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Abstract

Regularization procedures are popular methods in Statistics and
Learning Theory to enhance low-dimensional structures or smooth-
ness properties of estimators. In this work, we study the estimation
property of regularization procedures of the form

N
€ argmin (37 (Vi ~ £(x0)” + A1)

Jer i=1

where the regularization function ||-|| satisfies rather weak property
allowing for various type of functions like £,- (quasi) norms and S,-
(quasi) norms, for all 0 < p < oo, atomic norms, max-norm, RKHS
norms for which we provide a detailled study. It appears that rather
weak moment properties are enough to obtain these estimation results
when X satisfies a small ball property.

1 Introduction

Let X be a space endowed with a probability measure p. Let Xi,..., Xy
be N iid input points in X distributed according to u. To each point X; a
real-valued output Y; is associated such that (XZ-,Y;)Z»]\;1 are N iid random
variables taking values in X x R. Given a new input X in X, we want
to predict an associated output. To that end, we use the set of data D =
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{(X;,Y;) :i=1,---,N} to construct prediction rules f(-) = f(D,-) such
that f (X) will be a good guess of the output Y when (X,Y") is distributed
like the (X;,Y;)’s.

In the learning theory framework, we do not assume any statistical model
behind the data generating process but we are given a class of real-valued
functions F' defined on X. We assume that F' is convex and closed in
Lo(p) and denote by f* a best approximation of Y in F' C Lo(u) = Lo:

f* € argminE(Y — f(X))2 (1.1)
fer

Our aim is to construct a prediction rule f which is close to f* in Lo: with
large probability,

A 2
f=r

L, =BT 00 = f(X)” < an(F)? (1:2)

where ay(F)? is called the rate of convergence and we want to construct

prediction rules f such that ay (F)? is as small as possible. Note that even
though f* exists, it may not be unique.

Since, we do not assume any underlying statistical model, the price to
pay to insure that f* is a reasonable prediction of Y is that one has to
consider models F' of large size and therefore the rate o (F)? will be large
as well whatever the procedure f is. To avoid this issue, we usually try
to find some a priori property satisfied by f*. Such a property is usually

caracterized by a function [|-|| such that || f*|| should be small- even though
this is no assumption. Note that the function ||-|| does not have to be a
norm; properties on ||-|| required by our analysis are given below:

Assumption 1.1 The function ||-|| is non-negative, convex and satisfies the
following properties:

(N1) There exists my > 1 such that for any f,g € F,
1f =gl A+ gll < m(1LF1 + llgll)-

(N2) For any f,g € F, A [|A(f — g)| is a continuous function from [0, 1]
onto [0, || f — gll]. Moreover, for any A € [0,1], []A(f —g) < Allf — gl
and [|Af] < AIfI-

Classical examples of function ||-|| are related to the smoothness of f*
or to some sparsity structure via some norms or quasi-norms (note that any



quasi-norm satisfies Assumption 1.1) or mixtures of norms. We will explore
several examples of functions ||-|| in the following sections.

A classical approach is to consider regularized empirical risk mini-
mization procedures (RERM). A regularized empirical risk minimization
procedure is defined by

f € argmin (Pnlr+MIfI) (1.3)
feF
where Py is the empirical probability measure, ¢; is the loss function asso-
ciated with f and X is the regularization parameter. Here we consider only
the square loss £f(z,y) = (y — f(z))? for all € X and y € R, in particular,
Pyty = N7'30, (Vi — F(X0))%

There are a large number of both theoretical and practical study on
the performance of estimators like (1.3) for some particular examples of
regularization function. Omne typical example of such a procedure is the
Lasso (cf. [41]). It is obtained when F' is a class of linear functional of
the form <-,t> for t € R? and the regularization function is the ¢¢-norm.
Estimation, de-noising, prediction and support recovery results have been
obtained for the Lasso during the last decades (cf. [41], [2], we refer the
reader to the books [4] and [19] for more references). Few statistical results
for the Lasso have been obtained in the random design scenario (cf. [1],
[26] and chapter 8.2 in [19]). The vast majority of the results have been
obtained in the linear model with sub-gaussian noise and for a fixed design
satisfying some weak form of RIP. One typical example of such a property
is the Restricted Eigenvalue Condition (REC) from [2]. To define it, let
us introduce the following notation: for ¢ € R% and a set Sy C {1,...,d}
of cardinality |Sp| < s, let S; be the subset of indexes of the m largest
coordinates of (|x;|)i; that are outside Sp. Let tg,, be the restriction of ¢
to the set S = Sp U 57.

Definition 1.1 Let I" be an N x d matriz. For a constant co > 1 and an
wteger 1 < s < m < d for which m + s < d, let the restricted eigenvalue
constant be

I't
1Tty g0 g1, ond 10l < s,
HtSm”Q

The matriz T satisfies the Restricted Eigenvalue Condition (REC) of
order s with a constant c if x(s,s,3) > c.

k(s,m,cp) = min ( tsgll; = co HtSoH1>'

Several statistical properties of the Lasso have been obtained in [2] under
(REC). It appears that this condition is of the same flavor as the one we
consider below in (Q(p)) in the learning theory setup.



There are also results obtained for general regularization methods as
we aim to obtain here. In [34], the authors identify theoretical principles
that underlies the analysis of several regularization methods for diverse loss
functions and regularization functions. They obtain estimation results un-
der two properties: 1) the regularizing function ||-|| is a norm satisfying the
so-called decomposability property; 2) a control on the interaction between
the regularization function and the loss function called the restricted strong
convezity. Under those two properties, convergence rates for f are obtained.
In the linear model with sub-gaussian noise and a fixed design satisfying the
(REC) condition, it is proved in [25] that these two conditions are satisfied
with large probability for the square loss and several examples of regular-
ization methods when the target vector belongs to some classes of signals.

In [50], the authors obtain results for fairly general concave regulariza-
tion methods in the linear model with sub-gaussian noise and fixed design.
They obtained estimation, de-noising and support selection properties for
the regularization method f under a condition on the design matrix called
the restricted invertibility factor and some structures on the regularization
functions. Similar results are also obtained for approximate local minimizers
in [50].

At some point, all these works had to face the problem of calibration of
the regularization parameter A. The strategy we use to construct a regular-
ization parameter A is as follows. For any p > 0, we define the sub-model

Fy={feF:|fl<n} (1.4)
We also define the excess loss of f € F' with respect to f* by:

We consider the quadratic/linear decomposition of the excess loss:

2 X 2
Lp(x,y) = (b —Lp)(@y) = (y = f(@)" = (y— f(2))
* 2 k *
= (f(z) = f*(2))" +2(f"(2) = f(2)) (y = f*(@)). (1.6)
Following this decomposition, an important role will be played by two em-
pirical processes: if we denote by P the actual measure — and recall that Py
is the empirical measure over the data then PyLy = Py (f—f*)?—2Pn(f*—

)(f* =Y). The first empirical process we consider is the quadratic em-
pirical process (PN(f -2 fe F) where

N
P(f £ = 5 D0 (F(X0) — F(X)” (17)
=1

)
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Under a weak assumption (cf. the small ball property in Definition 2.1
below), this process has the following property.

Definition 1.2 Let p > 0. We say that the quadratic process satisfies an
empirical small ball property of level sg(p) > 0 when for all f € F,

satisfying || — £, > sq(p), we have

Py(f = )2 = rollf - £713, (Q(p))
where kg 1s an absolute constant.

One way to see this condition is as a generalization of the (REC) to the
learning theory framework. It is interesting to note that the restricted strong
convexity from [34] turns also to be a type of (REC) when dealing with the
square loss. This condition (on the quadratic empirical process) seems to
be a key property to obtain statistical property of regularized procedures.
The main result from Section 2 below shows that this condition is almost
always true (with large probability) as long as X satisfies the so-called small
ball property which is a pretty weak requirement (for instance a vector of
iild Cauchy variables satisfies this condition even though Cauchy variables
don’t even have a mean). An output of our results is to show that the
key property (Q(p)) that appeared in many works, in a form or another, is
satisfied by fairly general design vectors X. What costs more is the control
of the linear process due to the noise Y — f*(X).

The other empirical process that plays a central role in our analysis is
the linear empirical process (Pn(f* — f)(f* —Y): f € F) where

N
PR(f = D~ Y %Z FXD) (X - YD) (1)

When a statistical model is assumed to hold then Y — f*(X) is equal to
the noise. In the more general learning theory setup, the quantity ¥ —
f*(X) can still be considered as a noise. We will therefore call it like that.
With this terminology, the empirical process (1.8) is an empirical measure
of the correlation between the noise and the class (centered around f*).
In particular when there is no noise (i.e. Y = f*(X)), this process equals
zero and does not enter the analysis. As in Definition 1.2 concerning the
quadratic empirical process, we will be interested in some particular property
of the linear empirical process (1.8).

Before introducing the property of this process that plays a central role in
our analysis, we introduce some notations. We recall that Lo is the Hilbert



space endowed with the norm | f|;, = (Ef(X)Q)l/Z. We denote by Sz,
(resp. D) the unit sphere (resp. ball) of Lo; in particular, if f* € Lo and
s>0, f*+sD={f€Ly: ||f—f>“||L2 < s}.

