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Abstract:

This paper is dedicated to the study of an estimator of the generalized Hoeffd-
ing decomposition. We build such an estimator using an empirical Gram-Schmidt
approach and derive a consistency rate in a large dimensional settings. Then, we
apply a greedy algorithm with these previous estimators to Sensitivity Analysis.
We also establish the consistency of this La-boosting up to sparsity assumptions
on the signal to analyse. We end the paper with numerical experiments, which
demonstrates the low computational cost of our method as well as its efficiency on

standard benchmark of Sensitivity Analysis.
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1. Introduction

In many scientific fields, it is desirable to extend a multivariate regres-
sion model as a specific sum of increasing dimension functions. Functional
ANOVA decomposition or High Dimensional Representation Model (HDMR)
given by Hooker (2007); Li, Rabitz, Yelvington, Oluwole, Bacon and Schoen-
dorf (2010) are well known expansions that allow for understanding the model
behaviour, and for detecting how inputs interact to each other. For high dimen-
sional models, the HDMR is also a good way to deal with the curse of dimension-
ality. Indeed, a model function may be well approximated by some first order
functional components, making easier the study of a complex model. However,
the existence and uniqueness of the functional ANOVA components is of major

importance to valid a study. Thus, some identifiability constraints need to be
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imposed to make the ANOVA decomposition unique.

When input variables are independent, Hoeffding establishes the uniqueness of
the decomposition provided that the summands are mutually orthogonal (see e.g.
Hoeffding (1948)). Further, as pointed by Sobol (1993), the analytical expression
of these components can be recursively obtained in terms of conditional expec-
tations. Thus, their estimation can be deduced by numerical approximation of
integrals (see e.g Sobol (2001); Saltelli, Ratto, Andres, Campolongo, Cariboni,
Gatelli, Saisana and Tarantola (2008)).

Nevertheless, the independence assumption is often unrealistic for some real-
world phenomena. In this paper, we are interested in the ANOVA expansion of
some models that depend on not necessarily independent input variables. Fol-
lowing the work of Stone (1994), later exploited in machine learning by Hooker
(2007), and in sensitivity analysis by Chastaing, Gamboa and Prieur (2012), we
focus on a generalized Hoeffding decomposition under general assumptions on the
inputs distribution. That is, any model function can be uniquely decomposed
as a sum of hierarchically orthogonal component functions. Two summands are
called hierarchically orthogonal whenever all variables included in one of them
are also involved in the other. For a better understanding of the paper, this gen-
eralized ANOVA expansion will be called a Hierarchically Orthogonal Functional
Decomposition (HOFD), as done in Chastaing, Gamboa and Prieur (2012).
Since analytical formulation for HOFD is rarely available, it is of great impor-
tance to develop estimation procedures. In this paper, we focus on an alternative
method proposed in Chastaing, Gamboa and Prieur (2013) to estimate the HOFD
components. It consists of constructing a hierarchically orthogonal basis from a
suitable Hilbert orthonormal basis. Inspired by the usual Gram-Schmidt algo-
rithm, the procedure recursively builds for each component a multidimensional
basis that satisfies the identifiability constraints imposed to this summand. Then,
each component is well approximated on a truncated basis, where the unknown
coefficients are deduced by solving an ordinary least-squares. Nevertheless, in a
high-dimensional paradigm, this procedure suffers from a curse of dimensionality.
Moreover, it is numerically observed that only a few of coefficients are not close
to zero, meaning that only a small number of predictors restore the major part

of the information contained in the components. Thus, it is important to be able
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to select the most relevant representative functions, and next identify the HOFD
with a limited computational budget.

In this view, we suggest in this article to transform the ordinary least-squares
into a penalized regression as it has been proposed in Chastaing, Gamboa and
Prieur (2013). In the present paper, we focus here on the Lo-boosting to deal
with the ¢y penalization, developped by Friedman (2001). The Lg-boosting is
a greedy strategy that performs variable selection and shrinkage. The choice of
such an algorithm is motivated by the fact that the Lo-boosting is very intuitive
and easy to implement. It is also closely related (in some practical sense) to the
LARS algorithm, proposed by Efron, Hastie, Johnstone and Tibshirani (2004),
which solves the Lasso regression with a ¢; penalization (see e.g. Biihlmann and
van de Geer (2011); Tibshirani (1996)). The La-boosting and the LARS both
select predictors using the maximal correlation with the current residuals. The
question that naturally arises now is the following: provided that the theoret-
ical procedure of components reconstruction is well tailored, do the estimators
obtained by the LLo-boosting converge to the theoretical true sparse parameters
when the number of observations tends to infinity ?

The goal of this paper is to extend the work of Chastaing, Gamboa and Prieur
(2013) by addressing this question. More precisely, the aim is to determine suffi-
cient conditions for which the consistency of the estimators is satisfied. Further,
we discuss these conditions and give some numerical examples where such condi-
tiones are fulfilled. One interesting application of the general theory is the global
sensitivity analysis (SA). We apply the Lo-boosting to estimate the generalized
sensitivity indices defined in Chastaing, Gamboa and Prieur (2012, 2013). After
reminding the form of these indices, we numerically compare the LLy-boosting
performance with the LARS technique and the Forward-Backward algorithm,
proposed by Zhang (2011).

The article is organized as follows. Paragraph 2.1 aims at introducing the
notation of the paper.We also remind the HOFD representation of the model
function in Paragraph 2.2. In Paragraph 2.3, we recall the procedure detailed
in Chastaing, Gamboa and Prieur (2013) that consists in constructing well tai-
lored hierarchically orthogonal basis to represent the components of the HOFD.

At last, we highlight the curse of dimensionality we are exposed to, and present
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the Lo-boosting. Section 3 gathers our main theoretical results on the proposed
algorithms. Section 4 presents a numerical study of our method. We finally con-
clude this work in Section 5, and we provide the proofs of the two main theorems

in an Appendix.

Acknowledgment Authors are indebted to Fabrice Gamboa for motivating
discussions and numerous suggestions on the subject.
2. Estimation of the generalized Hoeffding decomposition components
2.1 Notation
We consider a measurable function f of a random real vector X = (X1,--- , X,)
of RP, p > 1. The response variable Y is a real-valued random variable defined

as

Y = f(X) +¢, (2.1)

where ¢ stands for a centered random variable independent of X and models the
variability of the response around its theoretical unknown value f. We denote by
Px the distribution law of X, which is unknown in our setting, and we assume
that X admits a density function px with respect to the Lebesgue measure on
RP. Note that Px is not necessarily a tensor product of univariate distributions
since the components of X may be correlated.

Further, we suppose that f € L%(RP, B(RP), Px), where B(RP) denotes the
Borel set of RP. The Hilbert space L2 (RP, B(RP), Px) is denoted by L%, for which

we use the inner product (-,-), and the norm ||-|| as follows,

(hg) = / h(x)g(x)pxdx = E(h(X)g(X))
1% = (b by = E(W(X)?), Vh.g € L3,

Here, E(-) stands for the expected value. Further, V(-) = E[(- — E(-))?] denotes
the variance, and Cov(-, %) = E[(- — E(:))(x — E(x))] the covariance.

For any 1 < ¢ < p, we denote by Px, the marginal distribution of X; and
extend naturally the former notation to L% (R, B(R), Px,) := L]%M.

2.2 The generalized Hoeffding decomposition
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Let us denote [1: k] :=={1,2,--- ,k}, with £ € N*, and let S be the collection
of all subsets of [1 : p]. We also define S* := S\ {0}. For u € S, the subvector
X, of X is defined as X,, := (X;);ey. Conventionally, for u = 0, X,, = 1. The
marginal distribution (resp. density) of X, is denoted Px, (resp. px,,).

A functional ANOVA decomposition consists in expanding f as a sum of

increasing dimension functions,

FX) = fo+ 220 filXa) + 2 cicjep i (Xa Xg) 4 4 fr p(X)
= ZueSfu(XU)7

where fj is a constant term, f;, ¢ € [1 : p| are the main effects, fij, fijr, -,

(2.2)

i,j,k € [1 : p| are the interaction effects, and the last component fi ... , is the
residual.

Decomposition (2.2) is generally not unique. However, under mild assump-
tions on the joint density px (see Assumptions (C.1) and (C.2) in Chastaing,
Gamboa and Prieur (2012)), the decomposition is unique under some additional
orthogonality assumptions.

More precisely, let us introduce Hy = Hg the set of constant functions, and
for all w € S*, H, := L4(R% B(R"), Px,). Then we define H), u € S\ 0 as
follows:

HY = {hy € Hy, (hy,hy)=0,Yv Cu,¥ h, € H)},

where C denotes the strict inclusion.

Definition 1 (Hierarchical Orthogonal Functional Decomposition - HOFD). Un-
der Assumption (C.1) and (C.2) in Chastaing, Gamboa and Prieur (2012), the

decomposition (2.2) is unique as soon as we assume f, € HY for all u € S.

Remark 1. The components of the HOFD (2.2) are referred as hierarchically
orthogonal, that is (fu, fv) =0 Vv C u.

