base condition is satisfied. The intuition
is simple: the worst case type associated with any subset of types is the type that would have
received the highest transfer. To see that, note that if some other type, with a lower transfer,
wanted to masquerade as this type, then this incentive would be aggravated by the transfer
differential. More precisely, the proof shows that the negative of the transfer function provides

a weak representation of the masquerade relation and then concludes by Lemma 1.

Theorem 5. If f(-) is interim (respectively ex post) implementable with transfers and no evi-
dence, it is also interim (respectively ex post) implementable by an evidence based mechanism
under any evidence structure such that each M;(-) admits an evidence base (respectively, a uni-
versal evidence base). Furthermore, there exist social choice functions that are implementable
by an evidence based mechanism under any evidence structure such that each M;(-) admits an

evidence base, but not with transfers.

Examining the link between these two forms of implementation through the lens of Rochet

(1987) and his cyclical monotonicity condition gives an interesting perspective.

Definition 9 (Cyclical Monotonicity). A function v : T; X T; = R is cyclically monotone, if,

for every finite sequence (t}, e ,tf) ,

MPT

o(t ) —w(t, 1)) <0,

1) 7

(=1

where, by convention, tf“ =1,

Rochet (1987) shows that the ex post masquerade payoff function with transfers V;(-;t_;)
satisfies (EPIC) for some transfer function 7;(-) if and only if the corresponding ex post mas-

querading payoff function without transfers v;(-;t_;) satisfies cyclical monotonicity. Similarly,
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the interim masquerade payoff function V;(-) satisfies (IIC) if and only the corresponding interim
masquerading payoff function without transfers v;(+) is cyclically monotone.

Hence, another way to arrive at Theorem 5 would be to notice that cyclical monotonicity
of a masquerading payoff function implies acyclicity of the corresponding masquerade relation.
The reciprocal implication does not hold, as evidenced by the masquerade relation of Example 4

depicted in Figure 4. The link between the two notions is clarified by the following result.

Lemma 2 (Acyclicity and Cyclical Monotonicity). The masquerade relation associated with a
masquerading payoff function v : T, x T; — R is acyclic if and only if there exists a strictly
positive scalar function X : T, = R* such that the function defined by v*(si, t;) = Nt:)v(s;, t;)

18 cyclically monotone.

The necessity of cyclical monotonicity is analog to the first step in the rationalizabiliry
theorem of Afriat (1967). The best demonstration we found is in lemma 1 of Geanakoplos
(2013). The sufficiency part is easy (see Appendix A). Lemma 2 can be useful to prove that a

masquerade relation is acyclic.”

Evidence and Transfers. It may be interesting for a designer to combine evidence and
transfers. When complemented with evidence, the role of transfers becomes quite different. In
the usual context, transfers must annihilate any incentive for the agent to make false claims
about her type in the direct mechanism. When evidence is available, the role of transfers is to
modify the incentive structure so as to make the masquerade relation acyclic. That is, transfers
must make lies tractable for the designer, so that she can read the evidence skeptically.

We show that, in this case, any social choice function can be implemented by an evidence
based mechanism as long as an evidence base is available, hence, in particular, if own type

certifiability is satisfied.

Theorem 6. For any social choice function f(-), there exist interim transfer functions 7; :

T; — R and ex post transfer functions 7; : T, — R for i = 1,...,n such that, for every i,

9See Section 10, for an example.
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the masquerade relations associated with the interim and ex post masquerading payoff functions

with transfer Vi(s;|t;) and V;(s;|t;;t—;) are acyclic.

The idea of the proof is extremely simple: if any ex post difference in transfers is sufficiently
large as to overcome any difference in payoff from changes in the chosen action, then transfers
govern the masquerading payoffs. Then all types try to obtain the highest transfer, and the
worst case type of any subset of types is the one with the lowest transfer.

This result shows that the association of unlimited transfers with evidence is powerful. In
practice, however, transfers may be constrained in many ways: budget balance, individual
rationality or distributional concerns. The next sections shed some light on what can be done

while imposing the first two of these constraints.