Definition 1.3 For all s > 0 and p > 0, define

N

on(p,s)=  sup Zf—f D (X)) - V).

fEFpﬂ(f*JrsD) —

Let p > 0. We say that the linear process satisfies a noise/class interac-
tion of level sp(p) > 0 when, for some absolute constant k1,

on(ps51(p)) < risc(p)?, (L(p))
when sr(p) > 0 and ¢n(p,s) <0 for all s > 0 when sp(p) = 0.

The two conditions (L(p)) and (Q(p)) characterize the order of mag-
nitude of the linear and quadratic process under two types of conditions:
some deviation conditions on the “noise” Y — f*(X) and the class F' for
property (L(p)) and a small ball property for (Q(p)). Those properties are
studied in Section 2 and 3. The two functions sp,(-) and sg(-) characterize
the rate of convergence of the Empirical risk minimization procedure over
all sub-models F), (cf. [22]).

Our first result is to show that under properties (L(p*)) and (Q(p*)) for
p* = mCo || f*||, the RERM f satisfies some Model Selection properties in
the sense that it belongs to the “correct” model F),« and some estimation
properties of f* in Ls. It should be noted that those properties concern
only the “true” model F,« and not the entire space I’ which should be much
bigger than Fj,- when f* is such that || f*|| is small (which is the motivation
behind the study of (1.3)). Before that we introduce conditions on the
regularization parameter A under which (1.3) will be proved to have the
expected Model Selection and Estimation properties.

Assumption 1.2 (p,R* co,Co) Let n1, ko and k1 be the constants ap-
pearing in Assumption 1.1 and Definitions 1.2 and 1.3. Let s(-) be such
that

s(p) > max (sq(p), sL(p))- (1.9)
There exists p >0, R* > 0, cg > 0, and Cy > 2n1 + 1 such that:

i) 2Xp < Kocds® (niCop)



(Co —2m — 1))\ S on (mCop, cos(niCop))
2m - p

iit) If || f*]| = 0 then

A ¢n (mr, cos(niCoR*))
— > sup
2m T o<r<mCoR* r

For a choice of regularization function satisfying Assumption 1.2, we
obtain the following model selection and estimation result for the RERM f.

Theorem A: Letn; > 1, Cy > 2m+1 and R* > 0. Let ||-|| satisfying As-
sumption 1.1. Assume properties (L(n?Co |l f*|)) and (Q(n3Co ||f*]])) hold
and properties (L(nfCoR*)) and (Q(n3CyR*)) hold as well for some k1 > 0
and ko > 0. Let X\ satisfy Assumption 1.2 with parameters (||f*]], R*, co, Co)
for some ¢o > max(4k1/ko,1). Then, the RERM f is such that:

)|\ - s

L <as(Collf]).
2

B) || f] <mcollsil.

Estimation results follow from Theorem A when one is able to choose
A and s(-) such that Assumption 1.2 is satisfied. One way to choose those
parameters is such that

E

1.10
p>0 p ( )

so that points 4i) and %) in Assumption 1.2 hold with large probability
(under appropriate stochastic assumptions introduced in the two following
sections) and then take

2Xp

2 2 2

52(p) = max (s1.(p), s3(p), 5~ )

g ? 500377% Co

so that point i) of Assumption 1.2 is satisfied. This choice will be made in

the main applications of Theorem A: Theorems 4.2, 4.4 and 4.3 below.
Theorem A is a deterministic result in the same spirit as the results

in [45, 44] or [25, 34]. All the stochastic/complexity part of our analysis is



contained in the two properties (L(p*)) and (Q(p*)) and in upper bounds on
the linear empirical processes ¢ . Obtaining results on these two properties
and ¢y is the aim of Section 2 and 3. In particular, Theorem A has nothing
to do with the fact that the data (X;,Y;)Y, introduced at the beginning
are i.i.d.; Theorem A applies for instance when the data are dependent.
Note also that Theorem A can be generalized to other loss functions than
the quadratic one thanks to Taylor expansions of the loss. Finally, note
that another advantage of a deterministic result like Theorem A is that the
regularization parameter A can be expressed in function of the data. Three
directions that will not be studied here.

Note that Theorem A also apply when ||f*|| = 0. In this case, f satisfies
|7-71]..
function ||-|| is a norm, f = f = 0; that is exact reconstruction even though
there is some noise. This can be surprising at a first glance but this is
one consequence of the regularization function that forces the estimator f
towards zero which is the correct target when f = 0.

Note that we don’t use the definition of f* from (1.1) as an oracle. In
fact, Theorem A applies to any function f* € F' for which the two properties
(L(p*)) and (Q(p*)) hold. This may be useful when one wants to obtain
oracle inequalities instead of estimation results.

The paper is organized as follows. In order to apply Theorem A, we have
to construct functions sy, (-) and sg(-) for which (L(p)) and (Q(p)) hold with
large probability for a given p > 0. We also need to upper bound ¢n(p, s)
(cf. definition 1.3) in order to choose A such that Assumption 1.2 holds. This
is the purpose of the two following sections. This is where the stochastic
(small ball and moment assumptions) and complexity arguments (Gaussian
mean width and expected suprema) enter the analysis. In Section 4, we
prove in Theorem 4.2 that the only computation of the Gaussian mean
width of the unit ball associated with ||| allows for a calibration of the
regularization parameter and for the identification of the rate of estimation.
We study several examples of application of this result in Section 4 to 7 just
by computing some Gaussian mean widths. This result does not require any
statistical model and is true if the noise is in L4, for some ¢ > 2. In the
case where a statistical model is true, a similar result is stated in Section 4.2
under weak moment assumptions on the coordinates of X as long as it
satisfies a small ball property. A property that will play an important role
in our analysis which introduced in the next section

Notation. (ey,...,eq) denotes the canonical basis of R%; for every p > 0,

£5 is the space R® endowed with the (quasi)-norm Ht”eg = (ijl 1t1P) .

< ¢ps(0) and HfH = 0. In particular, when the regularizing
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The unit balls and spheres of the Eg spaces are denoted by Bg ={tcRe:
It <1} and S3-1 = {t € R ¢ ] = 1}

The set Lo denotes the Hilbert space Lo(X,p), its norm is denoted
by [Ifln, = (Ef3(X))"?, its unit ball is denoted by D = {f € Ly :
(IEj‘"Q(X))l/2 < 1} and its unit sphere is denoted by Sr,. If H C Ly and
f*€eHthen H—H={h—g:hge Htand H— f*={h— f*:he H}.
When there will be no ambiguity, we will also use the notation ||f(X)]|,

for (Ef2(X))">.

2 Property (Q(p)) under the small ball assump-
tion

In this section, we study condition (Q(p)) under the following small ball
assumption introduced in [29]:

Definition 2.1 Let H be a class of functions and define
= inf P(|h| > u|h .
Qurlu) = inf P( = ullh],)

We say that H satisfies the small ball assumption when there exists pos-
itive constants ug and By such that Qp(ug) > Po.

Several examples of classes satisfying the small ball property are given for
linear functionals: h(X) = (X, 3) in [29, 31, 23]. The following result is a
key one for the understanding of the role played by the small ball property
in condition (Q(p)).

Lemma 2.2 Let H be a class of functions. Assume that there exists some
up > 0 such that Qg (ug) > 0 and

1 < Qi (uo)

H(UQ
E — I (|h(X5)| > h < 2.1
sup |y o s (0 2w 0l,)| < g 21)
where €1, ...,en are 1id Rademacher variables. Then with probability larger

ﬂ;cm 1 — exp(—NQ%(uo)/8), for every h € H, Pyh? > ko HhH%2 for ko =
ugQr (uo)/2.

Proof. Let

G(Xy,..., Xn) = sup (P = P)I(|R()] = uo [l 1,)-



It follows from the bounded difference inequality (cf. Theorem 6.2 in [3])
that with probability larger than 1 — exp(—x),

G(X1,...,XN) <EG(X1,...,Xn) + \/5

It follows from a symmetrization argument (cf. [24]) and (2.1) that EG(X7,...,Xn) <
Qu(ug)/4. So, if one takes * = NQp(ug)?/8 then, with probability larger

than 1 — exp(—=NQpg(ug)?/8), G(X1,...,Xn) < Qu(ug)/2. Moreover, by
definition of Qg (), any h € H is such that P(|h(X)| > ug [|hl/1,) > Qu(uo)

so, with the same probability estimate,

PNI(JA()| = uo |Ihllg, ) = Qr(uo)/2
and therefore, for any h € H,

Ly 2> ug |07 ug ||hl|7, @ (uo)
N;h(Xz‘) > ug [|hl7, PnI(Jh(-)| ZuloHLQ) > . .

Theorem 2.3 Let ||-|| be some function defined on Lo satisfying Assump-
tion 1.1 for some m > 1. Let p* > 0 and f* € Fp. Assume that the
following hold:

e there exists ug and By such that, QFnlp*,f*(uo) > Bo,

e there exists sg > 0 such that

< @SQ. (2.2)

Then, with probability at least 1—exp(—B3N/8), for any f € Fy+, if || f — iz, =
sg then Pn(f — f*)? > (udBo/2) ||f—f”‘\|%2 In other words, (Q(p*))
holds for sq(p*) = sq and ko = uof33/2 with probability larger than 1 —
exp(—B3N/8).