To get more details on the HOFD, the reader is referred to Hooker (2007);
Chastaing, Gamboa and Prieur (2012). In this paper, we are interested in es-
timating the summands in (2.2). As underlined in Huang (1998), estimating
all components of (2.2) suffers from a curse of dimensionality, leading to an in-
tractable problem in practice. To bypass this issue, we assume further along the
article (without loss of generality) that f is centered, so that fy = 0 and suppose
that f is well approximated by
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f(X) = Z fu(Xu)7 d<p (2'3)

uesS*
lu|<d

We thus assume that interactions of order > d+1 can be neglected. But even
by choosing d = 2, the number of components in (2.3) can become prohibitive if
the number of inputs p is high. We therefore are interested by estimation proce-
dures under sparse assumptions when the number of variables p is large.

In the next section, we remind the procedure to identify components of (2.3).
Through this strategy, we highlight the curse of dimensionality when p is getting

large, and we propose to use a greedy LLo-boosting to tackle this issue.

2.3 Practical determination of the Sparse HOFD

General description of the procedure

We propose in this section a Two-Steps estimation procedure to identify
the components in (2.3): the first one is a simplified version of the Hierarchical
Orthogonal Gram-Schmidt (HOGS) procedure developed in Chastaing, Gamboa
and Prieur (2013), and the second consists of a Lo-boosting algorithm (see e.g.
Friedman (2001); Bithlmann (2006)). The specificity of our new Lg-boosting
algorithm is that it is based on a random dictionary and then falls into the
framework of sparse recovery problem with error in the variables.

To lead this two-steps procedure, we assume that we observe two independent
and identically distributed samples (y",X");=1,... n, and (y°,x%)s=1,... n, from the
distribution of (Y, X) (the initial sample can be splitted in such two samples). We
define the empirical inner product (-, -),, and the empirical norm |||, associated

to a n-sample as

(g = = S RO)GG), ], = (B )
s=1

Also, for u = (uy,--- ,u;) € S, we define the multi-index 1y, = (Ly,, - , 1y, ) € N
We use the notation Span {B} to define the set of all finite linear combination of
elements of B, also called the linear span of B.

Step 1 and Step 2 of our sparse HOFD procedure will be described in details

further below.
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Remark 2. In the following, we assume that d = 2 in (2.3). The procedure could
be extended to any higher order approxzimation, but we think that the description
of the methodology for d = 2 helps for a better understanding. We thus have

chosen to only describe this situation for the sake of clarity.

Step 1: Hierarchically Orthogonal Gram-Schmidt procedure
For each i € [1 : p|, let {\I/ii, l; € N} denote an orthonormal basis of
H; = L*(R,B(R), Px,). For L € N* for i # j € [1 : p], we set

Hé; = Span {1} and HZL = Span{l,zp%,--- ,1/12},
as well as
HE = span {Lyt, -+ vi, el ulvi ol v el ).
We define HY ’0, the approximation of H?, as
g ={h, € HY, (hy,hy) =0,YV v Cu,¥ hy, € HF'},
The recursive procedure below aims at constructing a basis of H ZL ¥ and a basis

of Hi?’o for any ¢ # j € [1: p].

Initialization For any 1 < i < p, define gb%l = W%i, l; € [1: L]. Then, thanks to
the orthogonality of {\Iffz , l; € N}, we get HiL’0 := Span {gb’l, e qS’L} .

Second order interactions Let u = {i,j}, withi # 5 € [1: p|. As the dimension
of Hé is equal to L? 4+ 2L + 1, and that the approximation space H 5’0 is subject
to 2L + 1 constraints, its dimension is then equal to L?. We want to construct
a basis for H 5’0, which satisfies the hierarchical orthogonal constraints. We are
looking for such a basis of the form:

O, (X0 Xj) = 6], (Xi) x ¢ (X5) + 24y Mgy, S (X)

SANCA (2.4)
+ 2 k=1 Xy, P (X5) + Gy,

with l,’j = (li,lj) € [1 : L]Q.
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The constants (Cy,;, ()\ihlij)ﬁzl’ ()\i7lij)£:1) are determined by resolving the fol-

lowing constraints:

<¢l” k) =0, Vke[l:I]
((ﬁl” ¢y =0, Vkel[l:L] (2.5)
<¢lij’ >:

We first solve the linear system:

A \bii — plig. (2.6)
3 E(D,1®;) E(®;!P, . .
where A% = ( ) ( J) , with (®;)r = ¢}, and ((I)j)k = ¢‘/7§ for
E(®;'®;) E(®;'®))
RellsL] Also, A% = (X, o Ny My o Mg, )h

DZJ - (<¢l ‘Z]?¢Yi> <¢;z X gja¢ll,> <¢;Z X ¢jja¢j1> <¢;Z X 'Z],gb‘i)) t.
As shown in Chastaing, Gamboa and Prieur (2013), A% is a definite positive
Cramian matrix and (2.6) admits a unique solution in A%, Next, C1,; is deduced
with

L
Cl,; = [qbl ® ¢l (Xi, X;) Z A 19 Z Ai,liqui(Xj)} - 27
k=1

Higher interactions This construction can be extended to any |u| > 3. We
refer the interested reader to Chastaing, Gamboa and Prieur (2013). Just note
that the dimension of the approximation space HE i given by L, = LI", where

|u| denotes the cardinality of w.

Empirical procedure Algorithm 1 below proposes an empirical version of the
HOGS procedure. It consists in substituting the inner product (-,-) by its em-

pirical version (,-),, obtained with the first data set (y",X")r=1,... n,
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Algorithm 1: Empirical HOFD (EHOFD)

Input: Orthonormal system ((blii)lLi:O of H;, i € [1: pl, i.i.d. observations
O1:= (Y, X")p=1,... n, of (2.1), threshold |tz |
Initialization: for any i € [1: p] and [; € [1 : L], define first QAS;Z = QS;Z

e For any u such that 2 < |u| < |umaz|, write the matrix (AZ,) as well as

(ﬁi}f ) obtained using the former expressions with (-, ), .

e Solve (2.6) with the empirical inner product (-, -),, and compute (Xi;f)
e Compute C’Z; by using Equation (2.7) and (S\i:f)

e The empirical version of the basis given by (2.4) is then:

Vu € [2 : ’umaxu ﬁ£707n1 = Span {(gf,np e 7&%1“711} , where L, = Llu .

Step 2: Greedy selection of Sparse HOFD

Each component f,, of the HOFD defined in Definition 1 is a projection onto
HY. Since, for u € S*, the space HEO™ well approximates H?, it is then natural
to approximate f by:

fx) = f(x) = Z fu(xu), with fu(x,) = Zﬁluu(ﬂu,m (Xu),
ly

ueS*
lu|<d

where I, is the multi-index I, = (I;)icy € [1 : L]/, For the sake of clarity (since
there is no ambiguity), we will omit the summation support of I,, in the sequel.
Now, we consider the second sample (y*,x*)s=1,... n, and we aim to recover
the unknown coefficients (ﬁluu)lu,\uISd on the regression problem,

ys:f_(xs)+85’ 521""5”2-

. . d
However, the number of coefficients is equal to >, _; (Z) LF. When p gets
large, the usual least-squares estimator is not adapted to estimate the coefficients

(B, )tuu- We then use the penalized regression,

A 1 &2 . 2
(3.) € Argmin = 3 [zﬁ— 3 Zﬂfﬁu,m(xz)} EAT(BL B,

n
6luu€R 2 s=1 ueS* Iy
[u|<d
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where J(-) is the {yp-penalty, i.e.

J(ﬁll""’ﬁluu""): E : E :]l(ﬁluu#o)
UES* Iy
EY

Of course, such an optimisation procedure is not tractable and we instead
consider the relaxed La-boosting (see e.g. Friedman (2001)) to solve this penal-
ized problem. Mimicking the notation of Temlyakov (2000); Champion, Cierco-
Ayrolles, Gadat and Vignes (2013), we define the dictionary D of functions as

a1 A1 . .
D={0] e Ohmys s Bt O s b

The quantity G (f) denotes the approximation of f at step k, as a linear com-
bination of elements of D. At the end of the algorithm, the estimation of f is
denoted f . The LLo-boosting is described in Algorithm 2.

Algorithm 2: The Lo-boosting

Input: Observations Oy := (y*,%X*)s=1,... n,, shrinkage parameters
v €]0,1] and number of iterations k,;, € N*.

Initialization: Go(f) = 0.

for k=1 to k), do

1. Select é;"“ n, € D such that
’Uk7

|<Y - Gk—l(f), ngjk,n1>n2| = nax |<Y - Gk—l(f), ggiiu,n1>n2|'
¢ru,nleD

2. Compute the new approximation of f as

Gi(f) = Gra(F) + 9 = Goor (1) 0%, Jna DL, -

end

Output: f = Gy, (f)-

For any step k, Algorithm 2 selects a function from D wich provides a suffi-
cient information on the residual Y — Gj_1(f). The shrinkage parameter + is the
standard step-length parameter of the boosting algorithm. It actually smoothly
inserts the next predictor in the model, making possible a refinement of the

greedy algorithm, and may statistically guarantees its convergence rate.