7 Efficient Mechanism Design with Private Values

For the remainder of the paper we focus on ex post implementation. In this section, we consider

the problem of implementing an efficient social choice function, so that

f(t) € arg rgleaﬁiz ui(a; t).

For that purpose, we allow the mechanism designer to use both evidence and transfers, and
we restrict ourselves to ex post implementation. Given a social choice function f(+), an ex post
transfer scheme 7; for ¢ = 1,...,n is individually rational if, for every agent i, and every type
profile t, V;(t;|t;;t—;) = vi(t;|t;; ;) + () > 0. It is budget balanced if, for every type profile ¢,
>, mi(t) <0. It fully extracts surplus if, for every type profile ¢, Y. () = >, v;(t;|t;;t—;). To
make individual rationality possible and budget balance possible to satisfy together, we assume
that, for every type profile ¢, > . v;(¢;|t) > 0.

We assume private values, that is u;(a;t) = w;(a;t;). In this case, we show that if a universal
evidence base is available for each player, then any efficient social choice function is ex post

implementable by an evidence based mechanism with any transfer scheme. In particular, it is
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possible to choose the transfer scheme so as to satisfy individual rationality and budget balance,

and even extract full surplus.

Theorem 7. Assume own type certifiability or, more generally, that a universal evidence base is
available for each player. Then, under private values, it is possible to straightforwardly ex post
implement any efficient social choice function with any transfer scheme by an evidence based
mechanism. In particular, the transfer scheme can be chosen to satisfy individual rationality

and budget balance, and even extract full surplus.

The proof of this result is very simple and is related to the classical Vickrey-Clarkes-Groves

mechanism. To see that, let

hi(t) = 7i(t) = Y i (f(1);t5)
J#i
denote what remains of agent ¢’s transfer after substracting her externality on other participants.

Then 7’s ex post incentive to masquerade as s; when her type is t; is given by

%(Si|ti, t_i) — ‘/z(tz‘tw t_i) = U, (f(Si, t_i); tz) + ZU]' (f(Si, t_i); tj) -+ hi(si, t_i)
j#i

—ui ([t toi)it) = > i (f(ti to)ity) = haltiyt )

J#
< hz‘(siu t—z) - hl(tlv t—i)7

where the inequality is a consequence of the fact that f(¢;,¢_;) maximizes the sum ) . u; (a; ti).
But then h;(-,t_;) is a weak representation of i’s ex post masquerade relation given ¢_; which
is therefore acyclic by Lemma 1. We can conclude with Theorem 4.

In a way, this result is almost a corollary of Theorem 5. Since, under private values, an
efficient social choice function can be implemented with transfers by a VCG mechanism, then
it can also be implemented with evidence and no transfers. The value added of Theorem 7 is to
show that, with evidence, transfers can be chosen to satisfy individual rationality and budget

balance, which is not possible in general with VCG mechanisms.
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Since full surplus extraction can be achieved under private values, one might wonder whether,
with evidence, it is ever necessary to pay an information rent in order to achieve efficiency. In
the next sections, we show that full surplus extraction can be achieved in single-object auc-
tions and bilateral trade with interdependent valuations. We also provide an example of a

multiple-good auction in which full surplus extraction cannot be achieved.

8 Auctions

In this section, we explore the consequence of relaxing the private value assumption in auction

environments. We also provide examples of situations where evidence based mechanisms fail.

Single-Object Auctions. The agents have quasilinear utilities, and agent i’s valuation of
the single object for sale is given by a function u;(¢) > 0 that depends on the full type profile
t. An auction (a social choice function) is a rule for allocating the object to one of the agents
a:T — N, and a positive'® price function 7 : 7 — R for the winner of the auction.

An auction is individually rational if it never requires the winner to pay a price higher than
her valuation, that is 7(t) < uq@ (t). It is efficient if it allocates the good to one of the agents
with the highest valuation, that is a(t) € argmax; u;(¢). It is fully extractive if it is efficient

and 7(t) = Ug(t) (t).