Proof. Denote H = I, ,» — f*. It follows from the contraction principle
(cf. Chapter 4 in [24]) that

N
1
E sup — gL (|h(X;)| > ug ||h ‘
P |y e (O] 2 wo )

1 1 & 8

0
< E sup — gh(X;)| < —.
U0SQ  heHNsqSL, N; X <

10



It follows from Lemma 2.2 that with probability at least 1—exp(—33N/8),
for any h € H NsQSL,, Pvh? > ko ||h||%2 for ko = u3Bo/2. Therefore, with
the same probability estimate, if one takes f € F,« such that ||f — f*||;, >
s then by convexity of F' and Assumption 1.1, g = (sq/ ||f — f*I|.,)(f —

f*) € HNsgSt,, so Png® > ko |lgll7, and Py(f — f*)2 > ko llf — f*[7,- m

3 Properties (L(p)) under moments and sub-gaussian
assumption

In this section, we provide tools to check assumption (L(p)) and to control
the linear process ¢n. In what follows ||-|| is some function defined on Lo
satisfying Assumption 1.1 for some 7; > 1.

In order to to prove that (L(p)) holds with large probability, it is enough
to obtain an upper bound on the quantity ¢n(p,s) for a given s > 0 that
holds with large probability.

We first obtain such a bound under moment assumption on the design
X and the noise ( =Y — f*(X) when X and ( are independent. We use
tools from chapter 2.9 in [46] from which we recall the notation:

1€1l2,1 :/0 P(|¢] > z)dz.

When ¢ € Ly for some ¢ > 2 then [|C[|y; is finite. The set of all random
variables ¢ such that [|C[|,; is finite is denoted by Loi. We now work
under the assumption that |||y, is finite. Then, a direct application of
Lemma 2.9.1 in [46] shows that the following holds.

Proposition 3.1 Let ( =Y — f*(X) and assume that ¢ is independent of
X and E[¢] = 0. Let p* > || f*|| and s > 0. Let 0 < § < 1. With probability
larger than 1 — 6,

el L z
N s S max &ih
¢ (p ’ ) 5\/7 1<k<N hEF * f*ﬂSD f '

for ¢i = 2v2 and 1, ...,en Wid Rademacher variables independent of the
(Y, X;)’s. In particular, if sp, is such that

k
”CH21 max E sup ) Z (3.1)

1<k<N heF, *—f*mSL

11



then (L(p*)) is satisfied with probability larger than 1 —§ for k1 = ¢1/6 and
sp(p*) = sp. Also, with the same probability, point ii) of Assumption 1.2 is
satisfied when X is such that

(3.2)

2c1m [[C 154
Ap* E sup ‘ gih(X;
p(%mwmfww%wwwﬂ;(

Proof. It follows from Markov inequality that with probability larger than
1—6, én(p,s) <5 'E|lpn(p,s)|. Then, by Lemma 2.9.1 in [46],

E|¢N(p 5)‘ < C1 HCH21 max E sup
= \/ﬁ ISkSN - rer| flI<pllf—f*1l,<s

k
72 i(f=F)(X0)|

It follows from Theorem 2.3 and the previous result that the only quan-
tity that remains to be studied to calibrate the regularization parameter A
and get statistical properties for f thanks to Theorem A is

1g}ﬂa<XNEhan px— fxNsD ‘ \f Z =it (33)
In what follows we obtain bounds on this quantity under moment assump-
tions on the coordinates of X.

The last result holds under the assumption that the noise ( is indepen-
dent of X. A typical case of application will be when a statistical model
holds like Y = f*(X) 4 ¢ where ( is a noise independent of X. This type of
assumption may not be true in the general learning theory setup — where no
statistical model is assumed. For this setup, we can still obtain some result
if the design X is subgaussian by using a result on multiplier processes from
[30] in place of lemma 2.9.1 from [46] used in the proof of Proposition 3.1.
Before stating this result, we recall some definition.

Definition 3.2 Let F' be a class of functions in Ly and L > 0. We say that
F is a L-subgaussian class with respect to X when for oall f € F and
every u > 1,

PIf(X)| = Lu | fllp,] < 2exp(—u?).

We define the Gaussian mean width of F by (*(F) = Esups cp Gy
where (Gy—q : f,9 € F) is the canonical Gaussian process associated with

the set F — F={f—g:f, g€ F}.

12



Note that the Gaussian mean width is the natural complexity param-
eter associated with a L-subgaussian class of functions. Assuming other
deviation properties for F' than the sub-gaussian one will result in other
complexity parameters. A direction that will not be pursued here.

We are now in position to recall a result on multiplier processes that
will be used to prove property (L(p)) and to check point i) and 4ii) in
Assumption 1.2.

Theorem 3.3 (cf. Theorem 3.10 in [30]) There are two absolute con-
stants ¢1 and co such that the following holds. Let X1, ..., Xy be iid copies
of some vector X and let H be a L-sub-gaussian class of functions with re-
spect to X. Let (1,...,(n be iid copies of some real-valued random variable
¢ such that ¢ € Ly for some q > 2. Then for all w > 1, with probability
larger than 1 — (¢1/u)4,

t(H)
i

Note that in Theorem 3.3, the X;’s and (;’s do not have to be independent
— this may be the case when the “noise” ¢ := Y — f*(X) depends on X, which
is in general the case in learning theory. The strategy that we use in the
applications of Theorem A below to prove (L(p)) and check Assumption 1.2
is based on the following result.

N
sup < > GH(X) ~BGH0)| < calulonten)Icl,

Theorem 3.4 Let F be a convex class, p > 0 and u > 1. Assume that F
is a L-subgaussian class with respect to X for some L > 1 and that { =
Y — f*(X) € Lq for some q > 2. Then with probability at least 1 —2(cy/u)?,

1. (L(p)) holds for s.(p) = sg and k1 = k1(u) = coulog(eu) when sy, >0
s such that
I¢lz, € (F, N (f* + s2D)) < VNs.

2. point i) of Assumption 1.2 is satisfied when

o 2mea (W) [€llz, & (Fpeop 0 (f* + cos(miCop)D))
P="Ch—am—1 VN '
Proof. Since F' is convex, by definition of f*, one has for every f € F:

E(f*— HX)(f(X)—-Y) < 0. Therefore, for any p,s > 0, ¢n(p,s) is
smaller than

sup

1 N
N - X)X =) —E(f = H(XD)(f(X) =Y.
S U = D) =¥~ B = D) (X) - V)

13



The last quantity can be bounded for any (p, s) € {(p, 1), (m Cop, cos*(13Cop))}
using Theorem 3.3 and the result follows. [ |

4 Learning linear functional in Hilbert spaces

In this section, we assume that the data are N iid couples (i, X;)¥, dis-
tributed like (Y, X) where Y is a real-valued output and X is a random
vector in a Hilbert space . The inner product in H is denoted by <-, > and
its associated norm is ||-||,. We also denote by By = {t € H : ||t||, < 1} the
unit ball of H. Classical examples studied later are: Kg, the space R? en-
dowed with the Euclidean norm; R™*7 the space of m x T matrices endowed
with the Frobenius norm and Reproducing Kernel Hilbert Spaces. We de-
note by ¥ = EXX " the covariance operator of X and by & the associated
ellipsoid: £ ={t € H : E<X,t>2 <1}
We consider T' C ‘H a closed and convex set and denote
t* € argmin E(Y — (X, t))?
teT

so that <X , t*> is the best linear approximation of Y in Lo restricted to
vectors in T'. We want to obtain estimation results on ¢* using Theorem A.
Note that when T = H, any t € H is such that E(Y — (X, ¢))? = E(X,t —

t*>2 +E(Y — <X, t*>)2, so that predicting the best output associated with X
by linear forms like <X , t> is equivalent to estimate <X , t*> in Lo: prediction
of Y and estimation of <X , t*> are therefore equivalent task.

Let ||-|| be a function on H satisfying Assumption 1.1. We want to
estimate ¢* knowing that ¢* € T w.r.t. the semi-norm (E(X, ->2)1/2 (or
equivalently to estimate f*(-) = (-,¢*) in La(u)) and “believing” that [|¢ is
small. To that end, we consider the regularization procedure

N
t € argmin (% Z (Vi — <Xi,t>)2 + A HtH) (4.1)

teT =

for some regularization parameter A\ chosen such that Assumption 1.2 should
hold with large probability.

In order to obtain prediction results for ¢ by applying Theorem A, we
need to check properties (Q(p)) and (L(p)) and to obtain bounds on ¢y .

Property (Q(p)) follows from Section 2 if we assume that the design X
satisfies the small ball property: there exists ug and Sy such that for all
teH,

PIEB) = w | (X.8)],,] > Ao (42)
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The study of (L(p)) follows from some bounds on ¢n which requires
some moments on the design and the noise. We study in the next sections
two different types of such assumptions as in Section 3.

4.1 Results for a sub-Gaussian design and noise in L,, ¢ > 2

In this section ,we assume that the design X is sub-gaussian and the noise
(=Y — <X, t*> is in L, for some ¢ > 2 — but we do not assume that ¢ is
independent of X, in particular, we do not assume any statistical model.