(2.8)
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Remark 3. In a deterministic setting, the shrinkage parameter is not really
useful and may be set to 1 (see Temlyakov (2000) for further details). It is

indeed useful from a practical point of view to smooth the boosting iterations.

An algorithm for our new sparse HOFD procedure
Algorithm 3 below provides now a simplified description of our sparse HOFD

procedure, whose steps have been described further above.

Algorithm 3: Greedy Hierarchically Orthogonal Functional Decomposition

Input: Orthonormal system (\I” )l _o of L*(R,B(R), Py,), i € [1 : p], i.id.
observations O := (y/,x%);-1_, of (2.1)
Initialization: Split O in a partition O; U Oy of size (ny,ng).
e For any u € S, use Step 1 with observations O; to construct the
approximation HL O, — = Span {éllt,m’ e ,(ﬁQL‘u,m} of qu’o (see Algorithm

1).
e Use an Ls-boosting algorithm on Oy with the random dictionary

D= {gz@im, e ngblL’m, e ,gz@qlﬂm, e ,gz@%mnl, -++} to obtain the Sparse
Hierarchically Orthogonal Decomposition (see Algorithm 2).

We now obtain a strategy to estimate the components of the decomposition
(2.3) in a high-dimensional paradigm. We aim to show that the obtained estima-
tors are consistent, and that the Two-Steps procedure (summarized in Algorithm
3) is numerically convincing. The next section is devoted to the asymptotic prop-

erties of the estimators.

3. Consistency of the estimator

In this section, we study the asymptotic properties of the estimator f ob-
tained from the Algorithm 3 described in Section 2. To this end, we restrict
our study to the case of d = 2 and assume that f is well approximated by first
and second order interaction components. Hence, the observed signal Y may be

represented as

Y= > 8%, (Xu) +e, E(e) =0, E(e%) =0,
UES* lu
[ul<2
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where 8% = (ﬁ;:o)lu,u is the true parameter, and the functions (¢} )i,, |u[ < 2
are constructed according to the HOFD described in the paragraph . We assume
that we have in hand a n-sample of observations, divided into two samples O
and O. Samples in O (resp. in Oz) of size n; = n/2 (resp. of size nyg = n/2)
are used for the construction of (q@}‘mm)lwu described in Algorithm 1 (resp. for
the Lo-boosting Algorithm 2 to estimate (8 )1,,.u)-

The goal of this section is to study the consistency of f = Gy, (f) when
the sample size n tends to infinity. Its objective is also to determine an optimal

number of steps k, to get a consistent estimator from Algorithm 2.

3.1 Assumptions

We first briefly recall some notation: for any sequences (ay)n>0, (bn)n>0, We
write a, = n—)C—)‘,- oo(bn) when a,, /b, is a bounded sequence for n large enough.
Now, for any random sequence (X,)n>0, Xn = Op(ay) means that | X, /a,]| is
bounded in probability.

We have chosen to present our assumptions in three parts to deal with the

dimension, the noise and the sparseness of the entries.

Bounded Assumptions (Hy) The first set of hypotheses matches with the
bounded case and is adapted to the special situation of bounded support for
the random variable X, for instance when each X; follows a uniform law on a
compact set K; C K where K is a compact set of R independent of j € [1 : p|. It

is refered as (Hyp,) in the sequel and corresponds to the following three conditions.

(Hy) M = sup ey [0, (X)|| < +o0,
LE[1:L)

(H2) The number of variables p,, satisfies

pn= O (exp(Cn'%)), where 0 < ¢ <1 and C > 0.

n—+oo
(Hg’ﬂ) The Gram matrices A% introduced in (2.6) satisfies:
3C >0 V(i,5) €[1:pn)? det(AY) > Cn~?,

where det denotes the determinant of a matrix.
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Roughly speaking, this will be the favorable situation from a technical point
of view since it will be possible to apply a Matrix Hoeffding’s type Inequality. It
may be possible to slightly relax such an hypothesis using a sub-exponential tail
argument. For the sake of simplicity, we have chosen to only restrict our work to
the settings of (Hy,).

Whatever the joint law of the random variables (X1,..., X)) is, it is always
possible to build an orthonormal basis (¢fi)1§li§ 1, from a bounded (frequency
truncated) Fourier basis and thus (H{,) is not so restrictive in practice.

Assumption (H%) copes with the high dimensional situation. The number
of variables p,, can grow exponentially fast with the number of observations n.

Note that Hypothesis (Hi’ﬁ) stands for a lower bound of the determinant
of the Gram matrices involved in the HOFD. It is shown in Chastaing, Gamboa
and Prieur (2013) that each of these Gram matrices are invertible and thus
each det(AY) are positive. Nevertheless, if ¥ = 0, this hypothesis assume that
such an invertibility is uniform over all choices of tensor (i,7). This hypothesis
may be too strong for a large number of variables p, — +oo when ¢ = 0.
However, when 9 > 0, Hypothesis (Hg’ﬂ) drastically relax the case ¥ = 0 and
becomes very weak. It will be satisfied in many of our numerical examples. In
the sequel, the parameters ¥ and £ will be related each other and we will obtain
a consistency result of the sparse HOFD up to the condition ¥ < &/2. This

constraint implicitely limits the size of p, since logp, = O (n'7%).
n—-+o0o

Noise Assumption (H.,) We will assume the noise measurement ¢ to get
some bounded moments of sufficiently high order, which is true for Gaussian

or bounded noise. This assumption is given by

(H. q) E(|g|?) < 00, for one g € R,.

Sparsity Assumption (Hg) The last assumption concerns the sparse represen-
tation of the unknown signal described by Y in the basis (¢}, (Xy))u. Such an
hypothesis will be usefull to assess the statistical performance of the Lo-boosting
and will be refered as (Hg) in the sequel. It is legitimate by our high dimension

setting and our motivation to identify the main interactions X,,.
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(Hg) The true parameter 3° satisfies uniformly with n

180 = >

UES™ Iy
lul<d

51:0 < 00

It is possible to relax this former condition and let ||3° ;1 growing to 4-oc
as n — 4o00. The price to pay to face such a situation is then a more restrictive
condition on the number of variables p,,. We refer to Bithlmann (2006) for a short
discussion on a related problem and will only consider the situation described by

(Hs) for the sake of simplicity.

3.2 Main results
We first provide our main result on the efficiency of the EHOFD (Algorithm

1).
Theorem 1. Assume that (Hyp) holds with & (resp. ) given by (HE) (resp.
(Hf’)’ﬂ)). Then, if ¥ < £/2, the sequence of estimators (qgi‘um)u satisfies:

— Guo = Op(n?¢12).

Tu u
sup H¢lu,n1 - 9L,
ueS*,|ul<d

The proof of this Theorem is deferred to the Appendix section. Our second
main result concerns the La-boosting which recovers the unknown f up to a
preprocessing estimation of ((;Aﬁi‘u nl)l’uvu on a first sample O;. Such a result is

satisfied provided the sparsity Assumptions (Hg). We assume that

Y = f(X)+e, = > > 8%, (Xu) € HY,

UES* lu
ul<d

where 8% = (ﬁlu;o)lu,u is the true parameter that expands f.

Theorem 2 (Consistency of the Lo-boosting). Consider an estimation f of
f from an i.i.d. n-sample broken up into O1 U Q. Assume that functions
((%Lu,m)lu,u are estimated from the first sample Oy under (Hyp) with 9 < £/2.
Then, f is defined by (6.13) of Algorithm 2 on Oz as

F(X) =G, (f), with f= > ¢ , (Xu)

ueS* Iy
[ul<d
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If we assume that (Hg) and (H. o) are satisfied with ¢ > 4/€, then there exists a
sequence k;,, := Clogn, with C < (§/2 —19)/(2 -log3) such that

[F=wil LO,when n — 400.

We briefly describe the proof and postpone the technical details to the Ap-

pendix section.