Theorem 8 (Single-Object Auctions). Assume own type certifiability or, more generally, that
a universal evidence base is available for each player. Then, any individually rational auction
is straightforwardly ex post implementable by an evidence based mechanism. In particular, the

fully extractive auction is implementable.

The proof consists in showing that the ex post masquerade relations of the agents are acyclic.
Fixing the type of other players, the type set of a player can be partitioned between winning
types and losing types. Losing types might want to masquerade as winning types, but individual

rationality of the auction implies that winning types do not want to masquerade as losing types.

10An auction is therefore budget balanced by definition.
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Hence a masquerading cycle can only comprise winning types. But the only reason a winning
type might want to masquerade as another winning type is to pay a lower price, therefore the
masquerade relation among winning types is governed by the price function, which rules out
cycles.

Note that Dasgupta and Maskin (2000) exhibit an ex post incentive compatible efficient
auction in a framework with interdependence and no evidence. However, they must impose
a one dimensionality assumption on the type set. The equivalent of a one dimensionality
assumption in our framework would be an assumption that the type set of each player can be
linearly ordered so that ¢; > ¢/ if and only if v;(¢;,t_;) > v;(t;,t_;), for every t_;. Clearly, we do
not need such an assumption with evidence.!

Jehiel et al. (2006) pointed out that, in environments with multidimensional types, inter-
dependent valuations, transfers and no evidence, the only ex post implementable social choice
functions are the constant ones. Our result implies that this limitation of ex post implementa-

tion does not apply when evidence is available.

Multiple Objects: Examples with Cycles. With multiple objects, as we show with the
following examples, individually rational and efficient auctions may generate cycles in the ex
post masquerade relations of the agents. This is important for several reasons. First, it shows
that, even when evidence bases are available, evidence based mechanisms do have limitations.
Second, when full extraction is not possible it may be possible to achieve efficiency and indi-
vidual rationality by leaving an information rent to the agents. In the first example below,
full extraction cannot be achieved, but efficiency and individual rationality can be achieved
by foregoing an information rent. In the second example, individual rationality and efficiency

cannot be achieved together.

Example 5 (Two Multiple-Objects Auctions). Consider auction environments with two agents,

and two goods. The set of possible bundles that can be allocated to an agent is {0, {1}, {2}, {1,2}}.

HDasgupta and Maskin (2000) consider a continuum of types. It would not affect our result to work with a
continuum of types provided that all certifiable subsets are compact and the auction would have to use a pricing
scheme that is upper semi continuous in the type of the agent that is getting the good.
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Environment 1 Environment 2

10 {1} {2} {12} 0 {1} {2} {12}
w(s1) | 0 3 10 u(sy) | 0 8 10
uy(s1) |0 5 9 u(s)) |0 0 [9] 9
w(t) [0 10 [2] 12 wt) o 8 [5] 13
uy(ty) | 0 1 16 w(t) |0 [9] 1 10

Table 1: Two Multi-Object Auction Environments

Agent 1 has information, encoded in the type set 71 = {s1,t1}, while agent 2 has no informa-
tion. We consider two payoff environments, for which the valuations of the different bundles
are given in Table 1, where the squares indicate the efficient allocation.

First, consider environment 1. In the fully extractive auction, each agent pays her value for
the bundle she receives. Therefore, all agents get a payoff of 0 if the auction proceeds according
to the true type of agent 1. Suppose that agent 1 convinces the auctioneer that her type is ¢;
instead of s;. In this case, agent 1 obtains good 2 instead of good 1, at a price of 2. Since
her true type is s;, her payoff is ul({2}|sl) —2 =1 > 0. Therefore, s; 2, t1. Now suppose
that agent 1 convinces the auctioneer that her type is s; instead of ¢;. Then she obtains good
1 instead of good 2, at a price of 7, so her masquerading payoff is ul({l}\tl) —-7=3>0.
Therefore, t; N S7.