We recall that the random vector X is a L-sub-Gaussian vector for
some L > 0, in H when for every t € H and u > 1,

P(X,t)| > Lul[{X,t)||1,] < 2exp(—u?). (4.3)

Under the sub-gaussian assumption (4.3), the small ball property (4.2)
is satisfied for ug = 1/2 and By = (3/(4(2v/2eL)?))”. Indeed, it follows from
(4.3) that, for any t € H, <X,t>HL4 < 2v/2eL H(X, t>HL2 (cf., for instance,
Theorem 1.1.5 in [8]). Then (4.2) follows from the Paley-Zygmund inequality
(cf. Corollary 3.3.2 in [11]). In particular, we can apply Theorem 2.3 to
prove that condition (Q(p)) is satisfied when (4.3) holds as long as there
exists some level sg such that (2.2) holds.

As in the previous sections, a key role will be played by the nested family
of sub-models (7}),>0 where T, = {t € T : ||t|| < p}. Moreover, under the
sub-gaussian assumption on the design, the complexity parameters of the
problem (appearing in both the regularization parameter and the rates of
convergence) are driven by the local and global Gaussian mean widths of the
sub-models T}, for all p > 0. This quantity was introduced in Definition 3.2
for function classes. In the case where T is a subset of a Hilbert space H, a
simple construction of the Gaussian mean width is given as follows:

*(T) =E sup (G,u—v) (4.4)
u,vET

where G is a standard (centered) Gaussian vector of #.

We can recast the problem of learning linear functional in a Hilbert
space in the general setup considered in Section 1, by considering the class
F ={(.,t) : t € T} and the linear function f*(:) = (-,¢*) € F. It follows
from Theorem A together with Theorem 3.4, for condition (L(p)) and Theo-
rem 2.3, for condition (Q(p)) that the following result holds for the problem
of learning linear functional in a Hilbert space for a subgaussian design and
a noise in Ly, ¢ > 2.
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Theorem 4.1 There are absolute constants ¢1 and co such that the follow-
ing holds. Let sp(-) and sq(-) be two non-decreasing functions such that for
every p > 0:

* aqé*(Tn%p NsL(p)€) < VNsL(p)?, where oy = HY — (X, t*>HLq’

*ox E*(Tn%p Nsq(p)€) < CI*GTO“O\/NSQ(,O)
where ug = 1/2 and By = (3/(4(2\/EL))2)2 have been introduced in (4.2).
Let s(p) > max (sp(p),sq(p)). Let u > 1, ki(u) = cz(ulog(ew)), ko =

uof33/2 and some co > max (4k1(u)/ko, 1) and Co > 21 + 1. Let X > 0 be
such that:

1. 20p < /@00382 (U%COP>;

2.
Ay > 2o, ¢ (Fyucop N (" + cos(niCop)D))
= Co—2m —1 VN ’

Let R* > 0 and consider the event 0 on which, when |[t*|| =0,

A on (mr, cos(niCoR*))
1

S — =  sup (4.5)
277 0<r<m CoR* r

Then, for this choice of reqularization parameter X\, the reqularization proce-
duret defined in (4.1) is such that with probability larger than 1—2 exp(—N 32 /8)—
5(c2/u)? — P[(Q*)],

~

(Xt =], < cos(miCo|t*]]) and ||t

L. < mCol#]
Proof. By assumption, ||| satisfies Assumption 1.1. Moreover, thanks
to Theorem 3.4, A satisfies Assumption 1.2 with probability larger than
1—(c1/u)?—P[(Q2*)¢]. Hence, in order to apply Theorem A, it only remains
to check conditions (L(p*)) and (Q(p*)) for both p* € {n?Co || *|| , 73 CoR*}.
We first start by proving that (Q(p*)) holds thanks to Theorem 2.3.
Under the sub-gaussian assumption (4.3), a generic chaining argument
(cf. Chapter 1 in [40]) shows that

N
1 C5L
E sup ’7 &g Xlat ’ S 7€* T * —t* Ns * g

te(T,, ,x —t*)Nsq(p*)E N; < > \/ﬁ (( mpe ) Q(P) )

ne
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for some absolute constant cs. Therefore, by definition of sg(-) in xx and
since Ty, pr — Tiyypx C Tn? p+» we have, for an appropriate choice of constant
€1 1N %,

N

1 U *

E sup )N Z5i<Xiat>) < 508 OSQ(P )-
teE(Ty, px —t*)Nsq(p*)E i—1

It follows from the small ball property (4.2) and Theorem 2.3 that (Q(p*))
holds with probability larger than 1 — exp(—B2N/8) for kg = uo32/2.
Then, it follows from Theorem 3.4 that (L(p*)) holds with probabil-
ity larger than 1 — (¢;/u)? for the function sp(-) defined in x and k; =
ca(ulog(eu)) where ¢y is the constant appearing in Theorem 3.3 since 1)« —
[* C T, p+- Finally, the result follows from Theorem A. |

In order to obtain rates of convergence and model selection properties for
t for the problem of learning linear functional with a noise ¢ =Y — f*(X)
in Ly, ¢ > 2 and a sub-Gaussian design X, one may apply Theorem 4.1.
For that matter, it is enough to compute the local Gaussian mean widths
* (Tpﬂsé' ) for any p > 0 and s > 0 and to find a probability estimate for the
event * in (4.5). Rates of convergence and regularization functions follow
from these two unique quantities.

Controlling these two quantities when ||-|| is sub-linear and 7' = H easily
follows from Theorem 4.1. We now state this result when ||-|| is such that
for every xz,y € H and A > 0,

|zl = I==ll, llz+yll <m(llz] +yll) and [|Az]| < Xl=].  (4.6)
Note that since T' = H, the next result also provides a prediction result.

Theorem 4.2 Let ¢ > 2, u > 1, ¢g,Cy > 3,c¢1, 80 and ug be the constants
introduced in Theorem 4.1. Let |-|| satisfying (4.6) and denote by B =
{t € H : ||t| < 1} its unit ball for some L > 0. Assume that X is L-sub-
gaussian. Set oy = HY — (X, t*) and k1(u) = cyulog(eu). Consider the
RERM

Iz,

t € argmin ( — Y — (X5, ) + 203k (u)oy ||t
smin (7 204 = (X 00+ 2ntia () 1l =

( L g 5*(B||-|)).

Then, for cy large enough, with probability at least 1—2 exp(—coN)—5(c1 /u)?,

~

H<X,tAf t*>HL2 < cos(niCo ||t*|) and ||t

<mCo |It"]]
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where s%(p) = Zn‘ll/fl(u)aqpﬁ(BH,”)/\/N when N 2 £*(£)? and when N <
[*(5)2,

C(Byy)  nfL’ 25*(B||~>2)

VN ' eifgug N
Proof. Theorem 4.2 will follow from Theorem 4.1 after controlling the prob-
ability estimate of the event introduced in (4.5) and checking that conditions
of Theorem 4.1 are satisfied by s(-) defined in (4.7) and
By

VN

First note that 7,4, C ”%PBM and so £*(nipNs€) < nilpﬁ*(B”.”) for any

s > 0. Therefore, if one takes

$%(p) = max (201 (w)rgp (4.7)

A =20k (u)oy, (4.8)

4o 0F 0 if (c1Boug)?N > Le*(E)?
2 n1pogl (BH~||) 9 1P0U0
SL(p) = —— " and SQ(p) = L2n8p2€*(B||4H)2 .
v N —(1:% BTEN otherwise.

both conditions x and *x of Theorem 4.1 are satisfied.

Now, we turn to controlling the probability measure of the event Q*. Let
R* > 0 and denote s = cys(n?CoR*). We have to control the probability
measure of the event Q* introduced in (4.5) when ||¢*|] = 0. Using the
sub-linearity of ||-|| from (4.6), we get

N (mr, s)
sup T
0<r<n CoR* r
t —t
= sup (PN<-7 7>(<,t*> —Y):0<r<mCoR*, ||t]| < nlr,E<X,t — t*>2 < 82)
T
' 1 Y
< sup sup  Pn(,—)(—=() < n% sup — (—Gi){(Xi, ). (4.9)
0<rEm CoR* 1| <nir. G =1 N ; IXot)

Then, using Theorem 3.3 and the same argument as in the proof of Theo-
rem 3.4, we obtain that, with probability at least 1 — (¢1/u)?,
& (By)

VN

for k1(u) = coulog(eu). Therefore, if one chooses A such that point 1) and
2) in Theorem 4.1 holds and

A > 2nir1 (w)ogl* (Byy) /VN

are satisfied then we can apply Theorem 4.1. It appears that for the choices
of A in (4.8) and s(-) in (4.7), these conditions are satisfied. |

¢n(mr, 5)

sup

2
< nik1(u)oy
0<7‘§17100R* T
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We will provide several examples of applications of Theorem 4.2 in what
follows. A typical example is given now for the Lasso that is when H = R?
and the regularization function is the ¢{-norm. Note that the following
result holds under no statistical model and requires only that the noise
(=Y - <X, t*> is in L, for some ¢ > 2 and the design X is sub-Gaussian.