Sketch of Proof of Theorem 2. Mimicking the scheme of Biithlmann (2006) and Cham-
pion, Cierco-Ayrolles, Gadat and Vignes (2013), the proof first consists in defin-
ing the theoretical residual of Algorithm 2 at step k as

Re(f) = F—Gi())

) o . 3.1
= G () =AY = Gooa (). B a1, (3.1)

VY

Further, following the work of Champion, Cierco-Ayrolles, Gadat and Vignes
(2013), we introduce a phantom residual in order to reproduce the behaviour of
a deterministic boosting, studied in Temlyakov (2000). This phantom algorithm
is the theoretical LLo-boosting, performed using the randomly chosen elements of
the dictionary by Equations (2.8) and (6.13), but updated using the deterministic
inner product. The phantom residuals Rk( f), k>0, are defined as follows,

{ Ro(h) = T o)

Ri(f) = Rie—1(f) — v(Rk—1(f), @?fkm)éﬁfk,m,
where QASZ’; n, has been selected with Equation (2.8) of Algorithm 2. The aim

is to decompose the quantity

f — f H to introduce the theoretical residuals and

the phantom ones,

|7 =7l = |lem D = 7| < |7 = 7|+ |[Bra (D) = B (|| + | B (D) 33)

We then have to show that each term of the right-hand side of (3.3) converges

towards zero in probability. O

4. Numerical Applications
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In this section, we are interested by the numerical efficiency of the Two-Steps
procedure given in Section 2, and we primarily focus on the practical use of the
HOFD through sensitivity analysis (SA). The goal of SA is to identify and to rank
the input variables that drive the uncertainty of the model output. For further
details, the reader may refer to Saltelli, Chan and Scott (2000); Cacuci, Ionescu-
Bujor and Navon (2005). Therefore, the HOFD presented in Paragraph 2.2 is of
great interest, because it may be used to decompose the global variance of the
model. Here, as each HOFD is subject to hierarchical orthogonality constraints

given in Definition 1, we obtain that

V)= 3 VXD + Y CovlfulXa), fulX,)

ueS* uNvF£u,v

Therefore, to measure the contribution of X,,, for |u| > 1, in terms of variability

in the model, it is then quite natural to define a sensitivity index .5, as follows,

. V(fu(Xu)) + Zumwéum Cov (fu(Xu), fu(Xv))
B V(Y) '

Su

This definition is given and discussed in Chastaing, Gamboa and Prieur (2012).
In practice, once we have applied the procedure described in Algorithm 3 to get
(fu, fv, uNv # u,v), it is straightforward to deduce the empirical estimation of
Sy, for all w. In the following, we are mostly interested by the estimation of the

first and second order sensitivity indices (i.e. S; and S;j, 4,7 € [1 : p]).

4.1 Description

We end the work with a short simulation study and we are primarily in-
terested by the performance of the greedy selection algorithm for the prediction
of generalized sensitivity indices. As the estimation of these indices consists in
estimating the summands of the generalized functional ANOVA decomposition
(called HOFD), we start by constructing a hierarchically orthogonal system of
functions to approximate the components. As pointed above (see Assumption
(Hi’ﬁ) in Theorem 1 and 2), the invertibility of each linear system plays an im-
portant role in our theoretical study. We hence have measured for each situation

the degeneracy of involved matrices given by
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d(A) = inf det(AY).
i.7€[1:p]

Then, we use a variable selection method to select a sparse number of pre-
dictors. The goal is to numerically compare three variable selection methods:
the Lo-boosting, the Forward-Backward greedy algorithm (refered as FoBa in
the sequel), and the Lasso estimator. As pointed above, we have in hand a n-
sample of i.i.d. observations (y°,x*)s=1 ..., broken up into two samples of size
ny = ny = n/2. The first sample is used to construct the system of functions ac-
cording to Algorithm 1. Let us now briefly describe how we use the Lasso and the
FoBa. Each of the three selection methods aims to solve a generic minimization

problem

. 1 n2 R 2
(B, o € Argmin — 3 7 [ys -2 Zﬂmz,m(xz)} AL Bl ),
i ek 2 ues
lul<d

s=1

4.2 Feature selection Algorithms

FoBa procedure The FoBa algorithm, as well as the [Lo-boosting, uses a greedy

exploration to minimize the previous criterion when J(+) is a ¢y penalty, i.e.

T, B ) = )0 ) 1B, #0).
UES* lu
u|<d

This algorithm is an iterative scheme that sequentially selects or deletes an ele-
ment of D that has the least impact on the fit, i.e. that significantly reduces the
model residual. This algorithm is described in Zhang (2011), and exploited for
HOFD in Chastaing, Gamboa and Prieur (2013). We refer to these references for
a deeper description of this algorithm. This procedure depends on two shrinkage
parameters € and 6. The parameter € is the stopping criterion, that predefines
if a large number of predictors is going to be introduced in the model. The sec-
ond parameter, § €]0, 1] offers a flexibility in the backward step, as it allows the
algorithm to smoothly eliminate at each step a predictor.

In our numerical experiments, we have found a well suited behaviour of the
FoBa procedure with € = 1072 and § = 1/2.
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Calibration of the Boosting We have set 7 = 0.7 since it has been previously
reported in Champion, Cierco-Ayrolles, Gadat and Vignes (2013) that it was
a suitable value for high dimensional regression. As we do not know a priori
the optimal value for k,p,, we use a C,-Mallows type criterion to fix the optimal
number of iterations. We follow the recommendations of Efron, Hastie, Johnstone
and Tibshirani (2004) to select the best solution in the LARS algorithm. First,
we define a large number of iterations, say K. For each step k € {1,--- , K}, the
boosting algorithm computes an estimation of the solution ,B(k:) From this, we

compute the following quantity,

2

1 & . .
E]I?oost _ E Z |:y5 _ Z Iﬁz‘u(k‘)gb?wnl (Xi) —no + 2]{3,
s=1 éfuﬂu €D

where the implied set of functions qgi‘um have been selected through the first
k steps of the algorithm. At last, we choose the optimal number of selected
functions l;:up such that
kup = Argmin E2°oSt,
k=1, K

Lasso algorithm As the ¢, strategy is very difficult to handle and may suffer
from a lack of robustness, the ¢y penalty is often replaced by the A x ¢; one,
that yield to the Lasso estimator for a given penalization parameter A > 0. A
numerical way to solve it is to use the LARS regression, described in Efron,
Hastie, Johnstone and Tibshirani (2004) and we refer to this standard reference
for a sharp description of this procedure.

Admitting that for a given A > 0, the Lasso regression admits a unique solu-
tion, as described in Tibshirani (1996), Efron, Hastie, Johnstone and Tibshirani
(2004) show that the estimated solution with LARS coincide with the theoretical
regularization path B()\) The LARS algorithm performs the Lasso regression by
offering a set of solutions {B(A), A € R*}. However, the "best” A must be de-
termined to only obtain one solution. In this view, we consider here the criterion
defined in Efron, Hastie, Johnstone and Tibshirani (2004). At each step k of the

algorithm, the following quantity is computed,

— ng + 2k

mhs = | - xB0w)|
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where Aj is the regularization parameter of the kth step. The optimal
A= )\(/2:) is selected such that k = Argmin,, E,I;ars and we keep for the Lasso
estimator ().

4.3 Data sets
Each experiment on each data set has been randomly reproduced 50 times

to compute the Monte-Carlo errors.

First Data set: the Ishigami function Well known in sensitivity analysis, the

analytical form of the Ishigami model is given by,
Y =sin(X;) + asin?(Xs) 4 bX3 sin(X1),

where we set @ = 7 and b = 0.1, and where it is assumed that the inputs are

independent. In the numerical experience, we consider the following cases.

1. For all i = 1,2, 3, the inputs are uniformly distributed on [—7, 7]. We choose
n = 300 observations, with the first 8 Legendre basis functions (L = 8).

2. For all © = 1,2,3, the inputs are uniformly distributed on [—m,7]. We

choose n = 300 observations, with the first 8 Fourier basis functions.

Each time, the number of predictors is m, = pL + (72’) L? =408 > n.

Second Data set: the g-Sobol function This function is referred in Saltelli,
Chan and Scott (2000), and is given by

4X; — 2| + a;
Y = ; >0
H 1+ a y a4 = U,
where the inputs X; are independent and uniformly distributed over [0,1]. The

analytical Sobol indices are given by

1 1 !
SuZEHDia Dz‘ZiiQ, D:il:[l(Di+1)—17Vu§[1iP]-
Here, we give a = (0,1,4.5,9,99,99,99,99,99,99). For the construction of the

hierarchical basis functions, we choose the first 5 Legendre polynomials (L = 5).
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The ANOVA representation is approximated by first and second order interac-
tion effects, i.e. d = 2. We use n = 700 evaluations of the model and the number

of predictors m,, = pL + (’2’) L? = 1175, which clearly exceeds the sample size n.

4.4 The tank pressure model

This real case study concerns a shell closed by a cap and subject to an
internal pressure. Figure 4.1 illustrates a simulation of tank distortion. We are
interested in the von Mises stress, detailed in von Mises (1913) on the point
y labelled in Figure 4.1. The von Mises stress allows for predicting material
yielding which occurs when it reaches the material yield strength. The selected
point y corresponds to the point for which the von Mises stress is maximal in the
tank. Therefore, we want to prevent the tank from material damage induced by
plastic deformations. To offer a large panel of tanks able to resist to the internal
pressure, a manufacturer wants to know the most contributive parameters to the
von Mises criterion variability. In the model we propose, the von Mises criterion
depends on three geometrical parameters: the shell internal radius (Rj,), the
shell thickness (Tsperr), and the cap thickness (T4,). It also depends on five
physical parameters concerning the Young’s modulus (Egpe; and Ecqp) and the
yield strength (o shenr and oy cqp) of the shell and the cap. The last parameter
is the internal pressure (Pj,;) applied to the shell. The system is modelized by a
2D finite elements code ASTER. In table 4.1, we give the input distributions.
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Inputs Distribution
Rint u([18007 2200])7 ’Y(Rintv Tshell) =0.85
Tshell Z/[([360, 440])7 V(Tshell, Tcap> =0.3
Tcap u([1807 220])7 ’Y(Tcagn Rznt) =0.3
Beap QN (%) + (1 - )N (1, )
210 350 0 175 81
Oy,cap o = 002, n= , >y = , O =
500 0 29 81 417
Esheu aN (1, 2) + (1 — a)N (1, Q)
70 117 0 58 37
Oy,shett | @ =0.02, pp = , 3= L Q=
300 0 500 37 250
Pint N(80,10)

Table 4.1: Description of inputs of the shell model

Figure 4.1: Tank distortion at point y

The geometrical parameters are uniformly distributed because of the large

choice left for the tank building. The correlation vy between the geometrical pa-

21
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rameters is induced by the constraints of manufacturing processes. The physical
inputs are normally distributed and their uncertainty are due to the manufactur-
ing process and the properties of the elementary constituents variabilities. The
large variability of P;,; in the model corresponds to the different internal pressure
values which could be applied to the shell by the user.