It is, however, possible to find an individually rational and efficient auction that leads to an
acyclic masquerade. Consider, for example, changing the price of object 1 from 7 to 6 when the
type is s1. Then agent 1 of type s; has a payoff of 1 under truthful revelation, and does no longer
profit by masquerading as t;. This change of price makes the incentive of t; to masquerade as
s1 stronger, but this is not a concern since the cycle is broken. The information rent that has
to be paid in this auction is 1 if the type is s1, and 0 otherwise. It is easy to check that this
is in fact the revenue maximizing auction among individually rational efficient auctions. The
expected information rent is therefore equal to the probability of type s;.

By contrast, for environment 2, no individually rational and efficient auction can prevent a

27



masquerading cycle. Indeed, individual rationality implies that the price of good 1 is at most
2 under s;, and the price of good 2 is at most 5 under t;. Therefore, the gain of s; from
masquerading as ¢ is at least (8 —5) — 2 = 1, and the gain of ¢; from masquerading as s; is
at least (8 —2) — 5 = 1. If we relax the constraint of positive prices, however, efficiency and
individual rationality can be obtained by setting the price of good 1 to -1 in state s;. Then,

budget balance is also satisfied because the auctioneer can price good 2 at 9 in state s;. o

9 Bilateral Trade

In this section, we consider the bilateral trade problem of Myerson and Satterthwaite (1983).
We enlarge the traditional environment by considering interdependent valuations, so that the
private information of the seller may enter in the valuation of the buyer, and vice versa. Bilateral
trade with evidence has been considered in Singh and Wittman (2001) and Deneckere and Severinov
(2008). Both papers consider Bayesian implementation, and assume private values. Further-
more, the mechanisms they build are not evidence based. We show that ex post implementation
by an evidence based mechanism is possible. As in the case of auctions, this result illustrates
how ex post implementation of non trivial social choice functions with multidimensional types
and interdependent valuations is possible.

There are two agents with quasilinear preferences and one object. Agent 1 owns the object
and is a potential seller, and agent 2 is a potential buyer. The seller’s value for the item is
given by ¢(t1,t3) > 0, and the buyer’s value for the item is 5(t1,t3) > 0, where t; € T is the
type of the seller and t, € 75 is the type of the buyer.

A social choice function for this problem is called a trading rule. It determines whether
trade takes place, and the transfers to each agent. Hence, it is characterized by three functions
ATy xTa—={0,1}, 7 : Ti x Ts = Rand 75 : 71 x T2 — R, where A(t1,t3) takes value 1 if
trade takes place, and 0 otherwise, and 7y (¢1,t2) and 7»(t1, t2) are respectively the transfers to

the seller and the buyer. Then, the ex post masquerading payoffs of the seller and the buyer
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are given by

vi(s1ltr, t2) = Ti(s1,t2) + (1 — A(sq, t2))<(t1, 2),

Vo (Salta, t1) = Ta(t1, S2) + A(t1, $2) (L1, ta).

A trading rule is efficient if trade occurs whenever S(t1,t2) > ¢(t1, %), and trade does not
occur whenever [(ty,t2) < s(t1,t2). It is budget balanced if, for every t,ts, we have 7 (ty,t2) +

To(t1,t2) < 0. It is individually rational if the following implications hold

AMti,te) =1 = 7i(t1,t2) > s(t1,ta) and 7o(ty,ta) > —5(t1, t2)

)\(tl,tg) =0 = Tl(tl,tQ) = TQ(tl,tg) = 0.

Let G(t1,ta) = B(t1,t2) — <(t1,t2) denote the gains from trade. We will consider efficient
trading rules that split the gains from trade between the seller, the buyer and the designer.

Therefore the transfer functions are given by:

71t t2) = Atr, t2) {1, t2) + °(t1,£2)G (t1, ) }

To(ty, o) = —=A(tr, ba) { B(t1, t2) — ’(t1, 15)G (1, 12) },

where A(t1,t5) is an efficient trading rule, ab(t;,t;) > 0 and a®(t;,ts) > 0 are such that
al(ty,t) + a(ty,t2) < 1, and represent the respective shares of the gains from trade obtained
by the buyer and the seller. These trading rules thus give a share a(t;,t:) = (1 — a(ty, t2) —
Oés(tl,tg)) of the gains from trade to the designer. They are efficient, budget balanced and
individually rational by construction. In fact, they span all the set of efficient, budget balanced

and individual rational trading rules.