Theorem 4.3 Assume that X is a L-sub-gaussian random vector in R?.
Assume that the noise ( =Y — <X, t*> is i Ly for some ¢ > 2 and denote

o, =Y — (X, t*>HLq. Let u > 1 and k1(u) = cyulog(eu). Then, the Lasso

N
. s e 2 log(ed)
te al;glgim (N 1221 (Y; = (X3, t))" + 2r1 (uw)og ||t I )

is such that with probability at least 1 — 2exp(—B3N) — 5(c1/u)q,

(0= )], < cos(Collely) and [, < Co "],

where s%(p) ~ rk1(u)ogpy/log(ed)/N when N 2 ¢*(£)% and when N <
5*(5)2,

log(ed log(ed
2(p) ~ mase (11 (u)rgo| EED. 208Dy
In the next section, we show that a similar result holds when a weaker
moment assumption on the design X is satisfied but under the assumption
of a Statistical model. Comparing Theorem 4.3 with the other classical es-
timation results for the Lasso (cf. [2], Chapter 8.2 in [19] or Chapter 6.2 in
[4] among others), it appears that even under weak moment assumptions on
the noise and no Statistical model, we still consider the same regularization
parameter: A is of the order of o4/log(ed)/N where o measures the “vari-
ance” of the noise in different scenarii. About the optimality of the result
in Theorem 4.3, it appears that the rate of convergence s(Cy ||t*]) is, up to
some log factor, the minimax rate of convergence in Cy |[t*||, B{ as proved
in Section 5.1 of [22].

4.2 Results under moments assumption on the design and
independent noise in L,; for the Lasso

In this section, we assume that the X;’s take their values in R% and that a
statistical model holds:
Y = (X, t*)+¢ (4.10)
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where ¢ is a mean zero noise independent of X and t* € T C R% We
also consider a regularization function ||-|| defined on R? satisfying Assump-
tion 1.1.

Results similar to Theorem 4.1 and Theorem 4.2 can be obtained in this
setup where the (local and global) Gaussian mean width is replaced by the
complexity parameter (3.3) and the noise level o4 = [[¢[| is replaced by
I<]l5.1- We do not reproduce here these two results for the sake of shortness.
Instéad, we show how to get a result in the special case of the Lasso under the
small ball property and moment assumptions in model (4.10) via Theorem A.

Theorem 4.4 Assume that X is a random vector in R?® satisfying the small
property (4.2) in H = R? for some By and ug. Assume that the coordinates
of X = (z1,...,24) have cglog(ed) sub-gaussian moments for some co > 1:
for every 1 < j < d, Ha:jHLp < Kky/p for every 1 < p < colog(ed). Let
0 <0 < 1. Then, in the statistical model (4.10) with an independent noise
¢ such that ||C|ly is finite, the Lasso

N

. 2! s cliClly,
te aiig}im (— Z (Vi — (X, )" + Tﬂ It
=1

log(ed) s )
N 1gj2q "L

is such that with probability at least 1 — 46 — 2exp(—B3N),

(Xt =), < cos(Co[It*]ly) and ||t

Iz, 1 < Golltlly

where 52(p) ~ ||Clly,1 pv/log(ed) /N maxi<j<a |z, when N Z B[ X7y and
when N S E||X][7q,

€1 HCHz,l log(ed)
( p max [z, .

9 log(ed)>
) N  1<j<d '

s%(p) = max i

Again comparing Theorem 4.4 with the classical Lasso procedure studied

in many works, it appears that even under weak moment assumptions on
the design and the noise, we still consider a same regularization parameter
of the order of o4/log(ed)/N.
Proof. First note that [|-||; is a norm so it satisfies Assumption 1.1 for
m = 1. Then, to apply Theorem A, we need to check properties (L(p))
and (Q(p)) for p € {Cy ||t*||;,CoR*} for some Cy > 3 and R* > 0 and to
choose A and some function s(-) so that Assumption 1.2 is satisfied. Thanks
to Theorem 2.3 and Proposition 3.1 this will follow from a bound on the
quantity in (3.3) that we control now.
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Let 1 <k <N, p* > ||t*]|; and s > 0. We have
1 k
*x) =E sup )— gih(X;
&) he(Fx— f*)NsD \/Ez:: (%)
1

k
1
e Z €Z‘X Xz ) .
\/E =1 gg

Therefore, to obtain a bound on (%), we just have to control the two last
expectations in the minimum. For the second expectation, we have:

1/2
fzez (WZ@ ) < (EIxIl7)"

For the first one, we prove two intermediate results.

< min <2p*E

Proposition 4.5 Let z be a mean zero variance one random vartable and
let z1,...,zn be N iid copies of z. Assume that there exists k > 0 and
po > 2 such that HzHLP < ky/p for every 2 < p < po. Then, for some
absolute constant cy, for every 1 <k < N and every 1 < p < pg,

1k
VE =

—>
=1

Proof. Let p < po. It follows from Latala’s inequality (cf. [21]) that

k
PIE
i=1

Let H(s) = (p/s)(k/p)"/*ry/s. Since H is decreasing, H attains its maxi-
mum on the interval max(2,p/k) < s < p at max(2, p/k) for which it is less
than cor/pk whatever is p < pg and 1 < k < N. The result then follows
from (4.11) and the moment assumption. |

< cok/Pp.

P

~ sup <i<l;>l/s Iz, : max(2,p/k) < s < p). (4.11)

Ly

Lemma 4.6 Let X = (z1,...,24) be a random vector in R? such that for
every 1 < j < d and every 1 < p < ¢plog(ed), H:z:jHLp < Ky/p for some
absolute constant k and cg > 1. Let X1,..., XN be iid copies of X. Then,
for every 1 <k <N,

1 k
— é‘iX

< any/log(ed) max [z, -

21



Proof. We write X; = (:cij);l:l forevery 1 <i< NandV; = k=255 2,
for every 1 < j < d. We have

E =E max |V}|.

1<5<d
04
oo

1 k
= €in'

For every 1 < j < d, (Ez‘l’ij)i]L is a family of iid mean zero random variables
distributed like ex; and such that ||€l‘j||Lp = ||a:jHLp < kypforany 1 <p<
co log(ed). It follows from Proposition 4.5 that HV]HLP < a1ky/p ||z, for
every 1 < p < ¢glog(ed) where ¢ is some absolute constant. In particular,
it follows from Markov inequality that for every u > 0 and for every 1 <
p < o IOg(ed)7

d d ”VJHL p
Pl 1) < P 2 < 30 (52)

le;\/ﬁmaxgjgd ||xj||L2 >p
" .

<d(
Hence, for p = cplog(ed) and u = teik\/pmaxi<j<aq ||z;l|, for some ¢ > 0,

P v e\ co log(ed)
|2 1< ()
| o Vi > ext/p max [, | < (5
Now the result follows by integrating the last inequality. [ |

Therefore, we obtain
. « 1/2
(%) < min (cm k+/log(ed) 1rél%xd 2l ,s(E HXH?g) / ) (4.12)

Conditions required to apply Theorem A follow from this result. Indeed, let
us first check condition (Q(p)).

If Bouov'N > 8(E ”X”eg )1/2 then (2.2) is satisfied for every sg > 0 so
one can take sg(p*) = 0. If not then (2.2) is satisfied for

3 log(ed)

2 _ 2 . A
SQ(p)_BOqu g?gdlml\h N (4.13)

It also follows from (4.12) that (3.1) is satisfied for s;, = sp,(p*) when

log(ed
) = 29[l 1/ 2

- 4.14
ax e, (4.14)
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and (3.2) holds as well when

3 llClla; [log(ed)
> : . .
Y5t -aV v el (4.15)

Therefore, it follows from Theorem 2.3 and Proposition 3.1 that for p €
[Collt*lly s CoR™}, ko = uoB2/2 and k1 = r1(0) = e1/6, (Q(p), (L(p))
and point 7i) of Assumption 1.2 are satisfied with probability at least 1 —
2exp(—BEN/8) — 26.

Now, we turn to point 4ii) of Assumption 1.2. Following the same argu-
ment as in (4.9), we obtain

CoR*
sup N (1, cos(CoR)) < sup —ZQ Xl,t>‘.
0<r<CoR* r lltll =1

Following the same argument as in the proof of Proposition 3.1 (that is
Markov inequality and Lemma 2.9.1 from [46]), we obtain that with proba-
bility larger than 1 — ¢,

,cos(CoR* log(ed
sup (bN(T COS( 0 )) < c4”<”271’% Og(e )

0<r<CoR* r N  1<5<d

Therefore, if we choose A such that

o 2allllaa v flogled) x [|]]
> ; N 1<3<d I Lo

(4.16)

then point ii7) of Assumption 1.2 holds with probability at least 1—4§. Hence,
there exists ¢ an absolute constant large enough so that (4.15) and (4.16)
are satisfied for

¢s [ICllg1 K [log(ed)

MG omsV v el (4.17)

Finally, point i) of Assumption 1.2 holds when we choose the function
s(+) such that

2X\p )
2 2 2
s°(p) = max ( s1.(p), sp(p),
() = max (530). 0. 0 5
2)

_ oz it N > (55) El1Xy
n 2 log(ed

max (Bguo % maxi<j<d |75, » Co%é)cg) otherwise.
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5 Regularization methods in R?