To measure the contribution of the correlated inputs to the output variability, we
estimate the generalized sensitivity indices. We proceed to n = 1000 simulations.
We use the first Hermite basis functions whose maximum degree is 5 for every

parameters.

4.5 Results

We consider both the estimation of the sensitivity indices, the ability to select
the good representation of the different signals, and the computation time needed
to obtain the sparse representation. ”Greedy” refers to the Foba procedure as
well as "LARS” refers to the Lasso resolution, and we refer to our method as

”Boosting”.

Sensitivity estimation Figures 4.2 and 4.3 provide the dispersion of the sensi-
tivity indices estimated by our three methods on the Ishigami function. We can
see that the three methods behave well with the two basis. Note that handling
the Fourier basis is, as expected, more suitable for the Ishigami function than
the Legendre basis (see the sensitivity index S3 in Figures 4.2 and 4.3). We can
also draw similar conclusions with Figure 4.4, where the three methods yields the
same conclusion. Note also that the standard deviations of each method seem
quite equivalent.

At last, as pointed by Figure 4.5, the most contributive parameter to the
von Mises criterion variability is the internal pressure P;,;, which is not surpris-
ing. Concerning now the geometric characteristics, the three methods exhibit as
main parameters the cap thickness T¢,, and the shell thickness Tip¢; using their

expensive code although the shell internal radius does not seem so important.

Computation time and accuracy We enumerate in Table 4.2 the performances

of the three methods, according to their computational cost, and accuracy of the
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Sensitivity indices
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Figure 4.2: Representation of the first-order components on the First Data set (Ishigami

function) described through the Fourier basis

Quantiles
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Figure 4.3: Representation of the first-order components on the First Data set (Ishigami

function) described through the Legendre basis
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Greedy Boosting LARS
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Figure 4.4: Representation of the first-order components on the Second Data set (g-Sobol

function)
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Figure 4.5: Dispersion of the first order sensitivity indices of the tank model parameters
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feature selection.

Data set Procedure B Elapsed Time (in sec.)
0
Ishigami Lo-boosting 19 0.0941
function FoBa 21 2.2917
Case 1 LARS 50 53.03
Ishigami Lo-boosting 15 0.0884
function FoBa 12 1.0752
Case 2 LARS 45 23.2062
Lo-boosting | 7.4 1.0620
g-Sobol
. FoBa 4.7 2.9195
function
LARS 103
Tank Lo-boosting 10 0.0266
pressure FoBa 22 0.3741
model LARS 10 0.1756

Table 4.2: Features of the three algorithms

It clearly appears in Table 4.2 that our proposed LLo-boosting is the fastest
method. Also, although we do not have access to the theoretical support recov-
ery ||B|ly, we notice that the Loy-boosting selects a small number of predictors,
and yet performs quite well through the applications. This presumes that the
LLo-boosting is more accurate, as it seems to make a good support recovery. The
FoBa procedure performances are also very good regarding their ability to ob-
tain a sparse representation and the fraction of additional time required by this
last algorithm in comparison with the Lo-boosting oscillates between two and
about ten, or so. At last, the LARS algorithm possesses a somewhat larger com-
putational cost although its performances on our several data sets were quite
disappointing.

Note that we have computed the maximal ”degeneracy” which is involved
in the resolution of the linear systems and quantified by Assumption (Hg’ﬂ) in
the column 2 of Table 4.3. In many cases, we obtain a significantly larger value
than 0. The third column of Table 4.3 shows the admissible size of the parameter
¥ and we can check that the number of variables p,, allowed by (HZ) and the
balance between £ and ¥ (£ should be greater than 29 in our theoretical results)

1-29

is not restrictive since n is always significantly greater than log(m,,) in Table
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4.3.
Data set Degeneracy d(A) | ¥ > % nt=2?Y log(my,)
Ishigami function Casel 0.6388 [0.0786,4+00] | 191.6106 | 6.0113
Ishigami function Casel 0.76 [0.0481, 400] | 228.0194 | 6.0113
g-Sobol function 0.9410 [0.0093, +00[ | 619.6967 | 7.0690
Polynomial function 0.2736 [0.2446, 400 14.9750 5.7991

Table 4.3: Degeneracy of the linear systems and admissible size of p,

5. Conclusions and Perspectives

This paper brings a rigorous framework for the hierarchically orthogonal
Gram-Schmidt procedure in a high-dimensional paradigm, when the greedy Ls-
boosting is used. It also appears that we obtain satisfying numerical results
through our three Data sets with a very low computational cost. From a math-
ematical point of view, assumption (H%)) presents a restrictive condition, and to
relax it would open a wider class of basis functions for applications. We let this
development open for a future work, which may rely either on a development of
a concentration inequality for unbounded random matrices or on a truncating

argument.
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6 Appendix
6.1 Notation and reminder

Let us first recall some standard notation on matricial norms. For any square
matrix M, its spectral radius p(M) will refer to the largest absolute value of the
elements of its spectrum:

M) = .
p(M) aé??(XM)‘O"

Moreover, ||M]|, is the euclidean endomorphism norm and is given by

M, := /p(M* M),

where M! is the transpose of M. Note that for self-adjoint matrices, [|M]|, =
p(M). At last, the Frobenius norm of M is given by

M| p = (Tr(M*M))"?.

6.2 Hoeffding ’s type Inequality for random bounded matrices For sake

of completeness, we quote here Theorem 1.3 of Tropp (2012).

Theorem 3 (Matrix Hoeffding: bounded case). Consider a finite sequence (Xj)1<kp<n
of independent random self-adjoint matrices with dimension d, and let (Ag)i1<k<n

a deterministic sequence of self-adjoint matrices. Assume that
Vi<k<n EX;, =0 and X,%jA% a.s.

Then, for allt >0

P <)\max <Z Xk> > t) < de*t2/8"2, where ol = | ZA%H
k=1

k=1

In our work, it is useless to use a more precise concentration inequality such
as the Bernstein one (see Theorem 6.1 of Tropp (2012)) since we do not consider
any asymptotic on L (the number of basis functions for each variables X7). Such
asymptotic setting is far beyond the scope of the paper and we let this problem
open for a future work.
6.3 Proof of Theorem 1

Consider any subset u = (uy,...,us) € S* with ¢ > 1 and remark that if
u={i}, i.e. t =1, and L > 1, we have seen in the Initialization of Algorithm 1
that

gglii,nl = gb;,’ v ll € [1 : L]’
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Therefore, we obviously have that sup ;1. H(bl n ¢l H = 0.
l;€[1:L]
Now, for t =2, let uw = {i,j}, with ¢ 753 € [1:p], and l;; = (I;,1;) € [1: L]?,

remind that (b;]  is defined as:
ij

L
(b;z.j(wiaxj) ¢l (i) x (bl ;) Z i; +Z)‘ k.l (bk ;) +Cl”7
k=
where (C,;, ()‘is,lij)k’ (A‘]Zf,lij)k;) are given as the solutions of:

(¢, d4) =0, Vkell:L]
(b, 01) =0, Vkell:L] (6.1)
ij —
(67 1) =
When removing Cy;, the resolution of (6.1) leads to the resolution of a linear

system of the type:
AV N\lii = plis (6.2)

. . t
: lij % i J J
with A% = (X - X g Xy oMy, ) and
o
<¢;Z X [ja¢11>

iod\ il :‘ ;
(@, o) (1, 91) (@ x ¢l i)

B B o o (81, x .. 81)
(0,010 - (oL, 91) )

(1, x 81,61

Consider now QAS;Z . which is decomposed on the dictionary as follows:

¥R
4 , Y 4 Y , .
(bl” n (TisT5) = @y (i) X ‘7%- () + Xk Ak dijin O (@) + Xk )‘i,lij,m $pli) + CZ}
where (C’Z;, (j\ifJ—i,j,nl)k’ (S‘i‘ li; n, Jk) are given as solutions of the following random
equalities:
(B Ghma =0, Vhe[1: L)
iy .
(¢! mm’(b Yni VEkel[l:L] (6.3)

< ;Zj7nl7 1>7L1 = O.
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When removing C’Z;, the resolution of (6.3) can also lead to the resolution

of a linear system of the type:

aos ol N»
AN =D (6.4)

s ~. . s t o >
where A7 = ( i ")‘ZL,l,-j,m)‘Jl,l,-j,m ”‘Ai7lij,n1> and Ay, (resp. D,7) are
obtained from A% (resp. D%3) by changing the theoretical inner product by its

empirical version.