Theorem 9 (Bilateral Trade). Any efficient, budget balanced and individually rational trading
rule 1s straightforwardly ex post implementable by an evidence based mechanism as long as a

universal evidence base is available for each player.
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Figure 5: Bilateral Trade — intuition for the proof of Theorem 9.

The intuition of the proof is similar as in the single-object auction case. Fixing the types of
the other agent, the type set of an agent, say the seller, can be partitioned into trading types
and non-trading types. Trading types do not want to masquerade as non-trading types because
individual rationality implies that they are compensated for trading. Therefore a masquerading
cycle can only consist of trading types. But a trading type wants to masquerade as another
trading type only if she is getting a better transfer by doing so. Therefore the masquerade
relation among trading types is governed by transfers, and has no cycle. Figure 9 illustrates

this intuition.

10 Biased Experts

In this section, we consider an environment where transfers are not available. The designer is a
decision maker who is advised by multiple experts with heterogeneous preferences, and commits
to using their information according to a contingent policy plan (the social choice function). In
the absence of evidence, this is the framework of the delegation problem studied by Holmstrom
(1984). We provide conditions on the preferences of the experts under which a contingent plan
can be ex post implemented by an evidence based mechanism. Our setup adapts the single-
expert game theoretic model of Hagenbach et al. (2014) to a mechanism design environment

with multiple experts.
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The experts have multidimensional information in 7; € R%¢. The principal takes a multidi-
mensional action in 4 C R¥. Her contingent policy plan is given by the social choice function

f(-). We assume that all agents have quadratic preferences of the form'?

ui(ast) = = [la = gi(@)[I”

where g; : T — R¥ is agent 4’s preferred action, and || - || is the Euclidean norm on R¥. Note
that the preferred actions of an expert is allowed to depend on the information of other experts.
We seck conditions on the g;(-) functions that ensure that f(-) is ex post implementable. To
do this, we provide a sufficient condition on the bias functions that lead to acyclic ex post
masquerade relations.

This characterization requires a few notations. We define, for each i, the disagreement
correspondence Dif : f(T) = RE by sz(a) = {gi(t) cteT and f(t) = a}. Hence, for a given
realizable action a, sz (a) describes the set of actions that expert i prefers for all information

states t such that a = f(t).

Theorem 10. Assume own type certifiability or, more generally, that a universal evidence
base is available for each player. Then, the social choice function f(-) can be straightforwardly
implemented by an evidence based mechanism whenever, for each player i, there exists a convex
function ¢; : R® — R, and for every a € f(T), D! (a) € d¢i(a), where dp; : RK = R is the
subdifferential of ¢(-).

The intuition for this proposition is better interpreted in terms of the biases b;(t) = ¢;(t) —
f(t). The bias function of an expert can be seen as a vector field on the set of realizable actions,
each arrow pointing from an action in the contingent plan of the designer toward the preferred
action of the expert. Then the condition means that the biases cannot derive from a function
that is too concave. In a one dimensional framework, it means that the biases can be centrifugal,
or mildly centripetal, but not strongly centripetal. For a more detailed interpretation of the

condition, we refer the reader to Hagenbach et al. (2014).

120ur results can be easily adapted to the case where the utility is a quadratic function of the form u;(a;t) =
—(a—gi(t)) Qi (a — gi(t)), for some symmetric positive semidefinite matrix ;.
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11 Conclusion

In an environment where agents have access to evidence, we have defined a new class of mech-
anisms in which the designer must base every decision on received evidence. While restrictive,
this class of mechanisms offers a solution to many classical mechanism design problems that
are problematic under cheap talk. This is subject to having a rich evidence structure (say, own
type certifiability). When this is the case, our results show that the set of incentive compatible
policies is considerably enlarged. While, in practice, evidence may not be as widely available
as required for our results, they establish a benchmark, and contribute to drawing a picture
of what can and cannot be achieved with evidence. Our characterization of implementable
social choice functions can also provide a basis for optimal mechanism design with evidence.
In particular, if we assume that all subsets of types are certifiable, a contingent action plan is

incentive compatible if and only if it creates no masquerading cycles.