In this section, we consider the learning theory setup of Section 4 (in par-
ticular, we do not assume that a statistical model holds) where the input
variables X;’s belong to R? and are L-sub-gaussian for some L > 0 and the
noise ( =Y — <X, t*> is in L, for some ¢ > 2. In this framework and for a
regularization function ||| satisfying (4.6), it follows from Theorem 4.2 that
the regularization method

F e anganin (L 30 — (X0 + 20t o 6] 2L2)
argmin | — P — (X, nyk1(u)o _—
teRd N i=1 ! ! N

is such that, for some large enough constant ¢y and c¢;, with probability at
least 1 — 2exp(—coN) — 5(c1/u)9,

(5.1)

~

H<X,f— ), < cos(miCo ||t*]|) and ||#

I, < mCol|t*

where s%(p) ~ /ﬁl(u)aqpf*(B”.H)/\/N when N > ¢*(£)? and when N <
5*(5)2,

_ C By S (Byy)”
SQ(p)—maX(m(U)qu N N )

As a consequence, any time the Gaussian mean width of the unit ball
By is known, one can derive an estimation result for the regularization
method (5.1) associated with [|-|| thanks to Theorem 4.2. In the next sec-
tion, we apply this result to some classical examples.

5.1 /,-regularization for 0 < p < oo

In this section, we study rates of convergence and model selection proper-
ties of  for the regularization functions ||t| = [t]l, for p > 0. Note that
Assumption 1.1 for 71 = 1 is satisfied because [|-[|, is a norm when p > 1

and for 1, = 21/7 for 0 < p < 1 because [|[|, is a p-norm for 0 < p <1 (cf.
page 2 in [13]).

When p < 1, £,-regularization functions, even though being non-convex,
received a particular attention for the fixed design model (cf. [36, 37, 47] and
also [12] in the sequence space model) and the random design model in [48].
Denote by (eq, ... ,eq) the canonical basis of RY. We have {+ey,...,+eq} C
Bl so £*(B2) ~ \/log(ed). We therefore recover the same rates of estimation
for the /,-regularization methods than for the Lasso in Theorem 4.3.

24



The same is true for 1 < p < 1+ (log(ed))~! since there exists an absolute
constant co such that Bf C Bg C coB{, so Z*(Bg) ~ 0*(BY) ~ /log(ed).

When 1 + (log(ed))*1 < p, define ¢ such that p~' + ¢=! = 1 then by
duality ¢*(Bd) ~ \/qd"/1.

5.2 weak-/(,-regularization for 0 <p <1

We recall the definition

[t po0 = ax jl/pt and Bd = {teR?: tr < 7VP for every 1 < j < d}
<<

where t] > t5 > ... > 7 is the non-increasing rearrangement of the absolute
values of the coordinates of t. Those quasi-norms have been used in sparse
signal recovery for instance in [14].

Proposition 5.1 (cf. Theorem B in [16]) Set 0 <p < 1.

log(ed) .
e*(Bpoo)g{ p—1 Zf0<p<1
(log(ed))g/2 ifp=1.

5.3 Micchelli, Morales and Pontil’s regularization functions

General structured sparsity norms have been introduced in [27] in the fol-
lowing way: let © be a nonempty convex cone in (0,00)¢, define for all

t € R?
2

Q(t0) = ;Zi: ( ) (5.2)

It is shown in [27] that Q(-|©) is a norm on RY. Given this particular
form of the norm, [27] suggested an alternating minimization algorithm for
constructing the regularization function (5.1) with regularization function

Several classical regularization functions can written like Q(-|©) for an
appropriate choice of cone ©. For instance, the €Cf—norm is obtained for
© = (0,00)%. The group Lasso procedure from [49] is also a special case: if
(Gy,--- ,Gr) is a partition of {1,...,d} and

O = {0 € (0,00)? constant within groups G}

then

Qt1A) = Z VAR LA
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where |G| is the size of G and t|g, is the restriction of ¢ to Gy for all #’s.
Many other examples can be found in [27] and [28].

Global Rademacher complexities have been studied in [28] for the norms
(5.2) from which generalization bounds for constrained empirical risk mini-
mization procedure for bounded loss can be derived. In the following result
we compute the global Gaussian mean width of the unit ball associated
with the norm Q(-|®) so that estimation and model selection results for the
regularization method associated with €2(-|©) may follow from Theorem 4.2.

Proposition 5.2 Let © be a nonempty convex cone of (0,00)%. Denote by
Ext(©N Sf_l) the set of extreme points of the closure of © intersected with
the unit sphere Sii_l. The Gaussian mean width of the unit ball Bo.e)
associated with the norm Q(-|©) is such that

£ (Bagje)) < 2+ My/21og (M[Ext(© 1 5¢1)]).
where M = max,cg ||a||ié2.

Proof. The argument is adapted from the one in [28]. First note that the
bound is void when Ext(© N Sijil) is infinite. We assume now that this set
is finite and denote & = Ext(© N §471). Tt follows from [27] that the dual
norm of (:|©) is

d
1/2
0" (t|\) = max (Z}a]tj) . (5.3)
]:
Therefore, if G = (g1,...,94) denotes a Standard Gaussian vector of R?

1/2
For every a € £, we have E(Z?Zl ajg]?) < Ha||1/2 = 1. Therefore, it
follows that for every ¢ > 0,

EQ*(G)0) = / PIO*(G1O) > v]dv

0
< 1+5—|—/OO P[max(Zaﬁ)l/g > v}dv
B 145 Lacf \&= T B

d
<1+5+Z/ > aig? = v?|av

a€l j=

) ] ; 1/2 d 1/2
<1+5+Z/ P{(Zajg?) >E(Za]gj) +v}dv

ac€ 6 7=1 j=1
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It follows from Borell inequality (cf. Chapter 3.1 in [24]) that for every a € €

P[(Se)" = n(Swt) " o] < et
=1 1

Jj=

where 04 = sup, ¢ pa (Z‘;:l ajvjz)l/2 = HaHiéz. Hence, for M = maxgeg HaHiéQ,
we obtain

EQ*(G|©) < 1+ 6 + |E|M exp(—6%/(2M?))
and the result follows for § = M+/2log(|E|M). |

In particular, when © = (0,00)%, the norm (5.2) is the ¢{-norm and
according to Proposition 5.2 we obtain that the Gaussian mean width of
its unit ball is of the order of y/log(ed) and we recover the result from Sec-
tion 5.1. In the case of the group Lasso, the size of the Gaussian mean width
is v/log T where T is the number of groups. Other examples of applications
can be found in [28, 27].

6 Regularization methods in R™*7

In this section, the X;’s belong to the set of m x T matrices R™*7T" endowed

with the inner product <A, B> = Zu,v AypBuy. As in Section 5, we consider
A* € argmin g cpmxr IE(Y — <X, A>)2 so that <X, A*> is the best linear ap-
proximation of Y. Usually the dimension mT will be larger than the number
of observations N but we believe that A* have some low-dimensional struc-
ture characterized by some function |-|| satisfying Assumption 1.1 so that
||A*|| should be small.

In this context, we may again apply Theorem 4.2 when X is L-sub-
gaussian for some L > 0 and Y — <X , A*> € Ly for ¢ > 2 and consider the
regularization procedure:

N
i 1 By
A € argmin (7 (Vi — (Xi, AV + 20351 (w) o, || Al ) (6.1)
AcRmXT N ; < > 1 4 v N
where ||-|| is a functions on R™*T satisfying Assumption (4.6). It follows

from Theorem 4.2 that A satisfies, with probability at least 1—2 exp(—coN)—
5(c1/u)?,

[¢x, 4 a%)

|, < cos(@ A7) and A <miCo 4%
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where s%(p) ~ ml(u)aqpf*(B”.H)/\/ﬁ when N > ¢*(£)? and when N <
[*(5)2’

C By S (Byy)”
$2(p) ~ max (11 (u)rgp Nl ).

In the following section, we provide Gaussian mean widths associated with
some classical regularization functions that have been used in fields like
matrix completion and collaborative filtering.

6.1 S,-regularization for p > 0

In this section, we consider the Schatten (quasi)-norms ||-[|g as regulariza-
tion function defined for every A in R™*7T by

mAT

Ials, = (3 osar)”

J=1

where 01(A) > 02(A) > -+ > opar(A) are the ordered singular values of A
and m AT = min(m, T').

Those norms have been extensively used for the matrix completion and
collaborative filtering problems. Exact reconstruction properties of proce-
dures based on minimizing the Si-norm constrained to matching the data
have been proved for instance in [5, 7, 6, 17, 9]. In the noisy setup, statis-
tical properties of regularized procedures based on the Si-norm have been
obtained in [20, 38, 19, 33, 15, 18].

A result closely related to our is Theorem 9.2 from [19]. It shows that
in the statistical model Y = <X , A*> + ¢ where X is sub-gaussian, isotropic

(i.e. E(X, A>2 = ||Al[3, for every A € R™*T) and ( s in the Orlicz space 1q
for some a > 1, the regularization procedure A with regularizing function
[|-l| g, satisfies for every ¢ > 0, with probability larger than 1 — exp(—t),

A~

A— A"

2

< < C'min (A A"l s, ,)\Qrank(A*)) (6.2)
2

when N 2 mrank(A*) and the regularization parameter is such that

m(t 4 logm)

||C||¢a) vm(t +log N)(t + logm)
[[SIF N

where |[|C||,,. is the ¢4-Orlicz norm of ¢ (cf. [35]).
An estimation result also follows from the next well-known result (cf. for
instance Proposition 1.4.4 in [8]) for (6.1) for Sp-norm regularization, p > 0

A2 max [ [l ¢l 1og (

N
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without assuming a statistical model, for a noise in Ly, ¢ > 2 and without
assuming isotropicity of X.