Remark 4. Remark that A depends on (i,) as well as A% and D% depend
on (i,j) and lij, but we will deliberately omit these indexes in the sequel for
sake of convenience when no confusion is possible. For instance, when a couple
(i,7) is handled, we will frequently use the notation A, X, D, C, )\2,, )\i instead of
AV )\lij,DliJ',C'lij, };’lij and )\Zhlij' This will be also the case for the estimators
Am, 5\”1, ﬁnl , C’"l, 5\2”1 and 5\%”1 .

Then, the following useful lemma compares the two matrices flm and A.

Lemma 1. Under Assumption (Hy), and for any & given by (HZ), one has

T

1<i,j<pn 2
Proof. First consider one couple (7,7) and note that ‘Am —All = p(A,, —
A), since A,, — A is self-adjoint. To obtain a concentration inequality on the

matricial norm

‘Am — A‘ , we mainly use the results of Tropp (2012), which

give concentration inequalities for the largest eigenvalue of self-adjoint matrices

(see section ). Denote < the semi-definite order on self-adjoint matrices, which

is defined for all self-adjoint matrices My and My of size ¢ as:
M, < M,y iff YueRY, u'Miu < u'Msu.

Remark that A,, — A could be written as follows:

. 1 & Qi QY
Anl — A= n_l ; @r,ija @r,ij = (t@y @¥,]> s Vr S [1 : nl],

where, for all k,m € [1 : L], (@:‘}iz)k’m = gb;gl (xfl)gbi%(x;) - E[qbzl (Xl-l)gbf%(XiQ)]

with 41,4 € {4,j}. Since the observations (x"),=1 ... », are supposed to be inde-
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pendent, ©1;;, -+ ,0,,;; is a sequence of independent, random, centered, self-

adjoint matrices. Moreover, for all v € R*, all r € [1:nq],

2 2
w0 u = 1|0pi5ull < [lull 1017,

where

1©03511%

IN

(2L)2 (maxk,me[lzL} ’(er,ij)k,m‘)2

2

< (2L)? <maxk7me[1:L] |0y (27,) 03 (27,) — E[g)! (X, )92 (X )]I)
i1,i2€{i,j}

16L2M* by (HL).

IN

We then deduce that each element of the sum satisfies X 122 ;= 16L2M*1; >, where
I;2 denotes the identity matrix of size L?.

Applying now the Hoeffding’s type Inequality stated in Theorem 1.3 of Tropp
(2012) to our sequence Oy, ,Op, ij, with 02 = 16n;L2M*, we then obtain
that

1 & _()?
vi>0 Plp —Z@mj >t | <2Le s,
n1 r=1

Considering now the whole set of estimators flm, we obtain

1 & _(n11)?
Vi >0 P sup p _Z®r7ij >t < 2Lpie 507 ,
1<ij<pn \ ™M =
Now, we take t = yn~¢/2, where v > 0, and 0 < £ < 1 given in (H%) Then,
the following inequality holds:

R na1—E.2
Pl sup p (An1 - A) >n 82| < 2Lpie_1218L21;;4. (6.5)
1<i,j<pn
Since n; = n/2, and p, = (2_ (exp(Cn'~%)) by Assumption (H2), the right-
n——+00
hand side of the previous inequality becomes arbitrarily small for n sufficiently

large and v > 0 large enough. The end of the proof follows using Inequality
(6.5). O

A

Similarly, we can show that the estimated quantity D,, is not so far from
the theoretical D with high probability.
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Lemma 2. Under Assumptions (Hy), and for any & given by (HZ), one has

= Op(n~%?).

2

sup HDm - D
.J:lig

Proof. First consider one couple (7,j). We aim to apply another concentration

. Remark that anl — D|| can be written as:

2

inequality on Hf),l{f — Dl

2

Hf)m -D

2

. : . . . . 2
— (S (61 6 6hm — 01, x o0+
A o A S 2\ V2

S (10, x ¢ 6D, — < oD

< Y | Sk o, ()¢ (257 (27) = (8, x & Bh)| +
Sy | S 6 (e (g )elesm) — (6, x o, o)

Now, Bernstein’s Inequality (see Birgé and Massart (1998) for instance) implies

that, for all v > 0,

P (nf/2 Hf)nl

( UQZIC 1|ny Zn11¢l (@] (95 )b
(ﬂQZk Ll oL &) (7)) ¢y (90)05

’YQWI §
4L exXp < 8M6+M3’y/6n >7

22’)’) (z}) — (¢, X¢]7¢k> >'Y/2)
)

() = (&}, x &, 8h)| > /2

7
k
7
k

IN -+ A

which gives:

1 'anll*g

8 M6 + M3~ /6n,—¢/2
(6.6)

Now, since ny = n/2, Assumption (H%) implies that the right-hand side of

P (sup HDm DH =Ny 5/2> < AL x L?p exp <—
0,5,lij

Inequality (6.6) can also become arbitrarily small for n sufficiently large, which

concludes the proof. O

The next lemma then compares the estimated j\m with A.
Lemma 3. Under Assumptions (Hyp), we have when 9 < £/2,

sup p(n?=¢/?).

Zv]yl’LJ

ny
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Proof. Fix any couple (4, ), A and A,, satisfy Equations (6.2) and (6.4). Hence,

AAp, —AN) —AX,, = —-D=D, —D—-D,,
= (Dm - D) - AmAm
~ A(Am - A) = (Dm - D) + (A - Anl)}‘m
& Aoy — A = A YA-A,)A,] +A YD, — D),

since the matrix A is positive definite. It follows that

Ay = A=A A=A, ) Any =N+ AT A= Ay )X+ A7H(D,, — D),
and

(1 A4 Am)) Ay —A) =AY A— A, )A+ A (D, - D), (6.7

Remark that H‘flm = Op(n~¢?) by Lemma 1. Hence, with high

probability and for n large enough I— A~1(A — A,,,) is invertible, and Inequality

(6.7) can be rewritten as:
- - -1 - .
Anj — A= (1 —ANA- Am)) <A‘1(A — Ap ) A+ A YDy, — D)) .

We then deduce that,

[ -2, < (I—A—l(A—,me))*1
X <H‘A*1[A—Anl] 2 “1(D,, — D) )
g
x (|- Do —D| ).
(6.8)

A uniform bound for mA_l‘Hz (over all couples (7,7)) can be easily obtain

since A (and obviously A™!) is Hermitian.

-1 vy’ B
Jal < o ((47)7)

Simple algebra then yields
Tr (C’om(Ailj,)t)

P ((Ailjl>1) =Ir ((Ailj)l) T det(ATT) T det( Aw 2 Com(4™)

k=1:2L
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where Com(A%Y) is the cofactor matrix associated to AY. Now, recall the classical
inequality (that can be found in Bullen (1998)): for any symetric definite positive

matrix squared S of size Q X Q

Q

det(S) < [T ISel-

(=1
This last inequality applied to the determinant involved in Com(Ai/j /) k,k ASSOCi-
ated with (Hi) implies

Vk € [1: 2L ‘Com(Ai/j/)hk < [MZ)2LL

We then deduce from (Hg’ﬁ) that there exists a constant C' > 0 such that:

2LM4L72
< MAX( j)e[1:pn)? det(A73) (6.9)

< 207 1L MAL—2pY,

4~

2

Similarly, if we denote A,,, = A — A, , we have

Il
)
~—
—~
~
|
N
L
B>
3
SN—"
L
~—

‘H (1-aa-4,))

2

using the fact that A—A,,, is self-adjoint. We have seen that p(A~1) < 20~ LM*L—2p?

and Lemma 1 yields p (A,,) = Op(n~¢/?). As a consequence, we have

< (A Yp(A,,) = Op(n?=¢/?).
aespr(ﬁ%ﬁm)‘a’—p( )p (Any) = Op(n"7%/7)

At last, remark that

1 1—[1—a
max — = max _—
aesptiian) T=a] ~  acspioian) J1—af

We know that for n large enough, each absolute value of a € Sp(A~1A,,) be-
comes smaller than 1/2 with a probability tending to one. Hence, we have with
probability tending to one
1—11—¢f
T—al

< max ol < 20(ATA,,).

max <
a€Sp(A=1An,) 1 — «

a€Sp(A~1Ay,)
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Since p(A7'A,,) = Op(n?~¢/?), we deduce

sup
1,5,li4

(1-aA-4,))

<14 2LMY2C710p(n?=¢/%).  (6.10)

2

To conclude the proof, we can now apply the same argument as the one
used in Lemmas 1 and 2 with Bernstein’s Inequality, using Equations (6.9) and
(6.10). O

The last lemma finally compares the constant C™ with C.

Lemma 4. Under Assumptions (Hyp), we have:

sup ‘C’"l - C‘ = Op(n~%?).