Appendix

A Proofs

Proof of Lemma 1. (i) < (ii). Suppose that the masquerade relation has a cycle t! — -+ —
th — t*. Then the set {t!,---,t*} has no worst case type, hence (i) = (ii). Now suppose that
a set S; has no worst case type, and pick a type s} from this set. By the absence of worst case
type, there must be a type s? # s! in §; such that s? — s!. In the same fashion, there must be
a type s? # s? in S; such that s} — s?. Either s3 = s} and we have found a cycle, or s3 # s!
and we can continue in the same fashion. Because §; is finite, this process will eventually reach

' ... = s = sF forms a cycle.

a type s such that s¥ = s! for some ¢ < k. But then sF — s~
Hence (ii) = (i).
(ii) < (iii). Suppose that there exists a weak representation w(-) of the masquerade relation,

then for any S; C 7T;, 0 # arg ming,es, w(s;) C wet(S;). Hence (iii) = (ii). Then, suppose that

(ii) holds and define the function w(-) as follows. For every s; € wet(7;), let w(s;) = 0. Let
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Tt =T~ wet(T;). For every s; € wet(T;1), let w(s;) = 1. Let 72 = T;' \ wet (7). For every
si € wet(T2), let w(s;) = 2. Continuing in this fashion defines an algorithm that constructs
the function w(-) on 7;: indeed, the process ends because 7; is finite, and it exhausts all the
elements of 7; because of (ii). Now suppose that t; — s;. Then s; cannot be a worst case type
of any set that includes both s; and ¢;, and therefore the algorithm described above must reach

t; (strictly) before it reaches s;. Hence w(t;) < w(s;), and this proves that (ii) = (iii). O

Proof of Theorem 1. (<) By (ii), we can pick, for each player i, a one-to-one mapping e; : 7; —
M, corresponding to an evidence base of i. By (i), we can choose an independent reading p(+)
such that, for every m;, p;(m;) € wet (Mi_l(mi)) and for every t;, p; (ei(ti)) = t;. Suppose that
every player ¢ adopts ¢;(+) as her strategy in the game defined by the mechanism associated
with p(-). Then for every ¢, the mechanism selects the outcome f(p(e(t))) = f(t). Hence, if the
strategy profile e(+) is an equilibrium of the game, we have succeeded in truthfully implementing
f(+). It remains to show that e(-) is indeed an equilibrium. Suppose then that player i of type
t; deviates with a message m; # e;(t;). Then the implemented outcome is f(wi,t_z-), where
w; € wct(Mi_l(mi)). But then we know that v;(w;|t;) < v;(;]t;), so the deviation is not
profitable for i.

(=) Let p(-) be an independent reading such that the associated mechanism truthfully
implements f(-), and let p*(-) be the associated equilibrium strategy profile. Then, by definition

of truthful implementation, p(p*(t)) = ¢. Consider some message m; of agent i. The equilibrium

condition implies that, for every t; € M; *(m;),

witilts) = B (u(f (plm u” (t-0))): ) It
E(“z(f (pi(mi), t—);t) |t7,> = v;(pi(my)|t;),

where first equality is a consequence of truthfulness and independence. Since, by definition of
an evidence based mechanism, p; (mz)) € M;*(m;), this proves that p; (mz) € wct (Ml-_l(mi)).

This proves (i).

To prove (ii), consider the particular case in which m; = uf(s;) for some type s; € 7;. Then
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Pi (mi, ,u’il-(t_i)) = s;, by truthfulness and independence, and therefore we have shown that s;
is a worst case type of the set certified by u}(s;). The truthfulness property also implies that
115 (s;) # i (t;) whenever s; # t;. Otherwise, we would have ¢; = p; (1} (t:)) = pi(1;(s:)) = si.