Proposition 6.1 There exists an absolute constant cy such that the follow-
ing holds. Letp > 0 and denote by BITT the unit ball of H||Sp The Gaussian

mean width of B;”T satisfies

E*(BmT)<c vm+T when p < 1
PO =0 ATV m+ T when p > 1.

6.2 Max-norm regularization

Constrained empirical risk minimization procedures using the max-norm
have been used in [42, 32] and [22]. This norm is defined by

[Alar = 1080 10 1Vl -
Let Bj,q: be the unit ball relative to that norm. We have

r* (Bmax) <

~

(mT)(m+T).

Indeed, an application of Grothendieck’s inequality (see, e.g., [32]) shows
that
conv(Xi) C Baz C KGconv(Xi)

where K¢ is the Grothendieck constant and Xy = {uv' : u € {£1}™ v €
{(£1}7). If & = (9ij)1<u<m:i<v<t is a standard m x T" Gaussian matrix, it
follows from a Gaussian maximal inequality (cf. Chapter 3 in [24]) that

g*(Bmax) =E sup |<67A>| < KgE sup |<®>A>|
A

€Bmaxz A€conv(X4)

— KGE sup (8, 4)] S max 4] iog[Xa] S v/mT)(m + T).
AcXy AeXy

6.3 Atomic-norm regularization

Atomic-norm have been studied in [9] for the exact and robust recovery prob-
lem from few Gaussian linear measurements. Minimal numbers of Gaussian
measurements are obtained which insures exact and robust recovery of con-
strained and regularized procedures. The analysis from [9] follows from some
computations of the Gaussian mean width of the intersection of the tangent
cone at the target point of the unit ball associated with the atomic norm
with the unit Euclidean sphere.
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We recall the construction of atomic regularization functions in R™*7.
Let A C R™*T. The elements in A are called the atoms. Denote by conv(.A)
the convex hull of A. The gauge function associated with conv(A) is

|Al| 4 =inf (¢ > 0: A € tconv(A)). (6.3)

Even though, ||-|| 4 is not a norm in general it always satisfies that: for every
A, BeR™T and A > 0:

1A+ Bl 4 < [|Allg + Bl and [IAA] 4 = A[[All 4

therefore, if we further assume that conv(A) is symmetric around 0 then
conditions (4.6) is satisfied and we can applied Theorem 4.2. It only remains
to compute the Gaussian mean width of the unit ball associated with ||| 4
which follows from the computation of £*(A) since

rr (BH”A) = E*(COHV(.A)) = f*(.A)

For instance, when m = T and A is the set of all orthogonal matrices, we
have [|-[| 4 = [|||5,- Then E*(B”.”A) =E[6]g, < vmE|&|s_ < m because
the spectral norm ball is the convex hull of the set of orthogonal matrices.
Note that we recover the same order of the Gaussian mean width obtained
in Proposition 3.13 in [9].

7 Regularization method by RKHS norm

In this section, we consider regularizing by the norm of a Reproducing Kernel
Hilbert Space (RKHS). Important facts on RKHS may be found in Chapter 4
from [39] or in [10].

Recall that if K : X x X — R is a positive definite kernel, then by Mer-
cer’s theorem, there is an orthogonal basis (¢;), ey Oof Lo = Lo(u) (where we
recall that p is the probability distribution of X) such that p ® u-almost
surely, K (z,y) = Y io; Nidi(x)¢i(y) where (\;)ien is the sequence of eigen-
values of the integral operator Tk (arranged in a non-increasing order) de-
fined for every f € Lo(u) and x € X by

(Tic f) () = / K(.9) £ (9)duly)

so that for all i € N, ¢; is the eigenvector corresponding to ;.
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The reproducing kernel Hilbert space H g is the set of all function series
Y2 ai K (z;,-) converging in Ly endowed with the inner product

<Z%’K(CEZ,' Zbe“ )) = Zala] (xi,x5)

where a;, b;’s are real numbers and x;, y;’s belong to X. The unit ball of H g
can be constructed from the eigenvalue decomposition of Tk by considering
the feature map ® : X — {5 defined by ®(z) = (VAi¢i(z ))iEN and then

= {150) = (8.9()) : I8, < 1}.

There is an isometry between the two Hilbert spaces Hi and fo endowed

with the norm ||| = (X 82/ /\i)l/ ? whose unit ball is an ellipsoid denoted
by £k. So that, we obtain

0By, ) = 0 (Ex) ~ (Z)\ )1/2

JEN

where the last inequality follows from Talagrand ellipsoid Theorem (cf.
Chapter 2 in [40]).

We can therefore apply Theorem 4.2 to obtain estimation results for the
regularization method based on the norm of a RKHS.

Note that classical procedures in RKHS are mostly developed in the
classification framework. They are usually based on the hinge loss and the
regularization function is the square of the RKHS norm. For such proce-
dures, oracle inequalities have been obtained in Chapter 7 from [39] under
the margin assumption (cf. [43]).

8 Proof of Theorem A
We consider the function

Hy(f) =PNﬁf+)\(HfH =11 (8.1)

where we recall that PyLf = Py({f—{p<) = N7} ZZ 1(Y F(X))?— (Y —
f*(X;))2. It follows from the definition of f that Hy(f) < 0. Therefore,
any function f € F such that Hy(f) > 0 cannot be a RERM as defined in
(1.3).

The scheme of the proof is as follows. We want to prove results like

(8.2)

< O and ‘ P
Lo
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for appropriate quantities [J and A. Our strategy is to prove that functions f
such that || f — f*||, > Oor [[f — f*|| > A satisfy Hy(f) > 0 and therefore
cannot be a RERM.

The proof of Theorem A is based on proving that Hpy is positive on
different parts of the set F' so that should only remain the set of functions
f for which [|f — f*[|,, < O and Hf—fH < A on which Hy may take
non-positive values.

We start by proving a result on the linear process under assumption

(L Co [l £*11))-
Proposition 8.1 Let Cy > 1. Assume that (L(n%()’o | f*Il)) holds for some
sp(m2Co || f*|) > 0 and k1 > 0. Then, for every f € F, mColl£* 11>

Px(f* = (" =Y) < symax (sy (7 Co £ ) I1f = £l g, » sT(miCollF711))-

Proof. We denote ay = sp(73Co ||f*||). First assume that ay > 0. It
follows from Definition 1.3 that ¢n(mCo || f*], an) < k103

Let f € Fy cy|if- When || f — f*[|;, > an then, by convexity of F" and
both properties (N1) and (N2) in Assumption 1.1,

N(f— ")
If = Iz,

Therefore, by definition of ay,

+ f* S FU%COHJHH N (f* + OéND)

1 (=N
Z YO, S ey

and, since ay > 0,

Z ("= DX < man |7 = Ly,

In the other case, when [|f — f*|;, < ay then f € Fn%Con*H N (f* + aND)
therefore, by definition of ay,

*Z )(f* = NH(Xi) < ke

In both cases, we have
*Z )(f* = (X)) < pomax (an [|f = f* 1, o).
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Finally, when ay = 0 then for all f € F, cyr+> Pn(f* = £)(f*=Y) <0
and the result holds as well. ]

We start with the case || f*|| > 0 — the case || f*|| = 0 follows an identical
path and will be studied after. First, we prove that functions f in Fy o+
such that | f — f*[|,, > cos?(3Co || f*|) satisty Hy(f) > 0, for some well
chosen ¢y and Cy. The idea is that in this part of I, the quadratic term
Py (f* — f)? is larger than both the linear term —2Py(f* — f)(f* —Y) and
the regularization term —A\ || f*||, thanks to point 7) in Assumption 1.2 — in
particular, the regularization term A || f|| does not help to show that Hy is
positive, somehow because f is in the “true” model Fy ¢y

Lemma 8.2 Assume that (L(n?Co | f*]])) and (Q(1n3Co || f*|)) hold and
that ||f*| > 0. Let f be in Fycoipe- If If = f*llp, > cos(miCollf*II)
for ¢y > max (4/41//%, 1) then Hy(f) > 0.

Proof. Since ||f — f*[|;, > cos(niCo || f*]|) and ¢o > 1, according to (L(n{Co || f*|))
— together with Proposition 8.1 — and (Q(1?Cy || *||)) we have both:

L Py(f = 1) > wollf — £7II7,
2. Pn(f* =) =Y) <wkse(iCo 1) ILf = N,

Therefore, since ¢y > 4k1/ko then

Hy(f) = Px(f — f9)% = 2Pn(f* = O =)+ X(IIFI = I1£71])
> ko |lf = fFII7, — 2618 Co | ILF = £7Il, — AN S

2
25 If = 17, = M1 > —2052(77%% 1) = Al =0

where the last inequality follows from point i) in Assumption 1.2. ]

Lemma 8.2 is the first “excluding lemma”: it follows from this result
that inside the sub-model F, ¢, all functions f € F, ¢y such that
If = F*llL, > cos(niCo || f*]]) have a positive Hy(f) and therefore cannot

be a RERM. In particular, if one proves that f € Fy ¢ 5+ then, it follows
from Lemma 8.2 that Hf —f

. < ¢os(n¥Cy ||f*]]). We are now proving
2

that f cannot be outside of Fycollf)-
To show that f belongs to Fy ¢y s+ i based again on an excluding
lemma showing that all functions f outside of I ¢, || are such that Hy(f) >

0. In fact, we prove below a stronger result saying that Hy is positive out-
sideof K={feF:|f—f* <(Co—1)|f*||} for some Cy > 2m; + 1. We
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obtain this result by first obtaining an intermediate result on the boundary
of K:

OK ={feF:|f—fll=Co=1If}

Lemma 8.3 Assume that (L(n?Co|lf*]])) and (Q(1n3Co || f*|)) hold and
that || f*|| > 0. Let Cy > 2 + 1. For any f in 0K,

1 2 .
PNﬁfﬁ-(a—COil))\Hf—f | >o.