27.]7l’bg
Proof. For any couple (i, j), remark that constants C™ and C satisfy:
C = —<¢;z X qﬁfj, 1) and cm = —<¢;Z X gb{j, Dp,-
If we denote

1 2L . . A .
Digaig = = > 41w )@ (") — (6, (X)o7, (X)),
r=1

we can apply again Bernstein’s Inequality on (¢}, (xf)(b{] (;"))r=1,-- m,. From

(H}), these independent random variables are bounded by M? and

—&/2 —£/2
P <,S%p ‘Aiijlij = yny ¢ ) = Z P <|Ai7jylij 2y ¢ )
bhbig 27.]7l’bg

N

Z ( 1 ,)/Znifg >
< 2exp | —=
= —£/2
i,j7lij 2 M4 + M27/3n1 ¢/
1 2, 1-¢
< 2L2pi exp [ —= T —52 | -
2 M4 4 M2y/3n,

Under Assumption (H%), the right-hand side of this inequality can be arbi-

trarly small for n large enough, which ends the proof. U

To finish the proof of Theorem 1, remark that:
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ij ij
¢l”7n1 B ¢ ij

lij

S (B — A + Theaih, = X0+ (C - o)
L

Z(km Ao k+z knl_)\] )or|| +

=1

IN

wlom =

o

1

Moreover,

. N 2
2= [ (SE W, = AL+ (W, = XD6L) P, (i) daida

L 2 L 2
- / (Z( - A’)%) xo(@s)de; + / (Z(Aim—xz@ px, (2;)dz;
k=1 k=1
I Ip)

L L A . . .
/ <Z k 1 >‘Z ¢k> (Z( ;c,nl - A%)‘Mﬁ) PX;,X; (mi’ xj)dxidxj .

k=1 k=1 .

Iy

Using the inequality 2ab < a? + b?, we thus deduce that I3 < I; + I, and
L= [Y5 1 anzl( b = M) Ny = N )4 () 8 (), () ey
= Sk e e ko —Ai)2 by orthonormality.

And the same equality is satisfied for Iy: [s = Zk 1( ko )\i)Q.

Consequently, we obtain

AR A V [Zho Oy = X2+ T (W, = 2] + [ = €
= V2| 2w = A|| +]Em-cl.
(6.11)
The end of the proof follows with Lemmas 3 and 4.
O

6.4 Proof of Theorem 2
We recall first that (,) denotes the theoretical inner product based on the

law Px (and ||| is the derived Hilbertian norm). A careful inspection of the
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Gram-Schmidt procedure used to build the HOFD shows that

M = sup |9, (Xu) |, < oo,
provided that (H}) holds.

Now, remark that the EHOFD is obtained through the first sample O which
determines the first empirical inner product (,),, although the L?-boosting de-
pends on the second sample O,. Indeed, Oy determines the second empirical
inner product (,),,. Hence, (,),, uses observations which are independent to the
ones used to build the HOFD.

We begin this section with a lemma which establishes that the estimated
functions q@}‘u’m (which result in the EHOFD) are bounded.

Lemma 5. Under Assumption (Hy), define

an ‘= sup HggiLu,nl (XU)

U,lq

o
Then, we have:

Ny, — M* = Op(n?=¢/?),

Proof. Using the decomposition of q@fu n, On the dictionary, Assumption (H%)
and Cauchy-Schwarz Inequality, there exists a fixed constant C' > 0 such that for
all u e S, ly:

Ve ERY 6, 0, () - 61, (@)] < CMVLY |

Ay = A+ |G -

The conclusion then follows using Lemmas 3 and 4. U

We now present a key lemma which compares the elements (¢} )i, . with its

estimated version ((;Aﬁfu oy M

Lemma 6. Assume that (Hp) holds with £ € (0,1), that the noise € satisfies
(Heq) with ¢ > 4/& and that (Hs) is fullfilled. Then, the following equalities
hold,

()
sup ‘<$7u7n17$;}v,n1> - <¢;Lu7 ¢;)v>’ = Cn,l = OP(nﬂ_g/Q)

U0k, Lo
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(i)
sup. (BE s 8 dms — (B, L] = Cuo = Op(n?~4/2)
(ii)
Slllpl |<6’ Qg?u,n1>n2| = Cn,3 = OP(n7£/2)
(iv)
Sup <'f7 éiﬁu,n1>n2 - <f:7 é?u7nl> - Cn,4 - OP(TL_g/Q)

Uyl ay

In the sequel, we will denote (, := max;c|g.4{Cn.i }-

37

Proof. Assertion (i) Let u,v € S, l,, € [1 : L]*l and 1,, € [1 : L)I’l. Then, we

have

(DF s Y ) — (L 07,

IN

|
|

and the conclusion holds applying Theorem 1.

(b;Lu ;N1 B (b;Lu

¢;Lu ;N1 B ¢;Lu

|6, ]| + Nl 1|
(|8, — 98,

Assertion (ii) We breakdown it in two parts:

IN

(DL s 8 dms — (B, 7.

< (B = O ) = (O E, = D)
(52}1,,111 B (b;)'v
+1) +|

< (Bt Bz — (Bl )

¢;)'v ;N1 o ¢;}v

1
| (Gt D1, = (01 01,)

11

Assertion (i) implies that,

sup |II| = Op(n?=¢/?).

XN 2N 2%

To control sup |I|, we use Bernstein’s inequality to the family of independent

Uy b,y

random variables <(5;Lu . (xi)é}’v - (Xf,)) and we denote
’ ? s=1...n9

1 & - - - A
Auyvyl’lL7l’U = ‘TL_Q Z qb;Lu,nl (XQSL)QS;}—U,nl (Xf}) - E(¢;Lu7n1 (Xu)gb;)«u,nl (XU))
s=1

)
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Then, Bernstein’s inequality implies that

P sup Ayuinils > 7n5£/2 < P sup Auuinils > vngg/z&Nm <M*+1
uvvvluvl’v uyvyluvl’v
+P | sup Ayytgly = ang/Q&Nm >M*+1
LTRON PP %
<

1 727121_5
64L"p), —=
Pp, €XP ( 9 (M* + 1)4 + (M* + 1)2,)//3”276/2)
+P (Np, > M*+1)
Lemma 5 and Assumption (HZ) allows for deducing (i1).
Assertion (7i7) The proof follows the roadmap of (i) of Lemma 1 of Biihlmann
(2006). We thus define the truncated variable &; for all s € [1 : ng],

s 68 lf |€S| S Kn
£ g
! sg(e) K, if [e%] > K,

where sg(e) denotes the sign of e. Then, for v > 0, we have:

)

<¢;Lu7n1 ’ €>n2

IN

P <ng/ 2sup

Uyl oy

P <7’Lg/281}p ‘<(£;Lu,n17€t>n2 — <(£;Lu,n17€t>‘ > ’)’/3)
u7 u
> 7/3)

+P (0§ sup (9,020 > 7/3>

Uyl ay

+P n§/2sup

U,lq

<¢;Au7nl b € — 5t>n2

= I+I1I1+111

Term I1: We can bound I using the following simple inclusion:

{ng/2sup ‘(g{bfu’m,eﬁm - <¢§;Lu,n1’5t>‘ > 7/3} C {there exists s such thate® — & # 0}

Uylay

= {there exists s such that |e®| > K,,}

Hence,

17

IN

P(some |°] > K,)
naP (| > Kp) < noK9E(le]?) = O (n!~%/%),

n—-+00

IN
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where ny = n/2 and we have chosen K, := né/* since ¢ > 4/¢ by Assumption of

the Lemma. Hence, I1 can become arbitrarily small.

Term [I: Using again Bernstein’s Inequality to the family of independent
random variables ((;Aﬁi‘u ny (X3)€7)s=1,-- n, and considering the two events {N,, >
M* +1} and {N,, < M* + 1}, we can also show that:

1 (v*/9)na' ¢
[<2L - P(Np, > M* +1),
= “HPn &P ( 2 (M + 130 + (M + D) jony 62 ) TP b

where 02 := E(|e|*). We can then make the right-hand side of the previous
inequality arbitrarily small owing to (H?) with K,, = né/?.
Term I11: by assumption, E(¢; (X, )e) = 0. We then have:

11 < P(né/zsgp@[(éfu,m—¢;;><Xu>atl\>v/6>+P(né/zsupiwu(xw(a—atm>w/6>
= I + I,
with,
1 = P {n§ s [BIG, , — ¢f,)(Xu)]| [B(e0)] > 7/6

< P (g sup |BIGH, , — ) %) [E (0] > /6

< .
- ]l{néﬂsgphﬁ[(w 61, ) (Xu)]|[E(en)|>7/6}

lu,nq
Moreover, one has
|E(et)] f‘x‘SKn xdP.(x) + f|$|>Kn sg(ac)KndPg(x)‘ = Mml>Kn(89($)Kn — x)dP.()
f]l\x\>Kn(Kn + |z[)d P ()
K, P-(|e| > Kp) + [ |2] ]1|m|>KndPa(ﬂU)

IN

IN

K ME(le') + E(62)1/2th/2E(|e|t)1/2 by the Tchebychev Inequality

IN

IN

O(KX ) + O(K, %) = o(K;,?)

n

(6.12)
since 0 < £ <1 and t > 4/¢ > 4. Then, set K,, = né/*, we obtain:

/% [0,y — 08| o] < 1§ 0(1)0(n52) = o),
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when o is the usual Landau notation of relative insignificance.