Therefore, the function u} : 7; — M, defines an evidence base for 7. O

Proof of Theorem 3. (=) We construct the reading as follows. For every i, let ¢; : T; — M,
be a one-to-one mapping associated with a universal evidence base of player i. Consider a
message profile m such that for every i # j, the message m; is in the range of e;. Then if m;
is also in the range of e;, the reading of the message profile is p;(m;, m_;) = e;'(m;), and
pi(mj,m_;) = e;*(m;) for every i # j. If on the other hand, m; is not in the range of e;, then
pi(mj,m_;) = e;*(m;) for every i # j, whereas the message of player j is interpreted as a type
in wet (M (my)|p—j(mj, m—;)).

Then the strategy profile e is fully revealing. It is also an ex post equilibrium. Indeed if all
players but ¢ use this strategy profile, then a message m; of player ¢ that does not belong to the
range of ¢; is interpreted as a type in wet (Mi_l(mi)\t_i) for every ¢_;. Hence such a deviation
does not benefit to player i. Another possible deviation would be to send a message in the
range of e; that differs from e;(¢;), call it e;(¢}), when 4’s type is really ¢;. But then this message
is interpreted as t; regardless of t_;, and because ¢} is a worst case type of e;(t) given any t_;,
player ¢ does not gain from the deviation if her true type is t;. Finally, the straightforwardness
property is satisfied by construction of p(-).

(<) Let p(+) be a reading such that the associated mechanism straightforwardly implements
f(+), and let p*(+) be the associated ex post equilibrium strategy profile. Consider some message
m; of agent i. The equilibrium condition implies that, for every t_; € T_;, and every t; €

M; ' (m;), and

7

vt tis ;) >

(ui (f (p(ma, 5 (t2))) 5 t) \ti)

E
B ui( (o (1-0).-0):0) ) = vipiCmi, 1™ ()],

where the second line comes from the straightforward implementation property. Since, by defini-
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tion of an evidence based mechanism, p;(m;u* ,(t_;)) € M; ' (m;), this proves that p;(m;, u*,(t_;)) €
wet (M; " (m;)|t—;). This proves (i).

Now, consider the particular case where m; = uf(s;) for some type s; € T;. Then p;(m;, u*;(t_;)) =
s;, by the straightforwardness property, and therefore we have shown that s; is a worst case

type of the set certified by p;(s;) given t_;. The straightforwardness property also implies

that pf(s;) # pi(t;) whenever s; # t;. Otherwise, we would have t; = p; (,uf(ti),,u* (t_i)) =

—1
*

pi (i (si), pt;(t—;)) = si. Therefore, the function p} : 7; — M, defines a universal evidence
base for i. O

Proof of Theorem 5. The social choice function is interim implementable with transfers if and
only if V;(s;]t;) satisfies (IIC), that is if and only if there exists transfer functions 7; : 7; — R

such that, for every player 7, and for every pair of types s;, t;,

Hence, —7;(+) is a weak representation of the masquerade relation of player ¢, and therefore, by
Lemma 1, condition (i) of Theorem 1 is satisfied for i (and worst case types are the types who
receive the highest interim expected transfer). Since M;(-) admits an evidence base, condition
(i) is also satisfied for i. Because this holds for every player ¢, Theorem 1 allows us to conclude.

Similarly, for ex post implementation, (EPIC) implies that —7;(-;¢_;) is a weak represen-
tation of the ex post masquerade relation of player i given t_;, allowing us to conclude by
Lemma 1 and Theorem 3.