Proof. Let f be in OK. First assume that [|f — f*|;, > cos(n?Co || £¥1))-
Since f € OK C F, ¢y~ and co > 1, it follows from (L(n?Co [ f*[)) —
together with Proposition 8.1 — and (Q(n?Co || f*||)) that:

a) Pn(f— )2 > wollf — F*I3,.
b) Pn(f* = F)(f* =Y) < ks (2Co | XN If = ¥,

Therefore,
PyLy=Py(f — f*)? = 2Pn(f* = [)(f*~Y)

* * * K *
> ko £ = 713, = 265 (R Co LIV IS = £y = 2 1F = 713, > 0

because co > 4k1 /Ko and [|f — f*|;, > 0 (because ||f — f*[| = (Co—1) || f*||
and || f*|| > 0). So the result holds in this case because Cy > 2n; + 1.

Now, assume that ||f — f*[|;, < cos(n?Co || £*]1). Tt follows from point
it) in Assumption 1.2 that

2PN (f* = F)(f* = Y) < 265 (mCo |f]l, cos(miCo |l£*1))

1 p .
<( g7 (8:3)
because [[f[| < m([lf = I + /") < mCollf*[l and ||f = f*]| = (Co —
D |If*|l. Finally, if Py(f — f*)? = 0 then f(X;) = f*(X;) for every i =
1,...,Nso Pn(f*— f)(f*—Y) =0 then PyLs =0 and

1 2

— - Mf=f >0

ey L LAl

because Cy > 2n1 + 1 and ||f — f*|| > 0. When Pyx(f — f*)2 > 0, then, it
follows from (8.3) that

PNﬁf + <

Pty + (== G )M = 1]
* * 1 2 *
> 2PN = N =Y+ (- o AT - S =0
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Now, we are in position to prove that Hp is positive outside of K.

Lemma 8.4 Assume that (L(n3Co | f*]])) and (Q(n3Co | f*|)) hold and
that || f*|| > 0. Let Co > 2n1 + 1. For any f € F such that ||f — f*|| >

(Co =D IIf*[I, Hn(f) > 0.

Proof. Let f € F be such that ||f — f*|| > (Co — 1) || f*||. First we prove
that there exists g € K for which

1 2
m  Co—1
For any 6 € [0,1], denote fp = 0f + (1 — 0)f*. We have || fo — f*|| =
10(f — f*)||. Therefore, according to (N2) in Assumption 1.1, there exists
0o € (0, 1] such that || fo, — f*|| = (Co — 1) || f*|| — note that 6y # 0 because
1% > 0 (and Jo]| = 0).

It follows from (N1) in Assumption 1.1 that

Hy(f) 2 PyLy + ( JAlg =51 (8.4)

1 2
> (== — . .
e P e e ) LA (8.5)
This implies that
Hy(f) = PuLy+ AIFI = 1°1) = Prsey + (- — =) Al = 7.
- m Cop—1
Therefore, we obtain
1 2
> i ok
Hy() 2 PxLy+ (- g A=
1 2
> —1 _ o *
—PN[’f—’_HO (771 00_1))‘”f9o f H’

because, according to (N2) in Assumption 1.1, || fg, — f*I| = [|6o(f — )] <
Oo |l f — f*| and Cy > 2m; + 1. Since 0 < 6y < 1, we also have
PyLy=Px(f=f)"=2Px(f" = ))(f = Y)
=05 Py (fao = ) = 205" P (" = foo)(f = ¥) 2 05" Pn Ly,
Therefore,

() > 05 (P + (52 = =g ) Mo = 11

and the result (8.4) holds for g = fp, € K since 6;' > 1. Then the result
follows from Lemma 8.3. ]
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Now, we study the case ||f*|| = 0. In this case, we have

Hn(f) = Pn(f =) =2Pn(f* = N =Y)+Alfl. (8.6)

The argument is merely the same as for the other case || f*|| > 0. It is based
on some excluding lemmas proving that Hy(f) > 0 for any f € F such that
If = f*ll, > cos(0) or [[f — f*|| > 0. The main difference with the previous
case is that we don’t have to deal with the negative term —A || f*|| which is
equal to zero and we cannot work with the sub-model £, ¢, s+ Which is F
for which the argument used in Lemma 8.4 does not work. We therefore
have to work with the somehow “artificial” sub-model F;;, cyg+ for R* > 0
introduced in Assumption 1.2.

We start with a result inside model F;, ¢ g+ saying that the only func-
tions f € Fg,p- that may have a non-positive Hy(f) are such that || f|| = 0.

Lemma 8.5 Assume that (L(n?CoR*)) and (Q(n?CoR*)) hold and that
If*l = 0. Let f € Fycore- If || fI| > O then Hn(f) > 0.

Proof. It follows from (L(n?CoR*)) — together with Proposition 8.1 — and
(Q(n?CoR*)) that for any f € F,,c,r,

a) Pn(f — f*)? > ko |l f — f*II7, when ||f — f*|I, > sq(n}CoR*),
b) Py(f* = f)(f* = Y) < kymax (sp,(13CoR*) | f — f*|1, - 53 (n}CoRY)).

Let f € F be such that [|f[| < mCoR*. If ||f — f*[|;, > cos(n?CoR¥)
then, according to point a) and b) above, the quadratic term Py (f — f*)? is
strictly larger than the linear term —2Ppn (f*— f)(f*—Y") and therefore, given
the form of Hy(-) in (8.6), Hy(f) > 0. Now, assume that ||f — f*||;, <

cos(n?CoR*). Tt follows from point iii) in Assumption 1.2 that when || f|| > 0

2PN (f* = )(f* = Y) < 20n(If1], cos(niCoR"))
< 2mon(m |||, cos(niCoR*)) < NI fII-

Then by studying the cases Py(f — f*)2 = 0 or Py(f — f*)? > 0 it is easy
to see that Hy(f) > 0 when || f]| > 0. |

Now, we obtain an intermediate result for functions on the border {f €
F:||f = f*|| = CoR*} that will allow us to prove that all functions f such
that ||f — f*|| > CoR* have a positive Hy(f) (and therefore cannot be a
RERM f).
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Lemma 8.6 Assume that (L(niCoR*)) and (Q(n?CoR*)) hold and that
| f*[| =0. Let f e F. If | f — f*|| = CoR* then

-
PyLy+ =\ = £ > 0

Proof. Let f € F besuch that | f — f*|| = CoR*, in particular, f € F,c,r-
since || f|| < mi ||f — f*|| so (L(n2CoR*)) — together with Proposition 8.1 —
and (Q(niCoR*)) apply. Therefore, if || f — f*||;, > cos(nfCoR*) then the
quadratic term is strictly larger than the linear term and so PyLy > 0.
Then, if ||f — f*||;, < cos(n;CoR*). In this case, it follows from point i)
in Assumption 1.2 that the linear term is such that

A
2PN (f* = )(f* = Y) <208 (m |f =[]l cos(i CoR")) < " I1f = fI

because ||f|| < mi || f — f*| and ||f — f*]| < mCoR*. Then the result follows
by studying the cases Py (f — f*)?2 = 0 or Py(f — f*)? > 0 and by noting
that || f — f*|| > 0. [

Lemma 8.7 Assume that (L(n3CoR*)) and (Q(n?CoR*)) hold and that
If*|l =0. Let f € F. If||f — f*|| > CoR* then Hy(f) > 0.

Proof. When |f — f*|| > CoR* then thanks to the same argument as
the one used in the proof of Lemma 8.4, there exists g € F such that
Hg — f*H = C()R*, PNﬁf 2 PN,CQ and

A N A X
M= —=1f == —lg— £l
m m

Therefore, Hy(f) > PnLg+(A/m) |lg — f*||. Then it follows from Lemma 8.6
that Hy(f) > 0. u

End of the proof of Theorem A: First assume that [|f*|| > 0.
Lemma 8.4 shows that if || f — f*|| > (Co — 1) || f*|| then Hx(f) > 0 there-

fore, Hf— F* < (Co = 1) |If*||l. In particular, f € Fy co|f#||> therefore, it
follows from Lemma 8.2 that f —f*

result of Theorem A when ||f*|| > 0.
When || f*|| = 0. It follows from Lemma 8.7 that Hf - fr

. < cos(n?Co || f*|])- This proves the
2

< CpR* hence

HfH < mCpR* and so, according to Lemma 8.5, fH = 0. Now, we apply
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(Q(0)) and (L(0)) to show that when ||f[| = [|f*|| = 0, if [|f = f*[|;, >
cos(0) then Hy(f) = Py(f — )% — 2Py(f* — f)(f* —=Y) > 0 therefore,

7 <t
2
Finally, it follows from (N1) in Assumption 1.1 that

Al =17 =1+

Sm(Hf—f*

+HIF1) <mCollfI-
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