Hence, I11; = 0 for n large enough. For 1115, one has

<
Il < Tee *sup [Egf,, (Xu)(e—e0)][>7/6}

and, by independance,

|E[¢7,, (Xu)(e = e)]| = [Elep, (Xu)]| [E(e — )| < M™ [E(e — &)

Equation (6.12) then implies,

E(e — &)| = < o(K,?) =o(n"*/?)

/ (sg(x)K,, — x)dP.(x)
|z|>Kn

Thus, I11 is arbitrarily small for n and v large enough and (7i7) holds.
Assertion (iv) Remark that,

up {8, s = (. S| < N8 Nsup (6, 08, s — (68,0 )]|
u7 u

Uyl ay

Now, (Hg) and Bernstein’s Inequality implies

P<sup1<<z>a,<z3;;,m>m—<¢;;,¢3;;m> zmw) < P(Ny, > M +1)

U,lqy
1 727121_5
2 (M*+1)* + (M* 4+ 1)2v/3n,=¢/2 )

+2Lp, exp <—

which implies with Assumption (HZ) that:

Sup (0F, 3y Jna = (01, B, )

Uyl

= Op(n=¢/?).

O

The following lemma, similar to Lemma 2 from Biithlmann (2006), then holds:

Lemma 7. Under Assumptions (Hy), (Hz o) with ¢ > 4/§ and (Hy), there exists
a constant C' > 0 such that, on the set Q, = {w, |(,(w)| < 1/2}:

k
sup|(Y — Gk(f)?é?u,anQ - <Rk(f)’¢?u>‘ <C <§> Cn-

Uyl ay 2



L2-BOOSTING ON FANOVA FOR DEPENDENT INPUTS 41

Proof. Denote A, (k,u) = (Y —Gy(f), Qg?u,n1>"2 —(Ri(f), ¢p,). Assume first that
k=0,

sup| A, (0,u)] = Sgpl<K<l§i‘u,m>n2—<f,¢?u>|

Uylay

IN

+[(F = .0t

o+ F Bt — O

}

sup {|(F, 3ty na = (F 9, )

U,ylay

5D (2, 3, 1, s
Ul

< (34| f])¢n by (iii)-(iv) of Lemma 6 and Theorem 1

From the main document, we remind that

Gk( ) = Gk—l(f) + 'Y<Y - Gk—l(f), le >n2 ¢lu ni’ (6-13)
Ri(f) = [-Gi(f (6.14)
= f— Gr—1( _) — Y — Gr—1( _) ¢lu n1>n2 ¢luk ni .
and
Ro(f)=f
{ Fu(F) = () — 1B (b 0o . (019

From the recursive relations (6.13) and (6.15), for any k& > 0, we obtain:

Ank,u) = (Y = Gra(f) = WY = Goor (), 0% dna = 0% s Phiyiny )
—(Ri—1(f) = v(Ri-1(f), &} ,n1>¢7fk,nlv¢7u>
Ap(k—1,u)
—y (0 = GhalD) % ome = (R (F) 00 ) ) (D% s B s
I
oy (R (P g ) (B 08) = (0% s B )
11
+ Bt (), Gy = 1 N (OLE s 0L -

III

IN

On the one hand, using assertion (i7) of Lemma 6, and the Cauchy-Schwarz
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inequality (with Hqﬁ}‘uH = 1), it comes

sup[[| < sup{(dpF . L, )nalsuplAn(k — 1,u)]

Uyl Uyl Uyl
< (Sgpl<¢7jk,¢7u>l + Cn)sgplAn(k — 1, u)|
< (14 ¢u)suplAn(k —1,u)l.

U,y lay

Consider now the phantom residual, from its recursive relation, we can show

~ _ 112 ~ _ 112 ~ ~ _ 12
that [ Re(D)| = |[Bar(D| = 2@ = DB (D85 )% < | Rea ()] and
we deduce )

|n| < 1717 (6.16)
Then,
supl 7] < | R () UL, 5 81.) = (O s O
S Hf“sgp‘<(£?:k7nl7¢?u> <¢lu n17¢lu7n1>n2‘7
with
G0 00) = (08 B dral < UG Bl = (0101,
01 = B s L.

Using again assertion (i¢) from Lemma 6 and Theorem 1, we obtain the following
bound for II,

st;p|]f| < H]?H(Cn L _Qgﬁt,nl )
Uyl
< 2G| f]-
Finally, Theorem 1 gives
iljg!”ﬂ < i‘ﬁHRk 1 m Ol ‘ Ot ma || |11
< |71 G-

Our bounds on I, IT and III, and v < 1 yields on Q,, = {¢,, < 1/2} that

sup|A,(k,u)| < sup|A,(k—1,u)| + (1 4 §,)sup|An(k — 1, u)| + 3¢, Hf”

Uyl Uyl Uy

5 _
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A simple induction yields:

5 k - k—1 5 4
sup|An(k, u)| < <§> sup| 4, (0, w)| +3¢u [ £] (5)

Uyl (=

————
<G+ F])¢n

< (e <3+ 16 (1 +3g @_K)) ,

which ends the proof with C' = 3 + ||3°]| .1 (1 +3> 02, (%)_g)
U

We then aim at applying Theorem 2.1 from Champion, Cierco-Ayrolles, Ga-
dat and Vignes (2013) to the phantom residuals (Ry(f))r. Using the notation
of Champion, Cierco-Ayrolles, Gadat and Vignes (2013), this will be possible if
we can show that the phantom residuals follows a theoretical boosting with a
shrinkage parameter v € [0, 1]. Thanks to Lemma 7 and by definiton of (ﬁ}‘fk’m,

one has

(Y = Gror(f), 9% dmal = SUDIY = Gt (1), D1ty |

Uyl

k—1
> sup {uékl(f),@;ﬂ e (g) cn} . (617)

Uyl ay

Applying again Lemma 7 on the set €2, we obtain:

k—1
(Ra(P) it )| = Y = G (62, )l =€ (3) 6o
B B 5 k—1
>sul(Ba(Pe)| =20 (3) 6o 19

Uyl ay

Consider now the set Q,, = {w, Vk < kp, sup](]fik,l(f),ﬁ‘uﬂ > 4C (%)kil Cn}.

We deduce from Equation (6.18) the following inequality on 2, N Q:

[(Fia () 642 )1 > supl{Fua(F), o1,)] (6.19)

U,ylay

Consequently, on Q, N €, the family (]:Zk(f))k satisfies a theoretical boosting,
given by Algorithm 1 of Champion, Cierco-Ayrolles, Gadat and Vignes (2013),
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with constant v = 1/2 and we have:

Consider now the complementary set

Uyl ay

k—1
Qsz{w, U < sup\<Rk1<f>,¢%u>rs4C<§) cn}.

Remark that

(Bi(f), f =7 Z5oo(R ()¢lu )P )

]
1900s50p | Rut 68, + 7 SR, )

IN

Moreover,

sup ‘(Rk(f)7 éfu,nﬁ

U,ylay

u,lu u lu

sup |(Re(f), )

sbu

IN

We hence have

IN

|| < (1% +2 S (R 120

) u

IN

(8% e +~k||£]]) <§Ep ‘(Rk(f)7 o)+ || ] Cn>

(18%11 21+ (| £]) (4 3)* Gu+ (1] ) on QF

IN

sup | (Re(f). 01, | + sup | (Relf). 0, , — 41,)

) <sup (Bel). 01,)

(6.20)

sub [ (R(7): 6, )

+ HfH ¢n by Theorem 1 and (6.16)

Flc)

(6.21)

Finally, on the set (€, N Q,) UQS, by Equations (6.20) and (6.21),

2—y
)

[ < o (14 o=k) 7+ (1800 +k 1) G (5>’“

To conclude the first part of the proof, remark that

P <(Qnmfln) uﬁg) > P(Q,) — 1.

n—-+o00

Now, by Assumption (Hg) and by Lemma 5, we have,

11 o < 18°)1 £t N o < 18° | o1 (M + Op (n”~*/2)) ¢ — 0.

Cnt | f]] Gn)
(6.22)
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Thus, Inequality (6.22) holds almost surely, and for k,, < (£/2—1)/2log(3) log(n),

which grows sufficiently slowly, we get

S —) (6.23)
n—-+00

| e, ()|

Consider now Ay, := HRk(f) - Rk(f)” for k > 1. By definitions reminded in
(6.14)-(6.15), we have:

A < A+l Y = Geoa(f), é;ﬁfk,n1>n2 — (Ri—1(f), é?fk,mﬂ
< A +[Y = G (), éﬁ’jk,n)m —(Rea(F)ept )l (6:24)
+[(Ry—1(f), ijm — o -

By Lemma 7, we then deduce the following inequality on €2,,:

k—1
A< At (o (3) "+ 1) s (6.5

Since Ap = 0, we deduce recursively from Equation (6.25) that, on €,
P
Ay, — 0.
n—-+0o00

Finally, as
|7 = 7| = Gnnth) = || < |7 = 7| + | Brn (D) = Baa (D) + || (D)
it remains to treat the term Hf - fH As,

|7 7] < 18°

¢;Lu - (b;Luynl

)

and the end of the proof follows using Assumption (Hg) and Theorem 1. O
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