The second part of the theorem is proved by Example 4 both for the interim and the ex

post case. U

Proof of Lemma 2. The necessity part can be found in Geanakoplos (2013, Lemma 1). For the

sufficiency part, suppose that the function v*(s;,t;) = A(t;)v(ss, t;) is cyclically monotone, and

consider a finite sequence (¢}, - -+, t¥). By cyclical monotonicity, we have Zif:l At {o (B ¢) —
v(tf,tf)} < 0, where, by convention, tf“ = t}. But for at least some ¢ € {1,--- k},

17 7 17 71

Ao (i t8) — v(th,tf) < 0, and, since A(tf) > 0, we have v(t;"",tf) < v(tf,tf), imply-
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ing that the sequence (¢}, - - ,tf) cannot constitute a masquerading cycle. ]

Proof of Theorem 6. Let A = max;, 4,

v;(silt;) — vi(t;]t;)]. Then denote all the possible types
of i by t},---,t", and let 7;(t{) = (¢ — 1)A. That makes the masquerading payoff V;(¢{|¢¥)

increasing in ¢ for every k since V;(t;![tF) — V;(£4[tF) = A + v; (¢77tF) — v; (¢£[tF) > 0. Hence

the corresponding masquerade relation is acyclic. O

Proof of Theorem 8. Pick an agent ¢, and fix t_;. We can split the type set of agent ¢ into
two regions, the set of types for which she does not get the good, T.°, and the set of types
for which she obtains the good, 7;". First, note that any type masquerading as a type in
T forgoes the good and gets a payoff of 0. Second, any type in 7," obtains a nonnegative
payoff by masquerading as her true type, because the auction is individually rational. These
two observations imply that no type wants to masquerade as a type in 7., and therefore, if
the masquerade relation M admits a cycle on 7;, then all the types involved in the cycle
must lie in 7;*. Because all types in 7," obtain the good, the gain in payoff obtained by a
type t; € T," by masquerading as another type s; € 7, is given by the difference of prices
mw(t;, t_;) — m(s;,t—;). This implies that the masquerading relation M estricted to T." is
weakly represented by the function —7(-,¢_;). Therefore it is acyclic by Lemma 1. Then we

can conclude by Theorem 4. O

Proof of Theorem 9. We show that these trading rules lead to acyclic ex post masquerade rela-
tions for the seller and the buyer. We start with the seller, so we fix the information of the buyer
to some type to. First, note that a trading type never wants to masquerade as a non-trading

type. Indeed, a trading type t; gets more than her value for the good since
T1 (tla t2) - g(t:b t2) + as(tla t2)g(tla t2) Z g(tly t2)7

whereas, if she masqueraded as a non-trading type, she would have to keep the good.
Second, a non-trading type never wants to masquerade as another non-trading type. Indeed,
in both cases the seller gets to keep the good so she is indifferent. Therefore, a masquerading

cycle can only occur among trading types. However, a trading type t; wants to masquerade as
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another trading type ¢] if and only if 7 (¢1,t2) < 71 (¢}, t2). But this implies that the function
71(+, t2) is a weak representation of the ex post masquerade relation restricted to trading types.
Hence, by Lemma 1, there cannot exist a masquerading cycle among trading types.

For the buyer, the proof is symmetric. Start by fixing a seller type ¢;. A trading type never
wants to masquerade as a non-trading type, because when trading she pays less for the good
than her valuation. A non-trading type never wants to masquerade as another non-trading
type because it does not change anything. Finally, the masquerade over trading types can be
weakly represented by the transfer function 75(t1, -), hence there can be no masquerading cycles

among trading types. O

Proof of Theorem 10. The subdifferentials of convex functions satisfy a cyclical monotonicity
condition, as shown in Rockafellar (1972) for example. Therefore it must be the case that, for

every finite sequence (t},--- ,t¥), and every t_;

Xk:< )s f(E ) — f(tf,t_z-)> <0,

/=1

tk+1

where by convention ¢;™' = t!. But then, we must have

k

k
Z {Uz' (tf+l|tf, t_i) — v (tf‘tf, t_i)} = — Z {Hf(tf-iﬂ, t_z) — 0; (té

/=1 /=1

Therefore, the ex post masquerading payoff of player ¢ given t_; satisfies cyclical monotonic-

ity, and we can conclude by Lemma 2 and Lemma 1. O
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